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Abstract

This dissertation has three parts. The first part (Chapter 2) is about the asymp-
totics of the distribution of the first hitting time of a forbidden set by a Markov
jump process. Explicit error bounds for the departure of the hitting time distribu-
tion from exponentiality are provided. The second part (Chapter 3 and Chapter 4,
joint with Ian Iscoe and David McDonald) discusses the capacity of an ATM multi-
plexor in terms of the probability distribution of the time until the first occurrence
of an excessive demand for bandwidth. In the third part (Chapter 3), the problem
of the buffer overfiow of an ATM multiplexor is stugiied. The methods developed
give an excellent approximation for the steady-state probabilities of the contents of

a buffer driven by heterogeneous sources.
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Chapter 1

Introduction

1.1 The First Hitting Time Problem

1.1.1 The Exponential Property

\Many problems which arise in several areas of theoretical and applied probability
may be described by the first hitting time of a rarcly-visited set of states by a
Markov jump process. In modern telecommunication networks. for example. hitting
some bad states may correspond to buffers being filled beyond capacity. in which
case messages are truncated or lost. These large deviations can be engineered to
be highly improbable but not impossible. The distribution of. and the mean time
hetween such large deviations are important design features. Exact solutions for
these problems are very hard to obtain in general. but a number of approximation
moethods are quite useful. It has been known for quite a while that under very
general circumstances the first hitting time of a continuous time Markov chain is
approximately exponentially distributed (Keilson (1966)). There are at least two
intuitive explanations of this fact. One of them led to the so called regenerntion

method (Keilson (1979), Aldous (1982)). Suppose B (the complement of B) is a
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set of some rarelyv-visited states while én is frequenty visited by a Markov chain ;.
This suggests that the probability p of starting from f and hitting B° before first
returning to fo is small. So, for a chain starting at Jo. the path until 7. the first
hitting time on B¢, consists of a geometric {mean p~!—1) number of excursions {rom
io which return to 4o without hitting B¢, followed by part of an excursion which hits
B<. Apart from this final excursion. 75 is a large geometric sum of i.i.d. variables.
and this st should be almost exponential. The other explanation (Aldous (1982)).
led to the miring fechnique which supposes a rapid mixing property of the chain
in the sense that it converges to stationarity rapidly. Then the distribution of X;
given 7p > t will stay near the stationary istribution =. because the tendency to
drift away (due to paths hitting B¢ being eliminated) is offset by the rapid mixing.
Therefore P(rg > t + sl > t) will be approximately P-(7p > s), and this makes
+5 almost exponential.

There are at least four different ways to study exponential limit theorems for
hitting times on rare sets (see Aldous (1939)). They are the small parmmcter method,
the eigenvalue method and the two mentioned in the last paragraph. Our special
interest is in the eigenvalue method and the mixing technique. We give a detailed
discussion on these methods in the following and in the next section.

The Eigenvalue Method: Consider a discrete time Markov chain with state
space J and transition matrix P. Let B be a finite subset of ./ and fet P be P

restricted 1o 2 and define 75 = min{n : X, € B°}. Then
(1.1.1} P(X, = j. 75 > n|lXo = i) = P"(i,7) ~ 0"3ic;
as n — ¢ according to the following (see Aldous (1939)).

Theorem 1.1.1 Let P be a finite substochastic matriz which is irreducible and ape-

riodic. Then P*(i,5) ~ 0" 3in, asn — ¢, where:
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e 0 is the Perron-Frobenius cigenvalue of P.ic. 0] is the largest.
e Qisrcal: 0 =11 P is stochastic. 0 < 6 < 1 otherwise.

e a and 3 are the corresponding eigenvectors aP = 6a, P3 = 03. normalized

sothat_,cs =1 and &, 3 = 1.

Here substochastic means P(i,7) > 0.%; P(i.7) < 1. and irreducible. aperiodic are
defined as in Seneta(1981).

Notice that (1.1.1) presents the ezponential tail property foi the first hitting time
5. where only large values of n {or ¢ in continuous time) are concerned. For the
lossy Markov chains in continuous-time. Keilson (1979) gives the exponential tail
property for the transition probability matrix on finite set B (see Keilson (1979)
Theorem 6.6.2. A). This property is different from the epprorimately czponential
distribution property which provides approximate exponentiality for all values of n
(or t). However. it is clear that the eigenvalue method is also useful for proving
exponentiality—the question which concerns us most. In fact. it helps in identifying
the exponential parameter, as we can see from the recent work by Aldous and Brown

(1991) and Iscoe and McDonald (1992).

1.1.2 A Review of Related Recent Work

From a practical point of view. it is particularly interesting to provide calculable
estimates, e.g. lower or upper bounds. for the distribution and the mean of the first
hitting time. It is also essential to guaatify departure from exponentiality via error
hounds (Keilson (1979)). These are the central topics of Chapter 2. Some recent
results are reviewed in the {ollowing.

Let {X,; ¢ 2 0) be an irrecucible finite-state reversible Markov chain in continuous

time. The state space is S and the transition rate matrix {or the infinitesimal
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generator) is =L = (q(i.5):4.7 € 8) where q(i.8) = =, q(i.j). Let w be the
stationary distribution. Because of the reversibility of the chain. the matrix L is
symmetrizable and therefore has real eigenvalues 0 = M <A €A €000 Sinee
)\, is the distance between the eigenvalue 0 and the rest of the spectrum of L, it is
called the gap and is denoted by Gap(L) or simply Gap. Let 7 be the Hrst hitting
time on B¢ which is a proper non-empty subset of S. So 0 < Errp < 00. Let -L®
be the transition rate matrix —£ restricted to B and Ao(B)(> 0) be the smallest

eigenvalue of LZ. Then we have

Theorem 1.1.2 (dldous and Brown (1991} Theorem 3)

AOEIB))exp(—/\O(B)t), £ > 0.

(1.1.2) P_.-.(ra > 2 (-7 -

This theorem provides a lower bound of the probability of 75 > t in terms of two
parameters. It is therefore easy to use since we have various methods to get bounds
or estimates for these parameters. We will discuss some of the methods at the end
of this section.

The error bound for the departure of 7g from exponentiality is given by

Theorem 1.1.3 (Aldous and Broun (1991) Theorem 1)

Mo(B)Gap_ 3 By /Gap

1.3) 1Pelrp/Eatp > 1) — exp(=t)] <
(11.3) {Pl7p/Extn > 1) — exp(=0)] € T y—peme <

for altt > 0.

Again this result is easy to use. But, since the bounds do not depend on ¢, they are
not good enough for large values of (.
The Mixing Technique: Aldous (1982) proved that if a Markov chain con-

verges rapidly to stationarity, then the time until the first hit on a rarely-visited
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sct of states is approximately exponentially distributed. As a matter of fact. a pa-
rameter which measures the time taken for the chain to approach stationarity was

defined as:
d(e) := min{t: 3_ |P{Xe = 5) — =(J)| £ 1/e for all i}.
J

where X is an irreducible continuous-time Markov chain with stationary distribution
=. and /¢ is an arbitrary constant. Then for any subsct B of the state space and

the first hitting time 75 on B¢, we have
Theorem 1.1.4 (Aldous (1982; 1983a))
d
(1.1.4) sup | Px(7p > t) — exp(~t/Ex78)| S W(g—)-
t>0 =78
where ¥{zx) — 0 as x — 0 is an absolule function. not depending on the crun.

It is noted that the error bound given above, which is valid for all chains. might
not be numerically useful in particular cases. Rather, the theorem indicates which
parameters need to be small in crder to justify an exponential approximation. The
Gep in Theorem 1.1.2 is such an important parameter since a strictly positive Gap
makes the chain converge to stationarity exponentially fast (see Liggett (1939)).
We will concentrate on the cases where the Gap's are strictly positive. With this
standing assumption. Iscoe and McDonald (1992) give an explicit error bound for
the exponential approximations to either reversible and non-reversible Markov jump

processes. The main result is

Theorem 1.1.5 (Iscoc and McDonald (1992) Theorem 2.8) If =(B°) is sufficiently

small then for allt > 0

(LL3) |Palrp > t) = e= 2B < g(B)e=2otMn
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where

o 3 V(Gap(L) =R + s3]
HB) = Eap(D) —F)F = dmima b+ Gap(L) — & N

While the exact definitions of the parameters &, x; and x» will be given in the next
chapter, here we simply point out that they tend to 0 as B — § given that the
infinitesimal generator —L is a bounded operator.

As was mentioned earlier. there are two major parameters. i.e. Ao(B) and Gap.
which are important in the error estimation of the approximation and in bounding
the probability of 75 > t. There is a fairly large literature concerning bounding Gap.
For instance, Lawler and Sokal (1988) provide bounds for Gap via a generalization of
Cheeger’s constant, while Diaconis and Stroock (1991) discuss the geometric bounds
of Gap for the discrete-time Markov chains. It is noted that the uniformization
technique (see Keilson (1979)) permits the continuous time processes to be related
directly to the discrete time chains and to exploit the results and numerical matrix
techniques for the maximal eigenvalue available in discrete time.

Iscoe and McDonald (1992) use the mean killing rate as the asymptotic estimate
of Ao{B). The error, in general, is of the same order as Ag while in some special
cases this estimate is asymptotically accurate. Some of the results are reviewed in

Chapter 2, especially in the last section.

1.1.3 New Results on the First Hitting Times

In Chapter 2, we present an improvement of Theorem 1.1.3, which also enables
us to ohtain an extension and generalization of Theorem 1.1.2 and Theorem 1.1.3.
Specifically, we show a higher order error bound in terms of ¢ for the exponential

approximation:

IP:-’("'B > 1) - (‘.(B)c-)\u{!})cl < :\n(B)

—  Gap

(1 + [}po = dollz)e=Tm*
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< (,\g((i) + o(.\o(B))) ¢~ (Gap=2a(B))
where @y and po are the eigenvectors of LZ and its adjoint (L8)* (in L*(=)) re-
spectively, corresponding to to Ao(B), ¢(B) = (po,18)x(¢0,18)x and o(Ae(B)) =
Xo(B))|po — dollx/Gap- The extension of Theorem 1.1.2 to the nonreversible Markov

jump process is the following:

P( - ﬂ) ( '\é(ai)) =Mo{ Bt _ (AO(?J) + ('\O(B))) e—(Cap—.\n(B))L_

The lower and upper bounds for the expectation of 75 are also obtalned:

i 1 < leolls
B~ G~ O0el8) S Bee < S+ 00(B))

where O(3o(B)) := Jo(B)(L +llpo = duli)/ Gap(Gap— Xo(B)). Notice that the lower

bound provided for P.(rg > t) and E;7p depend essentially on two parameters, i.e.

Aot 2) and Gap, except for higher order error terms.
In the reversible cases, things are cven simpler. First. we obtain the same lower
bound as given by Theorem 1.1.2 for a general Markov jump process. Secondly. we

show an improvement of the error bound of Theorem 1.1.3: for all ¢ > 0.

5 . Xo(B) do(B)t
Px(E,‘rg > t) — e~ < max{ Cap ,eXp{ Cap }

—1}e™.

The following erponential tail property of 75 is the continuous-time version of

Theorem 1.1.1:
P(X, = 7,75 > t| Xo = 1) ~ do(2)po(f)7(f)e" 2 B". as b — .

This result comes from a natural generalization of the exponential approximation of
the distribution of 75. Details are also given in Chapter 2.
We present a simple formula for Ay(B) based on the observation that, if the

process has no long-range interaction, the value of Ay(B) will very much depend
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on the values of the stationary distribution and the values of the corresponding
eigenvector on the boundary of B. We show by two examples (the M/M/1 queue
and the AM/M/sc queue) that this formula is useful for obtaining the asymptotics
of Ao(B). As a matter of fact, the formula also helped in finding the asymptotics
of Xo(B) for a more complicated Markov jump process in Chapter 4. Another
result we get in the last section of Chapter 2 is the exact value of Gap for the
AM/AM /oo queve. This allows us to apply the theorems obtained in Chapter 2 to
the ATM (asvnchronous transfer mode) link capacity problem. In that calculation.
we employed the gencrating function method for the eigenvectors of the infinitesimal

generator.

1.2 Capacity of an ATM Multiplexor

1.2.1 Description and Previous Work

Chapter 3 and 5 are devoted to applications to telecommunication networks, espe-
cially to problems concerning the capacity of an ATM multiplexor and the size of
its buffer. A simplified diagram of the model of an ATM multiplexor is given in
Figure 1.1. Therc, a number of categories of bursty traffic sources are statistically
multiplexed over a common link. All traffic sources produce fixed length information
packets called ATM cells. Sources within a category produce cells at the same rate
(cells per sceond) when they are active (or on). The link has a certain capacity to
handle the information packets being multiplexed over it. Once the link capacity is
exceeded, the excess packets are stored in the buffer shared by all traffic sources. If
the buffer is overloaded, information will be lost.

Statistical multiplexing and buffer overflow are very important issues in network

design and engineering.  They have been investigated for years by many authors.
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Category 1
| (video

Category 2

[ (voice
~ Cells/Second

o/ .
\ Link
Buffer Server

Category

Figure 1.1: The model of an ATM multiplexor

The reader can find interesting recent work and a comprehensive list of references
on these problems under the ATM environment in Norros, etc (1991). We will also
discuss some related work on the buffer overflow problem in the next section and in
Chapter 5. Most previous work was done by steady-state analysis or by simulation.
We estimated the probability that the link capacity is exceeded during 2 fixed time
interval along with the mean time until this happens. This provides the network
designer with a degree of assurance about the probability and frequency of overloads.
We compared a number of different methods to achieve this. including the theory

developed in Chapter 2.

1.2.2 A New Approximation Technique

This part is joint with Ian Iscoe and David McDonald.

In Chapter 3, the ATM multiplexor is modeled as follows. Assume that there
are 1 cifferent categories of bursty traffic sources. Within each category there are
infinite many sources which are identical and mutually independent. Active sources

in category i procitee cells at a rate of d; cells per second. Arrivals of active sources
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from category i subject to a Poisson process with a rate of a; arrivals per second and
the duration of active period is independent and exponentially distributed with a
mean length of 1/b;. Let N,(t) represent the number of active sources from category
i being multiplexed at the link at time ¢. The total load at time ¢ may be represented
by

n

N(t) := 3 diNi(2).

i=1
Assuming that the link rate is L — 1 cells per second. we may define the first overload
time by

~=inf{t 2 0: N(t) = L}.

Notice that N;(t) is statistically equivalent to an M/M/oc queue with arrival rate

a; and service rate b; . Thus. the multidimensional Markov process
N(t) = (Ni(t),- -, Na(t))

(defined on the state space § := {0.1.2.---}") is reversible with respect to the
stationary distribution =. Let £ be the infinitesimal generator of N(t) and define
a{f) = Ezv, then o satisfies
La(@)=-1 forfe B
o) =0 for £ € B¢
where B¢ := {(s1,52.--.5.) € S : T, disi > L}. Define x4(Z) = Ezexp(-07).
then
LrolT) = Oro(E) forfe B
ko(Z) = 1 for £ € B
The Laplace transform of 7 determines an upper bound for the probability dis-

tribution function of . However, the exact solutions to these linear systems are

intractable for a fairly large model.
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\We use the theory of induced Dirichlet forms to generate a one-dimensional
Markov jump process N*(t), with the induced stationary distnibution =°. {rom the
original multidimensional Markov process. Define the first hitting time 7* := inf{¢ >

0: N*(t) > L}, then for all § > 0,
Erexp(—07) € Ex- exp(—07")

and

We may solve

La*(r)=-1 forre B
a*(r)=0 for r € (B*)°

for a*(r) = E,.7*, and

Lry(r) =0xy(r) forre B
(1.2.6}

re{r) =1 forr € (B*)°

for k3(r) = E.exp(—67*), where (B*)¢:= {L,L+1.---}. The point is that the sizes
of the linear systems associated with V*(¢) are much smaller than those associated
with N(t). An engineering approach might be to estimate any probability associated
with the process N(t) by the corresponding probability for the induced process
N*(t). Numerical comparisons of the mean and Laplace transform of = and +* for
different models show that the estimates are extremely close.

in Chapter 4, we try to give some explanation for the success of the induced
Dirichlet forms method applied to the ATM multiplexor problem. By the theory
presented in Chapter 2 we know that the principal eigenvalue A\(B8) (A\§(B*)) of L&

((£P)*) determines the asymptotic -behaviour of the mean of 7 (7*). For the ATM
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model we show \o(B)/\;(B*) — I, as B — §. where § is the state space of N{(t).
This eventually says that the means of = and = are asymptotically the same as

B—S.

