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ABSTRACT

-

Variational methods are widely used for the solution ‘of boundary value probler—ns
"Tﬁ applied .‘mecha.nics, O't"."all the variafional meghods,:“‘Galerkin’s method is genellz‘ﬁl]y
the méstrrapidly converging. But, the Galerkin method Quﬁ'érs-.the drawbacks that the
method is usually very mefﬁcxent as it mvolves the tedious and sometimes formidale task
of definite mtegr‘z;.tlons It is also very d1fﬁcult and sometimes impossible to find a complete
“deflection function to meet the geometric boundary conditions of a particular structure
- under con51derat10n A

In this study, Galerkin’s method is _extendéd by the Vlasov"s' ;ﬁ'éfhod -in' that the
displacement functlons are chosen with specxal mathematical prOperties and by ultilizing

these mathemetlcal properties, Galerkin’s method is greatly sxmphﬁed

To demonstrate the simplicity and accuracy of Vlasov's methaqd, typ1ca1 applled me-

chanics problems such as bendmg, vibration and bucklmg of plates are used as 111ustrat1ve

examples. The Vlasov’s method is further applled to the deﬂectlon of plates on elastic

foundations and sandwich plate problems, The results obtalned are pre_sented in tabular

and graphical forms, and whenever possible, are compared with exiéting'séiutions based

61}. much more tedious and lengthly methods of analysis and close agreeménts are found.

No comparison of the results for the deflections of rectangular plates with one side fixed' -

and three sides simply supported resting on an elastic foundation in table 4 nor the free
vibration of one side fixed and three sides simply supported rectangular sandwich: plate
with various shear rigidi_t:igs and aspect ratios in table 18 are made as no results by other
investigators are readily available in the technical literatures.

The definite.integrals involved in the formation of Vlasov’s algebraic equations from

the governing differential equations were evaluated by trapezoidal rule.

. . A
- Comparing with the finite element method, the Vlasov method is more simple in for-

T

e
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‘mation and computmg tlrne and memory requxrements-are small thus makmg 1t 1deally

suited for computers with relatlvely srnaller capamty and speed. In” contrast the finite

element method requxres the use of computers of considerable storage capac1ty and prepa-

ration of data for each element can be time consummg The Vla.sov method is also easier

to apply in sandwxch pla.te problems cornpa.red to the. ﬁnlte element method
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CHAPTER 1

INTRODUCTION .

1.1 GENERAL o \
Rectangular plates are commonly used as componeuts of building floors, foundations
and bridge slabs. In general, the deflection of a plate in' the above mentioned applications

are generally small in comparsion with its thickness and a linear analysis is sufficient for the

design of such structures. For aircrafts missles and other aerospace structures, specialized-

laminated sandwich plates ha.ve recently found wxde application. Sandwxch pIa.tes are
composed of two thin, stiff, strong sheets of high strength material separated by a thxck
layer of material with relative 19w average strength and den51ty. The two thin sheets are

teruled face sheets or skins and the middle layer is called the core. ' The popularity of
. . 3 .

" application of sandwich plates in the aerospace industry is due to the highly desirable

thermal properties as well as the strength to weight ratio characteristics of such plates.

People are ge'nera.lly ra.ther sensitive to vibrations and occupants of buildings or

r

pedestrams on bridges become concerned for their safety when buildings or brldge struc-
tures vibrate. If the frequency of vibration matches the resonance frequency of structures
the structures may deflect excessxvely causing ‘permanent damage to the structure. To

avoid the plate from vibrating and deflecting excessively, a free vibration analysis should

first be performed. For total design of a structure, all design limits of strength, deﬂectiou,

vibration as well as stability must be investigated in order to ensure a high standard of"

-

performance of the structure. - -

2 The theoretical analysis of structures is generally expressed in the form of ma.thema.t—

. ical models and for bounda.ry-va.lue problems, the governing d!fferentla.l equations of such

mathema.tlca.l models are usually rather comple.x, and exact solut:ons to these dlfferental

equation problems can only be obtained for very few aunple cages. In most cases, it is

I
-
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almost impossible to find simple functior;s to satisfy both the boundary conditions and the
'govermng differental equations. In the past twenty years, dlglta.l computers have enabled
‘researchers to solve the differential equatlons by numencal methods. For design purposes
where exact solutions are not available, engmeers are generally satlsﬁed with approximate

numerical methods giving + 10% of the ‘exact solutions.

s

' L2 OBJECTIVE AND SCOPE

The main objective of thlS thesis is to investigate the application of Viasov's method to
overcome some of the diiﬁculties encounj;ered by the conventional Galerkin’s method when
" applied fo analyze static and dynamie plate preblems. in this thesis, the Vlasov’s method
is applied to solve various stati¢ and dynamic p;late problems with un'.sym:met_ric‘-boundary'
conditions. The Ascope of this work covers the application of Vlasov’s method to analyse
the bending, vibration, and buckll;l.g of rectangular isotropic and orthotroplc plates. To
pursue the investigation further, the problems of bending and vibration of sandwich "plates"

and bending of isotropic plates resting on elastic foundations are also studied.

N

1.3 OUTLINE OF THE THESIS -

Since the probl_ems studied in the thesis are related to the static and dynamic analys'is

} of isotropic a.nd orthetropic plates and sandwich plates, .existing'literaeure relating to the
topic are briefly reviewed in chapter 2. In chapter 3, the Vlasov's algebric equations derived
from the goverﬂmg dxfferentlal equation are formulated. Since Vlasov s method involves the
eva]uatlon of some definite integration, the trapezoidal rule of definite integration is used
In chapter 4, the governing dlﬂ'erentlal equatlons for the bending, v1brat;on and bucklmg of
rectangular isotropic.and orthotropic plates and bending and vibrati'on of saedwich plates
are investigated. In ¢ apper 5‘, Vla.sov’s. metﬁod is used to solve the small deflection: o{ ‘
isotropic and orthotropic plates resting on elastic foundations. The same me_thod is also

applied to the small deflection problem of sandwich plates. In chapter 6, Vlasov’s method



-
r B

- £

H Lo

g problems of motropu: rectangular pla.tes

f

is apphed to a.nalyse the free vrbratlon of 1sotrop1c and orthotrop:c rectangula.r plates and

| sandwu:h pla.tes In chapter 7, the same method is further a.pphed to solve the bucklmg

s

v - . .
o i

| In the ﬁnal chapter, some conclusrons are drawn a.nd'sunim“}'zed.-
Numerxcal and graphlcal results of all'the a.nalyses are presented Wherever possxble_, )
such results are cornpa.red with solutlons obtained by other mvestlgators The computer

.

programs are.also included in the applendix.

o -
o
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CHAPTER I1
REVIEW OF LITERATURE a

The small deflection theory of plates is generally attributed to Kirchhoff, Love,

.Bernoulli and Navier [43]. In 1821, the french mathematician, Sophie Germain, obtained

a differential equation for flexural vibration of isotropic plates using the calculus of vari-.

ations. Lagrange corrected Germain’s work by adding the missing terms and formulated

-

the first correct differential equation of free vibration of plates.

" The theories of sandwich plates were éﬁalyssed by various authors. They have consid- .

ered the effect of the core transverse deformability on the bending of sa.ndWich plateé and
come to conclude that, except for very ‘extreme condmons this effect is neghglble

In 1947, William D [58} obtained a sxmple approximate formula apphcable to isotropic

-‘as well as orthotropic core of sandwich plates He accounted for the transverse shear effects

in the core of the sandwich pla.te by assuming tha.t a hnear element initially stralght and

‘ normal to the middle. plane of the core will remain'straight after deformation. Relssner E.

[45] investigated the general method in relation to isotropic panels with very thin faces.
He concluded that the effect of the core flexibility in the vertical direction (z) is aft;ar
all less importan.t than effect of core shear deformation in the transvers'e planes. Reiss-
ner neglected the .eﬁect‘ of direct transverse core strains and derived a relatively simple

differential equation governiﬁg the small deflection of sandwich plates.

In 1951, Eringen A.C.[1'4] neglected the geo-metrical thickness of equal faces b.'ut in-
cluded their local bending stiffness and the bending stiffness of the core and generalized the
‘variational approach. The theory accounted for the flexural rigidity as well as transverse

- deformation of the core, including the flexural rigidities of the_ two faces about their own

middle planes.

In 1955, Raville M.E.[44] applied the general method to the problerh of a simply

h



supported rectangular panel with a uniform transverse load. ©

In 1961, Falgout {15] derived the differential equations for free vibration of sandwich

plates with isotropic facings and core by superposing bending deflections and deflections ‘

-

due to transverse shear.

" An attempt is made here to review some of the research work which employs numerical

schemes as a method of solution:

Ritz’s method: Pikelt[42] used this method for the bending problem of uniformly

* loaded clamped rectangular plate. Young [60] and Maubetsch [37] used the Ritz method

to find the solution to the vibration problems of isotropic plates with various boundary '

‘conditions. Hearmon (22] extended the Ma.ubetscll treatment to find the solution of the

vibration of rectangu]ar orthotrop:c plates. Samuel Levy [34], Maubetsch [37] and Timo-

shenko [49] used the same techmque to solve the buckling problems of clamped rectangular

plates under compressive forces. March [35] used the thz method to solve the small de~

ﬂectlon problems of the clamped rectangular sandwich, plate.

——

Galerkm 8 Method Galerkms method was applied- to the small deflection of
clamped pla.tes of various planforms restmg on elastic foundations by Ng S.5.F.[40]. The

method was applied to the free vibration of rectangular pla.tes by Odman [41]. Munakata

-

[39] used the method to analyze the free vibration and bucklmg problem of cla.mped rect~
angular plates. Bolton [5] used the method to find the large deflection problein‘ of circular
homogeneous plates-with various boundary conditions.

.
w

Finite Element Method: Due to imprb_:vément in computing facilities in the past
ten years, the finite element mef:hod has been widely used for plate problems. Tocher
and Clough [8] summarized a variety of element stiffness matrices. Harty and Kapur [26]

- used the mefhod to-study t}le,buckling of rectal.ngula.r plates with clamped and simply

— ) \

g



" ‘eupported boundary condition. Monforton {38] and ‘Kwok (28] used the method for the
static analysis of clamped skew sandwich plates. In applying this method, a large number .

of finite elements are often required to.obtain sufficiently accurate answers,

Fourier Series Method : Ir: 1820, Navier presented a paper to the French Academy

of Sc1ence on the solution of bending of simply supported rectangular plates by double
trigonometric ser1es He found that the convergence of the series is usually fast in the
case of distributed load and slow for concentrated and dlscontmuous loads In 1899, Levy_
[83] introduced a Single Founer Series to solve plate problems w1th ‘two opposite edges of
the plate simply supported and various boundary conditions along the other'two opposite
sides. He found that the convergence of the results was extremely fast, even in the case of
N
concentrated loads Yen et al {59] used the method and solved the small deflection problems
“of a simply supported rectangular sandwich plate'. Fletcher [15)'applied the method to the

corresponding vibration problem. Levy [34] used the same technique to solve the buckling

of clamped rectangular plates under uniaxial compression.

