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Abstract

In this thesis we prove the existence of vector-valued automorphic forms for
an arbitrary Fuchsian group and an arbitrary finite dimensional complex
representation of this group. For small enough values of the weight as well as
for large enough values, we provide explicit formulas for the spaces of these

vector-valued automorphic forms (holomorphic and cuspidal).

To achieve these results, we realize vector-valued automorphic forms as
global sections of a certain family of holomorphic vector bundles on a certain
Riemann surface associated to the Fuchsian group. The dimension formulas

are then provided by the Riemann-Roch theorem.

In the cases of 1 and 2-dimensional representations, we give some ap-
plications to the theories of generalized automorphic forms and equivariant

functions.
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Introduction

This thesis deals with the topic of vector-valued automorphic forms. These
are considered as a natural extension of classical automorphic forms and are
defined as follows. Let SL(2,R) be the group of real 2 x 2 matrices with
determinant one, and PSL(2,R) = SL(2,R)/{%/}. The group SL(2,R) acts

on the Poincaré half-plane
H={z€C: Imz>0}

by Mobius transformations, i.e.,

az+b

ot

b
eH,y= (Zd) € SL(2,R).

If " is a discrete subgroup of SL(2,R), and R is an n-dimensional complex

representation of I', that is a homomorphism
R:T'— GL(n,C),

then an unrestricted vector-valued automorphic form for I' of multiplier R

and integral weight k is a meromorphic map F': H — C" satisfying
F(y-z)=Jj(:)R(y) F(2), z€H, yeT,

where J,(2) = cz+dif y = (* ;) When F' is meromorphic (resp. holomor-
c

phic) at the cusps of I', then we say that F' is a vector-valued automorphic

form (resp. holomorphic vector-valued automorphic form) for I' of multiplier
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R and weight k. This definition can be extended to real weights k£ using the
notion of multiplier system, see [23]. In this thesis we content ourselves to

the case of integral weights.

The theory of vector-valued automorphic forms has been around for a long
time, first, as a generalization of the classical theory of scalar automorphic
forms, then as natural objects appearing in mathematics and physics. For
instance, Selberg suggested vector-valued forms as a tool to study modular
forms for finite index subgroups of the modular group [49] and they also
appear as Jacobi forms in the work of M. Eichler and D. Zagier [10], and in
[57]. In the last decade, there has been a growing interest in the study of
vector-valued forms, and several important results have been obtained by M.
Knopp, G. Mason and other authors [4, 17, 30, 31, 35, 36, 37].

In order to prove the existence of vector-valued automorphic forms or to
compute the dimensions of their vector spaces, people used a wide range of
tools coming from geometry, spectral theory, differential equations and clas-
sical complex analysis. For instance, J. Fischer [14], D. A. Hejhal [22, 23],
and W. Roelcke [47, 48] used the Selberg trace formula to compute the di-
mensions of the spaces of holomorphic vector-valued automorphic forms, but
they imposed the tight condition of the unitarity of the representation R, or
more generally the multiplier system. This condition was also imposed by
R. Borcherds [6, 7] for the metaplectic group of a general Fuchsian group of
the first kind. In the special case of the modular group SL(2,7Z), G. Mason
[37] employed linear differential equations to construct vector-valued auto-
morphic forms of negative weight. In the paper [17], T. Gannon used the
Riemann-Hilbert problem to prove the existence of vector-valued automor-
phic forms for SL(2, Z), with a possible generalization to the case of I' being a
Fuchsian group of genus zero as announced there. Classical methods such as
Poincaré series have been used by M. Knopp, and G. Mason [30] to solve the
existence problem, but always restricted to the special case of I' = SL(2,7Z).
A different approach based on the Riemann-Roch theorem has been used by

C. Meneses [39], but only when the weight is two and the representation is



unitary. E. Freitag [15] also used the Riemann-Roch theorem in the case
when I' has a finite index subgroup I'y such that the image of the elements
of I'y by the multiplier system are simultaneously diagonalizable. In other
words, up to a change of basis, the components of a vector-valued automor-
phic form for I" are simply classical automorphic forms for I'y. A sketch of a

proof has been given in the case of unitary multiplier system.

These different restrictions on the representation R or the group I' have
the disadvantage of excluding many important cases which are highly relevant
to the theory of automorphic forms. For example, weight two vector-valued
automorphic forms for the symmetric power representations [34], which are
not unitary, play an essential role in the theory of periods of modular forms,
see Shimura’s work in [56]. Also, in [42] it is shown that the theory of quasi-
modular forms [38] can be covered by vector-valued modular forms with
respect to the symmetric tensor representations. In the case of 2-dimensional
representations, one misses the theory of equivariant functions developed
by A. Sebbar and others, see [11, 12, 51, 54]. Even in the 1-dimensional
case, these restrictions are strict enough to exclude the emerging theory of
generalized modular forms, see [28, 25, 26, 29, 33, 44, 45].

What we propose in this thesis is to prove the existence of vector-valued
automorphic forms in full generality, i.e., without any restriction on the group
I’ or the representation. Also, to show that given a discrete subgroup I' of
SL(2,R), an n-dimensional complex representation R of I', and an integer
k € Z, the dimensions dr gy, srrxr of the spaces My(I', R), Sk(I', R) of
holomorphic, cusp vector-valued automorphic forms for I' of multiplier R
and weight k are infinite when I' is Fuchsian group of the second kind, and
they are finite when I' is Fuchsian group of the First kind. In this last case,
we provide two rational numbers k;ff r» and kp p depending on I' and R such
that:

(A) For k < kg, we have dr g = 0, and sp gy = 0.

(B) For k > kff , we have explicit formulas for dr r; and sr g, expressed in
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terms of k, n, and some invariants of I' and R.

Our method consists of associating to the triplet (I', R, k) a holomorphic
vector bundle & pj on a certain, well known, Riemann surface Xr. Then
we prove that the global sections of & gy, when lifted to H, correspond to
vector-valued automorphic forms for I' of multiplier R and weight k. In case
Xr is noncompact, we show that dr g and sp g are both infinite. When Xr
is compact, then we use the Riemann-Roch theorem to give explicit formulas
for dr gy and sp gy as explained in (A) and (B). The existence of vector-
valued automorphic forms will be proved by showing that dr g and sr g,

when they are finite, are asymptotically equivalent to k, that is

dr Rk nmr
#_>

2 , ask — o0,
and
ST \R,k nmr
— ——, ask — o
k 2 ) 9

where mr is some positive constant depending on I', see Remark 3.1.5.

It should be pointed that in a joint work with A. Sebbar [50], we proved
the existence of vector-valued automorphic forms in the case of subgroups
of PSL(2,R) rather than subgroups of SL(2,R). This was achieved as fol-
lows: we used the solution to the Riemann-Hilbert problem for non-compact
Riemann surfaces [13] to attach to each pair (I', R) of a discrete subgroup I’
of PSL(2,R) and an n-dimensional complex representation R of I', a holo-
morphic vector bundle & g on Xr in such a way that the global sections
of &r g correspond to vector-valued automorphic forms for I' of multiplier R
and weight 0. Then by the Kodaira vanishing theorem for compact Riemann
surfaces [19], in case X is compact, or by the fact that Xr is a Stein variety
[21] in case it is not compact, we proved the existence of n linearly indepen-
dent vector-valued automorphic forms for I' of multiplier R and a certain

integral weight k.

The 2-dimensional case is of special interest since it has a connection

to p-equivariant functions. More precisely, given a discrete subgroup I' of
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SL(2,R) and a representation p : ' — GL(2, C), a meromorphic function h

on H is called a p—equivariant function with respect to I if
h(vz) = p(y)h(z) forall yeI'| z € H, (0.0.1)

where the action on both sides is by linear fractional transformations. When
p is the defining representation of I, that is p(y) = ~ for all v in T', h is
simply an equivariant function, see (4.2.1).

p-equivariant functions and 2—dimensional vector-valued automorphic
forms are connected in the following way: if F' = (f1, fo)" is an unrestricted
vector-valued automorphic form for I' of multiplier p and weight k, then
one can check that if f; is nonzero, then the function hrp = fi1/fs is a p-
equivariant function for I'. The main result of our joint work [52] with A.
Sebbar is that the converse is also true: for any p—equivariant function there
exists an unrestricted vector-valued automorphic form F = (fy, f2)! for T' of

multiplier R and some weight k£ € Z such that:

h:fl/fQ-

In this thesis we enhance this result by proving that for any 2-dimensional

representation p of I', there exists a p—equivariant function of the form

hF = fl/f27

where F' = (f, f2)! is a holomorphic vector-valued automorphic form for I’

of multiplier R and a certain nonnegative weight k.

The 1-dimensional case corresponds to the theory of generalized auto-
morphic forms. Due to their similarity with classical automorphic forms and
their richness, the generalized automorphic forms are receiving an increasing
interest, specially after the work of M. Knopp and G. Mason in [28], see
25, 26, 29, 33, 44, 45]. A meromorphic function f on H is called a general-
ized automorphic form of weight k for a discrete subgroup I" of SL(2,7Z) if
for all v € I" and z € H, we have

fv-2) = p(v) J5(2) f(2)

5



where p : I' — C is a character. In addition, f should be meromorphic
at the cusps. The fundamental difference between generalized automorphic
forms and classical automorphic forms is that the character p need not be
unitary. The existence theorem of vector-valued automorphic forms in di-
mension 1 guarantees the existence of generalized automorphic forms for an
arbitrary character of an arbitrary discrete group I'. Our main contribution
to this theory will be the computation of the dimensions of the spaces of
holomorphic and cusp generalized automorphic forms in the sense of (A) and
(B).

This thesis is organized as follows: in chapter one we shall review some
classical results from the theories of holomorphic vector bundles on Riemann

surfaces, Fuchsian groups, and automorphic forms.

In chapter two we realize vector-valued automorphic forms as global sec-
tions of holomorphic vector bundles. More precisely, given a Fuchsian sub-
group I' of SL(2,R), a finite-dimensional representation R of I', and an in-
teger k such that the pair (R, k) is simple, see Definition 2.1.2, we construct
a holomorphic vector bundle & gy over the Riemann surface Xp = I'\H*
associated to I". The spaces M(I", R), Si(I', R) of holomorphic, cusp vector-
valued automorphic forms for I' of multiplier R and weight k£ will be respec-
tively isomorphic to H*(Xr, O(ér g,_+)) and H (X1, O(-De r—t+Err—k)),
where Dg g i is a certain holomorphic line bundle depending on the cusp-
idal points of Xp. As a result, we deduce that the dimensions dr g, st g
of Mi(T', R), Sp(I', R) are finite if and only if I" is Fuchsian group of the first

kind, see Theorem 2.5.9.

In chapter three we introduce the notion of the holomorphic degree of a
holomorphic vector bundle, which consists of associating to each holomorphic
vector bundle £, defined on a compact Riemann surface, an integer d(&) in

a such a way that:
d(€) < 0= H°(X,0(£)) is trivial.
We will give some basic properties of the holomorphic degree and some useful
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bounds of d(€). Applying the Riemann-Roch theorem to the holomorphic
vector bundles & g _i and —Dg g i +Er r,—k, We prove the results mentioned
in (A) and (B).

The last chapter provides applications of our results in the special cases
of 1 and 2-dimensional representations. In particular, we compute the di-
mensions of the spaces of holomorphic and cusp generalized automorphic
forms. Also, we show the existence of p—equivariant functions, and prove
their parametrization by 2-dimensional unrestricted vector-valued automor-
phic forms of multiplier p. This parametrization relies on the existence of
global solutions to a certain second degree differential equation, as well as on
the fact that the Schwarz derivative of a p—equivariant function is a weight 4
unrestricted automorphic form for I'. We end the chapter by constructing ex-
amples of p—equivariant functions when p is the monodromy representation

of second degree ordinary differential equations.



Chapter 1
Preliminaries

The aim of this chapter is to give a review of some basic facts from the theories
of holomorphic vector bundles on Riemann surfaces, Fuchsian groups, and

automorphic forms.

1.1 Vector Bundles

The content of this section is entirely based on the references:

[2]: Chapter 1: §1.5, §1.8.

[13]: Chapter 1: §29, §30, and Chapter 2: §16.

[19] Chapter 0: §0.5, Chapter 1: §1.1, and Chapter 1: §2.1 .
[20] Chapter C.

[?7] Chapter 6: §6.5.

X will be a Riemann surface, that is, a one-dimensional complex manifold,

and n a positive integer.



1.1.1 Basic properties

Definition 1.1.1. Let X be a Riemann surface, £ be a complex manifold,
and p : &€ — X be a holomorphic map. Suppose that each fiber &, =
p~1({z}) has the structure of an n—dimensional vector space over C. Then
p: & — X, or simply &, is called a holomorphic vector bundle of rank n on
X if every point z € X has an open neighborhood U such that :

1. There exists a biholomorphic map
¢U : EU Izpil(U) — U xC"
taking &, to {z} x C" for every x € U.

2. For every x € U, the map ¢y is a linear isomorphism from &, to
{z} x C" = C".

The map ¢y : Ey — U x C" is called a trivialization of € over U. A vector

bundle of rank 1 is called a line bundle.

Definition 1.1.2. Let £ and F be two holomorphic vector bundles on X
of rank n and m respectively. A holomorphic map ¥ : £ — F is called a

homomorphism (resp. isomorphism) if for all z € X
1. (&) C Fe
2. U, =g, : & —> F, is a linear homomorphism (resp. isomorphism).

& and F are called isomorphic if there exists an isomorphism between them.
In particular, £ is called a trivial holomorphic vector bundles on X if it is

isomorphic to the trivial holomorphic vector bundel X x C™.

Note that for any pair of trivializations ¢y and ¢y we have a holomorphic

map

guv : UNV — GL(n,C),
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such that
vy i=guody 1 (UNV)xC" — (UNV) x C"
is given by
ouv(z,t) = (x,guv(x)t) for every z € (UNV) x C".

The map gyy is called a transition function for &£ relative to the trivializa-

tions ¢y and ¢y . Also, one has the relation
guvgvw = gyw on UNVNW. (1.1.1)

Definition 1.1.3. Let U be an open subset of X. Let O(U) (resp. M(U))
denotes the group of holomorphic (resp. meromorphic) functions on U, and
GL(n,O(U)) (resp. GL(n, M(U))) the group of all n x n invertible ma-
trices with coefficients in O(U) (resp. M(U) ). Together with the natural
restrictions when V' C U, they define sheaves of groups O, M, GL(n,O),
and GL(n, M) on X (GL(n,O) and GL(n, M) are not abelian for n > 2).

If U = (U;); is an open cover of X, we define Z'(U,GL(n,0)) to be
the set of all 1—cocycles with values in GL(n, Q) with respect to U, i.e., all
families (gyv )y with

guv € GL(n,O(UNYV))
and verifying (1.1.1).

Remark 1.1.1. Note that for n > 2 the set Z'(U, GL(n, ©)) is not a group

with respect to component-wise multiplication.

As seen above, any holomorphic vector bundle gives rise to one a 1—cocycle
with respect to an open cover U of X by means of the transition functions.

Conversely, we have:

Theorem 1.1.2. Let U = (U;)r be an open cover of X, and (guv)u be an
element of ZY(U, GL(n,O)). Then up to isomorphism, there exits a unique

holomorphic vector bundle £ on X of rank n having transition functions

(guv)u-
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Also, we have

Theorem 1.1.3. Let U = (U;); be an open cover of X, and (guv)u, (huv)u
be elements of Z'(U, GL(n,O)). Suppose that there exist elements
fu € GL(n,O(U)), U €U, such that

hov = fogov fyt onUNV,

then (guv )u and (hyy)y represent the same holomorphic vector bundle.

In principale, all operations on vector spaces induce operations on vector
bundles. For example, if £ and F are holomorphic vector bundles over X of

rank n and m having transition functions (gyv )y and (hyy )y one can define:
1. The dual bundle £*, given by the transition functions
I

gov (@) = (gpv)" ().

2. The direct sum £ @ F, given by the transition functions
guv(z) ® hyy(z) € GL(C" @ C™).
3. The tensor product £ ® F, given by the transition functions
guv(z) @ hyy(z) € GL(C" ® C™).
4. The exterior product /\k &, given by the transition functions
k
/\gUV(a:) € GL(A*C™).
In particular, A" £ is a line bundle given by the transition functions
det(guv)(z) € GL(1,C) = C*,
also called the determinant bundle of €.

11



We now come to the notion of a section over a holomorphic vector bundle.

Definition 1.1.4. Let p: £ — X be a holomorphic vector bundle of rank
n, and U be an open subset of X. A meromorphic section ¢ of £ over U is a
meromorphic map o : U — & such that po o = idy, i.e., o(x) € &, for all
x € U\FP,, where P, is the set of poles of ¢ in U. If U = X, then o is called

a global meromorphic section of £.

If o has no poles, it is called a holomorphic section.

If ¢y is a trivialization of £ over U, then we can associate to each holo-
morphic section o of £ over U a unique meromorphic map fy : U — C"
such that

ou(o(x)) = (z, fu(x)), forall z € U\PF,.

