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THE STANDARD POLYNODMIAL AS
AN IDENTITY ON SYMPLECTIC MATRICES.

by Jay M.H. Adamsson

Summary.
The symplectic involution s is defined on 2n x 2n matrices by

A B\’ (D' -pt

C D] ~\-Cct A
where A, B, C, and D are n X n matrices, and ¢ is the standard transpose
operation. This thesis investigates the value of the standard polynomial

Sk = Yoes, (m1)7Zo(1) -+ To(r) evaluated over the ring of matrices which
are symmetric with respect to the symplectic involution, denoted H,,(F,s).

It was shown by Rowen that Sy,-.2 is an identity for H, (F,s) for all n. He
also shows that Sy,_3 is not an identity for n = 1 or n = 2. In this thesis
the value of Ssn—3 for n > 3 is studied In particular, it is shown that Sy, 3
is not an identity for n = 3 and n = 4. Moreover, a reduction is obtained in
the general case.

We choose a particular basis where each basis element can be represented on
a graph of 27 points by a pair of labelled, directed edges. A pscudo-Eulerian
path on this graph is defined as a path in which exactly one edge of each
pair of edges is traversed exactly once. By counting the number of pseudo-
Eulerian paths and assigning a value of -1 or +1 to each, the value of S can
be determined.

Our first result says that Sy,—_3 is not an identity if S4,_4 is not an identity.
For the case n=3, the eight basis elements which will be used to show that
Sg is not an identity are:

1 = €12 +éesq T4 = €13 + €54 T7 =€11 + €44
I = €23 + €g5 Ts = €32 + €56 Iy = €16 — €34
T3 = €31 + e45 Tg = €21 + €45

Each pseudo-Eulerian path can be decomposed into three “cycles” and a
“tail”. By “inverting” some of the cycles, 2 new pseudo-Eulerian path can
be obtained which has opposite sign. The total number of pseudo-Fulerian
paths, which have to be counted to determine the value of Sg, can be reduced
by pairing off paths which have been given opposite signs. Once the pairing
off has been completed, there are thirty paths which are left, showing that
the value of S3 is non-zero.




In the case n = 4, the substitution used is:

r1 = eyz + cgp Ty = €14 + g Tg = ej3 + €75
T2 = ez3 + €76 Tg = €43 + €78 T19= €31 + €57
T3 = €34 + cgy T7 = €32 + €57 T11= €11 + 5y
T4 = ¢4 + egg Ty = €2 T €56 T12= €15 — €45

The same method of pairing off paths is used in this instance to arrive at a
total of 168 paths which are left unpaired. Thus, the value of S;3 is non-zero.

In the general case, the substitutions used are:

Ty = €41 + Citlin,itn i=1,...,n—1

Tn = €n,1 +Cniion

Tntl = €10 + Cn,n41

Ti = €2n42~i2nt+1—i T E3ntl-idns2-i L =N +2,...,2n

Ti = €12n44—i + Canpd—int1 i=2n+1,...,3n -3

T = €ng1-i,1 + €l4ndntl—i i=3n—-2,...,4n -0

Linws = €11 F Cntlntl

I4n—4 = C120n — €n n+l

When the same procedure is applied, a reduction of the problem is obtained.
However, the total number of all paths which contribute to this value is
unknown.
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Introduction

In this thesis, we consider matrices over arbitrary ficlds. The symplectic
involution s is defined on 2n x 2nr matrices by

A BY’ Dt -pt
(C D} ™ (—C' At )
where A, B, C, and D are n x n matrices, and ¢ is the standard transposc

involution. A matrix is symmetric with respect to the symplectic involution
if and only if it has the properties:

A=D"
B=-B
c=-C

The standard pelynomial Sy, in k non-commuting variables is defined as

Si= S (=1)Z0y + Zogar
cESy

where Sj, is the permutation group on k elements. The Amitsur-Levitski
Theorem [1] states that Sy, is an identity for My(F). Rowen [2] shows
that Sy,—2 is an identity for the space of 2n X 2n symplectically symmetric
matrices H,(F, s) over a field F, and that this is minimal for n = 1 and 2.
The goal of this thesis is to show the sharpness of this result for H3(F, s) and
Hy(F,s); i.e., that Sy,_3 is not an identity for n = 3 or n = 4. In addition,
a partial result is given in the general case.

The space of 2n x 2n symplectically symmetric matrices Hy,(F, s) can
be given a basis of 2n? — n matrices:

eij+ Endjnti 1<4,7<n
Cints — €jnti 1€i<j<n
Entij = Cntji 1<i<j<n

where e;; is the matrix with 1 in the 7,j position, and 0 clsewhere. Each
of these basis elements can be represcnted on a graph of 2n points in the
following way. We label the points from 1 to 2n and draw a dirccted edge
with positive label from point ¢ to point j to represent e;;. Similarly, we
introduce an edge from 1 to j with a negative label to represent ~¢;;. In this
manner, each of the basis elements in (1) is represented by a pair of directed
and labelled edges on a graph.

Let zp,...,Tm be a subset of the basis elements of H,,(F,s) described
above, and let G,, be a graph of 2n points in which each of the basis elements
z; is represented as described above. Then a pseudo-Eulerian path on Gy, is
a path of length m in which exactly one edge of the pair of edges associated
with each z; is traversed exactly once. Let o be a permutation of 1,...,m.
‘We use the following Reduction Principle, whose proof is straightforward.

1



Reduction Principle. Let z;,...,Zm be a subset of the basis elements
of H,(F,s) described above, and o be a permutation of 1,...,m. Decfine
A= La(1)---Ta{m):

a. All elements of A are £1 or 0,

b. Ay = %1 for somei,j < m iff £,(1) ... To(m) is @ pseudo-Eulerian path.

In this paper, the value of Sp(z;,..., Tn) Will be determined by counting
the number of pseudo-Eulerian paths between two points, and by determining
if cach path contributes a positive or a negative value to the total sum.

1. Counting Pseudo-Eulerian Paths

Let 7 be a permutation of 1 to m defined by {#1,...,im} in which 7(j) =
ij,j = 1,..,m. Assume the permutation 7 defines a pseudo-Eulerian path
from point A to point L. Consider whether this path contributes a pos-
itive value of +1 or a negative value of —1 to the value of Mgz, where
M = S,,(x1, ..., Ty )and My, denotes the entry in the K'th row and the Lth
column. To determine this value, we have to take two factors into account.

The first is the signature of 7. By definition, the term z;,...z;,, in Sp
is preceded by {—1)". Thus, if 7 is an odd permutation, the contribution of
the pseudo-Eulerian path given by 7 will be reversed.

Secondly, we have to consider the sign of the edge which is traversed.
For many of the basis elements, one of the corresponding edges is positive,
and the other negative. Each time the path crosses an edge which is negative,
the contribution of the path will be reversed.

Consider the following examples. In Hj(F, 3), define

T = ez + es4,
T3 = eg3 + €gs,
T3 = e31 + eyq,

which give the following diagram (wherg all edges are positive):

-

Figure 1

Let M = 83(z;,z2,23) and consider My;. The only pseudo-Eulerian
path from point 1 which returns to point 1 is 7 = {z;, 29,23}, i.e., 7 = id,
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the identity permutation on three elements. Thus, we conclude that My, = 1.
Now consider My4. Once again, there is only one pseudo-Eulerian path from
point 4 and back to point 4 again, namely the path givea by 7 = {&3. 22,11 }.
This path is defined by the permutation 7, which is an odd permutation of
three elements. Thus, the contribution of 7 to the value of M,y is —1. Since
this is the only path, the value of Myy is 1.

For the next example, consider

T = e)2 + €54,
Ty = €23 + €¢5,

I3 = €15 — La4.

These three elements of H3(F, s) give the following diagram, where all unla-
belled edges are positive:

"2,
N
|
Figure 2 L

2

N Il‘/ .
b ’
g

Again, let M = S;3(z,72,23). There are two pscudo-Eulerian paths
from point 1 to point 4. The first, {z1,%2,2z3} is an even permutation,
however, it crosses the leg of 3 which is labelled negative, reversing its con-
tribution from a positive value to a negative one. Hence, the contribution of
the path {z;,z3, 23} to the value of My, is —1. The other path, {z3, 29,21},
is an odd permution which crosses the even leg of z3. Thus, it too contributes
the negative value of —1 to the overall value of My4. The total value of My,
is the sum of the contributions from all the corresponding pseudo-Eulerian
paths, hence we determine that in this example, we have My = —2.



2. The Polynomial S;,,—3 in Hn(F,3)

We begin this section with the following

Lemmal. Leti, ke Nwith1<i<k.

Z (=1)7za01) " Ta(r)

aES
a(i)=k

= (=1 Y (=1)TZ) By TR (i) Tr(le1)
TESk~1

Proof. T'here is a correspondence between {0 : ¢ € S,0(i) = k} and
{T:1 € Sk-1} given by:

7(j) = o(4) 1
T({)=0(i +1) k

From this relation, we see that

Ta(1)* To(k) = Ty(1) """ Tr(i=1)PhTr(i) * ** Tr(k-1)

for corresponding ¢ and 7. This means that each monomial on the left
hand side is repeated again on the right hand side. It remains to be shown
that (=1)7 = (—=1)7**=i = (~1)°+!+ When i = k, then obviously, for
the corresponding 7, we have that (=1)° = (—1)7, and the result holds.
Now proceed inductively. Let ¢ € S with o(f) = k. Then there is a
correspondance between {0 : ¢ € Sk, 0(i) = k} and {5 : 0 € Sy, 0(i—1) = k}
given by:

a'(j) = o(d) 1£j<i-2,
o'(i—1)=k~-1=o(i),

o'(i) = o(i - 1),

a'(j) = o(j) i+1<i<k.