1.3 Buffer Overflow of an ATM Multiplexor

1.3.1 Markov-Modulated Fluid Model

The buffer size problem is studied in Chapter 5. There. the buffer content is de-
scribed by a Markov-modulated fluid model. Again. assume that there are n inde-
pendent categories of bursty traffic sources being served by a link of capacity L. The
traffic state N (t) := (N1(t), Na(t), - -, Na(t)) is modeled as a finite-state reversible
Markov process. Let r(N(t)) be the superposition of the rates at which ATM cells
are produced. In the Markov-modulated fuid model, the buffer content X (¢} is a

continuous random variable which satisfies the following equation: for X > 0.

da\’ -
= = (¥ - L.

Clearly. (N(£). X(2))} is a Markov process. Let F(7i, z) be the equilibrium probability
that while in state 7i the buffer content is less than or equal to z. Then the following
equation is satisfied:

dF

— T
Dd:r G'F

where D = diag{r(7i)}. F is the vector with entries £(fi.z) and G is the generator

matrix of the process N(4). The solution of the above equation takes the form:
F(z) = >_ aiexp(ziz)é(i).
i
The procedure involves: (1) finding the eigenvalues and cigenvectors {2, ¢(i)} of

the matrix D=!G7. (2) calculating the coefficients {a;} which are determined by

implicil boundary conditions.
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1.3.2 Some Earlier Work

Anick ete. (1982) gave a complete solution for the case of a finite number of in-
dependent and identical ON/OFF sources. In this case. the total number of ON
sources is a one-dimensional Markov process. They were able to constrct closed-
form formulas for calculating the eigensystem and the coefficients. Kosten (1984)
considered systems composed of a superposition of several independent subsystems.
each subsystem being of the same type as Anick ete. (1982). By decomposing the
big system into small subsystems one may get the eigensystem. But in general. it
is numerically intractable since finding the coefficients of the eigenfunction expan-
sion of F involves solving a large linear system. Stern and Flwalid (1991) extended
Kosten (1984) to a very general model known as t'he separable Markov modulated
rate model The method is again a decomposition technique. Certain lower and

upper bounds for the coefficients were provided.

1.3.3 Equivalent Bandwidth Methods

In the final chapter, we present a new approximation method for the Markov-
modulated fluid models. This is based on the idea that we can create a one-
dimensional Markov process r*(t) which has a bandwidth approximately equivalent
to the rate process (N (t)) (non-Markovian in general). Within this method, all
states § = (s, 52,7+, 8,) which satisfy r(3) := X%, disi = & are collapsed into a
single state k of r*(t). Assume that X*(t) is the content of a virtual buffer modulated
by r*(t). Then the system of differential equations governing the steady state distri-
bution of the generated Markov process (r°(t), X*(¢)) can be dramatically smaller
than that of (N(t), X(t)). Numerical results show that the eigenvalues of the origi-

nal system are very well interlaced with those of the reduced virtual system, and the
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estimates for the coefficients are uniformly good for all systems considered. We also
prove that the probability of overflow of the virtual buffer is asyvmptotically a lower
bound for that of the original buffer. It is observed that the more homogeneous the
traffic characteristics the better the approximations. We believe that this fact is
related to the goodness of approximating a non-Markov rate process by a Markov

one.



Chapter 2

Asymptotics of the First Hitting Times

2.1 General Assumptions and Notation

Let (X.:t > 0) be a positive-recurrent continuous-time Markov jump process with a
eneral measurable state space (S,S), transition semi-group 7; and invariant prob-
ability measure =, where T; operates on L3(S,=). Denote the probability transition

kernel of the X, by P.(z.dy). so that
(2.1.1) Lf@) = [Rad)fh  t20.  [el¥Sw)

Note that T,1 = T;1 = 1, for all ¢ > 0, where 15 always denotes the indicator

function of B € § with 1 := 1s, and * denotes the adjoint; so

[Tf@midn) = [ f@midn), £ e LAS.7).

Unless mentioned otherwise, if ;1 is a measure on B, a measurable subset of S.
L3(B,u) will be considered as a real vector space of real-valued functions. One
important exception will be when we cliscuss spectral properties of operators related
to T:. In this case we of course must consider L*(B, i) as a complex vector space of

complex-valued functions; we adopt the following convention:
(100 = [T@ol@utdz), [y € LB,

15
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The nature of L3 B. 1) will always be clear from the context. so we shall not adopt
separate notations to distinguish the two possibilities. Note that 7p and all cther
related operators (such as L. below) have obvious, natural extensions from real L3 ()
to complez L*(y) given formally by (2.1.1) and (2.1.3). It should be noted that the
norms of these ex:cnded operators do not change (see Lemma 7.5 in Davies (1980)).

Denote by P, the law of (X,:¢ > 0) initially (at ¢ -= 0) distributed according to
the probability x on (8.8): E, will denote the corresponding expectation. Thus the
process is stationary with respect to P,

We denote the probability transition rate kernel by J{z.dy) and consider only

processes in which the transition rates are essentially bounded, i.e.
(2.1.2) ) = —esssgg J(z. {z}) £ M < .
) TS
Then the infinitesimal generator —L of this jump process, which is given by
(2.1.3) Lf@) = [ S i) - Fw.

defines a bounded linear operator (of norm < 2/) on L*(S.=) (and in fact on all
the spaces LP(S.=)). The constant function 1 is an eigenvector of L (and its adjoint

L*) with eigenvalue 0. So, for all f € L*(S.=). [ Lfx(dz) = 0: or in terms of .J:
(2.1.4) [ [ 1@t = [ [ sy i@,

A jump process is called reversible if

(2.1.5) m{dz)J(z.dy) = =(dy)J(y.dz).

or equivalently if the generator =L on L7(8, 7) is selfadjoint.
Let B € S denote those states outside the bad region B® and denote by T2 the

semi-gronp of the process killed outside 33 that is the process killed when it enters



CHAPTER 2. ASYMPTOTICS OF THE FIRST HITTING TIMES 17
B°. For f € L*(B.=p) this semigroup is defined by

TEf(z) == E:|f(Xe)i7 > ¢); re B
(2.1.6) r=7%:=inf{t>0:X, ¢ B}.

Let — L2 denote the infinitesimal generator associated with 7,2, Then the associated

transition rate kernel and killing rates are given by, for z € B.
JB(z. dy) = 1p(y)J(z.dy).  KB(z):= J(z.BY).
The infinitesimal generator —LZ expressed through

LBf@) = [ JP(a.dy)if (@) - F)] + K@) (z).

defines a bounded linear operator (of norm < 2M) on L*(B.=g). Note that K& =
LB1g.

We will only consider the cases where B € S is a non-trivial subset of S in the
sense that 0 < =(B) < 1. We use =5 for = restricted to B and « for its normalized
version. i.e. # := xp/=(B). Notice that —L? is selfadjoint on L*(B,=g) or L*(B.%)
if =L is selfadjoint on L3(S, ).

We wish to estimate the tail of the distribution of = starting from the station-
ary distribution or P:(r > t). One of our main goals is to estimate P:(7 > t)
by o B) exp(=Xq(B)t) as B — S. where ¢(B) is some constant. 0 < M(B) :=
inf Re{o(LB)}, the bottom of the real part of the spectrum of L7 and "B — §~
is a shorthand for the convergence: =(B} — 1 (Strictly speaking, the convergence
statements should involve a sequence of sets (Bp)nen for which lima—e 7(B5) = 0).
This in turn will imply that 7 is approximately exponentially distributed

with mean 1/ XO(B). To establish this result, it is essential to know that M(B) >

0. Under certain conditions it is ensured by the fact that Ay(B) is an isolated point
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of the spectrum of LZ and is positive-valued. This and other eigenvalue properties,

are discussed in the next section.

2.2 Spectral Properties

This section is devoted to various spectral properties of the operators L and L8,
respectively associated with the Markov jump process X: and the one killed outside
B. There arc two parameters which are central to this work. One is Ao(B) =
inf Re{c(LB)}, the bottom of the real part of the spectrum o(L) of LEB. The other

is defined as follows.

Definition 2.2.1 For L as defincd in (2.1.8)

Gap(L) := inf{(f, Lf)x : f € LS, 7, [Ifll= = 1. (f, 1)~ = O}

The reason for this name is that if L is selfadjoint then Gap(L) is the gap between
the simple cigenvalue 0 and the rest of the spectrum.

A strictly positive Gap(L) ensures exponential convergence of the process to its
stationary distribution in L? norm (details will be given in the last section of this
_ chapter). This, in turn, ensures the weak convergence of the law of the first hitting
time T to that of an exponential random variable. As was mentioned at the end of
the last section, a positive Ag(L) is also essential to the exponential approximation
problem. Techniques for bounding Gap{L) will be discussed in the last section.
while theorems about the existence of a positive Ao(B) are presented next. Unless
mentioned otherwise. the following will be standing assumptions throughout this
chapter:

Assumption 1: Gap(L) > 0.

Assumption 2: Ay(B) > 0. Morcover, the eigenvectors of LB and (LB)* corre-

sponding to M B) are real and nonnegative vectors.



CHAPTER 2. ASYMPTOTICS OF THE FIRST HITTING TIMES 19

Assumption 3: =(B°) is small enough so that \o(B) < Gap(L).

Assumption 4: The infinitesimal generator —L of the jump process is essen-

tially bounded.

2.2.1 About Assumption 2

An important special case for which Assumption 2 is true is when B is a finite set.
so L2 has transition rates bounded above by M. Hence —LZ + A/! is a positive ma-
trix, where [ is the identity matrix. By the Perron-Frobenius theorem (see Seneta
(1981)) this matrix has a maximum positive eigenvalue M + Ag(B) of multiplicity
one associated with the nonnegative right eigenvector ¢y and the nonnegative left
eigenvector po. This eigenvector pair is also an eigenvector pair for L?® and is associ-
ated with the least eigenvalue Ao{B) = 0 of multiplicity one. From the irreducibility
assumption of the Markov process X: it follows that Aq(B) is strictly positive.

For a countable infinite subset B, an extension of the Perron-Frobenius theorem
(see Vere-Jones (1967)) can be applied in the same way as above as long as L®
is bounded. Nummelin (1984) gives an extension of the Perron-Frobenius theorem
in the context of more general non-negative kernels on a general measurable state

space, which is also useful for justifying Assumption 2.

Since our principal interest is in the asymptotic behavior as B — § of the
distribution of 7, a result by Iscoe and McDonald (1992) is quite useful. This gives

the closeness of the Perron-Frobenius eigenvector to 1. Details are as follows.

There are three quantities related to the kernel .J which will appear in the hy-
potheses and in the results of this and the following sections. They are the mean

killing rate, the standard deviations of the killing rate.and resuscitation rate with
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respect to the probability & on B. viz.

2

(2207) ®==w" :=]BKB(;;)5(¢:).M = K8 =& s r2 =] R® =% |5

where the resuscitation rate RZ is defined to be the Radon-Nikodym derivative of

the measure u(dy) := [ge 7(dx)J(z,dy) with respect to =|B. = restricted to B.
The following simple estimates for %, &) and x; are immediate and serve to make

the hypotheses for the results more explicit and perhaps more practical. albeit less

sharp.

Lemma 2.2.2 (Iscoc and McDonald (1992) Lemma 2.5) Assume that the transition

rates are essentially bounded. i.e.

(2.2.8) = — esssup J{z, {z}°) S M < cc.
€S .

If =(B°) is sufficiently small, then

() m< ML

_(pey L2
(#) r;l(:\/f[“(B):l ,

(ii1) Ko < M
So. ®. Ky. Ba — Q0 as #(B°) — 0.

Using a theorem in Stewart (1971). Iscoe and McDonald (1992) showed the

following:

Theorem 2.2.3 ([scoe and McDonald (1992) Theorem 2.7) Assume thet the in-

finitesimal generator — L2 is hounded. If the quantities R, k) and x2 salisfy

% < Gap(L), 4k k2 < |Gap(L) = 7],
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then L8 and (LB)* have a common non-negative, isolated cigenvalue Ao(B) and
associated real eigenvectors @ and po, respectively, belonging to L*(B.#) such that
fgﬂodﬁ' =1 and IB %podﬁ = 1.
Moreover, Ao(B) = inf Re{c(LB)}, inf[Re{c(LEN\{Xo(B)}}] > 0. and
@ o(L) — R £ 2k152/[Gap(L) - 7|,

(i) llpa — 1sllx < 282/[Gap(L) —R].

2»:1\/(Gap(L) ~R)? + 4n3
(Gap(L) — ®)? —dmiRz

(222) ||do — 1ajlx £

. ,  3a 4.'{1.‘62
=1 < .

2.2.2 Inequalities

We begin by recalling the notion of the numerical range of 2 bounded operator A

on a complex Hilbert space H . The numerical range, W(A), of A is defined by:
W(A) = {(f, Af) : F € H.Ifl = 1}.
We recall the following well-known facts.
o W(A) is convex.
e The spectrum of A, o(A), is contained in W(A), the closure of W(A).

o If A is normal then W(A) is the convex hull of #(A). However, in general

WT(A) can be much larger than the convex hull of #(A); e.g. if A is nilpotent.

o If A g W(A) then |[(A = A)~Y| < [dist(x, W(A))]™.
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Now consider a complex Hilbert space H. a bounded operator 4 on H. and a
fixed vector p € H. Set H = p~ = {f € H : (f.p) = 0} and devote by Y the
injection of H into H:Y'* is the adjoint projection. Finally set A=Y Y H—H.

the compression of A into H.

Definition 2.2.4
[, = Do) = w(A) = inf{(f, AN : If]l = L.(f.p) =0},

In particular Re{o(A)} € [[poc): and in the case that p is an eigenvector of A
with eigenvalue A such that Red < [, it is easy to check that o(A)/ {A} does not
meet the strip: {z € C: Rel < Rez < [,}. In this case it is appropriate to refer to
[, — ReX as the numerical gap of A (with respect to p and A). It may be smaller
than the actual gap in the real part of the spectrum of A.

In the following lemma we normalize the eigenvectors ¢o and py in a different
way from that in Theorem 2.2.3. Ve also use the simplified notation: Gap =

Gap(L). h := X(B).

Lemma 2.2.5 Assume that do and po are the cigenvectors of L? and (LB). re-
spectively, which correspond to Ao such that ||ov|l= = 1 and (po. G0}z = L. Under

Assumptions 1, 2 and 4. we have

@) 1- -C%; < (6n.15)2 < =(B).
.- ’\(] (.00,- 13)?’
| - < I <=(3
G 1= Cap = T =77
(#) 1- (ip < (60, 15)= (o0 1n)s < 7(B) 0ol

Proof : (i) By definition,

v | (w.u)z

Cap = inf{(u’ bids e 12(S.7), (w15 = o}
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and
Ao = (Gv. LB00)x-

We make extensions of ¢o and po so that they take 0 values on B°. The extended
vectors are also denoted by ¢o and py respectively, and they belong to L*(S, 7).