If ¢y is a trivialization of £ over V', then we have

fo =guvfvr on (UNV)\PF,,

where gy is the transition function of & relative to ¢y and ¢y. Thus we

have

Proposition 1.1.4. In terms of trivializations &y : U — U x C™, a mero-
morphic section o of £ over |J,q,U, corresponds to a collection (fu)y of

meromorphic maps fy : U — C" such that

fo = guvfv on (UNV)\P,,

where the gyy, U,V € U, are transition functions of € relative to (¢u)y-

]

1.1.2 Divisors

In this subsection, we define the notion of a divisor of a section of a holo-

morphic vector bundle and give its basic properties.
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Let U be an open subset of C, and F': U — C™ be a meromorphic map.
Then for any w in H, there exists an open disc D, centered at w, and a

unique integer ny, such that
F(z) = (z —w)"™Gy(z), 2 € Dy,

where G, is a holomorphic map on D,, satisfying G,,(w) # 0. The integer
n, is called the order of F' at w and is denoted by ord,, (F).

Remark 1.1.5. If ¥: D,, — GL(n,C) is a holomorphic map, Then

ord, (F) = ord, (VF).

Suppose that U/ is an open cover of X. Let £ be a holomorphic vector
bundle over X having transition functions (gyv )y, o be a meromorphic sec-
tion of £ over X, and (fy)y be its corresponding collection of meromorphic
maps. Let P € U and take an open neighborhood Up of P in U such that
under a coordinate chart ¢ for X, we have p(Up) = D and ¢(P) = 0, where
D is the unit disc. The map Fyp = fyo ¢~ ! is then meromorphic on I, and

we define the order vp(o) of o at P by
VP(O') = OI‘dO(FUJD). (112)

According to [58], the integer vp(o) is invariant under coordinate changes.
Hence, it is enough to show that vp(o) is independent of U. Indeed, if P lies
in U NV, then we have

fv =guvfy on(UNV)\F,.
Since gyy € GL(n, O(UNV)), by the above remark, we have

ordp(fy) = ordp(fy).

The divisor of ¢ is defined by the formal sum

div(e) = Y vp(o)P. (1.1.3)

PeX

13



Similarly, the divisor of a meromorphic function f on X is given by

div(f) = Y vp(f)P, (1.1.4)

PeX

where vp(f) is the order of f at P. More generally

Definition 1.1.5. A divisor D on X is a locally finite formal sum

D=)> dpP, dp€l,

PeX

where locally finite means that for any point P in X, there exists a neigh-
borhood U of P such that dp # 0 for only finitely many P in U. If U is an

open subset of X, we set
Dy = Y dpP.

PeU
Div(X) will be the abelian group of all divisors on X. For D, D" €Div(X),
set D > D'if dp > djp for all P € X. A divisor D is called effective if
D > 0.

The support Supp(D) of D will be the closure in X of the set
{P € X | dp # 0}.

Remark 1.1.6. When X is compact, a locally finite sum is simply a finite
sum. Hence Supp(D) is a finite set.

Now, we focus on the relationship between divisors and line bundles. Let
D be a divisor on X. By the local finiteness assumption on D, one can find
an open cover U of X and functions fy € M(U), U € U, such that

div(fy) =D on U.
Since fy and fy have the same divisor D|yny on U NV, we see that

guv = fu/fy € O (UNV)=GL(1,O(UNV)).

14



It is clear that (gyy )y is an element of Z'(U, GL(n, ©)). Hence it defines a
line bundle D on X, and by construction, op = (fy)y is a global meromorphic
section of D such that

div(ep) = D.

If the set of line bundles constructed in the above way is denoted by
Ap, then it can be shown that any two line bundles in Ap are naturally
isomorphic. We use this fact to identify all elements of Ap to one line bundle
that will be called the associated line bundle to the divisor D, and will be
denoted by |D|.

Suppose that £ is a holomorphic line bundle given by transition functions
(guv)u- If £ has a nonzero global meromorphic section o = (fy )y, then by
Proposition 1.1.4 we have

guv = fu/fv,
that is £ = |div(c)|. From this we deduce that a line bundle is associated
to a divisor (resp. an effective divisor) if and only if it has a nonzero global

meromorphic (resp. holomorphic) section.

Theorem 1.1.7. Any holomorphic line bundle L on X has a nontrivial
global meromorphic section. In other words it is of the form L = |D| for

some divisor D on X.

Recall that when X is compact, the support of any divisor on X is a finite

set.

Definition 1.1.6. The degree of a divisor D = ) ,_ dp P, on a compact

Riemann surface X is defined by

deg(D) = de.

PeX
We have the following
Proposition 1.1.8. Suppose that X is compact. If f is a meromorphic

function on X, then
deg(div(f)) = 0.

15



The degree of a holomorphic line bundle over a compact Riemann surface
X is defined as follows. Let U be an open cover of X, £ a holomorphic line
bundle over X having transition functions (gyv )y, 0 a meromorphic section
of & over X, and (fy)y its corresponding collection of meromorphic maps.
Such ¢ always exists according to Theorem 1.1.7. If o1 = (hy)y is an other

meromorphic section of £, then from the relations

fu= guvfv, hu= guvhy on UNV

we see that
hU/fU = hv/fv, on UNV.
Hence f := o;/0 is a global meromorphic function on X, and we have
div(oy) = div(o) + div(f).
Therefore

deg(div(oy)) = deg(div(o)) + deg(div(f)) = deg(div(o)),

since deg(div(f)) = 0 according to Theorem 1.1.8. Thus, the divisors of

global meromorphic sections have the same degree.

Definition 1.1.7. Let X be a compact Riemann surface, and let £ be a

holomorphic vector bundle over X, and £ be a holomorphic line bundle over
X.

1. The degree of L is defined by
deg (L) = deg(div()),
where o is any global meromorphic section of L.
2. The degree of £ is defined by
deg(&) = deg(det(£)),
where det(€) is the determinant bundle of £.

16



The degree has the following useful property.

Proposition 1.1.9. Let X be a compact Riemann surface, and let £ and F
be a holomorphic vector bundles over X, and L be a holomorphic line bundle
over X. We have

deg(E @ F) = deg(€) + deg(F),

and
deg(L® E) = n deg(L) + deg(E),

where n s the rank of £.

1.1.3 The Riemann-Roch theorem.

The goal of this subsection is to state the Riemann-Roch theorem for holo-

morphic vector bundles over compact Riemann surfaces.

Let £ be a holomorphic vector bundle over X of rank n, and D a divisor
on X, o a meromorphic section of £ over X, and (fy)y its corresponding
collection of meromorphic maps. For any open subset U of X set O(E)(U)
(resp. M(E)(U) ) to be the O(U)—module of holomorphic (resp. mero-
morphic) sections of £ over U. Together with the natural restrictions when
V' C U, they define sheaves O(€) and M(E) of O—modules on X. The
vector space H(X,O(E)) (resp. H*(X, M(E))) of global sections of O(£))
(resp. M(E))) is exactly the vector space of global holomorphic (resp. mero-

morphic) sections on X.

Remark 1.1.10. The dimension of the C—vector space H°(X, O(£)) will be
denoted by h°(€) when it is finite.

Example 1.1.11. If (U, zy), U € U, is a covering of X by coordinate neigh-
borhoods, then on U NV the function

guy = dzy/dzy
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lies in GL(1,O(UNV)) =O0*(UNYV), and it is clear that
(guv)u € Z'(U,GL(1,0)).

The attached holomorphic line bundle is called the canonical line bundle of
X, and will be denoted by Kx.

The sheaf O(Kx) is isomorphic to the sheaf Q2x of holomorphic 1—forms
on X, the latter is defined by taking Q(U) to be the O(U)—module of holo-
morphic 1—forms on U together with the natural restrictions. Thus the
sections of ICx over U can be identified with holomorphic 1—forms on U. We
will adopt this identification for the rest of this thesis.

Similarly, if for an open subset U of X we set
Op(&)(U) = {o € M(&)(U)|div(o) = =Dlv},

then Op(E)(U) is an O(U)—module, and together with the natural restric-
tions, we get a sheaf Op(€) of O—modules on X. By definition, we have

H(X, 0p(&)) = {0 € H(X, M(E)) | div(o) > —D}.

Moreover, if |D| is the associated line bundle to the divisor D, and o is a
section over | D| such that div(c) = D, then the multiplication by o gives an

isomorphism of sheaves
Op(&) — O(ID|®E): f—oaf.
This induces the isomorphism
H(X,0p(€)) — H'(X,0(|D|®@€&)) : f > of, (1.1.5)

which we use to identify H°(X,Op(€)) with H*(X,O(|D| ® £)). We have
the following fundamental theorem:

Theorem 1.1.12. Suppose that X is compact, and let £ be a holomorphic
vector bundle over X of rank n. Then H°(X,O(E)) is a finite dimensional

C—wector space.
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Definition 1.1.8. The genus g of a compact Riemann surface X is defined
to be the dimension of the space of holomorphic 1—forms on X, that is
g =h"(Kx).

Finally, the Riemann-Roch theorem for holomorphic vector bundles on a

compact Riemann surfaces reads as follows:

Theorem 1.1.13. Suppose that X is compact and having genus g. If € is a

holomorphic vector bundle over X of rank n, then
RO(E) — W' (Kx ® £*) = deg(E) —n(g —1).

Remark 1.1.14. To ease the notations, in the sequel, the tensor product
L ® & of a vector bundle £ and a line bundle £ over X will be denoted by
L+ E.

1.2 Fuchsian groups and their Riemann sur-

faces.

All the content of this section is taken from the references:
[5]: Chapter 4.
[24]: Chapter 2.
[46] Chapter 1: §1.4 .

[55] Chapter 1.

We give the classification of Mébius transformations, and some standard

results on Fuchsian groups and their Riemann surfaces.
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1.2.1 Classification of Mobius transformations

Let C=CU {o0} and a, b, ¢,d be complex numbers with ad — bc # 0, then
the map g : C — C defined by

_az—i—b
ez +4d

9(2)

is called a Mobius transformation. The set M of all Mobius transformations

equipped with the composition of maps is a group. Moreover, the map given

az+b ab
= — A:
94(2) cz+d’ (c d)’

is a group homomorphism ¢ : GL(2,C) — M, and

kergb:{(gg), a%O}.

In general, we shall be more concerned with the restriction of ¢ to SL(2,C).

by A — g4, where

The kernel of this restriction is
ker o NSL(2,C) = {—1,1}.

Hence M is isomorphic to PSL(2,C) = SL(2,C)/{—1I,I}.

Let A = (Z 2) € GL(2,C) and tr(A) = a + d, then the function
tr2(A)
det(A)

is invariant under the transformation A — AA, A # 0, and so it induces a

function on M, namely
_ tr*(A)
~ det(A)’

where A is any matrix which projects on g. Notice that Tr(g) is invariant

Tr(g)

under conjugation.
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We now proceed to classify Mobius transformations. First, we introduce
some normalized Mobius transformations. For each k£ # 0 in C, we define
my by

my(z) =kz itk #1,

and
mi(z) =z + 1.
Notice that for all k£ # 0, we have

1
Tr(my) =k + z + 2.

If g # I is any Mobius transformation, we denote by o € C its fixed point

if it has a unique one, and by « and S in @, a # [, if it has two. Now let A

be any Mobius transformation such that

h(a) = 00, h(/B) =0, h(g(ﬁ)) =1if 9(6) # B,

then

0 ifg(B)=p

1 ifg(B) # 5 .

If g fixes o« and f3, then hgh~! fixes 0 and oo and thus hgh~! = m,, for some
k # 1. If g fixes  only, then hgh™! fixes oo only and hgh~'(0) = 1 and thus

hgh™' = m;. Therefore, any nonidentity Mobius transformation is conjugate

hgh™'(00) = 0o, hgh™*(0) = {

to one of the standard form my,.

Definition 1.2.1. Let g # I be any Mobius transformation. We say that

1. g is parabolic if and only if g is conjugate to m;(equivalently g has a

unique fixed point in @),

2. g is lozodromic if and only if ¢ is conjugate to my for some k satisfying
k| # 1 (g has exactly two fixed points in C);

3. g is elliptic if and only if g is conjugate to my for some k satisfying

|k| =1 (¢ has exactly two fixed points in @)
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It is convenient to subdivide the loxodromic class by reference to invariant

discs rather than fixed points.

Definition 1.2.2. Let g be a loxodromic transformation. We say that g is
hyperbolic if g(D) = D for some open disc or half-plane D in C. Otherwise

g is said to be strictly lozodromic.

Now, using the fact that Tr(g) is invariant under conjugation, we can give
a complete classification of all Mobius transformations. Indeed, we have the

following results.

Theorem 1.2.1. Let f and g be two Médbius transformations, neither of
which is the identity. Then Tr(f) = Tr(g) if and only if f and g are conju-
gate.

Theorem 1.2.2. Let g # I be any Mobius transformation. Then
1. g is parabolic if and only if Tr(g) = 4;
2. g is elliptic if and only if Tr(g) € [0,4);
3. g is hyperbolic if and only if Tr(g) € (4, +00);

4. g is strictly lozodromic if and only if Tr(g) & [0, +00).

1.2.2 Fuchsian groups

Let H = {z € C,Im(z) > 0} be the Poincaré upper half-plane, SL(2,R) be

the group of real 2 x 2 matrices with determinant one, R:=RU {o0}, and

~ ~ ab az+b
H:=HUR. If A= L(2,R =
U (cd) € SL(2,R) and ga(2) o d

Mobius transformation, then g4 maps H into H. Indeed, for z in H

Im(2)

Im(ga(2)) = ot (1.2.1)

is the associated

Also, it is clear that g4 maps R into R.
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Let Mg denote the group of real Mobius transformations. As we have
seen, the map ¢ : SL(2,R) — Mg given by A — g4 is a surjective group
homomorphism, and ker ¢ = {£1} (1 here stands for I, this will be used for
the rest of the thesis). Thus My can be identified with

PSL(2,R) = SL(2,R)/{£1}.

Recall that an automorphisms of H is a biholomorphic bijection from H
to H.

Theorem 1.2.3. The group of automorphisms of H is Mg = PSL(2,R).

The group PSL(2, C) inherits the topology of SL(2,C), which is a topo-
logical space with respect to the standard norm of C* A subgroup I' of
PSL(2,C) is called discrete if the subspace topology on I' is the discrete
topology. Thus I' is discrete if and only if: For any sequence T, in I,
T, — T € GL(2,C) implies T,, = T for all sufficiently large n. Giving
PSL(2,R) C PSL(2,C) the subspace topology of PSL(2,C), we have

Definition 1.2.3. A discrete subgroup of PSL(2,R) is called a Fuchsian
group.

Example 1.2.4. The modular group PSL(2,Z) = SL(2,Z)/{£1} and its

subgroups are Fuchsian groups.

For v in PSL(2,R), let Fix(y) be the set of fixed points of 7 in H. By

Theorem 1.2.2, «v cannot be strictly loxodromic, and one can show that

1. If v is elliptic, then Fix(y) = {z,}, for some z, in H.
2. If v is parabolic, then Fix(y) = {s,}, for some s, in R.
3. If 7 is hyperbolic, then Fix(y) = {a,, b,}, for some a., b, in R.

Definition 1.2.4. Let I' be a Fuchsian subgroup of PSL(2,R), and z be a
point of H. Then:
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1. The point z is called cuspidal or a cusp (resp. elliptic, hyperbolic) if it
is the fixed point of a parabolic (resp. elliptic, hyperbolic) element of
I.

2. The set of all elliptic (resp. cuspidal) points of I' will be denoted by
Er (resp. Cr).

3. The stabilizer I', of z in I' is the subgroup defined by

I'.={yel'|y.z==z}

We have

Proposition 1.2.5. Let T" be a Fuchsian subgroup of PSL(2,R), and z be a
point of H. Then

1. For any v € PSL(2,R), we have

(Vv . = 9Ty

In particular, if v € T, then T, = v(T,)y "

2. T', s cyclic.
3. If z € H, then T, is finite and T, = {£1} if z is not elliptic.

Definition 1.2.5. Let 2z be a point of H. The cardinality of I', will be called
the order of z, and will be denoted by n,. In particular, n, = 1 if z is not

elliptic.

Remark 1.2.6. Since the conjugate of an elliptic (resp. parabolic) element
of PSL(2,C) is also elliptic (resp. parabolic), we see that I" acts on Er and
Cr.
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1.2.3 The Riemann surface of a Fuchsian group.
In this subsection, I" will be a Fuchsian subgroup of PSL(2,R), and
H* =HU Cp.

Since I' acts on Cr, it then acts on H*, and so we can form the quotient
X = Xr := I'\H*. Our aim here is to give X a structure of a Riemann

surface.

First we define a topology on H* as follows. H is given its usual topology.
For a cusp s # oo, we take as a fundamental system of neighborhoods all

sets of the form:
{s} U{ the interior of a circle in H tangent to the real axis at s}
If oo is cusp, then a fundamental system of neighborhoods of co are the sets:
{0} U{z e H|S(2) > ¢},

for all positive numbers c. Endowed with this topology, H* becomes a Haus-

dorff space, and I' acts on H* by homeomorphisms.

We give X a structure of a Riemann surface in the following way. Let ¢
denotes the natural projection map of H* onto X = I'\H*, p be an arbitrary
point of H*, and P = ¢(p). Then

Lemma 1.2.7. There exists an open neighborhood U of p in H* such that
Ip={yel|(rU)NU #0}.