The 7 and 7/ in Si—; which correspond to o and ¢’ respectively are the same
permutation. The only difference between o and o' are the values for i — 1
and i, which are transposed. Thus, (—1)° = —(=1)°". The lemma, follows
from this result.



Theorem 1. Let zy,...,x: € H3(F,s),I=the 2n x 2n identity matrix.
Tken

a. Sp(z1,...,28-1,1) =0 if k is even

b Sk(1,y- vy 2) = Ty (“ 158kt (@1 e ey Fiy e T )

¢ Si(z1,y... 21, 1) = Sp—1(21,...,Thez) when k is odd
Proof. a.

Se(z1y.. . yor) = Z (=1)72o(1) - Ta(a)
ocES,

k
=Y Y (~1)Teqy Taqy

i=1 oES&;
a(i)=k

Now let ;. = I:

Sk(ml,...,mk_x,f) = Z ("1)“$a(l)"'ma(k-l)1+"'

CESE
o(ky=k
+ Y (=1)7Za)  Falimn) Ba(in)  Fa(h) +
ogES)
a(i)=k
+ D (1) Tzeqy - ogry
gESL
a(1l)=k
k
S DY EISTHEEERN
i=l o0ES;
o(f)=k
k -
=Y (D" N (1)) Tagien)
i=1 TESE~)
=0

Since k is even, all the terms in this alternating sum cancel.
b. Collect all terms with z; at the end.
k i .
¢ Sk(T1ye s The1, I) = iy (“1)* Sz, .o, iy T )

But k—1 is even, thus, by (a), Sk~1{Z1,...,%iy...,2) = 0 unless i = k.
Thus.

Si(z1y. .0, Tr=1,I) = Sk—1(Z1,. .oy Th—1)

This result shows that, in order to prove that S4,,_3 is not an identity,
it is only necessary to prove that Syn—_4 is not an identity. Therefore, this
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thesis will provide a sct of 4n — 4 elements which will result in a non-zero
result, for Sgy—4, thereby establishing that Sy,—3 is not an identity.

It should be mentioned at this point that all the results which follow have
been confirmed on computer by adding the values for all pseudo-Eulerian
paths.

3. The Case n =3

The cases where n = 1 and n = 2 have already been covered by Rowen. In
the case where n = 3, the eight basis elements which will be used to show
that Sg is not an identity are:

Ty = e)13 + €54 T4 = €13 + €54 T7 =e11 +e44
T2 = €23 1 €g5 Ty = €3z + es56 Tg = €16 — €34
T3 = €31 + €46 Tg = €31 T 45

which give the diagram

Figure 3

For easc of notation, if {:c.-l,...,m,-,.} is a pseudo-Eulerian path in this
diagram, it will be denoted as {71,...,%;}.

There are a few observations to be made at this point about this set of
substitutions. Whenever an integer is used to refer to a point on the diagram,
it will be specified as such, in order to avoid confusion:

1. There is a high degree of symmetry between the “top” and “bottom”
halves of the diagram. If the edges labelled z3 are ignored, there is a cor-
respondence between points 1 and 4, between points 2 and 5, and between
points 3 and 6. For this reason, the points 4, 5, and 6 will often be called
points 1', 2/, and 3/, respectively.

2. Each edge which runs from point A to point B on the top half of the
diagram has its corresponding edge going from point B’ to point A’ on the
bottom.

3. A path P from point A to point A’ gives rise to another path P~?, which
also runs from point A to point A’, but crosses the opposite leg of xg. This

6



path is arrived at by simply taking the elements in the path P and considering
them in reverse order. For example, {1,2,8} is a path from point 1 to point
1’ vhich crosses the negative leg of zg. The reverse path {8,2,1} is also a
path from point 1 to point 1', but which crosses the positive leg of xg.

Let M = Sg(z,,...,zs), and consider the value of M. The pseudo-
Eulerian paths from point 1 to point 6 are too numerous to count directly,
however, most can be eliminated by “pairing oft”.

Any pseudo-Eulerian path which goes from point 1 to point 6 can be
subdivided into four parts. In order to define thesc parts, the following
lemma is needed:

Lemma 2. Suppose P = {iy,...,13} is a pseudo-Eulerian path. Let
X := {j € N |the endpoint of z; is point 1 or point 4}. Then | X |= 3.

Proof. There exists a & for which 7 = z7. The edge z7 starts and ends at
either point 1 or point 4, thus, & € X. There are three other edges which
begin at point 1 and two others which end at point 1. By observation 2
above, this gives five edges which end at either point 1 or point 4. Each
time one of these edges ends at point 1 or 4, another must be used to leave
that point. Hence, these edges occur in pairs, giving two edges which end at
point 1 or 4. The final edge begins at point 1 at the beginning of the psendo-
Eulerian path P. Thus, there are three edges which end at either point 1 or
point 4.

Arrange X = {i;,,1;,,%5,} such that j1 < j; < js. Then define

Pr = (i1, )i}

Py = {iji41,-- 0115}
Py = {ij2+13--'aija}
Q = {ij415.--,%8}

Each of the paths P; begin at cither point 1 or 4, and end at point 1 or
4, These P;’s will be termed cy=les, since they begin and end at cither point
1 or its symmetric counterpart point 1’. The path Q, called the tail, begins
at either point 1 or point 4 and ends at point 6.

Example 1. P = {1,2,3,8,4,7,6,5} is a pscudo-Eulerian path. The edge
r; goes from point 1 to point 2, z» goes from point 2 to point 3, and =3
goes from point 3 to point 1. Thus, P, = {1,2,3}. Procceding similarly,
P, = {8,4}, Py = {7}, and Q = {6,5}.

Example 2. It may happen that all the P’s start and end at point 1.
Consider P = {4,5,6,7,1,2,3,8}. Then P, = {4,5,6}, P = {7}, P =
{1,2,3}, and Q = {8}.



Given any pscudo-Eulerian path P, define

(P) = —1 if P contributes a negative value;
{p) = +1 if P contributes a positive value.

Also define £(P;) to be the number of edges in the path P;. In example
1, consider the cycle P,. By observation 3, Pj ! is also a cycle, but one
which runs over the opposite leg of zg. Since £(FP;) = 2, an odd permutation
is needed to convert Py P P3Q into Py Py 1P,Q. But, since P, and P;- 1 use
different signed edges of zg, an odd permutation combined with an oppositely
signed leg give §(PA P, P3Q) = (P Py 1P,Q). To generalize:

Lemma 3. Let P = PyP,P3Q. Suppose 8 € P; Define

’ PIPRPRQ, ifi=1;
P'={ PPIPQ, ifi=2;
PPPQ, ifi=3.

Then
E(P) = —¢(P') if ¢(P;) = 0, 1mod4
&(P) = £(P) if 8(P;) = 2,3modd

Proof. Assume £(P;) = 0,1mod4. Then an even number of transpositions
are needed to convert P; into P1. However, P; and P;™! cross oppositely
signed legs of zg. Thus, P and P’ contribute opposite values.

Likewise, if £(P;) = 2,3mod4, an odd number of transpositions are
nceded to convert P; into P;”!. Combining this with the oppositely signed
leg of zg give that P and P’ contribute the same value.

This relation can be generalized even further, by observing that the cycle
which is reversed does not have to be a single P;, but can be a string of Fy’s.
For example, if £(P, P2) = 2 or 3mod4, then

EPPPQ) = E((PLP) T P3Q) = E(P 1P PQ).

By using this result, we will be able to eliminate most of the pseudo-Eulerian
paths, simply by pairing them off with another path of the opposite sign,
arrived at by inverting one or more cycles.

We prescribe the following procedure for P = PP P3Q:
Step 1. If 8 € P, and &(P;) = 0, 1mod4, define

7(P) := P P P3Q.

Then £(P) # £(n(P)) and we pair off P and n(P). For later use, we also
calevlate p(n(P)) = (P R2PQ) = P.

8



Step 2. If 8 € P, and ¢(P2) = 0,1mod4, define
n(P) := PPy 1 Q.

Then £(P) # &(n(P)) and we pair off P aud 7(P). For later use, we also
calculate n(n(P)) = n(P Py ' P3Q) = P.

Step 3. If 8 € P3 and £(P;) = 0,1mod4, define
7(P) = P PRP;1Q.

Then £(P) # &(n(P)) and we pair off P and n(P). For later use, we also
calculate n(n(P)) = n(PAPP;1Q) = P.

Step 4. If 8 € Py P, P; and (P, P, P3) = 0,1mod4, then
n(P)= PP PCQ

and n{n(P)) = P. Now &(P) # &(n(P)) and we pair off P and n{P).
Step 5. If 8 € P\ P, and (P, P;) =0, 1mod4, then

2(P) = Py P PQ

and 7(n(P)) = P. Now &(P) # £(n(P)) and we pair off P and 7(P).
Step 6. If 8 € P,P; and {(P,P3) = 0, lmod4, then

7(P) = AP Py 'Q.

Now &(P) # £(n(P)) and we pair off P and 5(P). In this case, if 8 € Py
and £(P,P;) = 0, 1mod4, then by step 5 above, 7(7(P)) = 9(P, Py P71 Q) =
P3P PYQ. Otherwise, n(n(P)) = P.

Otherwise, define (P) = P. For later use, we record here that 5(n(P)) = P
for all but step 6.