_—/

Finite Difference Method : Szilard [48] solved a variety of plate problems by using

this method. He has an exten'give discussion_of the method as‘he applied to the static and

- dynamic analysis of plates. Barton (4] used the method for the bendmg of the uniformly

loaded rectangular and skew plates.



' CHAPTER Il
- VLASOV'S METHOD

3.1 GENERAL

Some typical numerical methods that have been applied successfully to various plate ,

problems by investigators in the past are :

~ .. a) Raxleigh-.Ritz method: Ritz extgnded the Rayleigh method by -inch;ding more
than one parameters in the required sha.ped functlons Ritz’s n}ethod is one of the most
‘powerful énergy methods The thz s method is based on the pr1nc1pal of minimizing the
total potentlal energy of a system when it is in stable equxhbnum In applymg the method e . -
an assumed shape function Wthh satisfies the geometnc‘ boundary conditions for the plate
is first chosen. Then, the unknowu coefﬁments in the assumed function are “obtained by.
minimizing the total potential energy of the system In using this method, the dlﬂ'erentml
equation need not be kn_owu . However, 1t is often difficult to select a complete displace-
ment function which can satisfy the geomgtrié boundary conditions of plates with -either -t
/ unsymmetric boundary or loading corditions. Also, wheri {:he.number of undetermined

-

parameters in the assumed solutions are increased, the amount of computational labour

~

involved can be formida.ble.' . ] . . *'..'.

b) Galerkin’s Method: .Galerkin’s method is based on variational principles, much
the same as in the Ritz method. Similar to the Ritz method, Galerkin’s method a]so_
requires the selection of a shape function which satisfies the boundary conditions of the

problem. Both-Galerkin’s method and the Ritz method require very tedious integration

procedures and both suffer the drawback of not being applicable to'nonsymmetricgrob-

lems. ‘ ’
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c) Finite Element Method: For the finite element method, a continuous system is

divided into a large number of elements and all elements are connected a.t Jomts (nodnl

““points) in such a way that they satlsfy d:splacement compatlb:hty as well as ethbnum

conditions'of the system The most critical, and sunulta.neously the fost difficult phase of

S e,

the analysis.i is the evalua.tlon of the element stxﬁ'ness coefﬁclents l'ortuna.tely, the stiffness

‘ propertxes of some of the more cornmonly used elements which yleld sulﬁc:ently acr urate -

. results, are readlly ava.:lable ‘Once the element stlﬂ'ness coelﬁcxents have been determmed

.

the analy51s of the structural syet_en_l follows the fe.rmhar procedure of matrix methods

used in structural mechanics. The solution is obtained withou the use of the governing’

.

differential equatione',_thue avoi'diné the mathemat__ical analysis“of the problem. Finite

element method ¢an be applied to any combinations \.o_f structural eler_nents such as beams,

kS

.:pla.tes, and shells and can be extended to coner, 'virtually_'all ﬁelds of con‘tinu'um'meg‘hanilés.._ '

N
-

- -~

d) Fourier Series Method : The Fourier Series is an essential instrument in the

a.nal.ytical .trea.tment of many proble‘ms“ in the field of applled mechnanics. Once- the-gov— ‘
erning dxﬁ'erent:a.l equat:on of a problem is determmed a r:gorous solut:on would inveive -
the adjusting of certa.m constants in order to satisfy the prescnbed boundary. condlt:ons
Due to its abllgty .torep_resent dlscontlnuous loading, the Fourier Series has found applma— o

tion in numerous problems in structural mechanics. But it requires the use of electronic

digital computers of considerable speed and storage eapa.eity and it is difficult to ascertain

the eccuracy of the results when large structural systeme are analyzed.

e) Finite Difference Method The ﬁmte d1fference method is one of the most gen-

eral methods among the numerlca.l techmques presently ava:la.ble It can be effectwely
applied to solve a wide variety of problems Although t.he method has been known for a
long time, it has gained considerable importance only after the mventlon of hlgh-speed dlg—

ital computers. In applymg this method, the governing dlfferentxal equntlone are replaced

‘ ~ * ' 2_
3 . .
- " . . .



| by corrcspondmg ﬁmte dlﬂ'ercncc equauons whtch in turn yield a system of simultaneous
- algebraic cquat:ons | -

'The advnnuge 'of the methods are, ;
' l) Snmphcnty in nppllcauon

2) Vcranl.ll:ty

I Ris cuy to write completc‘progm‘ms to solve the numericai equations

4) Acccptablc accuracy for most tcchmcal purpose with a relatively fine mesh.
Unfortunnle!y, the method is characterized (. beyond a certain mesh width) by slow
con\'crgencc--md a rclntivcly ﬁne-,mcsh is generally réquired to obtain an acceptable accu-
racy. Thc accuracy dclcnoratcs when’ the o:der of derivative is increased. Consequently,
the method is nat recommended when hlgher than fourth-order derivatives are invélved or

3.

when high accuracy in the solution is required: 48].

. - . 1 , B . .
f) Navier Solution: Navier used double trigonometric series to express the lateral

deflection and la oad for the bending of simply supported rectangular plates and

lran;fc; the differential equation into an algebrmc equat:on thus considerably facil-
ﬂ.aung ‘the requlred mathematlcal operatlons Nav:ers method yields a mathematlcally
exact solution for Lhc bending of simply supported rectangular plates. The convergence of
the resulting double fourier series depends considerably on the continuity of the loading
functions. Slow convergence, created by discontinuous loading, is especially pronounced in

the case of concentrated forces. For continuously distributed lateral loads, the convergence

of Navier's method is satisfactory.

g) Levy'’s Solution: Levy used a single trigonometric series to solve plate problems
with two opposite edges of the plate simply supported and various boundary conditions
for the other two opposite sides and the shape of the loading function is the same for all

sections parallel to the direction of the simply supported edges. ' -
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The convergence of Levy's solution is'extremely fast, ‘even in the case of concentrated ; -.

or line loads. Because of the fast convergence of the solution in most cases, it ig satmfactory

.. to consider otlly the first few t.erms of the series,
The applicability of Levy s methods can be consnderably extended by means of the

superposmon technique. That is, these results can prov:de a particular solut.ton for the

governing differential equation of the plate. - :

O

h) Finite Strip Method: The finite strip method can be regarded as a special form

of the displacement formulation of the finite-element procedure in that it applies the min-
: .- imum total potential energy theorem to developl the relationship between unknown noda}
displacement par,arr}eters and the applied loading. Unlike the standard.finite element
method, which uses polynomial digﬁlacement fuﬁctions in all directions,. the finite strip
method calls for use of simple polynomials in some directions and continuously differen-
tiable smooth s;zries in other directions.

The adva.nta;geé of ‘finite strip method are :

1) Usually a much smaller number of equations are required in comparison with the
finite element method. This is especially true for problerﬁs with simply supported ends.
Also much shorter computing time is required for solutions of comparable accuracy. |

2) It requires ‘very sinaH amount of input data because of the small number of mesh

lines involved due to the reduction in dimensional analysis. ‘
. .

. .
3) It requires smaller amount of core and is easier to program. Because only the lowest

few eigenfunction are required (for most cases), the first two to three terms of the series

will normally yield sufficiently accurate results.

3.2 VLASOV’S METHOD !
ngasov‘s Method can be applied to obtained approximate solutions of complex prob-

lems in structural mechanics such as the static and dynamic analysis of piates and shells,

]
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- The critical phase of a.pphca.tlon of Vlasov’ metNod lies in the chmce of orthogonal func-

txons Once a sa.tlsfa.ctory orthogal functlon is found 1t. can be used to obtain solutions-to
,a large number of complex problerns such as linear and non-linear analysis, vibration and

bucklmg of 1sotrop1<: and orthotroplc plates and shells.

Consider a structural system in equilibriim, the sum of all the external and internal .

forces are zero. The equilibrium conditions of an infinitesimal element can be represented

I

by the following differential equations-:.

" . Ly(u,v,w) — P, =0

A

Ly(u,v,w) — Py =0

La(u,v,w) = Po=0 O (3.21)

which describe the equilibrium of all forceé in the X, Y, and Z directions, respect-ively.

Ve X

. In the above equations, Ly, Lo, and L3 are differential operators operating on the displace-

ment functions, while P, Py and P; are exterI:;al forces. The equ111br1um ‘of the structural

system is obtained by integrating these differential equations over the entire structure.
Expressin.g\h the small arbitrary variations of the displacement functions l?y 5u,:; bvy,

and éw; and noting that although the displacement components are inter-related, their

“arbitrary variations are not inter-related, the virtual work of the external and internal

/
forces,

Sw; + dwe = §(wi +w,) =0 (3.2.2)

can be obtained directly from the differential equations of equilibrium without deter:-

mining the actual potential energy of the system. Thus,

11



/‘,/ /(Ll(“'”'w) — P.)6udV =0
-, ///(Lz(u,u,fu) - Py)é_u'dV =0
‘/[/(Lf(u.v,wj ~P)owdV' =0 .. (3-2-55).

Strictly speaking, these variational equations are valid only if the displacemeﬁt func-

tions u, v, and .w are"the exact solutions of the problems under consideration. However,

- my

12

these equations will not be greatly violated if proper approximate expressions for the dis- o

placement functions are chosen and the variations carried out accordingly.

The total work performed by all these forces during a small virtual displacement §w

in the Z-direction can be expressed by :

//(L3(u,v,w) —’pz(m,y))ﬁwdz'dy =.,0 B (3.2.4)

This equation represents the basic variational equation of plate bending.

The lateral deflection function can be expressed by an infinite series of the form :

w(:z:, y) = Z Z u_’mnqsmn(z,y) ’ (3.2.5)

m

similarly, the lateral load can be expressed as :

-

Pz(I1 y) = Z Z pmntpmn(zy y) (3'2'6)

. These functions ¢mn(z,y) afd wmn(z,y) are the product of two functions, each of

which depends on a single argument, that is,

i
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‘ | o Brmn(z, V) = Xm(“x) +Ya(y) - (3.2.7)
an‘d L ) ' /) :
Pmn(z,¥) = Xm(z) * Ya(y) ?3;2.8)

Thué, by separating the variables, the"variational problem is reduéed to the selection of
two linearly indepeﬂdent s;at_s of .funcﬁions Xm(z) and Y,.:‘(y), which satisfy al] the boundary
conditions. For these functiorlls, Vlasov used the eigenfunctions of vibrating beams with
identical boundary conditiéns as:‘th.ose of a plate.

__hThe partial differential equatio.ﬁs of the free vibrations of a sir;gle— span beam- with

"

uniform cross section is : . s

LN

6“1-;(:1‘:.,%) 7 0%w(zx,t) ' e
—_— = —— ———1 3.2.9
9z EI * a2, ( )

¥

where,
w(z,t), is the time-dependent lateral deflection’
7 is the mass per unit length.