Hence we have a natural injection of I')\U — X, and I',\U is an open
neighborhood of P in X. If P is neither an elliptic point nor a cusp, then I'p
contains only the identity, so that the map U — I',\U is a homeomorphism.
We take the pair (I)\U, ¢ ') as a member of the local charts defining the

complex structure on X.
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In case p is elliptic, setting

a(z) = Z_]_Q, z e H,
Z=p

then o(H) is the unit disc D, a(p) = 0, and al',a~! is the group
(o 2w — G,

where (, is a primitive n,—th root of unity, n, is the order of p. Then we
define a map ¢ : I',\U — C by

U(e(2)) = a(z)™.
We see that 1 is a homeomorphism onto an open subset of C. Thus we
include (I',\U, ) in our local charts.

Finally, if p is a cusp of I'; and a € SL(2,R) is such that « - s = oo, then
we have

alya™ = (t 12— 2+ h),

h being a positive number. We define a homeomorphism ¢ of I',\U onto an
open subset of C by

(d(2)) = exp(2mia(z)/h),
and include (I',\U, ¢) in the local charts.

The atlas formed by these local charts gives X the structure of a Riemann
surface.

Definition 1.2.6. Keeping the above notations, we have :

1. A point P in X will be called elliptic, if it corresponds to an elliptic
point of I'. The function ¢ = w™ will be called the local parameter at
P (oratp).

2. A point P in X will be called a cusp, if it corresponds to a cusp of I'.
The function g, := exp(2miz/h) will be called the local parameter at
P (or at p).
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An important class of Fuchsian groups consists of Fuchsian groups of the

first kind; they are defined as follows:

Definition 1.2.7. I is called a Fuchsian group of the first kind, if Xt = I'\ H*
is compact. A subgroup I'y of SL(2,R) is a Fuchsian group of the first kind,
if its associated subgroup I'y := {£1}\I';.{%1} of PSL(2,R) is of the first
kind.

As we have seen above, I' acts on the sets Er (resp. Cr) of elliptic (resp.

cuspidal) points of T". Set
QEF = F\EF, GI‘ = F\CF (122)

Proposition 1.2.8. If " is of the first kind, then € and Sr are both finite

sets. Thewr cardinality will be respectively denoted by er and cr.

Also, we have following useful result:

Proposition 1.2.9. Suppose that I is of the first kind, then any finite index
subgroup of I' is also a Fuchsian group of the first kind.

Suppose that p € H is an elliptic fixed point of I'. By Proposition 1.2.5,
the orders of v.p and p are equal for all v € I'. Therefore, the order of an
elliptic point can be lifted to X.

Definition 1.2.8. If P € X is not a cuspidal point, then we define the order
of P to be the order of any point in H corresponding to P.

1.2.4 Congruence subgroups of PSL(2,7Z)

The modular group PSL(2,Z) and its finite index subgroups form a very rich
category of Fuchsian groups of the first kind. Here we list some well known

examples.
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Let

T:<1 1)’52(0 —1>7P:ST:(0 —1)'
01 1 0 1 1

Then S is elliptic of order 2 with fixed point ¢, and P is elliptic of order 3 and
fixes p = €*™/3. Moreover PSL(2, Z) is generated by S and T, or equivalently,
by S and P.

An important class of subgroups of PSL(2,7Z) are the so-called congruence
subgroups. A subgroup I' of PSL(2,7Z) is called a congruence subgroup if it
contains some principal congruence subgroup I'(n) for some positive integer
n, where ['(n) is defined by

I'(n) ={y €SL(2,Z), y=+1 mod n}/{£1}.

The smallest such n is called the level of T'.

One easily shows that I'(n) is a normal subgroup of PSL(2,Z) of finite
index and that the conjugates in PSL(2, Z) of a congruence subgroup are also

congruence subgroups.

Example 1.2.10. Important examples of congruence subgroups of PSL(2, Z)

are:

I'i(n) ={y €SL(2,Z), y =+ ( (1) 1( ) mod n}/{£1},

To(n) = {( ¢ Z ) € SL(2,7), ¢ = 0 mod n} J{£11,

C

C

(n) = {( ¢ 2 ) € SL(2,Z), b= 0 mod n} J{£1}.

It is clear that T'(n) C T'y(n) C T'g(n) and that Ty(n), T'i(n), T%n) are of
level n. Note that [o(n) is conjugate to I'°(n) by ()
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1.3 Awutomorphic forms.

In this section we give the definition of automorphic forms and provide some

well known examples.

1.3.1 Definition of automorphic forms.

In this subsection we follow The second chapter of [55].

Let k € Z, v € GL*(2,R), ' be a Fuchsian, and f be a meromorphic

function on H, we set

fliy = (det )2 J* fony, (1.3.1)

) 3k

where J,(2) =cz+dify= ( p
c

). We have for all o,y € T,

Jory(2) = Ja(v2)J4(2), 2z € H. (1.3.2)

Notice that for k odd, Jﬁv = —Jﬁ, hence f|g(—vy) = —f|xy. If k is even, then
Sle(=7) = flev.

Definition 1.3.1. Let I" be a Fuchsian subgroup of SL(2,R), and & be an in-
teger. A meromorphic function f on H is called an unrestricted automorphic

form of weight £ for I, if it satisfies
(1) flgy=fforallyeT.
If in addition
(#2) f is meromorphic at every cusp of T',

then f is called an automorphic form of weight k& for I'. When k£ = 0, f is

called an automorphic function.
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By a cusp of I we mean a cusp of its associated subgroup I' := {+1}\I'.{#1}
of PSL(2,R). The last condition in the definition means the following. If I'
has no cusp, then this condition is empty. In case I' has a cusp s, then the

stabilizer of s in T is equal to 'y for some subgroup I'y C I'. Moreover, if

b
a= (a d) € SL(2,R) is such that a - s = 0o, then we have
c

al,a H{*1} = <i<(1) }11)>

with h being a positive real number referred to as the cusp width at s. From

(i) we deduce that f, := f|x(a™!) is invariant under the group al'a™!.

Case I: k is even. Here f, is invariant under the translation
th:z+— 2+ h,

hence f; = G4(gn) for some meromorphic function Gy in the punctured disc
:0 <|gqn| < r, where r is a positive number, and g, := exp(2miz/h). We say
that f is meromorphic at the cusp s if GG, is meromorphic at ¢, = 0, this

means that f, when it is nonzero, has a Laurent expansion

Z angy , 0<|g| <,

n>ns

where ng is the order ords(Gs) of G at 0. We define the order of f at s by
ords(f) = ordy(Gy).

Case II: k is odd. If I" contains —1, then condition (i) implies that
f = —f. Hence there is no nontrivial automorphic form of weight k for T'.
Therefore we may assume that —1 & I'. Then oI'sa™! is generated by (é }ll),
or by — (é }IL) We say that the cusp s is reqular or irreqular, accordingly. If s
is regular, then the meromorphy at s is treated in the same way as in Case

I. If s is irregular, then fs(z + h) = — f,. Letting
9s(z) = exp(—miz/h)fs, =z € H,

then g is invariant under the translation t, : z — 2z + h, hence g; = Gs(qn)

for some meromorphic function Gy in the punctured disc : 0 < |qn| < T,
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where 7 is a positive number, and ¢, := exp(2miz/h). We say that f is
meromorphic at the cusp s if G is meromorphic at g, = 0. We define the
order of f at s by ord,(f) = ordo(Gs) + 1/2.

f is said to be holomorphic (resp. cuspidal) at s if ords(f) > 0 (resp.
ords(f) > 0). An unrestricted automorphic form which is meromorphic at
any point of H*, is called a meromorphic automorphic form. An automor-
phic form which is holomorphic at any point of H*, is called a holomorphic
automorphic form. A holomorphic automorphic form which is cuspidal at
any cusp is called a cusp automorphic form, or simply a cusp form. The vec-
tor space of automorphic forms of weight k for I" will be denoted by A.(T).
The vector spaces of unrestricted, holomorphic, cusp automorphic forms of
weight k for I will be respectively denoted by G(I"), My (T'), and Si(T").

If " is Fuchsian group of the first kind, then M (I") and Si(I") have finite

dimensions. Indeed, we have

Theorem 1.3.1. Let I' be a Fuchsian group of the first kind, and k be an
even integer. Let g be the genus of Xr = I'\H*, e and ¢ be the number of
elliptic and cuspidal points of Xr respectively. If ny, ..., n. are the orders of

the elliptic points, then

(

(k= 1)(g 1)+ (k/2)e + Xy b(ni — 1/20)] (k> 2)
g+c—1 (k=2¢>2)

dimMp(I') =<¢g (k=2,¢=0)

1 (k=0

0 (k<0),

\
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and

(= 1)(g— 1)+ (k/2 = Ve + X0 [k(ni — 1/20)] (k> 2)
g (k=2)
dim Sp() =<1 (k =0, m=0)
1 (k=0,m>0)
(0 (k<0),

where [.] denotes the integral part of a real number.

1.3.2 Examples of modular forms

The main reference for this subsection is the first chapter of [38]. When
working with the modular group PSL(2,Z) and its subgroups, the word au-

tomorphic is replaced by modular.

We start our examples by the well known Eisenstein series. They are

defined for every even integer k > 2 and z € H by
1
G = —
#(2) zn: zm: (nz +m)k’

where the symbol >  ’ means that the summation is over the pairs (m,n)
different from (0,0). Notice that this series is not absolutely convergent for

k = 2. If we normalize the Eisenstein series by letting
Er = 2((k)Gy,
where ( is the Riemann Zeta function, then we get

Ep(z) = 1—— Z or_1(n)q", q= e

Here By, is the k-th Bernoulli number and oj_1(n) = >, d*=!. The most

familiar Eisenstein series are:

Eyz) =1—24 Z o1(n)q",
n=1
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Ey(2) = 14240 Z as3(n)q”,
n=1

Eg(z) = 1—504 Z os5(n)q".
n=1

For k£ > 4, the series Ej are holomorphic modular forms of weight k. The
Eisenstein series Fs is holomorphic on H and at the cusps, but it is not a
modular form as it does not satisfy the modularity condition. The Eisenstein
series Fy is an example of a quasimodular form and plays an important role

in the theory of vector valued modular forms, see [37]. Moreover, Fy satisfies

1 Al(z)
E = — 1.3.3
where A is the weight 12 cusp form for PSL(2,Z) given by
Alz) = q (1 —a*
n>1
The Eisenstein series satisfy the Ramanujan relations
EEQ = E}—E, (1.3.4)
i ’
S
%E4 = E,Fy — Eg, (1.3.5)
1
— B} = EgEy — E. (1.3.6)
)

The Dedekind j-function given by

B E?
(@) ==x—

is a modular function and it generates the function field of modular functions
for PSL(2,Z).
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Chapter 2

Vector-valued automorphic

forms and vector bundles

The aim of this chapter is to realize vector-valued automorphic forms as
global sections of holomorphic vector bundles. More precisely, given a Fuch-
sian subgroup I' of SL(2,R), a finite-dimensional representation R of T,
and an integer k such that the pair (R, k) is simple, see Definition 2.1.2,
we construct a holomorphic vector bundle &r g over the Riemann surface
Xr = I'\H* associated to I'. The global meromorphic sections of &r g will
correspond to vector-valued automorphic forms of weight k£ and multiplier
R. More interestingly, the spaces My(T', R), Si(I', R) of holomorphic, cusp
vector-valued automorphic forms of weight £ and multiplier R, will be respec-
tively isomorphic to H*(Xr, O(ér g —«)) and H(Xr, O(—De gk +Err—k)),
where Dg g, is a certain holomorphic line bundle depending on the cuspidal
points of Xp. As an immediate consequence, we deduce that My (I", R) and
Sk(I', R) are finite-dimensional C—vector spaces if and only if I' is Fuchsian

group of the first kind, see Theorem 2.5.9.
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2.1 Notations

For the remainder of this thesis, n is a positive integer, I' is a Fuchsian
subgroup of SL(2,R), R is a representation of I" in GL(n, C). We will denote
the matrix R(7), v € I, by R,. R* will be the adjoint representation to R,
that is

Ri = (Rv” )Ta
where (.)T is the transpose operator. I' will be the image of I' in PSL(2, R),
that is T' = {£1}\I'.{£1}. E will be the set of elliptic fixed points of ' and

C' the set of its cusps in RU {oo}. We define
H =HUC, &:=TI\C, ¢:=I\E,
X=XT):=T\H", X'=X'T):=T\(H-E),

Y=Y'(I'):=H-E.
We have an unbranched covering map
T:Y — X',

and since I' acts properly and discontinuously on Y’, then the group of cov-

ering transformations is

Deck (Y'/X') = T.
Moreover, this is a Galois covering in the sense that for all y; and vy, in Y’
with 7(y1) = 7(y2), there exists o € T such o(y;) = y».

Also, when I' does not contain —1, we can identify I' with T’ via the
canonical map, and so I' will be viewed as a group of matrices as well as a

group of Mobius transformations.

If k£ is an integer, then we define the slash operator |, on meromorphic

maps F': H — C™, m being an integer, by

Fly=J"Fovy, yeGL*(2,R), (2.1.1)

) * %
where J,(2) =cz+dif y= ( d)'
c
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Definition 2.1.1. Let k£ be an integer. An unrestricted vector-valued au-
tomorphic form for I' of multiplier R and weight k is a meromorphic map
F :H — C" satisfying

F|.v = R, F.

The C-vector space of these maps will be denoted by Gi(', R).

If R = Ry ® Ry is the direct sum of two representations R; and R,
then it is clear that G (T, R) = Gi(T', R1) ® G¢(T', Ry), and when I" contains
—1, then after [3], the representation R will be called even (resp. odd) if
R(—1) =1, (resp. R(—1) = —I,). Since —1 commutes with I', then modulo
a conjugation in GL(n,C), any representation R may be decomposed into a
direct sum R = R, @& R_ of even and odd representations. It follows from
Definition 2.1.1 that for an even (resp. odd) representation R there are no
nontrivial unrestricted vector-valued automorphic forms of odd (resp. even)

weight. Therefore

Gr(I',R;) if kis even,
Gy(I',R) =
Gr(I',R_) if k is odd.

This shows that it suffices to treat the case when both R and k are even, or
when they are both odd.

To avoid trivial cases, we adopt the following definition:

Definition 2.1.2. The pair (R, k), k being an integer, is called simple if

1. I" does not contain —1, or
2. I' contains —1, R and k have the same parity.

Remark 2.1.1. In the sequel, we only consider the integers k such that

(R, k) is a simple pair. In particular, R is either even or odd when —1 € I'.
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Definition 2.1.3. The integer € = ¢(R) defined by

0 if Riseven,or —1 ¢T

1 if Risodd

is called the parity index of R.

Notice that ¢ is the smallest nonnegative integer k such that (R, k) is a

simple pair.

Remark 2.1.2. 1. In this work, almost all the constructed objects will
depend on at least three parameters, namely : I', R, and the weight k.

When the context is clear, we will only keep the relevant indices.

2. If the context is clear, an object defined on Y’ which is invariant under
the covering transformations, will be considered as an object defined
on X'

2.2  The family &r p )y of vector bundles

The goal of this section is to associate to each triplet (I', R, k), with (R, k)
being a simple pair, a holomorphic vector bundle & gy on X. This will
be achieved by constructing a 1-cocycle in Z' (U, GL(n,Ox)), where U is
an open cover of X. Then &p rj will be its associated holomorphic vector
bundle.

2.2.1 The unbranched case.

Let (R, k) be a simple pair, we construct a matrix-valued automorphic form
of weight k£ and multiplier R on the unbranched covering Y’ of X’. More

precisely, we have
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Theorem 2.2.1. There exists a holomorphic map
U, = \DRJC Y — GL(H,C)
such that for all o € T", we have

\Pk|k g = \I/k Rafl .

Proof. Since 7 : Y/ — X' is an unbranched Galois covering, there exists an

open covering U = (U;);e; of X’ and homeomorphisms
¢i = (77'7771) : ﬂ-il(Ui) — ljZ X F

which are compatible with the action of ' in the sense that ¢;(y) = (z,0)

=

implies ¢(7y) = (z,70). In other words, the mapping 7; : 7 (U;) —
satisfies n;(7y) = mni(y) for all y € 7~ 4(U;) and 7 € T.

On Y; = n1(U;) we define Wy ; : Y; — GL(n, C) by

Vii(y) = o0y W Ry €Y

i

which is well defined since the expression
JFR,

is well defined on T for a simple pair (R, k). Moreover, ¥} ; is holomorphic
since it is locally constant, and so ¥y ; € GL(n,O(Y;)). Now, if y € ¥; and
o €T, then

Vii(oy) = Jo 01 (0Y) Ry oy

= Jptro- (Y By 10

ni(y)~to~1



Hence, for o € T,

\Dk,i o = \Ilk,iRO'_l on Y;

B

Therefore, Wy ; has the required property on Y;. If we set
Frij = Friy = Wi¥y; € GL(n, O(Y; NY)))

then for all y € Y; NY; we have Fj;;0 = Fj;;, that is, the Fj ;; is invariant
under covering transformations and hence may be considered as an element

of GL(n, O(U; NUj;)). Thus, we have a cocycle
(Frij) € Z'(U,GL(n, 0)).