Let ¢ := (¢o,1)x and ug 1= ¢ — c1, then
(2.2.9) lcl? = [(¢0, 18)=I" < lIGoll3N118]13 = =(B) < L.

Moreover.
(u0.1)x = (G0, 1}z — ¢(1.1)x = 0.
and
(0, o) = (0, Go)x — 2c(¢o, 1)x +¢* = 1 = C*.

On the other hand,

(ug. Lug)s = (69 —cl.Lop —cLl); = (09 — cl. Loo)- (since L1 =0)

= {(L¢y —cL 1, ¢0)z = (6o. L)~ (since L'1 = 0)

= (Qﬂ' Lséﬂ)ﬁ = )"0-
Therefore
(uo, Luo)= Ao

] < = .

Gap < Ty, ~T-2
This yields

Ac o , o
(2.2.10) 1 - m < & = (é0,15)2 < 7(B).

(#1) Taking ¢ := (py, 1)» and

ity = p — cl,
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the same procedure as in (i) gives the proof.

(ii1) This is proved by using (¢) . () and the following:

1 = (6o, po)x S lldoll=lpollz = llooll=-

Therefore
: (pﬂﬁlB)ﬂ' '\0
T 2 . =(po- x> . p——— > | = —
(B)loofl= = (90.18)=(pa.18)x 2 (0. 15) ool 1 Gap

=
Remark. In the proof of Lemma 2.2.5. Assumption 4 (i.e.. L is bounded) is
used to ensure that the domain D(L) of L, which equals to L*(S.«). contains the
zero-extensions of the eigenvectors do and po. It is clear that this lemma remains
valid for processes with unbounded generator —L given that the zero-extensions of
oo and po belong to D(L). In some cases. as we will sce later. the latter assumption
can be verified directly. =

Lemma 2.2.5 is mainly used for bounding (¢o. L) and (po. 1p)= in the sequel.

But it also provides an interesting relation between Gap and Ay as presented by

Corollary 2.2.6

Ao(B)
=(B°)’

(2.2.11) Gap(L) < iréf

where the infimum is taken over all those B's such that the conditions given in

Lemma 2.2.5 arec satisfied.

Proof: By the proof of Lemma 2.2.5, for any B satisfying the given conditions. we

have (see (2.2.10}))

)\” Pl
1 Gap = =(B).
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This is the same as

Ao(B)
Gap(L) < =B

So, we can take the infimum on all those B’s in the above inequality. =
We will use this result to estimate Gap(L) or Xo(B) for some specific processes
at the end of this chapter. ‘
The relation between Gap(L) and Teg 1= Tog(LE) (or [y 1= [po(LB)) is also
interesting and useful. In the following lemma, we show this relation and a'condir.ion

for Ap to be an isolated eigenvalue.

Lemma 2.2.7 With the assumptions given in Lemma 2.2.5. we have
(l} I‘.,o zGap—,\o, FmZGap—Ao.
(ii) Xo is an isolated eigenvalue if Gap > 2.

Proof : (i) We only give the proof for the first inequality. The proof for the second
is the same.

By Definition 2.2.4, we have

Too = inf{(f, L5 )z : f € L*(B.78). ifll= = L.(f: %)= = O}.

Therefore. for any € > 0, thereis a go € L?(B.=p) such that |[gof]= = 1 . (go. S)= =0
and oy = (g0. LBgo)z — ¢. We make the extension of g (also denoted by go) such
that it takes 0 values on B and therefore belongs to L3(S, 7). We also extend ¢ in
the same way. Let f = go — (g0, 1)1, then f # 0.

Otherwise, go = (go, 1)=1, and (go, @o)r = (g0, L)e(d0, 1)z S0 (9060} = 0
implies that (go, 1) = 0 or (¢, 1)z = 0. But (¢0,1); = (¢0,15)3 2 1 ~X/Gap > 0,
by Lemma 2.2.5 and the assumption that Ay < Gap, and (go,1)= = 0 implies go =0

which is impossible because ||gol|= = 1.
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Next. (f. )= = llgol [} = (0. D3 = 1 = (g0 1) and
(Uo‘l)g = {go.-1 = {00. 1)-1-00)i (since (go. ©0)z = 0)

< gl Bl = (0, 1)dollz = 17 = (0. 1)3

Ao

< - ; 2.2.5).
S Gap (by Lemma 2.2.5)

By the definition of Gap and the fact that L1 = L*1 = 0. we have

(f-Lf)x _ (Yo- LB!}U):

G < = =
W= D 1=(g.12
< oo +¢
- 1= Ao/Gap°

Therefore

Gap — Ao S [ + €

The proof is completed by letting ¢ — 0 in the above inequality.
(it} If Gap > 2Xo. then. according to (i), [y, > Ao which implies that Ag is

isolated from the remained spectrum of L2 since a{LE)\{Xo} C {Ten. ). -

2.3 Asymptotics of the First Hitting Times

For the convenience of reading the present section. we summarize the notation and

definitions used in the previons sections as follows:
e —[ : the generator of the process.
o — L% the generator of the killed process.

o —(L%)*: the adjoint operator of =L,

ope Y
. [‘H = L t
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o o := Mo(B): the smallest eigenvalue of LB.

LBy = dogo; (LB) 0o = Aopo and ||dollx = 15 (00, po)r = L.

[, = inf{(u, L?u)s : jull. = L, (u, @)= = 0}

Gap(L) = inf{(u, Lu), : u € L*(x); |lullx = 1; (2, 1)x = 0}.

W(A) = {(f,Af) : f € H.[[fll = 1}: the numerical range of a bounded linear

operator 4 on Hilbert space H.

1g(z) = l,z € B; = 0. otherwise,

The following proposition is a variant of a part of Theorem 2.3 of Liggett (1989);

the proof is essentially the same.

Proposition 2.3.1 (Iscoe and McDonald (1992) Proposition 4.4) Let (Trit 2 0)
be a strongly continuous .scﬁigmup on a complex Hilbert space H with bounded in-

finitesimal generator —A. Then for all f € H
TSl S e fl. 20,

where w(A) := inf ReW (A). In particular if p is an eigenvector of A®. then for all
f € H such that f L p:

ITfl e THifY. t20.

Proof: Let f € A such that || f]] = I; w.lo.g assume ||T.fl| # 0. Then
d - o 3
ST/ = =TS ATS) < =2w(A) I T S

Therefore || T, f]|* < e~ f||*. For the second part, simply apply the first part

to H=pt and A = A|H : H — H (since if (f,p) = 0 then (Af.p) = ([, A%p) =
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MF.p) = 0.if A°p = Ap: similarly To{H) € H since T7p = e¥p). recalling that
T, = w(A). -

It was noticed (Iscoe and McDonald (1992) Remark 1.3) that Proposition 2.3.1
remains valid on a real Hilbert space. In this case, w(A) and I',(A) can be calculated
as infimums using real vectors given that p is real. This proposition also remains
valid (with the same proof) in the case that A is an unbounded operator and operates
on f which belongs to the domain D(A).

We are now able to present the main results about the exponential approximation

of the distribution of the first hitting time 7.

Theorem 2.3.2 Assume all notation and definitions given at the beginning of this

section. Then

: 1g)x -
1Pt > 1) = (B < [15 = (oo, Loscnlle 10 = L2t e
where ¢(B) := (po.15)={0. 18)=-
Proof : For any arbitrary constant a.

P(r>t) = [TPlLen(da) = (16T 15)-

= (18-7-:.8(18 - (PO~ 1):@"))# + (1B-T:B(pﬂf 1)”¢0)=
"= (1p—ape, TE(1g = (po.18)x60))= + (0. 1p)=(d0. 1)z ™"

Here we have used the fact that gy is an eigenvector of (7,2)* and is orthogonal to

15 — (po, 18)x0 since (pg, @o)x = 1. Using this fact and Proposition 2.3.1. we get

IPR(T > 4= (:{B)C-AMI - IP’(T > £) = {po, L) = (o, lﬂ)xfi-‘ml|
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= |15 — apo. TP (15 = (po- 18)z00))s]

t

< 115 = apolll|ts = (Po. 1B)=S0llxe~ ",

The theorem is then proved by minimizing ||1g — apa||- via a standard argument.
Let f(a) = |l1p — apgol[2. then
f(@) =23 (1 - apa(@))polz)w(z)
€8
and

fla)=0=a= -—-—-——(po’ls,,)".
|0l 12
]
The following corollary provides error bounds for the exponential approximation
and lower and upper bounds for P=(r > t) and E-7 in terms of simple parameters

which essentially do not require information about eigenvectors.

Corollary 2.3.3 As B — S.

A
Po(r > t) = c(Ble™™| < ZE(1+la = ooll)e "

(2.3.12)

IA

Ag ] \ —{(Clap=Xit
+ ’\ f =iy}
(—G‘ap of n)}

where c(B) = (po, 1p)=(da, 15)x and oldn) = Xollpo — ool]z/Gap. Moreover. we

have the following incqualities:

(7) Pe(r>1t) 2> (1 - —) e~ ot — (-:\L + o()m)) g={CGap=lait
CGap
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W) P> ) < Hpn“xt‘_'\ut‘?(’—\n“ *'0(-\0)) o=l
Gap

S S _ < lpolls
(“’z) /\0 Gap O('\O) < Err' S ’\0 + O(a\n)
where O(Xo) := Mo(1 + [lgo — 0oll=}/ Gap(Gap — Ao)-

Proof: First. by Lemma 2.2.5
(po.1p)2

e N i A A L P

_ (PO- 13)3

<1 =
Ileol |2
Ao
< -
= Gap

Secondly. since {py — 0. 00)z = 0.

I1g = (0o, 18)=60 + (@0. 15)=00 — {po. 15)=00ll=

i

11z — (po.18)=00ll=

{15 = (90, 12)=%0ll= + lGoll=ll(pa — 0. 18

<
1/2
Ag , . .
< (C_) T ||(Pu — .1 — (0. 1!}):.-Or1)nll
1]

Ao /2 Ao 2 .
(32) +(z5) -

sap

By Lemma 2.2.7, T, = Gap — A, we get (2.3.12).

30
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(i) and (i%) are proved by using (2.3.12) and Lemma 2.2.5 which gives the in-
equality:

|- G < elB) < 7Bl

Taking integrals over (i) and (i) from 0 to oc, we get (iit). ]
Remark. By Theorem 2.2.3, {|¢o — 15{l= — 0 and ||po — 15f{j= — 0 as B — S given
that &, 52 — 0. So, under the latter condition, we have [|po — ol =0 as B— S
by the triangle inequality. This explains the use of the notation of o(Ag). Since
o{ o) is smaller in order than Aq. it is negligible from a practical point of view. A
sufficient condition for sy, k2 — 0 as B — S is that the full infinitesimal generator
—L is bounded (see Lemma 2.2.2). In some other cases. we can directly calculate
x; and k2 and show that they tend to 0 as B — §. -

The following theorem is a natural generalization of Theorem 2.3.2.

Theorem 2.3.4 For any f.g € L*(x)
672 ) = (oo Delon. g)ec™| S 17 = (oo Nsnlob = LB e

Proof : Noticing that (f — (g0, f)=60. po)= = 0. we have

(9. T2 1)x = (o a0, 9)ze™ = |(0. T2 = (po. )=o) |

= ‘(g - Cpn,TtB(_f - (Pn- f}.—.On))T-'I

IA

g — CPu"r.'“ng(f = (po. f)=00)|l=

< ”{} - CPnH:r"f - (,Ou, f),,(ﬁ"”'._c‘rm'-_



CHAPTER 2. ASYMPTOTICS OF THE FIRST HITTING TIMES 32

The theorem is proved by minimizing ||g = cpol|z in ¢ -
With this generalization we can give estimates for some other interesting parame-
ters. For example. if we take ¢ = 1(;) and f = 1(;) with ¢, € B. then Theorem 2.3.1

vields

|P(Xe=g7>8) - %(i)poU)‘-'«'(j)e"\“‘l

Nl 3) . poli)m (D) L
< 115y = poG)n(G)all= 1143y TNE poll= e

Letting ¢ — 2¢. we get the exponential tail property of 7
P(X. = j, 78 > t|Xo = i) ~ ¢o{D)pa(f)7(G)e™™B",  as  t—oc

This result can be compared with Theorem 1.1.2 which gives the discrete-time
version of the same property.

When the Markov jump process X, is reversible. the lower and upper bounds
given in Corollary 2.3.3 simplify. In the following discussion, we assume reversibility
of X, and give extensions and improvements of some of the results given by Aldous
and Brown (1991).

As L2 is a bounded selfadjoint operator in L*(B, 7 ), the principal eigenvectors
G0 and pg (corresponding to A} are equal. So immediately we have. by Corol-
lary 2.3.12,

< -/\Le"rou"_

(2.3.13) |P-(7 > t) = (00, 1p)2e™™| < G

In addition. L? is also positive in the sense that (f, LB f)}z 2 0 for any f € L*(7)
since its spectrum is contained in the positive half of the real axis (See Kreyszig

(1978) for more discussion on positive operators). So

Plr>t) = [ TMpe(ds) = (10,710
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= (lB-T:B(]-B - (oUv 1)100))1 + (IB-T}B(OOv 1):Oll)w

= (1g - (¢0.18)x00, T2 (1 — (G0, 18)=00))x + (S0, 1g)ie™"

Here we have used the fact that ¢y is an eigenvector of the selfadjoint operator T2
and is orthogonal to 1z — (@0, 15)=0n since |[doll= = 1. As TE = e~ 1Pt is positive.
we have

(18 - (@D 18)#%1 TtB(lB - (¢0~ 13)11'00)).-. Z 0.

This means
Pe(m > t) 2 (60, 15)3e™ "

On the other hand, it is clear that Pr(7 > t) = (15.TF1g)x < |1pf|zc™2 < ™2t

bt ]

Using the lower bound for (¢a,15); given in Lemma 2.2.5. we get

Theorem 2.3.5 If X, is reversible and =(B°) is sufficiently small. then forallt > 0

. . o Ao _
(@) |Pa(7 > t) = (00, 18)3e7 2| < G—;pe Font,
(i) (1 - —)2-) et < Po(r > t) < o7,
Gap
| l l
i) Lol cprc L
(i) Ao Gap ~ £ar < Ao

Here (#3i) is obtained by taking integrals from 0 to o¢ over the inequalities in (7).
The following result is an improvement of Theorem 1.1.3 by Aldous and Brown
{(1991).
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Corollary 2.3.6 If X, is reversible and =(B€) is sufficiently small. then forallt >0

t\p{ Aot }— 1}e~t

Px ( > t) - €7 < max{ G:\u

E-r.

Proof : Substitute ¢ by tE,7 in the irequalities in (i7) of

Theorem 2.3.5 we get

=AptEeT > P‘r T t > 1 - _ﬁ —.\otEwT'
¢ > ,(E_>)_( Gape

3
Using the inequalities for the mean exit time given by (i) in

Theorem 2.3.35.

Ao
-_— < A qu < 1
: Gap — o

we obtain

exp{—(1 - —)t} > P-r( >t)2|{1- Do e”".

E Gap

Therefore

e*:p{ t} - > P ( >t)—e" 2> - Ao e™".

