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ABSTRACT

. A diffraétion channel is a series of identical confocal
lenses equipped with opaque diaphrams which.haﬁe light transmitting
annuli. Tﬂe work in this thesis is a study of the properties of
diffraction channels and an investigation into their possible use by
a scanning process for "hyperresolution" - resolution beyond the Rayleigh
limit. Since the object to be resolved can be considered as an infinite
set of point sources, the problem was studied by investigating how diffrac-
tion patterns are formed through the system for a point source on axis
and off axis. Analytical expressions, numerical calculations and
photographs of diffraction patterns obtained experimentally are presented
"to illustrate certain properties of diffraction channels. Two systems

were designed, constructed and studied both theoretically and experimentally

for their hyperresolving properties.
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CHAPTER 1

1.1 Introduction

' Whenever coherent light is transmitted through any diaphram,
it cannot be focused to a point but instead gives a diffraction pattern
in which the central spot has a certain finite size inversely proportional
to the size of the diaphram. For the special case of an aberration free
lens limited by a circular diaphram, the image of a point source is a
diffraction pattern known as the "Airy pattern". The Airy patterns 6f
two point sources will not be resolved if the disfance separating them
is less than the radius of the central spot. Lord Rayleigh stated that
two equally bright point sources could just be resolved by an optical
system if the centre of one Airy pattern coincided with the first dark
;ring of the other. This condition is illustrated in figure 1.1

.For quite some time it was widely accepted that this condition

represented a fundamental liﬁit to the resolution of an optical system
and to resolve beyond the classical limit was a hopeless tésk. Recently,
certain authors have found that it is in principle possible to surpass the
limit of resolution set by the Rayleigh criterion. Toraldo di Francia (1952)
stated, "... the classical limit of 1.22 A/D, which has always been
accepted as a theoretical limit, proved to be instead only a practical
limit. Theoretically an optical instrument with a pupil of a given size
can attain as high a resolving power as desired. The only limitation, if

any, is set by the amount of luminous flux that we have at our disposal."
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Other authors, for example Harris (1963), Barnes (1965), and Goodman (1968),
have also shown that diffraction imposes a resolution limit determined by
the noise of the system. Thus, the Rayleigh limit of resolution is of a
practical, rather than a theoretical nature.
Some authors have had some success in the practical aspects of

the probiem by altering the transmission properties of the pupil. Using
a series of light transmitting annuli, Toraldo di Francia (1952) was able
to make.the radius of the first dark ring of the image of a point source
arbitrarily small and simultaneously, the dark ring zone arbitrarily large;
However, this improvement was accompanied by an increase in the luminous
energy outside this dark zone. Furthermore, for any substantial improvement
in the resolution, the efficiency of the superresolving pupil would be poor
and the tolerances on the radii would be severe. Boiﬁin (1969)
have used flux selectors to supress the outer rings of the Airy pattern at
the sacrifice of a slight increase in the size of the central spot. This
resulted in a very noticeablelimprsvemént in the resolving power for point
sources as objects. A similar result was also obtained by Lansraux (1965)
with the use of amplitude filters instead of flux selectors.

- Part of the work in this thesis is an investigation into "hyper-
resolution'" - resolution beyond the cléssical limit. The méthod is new
in its approach and it is necessary to present a brief description of the
optical system before explaining its operation. The image formed by a
conventional optical system is transmitted through an optical system
called a Diffraction Channel consisting of identical confocal lenses (i.e.
lenses spaced a distance equal to twice their focal length) limited by

_circular diaphrams or light transmitting annuli as illustrated in figure 1.2.
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The conventional optical system may be of any type, for
example, the primary mirror of a telescope or the objective of a micro-
scope, but for the purpose of this investigation will be represented by
a lens limited by a circular diaphram. A "hyperresolving optical system"
is formed by combining a conventional optical system with a diffraction
channel in such a way that their axes are collinear and the
conventional image is formed in the plane of the first channel lens as
indicated in figure 1.2. The lens representing the conventional optical
system then becomes the "primary.lens" of the hyperresolving optical
system.

To understand the process by which an image is constructed
with a hyperresolving optical system, consider the region of the object
plane inside a circle centered on the axis, of given radius much smaller
than the Rayleigh limit of resolution. Suppose that the luminous energy
emitted by this region is transmitted through the channel with a much
lower loss than the luminous energy outside the region. 1In this case,
the luminous energy received will be proportional to the luminous energy
emitted from this region. If'a hyperresolving optical system having a
diffraction channel with such a characteristic is used to scan an object,
a recording can be made of the output luminous energy at each position of °
the object and this information can then be used to construct an image of
the object. In the scanning process, each position of the object is
associated with three recorded parameters which together contain the
necessary information - the two positional coordinates and the output

luminous energy. In the image construction process, luminous spots may




be placed on a photosensitive screen such that their energy and positional
coordinates are directly proportional to those recorded. This construction
process is commonly used in modern technology,‘for example, in television.
Since each region recorded is well within that defined by the Rayleigh'
limit, the constructed image will have a resolution beyond this limit.

The resolution of the constructed image depends on the energy'
characteristics of the hyperresolving system. These characteristics may
be studied by considering the object as an infinite set of point sources.
The transmission loss through the diffraction channel for each of these
object point sources depends on the distance of the point source from
the axis. Thus information on the performance of the hyperresolving
system may be obtained by comparing the energy received from a point source
on the optical axis to the energy received from the same point source at
various positions off the axis. An ideal hyperresolving system would
only transmit energy when the point source is exactly on the axis. In
the design of a hyperresolving system attempts must be made to aﬁproqch
as closely as possible this ideal. However, in view of the fact that
ﬁyperresolution was for some time considered impossible, a demonstration
of its possibility could be considered of major importance. The minimum
requirement for a hyperresolving system may belstated in terms of the
normalized energy - the ratio of the energy received from a point source
off the axis to the energy received from the same point source on the
axis. A hyperresolving optical system must at least satisfy the requirement
that the normalized energy is negligible when the point source is at a
greater distance from the axis than a chosen distance which must be smaller

than the Rayleigh limit of resolution.




The work reported in this thesis is an investigation into
diffraction channels. It consists of a broad study of the general
properties of diffraction channels as well as a study of their

possible use for hyperresolution.

1.2 Introductory theory.

This introductory theory will be restricted to the case of a
diffraction channel equipped with diaphrams. The theory will be
extended later to the more general case where annuli or diaphrams
may be used.

To design a diffraction channel it is necessary to choose
" the diaphram radii so as to obtain the greatest possibl e decrease
in output energy when the point source is moved off the axis.
This choice must be based upon the distribution of the complex
amplitude at each pupil for each position of the point source.
To understand how these diffraction patterns may be calculated,
suppose the complex amplitude distribution bounded by a diaphram
or radius a on the spherical surface Zn is represented by

g, (X,¢) (see figure 1.3). It can be shown that the complex




figure 1.3 Confocal spherical surfaces Zn and Zn+1



amplitude distribution on the spherical surface Ly

+1 which is confocal

to is given by the Fourier Transform.

where
p 1is
r is
¢ is
6 is
D is
a i
n 1S
A is

the

the

the

the

the

the

the

An 27 .y
. WX -
g+ M, ©) =51 J _ I g, (,0)e™™X 0300 = 8 Jyaxay 11

0. o

= 5 [2"
X =8\ /px
= <7

w T DX
27

= 8a —
An n\/ DA

radial coordinate on surface En

radial coordinate on surface Zn +1

angular coordinate on surface En

angular coordinate on surface Zn +1
radius of curvature of the confocal spheres 2y and Lo+
radius of the diaphram at I

wavelength of the light

The amplitude distributions are expressed in terms of W and X

instead of the radial coordinates r and p because of dependency on the

parameters D and A. The chosen definitions of W and X ensure a scaling

of r and p by the same constant making interpretation simpler.



The distribution on the spherical surface I, + 1 can be
transformed by a lens of focal length D into the same distribution on

the plane surface =« as shown in figure 1.4. Similarly, the

n+1
distribution on the surface Zn can be considered as resulting from a
transformation by a lens of the same distribution on a plane surface L
Hence the distribution gn(x, ¢) on the plane L gives a corresponding
distribution g, + 1(W, 6) on the plane LI That is, there exists ‘

a process, which may be called iteration, for transfering optical
information from one plane to another plane. The optical system from

- the reference plane w_ to the reference plane m_ , 4 will be considered

as a basic unit called a "cell". .A linear succession of such éells
constitute a Diffraction Channel as indicated in figure 1.5A. As indicated
in figure 1.5B, the channei becomes effectively, then, a series df
jdentical confocal lenses of focal length D/2. The complex amplitude
distribution gn(x, ¢) on the plane ™ can be considered as an extended
coherent source for the complex amplitude distribution g . l(w, 8) on

the plane T+ 1 Hence by repeated use of the equation 1.1 the
diffraction pattern in any plane of the channel may be obtained. To do
this, it is necessary to know the hyperresolving optical system input
function, which is the complex amplitude distribution in the plane of the

primary lens. For a point source as object, this distribution is given by,

iSX cos
go(x: ¢a S) = € ¢ 1'2
- 2w
where S=d DX

d is the distance of the point source from the axis.
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For convenience, the complex amplitude distributions will be
expressed in terms of the independent variable W on the even planes and
the independent variable X on the odd planes. This ensures that the
results of one calculation can be immediately applied to the next
calculation without a change of Qariable.

Thus we have,

r21r A

=1 n - iWX cos(¢ - ©)
gn + I(W’ 6, S) = 'i? gn(X, ¢, S)e XdXd¢ n even 1.3
7070
27 An
= 1 [ iWX cos(¢ - 8) wawa
| gn + l(x’ q’: S) - 2_." gn(W, e, S)e 6 n odd
0 70

Corresponding to each of these functions, it is useful to define a

normalized function given by,

g (W, 6, S)

Gn(w, 6, S) = n odd
g, (0, 0, 0)
g, X, ¢, 5)

Gn(X, ¢, S) = n even

g, (0, 0,0
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In the course of the research work, it was found necessary
to modify the original concept of diffraction channels having only
central diaphrams to diffraction channels with annuli. Diffraction
channels with up to two.annuli were studied. The notation chosen for the

parameters and radii of these annuli are:

Ah = a %%— where a is the outer radius of the largest

annulus.

(-]
i
o
B

where bn is the inner radius of the largest

n n DA

annulus.
C_ ==¢ 2T where ¢ is the outer radius of the smallest
n n DA n

annulus
D =d_ 2m where & 1is the inner radius of the smallest
n n DA n

annulus.

When only one annulus was studied, the notation

for the largest annulus was chosen.
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CHAPTER 2.

PROPERTIES OF ITERATED DIFFRACTION PATTERNS.

Several mathematical expressions have been found which show
explicitly certain properties of iterated diffractioﬂ patterns, thereby
providing greater insight into the study of diffraction channels. We
were obliged to derive most of these expressions since ié was not

possible to find them in the literature.

2.1 Calculation of Diffraction Patterns for the special case of Axial
Symmetry and Identical Diaphrams.

A diffraction channel with identical radii and with the point
source on the axis has special significance because of its simplicity
and similarity with other systems (i.e. the beam waveguide, and the
confocal resonator which is essential to certain types of CW lasers).
Since the point source is on the axis, gn(x, ¢) of equation 1.1 is

independent of ¢. The equation then becomes.

1 (7 M iWX cos ($-6)
1 cOSs -
g, .3 WM =357 J J g,(X) e XdXd¢ 2.1
(o] [o}
It is well known that,
27 . .
j elWX cos (0=0gqy = 27 J_(WX) 2.2

(¢}

where JO(WX) is a Bessel Function of the first kind and of zero order.
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Thus,equation 2.1 simplifies to,

A
g, 41 (N = ]n g, (X) J (¥X) Xdx 2.3
o

This eqhation, which reduces considerably the time needed to calculate
a diffraction pattern having axial symmetry, has been used in this
investigation to calculate iterated diffraction patterns.

In the special case where n = 0, A =1, go(x) = 1 for

o
0< X <1 this becomes,
1 Jl(W)

g, (W) = Jo J (WX) Xdx = o 2.4

This function represents the well known Airy pattern and has been used
as an input distribution to the Diffraction Channel in this study. A

‘picture of this pattern is shown in figure 2.1

2.2 Modes.

A diffraction channel with identical diaphrams has the same
amplitude distributions as both the Beam Waveguide and the Confocal
Resonator. The Beam Waveguide*is identical to a diffraction channel
having identical diaphrams and is used for transmitting with low loss,
high frequency electromagnetic radiation from one point in space to
another point in space. The confocal resonator (which is sometimes used
in. lasers) consists of two confocal mirrors similar to the surfaces I
and I in figure 1.3. Suppose a point source at 0 on the surface

n+1

z - - re . -
n illuminates the surface En + 1 Then Zn .1 can be considered as

el (Goubau and Schwering, 1961 and Christian and Goubau, 1961)



Figure 2.1 Photograph of Airy pattern.

410



Figure 2.1 Photograph of Airy pattern.
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an extended coherent source for En. The surface Zn in turn serves as

a source for Zn +1 and so on. Thus, the cbmplex amplitude associated
with each reflection may be calculated from repeated use of equation 1.1;
they are thefefore identical to those in a diffraction channel having
identical diaphrams. Hence, any theoretical or experimental work per-
formed on one system can be applied to the other system.

Much experimental and theoretical work has been performed on
the Beam Waveguide and Confocal Resonator because of their important
applications. One important characteristic found by several authors is
that certain amplitude distributions on En will give identical distri-
butions on Zn+1. If q(X,4>) is such a distribution, it must satisfy

P
the relation,

IH

W,0) =

N

2T (A .
- j J £ (X,¢) WK cos(0-0dyayas 2.5
o .

KP:q fP:q o Po1
There exisf many»distributions which will satisfy this equation and which
will therefore be identical on the planes Zn and Zn + 1 Each particular
amplitude distribution is usually referred to as a mode, is designatéd
by two mode numbers (p,q) and has its characteristic eigenvalue Kp,q
giving its associated diffraction loss. The mode having the lowest loss,
the (0,0) moﬁe is called the dominant mode; it is the only one which will

exist after many iterations, the others becoming damped at a much higher

rate.
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2.3 Homothetic Hyperresolving Systems.
Consider a circular pupil of radius a, with complex amplitude
distribution gn(x,¢). The amplitude distribution of the corresponding -

diffraction pattern is given by,

21 (A .
1 WX -6
g, . (.0 = 3= J J“ g (x,¢)e™"* <04 xaxay 2.6
(o] [o]
where
.y @
Ay ¢ / D 2n

Suppose that the pupil undergoes the transformation X' = kX, gﬁ =k a
giving a new pupil having a radius aﬁ and complex amplitude distribution
given by gn'(X',¢) = gn(kX,¢). This transformation is called a homothetic
transformation and the constant k is called the ratio of similitude. If
k is less than one, the transformation contracts the pupil; if it is

greater than one, the transformation expands the pupil. The corresponding

new diffraction pattern is given by,

' . g2m AL :
' ' = 1 P iWX' cos(9-6),,
gn + 1(w ,9) - 27 Io Jo gn(x p¢)e X dx‘d¢
1 W
= K2 gn+1( F"e) . 2.7

where

27
' = Kol '
Ah /‘DA %n
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Thus, apart from a constant factor 1/k2; a homothetic transformation of
the pupil results in an "inverse" homothetic transformation of the
corresponding diffraction pattern. If the pupil is contracted by a
factor k, the corresponding diffraction pattern is expanded by the same
factor k, and vice versa.

This result can be applied to a hyperresolving system. An
expansion of the input function, g, results in a contraction of the
function g; which in turn result; in an expansion of g, and so on.

Of course the expansion of the input function g, by the ratio of
similitude, corresponds tothe transformation of S given by S' = S/k with
k - less . than one. The consequence of this for hyperresolving systems
is that experimental or theoretical results obtained for a particular
system may be applied to an infinite set of homothetic systems.

For the special case of a point source on the axis of a
hyperresolving system having identical diaphrams of radii a, a homothetic
system is obtained by perfbrmlng a homothetic transformation on the .
diaphrams in the even planes and an inverse homothetic transfbrmatlon
on the diaphrams in the odd planes. Thus, a system having diaphrams
with identicai radii ag = ka in the even planes and identical radii
a = a/k in the odd planes is homothetic to a system having all identical

o
diaphrams of radii a = vaeao .
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2.4 Symmetry of the Amplitude Functions.

A An analysis was made of the symmetry of the functions gn(X,¢)
and gn+1(W,9). Any symmetry depends on the symmetry of the complex

amplitude

ei SX cos ¢

i.e. g,(X,9,8) = 2.8

The definitions for these variables are given in equation 1.2. go(x,¢;S)

may be expressed explicitly in its real and imaginary forms:

g8, (X,9,5) = g, (X,4,8) + 1 8,0 (X5955) 2.9

where

€oe cos (SX cos ¢)

sin (SX cos ¢)

gOO

The first subscfipt refers to the cell number and the second subscript

is e or o (even or odd) depending on whether or not the function changes
sign under the transformation ¢ > w - ¢. This latter subscript indicates
the state of symmetry about the ¢= 900 axis. Another property of these

two functions is that they are both even about the axis ¢ = 0 since the
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transformation ¢> - ¢ does not change the sign or value. It will be shown

next that the output function of cell 0 (or equivalently the input function

of cell 1) gl(x,¢,8) can also be expressed in terms of functions having

the same symmetry properties.

By expressing the exponential term e

iWX cos($-90)

in its real and imaginary parts, gl(W,e,S) becomes,

gl(w:e,s)
where
=5
Jo 0
2",A1
1
12 =~—
© 2w JO Jo
. }Zn A
13 =-—
2 Jo Jo
] . r2‘n’ A
14 =-L j
27 JO 0
2T A
1 | J 1
IS = =—
2m )O °

= J1 + I2 + 13 + I4

goe(x,¢,s)

goe (x,¢,S)

Eoo (X29.8)

goo(X,¢,S)

goe(X,¢,S)

+1i (IS5 + 16 + 17 + 18)

[cos (WX
[sin(ux
[sin(wx
[cos (wx

[sin(WX

cOs

COS

COs

COS

cOos

cos

cos

CcOos

cOos

CcOS

6)] [cos(wx
8)] [sin(WX
8)] [cos (WX
95] [sin(WX

8)] [cos (WX

sin¢

sin¢

sin¢

sin¢

sin¢

of equation 1.1

2.10

sin 6)]XdXdé

sin 6)JXdXd¢

sin 0)1XdXdé

sin 9)]XdXd¢

sin 0)]XdXdé
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21 A
, 1 ,
I6 = g—" I 2,0 (X:4,5) [cos(WX cosé¢ cos 6)1[sin(WX sin ¢ sin 6)]Ixdxde
(o) (o]
2% A1 .
17 = %;- I goo(x,¢,S) [cos(WX cosé cos 8)]lcos(WX sin ¢ sin 6) Jxdxd¢
o} [}
27 Al
18 =1 g,,(X,¢,S) [sin(WX cosé cos ©)I[sin(WX sin ¢ sin ©)]xdxds
o [o}

Some of these integrals are equal to zero:

(1) 12 =0 These have integrands which are odd about the axis ¢ = 0
14 =0 i.e. the integrands change sign under the transformation
16 = 0 ¢ > ~¢.
I8 = 0

(2) IS=0 These have integrands odd about the axis ¢ = w/2
17 =0 i.e. the iﬁtegrands change sign under the transformation

¢ > - ¢.

The remaining integrals, Il and 13, have integrands which are even about

both the axis ¢ = o and ¢= u/2.
g,(W,6,5) is thus given by

g, (W,8,5) = g, (W,6,5) - g,(¥,0,8) 2.11
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where,
2m Ay
1
g, (,8,8) = > . 8o (X59:5) [cos(WX cos ¢ cosp)][cos(WX sin ¢ sin o )]
XdXd¢
27 A

1
glo(W,e,S) = %;—Jo Jo goocx,¢,S) [sin(WX cos ¢ cose)][cos(WX sin ¢ sin 6)]

XdXd¢

The functions gle(w,e,S) and glo(w,a,S) have identical symmetxry properties
to the functions goe(x,¢,S) and goo(x,¢,S). That is, an even function
transforms into another even function and an odd function transforms into
another odd function. The process of transforming the input fﬁnctions

into output functions may be shown as follows:
8,0 (X:¢,8)  + g, (W,0,5)

i goo(x’d’:s) > 'glo(waess)

This transformation process may be repeated for successive iterations.
It is thus clear that,

(1) For any even value of n >0

+2

N
(W,6,8) + 1" g .10

he1 (W5055) = .4, (W,0,5) 2.12
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where o

(w,0,S)

An .
%;. J I g (X,4,5) [cos(WX cos ¢ cos 6)]

(o) o

n+1e

[ cos(WX sin ¢ sin 6)] XdXd¢

21 A

n .
1 I J g, (X:9,5) [sin(WX cos ¢ cos 6)]
o ‘o

2w

(w,8,S)

n+lo

[ cos(WX sin ¢‘sih 8)] Xdxd¢

goe(x,¢,S) and goo(x,¢,5) are defined by equation 2.9

2) For any odd value of n >0

.Nn+2 .
8,1 (X:6:5) = 8,10,(%4,8) + 17g ,,(X:0.5) 2.13
where
2r Aq
_ 1
n+1e(x,¢,3) = 3;-1 I g, (W>055) [cos (WX cos ¢ cos g)]
o ‘o
[cos(WX sin ¢ sin6)] WdWde
2w
1 n .
n+10(x $,S) = EF-IO Jo gnocw,e,S) [sin(WX cos ¢ cos 6)]

[cos(WX sin ¢ sin @)] Wdwde



2.5 Generation of Even and 0dd Functions

The even function defined in section 2.4 can be expressed

as two components:

g (X,4,8) = cos (SX cos ¢)
=%{ iSX cosé +e-iSX cos ¢)
%{g (X,9,5) +g (X,$,-5) ]

21 (A .
-6
£, (W,8,8) = 3 J I g, (X:4,8) "X €05 (#=Oxaxqq
(o] Bl
27 A1
- 3 I J g (X,6,5) e™MX % (-0 xaxds
o B1
2w A1
+ A j I g, (X,9,-5) e 5 (*®xqxay
T Jo B1
=%[g1(w:exs) + g]_(w’ea's):’
Similarly,
- 1 . " N
for n even g ., e(W 0,8) = 5 [g ,,(",0,8) + g4 (W,05-5)]
for n odd g Ned 5S) = 5 [, (X0,8)  + g, (X, ,-8)]
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Thus, the even function can be generated at each plane by using as
input to the hyperresolving system, two point sources coherent with
eagh other and situated equal distances S on opposite sides of the
optical axis.

In a similar way, by setting
oo (X>9,S) = sin (SX cos¢)= } %i(elsx cos ¢__-iSX cos ¢)

1.
S- 51 [go(X,¢,S) - go(x,¢:“5)]

we can show that the odd function, apart from a constant phase factor

-i, can be generated at each plane by using as input to the hyper-
resolving system two point sources, coherent with each other, out

of phase with each other by w, and situated equal distances S on opposite

sides of the optical axis.

2.6 Symmetry of the Function of Luminous Intensity In'
' The symmetry of the intensity function I, can be obtained from
the symmetry prbperties of the even and odd functions. The amplitude

function given by equations 2.12 and 2.13 may be rewritten as:

n+l . ‘
gn(wseas) = gne(wse’s) + (‘1) 2 gno(wseys) n odd 2.14
n
g,(X,4,8) = g (X,4,8) + (-1)2 i g ,(X,¢,5) n even
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where the even and odd functions satisfy the following symmetry

relations:

(]

gne(w,e,S) = gne(W,‘a,S) = gne(W,ﬂ-e,S) 2.15
. n odd
gno(w:e:s) = gno(W,-B.S) = -gno(W,W-e:S)
gne(x:¢:s) = gne(x,'¢as) = 8ne(x,“‘¢,5) !

n even
gno(x:¢:s) = gno(x;'¢as) == gno(x,"-¢,s)

The equations 2.14 show explicitly that the amplitude is always real
in the odd planes and always complex in the even planes. This is

‘associated with the symmetry of the intensity function In defined as,

2
I (W,6,5) = |g (W,8,9)]
2 2 n+l .
= gne(W,e,S) + gno(W,ess) + 2(-1) gne(W,Q,S) gno(w’e’s) n odd
2
I_(X,4,5) = |g (X,4,8)] 2.16

2 X 2
gne(x’¢’s) + gno(X,¢,S) n even
Applying the symmetry relations of the even and odd functions (equations 2.15), we

easily obtain,
In(w,e,S) = In(w,—e,S) # In(w,w -0,S) n odd

0 |

unless gne(W,e,S) 2.17
0

or g,0W:6,5)

I(X,$,8) = I (X,-¢,8) = I (X, T -9,5) n even
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Thus, the intensity function is symmetrical about the axis ¢ = 0

for n even and 6 = 0 for n odd. Although it is also symmetrical about

the axis ¢

for n even, it is not symmetrical in general about

the axis 6

NERNE

for n odd. As a result, the intensity function has a

center of symmetry about the origin for the even planes only.
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2.7 Effect of Point Source Displacement S on the Airy pattern.

2t 1
81(W,6,S) = %?- J f eiSX cos¢ eiwx cos (¢-6)XdXd¢
o ‘o
2t 1
- %F' o1X [(Wcos & + S) cos¢ + W sin¢ s:me]ded¢
o ‘o
2n 1 .
curt _
= %?_ J elw X cos (¢ O)ded¢
o ‘o
Jl(W')
= - 2.18
w t .
where W' and 6'satisfy the relations,
Wcos 6 +S = W' cos 6!
W sin 6 = W' sin 6!
Consequently, W' = V/&2 + 2WS cos 6 + S2
. 2.19
cos 0'= Wcos 8 + 8§

VIWZ + 2WS cos O + S2

Using the law of cosines for a plane triangle, we may interpret W' as
a radial coordinate with center at W = -S, & = 0. As a result, gl(w,e,S)

is an Airy pattern with center at W = -§8,6 = 0. Thus, moving the point
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source by S, simply moves the Airy pattern by an equal and opposite

amount, - S.

2,8 Amplitude in Plane 2 for large S.
We were able to derive a mathematical expression for the
amplitude g, (X,9,S) in the case when S is large:

2w A1 .
g,(X,9,8) = %;J j g, (W,0,5) e % (#-®lyayao 2.20
(o] [o]

We have shown in section 2.7 that,

J. @)
g, (W,0,5) = L with W' = 7 W2 + 2HS cos® + §2 2.21

Since for large S, W' is large, the Bessel function may be expressed

in its asymptotic form,

J,(w")
1 1 2 ' 3n
—_— v —= ’\/——- cos (W' - +—) ‘ 2.22
w (w,)3/2 T 4 .
2
Now W' = S (1 + 2w cos 6 + HE-)I/Z
S S
2
= S+ Wcos 6 + %— Ll
S
W= S + Wcos 6 2.23
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Similarly,
1 ~ 1 3 W
= —_— - = cos © 2.24
(W')372 S3/2 2 S5/2

Since W cos 6 is the x coordinate of a rectangular coordinate system, the
contours of equal amplitude of the function gl(w, ,S) are straight lines
perpendicular to the direction of movement of the point source. In the
photbgraphs these will appear vertical since the point source was

moved horizontally.

From equations 2.21, 2.22, 2.23 and 2.24,

1 3 W coso
g, (W,8,8) = [ (53/2 "7 G572

N

) cos (S + Wcos 6 - %IJ

_ 1 1 3 W cosb i(S+W coso - ézj -i(S+Wcos6 -éﬂa
= e (—-3—/-5 - 'E 5/2 )[ e 4 ‘+e 4 ]
V2n ] S
2.25
Substituting 2.25 in 2.20,
11 i(s- M T M coss iWx cos (6-6)
g,(X,9,8) = = 575 © 4 e e Wdwde
V27 278 o o
2.26
1 1 -i(S- 3. 2 Al -iWcése iWX cos (¢-9)
+ ———3—/—5’ (<] .1 4 I J e (] WdwWdoe
V2w  2nS

o 0
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. 3. 27 A -
'7%; ——5372 elcs- 3-9 I J W cos © e1w cos® e1wx cos (¢-6)Wde9
™ 4uS 0 0
3n 2r A . N : -
.13 108~ ) W cos 0 e iWCOs®  IWX cos (¢-0yawae
V2 4'lrSS/2 o} o

Consider the exponential terms in these integrands:

ei[w cos 6 + WX cos (¢-6)] _ oW [(X cos $+1) cos ® + X sin ¢ sin 6]

1
s vt _
- e1wx1 cos (¢1 - 0)

where
' ]
Xcos ¢ +1 = Xl cos ¢1
- - | - [
X sin ¢ = xl sin ¢1
Consequently, X] = VX% + 2X cos ¢ + 1
cos ¢i - Xcos ¢ +1

v x2 + 2X cos ¢+ 1
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Similarly,

] |
oil -W cos 8 + WX cos (4-8)] _ _iWx2 cos (42 -6)

with X! lez - 2X cos ¢ + 1

Xcos ¢ +1

cos ¢é
/rxz - 2Xcos ¢ +1

Therefore equation 2.26 becomes
2r A

. 3w 1 L. '
g, (,8,8) = = —L, 1T I J e1WXi cos (91-8)yqyqe
Y2n 21S (o] o
27 A
. _icql 3T 1 .o '
oL Lo 1603 ) J J 1% cos ($3-Oyqyae
V2n 2u8 ’ o o
) 3T 2w A1 o ' 6
) _'}1__ 3 . RICTE D J I W cosd eiWX1 cos ($1-8)dwWde
2T 478 / o o
2r A ‘ '
: . 3m 1 R .
_ :%;.3 <7 e-l(S- z—') J J W cos® elwxz cos ($p-6)dwde
2T 47S o] 0

2.27
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The integrals may now be integrated with the use of equations A3 and

A5 of appendix A to give,

2
A . 3 !
g (x,¢’5) = .1_ _1_ 1(S- 4_“') ﬁ(_A.].'_x_]J.
2 /2x s3/2 A, X!
. 171
A2 )
LA M a3 W XY
/7w s3/? A, X!
1 72
31 A '
1A - 3Ty T (%) '
- ————Tze 4 —_— cos ¢1
2/ 2w §7° Al Xi
. AS o 3. J.(A.XY)
N S 1S~ 2120 o 3 2.28
277 5572 AL XY 2
where,
/, > Xcos ¢ + 1
Xi = X“+2Xecos ¢ +1 cos¢i = /r’z
X+ 2Xcos ¢ +1
Xcos ¢ + 1
X, = /[;2 -2Xcos ¢ +1 cos¢) =
2 2 v X2 -2Xcos ¢ +1

Using the law of cosines for a plane triangle, we may interpret Xi

and Xé as radial coordinates with centers at (X = -1, ¢= 0) and |

(X = +1, ¢= 0) respectively. Therefore, the first two terms, which are
the dominant terms for large S, are Airy patterns with these centers.

The last two terms also have these centers but are not symmetrical.

. The resultant pattern therefore consists of the superposition of two
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Airy patterns separated by AX = 2, each Airy pattern being perturbed

by an asymmetrical pattern.

2.9 Intensity in the far region of the diffraction pattern.

It is known that the intensity in the far region of a Fraunhofer
diffraction pattern essentially depends on the luminous amplitude of the
light in the close vicinity of the diffracting edge. The greater the
amplitude at the diffracting edge, the greater the intensity of the
strongly diffracted light irrespective of the distribution far from the
diffracting edge.

a) In the special case wheré S = 0, we have derived a mathematical
expression illustrating this principle. We use for convenience, the

notation with n odd. From equations 2.1 and 2.2,

2m A.n
_ 1 iWX cos (¢-9)
gn+1(x) = 5= gn(W) e Wwdwde
o
B
n
A
. n
- J g (W) J  (WX)WaW
B
n

This may be integrated by parts using equation Al0 of appendix A

1 fn d
gn(X) = YJ gn(W) I [WJl(WX)] dw
Bn
An
-1 r ‘ ) .
=5 [Ag (A)3, (A X)- Bg (B )J, (BX) J gn(W)Jl(WX)de]
’ B

n
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By repeated integration by parts, the following expansion may be

obtained for gn+1(x),

' k+1 k k+1 k
had A gn(A'n)JkH(Anx)'Bn gn(Bn)Jk+1(an)

k n
g, (0 =Z -1) —
X

k=0

2.29

It is clear from this expression that as X -,
1
g0 > ¥ [Angn(An)Jl(AnX)-Bngn(Bn)Jl (an)] | 2.30

‘ provided gn(An)'and gn(Bn) are both not zero.
’ 1[2, A X 2' ]
gn+1(x) > ;5' Angn(Ah)JZ( n )- Bngn (Bn)JZ(an)

if gn(Ah) = gn(Bn) = 0 and provided that gﬁ(An) and gﬁ(Bn)_are

both not zero.

In the case of a central diaphram of radius An’ gn+1(x) becomes:

J. (A X)
_ a2 1% n
g1 () = Ajg (A 2.31

A X
n
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In this case the strongly diffracted light varies as an Airy pattern,

the amplitude of which depends directly on gn(An) at the circular diffracting
edge. |

b) A similar result can be derived for the case where g, depends

on cos 26,

If gn(w,e,S) = gn(W;S) cos 2 86,

27 A
n .
1 iWX cos (9-9
g ,,(X,S) = EF‘J J g (W,S) cos 26 e (9-8)yawae
[-] Bn

Using equation A3 of appendix A to integrate over the angle 6,

Ap
gn+1(x,¢,s) = - cos 2¢ J gn(W,S) JZ(WX)WdW

B
n

Integrating by parts,

JAn g (,8) 4

w2 dw

cos 2¢

3
g4 (%> 4,8) X [W”3, (WX) Jaw

B
n

= S0 20 [p g (A,S)I (A X) - B g (B ,S)I(B X)]

X
A.n ,
_ COSXZQ J [wg;l(w,s) -2 gn(W,S)] JSCWX) daw
B

n
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By repeating the integration by parts, it can be shown that the last

. . -1
integral varies as X . Therefore, as X »> » ,

cos 2¢ -
8ne1 (X:0,8) > =5~ [ Ajg, (A,8)75(AX) B g (B ,S)J(B X)] 2.32

In this case, the strongly diffracted light still depends on the amplitude
at the circular diffracting edge and it retains its cosine dependency -

on the angular coordinate.

2.10 Analytical Approach to Iterated Diffraction |

An attempt was made to solve the problem of iterated diffraction by

performing each successive iteration analytically.

From equation A9 of appendix A, the input function e1sx cos¢ can be expressed
as, o
eiSX cos ¢ _ 5 (sx) + 2 Z i3 (SX) cos n ¢
o =1 n
Therefore, w1
gl(W,G,S) - %}_J J e1SX cosé elwx cos (¢-e)ded¢
o o
2r 1 ®
= .;7 [3,(s%) + 2 Zi“Jn(sxjcos n ¢JelWX cos (6-8)yqxas

n=1
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By equation A3 of appendix A, this becomes,

1 .‘.‘ 1

gl(W,GQS) J J (sX) J (WX) XdX +2 E{:( 1) cos n SI J (SX)J (WX) XdX
o n=1

From equation A7 of appendix A,

g, (V,6,8) = ZZ [s3, 00 3,(8)-WI (S)I; (W]

sz w2 [ EE: (-1)"cos n6 [S3 (WJ,,(S)-WI NOBSONIEN S

1.2 2 :E: Jan 2 ~
=5 [ 0 + I I+ s (-1)" cos n o[I-(W)-J _, (NI, (W] s=W
Unfortunatély, these expressions are very complicated and no process has

been found to calculate another iteration.

2.11 Fourier Transform Inverse Theorem.
The Fourier transform has a well known property, the inverse theorem,
which will not be proved here but simply stated in terms of the Fourier

transform notation of equations 1.3 with n even:

1f 2T »

W,0,S) = %;.J I g (X,9,5) oiWX cos (9-08)y4xq, 2.33
[o] (o]

n+1
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Then 27 o
-1 -iWX cos (¢4-6) y

gn(x:¢,s) = 27 Jo Iogn+1(W,e,S) e Wdwdo 2.34

Since
) 27 Ansl . (6-6)
. : i cos -
gn+2(x)¢ss) = 2.", Io J gn+1(wxexs) e Wdee
n+l

this theorem has the consequence that,

B,42(X,¢,8) = g (-X,9,5) = g (X,4,-5) if A >« and B , =0

Example

Consider the case where n = 0:

e1XS cos ¢

1) g,(X4,S) x <1

=0 X >1

(2) Equation 2.33 becomes,
2n 1

%}_ J I e1XS cos ¢ e1wx cos (¢—e)ded¢
o ‘o

gl(W,e,S)

(3) 1IfA >« andB =0,

e—iXS cos ¢

g,(X,6,5) = X <1

=0 X >0

go (x: ¢, -S)
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These equations may be interpreted as follows:
(1) The point source with displacement S from the axis illuminates in plane
0 a lens limited by a diaphram or radius given by Ao = 1. Consequently
the amplitude distributionin plane 0 is the function go(x,¢,S) stated

above.

(2) The Airy pattern with displacement - S from the axis is formed in

plane 1 where there is a lens of large radius.a,. The large radius of

1
this lens satisfies the condition that gl(w,e,S) be integrated from

zero to infinity.

(3 In plane 2, a pattern in practice identical to that in plane O is
formed. For X <1, the amplitude is a constant equal to 1 and the phase
is e 15X €0S¢  poi X 51, the amplitude is zero.