As X’ is a noncompact Riemann surface, there exist elements
Fy; = Fpr; € GL(n,OU;))

such that
Frij = Fk,iF;;jl on U;NUj, (2.2.1)

see [13]. We now look at the Fj; as elements of GL(n,O(Y;)) that are

invariant under covering transformations and set
U, = F, ] 0y, € GL(n, O(Y7)) .
Then, for every o € I', we have
Uy

0= (Fpio) "Wyl .0 = F'W0 Ryt = UR, 1.

B B

Moreover, on Y; N'Y; we have
(Pr) " Why = U B iy Wy = U g Uy = W5 00, 000 = 1
Thus, the lﬁffkﬂ-’s define a global function ¥, € GL(n,O(Y’)) with

\Ifk’k()' = ‘IfkRU—l, cel.
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We see that the Wg; constructed above depends on the choice of the
elements Fry,; € GL(n,O(U;)), @ € I, let us call it ¥y p. Suppose that
Grri € GL(n,O(U;)), i € I, is another choice, then by (2.2.1), we have

Fk’iF/;jl = Fk,ij = GkﬂGl;j on UiﬂUj.
Hence, the element Ars € GL(n, O(X’)) given by
AF,G|UZ- = G];ij,z on Uz

is well-defined and we
Vie = ArcVir. (2.2.2)

Now, we take an arbitrary choice of the elements Fry,;, € GL(n,O(U;)),
1 € I, and we fix it for the rest of the thesis. Its corresponding map will be

our Vg .
Remark 2.2.2. From the proof of Theorem 2.2.1, we see that
Fpi(Frp )™ = Fre i Fl_; on UinUj,
and hence, as in the above discussion, we have
(Vri)" = Arg Vpe -1,

for some Agy € GL(n, O(X")).

2.2.2 The elliptic case.

Now, let e be an elliptic fixed point of T, then the stabilizer of e in T is equal
to I, for some subgroup I', C I'. Moreover, I, = (0,) with o, = 7, for some
v, in I'.. If € denotes the complex conjugate of e, then we have a character

tte on I'e defined by
pe(y) = Jy(€), el (2.2.3)
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such that p.(—1) = —1, when —1 € I". Also, the holomorphic function on H
given by

fe(2) = —, z€H,

verifies
feliy = pe(7)fe, v €T

Lemma 2.2.3. There exists a meromorphic map ¥y, = Vg in H, having

a pole only at e, such that for all v € T'., we have
\Ijk,elk’y - \Ijk,eRfy*1

Proof. 1f
az) = Z_f, z € H,
z—¢

then o(H) is the unit disc D, a(e) = 0, and al.a~! is the group

(o) : w— Cw)

where (. is a primitive n.—th root of unity, n. being the order of e.

Let R = Rk e = g ~kR, then R is a well defined representation of I'.. Since
R”E = 1, then Rv is diagonalizable and for some Ay, = Agi. € GL(n,C)

we have

Ak,eEUEA’;i = dlag ()\1, . 7)\71), )\;Le =1
Write A\; = ¢ ™7, 0 < my; < n. — 1, and for w € D* set
q)k,e(w) = (I)R,k,e(w) = diag (w*ka, o 7w*mk,n) )
We have

q)k,e(aéw) = (I)k,e<<ew)

= diag (¢ " rw TR L G TR TR
= diag (A\[tw ™k N TR

= Oy (w)diag (A1, ..., \p)

= Ope(w)ApR,1 AL
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Therefore,

If we set

then for all o € T,
Now, let

then for all v € T,

Uiy = 1) fFOL R = pE (1) g Ry
But for v € I'. we have
Ry = 1m0 )Ry,
Hence for all v € I'., we have
Uiel,? = ViR
as desired.

]

Notice that the construction of U . depends on the choice of the Ag .
We fix a choice for the matrix Agy . once for all, and its corresponding map

will be our Vg .

Remark 2.2.4. The relationship between (V) and Wpge _x . is given by

the following: Since

AR,k,e (Mgk(,ye) R% ) A;Z,lk,e — diag( ;nR,k,l’ o ;nR,k,n),

where (mpgy ;); is a sequence of integers in [0, 7. ), then

Ape (RO R ) (A )™ = ding (1740 (L),

42



But
diag (cSE‘mR’k’l, o ,Cene_mR’k’n) = Aps ke (MS(%) Rfye ) A}E},—k,e-
This implies that the matrix

_ * -1
BR,k,e - AR,k,eAR*,fk,e

commutes with
Ne—MRPR k1 Ne—MPR k,n
Ce ] <€ )7

diag (
hence with ®g- _; ., and we have
(\IJR,k:,e>* = (Oé(Z))ne BR,k,e \IJR*,fk,e-

Definition 2.2.1. With the above notations, we define the k—order of R at

e to be

Vk,e(R> = _(]-/ne) ZmR,k,ja
j=1
where the integers 0 < mpgy; < n.— 1 are such that

Apge(u7 (7e) R, )A}}}m = diag (("®*1, L. (R,

Since it only depends on the class of e modulo I', we define the k—order of
R at an elliptic point P € X to be

vr,p(R) = vpc(R),

with e € H is an elliptic point corresponding to P.

2.2.3 The cuspidal case.

Similarly, If s is a cusp of I, then the stabilizer of s in T is equal to I,
for some subgroup I's, C I'. Also, 'y = (7;) with 7, in Ty, and we have a
character us on I'y defined by

ps(y) = J’y(s)a vels, (2.2.4)
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b
such that us(—1) = —1, when —1 € I". Notice that for v = (% d7> ely,
Cy Oy
a simple computation shows that

s = (ay = dy)/2¢5.

This implies that
ps(y) = Trace(y)/2, ~ €Ty, (2.2.5)

which is also valid for s = co. Since the trace of v is &2, we see that

us(v) = £1 ~ el

Moreover, the holomorphic function on H defined by

i, z€eH, ifs+# o0

f8<2> =

1 ifs=o00,

verifies

fshy = pws(v)fs, v el

b
If = (a d) € SL(2,R) is such that a - s = 0o, then, using the notations
c
of [55], we have

al,a - {1} = (ty : 2 —> 2+ h),

with h being a positive real number referred to as the cusp width of s. Also,

from s = a7t

cq € C.

-00 = —d/c, we have f; = ¢, /J, for some nonzero constant

Lemma 2.2.5. [50] There exists a holomorphic map ¥y, = Vg, in H,
such that for all v € 'y, we have

\I]k,slk’)/ = \I/kﬁR,y—l.
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Proof. Let R= Ek,s = u;*R, then R is a well-defined representation of T';.
Take By s = Bris € M(n,C) such that

R'Yis =

exp(2miBys).

If we set
z

) s(2) = exp (—27m'h

Bk,s) Z€EH,

we have

h
Oy, s(thz) = exp (—QWiZ—; Bm)

= exp <—27ri%Bk75 ~ 2miBy,,)

= Byo)-1 Prs(2)
- (pk,S(Z)R(’T;)_l .
Hence if
\Ilk,s - ffq)k,sa = CZ (Dk,s’kav
then Wy ; has the required property.

]

Remark 2.2.6. Note that ¥y ; depends on the choice of By 5. In the sequel
we take By s such that
0<RWN) <1

for every eigenvalue A of By, which is always possible, see [18]. With this
choice, one can check that [18, 16]

Bre_ks = I, — (Brys)"

Therefore
(Prks) = qn()Pre s,
where ¢, (a(z)) = exp (2mia(z)/h), z € C.
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Definition 2.2.2. Let By s = Brys € M(n,C) such that
115" (s) Ryy = exp(2miBy,),
and for all eigenvalues A of By s
0<RN) <1.

Then the number
vi.r(s) = —Trace(By)

is called the k—order of R at s. Since it only depends on the class of s modulo
I', we define the k—order of R at a cuspidal point P € X to be

vep(R) = v s(R),
where s € H* is a cusp corresponding to P.

Definition 2.2.3. If for a point P € X \ (€ U &) we set v p(R) = 0, then
the k—divisor of R is defined by

DR,k = Z Vk:,P(R) P

PeX

2.2.4 Construction of the 1—cocycle.
We now come to the main construction in this section. Write
QE U 6 == {ai}izl

for the discrete closed set of classes of cusps and elliptic fixed points in X.
In particular, they correspond to inequivalent points a; in H*. For each @;

we choose a neighborhood in X in the following way:

If @; is a cusp, let U; be a neighborhood of @; in X given by
Ui = (F_M\Dai) U {ai}7
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where D,, is a horocycle in H tangent at a; [55] (if a; = oo, this horocycle is

a half-plane). Here T, is infinite cyclic.
If @; is an elliptic fixed point, then U; is given by
Ui - P_ai\-Daia
where D,, is an open disc in H centered at a;. Here T, is a finite cyclic
group.
Further, these neighborhoods can be taken such that for a; # @;, we have

U;NU; = 0. Also, for each @; choose a chart z for X such that z(U;) = D

and z(a;) = 0 where D is the unit disc.

Set Up = X', Vo=H—E =aYX) =Y, and V; = 7~ (U, — {a;}),

i > 1. Then U = (U;)i>o is an open covering of X, and we have

V;: |_| Z’ya

7€l /Ta,

where 7 is a representative of 7 in T'/T,,, and Z., is a connected component
of Vi. If ¥}, o = Wy is the map constructed in Theorem 2.2.1, then we have

the following.
Proposition 2.2.7. [50] If@; is a cusp, then there exists a holomorphic map
\Ifk,i : ‘/1 — GL(H,(C)

such that Uy ; \Ill;é is invariant under Deck(Z,/U; — {a;}) for all connected

components Z, of V;.

Proof. We have

Vi = TDai = 7Dai = D’Yai‘

Here we have a disjoint union of connected components Z, = vD,, of V; and

7 is a chosen representative of 7 in T'/T,,. Then

47



is a universal covering with the covering transformations given by the fun-

damental group
(Ui = {a@;}) = Tha,.

By Theorem 2.2.1 and Lemma 2.2.5, the maps ¥y, .,, and ¥, on Z, have
the same automorphic behaviour with respect to I'yo,, and s0 Wy ,q, Uy is

invariant under I'y,,, hence under I',,,. The map W;; defined on V; by
\Ilk,ilZ«, = \Ijk;ya,'

is then a holomorphic map on V; such that Wy, \I/,;é is invariant under
Deck (Z,/U; — {a;}) for all connected components Z., of V;.

]

Proposition 2.2.8. [50] If @; is an elliptic fized point, then there exists a
holomorphic map
Uy, Vi — GL(n,C)

such that Wy ; \II,;%) is invariant under Deck(Z,/U; — {a;}) for all connected
components Z., of V. Moreover, Uy ; is meromorphic at each point of 7~*{a;}.
Proof. 1f @; is the class of an elliptic fixed point a; in H, then

Ui —{a;} = T,\D;,,

where D = D,, — {a;} is the punctured disc. Here, the stabilizer T,, of

cyclic of finite order k;. Furthermore, we have
vi= | = L %,
FET/Ta; yel/Ta,

where the Z, = vD}, are the connected components of V;. In the meantime,
the group of covering transformations of the unbranched covering Z, — D},

is given by the fundamental group
(Ui —{@)} = Tha,-
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Indeed, it is isomorphic to the covering

D — D*

2 —s 2P

for which the covering transformations are given by the group (o; : z — (;2)

where (; is a primitive k;—th root of unity, k; is the order of a;.

By Theorem 2.2.1 and Lemma 2.2.3, the maps Wy ,,, and ¥, on Z,
have the same automorphic behavior with respect to I'y,,, and so Wy, 14, \If,;é

is invariant under I'y,,, hence under I',,,. The map W;; defined on V; by

\Ilk,ilZaY = \Ijk,'yai

is then a holomorphic map on Z, = vD; , and meromorphic at ya; € vD,.
Hence, ¥}, ; is holomorphic in V; and meromorphic at each point of 7' {a;}.
Also, Uy ; \I/,;é is invariant under Deck (Z,/U; — {a;}) for all connected com-
ponents of Z,, of V;. O

Now define the 1—cocycle
Firij = V0t € GL(n,O(ViN V) if i #j and Fiy =id.  (2.2.6)

Theorem 2.2.9. [50] The 1—cocycle (F};;) defines a 1—cocycle (ﬁ;“j) in
ZY U, GL(n, ©)) such that Fy;; = 7 Fy;.

Proof. We need to prove that the Fj ;;’s defined in (2.2.6) can be considered
as elements of GL(n, O(U; N U;)). By construction, for ¢ # 0 and j # 0 we
have

Thus we only need to prove that Wy oW, 1 € GL(n,O(V;)) defines an el-
ement of GL(n,O(U; — {a;})), that is to show that \I/k,g\lf,;} is invariant

under the action of Deck (Z,/U; — {a;}) which is a direct consequence of
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Proposition 2.2.7 and Proposition 2.2.8. Therefore, there exists an element
(Fyij) € ZYU,GL(n, ©)) such that Fy;; = 7 F ;.

[]

According to Theorem 1.1.2, a 1—cocycle in Z'(U, GL(n, Q)) gives rise

to a holomorphic vector bundle on X.

Definition 2.2.4. We define &r gy to be the holomorphic vector bundle
p: &rrir — X of rank n whose transition functions are the (ﬁ,“]) If the

context is clear & ry will be denoted by &;.

If R is the trivial character x, sending all elements of I" to 1, then &r &
is a line bundle which will be denoted by L,,r = L. Since xo is an even

representation, then L is defined only for even k’s when —1 € I'; and for
any k when —1 ¢ T.

2.3 Behavior at the cusps

In this section we shall make explicit the behavior of unrestricted vector-

valued automorphic forms at cusps.

Let s be a cusp of I. As we have seen in §2.2.3, the stabilizer of s in
T is equal to 'y for some subgroup I'y C T'. Also, Ty = (7;) with ~, in T,

Moreover, if o € SL(2,R) is such that « - s = 00, then we have

al'sa™ = (th : z+— 2+ h),

h being the cusp width of s.

Let F' be an unrestricted vector-valued automorphic form for I'" of mul-
tiplier R and weight k, F, := U_, F, and F, := F,a~!. By Lemma 2.2.5,
F, is invariant under I'y, hence under I';. Therefore F; is invariant under
al';a™!, and so

Fity, = F,.
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Hence E(z) = G,(qp) for some meromorphic map
Gs {qn; 0 <|qn| <1} — C,

where r is a positive number, and ¢, := exp(2miz/h). We say that F' is
meromorphic at the cusp s if G4 is meromorphic at ¢, = 0, this means that
G5, when it is nonzero, has a Laurent expansion

Z angy , 0<|q| <,

n>ns

where ng is the order ords(Gy) of G at 0. We define the order of F' at s by
ord(F') := ordg(Gs).

F is said to be holomorphic at s if ords(F) > 0. An unrestricted vector-
valued automorphic form which is meromorphic (resp. holomorphic) at every
point of H*, is called a vector-valued automorphic form (resp. holomorphic
vector-valued automorphic form). The vector space of vector-valued automor-
phic forms for I' of multiplier R and weight k& will be denoted by Ax(T', R),
and its subspace of holomorphic vector-valued automorphic forms will be
denoted by M (T, R).

2.4 The divisor of a vector-valued automor-

phic form

The goal of this section is to associate to each vector-valued automorphic

form F' a divisor div(F") defined on the Riemann surface X.

Suppose that F' is a vector-valued automorphic form for I' of multiplier
R and weight k. Then by Remark 1.1.5, we have ord.,(#") = ord,(F) for
any w € H*, v € I'. This means that the order of F' can be lifted to X.

If P € X corresponds to a point w € H, then set vp(F) = ordy,(F)/nw,
where n,, is the order of the point w, see Definition 1.2.5. If P € X corre-

sponds to a cusp s, then set vp(F') = ords(F'). We define the divisor of F' on
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X to be the formal sum

div(F) = > vp(F)P. (2.4.1)

pPeX

From this we see that I is holomorphic in H* exactly when div(F") > 0.

Proposition 2.4.1. we have
My(L,R) = {F € Ax(T,R) | din(F) > 0 }.
O

As usual, one can define a cusp vector-valued automorphic form of mul-
tiplier R and weight k, to be an element F' of My (I', R) vanishing at all the
cusps of I'. More precisely, suppose that s is cusp, then using notations of
Lemma 2.2.5, and Definition 2.2.2, we have

pE(vs) Ry, = exp(2miBr, 1),
such that the eigenvalues A\_j s ; of Bg ¢ satisfy the condition
0 <R(A_gs;) <1,0<j<n.

In terms of the local parameter ¢ at s, we have
z
h

By the Jordan decomposition theorem, we can write B _j s in the form

F|

-1 _ K .
L =, exp <2m

BR,,,C,S) Golqn). (2.4.2)
Br, ks = DR ks + Nr ks,
where Dg _ s is diagonalizable matrix, Ng _j s is nilpotent matrix, and
Dp, ks Nr—ks = NRr ks Dr,—k,s-
Therefore
exp (27T2EBR7_;€75) = exp (ZMENR_M) exp (27”EDR—]€,S> )
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Let ngr be the smallest integer such that N}%’ik’s = 0. From the definition of

the exponential of a matrix, we see that the entries of the matrix
2
exp (27TZENR7_1€’S>

are polynomials in z of degree less than ng.