E,. Gap

This proves the corollary. =

2.4 Gap(L) and \(B) via Examples

Any time one has a Markov process with a finite invariant measure 7. a natural
problem is to determine rates of convergence to equilibrium. It is of particular in-
terest to determine when this convergence oceurs exponentially rapidly. The precise
form of the solution to such a problem depends on the nature of the Markov process.
One can have exponential convergence in the uniform norm. or in L*(7) norm, for

example. Let Ty and =L be the semigroup and generator of the process. We say
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that the process converges exponentially in the uniform norm if there are positive
constants € and ¢ so thau for each function f in a sufficiently rich class. there is a

constant B(f) so that

sup \T:f(z) = Tef )] £ CB(f)e™™

for all ¢ > 0. The process converges exponentially in L?() norm if there is a positive

¢ so that for all f € L*(%).

IS = [ fasll s e=f = [ fe=l

where || - || denotes the L*(z) norm. The largest ¢ with this (latter) property is
called Gap(L). Thus by definition. exponential L? convergence occurs if and only if
Gap(L) > 0. So, it is of essential importance to know the value of Gap(L) when we
talk about L? convergence.

In this scction. we collect some elementary results about Gap(L) and Aa(B). As
examples. we calculate or estimate the Gap(L)'s and Ag(B)'s for the M/M/1 and
M/M /o queues. These techniques and results will also be used in the application
to the ATM multiplexor model in the later chapters.

Ligzett (1989) (Theorem 2.3) proved that the definition of Gap(L) given above
is coincident with the one given by Definition 2.2.1 in the

previous sections. i.e.
Gap(L) = inf{(f.Lf)z: f € L*(S.7),||fli= = 1,([,1), = 0}.

Since Gap(L) is an infimum, upper bounds for it are relatively easy to obtain by using
special choices of the function f. For example, in the case of a positive recurrent
continuous-time Markov chain on Z+ = {0,1,2,---} with no instantaneous states .

and with transition rates (z,y) for z # y, Liggett (1989) gives
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Theorem 2.4.1 (Ligyett (1989) Theorem 3.4)

linf Trenculm@)g(z.y) + 7(@)aly. )]
2 20 Exsn W(x) Er>u 7‘-(.[)

Gap(L) <
where 7 is the stationary distribution of the process.

This result is easy to use but is coarse in general. A similar upper bound and
a lower bound are also given by Lawler and Sokal (1988) in terms of Cheeger's
constant. which represents the rate of probability flow from a set A to its com-
plement +A° normalized by the stationary distribution 7. The precise definition of
Cheeger's constant & for a positive recurrent continuous-time Markov jump process

with generator —L and transition rate kernel J(z.dy) is

Definition 2.4.2
k:= il}‘f k(A)
with

(lA- L]-A)r
m(A)z(A9)

where the infimum is taken over all measurable set A such that 0 < 7(A) < 1.

E(A) =

Theorem 2.4.3 (Lawler and Sokal (1988) Theorem 2.1) Let L be a bounded self-

adjoint operator on L*(x)} such that
= —esssupJ{z. {z}7) € M < =x.

Define
(X +c = (Y +*I)?
E[(X + )]

where the infimum is Laken over all distributions of i.i.d. real-valued random vari-

x :=infsup
[

ables (X.Y) with variance 1. Then

xk*f8M < Gap(L) £ k.
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Remark: The above result is given for reversible processes, but by the definition

of Gap(L) we can casily see that:
Gap(L) = Gap({L + L")/2).

where L* is the adjoint operator of L. Since (L + L*)/2 is always selfadjoint. this
theorem can be used for non-reversible processes.

There is a useful result regarding Gap(L) of a multi-dimensional Markov process
which is also provided by Liggett (1989). Let —L be the generator of a vector Markov
process whose components are independent Markov processes with generators — Ly
and stationary distribution .. Assume that the stationary distribution = of the

vector process is the product of the =;'s, then
Theorem 2.4.4 (Liggett (1989) Theorem 2.6)
Gap(L) = ir}cf Gap(L;).

The following theorem is provided by Lawler and Sokal (1983) which shows
an interesting relation between Gap(L) and the principal eigenvalue Xo(B) of LB

corresponding to the process killed outside B.

Theorem 2.4.5 (Lawler and Sokal (1988) Proposition 3.3) Let L be a bounded

selfadjoint operator on L3(x). Then
(2.4.14) Gap(L) 2 i%fmax[M(B),Ao(BC)].

We should compare the above theorem with Corollary 2.2.6 which shows. for both

selfadjoint and nonselfadjoint cases:

_ . . Aa(B)
2." WL, P ” <
(2.4.15) Cap(f)_l%fﬁ(Br_),
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where the infimum is taken over all those B's such that the conditions given in
Lemma 2.2.5 are satisfied. These results show that Ag(B) plays a role in estimating
Gap(L) and vice versa.

Determining the asymptotic behavior of Ao(B) is important since it is cquivalent
to determining that of the mean first hitting time E.7. The following simple formula

is observed:

Proposition 2.4.6 Let —L? be a bounded infinitesimal generator on L*(B. =) and

po be the nonncgutive cigenvector of (LB)* corresponding to the principal eigenvaluc

Mo(B) such that (po.15)= = 1. Then
(2.4.16) 2o(B) = (po. LB15)x = (po. K %)
where KB(x) := 1g(z)J(z. B) is the killing mate.

Proof: By definition.
((LB).pOr 13):
(PO-, 13):
(0. LB1lg)x  (since (pn,1g)z = 1)

Ao(B)

= (po, KB~  (since LBlg =K% m

This result is especially useful if the process has no long-range interaction. e.g.
the birth and death process. In this case. the killing rates are zero except at the
houndary of B where they are just the birth rates. So this proposition says that A
very much depends on the values of the stationary distribution and the eigenvector
at the houndary. Therefore, estimating the boundary behavior of those values will
help in getting information aboiut As. We show here hy two concrete examples how

this idea is Lo be used. More sophisticated applications can be found in Chapter L
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Example 1. The A/A/1 queue. This is the continuous-time Markov chain

X on states {0,1.2.---} with transition rates

t — i+ 1, (birth) rate q,

i — i—1,(1 2 1) (death) rate b(> a).
The stationary distribution = has the form

(i)

j
N
[
|
o 0
e’
PN
[= 0 =1
——

, a\'
" [I, OO) ("b") .
For £ large, consider the rare set B¢ := [¢,00} and
the first hitting time V!

e:=inf{t: X; > £}

Let —L® be the generator matrix of the process killed at £, and Ag(€) be the
principal eigenvalue of L¢ corresponding to the eigenvector ¢f (which is nonnegative
by the Perron-Frobenius theorem). Let ¢° be normalized so that (¢f.1g). = 1.
Then

3

a6*(0) — ag(1) = Ao(£)6%(0) equatior:(0)

y =bd{k = 1) + (a + b)¢'(k) — adl(k + 1} = M (£)¢tik) equation(k)

=™ (F = 2) + (a + b)PHE = 1) = X (6)* (£~ 1) equation{é-1)

where 1 € k < £ — 2. Define the generating function of ¢ as ¢(s) := Tizh o (k)s .
For cach k € {0,1,---,£— 1}, multiply s* on both sides of equation(k), sum over all

and we get

(4 +b = M(8))(s) = b’ (0) = Z[b(s) — 1/2hi*(0)] + bslb(s) — &'(€ — )",
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After some rearrangement, we end up with
(s = (@ + b= No(6)s -+ a)b(s} = b€ — 1)s™ = b0 (0)s + ao’(0).

Let s = 1 in the above equation and we obtain

0417 el SN _ o€ =1)= (1 -a/b)o(0)
(2.4.17) kz:;o (k) = (1) = SWOIL .

Now. since Ao(¢) > 0 (by the irreducibility of the process) and ¢ is nonnegative. we
- - o

conclude from (2.41.17) that
¢ ay ¢
o (E-1)2 (1-3)0(0).

Then. by Proposition 2.4.6 and the fact that the killing occurs only at £ — 1,

a

=1
@ = aste-ve-n~0((3)7).
Here we also used the fact that 6%(0) > 1 since ¢*(k) is a strictly decreasing function

of k (by Proposition 6.1 in Iscoe and McDonald (1991)) and Tibofk)nk) = 1. It

is easy to see that the mean killing rate & = ax(f — 1)/=[0.£) — 0 and

¢=2
Ky =3 ®a(z) + (a —RP=(€ - 1)]/=[0.£) — 0.

=0

as £ — oc. Applying Theorem 2.2.3 we get ||¢* — 1)}z — 0 and therefore ¢¢(0) — 1
as £ — oc. Then. again by the decreasing property of ¢¢, we have Ti—} ¢‘(k) <
£6°(0). so

o =1) = (1 - ;—L) () EO;(O)AUI—EE) (by (2.4.17))

)
!
~ 6(0)0 ((E) )—-O,asf—oo.

We then conclucde that
BE = 1) — 1-%, as £ — 00,

This yields the following asymptotic result about Aa(£):
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Theorem 2.4.7 As £ — o,

(24.18) Jo(6) ~a (1 - %) w(f-1)=b (1 - %) (%) = A0

Applying the theorem of asymptotics of the first hitting time to this M /A//1 queue.
we can get

sup|Pe(me > t) — exp(=A(6)t)] — 0,as £ — oc.
t

This is to be compared with a similar result provided by Al in Aldous (1989).

In general, it is not casy to obtain the infimum in the upper bound for Gap(L)
given by Corollary 2.2.6 (see (2.4.15)) because Ao(B) as a function of B is not
given in an analytic form, e.g. Ao{€) in the M /M /1 queue as a function of £. The
asymptotics of Ag(£), on the other hand, do provide a closed form formula so that

we can give the following upper bound of Gap(L) for the M/M/1 queue:

2

. . Xolf) a
Gap(L) S inf 5 < (1 - 3) b.

Although this is not the infimum. it is better than the upper bound & — a provided
by Theorem 2.4.1 that is derived as follows:
1. - Trcncolm(@e(2.y) + 7(¥)q(y. 7))
Gap(L) < = inf=Z=t<y
p( ) 2 n20 Z:Sn 7.'(.1:) z::)n F(I)

. w(n)a
- ,‘35 #[0.7] - =[n + 1,00)

¢ a{l —a/b)(a/b)"
220 [0, n|(a/b)}t!

= b—-a
~ n207[0,n)|
= b—oua.

Example 2. The M/M/oc queue. For the purpose of applying the theory

developed in Chapter 2 to the ATM multiplexor model, we caleulate Gap(L) and
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analyze the asvmptotics of Ao(B) for the M/M/oc quene. This is the continuous-

time Markov chain .\, on states {0.1.2,---} with transition rates
t — i+ 1. (birth) rate a.
i - i—1.{i > 1) (death) rate bi.

Let D, denote the set of functions which are constant off a finite subset of § :=
{0.1.2.---}. Then D, forms a core for the infinitesimal generator — L of this Markov
chain X;. (a subspace Dy of D(L) is a core of L if the closure of the restriction of L to
D, is equal to L. See Ethier and Kurtz (1986)). [t is clear that X, is reversible with
respect to the stationary distribution = which has the form: #(k) = exp(—=A)AF/k!
(A:=a/b).

Let & be an eigenvalue of the generator —L and ¢ € L*(S. ) be the corresponding

right eigenvector. Then,
(2.4.19) (a + a + bk)o(k) = ad(k + 1) + bko(k — 1).
Define the weighted generating function of ¢ as following

8(3) i= 3 o) x (k)

k=0

Using the Cauchy-Schwarz inequality,

B < zlo )2 (k) - 21 |°"e""\!.

Since @ € L*(x) it is clear that ¢ is entire. Multiply %7 (k) on both sides of cquation

{2.4.19) and sum over & from 0 to ¢ we get
m+@wg+mwm=§wm+wﬂuy

This is equivalent to
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The only solutions to this equation. normalized so that $(0) = 1. are
$(z) = M1~ 2.

where a/b must be a non-negative integer. Hence. reversing the above argument.

the spectrum of L is a(L) = {0.b,2b,3b....}. In particular. we have

Theorem 2.4.8 For the M /Al /oo queue,
(.'ap(L) =b.

Let B = {0.1.2.---.£ = 1} and —L?& be the gencrator of the M,/ M/ queue
killed outside B. Then L? is bounded.

Since D is a core for the generator —L and B is a finite subset. the zero-
extensions of the eigenvectors of LZ and (L8)* corresponding to Ao{ B) are contained
in the domain of L. Therefore. some of the results obtained in Chapter 2. especially
Lemma 2.2.5 and Proposition 2.4.6. can be applied (see the remark after the proof
of Lemma 2.2.5).

We now turn to the asymptotics of the principal eigenvalue Ag(£) := Ag(B) with
corresponding eigenvector ¢ which is normalized so that ¢%(0) = 1. Then

Jolf) = (8", LP¢"):/ N6}z
{=1

= L+ 1) = R+ (6 = 1) = ()R] (RIS
k=0~
-1
(2420) = Sk + 1) = G0 am(k)[6IE. (by reversibilivy)
k=1)

where ¢ is extended so that ¢7(£) = ¢*(=1) = 0. Since ¢*(k) is 2 decreasing function
of k (by Proposition 6.1 in Iscoe and McDonald (1991)) and ¢°(0) = 1. we know

that ¢° is uniformly bounded, i.e. 6°(k) < 1 for all k and £. In addition.

=1
1612 = (k)= (k) < 710,61} < L.

k=1
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Therefore
0 < (o' 1p); < llOIF11805 < 1.
On the other hand. by Lemma 2.2.5
(¢%.18)3 _Ao(f)
12 =7=—21- — 1. as £ — o0
= 'E Gap(L)

since Gap(L) = b as given in Theorem 2.4.8 and M(f) £ R ~ ax{f{ - 1) — 0.
Applying Propaosition 2..L.6 we get

(0. Kp)x ao(€-Dm(£-1)

: ~ - . as £ — 2¢.
(ot- 1[3):.- "Ot"rr

Ao(€) =

do(O)lIe413
aw(fé~1)

By (2.4.20) and 6°(€ — 1)[}¢%]l= £ 1. we conclude that there is a constant W such

~ &' (€ = D)6, as € — cc.

that. for £ large enough.

s e TR M@)o
k’%(o (k+ 1) =o' RN =7 = oy M <>
and. as =(k) is decreasing in k after some large value,
fw%wu—&&n(“ ) f@w ~stP = <
P | (-1 (-1

Since 7(£ = 2)/=(f = 1) = (£ = 1)/A — oc as£ — o<, we have
Ttk 1) =K — 0. asf— .
k=0

So. uniformly for k= 0.1,---.6 =2,

0" (k + 1) = ¢ (kY] — 0. as £ — x.

Also

=3 - -—
S (ot + 1) - o (S ) £ S ) - R S <

k=0 T(E k=) ( ’
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and
(B(E~2) = 1) = (B((-2-¢(0)

-3 2
- S+ - a‘(k))]
=0

< (€-2) E(df(k + 1) — 6%(k))? {Cauchy-Schwarz)
k=0

T(€£-1)

(€ - 3)

< (E=-2)M

]

= M =0  asf—oc
=1 0, as £ — oc

Finally,
g6 —1) =1 < g€ - 1) - (€ - 2)| +[¢*(€=2) ~ 1] =0, asf{—cx

We conclude that
lim max |6f(k) - 1] = 0.
{—oo 0Ck<t

and therefore [lo?ll: — 1 as £ — oc. These then yield the asymptotics of Ao(£):

Theorem 2.4.9 Ag(€) ~ aw(€ - 1), as £ — o0.



Chapter 3

Capacity of an ATM Multiplexor

3.1 The Model

The asynchronous transfer mode (ATM) is currently being considered as the pre-
ferred transport method for the broadband integrated services digital network (see
Woodruff and Kositpaiboon (1990) for a general overview). ATM is suitable for
multimedia traffic because it offers greater flexibility in bandwidth allocation by
transmitting information in fixed length packets. called cells. through virtual net-

work connections.