2.12 A Process Reducing the Normalized Even Energy Values.

‘Many types of objects to be resolved must be illuminated by an
external light source. The light from the source may be collimated and
then focussed by a lens in the plane of the object. We suppose that the
focussing lensiis aberration free and correctly focussed. As a result,
the object is not uniformly illuminated as assumed previously in this
thesis but illuminated by a diffraction pattern centered on the optical

axis. Consequently, the signal transmitted through the hyperesolving

system from a point of the object off axis, is not as intense as if the
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object were uniformly illuminated. Moreover, we can assume that the
focussing lens has the same numerical aperture as the primary lens of the
hyperresolving system. In this case, the normalized even energy values
asgociated with a point S of the object must be multiplied by [ gléﬁl ]?
It has the effect of reducing substantially the normalized even energy
values for intermediate and large values of S. The effective distribution
of luminous intensity in the object plane produced by this particular type
of illumination will be called the "Effective Object Distribution".

It is the product of the distribution of luminous intensity in the object

Ji1(8) 2
plane when it is uniformly illuminated by the function[ ls ] which

will be called in this thesis the modulation function (MF).
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CHAPTER 3

Computational Procedure

A major difficulty that had to be overcome was to find a suitable
method for integrating the equations 1.3. The method chosen must be
very accurate since errors may accumulate upon successive calculations
and furthermore, the method must be fast enough so that the calculation;
may be performed within a reasonable length of time using the IBM 360
(Model 40 or 65). The fact that the amplitude of diffraction patterns
sometimes fluctuates very rapidly flaces severe limitations on ihe
accuracy which can be achieved in a reasonable period of computation time.
Nevertheless, in order to carry out a study of iterated diffraction, it is
important that the computation time be as short as possible.

The first important step was to develop equations 1.3 analytically
jinto a more efficient form for calculation. For this purpose, the special
gase S = 0 used in the study of mode formation was calculated separately
with the equation 2.3 which is a simplified form of equation 1.3. For
S # 0. the symmetry properties of the even and odd functions were used
in calculating the amplitude function from equations 2.12 and 2.13

A complete description of all the numerical processes attempted to
evaluate the integrals was given in the report presented for transferal
from the M.Sc. status to the Ph.D. status. Only those numerical processes

which were used are presented here.
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3.1 Distribution of Integration Points.

One question was that of the most suitable distribution of points
of integration. It might at first seem reasonable to choose the
diStribution such that the density of points per unit area is a constant,
for example, the distribution Xi = /f%: where i = 1, 2... N. However,
the distribution which gives the most accurate results must depend on the
function g, since in regions where the function varies greatly, the
density of points should be high and vice versa. But because the function

g, is not known in general, it was decided to choose the simplest possible

distribution of points, namely equidistant points.

3.2 Integration Formulas.

The Newton Cotes formulas of integration were chosen for the integration
procedure because the distribution of points of integration may be chosen
to be equidistant. The table below gives the Newton Cotes coefficients

for the form:

Nh
J f(x)dx = Ah [Bof(o) + Blf(h) +.......BNf(Nh)] + kN 3.1
0
where h = the interval.
N = number of intervals
kN= error term
B = integration coefficient.
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The coefficients Bn are symmetric-and hence only part of the table need

be given:

N A B B B

o 1 2 By B4 Bg ky
1 1/2 1 1 _gn3et
2 1/3 1 -1/90h5fiv
3 3/8 1 3 3 1 -3/80n° Y
4 2/45 7 32 12 32 7 -8/945n” £'1
5 5/288 19 75 50 50 75 19 -275/12096h’ £'1
6 4/140 41 216 27 272 27 216 -9/1400n%¢"11
7 7/17,280 751 3,577 1,323 2,989 2,989 1,325 -8183/518400n°¢V111!
8 4/14,175 989 5,888  -928 10,496  -4,540 10,496
9 9/89,600 2,857 15,741 1,080 19,344 5,778 5,778
10 5/299376 16,067 106,300 -48,525 272,400 -260,500 427,368

3.3 Number of Integration Points.
The region of integratidn was divided into 10 equal

parts, each part consisting of 11 points of integration. The integration
formula was applied successively to these 10 parts. Two factors were
involved in the choice of N as 10:

(1) The error-term for most functions is lower

for higher values of N. Moreover, it will be noticed that the order

of the error term, kN’ jumps by 2 in going from an odd value of N to the
next even value of N, which tends to favor the even order formulas. On
this basis, it would appear reasonable to choose N to be highes£ for which

the Newton Cotes coefficients are readily available, namely N = 10.
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(2) Errors due to roundoff in calculation must also be considered.

According to Hamming (Numerical Methods qu Scientists and Engineers,

pg. 54), '"Minimum roundoff occurs when E% w? is a minimum".

(wi is the weight given to point 1i). He:;e it is obvious that smaller

roundoff errors occur for small values of N where the weights are small.
The question of errors is a very complicated one and it is seldom

worth the effort to attempt a thorough analysis, especially if the results

can be checked for particular cases.

3.4 Integration Procedure for S = 0
For the special case S = 0, 8h+1 may be calculated from the simplified

equation 2.3

An

g, (W)= JO g (X)J_ (WX)XdX. 3.2

For simplicity An was normalized so that A =1, but calculations for any
value of .l\.n may be obtained by similar processes.
This equation may be integrated numerically using the Newton Cotes

.

equation 3.1 by dividing the region of integration into 10 equal sections,
each section consisting of 11 points of integration. Applying equation

3.1 we obtain

1 0.1 | 1.0
= Ceeeeeaas d
jo g, (X)J (WX)XdX Jo g, (X)J (WX) XdX+ +Io . g, (X)J (WX)Xdx

3.3
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= Ah[Bogn(Xo)Jo(on)xo + Blgngxl)Jo(wxl)x1+.......+Blogn(xlo)Jo(wx10)x10]

+ LB g (X, )T (WX, )X 0+B g (X )T (WX, )X, +en o +Bye (X, )T (WX, ()X, 0]

+ Ah [B g (Xg0)T (WXg0)Xgy +Byg (Xg;)T (WXgy)Xg +e.ee By oog (X) 00T (WX, 003X, 0]

100
= D&, (X33, (WX )X,
i=o

where the coefficients D, satisfy the relations,

(=)
1]

&

&
Jude
!

= 0,1,2,....9

Di i-= 1,2,....90

Equation 3.3 may thus be expressed as,

100
g .0 = g, (X;)C; (W) 3.4
1=0
where o . .k W, 2k [2k+1
(GVRNC R v
C.(W) = D,J (WX.) * D,
1 170~ 17. 1 (k!)z

k=0
Tables of values of Cj(W) may be calculated and stored for subsequent use.
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The method was tested on the IBM 360 models 40 and 65 computers
for the special case gn(x) = 1 in the range 0 < x < 1. The values of
gn+1(W) agreed to.between 12 and 16 digits with the known values of the
Airy pattern for values of W ranging from 0 to 10 in steps of 0.0l.

The accuracy decreased progressively for larger values of W. Since this
methdd was accurate and efficient, it was used for the studies described

in Chapter 4.

3.5 Integration Procedure for S # 0
As in section 3.4, this method involves the immediate applicatidn
of the Newton-Cotes formula of integration. Consider first the integration

‘of any function f£(X,¢).

¢ém Xm I J
J J f(X,¢9) dXd ¢ = g § f(xidaj)DiDj 3.5
o] o]
i=o j=o0
where
Dy = 2AhB),
D. = AhB. i=0,1.. 9
L] 1 1
Di+10= Di i=1,2..... 90

A, h, Bi are defined by equation 3.1

1

. iW -0
If this is applied to equation 1.3, £(X,¢) = 5— g, (X,9) (WX cos (9-0)y



T@is function must be evaluated at many points throughout the region of
integration. As in the special case of axial symmetry, the distribution
of integ?ation points was chosen for simplicity to be linear. i.e.

X, = % P21, 20, 455 % =1, 2000
Before any calculations were attempted, a very rough estimate was

made on the computer time which would be required for these calculations.

In the special case of axial symmetry, the time taken to calculate each

jteration was approximately 2 seconds on the IBM 360, model 65 computer

and 60 seconds on the IBM 360 model 40 computer. In this case each

jteration involved the calculation of 101 integrals each of which

involves 101 terms. That is to say, each iteration involved roughly 104

terms. If for the case of non-axial symmetry it is assumed that I = 50

and J = 200; (corresponding to 10,000 points), each iterationAinvolves

108 terms. That is, the case of non-axial symmetry requires the evaluation

of 104 times more terms than for the case of axial symmetry. Assuming that the

time required to process each term is the same for both cases, one iteration.

for non-axial symmetry would require approximately S hours on the IBM 360

model 65 and i70 hours on the IBM 360 model 40. Although these estimates

are very rough, they do illustrate the difficulties involved in obtaining

accurate results in a reasonable period of time. It should be emphasized

that although reducing the values of I and J may reduce the computation

time significantly, it may also reduce the accuracy significantly.
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Siﬁce diffraction pattern quite often have rapid fluctuations, it is

essential that the number of points of integration be high.
Fortunately, it was possible to reduce the computation time to

6.5 minutes on the IBM 360, model 65 without any decrease in accuracy

by using the symmetry properties of equations 2.12 and 2.13. The special

techniques for this are described in the following section.

3.5.1 Numerical Methods to Evaluate Equations 2.12 and 2.13.

In evaluating the integrals of equations 2.12 and 2.13, every
possible use was made of the symmetry properties. To understand the
method, it is first necessary to study two concepts which are now
presented:

(1) Consider the particular case of equation 2.12 where & = o. The

integrals simplify to:

2™ An
1
£4qe (W:0,5)= 7). g (X 4,5) [cos (WX cos ¢)] XdXdé 3.6
. r21r fAn
8410 M>0,8)= T, ), g (X, 4,8) [sin(WX cos $)] Xdxde

These functions may be calculated numerically according to equation 3.5

to obtain,
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I J
i1 M:0:8) _ Ene(Xj:9558) Coy5(H)
] i=0 j=0
3.7
I J
) —
Enh+10W:0:8) = Z> gno(xi’¢3’s) Coijcw)
i=0 j=0
where
Ceij(w) = [cos(wxi cos ¢j)] xiDiDj
Coij(w) = [sm(wxi cos ¢j)] xiDiDj
The relationship between the values of gne(xi,¢j,S) and
gn+1(W,O,S) depends on the coefficients Ceij(W) which in turn are
determined entirely by the geometric relationship between the points
(W,0) on the surface n+l and the point (Xi,¢j) on the suxrface n. A
similar state@ent can be made of the functions gno(xi,¢j,S),gn+10(w,0,8),

and Coij(w)'

(2). If the funtion gn(x,¢,S) is rotated through an angle A6, then

the function gn+1(w,9,S) will be rotated through the same angle.
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The new function g&+l(w,6,S) is given by,

2n An
(W,G,S) = 1 J J ' gn(X,¢+A9,S)elwxc°s (4-8)yaxdo
[o]

n+1 27
o

a1 A
i _—
_ %;_ J | I gn(x’¢,’s)e1WXcos(¢ 0-48) yxdg "
(o] 0
= g, (W,0+46,5) 3.8

It readily follows that the new even and odd functions are given by,

g',1.(H,8,8) = g, (W,0+40,5)
3.9
n+1°(w) »S) = gn+1°(w,6+Ae,S)
By rotating the functions gne(Xi,¢j,S) and gno(xi,¢j,S) through an
angle ¢k, equations 3.7 become,
+1e(w’ k’ $) = % % gne(x1’¢3+k S) Ceij(w)
1=0 3=0 3.10
I J
) )
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Hence it becomes clear that the coefficients Ceij(w)
and Coij(W) may be used to calculate the functions gn+1(w,e,5) and
gn+1°(Wle,S) not only for 6 = 0, but for any angle ék' The method
therefore represents a considerable saving in computer time.
Furthermore, because of the symmetry properties of the

(W,9,5)

functions Ceij (W) ’ COij (W) ’ gne (X, 4,8), gno (xa $,S), gn+1e

and g (w,6,S) about the axis ¢ = 0° and ¢ = 7/2, calculations need

n+lo
only be performed over one quad;ant - representing a further reduction
in computer time.

The evaluation of the coefficients Ceij(W) and Coij(w) involves-
the calculation of cos (WX cos ¢) and sin (WX cos ¢) for many values of
W, X, and ¢'(assuming S is constant) Since the evaluation of each of
these sine and cosine functions requires approximately 600u seconds on
the IBM 360, model 65, it would require in the order of 3 minutes to
evaluate all the coefficients. This computation time may be reduced
by the use of an iterative procedure: For constant ¢ and W, the argument

of the sine and cosine functions increases by a constant amount as X

changes from Xi to xi+l’

Let AX =X, - X
A = cos (WAX cos ¢)
B = sin’ (WAX cos ¢)

Then cos(wxi+ cos ¢) = A cos(wxi cos ¢) - B sin(wxi cos 9) 3.11

1
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sin(wxi+1 cos ¢) = A sin(wxi cos ¢) - B coscwxi cos ¢)

That is, the sine and cosine functions at the pqint Xi+1 may be

calculated in texrms of the sine and cosine at the point X; - For
constant ¢ and W these functions need be evaluated only once - to
obtain A and B. All other values may be obtained by repeated use

of the equations 3.11.

3.6 Calculations Performed by the Computer Program

Using the equations 3.10, a computer program was developed
to calculate the following functions which.give detailed information
for the design of channels.
(1) the normalized even function

For n even, 8 (X,4,5) = g,c (Xs¢,5)/g,,(0,0,0)

For n odd, G (W,0,5) g .,8,8)/g,.(0,0,0)

(2) the normalized odd function

for n even, G _(X,4,8) = g,,(X,4,5)/g,,(0,0,0)

For n odd, G, (W,6,S) g ,(¥.0,8) /g, (0,0,0)

(3) the phase

For n even, ¢ = ‘can-1 [gno(x,¢,5)/gne(x,¢,s)]



(4) the normalized amplitude

For n even,

For n odd,

]

6, (x,4,9) | _/fcne(x,¢,S)]2 + [6_ (x,4,8)]°

N+l
G, (W,8,5) + i"

G, (1,0,5) G, (,8,5)

(5) the even energy Ene within a circle. of radius W or X

For n even,

For n odd,

1 2m X 2
Ene(xss) = 2w jo Jo gne (X,4,S) XdXdé
: 2t W
_ 1 2
E (W,S) = 55 Jb ), g, o (W,6,5) Wdwae

(6) the odd energy Boe within a circle of radius W or X

For n even,

For n odd,

21 X
f (
E (X,S) = L 2(X,$,S) XdXd¢
no -’ 2w ), J, Eho 10 ¥
2n W
1 [ 2
Eno(W,S) = 57 5y ), gno (W,06,S) wdwde

(7) the total energy Et within a circle of radius W or X

For n even,

For n odd,

Ent(X,S) Eno(X,S) + Bne(X,S)

-Ent(W,S) Eno(W,S) + Ene(W,S)

(8) the normalized even energy €, within a circle of radius W or X

For n even,

For n odd,

Ene(X,S)
ene(x,S) = ——
Ent(0,0)
E W,S
e (W,8) = _295;__;1_
ne “E__(0,0)
nt"- °’

55
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(9) the normalized odd energy e, within a circle of radius W or X

: E_,(X,S)

For n even, eno(X,S) = —
E_ (V,S)

For n odd, eno(w;s) = e
Ent(0,0)

(10) the normalized total energy et within a circle of radius W or X

Ent(X,S)
For n even, e . (X,8) = —m
nt E__ (0,0)
nt‘
For n odd, e .(W,8) = —m—
nt
Ent(0,0)

(11) the average angular even amplitude E; at radius W or X

27

T (x.9) = L
For n even, Gne(x,S) = 5 Jo Gne(x,¢,S) d¢
27
- _ 1 ’
For n odd, Gne(W,S) = ol Gne(w,e,S) de

(12) the even function integral values EFI on the axis
' 2T X _
1
For n even, EFI(X,S) T Jo Jo gne(x,¢,S) XdXd¢

(]

1 21 (W
i Jo Io g (W,0,5) WaNde

For n odd, EFI(W,S)
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For convenience in analysis, a plot of each one dimensional
distribution was made by the computer. The two dimensional functions G
Ge; Go’ ¥ are evaluated at the points of a polar system having 51
equally spaced points on each of 51 radial lines which divide the quadrant
into 50 equal angles. To aid in the analysis of these functions, it
was decided to have the computer represent the calculations in three different
.ways: ‘
(1) the values for each radial line are tabulated with 16 digit accuracy.
(2) plots of the distribution are made along every 10 radial line.
(3) contour maps are constructed of each function as follows: The values
are calculated for the points of a polar coordinate system and are norma-
lized so that gn(0,0,0) = 100. Each value is then approximated by the
nearest integer. Thus for example, the Airy pattern would be presented by
positive or negative integers ranging from 0 to 100. An approximate map
of the values is then constructed by placing the appropriate integer at
each point of a scaled coordinate system. This map then provides a
display of the distribution. Since the values can not be placed by the
computer on a polar coordinate system, they are placed on the closest .
corresponding points of a rectangular coordinate system. Each contour map
is symmetrical about the axis 6= 0 or ¢= 0. Therefore, only the half of

each map from 0 to = is presented.

"3.7 Accuracy check for the Computer Program.
In order to check the program for accuracy, we used a function which
could be integrated analytically. From equation A6 of appendix A,
27 1 '

1 i - |
5 J J g (X,9) e™'* ©°° (- xaxap = g, (W, 0) 3.12
o ‘0 b
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where
g,(X,¢) = X cos k¢
.k Jk-t-l
gl(w;e) =i cos k6 W )
The function go(x,¢) has the following symmetry properties:
go(x:¢) = go(xa -¢)
g, (X,9) = g (X,m-¢) k even
g, (X,9) =-g (X,7-¢)  k odd 3.13

Hence, by choosing k to be even or odd, functions which satisfy the
same symmetry relations as the even and odd functions may be obtained.
We have

g, (X,0) = g, (X,9) + g, (X,$) : 3.14

where
Boe (X54) = X" cos m ¢ m even

X" cos n ¢ n odd

oo (X 9)

The result is a function g, (W,0) given by,

g, (W,0) = g, (W,0) + g, (¥,8) 3.15

where
"
4" cos mo J_ (W)
gy, 0) ‘ m m even

n
. "1 cos n6 J L))
n+l
glo(w;e) _ s n odd
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The general program was checked for the cases (m = 2, n-= 1),
(mn=4,n=3), (m=6, n=235) by comparing the results with values
given b;bequation 3.15. The values of the Bessel functions of orders
1 and 2 were available to an accuracy greater than 16 digits from pu-

blished tables but since the accuracy for orders higher than 2 was

only 10 digits at most, a recursion relation was used for these orders:

2k ‘
3, 0 = 530 -3 00 3.16

For the case n = 2, n = 1, agreement between the two sets of
results was found to vary from 9 digits at W = 10 to 14 digits at
W=0. Form=4,n=3and form = 6, n = 5 agreement varied from 2

digits at W = 10 to 4 digits at W= 0. The accuracy then appears to

depend on how rapidly the input function varies with X and ¢.
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Chapter 4

Mode Formation in a Diffraction Channel having.Identical Circular
Diaphrams.

It was statéd in section 2.2 that there exist functions known
as modes which have identical distributions on the reference surfaces
D and In+ 1 (figure 1.3) or equivalently on the planes n and'n + 1 in a
diffraction channel having identical diaphrams. If an input function to
a diffraction channel is iterated, there may be convergence to one of
these modes. The transition of input functions to this steady state
condition has been studied, iteration by iteration, in this investigation;
Some insight is thus gained into the stability of the modes and the
characteristics of the channel.

Although the study was performed on a hyperresolving system
having identical diaphrams of radii defined by An =1 for n even, and
An = Wm for n odd, the results may be readily applied to the homothetic
channel with all identical diaphrams of radii defined by A = W as
explained in section 2.3. This particular choice enables easy comparison
of the final modes with those calculated by Lansraux; it has the dis-
advantage that iterated modes are alternately contracted and expanded so that
the amplitude distributions in the odd planes muét be defined by a new
variable w = th to enable direct comparison of successive iterations.

Four different input distributions to the hyperresolving system

were iterated - the uniform amplitude distribution of a point source on




62

the axis, the mode (0, 1), the mode (0, 2) and several sets of pseudo-
random numbers. The modes (0, 1) and (0, 2), calculated by Lansraux are
tabulated in figures 4.1 for Wm = 1.0 and are somewhat similar for other
values of Wm:

With values of W ranging from .05 to 5 in steps of 0.5, each
distribution was iterated until the amplitudes for two successive iterations
agreed to 16 digits. The results of these calculations are described

below:

4.1 Uniform Amplitude Input Function

For each value of Wm.there was convergence toward the mode
(o, 0) (dominant mode). The amplitude values of the final pattern agreed
to within 12 digits of those calculated by Lansraux using a different
process. As W was increased, more iterations were required for conver-
gence to the dominant mode e.g. only 10 were required at Wm = 0.5
whereas 106 were required at Wh = 5.0. Sample patterns for several values
of W are shpwn in figures 4.2 and 4.3.

In addition to calculating all the cases from W = O.QS_té
Wﬁ = 5 in steps of 0.5, the case W = 10 was attempted. However, the
cénvergence ijs very slow for this case and after 40,000 iterations two
successive iterations agreed to within only 2 digits. Because of the

prohibitively high number of iterations required and the consequent long
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computer time, no further iterations were performed for this case. An
interesting feature of this case is that for the first few hundred
iterations, each alternate diffraction pattern‘is almost identical and °
this situation is remarkably stable. Iterations 414, 415, 416, 417

in figure 4.4 illustrate this stability.

4.2 Mode (0, 1) Input Distribution

With the (0, 1) mode as input, the successive distributions were
reasonably stable in the first few jterations, changing very little from
jteration to iteration but progressively deviating from the (0, 1) mode.
However, in a few further iterations there were rather spectacular
changes in the distributions. For each value of Wm’ the distributions
changed dramatically from a distribution resembling the (0, 1) mode
(which has positive and negative regions as shown in figures 4.1) to a
distribution resembling the (0, 0) mode (which is always positive as shown
in figures 4.1). This was followed by a gradual approach to the mode (0, 0).
As Wm was increased the changes were slower. Figures 4.5 and 4.6 show the
distributions for several cases. The conclusions obtained are that the
mode (0, 1) is unstable for small values of Wm but that the stability

increases with Wm.




64

4.3 Mode (0, 2) Input Distribution

l The changes for this input distribution can be described in
the same, way as those for the mode (0, 1) above, except that they occur
more rapidly. "It is interesting to note that there was not convergence

to the mode (0, 1) before convergence to the dominant mode. Figures

4.7 and 4.8 show that distributions for various cases.

4.4 Arbitrary Input Distributions

It was decided to check that several arbitrary distributions
would also converge to the dominant mode. If a set of random numbers
is iterated once by the computer program, the result is an arbitrary
distribution suitable for further iterations since it has no discontinuities
or rapid fluctuation. 5 different sets of pseudo-random numbers generated
by an IBM subroutine (RANDU) were iterated once to give 5 different
arbitrary distributions which were then iterated. There was convergence

toward the dominant mode for each of these distributioms.

4.5 Effect of Errors.

Some idea of the effect of errors on the calculations was obtained

from two minor mistakes:

(a) Many of the calculations were first performed with "single
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precision" (8 digits). The calculations were then repeated with 'double
precision" (16 digits) and the two sets of amplitudes compared iteration
by iteration. It was found that as the number of iterations increased,
the difference between two corresponding amplitudes increased to a
maximum and then decreased continuously as the distribution gradually
converged to the dominant mode. In many cases the maximum difference was
so great that none of the digits agreed. It was also found that for a
given iteration the difference increased with W.

(b) For many of the éalculations, each amplitude distribution
was normalized to 1 at W = 0 and this normalized distribution was then
printed and used as input for the next iteration. However, a process
involving fewer operations and therefore more accuracy is to print values
normalized to 1 at W = 0 but to use the unnormalized values as input
for the next iteration. The calculations were repeated using this latter
method and the two sets of amplitudes were compared iteration by iteration.

The‘amplitudes showed the same type of changes as in (a).

4.6 Analysis of Calculations

A1l the distributions iterated converged to the dominant mode.
It can be shown theoretically that any input distribution will in practicé
éonverge to the dominant mode. If we assume the set of modes qu(x, $) is
complete, any arbitrary inpﬁt distribution can be expressed as a linear

combination of these modes,

i £ <oy P e Y A it 2 AT
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X, = .
g (X, ¢) > Y Coq Tpq X ®) 4.1
P 19

Substituting this into the right hand side of equation 1.1, the amplitude

distribution after one iteration is obtained

1 1 2w . -
g, (W, &) = o= Z Z:qu J £q O ) X 05l T Oxaxay
o 70
P qQ

4.2

By equation 2.5,
g O, ) = ZZcpq Kpq fpq (s ©) 4.3
P q

Using this distribution in the right hand side of 1.1 and repeating this

jterative procedure, the distribution after I iterations can be obtained

as,
g (W, 0) = ZZCPQ (Kpq)' Fpq s ©) 4.4
P q

In the limit of large I, only the term belonging to the eigenvalue of
largest magnitude will remain this being the dominant mode (0, 0). This
then explains why each input function converges to the dominant mode. In
the case where the input function is one of the higher modes, for example,
the (0, 1) mode it may be expected that Cpq =0 forp # 0, q # 1 and that

this mode would remain stable since,
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- I
gr (W, 8) = Cyy (Ky)™ £, (W, @) 4.5

However, the condition that C__. = 0 for p # O,Iq # 1 can never be

Pq
rigorously attained in practice since the calculations cannot be per-
forméd with perfect accuracy, the precision being limited by thé number
of digits available for each number (in the IBM 360, the number of digits
is 16). Thus higher order modes will in practice converge to the dominant

mode. This result has also been demonstrated by Lansraux using a different

approach (unpublished work).
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. ITERATION

W Amplitude |

0.0 0.99999559%595$5800 €O

0 wiTH

-

¢
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5.0, UNIFORM-AMPLITUDE INPUT FUNCTION

T-C30  U.95988 753255033730 00

0.1C0 0.9%875052072483900 CO
0.15C_ 0.95719013548313351D0 00
) . 99500832

- - 6397359407 0T
€350 0.99220781858181520 CO

0.3C0  0.5887921C848173554D_00
D . 54533761520 (T
0.4C0 0.98013288977659320 00
0.450 o.w;_g_gonsne:eno 00

- . V\J480 00
0550 0.962661102838912¢0 ©0
0.600 0.93586994021305220 €O

07C0 0.92998783267159640 00

“. Ce?50 0.92131£62724662386D CO

V. ECT 0. 922105 T152354246D° 00
0.850 0.,9123657265837774D GO
0.9C0 0.9C211010228734650 0C

U

- )

1.000 0.88010117148588690 00

1.050 0.86837483767186850 CO
T 0.856186172483TEED

T.T0 -
1150 0.84355002809307290 CC
2.2¢0 0.83048176261202530 00

- g

T

——

Y250  U. 81655 7214851Te03%0 GO0

1.3C0
1.32%0

0.8C3112638833C24630 00
0.7€88449C572338730_0C

- o o4 --QT--Oq ot o oy -.-T —--wu-n- CL L O

B Y114

0. 1742TTCT930122C2D 0T
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2.6CC 0.712365919C7710C20 0C
1.65C C.6961745£8C250185D CC

| Y =673 7123BCT 7588500 0T
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1.8C0

0.6£303565444456270 0C
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1.9¢0
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0.5233552745727956D CC
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0.48744742313062260 €0
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3.3CC 0.469454316171665C0 0C
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3.1%0 0.17859761174339470

1]
3.2C0 0.‘6533953068’8‘620 00

3.25C C.14838134647C85530 co
3.3CC  0.133725426(€5166230 (-]

—3.350 0.1194135¢42€936180 GC
3.4CC 0.10542€97157735780 CC

3.45¢C 0.9178562€2510635500-01

3.5C0 0.78501444207CA4400=01
3.5%0 0.65581506895005100-01
3.6C0 0.530356415058620680—

01
—3.65C 0.4C8730559905365630-01 —

0.25099452835385640-01
0.17722319535829920-01

W--T.__;--__.-~-;---__.{_...--.;;--,.

Ti-;

1!“

h

J.ec0 0.61418662912211160-02
3.e5C -0.28182737238531530~C2
J.5¢CC -0.13971202369630370-01

3.150.-0-237C6957I!2365320—0!
4.CC0 ~0.32021664C11774210-01
4.C5C ~0.41912%00405458570-C1

4.1C0 —0.5037¢1985C114G500—C1
4,150 -C.58414141001383570-C1
. 422C0 =0.66022353393355400-01

—4.23%0 =C. 132014025 78(%3600~01

4.3C0 -0.79951888475134400-01
4.3%C -C.862744370215317C0~CL

2.4C0 —=0.9217c691To3221200~-C1
4.45C -0.9756428046C1883300-01
4.5C0 ~0.10269352529527620 00
4.55C -0.10732£19046398570 cc
4.6CC =0.1115447113487142D 00

R ES5C =0.T1535356CETTICT U (4]

4.7CC ~0.11875775993333470 [:14
~ 4.7%C ~C.12176286258825710 QO
4.8CC -0.1243745408748162D 0c

o R.E5C 0. 126C0C5EESTI5€6320 []+

4.9C0 —0.12844680449595630 00
£.§5C ~0.129521174777€32C0 co

§.0TC =0-13103TE550385L7CD " CT

- FIGUR

e et 4 s e s e

E 4.

. .
of et ot ouf = =t w8 o 0 00 0 00 onf 0y 2t uf =0 v o




IT?RATION 1 WITﬂ Wm = 5.0, UNIFORM

Lo

AMPLITUDE

EURERES

INPUT FUNCTION
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w Amplitude

0.0 0-!1!30*09959999800 09
- <353497] [} 00

Q.100 0.91990\0!295671700 a0

0.150  0.9%9
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0250 0.999377C09C508224D 00
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» 350 . [
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0.450 0.93798446245160220 00

Y00 0.9914468192314198D 00
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0.€C0  0.99627235654521600 00
€50  0.99559 [F

0.70C - 0.99484465141314620 CC
0.750  €.99402987931638130 00
0-80C 0.55314485206144

€.850 0.99218590645740140 €O
€.8C0  0.95115084252367810 00
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3.05C__0.98755684 805890380 00

.1C0 0. 40433219204
3.150  0.9847206413205302D0 €C
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0. E8526848550725C5D CC
0.87936492355744380 CC
0.87325C55488255170 0C

2.7CC
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. 3.1€0 0.81730287313129390 co
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. -
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.ot - Y
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- - ]
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. - 142210370
3,850 0.6791385€202098650
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4.CCO 0.64770241535518890
4.C5C 0.€36753C7602361030

4. 100 G- 625652521 75032850
4.3150 0.6!643667&2632!020
4.3C0 0.6€3101562013634230

g eS0T 02551 546D UC

33ITAIS032

4.3C0 0.53009323830652150 00

4.3%C 0.5684450501364688D co

L 2 )
o450, 0.5443652237547C150
eoscC 0.532953786C6566150

4.95C  0.5309710£749588590D
4.€€C_ 0.5089245461782343D

1]
[ 1]
g0

00

e8¢ U.k$63221571510U353D
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4.75C 0.47243021724100670
4.8C0 0.46025€683460271320

L1
0o
(-1}
("] ]

4. 850 0.4430G361936232380
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L
00
00

YoCo0 0.41120161434283200 OC
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w Amplitude

C.C 0.999955%9959559800 00

ITERATION 2 WITH W, = 5.0, UNIFORM AMPLITUDE INPUT FUNCTION

75 i ‘
j

o <999 73168T13362051D0 GO
C.1CC 0.9$909270318412C310 00

_G.1%5C  0.95758697055278510 ¢€C
T 2CT T 0.95571 302763504820 €O
€220 C.$93307342434414C0 GO
6.2CC 0.$9037265971274970 _0C

U350 U FUETIZIE2LBE 153D (T

0.40C C€.982930285451226S0 €O
C.45C ©.9784310720%5075360 00

ST 0373415805 8CET456D 00
Ce35C 0.5679021794993784D 0C
C.eCC 0.96188446035112110 00

€<1CC 0.94837658385671550 CC
€.75C ©.94090171059229520 CC
Se SOIZSSTZBI2T5E54D CU
€.850 0.92455227268193320 CO
€.9C0 ©.915666115051C7470 0C

° -
1.0C0 0.85667C61813593250 CC
1.C%0 ©.88652256721456320 CO

- . 593572T135q‘!!ﬁ-tl__""'_""-_‘_"—'
1.1%C G.86501242257693200 00
1.2C0 0.853£7422048708C10 00

oje & o

W-q-ﬂwﬂﬂq -1 L L ﬂ{‘...

o ole 0
-y

T3¢ 0. AI56385702437500 CC
1.3CC 0.829894247C5726C1D OC
1.25C C.£17478650C639558D CC

Y- XCC UL 8CATIVICITS54E68D0CO
1.45C 0.791664291CE18214D Q0
1.2C0 0.7719297£47265665520 C¢C

ToU5C U 1EAGITZEZSD4Z4GAD CC
1.6CC 0.75C657885C6£4C330 OC
1.65C 0.726%€2497CS76583D 00

- TV2PVEL29355ER44ADCT
1.750 0.7072926£247493780 CO
1.8CC 0.£52%0615924121110 CC

o83 . CJ
1.5CC 0.€621634830C172150 CO
1.950 0.6467330752927449D0 0C
2.CCC 0.631152282723%65€0 CC
2.C5C €.61543718156655560 CO

ot 0 o ol e S0 o 0 b B w0 o oo o 56 g 0N 0N

T ICC 0.5396030E5¢64443070 oC

2.150 0.58366852419410460 co
2.20C 0.56764721986%17680 CC
2.2°C 0.55155606621265C660 0C

3.3CC  0.%254111C889165420 cC

2.35C 0.515228318145251CD co
2.4C0 0.503C2357336451C4D

g
TR €. 406812639C4 2215807 00
2.9CC S.47C61114451213280 OO
2.55C_ C.<844345€344E34150 0O

3.6CC 0.42829E1637CCPLI6D [}
2.6%C C.422217127%512223C0 oc
2.7CC  0.4C62CE28214339510 ce

3.I8C C.35028C26C93823C4D CC
2.6C0 0.37445353485455350 CC
2.85C C.2%5874C17449251570 OC

T.9CC  0.3643156404264C21640 00
2.5%C 0.3277C867736537260 00
3.CC0 0.31241729570425520 [
3.65C 0.25712921718827C160 GC
3J.1CC 0.282234765222695340 CC
3.15C C.26729408071324970 CC
D) 8C0 00

*2¢C O«

3.2%¢ 0.228708333£3814C10 CC
3.20C 0.224578528C67CT750 CC
‘!:!iE"at*1ﬁ7iZ63I56i?iﬁ?ﬁ’tt""""""‘——‘
3.4CC 0.197067872142€9800 0C
3.45C 0.18372£85502018860 €O
1.5¢C €. S 3¢0
3.88¢ 0.15778567664161¢640 00
3.6CC_ 0.145240€3€574C5750 ca
—§-€50 0.13298192744C63450 0OC
3.7CC 0.121020924426C4820 CC
3.75¢ 0.1€9364520C6C28460 00

]--f-T-1-1-------*--4-

JoECC €.SE80191174C 144 5100-Cl
3.e5¢C 0.8699062¢455510100-01
«SCC 2.7628466C911C93£00-01

3

98¢ 0.65505535 Y5065 7200=-0t
4.CCC 0.558%826522086CEE0-CL
4.C5C 0.46146564630471010-01

4.1CC 0.2 %% 7T36156800-01
4.150 0.27743€18333733490-C1

4c2CC  ©.15056498825265600-C1
. i:i!é“E:TETlezdax7§e¢1z3b—61
. 4.3¢C 0.2723555C12270tACN-C2
4.35C —0.4920511547855£670-02

4.4CC —0.122155473692C 1650-01

4.4%C —C.!9161562805C72200-01
4.5CC -0-257!9[2[866156170—01
4.25C -0-3200113560065!670—01
4.8CC -O-!?Ql!cS!?C&iSCG!D-Ol

K. ESC ~C. A4 1c TSERET891820-Tl
4.7CC —0.*!69C57603?C05140-cl
4,7%C -0.5!5192551!9776370-01
4.8CC —OoSElllGGAG]TEDGB&D-Cl

AT 0. € 12276316257 TIA0=C1
4.5CC —0-6620636600<7|69CD-01
4,.55C -6.69762426326C76k00-ol R
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ITERATION 3 WITH W=

5

.0, UNIFORM AMPLITUDE INPUT FUNCTION : Jt

w Amplitude
€.C 0.%9999559559599800 €O
IS «999 554129350 00
g.:sg :.:qsssslaqasozsaon
_Ce1% -$$8997C012271 440D
“0<200 0.9582112992014 761D
€.250 0.95721534595560598D
_C.3€0  0,99599154715947970
+35C 9545463 7204112280 0C
Ce4CO0 0.99288C3934698CCSD GO . )
0.450 0.99099426794912430 00 '
. 0.9%8 39738
o550 0.9865646408851495D 0C
C.ECC  0.9846022891318C866D CO
- 9 G4 %350 6C
€.7C0 0J978290559434670C0 €O
0.75C  0.9751022569215459 CC
0-ECC 0.371T468634156C110 €O )
C.850 C.9£808773920596600 0C
€.SCC 0.9€642643328275666D CO
. 0.5t 0341420
1.600 0.95599290919465430 00
1.C%0 0.951%6823059593850 0C
- - 354 TIST52380 0C
1150 0.942C45949C2395590 0C
1.2C0 0.$3700021462526100 CO
- - algeCdlgaco
1.3C0 0.9263C58517€25216D OC
1.250 ©.92061370063257440_0C
fI:TtH“E:?TZ%TI!E’<3s|9110 tC
1.4%C 0.SCE8305117647124D GC
1.5C0 0.50262523765434160 00
1.%250 V-83C 284 1382348491D ou
1.6C0 0.88567829250759920 00
1.€5C C.8825344€7465C1510 €O
¥.IC0  0.8760155136834628D0 OC
1.75C 0.868924368EC16692D CC
1.8C0 0.861664C55C2177350
Y56 0.8%423167885C1655D
1960 0.24664843063932200
1.85C 0.8288955834595126D
2.€C0 0.8309944527045178D
5.05C 0.82253659502C3R75D

-\

o0 o oje o o]0 o ofe 0 o}e

T T T 77T

)
oo ole o o]le

o s olo oo

. ) T
2.15C 0.8063765262C833280 CC
2.2CC 0.75788162600C7C46D CO
2.2%C 0.785:484584354€860 Cc0

TTICITI0 C

. - o
d.2%C €.7715827C554363390 ccC
2.4CC 0.7€25579971184331n €0 .
TRTT—05753ATCTT220T4T590 70T — s
2.%CC 0.24414%14721C2226D ce . BT e N
2.%2%C 0.73476%3068026C450 ac
de€LC 0. T252755C2C 1534610 OL
2.€5C C.7156BCC48£5329500 OC
2.7CC C.7€598332451734C6D Cce
. . g5 769540
2.8CC 0.68630387972788%00
2.85C 0.67633C208176785480
~de9LLl 0.6€627335372151370
2.85C G.65613200258612630
3.6C0 0.64592882375696C6D oe
ES6 0. €I56506CT4C475CAD ST —
3,100 0.6253CE12675528£20 o¢
'3.150 c-b|590622325C62560 cn
[

00

ponns puppn pepsps prawes Fr Y L L L L L Lo Le Lo lode balads L nt!ﬂu.-1—-q-—

- oL
3.250 0.5539426

3,3(C_ 0.5833929
5 0

8949552180 00
1083486740 C

c -
TE§T2802%0RUTRASY mweer
3.4CC 0.56217717774C412C0 CO -
3.45C 0.551522226266C1430 00
-0 e 5], u c . . . .
2.9%C C€.52016338021 747570 cc . L .
3.€CC 0.51542557951 786760 00 e .
3:6%Y C-BCETCEeE21625507CC

T

2.7C0 0.45797858249582150 CC R
32750 ©.4B725153£6575C820 CC . ]
Te . 0~ CO — .
3.85¢ C.4€58167C7EA3RIT4D CC SEEAR N _ :
3.6CC  0.45512504436903710 €O : .
A.gx0——0-A%44512721562183D7C0 . e
4l0CC 0.43380341187142480 00 :
a.CEC  C.422186460442796L0 00 .
. . TU5553670 CU .
ao15C C.&C2C6E1371C578340 CC T _ .
al20C  0.35157C609C7464310 0C R - .
astec €.381126€702676556D CO —— . . R ) o
a-3CC 0.270738142685141C0 CC . . . -
4.35¢ €.36C405EC091294C30 €C . ]

- «JE01% ~oe
4.45C 0.23995251141087547 oc
4.%¢CC 0.22983283££229C2RD cc
4.%%0 0.31676186417267CS0 [+
4.6CC 0.309034153544q7330 0C

W02V 1802 1450 [

«€%C -
4,7CC C.25018582559335&29 gg .