For example, if P = {1,2,3,8,4,7,6,5}, then P, = {1,2,3}, I, = {8,4},
P; = {7}, and Q = {6,5}. Following the order given in the hicrarchy, we
first test P2. Since £(P;} = 2mod4, we go on to the next one, which is
P,P,P;. Now, {(P,PP;) = 6 = 2mod4. Continuing, we have {(P1P;) =
5 = 1mod4. Thus, it is determined that (P, P, P3Q) = (P, )~ 1 P3Q, with
E(PL P PyQ) # E(PLP2) 71 P3Q).

Using the  function, we can pair off most of the pscudo-Eulerian paths
which occur. All that remains is to count the ones that arc not paired off.
These paths are the ones that satisfy the following conditions 1 - G:



8 ¢ Py orf(P)) = 2,3mod4

8 ¢ P, or {(P) = 2,3modd

8 ¢ P3 or {(P;) = 2,3mod4

8¢ PPyPs or {{( P\ P P3) = 2,3mod4
8¢ PP, or {(P\ ) = 2,3mod4

ZRal s o e

We rewrite this as:

Casel. 8¢,
L P) = 2,3modd
E(P]PZPS) = 2,3mod4
P Pp) = 2,3modd.

Case 2. 8¢ P,
L P) = 2,3mod4
E(P1P2P3) = 2, 3modd
E(P;lpg) = 2, dmod4
L P P;) = 2,3mod4.
Case 3. 8¢ P
{(P3) = 2,3mod4
e(P1P2P3) = 2, Imod4d
(P P3) = 2, 3mud4.
Case 4. 8€ Q.

Case 5. 8€ P PP,
n(n(P)} # P.

Case 1: 8¢ P
E(Pl Pzpa) = 2, 3modd
f(Plpz) = 2,3mod4
{P) =2,3mod4

a. £(P)) = 2modd
= {(P,P3) = 0,1mod4 since {(P, P, P3) = 2,3mod4
£(Pz) = 0,1mod4 since {(Py P;) = 2,3mod4

{P) =1 = {(P;) = 3,0mod4 since {(PyP;) = 0, 1mod4
e(P) = 1= ¢(Py) = Omodd = £(P;) = 4

Therefore, there are three possibilities:

i. (P)=2 ii. {P)=2 iii. {P)=2
(P)=1 {P) =1 UP) =4
E(Pa) =3 f(Ps) =4 E(P;;) =1
Q) =2 {Q)=1 {(Q) =1

10
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The actual lengths are known because of the limited number of terms avail-
able. The total length of Py P, P3Q is equal to eight. Thus, none of the cycles
can be very long. Also, if a cycle has length congruent to zero mod four,
its length cannot be zcro since, by definition, all of the cycles have non-zero
length.

b. {(P) = 3mod4
L P P3) = 3,0mod4
{(P) = 3,0mod4
But, one of the cycles has to be the single loop z7, which gives a cycle of

length one. Thus, 7 € P P3, and cither £(P2) = 1 or ¢(P3) = 1. Since
£(P;) = 3,0mod4, by necessity, {(P3) =1 = {(P) =3

Therefore, there is only one possibility:

i P) =3
{P)=
UPs) =
(Q)=1

Case 2: 8e P
f(Plpz.Pa) = 2, 3mod4
£(PP) = 2,3modd
(P P;) = 2,3mod4
{P2) = 2,3mod4

a. £(P2) = 2mod4

= P\ P;) =0,1mod4
£(P1) = 0,1modd
4(P3) = 0,1mod4

E(P1) =1= E(Pa) = Omodd4
£(P3) =1= E(P1) = Omod4

Therefore, there are two possibilities:
i. {P)=1 ii. &P)=4
E(Pz) =2 f(Pz) =2
{(P3)=4 {(P)=1
{Q)=1 HQ)=1
b. {(P;) = 3modd
= E(P1P3) = 3, 0mod4
¢ Py) = 3,0mod4
{(P3) = 3,0mod4

But, in this instance, there is no cycle whose length is equal to 1. Thus,
7 ¢ Py P, P;. This is a contradiction, hence there are no possibilities.
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Case 3: 8¢ P
UP P P3) = 2,3modd
(P Py) = 2,3modd
U P) = 2,3mod4

a. £{P;) = 2mod4
= (P 1%)=0,1mod4
{(Py) =0, 1lmod4

¢Py) =1 = £(P,) = Omodd
{P;) = 1= &(P,) = 3,0modd

Therefore, there are three possibilities:

i 4P)=1 ii. HP)=3 iii. &P)=4
{Py) =4 {(P)=1 {(P) =1
YP3) =2 ¢Py) =2 {P;) =2
(Q)=1 (=2 {Q)=1

b. £(P3) = 3modd
(P P;) = 3,0mod4
£{(Py) = 3,0mod4

But, 7 € P, P,, thus, either £(P;) = 1 or £(P2) = 1. Since ¢(P;) = 3,0mod4,
by necessity, £(P)) =1 = {P2) =3

Therefore, there is only one possibility:

i P)=1
{(P)=3
{P3)=3
{Q)=1

Notice the similarity between case 1 and case 3. These two cases give the
same results, with only P; and P; interchanged. In fact, this is a general
result which will be used later on.

At this point, the actual paths must be determined. As will be seen, the
number of paths for each possibility remains small.

Case l.a.i {(P) =2

UPy) =1
(Ps) =3
§Q)=2

Starting with @ and referring to the diagram, it is seen that the only path of
length 2 from point 4 to point 6 is the path {6,5}. Since £(P;) = 1, we must
have P, = {7}. Also, we know by assumption that 8 € P, and {(P;) = 2,
thus, cither P, = {4,8} or P; = {8,4}. This leaves P3, which starts and
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ends at point 4 equal to {3,2,1}. Therefore, P = {4,8,7,3,2,1,6,5} or
{8,4,7,3,2,1,6,5}.

Case l.a.ii {(P))

Once again starting with @, since £(Q) = 1, the only possibility is that
Q@ = {3}. Once again, P, = {7} and P, = {4,8} or {8,4}. That leaves
Py ={1,2,5,6} as the only possibility.

Case l.a.iii £(P)=2
{P)=4
{P) =1
{Q)=1

In this situation, the lengths of the cycles are the same as in the previous
situation, only in a different order. Therefore, the actual eycles must be the
same, but in a different order. Hence, the only possibilitics are P, = {4,8}
or {8,4}, P, ={1,2,5,6}, P; = {7}, and Q = {3}.

Case 1.b.i (P

As before, with £(Q) = 1, the tail must be @ = {3}. The only cycles of
length 3 which contain 8 are {1,2,8} and {8,2,1}, so P, must be one of
these. As before, P; = {7} because it has length 1, leaving P, = {6, 5,4} as
the only possibility

In total, when 8 € Py, there are eight permutations which contribute to the
total value of Mjg. They are listed below, followed by cach permutation
specified as a product of disjoint cycles:

{4, 8! 7’ 3’ 2’ 1’ 61 5} (1‘)41 31 7, 6)(2’ 8’5)

{8,4,7,3,2,1,6,5}  (1,8,5,2,4,3,7,6,1)
{4,8,7,1,2,5,6,3}  (1,4)(2,8,3,7,6,5)
L {84,7.1,2,56,3}  (1,8,3,7,6,5,2,4)
{1,2,5,6,7,4,8,3} (1)(2)(3,5,7,8)(4,6)
{1,2,5,6,7,8,4,3}  (1)(2)(3,5,7,4,6,8)
{1,2,8,6,5,4,7,3}  (1)}(2)(3,8)(4,6)(5)(7)

{8,2,1,6,5,4,7,3}  (1,8,3)(2)(4,6)(5)}(7)
A quick check verifies that all these permutations give thie same signed
contribution to the value of Mjg. In other words, £(P) has the same value for
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all possible pseudo-Eulerian paths given above. Continuing in this manner
with Case 2 and Case 3, the other permutations are:

{7,4,8,1,2,5,6, 3} (1,7,6,5,2,4)(3,8)
{7,8,4,1,2,5,6,3}  (1,7,6,5,2,8,3,4)
{1,2,5,6,4,8,7,3}  (1)(2)(3,5,4,6,8)(7)
{1,2,5,6,8,4,7,3)} (1)(2)(3,5,8)(4,6)(7)
{1,1,2,5,6,4,8,3}  (1,7,8,3,2)(4,5,6)
20 (7.1,2,56,8,4,3} (1,7,4,56,8,3,2)
{1,2,3,7,4,8,6,5}  (1)(2)(3)(4,7,6,8,5)
{1,2,3,7,8,4,6,5}  (1)(2)(3)(4,7,6)(5,8)
{11 2a 5s 61 7343 8:3} (1)(2)(3’5’ 7‘! 8)(4$ 6)
{1,2,5,6,7,8,4,3}  (1)(2)(3,5,7,4,6,8)
{7,4,5,6,1,2,8,3}  (1,7,8,3,5)(2,4,6)
{7,4,5,6,8,2,1,3}  (1,7)(2,4,6)(3,5,8)

Thus, there are a total of 20 permutations arising from Cases 1 - 3, all of
which contribute the same sign to M.

Case 4. The next group of permutations which need to be counted are those
for which {8} € Q. To count these permutations, another observation about
P, P, P; has to be made at this point. At least one of P, P;P; has an odd
length, since {7} € P P2P;. Consider what happens when there are two
terms of odd length.

Lemma 4. Let P = P,P,P;@ and assume 8 € Q. Then:

a. All P;’s go from point 1 to point 1,

b. If there are two cycles of odd length, denote by P’ the pscudo-
Eulcrian path obtained from P by exchanging the two cycles of odd length.