Since Dp _j s is diagonalizable matrix, we have
DR,—k,s = AR,—k,s dlag ()‘—k,s,ly R )\—k’,s,nR) A]_Db,lf]@ea
for some A = Ag . € GL(n,C). By (2.4.2), we have

AT'F| a7t =

c’; (A’l exp (27?1'%]\]1%,,;{75) A) exp (27ri%diag()\,k,s,1, e )\,k,synR)) A’le(qh).

Set
F,= A1 F|ka_17 H, = A_le(qh), Qz) = cZ At exp(?wi%NRrk,s) A.

Then it is clear that ordy(Hs) = ordyg(G), and that the entries of Q(z) are

polynomials in z. Also, we have

exp (27Ti%diag()\fk,s,l7 ceey )\*k,s,nR)) =

diag (exp(2m’)\,k7s71%), . ,exp(27ri)\,k7s7nR%)) =

. A719,5,1 A—k,s,nR
diag (qh e

With these notations, we get

. Ak Ak,s,n
Fi(z) = Q(z)diag (¢, "",....q, ") Hilan).

We say that F' vanishes at s if the right hand side of this equation vanishes
when z — ico (or g, — 0).
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We want to describe this condition in terms of the order of F at s, i.e., in
terms of ordg(F') = ordg(Gs) = ordg(Hs). Let

Op,—k,s = min{R(A_ys;), 0 < j < n}.

Suppose that dp _j s > 0. Since the entries of Q)(z) are polynomials in z, it
suffices to ask that H; is holomorphic in ¢, (ordo(Hs) > 0) in order to get
the vanishing of F' at s. If 0g 1 s = 0, we need that ord(F') = ordy(H,) > 1.
This leads to the following definition.

Definition 2.4.1. Let Bry s = By € M(n,C) such that

15 (7s) Ry, = exp(2miBy,),
and
0 S §R(/\k,s> < 1,
for all eigenvalues A s of By 5. Let

Orks = min {R(A\gs), A\rs is an eigenvalue of By s} .

Then

1. The number

0 if 5R,k,s > 0
pk,S(R) = )
1 if 5R,k,s =0

is called the k—cuspidal order of R at s. Since it only depends on the
class of s modulo I', we define the k—cuspidal order of R at a cuspidal
point P € X to be

pr.p(R) = prs(R),

where s € H* is a cusp corresponding to P.
2. The k—cuspidal Divisor of R is defined by

De ri = Z pr,p(R)P.
Pe6

The associated line bundle |Dg g | to the divisor Dg g will be denoted
by De, g k-
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We see that an element F' in Ag(I", R) vanishes at a cuspidal point s of T’
if and only if vp(F') > p_is(R), in this case we say that F' is cuspidal at s.
An element F'in My (T, R) is called a cusp vector-valued automorphic form of
multiplier R and weight k, if it is cuspidal at all cusps of I'. The vector space
of cusp vector-valued automorphic forms for I' of multiplier R and weight
k will be denoted by Si(I', R). We summarize the above discussion in the
following result

Proposition 2.4.2. In terms of divisors, Si(T', R) can be written as
Sk(F, R) = {F € Mk(F7R) | dM)(F) > DG,R,—k }

]

Now, suppose that x is a character on I' and that f € AT, x). If
F e Ay(I',R), then fF € Agypy(I', x R). In the following, we shall express
the divisor of fF in terms of div(f) and div(F). Set R = yR. If P € X

corresponds to a point of H, then it is clear that

vp(fF) =vp(f) +vp(F).

If P € X corresponds to a cusp s, the above formula is no longer valid.

Indeed, using notations of Lemma 2.2.5, and Definition 2.2.2, we have
15 (vs) Ry, = exp(2miBpr_g,s),

with eigenvalues Ay s of Bgy s verifying 0 < R(\g ) < 1. Similarly
(1) X, = exp(2miby 1),

with 0 < R(b, ;) < 1. This implies that

Mng) (78)R'Ys = exp(2ﬂ-i(bx,—l,s]n + BR,—k,s)-

Since the eigenvalues of b, ; .1, + Br s are the eigenvalues of Bp, s plus the

scalar b, ; s, we see that
B _e1)s = (bx—t,sIn + Br—ks) + diag (—my, ..., —my),
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where m; € {0,1}, 1 < j <n.

Using notations of Lemma 2.2.5, then in terms of the local parameter gy,

at s, we have

2 _
c;k eXp(—QWZEBR_k,S) F| o ' = Gs(qn),

_ LR _
et exp(—2mﬁbx7,l75) fle™) = gs(an),

— Z - §
o) eXp(_27TZEBR,—(k+l),s) (fE)], (@ h) = Gs(aqn),

and by definition, we have

vp(F) = ordo(G,), vp(f) = ordo(gs), vp(fF) = ordg(Gy).
From this we see that

4 _
(kD) exXp —2mi— (bx,—l,sln + BR,—k,s) (fF)|k+l(Oé 1) = gs(Qh)Gs(Qh>a
h

COL
and so

LR =
exp (—2mﬁ(bx,4,sfn + Br—1s— Bp (W),s)) Gs(qn) = 9s(an)Gs(qn)-

,—

Hence
diag (¢, ..., "™ )Gs(qn) = 9s(an)Gs(qn)-

Let g5, (resp. Gsj), 1 < j < n, be the components of G, (resp. G,). Then

for some 1 < jgo, j1 < n, we have

mj, + ordo(Gs) = ordo(gs) + ordo(gs.j, )

my, + ordg(gsj,) = ordo(gs) + ordo(Gy).

From the definition of the order, we deduce that

OrdO(Qs) + Ord0<Gs) < my, + Ol"do(Gs)

m;, + ordo(és) < ordy(gs) + ordo(Gy),
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which yield
mj,+ < (ordo(gs) + ordo(Gy) — ordo(Gy) ) < my,
Hence
0 < vplf) +ve(F) —vp(fF) < 1.

Thus, we have proved

Theorem 2.4.3. Let x be a character, and [ be an element of A;(T,x). If
F e Ay(I,R), then fF € Apyy(I', x R), and we have

div(fF) = div(f) + div(F) — Dy,

where

Dyp = Z aq,s,r Q

Qe6

is a divisor having support in & with coefficients ag r.r € {0, 1}.

2.5 Mi(I',R) and Si(I', R) as global sections of

vector bundles

We now come to the main construction of this chapter. We establish the
correspondence between vector-valued automorphic forms of weight k£ and
multiplier k£ for I', and global sections of the the holomorphic vector bundles

& = &r ry on the Riemann surface X.

In this section we keep the notations of §2.2.4 used to construct the vector
bundle &;. Recall that the transition functions of &£, are the elements of the
1—cocycle (Fy;;) € ZHU, GL(n, 0)), and that Fj,;; = 7 F;, with

Frij = ¥,y € GL(n, O(ViNV;)) if i # j and Fry; =id,

where Wy ; is the map constructed in Proposition 2.2.7 and Proposition 2.2.8.

Now, suppose that G is a collection (G})y; of meromorphic functions G; on
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V; satistying
Gi = Fkﬂ'jG]’ on V; N V} (251)

If GG is invariant under I', that is
Giv=G;, forallyel, (2.5.2)

then there exists a collection G = (ZJVZ)U of meromorphic functions G; on U
such that
G, =n"'G; on V.

Note that, by construction, V; is I'-invariant. Since Fj ;; = ﬂ*ﬁkyij, then, by
(2.5.1), we have
Gi = Fk’ijGj on U, N Uj.

Hence by Proposition 1.1.4, we deduce that G = (G;)u, is a meromorphic

section of &;.
Conversely, if G= (@;)Ul is a meromorphic section of &, then
G =G =(7"Gy)y,
clearly satisfies (2.5.1) and (2.5.2). Thus we have proved the following

Proposition 2.5.1. There is a correspondence between the global meromor-
phic sections of &, and the collections (G;)v, of meromorphic functions G;
on V; satisfying

G = FI;G; on VNV,

and

Giv=Gy;, forallyeTl.
O

Theorem 2.5.2. We have a linear isomorphism between A_(I', R) and
H(X, M(&)) given by

F— Op = (q]kJF)%;
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with tnverse
O Fg = (‘Ij,;jﬂ'*@l)vz,

where © = (0;)y,.

i

Proof. By Proposition 2.5.1, the only nontrivial part is to prove that Fg is
globally defined on H. For this, it suffices to show that

—1,_* _ w-lx9. g ]
\Ifk’iﬂ' 0, = ‘I’k’jﬂ' ©; on V;NV,.
Since 7 F},;; = \Isz\ll,;; on V; N Vj, we have

\I/];ZI-T('*@,' = \P]:’ll-ﬂ*(ﬁkﬂ‘j@j)
= W " (Fi) 7 (©;)
= U, 1 Frym0;
= W0, U, e,
= \I/];}ﬂ'*@j.

]

The next step is to find the relationship between the divisor of an element
F of A_4x(T,R) and its corresponding element Op of H°(X, M(&)), see
(1.1.3) and (2.4.1). First, suppose that P € X’ corresponds to a point
29 € Vp, then in a local chart O is just WoF. Since ¥ lies in GL(n, O(1})),
then by Remark 1.1.5, we have v,(OF) = v,(F).

In case P corresponds to an elliptic point e of order n., then using the no-
tations in the proof of Lemma 2.2.3 and letting a(z) = w, the local parameter

at P ist = w". Letting ©r = G(t), we have in terms of w
G(w™) = V. (a 'w) Ap. Fla 'w) =
fFa ™ w) diag (w™™, ..., w™ ™) A Fla™'w),

which implies that
ne vp(Op) = ordy(F,), (2.5.3)
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where E is defined near w = 0 by

F.(w) = diag (w™™, ..., w ™) Ay F(a  w). (2.5.4)

If F, = (Ag.F)a™!, then it is clear that ordy(F,) = ord.(F). Moreover,
if n; denotes the order of the ¥ component of F,, 1 < i < n, then we have

ordo(Fr) = ni, — my,,

for some index iy, 1 < iy < n . Since ord.(F) = ordy(F.) = n; for some j,
then we have

ordg(F,) < nj —mj = ord.(F) —m,.

In other words,

m; < ord(F) — ordy(Fy).

Let m, = max{m;, 1 <i < n},
F*(w) := diag (w™ ™™, ... ,wme’m")(w’ordO(Fe)Fe(w)),

and

—

F.(w) = w’ordO(E)/F:(w).

Then F* is holomorphic in w, and by (2.5.4), we have

—

Fo(w) = w(0rdo(Fe)—ordo(Fe)—m. ) F*(w).

If ordg(F,) — ordo(/F:) — me > 0, then E(O) = (0 which contradicts the
definition of the order of F, at 0, and so ordy(F.) — ordy(F,) < m.. Hence

m; < ord.(F) —ordg(Fe) < me.. (2.5.5)
We are led to the following definition.

Definition 2.5.1. The elliptic error 7.(F") of F' at the elliptic point e € H is
defined by s

_ ord.(F) — ordg(F)

Ne

T (F)
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Notice that by (2.5.5), we have
0 < 7(F) <1-1/n..
Since 7.(F") depends only on the class of e modulo I, then:

1. If P € X corresponds to an elliptic point e € H, then we define

TP(F) = Te(F).

2. If © € H°(X, M(&)), then we define the elliptic error of © at an
elliptic point P of X by

7(0) = 7(Fo),
where Fg is the element of A_x(I", R) constructed in Theorem 2.5.2.

3. We set

7'( —T@F ZTP P:ZTP(@F)P

Pee Pee

Using the fact that n, vp(F') = ord.(F') and (2.5.3), we have

Vp(@p) = l/p(F) - TP(F). (256)

Finally, suppose that P corresponds to a cusp s. Since F' has weight
—k, then from §2.3, we see that the behavior of F' at s is by definition the
behavior of O at P. Therefore

Combining (2.5.6) and (2.5.7), we get the following.

Theorem 2.5.3. Let F' be an element of A_(I', R), and OF be its corre-
sponding element in H°(X, M(&y)). We have

div(©F) = div(F) — 7(F).
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At this point we need to give an explicit formula for the line bundle
Ly = &r ok for even integers k, where xq is the trivial character sending all

elements of I to 1, see Definition 2.2.4.
It is well-known that to each automorphic form f of even weight k is

associated a (k/2)—form n = f(dz)¥/? on X, see [55].

Proposition 2.5.4. [55] Let f be a nonzero automorphic form for T' of even
weight k, and n = f(dz)*/? be the associated (k/2)—form on X. Then

dino(f) = div(n) + (k/2) (2(1 —1/n)P + Y Q) .

Pece QeG

Definition 2.5.2. Asin [55], we define the integral part of a rational divisor

D:ZapP,apeQ,

by
[D] = lar] P,

pPeX

where [z] is the integral part of x € R.

We have the following useful lemma.

Lemma 2.5.5. [55] Let A=), .vapP, a, € Q, be a rational divisor on
X. Then for an integral divisor D on X, i.e., having coefficients in Z, we

have
D>-A<< D > —[A].

Remark 2.5.6. Notice that for © in H°(X, M(&)) and Fg the correspond-
ing element of A_,(T", R), see Theorem 2.5.3, we have

div(0) = [div(Fs).]

Recall that the line bundle associated to a divisor D on X is denoted by
|D|, see §1.1.2.
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Proposition 2.5.7. Let Kx be the canonical bundle of X,

De =) P, Dg=) (1—1/np)P,

Pe6 Pe¢

and Dg = |Dg|. Then for k even, we have
Ly = (k/2)Kx + (k/2)De + | [(k/2) Dg] |-

In particular
£72 - ’CX + D@.

Proof. Let © be an element of H°(X, M(L_;)), and Fg be the corresponding
element in Ax(I', R). By Proposition 2.5.7 and Remark 2.5.6, we have

div(©) = [div(Fo)] = [div(nr,) + (k/2) (Z(l —1/n)P + ) Q) J

Pee QeG

that is
div(©) = div(ng,) + (k/2)De + [(k/2) D]

Hence

|div(©)] = |div(nr,)| + (k/2)Ds + [[(k/2)Del|.
Since L_j, = |div(0)] and (k/2)Kx = |div(ng,)|, we have
Ly = (k/2)Kx + (k/2)De + | [(k/2) Dg] |,

as desired. When k = 2, the divisor (k/2)[Dy] = [Dg] is equal to the zero
divisor, and hence £_5 = Kx + Dg.

]

We now come to the main theorem of this chapter. Recall that the
(—k)—cuspidal divisor of R is given by Der—r = Y pegP—k,p(R)P, see
Definition 2.4.1.
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Theorem 2.5.8. If De p_r = |Der—k| is the line bundle associated to

Dg gk, then we have
M (T, R) = H°(X,0(E ),

and
Si(I', R) = HO(X, O(—De -k +E-1)) =

{0 € H(X,0(£4)) | div(©) > De g, }-

Proof. Let © be an element of HY(X, M(E_})), and Fg be its corresponding
element in A(I', R). By Theorem 2.5.3, we have

div(0) = div(Fe) — 7(0O).

According to Definition 2.5.1, the coefficients of 7(©) are in [0,1), hence
[7(0)] = 0. By Lemma 2.5.5, we have

div(Fe) > 0 <= div(0) > —7(0) <= div(0) > —[7(0)] = 0.
Similarly, since Dg g i is an integral divisor, we have
diV(F@) > DG,R,—k <~ le(@) — DG,R,—k > —T(@) —

div(©) — Dg,p,—k > —[7(0)] =0 <= div(0) > De i -

Now, the result is a straightforward consequence of (1.1.5), Theorem 2.5.2

Proposition 2.4.1, and Proposition 2.4.2. 0

As a first consequence we have

Theorem 2.5.9. Let I' be a Fuchsian group. Then for any simple pair (R, k),
k € Z, the dimensions of M(I', R) and S(T', R) are finite if and only if T" is
of the first kind.
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Proof. If T' is of the first kind, then X is a compact Riemann surface.
From Theorem 1.1.12 and Theorem 2.5.8 we deduce that the dimensions
of M (I', R) and Si(I', R) are finite.

If I is not of the first kind, then X is a noncompact Riemann surface.
This implies that any holomorphic vector bundle ¥V on a X is trivial, see
[13]. Therefore HY(X,O(V)) is isomorphic to O(V)", where n is the rank
of V. But the dimension of O(V) is infinite since any effective divisor is
the divisor of a holomorphic function on X, see [13]. Hence H°(X,O(V) is
an infinite-dimensional vector space. By the Theorem 2.5.8, M (I", R) and
Si(T, R) can be realized as global holomorphic sections of some holomorphic

vector bundles on X, hence they have infinite dimensions. O

From now on I' will be a Fuchsian group of the first kind, and so X will

be a compact Riemann surface. We set

1. gx for the genus of X.

2. cx = |6] for the number of cuspidal points of X, which is finite since
I" is of the first kind.

3. ex = |€| for the number of elliptic points of X, which is finite since I'
is of the first kind.

4. dp py = di and sp g = sy for the dimension of My(I', R) and Si(I', R)

respectively.

Recall that the parity index of R is denoted by ¢ = £(R), see Defini-
tion 2.1.3.