4,750 C.

A.8CC 0.27092215514C3<860

4.85C .
4.8CC

0-25207&!05!44256!0
4,65C 0.24281§59?8!R?2CCO oc .
4,CCC c.2!!e7§lTBQS7141bO

2&05038!5!4131\00 4

co

5164492303 147460 g
c

cC
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W Amplitude

C.0 0.559985955595998C00 CO

'ffﬁﬁk¥i6ﬁ'2—ﬁifﬁ”ﬁ;

- 5.0, UNIFdRM AMPLITUDE INPUT FUNCTION

77

]
1}

R JU—

. [:1}]
G.1CC 0.999033‘2&3*795?!0 00
€190 0.95782619049420270 CO

I - 8304761330 CC
0.250 0.95397035343151110 OC
€C.2CC_ 0.99132592350527820 CC

- 538207850 742TCEBD €T
0400 0.584618232089356%20 00
c.450 C.98056241464205130 O

Jm:mimmvrc [ I

C. SSC 0.971068196915607280 OO
C.8CC 0.9656401194816848D OC
. - L3
CeCC 0.55345118625252320 CC
0750 0.9467C2400£6576590 00
27COTHZT

. .
0.€50 ‘0.93193727264137810 Q0
0.5CC  0.92393468156634%34D CC

1.CC0 0.9C673295148124940 OC

1.050_ ©. !97352!2‘!5!56!(0 a0
YTITEIT2ITCIN CT

oo

I-l‘c 0.278C7221666743310 CO
1.2€0 0.8678068590€125500 €C

s 0 ole o 0le o o)

£y 3

) BSTIU22E4262CTIT0 OC
1.2CC  0.84625611614278590 CC
1.25C  0.£3497980765757780 CO

85TE24DTL
lo(!C 0.!1!53]73276636480 Qo
1.5CC 0.7593781545060454n CO

. CTSTIL/YSTIO LU
-GCC 0.77426424035C124CD OC
1.65C 0.7613215033554C510 CC

T-7 TEXIIZRGBE20°TC
1.75C o.vsnwzuuusen co
1.8C0 0.72118778652271110 CC

. T
0.6934385808672942D OC
0.6753CE5E0S5117600 0C
0.665C27840788243C0 CC
€.£5C60508762251250 CC

3.5C0
1.950
2.CCO
2.C%C

2.1¢0
2.15C

0.€380€E893385971I5D CC
C.62141465848755110 CO
.2.200 0.6CE66€58839518110 0
2.25C__0.5918326802567C46N 00

2.3CC 0.51654C10213301620 CO
2.350 0.5&19855753667301D CO
2.4C0  0.54659535661717750 CC

“TA8C  C.53158262CCAE2ETI0 GO
2.5CC 0.5166524395763C840 CC
2.5%50 C.5C192537316472570 CC

2.€CC 0.48651164216126210 CC
2.6%C 0.47192611851358540 00
2.7€C_ 0.456581306C€581673D CO

<TEC C.44209022535653680 00

2.6CC 0.427265€57453C8620 CO
2.85C C.4125205250C596760 00

2.5C0 0.357186€45720537860 CO
2.6%C C€.38331583536345460 Q0
3.CCO 0.36888031895255170 CC

€0 0.35457145204616350 OC
3.1C0 0.34040065435¢28990 CC
3.15C 0.3263782687101C450 €C

"’3:3EE"?T'ffiyrf'titi131§!6*cc
3.2%0 0.25882234920273730 cc
3.3¢CC o.zessoamu;uszo

0 0.27198475
324c0 c.zuesnsuzuueo cc

3.4%0 0.245541€201327C590 CC

c‘b_‘_"—_

3,5C0 0.22323e881¢t42€91C0 OC
3.55C. €.22076C52451538570 OC
3,6CC 0.2C851491228408470 00
3.€%0 0.]565CI§‘0:§ 4284
3.7C0 0.18474750379851830 CO
3.75¢C 0.l1324t59§!3523190 Qo

3.8CC O. 50 OC
3.85C 0. l‘lOOETGS'SGb?CSD cc
3.5CC  0.14029564350C86990 00

e 0 o]e

3.65C 0.129651€5C66573370 OC
A.ccc 0.119£954£683621010 €O
LC5C 0.1C982507421452120 0C

8 A9E6 [
4.!5C . 9C9‘2|3055‘h91500—cl
-4.3C0_ 0. 81939£92454374200-01

A.2%C 0. 19231321849%65100-01
4.3CC 0.64825C310255766C0-01

4,35C 0.56716417824837670-C1 .

T R.4C0 0.4895C86€9C36685310-01
4.45C 0.41402563£8231€250-01
4.5C0 0.3415847835273C190-C1
4550 C€.2729639007797941D-01
4.6CC 0.206555683765430830~-C1

. :-:-:-:-:! :--1 alale - oy o ——.- o oen oy --1-0—-1--‘——-1——'— [ e N L L L L L E P E R L T -.-1 L L L L L L Ll Ll Lol L
.

[

‘.1(0 0.839602116C1361530-02'

4,750 0.2¢939356459553480~-02
4.6CC —0.27120294087152600-02

TLEEC —0. J324ISEZETSC50%ED~-C2
4.,5CC -0.12645075757751530-C1
4.95¢C -0.1717775C7E3138960-01

e 0 sje o

$.6CC ~0.214254828376851410-01
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w Ahplitude

0.6 0.$$9995999999998¢CD

ITERATION 5 WITH'Wm - 5.0, UNIFORM AMPLITUDE

INPUT FUNCTION °

78

0.65C 0.9990848886645697670
041€0 0.9%59395656649316C0
04150 0.998640640C8093500

C<2CC ©.997%8438669719€010
€.2%0 0.95622766538762290
€.3CC_ 0.994571463398811430

0.25C 0.9%261696535358610
C.4C0 0.990365652C4200760
0.4%0 0.93781%$09900000430

0.5CC 0.584919174814867760
0.550 0.98184793957619450
€.6CC  0.9784276£222011350

«65C C.914
€.7CC  €.97073C09002728570
€.75C 0.96645835803859920

1]

C818362C3330 ©

cc
ce

C.8CU0 0.56150870414487010

C.85C 0.957C84405454426CD
C.SC0_ 0.55158893167636%6D
C.95C 0.94662594167380C8!

(1]
co
co
(1]

1.€C0 €.$4099927983334590 CC

2.C5C  0.9251129722540338D

oc

«1C0 0.9!537155576203650
1.1%C ©.9225784087539916D
1.2CC  G.915535CT627462910

. l.zio 0.9C5057538534CC780D
$.2CC 0.9C193986524898450
1+350 _0.85438580395473670

«4C
1.450 C€.87921505163431170
3.2CC €.87120€98598556670

A - €6257165124
1-6CC  0.8545475375643215D
1.65C 0.84591973314529890

ja 173180

oc
~8370131 7187175680 0C

cc
(]

'..'.'.W;.'..;r..-..‘..-....._

ac 2

co
00

QocC
0c

[+ 14
00

<T€C  0.E3ICIII2ET
1.75C  0.82809179997616560
1.8CC__0.8189€394029152030
Z41E35 15357180

) 6C

co
00

- -

1.9¢C 0.800011863C1116C30
1.650 0.79503205108253¢£14D
2.CCC  0.78047431428759890

(14
0s
cc
[+ []
00

2.C3C 0.17047590338076450

< T503%IFTITZE25500
0.7500733262456C250
0.1266747307£338920
0.7291%5C7469518320

-
2.1%C
2.3CC
2.250

[
oc -
cc
00

d.3CC
2.3%0
2.4CC

0. TIB52127L#3525240
€.7€77802720676013N
0.656539058E47485C0

(44
co
co

FOUKEIFILCICISO T

2.3C0 0.£474984C34657180540
_2.%50 0.6£388429058C5444D

({3
[

< ECC 055
3.€5C C.€41475532646923C0
2.700 0.£2018059658123100
T465R 15851560

,.'- L
2.8CC 0.6074441C576563730
‘2.8%0 C.5560177255563¢€360

ce
00

o¢

L - - -
2.95C 6.57308C35884C3£250
3.0€0 0.56158301457247270

00
[
ocC

3.1C0 ©0.528568841C154C500
3.15C °-5270635°42‘539040

X -
3.250 €.5C4092188C715C690

3.3CC 0.49263244€71€02C80 00
[ %56208E03460

YT TL.AI2)
3.4CC 0.469827!25t9446680
3.45C 0.45848204275461CID

0C
- 0C

co
eC

ec
To

00 .
oc

. ~RL7IB551 126878220
3.5%¢ 0.43596354920491500
3.4C0 0.42416202985150810

2793291

0-&0260333!5!285360
0.!9!63735266635320
c-3307§‘-21218ﬁ45710
0.36995919367606820

3.7C0
3,150
- Pt 144
3.8%0
3.5CC

Ty .
ca w
co T

aL L A

[}
00

----—-"--7-ﬁ---——*-*‘-?-fﬁ-r74?1

CC
oc
[:{]

T220°CU

0.3592574461&365710
;5398

- 3588
4.CC0 0.3!5153616C7323450
4.C5C 0.32716125112555210

(:14
€0

; ETV0
4:150 0.30731824917873420
4.2¢C_ 0.267276375031937860

4750 552!735980658945350'

4.2C0 0.21157251261*23030

(4
oc
co

e

(]
00

4.35€C 0-26191!362!!71]630

' —ZEBKCTBZ593 38432
4,450 0.2‘902356749155&20
. 4%CC 0.23918955016525130
4.25¢C 6-2!010283042473730

A.€C0 0.22[765696272132&D_yc
¢ O STISBLETC2TE0129D

‘:760 0:?04!5100526025320
4.75C 0.19587898537183720

(4]
co’
0
co

ac .
o¢

00

4.206C 0.1£756692511900610
@ E5C . 1194165€52£6617370
4.5C0 0.171431€5250221160
4 6sC C.1£3€111C139£6€180
s,.0CC 0.15595863C54696620

cC
ocC
o

oc
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w  Amplitude

C.0 0.55999566669595800 00

ITERATION 121 WITH Wh';' 5.0,

79

UNIFORM 'AMPLITUDE INPUT FUNCTION

|
[ ————

i

L3I0 15 24T 344590 TO
€.1(C 0.95921655459741850 €C
€.15C  0.9982379424521292D 0C

9UIAITT2I0 0C
c.:sc 0.99511155685629760 a0
030 0.992966173517383500 CC

T. 350 0.990%3¢T13354821CXD 00
€.40C 0.987523533994873S0 00
C.450 0.98423109265127140 00

0. 5TE 0.9R056T129212TATING €O
0.950 0.5765179864550314D oo
e.atc 0.972104968714666 70

[3 HZU—UE'_‘—_——"'"—"_"

C. 7(0 0.962!866.90)@72100 [-14)
€.750 0.%5669C68181555130 00

—C.FC0.950 103006
0850 0.94456506095402885D0 0C
€.9C0  0.928117733617Ce36D CO

1.CC0 0.92405658453564558D €O

1.05C_ 0.9165413C549313C1D 0C

CLATBTI2023 (403873000

1.150 0.9005759268814133C 00

—q-—q-w-w----—-——-

$.2C0  0.8521404£689818110 00
210 00

. .
13CC 0.8744025032361866D0 00
220 C.B8E5116117C621974D CC

TEATE T 08555625 8TT257163N €O
1.450 0.8457505C35964634D OC
1.5C0 0.82568868842276920 0C

To35C 0.82578513UEIITEERD CU
1«€6CC 0.2148520030663708D CC
1.45C 0.804095643C3844470 CC

< 193T2E54¥29T3228D CO
I."C 0.781956338§50‘123D 00
1.8CC 0.070588795€85%9320_00

T<2T0 0. 159035 79858853730 00
1SCC C.7473173385565430D CO
1.95C 0.72%5431501Ca813C¢D 00
2.CCC 0.723392454C1551550 0OC
2.C5C C.71121043489C35860 CO

PR P ke Bl b Lkt b

. TCC 0.¢58895738173482510 (O
d.150 0.686458705638361CD 00
2.2CC 0.67390S7C86558112D CC
2.2%C  0.6€12551405811C860 0O

2.3CC 0.6485174C416335450 CC
2.250 0.635¢5429563198560 CO
2.4C0  0.£22801$5659513230 €O
T48C 0.ECSHELSCLOC0£222%D 00
2.5CC 0.55684£398581895CD0 CO

2.%%C_ 0.5838042173C28C2370 CC

2.6CC 0.5707328801350373SD 0C
$.6%C 0.557642342350C5S3D €0
27CC  0.5445426942920C5%D CC

2+15C C.S521443E737651C790 CO
2.8CC 0.51835570975C67790 CO
2.85C  €.5C528791191255230_ 00

2.5CC 0.452250C60124C6970 €O
2.65C ©.47925155424555570 OC
3.0CC 0.4£563C18C4165814C0 CC

F.050 0.4534C982012C6C66D CO
3.1CC 0.4405846C330C56750 €O
3,15C 0.42783453876C65C20 00

1,200 0.415165416€421038D0 QOC
3,2%0 C.4025964%37185385D0 0OC
3.3CC  0.3901242152756718D_0C

3.350 C.311760717133488¢€4D CC
3.4C0 0.3€55137172265668D0 0C
3.45C 0.2533607565427316D 0C

T.5CC 0.3413991444138559D CC
3.550 0.3255459512221054D CC
3.6CC_ 0.317838CC265264350_00

3.650 C.30628187415167400 00
3,7CC 0.264£828857770687n CC
3.750 0.28365C05744485830_00

T'“T“T"T'"T'f"‘""“"'"'"'“'""'

3.8C0 0.2125863C4582523710 CC
3.8%0 0.261¢9803418734710 CO
3.9C0 0.25099C5412B8967C40 00

3.950 0.2404688C583425010 CO
4.CCC ©.230137539568C454D CC
4.C5C o 22000113574324980 0C

q.itc 0.21006376322269380 0C
4.150 0-2C0329269C5742580 co
4.20C 0.15080122532515980_CC

"&.25C 0.18148251891761900 00
4.3CC 0.17237735154363900 CC
4,25C 0.16348723929596110 00

aje o o

A.4CC 0.124€15C13680€5C450 00
4.64%0 0.14636282289645¢10 00
4,5CC 0.13813253197579110 @O
4.55C €.13012572576655350 0C
4.6CC 0.1223437104C3PS75D CC

L EST CL.TINTRTSI5CC 723480 TC
4,7CC 0.10745789901552170 00
4.75C €.10035534637737250 CC
4.BCO 0.9348007608844CAROD~-C1

o o oo s 0

4.85C  €.863320515668725C0~C1
4,5C0 0.80410965757488200~01
4.55C 0.7421£265655853200~01
8,0CC ~0.€824T147134958100-01
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. & LT

ITERATION 122 WITH Wm = 5.0, UNIFORM AMPLITUﬁE INPUT-FbﬁéTibﬁ—

W Amplitude g
6.0  0.$9599555959599800_00 i . . u
2G50 U.5398040524A 344590 €0 -
€CelC0 0.95921655459741350 CC
€Co15C 0.9982376424921292D 0C
TEL.2CC 0L 956G TISCANTT2 10 0T
€e25C 0.9$511155685429760 €O
03C0 0.99296673417383500 0C
Te350 0.99043E7335482TC4D €O
€.40C 0.98752353899487350 00 : -
€.450 0.9842310929512714D 00 »
SYTE T 0.98056) 292 T2TATIS0 T
3 0e%5C 0.976517988645%503140 00
€.6CC 0.9721049687146667D 0C

. .
6.7C0 0.962185667903$72100 €O
C.750 ©.95669C6818155513D0 00
CAC0 C.U508335T0555610490° 60 .
0.85C 0.94465060954028950 00 .
€.9C0 0.928117733617€83¢0 (O :
. - 030T8ITe0 00—
1.€C0 0.9240565845364558D (C
1.05C 0.9165413C549313C1D 0C
. <QCBTI20231%04579D €O
1.150 ©0.9C05759268814133D 00
1.2C0 0.852140466€9818110 €O
Te25¢ 0.88341334457748210 00
1.20C 0.8744025032361866D 00
1250 c:aesneu'lct;znuo cc
TAtE V. 855562BETE5TIELD CO
1.450 0.8457505C35964634D 0C
1.5C0 0.8256886884227692D 0C
. . I TIERD U0
1.6CC 0.€1485200306637C8D CC
1.65C 0.806095643C3844470 0C R
. . EERIZITE228 CC
1.72C 0.78195433855047230 00 : ’
1.8€C 0.770588795£8559320 00
'Y 4] - 759035 738809863730 00 R
1.8€C 0.7473173385565430D CC
1.95¢ 0.735431501084813C40 00
2.CCC 0.723392454C1551550 0C : .
2.C5C C.7112104348903986D 00 ) ' - ' o
2.1C0  0.650889573813422510 CO
3.150 0.686458705688351C0 00
2.2CC 0.67350$7C865581120 CC
2.25C  0.6€12551405A11C86D 00
3.3CC 0.6485174C416335450 CC
2.250 0.€35€948956319856D CO
3.4C0 _ 0.6€2280195659513230_CO
T.A5C 0. €05845C€0C0622250 0C
2.5CC 0.53684£398581895C0 C¢C
+£5C  0.533804273C28C2370 CC
2.6CC 0.51073288035037350 CC
2.65C 0.557642342350CS5S30 CO
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0,250 0,86759518355942930 00

C.280 0.85663663801744500 00
0.27C 0.8456622621325246D 00

0.280__0.83407367916602690.00__
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0.43C 0.61121586514071910 00
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0.53C 0.41281895000850640 00
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0.570 0.32267095140180610 00

—£.58C_0.29919042324355400.00

0.59C 0.27533593632589170 00
0.6CC 0,25110924448581140 00

L6l 0.2265120215898C900-00 i — —— ——m——

0.62C 0.20154611787741310 00
0.63C 0.1762133605326472D 0C
D840 0.150515603546854190 00

0.65C 0.12445672758982930 00
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—£462C_0.712512273926003800-01

0.68C 0.44112589643284700-01
0.690 0,16618572942006700-01
£.26C =0.11228244285928020=01

0.71C -0.39427384342750500~C1
0.720 -0.67675223875948300-01
0.1730_=0.9681€194031063200=01

0. 74C ~0.12611018060655000 00
0.75C ~C.15565304421036210 00
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0.870 ~0.53661939890389490 00

__ﬁ‘hﬂ£_=n.510h11813969b0lBD [¢]s]
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0.920 -0.70387011587452220 00

- 19822211120 00
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0.95C ~0.815E4374724652980 00
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1.0€C -0.99994584946351620.00
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ITERATION 1 WITH W, = 1.0 and (0, 1) MODE AS INPUT FUNCTION

w Amplitude

C.0 0299999959999%9980D
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c.72C -0.67975223875590300-01

23C -0.96870194030699000=0L

0.74C -0.12612018060617170
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ITERAT - _ .'. - . .. - o arareane . P .- . coe
ION 2 WITH W = 1.0 AND (0, 1) MODE AS INPUT FUNCTION

W Amplitude
0.0 0.999996929999999800 00
D010 0.9997179131928S5040_00 x
©0.020 0.9991517432458709D 00 :
0.030 0.9980914805399811D 00 :
~0.040. _0.99660122145606860-00 H
0.050 0.99469907458878620 00 :
0.060 0.99236717997453920 00 :
0.010 0.9094117208081334630 00 !
0.080 0.98643286079506960 00 T
0.090 0.982830870906548GD 00 :
0,100 _0,9788060021921.2830_00 :
0.110 0.97435854939544910 00 i
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0.27C 0.845608797903886400 00
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1
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0.66C 0.10051947103157330 00
D.67C__0.138114022T71646500-0L
0.680 0.46747597169756460-01 . O3
0.69C 0.19329735078110870-C. : . o
_Mnn;n&wmmnuobon-oz _ s
. 9.710 ~0.365618034046260980-01 . ol !
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. : ITERATION 8 WITH W, = 1.0 and .(0, 1) MODE AS INPUT FUNCTION

w Amplitude ' i
Q.0 029999099999999930D0 00
—aOLO__0.Q99TKLHS

372473420 _00 {
0,020 0.9950267956751937230 00 . o !
' |

0~038 0.97781035969937010 00
D.040.__0.996102412284735846D_00 1
©.050 ©.9235182612277539D 00
0.060 0.99124288556935570 00
«DaN20 __0.98508155229361910 00

0.083 0.,984434463500045080 00
0.090 0.903030191654991110 00
0,100 0.9754842060453920D_0Q
04110 0.97058166%83747310 00
G129 0.96599468285064050 00
Nl 0.958923A%5 4

0.140 0,95238903303597550 00
0150 0.9453312971107447D 00
_MN.160  0.93781036626290110 00 .
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0.180 0.9213247516315834D 00 1
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1

1

1

3

1

1

1

1

1

1
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0.360 0.68716671362179450 00
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' ITERATION 9 WITH W_ =

1.0 AND (0, 1) MODE AS INPUT FUNCTION
Amplitude Sty

0.0 0.99999999999999800 00 ‘
—0.010 _0.29925910412312090_00

——— -
'

0.020 0.999338641923845310 00 1
0.030 0.5995319535329833D 00 i
__:.:un 0.999234522088462850_00 :
<050 0.99897774036103730 00
0,060 0.953852803671824450 00 i
0.010 __0.297994840] 4038840 _0ON 1
Q.080 0.9973835863300385D 00 1
0.090 0.9966889164206311D0 00 i
—D0a100__0.99591262705850140_00. 1
0210 0.99505492035702770 00 1
0.120 0.29%11570390138050 00 :
«

1

1

1

1

]

1

1

1

1

1

0130 0.98309505024632620.00
D140 0.99199314940154290 00
0.150 0.99030995384818200 00
0,160 __0,98954558151005300_00 -
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0.180 0.98577366341799590 00
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0.200 0.98236781333713759D0 00
0.210 0.98200927C9432446D 00
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e o p o

0.23C 0.97842991132073550 00 1
0.240 0.97651965435232950 00 t
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. I'TISI{!\ifié)fq” inn R _ R e e e e e e e
] O WITH W_ = 1.0 AND (0, ‘1) MODE AS INPUT

i
1

;

:

I
o
'

FUNCTION ,

W Amplitude
.0 0.$9793999%35593300 00
R A0 0,850 RS02957 2157000 H
0.020 0€2999954012380%52580 €0 1
0030 0.9978%552991978340 00 H
__n.nﬁn__p.sgsgggnssaza&\xnn [+]s) . H
0.059 ©C.999712560144484270 Q0 L
0.060 0.95958616423057010 00 ~
.070__OAS3941475272045010 Q0 !
0.000 0.93926437402227990 00 1
0.099 0.99905903556228090 00 :
__M.100_ 0.99085074948469980 00 1
0.110 0.9936095233C11836D0 00 H
0.120 0.9933453695501 804D 00 — {
39._0.99304830284618160 00 i
Q<140 0199174833091903330 20 : P {
0,150 0.99741547471301720 00 '
_.n..lm__n.ﬁlnssujsssmzan 00 . 1
0.170 0.99568116730350030 00 ’ H
0.18C 0.996279752238253340 00 1
0.18% 0 QG5EL 5552040063630 00 [
0.200 0.99540049304463820 00 1
0.210 0.9949386909844404D 00 1
4464613687611220 _0Q 1
0.230 C€.99393085426354980 00 1
0. 240 0.993392867770995660 00 b
250 0.9523122031N0759%10 0Q 1
D268 0.9922408870628007D 00 . 1
0.270 0.99164294750535710 00 1
. £.280._0.921014413381£0470_0Q 1
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1
1
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1
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1
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1
1
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1
1
1
1
1
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1
1
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ITEBATION 33 WITH Wm = 1.0 AND (0, 1) MODE AS INPUT FUNCTION

w Amplitude

0.0 0.9999999999999980D 00
—~—Be010_.

—0.190._0,9955829921S30R240 00 .

0.899982235021339180. 00

91

0.020 0.99995106¢148150400 00
0.030 0.99988984560410360 00
—0.040. 0.992380417551423010..00

0.050 0.99949403575025280 00
0.060 ©0.99555943146071140 00

—0.020 __0,999400359/40447520 _CO

0.080 0.999226935745008430 00
0.098 0.99900890467530100 00
10 0.898726521236655550..00.

0.110 0.9$85197190183048D0 00
0.120 0.99823851033231700 00
0—.0.99293270921A88310_00

0+140. 0.99760293078595570 00
0.15C 0.99724859135320710 00

—0.140_0.95634930345601900..00

* o D)oo

0.170 0.9964669008043929D 00
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_0.280_._0,99043491848361080 00
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0.71¢ 0.93956803078041260 00

0.720 0.93739035734431910 00
—0.230

93a1912602424C16D .00.

- N
0.740 0.93447082260231680 00
0.750 0.93272912853851480 [1:]

—QaB20_
0.830 0.91804C77186466990 00

0.766  0.93096626116705160 00
0.716 G.92918231272533710 00
0.780 0.92737735427182630 00

L---t----uu--u-n--c-—;----p--n-—rnuanunnuvn--—-—---—-—r-—-r---—n--—-—----—-------

n.JQC,_n.9255515059805ﬁ9BD"00-_ Sy

0.800 0.92370482698618020 00
0.81C 0.92183741740754450 00
—0.919

92934834326710.00

0.6840 0.91611172101219330 [+]4]

A.ISE_-n.91515210318761350.00
0.860 0.91219203314957840 00
0.,87C 0.91020273700691620 00

EC__DASQHJSZB§321JJBJZD 1] ]
0.890 0.90616297456140300 00
0.90C 0.5041132047260775D 00
0.910 0.90204365850916150 00
0.920 0.89995443633291740 0

&Elﬂﬁibliljjﬂbllﬁ_ﬁﬁ
0.540 0.89571737110693140 00
C.95C 0.8935697337483976D 00
0.960 0.89140283185032350 00

n..ﬂ.&&%zlnlID&SJIJDJD_DO
0.98C 0.8870110655664243120 [+14]
0.990 0.884787594 13613000 00
1.00C 0.88254469368427150 oo

v 0 o oo 50 50 20 Sun 00 Bin P B0 B Pt Bu O et B8 S0

FIGURE 4.5 o

seshossepr o :
sceoshoospoespecssspoalboce
Leshboeohpoosposeopoee




ITERATION 34 WITH W_ = 1.0 AND (0, 1) MODE AS INPUT FUNCTION R

W

0.0
£.01¢
0.020
£6.C3C
0.04C
0.05C
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ITERATION O WITH W = 3.5, (0, 1) MODE AS INPUT FUNCTION = T

N Ampli tude

0.0 0.9999999925959530D CO
0,035 0.9996270925960138D 00

U OT0 ULTIISLTHSAS3525450 OV
0,105 0.995552737130337390 00
0.140 0.9%305195953595620_ 00

ULYT5 OLUSITITSIES5IGIA3TD 00
0.210 0.955633926%53342050 00
0.245 0.98182233025175550 00

. SUT623UIYT2ITOSITU VU
0.31% 0.970012323+592973D 00
0.350 0.9630229275556392D 00

U385 0.5553T 7514403531507 00
0.420 0.945901961261343380 00 . -
0.455 0.937782619156445610 00

0.525 0.9174561235657231220 00
0.%560 0.90527454334490220 00

. < BYARIS0RE33ITVATISD OO0
0.630 0.8818917555993321D 00
0.8665 0.88571419554195670 00

0.735 0.840436T77948463580 00
0.770 0.82535838584374720 00
OYEBEEZES2

<805~ UGB BIBYSU U
0.840 0.79337938513370200 00
0.875 0.77650300323437020 00

— QY0 0. 15%U522500440753D U0
0.945 0.7410403216608616D0 00
0.930 0.7224008280111873D 00

1
1
T
1
]
1
1
1
T
1
1
1
1
SYZTSSGR YIS IToIY oo :
1
1
1
t
1
1
1
1
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1
T
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1,050 0.683775584 872569850 00

1,085 0.663659501592922390 00
X353FTV

- - 3 5000
1.155 0.6219737294811289D 00
1.190 0.60043634713558090 00 -

2225 U.5 104572565951 60V0 00
1.260 0.555605294085158030 00
1.295 0.52324018301983630 00

T35 - &
1.365 0.486457656992950280 00

1.425 0.43325010685338370 00
1470 G.5136553956958434220 00

15505 0. 38578055 7USUSATTO U0
1.5S40 0.3635807373678738D 00
1.575 0.3331359307457371D 00
1.610 0.31244485719197350 00

To685 UL 2855288982 T3Z8% 70700~
1.680 0.26039997150956670 00
1.715 0.2340845145076604D 00

l.750““:20759945963399$VD_D0
1.785 0.18096426715209470 00
1.820 0.15419841023367790 00

1
T

1

1

T

1

1

T

1

1

1

L4

1.400 0.45252325%3110002D 00 1§ -

’ 1
1

T

1

t

1

T

1

1

1

t

1
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ITERATION 1 WITH W_ =
, m

W Amplitude
0.0 0.99999999999999800 00
0.035 0.99962789257407920 00

= 3.5, (0, 1) MODE INPUT FUNCTION

94

[

00595511855 38%5256430 U0
0.10%8 0.995565273713033790 00
0.140 0.99405195963595600 00

BYTS 0.95%071150565%954330 700
0.210 0.98663392668342070 00
0.245 0.98182233086179700 00

- V-9 15628038929105510 UD
0.315 0.9700123284592982D 00
0.350 0.96302292756563940 00 :
—0>385 0.955317514%8353150 00
0.420 0.946901961256134420 00
0.455 0.93778267916445610 00
Z633TUSD 00

0490 U.VZTIEE513
0.525 0.91746123657231310 00

0.560 0.90627454374490240 00

'U:S‘S-_UTBV53T355533048290'00"“-'“—

0.630 ©0.88189175559933240 00

0.665 0.86871419496196740 00
. - 9231 h o

0.735 0.84043677948463630 00

©.770 0.82535838584374740 00

T.E05 D-BUY65B6245299695D 00 T

0.840 0.79337938513370250 00

0.875 0.77650300323637080 00

< 1590522500%%07970 00
0.74104032166C35618D 00
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0.68377558487269890 00
0.66365901992922930 on
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0.945
0.980
1.015
1.050
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1225 ULST855725559515930 00
0.55605294084158030 00
0.53324018301983650 0C

.5 TU0IE0S234T420%0 Uu
0.48645788992950330 00
0.4£252329431100040 00
0.4382501068663843D 00
0.41365639698434270 00
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¥.=05 U.3EBT6UsST
1.540 0.363580737367687450 00

1.975 0.33813593C74573730 00
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]
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. ITERATION 36 WITH W, = 3.5, (0, 1) MODE INPUT

W Amplitude
0.0 0.9999999999999980D0 00
0.035 0.99960787309074820 00

S0707 099831 79YR0925410700

95

S e
}

FUNCTION

0.105 0.9964T2664234R33
_0:140_‘0:093731v96331Alegg gg
021750.9902113906411 7630 00 - e g
0.210 0.98591505451905040 00 - :
0.245 0.98084478983997590 00 ‘

BU— U.5715005589219%8%800° 00

0.315 0.96840014759175220 00
02350 0.96103532865548750 00
0-385 T0.95201619033077140 007~ U7
0.420 0.9450489650930960D 00
0455 0.93444G45767152300 00
390 U.UZA09B0IIIREISTO 00
0.525 0.91302964142005310 00
0.550 0.9012437490875773D 00 ’
—0.5950.8287493936780361D 00
0.630 0.87555514530835220 00
0.665_0.856167410473532930 00
700 VLB TIT3BSEB2030250 00
0.735 0.83188665155598100 00
0.770_ 0816004014 66358290 00
—UIB05 0. 79947811776381410 00 e
0.840 0.78232157816553450 00
0,875 0.T76454748517639°0D 00
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0.945 0.,727201304R9505450 00
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1.085 0.64572413430503340 00
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0.30321066551936530 00

1575
0.27619753527191010 00

Y635 0 Z589%85I05%990820° U0 -
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ITERATION ITH W_ = 3. opE
37 WITH W = 3.5, (0, 1). MODE INPUT FUNCTION

w
0.0
0.035
¢.070
0.105
Ce. 140
0.175
0.210
04245
€.280
0.31%5
€.350
0.385
Ce420
0.45%
0.490
0.525
0.560
0.395
0.630
04665
0.7¢c0
0.73%
0.770
0.8¢C5
C.840
0.875
c.910
0.945
0.980
1.015
1.0%0
1.085
1.120
1.155%
1.150
1.22%
1.260
1.29%

19330

1.365
1.4C0
1.435

1.470
155057

Amplitude
0.9499999399€999920N
0.99964576601054181"
0.%9P670%2974854A400
0.99701043602077210
0.99468754695C0007D
0.991702962655093 1"
0.,98806192170306720
0.98376415565075300
0.97881398675245R20
0.973214826055R1A20
0.9669711698%R03I83N
0.96003759641570710
0.9%5256926172100170
0.,9444217954780298N0
0.93565129623315370
0.92626432629354520
0.91626790622/5972%6N
0.90565695089891537D
0.0944T7705364981410
0.8826998987800421D
0.8703438354499526D
0.857421079377145%
0.84394026572117780
0.82991143603262420
0.815345034A5639612N0
0.8002518985458312D
0.7846412465664526T0
0.76853067266481420
0. 7519261342265271N
0.7348419432835872R
0.7172907557784058D
0.69928556113286919
0.680823967144934600
0.66196671045139750
0.64268060217410690
0.6229955594141502D
0.60292607194995160
0.50248689454245810
Be556156330347272610D
0.54055976046029692N
0.5]9[02487768°l4°0
0.49733696599741820
0.47527906936200100

BDIR5294487912306300

1540 0.43035065280867420
1575 0.407512R103602376D
1.610 0.38644792066089370
—_17‘15—"5:!5TI7?68795861120

1.680
1.715
1.750
1.785
1.820
“T.¥55
1.850
1.925
1.960
1.995
030

0.32770393819613610
0.31405860525950510
0.29025371715793590
0.26630638214697550
0.24223377480652920
“0-21605312208766650
0.19378166933877530
0.16943676632440620
0.14503565324876310
0.12059564679614790

[+ ]
on
nn
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nn
nn
0n
oo
0o
on
an
on
on
09
00
nn
n0
oo
nn
09
0o
on
[«Jy]
00
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[olo]
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00
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o0
nn
¢9
00
09
00
00
00
00
o0
09
[+Jy]
Q0
00
00
(]
00
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09
nn
o0
00
00
o0

0.961340262006067ﬂ0-91

2.
'!:U‘S"U:71638039356968100-01

2.1C0
2.135
27170°
2.205
20240

0.47214888985436860-01
0.22791718881774280-01
505 15843998748714400-0?
~0.25896482324643690-01
-0.50127643328273640-01

2275 =0.74261110855177400~01

2.310
2345
2.380
2.415
2.450
~2.485
2.520
2555
2.5%0
2.625
2.660
2.685
2.730
2.765%
2.0800
2.835
2.870
2.90%
2.940
2.575
3,010
3.045
3,080
3.115
3.150
3,185
3.220
3,255

-0-9828023926308720“-0\

-0.12216852244 262830
-0.l4590?60677949$00
°0.!6948730396509790
-0.!928856036&352570
=DTZTGOSBGBBDSQSOZ1D
-0.239000Q3394358580
-0.26!0469&4#014550“
—0.234371543532°2630
‘0.3066391922165010ﬂ
~0-32563700342461990
;0:350348750‘4473950
—0.37176081839#95?10
-0-30235951&88647280
-0.6[3631080409?5420
—0.&34062298469?6550
-0.45&1#020540055050
-0{‘73952159#1391270
-0.&9318585233236500
-0-51212931351991670
-0.53067092340454100
-0.5687396\97l8&llb"
—0.56650390505882510
3025037138554136522“
-0.600599126995?6@20
-0.616“6@4632674?319
-0.61287700157977000
—0-6433112191451??20

~3;zvn‘=0735136‘23°“°‘7°°‘"

3.325
3.360
3.395
3.430
3,465
3.%500

-0.67172773702736429
—0.69169404328665510
-0.70515585077615¢7D
-0.11510627776517940
-0.13051887?212725ﬁ0
—0.7624416154417ﬂ020

Q0
00
a0

00
[+ 1]
Qa0
00
0o
00
0o
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00
00
00
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019
00
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00
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. 2o380 =0 TOIB1557200625130

_W Amplitude

ITERATION 38 WITH W_ = 3.5, (0, 1), MODE INPUT FUNCTION

0.0 0.9599$99999799930D
Q.035 0.959400757954853330

00
00

. «STTEUISEITRNTIITSY
0,105 0.99350980271956430
04140 0.95042192240200630

1Y
00
00

OIS T B ASORI2BDA2EITS2D

03850

U595 T U.¥30I372EYIEIETTIO OO

0.210 0.97847820162869350
00245 0.970731956431425970

. uu u'g
0.315 0.95172186561381470
04350 0.940473285175619550

00
00
00

T
Q0
00

<HZBOTRLEIIS291VTY

04420 0.91453424209336880

0.455 0.89986481670%29470
<490 USEEITTESTI

0.525 O0.86T18404765465970

0560 0.849199335127323060

0.830 0.81001319617230530
0.665 0.73884319293133330

s 0 ajs e

00
oo
00

00
00 .