Then £(P) # £(P').

Proof. One necds an odd number of transpositions to exchange the two
cycles. Hence, £(P) # £(P') follows from the form of Sp,.

In other words, exchanging the position of two paths of odd length, if
both on the “top” portion of the diagram, will give two permutations with
opposite contributions. Thus, all such paths cancel each other out, leaving
only those paths which have positive length cycles, and the one cycle of
length 1. Therefore, the two even length paths are of the form:

{1,6}
{1,2,5,6}
{4,3}
{4,5,2,3}

If {1,2,5,6} € P P,Ps, then we must have {4,3} € PiP,Ps. If the

{1,2,5,6} cycle is replaced with {1,6}, and the {4,3} with {4,5,2,3}, the
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result is two permutations which cancel each other out. Therefore, the only
permutation of this type which does not cancel is where {1,6} € Py P25 and
{4,3} € P\P,P3. This leaves six permutations:

{7,1,6,4,3,8,2,5}  (1,7,2)(3,6,8,5)(4)
5} (1,7,2,4)(3)(5,6,8)
(3) 5} (1)(2,6,8,5,3,7)(4)
5 (1,4)(2,3,7)(5,6,8)
50 (1)(2,6,8,5,7)(3,4)
5} (1,4,6,8,5,7,2,3)

Case 5. The last set of permutations which have to be considered are those
for which

(P P2 P3Q)) # PP, P3Q.

As seen previously, the only time this arises is in Step 6 above, which gives
the following:

Tl(PlelisQ)f P1P3_1P2_11Q
(P Py 'P7Q) = P PUIPTIQ
= 8¢e B

= (P P:P;) =2,3modd
f(PgPa) = 0, 1mod4
(P P3) = 0,1mod4
{(P;3) = 2,3mod4
¢
£(

o

P;3) = 2mod4
P]Pg) = 0, 1mod4
U P,) = 2,3modd
{(P3) = 2,3mod4
Then {7} ¢ P, P, P, so this possibility does not occur
b. £(P;) = 3modd
= P P)=3,0mod4
¢ Py) =1,2mod4
£ P)) = 1,2mod4
E(Pl) =1= Z(Pz) = 2mod4
UP) =1= {(P) = 2modd4
Thus, the lengths are:

{P)=1 {P)=2
U{P) =2 (P)=1
LPy) =3 {(P3) =3
{R)=2 HQ) =2

leaving the permutations
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{7,4,3,1,2,8,6,5}  (1,7,6,8,5,2,4)(3)
4)  {7,4,3,8,2,1,6,5}  (1,7,6)(2,4,8,5)(3)

{4,3,7,1,2,8,6,5}  (1,4)(2,3,7,6,8,5)

{4,3,7,8,2,1,6,5}  (1,4,8,5,2,3,7,6)

When the permutations (1) - (4) are taken together, it is easily confirmed
that all permutations contribute the same sign to the value of M. Thus,
the value of Mjg is £30. Whether or not the value is positive or negative
is unimportant. What is important is that the final result is non-zero. This
establishes the theorem:

Theorem 2. For F a field whose charasteristic is not 2,3, or 5, then Sy is
not an identity for Hy(F,s).
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T et TR

4. The Case n=4

For the next case, when n = 4, there are twelve basis clements which are
used to show that Sy, —3 is not an identity. These are a generalization of the

eight elements used in the previous case, for n = 3. These clements are:

T1 = €12 + eg5
T2 =e3 + e
T3 = e34 -+ €57
T4 = €41 + €58

5 = ejq4 -+ ess
Tg = €43 + €78
7 = eg2 + o7
zg = €21 + es6

Tg = e3+ers
T10= e3 + 57
T11= en + es5
T12= €18 — €45

Figure 3a [ 5 - /

To determine the value of Mig in this case, the same methods are em-
ployed as for the previous case.

Lemma 5. Suppose P = {i1,...,%12} is a pseudo-Eulerian path. Let
X :={j € N |the endpoint of z; is point 1 or point 5}. Then | X |=4.

Proof Same as Lemma 2.

As in the previous case, define

Py = {iy,.. 015}

Py = {ijl""'l""’ij?}
Py = {ij415++ 15}
Py = {iJ'a-i-ls---:i:i-l}
Q= {ij,.+1,...,i12}

The observations which were made in the previous case can also be made
here, with minor variations:

1. There is a high degree of symmetry between the “top” and “bottom”
halves of the diagram. If the edges labelled z13 are ignored, there is a corre-
spondance between points 1 and 5, between points 2 and 6, between points
3 and 7, and between points 4 and 8. For this reason, the points 5, 6, 7, and
8 will often be called points 1', 2', 3',and 4', respectively.
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2. Each edge which runs from point A to point B on the top half of the
diagram has its corresponding edge going from point B’ to point A’ on the
bottom.

3. A path P from point A to point A’ gives rise to another path P~!, which
also runs from point A to point A', but crosses the opposite leg of £1;. This
path is arrived at by simply taking the elements in the path P and considering
them in reverse. For example, {1,2,3,12} is a path from point 1 to point 1’
which crosses the negative leg of z12. The reverse path {12,3,2,1} is also a
pati from point 1 to point 1’, but which crosses the positive leg of 1.

However, there are a couple of other facts which have to be taken into ac-
count. These results concern the number of odd-length cycles which are
present in the path. It was already shown in the previous situation, that if
there are two odd cycles, both on the top half of the diagram, then these
two cancel out. The obvious question to ask at this time is what happens if
two odd cycles are on opposite halves of the diagram. Call the edge which
connccts the top and bottom halves of the diagram, in ihis case the cycle
containing z9, the “crossing cycle”.

Lemma 6. After cancellation, there can only be at most one cycle of length
congruent to 3mod4, not including the crossing cycle. Furthermore, there is
exactly one cycle of length congruent to 1mod4.

Proof. Let P = PyP,P;P;@ be a pseudo-Eulerian path. Assume there are
two non-crossing cycles of length congruent to 3mod4, say P, and P,. It was
already shown that if P; and P, are on the same half, then reversing the
position of P, and P, will give two paths of opposite contribution, thereby
cancelling each other out. If P, and P; are on opposite halves, then observa-
tion 2 above shows that P, and P, can be exchanged by converting to P!
and Pb first. To convert P, to P —! requires an odd number of transposi-
tions, as docs converting P, to P;~'. Thus, an even number of transpositions
are necdcd to convert both P, and P, to their inverses, and an odd number
to exchange their positions. Thus, two permutations of opposite contribu-
tion are created, which cancel each other out. Similarily, if two cycles are of
length congruent to 1mod4, two permutations are created which cancel each
other out.

Furthermore, exchanging the positions of two cycles of congruent lengths
doesn’t change the lengths of the groups of cycles under consideration. Thus,
both of the permutations which cancel each other out will have the exact
same pattern.

The case of n = 4 will be determined in the same manner as that of n = 3.
Let P = P1P2P3P4Q:
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Step 1. If 12 € P, and {(P,) = 0, 1mod4, define
n(P) = PP Py P3Q.

Then £(P) # £(n(P)) and we pair off P and 7(P). For later use, we also
calculate 7(n(P)) = ¢{P; P, 3 P4Q) = P.

Step 2. If 12 € P, and 4(P;) = 0, 1mod4, define
’I)(P) = P1P2_1P3P4Q.

Then &(P) # £(n(P)) and we pair off P and n{P). For later use, we also
calculate 7{n(P)) = n(P1P; ' P3P;Q) = P.

Step 3. If 12 € P; and 4(P;) = 0, 1mod4, define
7(P) := PP, Py 1 Py Q.

Then £(P) # &(n(P)) and we pair off P and 7(P). For later use, we also
calculate n(n(P)) = n{(P,P,P; 1 P,Q) = P.

Step 4. If 12 € P; and £(Py) = 0,1mod4, dcfine
n(P) := LR Py PIQ.

Then £(P) # £(n(P)) and we pair off P and n(P). For later use, we also
calculate n(n(P)) = n(P, P, P; 1 P4Q) = P.

Step 5. If 12 € PP, P3Py and (P, P, P3 P;) = 0,1mod4, then
n(P)= Py P P PTQ

and n(n(P)) = P. Now £(P) # £(n(P)) and we pair off P and 5(P).
Step 6. If 12 € PP, P; and {(P, P2 P;) = 0, 1maod4, then

n(P) = Py ' Py P PQ

and n(n(P)) = P. Now &(P) # £(n(P)) and we pair off P and ().
Step 7. If 12 € P, P, and {(P, ;) = 0,1mod4, then

7(P) = PP P PQ
and 7{n(P)} = P. Now £(P) # £(n(P)) and we pair off P and 7(P).
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Step 8. If 12 € P P3Py and (P P Py) =0, lmodt%, then
(P)= PP P PIQ.
Now £(P) # £(5(P)) and P and #(P) pair off when (n(P)) = P.
PP PUIPTIQ i 4Py P3Py) = 0,1modd

7(n(P)) = {P4P1‘1P3‘1P2“’Q if &(P,P3) = 0, lmod4
P otherwise

Step 9. If 12 € P, P; and £(P P3) = 0,1mod4, then
7(P) = PP PR Q.
Now &(P) # &(n(P)) and P and #(P) pair off when 5(n(P)) = P.

n(n(P)) = {P3P1“1P2‘1P4Q if ¢(PP3) = 0, 1modd
P otherwise

Step 10. If 12 € P3Py and ¢(P3 Py) =0, 1mod4, then
7(P) = PP, P P7Q.
Now £(P) # &(n(P)) and P and 5(P) pair off when 5(n(P)) = P.