To achieve maximum bandwidth efficiency, bursty traffic is statistically multi-
plexed. When traffic sources are statistically multiplexed over a common link. the
sum of the peak rates of the sources, in cells per second. exceeds the throughput of
the link. The excess cells may be stored in a buffer but when this overflows. cells
are lost. The results in Li (1989) suggest, moreover, that when transmission rates
are high. no practical buffering will prevent the loss of cells when the link rate is
exceeded. When a sotree is bursty, cells are generated at the peak rate only for
very short periods of time. Immediately afterwards the source becomes idle and

senerates no eells. Since the sourees are independent, the chanee that many sources

16
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transmit simultaneously at the peak rate is small.

We assume that the link rate is £ = 1 cells per second.  Further we assume
that traffic sources belong to n distinct, independent service categories ( voice.
text, video. etc.) and that traffic sources in category ¢ may be described as an
alternating series of idle and bursty periods. A burst from a source in category
produces cells at a rate of d; cells per second. This meauns that during a burst from
source i. approximately every (€ — 1)/d;’th cell leaving the link comes from source
i. We must say approximately because cells which arrive simultaneously at the link
from different sources must be slotted one after the other. This is accomplished by
buffering and it results in jitter or a slight delay in the arrival of one cell relative
to others in the burst. We assume that bursts of category i arrive according to a
Poisson process having a rate of a; bursts per second. We also assume that the
burst periods are independent (and independent of the arrival process) and are
exponentially distributed with a mean burst length of 1/5,.

The agsregate of the n different source categories represents the total load at
the link. In particular, if we let N;(t) represent the number of bursts from category
i sources being multiplexed at the link at time ¢, then the total load at time ¢ may

be represented by
N(t) =3 diNi(t).
=1

When the load excceds the link rate we say the multiplexor is congested. Define
r=inf{t 20: N(t) > £}

so 7 is the time until congestion occurs.
Note that V() is statistically equivalent, up to time 7. to an M/ /oc queue
(which we still denote by N, (t)) with arrival rate a; and service rate b; so. assuming

cach category is in equilibrium, the mean load is %, diai /b, To characterize 7.
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the time until congestion. we describe the traffic at the multiplesor by the Markov

-
rn

process Nit) 1= (MV{t).--- . Nu(1) defined on the state space § := {0.1.2.--- 1"
Let Dy denote those real-valued functions which are constant outside a finite subset

of §. N has infinitesimal generator —L , having Do as a core. given at u € Dp by

CLu(®) = SU(E +6) - u@)a + (u(E - 8) - u@)zbl,
=1

£ = (X1.x2.- L) €S

where &, is the #" basis vector in § having all its components equal to 0 except the
ith which is 1: 7 is the first time the process N (¢) reaches the bad region B® = {f €
S: Z? (i,‘I,‘ 2 C}

We first remark that the V; are independent and each is reversible with respect
to the stationary Poisson measure having mean A; := a;/b;. Hence N(t) is also

reversible with respect to the stationary product measure 7 given by

n \.z.
(3.1.1) w{xy.zae ) = [[ e
=1 Iy

The reversibility of N(£) with respect to = means that for all 1 < i < n.
bziw(Z) = aiw(£ - &) ifz > 0.

Since the equilibrium distribution is known and is given by (3.1.1). the steady-
state problem is of no more interest. The problem with which we are concerned here
is the transient behavior of the process, especially the distribution and the mean of
7. Let =L2 be the generator of the process N{t) killed outside B, then, since B
here is a finite subset of the state space, —L# can be represented by a finite matrix
which we also denoted by —LB. We know that —L? is selfadjoint on L*(=p) so
that it is diagonizable. The speetral theory can be applied to caleulate the exact

distribution of 7. or equivalently Po(r > 1). But from practical point of view, an



CHAPTER 3. CAPACITY OF AN ATM MULTIPLEXOR 19

exact solution is either impossible or unnecessary because the state space is usually
huge. For the purpose of studying the quality of various estimation methods. we will
need to caleulate the exact solutions for some small problems. The precise procedure
for obtaining exact solutions and many estimating techniques are presented in the

following section.

3.2 Methods in General

This section is devoted to a general discussion on the methods we will use to get so-
lutions to the first hitting time problems for the ATM multiplexor model introduced
in the last section.

1. The exact solution method.

Theorem 3.2.1 Assume that the dimension of —L® is m + 1, then the killed gen-

erator —LE which is selfadjoint in L*(wg) can be decomposed us
L® = PDP-!
where D = diag(ho. M. oo Am). P = (Do, P1,-: Pm) with A; the ith smallest eigen-

value of LB and p; its corresponding eigenvector such that |pll= = | for all i.
Therefore, for t > 0,

(3.2.2) Prlr>t) = D (mgp)e™
1={)

(3.2.3) E:r = Y (=P
=0

where wg is also used Lo denote the vector which has elements w(x). forx € B.

Proof : This is a standard spectral argument. Define the symmetric version of L?
s

A=T2LeNG
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—_—
h ]

Al - - . - - . .
where TI}Q" is defined as the diagonal matrix with (=(x), ¢ € 5. on the dingonal.

Then there exists an orthonormal matrix @ such that

A=QDQ.

LB = M2 any? = n;'°QDQ iy
Define P = [3"°Q or ll},/"!l-’ = Q. then
L% = ppp-
and
Pt = Q Nyt = QMY = (PIEHIY = Pllg

or equivalently

PlgpP=1.

From the above equuations. we know that p, is the normalized (|[pi||= = 1) eigenvector

corresponding to A,. Moreover.

Pe(m > t) (1,677 1p), = WZBC_PDP_ttls

r — r — »
= wgPe btp l13 = .-.'BPe bt p TR
m "
. L. Y S = 2 =t
- ..HZ;),pkn Yrp = Z(,. ph )T
(| (=1}
Taking integrals from 0 to & aver the above equations yields the expression for £zr.
This completes the proof. n
In order to use the above theorem, we have to calculate all eigenvalues and

cigenvectors of L2, which is usnally impossible for a fairly large system. But if

we know two parameters Ag(f3) and CGap(L), we can still get some good lower and
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upper bounds for the distribution and the mean of . This theory was developed in
Chapter 2.

2. Aldous and Brown’s method

By definition, B is a finite subset of S and D forms a core for the generator —L.
so the zero-extensions of the eigenvectors of L& are contained in the domain of L.
Therefore, we can apply Theorem 2.3.5 to the process N(t) 1= (Ni(t), . Na(t))
(see a similar argument in Example 2 at the end of Chapter 2). We may also reduce
to a finite state space as in Aldous and Brown (1991) by grouping all the points in
B¢ to one point and then apply Theorem 2.3.5 to this finite-state Markov chain (see
Iscoe, McDonald and Qian {1992a) for details). Nex:, we show Gap(L) > 0.

Since V;(t)’s are independent one from the others aad the stationary distribution
= is of product form, by Theorem 2.4.3, Gap(L) = min;= ... Gap(L;) where —L;
is the generator of V;(t). But N;(t) is equivalent to an 1 /M /oc-quene with arrival
rate a; and service rate b;. by the example of the M/AM/>c queue in Chapter 2.

Gap(L;) = b,. So we conclude that
Gap(L) = J_P}i_gnbj > 0.

On the other hand, the mean killing rate K is an upper bound on Xy by the

Rayleigh-Ritz principle; that is
o = inf{(u, LPu)x: Jull- = 1}
< (1. L71g)x/lI1all3

< z"‘:z am(Z) _

where B ;= {f € B:Z+ & € B forsomei = l.---,n} is the boundary of B.
The following is then an immediate result from Theorem 2.3.5 and will be applied

to the ATM multiplexor model.
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Corollary 3.2.2 (lscoe. McDonald and Qian (1992a) Theoremn 1.5)

For the first hitting time v, we have

PT(TET) < I—(l—

E.r
where Gap(L) = min{b;i = L.---.n}.

3. The linear system methods.
Define a{F) = Es7. which represents the mean time to reach the bad region B¢
starting at £ € S. Then it is known (see Dynkin (1965)) that a satisfies

La(Zf)=1 forZe B
(3.2.4)

a{(f)=0 forZe B-.

After solving the linear system. we can get E.7 by the formula:
e = 3 a(E)w().
feB
This linear system can be solved but the number of variables is of the order £*, so
large systems are intractable.
Similarly define x4(Z) = Ezexp(—67) to be the Laplace transform of ». Then
we have (Dynkin (1963)).

—Lrg(E) = Oro(x) forre B
(3.2.5)

wa{Z) = 1 for £ € B°.
The solutions of the lincar system are used to give an upper bound for the distribu-

tion of 7 in the following way:

PATET) = Pyle™ 2e™)
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< TEe™™ ( by Chebyshev's inequality )

Il

€T T r()=(E).

FeB

But again this linear system is only tractable for small n. In the next section we
introduce the so-called induced Dirichlet forms method which makes it possible for
us to reduce the sizes of the linear systems described above and provides excellent
approximations to the parameters we are concerned.

Before we close this section, one more solution to our problem is worthwhile to
mention.

4. Saddle point approximation method

For larger problems. a saddle point approximation could be tried (see Daniels
(1954)). Define G(8) = Erexp(—07) and p.(0) := log(G«(8)). Then

l

Por S T) % —== exp(6oT + pi=(0o))
V2703 (1=)"(00)

for (1t=)'(00) = =T. The existence of 8y and its mumerical calculation are discussed

later.

3.3 The Induced Dirichlet Forms Method

For simplicity of notation. we first assume that the rates at which ATM cells are
produced by sources in different categories are distinet. ie. d, # d; if i # j. The
special case where all d;s are identical will be discussed later in a separate section.

Recall that the N, (1)'s are independent and cach is reversible with respect to
the stationary Poisson measure having mean A; := e,/b;. and .'\"-'(f.) is also reversible

with respect to the stationary product measure « given by

n )t:'
7‘-(-7:]!-'521"'93:13) = ',_;TC-A.
~1 Fis
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Define the Dirichlet (zero) form

S(u.u) = (w.Lu)r, forueDy

= 3 uf) Lu(@)=(T)

fes
= 3 Xnié [(u(-;r' +6;) = u(@)) e + (u(F - &) - u(i:‘))"'x,-bi] 7(£)
fesi=1*
(3.3.6) = 3 i[u(f + 8) = u(@)Faiw (D)
fesi=1

and define
Soluu) i= E(w.u) + 0> w(@)*=(D).
FES
lS(u,u) = w(@g(E)=(E)-

Z€Ss

Aluu) =

2]

Let H be the set of functions defined on S which equal 1 on B°. Since N(t) is

reversible. the function xy(£) = Ezexp(~0+) satisfies a variational principle.

Theorem 3.3.1 (Iscoe. McDonaid and Qian (1992a) Theorem 1.1)

Among u € H. ry minimizes Eg(u, u). Morcover

Cape(B7) = inf{&(u.u);u € H}

= QE.exp(—-07)

03> Kolz)=(E).

£E8
Proof: For a proof which is valid for a general reversible process see Fukushima
(1980): Lemma 3.1.1 and Lemma 4.3.1. For an elementary proof differentiate the
form Eg{u, u) at any u(-) and follow Liggett (1985). [

Let K be the convex set of functions defined on S which equal 0 on 3% Again

since N(f) is reversible, the function a satisfies a variational principle.
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Theorem 3.3.2 (Iscoe. McDonald and Qian (1992¢) Theorem 1.2)
Among u € K, a minimizes A(u, u). Morcover

inf{A(w.u);u e K} = - Z (F)=(Z) = ——E.r.

:ES
Proof: Note that on X there exists an m > 0 such that E(u.u) = m if Jufl. = 1.

For otherwise, if £(u,u) = 0 then, by (3.3.6), necessarily u is constant and hence 0
by the boundary condition. This gives the coercivity of A. To find the minimum.
differentiate A(u, u) at any u(-). =

We now map these complicated minimization problems onto simpler ones. Specif-
ically define the map f from S into Ry by f(zy,2o. -+ .2a) = T)., djix;. First f
induces a measure =" having (countable) support S* C R defined by

FP=r{E f@=D= ¥ =@
:"::;'=1d,:,-=r

Bv Corollary 1.12 in Iscoe and McDonald (1990) this map also induces a regular
Dirichlet form £* on §*. For any function h € D}, where D¢ is the set of real-valued
functions defined on $* which are constant outside a finite subset of 5*:

£ (h.h) = E(hof hof)

n

= 3 Z T S [(lr +di) = A1) e + (h(r = di) — h(r)) b =(&)

rES [(B)=ri=1

= % > Zn:(h(r +di) = h(r) aiw(r)

~ res* =1
;; z Z(h(r —d;) = h(r))? Z x.big} = (r)
T resta=l fes:z:zld,r,zr " J")
= é zs: g (h(r + d;) = h{r))?a;7"(r)

§ eZ ; h(r — d;) = h{r))* [""_“717%)_)] x(r)
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(3.3.7) = Z i‘(h(r +d) = h(rD ().

réSeaz1
The form £* is associated with a Markov jump process N*(t) on S*. having sta-
tionary measure 7* and generator —L*, which jumps from » € S* to the right to
r+d; € S* with intensity a; and to the left to r—d; with intensity e, (r —d:}/=*(r).
It is not in general the same process as N (t) since the latter is not typically Marko-
vian.

Now let 4 be any function in H*. those functions on S* taking the value 1 on

the image of the bad region (B)* = (B%)° = f(B°) € {£.£ + 1.---}. Cleaniy.

Caps( B} = ‘i‘lél?f_tgg(u,u)

< &gg.éb(htbf.hcaf)
= oo Ty,
= hlen_“s_ E(h.h) +0r§. h{r} = (r)| .

Hence, defining

E(hoh) = E(hB) +0 S h(r)*n )
res

and
Capy((B°)) = hg;{ & (h.h)
we have
Cape{ B™) < Capg((B*)7).
If we define
o=inf{t > 0: N*(t) > ¢}

and we denote by E.. the expectation associated with NV* started with its stationary
measure 7, then the analogue of Theorem 3.3.1 is valid for the Markov process

N (1), and we have the following result.
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Proposition 3.3.3 (Iscoe. McDonald and Qian (1992a) Proposition 1.3)
Forall0 >0

Exexp(—071) £ E;. exp(—07")

and

Ert' < Err.

Proof: The sccond inequality follows from the first by subtracting | from both
sides. dividing by 0 and letting 6 tend to 0. =

Using Chebyshev’s inequality (as we did in the last section), we immediately have
an upper bound on the probability of congestion occurring in a fixed time interval

0,T).

Corollary 3.3.4 (Iscoc. McDonald and Qian (1992a) Corollary 1.4)

For any @ > 0:

P.(7 £T) £ T07'e"Capj - ((B)*).

Here the central idea is to estimate any parameter related with the original multi-
dimensional process by its counterpart associated with the induced one-dimensional
jump process. All those methods presented in the last section for obtaining the
distribution and the mean (exact or estimated) of 7 can be used for obtaining those
of 7*. Those methods not tractable for large multi-dimensional processes might be
usable for the relatively small induced processes. For example. applying the linear

systemn method to the induced process gives:

Lat(r)=1 forre B

a'(r)z 0 for r € (B°)*
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(& ]]
o

for a*(r) = E.7*. and
’ —~L*sy(r) = On5(r) forre B*
(3.3.8)
xg(r) =1 for r € (B)*

for xj(r) = E,exp(—07"). From this exact solution. Cap;((B°)*) and Ex.7" follow.
This is feasible even if n is arbitrarily large since the above systems are at most of
dimension £,

In the next section. we compare numerically whatever we can get for 7 from

those methods given in the previous section with that for 7°.