00
00

<700 O VB8R Z&ATTISRIIOU
04735 O0.T74343414571482990
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oU
00
0o -

TTOLE0S T UL89305551928151790

T IWULS ULSZ3T4328D20772180 U0

0.840 0.65792671333767200
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00
o0
00

- <6 AGY2IUIETYBY
0.945 0,58403435959452940
0,980 0.5543095074562656180

00
00
00

1.050 ©0.49235999868715090
1.085 0.46018473995481000

00 B
00

10225 0L.3240B512565/TEIAD DU

Ta k20 UeRZ7ZAITISHSTITIRU TU

1155 0.39355135118029570
3180 0D.35916624114618590

2260 0.28834583087450340
1.295 0.25197686557072080
0 02 IS0UBYZ5375T568!

- -
1.365 0.17746536077350740
1.4C0 0.13938189018645050
1.435 0.10078663971592730
1.470 0.61710110072200350-

00
00

00
00

00
00
0o
0l

o} u 0 g 028 ond 0 0up Su) o S8 e Gt b Sud D ) Bof A woh PSR S 0o 08 ) A Gl o Duf G SuP ouf Suf SuD i g 0ug | Sud Bub f W0 PR

=505 U< 22T83152205U32900=
1.540 -0.17763058837681940—
1.575 -0.58097050300251530—
1.610 -0.9878707833461940D0~

UT
o1 .
ol ' . -
o1 - -

Te 835 —Je I13FBUTISSEISTTEUD
1.680 -0.181107074%345099050
1.715 ~0.22267244136454620

00 -
00 " .
00 -

YIS0 =0C 26556385 788ISEII0

1785 ~0.30645114881340300

00 ‘ } e

1.820 ~0.34859899343109800
ISUBTSIABITTUITSU

L3 Ve
1.850 -0.433247279865694220
1.925 -0.4756818254531 7440

I Y60 =0I518T580259597683D

1.995 ~0.56060695521565490D
2.030 -9.60303173810973270

2.590 =0, 1250726958981790U0 UL -

e
2940
—3,010=0165990V

ZoUES U 64 538TSBTRILTUBRD
2.100 -0.68764182803339200

2.135 -0,72976192106947230 0
2. T70 =0. TTI 715595708585 70

2.205 —0.813470356893544940
2.240 -0.85499458242934030
- ~U. BIZITEIT
24310 -0.93722464327046992D
2,345 ~0.97786747533502930

[} - .
00 ..
00 : ‘.

00 -

[+]] . -
00 . -

2.415 -0.10580556874090960
2.450 ~0.10975402693091820

o1 -
ot ‘e

o1 .

. =0 IT3557375597605 70
2.520 -0.1175141854878034D
2.555 -0.12132007193016340D

o1 .
o1 N
01 .

2.625 -0.12876%2713279 3000

ot -
01 .

2,660 ~D.13240705733859150
TTORUITY

2.730 -0.13749558147198800
24765 ~0.14294111903400640
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ITERATION 39 WITH Wﬁ

w Amplitude

0.0 0.$9999999999999300 0O
0,035 0.9997683200793443D 00

98

—————

= 3.5, (0, 1) MODE INPUT FUNCTION

. SSIN0GSIABBESES5TI0 00

6e105 0.99769786801467100 00
_0.140 0.99526440045033350 00
OIS UL9SA1E61859393256D7 00

0210 0.9916046908433997D0 00
0.245 0.983581705494388490 00
TUIZVU OIS 8905000V

SUTY3ITIE!
0.315 0,9811600279711094D0 00
0.350 0.975766519147955%30 00

UL 385 ULYTIVZTETS802TT4A60 00
0420 0.96562948974912980 00
0.45% 0.956089303558068580 00

TORYO T ULV SR TIES5Z 75590028000
0525 0.948104256%8119526D 00
0.5560 0.9410608312356161D 00
TSNS 0.YIISVITISTAS27TI90 U0
0:.630 0.92570041328132530 00
0665 0.91739409912610800 00

BYIgTIS2T9

UL ITU UL
0.735 0.85955809693375710
0.770 0.83500407804420324D

00
00

U805 U.BB0TIZE2ITTTTIBY3D
0.0840 0.856984047695175860
0.875 0.859171464558435670

00
00
00

0 <BABTIZISRUSTBTS5AU
0.945 0.83567325623663784D 00
0.980 0.82497814950131620 00

[e1¢]

15015 U R1287TB07335516507°00
1.050 0.80043985301682500 00
1.085 0.7876728%475859960 00

T 120 UL 77453552550706080 00
1.155 0.76118686579154940 00
1.180 0.74748£03161391710 00

Y225 VST73349238203338200 UU
1260 0.719215456166334540 [+14]
1.295 0.7C466499301675600 00

35330 U-58YBSUBEYTIS 500 00
1,765 0.867478314357546390 CO
1.4C0 0.65947202657577670 00
1.435 0.64392787267933860 00
1.470 0.528161174£0771760 00

e STS  UL5IZ18Z55%455%07350 UU
1540 0.59600275523661000 00
1.575 0.57963263251318610 00

1.610 0.56308314536855160 00
- . IESILBIANEHETD 00
1.680 0.52947038164088680 GO
1715 0.512466945399400250 00

T-150 0-%953133R220180350° 00
1.785 0.47803498305182350 0OC
1.820 0.46064416424058650 00

T 1855 0. 44315255654318652D0 D0
3.850 0.42557255929874420 00
1.925 0.40791474255713830 00

Y980 0239019092695 FAE120 700
1.995 0©0.37241263053028700 oo
2.030 0.35459136822901110 00

- SIETIBSRIATESELUD 00
2.1C0 0.31825593877582900 00
2.135 0.3009367074752692D0 00

.

<2RI1063564382530C0 00 -

2.2C5% 0.28524227728724330 00
2240 0.24740375821538620 00

- +22950205% 19425120 00
2.310 0.2118483416982213D 00
2345 0.19415371217574340 QQ

2:380'—0:1765291396b537!10"00”
2.415 0.15898561950313250 00
2450 0.14153386076319230_00

. - 5 TET33SI350 00
2.%20 0.10695833400836810 00
2.555 0.89835560629285300-01
2.5%90 0-72856552155939800—01 o
20625 0.56021&58248342810-0!

et e

- od 1
2.730 0.64783139909016130~02
2.765 -0.96822991384987990-02
2.800 -0.25651189165428670-01
2.835 -0.4141872016133576D~-01
2.!70'-o.ssnvsqvozrooaensn-ox

2.660 0.393502;;341567900—01
591242500

7:‘05‘=D:7231173797738?700:37—’7
20940 —0-614?4945[69169500—01
2.975 -0.102299808050839070 [+]o]
3,010 ~0.11603072283539410 00
3.045 -0.1313098211775€8890 00

-,

;i
|
|

[
{
1

ale

3.080 —0.145429456053013040 00
%115 ZU-159287232181605707 00
3.150 -0.1728609661268678D 00
3.185 —0.186]5873511116950 0o
3,220 —0.19916886206762350 00

3.25%5 -0.211834‘1*29848090 00
35250 =72 25300734 T52RID 00"
-0-2366103@637102[50 00
3,360 —0.245208253988°913D [+14]
3.395 -0.25968893983546649 00
3,430 ~0.270847326971130400 00
3485 -0.28167858001955140 00
3.5C0 ~0.29217213673626700 a0
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-+ ITERATION 40 WITH W, = 3.5, (0, 1) MODE INPUT FUNCTION

W

0.0 0.999999999%9999800
0.035 0.10000053317675810

Amplitude

929

(OO,

00
01

<OTT U.TGO0U2TABZTZIUSED
0.105 0.10000481662641710
0.140 0.,10000852097083320

01
ol
o1

OIS 0.1000113229853023807°01

0.210 0.10001890297320920
0.245 0.10002549117041810

o1
01

0280 UTUOGIZYI B4 TBIZUTD
0.315 0.10004117219479000
0.350 0.10005012255251470

(33
ol
0

_ 1
0,385 U Y00059 0 BYISASG3D O
0.420 0.100056982535297570 Ol
0.455 0.10008038378%39310 01

<490 UL T0009TZ7I05122350 01
0.525 0.10010237000202240

0’560 0.10011355543343550

D.5%5 0. T0012455432940520

0.630 0.10013564596552240

0.665 0.10016626208134530
<700 U. I001585870515%620 07

0.735 0.10016585806568270 01

0.770 0.10017450531642319 0O}

U805 0 TODIB21I521550265D701

0.840 0.10018361550087590 Ol

0.875 0.10019370564385060 01

o1
a1
oT
o1
o1

‘ﬂ-ﬂn-ﬂ-—ﬂ ot 20g of w0t 0 S O

J9T0 0. 100 19722587432050 01
0.945 0.10019897750553450 01
0.980 0.10019875014916900 01

15015 0. T0019633195678930° 01

1.050 0.1001915048679817D

ol
ol

1.€85 0.10018404586489170
1207 U100 G120
2155 0.10016031682724730
1.160 0.10014357834507560

[+29
o1
o1

152257 0.YT01232T180Y03770
1.260 0.10009915281975140
1.295 0.100070974903069%0

[*) §
ot
ol ~.,

. - IB&EBTTR1 78180
1365 0.1000014385014518D
1.4C0 0.99959571924097270
1.435 0.999126305631384040
1.47C 0.99880355431039370

()]
ol
[+1]
00
00

Y905 U.SYBUZAB8SEZRTISISTU
1.%40 0.9973875932704330D0
1.575 0.99668913765394100
1,610 0.99592685510284770

To€4S U 995098 TT2R533 7480
1.880 0.99420027290120980
1.715 0.9532307051499107)

ToT50 " 0.S92183578566532790 7

1.785
1.820

0.99106%900€5773550
0.989856545069331970

T ¥55  U.9BHSEZBSIBIGTIIAD
1.890 0.9572155411462222D
1.925 0.,98576097825846440
1.960 ° 0:98421664935904220
1.995 0.98258007003601760

2.030 0.98084878847285670

00
00
00

09 .
00 *
00 '

~ZJUES 09790203 8855750740
2.100 0.97709249296505700
2.135 0.9750627662096545D
2,170 ° ' 0.9729289176590198n
2,265 0.97068870452588340
2.240 0.96833993480034220

Le]Y)
00
00
oo
0o
00

e 275 U955BB0ATOTSE3INTIN
2.310 0.9563305822379440670
2.2A% 0.96062118826648650
2.380°°°0.95781738820920330

¢ 2.41% 0.95489493305238439
2.450 0.95185199465819150

14
00
oo

90—

(+]+]
00

~Z.AES U Y4B68581850200510
2.520 0.94539770819036970
2.955 0.94198306391333570
2.590 0.9384513488286111D
2.625 0.93677110937500300
2.660 0.93097097391269600

1Y
00
oc
op —
0o
00

i
]
|
H
|
H

I

s o elocoie s eleasleee
| eooleco|loac|lesalooos|ooosolesooscooeclesaloesfosajonciossioncjsssjossioeaes

95 UL 9270395548BETITIST 00
2.730 0.9229759509202124D 00
2.165 0.91877874B8R0851940 00
2.8C0 0.91444702545655370 00
2.825 0.90997984971278130 00
2.870 0.9053763A4412459630 00

oje e 0 00 oje 0o

~7-90% —U.900563%88550829200700
2.940 0.8957577120G0508210 00
2.975 0.839074131360546750 00
3.010 0.88558524450033640 00
3.045 0.83029215889725110 €0
3.080 0.87485881331650620 on

'1:115'—UIF5V28606769360VED“0U
3.150 0.86357388630296270 00
3.185 0.8577223390615757D 00
4,220 0.85173160153121080 00
3.25% 0.84560195642218300 00

'3:2‘0""0:!3931379378$‘CUQU”EU - —
3.325 0.83292761159294490 00 :

3.360 0.R263940141254105D 00
3,365 0.81970372225814800 [+]]

3430 ~0.81288755364291140 00
3.465 0.80593644278116770 00
9.5C0 0.7988514309957R61D 00
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W Amplitude

ITERATION 41 WITH W_ = 3.5, (0, 1) MODE INPUT FUNCTION

0.0 0.99999999759999300D
0,035 0,99985265235898480

<UT0 U973
0.103 0.89067540451158310
©.140 0.997564420803518370

0
00

00
00

. S YUSIZVTZSZ20930YS0
0.210 0.$94704750312033€0
0.245 0.99279724824716280

TEEITIO

00
00
00

Ue 280 U.9SUSYI35IT
0.315 0.988112385856073590
0.350 0.$3533782727013310

o0
00
00

TTUIIES T ULY0Z2TTIIITIBITID
0.420 0.97393273116496240
0455 0.91530601298400350

GO
00
00

TOLAYVOT ULYITITI3393629530
0.%25 ©.93721503792955850
0.560 0.952755595153775860

00
00
00

V595 U.9580235554TERB55D
0.630 0.95302205632945320

0.665 0.94775372660669100

U
00
00

65000

o . 23
0.735 0.93542961094274610
0.770 0.93038050756951100

00
00

UL E0S U9 ZRUTBUNITAUTIIED
0.840 0.9175260890718026D
0.875 0.9107283556180794D

1104
00
00

UYTU UL 03585895 TEIR VU
0.945 0.8954118433422582D
0.980 0.888%0147834354360

T UIS 0 88I152195938834207

‘14050 0.87319852710116920

LAY
00
00

00
00
00

s|® o 0|0 0 0je 0

1.085 0.86501512445584020
608

- -
1.155 0.84800832572576410
1.1S0 0.83919482164978100

Uu
00
00

—la22 -
1.260
1.295

0.82097315953061840D
0.81157553801285700

5055159330700

00
00

“—¥.330
1.365
1.400
1.435
1.470

U< BUIYY3TIZ2T5TY33I%V
0.79223379441937570
0.78230078341 148140
0.772200565746415720
0.76193890888313910

00
00
00
00
00 - -

b 3117
1.540

UL 75152165 7521083+0
0.74095472930502730
1.575 0.73024411051777140D
1.610 0.71939585171677150

UU
00
00
00

) PLEE) U< U3RIG0S3II3ATA02D
1.680 0.6973109112414161D
1.715 0.68508661228275280

—YLT50 0-51%7%9%2578021810700

1.785 0.£65330566501491520

00
00
00

00
00

1.820 0.65176167268763380
33LY

- - 35275560 00
1.890 0.62839850389923070 00

$.925 0.61659216287213930D

00

Y50 0. 505 711239988955307 00

1.995 0.592762196503885640

00
00

2.030 0.58075150363423910
—Z065U- 56868 553790248
2.1cC0 0.55657107696 170760

50 G0

00
00

2.135 0.54441429427022760D
. 253222Z17552529%1TD
2.2C5 0.5199999126431706D

00
00

2.240 0.50775520163859640 00

b 13
2345 0.47094785875670280

) 33TUE7YUU_UU_'_—_—"-——""—-
2:3]0 0.48322280262053220 00

O

0
——27310__07155575575075TWBSU—UU

¢ 2.415 0.4464120871280494D
2.450 0.43416378051910610

(1}
00

. 0=%2TY55 7985877105530
2.%520 0.40973727968121370

2.555 0.39157130714212980‘00

25 - G RIURTEVESTSD
2.625 0.371336402962852690
2.660 0.35613345744936491D

00 .
00
o ”
00
00

——2.895 0. 349356235 169299500
2.730 0.33745312245615090
2. 765 0.32561253256252560
2. 8000313
2.835 0-392[5952#87138280
2.870 0.29055300496129760

(44
00
00

B%5TE0894756207 0

00
00

) .
2.940 0.26763145\25538860
‘24915 0-25631680434200360
- - 4510T8985837038
3.045 0.23400966789264260
3.080 0.?2302640694201160
Y5358 12

U"?7VU¥F§TVZB25VSUU_UD

00

00 L

000

00
00

TD~ 00

- 5 O g

3.150 0.20]&26‘0906690000
3.18% 0.!90Bl76921&852760
3.220 0.18034247538291410
3.255 0.[7000496762567290

00
00
00
00 .

.790"’0:1373077?213lvouu;
3.325 0.14975928535847300
3.3¢0 0.‘3955889453177090
3365 0.]30]1\77555026010
!.K!u’—DTTZDSZTTVZE5SO)luu
3,465 0.111091&1356243720
3500 0.10182501084173990

00
00
[+]\]
00

Y
s o0 00
s s 000

TR )

ORI

UT
09
00

FIGURE 4.6H




. ITERATION 86 WITH W = 3.5, (0, 1)} MODE INPUT FUNCTION
W _ _Amplitude .. ...

0.0 0.99999999999999800 00
0035 0.99968164237874500 00

01 i

0200 0.992343ZTOTUSEI050 OV

U.385  0.93575550430196330700

V070~ ULONYS26832395242460 00
0.105 0.59893515864019330 00
0.140 0.99810753529274610 00

“T0.175 7 0.93704420139053490700 7

0.210 0.9957437230270114D0 00
0.245 0.99421278795529320 00

04315 0.9904469265174768D 00
0.350 0.93852159971817361D 00

0.420 0.98306405146677720 00
0.455 0.98014576273922730 00
0YTTODTZBIES2TV

- .
0.525 0.97363227018025080 00
0.560 0.9700405074808147D0 00

—0-595 0.985227883752230I0700

G630 0.96219642386307640 00
0.665 0.95794823595176540 00

—-T00 U.953%85559998352 000

0735 0.94881074116924010 00
0.770 0.94392623323671553 00

C.840 0.93353849838715626D 00
0.875 0.9280427053664808D 00

—D-805 " U.938834597073933207°00

VSIU 0922340 ITH5T65%030 U0

0.945 0.915645162371912200 00
€.980 0.91036637017812210 00

1.015 "0.50409149330033050 00

1.050 0.89763024551154730 00
1.085 0.8$998598201364200 00
ZI62T2B TS

<Te0™ U8B S T553130° 00
1.155 0.877162208567433240 00
1.190 0.86998982707351170 00

4 . -
] -
i 0
1 -
1 0
T . N
1 .
1 .
i 1 :
| .
1 .
1 .
.
1 0
. 1 .
1 .
| 4 g .
1 -
1- .
1 .
i | -
| I -
1 .
1 -
1 .
L 4 .
1 . -
. S | - 3
I B - il ety
-

1.225 0.B5254B589350113560 00
1.260 0.85515249986848113D 00
1.295 0.84747515510393700 00

Y330 UL 539550551 CIBIUT0D OO
1.365 0.83167269038803150 00
1.400 0.82354560009117400 00
1.435 0.81527340834847980 00
1,470 0.8C5686029592765310

00
3T05T3IVEYIIG 00

- .

1.540 0.78962832781539920 00
1.575 0.780818120710399C0 00
1.610 0.77188428426406600 00

e o 0ls e

- S T62831Z6a 13140800 00
1.680 0.753663569566624150 0C
1,715 0.74428572429532010 00

15756-"0-73500230912500550700°7

1.785 0.725517936528R6390 00
$1.820 0.71593725178555890 00

0 0o

1 655 0. 7062643294884311D 60

1.890 0,69650567292417000 00
1.625 0.686£6420599196770 00

sle o &

12860 0.6761452 7550656610700
1.995 0.66675364352461390 00
2.030 0.65669408378569570_00

<0 0.54557133958349870 00
2.160 0.63639037255545750 00
2.135 0.62615580937128730 00

2-17070.61587251322878410 00
2.205 0.60554528685925830 00

2.240 0.5951789274249523D0 00
—T15 T 0.5847 7822545070140 00
2.310 0.57434796077272730 00
2.345 0.56389289970516550 00
2.360 T0.553417792029436U0° 00
2.415 0.54292736800589810 00

2650 0.53242633551168110 00

<385 0.52191 9376605396007 00
2.520 0.5114111456279190D 00
2.55% 0.5009062653204334D 00
2.550 0.4906093244968346D 00
20625 0.4799248751375746D 00
2.66C 0.469457429627199290 €O

23.895  0.%5901 145803614560 00
2.730 0.44859138543309020 00
2.765 0.43820158925757050 00
2.8C0 0.42784639672696630 00
2.835 0.4175300822963689D 00
2.870 0.40725686516756580 (14

3,905 ~0.3370109068497 0530700
2.940 0.38685630877330100 00
2.975 0.37613710995928710 00
3.010 0.36667728474467680-00
3.045 0.35668074055640690 00
3.C80 0.3467513158048418D 00

e 00

!ZTIE'"6:3355@?17756311936'bb
3.150 0©.3271088202607663D 00
.3.185 0.3174030b241168250 00
3.220 0.307779046597321610 00
3.255 0.29824023388208260 00

3,250 0. 2%87900 gY%09551307 00"

3,325 0.27943166945938230 00
3,360 0.27016643293883290 00
3.395 0.26100342916146820 00
3.430 0.25163970151332370 00
9.465 0.242980204 73250570 00
_%.5C0 0.234127803B6551960 00

7"
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. ITERATION e
i 87 WITHW_ = 3.5, (0, 1) MODE INPUT FUNCTION

w Amplitude

0.0 0.99999995959999800
0.035 0.99988164237374900

010 BCB9TSIEEAZIGNIRIED

0.105 0.99693515864019330
0,140 0.99810753529274610
02175 "T0.99704420189053490
0.210 0.99574372302701160
0.245 0.99421278795529820

00
00

102

S—— e

00
Qo0
oc

00 o
0o
00

€280 U.9323%62T0TCSBT05D
0.315 0.99044692565174763D
9.350 0.98821599718173810
0.385 T 079B575450430196330
0.420 0.98306405146677720
0.455 0.98014576273922730

00
<9TIU01281 65210000 00

00
00
00

00—

00

0.525 0.97356322701802508D 00

€.560 0.9700405074808147D

02555 TDJ96822788875223010°

€830 0.956219652385307640
0.665 0.95794823594178540

00

o=

oo
00

- . 555999835270
0,735 0.94881074116924010
0.770 0.94392623328671550
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. . .iT.E . . - . . e - . - “ . - P
| RATION O WITH W, = 1.0 AND (0, 2) MODE AS
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ITERATION 1 WITH Wm'

w Amplitude
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= 1.0 AND (0, 2) MODE AS INPUT FUNCTION
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W
0.0

Amplitude -

. . TTERATION 2 WITH W, = 1.0 AND (0, 2) MODE AS INPUT FUNCTION
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w Amplitude
0.0 0.99%9999929599%8CD 00
Q.010 ©:9999955744034756D 00

ITERATION 3 WITH W, = 1.0 AND (0, 2) MODE AS INPUT FUNCTION
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0088 0.99571999Z752T0530 0T
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0.100 049$955966032119060 00
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0.15C 0.95898715410939210 00
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0.200 029981444954 7120750700
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0.61C 19 !
0.62C 7 0.9719441457616004D 00
0.63C G.970654401817529C70 00

0.64C  0.9693200982569551D CO

0.97319041457395400 00

0.65C 0.95794013593205620 00
0.660 0.9665134C175029960 00
€.67C 0.965038768528C6740 00

0,680 0.9563515C9519294110 00"~

0.69C 0.96194122692953210 CO
_0.70C__0:95031599532964370 0U

0.71C 0.95863321853833390° 00
0.72C 0.95090070140962970 00
0.73C 0.95512023565825770 0C
0.74C 0.953277600015434830 00
0.75C 0.951327756038009250 OC
CaZ6L 0.94941487000784420 00
0.77C 0.94740028961175530 00
6.78C 0.94532048158474360 00
0.79C 0.94317824013351150 0¢
D.80C 0.94097223145187330 00
0.81C 0.938701153885360640 00
0.82C 0.9363536381034004D GO
0.83C 0.93395850326395540 09
0.84C 0.931484257210721%0 00
0+95C 0.92893959659791100 0V
0.86C 0.92632315711565820 0V
0.87C 0.92363356364233520 0C
0.88C ©.92086943042451470 0OC
0.89C 0.91802936127724180 0C
€.50C 0.9151119497260950D C0
Co91C 0,91211577923055030 GO
€.92C 0.909039423343904C0 LU
€.93C 0.90588144592092190 €0
0.94C ~ 0.902630401295146C0 00
0.95C 0.89931483443372350 GO
C.96C 0.89590328120781950 0C
€497C 0.89240426845964370 00
" 0.98C 0.B8381631645476530 CV
€.990 0.88513792865010660 00
8.COC 0.8931387612250%445D 0C
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- ITERATION 4 WITH W_

W

vel
0.01C
Q.02C
CeCot
C.Cal
€.05C
C.CoC
C.02C
Q.CoC
G.GSC
vellL
G.11¢L
Cel2C
Q0.13C
Qe 14C
0.15¢C
Celol
0.11¢C
C.l8C
C.1SC
0.2uC
C.21C
C.22¢
0.23C
CedsC
0.25C
0.20C
0.27¢C
Ue28C
€.25C
0.3CL
0.31¢C
0o 340
0.33¢C
GCe 340
GC.35C
Ue 306C
Ce31C
C.38L
Ce35%¢C
0.4CC
CeblC
Ve 20y
Ca43C
Ve &6l
0.45¢L
Vo4t
CoblC
Cebdl
wvednC
Ce5CC
UaS1lC
ga52¢C
Ced3C
[\ PR 114
Ced5C
Ce56C
Ce57C
GedbL
- Ve35C
C.0CC
Genlt
C.02C
C.03C
Ceb4L
C.65C
G. 600
Ge.o7C
Ce08L
C.85C
C.TuC
0.71C
C.72C
V.73L
Qo Tel
C.75C
Ve ToC
C.77¢C
U T8l
‘WeIuL
C.3¢CC
Cebll
CebeC
0.03C
e tiel
LebOL
Ce0OL
4.817C
veooC
GabYL
wesCC
‘CeSll
[ 739
CewilL
Lol
LeSYL
[ 12
Cavwitl
weWbL

Ce¥YL

Lecur

Amplitud

U F99999539%999940L0
099598 718008992070
0.99995104C96436770
Ce949v8d Jobs43T350CL
0.99y+30411353212010
Ca99909403264809251C
0.99955542672480550
UaY9940036291322¢40
0.999210684890367250
0999008893 7011568L
Ve9%07265CT ¢5T0 7440
04963519T037153400
0.95023849020008010
C.59793264535180450
Qe99700290277929620
0.99724855874649910
Ve9%0086%370 Tus536C)
V95545065760 T07130D
0.95003953%09953330
Ce96558793636212550
Q9551120 7108393950
V.954061196357130025u
0.954087651069590240
Ce95353%14LY3020060
0.99290648130271230
Ce99236468323357240D
0.991740731+9503210
Jeyw110382827928620
C«990434 79390264330
U.9897417718:354350
0.909024776 34050570
0.98328384269024710
Ce9875190UT445%652020
0.9807303C831u40l20
0.95591774616394010L
0-93508161505[2[620
0.98422142218445850
0e983337667939593060
C.98243025525369100
Ce95149923002224330
0.980544633U96424930
V.9 1956652520025 1V
C.973506940327057T0
0.9715394932539513%0
S.9734915523Lu599C0
CoQ9154195513T04061 10
0.974325032310825080
0.91320666901Y36080
Ce?T2C653506%229250
C.97052U% 1034505900
U971 342931701160
0.%505C2v4ueillodav
0.9072695331u8310L00
C.9b601322864450350
0.9&«7)nl15)5551470
0.90343232512339500
0.90210[&52&5&G0u10

*C.900760 73655 T914CC

G.9>954101233057C§u
0.95799852 13045880
6.950566l699323935u
0.955[*1469,»423690
6.9535682¥516£29140
0.952200692180372030
0.950163~184J3931b0
O.96)l71obovl£ll£bu
0.9475305:1!308«160
O.ﬂkbCocbsuuolbldko
0.9&«40?009@8950:20
0.9«16)05u96°9915u0
G.941‘218i82920«:90
0.939:656[00nd95660
0.93700782$79265620
O.QJoXOGbOJhUdaUhAD
0.°3ﬁ~6803793l9£9bc
0.932120111:301J00u
0.?30#6326315[89350
0.92911*[!0!1109250
0-92131402056!41090
o.uz&shuuloOhilbaSO
0.925101!1’361167&0
0.9115):00[!6237710
u.9l49u55a:c042bluu
u.?kdd!bbl)n«Schlu
O-Glcl01)dstdhll210
0.91&1517obsb071950
0-9[![&19[0:5043(50
u.Q\Ulwlal~l5uldJ~J
0.*00[3'!3[}120[540

'0.930[570«506315\‘5
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"1.0 AND (0, 2) MODE AS

INPUT FUNCTION
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TION 18 WITH W, = 1.0 AND (0, 2) MODE AS INPUT FUNCTION |

W Amplitude
0.0  0.99999999999999800 00
0-010 0.99593776021899210 00

lo8

[ )

0,020 0.99595104158150400 U0
0.030 0.99988984560410380 00
0.040 0.9998041756142795D_00

0.050 0.999694035750252807 00
2'332 0.99955943146071180 00

0.99940036940447680 00
0.08C

0.99921685745008450 90
0.09C 0.999008904675301C0 00
0.100

)a100 _0.998776521366556C0 00
0.110 0.95851971901830520 00
0.12C 0.99823851033231720 00
0.13¢ 0.9979329092163833D 00

0.14C 0.99760293078595590 00
0.150 0.99724859135820740 00
‘0160 0.95686990845601920 00

0.95646690080439330 00
0.18C 0.95603958832978920 00
0.19C 0.99558799215888740 00

Q.10 08043931

0.20C 0.9951120L3461727750 VO
0.21C 0.99461203922807320 00
02220 __0.99408773071045050 00
0.23C "0,99353423497811510 00~
00240 0.99296657913769310 00
0.250 0.99236979148704920 00

€.26C 0.9911489015135296D 0C
04270 C.99110393985213460 00
0.28C _ 0,95043493848301120 00
0,296 ~0.98974193033247990 00
0.30C 0.989024949604982%0 00
0.310 0.93828403183696100 00

©.320 0.98751921358165680 00
0.330 0.986730532507%4640 00

0.340_ 0.9859180275954966D 00

0.350 0.98508173894235130 00
6.36C 0.98422170783244460 00
0.370 0.98333797668554010 00

0.380 0.98243050891C410140 ouv
£.39C 0.98149953984553950 00
0.40C 0.923054502482468730 -1}
0.410 0.97956694111045390 o0
0.420 0.97856538692340510 00

C. 430 B9V T5%0% 1163253470 00
0440 0.97649206575223770 00
0.45C 0.97542040093919710D o1}
0.46C 0a9743254695831756D 00

k10 0,973201326833 15640700
0.48C 0.97206602653695420 00
0.49C 0.97090162529190270_ 00
o500 0.969114130417277007 00
0.510 0.96850375035379360 0G
0.520 0-95727039466056330 00

0.53C <9060
0.540 0.96413515019[35410
£.550 _0.963433346€9220370
0.56C 0.9621009457091960D
0.517C 0.9607.169#13089670
0.680 0.9593922915b510330

G1% 174011504000

0
00
0o

[+ ]))
Qo
00

0590 0.9580002232753[5LD
$.600 0.95653573963401670
0.610 0.95514891609350330

0.eéﬁ"‘ﬁ?@sftaqnzjtazsezzd

0.63C 0.95220853250461760
D.6468 0.95070511673280680

00
g0—

00
00

00
00

0,650 0.9491 7364960546780 00

0.65C 0.94163220592168610
0,610 0.94606286153647290

‘o.caé‘"h:ﬁhiaiIE#IBSEZEL!U’

0.69C 0.94285877933415620
8.300 0.94122419846494340
0.710 0.93456803076041280
8.720 0.93789035734431950
0.730 0.93619126024740180

D740 0.934410822602317 D"

0.750 0.93272912853851500

Q0

00 .
[
00

1
'

“‘ll%..l.‘l'l.l.ll.l
; 0o.ocnl.ll.0000!.....0.00.!00...000.0.
i .

|
|

i

s 90

0.760 0.93096626315705160

0,770 02929182312712533660
0.780 0.92737736427182610
0-790 0.92555150598064950
btibf"029237u¥32595618010
0,810 0.92183741740754450
0.8280 0.9199493683430679D

- - 0XO7TTIBGR66T
0.840 0)916!1!121012[9360
0.850 0.91616230018161890

-850 5-7[219263314957340
0.870 0&910202787006916&0

¢ s{e 0o 00 0 0|e 0

0.680 0.90819286521338710 00
3 Y7%55TRUIZD U

V-89 <905

0.900 0-90Q11320477601150 [+]]
04910 0.90204365850916170 00
02920 0.89995‘43633291720 oc

.
.
.
.
.