P.;P{‘Pi“lP?" if £(P,P,Py) = 0, 1mod4
1n(P)) = RPPIPTIQ it 4(PPy) = 0,1mod4
P

otherwise

Thus, to determine the unpaired paths, there are six cases to consider here:

Casel. 12e P

{(P) = 2,3modd

P\ PPy Py) = 2,3modd
PPy P3) = 2,3modd
Py Py) =2,3modd
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Case 2. 12e P
{Pp) = 2,3mod4
L P, P,P3Py) = 2,3modd
8(P1P2P3) = 2,3mod4
{PPp) =2,3modd
£(P2P3P4) = 2,3mod4
U P P3) = 2,3mod4
Case 3. 12€ P,
{(P3) = 2,3mod4
f(P1P2P3P4) = 2, 3mod4
E(Plpzpa) = 2, Imodd
L(PyPyPy) = 2,3mod4
{PP3) = 2,3mod4
E(P:;P.;) = 2, 3modd
Case 4. 12€ P,
£(Py) = 2,3mod4
E(P1P2P3P4) = 2, 3mod4
L(Py Py Py) = 2,3mod4
£(PyFPy) = 2,3mod4
Case 5. 12€Q

Case 6. 12 € P\P,P3 P,
n(n(P)) # P

Case 1: 12e P

= {PyP2P3Py) = 2,3modd
E(Plpzpa) = 2,3mod4
L P, P,) = 2,3mod4
E(P1) = 2,3mod4

a. £(P,) = 2modd

= f(PgPsP.;) =0, 1mod4
L PaP3) =0,1mod4
£(Py) = 0,1modd

{P)=1 = {P;)=3,0modd
£(P3) = 3mod4 = {(Py) = Omod4
E(Pg) = Omodd = {(Py) = 3,0mod4

HP3)=1 = {(P;)=0mod4
= £(P;) = 3,0mod4
)
)

f(P4) =1 = f(Pz = Omod4
= {(P3) = Omod4
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In the instances above, the fact that only one of Pp, F3, and Py can have
length congruent to 1 was used.

From the information outlined above, there are six possibilities:
i P)=2 ii. {P)=2 iii. {(P)=2

{Py) =1 {P)=1 P) =1

U{P3) =3 LP) =1 P3) =4

{Py) =4 {P)=3 P4) = 4

{Q)=2 Q)

iv. £(P1
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vi.
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Q) = £{Q)

b. {(P) = Imod4

= E(P2P3P4) = 3, 0mod4
g(PgPs) = 3, 0mod4
{(P) = 3,0modd

LP)=1 = 4P;)=3modd
= {(P) = Omod4
{(P)=1 => (P P3) = 3mod4

Tlms, there a.re three possibilities:
i. P)=3 ii. {P)=3 iii
(Pg) = E(sz =3
£(P3) = 1 £
{p)=4 ¢
{Q)=1 £

Case 2: 12 € P,
= (P P,P3P,) = 2,3mod4
L(Py P, P3) = 2,3modd
g(P]Pg) = 2, 3modd4
£(P; Py Py) = 2,3mod4
&
£(

R e e
-G e

Wnwnn

[y

PgPa) =2, Imod4
P;) = 2,3mod4

( 2) = 2mod4
= f(P1P3P4) = 0, Imod4
E(Plpg) = 0, 1modd4
¢ P)=0,1modd
f(P3P4) = 0,1mod4
{

P3}=0,1mod4
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E(Pl) =1 = f(P;;) = Omod4

= {(Py) = 0,1mod4
But £(PP3) = 1mod4 and ¢(PyP3 Py) = 1,2mod4
= {(P) = Omod4

{P)=1 = £(P)=0modd
= {(Py) = Omod4

UP) =1 = &(P)) = Omodd
= E(Ps) = Omod4

This leaves three possibilities:

L HP)=1 i EP)=4 il eP)=4
LUP) = LP)=2 LP)=2
{P) =4 (P} =1 £P3) =4
HP)=4  o(P) =4 4Py =1
HQ) = {Q)=1 {Q)=1

b. £(P2) = Imod4

= f(P1P3P4) = 3, 0mod4
(P, P;) = 3,0mod4
£(P) = 3,0mod4
{(P3Py) = 3,0mod4
£(P;) = 3,0mod4

=> {(P;) = 1 since there must be one cycle of length 1, and Py is the only
possibility.
= (P, P3) = 3mod4

Therefore, there are two possibilities:
i. P)=3 ii. &{P)=4

U{P)=3 {P)=3

E(Pa) =4 f(Pa) =3

{P) =1 L(Py) =1

H)=1 Q) =1

For the next two cases, namely when 12 € P3, and when 12 € Py, the
symmetry between these two cases and the previous two will be used. If the
conditions are compared for the four cases, it will be observed that cases 1
and 4 have the same conditions, with only P; interchanged with Py, and I
with P3. The same symmetry will be seen with cases 2 and 3. Because of
these similarities, the lengths of the cycles will remain the same, except for
being interchanged as above. Then, the symmetry of the diagram will give
the same paths, but in reverse order. In other words:
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Theorem 3. Let P = P,P2P3P,Q be a pseudo-Eulerian path. Define
P = P7UPIPIPIYQ. Then:

a. If12 € P, and P is an unpaired path in Case 1 above, then P' is an
unpaired path in Case 4.

b. If 12 € P, and P is an unpaired path in Case 2 above, then P' is an
unpaired path in Case 3.

Proof. Observe that P satisfies the conditions for an unpaired path in Case 1
(respectively Case 2) if and only if P’ satisfies the conditions for an unpaired
path in Case 4 (respectively Case 3).

The actual pscudo-Eulerian paths are listed below, and are determined in
the same manner as those when n = 3:

Case lL.ad {(P)=2
{P)=1
{P;) =3
{P,) =4
{(Q)=2

This gives the following pseudo-Eulerian paths:

{5,12,11,4,3,9,8,7,2,1,10, 6} (1,5,3,11,10)(2,12,6,9)(4)(7, 8)
(5) {12,5,11,4,3,9,8,7,2,1,10,6} (1,12,6,9,2,5,3,11,10)(4)(7, 8)
{5,12,11,8,7,9,4,3,2,1,10, 6} (1,5,7,4,8,3,11,10)(2 ,12 6,9)
{12,5,11,8,7,9,4,3,2,1,10, 6} (1,12,6,9,2,5,7,4,8,3,11,10;
Case l.a.ii 4(P)=2
f(Pz) =1
£(P3) =4
£(Py) = 4
{(Q)=1
{5,12,11,8,7,2,1,4,3,9,10,6} (1,5,7)(2,12,6)(3,11,10,9)(4, 8)
(6) {12,5,11,8,7,2,1,4,3,9,10,6} (1,12,6,2,5,7)(3,11,10,9)(4, 8)
{5,12,11,4,3,2,1,8,7,9,10, 6} (1,5,3,11,10,9, 7)(2, 12, 6)(4)(8)
{12,5,11,4,3,2,1,8,7,9,10,6} (1,12,6,2,5,3,11,10,9, 7)(4)(8)
Case 1.b.i  {(P)=3
L(P)=3
f(P;;) =4
{Py) =1
{Q) =
{9,3,12,10,6,5,11,8,7,2,1,4} (1,9,7,11)(2,3,12,4,10)(5,6)(8)
(M) {12,3,9,10,6,5,11,8,7,2,1,4} (1,12,4,10,2,3,9,7,11)(5, 6)(8)
{9,3,12,10,2,1,11,8,7,6,5, 4} (1,9,7,11,5,2,3,12, 4,10, 6)(8)
{12,3,9,10,2,1,11,8,7,6,5, 4} (1,12,4,10,6)(2,3,9,7,11,5)(8)



Notice that all possibilities have cycle lengths of:

a. One, three, and four, with a crossing cycle of length two,

b. One, four, and four, with a crossing cycle of length two, or

c. One, three, and four, with a crossing cycle of length three.

Each of these possibilities gives four permutations, a sample of each which
is listed above. All other possibilitics are obtained by rearranging the cycles
listed above. All the paths contribute the same sign to the final value of
Mig. In total, there are 36 permutations which arise from Case 1 and 20
from Case 2. Including cases 3 and 4, there are a total of 112 permutations.

Case 5. The next possibility to consider is when 12 € Q. For this instance,
it is possible to proceed as in the previous case, ic. climinating permutations
one by one. However, there is another way to obtain the desired result, by
first proving a theorem then applying it to the case in question.

Theorem 4. Let {z1,Z2,...,Zm} be a set of basis clements of the form
ei; + €jtnitn Where i,j < n. Then Sp(zy,...,20) =0ifm > 2n.

Proof. Let {z1,22,...,Zm} be a set of basis elements of the form ¢;; +
€j4n,i+n Where 3,j < n. The z; are matrices in My, however, they can be
considered as elements of M, & M,, embedded in M,,, as the top left corner
and the bottom right corner. By the Amitsur-Levitsky Theorcin, S,,, is an
identity of M, for m > 2n. Therefore, Sm(z;,...,zy) =0.

In the case n = 4, there are four cycles, one of length one, and the other three
of length at least two. Thus, {(P P, P3Py} > 7. But the result above shows
that if £(P; P, P3F;) > 8, then the standard polynomial evaluated using these
terms will be equal to zero.