Theorem 2.5.10. Let D¢ = Y pee P, and D¢ = [Dg| be its associated

holomorphic line bundle. Then for any line bundle L on X, we have

W (—De + L+ L ooy +E_) WL+ E ) S hO(De+ L+ L 5oy + E—2).
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Proof. Let L be a divisor on X such that £ = |L|. From the definition of the
parity index, we see that the space Ax_.(I") of automorphic forms of weight
k — ¢ for I is nontrivial. We fix a choice of a nonzero element f € A,_.(I),
and we let a be its corresponding element of H(X, M(L_¢_.))). Then by
(1.1.5), H*(X,O(L + £_) is isomorphic to

{6 e H' (X, M(E_1))|div(©) > —L},
which is, by Theorem 2.5.3 and Theorem 2.5.2, isomorphic to
{F € AL, R)|div(F) — 7(F) > —L}.
Since the multiplication by f gives an isomorphism
A.(T,R) — Ax(ILR) : G fG,

we have

{F € A(I',R) |div(F) — 7(F) > —L} =
{G e A.(T,R) |div(fG) — 7(fG) > —L}.
On the other hand, using Theorem 2.4.3, we have

div(fG) = div(f) + div(G) — Dy ¢,

where

Dic=Y apsaP
Pe6

is a divisor having support in & with coefficients ap s € {0, 1}. Hence
(G € AT, R) | div(fG) = 7(fG) > —L} =

{G € AT, R) |div(f) + div(G) = 7(fG) — Dy > —L },

which is, by Theorem 2.5.3 and Theorem 2.5.2, isomorphic to

{6 € H'(X,M(E-.)) |div(a)+7(f)+div(0)+7(Ge)—7(fGe)—Dysae > —L }
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which is in turn equal to

{6 € H'(X, M(E-.)) |div(a)+div(©)+L—Dy g, > —(7(f)+7(0)—7(fGe)) }.

By Lemma 2.5.5, the latter space is equal to

{6 € H'(X, M(E-.)) | div(a)+div(©)+L—Dyge = —[r(f)+7(Ge)~T(fGo)]}

which is equal to

{0 € H'(X, M(E-.)) | div(e)+div(©)+L > Dyge—[r(f)+7(Ge)~7(fGo)] }
= Vi

According to Definition 2.5.1, the divisors 7(f), 7(Ge), and 7(fGe) have
coefficients in [0,1). Hence, the divisor 7(f) + 7(Ge) — 7(fGe) has co-
efficients in (—1,2). If ©; is the element of H(X, M(E_;)) correspond-
ing to the element fGe of Ag(R,T"), then from the relation div(fGe) =
div(f) 4+ div(Ge) — Do, and Theorem 2.5.3 applied to G, we have

div(©1) + 7(fGe) = div(a) + 7(f) + div(©) + 7(Ge) — Dy e,
which is equivalent to
le(@l) — le(Oé) — le(@) + Df7G@ = T(f) + T(G@) — T(fG@)

Therefore the coefficients of 7(f) + 7(Gg) — 7(fGe) are all integers, and so
lie in {0,1}. Hence

0< [r(e) +7(0) = 7(fGe)| < Y P = De.

Pee¢

By Theorem 2.4.3, the divisor Dy, has support in & with coefficients
in {0, 1}, and so Dy, < Dg. Therefore, we have

{6 e H' (X, M(E_.)) |div(a) + div(©) + L > Dg } C Vi,
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and
Viir € {6 € H' (X, M(E_.)) |div(a) + div(©) + L > —Dg }.
But (1.1.5) implies that
{6 e H' (X, M(E_.)) |div(a) + div(©) + L > Dg } =

HO(X, O(-Ds + L + L_(k—e) + E L)),

and
{6 € H'(X,M(E-.)) |div(a) + div(©) + L > —Dg¢ } =

H(X,0(De + L+ L_(h_e) +E_2)).

By Theorem 2.5.8, we conclude that
W (~De+LA+L ho+E) <K (L+E L) <K (De+ LA+L o)+ E2).
O

Taking £ = —Dg g i or the trivial line bundle, then by Theorem 2.5.8,
we get the following.

Corollary 2.5.11. We have
h(—Ds + L_(j—e) + E-2) < di < h*(De + L_(—e) + E_2).

h(—Ds—De.p—r+L_(h-e)+E-2) < sy < R (—De -+ De+L_(k—e)+E_c).
O

The above two results will be of fundamental use in the next chapter
when computing the dimensions of M (L', R) and Sy (L', R).

68



Chapter 3

The dimension Formula

3.1 The degree of &r gy,

Our main tool to compute the dimensions of M (', R) and Si(T', R) is the
Riemann-Roch theorem applied to the holomorphic vector bundles £ ; =
Err—r and —Dg g i + E_f, where Dg g _j, is the holomorphic line bundle
associated to the (—k)—cuspidal divisor of R, see Definition 2.4.1. Therefore

we need to compute the degree of £ .

Let ©4,...,0, be global meromorphic sections of the holomorphic vector
bundle £_;, such that
O=06;A...AN0O, (3.1.1)

is a nonzero section of the holomorphic line bundle A" £_; (the determinant
bundle of £ ;). These always exist according to [50]. By Theorem 2.5.2,
each ©; corresponds to an element F; of Ax(I', R). Hence FF = Fy A... A\ F,
is an element of A, (I",det(R)).

Recall that for an integer [, the space of automorphic forms of weight [
and trivial character for I' is denoted by A;(I'). Set x = det(R), and let ¢
be a fixed element of Ag,x(T'). Then Fy = F?/g lies in Ay(T, x?), and so
f = F|/F; is a weight 2 automorphic form for I'. Write n = fdz for its
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corresponding 1—form on X. To find the degree of £ i, we follow the same
strategy used in [43]. First, we express the residues of 1 in terms of the orders

of ©® and g, then use the fact that the sum of residues of 7 is 0.

Lemma 3.1.1. Let f be a weight 2 automorphic form, andn be its associated

1—form on X. Suppose that P € X corresponds to x € H*, then

1. If x € H, then Resp(n) = (1/np)Res,(f), where np is the order of P.

2. If x is a cusp s, and

Z an(f) an

n>ng
1s the expansion of f at s, qn being the local parameter at s, and h the

cusp width at s, then we have
(2mi/h)Resp(n) = ao(f).

Proof. Suppose that x € H. If

Z—x
a(z) = —, z€eH,
Z—T

then a(H) is the unit disc D, a(e) = 0. With «(z) = w, the local parameter
at P is t = w", where n, = np is the order of P. Set 8 := a~!. By
definition, Res,(f) is the residue of the 1—form f(z)dz on H. Writing

B*(f(2)dz) = h(w)dw

and using the fact that the residue of a differential form is invariant under

changes of local parameter, we deduce that
Res;(f) = Resy(h). (3.1.2)
if n = hy(t)dt, then according to [55], we have

h(w) = ngw™ ! hy(w™). (3.1.3)
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Suppose that the t—expansion of hy near t = 0 is given by

hl(t) = Z cn 1",

n>ng

where ng = ordg(hq), then

hy(w™) = Z Cpw" e,

n>ng

Using (3.1.3), we find
Resg(h) = ngzReso(h1) = n, Resp(n),
and from (3.1.2), we conclude that

Resp(n) = (1/np)Res,(f).

As for 2., if x is a cusp s € H* with cusp width h, then if we take

b
a = <a d) € SL(2,R) such that a - s = oo, the local parameter at P is

C

given by g, = exp(2miz/h). Suppose that n = F(qs)dqn, then according to

[55], we have
(@2r/h) F(a) = @, Y an(f) d.

n>ng

Thus
(27/h) Reso(F) = ao(f).
Since Reso(F') = Resp(n), we conclude that

(2mi/h)Resp(n) = ao(f).

For non-cuspidal points of X, we have the following

Lemma 3.1.2. If P € X', then

Resp(n) =
2vp(©) — vp(g)  otherwise.
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Proof. Let x € H be above P. Then

ReSP(n) = Resz(f) = Vx(Fl) = 2Vm<F) - Vx(g) = 2VP(F) - VP(Q)u

and so it suffices to express vp(F) in terms of vp(©). Suppose that z is an
elliptic fixed point e of I'. Using the notations in the proof of Lemma 2.2.3
and letting «(z) = w, the local parameter at P is t = w™, where n, = np is
the order of P. If ©; = G,(t), then by the correspondence in Theorem 2.5.2,

we have in terms of w

Gi(w") = \I/_k7e(a_1w) Ay Fi(a™'w)
= f Mo w) diag (w™™R L wT R ) A Fi (o w).
If ©=G(t), then G =G A... NG, and
G(wne> _ f_"k(oz_lw) W (k) det(A—k,e) F(a_lw).

e

Hence

vp(0) = vp(F) — (1/n,) Z m_g; = vp(F) +v_p(R).

In case x is not an elliptic point, then in a local chart ©; is given by
U_j0F;, and so © = det(V_;0)F. Since ¥_;, € GL(n,O(Y’)), we have
Vp(0) = vp(F).

O

As for the cusps, we have:

Lemma 3.1.3. Suppose that P € X corresponds to a cusp s € H*, then
Resp(n) =2vp(©) — 2v_,p(R) — vp(g).

b
Proof. Let a = (a d) € SL(2,R) such that a - s = oo, then the local
c
parameter at P is given by ¢, = exp(2miz/h), h being the cusp width at
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s. Suppose that ©; = G;(q,) and © = G(t), then using notations from the

proof of Lemma 2.2.5, we have
Gilqn) = fF(a™'2) exp (—27‘('2'%3_;975) Fi(a™'2).
This, together with the fact that for a square matrix A,
det(exp(A)) = exp(trace(A) ),
gives

G(qn) = fs_”k(a_lz) exp <—27Ti% tmce(B_hs)) Fla™'2) = .

G(Qh) _ ffnk(aflz) qz,k,p(R) F(Oéilz),

s

As —trace(B_y ) is v_i p(R).

Since s = a™! - 00 = —d/c, we have f(a™'2) = cqJo-1(2) for some

nonzero constant ¢, € C. Hence
v_ R _
Glan) = cady " F, (7).

Applying the logarithmic derivative on both sides we get
2miqn (04,G)(an) _ 2miv_yp(R) . (Fl (™)

h o Gla) h F|, (a7h)
and since f =2 F'/F — ¢'/g, we get

o (FL)Y (gl
T =275 ) T @)

Therefore

h Glan) h 9l (a™h)

Comparing the constant terms of the ¢, —expansions and using Lemma 3.1.1,

fIQ(ofl) _ 471 qp, (0, G)(qn) _ Amiv_g p(R) (9|nk(04_1)) |

we have

(2mi/h)Resp(n) = (4mi/h)vp(©) — (4mi/h)v_ p(R) — (2mi/h)vp(g)

and hence the formula.
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Combining the preceding two lemmas with the fact that
5 Resi(n) 0.

as X is compact, we get
div(©) = D i + (1/2) div(g),

where Dp _j, is the (—k)—divisor of R, see Definition 2.2.3. If 5, is the
(nk)—form associated to g, then by Proposition 2.5.4 we have
div(©) = Dy + (1/2)div(n,) + (nk/2)(Dis + D).
Hence
deg(E_k) = deg(div(0) ) =
deg(Dg—1) + nk(gx — 1) + (nk/2)(deg(Dg) + deg(Ds) ),

where gy is the genus of the compact Riemann surface X. We summarize

the above in the following:

Theorem 3.1.4. Let cx = |&| be the number of cuspidal points of X, gx be
the genus of X. Then the degree of £_y is given by

deg(E_p) = %’“ (29X —2+4cx + » (1- 1/np)> + deg(Dp 1)

Pece

Remark 3.1.5. The number myx defined by
mx = 2gx—2 + cx + Z(l—l/np>
Pee

is positive, see [55], and 2w my is called the hyperbolic area of X. Also, it
can be shown that
mx 2 1/427

see [55].
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According to Definition 2.2.3 the k—divisor of R is given by

Dri= Y vip(R)P.

pPeX

Set
Dry = > R(vip(R)) P. (3.1.5)

Pex
The above theorem implies that the degree of Dp is a rational number.

Hence
deg(DR,k) = deg(DRk). (316)

But from Definition 2.2.1, and Definition 2.2.2, we see that
—_n < %(V&p(R)) <0,

for all P € € UG, and since the support of Dy, is by definition in € U G,

we conclude that
—n (cx + ex) < deg(Dgy) < 0.
Now, using (3.1.6), we find

Proposition 3.1.6. Let Dgy, be the k—diwvisor of R, we have

-n (CX + 6X) < deg(DRJg) < 0.

3.2 The holomorphic degree of a vector bun-
dle.

Recall that the dimensions of M (', R) and Si(T', R) are respectively denoted
by
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dip = dpry and sy = spri. Applying the Riemann-Roch theorem to the
holomorphic vector bundles £_j and —Dg g i + E_i yields

hO(E-r) — O (Kx + E%) = deg(E-x) — n(gx — 1),

hW(=Der -k +E1) = h(Kx + Do pr+E) =
deg(—DG,R,,k -+ g,k> — n(gX — 1),

where &7, is the dual holomorphic vector bundle of £ ;. Combining this

with Theorem 2.5.8 gives:

dy = deg(E_1) — n(gx — 1) + h°(Kx + &£7,),

S = deg(—ngR’,k + S,k) — n(g — 1) + h0<’CX + DG,R,fk + Sjk)

Therefore we need to compute h°(Kx + £*,) and h°(Kx + De.rx + E*}).

The key point in computing d;, and s; in the case of automorphic forms
(i.e., R is the trivial character yo) relies on the vanishing of these two di-
mensions, which is in fact equivalent to the non-existence of holomorphic au-
tomorphic forms of negative weight. In higher dimensions, this is no longer
valid since for some representations vector-valued automorphic forms of neg-
ative weight do exist, see (4.2.7). To handle this problem we shall introduce
the notion of the holomorphic degree of a vector bundle, which associates to
each holomorphic vector bundle £, defined over a compact Riemann surface,

an integer d(€) in a such way that:
d(€) < 0= H°(X,0(€)) is trivial.

We will give some basic properties of the holomorphic degree, and some useful

bounds of d(£) that will serve in the next section.

For this section X will be an arbitrary compact Riemann surface of genus
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Proposition 3.2.1. Let £ be a vector bundle over a compact Riemann sur-
face X. There exists a constant Cs € Z such that

deg(div(©)) < Ce  for all ® € HY (X, M(E)).
Proof. 1f no such constant exists, then we will have a sequence
(@n)nEN € HO(X7 M(5>>

such that deg(div(©,)) > n. Let D, = div(0,), and D,, = |D,]| be its
associated holomorphic line bundle. By the Riemann-Roch theorem, we have
h%(D,) = deg(D,) + h°(Kx —D,) — (g — 1).
If we take n > deg(Kx) = 2(g — 1), then h°(Kx — D,,) = 0, and so
hO(Dn) = deg(Dy) — (¢ — 1).
Hence
hY(D,) >n — (g —1). (3.2.1)

Let L(D,) = {f € M(X) |div(f) + D,, > 0}. Then the injective homomor-
phism

has its image in H%(X, O(€)). Indeed, if f € L(D,,), then
div(f0,) = div(f) + div(©,,) = div(f) + D, > 0.

Hence L(D,) imbeds in H°(X,O(€)). Now, using the standard fact that
L(D,) is isomorphic to H°(X, O(D,,)), we deduce that H(X, O(D,,)) imbeds
in H°(X,0(€)). Therefore h'(€) > h°(D,,). If n > 2(g — 1), then according
to (3.2.1), we have

h(E) >n—(g-1),

Thus h°(€) = oo, which contradicts Theorem 1.1.12. O
As a consequence, max{deg(div(0)); © € H*(X, M(£))} is finite.
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Definition 3.2.1. Let £ be a holomorphic vector bundle over a compact

Riemann surface X, then the holomorphic degree d(€) of £ is defined by
d(€) = max{deg(div(©)): © € H(X, M(&))}.

Here are some basic properties of the holomorphic degree:

Proposition 3.2.2. Let X be a compact Riemann surface, £ a holomorphic
vector bundle over X and L a holomorphic line bundle over X. Then we

have
1. d(L) = deg(L).
2. d(L+E) =d(L) +d(E).
3. If d(€) <0, then h(E) = 0.

Proof. By definition of d(L£), there exits an element o € H°(X, M(L)) such
that
d(L) = deg(div(a)) = deg(L)

as L is a line bundle, which proves 1.

To prove 2., take o € H(X, M(L)) and © € H(X, M(&)) such that
deg(div(a)) = d(£), deg(div(0)) = d(£),
then a® € HY(X, M(L + £)) and we have
deg(div(a®)) = deg(div(a)) + deg(div(0)) = d(L) + d(&).
Let ©; € HY (X, M(L+£)). Then ©1/a € H*(X, M(€)) and we have
deg(div(©y)) = deg(div(a)) + deg(div(0y/a)) <

deg(div()) + deg(div(©)) = d(L) + d(E).
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Therefore
AL+ E) <d(L) +d(E) = deg(div(a®)) < d(L+E).
Hence d(L+ &) =d(L) + d(E).