093G '0.89T04563973394150 00
. - 37110693150 00
0,958 0.89356973374839300 00
04958 0.89140283185032470 00
0,970 0.88921677049377070 00
©.98C 0.83 2564243140 00
©.990 ©.834787524136 1304D GO
3.008 o,gggggabgspngzzoo oo

.
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‘ 109 } i

+ ITERATION 19 WITH W_ = 1.0 AND (0. 2) MODE AS INPUT FUNCTION

g‘."gm o o IRIAENAS ) oo

0.99528 7402169921002
0.020 0.9999510414315038D 00
0.038 0.9998898456041033D 00
—0.040__0.99980417561627S9D_00
0.050 0.99956940357502523D 00
0.060 0.99955943144607116D 00
0. 0.9995001695044 7646000
0.080 0.99921685745005450 00 .
0.098 0.999008%046753007D 00 .
1R77652136655600_00,
0.110 0.9585197190183050D0 00
0.120 0.9982385103323170D 00
—D0a230 _0.997932909216R8330_00
04140 0.99760293078595570 00
0.150 0.99724859135820710 00
160__0.9569429084560192D_00
0.170 0.9964669C08043929D0 00
*Qe18C 0.9%60395883297889D 00
SAT221S888240_00
0.200 0.99511213461727770 00
0.210 0.9946120392280730D 00
—0.220 _0.99408773071045030_00
0.23C 0.9935392349781151D0 00
0.240 0.99294657913769310 00
99235973914870492D 00,
0.260 0.99174890151352%8D0 00
0.27C 0.99110393939213440 00
—D.280__0.990%43159384836110D_00.
8.290 0.9897419303224799D0 00
0,300 0.98%02494966498270 00
07D _00
8320 0.9375192135818568D 00
0.330 0.9867305325C74464D 00
4 59180225954968D_Q0Q
0.350 0.9850817389473516D0 00
0.360 0.9842217078324446D0 00
-—f2370  0.9833379766855338D 00
0.380 0.98243058910410140 00
D.390 0.9814995398455893D 00
0.400 0,98054502%82468710 00
0.410 . 0.9795669411204534D 00
0,420 _0.978%6533492140670_00
0,430 0.97754041163253470 00
0440 0.9764%920657522375D0 00
0.45C 0.9754204007351955D 00
B.660 _ 0.9743256£998912520_00
0.47C 0.97320732568337464D 00
Q.4B0 0.97206602653569538D 00
—0.480..0.92090162529130240_00
0.500 0.9697141204172763D 00
0«510 0.96850375035375340 00
Q562272039484 088330_00
0.53C 0.9660141740115042D 00
0.540 0.96473515019138430 00
—0.550..0.96343333609220350 .00
0560 0.96210894570919660 00 .
0.570 '0.96076189%136895620 00 . .
—D.8R0 N.852319228754510330_00
0.590 0.95800022327481500 00
0.600 0.95658573963401690 00 .
—0.610_0.9551489314602350330 00
046208 0.95368982318256230 00
0.630 0.9522085325046174D 00
0.640 _0.95020511623280640_00
0.65C 0.949179564960548738D 00
0.660 0.94763220592168590 00
D620 D.946062861536467340._00,
0.680 0.94447169335028080 00
o 0.69C 0.942858779334156C0 00
—0a20C.. 0.9412241994£694340 00
0.71C 0.93956803078041260 00
0.720 0.9378903573443197D0 00
0.230..0.9361912402424016D.00 ..
0.740 0.9344708226023170D0 00
0.75C 0.93272912853851500 00
0.2760_0.93096626319205140_ 00
0.77C 0.92918231272533660 00
0.780 0.92737736427182590 00
0.19C . 0.925551505580649230 00
0.8C0 0.92370482668618070 00
0.810 0.92183741740754450 00
0820 0.919949348363061S0_020
0.830 0.91804077186466950 00
. 0«840 0.91611172101219380 [+]]
0.85C .0.91451623097876785D._00
0.86C 0.91219263314957840 00
0.870 0.91020278700591620 00
0,880 0.908192146821332770_00
0.890 0.905162974546140320 00
0.908 0.90411320677607780 00
0.91C 0.902043653509156150 00
0.92¢ 0.89995463633291720 00
0,930 0.8 1£3973394130 00
0.54C 0.89571737110693140 00
0.95C 0.89356973374839780 00 ]
0.96C 0.3914028318503239D 00 ,
. £uS1C _0.98921677049371050. L0 -
0.98C 0.887011655646243160 00 . . .
€.99C 0.88478759413561302C 00 .. .
1.C0C 0.8825446935342727D 00
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\

110

'

P SN
i
!

ITERATION O WITH wn'l - 3.5, (0, 2) MODE INPUT FUNCTION

W Ampli
0.0 0.99e999J399%;¥g§%9 00
U035 BYYTZATZBY221E5507 0
0.070 0.996986520634557C0 00
0.1€5 0.9$317970383406160 00
- 931837889309 03300 00
0.175 ©.9811003601957%21D 00
0.210 0.9728274207543915D_00
TOLZAS  ULYE3UIIVETSISUTIND OO
. 0.280 0.95189962131G41000 00
0.31% ©.93927856503009160 00
VIS0 0.92525956331 00558000
0.385 0.90983835681692850 00
0.420 0.89307265290304880 00
0-X55 V. §7%9530B¥3I73I3500 00

T

T

1

1

| 4

1

1

T

g

1

1

1

= 1

0.490 0.85560269280768000 00 :

0.525 0,034966948505694170 00 1

- =8T3IIIT47453954500 00 1
0.595 0.790039334524136770 00 . . 1 .

. 1

1

|

1

1

1

1

1

1

1

T

1

1

T

1

1

T

1

1

1

0.630 0.76591831213527300 00
U655 0.7A0653481 28973760 00
0.700 0.T1436589417566540 00
0.735 0.6370747432842989D0 00
—O.TTI0 U.55883T31215576T107 00
0.805 0.62971891289677320 00 .-
0.840 0.599762320956354700 00

. - 0777222310 OV
0.910 0.53753007072205480 00
0.945 0.50547316100326160 00

~B.9B0 0.AT277I90917157130700
1.015 0.43954034858925480 00
1.050 0.40584403680956590 00

§5 U 3TLTRYIT5UUEZSIEU

- - 00
1.120 0.33732652552410510 00
1.155 0.30264332765071960_ 00

YISO UL Z6TTTI2a70IUTI90 00
1.225 0.23278211151078060 00
1.260 0.197748975335617650 00

339T 00

"~

- - 1
1.330 0.127845691800637830 00 .
1.365 0.93128146060275000-01 . {
1.4C0 0.5866%5450207343900-01 1
1,435 ~ 0,2453547118733452D-01 Lottt o T 1
Y& 10 =0.vI838955253652980-02
1.5C5 =0.42417595809275640~01 - -
1.540 ~0.75085515142646500-01 : X .
2.575 -0.10711057540074010 00 .
T-610 —=0.138414833573866470 00 0
1645 —0.16892038033455040 00 .
1.680 —0.1985%943862736670 00 -
‘o,Ts_:3722122‘132763?@505"0D_ g 0
1.750 -0.25486323721441300 00 .
. 1.785 ~0.28140397541345634D 00 i .

Y. 620 <0.30675541830C23250 00 .
1.855 ~0.33084693257995470 00 .
1.850 -0.35360360841377410 00 . e
¥.925 —0.374951354 71261700 00 ) .
1.960 ~0.39481700564628823D 00 o e
1.995 ~0.41312839640375590 00 -

o

2.065 —0.44480550168995670 00 .
2.100 ~0.45803261266441670 a0 .
F. 135 —0.469428942 14124280 00
2.170 -0.47892870011704500 [+]]
2.205 —0.486467758285192380 00
3970 00

2.275 —0.49541562023175830 00
2.310 —0.4967047757122628D 00
T35 —0.495794 101645500607 00" —
2.380 ~0.49262857478180350 00
2.415 -0.48715523519231160 1]
. =0. $071620820 00
2.485 ~0.46903404528470590 00
2.520 -0.45639127631419810 00 o
3 X5 B AATI0CH 1508517850 00 - .
2.590 -0.42347160182627350 00 .
2.625 —0.40316409854474570 00 -
—2.660 —0.38024195368165410 00 : A
2.655 ~0.35667127145213980 00 . B .
2,730 —0.32642080837393940 00 : .
765 —0- 2354620471281 8160 00 : .
2.800 -0.26176923747638250 00 ) o . 1
2.835 —0.22531944629952910_00 : o s
—Z.¥70 =0.18505260265812790 00 : < T
2.905 -0.14407153982513750 00 B . . e 1
. 22940 ~0.99242034238810900-01 - }
L d
t

R R

STTERTS =0L5 133 5341327157T11D-01 - - .
3.010 -0.11157281618024580-02 .

3.045 0.52194497109791310-01

G5339959077126250 00

- -

3.115 O.

3.150 0.2271296211061€06D 00

3.185 0.29376254461725070 00

3.220 0.3612031226409862D 0o
5

16731969217465500 00

3.325 0.58027012600003220 00 Ve
3.360 0.65879988570781030 00
—¥. 395 0. 745005330556573345D 00
3.430 0.823971134098935C0 0o
3.465 0.910550985284224550 00
3.5000.5397473572502033D 00

i

1

]

1

1

—35T55 0N 5 : - 1
3.290 0.50448013452497340 00 ) ' . : .

1

T

1]

1

1




111 ! gl
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ITERATION 1 WITH W_ = 3.5, (0, 2) MODE INPUT FUNCTION , it

' ) i gy

w Amplitude ;
0.0 0.999999999%9%99800 00

<035 0.999241289221%3%510 00 :
ety :
o0 eaT00 8693089253000 .

0.175 0.981100346019550850 00 :

1
2
t
1
;
0.210  0.97282942074453030 00 ' .

TT0.285  0.933039NETSTATISID 00 g
0.280 0.9518996213059395D 00 1
0.315_ 0.93927856588031440 00 » 1

T0L350 0.9252%986340635230700 L]
0.385 0.90983835681607100 00 t
0,420 0.29307265290205070 00 1

k55 0.BI%980ETITITSSI0 00 — 1
0.4S0 (0.85560269280630820 00 1
0.525 0.83496694850537760 00 t

0S80 0. B3I IT4TLS 219006 00 1
0.585 0.79008334523940040 00 1
C.£30_ 0.78591831213307990 00 1

—0.6550.Y4066348126733730 00 - 1 -

1 .
1
1
1
1
1]
1
1
T
]
1
1 4
1
1
T
t
1
| §
1
1
1
1

0.7C0 0.7143653841729970D0 00

0.735 0.6870747432813886D0 009

6,770 0.6%88413121665881D 00 """
0.8C5 0.6297189128933473D 00

0.840 0.59976282095985790 00

- - 2

C.910 0,.53758007071780330 00

0.$45 0.50547316059872700 00

0.980 0.47277190916714820°00

1,015 0.43954034858415420 00

1.050 0.4058450358041724D 00
085 0.3

. ITTTE95 7500057990 00
1.120 0.33732652551€612720 00
1.155 0.30264332764446620 00
1.150 0.2677712116945250700
1.225 0.223276211150395180 00
1.260 0.19774897542906530 00

~1:29% 0L 1627555 7595294850 00 B
1330 0.12784661799871690 00
1.365 0.93128145052344900-01
1.400 0,58665650199153310-01 =
1.6435 0.2453547117838796P-01
TR TC =U.9TEEE9543% 05R2Z90=02 r
1.5C5 -0.4261759581820195n-01 ol
1.540 -0.75085515151802100-01 . 1
1.575 -0.1€711057541C10930 00 o
1.610 -0.1384148336032375D°00° o PR
1.64%5 —0.16892038034431%90 Q0 e« 1
1,680 ~0.19854543A53731690 00 S . 1
1.715 -0.22722446277341650 00O T . T
1.75C -0.25486921722469190 00 . ’ : . 1
1.785 -0.28140397542387370 00 . - 1
1.820 -0.30675541A3192263n 00 . Y
1.855 -0.33084693259061570 00 : . :
1
1
1
T
1
1
|

1.850 ~0.3%360360842452950 00 i ) .
1.925 =N.37495135672344770 00 " .
1.960 -0.394817C0565377540 00 .
1.955 —0.41312839641469410 00 . .
2.030 ~0.429R1447812228270 00
2.065 -0.44480560170093010 00
2.1C0 —0.45803261267527790 00
2.135 -0.4£942894275817630 00
2.17C ~-0.47892870012793230 00
2.205 —0.4864677582960090D 00
2.240 -0.4919A364345967510 00
2.275 -0.49541562024238750 00
2.310 -0.47670472572276390 00
2,245 ~0.49579410165575800 00
2.38C ~0.4926285747919993N 00
2.41% -0.4RT715523520232200 on . .
2.450 ~0.4793232625175352N 00 -
20485 —0.46903404999429220 00 :
2.520 —0.45629127632356220 00
2.555 ~0.4412n009 7509426510 00 ]
2.560 -n.4?347160183507990 ne . K
2.€25 —0.40316609855325890 00 i it e
2.660 =0.180241955695R9600 00 S T
20665 =0.35467127146000720 00 i .
20730 -0.32642CR08IR16634D 00 ) .
2765 —0.20546204713534720 0N R i B .
2.200 -0.2617692374031664N 00 . -
20035 —0,22531944630592627 on
T 2.27C -0.12609260266411370 00

2.5C5 -0.1460715392307170% nn
2540 ~0.982420342431561900-01 A
2.575 —0.ﬂls°7°‘111?’7ﬂﬂ3"-01 d ) - ) .
3.C12 -0.]1[51?“lb60614760—0? -, ..
¥.045 0.521964971055F V2 IN-01 !
1.€80 0.11833095607182150 ac !
3,115 0.16731969217193250 00 '
. P50 A, 229120621 10379740 nn !
3195 0,201742%6481533200 nn R ' |
2,220 £, 36120412263485260 A0 ! - s

|

1

A

1

!

.

L

e e e ———

9.25%5 0.6316G2RCAPVILTER €7
2,260 f.6764aN1 3452650730 0N
3.372% A.%4027C1 240500600 00
a3er  D.65970033870230807 7
w168 A, 7400433050081 707 e
3,47°C n.l’;t)f[]'u.ln‘)‘l"L‘\" an o
LY ALH{N65/986844]1 4407 Y
LI o F,Juu?b"(??ﬂ“&h%“ ne
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. ITERATION 6 WITH Wp = 3.5, (0, 2) -MODE INPUT FUNCTION

W Amplitude

0.0 0.999999999599998¢(0 00

U035 ULYIYII022TI2T50TIT VO
0.070 0.9969522512171154D 00
0.10% 0.9931701857795753D 00

| TOSTA0TOLSBTBTO8REIITSEALODTO0
0.175 0,%8107377117S7276D 00
0.210 0.972791204005616810 00

[ T

<285 0. %5303BOT7S0III 7620700
0.280 0.9518320032261775D0 GO
0.315 0.93919323431567140 00
U350 0.92513%85687508220700
0.385 0.9C971175435276680 00
0.420 0.89292257803388510 00

- SBIRBOTTIIZITVAI30 QU
0.490 0.85540024197121980 00
0.525 0.8347357030457136D 00

“0.5560° " 0TB128520%83521 1380 80

0.595 0.78978956837198040 00

0.630 0,76559093013003150 00
. . &

0.700 O0.7139671291685%29D0 00

0.735 0.62663826329849660 00

V. T70 0. 8585855721 17950° €0
0.805 0.629203423159295660 00
0.840 0.%99206208856878900 00

U. 8715 U.SEBRITSIRTIYEBIS0 U0
€.910 0.52693843257595690 00
04945 0.50478780917216550 00

0.980 - D 4720%217436769120 00° 7~

1.015 0.43876566306161270 00
1.050 0.40502393867335223n 00

YL.UBS 0. 37083%102738d8270 00U
1.120 0.33641463172654080 00
1.155 0.30163527327615210 O

0
1,190 7026676636583 37R5307007

1225 0.2317317690665683D0 00
1.260 0.19665273480694770 00

YL 295 U.18I803IBS527255320° U0
1.330 0.12565995650089050 00
1.365 0.91896599177718000-01
1.4C0 0.57389935551259160-01
1.435 0.2321690433356000D-01

TYLATT =0. Y05454542 1452408001
1.5€5 -0.43819505327237060-01
1540 -0.76527411538219200-01
1.575 -0-1055;}17223697250 00

9

- -0. ZYZTT6T16

1.645 -0.17047402819331190 00
1.680 -0,20013719229940550 00
1.715 ~0.22R8445465897421N 00
1.750 -0.25651875437160180 00
1.785 -0.28308290869871140_00

T 830 =0, 3¢846056310339%46BD 00
1.8055 -0.33257616973127560 00
1.890 =0.35535449785448180 00
12925 =0. 57672T4106076 9080 00 ™
1.960 ~0.39560362202210130 CO
1.965 ~0.414928860880°0720 00

3 BI0 =0.4I1625356575599240 €0
2.065 -0.44662497905178020 00
2.100 ~0.45985723994585060 00
2035 =0.47125547612450150 60~
2.170 -0.480753R94520631180 00
2.205 -0.4£928826875191969 00

=0. 562975 T723C0 00

2.275 ~0.49721634853620660 00
2.310 —0,49349022186973170 €3
27345 =0.4975505563840508D 00
2.380 ~0.4943722385765186D0 00
2.415 -0.486887223527628370 00

—F.450 —0.451003645600419850 00
2.485 ~0.4707357911578726D 00
2.920 ~0.45800427993401800 00
2.855% =0.4427710803043138D 00
2.590 ~0.4249945861635A190 00
2.625 —0.40463568197190140_ 00

T.580 =0.321657805RI451584D 00
2.695 -0.35602700380634320 00
2.730 -0.32771193677CH219D 00
2.765 <0.29668422612560290 00
2.8C0 -0.2629178999104546D 00
2.835 —0.22639005989619270 00

0. TB7OR0A067T575TD 00

2.905
2.949
2.975
3.010
3.049%
8

~0.14497225196295240 00
-0.10005105520677850 00
~0.52305459871588520-01
-0.17273259402830979-02
0.5168854056693348D-01

0-10794428135879680 00

3.115 0.167038R629637231D 00
3.150 0.22896825710613840 00
3.185 0.29372522446545040 00
9.220 0.3€12994CLRD05315D 00

3.290
3.325
3,360
3.395
3.430
3.485
3.5C0

- Z&T379530° U0
0.50484216039C85100 00
0.580775422736£810220 00
0.65945057393794510 00
0:7408447435984537D700
0.82492773050862770 00
0.91166£99062542070 00
0.10010269562981670 01




w Amplitude
. 0.0 0.9999999999399980D0 00

0.035 0.999191650380” “%6) 00

ITERATION 7 WITH W

- 3.5, (0, g)'MODE INPUT FUNCTION.

113

[T

:.g;g 8.29676806610034610 00
0.105_ 0.9927335391213621D_00
0407 0.9BT09568346154070 00

0«175 0.97986442632667040 00
0.210 0.97105299370719780 00

0.245  0.980671308455T0270 00
0.280. 0.94875653085645480 00
0.93531209573523760_00

0.315
023507 0C920360636071 83190760
0.385 0.9039534752356028D0 00
0.420 0.88609668979460450 00
. . [])
8.;;: g-lﬁ619209§34156500 00
. +82421785911139330 00
T0.360 b B0094905687238620 00
0.595 0.77642891703463230 00
0.630 0.75070315370373650 00

[+« 2

. - 9 80 00
0.7C0 0.65582970182277610 00
0.735 0.868678535133223300 00

0.7707 0. 63674192737240660 00

0.805 0.605756567575207950
0.840 0.57388R9497515691N

00
00

[ L]

- < 5412001375024062D0
€e910 0.50775358681089980
0945 0.4736145275054793D
02950 " 0.4388499914223156D
1.015 0.40352873003451360
1,050 0.36772112995675190
FTZ39126273

00

. . ST95%%80
1.120 0.2949351139141049D
1.155 0.2581068570184741D

‘121807 0.22108739661038290 00 ~

1.225 0.1839549564697275D
1.260 0.1467878474362522D

- - 7020893140 00
1.730 0.72667716756159100-01
1.265 ©.35875870446875340-01
1.400 -0.62849498550075460-03
1.435 -0.36762117533350280-01

N

PR EFPPRE PRURE P e e L L L L L L L L L Y P C T )

LE52599%4TATRO-01
o0

£.505 =0.10759176357763130
1.540 ~0.1621192529617472D
1575 ~0.17594414095101340
Y810 -0.20898278434830110
1.645 -0.24115157988391270
1.680 ~0.2723670704287059D
1,715 -0.30254605132235650
1.750 -0.331605676697C471D
1.785 =0.3594635656769207N
“Y-820 -0.3860379083335119D
1.855 ~0.41124757127762640
1.8%50 ~0.43501220276849920
1.925 -0.4572523372214520D
1.960 ~0.4778394989957524D
1.995 ~0.49684630534529020
“25030 -0.51404656841531190
2.065 —-0.52941539616950220
2.100 ~0.54287929213273430
2.1357-0.55436625383617420
2.170 -0.56380586995233180
2.205 -0.5711294153098851D
) !.216‘302576259945718546§0“b
2.275 -0.57916238941721370 00
2.310 -0,57974363727544130 00
22345720.57795263167241770 00
2.380 -0.57373045246845A0D 00
2.415 —0.56702040126878020 00
~WLR50 =0.53715680833228938D"
2.485 ~0.54552148710840570
2.520 ~0.53143106147907330
2.555 ~0.5162697902912104D
2.590 —-0.49633326642115880
2.62% —-0.4716397510897072D
2.85C =0, 44613026041176220
2.695 —0.41776860909258420
2.730 —0.38652148119521770
2.765 —0.35235848590672520
2.800 —0.31525221223364910
2.835 —0.2751782805612104D
2.670 —-0.23211539101261410
2.9C5 —0.18604536855245160
2.640 —0.136953204677089540 00
2.975 —N.8482709630777120n-01
3.C10 -0.29658479857500270-01
3.0645 0.28557536284348170-01
3.c80 0.B9R24144175716500-01
3.115 0.1541388117212591n 00
3,150 0.22149726173771190 00
3.18%5 0.25189145662170190 oC
3,220 0.36530997464522280 00
3,256 0.44173201990169020 00
3.290 0.52115739592016310
3.325 0.6035465125624992N
3.360 0,6R3680387012R798N
3,365 0.777130644466729440
3.430 0.86826553052406250
3,465 0.96224992127445500
3.500 0.10590453394R7535D

00

00
Q0
00
[+ 1]

60

g ——
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ITERATION 8 WITH W_ = 3.5, (0, 2) MODE INPUT FUNCTION |

W Amplitude

0.0 0.99999999999999800
0,035 0. 10001 843122162380

m

00

114

0.070 0.100073789561876220
0.105 0.10016581945926210
0.140 0.10029427476441820
0175 2.10045876966C81450
0.210 0,10065880888682360

o1
ol
01

ol
o1
ol

0.245 "0,1008%378843183080
0.280 0,1011629963207093D
0.315 0.1014656135377736N
0.350 0.1C1R007150901813D0
0.%5 0.10216727120940740
0.420 0.10256414868947390
0.455 0.106299011236039020
0.450 0,1034438266951231D
0.525 0,10392385754828320
€.560 0.10442867402451740
0.895 0.10495686504745100D
0.630 0.1055060686162778D
0.665 0.106075114977938070
€.7C0 0.10666190726945030
0.735 0.107264448850346000
C.77C 0.10783067934119770
0.8C5 0.10850845332507190
0.840 0.109145%4796665740

0.875 0.10978%8665935271207 017"
ol

€.910 0.11043843843012170
0.945 0.11108942830428430
0.980 0.11174013328382920
1.015 0.11238798927840740
1,050 0.11303037377952370
1.085 0.11366486093425894N
1.120 0.11428796714R76380
1.155 0.1148976706425466D
1150 0.11549089924083120
1,225 0.11606479210934870
1.260 0.11661645200194720
1.265 “O-TITTA294915R5926D
1.930 0.11764132525736930
1365 0.11810859741544470
1.4C0 0.11854176223614810
1.435 0,1189177993951952"

“TSRTC TO-T1929387R26295430°

1.5C5 0.11960635705741280D
1.540 0.11987279202314030
1.575 0.120089939131142760
17610 0. 12025475879672970
10645 0.12036422010455550
1.680 0.12041530506583620
‘1715 0.12040%01275323010
1.750 0.12033036373338100
1.785 10.120188404091°28070
12820 '0.11997620974495210
1.855 0.11969089061191070
1850 0.1193295547866564D
1.925 0.11888951267988140
1.960 0.11836798112924250
1.995 0.11776198747198720
2,030 0.01706917357535300
2.065 0.1162868338200C879
2.100 0.11541244903183640
2.135 0.11444353035743000
2.170 0.11337768307871230
2.2C5 0.1122125%036217290
2240 0.11094597293824399
2.275 0.10957569270649270
2.210 0.1080996562622109N
2.345 0.1065158683403466D
2.380 0.10482242511269270
2.415 0.10301751775296710
2.4%6 ~0.T0109943501C02360
2.485 0.990665668783213130
2.520 0.9691750726395641N
2.555 0.94650556933352020
2.590 0.92264726217558560
2625 0.89758737703499710
2.660 0.8713152873390701D
2.685 0.84382153817769430
2.730 0.R1509796913267800
2.765 0.78513723585293731
2.800 0.7539338303477C560
2.835 0.72148309997163610
2.670 0.5R178176507658890
2.905 0.65282783530706577
2.840 0.61662062651675640
2.975 0.5791607642859728N
3.010 0.5406502160209556N
3.045 0.50049228161732110
3.080 0.459291612671AS1L70
3.115 0.61685421822R84606N
3,150 0.2731A74710647400D
3,185 0.32830C11236910890
3.220 0.28220225521789320
3.255 0.234905386146493190
3,260 0.1864223€6549729400
3,325 0.1367674261522915"

[
ol
ol
ot T
o1
c1

01
ol
ol

ot - 7T

M

ot
() -
ol
ol
ot : o
ol
ot

oie o o]0 ¢ ojo @ @}e

o1
ol
o1l
ol

o1 e ——
01
)}

ol N L e een e e

o1
01

ol
ol
o1
o1
01

o T
ol
o1
ot
ot
ol
ol
(123
ot
01
]
ol
(2}
ol
ol

I HER IR IR R ] E

- eeiranTImes

2,360 0.85956170733129000-01
3.395 0.34005567301257320-01
3.430 ~0. 160€6C56473728070-01
3.46% —n.73213902066500100N-01

1.5¢0 -0.12849230195654290

oo

B3 ZE e

——— - N

PR {




 iTERAT : e . L e
A?ION 9 WITH Wm = 3.5, (0, 2).MODEAINPUT FUNCTION

w
0.0

Amplitude

0.99999999%97999300

00

V.035 0.355B88345255625050 00
0.070 0.999545856379313440 00
0.105 0.99897839273247200 00

V. Y40 0,958 8430495428350 00

0.175 0.99716397193679480 00

0.210 0.99591787084291020 00

P9

. .
6.280 0.99275080016450370 00
0.315 0.9908313107877866D 00

“—B.3%07 V. J8B6BYOY2EE9RT2TO O

6.385 0.98632490675504700 00
©6.420 0.98374009586350160 00
~3509357850281528N 00

-
€.450

———ee

0.97791328477020740

00

0.%525 0.97467400051375570_00
-00

8560 "

0.595
0.6130
0.7C0
0.735

EDILE

0.805
0.840

0.96755121608336740
0.96367102936426820

~0.971219446174023950 0

(1}
00

. 9595R0684589222)
0.95528208076893170
0.95077721198112100

"0.94606816597690250

0.94115712303177540
0.93604 635462210890
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CHAPTER 5

STUDIES ON THE PROBLEM OF HYPERESOLﬁTION

Using the computer program mentioned in section 3.6, an
investigation has been conducted into the design of hyperresolving
channels. The distributions at each plane of the channels were cal-
culated for positions S of the point source ranging froq 0 to 10
in steps of 1. These distributions were then analyzed to determine
the radius of the annulus or diaphram of the next iteration.

To design a single channél consisting of N lenses, it is
necessary to calculate N times 11 distributions. Many different
approaches to the problem have been attempted, corresponding to the
calculation of more than eight thousand distributions. A picture
of some of the computer output is shown in figure 5.1. Obviously, it
would be impossible to discuss all of this work within the space of this
thesis. Therefore, only two of the most successful cases are illustrated
and explained fully in this chapter. First however, some of the principles
used to study many of the cases are explained, and a list of some of
the more important cases are given.

In.order to establish the principle of hyperresolution, it is
necessary that the normalized total energy on the axis ent(O,S) as
defined in section 3.6, be negligible for stM where SM§_3.832

(the Rayleigh limit of resolution). This can be expressed mathematicallyA

as ent(O,S)_<__eM for S>SM. The smaller the chosen value of SM within



Figure 5.1 Photograph of portion of the computer output
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the Rayleigh limit and the smaller the value of ey? the better the

resolution of the hyperresolving system. We chose SM = 2.0 and ey = 0.05.
We consider this a reasonable goal for the definite establishment of
hyperresolution. SM = 2.0 corresponds approximately to one half of

the Rayleigh limit; the arbitrary choice ey = 0.05, corresponds to a

level which although slightly detectable, will not substantially

affect the resolution. Furthermore, the diffraction channel was expected
to have the characteristic that any additional cells would further
improve this energy condition, thus enabling the attainment of any desired
degree of resolution. The work reported here is an explanation of

the attempts to achieve this goal.

5.1 Comments on Calculated Distributions

After studying many cases, a number of observations were made:
(1) It was soon realized that on the optical axis the normalized total
energy is independent of the odd function since the odd function is
always zero on the axis. This simplified the problem considerably since
éhe odd functiop and the phase did not have to be considered. The

criterion for hyperresolution simplifies then, to making the normalized

even energy, ene(O,S) ey for SZSM'

(2) After a number of attempts, it was soon realized that it would be
much more difficult than originally thought to satisfy the requirements

for hyperresolution. It was found quite easy to make ene(O,S)f_0.0S
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for certain chosen domains of S, but to satisfy this condition for
all S>2.0 seemed very difficult, Indeed, it has not been possible
to find a solution using the original concept of a diffraction
channel. For the purpose of explanation, the domain of S may be

divided arbitrarily into three regions:

0<S<2.0 small values of S
2.0<S<6.0 intermediate values of S
$>6.0 "large values of S

This division, although arbitrary, is associated with certain practical
aspects of hyperresolution. The value S = 2.0,which divides the regions
of small and intermediate values of S, represents one half of the
Rayleigh limit of resolution. The region from S = 2.0 to S = 6.0
containing the Rayleigh limit of resolution S = 3.832, can be sub-
divided into two subregions. The subregion from S = 2.0 to S = 3.832
cannot be resolved by conventional optics, while the subregion from

S = 3.832 to S = 6.0 can only be resolved by extremely good optical
instruments. Thus, any improvement of the resolution in this region
of intermediate values of S is especially important. Finally, most
optical instruments have good resolution in the region of large value

of S, $>6.0.

(3) It was found that in every case, although the addition of the

first few cells might give an improvement in the energy characteristic
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of the channel, eventually the addition of further cells gave a de-

terioration of this characteristic.

(4) It was noticed that for small S, low ratios of ene(O,S) were
generally associated with a high degree of asymmetry of the patterns.-
This seemed to be reasonable because it is known from the theory of
modes (section 2.2), that the asymmetrical modes have a much higher
diffraction loss than the symmetrical modes.

After a most exhaustive s;udy revealed no change in observation
2, it was decided to find a suitable solution for small values of S only,
since the modulation function (MF) explained in section 2.12 may be
used to satisfy the required energy condition for cther values of S.
The theory and concepts used to find this type of solution are now

presented.

5.2 Iterated diffraction pattern with small S.
Suppose that for very small S, with n even, gne(x,¢,S) may be

expressed as,

-— - ' ]
g (X,0,8) = T (X,5) - cos 2 T e (X:8) 5.1



123

Then

2m A,
. 1 - iWX cos(4-9)
Zne1,e W08 = 57 | g, (X:0.5)e $-0)xaxdg 5.2
B
n
An 2q
_ 1 iWX cos(¢-6
= J I (%8 [3— J e (6-0dgyIxax 5.3
B o]
n
An 27
- 1 iWX cos (¢-6
J Kl (8) [ J cos 2¢ e ($-0) 34 Ixax
o]
Bn

By equations A3 and A4 of appendix A, equation 5.3 becomes,

t
n+1 e(W 0,S) n+1 e(w S) + cos 26 Tn+1’e(w,S)
" An
where _
n+1 e(W S) = J Pne(X,S) Jo(WX) XdX 5.4
B
n
A
n
n+1 e(W S) = J rne(X,S) JZ(WX)XdX
B
n
Similarly for n odd,
if _ ‘
g,e(W,0,8) = r (W,S) *+cos 20 T (VW,S) 5.5
Theh g ., (X9, )= T .1, e(x S) - cos 2¢ r1'1+1,e(x's)



where JAn

n+1 e(X S) = | Fne(N;S) JO(NX) WaW
B
n
A
n
n+1 e(X S) = J n+1 e(W}S) J, (WX)Waw
B
n

In the plane of the lens,
goe(X,S) = cos(XS cos ¢)

For very small S this becomes,

2.2

2
2 .2 2 2
2
Therefore,
S.2 2
roe(xas) =1 - (_)

S.2 2
Il (5,8) = X

Thus, upon successive iteration for small S, the even and
odd functions retain their same functional iform. They always have a
cosine of twice the angular coordinate dependency which is separated

from the X and S dependency. This form allows easier analysis of the

124

5.6

"~ 5.7

5.8



125

problem since,
(1) Separation of the X,¢, and S variables allows a solution independent
of S for small S.
(2) Any process used for hyperresolution in one plane can then be applied
to the next plane in a similar way.

Thé general equations 5.4, 5.5 and 5.6 can be applied to plane 1.

Using equations A5 and All of appendix A, and Bl of appendix B we obtain,

1
5.2 |2
T e,8) = J [1 - &7 x°] I Wx)xdx
o
1 5,2 1
r 08 = 7 Lym-x° [Lm- 5 L, 5.9
1
' i} S 2 |2
ry (W,8) = I 3 x° J,0xX
o
1 (52
rie(w’s) = 03 G) (L, (W) - L,(W)] 5.10‘

where the function Ln(w) ijs defined by equation Bl of appendix B.

These equations can also be derived by another process:

1 .
gle(w,e,s) = 5-[g1(w,e,5) + gl(W,e,—S)] from section 2.5
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J,(W,) J, (W)
.l‘ A1 + —l——z——-] from section 2.7
2 Wl Wz

1
Sl y [ L, Qgy) + Ll(Wz)] from equation Bl of appendix B

where W.= ,V/WZ + S2 + 2 WS cos ©

W,= Vfﬁz + S2 - 2 WS cos 6

Using the Taylor expansion, we have,

2qn ,n 2
[Aw) 1™ @A (09

2 2
Ae(W + A(Wi) ) =

g, (W,0,8) = 5.11
n=o0
where
2 2
A(Wl) = S + 2WS cos ©
ael) = % - 2uS cos 0

The result is,

1

g, (W,6,5) = 3L 00 - 5[4 cos”e L;(0 - (4 cos? -1) L] &*

4
_ 2 4 2 S
+ %2'[8 cos4eLl(W) - 12 cqsze (2 cos“e-1)L, (W)+(16cos 6-12cos,e+l)§3(w)](§9

+ "5.12
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816(1,0,8) = 3 (L, (0~ G710 - 31,01 53 %cos26lL, (0 -1,00]
+ %'7,-(%)4{905 4e[L1 (W) ~3L, (W) +2L3CW‘)+2L3(W)] +cosze[4Ll (W)-¢6LZCW)+2L3(W)]

+ 3L (W) - 3L,(W) + L3m)} 5.13

Thus again we obtain,

reMS) = 3 0,00 - @7 (L) - 7 L,MD
5.14
r1 (0,8 = -2 % [L,0 - 1,(0]

Equations 5.4, 5.5, 5.6, 5.8, 5.13 and 5.14 are the fundamental equations
used to search for a solution to the problem of hyperresolﬁtion for
small S. A few of the various criteria applied to these equations

are described in the next section.
5.3 Criteria for the radii of diaphrams or annuli.
Most of the criteria are applied only to gle(X,¢,S) and gZe(W,e,S),

since equations 5.4 and 5.5 permit a given process to be applied to

successive iterations. An explanation of the inapplicability of criteria
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1, 2 and 3 is given at the beginning of criterion 4. No cases are
discussed for criterions 1, 2 and 3 because of this inapplicability.

Criterion 1

Due to observation 4, the asymmetry of the diffraction patterns
for small S was considered to be very important. To improve the ratio
ene(O,S) for successive iterations, it.is essential that there be at
each plane a difference between the diffraction patterns for small S
and for S = 0. The degreé of asymmetry for small S is a definite
indication of this difference since the pattern for S = 0 is symmetrical.
Therefore, attempts were made to enhance tiis symmetry iteration by
iteration. In this way, it was hoped that it would become easier, at
.each successive iteration, to improve the energy characteristic.

A measure of this asymmetry is the difference between the even
amplitude for 6 = 0, n odd or ¢ = 0, n even and for 6= %3 n odd or
$ = Z n even: |

2
For small S,

1 T
5 [g,0,0,8) - g O, 5]

r! (4,8) n odd
5.15

1 Ll
5 [g,,(x,0,8) - g (X, 5,8)] = -T[ (X,S) n even

The function Pﬁe may be defined as the variation of angular even

amplitude for small S.
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As stated in section 2.9, the strongly diffracted light depends
on the amplitude at the diffracting edge. The criterion used was
based on the maximum variation of angular even amplitude at the
circular diffracting edge. The criterion corresponds to the maximum
variation of strongly diffracted light and also to angular deformation
of the iterated diffraction pattern even at short distapces from the

optical axis.

. 1 ,8.2
rjw,s) = -5 @ L - L,(W]

is a maximum for many values of W, for example, W = 3.611.
That is, a diaphram in plane 1 or radius A1 = 3.611 would give strongly

diffracted light having a maximum of variation.

Criterion 2

This condition was based on the variation of even amplitude with
S when 6= 0, n odd or ¢= 0, n even. The variation is given by the

differences,

gne(x:o:o) - gne(x:o,s) n even ¢ 1c

g, W;0,0) - g (W,0,5) n odd
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The difference is always proportional to (;92 as shown in the following

example.

g,,(0,0,0) = g, (0,0,8)=3 {L,00) = L, (0 + 3 * [41, W) ~3L,0 ]}

1 S,2
=7 &7 [ae, 0 -31,001]

As in criterion 1, attempts were made to make this variation a maximum‘

in order to enhance the difference between the pattern for S = 0 and for
small S. There are many values of W which will make this function have

a maximum variation and also many values of W which will make the function

have zero variation. Two of the maximum variations are given by

8.157. Two of the zero variations are given by

W=4.202 and W

W=2.300 and W 6.541

Criterion 3

This criterion, similar to criterion 2, was based on the variation

m

of even amplitude with S when 6= 5 , n odd or ¢= = , n even. The

N

variation is given by the difference,

n [ | g
gne(x,iao) - gne(X’§3S) n even

5.17

.l m
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For example,

3

g, (0.50) - g 18 = 3 G 1,0

L4

Two of the zero variations are given by W = 5.136 and W = 8.417,

one of the maximum variations is given by W = 6.380.