3.4 Numerical Comparison

For simplicity we usually assume the d; ate integer-valued for otherwise we can round
up to the next integer and this has the effect of reducing +. This is acceptable since
we are looking for underestimates of Exr and overestimates of Pz(= £ T).

First we wish to point out that. in real computation. it is unnecessary to generate
the huge generator matrix L2 to obtain the induced generator (L*)B". What we do
need to calculate is i.ic induced distribution =*. Unfortunately =* is quite compli-
cated in general. The asymptotic behavior and some other properties are analvzed

in the next chapter where the following recursion relation is also shown:

. . l = . ‘ ‘e
3.1.9) = (r) = ;zdl)‘fﬂ (r—d;). r € 5'\{0}

J=1 )
with 7°(0) = exp(=A) where A := £, A;. Note that =*(r—d;) is 0 in the recursion
if 7 — d, is not in §*. This recursion provides a practical means of calculating =°.
With it we may evaluate the the jump rates for the induced Markov process having
Dirichlet form (3.3.7)

The models we usea for the nmmerical comparison are as follows:
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Model | Queue 1 | Queue 2 | Queue 3

a) wny an ba [eX] b;g

1 J112 .22 (3] 30

Table 3.1: Rates for four different models.

Notation and parameters:
n = 3: Number of queues in the system.
£ = 11: Maximum link capacity.
d, : Burst rate of queue i: d; = 1, do = 3, d3 = 5 are fixed.
a; : Arrival rate of queue i.
b; : Service rate of queue i.

T = 10 : Time.

The first thing we compared is the capacity. For three different values of §. we

caleulated Capy and Capj. This is achieved by using the lincar system method and

the results are given in Table 3.2. We used the eract solution method to calculate

P.(r £ T) and P;.(* < T) which are shown in Table 3.3. In the same table wé

also compared results from the saddle point approcimation for both the original and

the induced processes. Under Approximation 2, we provide numerical results by

using the asymptotic theory about Pe(r € T) studied in Chapter 2. which says. as
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Model 0y = .05 fa=.1 03 = .15
original induced | original induced | original induced
1 00011609 | .00011609 | .00011630 | .00011630 | .00011643 | .00011643
2 00016153 | .0001615 | .00016210 | .00016211 | .00016250 | .00016250
3 00001161 | .00001161 | .00004167 | .00004167 | .0000:1171 | .00001171
1 _ﬂ)EJOQQBS .00002235 | .00002237 | .06002237 | .00002233 .0000223_8_
Table 3.2: Capacities at different §’s.
Model| Exact Probability Saddle Point Approx. Approximation 2
PA7<T) | Pz-(v*£T)| original induced T/E.+ | T/E.T
1 |.00116369 | .00116370 | .00108643 | .00108643 | .00116279 | .00116230
2 00162234 1 .00162236 | 00151901 | .00151903 | .00161749 | .00161752
3 00041676 | .00041676 | .00038878 | .00033878 | .00041607 | .00041607
4 1.0002236% | 00022368 { .00020850 | .00020859) | .00022341 | .00022341

Table 3.3: Exact probabilities and approximations.
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Model | Upper Upper Bound 2 Lower Bound
Bound 1 | original | induced | 1—e T | 1—e~n7
1 .00118269 | .0n314619 | .00314619 | .00116212 } .00116212
2 00166635 | 00438615 | .00433622 | .00161618 | .00161620
3 00042244 | .00112713 | .00112714 | .00041598 | .00011598
| 00022536 | .00060497 | .00060497 | .00022338 | .00022333

Table 3.4: Upper bounds and lower bounds for the probabilities.

Model Mean Lower Ao A =(B°)
E.r E..7* | Bound
1 8599.98 | 8599.96 | 8520.63 | 1.16279E-4 | 1.16279E-4 | 1.56E-6
2 6132.41 | 6182.31 | 6094.06 | 1.617T48E-4 | 1.61751E~4 | 6.04E-6
3 24034.6 | 24034.4 | 23864.4 | 4.16067E-5 | 1.16070E-5 | T.68E-7
4 44T61.5 | 44761.4 | 44546.1 | 2.23406E-5 | 2.23407TE-5 | 2.95E-7

Table 3.5: Means and their lower bounds, principal eigenvalues.
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{ — ¢,
Por €Ty~ 1 =exp(=MT) ~ T ~ E{:
where E;7 is obtained by the linear system method.

To apply Corollary 3.3.4 we may simply set # = 1 and. by defining &' = 1/T, the
upper bound may be written as (¢/6')Capy ((B)*). Alternatively, we may optimize
in 0. Let Gz () = B exp(—07") and define p3.(6) := log{Gx-(f). The upper
bound is now equivalen: to Pe(- < T) € oxp(0T + p3.(0)). For T < ——(;z;:)'(O) =
E.-7. the value 0 that produces the tightest upper bound is found by solving
(12.Y(6) = —=T. This equation has a unique soluzion because pg.(0) is strictly
convex. strictly decreasing and analytic on the interior of its domain of convergence.
(8.0c) for some § < 0. In Table 3.4, under the columns labeled Upper Bound 2,
we find this minimum numerically. This involves fitting a quadratic to the function
6T + u2.(8) and finding the minimum for this quadratic. Each evaluation of this
function at a given @ involves the solution of the induced linear system (3.3.83). This is
the same procedure to obtain 0y when we try the saddle point approzimation method.
We see this is .noderately successful but while the Laplace transform Erexp(—07) is
well approximated, the Chebyshev inequality is rather coarse. Better upper bounds
and lower bounds on P:(r < T) are found by applying the Aldous and Broun's
method. The results are given in Table 3.4 under the column Upper Bound 1 and
Lower Bound. These are seen to be excellent. The corresponding lower bound on
E.r are given in Table 3.5 under the column Lower Bound. Also in Table 3.5,
the exact values of E-r and E-.7* at. compared. and we sce that the principal
cigenvalies Ay and Aj are extremely close. The latter fact is believed to be the most
important factor for the success of the induced Dirichlet forms method applied to the
ATM problem. We can show that Ay(B) and Aj(B*) are asymptotically the same

when 2 = S, This is the main topie of the next chapter.,
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3.5 Special Cases

in the case where the burst rates d; from all sources are identical (and without loss
of generality equal to 1), everything simplifies. From (3.3.7), £* becomes (S$* = A
the set of natural numbers):

e (h.h) = T [(hlr +1) = h(r))*Bx*(r)]

res
where B = £",a;. Since T, Vi(t) is a Poisson random variable with mean
A =TT, it follows that #*(r) = exp{—A)AT/rl. By reversibility. it follows that
the jump rate fromrtor— 1l is
T(r—=1) &
= (r) A7
We conc'ude that the induced form is that of a M /M /oo queue having constant birth
rate B. linear death rate Br/4 and equilibrium measure =*(r) = exp{—A4)A"/rl
Consider any positive recurrent. irreducible, birth and death process (X (¢): ¢ > 0)
with generator —L with birth rates B(z) > 0, z € N. and death rates D(z) > 0.

r € M\{0}. D(0) = 0; and stationary measure =* given by

. . x 1 ifz =0,
@) = m@) Som),  m) =
y=0 B(0)--Blz=1) -
' Do LTl
The reversibility property is
(3.5.10) B(x)=*(z) = D(z+ )="(z + 1).

As usual we sct

(3.5.11) 7 =min{t > 0: X(§) > £}.
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Let a(x) = E.7. Then a satisfies

Lajz)=1 for0 <z Li-1
(3.5.12)
a{z) =0 forx2>¢.

Also define

r =1 .
Ar*(r) = Z #*(s) and w{(z) = Z Bg‘) (r()r)

x=0

It is straightforward to verify directly that 1 {€) — v (x) solves the problem

(3.5.12). Consequently we have that
(3.5.13) Eime = ni(f) — niz)
and in particular v (£) = Ey7. Also.

Eerp = ZE:-M () = ()A€ - 1)—21}1 )7 (z)

. ~ =1 1[-( )2
(-3.-).1'1) = Z;B—(:;,‘)__(_)

The last equality follows from a summation by parts. Alternative results are given
in Karlin and Taylor (1975).
For the M//M/oc queue above this gives
-1

nlr) = z i — AR exp(A)M (k)

k-r

where Mo(k) 1= T8 70i) = exp(=A) T80 ¢ 1A' B Proposition 3.3.3. it follows

that
1 =l ,
(3.2.15) E.7r> F.v" = Ecxp(/l) z ATFRIA (K)?
k=z0)
M (F = 1)?

3.0.16 > —
10 )
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3.6 Comments

We see from the numerical comparisons that the induced process always provides
excellent approximations to all exact solutions or estimates of parameters regarding
the distribution and the mean of the first hitting time of the multi-dimensional
process. As far as possible, we should solve the problem for the much smaller
induced process. But we remark that when £ is large. even solving the induced
problem may become troublesome. In that case. the asymptotic results depending
only on Gap and A should be used.

The induced process is the aggregated process which arises in the aggregation-
disaggaregation method for finding the steady state of a large Markov systen (see
Schweitzer (1991)). The engineering approach, then. is to replace any quantity
associated with the process N(t) by the corresponding quantity for. the induced
process N*(t). In Chapter 3. we use the small induced process rathef than the huge
original process to drive a buffer in the multiplexor and approximate the original
buffer content by the new one. Hong and Perros (1992) similarly use the induced or
aggregated processes associated with a number of interrupted Bernoulli processes to
drive a multiplexor buffer. [f one takes this approach, we should estimate P:(+ £ T)
by Pp-(7* € T). For small problems we may calculate the latter directly, as in
Table 3.3, under Exact Probability. The relation between P:{+ < T) and P..(7* <

T) can be deseribed as follows. For any fixed subset B. there is a Ty > 0 such that
(3.6.17) Pir <TYL P (7" £T), for T > To.

This is because when T is large, Po(v € T) and P..(+* £ T} are asymptotically
equal to 1 —exp{—=X2¢T} and | — exp{—A3T} respectively. and by the Rayleigh-Ritz

principle we know Ay < A



Chapter 4

Asymptotics of )¢ in the ATM Model

\Ve first recall some definitions. notation and results given in the ATM nwltiplexor
model investigated in the last chapter. [t is assumed that the link rate of the multi-
plexor is £—1 cells per second, and that n distinct independent traffic categories are
multiplexed together at the switch. Traffic sources in category i may be described
as an alternating series of idle and bursty periods. A burst from a source in category
i produces cells at a rate of d; cells per second. We assume that bursts of category ¢
arrive according to 2 Poisson process having a rate of a; bursts per second. We also
assume that the burst periods are independent (and independent of the arrival pro-
cess) and are exponentially distributed with a mean burst length of 1/6;. We describe
the traffic at the multiplexor by the Markov process N(&) := (N(8). -+, Na(t)) de-
fined on the state space S := {0.1,---}™ where N;(t) represents the number of bursts
from category i sources being muitiplexed at time £ As such, 7 is the first hitting
time the process N(t) reaches the bad region B := {£ € S : f(&) = £} where
(&) =L, dixs.

We know that for each | < i < n, NV;(t) is reversible with respect to the stationary
Poisson measture having mean A, := a;/bi. Moreover the {(N;i(4);1 < i < n) are

independent. Hence N(t) is also reversible, with respect to the stationary product

66
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measure = given by
n ,\x| \
(T T Tn) = Hﬁe '
=1 v
The technique of induced Dirichlet forms was used to generate a reversible one-
dimensional induced Markov process (Ng;t 2> 0) with induced stationary measure
7* having (countable) support S* C R, defined by

) =Es({g: f@)=r}) = S w(£). where f(f) = id,;rj.

- n y —
x:zpld_,z_,zr =1

The generator —L* of the induced process N} is given by

=L u(r)

j J* (. ds)uls) = u(r)]

= X zn:(“(f +di) — u(r))a:="(r)

reST i=1
b X Satr=d) - ulr) [ gy
rese i=1 .

for u in the core Dj of real-valued functions which are constant outside a finite subset
of the non-negative integers. .;Xs above let —(LB)* = ~(L")?" denote the generator
of the process killed on the induced bad region (B*) C {£.£ + 1.---}. Denote by
[K*]8"(z) := 1-(z)J*(z, (B*)) the killing rate of the induced process. We note in

passing that the mean killing rate
—_— « 3 - - oy LTIV A
7 = [ KT (0 nm (8 = [ (K017 () (dr)

where 7* is the truncated probability measure of #* on B°. It should be noticed that

the mean killing rates are the same for both the original and the induced processes.

=7".

&l

i.e.
The frst hitting time 7° of N, into (B*)° provides a stochastic bound on the

first hitting time 7 of N, into 8% 7° is stochastically smaller than + in the weak
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sense that, for all 0 > 0,
Erexp(—=07) < Ez. exp(—07")
and
Eror < ERr.

The numerical results in the previous chapter yielded virtually identical values for
E.7 and E.-7*. far better than just a lower bound. The goal of this chapter is to
explain this extremely good approximation. The explanation lies in the fact that
E.7 is closely approximated by 1/Xo. while E-.7" is closely approximated by 1/Ag.
where Mg and A are the principal or Perron-Frobenius eigenvalues corresponding to
L8 and L? (also denoted by L*(€)) respectively. We use the Temple-Kato theorem
(see Kato (1949)) to show that as B — S (or equivalently, £ — oc). Ag/Ay — 1.

This is the main result of this chapter and is presented in Proposition 4.2.8.

4.1 Properties of the Induced Stationary Mea-

sure

In this section we derive the recursion relation (3.4.9) for the induced probability =*
and study its asymptotic behavior. For each ¢ > 0, the weighted sum, 37, diVi(t).
of independent Poisson random variables, where N, (t) has mean A;. has a compound

Poisson distribition with characteristic function

o(t) := exp (Z Ajlet — 1[) .
J=1
For any r £ §°,
L ™
2(r) = o= [ e o(1)dt

l n
= — 2" D exp{3 Ajfzh = 1]}z

271 oy
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after substituting = = exp(it) where § denotes complex integration around the unit

circle. Next, integrating by parts, we get

L s exp (Y Az = 1 Nd,2dz, r >0
5 5
J=1 =1

i

=*(r)

2mir
1 n
= - Z /\jdj;—“(r - dJ)
r o
This recursion. with =*(0) = exp(—A4) where A := £ A\, concentrared on §* C

R.. provides a practical means of calculating =°.

We may. moreover, derive the asymptotics of 7°.

Theorem 4.1.1 (Iscoe, McDonald and Qian (1992e) Theorem 6.1)

If the d;’s are aperiodic then as T — ¢

1 1 i
T. ~ - -r X )\ 'd’—].
e = T PV LT

-—nJ:I
where s = s(r) is the positive solution of r = ¥h., d;\;s%: s0 s ~ (r/Ad)V2.
Proof: See Moser and Wyman (1956), expansion (3.49). =

Lemma 4.1.2 (Iscoe, McDonald and Qian (1992a) Lemma 6.2)

If the d;’s are aperiodic, d := max{di;i = 1,-+-.n} and A= ;g _q ;. then

—o(p)pl/d

— /d
Jim o = (@

Proof: Using the previous theorem we have

7' (r)s(r)
m(r—1)
(‘1.1. l) ~ (S('r — ]‘) )r—l exP(Z}Ll /\jS(T)dJ) z?:l dgt\j-‘?(r)d’
S (T A~ DB)\ Ty BAys(r = D%
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Let r = f() 1= 0 dyAsh. Clearly f(#)/sf — dAsos(r) ~ (r/d\)" L The result

will follow if we show the right-hand side of (L1.1) tends to L.