_The solution is in the form :

w(z,t) = X(z)sinwt ‘ (3.2.10)

. where w is the circular frequency of the free vibration beam.

Substitution of Equation (3.2.10) into Equation (3.2.9) results in,

r—



. %
diX(z) _w? - g
dzt pE-"I"X(I) (3.2.11)
By taking, '
- i : -
A *f
g AW
™ PET (3.2.12)
and substituting Equation (3.2.‘?2) into Equation (3.2.11)
. ‘ diX(z) M
—'&IT = F‘X(I) .(3.2.13)
where : g
« A is the shape paranieter
lis the span length
‘The general solution of Equation (3.2.13) is :
A A A A
X(z) = C’I.sm-—lrl + Cgcos—F + Casmh—;f + C4coshTz (3.2.14)

LWhere C,,C,,C5 and Cy4 are the constants which canr be determined from the bound-
ary conditions, A is a root of the characteristic equation. This equation is deriyed by
equating the determinants of the homog‘.eneous equations to zero.
| Consider, for examb]e, a cla.mped-—clé.mped beam for which th.e‘boundary conditions
are X(0) = X'(0) = X(I) = X'(l) = 0. From the first two boundary conditions, it is found
that '

e B Cq=-C2, Ca=-0C, (3.2.15)

.'..; 1 u,"-‘ )



conditions at z = {, results in,

C1(sinA ~ sinh)) + Cz(codA — cosh)) = 0 (3:2.16)

Ci(cosA — cosh)) + Ca{—sind — sinhA) =0 - (3.2.17)

Equating to zero the determinant of these equations (3.2.16) and (3.2.17) yields the

frequency equation,

coshcoshA —1 =0 (3.2.18)

. 7
b

The roots of equation (3.2.18) .are found by mllmerical‘ trial-and-error calculations.r. It
_can be show;vn that the first four robts are Ay = 4.7300, A, = 7.8532, Az = 10.9956, A4 =
14.1372, and that, for higher values of m, the roots are approximately, A,, = {(2m + 1)7r /2.

The eigenfuncti&n Xm{z), for the m** mode is found by substituti-ng Am into equation
(3.2.14) and using the relations between equation (3.2.15) and either equation (3.2.16) or

equation (3.2.17). Thus,

. A A A A
Xm(z) = cosh ,?1: - cos%z —_cz;}sinh Tz — sin TI) (3.2.19)
Where a,, = —gf, Ci and C; are defined in equation (3.2.14) and using equation

(3.2.16), a,y, is given by:

_ (coshAp, — cosApy,)
Om = (einhdy, — 8inAm)

15
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The above solution for a’clamped-clamped beam is given to illustrate the method

of solution. Solutlons for beams with other boundary condltlons are found -in a similar.

manner. A table of frequencies and elggnfunct.xons for umform bea.rns from reference [48]

is shown on the next page. ©. ' , o

The eigenfunctions m;d their second deri;ra.tive§ sa-tisfy certain important mathemat-
ical relations. Let X, (z) axlld Xu(z) be any two eigenfunctions of a vibrating beam of
length 1, corrésponding to circular frequenties w,, and w, respectively. Th‘én for different

modes (m # n), the foliowing relations hold:

fx I)*X()

/ X" (z) * X”( )dz =0 (3.2.20)

. b b
L 4

Hence, the eigenfunctions and their second derivatives are said to be orthogonal for,

some boundary conditions. Strictly speaking, these functions are only quasi-orthogonal.
These orthogonality conditions, however, do not hold for free and guided, or elastically
supported edges. The same holds for their fourth-order derivatives, while the desirable

. . N 7

property

/lxi,’,(z) * Xp(z)dz =0 .
0 ‘

which plays a role in the solution, is slightly violated.

A similar approach can be taken with the eigenfunctions to analyze column buckling

problems. The governing differential equation of column buckling is :

d*w d*w
_— —_—= 3.2.21
El— +P = =0 (3:2.21)

and by introducing an expression,

16
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B
TS
TfPE BOUNDARY FREQUENCY EIGENFUNCTION FﬁggUEP?gY
CONDITIONS © EQUATICN Xalr) . EQUATION 1.
" Clamped-clamped | X(0) = X'(0) w 0 torlcoshl =1 Ay HAL oo 4 = 4730 .
) = XY} =D J(T) H(I.:H(T) A - l;,g;:: ‘
. P , iy = 10,
7 X 73 da = 14,1372
— ’ i For m large,
o : ] Ao (2m + Dxf2
Clamped-hinged X(0) = X0} =0 fanletanh} J(J_}._x) - J((i..\’H(%._{) - :I - ;;i:i
j; I- B ¥

X(I) e X(0) = O

Ay = 10.2102
s = 13,3518

. - Fart m large,
Tl (dm o+ Dxf4
Clamped.-free X(0) = X'(0}m O cotdcothl = —1 dmZY _ Glla) gy fdaxt 1y = 1.8751
. ¥ ’ XY = X)) w0 "( ) FI H(T) Ay = 46041
‘; S 7.3543
g-“ 1o = 30.9955
For m large,
o =™ (2m = 1)n/2
Clamped-guided X(0) = X0} = O FL —ﬂﬂhli- dnx _ FUJH 1‘.—2 o Ay = 2,3650
- XY - X)) - J(T) T (T) A = 54978
. y 1= B.6394
? P Ad = 11.7810
Z “ kU4 For m lacge, )
o, . Ao m (dm — 1)xf4
Hinged-hinged T -
X(0) = X"(0) = O sinl =0 sin MAX An = mz
£ 1’.,,,, Xy~ XU} =0 .
Hinged.guided
Z A{0) = X“(0) =0 cos l =0 i {2m — |)ar dume (2t — 1)5f2
r———qi v XY = XY 0 S
rid ﬁ %
Guided-guided
2 2hy X*(0) m X(0) m O sinl =0 mrx 1y = mx
ﬁ }Z A % X(f}) = X"{I}= 0 e

)

Free-free X7(0) = X*"(0) = 0 | cosdeoshlm i dax) _ JU) prdax) | Same as for clamped-
X“:f) -XT() =0 G(T) ??tJ.}F( ) clamped beam
Free-hinged X5(0) = X™(0) w0 | tand = tanh 1 daxt _ Glla) p{dax Same as for elamped-
%./ X()= X"ty =m0 G( ) Ftl.)F(T) hinged beam
- o
Freeguided 1 h / H(l ol Tamped
£ X7(0) = X0} = D tan lw —[3n| Aaxy - X Same as for clamped-
_ﬂ% XUy = Xy =0 1( G(T) T F(T) guided beam
. 7|73

(1) The cir;yl;r frequency is
. A
b LV
where
Ef = bending stiffness -~

#it = mass per unlt lenglh
| = length of beam

,.

(2) Notation used in expressions for the eigenfuncticns:

Fluy = sinh & + sinu

G{u) = coshu + cosw

M) = sinh v — sip

J(W) = coshx — cos
i

F-
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and by substituting Equation (3.2.22) into Equation (3.2.21) ,

L. T atx(s) | /A28 X () S
?\ 7- e +(_T) S =0 (3.2.23)

and the general solution of equation (3.2.23) is :

e

Xon(z) = ClsinATz + Cgco.si’liE + % +Cy (3.2.24)

Where C;, Cz, C3 and C4 are the constants which can be found from the boundary

conditions of the column.

A1, Az, Az, Ag... are the roots-of characteristic equation (3.2.24) for the first , second,

third, fourth, etc., buckling modes.. _ .

These functions are also quasi-orthogonal. For m # n, they s;tisfy the following

conditions :

B

I
/ X"z)Xn(z)dz =0
0

I .
/ X" () Xn(z) dz = 0 (3.2.25)
0
while
“ i
] Xm(z)Xa(z)dz £0  for m#n (3.2.26)
0

The violation of the orthogonality requirement in equation (3.2.26) is again of negli- = -

giole order of magnitude.
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s . CHAPTER IV ]

o DIFFERENTIAL EQUATION OF PLATES

The classicial theory of bending of a thin elastic plate expresses the relation between
the transverse deflection of middle surface of the plate w and the lateral loading q. When
the deflection of the thin plate is small compared with the thickness, the membrance effect
on the curvature may be neglected. The governing differential equation of the thin plate
undgoing small deflection is well known [48],.{51]. The differential equations governing the
small deflection problem of rectangular pla;es on the elastic founddtions, the deflections
of the sandwich plates, the vibration of rectangular and sandwich plates and the buckling
of rectangular plates are presented in this chapter. The basic assumptions goverening the

validity of these equations are first briefly stated.

4.1 BASIC-A‘.SSUMPTIONS FOR THE SMALL DEFLECTION OF PLATESH

[ 3

1) The deflection is small in comparisén to the plate thickness. The limit for the

deflection is usually onéten}:h to one-fifth of the thickness of the p]ates
) Stress normal to the m:d-pla.ne of the plate arising from the applied loading is
negligible in con;;)ar1son with the stressés in the plane of the plates.
) The mld-plane stresses arising from the deﬁectlon of the plate can be neglected,
i.e. the middle surface can be regarded as a neutral plane.
+ 4) The deformations are such that stralght lines, initially normal to the middle surface,

remain stra.xght lines and normal to the mlddle surface, ie., deformatlon due to transverse

shear will be neglected _ _
5) The slope of the middle surface of the plate is small compared to unity.
6) The thickness of the plate is amal] compa.red with its other dlmensxons The lateral

dimension of the plate is at least ten tnnes la.rger than its thxckness

ek
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4.2 THE BENDING OF RECTANGULAR PLATES ON ELASTIC
FOUNDATIONS |

Consider a thin elastic plate of arbitrary planform resting on a supporting medium
that is isotropic, homogeneous and linearly elastic (.Winkl’er-type féundation). Adop‘ting
a rectangular cartesian coordinate system with the origin located at some arbitrary poir{t
at the corner of pldate, let the axes of the principal stiffness coincide with the x and y
directions. Applying an arbitrary distributed load q(x,y) acting normal.to the plane of
the plate will cau.ée a displacement in the vertical (z) direction. The governing diffel;-ential

Ay

equation of the out-of plane displacement, w can be expressed as [48] :

Bw  _ Fw §hw
- - = 4.2.1
dz4 + 2}.{6:1:233,;2 + Dy Jyt +hw=gq ( )

" D

where,

k is the modulus of elastic foundation |

D; = E.h*[12(1 - v,1,)
- Dy = Eyh%/12(1 — v.u)
H=D+ éDzy
D'=v:Dy=v,D, -
D2y = G2 h% /12
E. = m;dulus of elasticity iq_X-direction
E,, = modulus of elasticity in Y-direction

G:y = shear modulus in X-Y plane

vz = ratio of strain in the Y-direction to strain in X-direction

207
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cha.ractenstxcs Such structures-are particularly useful in the aerospace industry.,

due to uniaxi:al stress in the X-direction

vy = ratio of strain in the X-direction to strain in Y-di'rection"_

\ .