Criterion 4

It was discovered that the angular even amplitude rﬁ is

zero on the axis for all values of n and S since,

A

n N
' _ . )
I‘n-i-l_,eco’s) T J Pne(x,S) cho) XdX 0 n even
B
n
5.18
An
! ) = 1 =
The1,e(@S) J 1o (H,8) J,(0) WaW = 0 n odd
B
n

Therefore, the function %;'plays no role in determining the energy
characteristic on the axis; the enexrgy characteristic depends entirely
on the function rne under the conditions defined. This function is

equal to the ‘average angular even amplitude éne as defined by,
2m
g,0(X,9,8) d¢

1
g (X,6,8) = 5

o
2n

I [rne(X,S) - cos 2¢ Pﬁe(X,S)] dé
o

N =
Sy b

.1
.Fne(X,S) n even 5.19
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Similarly,

g (W,0,8) =T _(W,S) n odd.

Thus, although criteria 1,2, and 3 can be useful solutions at
points off axis, they cannot be successful solutions under the conditions
defined. .

One method of obtaining low values of ene(O,S) is to ensure that

the transmitted amplitude is everywhere smaller for small S

than for S = 0. That is, the parameters A.n and Bn are chosen such that,
gn(w,S) < gnCW;OJ for Bn SWEAh S small.

The criterion described hese optimizes this method. It is optimized when
the average angular even amplitude én on the circular diffracting edge
of the diaphram or annulus is a stationary function of S. This may be

seen in the following example:In plane 1,

g, (68 = L L -3 37 [Lm-31,m]
3 g 069 = - @ [1,0 - 71,M0] =0 5.20

There are many values of W which satisfy this equation: 3.054, 6.706,

9.969.... At these values, Ele(w,S) does not change with a small
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change in S as illustrated by figure 5.2. It can easily be seen

from this figure that,

gle(W;S) §_§16(W,0) in the domain 0<W<3.054

g,o08) > él’e(w,m in the domain 3.054<W<6.706

éle(w,S) < g, (W,0) in the domain 6.706<W<9.969

Thus, the stationary points define domains satisfying the conditions

g, (W.8) < g W0 and g (W5 > g (H0

This criterion is associated with the maximum gradient of the
amplitude on the optical axis for diffraction pattern 2. As indicated
in figure 5.2, there are maximum differences between the two functions
gze(O,S) and g2e(0,0) for W = 3.054 and 9.969; there is a minimum

difference for W = 6.706. This may be shown mathematically:

21 A A
=1 - 2
826(0:8) = 3¢ L J g;,(W,6,S) Wdwde J g, (W,5) Waw
51 !
&

£,.(0,S) 1 f L0 - (%)2 [, (0) -% L, (W) 13waw

2
1
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ﬁy equation B4 of appendix B this becomes,
‘g (0,8 = {-Lm+SDhLw-1Lmwmli 5.22
2e*? o 2 o 1 B :
1
The gradienf of gze(O,S) is given by,

A
-:ggZeCO,S) = s [ -1 ] . 5.23
B

1

The maximum gradient is given by the values W = A1 and W = B1 which makes
Lo(W) - Ll(W) a stationary function of W.

i.e.

d : -
W [LO(W) - Ll(W)] =0

‘By equation B3 of appendix B this becomes,

1 - .
Ly (0 4 5 L) =0 5.24

This equation is identical to equation 5.20 which is the condition
that éle(W;S) be a stationary function of S. Thus when éle(w,S)
is a stationary function of S, the gradient of gZe(O’S) is an extremum.

It will now be .shown for any order n, that the gradient of g, ¢o0,s)

+le
is an extremum when éne is a stationary function of S. This theorem will
be proved using the notation for n even.

For n even, the gradient of gn+1e(O,S) is given by,

A e
3.gn+1e(0,3) B J 1 agne(W,S)
B

9S

Wdw 5.25

1 %S



136

The maximum or minimum gradient is given by,

¢ A -
Ty [.3 gn+le(0’s):] ) 5 1 ] gne.(W,S)de )
oA 9S T - 3A 3S - a
1. 1 Bl
5.26
A .
] [ 3 gn+le(OMS)] - 9 I 1 ® gne(W,S)de =0
9B 8 3S -
1 3S 1 B1

Using Leibniz's formula for differentiating under the integral sign,

we obtain the same result for both of equations 5.26,

2 g (W,5)

=0 at W= A, and B1
2S

1
That 1is, éne is a stationary function of S at the circular diffracting
edge.

It is desirable to not only have a process which can be applied
repeatedly, but one which will also reduce the ratios ene(O,S) repeatedly.
The criterion: An and Bn chosen to maximize gne(O,S), is not a sufficient
condition to ensure that en+LE£O,S)< ene(O,S). Thus it is important to
also consider the even energy transmitted through the diaphram or
annulus in plane 1.

The criterion: éle(W,S) is a stationary function of S, is associated

with the maximum gradient of even energy transmitted through the diaphram



137

or annulus defined by Al and Bl' This is shown as follows:
The even energy Ele(W,S) may be calculated from the function

of luminous intensity IleCW;S) defined by,

I8 = |g w092 =3 Zm -+ &%l m - 1,m]

5.27
The even energy Ele(W;S) within a circle of radius W is,
W
_1 2 Sy2 1,2 o1
E; ,(W,S) = 7 I L] (W) wdw - (2) [Ll(W) > Ll(W)Lz(W)] Wdw.
o

By equation B5 of appendix B this becomes,

2 2
_ 1 2 W, 2 S.2 2. NS 0002
Ele(W,S) =7 {2-2L°(W)— ~5Ly(N- ) [1 -L (W)~ 1)L1(W)]}

5.28

This function is shown in figure 5.3 for S = 0 and S = 1, and for W
from 0 to 10. The extrema indicated for this function are given by

values of W satisfying the equations,

L1(W) = 0 5.29

21 = : ' 5.30
L,(W) - 5 L, =0 .
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Equation 5.29 gives the minima; they are the abscissae which give the
zeros of the Airy pattern: 3.832, 7.016, 10.173... Equation 5.30 which is
identical to equation 5.20, defines the abscissae for the maxima

of Ele(w’s)' Thus, the criteria for the maximum gradient of gZe(O,S)

and for the maximum gradient of even energy transmitted through the dia-
phram or annulus are associated through this equation. The abscissae
satisfying this equation were given previously and are: 3.054, 6.701,
9.969... Maximum energy, Ele(W,S) is transmitted through a diaphram or
annulus defined by A1 and B1 when two conditions are simultaneously

satisfied:

(1) When A1 is an abscissae which gives a maximum for Ele(w’s)

(2) When B, is an abscissae which gives a minimum for Ele(W,S)

1

The following combinations of A1 and B1 satisfy these two conditions:

A 3.054 6.706 6.706 9.969 9.969 9.969

B 0.000 3.832 0.000 7.016 3.832 0.000
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‘Strongly diffracted light for criterion 4

As stated in section 2.9, the strongly diffracted light
depends essentially on the amplitude of the light in the vicinity of the
diffracting edge. Since the average even amplitude Ele(W)S) is in-
dependent of 6, equation 2.30 gives for the strongly diffracted light,

A

£,,(68) = ¥ [W g, 0,8 3,0 1

1

5.31

: A
oo - &7 a,m - 3 L,mb,eo) !
1

The criterion for the maximum gradient of gZe(O,S) is given by equation

5.20 as,
1 p A1
(L, - 5 L0 ]Bl =0 5.32

Applying this criterion to equation 5.31 for the strongly diffracted light,

x,8 =[ ¥ L0 I, WX ]A]l 5.33
E2e' X M 1 B,

Thus the amplitude of the strongly diffracted light has a minimum

dependency on S (& S4) for small S when the amplitude of the light

on the axis has a maximum dependency on S.
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It is desirable that this strongly diffracted light, with little

dependency on S, be eliminated with an appropriate annulus in plane 2.
‘The c;iterion of maximum gradient of even energy through the

diaphram of an annulus in plane 1 with radii A1 and El gives the

additional condition,
A1
(L, W) ]B =0 5.34

Substituting equation 5.34 in equation 5.31, we obtain for the strongly

diffracted light,

M

820 08) = [7x B WL, (DI 070 1y 5.35

In this case, the strongly diffracted light has no component.independent
of S. There is no strongly diffracted light for S = 0 as expected since
there is a zero of amplitude at the circular diffracting edge. Since the
strongly diffracted light increases as Sz, it is desirable that it be

eliminated in plane 2 with an appropriate annulus.

Criterion 5

This criterion is based on choosing Al and B1 so that the average
even amplitude on the axis is zero for S = 0 and an extremum for small S.
If the plane 2 contains an annulus with inner radius B2 of appropriate

\
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size, the central disc will cut out more light for S # O than for S = 0.

If

o LM | y
g,,(0,0) = 5 JB. L, (0) waw = - [ 0 ]Bl =0 5.36
1 -
and Al
8,0(0,8) = & JB (0 - G2 [L,m - 3 1,00
1
A, R
1 8.2 8,2 1
=7 & JB L,(W) WdW = - (3) [L, 0 ]Bl 5.37
1

Then, B1 and A1 are chosen to satisfy two conditions:

|
o

Jo(Al) - JO(B].) -
5.38

]

Ll(Al) - Ll(Bl) an extremum

5.4 The investigation for a hyperresolving system when § is small.

The criteria developed for hyperresolving systems when S is
small were the optimum conditions for one step of iteration. Unfortunately,
using the original concept of a diffraction channel, one step of iteration is
not sufficient to meet the goal of hyperresolution stated in the introductory

paragraphs of this chapter. Furthermore, repeating the criteria step

\
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by step, does not necessarily give the optimum conditions necessary

to meet this goal. For example, the gradient of gn+1(0,S) depends not
only on Ah and Bn but also on all the preceding parameters. Since no
simple mathematical expression could be developed for gn+1(O,S) in terms

of the parameters A. A ....A, and B B_....B., the criterion of
n, n-1 1 n,

n-1 1

maximum gradient could not be applied directly to plane n. It could

only be applied successively to.each plane, a process which is clearly
different. Furthermore, contemporary ;omputers are slower than would
be necessary to find the parameters by a random trial proceﬁs.

The problem is a complex one which cannot be easily solved.
It was found for example, that if the simple central diaphram in plane 1
is small, the amplitude distribution gZe(X,¢,S) in plane 2 varies

.relatively little with small S. This effect can readiiy be seen in the

J,(S)
limiting case where A,»0. In this case, the function g W,6,S)~ 1
1 le S
J, (8) J; (W)
and gZe(x,¢,S)+ 3 X W
J.(s) 2

1
Consequently eze(O,S) > [ ———@T_J

The result is a distribution with a magnitude dependent on S
but with a functional form independent of S. Thus, although the values
of e2e(0,S) ﬁay be favorable for one step of iteration, they do not
satisfy the necessary conditions for hyperesolution, and there is no
possibility to improve these values in further steps of iteration.
This illustrates that a parameter which gives low values for eze(O,S)
is not necessarily the optimum parameter for several steps: of iteratjon.

\

L R T
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Nevertheless, the criteria developed for one step of iteration
were the most powerful tools available to study the problem. The
parameters generated by these criteria were therefore accepted as
fundamentally important in the investigation for a hyperresolving
system. For plane 1, these parameters shall be called special points
and are given in table 5.1 together with the values of the associated
functions. Since these points cover the most significant range of the
Airy pattern, namely the range from W = 0 to 10, any study involving
all these points is quite compreﬁensive. Therefore, it was decided to
use the computer program mentioned in section 3.6 to calculate gle(w,e,S)
with various combinations of the special points for A1 and Bl' For each
calculation, an associated criterion was applied to plane 2 to determine
the parameters .l\2 and B2. For calculations which were encouraging,
the process was repeated for further steps of iteration. Generally, with
the addition of more cells, the system approached the stable condition
in which two successive amplitude distributions of even order were almost
jdentical and two successive distributions of odd order were almost
jdentical but with the distributions of even and odd order quite different
from each other. To evaluate the improvement in the energy characteristic,
it became necessary not to compare two successive iterations but two successive
jterations of even order or two successive jiterations of odd order. As the

stable condition was approached, the improvement in the energy characteristic

decreased and became either negligible or worse.

PURLE e
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TABLE 5.1 Table of special points and associated

functions. Values of associated functions are

underlined.

L LW L00 4L (0-3L,(0) 2L, (W-L,(Y)  L,(0)-L, (W)
0 " +1.0000 +1.0000 .. +1,0000 +1.0000 0.0000
2.300 +0.4695 +0.6260 0.0000 +0.3130 0.1565 |
3.054 +0.2068 +0.4156 -0.4204 0.0000 0.2088
3.611 +0,0506 +0.2722 -0.6142 -=0.1710 0.2216
3.832 +0.0000 +0.2199 —0;6597 ~-0.2199 -1;0.2199
4.202 -0.0660 +0.1408 -0.6864 -0.2728 +0.2068
4.613 -0.1131 +0.0667 -0.6525 -0.2929 +0.4798
5.136 -0.1323 - 0.0000 -0.5292 -0.1323 +0.1323
6.380 -0.0586 -0.0586 -0.0586 -0.0586 00000
6.541 -0.0436 -0.0579 0.0000 -0.0293 -0.0143
6.706 -0.0285 -0;0559 +0.0537 0.0000 . =0.0274
7.016 0.0000 -0.0487 +0.1460 +0.0486 ~0.0487
8.157 +0.0622 -0.0085 +0.2746 +0.1330 -0.0707
8.417 +0.0645 $.0000 +0.2579 +0.1289 -0.0645
9.969 +0.0102 +0.0205 ~0.0207 0.0000 +0,0103

10.173 0.0000 +0.0203 -0.0609 -0.0203 +0.0203
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5.5 Discussion of calculations and photographs of various systems.

«Since it is not possible to present all of the calculated

distributions, the following has been selected:

5.5.1 gZCX}¢;S) for a.central_diaphram of radius A1 equal to abscissae

of several special points.

A study of g2(x,¢,3) was made with B 0 and A1 equal to the

1
abscissae of the speciél points 3.054, 3.832, 5.136, 7.016. Figures

5.4 to 5.7 show the amplitude functions gz(X) of these diffraction patterns
for the special case S = 0. Tables 5.2 to 5.5 show the average even
amplitude for integer values of S from O to 10 in steps of 1. Photographs
of the corresponding diffraction patterns are shown in figures 5.8 to

5.11. For the special point 7.016, the range of S is extended to 23.

These calculations and photographs illustrate the theory of
strongly diffracted light presented in section 2.9: when the amplitude near
the diffracting edge is low, as in the cases A1 = 3,832 and A1 = 7.016,
there is very little strongly diffracted light for S = 0. But when S
increases, the amplitude near the diffracting edge increases and causes
an increase in the strongly diffracted light. On the contrary, when the
amplitude near the diffracting edge is high as in the case A1 = 5.136,
the strongly diffracted light is high for small S. When A1 = 3,054,

QI(W,G,S) is a stationary function of S, and therefore there is little

e e
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change in the strongly diffracted light for small values of S.

For all cases, it can be seen from the photographs that as S
becomes large, the diffraction patterns tend toward a steady pattern
with two small spots. In section 2.8 we have derived a mathematical
expression &hich approximates this steady pattern. The expression
shows that the pattern is a superposition of two Airy patterns and

two asymmetrical patterns.

5.5.2.Parameters for various systems

a) Central diaphram for each plane

When this project was initiated, it was considered that each
lens of the diffraction channel would have a central diaphram only.

Table 5.7 shows a list of the parameters for a few such systems.

b). One annulus for each plane

It was realized that the original concept of a diffraction
channel would have to be revised. It was found very advantageous in
some cases to block the central region with an annulus of inner radius

Bn' Table 5.8 shows a list of parameters for a few such systems.

c) Two annuli for each plane

Since there was greater success with one annulus than with a
central diaphram, the case of two annuli at each plane was investigated.

The parameters for a few cases are shown in Table 5.9.
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‘Figure 5.4 gz(x) for A1 = 3.054 and S = 0
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3.800 =~0.2130596575793430~02
3,900 =045031939939066580-03
4,000 009918651759069960-03
4,100 0.2165102333126070-02
44200 04289389174443191D-02
4.300 0.313061309704031D-02
4,400 0.2899049781458930-02
44500 ' 04228476887106745D-02
4,600 0.1414962526404360-02
4,700 0.4377769854340370-03
40800 =-0.4999231928377510-03
«1272086001941 68D-02
8,000 -0.1788234871107190-02

w
.

»
(-3
o

RN N

Figure 5.5 gz(x) for Al = 3.832 and S = 0



X g,(X)
2
0.0 0.1200000000000000 01 1
0,100 0.999874044917448D 00 1
04200 0,978032301236293D 00 1
0.300  0,99042903566957630 00 1
04400 0,9714012557789980 00 1
04500 0.935047997263354D 00 1
0,600 0.8767323452142100 00 ° 1
0,700 0,7943873505661850 00 1
04800 0.68934681952¢6850 00 1
0,900 0.566519558920674D 00 1
1,000 0.4338603748734610 00 1
16100 04301234513054882D 00 1
1,200 0.1788944363141850 00 1
14300 0.7566384805549110-01 [
1,400 -0.1461247483331410-02 .
14500 -0,5023278408186310-01 1
1.600 =-047143033156987620-01. 1
1.700 =0.6946810899488290~01. 1
14800 -045122926594222270-01 1
14800 ~042673472032851270-01 o 1
2.000 0.2264709972792330-02 .
24100  0,236393913773315D-01 1.
20200 043553218476976650-01 1
20300 0,3687980034047830-01 1
2.400  042908787974852590-01 1.
2.500 _ 0,1537370432900610-01 P
2,600 -0,18573401'1193330-03 .
24700 =0,1366108356992230-01 o1
2.800 <0.2212123676791260-01 .1
24900 <~0,2416597624643460-01 « 1
3,000 <-0,2006067803263500-01 o1
3.100 =~0,114850964087764D~01 o1
3,200 -0.9904979743742790-03 .
3,300 0.8685307575597030-02 o
3,400  0.1527736508593730-01 e
3,500 04174801043592970D-01 1o
3,600 0.1516532284116570-01 Te
3,700 0,9305026325280390-02 le
3.800 0.1642303666555910-02 o
3,900 -0.579198168977544D-02 o1
44000 -041119083645360120-01 ol
40100 -0,1338832922400490-01 o1
4,200 =~0.1209090082737130-01 o1
44300 =~0.7881810743496400-02 ol
40400 <=0,2014300217370960-02 ol
4,500 0.3941928394790960-02 .
4,600 0.8505837878900300-02 .
%e700  0410640783166576440-01 [0
4,800 0.9978308409053870~02 1.
4,900 04686453808441574D-02 .
5.000 0.2229211291226900-02 .
Figure 5.6 gz(x) for
X g,(X)
2
0.0 0.1000000000000000 01 1
04100 0.1051416929699110 O} 1
0.200 0.1190126397934620 01 1
04300 0,1373880465404710 Ol 1
04400  0.1545547711713330 01 t
0.500 0,164888124310424D O1 1
0.600 0.1643632737982040 01 1
0e700 0.1515742469929930 01 1
0.800 0.127994890097275D 01 1
0,900 0.974511074312906D 00 1
1,000 0,650057876264944D 00 1
1.100 0.356148638858681D 00 1
1.200 0.1295058370889100 00 1
1.300 =0.1297165472689080-01 o
1.400 ~0.7502502811713210-01. 1
14500 -0.7626364577609810~01. I
1.600 =0.4396677058146810-01 o I
1,700 -0.4349695712370670-02 o
12800 0,2407542836989140~01 [
1.900  0.3346325160041750-01 1.
2.000 0.2574267894306610-01 1.
24100 0.8934427136032010-02 Ie
2.200 -0.7551063876576050-02 .
20300 -0,1686995513581250-01 o1
24400 -0,1675957760510050-01 o1
2,500 =-0.9360977027540220-02 .
24600  0.627128227070824D~03 .
2,700 0.8399074369338550-02 Te
2.800 0.1103540732960370-01 1.
24900  0,8345795909724590-02 1.
3,000 0.2441936999901850-02 1.
3,100 -0,3559165351656560-02 .
34200 <-0,7023870643488470-02 .
3,300 -0,6340153064019980-02 .
3,400 -043649300927493520~02 .
3,500 046991569050402540-03 -
3,600 0,412335704298243D-02 1.
3.700 045241549961209510-02 te
3.800 0.3872518127503470-02 Te
3.900 0.950874090384 766D~03 .
4,000 =-0,2027896201972580-02 .
44100 =0,3733110592159810-02 .
4,200 -0.356116365590684D-02 .
44300 -0,1611803335790550-02 .
4¢400  0.551282925001783D-03 .
4,500 0424024869512263680~02 I
4,600 0.296990729971066D-02 I
4,700 0,2137800631517210-02 Ie
4,800 0,426849136812296D-03 .
44900 -0,1304465922311390-02 .
$.000 -0.2276725282426720-02 N

~ Figure 5.7 'gz(x)w-far.Al.

\

= 5,136 and S = 0

7.016 and S = 0
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NS 0 1 2 3 4 5 6 7 8 9 10

0.0 1.000 .908 .670 .376 .128 -.016 -.052 -.025 .012 ,025 .013
0.1 .991 .900 .663 .372 .126 -.016 =-.052 -.025 .012 .025 .0l12
0.2 .964 .875 .644 .359 .119 -.018 ~-.051 -.024 .012 025 .012
0.3 .922 .83  .613 .339 .109 -.020 -.050 -.022 .013 ,024 .011
0.4 .865 .783 .571 .312 .097 -.024 -.049 -.020 .014 024 .010
0.5 .795 .719 .521 .280 .08 -.028 -.047 -.017 .015 ,024 .009
0.6 .716 .645  .463 .243 .064 -.032 -.045 -.015 .016 023 .009
0.7 .630 .566 .402 .204 .045 -.036 -.042 -.011 .017 022 .007
0.8 .540 .483  .338 .164 .027 -.039 -.040 -.008 .018 021 .006
0.9 .449 .400 .273 .124 .009 -.042 -.037 -.005 .018 ,020 .005
1.0 .361 .319 .211 .087 -.006 -.044 -.033 -.003 .019 ,018 .004
1.1 .277 .242 ,154 .053-.020 -.045 -.029 .000 .019 ,017 .003
1.2 .201 .172  .102 .023-.031 -.044 -.026 .002 .018 015 .002
1.3 . 033 .111 .058 -.001 -.039 -.043 -.022 .004 .017 ,(014 .001

1.4 .076 .060 .027 -.021-.043 -.040 -.018 .005 .016 .0i1 .000
1.5 .030 .019 -.008 -.034 -.045 -.036 -.014 .006 .014 009 .O000
1.6 -.005 -.012 -.,028 -.042-.044 -.031 -.011 .006 .012 ,po8 -.001
1.7 -.030 -.034 -.041 -.045-.399 -.025 -.008 . .006 .010 006 -.001

1.8 -.045 -.046 -.047 -.043-.034 -.020 -.005 .005 .008 ,L004 -.001°
1.9 -.052 -.051 -.046 -.038 -.027 -.013 -.002 .005 .006 ,002 -.001

2.0 -.051 -.049 -.042 -.031-.019 -.008 .000 .004 .003 ,o01 -.001
2.1 -.045 -.042 -.033 -.022-.010 -.002 .002 003 .001 ,000 -.001

2.2 -.03 ~-.032 -.023 -.011-.003 .002 .003 .002 -.000 -,001 -.001

2.3 -.024 ~-.026 -.012 -.002 .004 .006 .004 .000 -.002 -,002 -.001 -
2.4 -.011 -.009 -.001 .006 .010 .009 .004 .000 -.003 -,002 .000
2.5 . .010 .002 .008 .013 .014 .011 .004 -.001 -.003 -,002 .000
2.6 .010 .012 .015, .018 .016 .011 .004 ~-.001 -.004 -, 002 .000
2.7 .018 .019 .021 .021 .018 .011 .004 -.002 -.004 - ,002 .O000
2.8 .023 .023 .023 .021 .017 .010 .003 -.002 -.003 - 002 .000
2.9 .025 .024 .023 .020 .015 .008 .002 -.002 -.003 -, 001 .000
3.0 . .024 .023  .021 .017 .011 .006 .001 -.002 -.002 ,001 .000
3.1 .021 .020 .017 .013 .008 .003 .000 -.001 -.001 000 .000
3.2 .017. .016 .012 .008 .004 .001 -.001 -.000 .000- 000 .000
3.3 .011 .009 .006 .003 .000 -.002 -.001 .000 .000  ,000 .000
3.4 . .004 .004 .000 -.002 -.004 -.004 -.002 .000 .001 000 .000
3.5 .-.001 -.002 -.005 -.007-.007 -.005 -.002 .004 .001 ~.001 .000
3.6 -.007 -.007 -.009 -.010 -.009 -.006 -.002 .000 .002 ,001 .000
3.7 -.011 -.012 -.012 -.012-.010 -.006 =-.002 .001  .002 ,001 .000
3.8 -.014 -.014 -.0i4 -.0l13 -.010 -.006 -.002 .001  .002  ,001 .000
3.9 -.015 -.0l15 -.015 ~-.0l13-.009 -.005 =-.001 .001 .002 ,001 .000
4.0 -.015 -.015 -.014 -.011 -.008 -.004 .000 .001 .001 .00l .O000
4.1 -.013 -.013 -.p11 -.009-.006 -.003 .000 .001 .00l . 000 .000
4.2 -.011 -.010 -.008 -.006 -.004 -.001 .000 .001 .000 . 000 .000
4.3 -.007 -.006 -.005 -.003-.001 .000 .000 .000 .000 . 000 .000
4.4 -.003 -.002 -.001 .000 .001 .002 .000 .000 .000  , 000 .000
4.5 .000 ;001 .003 .004 .004 .003 .001 .000 .000 ., 000 .000
4.6 . 005 1005 .006 .006 .006 .004 .001 .000 -.001  .000 .000
4.7  .008 .008 .008 .008 .007 .004 .001 .000 -.001 . 000 .000
4.8  .009  .009 .010 ..009 .007 .004 .001  .000 -.00L 000 .000
4.9 .011 ‘011  .0l0 .009 .007 .004 .001 .000 -.001 000 .000
5.0 .011  .0l10 .010 .008 .006 .003 .00l .000 -.001 .000  .000

Table 5.2 Numerical values of the average even amplitude g1e
diffraction patterns formed in plane 1 for A1 =
different values of X and S. These values are

g, (0,0) = 1.000

(X,S) in iterated

3.054 and for
normalized so that
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DS ] 1 2 3 4 5 6 7 8 9 10
.0 .100 .930 .743 .498 .262 .088 -.005 -.030 .-.018 .002 .0C11
1 .989 .919  .733 .489 .255 ,084 -.006 -.030 -.017 .002 .011
.2 .958 889,705 .464 .237 074 -.009 -.028 -.,014 .004 .010
.3 .908 -840 .659 .425 ,208 ,058 ~-.014 -.026 -.009 .007 .009
.4 .842 -775  .599 .374 .171 ,037 -.021 -.023 -,003 .010 .009
.5 .762 .697  .527 .315 .128 013 -.028 -.019 003 .014 .009
.6 673 -610  .449 .251 .08 - 011 ~-.034 -.015 009 .017 .008
.7 .578 .519  .368 .186 .040 - ,034 -.040 -.011 016 .020 .007
.8 , .481 .427  .287 .124 -.000 -.054 -.044 -.007 ,021 .023 .006
.9 .387  .337 .212 .069 -.034 -.068 -.046 -.003 ,025 .024 .005
.0 .298 .254  ,145 .023 -.059 -.078 -.046 .000 ,027 .025 .004
.1 .218 .180 .088 -.012 -.075 -.081 -.,044 .003 ,028 .024 .003
.2 .148 .117 .042 .036. -.082 -.078 -,039 .005 027 .022 .002
.3 .090 .066 .009 .050 -.080 -.070 -,033 .006 .024 .019 .000
4 .044 .027 -,013 -.054 -.071 -.058 - ,025 .007 ,020 .015 .000
.5 .011 .001 -.025 -.050 -.056 -.043 .- .,017 .006 .016 .Ol1 ~-.000
.6 =-.011 -,017 -.029 -.039 -.039 -.027 -,009 .006 .011 .007 -.001
.7 -.024 -,025 -.026 -.026 -.020 =-.011 -,001 .005 006 .003 -.001
.8 -.029 .-,027 -,020 -.0l11. -.003 -.003 .005 .004 007 .000 -.001
.9 -.028 -,023 -.013 -.007' .012 .014 .009 .003 -, 002 -.003 -.001
.0 -.023 -,017 -.002 .013  .022 .021 .012 .002 -,005-.005 -.001
.1 -.016 -,010 .005 .021 ,028 .024 .013  .000 -.,006 -.006 -.001
.2 -.008 .002 .011 .024 029 .024 .012 -.000 -,007 -.006 - .000
.3 -.001 .003 .014 .024 ,027 .021 .009 -.001 -.006 -.005 -.000
.4 -.004 .007 .014 .020 .021 .015 .006 =-.001 - ,005-.004 -.000
.5 -.008 .009 .013 .014 ,013 .008 .003 -.002 -,003 -.002 -.000
.6 -.010 .010 .009 .007 .004 .001 -,000 -.001 -.001 .000 .000
.7 -.017 .008 .004 -.000 -.,004 -.005 -,004 -.001 ,000 .001 .000
.8 -.009 .006 -.,000 -.007 -,011 -.010 -.006 -.000 002 .002 .000
.9 -.006 .003 -.004 -.012 -,015 -.013 - ,007 -.000 .003 .003 .000
.0 -.003 .004 -.007 -.014 -,017 -.014 .- 007 -.000 .004 .003 .000
.1 -.000 -.002 -.009 -.015 -.017 -.013 - .,006 .000 .004 .003 .000
.2 -.002 -,004 -.009 -.013 -.,014 -.011 -,005 .000 .003 .002 .00OC
.3 -.004 -.005 -.008 -.009 -,009 -.007 -,003 .000 .002 .001 .000
.4 -.005 -,004 -.005 -.005 -,004 -.002 -.,000 -.000 ,001 .000 .000
.5 -.005 -.004 -.003 -.000 001 .002 .016 .000 ,000 .000 .000
.6 =-.004 -.,003 .000 .004 .006 .006 .033 .000 -,001 -.001 .000
.7 -.003 -,001 .003 .008 ,010 .008 .044 .000 -,002 -.002 .000
.8 -.002 .000 .005 .009 .012 .010 .048 .000 -.002 -.002" .000
.9 .005  .001 .006 .010 .012 .009 .046 .000 - ,002-.002 .000
.0 .000: .002 .006 .009 .010 .008 .037 .000 -.,002-.002 .000
.1 .002 .003 .005 .007 ,007 .005 .024 .000 -.002-.001 .000
.2 .002- .003 .004 .004 _004 .002 .000 .000 ..000 - .000 .000
.3 .003 .002 .002 .000 ,000 -.000 -,000 .000 .000 .000 .000
.4 .002 .001 -.000 =003 -,004 -.004 -,020 .000 .000 .000 .000
.5 .00l .000 -.002 -.005 -,007 -.006 -,030 .000 .001 .001 .000
6 .004 -.000 -.004 -.007 -.009 -.007 -.,035 .000 002 .001 .000
7 -.004 -.001 -.004 -.008 -.,009 -.007 ._,035 .000 002 .002 .000
‘s -.001 -.001 -.005 -.007 -.,008 -.006 -.,029 .000 ,002 .001 .000
‘9 -.001 -.002 -.004 -.006 -.006 -.005 -.021 .000 001 .001 .000
o -.001 ~-.002 -.003 -.004 -.004 -.002 -.,001 .000 001 .000 -000
Table 5.3 Numerical values of the average even amplltude g1e (X, S)in iterated

dlffractlon patterns formed 1n plane 1 for A1

" 3.832, and for

dlfferent values of X and S. These values are. normallzed so

that glelU,Ui =

1.0000

et nnimeT

i b ey

—

~
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' 0 1 2 3 4 5 6 7 8 9 10

0.0 1.000. .998 .974  .887 .713  .469 .216 .024 -.065 - -

0.1 .999 .994  .960 .863 .686 .446 .203 .021 -.062 108 - D018
0.2 .998 .980  .918 .795 .608 .381 ,166 .013 -.053 -.046 -.007
0.3 990  .955 .852 .690 .48 .283 ,111 .002 -.039 -.030 -.002
0.4 .971 .916  .766 .560 .345 ,166 .466 -.010-.021 -.009  .004
0.5 .935  .861 .666 .418 194 ,045 -,019 -.022 -.002 .011  .009
0.6  .876 .787 .557 .279 ,053 -.064 -.076 -.030 .016 .029  .0l4
0.7 .794  .696 .446 .154 -,063 -.149 -.,117 -.034 .031 .044  .016
0.8 .689 . 590 .339 .055 -.145 -,201 -.138 -.032 .042 .052  .017
0.9 .566  .473 .242 -.016 -,187 -.218 -.139 -.026 .048 .054  .015
1.0 .433 .355 .158 -.056 ..,.91 -.203 -.121 -.015 .049 .050 .011
1.1 .301  .240 .090 -.070 -.165 -.163 -.090 -.003 .046 .042  .007
1.2 .178 .138 .039 -.064 -.120 -.109 -.052 .008 .039 .030  .002
1.3 .075  .055 .005 -.044 -.066 -.051 -.015 .018 .029 .018 -.002
1.4 -.001 -.006 -.014 -.020 -.015 -.001 .015 .023 .019 .007 -.006
1.5 --.050 -.043 -.023 -.002 .024 .03 .035 .024 .000 -.002 -.007
1.6 -.071 -.057 -.032 .018 .047 .055 .043 .021 .002 -.008 -.007
1.7 -.070 -.054 -,016 .026 .053 .057 .039 .015 -.004 ~-.010 -.006
1.8 -.051 -.039 -.008 .025 .045 .044 ,028 .007 -.007 -.009 -.004
1.9 -.,025 -.017 .000 .018 .027 .024 011 -,011-.008 -.006 -.001
2.0 ..002 - .004 .006 .007 .005 .000 -.005 -.008 -.007 -.003  .001
2.1 .002 .020 .009 -.004 -.014 -.019 -.,018 -.011-.005 .001 .003
2.2. ,004 .029 .009 -.011 -.,027 -.031 -.024 -.012-.002 .003 .004"
2.3 .004 . 029 .008 -.016 -.031 -.033 -,024 -,010 .001 .005 ~ .003
2.4 .003  .021 .004 -.015 -,027 -.027 -.018 -.006 -002  .005 .002
2.5 .001 .01l .000 -.011 -,017 -.016 -.009 -.013 .003  .003 .001
2.6 000 -.001 -.003 -.004 -.004 -.001 .001 .003 -003 .002  .000
2.7 -.001 -.011 -.005 .003 .009 .011 010 .007 .003 .000  -.001
2.8 -.002 -.017 -.006 .008 .018 .020 ,o0l6 .008 .00l ~-.002 -.002
2.9 -.002 -.019 -.005 .011 .021 .023 .017 .008 -000 ~-.003 -.002
3.0 -.002 -.015 -.003 .011 .0l9 .020 .014 o005 --001 ~-.003 -.002
3.1 -.001 -.008 -.001 .008 .0ol2 .012 .007 .002-.002 ~-.002 -.001
3.2 -,001 -.000 .001 .003 .003 .002 .000 -.001-.002 -.001 .000
3.3 .001  .007 003 -.002 -.006 -.007 -.007 -.004-.002 .000 .00l
3.4 .015 .012.  .004 -.006 -.013 -.014 -.011 -.006-.001 .00l .002
3.5 .017 .013 "003 -.008 -.016 -.016 -.0i2 -,006 -000 .002  .002
3.6 .015  .011 ‘002 -.008 -.014 -.015 -.0l1 -.004 -000 .002  .001
3.7 .009 .007 001 -.006 -.009 -.009 -.006 -,002 .001  .002 .001
3.8 .002 .001 -.001 -.002 -.003 -.002 -.001 -,001 -001 .001  .000
3.9 -.006 -.005 -.002 -.00L .004 .005 .004 003 .001  .000 -.001
4.0 -,011 -.009 -.003 .004 ,009 .011 .008 004 .001 -.001 -.001
4.1 -.013 -.010 -.002 .006 .012 .013 .009 .005 -.000 -.002 -.001
4.2 -.012 -.009 -.002 .006 .018 .012 .009 .004 -000 -.002 -.001
4.3 -.005 -.006 .001 .005 .008 .008 .006 .002 .000 -.001 -.001
4.4 -,002 -.001 "000 .002 .003 .002 .001 .000 .000 -.001 .001
4.5 .004 .003 001 -.001 -.003 -.003 -.003 -.002 -000  .000  .000
4.6 .008 .007 .002 -.003 -.,007 -.008 -.006 -.003 -000 .001 .001
4.7.  .011 .008 "002 -.005 -.009 -.010 -.008 -.004 -000 ~ .00L .00l
4.8 .009 .008 "001 -.005 -.009 -.010 -.007 -.003 -000  .001 .00l
4.9  .,007 .025 ‘001 -.004 -.007 -.007 -.005 -.002 -000  .001  .001
5.0 .002 .001 "001 -.002 -.003 -.003 -.001 -.poo0 .000 .001  .000

'Table 5.4 Numerical values
patterns formed in plane 1 for
These values are norma

X and S.

of average even amplitude

A, =

5.136 an
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lized so that g; (0,0) = 1.000.
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X\S 0 1 2 3 4 5 6 7 8 9 10
0. 1.000 1.101 1.346 1.583 1.658 1.491 1.117 .657 .255 .005 -.008
0. 1.051 1.138 1.344 1.534 1.572 1.391 1.026 .594 .224 ,000 -.,073

1.190 1.235 1.333 1.394 1.331 1.110 .777 .422 .142 -,014 -.054
1.374 1.359 1.303 1.182 .980 .713 .431 .191 .036 -.028 -.027
1.545 1.465 1.241 .925 .582 .281 ,069 -.040 -.060 -,033 .002
1.649 1.509 1.137 .654 .205 -,103 -.229 -.209 -.115 -.022 .028
1.643 1,461 .988  ,401 -.097 -.374 - 410 -.284-.115 ,005 .045
1.515 1.315 .802 ,190 -.291 -.504 - .454 -.260-.063 .043 ,050
1.280 1.086 .598 .036 --370 -.500 -.383 -.160 .019 .081 .045
.974  ,809 .397 ..,057 -.352 -,396 -.241 -.030 .102 ,108 .032
.650 ,526 .223 -.,094 -.271 -.247 -.,08 -.083 .158 .115 ,015

.356 .277 .091 -.090 --.163 -.102 .035 .148 .170 .099 -.002
.129 .092 .008 -.062 --064 .003 .095 .152 .138 .066 -.013
-.013 -,019 -.030 -.026 -004 .053 .095 .104 .076 .025 -.019

-.075 -.,063 -.034 ,004 -038 .055 ,052 .033 .008 -.011 -.018
-.076 -.059 -.019 .021 039 .028 -,003 -.032 -.043 -.034 -,012
-.044 _-.030 .000 .024 -023 -.001 -.044 =-.069-.066 -.038 - .005
-.004 ..002 .013 .016 -015 -.028 -.057 -.069-.057 -.028 .002
-.024 022 .016 .004 =--014 -,032 -.,042 -.040-.027 -.008 .006
.033 027  .011 -_007 =--018 -.019 -,011 =-.001 .009 .011 .007
.026 .018  .001 -.012 --014 .000 .020 .084 .035 ,.022 .005
.009 .004 -.006 -.012 --004 016 .037 .048 .042 .023 .002
-.008 -.009 -.009 -.006 -005 .022 035 .039 .030 .014 -,002
-.017 -.014 ~-.008 ..p01 -010 .016 .017 .014 .007 .000 -.004
-.017 -.012 -.003 .007 .009 ,004 -.006 -.014 -.016 -.011 -.004
-.009 -.,005 -.003 ;008 .004 -,009 -.,023 -.032-.029 -.017 -.003
.001  ,003 .006 .006 =-.001 -,015 -,028 -.033-.028 -.014 .000
.008 ., .008 .006 .002 -.006 -,014 -_,020 ~-.020-.014 -,006 .001
.011  ,009 .003 -.003 —-.006 -.,006 -.,003 .001 .004 .,004 .003
.008 .005 -.001 -.006 -.004 .003 ,013 .019 .018 .011 .002
.002 .000 -.004 -.006 . .000 .010 ,022 .027 .023 .013 .001
-.003 -.004 -.005 -.003 .003 .012 ,020 .022 .017 .008 .000
-.007 -.006 -.004 .000 .004 008 ,009 .007 .004 .001 -.001
-.007 -.005 -.001 .003 .004 .000 -,005 -.009 -.009 -.006 -.002
-.004 -_002 -.002 .004 .001 -.007 -.015 -.020 -.017 -.010 -.002
.001 . 002 .004 .003 -.001 -.,010 -.018 -.020-.017 -.009 -.001
. 004 004 .003 .001 -.003 -,008 -,012 -.012-.009 -.004 .001
.005 .004  .001 -.001 =-.003 -.003 -,001 .001-.002 .002 .001
.004 ,002 -.001 -.003 -.002 ,003 ..,o01 .012 .012 .007 .001
.001 .p00 -.003 -.003 .000 .007 .015 .018 .015 .008 .001
-.002 -.002 -.003 -.002 .002 .008 :.013 .014 .0l12 .006 .000
-.004 -,003 -.002 .000 .002 .004 ..005. .005 .003 .001 -.001
-.004 -,002 .000 .002 .002 -.001 -.004. -.006 -.007 -.004 -.001
-.002 -.001 .002 .003 .000 -,005 -.,011 ~-.014-.012 -.007 -.001
.001 o001 .003 .002 -.001 -,007 ~-.012 -.014-.012 -.006 -.001
.002  ,002 .002 .001 -.002 -.005 .-.008 -.008-.006 -.003 .000
.003  ,002 .001 -.001 =-.002 -.001. .000 .011 .002 .001 .001
.002 .p01 -.001 -.002 =-.001 -.003.. .007. .009 .009 .005 .00l
.000 .000 -.002 -.002 -.000 .006 - .010 .013 .0l1 .006 .000
.001 -.002 ~-.002 -.001 .001 .006 . .009  .010 .008 .004 .000
.002 -,002 -.001 .000 .002 .003 ..00% .003 .002 .001 .000

Tabie 5.5 numerical values of average even amplitude 816 (X>5) in iterated

diffraction patterns formed in plane 1 for A, = 7.016 and for different
values of X and S. These values are normaliz%d so that gle(0’0)=~1'000' X
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Figure 5.8 Photographs of iterated diffraction patterns in
plane 2 for A1 = 3.054 and for different values of S.