Expanding s around r we get
sfr=1D=s(r)=8(r)+

where r — 1 < 7 < r. Now

and

so |$"(r)] = O(s(r)/r*). Hence.

s(r—1) 1

2 L
=Li= Ofl/rYy=1— —— »
s(r) E oy T oW = - Emal O(1/s)-

We conclude

s(r=1) = os(r = 1) 4,
roo_ n s
Gt D
1
T RAse

— exp(—1/d)

~ (1 (1 + O(1 /)y

as s — . Also.

exp(Z) Ay s(ry®) N s(r=1) d;
UXP(Z;I Aslr < n%) (.XIJ(ZI\J.S(T‘) [1 - <) D

J=1

I

il tl;
exp(g /\jS(T)d’m(l + O(1/s}))
— exp(l/d).

Finallv, the last term on the richt-hand side of (4.1.1) tends to 1 so the proof is

cornplete, =
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Corollary 4.1.3 (lscoe. McDonald und Qian (1992a) Corollary 6.3)
If the d;’s are aperiodic then there is an R such that r=*(r) is decreasing for
7> R—d . R may be identified as the smallest value r such that =°(r) is decreasing

on [r—d,r|.

Proof: By the previous lemma we have that, for r sufficiently large, =*(r)/#'(r -
1) < 1; so there is an R such that =*(r) is decreasing for r > R —d. By the recursion

formula for =*, if » > R. then

DD = 3 A - d)
i=1

IA

> Ndymt(r—d; = 1)
i=1
= ra*(r).
We can also see from the above that if =*(7) is decreasing on [r — d.r] . then it also

is decreasing on [r -+ l.2¢c) =

4.2 Asymptotics of \y(B)

Since B is finite and (L8)* is selfadjoint, it has positive eigenvalue Aj(£) and asso-

ciated right (and left) nonnegative eigenvectors ¢* = p* belonging to L*(=*).

Lemma 4.2.1 (lscoe. McDonald and Qian (19926) Lemma 3.1)

For d = max, d;,
M) =0(=z"(f-d)), asf—=x.
Proof: By the Rayleigh-Ritz principle and the definition of the mean killing rate,

Molf) £ F
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[

=]
= S Sk )Rt (k) R0[006 =
k)

= %j S aw(R)/=00.6 - 1]

k=t=d i Dl—k

= Z ( 3 ai) = (€~ j)/=[0.£-1]

J=1 \udizj
~ ( S a,) 7 ({ - d) (by Lenuna 4.1.2)

since 7°[0.£ = 1] = 1 as £ — 2. =

In the last section of Chapter 2 we observed that the principal cigenvalue is very
much dependent on the values of the stationary distribution and the corresponding
eigenvector on the “boundary’ of the rare set (see Proposition 2.4.6). In order to
study the asymptotic behavior of the principal eigenvalue, we need first to find out
the asymptotics of the eigenvector. This is sometimes achievable via the gencrating
function of the cigenvector (see the example on M/M/1 queue) or the analysis of
the stationary distribution (sce the example on AM/M /> queue). For the induced
Markov jump process. we do the same as we did in the case of M/M/x queue. We

first show that the cigenvector p* converges uniformiy to 1 as £ — .

Lemma 4.2.2 ([scoe. McDonald and Qian (1992b) Lemma 3.2)

Let p* be normalized such that Yp*[|=- = 1. Then

litn max ] ipt(h) — 1} = 0.

fmxe DLk
Proof: By Lemma 4.2.1 there is a constant M sueh that Aj(£) £ M #x*(£ = d). Set

1= g catis. Then for all large £
Mo = A= (F = d)

= ((LPyp . pthee 7B = d)
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Bl . 7 {k)

= T T : k'f'dt - p{k -_t—

;; 2. [o"( ) = p* (k)] oy
& cne L T (R)

> ‘(k + d) = p" (k)| o

> 3 kD) - WF eng

ezt 2w (E—d—1)
> ‘(k+d)-p (R} ) a——7r—75—
> {3 bt a-pir eSS

Since. by Lemma 4.1.2 limype 7" (£ — d = 1)/7* (£ — d) = +o¢. we conclude that
L=d=1 .-,
(4.22) Jim 3 o'k +d) - p"(R)F = 0.
: k=0

Given f—d <k <f-1,writek=md+r,with0 < r <d. Then

(42.3)}p* (k)= U £ |p*(k)—p'(k—d)|
m—1
+ 3 otk —jd)—pr(k = [+ 1]d})| + |p*(r) —1].
i=1
Now lims_a |p*(r) = 1| = 0 for cach 0 € r £ d — I; and by (4.2.2)

lim max 1Ip'(lc) -pk=-d) =0.

Lo d<hSE-

Finally, with C denoting a generic constant (depending on d, A, etc.) whose value

varies from line to line. we have, by the Cauchy-Schwarz inequality:

el , £ d=2d—1 "
(Xl k=) = pk=[+UDFSS X loli+d)=p ()
= =ty
. | F E—Z.'d-ll .. g 7."('1:)
< C ¢ g 2 (l_*_d)_p(z)]a;;'(f—‘_)d—l)

< CEMNE)/(E—2d~ 1)
< Clr(f—d)f="(f—2d—1)

< Qg - cp=id g
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as £ — a¢; the last inequality following from Lemma 11,2,

Note that for & < € — d. we can include the first term on the right-hand side of
(4.2.3) in the the summation following it. -

We now show that the estimate obtained in the proof of Lemma 121 is actually

asyn:ptotically sharp.

Proposition 4.2.3 (Iscee. McDonald and Qian (1992b) Proposition 3.5)

Leta=Y,g-a0. Then Aj(€) ~ax* (€ —d), as € — 2.

Proof: By the Rayleigh-Ritz principle. it is clear that Gap(L*) 2 Gap(L) > 0. So.
we see from Lemma 2.2.5 that

As(€)

2o . as £ — oc.
Gap(LY) 1 as oC

(p'.1g ) 21—
Then applying Proposition 2.1.6. we have

N ~ 3 )R () (R)

&=
2=1
~ Z K*(k)=*(k). (by Lemma 4.2.2)
k=0
= Z (Z &) (€ -7)
I=1 \ndi2j

~ ax' (£ —d)

by Lernma 112 |

Using Proposition 4.2.3. we can sharpen the analysis in the beginning of the
proof of Lemma 4.2.2 to obtain the following estimate, which will he used in the

proof of Theorem 4.2.5.

Corollary 4.2.4 (Iscoe, McDonald and Qian (1992h) Corollury 3.4)
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Let p* be normalized such that |[p*|l=» = 1. Then

n f=d,=-1
Y alptlk +d) = o (R)P(K) = oAS(€)).  as £ — o
= k=0

1=1

Proof:
n {&=1
%O = X T al(k+d) = p k)P k)
i=1 k=0
n &-d, -1 o N
> T 3 alptk+d)—p PR +alo’ (@) - o' (€ - D (= d)
=] k~=0
Therefore
n f-d,-1 . R
NEOTY Y alptk+d) - g RPNk < L= [pt (€ - d)fFart (€~ DA
i=l k=0
— 0. asf— 2.
by Lemma 41.2.1 and Proposition 4.2.3. m

The next two lemmas will also be used ‘n the proof of Proposition 4.2.8.

Lemma 4.2.5 (Iscoe. McDonald and Qian (1992b) Lemma 3.5)
Let X = (X\,...,X,) be a random vector with law =. Set \; = a;/b; and, for
ke S, set

EWX, = EIX Y d;X; = k] and Var™X, = VarlX,! 3 d;X, = &].

j=1 j=1

Then
E (i} /\’1 - A %

Wy _ gem(k-2d) | wk-d) |7 (k-d) ?
Var'™ X, = X = (k) 0N A 0
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Proof:

(4.2.4)

and

E®X]

E(k)«\’; — 5 x‘.ﬂ
.r:f.(:;:k 7."(}:)

1
= T E ) > baw(x)/bi

J(z)}=k

1
= —0= i (@ — 8i) /b
TI_.(k)::f%:ka (x - &)/
l

= =0 7 (k—di) /b

‘W'(k— d,)

zf(z)=k

l
—= > mAR(E-4) as in (1.2.1)

" (A') o f(r1=k
:{\i—k Z (I,‘ + [)W(I)

w8 gy

A Ad
<= X wEl@) ¢ s Y w(@)
m (k) i f(z)=k—d: " k) z:f{z)=k—d;

~(k — 9. = (k= d.
Afi—(i‘_(—k;dﬁ A%i—) as in (4.2.4).

Lemma 4.2.6 ([scoc, McDonald and Qian (1992b) Lemma 3.6)
For sufficiently large k. =*(k = 1)/=*(k) — =" (k)}/=*(k + 1) is well defined and

hounded. Hence Var™(X,)/E®(X,) is uniformly bounded in i and k.

Proof: In the case that all the d,'s coincide (and equal 1), the conclusion follows

from explicit computation. As a matter of fact. 7 is then a Poisson density and the
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ratio =*(k — 1)/="(k) is a linear function of k.

Assume for the remainder of the proof. that the d,'s are aperiodic. Then. for
sufficiently large k. k € §*. Thus =*(k) > 0 and therefore the ratio g(k} := =*(k =
1)/=*(k) is well defined. We shall show that

(4.2.5) gky=ckP+0O(l), assk—o00; ¢>0, p=1/d
The first part of the lemma then follows immediately from (1.2.5). for

gk + 1) —gk) = d(k+ 1 =] +0O(1)
= ckP|{1+ %)P -1+ 0O(1)
= dc"[% + O™ + O(1)
= okl + O(1)

= ofl) + O(1) = O(1).

The second part of the lemma then follows (for large &) from Lemma 4.2.4 and the

factorization:

=k =2d) _ [w-(k - d,-)r _ [w-(k -2d) mk—d)] 7 (k-d)
= (k) = (k- di) (k) m (k)
A somewhat weaker form of (1.2.5) was established in Lemma 112 namely
that g{k) ~ ckP. The analysis here is similar, so we shall only outline the extra
work involved in obtaining the stronger result {4.2.3). The starting point was ~he

asymptotic expansion

sk o "2 d; _ o
(k) = ‘1)' stk) " explE)-y d:)‘:(s(’f%_ 2 {[ + % + {— + }
2 (S By
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o

where s 2= s(&) is the positive solution of & = 37 ld",\ a4 so that s(k) ~ (kA

as A — 2. Thercfore

J=

N OISOV | D oY VIOl
g(k) = [s(k—l)] [t..\p (Z:z\;[b(k 1)% — s(k) ])] L‘J Wy X

(4.2.6) stk= D {1 +O(k™?)], as k — oc,

since [1 + e/ (k = 1) + O®R=Y/[1 + ar/k + Ok~ = L+ Ok, as k = .

Now by the expression of s(k) given in the proof of Lemma 1. 1.2 we obtain

o= s(k) 1 (I s ke —
{(1.2.7) m =1+ m[l + O(s(k) 1)] as h— o

Also. from the defining relation for s(k). it follows that

RN
(4.2.8) s(k) = (E) (1 + O(s(k)™")]. as k — oc.
Therefore
s(k d)
(1.2.9) .-s(k(—)l) =1+ M_ 1+ O(s(k)™M as b —
and
s(ky |°
L(Z(_)n] = expkloglt + 2 1407
= cxplz + Ols(k)™)
(1.2.10) = eV - Otk ™ as b — x.
Next

XD (i AJ[5(}T — l)d; — .'i(k)dJ])
ol

. o d, slk=1) .
exp (;,\J.s(k} ](_—.s'(k) ) —l])
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= exp (i«\;s(k)d’[ d’lH O(s(k)™M] 1 ok ‘)1).1).\- (1.2.9):

- exp (—E'\d SR L oseh)- ‘)])

= exp(—%[l + O(s(k)"1)]). by (4.2.8):
(1.2.11) = e V41 + Osk)™N)], as k — oc.

Next.
adsk)yd 1 [ st “/2{ L+ Oy Y2
sk - 1) sk-1| [T+0Ek=1DY
(1 + Ok~ + O(s(k)™1)]2. by (4.2.3):

(4.2.12) = 1+ 0(@s(k)!), as k — oc.
Finally. from (4.2.9) and then (4.2.8}
stk=1) = s(R)[l +0Ok™")]

L 1/d
= (ﬁ) [l +O(s(k)"H][L + Ok~1)]

Ly 1/d
(4.2.13) (d—A) [l +O(s(k)™")]. as bk — o

Therefore, substituting (4.2.10).(4.2.11).(1.2.12). and (4.2.13) into (1.2.6). we

g\ e
() 1+ o6

ck? + O(1), by (4.2.8).

ohtain

g(k)

I

where p = 1/d and ¢ = (dA)~"/%; which establishes (4.2.5). -
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r
=

The main tool used in the proof of Proposition 4.2.8 is the following variational
estimate which is a special case. sufficient for our purposes. of a result due to Tempic

and Kato (see Kato (1949)).

Theorem 4.2.7 Let £ be a self-adjoint operator on a Hilbert space H, having a
discrete spectrum of eigenvelues, bounded below: Ao < Ay € Ao--. Fiz 0 #veH

and denote by A, the Rayleigh quotient:
= (Le. ) /el

If A < Ay then for any A° € (M. A1) such thet A < A%

"i

A —)\

A— <X<A

where € = e(v)? = ]|CL|| Nl - A2

Proposition 4.2.8 (Iscoe. McDonald and Qian (1992b) i . sposition 3.8)
Let M(B) = M(f). A(B*) = M) be the principal cigenvalues of LE and
(L3) = L 8. Then Mo(£) ~ Ay(£). as £ — x.

Proof: We apply the Temple-Kato result. Theorem 4.2.7. with test function 2 =
5 = p" o f where p* is the principal (positive) cigenvector associated with Ag(f).
normalized such that ||p*}|z- = |; and f(z) = L., d:z:. Thus
n
pz) = p* (k). if > _diz, = k.
t=1

As such. [{p[l.. = | and the Rayleigh-Ritz quotient, viz.
(L5 p)x = ((LP)'p".p )z = M (F).

Taking » = £ in Theorem 4.2.7 we have
2

.rr {
Aolhy = At = M) ~

’\U(ﬁ) - ,\"(F),
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where & = L2512 /1513 = (A(6))* and A* is chosen fixed in (\o(£}. Gap(L)). We
need to show that 2/A (€) — 0, as € — oc and this is equivalent to
11285 = Xs(O03112
A5(6)

— 0, as £ — 2.

Now, if f(z} = k,

_LPH) = Salble+8) -5@)] + 3 bl - &) - 5]
=1 i=1
S ek d) =g ) + S bade (k= d) = " (R)
1=1 =1
and
N0 = —NEOp k) = LB (k)
= Salptk+d) - R
i=1

F Y b Tk — ) = o8

=1 mfir)=k " (k)

Therefore

1LBs — X(0)aliE = ZB[LBP(I) Ag(O)p(x)P=(z)
z€
£=1
= 3 % [LPhx) - (D) ()
k=0z:f(x)=k
-1 o

- T (iim— > hal

k=0rp flz)=k \:=1 zflxy=k

L) 1otk = d) - p‘(k)]) *(x)

IA

Z > ”ZIbI: > bx,

Liz ootk — d) ~ p (k) Pr()

k=0 =k 1= i f(z)=k (")
n f=1
—_ Wil 9 .
=YY T - S bz ,( (= ) = () (8
s=1 k=0 1: f(x)=k i flr)=k B
n =]

= n Z Z Var® (0, X)[p" (k = d,) = p* (k) *=* (k)

[ Y TR )
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where (X, 1 € < n) are random variables as in Lemma 12,5, For the remainder
of the calculation. € denotes a generie constant which may vary from line to line.
By Lemma -L2.6, the last step may be estimated by

n =1
ILB5 = MDA < CF X BEW(X) [p°(k = di) = p" (W) 7 (k)
=1 k=d,

~
1
o

abifpt (k= d) = p (K)*=" (k= d))

1

= C

]
-9

k

[M5
g/

(=9

n {—d;—1

- CY

a ot (k4 d)y = p* (MF=" (&)

[

k=1

—

= o(\(6). asl—oc

by Corollary 1.2.4.