X ~ due to uniaxial stress in the Y-direction . . N
/

/

4.3 BENDING OF SANDWICH PLATES .

~-Sandwich plate is deﬁned‘a.s a three layers type of construcmon , conszstmg of two‘-'_‘ .

thin, stiff, strong sheets of h:gh strength material separated by a thxck la.yer of ma.tenal ‘

oo

of low average strength and density. The two thin sheets are ca.lled the faces or skins and--'" B

the intermediate layer is called the core. An efﬁc:ent sandw:ch plate is obtamed when

gy

the weight of the core is roughly equal to the combmed weight of the faces and generall:,, R

sandwich plates are hght-wexght structures with high outstanding strength and stlﬁ'ness

In sandwich plate construction, the materials of the faces are usually made of a light
metal with high strength such as aluminum alloy, reinforced plastic, titanum, or heat
resistantﬁstgel. For the core materials, the_ materials and the geometric shape can vary
gr%atly. A popular type of the core material is ‘honeycomb’ which consists of thin foils in
the form of hexagonal cells perpendicular to the faces. Other types of core materials are
corrugated sheets, ;vith the corrugation running parallel to the faces. The main purposes
for the core are to ensure that the faces are the correct distance apart and the cores must
also be stiff enough ifi: shear so as to ensure that when the panel'is bent, the faces do not
slide over each other.

The elastic modulus of the core materials is usually mﬁch smaller than the facing
material. Therefore, the core material contributes very little in resisting the bending in

comparison with the facings even though the usual ratio of the thickness of the facing to

the core materials is about one-tenth to one-hundredth.

g A\
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THE GOVERNING DIFFERENTIAL EQUATION OF BENDING OF T

SANDWICH PLATES

ner [45] Rexssner derwed the two coupled equat:ons by consldermg f,he equ‘hbTIUm~and B

compatlbxhty of an mﬁmtcmmal element of the sandw:ch plal.e The two coupled non- lmear

L.

e - GQuatlons ‘are as follows

V2V2F

Do i

o+

V= Laplacian operator

- T e ~

.

T

k28

AR

.

F = membrance stress function -

w = out of plane displacement -j‘

5.

2:E ( 0w ) - diw d
3x3y 8z? 3y
thE; L\ LT .
_______V . R
O2F 3w »y F Fw  OFF dtw

D = flexural rigidity of the sandwich plate

r.\t\thf/gu —v?)

N
\\

+

t = thickness of the facings

Ef = modulus of elasticity of facing material

h = the thickness of the sandwich plate

¢ = lateral load

v¢ = poisson’s ratio of facing material

G: =-modulus of core material

)

"

The govermng coupled non-lmea.r dlfferentm.l equatlona ‘were ﬁrst. formulated by Reiss- ~

WY o~
2 ‘ ..‘.‘__.'- “

\Tt:,

. e

N
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When the sn.ndwu:h plate dcﬁectlon to th;ckness ratio (w/h) is small the sandwich
plate can- be analysed by the linear theory In the present study, only small deﬂect:on to
l_h:ckncss ratio (w/h)_ is mvest.xgated.

The differential equation g‘ov_c‘arnir.é the ‘srmeill deflection of sandwich plates can be
obtained by droppil:xg the ‘non-li.ncar terms in‘the Reissner’s equations (4.3.1) and equation

(4.3.2), the resulting expression is :

where,

e -
. | T
/

4.4 THE GOVERNING DIFFERENTIAL EQUATION FOR THE FREE

VIBRATION OF RECTANGULAR PLATES

The governing differential equation of free vibration of rectangular plates can be ex-

pfcssed in the same .rectangula.r cartesian coordinates system and is expressed as follows

(48] :
w' %y w9 ~
Do M grga + Dy g — o g =0 (#.4.1)
where,

“  w'= w'(z,y,t) is the time dependent displacement function

£ = time variable Lot

P = mass per unit area of the plate.



For free vibration, the inotion of the plate is assumed to be harmonic, we can write,

~ . -

“

-

w'f’z,y,t) = w(zx, y)sinwt l' (4.4.2)

L]

where w is the circular frequency of the motion.

Substituting equation(4.4.2) into equation (4.4.1) results in,

.

duw(z,y) |, 0%(y) . 8uw(z,y)
=gt T g T Dy o — pwlw(z,y) =0 (4.4.3)

D
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4.5 THE GOVERNING DIFFERENTIAL EQUATION FOR FREE VIBRATION

- QF SANDY(ICH PLATES

The well-known governing differential equation for free vibration of rectangular sand-
wich plates was derived by Falgout[14] who obtained the differential equation by super-

posing the bending deflection and the deflection due to transverse shear. The governing

differential equation is as follows :

' 64w'+2 8w’ +3“w‘.’ _ (1 dtw' +_1_ ' iazw" (4.5.1)
Bzt T "3z%8y? | 9yt P\wosterr T wayrarr D' a1 -

w

Where,

p = mass per unit area

v =G.C
D' = B (6 4 th? 2
B w' = w(z,y,t)

Assuming the sandwich plate vibrates in harmonic motion, we can write,



w'(z,y,t) = w(z,y)sinwt (4.5.2)

Substitution of equation (4.5.2) into equation (4.5.1) results in,

4 4 V] 2. ! a2 2 - ‘
*w dtw 8w=pw (_Raw aw)+w) (4.5.3)

ozt + 23.1:233;2 + oyt D’ u’ (F + ay?

4.6 THE GOVERNING DIFFERENTIAL EQUATION FOR STABILITY OF

PLATES

The governing differential equation for buckling of elastic plates subjected to forces

acting in the plane of plate can be expressed as follows [48] : .
...'_'\“.l | .
3w dtw dtw 8%w " f*w 9w
D, — . =N Ney—— -_— 6.1
"9zt .+ 24 oz?dy? + Dy dyt N dz? +2Nzy 8xdy + Ny dy? (46.1)
Where,

N; = normal force in the X-direction per unit length
Ny = normal force in the Y-direction per unit length

N, = shear force in the X-Y plaﬁ_e per unit length.

st .
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CHAPTER V

BENDING OF PLATES

In this chapter, Vlasov's Method is used to analyse uniformly loaded rectangular
isotropic plates with various boundary conditions resting on elastic foundations, rectangu-

lar orthotropic plates and the uniformly loaded rectangular sandwich plates by using' the

governing differential equations (4.2.1) and (4.3.3).

w1

5.1 RECTANGULAR ISOTROPIC PLATES RESTING ON AN ELASTIC

FOUNDATION )

The differential equation governing the bending of a plate resting on an elastic four-
dations was shown in equation (4.2.1). For the isotropic plate, the flexural rigidity of the .-

plate is the same in X and Y directions. Substituting equation (3.2.5) , equation (3.2.6)

and equation (4.2.1) into equation (3.2.4) results in,

- . .

. g pb
DY i [ [ 67 grundty
m n 0 o] :
a rb
. _ZZan/ / ¢§k‘PmndIdy
m n o 0
b .
'HCZZ/af PikPmndzdy =0 ‘ (5.1.1)
m n Jo Jo



Substituting equation (3.2.7) and equation (3.2.8) into equation (5.1.1), the varia.tior}il/'

-

equation (5.1.1) can be expressed as :

D/ f (Xm' (2)Ya (4) Xi(2)Yi(y) + 2X7, ()Y, () X: () Vi (y) -
t + Y. (v) Xm(z) Xi(2) Yi(y) )]dzdy

-f fo Grin X () Yo () X: (2) Vi ) dzdy
W v opa pb .
+k‘/; /o Xm(z)Ya(y) Xi(2)Yi(y)dzdy = O (5.1.2)

Where,

"

. _ Ll el= 2, 9) Xom ()Y (4)dzdy
I fy XA (=) Y2 (v)dady

By neglecting the terms with non-identical subscripts mi and nk, the error induced

is zero or negligible. By introducing the following notations :

. I =/ X (2) Xom(z)dz
- 0

b
L= /0 Ya(y)Ya(v)dy

I = /0 ’ X () Xon () d A
I, =/5Y"( )Y (y)dy |
Lo [ VY |
Is = /0 " X (2) Xom(2)dz  (5.13)

and by substituting equation (5.1.3) into the first term of equation (5.1.2) results in,

Yy

a b ’; N | ,
' f f ¢,-;,V‘¢>m“dz:dy = IjIg + 211 + Iglg (5.1.4)
0D JO



Similarly, by introducing the following notations,

I; = /:'X;‘L(z)da:
b .
i = [ ¥ (5.1.5)

and substituting equation (5.1.5) into the second ternt of equation (5.1.2) results in,

.
LIS

a b .
[ f ImnXm ()Y (V) Xi(2) Y (v)dzdy = gun T2 15 (5.1.6)
Jo Jo .

For a particular set of m, n, the variational equation of the rectangular isotropic plate

resting on an elastic foundations can be reduced to : !

Dwmn[I]_Iz + 21315+ Iglg + kIzIﬁ] = Gmnl7ls (5.1.7)

Consequently, the undetermined expansion coefficients wy,, can be chlaula.tcd from

. L]
L&
Imndrls
mn — 5.1.8
“mn = DI, + 2151 + IsTe + kI3 Ta] (5.1.8)

For ease of computation, the above definite integrals are transformed into non dimen-

sional form: Let

<,

A=afb, = ¢=z/2a, n=y/2b

hnl

W=w/h Q= ga*/Dh, K =ke'/D
{

- ‘
Substituting of the above diriensidnless ratios into equations {5.1.8) results in,,
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m (Ilfg + 2/\2131?4 + AdIsls + Kfzfs)

1. THE DE'FLECTION OF A CLAMPED RECTANGULAR ISOTROPIC

PLATE fLESTING ON AN ELASTIC FOUNDATIONS
The coordi_n?te system for the rectangular plate is shown in figure 1.
The boundary conditions are :

in X-direction,

w(0) = w'(0) =0, w(2ae) = w'(2a) =0 (5.1.10)
in Y-direction,
w(0) = w'(0) =0,  w(2b) = w'(26) = 0 (5.1.11)
-‘—::) 't
By selecting the eigenfunctions of Xm(z) and Y, (y) to satisfy the above boundary

e

conditions. X,,(z), Ya(y) are chosen as fcllows :

2a 2a
/ coshA,, — cosh,, . . AmZT . AmI ;
m(sinh)\m — sin.\m)x(mnh 2 sin g ) . (5.1.12)

o
’ (m=1,3,5,17,.... )
s "' |
: ‘ ’\ny Any
Ya(y) =(cosh TG

PN

B (cosh,\n - cos.\n)

sinhd, — sin),

pAnY o Any -
h— — —_— 5.1.13
sin sin—y ) ( )



J (n=1,3,5,7,.......)
where, .
A1 = 4.7300 o
Az =.7.8532
A3 = 10.9956
Ay = 14.1372 '