Figure 5.9 Photographs of iterated diffraction patterns in
plane 2 for A; = 3.832 and for different values of S.




.'Figure 5.10 Photographs of iterated diffraction patterns in plane 2

for,A1 = §.136 and for different values of S.
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TABLE 5.7 Parameters of systems with a c.entral diaphram.
plane n Sys}:\:m 1 Sys;:em 2
n
1 6.706 3.054
2 1.333 1.841
3 ’ 7.378 3.570
4 1.405 . 1.998
5 7.654 , 3.763
6 1.442 2.075
7 7.816 3.874 ..
.8 ' 1.466 2:124

9 : 7.928 3.949

10 1.484 2.159



TABLE 5.8

plane n

O 7 I 4

0 N & wm

10

Parameters of systems with one annulus

system 3
A, B,
6.706 0.000
1.334 0.282
7.090 0.000
1.407 0.238
7.230 0.000
1.447 0.208
7.322 0.000
1.474 0.188
7.392 0.000
1.495 0.172
. system 5
.l\.n B,
8.158 0.000
1.421 0.790
7.306 0.000
0.937 0.245
8.700 0.000
0.787 0.112

system 4

4.612
1.531
3.610
1.961
2.773
2.550
2.125
3.325
1.628

4.343

system 6

7.015
2.151
6.984
2.237
6.063

2.492

0.000
0.752
0.000
1.006
0.000
1.319

0.000

1.724

0.000

2.250

0.000
0.546
0.000
0.711
0.000

0.801

160



Plane n

N

L |

system 7
A B
N n
6.706 3.832
0.453 0.000

18.082 12.275

system 8

3.054
2.499
1.085

7.541

0.000
1.841
0.000

5.098

lel
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TABLE 5.9 Parameters of systems with two annuli

sttem 9

" P1 c -
ane n An 3n _ “ cn | | Dn"
1 6.541 4.201 2.299 0.000
2 2.383 1.655  1.200 - 0.392
3 ' 6.493 4,931 - 3.597 ' 0.000
System 10 '
Plane n A B c. D
. n . n : ’ n n
1 | 6.706 4.612 . 3,054 0.000
2 2.162 1.505 1.294 0.646
3 6.468 4912 2.617 0.000
System 11
Plane n A Bn ‘ C, D,
1 8.158  4.612 3.054 0.000
2 3.307 2.297 1.220 ~ 0.000

3 8.174 5.066 3.179 0.000
4 '3.103 2.282 1.966 0.000
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6.12 Photooraphs o iterated Jdiffraction patterns formed

Figure 5.
by the sclected system in plance 2 for A = 8,100 anid

for diffoerent values ot 5.



s=22 s= 23

jterated diffraction patterns formed
and

Figure 5.12 Photographs of
by the selected system in plane 2 for A = 8.157

for different values of S.




Figure 5.13 Photograpl A
the sclected system in planc S for A

By

s =10 s =1

s of iterated diffraction patterns formed by
= 8.157,

=70, A, = 1.421, B, = 0.790 and Lar different values of S.




$=23

S =2 S$=22

Figure 5.13 Photographs of jterated diffraction patterns formed by
the selected system in plane 3 for A, = 8.157,
B1 = 0, A = 1.421, Bz = 0.790 and i—'or different values of S.
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By = 0.000, Ay = 1.421, By = 0.790 for S = 2,
and for & from 0 to w.

g3(0,0,0) = 100.
) maps is explained in section 3.6.

‘The values are
The construction of contour
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approximating function and the dotted curve is the exact

function.

.

178

0.000 and for S = 0 with the approximating
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5.5.3 The selected systen

. One of the most successful cases calculated has been selected
for illustration both theoretically and experimentally. The system was
not extended beyond iteration 2 because there was no further improvement
of the energy characteristic for further iterations. However, the system

is much better than many which have been extended further. The parameters

of the system are:

'Al = 8.157 the abscissa for the second extremum of
4L1(W) - SLZ(W). This function determines the
variation of even amplitude with S as discussed
in criterion 2.

B1 = 0.000

A2 = 1.421 the abscissa for the second extremum of
82(X,¢,0)-

B2 = 0.790 the abscissa for the second extremum of
g,(X,4,0).

Photographs of diffraction patterns for this system are shown
for plane 2 in figure 5.12 and for plane 3 in figure 5.13. They are
shown for integer values of S from 0 to 23 in steps of 1.

For comparison with the photographs, in the special case S = 0,

the amplitude function gz(X) is shown for plane 2 in figure 5.14 of p. 178 and

the amplitude function gs(W) is shown for
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plane 3 in figure 5.15. In figures 5.16 to 5.24 contour maps, as
explained in section 3.6, are shown of the even function, the ddd
function: the amplitude, the function of luminous intensity, and the
' phase for S = 2.0 and for planes 2 and 3. In figure 5.25 a contour

map of luminous intensity for S = 0 is shown.
(a) gz(X,¢,S) for small S.

Since the chosen value of Al is quite large, it encloses about
92% of the total energy of the Airy patfern for small S. Moreover, for
WZA, [gl(w,_,S)Igp.OSS, a reasonably small value. As a result, an
approximate expression for gz(X,¢,S) can be obtained for small S.

That is,-when A1 is very large,
2n =

- i -0 '
g,(X,$,8)° - J I g, (1,8,8) IWX c0s (9-0)y 40 5.39
o0
Applying the inverse Fourier transform theorem stated in section 2.11,

~ __~iSX cos ¢
g2(x3¢aS)' go()f,¢;’5) =€ xil 5.40

=0 X>1

For S = 0, this result may be compared to the exact computer calculation
shown in figure 5.26, and to the corresponding photograph in figure 5.13.
In.figure 5.26, the approximate distribution is superimposed in the
calculated one for easy comparison. Although the approximate distribution

is not very close to the calculated one, it is sufficiently close to pxtend
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the analysis to plane 3 for the purpose of gaining greater understanding
of the system.
b) ' gz(x,¢,S) for intermediate values of S.

For'interﬁediate values of S, equation 5.39 certainly cannot
be used for quantitative analysis since much of the energy is lost outside the
diaphram in plane 1. Furthermore, no other exact or approximate ex-
pressions could be found.

However, a useful qualitative analysis suggested by the photographs
of figure 5.12 can be given. As stated in section 2.9, the amplitude of
the light at the &iffracting edge has a particularly great influence on
the strongly diffracted light; it also has an influence on the light
closer to the optical axis. For values of S approximately equal to
8.157, the central spot of the Airy pattern is centered on a small region
of the circular diffracting edge. The light emitted from this arc can
be compared fo the light‘which would be emittéd by a continuous distribu-
tion of point soﬁrces'on a very small arc of the diffracting edge. The
light from each point source located at (Al,Ae) has in plane 2 at (X,9),

a phase given by eth1 X cos (80-¢)

At the point (X,¢) in plane 2,
the phase difference between the light received from point sources located
sufficiently close to each other will be less than w. Under these

circumstances there is very little interference and the distribution never

reaches zero amplitude. The amplitude distribution appears relatively
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uniform although the phase distribution may vary considerably (note that
a point source off axis at S gives in plane 0 a uniform amplitude of 1
and a phase which varies as eisx cos ¢) .

The actual situation does not correspond exactly to this idealized
case. Since the angle A6 1limiting the most éignificant part of the
illuminated edge is not extremely small, some interference can be expected.
Furthermore, the light inside the diffracting edge is still very signifi-
cant. But the highest amplitude of the light is relatively concentrated
over a small angle A® located at the diffracting edge where it has the
greatest effect on the diffraction pattern. Therefore, it can be
expected that the resultant pattern consists of a relatively uniform
amplitude upon which is superimposed an interference pattern. This effect

is observable on the photographs of figure 5.12. The effect is highest

for S = 8 but it is also quite prominent for S = 7 and S = 9.
c) gz(x,¢,S) for large values of S.

The approximate expression for gz(x,¢,S) for large S has been
derived in section 2.8 (equation 2.28). This equation and its given

interpretation agree well with the photographs of figure 5.12

d) Strongly diffracted light for gz(X,¢,S) with small S

The light at the circular diffracting edge not only determines
the strongly diffracted 1ight but also has a strong influence on the light

diffracted nearer the axis. This is readily seen from equation 2.29.
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The equation for gl(W,B,S) is given by equation 2.11:
gl(W,G,S) = gle(W;e,S) - glo(W,e,S)

According to the demonstration is section 5.2, .%hen S is small this

can be expressed as,

g, (W,6,8) = T; (W,S) + cos 26 TJ (W,S) - g, (W,8,8)  5.41

where
r. W,8) = g, 01,0,8) = (L. - &L, -%L,mm
le* ™’ le~?7° 2 1 2 1 2 72 '
. 1 8.2 ¢
r.W,s) = -5 [L, o0 - L]
WS cos GLZ(W)
g1,(W:0,8) = -

4

At the diffracting edge where X = Al = 8,157, Lz(Al) = 0,0085 which is

negligible. Therefore these equations become,

g, (A,0,85) Ple(Al,S)+ cos 26 rie(Al’S) - 5.42

where

S.2

N =

_ 1 .82
Mo (A,9)=5 7 L (A)

0.

glOCA]_’e’S)

gle(Al,e,S)

gl(Al,e,S)
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Therefore, from equations 2.30, 2.32 and 5.42, the strongly diffracted light

in plane 2 is given by,

i b L LT R N s. 2
gZ(x’(f}lﬁ% = T n-@ ]Jl(AIX) - (3) cos 2¢ J3(A1X)} 5.43
= PZe(X,S) - Fée(X,S) -cos 2 ¢
where
_ A J. (A X)
! S.2+ “1%1
r (%8 =5 L) [1- T —5—
AL (A) 2J3z (A, X)

, e b R B 1
I‘Ze(X,S) = (2) —_—

2 X

This equation for gz(X,¢,X) is of the form of equation 5.5 as expected.

(farx)
For S = 0, gz(x,¢,S) simplifies to the distribution of an Airy
(far)
pattern
g,(X) = Ai L, (AL, (A X) 5.44
(far)

A comparison can now be made between the amplitude distribution
of the far diffracted light for S = 0 as calculated from equation 5.44

and as calculated from the exact equation 2.13. Table 5.10 shows that



Table 5.10

0.8
0.9
1.0
1.1
1.2
1.3
1.4

1.5

Comparison of g,

and from equation 2.13 with S = 0,

2
Al Ll(Al)Ll(Alx)

equation 5.44

+

+

(X) as calculated from equation 5.44

(far)

0;2209
0.1056
0.2580
0.2298
0.0806
0.0200
0.0406

0.0340

A, = 8.157.

1

185

Fourier transform

equation 2.13.

+

0.5356
0.4213
0.2832
0.1469
0.0378
0.0277
0.0477

0.0340
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there is agreement for higher values of X only.

As S increases from 0 to 2, PZe(X,S) decreases and becomes
zero at S = 2. This is a characteristic of the far diffracted light
at all values of X. The far diffracted light might therefore contribute

to improving the ratios eSe(O’S)’ particularly at § = 2

(e) gs(W,G,S) for smail S.
An approximate expression for gs(w,O,S) may be obtained with

S small using the approximating expression 5.40:

2 .
-6
g, (W,8,S) = = J J 2. (X,6,8) etWX c0s(&=Byqyqy
3 2n 2 .
o ’B
2 .
5.45
2w 1 )
- 1 J I e-1S cos¢ elwx cos (¢-e)xdxd¢
27 o /B
2
By equation 2.18,
J.(W") J. (B, W")
1 2 1V72
gs(W,e,S) = W' - Bz BW' 5.46
2
where
2 2
W = VW - 2WS cos 6+ S

The result is the superposition of two Airy patterns, each having the

Same center, W=+ S, 6 = 0 (see section 2.7). Consequently, the
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distributicn moves a displacement + S when the point source moves a
displacement + S. The photographs in figure 5.13 clearly show this
displacement with respect to the dark vertical line, a reference for
the position S = 0.

The luminous intensity of the second Airy pattern is 0.38
times the luminous intensity of the first Airy pattern. The abscissae
Ji(W')

———— are 0.000, 5.136, 8.157... whereas the
. w! Jl(BZW')
abscissae giving the extrema of B

2
Thus, the extrema of the first diffraction pattern are interlaced

giving the extrema of

are 0.000, 6.501, 10.325...

with those of the second diffraction pattern which has a lower luminous
intensity. The two Airy patterns can therefore be easily distinguished

on the photographs of figure 5.13.

(£) gS(W,e,S) for intermediate values of S.
As S increases, the diffraction patterns become progressively
more distorted; they eventually change to a stable pattern which is

strikingly different from the symmetrical patterns for small S.

(8) g5(W,0,5) for large values of S.

The photographs of figure 5.13 show well localized curved
fringes very similar to ghe distribution gl(w,e,S) for large S given

by the approximating equation 2.25:

/2 .1 3 Wcos _ Suywe
gl(W,e,S) ""/':'1:" (53/2 2 SS/Z ) cos (S + W coss y )W_Al
5.47

=0 W>A1
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2
Since the phase term %-g—- was omitted in the cosine argument,

this equation describes straight fringes rather than circular fringes.
g3(x,¢,3) and gl(X,¢;Si-will be equal if the Fourier transform
inverse theorem explained in section 2.11 can be applied. Therefore it
is useful to investigate how closely the integration of gz(x,¢,S)
from'B2 to A2 approximates the same integration from 0 to «. This
depends on the function gz(x,¢,S) which, as explained in section 2.8,

consists predominantly of two Airy patterns centered at X = +1 and

X = -1. The first zero of these Airy patterns is defined by,

= xt = 22832 . 9,469

xl
1 2 A1

where

Xi=/’x2 +2X cos ¢+1 and X5 =¢/X2 -2X cos ¢+1

For ¢ = 0, this corresponds to X = + 1.4697 and X = * 0.5303. Thus
both the inner radius 82 = 0.790 and the outer radius A2 = 1.421 of
the annulus in plane 2 cut a small section of these spots. Therefore,
the integration from B2 to A2 is not a good approximation of the
integration from 0 to «. Nevertheless, the principle of the Fourier
transform inverse theorem is quite evident qualitatively. The

complete absence of anf apparent light outside the defined fringe region

is quite striking.
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(h) Effect of the far diffracted light in plane 2 on gS(O,S)

Since the far diffracted light in plane 2 is weighted by
large values of X, it is useful to investigate its possible effect
on gs(O,S). As shown by tab}e 5.10, equation 5.44 is not a good
representation of gZ(X,¢,S) in the range of 0.790<X<l. Therefore, this range
js excluded from the expression below. The component of gS(O,S)

due to the far diffracted light is given by,

2w A
1 2
Sgar) - 7 Jo i TP (698 XA
A
= A2 5923 J ? L. (A, X) XdX 5.48
Ay L) D - ey :

From equation B4 of appendix B,

S,2
-2 L) [1- @[ (aA) - Lk)]

n

g3 (O,S)
(far)

5.49

N

0.02256 [1 - (gaz]

(i) Normalized even energy in plane 3.

Table 5.11 shows for integer values of S from 0 to 10, a comparison

6f the normalized even energy values, eze(O,S) as calculated from:
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(1) The approximating expression of equation 5.46 which is valid

for small values of S.

2) The Fourier transform (FT).

In addition, a table of eSe(O,S) times the modulation function (MF)
as defined in section 2.12 is given.

The normalized even energy values calculated by (1) and (2)
agree well for values of S from 0 to 5. The normalized.even energy
values are not within our goal for hyperresolution discussed in the
introductory paragraéhs of this éhapter: eSe(O,S)g_O.OS for S>2.
For this system, eSe(O,S)gp.144 for S>2. However, the values of
ese(O,S)x MF are within this goal: e3e(O,S) x MF <0.039 for S>2.

A comparison of the normalized energy values in plane 3
to the normalized energy values of the Airy pattern, ele(O,S), gives '
a direct indication of the improvement of the hyperresolving characteristic.
Table 5.11 shows that there is a‘slight improvement since e3e(O,S) <e1(O,S)
for S<2. For higher values of S, this jnequality does not-hold in general.

However, the normalized even energy values are negligible in this region.



Table 5.;1 Normalized even energy values, eSe(O,S) of the selected

10

system for integer values of S.

el(O,S)

- 1.000
0.7746
0.3326
0.0511
0.0011
0.0171
0.0085
6.0000
0.0034

0.0030

- 0.0001

e3e(0,$) from
equation 5.46

1.0000
0.6449
0.1245
0.0141
0.1437
0.0955
0.0442
0.0402
0.0666
6.0174

0.0047"

eSG(O,S) from

Fourier transform (FT)

1.0000
0.6532
0.1181
0.0178
0.1435
0.0931
0.0021
0.0438
0.0852
0.0342

0.0000

1.0000
0.5060
0.0392
0.0009

0.0002

191

eSe(O,S) x MF
From (FT)

0.0016 .

0.0000
0.0000
0.0000
0.0001

0.0000
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CONSOLIDATION OF THE ANALYSIS

In the theoretical and experimental investigation of this systeﬁ;
analyses were made which led to a greater understanding of the system.
As a result, these analyses can now be consolidated and examined for
understanding of the nofmalized even energy values es(O,S) of table 5.11.
For small values of S, results predicted by eqdation 5.46 agree
well.with both the numerical calculations of e3(0,S) and photographs of
- the diffraction patterns. Equation 5.44 for the strongly diffracted light
in plane 2 is reasonably accurate in the range 1<x< 1.42. But the effect
of the strongly diffracted light on gs(O,S) with small S is not large enough
compared with the error in equation 5.46 to warrant much consideration.
When the point source is moved to a position S, the center of
the distribution gs(W,S,S) is moved to a position + S. The amplitude at
W = +S of the symmetrical distribution gS(W) is moved to the channel
axis where W = 0. Thus the distribﬁtion gS(O,O,S) at the channel axis is
the symmetrical amplitude distribution gS(W) with W = +S. As a result,
the unnormalized even energy function ESe(O’S) varies as the function of
luminous intensity IS(W) with W = +S. This result can be used to‘unQer-
stand the decrease in the normalized even energy values for small S.
Since the function Iz(W) is the result of the superposition of two Airy

patterns, it decreases rapidly to zeroAfor small values of W. Consequently,

e3e(0,S), which varies as 13(+S), also decreases in the same way.



193

Although the large diaphram A, = 8.157 does not eliminate much
energyAfrom the system for small S, it does eliminate much of it for
intermediate and larger values of S. For intermediate values of S, there
are two principle effects when the central Airy spot reaches the circular
diffracting edge:

(1) The part of the spot beyond the edge is eliminated from the system.
(2) The part of the spot at the diffracting edge contributes to a high
component of uniform light well spread out in plane 2 . Much of this
light is eliminated from the system by the annulus in plane 2.

As a result of these two effects, there are relatively low normalized even
energy values in plane 3 for intermediate values‘of_S. |

At large values of S, a small part of the energy of the two
spots formed in plane 2 is eliminated from the system by the annulus.

But the low energy is mostly due to the low amplitude of that part of the
Airy pattern within the diaphram.

In conclusion, the system behaves as expected. Although the

normalized even energy values are not within our goal for hyperesolution,

the modulation function has brought these values within this goal.

5.6 A system with narrow annuli

The main difficulty in the design of a hyperresolving system
is that the Fourier transform does not lend itself to the development of

a simple mathematical expression for the diffraction pattern in any plane
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for any values of S. This difficulty can be overcome if the annuli are
sufficiently narrow so that the integrand of the Fourier transform

can be considered constant as the radial coordinate varies over the
width of the annulus. It was decided to attempt such a solution with

two annuli, this being the simplest nontrivial system. Each annulus

is characterized by its radius and by its width relative to other annuli.
It is reasonable to expect that these parameters can be used to specify
that the axis amplitude of the diffraction patterns is zero for at least
two chosen values of S . Hopefully, the values of S close to these choseﬁ
values, will also have low axis amplitudes. The theory and experimental

results for the solution are explained in this chapter.

5.6.1 Role of the average even amplitude

In criterion 4 of section 5.3, it was shown for small values

of S that the energy characteristic on the axis depended only on the
average even amplitude. This result will now be shown for all values of S.

Suppose that for any value of S with n even, gne(x,¢,S) may
be expressed as, -

gne(X,¢,S) = Tne(XaS) - E Pﬁek(X,S) cos 2k¢ 5.50
=1
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Then 2m Ah
1 . iWX -6 .
g, (W,6,8) = E?FJ IB g, (,6,8) % €5 (#-0xaxaq 5.51
°"%n
An 2m
= 1l iWX cos (¢-6)
.jB I X.8) [ J e o J-Xdx
o
n
An 2m
- 1 iWX cos (¢-9)
JB It ox (X S) [ Jo cos 2k¢ e do 1 xax
n
k=1
From equation A3 of appendix A, this becomes,
= . ‘
£01, L(W,6,8) =T ’e(W,S) + § rml,ek(x,S) cos 2k6 5.52
k=1
i, An
where, -
Poel, e(w s) = IB I (X,8) J (WX) XdX
n
An
= 10K
Ther,ek(>S) = (-1) IB Iy (XuS) T (WX) XdX

n

Similarly for n odd,

o

e |
* g (W,0,8) = T (W,S) .+ 5 rt o (1,8) cos 2k 5.53

k=1
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then,
e, eKo®s8)= T ) (X,5) + 5 Tl41,e(X8) cos 2k¢ 5.54
k=1
where . A.n
n+1 e(X S) = J Pne(w,S) JO(WX) wdw
B
n
A .
n
= 1
I i1, ok X:8) =(- 1) JB T (W,8) T, (WX)WaW
n

In the plane of the lens, from equation A8 of appendix A,

-}

goe(x,¢) = cos (XS cos ¢) = JO(SX) + 2 }E: JZk(XS) cos 2k¢ S5.55
. =1 .

Therefore, roe(x’s) 350 . | .56

- .5
T (X:8)= 235, (SX) 5.57

Thus g, (X,¢;S) can be expressed in the form given by equation 5.50
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As in the case of small S,

A
k n
LN = (- — .
rn+1,ek(_0’s) ( 1) JBnrl:lek(w,S) J2k(OJde =0 n odd
k>1 5.58
k (fal
- - 1 =
rﬁ+1’ek(o,8) = ( }J. JBnrnek(x,S) J, (0)XdX = 0 . n even
k>1 5.59

Therefore, the function Pﬁe plays no role in‘determining the energy
characteristic on the channel axis, the energy characteristic depends
entirely on the function Fne’ which is the average even amplitude

e (see criterion 4).

5.6.2 The function T, (X,S) with two annuli.

. If the annuli in plane 1 have radii defined by Wl-and W,

with widths AW, and AW

1 2 respectively, the function PZe(X;S) is

given by,
PZe(X,S)-= rle(w,S) JO(WIX) WlAW1 +F1e (WZ,S) JOCWZX)WzAW2 5.60

For two values of S, S1 and S2 we require that

PZe(x’S) =0
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That is,

lleLﬂl’DIJdO WIX)WiAWi + Ple(Wz,Sl)Jo(WZX)WZAWZ =0

! 5.61
r .
1eCWI,SZ)Jo(WIX)WlAW1 + I‘le(Wz,Sz)Jo(WZX)WZAW2 0
A solution of this Cramer system will exist only if,
F1eM28)) Ty (Wy,8))
=0 5.62
T eiys8,) T (W5,8,)
_That is, W1 and W2 must be chosen to satisfy the equation,
I (W,8)) T (W,,8)) = T; (W;,8,) ) (W,8) 5.63

Assuming equation 5.63 can be satisfied, equations 5.61 have the

solution,

JO(WIX) WlAW1 rle(WZ’SZ)

I, (WX Wyl Te(M,52)

5.64

This equation must be satisfied by the proper choice of X and the

ratio Awl/AWQ.
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Substituting equation 5.64 in equation 5.60,

O

Te(X,8) = [r, (,,8) - 13,05 W,AH, 5.65

This equation is valid only for the chosen values of X satisfying equation

5.64.

The normalized even energy is given by,

o (X.S) _[rZe(x,S) 32 ) Fl(WZ,S)Pl(WISZ) -Pl(WIS)Pl(WZ,Sz) 2
, - - -
2e PZe(X,O) Pl(WZ,O)Fl(Wi,S) rl(Wi,O)Fl(Wz,Sz)
= 0 for S = Sl and S = 82 5.66

To repeat the process in another iteration, it is necessary
to have in plane 2, two annuli located at values Xl and X2 which satisfy
equation 5.64. At these values of X, P2e(x,S) =0 for S = S1 and Sz.
However, since the ratio eZe(X,S) is identical for the annulus at X = Xl
and the annulus at X = Xz, there is no possibility to change the norma-
lized even energy values by repeating the process. The analysis was
therefore restricted to plane 2.

The analysis was aided by the fact that there is an analytical

expression for Ple(W,S):



200

From equation A7 of appendix A,

1
r, 06,8) = Jo J_(SX) J_(HX) XdX 5.67
= gi%aif [s3 (W1, (5) - W (8)I3,(N]  S#W

1
=

N EAORE AN

5$.6.3 System parameters

Using the analytical expression 5.67 for rle(W,S), the computer

was used to calculate the sets of values W1 and Wé satisfying equation

5.63 for various chosen values of S1 and SZ' For each pair of values'
S1 and SZ’ domains of solutions for W1 and W2 were found. Of these
solutions, it was decided to choose W1'= 0 and an associated value of W2
which maximizes the bracket quantity in equation 5.65. The choice W= 0
makes easier the construction of the two annuli, and the choice of W2
ry(y,8))
enables easier detection of the signal. Since the ratio .~~~
Pl(O,SZ)
equation 5.64 is negative for this solution, it is possible to choose
X = 0. With this choice the signal can be received on the axis of plane

2, eliminating the necessity to make a special annulus for this purpose.

In addition, the function r2e(X,S) is maximized.
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For the solution with wl = 0, equations 5.64 and 5.65 must

be modified:

As AWi AWi ’

W, >0 J Jo(WiX) WidWi+  — Li(AWIX) . 5.69
o

1 >

With'w1 = 0, X = 0, equations 5.63, 5.64 and 5.65 becomes, respectively,

T1(0:5)) T (0585 = T)o(Hp8)) T1,(0,5)) 5.69
aw? r. (W,,S,) -
1 = - 12727 : 5.70
2W, AW, r,(0,8,)

r,(0,8) ry(W,,8,)
r, (0,s) = [r,w,,S) - ] waw 5.71
1272

Choice of S1 and 82

Table 5.12 shows a comparison of the normalized even energy

values of systems designed according to equations 5.69, 5.70 and 5.71
for various values of S1 and Sz. At least one value of S1 or 82 was

always chosen close or equal to the chosen limit for hyperesolution, S =
For low values of S1 and S2 (for example S1 = 1.0, S2 = 2.0),
the normalized even energy is low for narrow domains of S close to‘S1

and Sz; and it is prohibitively high for certain large values of S.
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Table 5.12 Normalized even energy values of two narrow iight
transmitting annuli in plane 1 for various values of
S; and Sy and for values of S from 0 to 20.

1 1.0 2.0 2.0 2.0 2.5 2.5
S, 2.0 3.0 3.5 4.0 4.0 4.5
W) 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
Wy 6.5199 6.7550 6.8906 7.0941 7.0807 7.3469
sy 0.1 X10°5 0.1 X10-5 0.1 X10-5 0.1 X 10> 0.1 X 10-5 0.1 X 10
S Normalized even energy
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

0.5 0.4852 0.8155 0.8280 0.8363 0.8769 0.8830
1.0 0.0000 0.4126 0.4407 0.4596 0.5765 0.5934
1.5 0.2523 0.0910 0.1080 0.1199 0.2565 0.2752
2.0 0.0000 0.0000 0.0000 0.0000 0.0543 0.0625
2.5 50.062 0.0000 0.0559 0.1533 0.0190 0.0309
3.5 208. 32 0.2176 0.0000 . 0.0934 0.0202 0.0583
4.0 578.80 1.5856 0.2482 0.0000 0.0000 0.0326
4.5 1230.5 5.3185 1.4715 0.2484 0.0754 0.0000
5.0 2134.6 12.094 4.2188 1.2649 0.4122 0.0741
5.5 3127.0 21.231 8.4092 3.1909 1.0909 0.3501
6.0 3940.3 30.508 13,1107  5.6864 2.0064 . 0.8202
6.5 4305.1 36.921 16.823 7.9674 2.8787 1.3519
7.0 4074.4 38.062 18.1647  9.1939 3.3806 1.7471
7.5 3303.7 33.359 16.5799  8.8814 3.3086 1.8461
8.0 2235.8 24.430 12.6414 7.1578 2.6920 1.6129
8.5 1190.2 14.318 7.7680 4.6896 1.7748 1.1499
9.0 432,02 © 6.0478 3.5232 2.3347 0.8855 0.6382
9.5 61.353 1.3140 0.9055 0.7314 0.2757 0.2426

10.0 8.1726 0.0001 0.0173 0.0571 0.0202 0.0392

10.5 104.71 0.6778 0.2386 0.0606 0.0256 0.0021

11.0 191.09 1.6559 0.7285 0.3060 0.1232 0.0453

11.5 190.28 1.8993 0.9125 0.4470 0.1784 0.0851

12.0 117.99 1.3352 0.6875 0.3749 0.1488 0.0826

12.5 ., 37.552 0.5210 0.2961 0.1851 0.0729 0.0477

13.0 0.71678 0.0408 0.0349 0.0336 0.1290 0.0126

13.5 14.522 0.0793 0.0242 0.0042 0.0019 0.0000

14.0 48.476 0.3994 0.1702 0.0678 0.0279 0.0096

14.5 66. 397 0.6207 0.2922 0.1358 0.0553 0.0247

15.0 54,330 0.5685 0.2800 0.1426 0.0577 0.0294

15.5 25.413 0.3019 0.1589 0.0892 0.0359 0.0207

16.0 3.4254 0.0596 0.0370 0.0257 0.0102 0.0074

16.5 1.9652 0.0068 0.0012 0.0000 0.0000 0.0002

17.0 15.921 0.1262 0.0524 0.0200 0.0083 0.0027

17.5 29.230 0.2687 0.1228 0.0554 0.0228 0.0099

18.0 29.708 0.2981 0.1434 0.0703 0.0288 0.0140

18.5 18.008 0.1980 0.1000 0.0529 0.0215 0.0116

19.0 4.7257 0.0627 . 0.0347 _ 0.0209 0.0084 0.0053

19.5  0.0452 0.0002 0.0006 0.0011 0.0004 0.0006

20.0 ' 5.5036 0.0414 0.0166 0.0059 0.0025 0.0007
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Table 5.12 Normalized even energy values of two narrow iight
transmitting annuli in plane 1 for various values of
S; and Sy and for values of S from 0 to 20.