Consider what terms could be in Py P, P3P;. It is known that 12 € (2, and
there are four edges in P P, P Py which start at point 1. Thus, the first term
in @ must be {12}. What can follow 127 There are two possibilitics, natmely
edges {5} and {3}. But edge {5} returns to point 1/, thus it cannot be in
Q. Similarly, any edge which returns to point 1’ cannot be in @, since it
must have been used in Py P, P3P;. Therefore, there are only three possible
tails: @ = {12,3,2,7,6}, Q = {12,3,6}, or simply Q@ = {12}. 1n the instance
Q = {12,3,6}, or Q = {12}, then {(P\P, P3Py} = 9 and {(P %P3 Fy) = 11
respectively. By the theorem above, all these permutations will combine
to zero. This leaves the instance where (P, PoPyPy) = 7. Then, the only
choices of cycles for Py, P;, P3, Py are {11}, {1,8}, {9,10}, and {5,4}. These
possibilities give a total of 24 permutations which do not cancel. All of
these permutations give the same result when the £ function is applied, and
also give the same sign as those permutations discovered in Cases 1 - 4.
Combined, there are now a total of 136 permutations of the same sign.
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Case 6. The last group of permutations which has to be considered are
those psendo-Eulerian paths P for which #(n(P)) # P. The first step once
again is to determine what the lengths of the cycles must be in order for
this situation to occur. There are three possible ways in which the situation
being considered could arise. These possibilities are given in steps 8 - 10
carlier, and repeated below:
WP P P3PQ) = B PUIPTIPYQ
Then (P, P3Py) = 0,1mod4 = q(PIP{IPq‘-IP;‘Q) = PP PIPYQ
or £(PLPy) = 0,1modd = n(P Py Py Py Q) = P PP PTIQ
9(PyPPyPyQ) = PP P PAQ
Then £(P,Ps) = 0, lmod4 = 7( Py Py Py PQ) = Py PP RQ
(P P,P3P,Q) = PP P PTIQ
Then £(P, P, Py) = 0,1modd = n(P PP Py1Q) = PPy P—1P7'Q
or {(PyP;) = 0,1mod4 = (P PP Py Q) = PR PV PTQ

The analysis of each of these patterns is carried out in the same manner as
it was for the other patterns.

a. (P PP PQ) = PP P PQ
(PP P PTQ) = Py PPy PQ with {12} € Py
= £(Py) =2,3modd
E(P1P2P3P4) = 2, 3mod4
f(PzPan) = 0, 1mod4
f(P1P3P4) = 2, 3mod4
E(P1P4) = 0, 1mod4
i.  (Py)=2modd
= P PP;)=10,1modd
Z(PQP;;) = 2, Imodd
P P3) =0,1mod4
{P) = 2,3mod4
either £(P;) =1 or ¢(P3) =1
E(P2P3) = 3mod4
Since only one cycle can have length equivalent to 1
£ P)) = 2modd
¢(P;) = 2,3mod4
£(P;) = 2modd
{(Py) =1
Therefore, there is only one possibility:
{(P)) = 2mod4
£(P2) =1
£{ P;) = 2modd
¢ Py) = 2modd

43

RN
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ii.

£(Py) = Imodd

= f(P1P2P3) = 3,0mod4
{PPs) =1,2mod4
(P Py) = 3,0mod4
¢(P1} = 1,2mod4

(P =1

LR

gP) =1

444

E(Pg) =1
=
=

Py P3) = 2mod4
(P3) = 2,3mod4
¢(P;) = 0,3mod4
{(P3} = 2mod4
£(P,) = Omod4

£(Py) = 2mod4
{(P3) = 2modd
f(P1P2P3) = lmod4

£(P) = 2modd
£(Py) = Omodd

This gives two possibilities:

or

(=)

Continuing in this manner with the other possibilitics:
b. (P PP PyQ) = PP P PTIQ

(P P7P7 P Q) = PPy PP Q with {12} € Py
= {(P;) =2,3mod4

PP, P3P;) = 2,3mod4

(
J
f(PzPsP,;) =1, 1mod4
E(P1P3P4) = 0, 1mod4d
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ii.

or

£ Py) = 2modd
£(P;) = 2mod4
f(Pz) = 2mod4
UP) =1

(Ps) = 2modd

£(Py) = 3modd

{P)=2
{P) =

{P) =

UP) =3
{Q)=2
{r)=1
{P)=2
{P) =4
£(Py) =3
{Q)=2

c. )(PIPP3PQ) = PPy P PIQ

=

ii.

or

n(P\PIP7IP1Q) = PPy P PIQ with {12} € P
(P;) = 2,3mod4

L PPy Py Py) = 2,3mod4

f(P}PgP;;) =2, 3mod4

{PyP3Py) = 0,1mod4

f(P1P3P4) = 0, 1mod4

¢ P3) = 2modd
£(P,) = 2mod4
U Py) = 2modd
£(P3) = 2mod4
LPy) =1
{(P3;) = 3mod4
{P)=1
UP) =2
{P3)=3
{Py) =4
(Q)=2
{(P)=2
{P)=1
¢P;)=3
{P)=4
Q) =2
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d. /(P PP3P4Q) = PIPE.IP{IP‘;Q
= {12} € Py, and o(P Py Py PQ) = PP P RQ

In this instance, all of the possible configurations lead to a contradiction.
Thus, there is no possible arrangement of lengths for which this possibility
will occur.

e. (PR P PQ) = PR PT PQ
W PP P PTIQ) = Py Py P PQ with {12} € Py
= {(P;) =2,3modd
E(P1P2P3P4) = 2, 3modd
Py P3Py) = 2,3mod4
{(P3Py) = 0,1mod4
E(P1P2P4) = 0, 1mod4
i.  4(P;) =2mod4
= E(Pl) =1
£(P;) = 2mod4
£(P;) = 2mod4
£(Py) = 2mod4

ii. £(P;) = 3mod4

= {(P)=4
{P)=1
LP)=2
LP) =3
{Q)=2

or
{PA)=4
£{P)=2
(P} =
LP)=3
Q)=
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f. f(PPPRPQ) = PP P PTQ

=

WP P PIIPTIQ) =
L Py) = 2,3mod4
(PP, P3Py) = 2,3modd
E(ngap‘;) = 2, 3modd

Y P3Py) =0, 1modd
E(P1P2P4) = 2, 3mod4
£(Py) = 0,1mod4

P]P4P:Z_IP3Q with {12} € Py

All possibilities once again lead to a contradiction in this configuration, so

no new permutations are supplied here.

Once again, all of the permutations in this case are of two types. One type
is when all but one of the cycles is of length congruent to two. The other
is when the cycles are of lengths one, two, three, and four. The possible
permutations for these lengths are given below:

a.i. This configuration will give twenty permutations. However, on analysis,
all the permutations listed below will cancel with each other, except for the

last four.

permutations.
{1,8,11,9,10,5,6,7,2,3,12,4}
{1,8,11,9,10,12,3,2,7,6,5,4}
{9,10,11,1,8,5,6,7,2,3,12,4}
{9,10,11,1,8,12,3,2,7,6, 5,4}
{1,2,3,6,7,8,11,9,10,5,12,4}
{1,2,3,6,7,8,11,9,1012, 5,4}
{9,7,2,3,6,10,11,1,85,12,4}
{9,7,2,3,6,10,11,1,8,12,5,4}
{9,3,6,7,2,10,11,1,8, 5,12, 4}

(8) {9,3,6,7,2,10,11,1,8,12, 5,4}
{9,10,11,1,2,3,6,7,85,12,4}
{9,10,11,1,2,3,6,7,8,12,5,4}
{1,8,11,9,7,2,3,6,10,5,12,4}
{1,8,11,9,7,2,3,6,10,12, 5,4}
{1,8,11,9,3,6,7,2,10,5,12,4}
{1,8,11,9,3,6,7,2,10,12,5,4}
{1,8,11,9,10,5,12,4,3,2,7, 6}
{1,8,11,9,10,12,5,4,3,2,7,6}
{9,10,11,1,8,5,12,4,3,2,7, 6}

{9,10,11,1,8,12,5,4,3,2,7,6}

Hence, this length configuration will contribute a total of four

(1)(2,8,7,6,5,10,3,11,12,4,9)
(1)(2,8,2)(3,11,5,10,6,12,4,9,7)
(1,9,2,10,3,11,12,4)(5,8,7,6)
(1,9,7,3,11,5,8,2, 10, 6,12, 4)
(1)(2)(3)(4,6,8,9,10,5,7,11,12)
(1)(2)(3)(4,6,8,9,10,12)(5,7,11)
(1,9,8)(2,7,11,12, 4, 3)(5,6, 10)
(1,9,8)(2,7,115,6,10,12, 4, 3)
(1,9,8)(2,3,6,10,5)(4,7,11,12)
(1,9,8)(2,3,610,12,4,7,11,5)
(L&&,G3H12Q@10ﬂ
(1,9,8,7,6,311,5,210,12,4)
(1)(2,8,6)(3,11,12,4,9, 10, 5,7)
(1}(2,8,6)(3,11,5,7)(4,9,10,12)
()@8x3n124glommx)
(1)(2,8)(3,11,5)(4, 9, 10,12, 4)(6)(7)
(1)(2.8,4,9,3,11,7,12,6,5,10)
(1)(2,8,4,9,3,11,7,5,10)(6,12)
(1,9,3,11,7,12,6,5, 8, 4)(2, 10)
(1,9,3,11,7,5,8, 4)(2, 10)(6,12)

a.ii This configuration will supply two permutations each time the pattern
appears. Thus, there are four permutations which will appear for this con-
figuration:
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{11,1,2,7,8,5,4,9, 3,12, 10, 6} (
(9) {11,1,2,7,8,5,4,12,3, 9, 10,6} (

{5,4,1,2,7,8,11,9,3,12,10, 6} (1,5,7,11,10,12,6,8,9, 3)(2,4)

{5,4,1,2,7,8,11,12,3,9,10, 6} (1,5,7,11,10,9,3)(2, 4)(6, 8,12)
There will also be a contribution of four permutations for b.i and ii, c.i
and ii, and cases e.i and ii. Hence, a total of 32 permutations result from
these situations. All these permutations contribute the same sign to the
result as the previous permutations. Thus, the total number of unpaired
permutations, and thus the value of Mg, is 168. Hence:

1,10,12,6,5,8,9, 3,2)(4,7)

1,1
1,11,10,9, 3, 2)(4. 7)(5, 8, 12, 6)
1,

Theorem 5. For F a field whose characteristic is not 2, 3, or 7, then Sy3 Is
not an identity for Hy(F,s).
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5. The General Case.