For large values of m, n,

Am OT Ay = (2m + 1)7/2

'II. THE DEFLECTION OF ONE SIDE CLAMPED AND THREE SIDES

SIMPLY SUPPORTED RECTANGULAR ISOTROPIC PLATE RESTING
ON AN ELASTIC FOUNDATIONS /

The coordinate system for the rectangular plate is shown in figure 2.
The boundary conditions are : - ¢

In X-direction ,

w(2a) = w"(2a) = 0 (5.1.14)
In Y-direction,
B : w(0) = w'(0}) =0
: \
w(2b) = w”(2b) =0 {5.1.15)

By selecting the eigenfunctions of X,,(z) and Y,(y) to satisfy the above boundary

b
conditions. X,,{z) and Y, (y) are chosen as follows :
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In X-direction (ss-ss side),

Xm(z) = m_nrr;vrx . (5.1.16)_

(m=1,3,5..... )
In Y-direction (c-ss side) ,

LAy sindg, . Any
= - h 117
Yn(v) = sin e~ e P 2 (5:1.17)
where,
Xy =7.0688 _

Az =10.2102
Ay = 13.3518
For large values of n,

An & (4n + 1)7/4

III THE DEFLECTIORT OF SIMPLY SUPPORTED RECTANGULAR o

ISOTROPIC PLATES RESTING ON AN ELASTIC FOUNDATIONS

The coordinate system forthe rectangular blate geometry is shown in figure 3.
The boundary conditions are :

In X-direction,

w(0) = w"”(0) =0

w(2a) = w'(2e) =0 | (5.1.18)
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K

In Y-direction, . A
™
4
w(0) = w"(O) =0
w(2b) = w"(26) = 0 . #(5.1.19)
By selecting the eigenfunctions of Xm(z) and Y,(y) to satisfy the above boundary
" conditions, Xn',(z) and Y, (y) are chosen as follows :
In X-direction (ss-ss side), - ‘ '
! X,;;(n:) = sin o= (5.1.20)
2a
| (m=1,3,5.....)
(/?
In Y-direction (ss-ss side),
Ya(y) = sz'n‘% (5.1.21)
-v'
N (n=1,3,5.......)
COMPARISON AND DISCUSSION OF RESULTS - e
The solutions of the deflections of all sides clamped, one side fixed and three sides
. simply supported and simply supported rectangular isotropic plates resting on elastic foun-

dations are obtained with aspect ratios from 1/2 to 1 and the dimensionless foundation
modulus varying from 0 to 200. A convergence study has been made using different num-
ber of terms for solving the same aspect ratio for the case of zero foundation modulus.

The number of terms used are 1,4,9 and 16. The results are given in table 1‘, 3 and 5.



arieras 0 -
BlhalT,

Cornpanng the results obtained in tables 1, 3 and 5 with those obtamed"by Timeo-
shenk’o[Sl] where much more laborious computation methods are used to analyse the same
problem, it can be seen that the present solutions are in an excellent agreement with the
values reported by'Timoshenko. The maximun deviation is less than 1.8 %.

From table 1, 3 and 5, it can be seen that the solutions obtained by using 9 terms and
16 terms deviated less than 2%. Consequently, the reméining results of rectangular plates
on elastic foundations are solved using 16 terms.

In general, the results are reasonably consistent though slight deviations are observed
for very small aspect ratios. This discrepaﬁcy may be due to the inabilit&r of the assumed
displacement functions to represent the actual deflected shape of a plate when the aspect
ratios are small. |

The maximun center deflection for v;.rious foundations moduli and aspect ratios are
given in table 2, 4 and 6. Plots of the 'midximun small deflections vs the plate aspect
ratios for various foundation moduli are shown in figure 5, 6 and 7. Results obtained
by Ng S.F.[39] are drawn for cornparison in .ﬁgure‘-s. From figure 5, the present results
are s.lightly greater than those obtained by Ng S.F. The slight -overestimation of the plate

stiffness may be due to the limited number of terms used in the present solutions.

From this investigation, the followi esults are observed,
1) From figure 5, it can seen that Vlasov's method provides accurates results

which are comparable to those obtained by much more lengthy computational methods.

Although the number of terms used in Vlasov’s method is only 16, it provides sufficiently _

acccurate résults. No comparison of the results for. deflection of rectangular plates with
one side clamped and three sides simply supported resting on an elastic foundation is made
as no results by other investigators are readily available in the technical literature.

2) From table 2, 4 and 6, it can be seen that for any aspect ratio, the maximum center

deflection of the plate decreases with increasing values of the foundation modulus. This is

33
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expecfed because the object of the elastic foundation is to reduce the lateral pressure.

3) The ef_iigctiveness of the elastic foundation in reducing the maximum center defiec-
tion of the plalte is more pronounced for small éspect ratios than it is for aspect ratios
approaching unity. This is bécause the deflection of pl‘ates with small aspect ratios are

greater than those with aspect ratios approaching one, and since the foundation reaction

is proportional to the deflection, the reduction in defiections is more significant for long -

rectangular plates than for plates approaching a square planform:

4) From table 2, 4 and 6, it can be seen that the deflections of the simply supported
plates on the elastic foundations are much higher than those of clamped plates for‘ very
low elastic foundation support. But, when the foundation modulus K approaches 200, the
deflections of the plates with the two different types of boundary conditions become essen-
tially the same. This is so because, when K approaches to higher values, the denominator
of equation (5.1.9) for two different boundary conditions approach elosely.

5) Vlasov’s Method may also be applied to unsymmetric Hpia.t'e deflection problems
such as plates with one side clamped and three sides simply supported. In contrast, it

~would be v;ary dif‘ﬁcult to select a complete deflection function to meet the geometric

boundary conditions,when using the Galerkin’s method.

)
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5.2 BENDING OF SIMPLY SUPPORTED RECTANGULAR ORTHOTRCPIC

PLATES

Anisotropic plates are plates in which resistance to mechanical action is different for
different directions, Examples of anisbtropic plates are wood, delta wood, plywood and

fibre-reinforced plastic. Such materials have found wide applications in modern technology.

The well-known governing differential equations for orthotropic plates subjected to lat-

eral loads ¢.{z,y) can be expressed similar to equation (4.2.1) by dropping the foundation

modulus term, N

Enl
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'w otw - 8w -
D;a‘; + 2HW + Dya—yr = q.(z,y) (5.2.1)
For advantége of computation and comparison, it is convenient to convert the differ-
. , . . . : ~
ential equation (5.2.1) into non-dimensiona] form: Let r

' ‘ H=\D:D,, ¢=qo/b¢/D./D,

¢ =z/2a, n = y/2b, W=uw/h

Substituting the resulting expression into the equation (3.2.4) and using the the no-

tations (5.1.3) results in,

ey

W, = Q1

4
4

: . (W2 +2¢I:0, + €4fsfsi(\.f\
The coordinate system for the rectangular geometry is shown 1n figure 3.

The boundary conditions are,

In X-direction,

( w(2a) = w"(2a) = 0 | o (523

In Y-direction, : \

(5.2.5)

)



w(0) = w’(0) =0

" w(2b) = w"(26) =0 (5.2.4)

By selecting the eigenfunctions of X,,(z) and Ya(y) to satisfy the above boundary
' - N

conditions, X (x) and Y, (y) are chosen as follows : ’ ‘\\
. _ _ . N Y
T ss sid —
In X dlrecflon (ss-ss side) : . . R4
mnz ~ -
Xm(z) = sin 5 - (5.2.5)

In Y-direction (ss-ss side)

Y, (y) sintZ¥ (5.26)

COMPARISON AND DISCUSSION OF RESULTS

Results of the analysis are shown on table 7. The present solutions are in excellent
agreement with the accurate values reported by Timoshenko[Sl] and Lekhnitskii{32|. From
table 7, it can be seen th‘a\t as the value ¢ increases, the deflection coefficient 1ncreases_
COTTESPondmgly The present results are slightly below those reported by Timoshenko.
The maximum percentage difference between Timoshenko and the present results is less

than 1%. If the present solution is'in error at all, the erroris on the safe side,

-



It can be further seen that Vlasov's method provides accurate results which are com-

parable to those obtained by much more lengthy computational methods.

5.3 BENDING OF ALL SIDES CLAMPED RECTANGULAR SANDWICH

i
PLATE
The coordinate system for the sandwich plate geometry is shown in figure 1 and 4.

Thc.diffcrential equation governing for sandwich plate is equation (4.8.1) and equation

(4.3.2). By considering the linear analysis of a all sides clamped sandwich plate subjected

to a uniformly distributed load with intensity q, the governmg d1ﬁ'erent1al equation can be

obtained by dropping the non-lineat terms in equation (4 3.1) and equation (4. 3 2). The

resulting expression is equation (4.3.3).
L

Substituting equr;xtion (3.2.5), (3.2.6) and (4.3.3) into the variational equation (3.2.4)

and using the notations (5.1.3) results in,

np

[I';Ia - tth(IzIa + 1415)72(1 - U})Gc] .
v Yma = mn * (0.3.1)
. _ D(I1I2+2I3I4+Isfs)

For e¢ase of computation, equation (5.3.\1)(is converted into dimensionless form with the

. . L . .
following dimensionless ratios : A

-

A =afb, ¢ =2z/2a,- n=y/2b
W = w/h, p=tfa f=h/a

Q =qa'/Dh =2(1 - u})qa‘/Eths

Substituting to equation (5.3.1) results in,

<
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ué
Won = Q(Iﬂa - m—g(fﬂa + IJG)) ‘
T x( ! 5.3.2)
. Iz + 2/\21314 + ?\415.{5. ’ ( e

The following numerical examples are considered in the linear analysis for the purpose

of comparison of results :
Plate no. 1 N
E; = 10x10%psi, G = 500psi
vy =032,  u=0.00125
¢ =0.05125 =~
Plate no. 2
E;=10x10%psi, ~ ‘G = 100,000psi
vy =0.32, ¢ = 0.00125
¢ = 0.05125 | |
Plate no. 3 K
© Ey = 10.5x10%pst, G. = 50,000pst \ 8
vy = 0.30,‘ # = 0.0006 |
8 = 0.04 ' ~ ’
The boundary conditions for the all sides clamped sandwich plates are the same as

equation (5.1.10) and (5.1.11). The eigenfunctions of X, (z) and Y,(y) are the same as

equation (5.1.12) and (5.1.13)

COMPARISON AND DISCUSSION OF RESULTS »
Solutions are obtained for sandwich plate of aspect ratio ranging from 1/2 to 1. The
convegence study has been made using different number of tzrms“for solving the same

aspect ratio. The number of terms used are 1,4,9,16 and 25. The convergence of the

38
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results can be seen as the number of te;rﬁs is increased. There are no significant difference
in results by using 16 and 25 terms. Congequently, the remaining results of sandwich plates
are solved using 25 terms. The results are g{ven. in table-S to fable 13. )

The present solutions of sandwich plates are compared with the solutions refgg\ted
by March[35] The first two sandwich plate problems were solved by Monforton-ét al. [?38
for a square size using finite element method. The solGtions solving by March consists of
two formulae, one for 0.7 < b/a< 1.4 and the other for large values of b/a. Therefore,
compa.risdn with ref.[35] is limited to plates of-aspect ratios greater than 2/3. It can be
. seen that the results of the present solutions are generally comparable with those obtained
by March [35]. . | N

For the first tw:a problems solved by‘Monfo;ton et al.[38] the present re;ults are in
' “excellent agreeinent with those obtain by the accurate finite e]ement. methods. The results
for plate no. 3 are also in gooa agreement with the soluti-ons by Kan et al [24].