S1 1.0 2.0 2.0 2.0 2.5 2.5
S, 2.0 3.0 3.5 4.0 4.0 4.5
Wy 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
W, 6.5199 6.7550 6.8906 7.0941 7.0807 7.3469
AWp 0.1 X 105 0.1 X 10-5 0.1 X 10-5 0.1 X 10~> 0.1 X 10~5 0.1 X 10
S Normalized even energy
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

0.5 0.4852 0.8155 0.8280 0.8363 0.8769 0.8830
1.0 0.0000 0.4126 0.4407 0.4596 0.5765 0.5934
1.5 0.2523 0.0910 0.1080 0.1199 0.2565 0.2752
2.0 0.0000 0.0000 0.0000 0.0000 0.0543 0.0625
2.5 50.062 0.0000 0.0559 0.1533 0.0190 0.0309
3.5 208.32 0.2176 0.0000 . 0.0934 0.0202 0.0583
4.0 578.80 1.5856 0.2482 0.0000 0.0000 0.0326
4.5 1230.5 5.3185 1.4715 0.2484 0.0754 0.0000
5.0 2134.6 . 12.094 4.2188 1.2649 0.4122 0.0741
5.5 3127.0 21.231 8.4092 3.1909 1.0909 0.3501
6.0 3940.3 30.508 13.1107  5.6864 2.0064 .  0.8202
6.5 4305.1 36.921 16.823 7.9674 2.8787 1.3519
7.0 4074.4 38.062 18.1647  9.1939 3.3806 1.7471
7.5 3303.7 33.359 16.5799  8.8814 3.3086 1.8461
8.0 2235.8 24.430 12.6414 7.1578 2.6920 1.6129
8.5 1190.2 14.318 7.7680 4.6896 1.7748 1.1499
9.0 432.02 " 6.0478 3.5232 2.3347 0.8855 0.6382
9.5 61.353 1.3140 0.9055 0.7314 0.2757 0.2426

10.0 8.1726 0.0001 0.0173 0.0571 0.0202 0.0392

10.5 104.71 0.6778 0.2386 0.0606 0.0256 0.0021

11.0 191.09 1.6559 0.7285 0.3060 0.1232 0.0453

11.5 190.28 1.8993 0.9125 0.4470 0.1784 0.0851

12.0 117.99 1.3352 0.6875 0.3749 0.1488 0.0826

12.5 37.552 0.5210 0.2961 0.1851 0.0729 0.0477

13.0 0.71678 0.0408 0.0349 0.0336 0.1290 0.0126

13.5 14.522 - 0.0793 0.0242 0.0042 0.0019 0.0000

14.0 48.476 0.3994 0.1702 0.0678 0.0279 0.0096

14.5 66.397 0.6207 0.2922 0.1358 0.0553 0.0247

15.0 54.330 0.5685 0.2800 0.1426 0.0577 0.0294

15.5 25.413 0.3019 0.1589 0.0892 0.0359 0.0207

16.0 3.4254 0.0596 0.0370 0.0257 0.0102 0.0074

16.5 1.9652 0.0068 0.0012 0.0000 0.0000 0.0002

17.0 15.921 0.1262 0.0524 0.0200 0.0083 0.0027

17.5 29.230 0.2687 0.1228 0.0554 0.0228 0.0099

18.0 29.708 0.2981 0.1434 0.0703 0.0288 0.0140

18.5 18.008 0.1980 0.1000 0.0529 0.0215 0.0116

19.0 4.7257 0.0627 | 0.0347 0.0209 0.0084 0.0053

19.5 0.0452 0.0002 0.0006 0.0011 0.0004 0.0006

20.0 ' 5.5036 0.0414 0.0166 0.0059 0.0025 0.0007
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As S1 and 82 increase, the domains broaden and the values of normalizéd
even energy decrease substantially for larger values of S. For these
reasons, the system with.S1 = 2,5 and S2 = 4.5 was chosen for experimental
investigation. The domain of S which has low values of normalized even

energy is broad. It extends from slightly less than S, to slightly more

1

than'SZ: 2.05855.0. For the domain 5<S<10, the values of normalize&
even energy are high but not so prohibitively high as for the other
systems. The modulation function (MF) described in section 2.12 may

reduce these to acceptable values.

Choice of Annulus Widths

Although smaller widths ﬁore accurately satisfy the de;ign
equations, defects of the physical annuli are more prominent and difficulties
in detecting the signal are greater. Therefore, it is useful to consider the
variation of the normalized even energy with a change in width AW, and its
associated width Awl. Table 5.13 shows that the normalized even energy
values for this system do not change much with a change in parameter
widths, especially for low values of S. The normalized even energy values
for larger values of S can be reduced to acceptable levels by the modulation

function (MF) as defined in section 2.12. Therefore, in the choice of width

of S, the widths AWl and AW2 which are chosen for the experimental system,

are not very critical.
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Table 5.13 Normalized even energy values of two narrow annuli in plane 1
for §; = 2.5, S = 4.5, for various width AWy of annuli and
for various values of S. The parameters A} and Bj are given
by A} = Wy + ggg_, By = Wp-22 | ¢; = AW where W, = 7.3469,

and W; = 7.5969 -

AW, 0.1 X 10°5 0.5000 1.0000 2.0000 2.2125 3.0000
A 7 .5969 7.5969 7.8469 8.3469 8.4097 8.8469
By 7.3469. 7.0969 6.8469 6.3469 6.1972 5.8469
Cy 0.0000 0.5473 0.7740 1.0946 1.1411 0.0000
S Normalized even energy
0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

0.5 0.8830 0.8828 0.8831 0.8853 0.8847 . 0.8903

1.0 0.5934 0.5928 0.5938 0.6008 0.5992 0.6168

1.5 0.2752 0.2745 0.2760 - 0.2862 0.2849 0.3099

2.0 0.0625 0.0621 0.0634 0.0718 0.0718 0.0920

2.5 0.0000 0.0000 0.0000 0.0007 0.0010 0.0058

3.0 0.0309 0.0308 0.0288 0.0194 0.0163 0.0059

3.5 0.0583 0.0574 0.0537 0.0046 0.0295 0.0147

4.0 0.0326 . 0.0312 0.0277 0.0152 0.0074 0.0018

4.5 0.0000 0.0000 0.0004 0.0046 0.0148 0.0236

5.0 0.0741 0.0793 0.0882 0.1222 0.1773 0.1918

5.5 0.3501 0.3645 0.3865 0.4597 0.5853 0.5887

6.0 0.8202 0.8466 0.8839 0.9993 1.2066 1.1871

6.5 1.3519 1.3899 1.4416 1.5948 1.8712 ' 1.8323

7.0 1.7471 1.7927 1.8539 2.0331 2.3430 2.3062

7.5 1.8461 1.8927 1.9561 2.1437 2.4400 2.4319

8.0 1.6129 ©1.6536 . 1.7111 1.8871 2.1281 2.1656

8.5 1.1499 1.1800 1.2254 1.3715 1.5351 1.6140

9.0 0.6382 0.6565 0.6867 0.7911 0.8796 0.9760

9.5 0.2426 0.2510 0.2668 0.3270 0.3610 0.4437

10.0 0.0392 0.0414 0.0466 0.0695 0.0759 0.1222
10.5 0.0021 0.0019 0.0012 0.0000 0.0000 0.0061
11.0 0.0453 0.0450 0.0426 0.0316 0.0353 0.0143
11.5 0.0851 0.0855 0.0838 0.0736 0.0812 0.0533
12.0 0.0826 0.0835 0.0831 0.0784 0.0858 0.0663
12.5 0.0417 0.0485 0.0490 0.0489 0.0531 0.0463
13.0 0.0126 0.0129 0.0134 0.0148 0.0157 0.0166
13.5 0.0000 0.0000 0.0000 0.0001 0.0001 0.0007
14.0 0.0096 0.0096 0.0092 0.0073 0.0083 0.0043
14.5 0.0247 0.0248 0.0243 0.0215 0.0239 0.0163
15.0 0.0294 0.0297 0.0294 0.0272 0.0300 0.0225
15.5 0.0207 0.0209 0.0209 0.0210 0.0219 0.0178
16.0 0.0074 0.0075 0.0076 0.0078 0.0083 0.0076
16.5 0.0002 0.0002. 0.0003 0.0004 0.0004 0.0007
17.0 0.0027 0.0027 0.0026 0.0020 0.0024 0.0012
17.5 0.0099 0.0099 0.0097 0.0086 0.0096 0.0065
18.0 0.0140 ©0,0141 0.0139 0.0128 0.0142 0.0105
18.5 0.0116 0.0117 0.0116 0.0110 0.0120 0.0095
19.0 0.0053 0.0053 0.0053 0.0052 0.0057 0.0048
19.5 0.0006 0.0006 0.0006 0.0007 0.0007 0.0008

| 0.0005  0.0006 0.0003

20.0 0.0007 0.0007 0.0007
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Table 5.14 Effect of the.modulation function (MF) defined in section 2.12
on the no?mallzed even energy values of two narrow annuli in
plane 1 with A; = 8.4097, By = 6.1972, C; = 1.1411, D; = 0.0000

S ez(OaS) ez(O,S) x MF el(o,s)

0 1.0000 1.0000 1.0000
0.5 0.8847 0.8308 0.9391
1.0 0.5992 0.4641 0.7746
1.5 0.2849 0.1577 0.5534
2.0 0.0718 0.0239 0.3326
2.5 0.0010 0.0002 0.1581
3.0 0.0163 0.0008 0.0511
3.5 0.0295 0.0002 0.0062
4.0 0.0074 0.0000 0.0011
4.5 0.0148 0.0002 0.0105
5.0 0.1773 0.0030 0.0172
5.5 0.5853 0.0090 0.0154
6.0 1.2066 0.0103 0.0085
6.5 1.8712 0.0042 0.0022
7.0 2.3430 0.0000 0.0000
7.5 2.4400 0.0032 0.0013
8.0 2.1281 0.0073 0.0034
8.5 1.5351 - 0.0063 0.0041
9.0 0.8796 0.0026 0.0030
9.5 0.3610 . 0.0004 0.0011
10.0 0.0759 0.0000 0.0000
10.5 0.0000 0.0000 0.0002
11.0 0.0353 0.0000 0.0010
11.5 0.0812 0.0001 0.0016
12.0 0.0858 0.0001 0.0014
12.5 0.0531 0.0000 0.0007
13.0 0.0157 0.0000 _ 0.0002
13.5 0.0001 0.0000 0.0000
14.0 0.0083 0.0000 0.0004
14.5 © 0.0239 0.0000 0.0007
15.0 0.0300 0.0000 0.0007
15.5 0.0219 0.0000 0.0005
16.0 0.0083 0.0000 0.0001
16.5 0.0004 0.0000 0.0000
17.0 0.0024 0.0000 0.0001
17.5 0.0096 0.0000 0.0003
18.0 0.0142 0.0000 0.0004
18.5 0.0120 0.0000 0.0003
19.0 0.0057 0.0000 0.0001
19.5 0.0007 0.0000 0.0000

20.0 0.0006 0.0000 0.0000
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This is within the goal for hyperesolution dis;ussed in the introductory
paragraphs to Chapter 5. For the purposes of direct comparison, to the

Airy pattern, the values of el(O,S) are also shown. It will be noticed that
for S<3, e_2(o,3)<' e_lgo,S). However, for 3:5<10, e, (0,5)> el(O,S). Thus,
wi;hout the effect of the modulation function, there is an improvement in the
energy characteristic for values of S greater than 3 and a deterioration

for values of S between 3 and 10.

5.6.4 Photographs taken with the narrow annuli system.

Three series of photographs were taken - with the central
diaphram separately, with the annulus separately, and with the composife
system of the ceﬁtral diaphram and the annulus:

(1) For S =0, 0.5, 1.5, 2.5, 3.5, 4.5, photographs of diffraction
patterns taken with the annulus separately are shown in figure 5.27
For S = 0, there is a maximum of luminous intensity in the center of a
rapidly varying pattern. As S increases, this central region becomes
deformed and its amplitude decreases to zero at S = 2.5. This is
followed by greater deformation in the outer regions, especially for

S

3.5 and 4.5

2) For S = 0, 0, 0.5, 1.5, 2.5, 3.5, 4.5, photographs of diffraction
patterns with the central diaphram separately are shown in figure 5.28

It can be éxpected that for most values.of S, the amplitude within the

domain of this small diaphram is approximately uniform. As a result

most of the diffraction patterns are Airy patterns given by,

J,(8) I, )
g, (W,0,8) = —¢ X —F— 5.72

where from section 2.7, W' =V W4 + S2 + 2 WS cos¢
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All the photographs except S = 3.5, appear to be Airy patterns
which gradually decrease in intensity with S. Since at S = 3.5, the
amplitude at the central diaphram changes from positive to negative,

it cannot give an Airy pattern.

(3)~ For values of S from 0 to 22.5, photographs of diffraction patterns
taken with the composite system of the central diaphram and the annulus
are shown in figure 5.29. From S = 0 to 4.5, these diffraction patterns
may be considered as the superposition of two diffraction patterns -

one due to the central diaphram and the other due to the annulus. Except
for this superposition, the interesting features of the diffraction
patterns in this range of S are the same as for.the diffraction patterns
taken with the annulus separately. The discussion of.these features

is therefore not repeated.

From S = 6.5 to S = 8.5, the central spot of the Airy pattern
is located at the circular diffracting edges of the annulus. The coherent
light emitted from these two edges interfere, giving slowly varying inter-
ference fringes.

For large values of S, the diffraction patterns do not change
very much and tend toward a steady pattern having two small spots. The
mathematical analysis iﬁ section 2.8 can easily be used to deduce the

approximating expression for this diffraction pattern.

For comparison with the photographs, contour maps of even amplitude,
odd amplitude, amplitude, phase and luminous intensity are shown for § = 2.5
in figures 5.30 to*5.34. In addition, the contour map of luminous intensity
for S = 0 is shown in figur; 5.35 and the amplitude function gz(X) for S =0

is shown in figure 5.36



s = 2.
s = 3.5

Photographs of iterated diffraction patterns formed in
plane 2. by .a narrow annulus in plane 1 for A; = 8.4097,
= 6.1972 and for different values of S.

Figure 5.28; Photographs of

plane 2 by a central diaphram in plane 1 for A1 = 1.1411
.and for different values of S. _

§= 3.5 S= 4.5

1terated dlffractlon patterns formed in




|S=
8.8 8= 0.8 8$=10.8

Figure 5.29 Photographs of iterated diffraction patterns formed in
plane 2 by the narrow annuli system for A; = 8.4097,
By = 6.1972, C, = 1.411, D = G.0000 and for different

values of S. 1
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. ‘Figure 5. 29/ Photographs of iterated diffraction patterns. formed in
: i plane 2 by the narrow annuli system for A, = 8.4097,

B; = 6.1972, C, = 1.411, D; = 0.0000 and or different

values of S. 1
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Figure 5.30 Contour map of even amplitude in plane 2 for the narrow

annuli system Aj; = 8.410, By = 6.197, C; = 1.141, D; = 0.000

for S = 2.5, for X from 0 to 5 and for ¢ from 0 to w. The :
values of even amplitude are normalized so tha? gz(O,Q,O) = 100. ‘
The construction of contour maps is explained in section 3.6. 4
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luminous intensity in plane 2 for the narrow

annuli system A; = 8.410, By = 6.197, C; = 1.141, D) = 0.000,

for S = 0, for X from 0 to 5 and for ¢ from O to

m. The values

of intensity are normalized so that g2(0,0,0) = 100. The construc-
tion of contour maps is explained in section 3.6.
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Figure 5.36 Calculation of g,(X) for the narrow annuli system A, = 8.4097,
B, = 6.1972, C; = 1.141, Dy = 0.000, for S = 0, and for X

from 0 to 5.
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CHAPTER 6
EXPERIMENTAL INVESTIGATION

6.1 Photoggaghs

Diffraction patterns have been observed experimentélly up

to piane 4. Three series of photographs are presented:

(1) Figures 5.8 to 5.11 show the diffraction patferns formed in plane 2.
with diaphrams in plane 1 having radii equal to the a&bscissae ofj%he
special points 3.054, 3.832, 5.136, 7.016. For the special points
3.054,3.832 and 5.136, the diffraction patterns. are shown for values

of S from 0 to 11 in éteps of 1. For the special point 7.016, the

diffraction patterns are shown for values of S from 0 to 23 in steps of 1.

(2) Figures'5.12 and 5.13 show the diffraction patterns of planes 2 and 3
for the selected system defined in section 5.6.3. The diffraction patte;ns

are shown for values of § from 0 to 23 in steps of 1.

(3) Figures 5.2§ show the diffraction patterns of plane 2 for the narrow
anﬁulus system as defined in section 5.5. The diffraction patterns are
shbwn for values of S from 0.5 to 22.5 in steps pf 1 and for S = 0. The
corresponding diffractibn patterns in plane 2 for the first‘aﬁnulus
separately are shown in figure 5.28 and for the second annulus separately

in figure 5.27. These diffraction patterns are shown for values of S

from 0.5 to 4.5 in steps of 1 and for S = 0.
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6.2 Experimental Optical System

The introductbry theory of hyperresolving system§ is given in

. Chapter' 1 where ‘a schematic diagram of a hyperesolving system is given
by figuré 1.2. The point source and lenses equipped with diabhrams or

' annuli were aligned on stands and spaced a distance D equal to twice the
focal length of the lenses. In this experimental investigation, D was
chosen to be 200 cm correéponding to a focal length of 100 cm. A

genéral view of the system as described below is shown in figure 6.1.

6.2.1 Light Source

We could have chosen for the experimental'ﬁork a mercury arc
lamp or a laser. The advantage of a laser is that it has a much higher
.luminance than the meréﬁry lamp. This would permit eas{ef observation of
the diffraction patterns and shorter exposure times when photographs are
taken. However, the high coherence of laser light has a serious disad-
vantage in optical syétems. Internal reflections of highly coherent
light in lenseg often result in spurioﬁs diffraction and interferenceé
patterhs. Taking into account the adféntage and disadvantage of each

light source, we chose a;mercury lamp. The lamp was .an Osram HBO 100 watt

mercury super pressure lamp which was the brightest mercufy source

available.



220.

. 'we3sAs [eIUSWTIOAXS 9Y] JO MOTA [BISUSS Y

1°9 eandty.




221

. e e e o et = . - - -

Figure 6.2 Photograph of point Figure 6.3 Photograph of lens
source ' : holder

Figure 6.4 Photograph of cup holder Figure 6.5 Photograph of lens

with cup and diaphram cell with lens, and one
' v annulus for the selected

system.




222

A photograph of the light source, which was designed and
constructed at N.R.C. for the mercury arc lamp, is shown in figure 6.2.
It is mounted on a platform in such a way that its angular position can
be changed by three levelling screws. The light gource consists of:

(1) a light cavity which contains the lamp. -
@) a mechaniém‘for positioning tﬁe iight cavity.

(3) a collimating tube with a lens.

(4) an inferference filter and a diaphram

(5) a focussing tube with a lens.

(6) a pinhole.

The lamp is housed inside a.parallelepiped light cavity; The
cavity has at the top and bottom a series of baffles which permit cir-
culation of z.r to cccl the lamp and at the same time the cavity remains
light tight. )

Diverging light emitted by the lamp is collimated by the lens
of the collimating tube and then filtered By an interference filter
located inside a disc shaped filter housing. The interference filter
isolates the strongest line of ;he mercury:-spectrum - the green line
of wavelength 5461A. The light is then focussed by'a lens on the pinhole

which serves as a point source for the system. An iris diaphram mounted

in front of the focussing lens is used to limit the angle of the conical

beam emerging from the pinhole.
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It is also important that the image of the mercury lamp be
properly centered on the pinhole. The mercury lamp has two conical
electrodes spaced a distance of approximately 0.3 mm. The image of
the arc across these electrodes should be correctly focussed and exactly
positioned on the pinhole. However, since the arc is not absolutely
steady, it may move ﬁith.respect to the electrodes of the lamp. TIn this
case, the pinhole is no longer strongly illumiﬁated. Thus, gither the
pinhole or the lémp must be moved so that the image of the arc is recente-
red on the pinhole. Uﬁfortunately, if the pinhole is moved, the S .
-coordinates of the optical system are changed. Therefore, the light-
source was designed so that the lamp could be accurately positioned
while the pinhole femained fixed. The cavity with the lamp can be
moved in the X, y, z directions of a rectangular coordinate system by
meaﬁs of three dovetails. Accurate positioning is obtained by means of

threaded rods,;gears-and'positioning knobs.
The size of the pinhole was based on considerations of brightness

and image ‘quality of the Airy pattern. When the pinhole is larger, the

source is brighter ana consequently, the diffraction pattern is easier

;o detect. However, a large pinhole is not a very good approximation to

a point source. Consider a pinhole centered on thg axis of the hyperesolving

sysfem as a very small extended source consisting of an infinite set of

point sources. As explained in section 2.7, each of these point sources gives

an Airy pattern displaced from the axis by an amount equal and opposite

to the displacement of the point source. The resultant diffraction pattern
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- therefore is a superposition of Airy patterns with various dispiacements

from the axis. Thus, the image quality of the resultant diffraction
patter depends on_the pinhole radius since it detelmlnes the maximum
dlsplacement., The image quality also depends on the radius of. the
dlaphram limiting the pupil of the lens which forms this dlffractlon
pattern. The size of this dlffractlon pattern is inversely propoxrtional

to the radius of the diaphram. Therefore, for a given size of the

'pinhole, the displaced Airy patterns forming the resultant diffraction

patterns will considerably overlap if the radius of the diaphram

14

increases. In éonclusion; when the pinhole and the radius of the
diaphram are both:smallér, the image quality of thg'rgéultant diffraction
pattern is higher. | .

The radius of the pinhole was chosen to be the iargest for

3

which there was no obscrvable deterioration of the Airy pattern. A

~pinhole of radius 99 microns was used for all the expérimentél work

except the study of the selected system defined in section 5.4.1. Since
a larger diaphram was used in plane 0 for the selected systém, a smaller

pinhole was necessary in this case. A pinhole of radius 33 microns was

.used.. The pinholes were drilled in brass foil 0.005" thick and mounted =

on cups which were placed at the end of the focussing tube.

The iight Sburce_is mounted on a platform which can move with

roller bearings along two paréllel rods made of hardened steel. The

‘direction of these rods is pexpendicular to the optical axis of the

hyperesolving'System. .The platform is moved by a motor driven screw
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controlled remotely. In this way, the.-point source could be moved to’
any desired position while observing the diffraction patterns. Two types
of switches are placed near the end of travel of the platform - reversing

switches for reversing the direction of travel and safety switches which

would stop the motor in case the reversing switches failed to operate

properly. The dlstance d of the point source is measured by a dial indi-

cater to an accuracy of l micron: The value of S can be calculated

‘from d by equation 1.2. .-

6.2.2. Lenses and Diaphrams

Identical lenses having a cross sectional diameter of three '
jnches and a focal length of 1 meter were used for the optical system,

Each lens was mounted in a ring shaped cell.and then placed in a lens

.holder as shown in figure 6.3. The lens holders, which were designed

and constructed at N.R.C., were securely fastened to triangular stands

welded out.of steel angle. Each holder can move its lens in the

x, ¥, 2z directions of a reotangular coordinate system by means of three

" dovetails. Accurate p051t10n1ng is obtalned by means of threaded rods

and positioning knobs. It can also swivel the lens in two angular
motlons by means of two lever arms controlled by threaded rods.

The lens holders enabled good control on the p051t10n1ng of
tﬂe lenses w1th.respect to an opt1ca1 axis deflned as follows. The
liéht beam emitted by the point source is a conical divergent beam hav1ng

a symmetry of revolution. The axis of revolution of this light beam
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o
was used as a reference optical axis and all optical parts of the system
were positioned with respect to this axis. The lenses were aligned as
follows:

a) ‘Each lens was adjusted so that the light reflected from its front
~surface was collinear with the axis of the conical beam emitted by the
poinf source. For the first or primary lens, this was done by swivelling
the lens so that the reflected light received on a white screen.. surroun-
ding the point source was centered with respect to the pinhole. For the
other lenses, the adjustment was made with the aid of a white screen iﬂ
front of one quadrant of the lens. In this way both the incident and’
reflected beams could be observed simultaneously.

b) The pbsitions of the 1enses.were adjusted to make the syétem
confocal. That is, the lenses were spaced a distance of twice their
focal length. The distance between the point source and the first lens
was adjusted with the aid of a meter stick to be 200 cm, twice the focal
length of the lens. At this stage, two experimental processes described
below were tried to adjust the other lenses of the system. .

Plane 1 of the hyperresolving system is theAplane where the image
of the point source is formed by the primary lens. The next lens, which
has to be placed in plane 1, was moved by'means of ?ts lens holder so that
thelprevious image was sharply focussed on the front surface of the lens.
A similar procedure was used tb édjust the distance between the lenses for
planes 2 and 3. However, in this case it was necessary to place é small

* diaphram (described later), about one millimeter in diameter, on the primary
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- lens in plane 0. The diaphram, illuﬁinated by the point source, served |

és an object for the lens in plane 1. |

In the second experimental process, the lenses were pesitionea
with only the aid of a meter stick. In practice, this procedure was
atlleast as. .accurate as the first one, as explained below: The depth“
of focus of a lens is associated with the angle Q subtended by a
the lens in the image plane. The smaller the angle &, the greatexr the
depth of focus. In the eiperimental system, the cross sectional diameter
of the lens was 7.62 cm and the distance from the lene to the image
plene was 200 cmt Therefore, the angle subtended py the lens was .-

,0.0361‘radians. Because of this small value of ®, the image formed by

the lens did not change very much in the vicinity ef the image plane.
As a result, it was not possible to focus the lenses to a precision better
than a few millimeters. Since this precision could easily be obtained
with a ﬁeter stick, we prefered the second method which is much eimpler.
c) A m1croscope was used to aid in adjusting the p051t10n of each
lens so that its diaphram (descrlbed later) was centered w1th respect
%o the symmetrical dlffractlon pattern for S = 0.

The radii a, of tﬂe diaphrams were determined by the parameters
A used to design the system, the focal length.f of the lenses and the
wavelength At a =A /fff— . _ | | |

In principle, any focal length may be used for a given system
but a long focal length has the advantage that the dlaphrams are

\

large, thus simplifying thelr constructlon It has the dlsadvantage
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that the hyperresolving system will be long; consequently it may be
affected by mechanical stability and air turbulance along the optical
path. Taking into account various characteristics of the tunnel at
N.B.C. where the experiment was carried out: total length, stability
of the floor, constant temperature well within 1°C, reduced air
turbulance....., it.was decided to use a focal length of 1 meter with
diaphram radii in the order of millimeters or tenths of millimeters.

The diaphrams were made with brass foil 0.001 inch fhick,
to obtain very sharp edges of the circular holes. During the dfilliné
process, the foil was clamped tightly between two sheets of steel.
After the hole was drilled, it was carefully polished with a needle to
eliminate the remaining burfs. Each diaphram was observed with a
travelling microscope to check the quality of the hole and to measure
its diameter. It was then mounted on a specially designed cup which
could easily be inserted and held in the central hole of a disc ‘shaped
cup holder. This cup holder was mounted to the lens cell by means of
three screws. A cup and its holder are shown in figure 6.4;

A different érocedure was used in the case of two annuli
consisting of a central éircular aperture and a concentric light
transmitting annulus. In this case, a hole was dri}led in the foil as
deséribed above giving the central circular aperture. This diaphram
was then machined on a lathe so as to make an opaque annulus having an
outer radius equal to the required inner radius of the light transmitting

annulus. It was then accurately positioned by a method described later
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and cemented with glyptol on the front surface of the lens.

Separately, a circular hole was drilled in a large disc
which could be positioned accurately just inside the inner radius
of the lens céli. The radius of the hole was équal to the required
outer radiu; of the light transmitting annulus. By construction, the
disc was accurately centered with respect to the opaque annulus
described above, so as to form the composite light transmitting pupil.
It was held against the front surface of the lens by a large "O" ring.
A photograph of the lens with the two annuli and the lens cell is shown
in figure 6.5.

A '"centering guide', for centering the opaque circular annulus
to be cemented on the lens, was designed and made. It consisted of two
‘parts: The first, a circular disc of brass with a radius of 7.62 cm,
exactly equal to the inner radius of the lens cell. ?his disc could
be accuratély positioned on the lens cell. The second part was a
cylindrical rod, having the diameter of the outer edge of the opaque
annulus. It could be inserted through a hole of the same size at the
center of the large disc described above.

The procedure was as follows: The cylindrical rod was inserted
through the éentral hole of the large disc so that its end was slightly
recessed with respect to the surface. The assembly then formed a
circular cavity in which the opaque annulus could be exactly inserted.

A small drop of glyptol was deposited on the surface of the opaque annulus.
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The centering guide was mounted on the lens cell, and, as a result of
the design, the éylindrical rod and the opaque annulus were then
positioned so as to be concentric with the optical axis of the lens.
By construction, a small clearance distance was allowed between the
opaque annulus and the lens. The circular rod was then pushed so as
to move the opaque annulus towards the lens and to maintain it against

the front surface of the lens while the cement was drying. Finally,

the centering guide was removed.

Experimental determination of the composite light transmitting pupil

For plane n, the parameters Ah’ B, C, Dn and their correspon- -

n’ n '
ding radii a s bn’ e dn are given by equation 1.4:

/21 i di f the 1 t lus
A = a v = where a, is the outer radius o e largest annulu

B =0b 2m where bn is the inner radius of the largest annulus

2m where ¢ is the outer radius of the smallest -annulus.
n

(@]
]
(g]
|

v 2m where dg is the inner radius of the smallest annulus.

A=)
b
0
|

o
n

200 cm.

5460.74 X 10~ cm.

>
n
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For convenience of calculations, Ab was normalized to 1
corresponding to a central diaphram of radius a, =¢(§X- 0.0417 cm.
However, since this radius is not convenient experimentally, a
homothetic system, which merely changes the magnification and intensity
of the diffraction pattern as indicated in section 2.3, was constructed.

If the actual radius of the diaphram in plane 0 is aé, the system is

transformed homothetically according to & ratio of similitude given by,

=<
!I
o”|o™

fhe selection of aé was based on the following considerations:
(1) It is more difficult to make small holes free of defects.
(2) Since the size of the Airy pattern is inversely proportional to
the size of aé, a large value of aé will result in a small Airy pattern.
Consequently, annuli in the planes of odd order will b? small.
(3) Since the energy entering the system is proportional to (aé)z,
# small hole will form diffraction patterns having a low illumination.
Consequently it may be difficult to observe and photograph such
diffraction patterns. |
(4) The possible radii are dictated by the available drill sizes.

. After considering all these factors,vthe value chosen wvas
a& = 0.0701 cm glVlng a ratio of similitude k = 1.68. Consequently,

the theoretical radll in plane 1 are determlned by equations of the type,

a .AIDA
_f,l = : = 0.02480 A, cm 6.2
ao Zﬂaé 1

- D)
al = A o

'
1 1
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For diaphrams in plane 1 having radii equal to the abscissae

of special points, the theoretical and experimental radii and parameters.

. ares

theoretical
parameter

3.054
3.832
5.135
7.016

8.158

experimental theoretical

parameter radius ai (cm)
3.105 0.0758
3.729 0.0950
5.135 0.1273
7.019 0.1740
8.220 0.4046

Radii of the narrow annuli system

experimental
radius ai (cm)

0.0770
0.0924
0.1273
0.1741

0.4077

In the case of a narrow annuli system, a much greater experimental

precision is required in the width of each annulus than on its average radius.

The parameter widths AW, and AW, are related by equation 5.70 which

for W1'= 0 and Wz = 7.3469 becomes,

AW, = ¥ 0.5991 AWZ

1 H

From equation 6.2, the corresponding radii widths are given by,

- ht
2) - by

ct
1

0.02480 AW.

2

0.02480 V0.5991AW2

6.3

6.4
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To achieve the maximum accuracy in the widths, holes with radii

ci and ai were first drilled with available drill sizes and measured

(the method was given previously). bi was then machined to a diameter
which woulld accurately satisfy equation 6.3. The theoretical and

experimental radii and parameters are:

radii theoretical radii (cm) experimental radii (cm)
ay ~ 0.2068 0.2085
Bi | 0.1537 - | ~0.1537
el . - 0.0271 0.0283
d; 0 0
parameter theoretical parameter ‘experimental parameter
Al 8.3469 8.4097
B, 6.1972 . 6.1972
VCI . 1.0946 1.1411
D, 0 0

Radii of the selected system

radii theoretical radii (cm) experimental radii (cm)
aé ' 0.1946 ' 0.1942
ai 0.0729 0.0733
a) 0.2766 0.2776
b! 0.1537 : 0.1537
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GONGLUSIONS. ' o

As a result of the analytical and experimental study of
digfragﬁipn channels, we have obtained various properties of mode

. fbnﬁation’ang of iterated diffraction. This has léd to the invéstigatién
of two systems of itérated diffraction.

Ip the study of mode formation, we have shown the sucéessiﬁe
| structurél modifications of iterated diffraction patterns when they
tend towards the dominant mode, iteration'by itergtion. |

The study of diffraction channels for h&perresolution was
approached analytically, numericglly an& computationally: A significant
step in our analytical Study ofuhybeyrésolution'Was.thpoint' R S
‘q@t? the ifuhdamentai~role“ofnthe'even function and of the .average’ even, amplitude.
Wé eétablished certain properties of iterated diffraction patterns .
which were useful tools for a complete understanding of these optical
systems. For example, the de?elopment of the analytical expression for
the diffraction pattern in plane 2 when S is large. Also, ﬁhe exprégsion
developed for strongl; diffraéted lighé.‘ The concept of a homothetic
di%fraction channel Qas developed, and used in our experimenfal systems.

- . The work reported in this thesis gives very little indica-
tion of the extensiveness of the computational investigation, which

resulted literally in tons of computer output.

-
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The numerical study and experimental work gave complémentar&
information. For example, we obtained numerically some information that
‘the experim@ntal-wofk could not give on phase and therefore functioﬁs
as;oéiéted with amplitude. On the contrary, visual observation and
. photography were far superior to computatiqn for the study of enefgy
distribution in the diffréction patterns. Photographs were_partidﬁlarly
uséful in the analyéis of the ‘experimental systems. For example, the

- selected systems were stﬁdied by means of analytical equations suggested
.by.certain photographs. . ‘
Pt s To the best of our knowledge, the work in this thesis is the f£irst broad
sfudy of diffraction'chénnelsg we were not able to find any literature
which can ge used as a starting p&int. Therefore, the analytical, numerical
.and experimental investigations in this thesis are a first step to further
progress in this area. In this wo;k, various proper?ies of diffraction
channels have beeﬁ found and an investigation has been made.intb the
possible use of'diffraction channels for hyperresolution.. As a resuit,
_ two systems were designed, constructed and studied both theoretically
and experimentally for their hyperresolving properties.

The selected sfstem gave some,improvement in the energy
characferistic for plahé 3 over tﬁai in plane.l but .the ipprovement was
sliéht and it di& not sétisfy.thg gogl set for hyperesolution. This goal

was only achieved with the use of the modulation function. For the narrow -



235 b

annuli system, the improvement in the energy characteristic for low
values of S was associated with a deterioration of the characteristic
for higher values of S. This can be compared with the work by Toraldo
di Francia 1952 mentioned in Chapter 1: The narrowing of the central
spot was associated with an increase of the luminous energy in the outer’
rings.

Based on the comparison of the energy characteristic for the
selected system in planes 3 and 1, it may be said that hyperresolution’
has been achiefed theoretically to a certain degree. However, it has
not been achieved to the extent that a practical hyperresolving system
should be constructed.

The prospects for achieving a practical hyperresolving system
by this method do not appear great. Nevertheless, one cannot overlook
the possibility that an approach different from those studied would lead
to a practical system. It wduld seem however, that before other approaches
are attempted, it isfnecessary to consider the fundamental requirements
for hyperresolution. Since information theory has been used by various
;uthors to prove the principle of hyperresolution, this theory might also

give useful information on how a practical diffraction channel can be

designed for hyperresolution.
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APP:ANDIX A

Bessel function formulas.

The following equations involving Bessel functions are used
in this thesis. The derivations for these equations may be obtained
~ from standard references, one of which is given in each case. In
many cases, a simple algebraic substitution is necessary to obtain
the form given here from the equation given in the reference.

The Bessel function of order n can be defined in its series

form as,
ad (_l)k(zan+2k
J (2) = 2 Al
n k! (k+n)!
=0 Watson, pg. 15, eq. 1
Integrals
2w . . T .
%}_ j elwx cos (¢-6) - 1? $_ elmc?'-e)Jm(WX) A2
° ,/ Stratton, pg. 372, eq. 59
27 .
%:— J cos m¢ elwx.°°§¢(¢_e) = imcos me Jm(wx) A3
“ ° . derived from eq. A2
27
?12_ J oiWX cos gi—e) - 3,0 Ad
. ° derived from eq. A2
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1 | J 0
I o J_(X)dx = .t S A5
o : ~
W McLachlan, pg. 192, eq. 30
- B ! 3
: -xm+1 cos mé eiWX cos(9$-6) _ iMeos md m+1
= —_— A6
derived from eq. A3 and AS.
1 9 '
jo J (SX) J (WX) XdX = gl [s3 ), ,,(5) -WJn(S)Jn+1FW)] S#N
A7
1 2
=z bw-3 _,m7,,0m] S=W
McLachlan, pg. 195, eq. 79 & 80.
Series Formula - ~\\\\ -
' cos (SX cos ¢) = JO(SX) + 2 :E:: J2k(SX) cos 2 k ¢ , A8
' | k=1
Watson, pg. 22, eq. 1
15X cosé J_(SX) + 2 Z ik J, (8X) cos k ¢ A9

McLachlan, pg. 57, eq. 12



238

Diffexrential equation

b L

- -d- ' _
TR [wak(wxﬂ = wak_l wx) . | A10

McLachlan, pg. 192, eq. 32

Recursion formula

2n _
= Jn(Z) = Jn+1 z) + Jn_l(Z) _ All

McLachlan, pg. 191, eq. 29
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APPENDIX B

~ Formulas involving the function Ln(W)

The following formulas involving the function L 00 are used
in this thesis. The equations are easily derived from the Bessel
function equations indicated.. Tables.of-values.foriiheifﬁnctions
Ln(W) are available in Jahnke, Emde, Losch.

The function Ln(W) is defined by,

J ' k _, 2k o
™ L) n & B1
n W k! (n+k)!

Recursion formula

2
_ L ‘ B2
Ln_ 1 CW) = Ln (W) = 4n (n+1) Ll"H'l (W)
derived from Al0 and Bl
Dexrivative
e Wy, 00 / .
/ aw - 2(m+1)

derived from A9 and Bl



Integrals

W

I . Ln(W) w.dw = anLn

"
IO L (DL (W) Wdw= [

@

2nn
n+m-1
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derived from A5 and Bl
2
-1 (0L, (D)= 7 L (0L (0]

derived from eq. 11.105, 11.107

of Wheelon and eq. Bl

B4

BS

e
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- ERRATA

The word "diaphram" throughout the whole thesis should

be spelled "diaphragm".