In the general case, the 4n — 4 substitutions which will be used are:

Ti = €iit1 + Citl4n,itn i=1...,n-1

Ly = €p,1+ Cntl2n

Tngl = €10t €2n,n41

Ti = €on42—i2ntl—i T Cintl-idnt2—i L =71 +2,...,2n

T = €1 2n44—i + Cintd—int1 t=2n+1,...,3n—-3
Ti = €3n+1—i,1 + €14ndnt1—i n=3n-2,...,4n—6
T4n—5 = €1,1 + €n41,n4l

L4n=q4 = €1 2n — €nnil

In diagrammatic terms, these substitutions are seen to be a generalization
of thecasen=4and n=3:

r - ’_’l_’ [
Ly -
- ' i _'
) l i b
Figure 4 ‘
R AP
' /- A
A VA
;’ "’ J/f'/"

s
The following can be shown in the same way as Lemma 2:

Lemma 7. Suppose P = {iy,...,%4n—4} is a pseudo-Eulerian path. Let
X :={j € N| the endpoint of z; is point 1 or point n+1}. Then |X|=n.

Define:
Py = {iy,...,i5}

Py = {i.‘i1+11"'!i.‘iz}

P, = {ijn_l+1,...,'£jn}
Q= {iju41s+-+>04n—a}

As will be seen, the same methods as used previously can be applied to this
case to determine the permutations which make a contribution to the value
Mji 2,.. In the first two steps, the entire list of permutations will be given. For
thic last case, a reduction is given, but a final result has not been obtained.

The cycle which contains the leg 4,—4 is called the crossing cycle, and will
be denoted as C. Also, the edge z4n—3, Which is the cycle of length one, will
be denoted as L.
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Lemma 8. After cancellation, there can be at most one cycle of length
congruent to 3mod4, not including the crossing cycle. Furthermore, there is
exactly one cycle of length congruent to 1modd.

The steps in the general case are as follows:
Step 1: If C € P, and {(P,) = 0,1mod4, define

2(P)= P[P, ... P,Q
Step 2: If C € P, and £(P2) = 0,1mod4, define
n(P)= PPy Py PaQ

Step n: If C € P, and 4(FP,) = 0, 1mod4, define
n(P)=PP,... P,_1 P71Q
Step n+1: f C € Py... P, and Py ... P,) =0, 1mod4, define
n(P) =Pt P'Q
Step n+2: f C € Py... Py and (P ... P,,1) = 0,1modd4, define
N(P) =P ... P PaQ

Step 2n-1: If C € P, P, and £(P, P;) = 0,1mod4, define
n(P)= Py 'P{'Ps... P,Q
Step 2n: If C € P,... P, and {(P; ... P,) = 0,1modd4, define
7(P)=PRP;1...P71Q
Step 2n+41: fC € P,... Py and &(P... P,—1) = 0, 1modd, define
7(P)=P P}, ... Py'P.Q

n—1"

Step 3n-3: If C € P,P; and (P, P3) = 0, 1mod4, define
2WP) =P P PP ... PaQQ

Step 1("2—"'11: IfC e P,—1P, and {(P, — 1P,) = 0,1mod4, define
2P)=PP;...Pas PTIPLQ

There are n -+ 2 cases to consider here. The first n cases are summarized as:
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WPiP2...PaQ)=P1Pp... PaQ

= CEepr 1<a<gsn
gP,...P,) =2,3mod4
P ... Ppy) =2,3modd

&P ... P,) =2,3mod4
P,...P,) =2,3mod4

LP,) =2,3mods

a. {(P,)=2modd
L=P, some b # a
b<a = {(Pyy1... Pg) = 2modd
= {(Py...Py) = 3mod4
Suppose there exists Py, k # a with £(P,) = 2mod4
if £ > a, then (P; ... Py_y) = 2,3mod4
= {P,...P)=0,1lmodd (=)
Likewise,if k < a, then £(Pit1 ... Pn) = 2,3mod4
= (Py...P,) =0,1modd (=<)
It has already been established that there is only one term of length congruent
to 1, and only one term other than C of length congruent to 3. Thus, all
terms must be of length congruent to 0 mod 4 except for P,, P, and possibly
one other term of length congruent to 3 med 4.
Suppose there exists Py with £(Py) = 3mod4 and k # a
if k > a, then é(P, ... P) = lmod4
ifa>k >0, then £(Py.... F,) = 1mod4
Thus, it is necessary that & < b.

b>a = lP,... Py—1) = 2modd
= {(P,... P.) = 3mod4

As above, there are at most three cycles of length not congruent to § mod
4. Namely, they are P,, P, and a cycle of length congruent to 3 mod 4.
Ouce again, call this term F.

if k < a, then £(Py... P,) = lmod4

ifa<k<b then {(P;... P.) = 1mod4

Thus, it is necessary that & > b.
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Now consider the actual lengths of the cycles. There is one cycle of length
one, one cycle of length congruent to 2 mod 4, and at least n ~ 3 cycles of
length congruent to 0 mod 4. The final cycle is of length congruent to cither
3 or 0 mod 4. Each cycle of length ccngruent to 0 mod 4 is actually at least
of total length 4. Therefore, the length of all the cycles together is at least
4n — 6. This leaves the length of @ at most 2. Thus, all cycles are of length
4 or smaller.

b. & P,) = 3modd
L=PF some b# a

As above, the only terms which are not congruent to 0 mod 4 are Py, B,
and P;.

if b < a then {(Py...P,) = 0mod4 unless b < k < a,

in which case £(Py ... P,) = 3mod4

Likewise, if a < b, thena <k < b

In this instance, there is one cycle of length 1, two of length congruent to 3
mod 4, and n — 3 of length congruent to 0 mod 4. Thus, the cycles have a

total length of at least 4n — 5. Therefore, each cycle is at most of length 4,
and £(Q) = 1.

Now consider the possible cycles which can fit these patterns. Firet ~onsider
the pattern which has one cycle of length one, one of length three, n — 3
cycles of length four, and a crossing cycle of length two. This leaves a length
of two for @, thus the value of Q is {4n — 6,n + 2}, since this is the only
length two path from point » + 1 to point 2n. Now consider the crossing
cycle P,. The only two possibilities for P, are {n +1,4n — 4} and its inverse
{4n — 4,n + 1}. It can be assumed that the remainder of the cycles are
all on the top half of the diagram. If a cycle P; lies on the bottom half of
the diagram, then P! is a cycle on the top half of the diagram. Thus, all
the possible cycles can be determined on the top half of the diagram, and
afterwards inverted as necessary.

The three edges {n+1}, {n+2} and {4—6} have been used, leaving {3n—3},
{n—1}, and {n}. There are two possibilities. First, two of these three edges
can be used in a length four cycle, namely the cycle {3n —4,n—2,n —1,n}.
This length four cycle is in the form of a large loop, and is shown bhelow:

Nes
L il
7L T
Ry R I
.-,f :,-‘: ,T f‘" f. (.'
e
: SETme—— T s
Figure 5 v




If this is done, there are now three other edges to consider, namely {3n — 3},
{n+3}, and {4n — 7}. As can be seen in the diagram, these are three edges
in a triangle pattern, similar to that of the previous triple. The same choice
arises in this situation. These three edges can either be made into the length
three cycle, or they can be incorporated into a length four cycle. It is then
seen that this pattern continues until the length three cycle is used.

Now consider what happens once the length three cycle is used. What re-
mains unused are the points 2,3,...,m and all edges associated with them,
all of which must be used in length four cycles. First, consider point m. There
are two edges from point m, namely edges {m} and {2n+1—m} which must
be used consecutively in a cycle. Since the cycle is of length four, the cycle
incorporating these two edges must be {2n+3—m,m,2rn+1-m,3n-5+m}
if m # 2 and {1,2,2n — 1,2n} if m = 2. This pattern continues until all the
cdges arc used. Thus, there are a total of n — 2 possible length three cycles,
cach one of which gives a unique pattern of length four cycles.

Now consider the next pattern, with a crossing edge of length two, a cycle
of length one, and n — 2 cycles of length four. The tail @ must therefore
be of length one, and hence equal to {n}, and the crossing edge P, must
be equal to {n + 1,4n — 4} or {4n —4,n + 1}. Now a situation identical to
that discussed above is present. The remaining cycles are of length four, and
must be equal to {3n — 3,n — 1,n + 2,4n — 6}, etc. Thus, the values of the
cycles are uniquely determined here.

The third possibility is a crossing cycle of length three, one other cycle of
length three, one of length one, and n — 3 cycles of length four, leaving a
tail of length one. Once again Q and P, are known, Q@ = {n} and P, =
{3n - 3,n - 1,4n — 4} or {4n — 4,n — 1,3n — 3}. That leaves us with the
following diagram:

Figure 6 o

This configuration is nearly identical to that seen in the first case above,
and will yield the same result. Hence, there are n — 2 locations to place the
length three cycle, each of which uniquely determines the length four cycies.