As for 3., suppose that d(£) < 0. If there exists a nonzero element
O € H°(X,0(€)), then we will have

0 < deg(div(0) < d(€),

which is impossible. Hence h°(€) = 0. O

We have the following upper bound of d(&):

Theorem 3.2.3. Let £ be a holomorphic vector bundle over X of holomor-
phic degree d(E). We have

d(E) < K(E) +g— 1.

Proof. Take an element © of HY(X, M(£)) such that deg(div(©)) = d(&),
and set D = div(©) and D = |D|. As in the proof of Proposition 3.2.1, we
have an embedding of H°(X,O(D)) in H*(X,O(£)). Therefore

R(D) < hO(€).
By the Riemann-Roch theorem, we have
h’(D) = deg(D) + h°(Kx — D) — (g — 1),

which implies that
deg(D) — (¢ — 1) < h°(D).

Since deg(D) = deg(D) = d(€), we have
d(€) — (g — 1) <R (D) < h°(E),

hence
d(€) < h0<5> +g—1.
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Now we will give a lower bound for d(£). Applying the Riemann-Roch

theorem to the holomorphic vector bundle £, we get
(€)= ' (Kx + €7) + deg(€) —n(g — 1),
where n is the rank of £. Thus
deg(&) —n(g—1) < h°(€). (3.2.2)

Let P be any point of X, and £ = |P| be the line bundle associated to the
divisor P. If &; is defined by

E=—dE)+1)L+E,
then we have
d&)=—[d(E)+Dd(L)+d(E)=—(d(E)+1)+d(€) = —1.

Hence, by Proposition 3.2.2, we have h°%(€;) = 0. By (3.2.2) applied to &1,
we have

deg(&1) —n(g —1) < h°(&) = 0.
Using Proposition 1.1.9, we get
—n(d(€) + 1) deg(L) + deg(€) —n(g — 1) <0,
and since deg(L) = 1, we conclude that
(1/n)deg(€) — g < d(€).
Thus we have proved:

Theorem 3.2.4. Let £ be a rank n holomorphic vector bundle over X of
holomorphic degree d(E). We have

deg(£)

n

— g < d(&).
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3.3 The dimension of My (I',R) and Si(I', R)

We now come to one of the main results of this thesis. The goal is to give
formulas for the dimensions of M (I, R) and Si(I', R). We will show that

there are some constants kf; y and ky x such that:

1. For k < kj, v, My (', R) will be trivial.

2. For k > kE’ +, we will have an explicit formula for the dimensions of
M (T, R) and Sk(I', R) expressed in terms of some invariants of R and
X.

Recall that

De=>» P, Dg=)» P

Pee Pe6
Dp _y is the (—k)—divisor of R, and that De g is the (—k)—cuspidal
divisor of R, see Definition 2.2.3 and Definition 2.4.1. Their associated line
bundles are respectively denoted by D¢, De, Dg, i, and Dg g . Also, recall
that

myx = 2gX -2+ cx + Z(l - 1/np),
pPece

and that the parity index of R is denoted by ¢ = £(R) according to Defini-
tion 2.1.3.

Applying the Riemann-Roch theorem to the holomorphic vector bundles
E_r and —Dg r 1 + E_i, We get:

hO(E-k) — hO(Kx + £2) = deg(E-) — nlgx — 1),

h'(—De,r—k+E—r)—h"(Kx+De -k +E%) = deg(—Des r,—r+E-k)—n(gx—1).

Combining this with Theorem 2.5.8 gives:
dk = deg(é'_k) — n(gX — 1) + hO(ICX + gik)v
sk = deg(—De r,k + k) —nlgx — 1) + h°(Kx + De g1 + E73),
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where £, is the dual holomorphic vector bundle of £ ;. We have the fol-

lowing formula for £*.

Lemma 3.3.1. If R* is the adjoint representation of R, then

Proof. This is a direct consequence of the Remarks (2.2.2, 2.2.4, 2.2.6), and
Theorem 1.1.3. The only nontrivial part is the contribution of the line bun-
dles D¢ = |D¢| and Dg = |Dg|. Using notations of Remark 2.2.4 and
Remark 2.2.6, this can be justified by the fact that the local parameter at an
elliptic (resp. cuspidal) point P € X corresponding to e € H (resp. s € H* )
is t = w™ (resp. exp(2mwiz/h) ), and that the section defining D¢ (resp. Dg)
is given near P by the function ¢ (resp. g, ), see [19]. O

As a consequence we have:
Proposition 3.3.2. We have
dy = deg(E-x) — n(gx — 1) + 1 (Kx + De + D + Ep- 1),
and
sy = deg(—De.p_r+E k) —n(gx — 1) +h°(Kx +De+De +De.r—k +Er 1)
O

We will show that for & large enough, the numbers h°(Kx + D¢ + De +
Er1) and h°(Kx + D¢ + De + Do k.« + Er+ 1) vanish, thus providing exact
formulas for the dimensions d, and s;. We only treat the first case, the

second one follows in a similar way. Using Theorem 2.5.10, we have
R (Kx 4+ D¢ + De + Ep- ) < h°(Kx + 2D¢ + Dg + Likte) + Ere —c)-
Hence, by Proposition 3.2.2, it suffices to show that
d(Kx + 2D¢ + De + Lkte) + Ep+—c) <0,
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which is equivalent to
A(Kx) +2d(De) + d(Ds) + d(Luse)) + d(Ere ) < 0,
that is
(29x —2 + 2ex + cx) + d(Lg+e)) + d(Ep- —2) < 0. (3.3.1)
By Theorem 3.1.4, the degree of L. is given by

k+e)m
A(Lgre) = — % + deg(Dyq k+2);

where Y is the trivial character sending all elements of I" to 1, see Defini-

tion 2.2.4. By definition, the support of the divisor
Dy te = Z Viete,P(Xo) P
Pex

lies in € U S, with coefficients in (—1,0]. Therefore
deg(Dyg k+c) < 0.

Hence, to get (3.3.1), it suffices to have

(k + €>mX

d(gR*,—a) —+ (2gX -2 + Cx + 26){) — 5

<0,

or equivalently,

2
— (d(gR*’,J + 2gX —2 4+ cx + 26)() —e<k.
mx

Now, using Theorem 3.1.4 and Proposition 3.3.2, we get

Theorem 3.3.3. Let I' be a Fuchsian group of the first kind, and X be the

associated compact Riemann surface. If

2
kj{R = _(d<5R*,fs) +29x —2 + ¢cx + 2€X) — &,
b mX
then
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1. Fork > kE,X, the dimension of My(T', R) is given by

nkm
d = —5 ~ — n(gx —1) + deg(Dg ).

2. For k > kx p + (2/mx)deg(De r—k), the dimension of Si(T',R) is
given by
sy = dp — n deg(Ds g, )

If we relax the lower bound of k, we get the following:
Corollary 3.3.4. For
k> 84 (ho(gR*,—e) + gx + cx + 2€X)7
we have

1. The dimension of My(I', R) is given by

nkm
d, = 5 2 —n(gx—1) + deg(Dg, ).

2. The dimension of Si(I', R) is given by
sy =dr — n deg(De r—k)-
Proof. By Remark 3.1.5, we have
(2/myx) < (2)42 = 84.
Also, by Theorem 3.2.3, we have
d(Epe—c) < PY(Epe—c) + (9x — 1).

By definition, Dg g < Dg, and so deg(Dg g k) < deg(Ds) = cx. Com-
bining these inequalities with the fact that (2gx — 2 + ¢x)/mx < 1, and
e € {0,1}, we have

kxr < kxp + (2/mx)deg(Der-k) < kxp + (2/mx)ex =
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(2/mx) (d(Epe—2) +29x — 2 + 2cx + 2ex) —¢ <
(2/mx) (R°(Er—) + (9x —1) + ex + 2ex) +2/(nmx)(29x =2 + cx) <
84 (h(Epe—e) + (9x — 1) + ex + 2ex) + (2/n) <
84 (h*(Ere—c) + gx + cx + 2ex).

We conclude using Theorem 3.3.3. O
Now, recall from Proposition 3.1.6 that
—n (cx + ex) < deg(Dgry) < 0,

so that |deg(Dgrx)| < n (cx + ex). Since 0 < deg(De g,—k) < cx, then by
Corollary 4.1.3, we have

Corollary 3.3.5. Let I" be a Fuchsian group of the first kind. The dimensions
dr of Mp(T', R), and sy of Si(I', R) are asymptotically equivalent to k. More

precisely, we have

dk nmy
— , ask — oo,
k
and
Sk nmy
- — , ask — oo.

k

Combining this result with Theorem 2.5.9, we have

Theorem 3.3.6. Holomorphic, cusp vector-valued automorphic forms exist

for any Fuchsian group I and any n—dimensional representation R of I.

Using the upper bounds of d; and s, from Corollary 2.5.11, we have

Theorem 3.3.7. Let I' be a Fuchsian group of the first kind, X be the asso-
ciated compact Riemann surface. If

k;(,R = m—X (d(gR7fg) + €X) — &,

then
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1. For k < ky x, the dimension dy of My(L', R) is zero.

2. Fork < kxp + (2/mx) deg(Ds 1), the dimension sy of Si(T', R)

1S zero.

Proof. By Corollary 2.5.11, we have
dp < h°(De + L_(h—e) + E-2),

s < h(—=Dg p—k + De + L_(1-e) + E_2).

Hence it suffices to show that
dDe + L_h—e) +E-2) < 0, (3.3.2)
d(—Des,r,—r + De + L_(h—c) + E..) <O. (3.3.3)

We only treat the first case. As in the proof of the Theorem 3.3.3, we
have
d(De + L_(h—c) + Ep—c) =
d(De) + d(L_k—)) + d(Er ) <
(k +¢e)mx

ex + 5 + d(E_).

To get (3.3.2), it is enough to have

k
ex + % +d(E..) <0,

that is

-2
k< —2 (d(Epc) + ex)—c = kyp.
mx ’

O

As in Corollary 4.1.3, we have the following simpler upper bound for k:
Corollary 3.3.8. If
k< —84 (h°(Ep—c) + (gx — 1) + ex) — 1,

then My (T, R) and S(T', R) are trivial. O
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Remark 3.3.9. Notice that for values of k in the interval [k 5, k; r| We

have:
dy = deg(E-r) — nlgx — 1),
and

S > deg<_DG,R,—k + & k) —nlgx —1).

This a direct consequence of Proposition 3.3.2.

3.4 Finite image representations

Due to its richness and simplicity, the case of finite image representations
has been treated by many authors, see [3, 15]. Our aim in this section is to
provide bounds for the weight & simpler than k} r and kx . For example, we
will see that ky p can be replaced by 0. For the sake of clarity and to avoid
technical details, we restrict ourselves to the case of even representations,
that is ¢ = ¢(R) = 0.

Let
[r:=ker(R), Tpg:= {x1N\[g{£l}, Xy := Tr\H"

Since the image of R is finite, ['g has finite index in I". Therefore, I'g is a
Fuchsian group of the first kind, and Xp is a compact Riemann surface, see
Proposition 1.2.9. Suppose that F' € Ai(T', R), by definition we have

Fl,v=R,F, veT,

and so for v € I'p we get
F| v = F.

Hence all components of F' are weight k& automorphic forms for I'g, that
is FF € (Ar(I'gr) )™ As I'g has finite index in I', I" and I'p have the same
cusps, and the cuspidal behavior of F' is the same with respect to I' and I'g.

Therefore we have the following two embedding

M(T,R) — (M(Tp))": F — F, (3.4.1)
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Since My (T'g) is trivial for k < 0, we deduce that My (T', R) and Si(T', R)
are both trivial for £ < 0.

The next step is to simplify the bound

2
kxp=——(d(Er—c) +29x —2 + cx + 2ex) —¢
bl mX

given by Theorem 3.3.3 (here ¢ = 0). Suppose that d(Eg« ) — (9x—1) > 0,
and take ©; € H(X, M(Ep)) such that deg(div(©)) = d(Er-o). Set
D = div(©;) and D = |D| its associated holomorphic line bundle. By the
Riemann-Roch theorem, we have

h°(D) = deg(D) + h°(Kx — D) — (9x — 1) > d(Er-—.) — (9x — 1) > 0.

Hence H°(X,O(D)) is nontrivial. Let ¢ be an element of H°(X, M(D))
such that div(d) = D, and take 0 € H°(X,O(D)). Then f = ¢/d is a

meromorphic function on X satisfying
div(f) + D = div(o) > 0.
Therefore,
div(f©,) =div(f) + D > 0,
and hence © = f©; € H*(X,O(Er+y)). Let F be the element of My(T, R*)

corresponding to ©. Since the elements of M (I'g) correspond to holomorphic
functions on the compact Riemann surface Xg, we have My(I'g<) C C".
By the embedding of My(I", R*) in My(I'},), see (3.4.1), we deduce that ©
is a nonzero vector in C". Therefore, div(F') is the trivial divisor. Since

[div(F)] = div(©) and deg(div(f)) = 0, we have
0 = deg(div(©)) = deg(div(©;)) = deg(D) = d(Er-p)-

We conclude that if d(Ep+_.) — (gx — 1) > 0, then d(Eg+p) = 0, and so
gx = 0. Hence, in all cases

d(Er-0) < gx.
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Using the fact that mx > 2gx — 2 + cx, we see that

2
kin <2+ — (gx + 2ex).
b mX

Now, by Theorem 3.3.3 we conclude that

Theorem 3.4.1. Let I' be a Fuchsian group of the first kind, X be the associ-

ated compact Riemann surface, and R be an even finite image representation.
If
2
fxr=2+ —(9x + 2ex),
mx

then

1. For k > fpx, the dimension of M(I', R) is given by

nkm
d, = 5 2 —n(gx—1) + deg(Dg, )

2. For k > fxr + (2/mx)deg(De r—&), the dimension of Sp(I', R) is
given by
sp = dp — n deg(Ds g —r)-

3. For k <0, My(I', R) and S,(I', R) are both trivial.

]

As we have seen in the discussion preceding Theorem 3.4.1, My(T', R) is a
subset of C". Combining this with the definition of vector valued automor-
phic forms of weight 0 and multiplier R, and the fact that the elements of
So(I', R) € My(I', R) C C™ vanish at the cusps, we have

Corollary 3.4.2. Let T be a Fuchsian group of the first kind, X be the associ-
ated compact Riemann surface, and R be an even finite image representation.
Then So(I', R) is trivial, and we have

My(I',R) = {v e C"|R,(v) = v forallyeT}.
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Chapter 4

Applications

4.1 Generalized automorphic forms

Since the work of M. Knopp and G. Mason in [28], the theory of gen-
eralized automorphic forms has been receiving an increasing interest, see
25, 26, 29, 32, 33, 44, 45]. We propose here to compute the dimensions of
the vector spaces of generalized automorphic forms. In this section R will be
a 1—dimensional representation (a character) and will be denoted by x. The
holomorphic vector bundle &r,  is then a line bundle, and will be denoted
by Zr k. = L.

The generalized automorphic forms look like classical modular forms with
a multiplier system except for the fact that the character y need not be
unitary. They can be defined as 1—dimensional vector valued automorphic

forms. More precisely,

Definition 4.1.1. Let (x, k), k € Z, be a simple pair. Then

1. An element of A(T', x) is called a generalized automorphic form for I

of multiplier y and weight k.

2. An element of G (T, x) (resp. My(L, x), Sk(I',x) ) is called an unre-
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stricted (resp. holomorphic, cusp) generalized automorphic form for I'

of multiplier x and weight k.

Recall that the dimensions of My (I, x) and Si(I',x) are denoted by
drx = di, and sr,, = si respectively. Also, according to Definition 2.4.1,
Dg y,—1 denotes the holomorphic line bundle associated to the k—cuspidal

divisor of x

De i = Z Pr,p(X) P.
Pes

To compute di and si, we follow the same steps as in §3.3. Indeed, applying
the Riemann-Roch theorem to Z_; and —Dg  _ + Z_j yields

WA(Z k) = °(Kx +T*)) = deg(Z_x) — (9x — 1),

W (=De -kt 1) =h"(Kx+De,—rt17;) = deg(—De y—+I-k) —(gx—1),

where Z*, is the dual holomorphic line bundle of £_;. Combining this with
Theorem 2.5.8, and the fact that 7*, = —7_; gives:

dk = deg(I_k) — (g — 1) + hO(ICX — I_k),
S = deg(—ngRy_k +I_k) — (g — 1) + hO(ICX + DG,R,—k — I_k)

We will show that for k large enough, the numbers h°(Kx —Z_ ) and
hO(Kx +De -k —I_) vanish. Thus we find an exact formula for the dimen-

sions dj, and s;. As usual, we only treat the first case. By Proposition 3.2.2,
RO (Kx — Z_}) is zero if

d(’CX — I,k> = d(’C)() — d(I,k) < 0,

that is
2(gX — 1) — d(I_k) < 0.

By Theorem 3.1.4, the degree of Z_ is given by
d(Z-k) = (k/2)mx + deg(Dy,—).
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Hence, d(Kx — Z_x) < 0 if and only if
2(9x — 1) — (k/2)mx — deg(Dy k) < 0.

By definition, the support of the divisor

Dy 1= Z Vor,p(X) P

pPeX

lies in € U S, with coefficients in (—1, 0], and so
—deg(Dy,—x) < cx + ex.
Therefore, to get d(Kx —Z_x) < 0 if suffices to have
2(9x —1) — (k/2)mx + cx + ex <0,
in other words,
(2/mx) (2(9x — 1) + cx + ex) < k.