By comparing with the three gandwich p]étes results, it can be seen that the deflection
of the sandwich plates decreases with the increases in the shear rigidity, G, or Ey. As is
expected, it is found that the more rigid is the core, the less is the deflection.

o

From the present study, it can be further seen that Vlasov’s method is found to be

‘powerful and at the same time very sunple to apply for the deflections of sandwich plates.

0
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CHAPTER VI

VIBRATION OF PLATES

In this chapter, Vlasov's method is used to analyse the free vibration problems of

-

rectangular isotropic and orthotropic plates, The method is further applied to the free

vibration of sandwich plates. The governing diﬂ’gfmaﬁﬁls are given in chapter 1V

(4.4).

/

6.1 THE FREE VIBRATION OF REC @MSOTROPIC PLATES
The differential equation governing for the free.vibration of a rectangular plate is

shown in equation (4.4.3). For an isotropic plate, the flexural rigidities of the plate are the

same in both the X and Y directions. Substituti.ng equation (4.4.3) into equation (3.2.4)

and using notations (5.1.3):

=, (6.1.1)

o _ /I1I;3+213I4+1516, D
mr T Irly p

For computational advantage, equation (6.1.1) is transformed into dimensionless forms -

using the following dimensionless ratios :

—

¢ =z/2a, n =y/2b, A=a/b

F =wiaip/D

Substituting these dimensionless ratios into equation (6.1.1} results in,

_ Ll + 200 + Mgl
- I Ig

F

(6.1.2)
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I THE FREE VIBRATION OF A CLAMPED RECTANGULAR ISOTROPIC
PLATE T - -
The coordinate system for the rectangular geometry is shown in figure 1.
The boundary conditions are the same as equation (5.1.10) and equation (5.1.11). The
eigenfunctions X,,(z), and Y (y) are the same as equation (5.1.12) and equation (5.1.13).
The circular frequency parameter of free vibration of rectangular isotro%c pletes is shown':"}

in equation (6.1.2).

v
-

I THE FREE VIBRATION OF ONE SIDE CLAMPED AND THREE SIDES

SIMPLY SUPPORTED RECTANGULAR. ISOTROPIC PLATE

The coordinate system for the rectangular geometry is shown in figure 2. The bound-
ary conditions are the same as equation (5.1.14) and equation (5.1.15). The eigenfunctions
Xm(z) and Yy, (y) are the same-as equation (5.1.16) and equation (5.1.17). The circular ~

frequency of free vibration of rectangular isotropic plates is shown in equation (6.1.2).

COMPARISON AND DISCUSSION OF RESULTS

The results of the free vibration of all sides clamped rectangular isotropic plate with
aspect\ ratio from 0.1 to 1 are given in table 14. The results of the free vibration of one 51de :
fixed and three sides simply supported rectangular isotropic plates with aspect ratio from
1/3 to 1 are given in table 15. The first sixteen ]owest frequencies (modes) are obtained
for both rectangular plates: The moaes are numbered in ascending orde; of frequencies.
Plots showing the variation of frequencies vs aspect ratios are shewn in figure 8 and 9.

From table 14, it can be seen that the values obtained by the present analysis are

Y

in excellent agreement with those obtained .by other investigators[30]. The maximum

_dlﬁ'erence is within 1 %. From ta.ble 15, the present analysis are in'excellent agreement w1th

the available data obtained from Leisser[30]. Because of the lack of data, no comparison



can be made for higher frequencies in mode category for aspect ratio smaller than 1. From
table 14, the mode no. 2 and 3 are the same frequencies in the case of square plate. They
are ca.llgd' degenerate modes. As the aspect ratio A deviates from one, this degeneracy
disappears, and they become modes with distinct frequencies.

In the conventional Galerkin method, four polynomial functions which describe the
mode shapes of plate have to be assumed. The four vibration modes are :

1) Symmetric about the X- and Y- axis ,

3) Antisymmetric about the X-axis and symmetric about the Y-axis,

(1)

(2) Symmetric about the X-axis and antisymmetric about Y- axis T
(3)

(

4) Antisymmetric about the X- and Y- axis.

Then, substituting each polyromial function in the govefning differential equation
(4.4.3). The amount of arithmetic work is quite lengthy. It is also difficult to assume the
vibratidn mode polynomial function for an unsymmetric plate such as one side clamped
and three sides simply supported. For Viasov's method, the choice of a suitable expression
to meet the prescribed boundary conditions is a matter of choosing the approximate beam
functions. |

From the abqve solved plate problems, Vlasov’s method has been proven to very simple
in application for the free vibration of plate problems compared with the conventional

Galerkin method. Vlasow’s method also provides an efficient and accurate solution for free

vibration rectangular plate problems.

6.2 THE FREE VIBRATION OF ONE SIDE CLAMPED AND THREE SIDES ¥

SIMPLY SUPPORTED RECTANGULAR ORTHOTROPIC PLATES.

The coordinate system for the rectangular geometry is shown in figure 3. The differ-
ential equation governing for free vibrations of rectangular orthotropic plate is shown in

equation (4.4.3). Substituting equation (4.4.3) into equation (3.2.4) and using notations

a
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‘- Do
(5.1.3) results in,

2 _ [Dz/DyIily + 2H/Dy 31, + IsIs] D,

= 3 i 6.2.1
wmn [ ITIB p ( )

For computational advantage, equation (6.2.1) is transformed into dimensionless form

and using the following dimensionless ratios,

¢ = z/2a, n = y/2b, F=w2pa"/Dy

Substituting to equation (6.2.1) results in,

F=

D:/Dyflfg-f-zH/Dyz\zIaI.q +A4I51'5} (6 22)

ItIg

In order to compare the results with other investigators, two orthotropic materlals are. .
considered in the thesis, they are Maple 5-plywood and Afara 3-plywood.

The elastic constants are as follows :

material E.(psi.) E,(psi.) G.y(psi) »

Maple 5-ply. 1.87 x 108 0.60 * 108 0.159 * 108

Afara 3-ply. 1.96x10°  0.165+10° 0110%x10° 0.26 ‘- 0.022

o The boundary conditions for one side clamped and three sides simply supported plate
are shown in equation (5.1.14) and equation (5.1.15). The eigenfunctions of Xm(:r) and

Y, (y) are the same as equation (5.1.16) and equation (5.1.17).

COMPARISON AND DISCUSSION OF RESULTS
The results of thze_ free vibration of one side clamped and three sides simply supported

rectangular orthotropic plate with fundamental frequencies and aspect ratio from 1.0 to



. y
2.0 are given in table 16. Comparisons of results are made with the résults obtajned by

-Hearmon [22] . It can be seen that the agreement is excellent. The maximum difference is

less tha.n 0.5 %. '

, Plots of frequenc1es vs aspect ratios for the two orthotroplc plates and 1sotropxc plates
are shown in ﬁgure 10. From figure 10, it can be observed that the frequency pa;ameter
f increases with the degree of material orthotropy. As the aspect ratio A increases, the
orthotropic effect diminis'hes and the frequencies of orthotropic plates converge to those
of isotropic plates. This can be explained by the fact that the first two terms in equation
(6.2.1) .which account for material or;hmpy become less significant as the aspect ratio
increases. |

It can be further found that Vlasov’s method is. easily applicable to the free vibra{ion

of unsymmetric rectangﬁlar orthotropic plates and provides very accurate results.

6.3 THE FREE VIBRATION OF SANDWICH PLATES

The differential equation governing the free vibration of a sandwich plate is shown in

equation (4.5.3).

For ease in computation, equation (4.5.3) is transformed into dimensionless form using

the following dimensionless ratios :

¢ =z/2a, - n =y/2b, A=alb

and substituting equation (4.5.3) into equation (3.2.4) results in,

/ Hw L 2)2  Atw Y 0w
(o Garaae N g
2 ' 2 ' 2
pw* —D'  O*w D' 3w
- D’[ ul ((20.)23;2 + u! (20.)23173'\ )+l
Xm(2)Ya(y)dzdy =0 o ) (6.3.1)

Ly
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Substituting the notations (5.1.3) into equation (6.3.1) result in, .
w2 — [Il.Ig + 2I3.[4 -+ I5I5](]./(1.)'II (6.32)
"t (p/D)[-D'[u'(I:I3(1/a)? + D' [u'II5(1)a)?) + Io 15| ‘

]

1 THE FREE VIBRATION OF A CLAMPED RECTANGULAR SANDWICH
PLATES |

) . R “; .
The coordinate system for rectangular sandwich plate geometry is shown in figure 1

and 4.

The boundary conditions are the same as equation (5.1.10) and equation (5.1.1}). The .
eigenfunct/ions Xm(z) and Yn(y) are the same as equation (5.1.12) and equation (5.1.13).

The circular frequency w is shown in equation (6.3.2).
The following numerical examples are considered in the linear analysis of free vibration

of sandwich plate for the purpose of the comparison of the results with other investigators

Ey="0" psi. v =034  p=500.02 % 107 Ib — sec?/in?

c=0.25 in. t =0.016 in. b =20 in. G = 1000 ps1.

II THE FREE VIBRATION OF ONE SIDE CLAMPED AND THREE SIDES

EEN

SIMPLY SUPPORTED RECTANGULAR SANDWICH PLATE

The coordinate system for the rectangular sandwich plate geometry is shown in figure
2 and 4. The boundary conditions are the same as equation (5.1.14) and equation (5.1.15).
The eigenfunctuions Xm(z) and Ya(y) are the same as equation (5.1.16) and equation

(5.1.17). The circular frequencies w is shown in equation (6.3.2).

~
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The following numerical examples are considered in the linear analysis of free vibration

of sandwich plate for the purpose of the comparison of different core rigidities and aspect

ratios :
’

L4

' v s
~ de

S

E;=10" psi. * v =0.34 p =500.02 + 107° 1b — sec? /in?

¢=025in. t=00164n. b=20 in L

A

COMPARISON ANDBSCUSSION OF RESULTS

The results of the first 16 moded of the free vibration of all sides ﬁxed. rectangular

sandwich plate with aspect ratio 1, 1.5 ahd 2 are given-ifi table 17. The results of the free

vibration of one side fixed anld"three sides simply supported rectangular sandwich plate are

given in table 18. Plots showing the, variations of frequencies vs aspect ratios are shown

in figure 11. a

-

From table 17, it can be seenr that the present solutions are in good agreement with
results obtained by Lam(29] in the first four modes of frequencies. Because of lack of
available data, no comparison is possible for modes higher than four for each of the aspect
ratios.