Now it must be shown that all the possibilities outlined above actually con-
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tribute the same sign to the value of My 3. Let P = PP ... P,Q be a
pscudo-Eulerian path. Let P, be the crossing cycle, P, the length one cy-
cle, and P; a length three cycle. It has been shown that for case 1, cither
k<b<aora<b< k. Assume the former. The only odd length cy-
cles are P, and P,. If the order in which the length four cycles appear is
changed, then the contribution of the permutation is unchanged. Thus, if
P, = {43,12,%3}, then any pscudo-Eulerian path in which the length three
cycle is {i1,1,43} will have the same contribution as P, so long as the length
three cycle appears before the length one cycle.

Now what about when the length three cycle appears after the length one
cycle. Then the length one cycle must also appear a.ft‘.cr the crossing cycle.
Take P=P;...P;...Fp... ..P,Q. Then £(P, ... P,) = 2,3mod4, thus,
EP) =¢(P7L...P7Q). The mvcrted permutatlon is one of the permuta-
tions considered above. Thus, any permutation of this type which contains
the three cycle {i;,42,43} on top or {i3,12,%1} on bottom give the same con-
tribution.

Now consider two permutations of this type in which the length three cycle
is different. Compare two permutations which have different length three
cycles.

P=P...P,Q
P =P P.

Consider the diagram below. This diagram is a subscction of the entire
diagram, with some of the edges renumbered for case of illustration.

Figure 7

Assume the length three cycle P is equal to {3,9,6} in this diagram. All
other cycles are uniquely determined. One of the other cycles is P; =
{1,7,8,2}. Now look at the effect when P is changed to P/, assuming the
three cycle in P’ is {3,8,2}. In essence, this is looking at the effect of mov-
ing the length three cycle to the next position in the diagram. All of the
cycles will remain the same, except for the cycle P;, which will have to be
changed to {1,7,9,6}. The permutation which will change {1,7,8,2,3,9, G}
into {1,7,9,6,3,8,2} is even. This shows that {(P) = £(P') when the length
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three cycle in P is a clockwise cycle. If the cycle goes counter-clockwise,
then the permutation needed to change P to P’ is the permutation needed
to change {5,10,4,1,7,8,2} into {1,7,4,5,10,8,2}. Once again, this is an
even permutation, showing that £(P) = £(P') for any two permutations of
this type.

Now consider the next type of permutation, namely when there is a length
two crossing cycle, a length one cycle, and n — 2 length four cycles. In this
case, all of the cycles are uniquely determined, and all contribute the same
value, sirce all but one of the cycles are of even length. To show that the
contribution is the same as in the previous case, look at the sub-diagram
below, again renumbered for convenience:

Figure 8

P P Sy ,.._____‘_..—:)

il T F
| B Y

Let P be a permutation of the first type considered above, where the length
three cycle is Py = {1,5,4}, Po = {3,7}, Po = {8} and @ = {2,6}. f P’ is a
permutation of the second type, then all of the cycles are the same, except
for P, = {1,5,6,2}, and Q = {4}. Thus, the permutation to convert P
into P’ is that nceded to convert {1,5,4,8,3,7,2,6} into {1,5,6,2,8,3,7,4}.
This is an even permutation, showing that £(P) = £(P').

For the permutations of type three, in which there is a crossing cycle P
of length three, another cycle Py of length three, and a cycle Py of length
one, the situation arises again where one permutation of this type can be
converted into another by either rearranging the length four permutations, or
by shifting the length three cycle. Thus, all the cycles of this type contribute
the same value. Now, using the previous figure once agrin, let P be a type
one permutation, and let P/ be a type three. Then, P, = {3,7}, P, = {8},
P = {1,5,4}, and Q = {2,6}. Also, P, = {1,5,7}, P, = {8}, P, = {3,6,2},
and Q = {4}. Thus, the conversion permutation in this case is that needed
to convert {1,5,4,8,3,7,2,6} to {8,3,6,2,1,5,7,4}. This is another even
permutation, thus, £{P) = £(P'). It follows that all of the permutations for
which (P) = P contribute the same value.

Case n+-1: These arc the permutations which have all cycles in the “top”
half of the diagram, and C € Q. Thus, there is one cycle of length 1, and
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n — 1 cycles of length at least 2. Analogous to the case when n = 4, all of
these permutations will cancel out when the total length of all permutations
is greater than or equal to 2n. The only time when this doesn’t happen is
when the length of all cycles is equal to 2, except for the single loop L. This
gives a total of n! permutations, where the length two cycles are of the form:

{1,2n},{2n +1,3n - 2}, {2n + 2,3n — 1},...,{3n = 3,40 — 6}, {n + 1,n}.

Once again, these permutations all contribute the same sign as in the previous
set.

Case n+2: The final set of permutations are those for which 4(7n(P)) # P.
The first result in this case is the following:

Theorem 6. Let P = P, ... P,Q. If n(P) 3 P, then
2(P)=P...PP;...P31Q

or
2(P)=P;t ... P[Py ... PaQ.

Proof. Let P;...P; be the first set of cycles which are equivalent to 0 or 1
mod 4. Furthermore, assume ¢ # 1 and j # n. Then:

a. £(P;...P;)=0modd
= E(P,'_l e Pj+1) = 2, 3modd
E(P,'_l N PJ) = 2, 3mod4
£(P;... Pj31) = 2,3mod4
= £(Pi—1) = 2,3mod4
E(P_-,'+1) = 2,3mod4
E(P,'._lpj.;.;l) = 2, 3mod4
= E(P;,_1) = E(Pj+1) = Jmod4 (=>4=)

b. &(F;...P;) = 1mod4
= g(P,'_l ves PJ‘+1) =2, 3mod4
LP;—1...P;) = 2,3mod4
LP;... Pjy1) = 2,3modd
= £(P;m1) = 1,2mod4
{(Pj41) = 1,2mod4
E(P,‘_lpj.}.]) = 1, 2mod4
= Pi—1) =4Pj1) =1lmodd  (=><«)

Thus, eitheri =1 or j = n.
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What this theorem establishes is that the first group which has length con-
gruent to 0 or 1 mod 4, and is therefore inverted, has to contain the final
cycle P,. When the function 7 is applied to the resulting permutation, the
first cycle which has length congruent to 0 or 1 mod 4 must contain the first
cycle Py. If the previous case, when n = 4 is reviewed, it will be seen that
this property holds.

However, there is a problem with the analysis of this case. This problem lies
in the fact that the lengths of some of the cycles cannot be determined in the
manner outlined in the previous instances. As before, let P = P ... P,Q be
a pseudo-Eulerian path. Then:

TI(PI---PnQ)=P1...PiP,:_'1...Pi'_"_11Q
T"(Pl"‘P‘PEI"'Pi-—bllQ)=Pj+1---PnP;_1...P{'1PJT'1,__P'.:_IIQ

From this the following relations can be derived:
{P,) =2,3modd

(P ... P,) = 2,3mod4

{Pr...P_y) =2,3modd

{P ... P,) =2,3modd
{Py... P,) =2,3modd

UP;... P,) =2,3mod4

{P;...P) =2,3modd
E(Pg.{.l . Pﬂ) = 0., 1mod4
UPy... PP7Y ... Piyy) = 2,3modd

UP. ..P"Pn_l . .Pj) = 2,3mod4
E(Pl ces P,'Pn—l ves Pj+1) =0,1mod4

The following can be drawn from this information:

As before, there is only one cycle of length congruent to 1 mod 4, and at
most one non-crossing cycle of length congruent to 3 mod 4. Suppose these
are P, and Py respectively. Then:

a. b<gi
(Py...Ps) =2,3modd
U Pyt1 ... Py) =2,3mod4
= LPpt1...P;)=21orallc>a
UPy...P)=3forallc>a
= {{P;)=0mod4 for all c > a
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Now {(Piyy... Pz) = 0,1mod4
LP;...P,)=2,3mod4
£(P;) # Omod4
¢(P;) #£ 1mod4 because b # ¢
£(P;) = 3mod4
= {F;...P,) = 3modd
{P;_y...P,) =2,3modd
= {(P;—1 = Omodd
Likewise, £(P;) = 0mod4 for b< c < i
= (Ppy1...P) =3modd (=<«)
Therefore, £(P;) = 2mod4

Now consider the possible position of Pj.

k<b
LPy...P,) = smodd
= (Ppy1...P,) = 3modd
LPy...P,) =2mod4
P ...P,) =2modd
= {(P;)=0mod4 forallc< bjcs#k
{(P....P)=2modd forallb<c<i
= {P)=0moddforallb<c<
UPy...PPY ... P7Y) = 2modd for all iflegc < ¢
= {P,)=0moddforalli<c<j
Also, {(P;) = 2mod4
b<k<i
= £P,...P,) = 3modd
LP.)=0modd for all e < e FE bjc#E k
{P.)=0modd foralli <c<j
i<k<j
= {(P.)=0moddforallc<ije#bd
£(P;) =0modd for all i < ¢, j5c# k

This will establish the length of most of the cycles, however, there are no
constraints on the cycles from Pj4; to Ps—1. The cycles within this range can
have any length, providing that they do not contradict the rule concerning
odd length cycles. In the previous cases, n = 3 and n = 4, this set of cycles
-was at most a single cycle, and the length of it could then be determined.
However, for large n, this set will be a large number of cycles, with few
restrictions on their lengths. For this reason, the number and sign of these

permutations is unknown.
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