But
1

(2/mx)(2(gx — 1) + cx + ex) = mx + ZE

Thus we conclude that h°(Kx —Z ) = 0 if

2 1

n
pee P

Using Theorem 3.1.4 and Proposition 3.3.2, we have

Theorem 4.1.1. Let I be a Fuchsian group of the first kind, X be its compact

Riemann surface, and let

myx = 2gX -2+ cx + Z(l - 1/np),
Ppece¢

2 1
It =24 = —
Then:
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1. Fork > l}w , the dimension of My (T, x) is given by
dp = (k/2)mx — (9x —1) + deg(Dy,—).
2. Fork > 1% + (2/mx)deg(Ds k), the dimension of Sg(T',x) is

sk = d, — deg(Degy,—k)-

We have the following simplification for the lower bound of k.

Corollary 4.1.2. Suppose that gx > 1. Then

1. For k > 4, the dimension of My(T',x) is
d, = (k/2)mx — (9x — 1) + deg(Dy.1).

2. For k > 6, the dimension of Si(L', x) is
S = dk — deg(DG,X,_k).

Proof. First we show that mx is greater than cx and ), .(1/np). Indeed,
if gx > 1, then 2(gx — 1) > 0, and hence all the terms in the expression of
myx are nonnegative. This implies that mx > cx. If [ has an elliptic point
P, then by definition np > 2. Therefore

1
E — < E — < .
np < (1 1/7113) S My
Pece Pece¢

If ' is torsion-free, this inequality is obviously satisfied, since ), .(1/np)

is interpreted as 0. Now, we have

=2+ (2/mx)) (1/np) <2+2=14.
Pee

Also, since Dg r— < Dg, we have deg(Dg g k) < deg(Dg) = cx, and so
Lx + (2/mx)deg(De 1) < 4+ (2/mx)ex <4+ 2 =6.

X

The formulas follow from Theorem 4.1.1. ]
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When gx is zero, we have the following.

Corollary 4.1.3. Suppose that gx = 0. If cx > 2, then

1. For k > 4, the dimension of My(T', x) is

dk = (k/?) mx —+ deg(DX,_k) + 1.

2. For k > 4 + max{6, 4/mx}, the dimension of Sk(I,x) is
S = dk — deg(DG%_k).

Moreover, we have max{6, 4/mx} < 168.

Proof. Suppose that gx = 0. If cx > 2, then all the terms in the expression
of myx are nonnegative. As in the preceding proof, we conclude that l; x < 4

Since deg(De k) < cx, we have

l+X + (2/mx)deg(De y,—k) < 4 + (2/mx)cx.

X

Suppose that cx > 2. Since mx > (cx — 2), we have
(2/mx)CX S QCx/(CX—Q) = 2+4/(CX—2) S 6.

Hence

l;X + (2/mx)deg(De y.—x) < 4 + max{6, 4/mx}.
The result follows from Theorem 4.1.1.

By Remark 3.1.5, we have
(4/mx) < (4)42 = 168.

Hence max{6, 4/mx} < 168.

O
Remark 4.1.4. In the remaining case, that is gx = 0 and cx < 2, one can
show that I' is generated by elliptic elements, and so the image of y is fi-

nite. Therefore, our generalized automorphic forms are classical automorphic

forms.
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Rewriting Theorem 3.3.7 in the 1-dimensional case gives the following:??

Theorem 4.1.5. Let I be a Fuchsian group of the first kind, X be its compact

Riemann surface, and

myxy =2g9x —2 + ¢cx + Z(l —1/np).
Pee

Then:

1. For k < 0, the dimension di, of My (I, x) is zero.
2. For k < (2/mx)deg(De,—k) , the dimension s of Si(L', x) is zero.

Corollary 4.1.6. If k < 0, then M(T', x) and Sk(T, x) are trivial.

4.2 p—equivariant functions

Throughout this section, I" will be a Fuchsian subgroup of SL(2,R), and
p: ' — GL(2,C) will be a 2-dimensional complex representation of I'.

Definition 4.2.1. A meromorphic function h on H is called a p—equivariant

function with respect to I' if
h(v-z) = p(y)-h(z) forall ze H, yeT,

where the action on both sides is by Mobius transformations. The set of

p—equivariant functions for I' will be denoted by E,(I).

In the case p is the defining representation of I', that is p(v) = ~ for all
v €I, then elements of E,(I") are simply called equivariant functions. These
were studied extensively in [11, 12, 51, 54] and have various connections to
modular forms, quasi-modular forms, and elliptic functions. In particular,
one shows that the set of equivariant functions for a Fuchsian group I' without

the trivial one hg(z) = z has a vector space structure isomorphic to the space
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of weight 2 unrestricted automorphic forms for I'. Nontrivial examples are
constructed from automorphic forms. Indeed, if f is a weight k& automorphic
form for I', then

f(z)

f'(z)

is equivariant for I'. These are referred to as the rational equivariant functions
[12].

hf(z) = Z+k

The first main result is that p—equivariant functions are parameterized by
2-dimensional unrestricted vector-valued automorphic form of multiplier p.
More precisely, if F' = (fi, f2)" is an unrestricted vector-valued automorphic
form of multiplier p and an arbitrary weight such that f, is nonzero, then
hr(z) = fi(2)/f2(2) is a p-equivariant function. We will show that, in fact,
every p—equivariant function arises in this way. To achieve this parametriza-
tion, we use the fact that the Schwarz derivative of a p—equivariant function
is a weight 4 unrestricted automorphic form for I', as well as the existence of
global solutions to a certain second degree differential equation. The second
main result of this section is that the p—equivariant functions always exist.

This will follow from Theorem 2.5.9 and Theorem 3.3.5.

We end this section by constructing examples of p—equivariant functions,
specially when p is the monodromy representation of second degree ordinary

differential equations.

4.2.1 Differential equations

Let D be a domain in C and let f be a meromorphic function on D. Its
Schwarz derivative, S(f), is defined by

0 (5)-465)

This is an important tool in projective geometry and differential equations.
The main properties that will be useful to us are summarized as follows ( see
[40] for more details):
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Proposition 4.2.1. We have

1. If y1 and ys are two linearly independent solutions to a differential

equation y" + Qy = 0 where Q is a meromorphic function on D, then
S(y1/y2) = 2Q.
2. If f and g are two meromorphic functions on D, then S(f) = S(g) if

and only if [ = agis for some (a 2) € GL(2,C).
cg c

3. S(foy)(z) = (cz+d)*S(f) provided - z € D, where y = (2 ;)

In particular, we have

Proposition 4.2.2. If f is a p-equivariant for I', then S(f) is an unrestricted
automorphic form of weight 4 for I

Now, consider the second order ordinary differential equation (ODE)
2+ Px' +Qx =0,

where P and @) are holomorphic functions on D. This ODE has two linearly
independent holomorphic solutions on D if D is simply connected. For a
fixed zg € D, set

o) = ate ( [ 3Pwio)

The above ODE reduces to an ODE in normal form

y' 4+ gy = 0, (4.2.1)
with . )
—Q—-P —-P
9=0-3 1

When the domain D is not simply connected, we may not expect to find
global solutions to (4.2.1) on D. However, under some conditions on g, global
solutions do exist as it is illustrated in the following theorem which will be

crucial for the rest of this section.
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Theorem 4.2.3. Let D be a domain in C. Suppose h is a nonconstant
meromorphic function on D such that S(h) is holomorphic in D, and let
g= %S(h). Then the differential equation

y' +9y =0

has two linearly independent holomorphic solutions in D.

Proof. Let {U;,i € I} be a covering of D by open discs with dim V' (U;) = 2
for all i@ € I where V(U;) denotes the space of holomorphic solutions to
y"+ gy = 0 on U;. Choose L; and K; to form a basis for V(U;). Using
property (1) of Proposition 4.2.1, we have S(K;/L;) = 29 = S(h) on U,.
Now, using property (2) of Proposition 4.2.1, we have K;/L; = «; - h for
a; € GL(2,C). On the other hand, on each connected component W of
U;NUj, we have

(KZ‘,Li)t = Oéw(Kj, Lj)t , Quy - GL(2,(C),

since each of (K, L;) and (K, L;) is a basis of V(). Hence, on W we have

=
=

and therefore

ah = awajh.

It follows that

aiozj_l = Qyy

as h is meromorphic and nonconstant and thus it takes more than three
distinct values on the domain D. Therefore, ay does not depend on W.

Moreover, on U; N U; we have
a; (K, L)' = o 'K, Ly)' (4.2.2)
If we define f; and f5 on U; by
(f1, ) = a; (K, Ly)'
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then using (4.2.2), we see that f; and f, are well defined all over D and they
are two linearly independent solutions to y” + gy = 0 on all of D as they are

linearly independent over U;. O]

4.2.2 The correspondence

The aim of this subsection is to prove the existence of p—equivariant functions
as well as their parametrization by unrestricted vector-valued automorphic

forms of multiplier p.

We start with the following proposition.

Proposition 4.2.4. Let F(z) = (f1(2), f2(2))" be a nonzero unrestricted
vector-valued automorphic form for p of a certain weight. If fo is nonzero,

then hp := f1/f2 is a p—equivariant function for T.

b
Proof. Suppose that F' is of weight k, k € Z, and that p(y) = (av dv))
Cy

v €I'. Since F|,v = p(vy) F, we have

(V) =I5 (ay fr + by f), (4.2.3)

and
fg(’)/) = J;C (ny f1 + d,y f2> (424)
This implies that

HO) e+ 0
fa() ey fi +dy fo

that is
Ay hF + b,y .

h = =
F(7) o hp + d,

p(y) - hr.
0

The slash operator has the following useful property known as Bol’s iden-

tity.
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Proposition 4.2.5. [27] Let r be a nonnegative integer, F(z) a complex
function and v € SL(2,C), then

(FL" () = FUY|L(2).

As a consequence, we have

Corollary 4.2.6. Let r be a nonnegative integer, g an unrestricted automor-
phic form of weight 2(r +1) for T', and D a domain in H that is stable under
the action of I'. Denote by V,.(D) the solution space on D to the differential
equation

f(?‘+1) +gf=0.

Suppose that f € V(D). Then for all v € T, we have f|_~ € V.(D).

Proof. Suppose that f € V(D). Using Bol’s identity and the fact that

9lyrny = 9, We have

LN+ g(fly) = O 0y + 9(fly) =

T2 (f"’“’(’v) + (9lypin ) f (v)) = (f" V4 9 1) |10y = (0) |y = 0.
0

Corollary 4.2.7. The operator |_, provides a representation p, of I' in
GL(V.(D)). Moreover, if fi, fa,...,[re1 form a basis of V. (if the basis

exists), then

F= (f17f2,---7fr+1)t

15 an unrestricted vector valued automorphic form of multiplier p, and weight
—r forI.

Recall from Definition 2.1.1 that the space of unrestricted vector-valued
automorphic forms for I' of multiplier p and weight &k € 7Z, is denoted by
Gr(T, p). Our first main result of this section is the following.

100



Theorem 4.2.8. The map
G—l(Fa p) — EP(F)

F*—)hF

18 surjective.

Proof. Suppose that h is a p—equivariant function for I'. According Proposi-
tion 4.2.2, its Schwarz derivative S(h) is an unrestricted automorphic form of
weight 4 for I'. Let g = %S (h) and D the complement in H of the set of poles
of g. Then D is a domain that is stable under I' since g is an unrestricted

automorphic form for I'.

Using the same notation as in the previous section, we have, for r = 1,
S(fi/f2) = S(h) where {f1, fo} are two linearly independent solutions in
V(D) provided by Theorem 4.2.3. Hence, by Proposition 4.2.1

I =a-h, aecGL(2C).

f
Also, using Corollary 4.2.7 with r = 1, we deduce that F; = (fi, f2)" is a
vector-valued unrestricted automorphic form for I' of multiplier p; and weight
—1. Therefore,

a'pa=p.

Hence F = o 'F} lies in G_{(T',p), and hr = h on D. Since g has only
double poles, then by looking at the form of the solutions near a singular
point, and using the fact that f; and f, are holomorphic and thus single-
valued, we see that f; and f5 can be extended to meromorphic functions on
H. m

Remark 4.2.9. If there exists an unrestricted automorphic form f of weight
k+ 1 for T, then (fi,fs) — (ff1,ff2) yields an isomorphism between
G_1(T', p) and Gg(T', p), and therefore, the above surjection in the theorem

extends to Gi(I', p) whenever it is nontrivial.
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We now prove the existence of p—equivariant functions. Recall that a
representation is called decomposable if it is the direct sum of two represen-
tations. If p is decomposable, then p = x; @ x2 for some two characters x;
and xo on I'. If £ is a large enough integer, then by Theorem 2.5.9 and Theo-
rem 3.3.5, M (I, x2) is nontrivial. Let f; be a nonzero element of M (T, ps),
then for any f; € My(T,p1), we have F(2) = (fi(2), fa(2))" € M(T, p).
Hence, by Proposition 4.2.4, hp = f1/f, is a p—equivariant function for I

Suppose that p is indecomposable. As usual, modulo a conjugation in
GL(2,C), the representation p is either even, odd, or a direct sum p = p, Gp_
of an even and an odd representations. Since p is indecomposable, the latter
case is excluded. Hence, by Theorem 2.5.9 and Theorem 3.3.5, there exists
ko € N such that for all & > ko, My(T, p) is nontrivial.

We now show that for a certain integer k& > ko, there exists an element
F(2) = (fi(2), fa(2))" € M (T, p) such that f, is nonzero. Suppose the
converse is true, then for k& > ko, any nontrivial element F' € My (T, p)
has the form F = (/f1,0)" for some nonzero holomorphic function f; on H.
According to (4.2.3), we have for all y € I’

filoy = ay f1, (4.2.5)

ay b

where p(vy) = < 7 dw)' Using the fact that |, is a linear operator, we deduce
Cy Gy

that the map

a:I' —=C" vy a,

is character on I'. Thus f; € Gi(I', ). Also, from (4.2.4), we see that ¢, =0
for all v € T', and so F' and f; have the same cuspidal behavior with respect
to I'. Since F' € My(T, p), we conclude that f; € M(T', ), and hence we
have an embedding of M(T, p) into My(T',a) given by F = (f1,0)! — fi.
Consequently, for all & > ky, we have

drpr < drk, (4.2.6)
where dr,j, and dr . respectively denote the dimensions of M (T, x) and
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My (T, ). But from Theorem 3.3.5, we know that

dr p.k
Tp’ — my, ask — oo,
and
dF,a,k mx
A — R ask — oo.

where by see Remark 3.1.5
myx =2gx — 2 + cx + Z(l —1/np) >1/42
pee

Hence for k large enough, we have

dF,p,k > dF,a,k
k ko’

that is
drpr > drap,

which contradicts (4.2.6). Therefore, for a certain integer k > ko, there exists
an element F(z) = (f1(2), f2(2))t € My (T, p) such that f, is nonzero. Then
by Proposition 4.2.4, hp = f1/f2 is a p—equivariant function for T'.

Thus we have proved the following existence theorem for p—equivariant

functions.

Theorem 4.2.10. There exists a p—equivariant function hp = f1/ fo, where
F(2) = (f1(2), f2(2))t € Mk(T, p) for a certain nonnegative integer k. [

4.2.3 Examples

In this subsection, we shall illustrate our parametrization by constructing
examples of unrestricted vector valued automorphic forms, and their corre-

sponding p—equivariant functions.

Recall that the I'—equivariant functions are simply the py—equivariant

functions for I', with pg(v) =« for all v € I'. One can easily see that

Fylz) = (i) zeH
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is an unrestricted vector-valued automorphic form for I' of multiplier py and
weight —1, and
hg(2) =2, zeH.

As we mentioned before, if we take a weight k unrestricted automorphic
form f for I', then
f(z)
fr(z)

is an equivariant function for I". This corresponds to the (k — 1) unrestricted

el

he(z) =z + k

vector-valued automorphic form for I' of multiplier pg given by
kEf+zf
F(z) = ( P , z€H. (4.2.7)
Our next example is the monodromy representation of a differential equa-
tion. Indeed, let U be a domain in C such that C\ U contains at least two

points. The universal covering of U is then H as it cannot be P (C) because

U is noncompact and it cannot be C because of Picard’s theorem.

Let # : H — U be the covering map. We consider the differential
equation on U
y'+ Py +Qy =0, (4.2.8)
where P and () are two holomorphic functions on U. This differential equa-
tion has a lift to H
y'+ 7Py + 7 Qy = 0. (4.2.9)
Let V' be the solution space to (4.2.9) which is a 2-dimensional vector space
since H is simply connected. Let vy be a covering transformation in Deck(H /U)
which is isomorphic to the fundamental group 71 (U) and let f € V. Then
v*f = fo~~!is also a solution in V. This defines the monodromy represen-
tation of w1 (U):
p:m((U) — GL(V).

If f1 and f5 are two linearly independent solutions in V', we set F' = (f1, f2)".

Then we have
Foy = p(y)F,
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that is F' € Gy (m1(U), p). Therefore, the quotient f1/fs is a p—equivariant

function on H for the group m(U), which is a torsion-free Fuchsian group.
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