From table 18, it can be seen that the f;equencies increase with an increase in the core
rigidity due to intreasing stiffness of the plate. Due to lack of data in hand, no comparsion
of these results is possible.

It can be seen again that Vlasov’s method is an excellent nurnerical method for the
free vibratiorn analysis of sandwich plates.

* * A



CHAPTER VI

THE BUCKLING OF RECTANGULAR PLANE UNDER INPLANE FORCES

In this chapter, Vlasoy’s method is further appliedte-analyse-tiebuckling probl;ams
of rectang__\ular isotropic plates under inplane forces. The differential equation governing

for buckling plate problem is shown_. in chapter IV (4.6). |

7.1 THE BUCKLING OF RECTANGULAR ISOTROPIC PLA'_EE

The differential equation governing for the Buckling of a rectangular plate is shown
in equation (4.6.1). For an isotropic plate, the flexural rigidities of the plate in X and Y

directions are the same. Since the shear forces are not considered, Nz, is assumed zero in

* equation (4.6.1).

Substituting equation (4.6.1) into equation(3.2.4) and the resulting expression is con-

verted into dimensionless form with the following dimensionless ratios :

¢ = z/2a, n =y/2b, N, =N:q2/D

Nn=N9a2/D! /\=a/b, W-:w/h, Ny.=RNz

result in,
yy dtw 2 87w 46"tb 3w, 8%w
f/((a_s"’_ ¥4 357on7 T Bn‘) _rN‘(Fg_"’_ 2 Raﬂz))*
XmYndzdy =0 L (7.1.)
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Using the notations (5.3.1) and substituting into equation (7.1.1) result in,

L+ 20D 0+ AT

N 1.
ST T Lla+ MRILI (7.1.2)

7.2 THE BUCKLING OF A CLAMPED RECTANGULAR ISOTROPIC PLATE]

The coordinate system for the rectangular plate geometry is shown in figure 1. |

The boundary conditions are : :

r

In X-direction, < A
w(0) =w'(0) =0,  w(2a) =w'(2e) =0 (1.23)
" In Y-direction,
w(0) =w'(0) =0, w(2b) =w'(26) =0 (7.2.2)

By selecting the eigenfulictions of Xm(z) and Y,(y) to satsify the above boundary

.conditions,. Xm(z) and Y, (y) are chosen as follows :

s | Xpm(z) =1—cos 2202 E (7.2.3)
2a
zrm = 2mm, m=1,2,3.....
yynxy R
Yo(y) =1~-cos=—/—— (7.2.4)



yyn = 2nm, n=123.....

COMPARISON AND DISCUSSION OF RESULTS

The‘results ‘of the lowest buckling load coefficient Cr with aspect ratio from 1 to 10 - '
are shown in table 19. A plot showing the v;a.rié.tion of buckling load coefficient vs aspect
ratio is shown in figure 12. From table 19, it can be seen that the present solutions are in
excellent agreement with those obtained by Das [24] and Timoshenko [50]. The maximum
percentage of difference is less than 2 %. |

Again, it can be further seen that Vlasov’s method is accurate and easily applied to

[

\buckling plate problems. - N

L

P



. CHAPTER VIO
Q SUMMARY OF CONCLUSIONS®

THE VLASOV METHOD

(1) By choosing eigenfunctions of a vibrating beam or column buckling, the amount
of numerical work required in the conventional Galerkin’s method can be greatly reduced
as a result of the orthogonality conditions of these functions.

(2) The choice of an appropriate expression for the assumed solution is simnly a matter
of choosing_beam functions with identical boundary conditions as those of the plate.

‘ (3) It is easy to apply both for unsyx:nmetric and sandwich plate problems.

(4) 'If‘he accuracy of the method is excellent in spite .pf the relatively little amount of
calculation involved.

(5) The solution becomes increasingly tedious as the nurnber‘of terms is increased.
However, from the results shown in the previous chapters, it seems that in general, only a
few terms are required to produce a solution accurate enough for all practiea.l purposes.

(8) Thie method definitely has ‘it‘af merits in the manual ;olution of plate problems.

(7) The Vlasov method is a simple powerful tool fer the static and dynamic analysis of
plates. The versatility and simplicity of this method was demonstrated by solving a wide
va.uriety‘ of problems of significant complexity in applied mechanics. The determination

.of complex plate problems are reduced to the evaluation of definite integrals of simple

functions.

(8) Vlasov’s method is highly recommended for the solution of complex plate problems
where computer facilities are not readily available.
(9) Vlasov’s method represents a great saving in human and machine efforts because

of the relatively small amount of computer time and storage space required for a solution.

50



(20) For a given aspect ratio A, the maximum center deflection of the plate decreases
" with incmasiﬁg valfles of the foundation modulus.

" (11) The effectiveness of the elastic fgiundation in reducing the maximum ceﬁter
deflection of the plate is more pronounced for small aspect ratios than it is for aspect
ratios approaching ﬁnity. )

(12) The r:;aximum center deflection of the sandwich plate structure decreases with
. increase in core rigidity. This-is due to overall stiffness increases of the sandwich plate.

Finally, from the present study, it can be concluded that Viasov’s method is extremely h

versatile and sufficiently accurate for all types of analysis considered. The amount of arith-

-
Lt

N ':_- ~metgic.work required in the method is a mere fraction of that required in the conventional

“Galerkin method. Computing time and memory requirements are small, thus making it
. . o -

o

ideally suited for computers with relatively small capacity and speed.

51
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g

Aspect | No. of terms used _--Eihosﬁenko
Ratio SRR o .
< _ : Ref./51/
Ara/ ] | 4 I 9 16 oY
1 0.02137 | 0.02022 | 0.02034 | 0.02031 | 0.02016
2/3 0.03796  0.93502 | 0.03536 | 0.03526 | 0.03520
' ! | ol D
: t
. | |
5/8 - 0.0K007 - 0.03662 | 0.03704 : 0.03695 | 0.03680
— i .
/2 0.04586  0.04001 | 0.04090 ' 0.0L069 | 0.04000
S S SO B | L —
Yax. = aqa’/D

Table (1) Variation of the maximum deflection coefficient o

with the number of terms used in the solution for

clamped rectangular isotropic plate.
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r...., L rm———— _—

Aol oo

ampet! rectangular igotropic plate with the

di@eneibnless foundation modulus K.

1/2

0.0406882

. 0.0255761

l
I
1
|
|
i 0.0097244
i

Q.0083556

0,0058272

|
i
|
|
|
! 0.0052822
|
1

Uimen81onbessl Aspect Ratio A= 4/ b
" Foundation - ‘
| Modulus - ~~wu-wT~w~m-»
I h ] L 2/3
___.. - — { j— e .o
i, 0 0.0203115 | 0.0369494 : 0.0352828
N i !
“ 20 0141220 ? 0. 0245568 0.0239276
40 5.613181 | 0. 0181840  0.0179196 .
60 0.0113119 | 0.0143266  -0,0142204 i
80 gg  0-0098067 0.0117537  0.011%242
100 - ° 0.0086368 ‘| 0.0099228 - 0.0099325 -
120 '0.0077022 -0.0085580 0.0085880
1 ' | .
140 0.0069389 | 0.0075042 1‘0.06?5445
j 160 5 0.90630u4 | 0.0066680 | 0.0067129
i 80 % 0,0057689..| 0.0059895 | 0.0060358
} 200, ! 0.0053112 | 0.0054289 | .0.,0054748
Lo e |- | N S
t.t ‘ - u
. nmax . = ® ga /D.
\ . .
. hd !
Table Variation of the maximum deflection coefficients &

i

-0,0184070 °

0.0142664

0. 0115889 / \

| 0.0073116 .

-
v

|
'

| 0.0064898

B



N

Aspect number of terms used Timoéﬂéﬁig
Ra'tl [e) | VTR T T oot T D .
TS 1 -‘ s |9 16 Ref./51/
EE— e e —
1 0.02401 . 0.04528 | 0.04383 | 0.04382 | 0.0448B
r g
1/1.3 0.08032 0.08097 0.07840 _ 0.07837 0.0800 -
S S S |
- T e T I |
1/1.5 0.10315 0.10415: 0.10045 | 0.10039 | 0.1024
| : i i U
i - 1/2 0;14969| 0.15176 | 0.14382 | 0.14366 0.1488

W= %ql_au/il

Yariation

the central flection coefficient oL with -

the nunber of terms used in-the solution for one side

" plate. ' : !

.clamped and three sides simply supported recfangular




Dimensionless ~ Aspect Ratio )= 2a/b
| Foundation :
' Modulus : e fne
| Ko | 1 1/1.3 1/1.5 } 1/2
-+ - S HF ey
0 | ©.ou4382 0.07837 0.10039 | 0.14366
20 ! 0.02752 | 0.03792 0.04207 0.04639
i | ! S,
Lo ' 0.01990 I 0.02461 0.02600 ; 0.02658
60 ©0.01550 0.01801 0.01852 - 0.01824
80 . 0.01263 0.01408 “0.01k28 | 0.01371
100 0.01062 | 0.01148 0.01147 ; 0.01089
i .
120 0.00913 | 0.00964 0.00955 | 0,00898
|.
140 0,00799 | 0.00828 0.00814 © 0,00761
; T
160 - 0.00708 | 0.00723 0.00707 0.00658
180 L 0.00635 0.00639 0.00622 0.00578
200 - 0.00574 0.00572 0.00555 0.00514
= ggat/b
Iable (&)

Variation of the central deflection coefficient & o7f

- 0 ' ' x .
one slde clamped and three‘gides simply supported

-

rectangular plate with dimengionless foundation

|moduius K.




3 -
Aspect - number of terms used . Hﬁ;Tiﬁ;gH;;i;-}
‘Ratio : ! . " kef/51/
A=a/D 1 v 19 16
. ' e
1 0.06656 | 0.06488° 0.06501 | 0.06498 : 0.0649¢
I‘ - | ' e '
ﬁ | |
2/3 0.12761 | 0.12324 ° 0.12363 ; 0.12355 0.1235%
, ’t g o :
_ _ o ? : =
:5/8 0.13767 | 0.13251 | 0.13299. | 0.13289 | 0.13280
| R ]
1/2" 0.17039 | 0.16119 | 0.16220 | 0.16199 | 0.16208
T b,
Ymax, = «aa /D N
L'
)
Table !32 Variation of the maximum deflection coefficient &

with the number of terms used in the solution of

L

simply supported isotropic plate.
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Dimensionless Aspect Ratio i} a/b '“”]
Foundation :
Modulus ’ - B A “'
K 1 2/3 5/8 /2.
0 0.0649& 0.12355 0.13269 0.16109 I
20 0.03502 0.04595 0.04686 0.04849 '
40 . 0.02372 | 0,02749 0.02762 0.02752 4
60 5 0.01779 ! 0.01931 0.01927 0.01891 g
! ' i
80 i 10.01416 i 0. 01474 0.01466 0.01429 i
100 ;”‘0.01170 ; 0.01184 0.01175 0,011%3 5
120 E 0.00993 : 0.00985 0.00976 0.009%:9 |
140 . 0.00861 ! 0.008L40 0.6083é 0566816
160 I 0,00757. 0.00730 0.00723 0.00795
180 nf' 0.00675 0.00644 0.00638 0.00623
200 'l-'b.05607 0.00576 0.00570 0.00558
A
w&u‘= oqa’/D
Table (6} Variation of the maximum deflection coefficient d

of simply supported rectangular isotropic plate

with dimensionless foundation modulus K.



Timoshenko Lekhnitskii
€ o | Ref.,/ 51,/ Rel./32/
|
1 0.06498 |  0,06512 0.06512
1.1 0.07789 | 0.07808 -
1.2 0.09039 ! . 0.09040 -
1.3 0.10225 . 0.10224 -
1.4 0.11333 L 0.11344 -
1.5 0.12355 0.12352 0.12352
1.6 0.13289 0.13296 -
1.7 0.14136 O.14144 -
1.8 0.14901 0.14912 -
1.9 0.15586 0.15584 -
2.0 0.16199 0.16208 -
2.5 0.18381 © 0.18400 0.18400
) 0.19551 0.19568 -
L . 0,20453. 0.20512 -
5 0.20640 0,20752 -
(4] 0.20719 0.20832 0.20832
— : i
Ezi/Ey Bt L
bVvD o ‘D
b : Y
Table (7) Variation of the maximum deflection coefficient &

of simply suppdrted orthotropic rectangular plate

with the variation of € .
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L

\ .
S
sandwich Plate 1
Vo= 0,32 (= 0.00125 §= 0.05125
E, = 10 x 10%psi. G_ = 500 psi
f = P : . c .
No. of The maximum‘small deflection coefficient
. terms e e
| used “Aspect Ratio a/b -
' A= 1 A= /k \= 2/3 1 )= 1/2
1 0.255878 - 0.521672 0.337493 | 0.357187 !
\ l | 0.201264 ' 0.247060 0.252351 . 0.246956
| ‘ L
9 | 0.214816 0.266027 @ 0.274622 0.280986
. i . |
16 0.209046 .° . 0.256904  0,265229 0.266529 |
: ; | B
¢ :
25 0.211858 : 0.260819 0.268567 0.273643
; |
Table (8) Variation of maximum small deflection coefficient

with the no. of terms used in the linear analysis

of the sandwich plate "1.
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~No. of Maximum center small deflection (in.)
terms T e o
Sandwich plate dimension
used o
2b x 2a in inches
5O ¥ 40 53% x 40 60 x 40 80 x 40
'ﬁ% 0.279820 | 0.351770 g 0.369071 t 0.390608
| |
4 0.220096 0.270176 ' 0.275963 | 0.270063
i
9 0.234916 0.290918 0.300317 0.307277
16 0.228606 0.280942 0.290045 0.291467
25 0.231681 0.285223 0.293696 0.299247
| . .
) %
lhiareh 0.228190 0.298742 --- ---
/ 35/
“ontorton 0. 245 — ——— -
/38/ | B

LTable (9) Comparison of the maximum centre small deflection

" of the sandwich plate LEW
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sandwich plate ﬁé
vy = 0.32°7 . = 0.00125 . g= 0.05125
B, = 10 x 106 psi. : C, = 100,000 psi,
No. of The maximum small deflection coefficient
terms i
i used Aspect Ratio, A\E a/b ¢
| BT N= /b Ne 2/3 | hE /2
L : - _
: : |
1  0.022539 +  0.035037 0.039460 | 0.047429 .
4 | 0.021127 - 0.032481 | 0.036109 0.041041
f r T .
9 ©0.021309 | 0.032813 | 0.036561 | 0.042088
. - i
; 16 ©0.021255 | 0.032721 0.036439 0.041810
25 0.021277 0.032756 | 0.036485 0.041910
’

|Table (10) Variation @f maximum small deflection coefficient

S \
with the number of terms used in the linear analysis

#

of sandwich plate ™2,



No. of maximum centre small deflection (in.)
térms
used sandwich plate dimension
2b x 2a - in inches
4o x ko | 535 x b0 | 60 x 40 ' | 80 x 40
1 0.024648 0.038315 | 0.043152 0.051867
4 0.023104 0.035520 | 0.039488 | 0.044881
; . .
i 9 0.023303 0.035872 0.039982 0.046026
|
! 16 0.023244 0.035783 0.039848 0,045722
| .
} 25 0.023268 0.035821 0.039899 01 045831
March 0.023482 0.036716 S -
/35/
Monforton 04023“’80 e —— _————
/ 38/
Table (11) Comparison of the maximum center small deflection

“of the sandwich plate

f

2.




sandwich plate *3

i;_p = 0.30 L= 0.0006 §= 0.04
R, = 10.5 x 108 psi. G, = 50,000 psi.
No. of The maximum small deflection coefficient
terms :
used Aspect Ratio, A= a/b
A= 1 A= 3/ A= 2/3 =1/2
1 10,022277 0.03471k | ©.039123 0.047076 .
4 0.02092L 'i 0.032240 . 0.035864 0.040811
9 0.021091 0.032550 0,036292 0.041821
16 0,021 044 0.032467 | 0.036178 0.041559
25 0.021062 0.032498 0.036221 0.041651
Kan et al 0.021039 S 0.036249 0.041746
/ 2/ .

with the number of terms used in the linear

‘analysis of sandwich plate

#3,

75
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e

) )
:No; of Maximum center small deflection {in.)
terms - -
used sandwich plate dimension
| 2b x 2a in inches
l 20 x 20 26§.x 20 30 x 20 Lo x 20
1 0,040222 0,062678 0.070639 0,084990
D 5?@37779 0.0581363 0.064754 0.073687
9 0.078081 0.058771 | 0.065527 | 0.075510
16 | 0.037996 0.058621 0.065321 0.075037
25 | 0.038029 0.058677 0.065399 0.075203
!
March | 0.038L402 0.060150 - —
/ 35/ |
Kan et al. ' 4 037987 | oo 0.065496 0.075375
/ 24/
‘PYable (13)

Comparison of the maximum center small deflection

of sandwich plate

ﬁj.

¢
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I
Aspect Atara 3-Fly. T Maple 5-Ply.
Ratio = -
_ present Hearmon present Hearmon
a/b solution /22/ solution /22/
1.0 14.32192 | 14:32254 7.84798 | 7.84822
1.25 15.05136 15.05190. 8.69135 8.69108
1.50 16.06191 | 16.06157 9.89039 9.88964
1.75 17.39433 17.39330. [ 11.47044 1. 11.46927
o :
2.00 19.0?844: 19,07665 13.43514 13.45123
A

.w : [f/éz] [[‘)}/m] 4 .t l . | , | | .‘ . \ d

L.

Tabié_&lpl Variation of’ natural frequenc& parameter f of

one side clamped "and three sides simply supported

rectangular orthotropic plate with aspect ratio-

X: a/,b- L
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¥ ¥ *
. :/ LY
7 —
R - . -
Fode - Aspect hatio A= o/b 7
Rumbes [0 B - ' B R
: NG A= 1.5 A= 2.0
present _ Lam present Lam present Lam’
solution| /297 -1 solution| /29/ solution| /29/
1 | 68.422 | 70.29 53.479 55.67 49,397, | 51.18
2 . 118.608! 123.87 75.912 81.84 60.841 65.21
3 | 118.608] 123.67 | 108.482 | 314,65 | 79.719 | 89.6% |
L ©454.792] 165.54. | 109.926 | 121.4% | 103.762 | 111.67 |
5 o o177.732] - 124.929 - 107.L08 ---
€ 1794732, --- 145,772 —-- | 115.267 e
? ©203.6770 --- . 1L8.379 - 128.098 % ---
8 203.6770 --- ' 172.039 - 145,472 1o
9 238,045  --- 177938 | --- 1700295 1 -
10 1 23k.0u90  —-- 1 o1gz.69k —e- D 175.998 | -
11 . 242,072 ——- ' '199.706 - 1 185,204 1 -
12 | - 257.772 --- 1 222,361 | - 197.916 | -
- 13 - 257.7720  --- 233.880 - --- 232.553 |  ---
14t 288.22M  --- 242,070 | --- 237.002° ] ---
15 Y 288,224+ —on - | 255.166 i - o4, 120% 1  —--
16 326,980 . --- 273.010 1 -—- 253.983 ---
i i

Table (17) Variation of natural frequency ) of all sides

fixed sandwich plate.
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% " e D W b - ‘ .
s . ny 4 e B - Y % ‘
g ok a2
2 O R
@ o I D
' .S w 4 .
" T I 1 !.. * ‘4 . . - [q > .
A= 1090  n = 1.5 | A= 2.0
mode No. - T L - oy

.- gpzsooo . G 210000 7%6=3039 L Goi oooo;§c=5000 G =+0000
1 "51.Q3}§‘ 521747 | b 2360 %:63565 28. 5195 28.8015
2%, 107.8958" 111.8958 " 66. 55?0' 8.0152' 46,9361 h L7, 4786
3 1121.3899 | 126.0257 1 93.8217  96.8992, 74.9090 | 70.7866
I 171 %6895 |, 18144216 | 114.8175 1*9i1251~ 89.0926 | 91.8796
1 5 196,3136 | 209.4692 123r453? g_2.595?r105.100u' 108.9420
6 N -+ 1219, bR | 234 5828 | 166. 176.1556,111.6872. | 1158943
7 25178477 272.8413 | 175. 8395 185.8891,130.5925: | 136.4463
g* 26338300 | 286.1320 | 184.5014 | 196.1982,164.4666 |* +73.6267
"9 1305.7551 | 386.81k1 | 209.2581 | 224.12797.180.4618 | 191.6717
10 1.' 334.59401 370.5664 | 223.8312 | 240.3u74 194.3509 | 20712865
s 41 1335.7773 | 370.6895 | 248.2507 | 268.8737 216.6152 | 232.5487
12 353.3298 | 393.9905 | 26'5.7608 | 324.9456! 246.5461| 26679570
137 374.4962 | k18.1423.| 299.3062, 328.7}633 292.3123 | 320.8559
X 14 | 525.9770 | 483.3595 | 316.9843| 350, 2491 304.2445) 335.0420
15 436.4016 | 495,4683 | 350.6864| 390.88391 323.431 | 358.0009
16 | 5174464 | 599.1852| 395.4918 1 Li5.6459 173494003 389.3@88i
] R IR

1able (18)
S

Mf

A

£

»

» o~

?

» A
Variation of natural frequengies

rand three sides simply supported

-

- - -~

s - vy ,‘.'F -+
W of one-side Tixed

sandwich plates‘with

, various aspecit ratios'and shear rigidities.
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