Corollary 4.2.€ (Iscoe. McDonald and Qian (1992b) Corollary 3..9)

Eer ~d(6)"V ~ A6 ~lar*(E=d)|"' ~F~L as £ — 2.
Proof: This is an immediate conseguence of Theorem 2.3.5. Proposition -L2.3.

Praposition 1.2.3 and the fact that K = ®". m



Chapter 5

Steady State Analysis of an ATM Buffer

This chapter is devoted to the steady state distribution of the content of the common
buffer shared by a number of categories of multiple sources in an ATM switch. In
particular, we will concentrate on the probability of the buffer content exceeding
some limit value. This is a very important issue in telecommunication applications.
Here we adopt the so-called fluid model in which the content can take any value in
i0.2¢). This 1s an approximation to the real model used in an ATM switch. where
the buffer content is a multiple of the number of information packages (cells). But
according to Daigle and Langford (1986), this approximation is very good. We start
by recalling some landmark works and some of the models studied. The notation
we use for the models in this chapter is different from that of the ATM multiplexor
model in the previous chapters. We basically follow the notation used by the authors

whose works we frequently reference.

5.1 Physical and Mathematical Models

A datu handling switch receives messages from a group of .V identical mutuaily
independent bursty sources, whicn can each be on or off. The changes from on to

ofl and from off to on take place according to Poisson processes with densities A

33
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and p. respectively. Each source produces information at a rate of ¥ units per unit
time while it is on. The output channel of the switch can handle information at a
maximum rate of ¢ units per unit time. If there are r sources on simultancously and
if ry > ¢, the information not handled immediately is stored in a buffer at a rate
of ry — ¢. If however ry < ¢, the buffer is depleted at a rate of ¢ — ry, until it is
empty. We assume that the buffer size is infinite and the system is stationary. The
problem is to determine the probability G(z) of the buffer content exceeding some
alue z. or if the buffer has a maximum size. the probability of overflow. We use
a parameter vector (V... y) to describe the characteristics of the above system

which we regard as the one-group-finite-source(OGFS) model.

Three other models which are closely related to OGFS model are one-group-
infinite-source (OGIS) model, multi-group-finite-source(MGFS) model and multi-
group-infinite-sotirce(MGIS) model. Since the names are quite self-explanatory. we
only give the differences . The OGIS model is the model when we have an infinite
number of identical and mutually independent sources in the group (ie.. N = x
in OGF)M model). If a system consists of m(> 1) groups of identical sources. cach
group having a parameter vector Vg, A, . m:) (Ve < ¢, 1 = 1.2.---.m), and a
single buffer shared by all sources, then it is a MGFS model. If N; = o¢ for all 7.

we get the MGIS model.

The OGFS model was thoronghly discussed by Anick. Mitra and Sondhi (1982).
further referred to as AMSIS]. In this model a complete and clegant solution for
the probability of overflow is possible. In an earlicr paper, Kosten (1974) treated
the same problem for OGIS model which can be considered as the limit case, as
N — ». A — 0. and N remains the fixed, of the OGFS model. This was pointed
ot by AMSIR]L. The OGFS model was also discussed in Dzigle and Langford (1986)

as a model for analyzing packet voice communications systerns. ‘There it was called
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the uniform arrival and service model and was compared with two other models.

The MGFS model was studied by Kosten (1984). The idea was to divide the
total system into several OGFS systems. A complete solution is achievable by trial
and error and by solving eigenvalue problem for those subsystems. This procedure

is not practical in most cases, as was pointed out by the author.

In the ATM multiplexor problem studied in the early chapters. the MGIS model
was used. There we calculated the probability of the total rate at which information
produced exceeded maximum handling rate ¢ of the multiplexor during a certain time
interval. Also. the mean time ET for such a rare event to happen was investigated.
The exact solution for the above problems is difficult to obtain for a relatively large
svstem. We employed the technique of induced Dirichlet forms for reversible Markov

processes to reduce the dimension of such problems.

In the present chapter. the stationary probability of overflow of the buffer of an
ATM switch modeled by the MGFS model is considered. Results from Chapter 3
and 4 show that we should use the induced Dirichiet forms technique to get good
approximations. In the rest of this section we present the mathematical representa-
tions for the OGFS and MGFS models with a brief review of some of the relevant
methods and results given by AMS[8] and Kosten (1984). In the next section we
introduce our approximation methods. We compare the approximations with the
exact solutions by nimerical examples in Section 3. Conclusion and comments are

given in the last section.

For simplicity of analysis, the following assumption is made throughout this

chapter:

The mazimum rute ¢ al which information units can he handled by the switch is

a noninleger positive number.
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5.1.1 OGFS Model

Let (.V. A, jt.y) be the parameter veetor for the OGFS system. We consider the case
when y = 1 which is the same as in AMS[8] where & = 1 also. Denote by .\ and Q:
the number of sources which are on and the buffer content at time ¢. respectively.
We say Q, is driven by NV in a sense that can be precisely described by the following
relation

Q= '[ (N, =) LQ..>npds + Qu
where 14 is the indicator function of set A and Qu(= 0} is the initial content of the

buffer. The infinitesimal generator matrix G = (gy5) for N, is defined by

(N = i)\ ifj=i+1
iu ifj=i—1
gis =

T —((N =DA+ip) ifj=1

] otherwise

“

Also. (V;, Q.) is a Markov process on the space S x B*. where S = {0.1.---..V'}.
We assume that N A/ (A + u) < ¢ so that the system is stationary. For i € S, define
Fi(z) as the equilibrium probability that i sources are on and the buffer content
does not exceed z. Then (see AMS[8] for details).

dFi(z)
dx

(5.1.1) @ DpFoa()

(i—¢c) = (N =i+ DAF_i(x) = {(N = DA +iu} Fi(x)

for all i € S, where Fi{z) =0if { € S. Define
D = diag {~c,l —¢,2—¢,---.VN = c}

and

F(z) = | Fa(z), Fi(z), - Fx(z) ]T'.
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then equation (3.1.1) can be written in a matrix form

d

dIF(;r) = G'F(x). =2>0.

(5.1.2) D

To solve equation (5.1.2) we nced to know the initial conditions Fy == F(0) and
eigenvelues, together with left and right eigenvectors of the matrix D'GT (Notice
that the diagonal matrix D is invertible because of our general assumption on c).
Using the method of generating functions for eigenvectors, AMS[8] constructs NV + 1
quadratic cquations whose roots are all the eigenvalues of D-'G”. [t is shown that
all the eigenvalues are real and different. and among them there are {¢] positive and
N — [¢] negative ones and a zero. Especially, the largest negative cigenvalue 20 s
stmply given by :

1+ Ap— NAjen
l—¢/N "

(5.1.3) L=

Explicit formulas are also given for obtaining the right and left eigenvectors while
the initial conditions follows from the following argument:
First. an empty buffer is inconsistent with more than {c] sources being on. so we

should have:
(3.1.4) F(0)=0, r=[d+ L[d+2.---.V

This means we have only [¢} + 1 unknowns left for the initial vector Fo. Secondly.
the sohition to the differential equations in (5.1.2) with F(0} = Fo can be written

S
N

{5.1.3) F(z) =Y adic™
A:n

where o, (7D} is the right (left) eigenvector of DTG corresponding to the eigen-

valie z, and
'f.{’;rDFu

iy, = =/,
' ?."‘";rD(pi
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Clearly. positive cigenvalues are related to components in the solution of (5.1.2) that
grow to infinity according to exp(zz). This is inconsistent with our assumption of
the system being stationary. We delete those components in the solution by setting
the corresponding coefficients a; equal to 0. This provides |c] linear equations for

Fy. The last equation comes from normalizing the solution so that
(5.1.6) 1T F(o0) = 1.

since Fi(o0) is the probability that i out of NV sources are on simultaneously. The
solution for F{z) can then be expressed by
(5.1.7) F(z) = F(oc) + D a:oe™.
2,<0
In general, we have to go through the whole procedure mentioned above to find
Fo and then a;. But AMS[8] contains simple formulas for calculating a, without

Rrst solving equations for Fo. The probability of overflow G(x) is then given by

G(z) = 1-1TF(2)

(5.1.8) = =Y (@l7é)e™

#2;<0
where 1 = [1,1,---, 1|7 with suitable dimension. Suppose that z is the largest one
among all negative eigenvalues. then asvmptotically G(z) behaves like its dominant

term —(anlTon)e™ .

5.1.2 MGFS Model

In the MGFS model we have m(> 1) groups of identical sources. Let (Vo A, i, 34)
be the parameter vector of group 2, i = 1,2,---,m. We denote by N,(i) the number

of sources which are on in group 4. Then information units will be stored in the
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common buffer when ©7, 3,V (i) > ¢. The following condition is assutied for the

svstem to be stationary:

2
=

-
>

S <c
::{ :\; + i
Define
Ne = [ No(1), Ne(@). -+ Nem) |
and

¢ i)
Q: = A (Z y.;\",(i) el C) l{Q.__)o}dS + QO

1=1

Then Q, is the buffer content at time ¢ with initial value Qo> 0). Now MV, isa
Markov process on the state space § := Sy x Sa %+« %X Sm.where S; = {0, 1.---. VL
So we have a total of NV = [[T%, (;\T’i +1) states for N,. Suppose an order is taken. say
lexicographical, for the states so that § = {fi;, @2, - .y }. According to this order.

the infinitesimal generator G = (gi;} is defined as: for i, = (Ni1. Mg+ . Tum) € S

r

(Ve = ) A if n; = iy + O
Mok fLic if ; =, — &
Gy = ﬁ
- it {(-\-L- — M)Ak + nik#k)} ifi=7
0 otherwise
\

where &, is the k' basis vector in R¥. We also define the stationary probability
distributions 7 = [#(fiy). -+ . #(fix} |7 for Ny and F(z) = [ F(fA1.z). . F(fiy.2) ir

for (N(1).--+. Ny (m}, Q). It is known that

m m _.'\"‘
(5.1.9) (fie) = [[milna) =] e (L — py) i
1=1 =1 T
where
Ai
pi=

A F o
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Also, F(fie.z) satisfies the following differential equation (see Kosten (1934) for
details):
e AF(fie, x LI -
O yine - C)—%J =3 [(Ni = ng + DAF (e — 8. 1)
i=1

=1

(5.1.10) — (N = )N+ i) F (T ) + (e + D F (7l + &i,2) ]

for fix = (Mk1,*++,Nkem) € S and z 2 0. If we define D = diag {d;.---.dx} such
that di = 57, ¥ifigs — ¢ corresponding to e = (Mua. =+ Tam )+ then (5.1.10) has the
matrix form

(5.1.11) DdFdf) = GT¥(z), forz > 0.

This is formally the same equation as (5.1.2) for the OGFS model. So basically we

should carry on the same procedure to solve it. i.e.. we need to find the eigenvalues
and eigenvectors of the matrix D™'GT and also the initial conditions Fo := F(0).
Apparently. things become much more complicated since we are dealing with a huge
N x N matrix. where N := [T, (N, +1). Kosten (1984) uses the multipie generating
functions for eigenvectors and shows that the eigenvalue problem of the total MGFS
system can be decomposed into that of m OGFS subsystems. [t turns owt that = is
an eigenvalue of the total MGFS system if a set of values ¢, (i = 1.2.---.m) can be

found such that:
L Y2 nc=c
2. for any i € {1.---.m},z, = 335/ is an eigenvalue of the OGFS system with
parameter vector {V;, A, i, 1) and deleting rate ¢.

It is noted that o can take negative values. In fact, the eigenvalue problem of
the matrix is irrelevant to what ¢; means in the physical model. Kosten (1934)

then constructs exactly N values of = obeying the above criterion and claimed the

following results.
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Theorem 5.1.1 Mairir D™'GT hus the following cigenvalue properties:
(i) There ure exactly N eigenvalues which are all real:
{ii) There is onc zero eigenvalue:

(ii1) There are K — | positive eigenvalues and N — K negative ones if

= N
(5.1.12) T ELL <.

SN
where K is the number of states i € S such that T, yiny < ¢ When the above

inequality is reversed. we have one more positive and une less negative eigenvalue.

Theoretically. we can construct the eigenvalues in the way described by Kosten
(1984) and then find the corresponding eigenvectors which can be composed from
the eigenvectors of the subsystems. But the amount of calculation is substantial.
In addition. there is no easy way as for the OGFS model case to get the initial
conditions Fo. So. a complete solution for the stationary distribution F(z) for the
AGFS model remains intractable in most cases. On the other hand. the asymptotic
hehavior of the probability of overflow is mainly dependent on the largest negative
eigenvalue zq. i.c..

=0T

G{z) ~ constant = ™, as T — <.

Kosten (1934} sugaests using simulation to get G(z) up to some value and then
making the continuation by the above asymptotics. According to the construction
of the cigenvalues. 3, can be found by first solving the following polynomial equations

forey.-- - om

(5.1.13) Sne = c;

;ﬁl + AN, = N Jegn ol FMN i — N /e

- - fori=2.---,m
Yi RIAT "N I — e /N
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and then calculate

il A/ = MAyJeyn
hn L—a/M

(5.1.14) s =

In general, we get multiple solutions to (5.1.13) and (5.1.14). But if the condition

for the system being stationary is satisfied, the largest negative eigenvalue % is
contained in those solutions and is the one corresponding to the solution to (5.1.13)

such that
N,
'\l + Ha

<g< N, fori=1..---.m

In the next section, an alternative approach to get approximations to the proba-
bility of overfiow for MGFS models is presented. We first use the induced Dirichlet
forms technique to create a so-called induced OGFS model and discuss the proba-
bility of overfiow problem for it. We show that this probability is asymptotically a
lower bound for that of the MGFS model. In the end. we point out that a better
approximation of this probability for any MGFS model is achievable by combin-
ing the results from the induced OGFS model with the asymptotic behavior of the

probability for the original MGFS model.

5.2 Approximation Methods

5.2.1 Induced OGFS Models

We use the same definitions and notation as in the previous sections. especially those
for the MGFS models. For simplicity of analysis, we make the following assumption
in the rest of this chapter: ¥, are distinct positive integers and ¥y is equal to one.
Recall that N, is a multidimensional Markov process on the state space S =
Sy %X 82 x -+ X S, where S; = {0.1,---, N;}, with stationary distribution = given

by (3.1.9). The states in S are ordered and the kth state is denoted as 7, =
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(Mt -+ Nem). Notice that N isa reversible Markov process with respect to 7. The
Dirichlet form associated with .V is defined as follows:
L “
(3.2.15) Sww) = 3 S (ulfk +8) = i) (N — ) Mm (k).
i €S =1
Define S* = {0,1.---. N*}. where N* ;= £, %N, is an integer by the assump-
tion on ;. and define a map f : § — S* such that f(7k) = S %t Then f

induces a probability distribution =* defined by

= (r) = S ().

!

AR ES: f{iy)=r

It also induces a regular Dirichlet form £* on R*. For any h defined on 5°.

£'(h.h) = E(hof.hof)

= 2 2 i[ (h(r + 1) = B(F))*(Ne = nua) X |7 ()

Satantt
rESY A E8: fla)=r =1

N m

(5.2.16) = Z Z(h(r + ) — h(r))? ( Z (N, — n;.-.)z\,-:r(ﬁk))

r=01=1 AL €S f(Fe)=r (")

= (r)

The form £* is associated with a one-dimensional reversible Markov jump process
N? on S* having stationary measure = and infinitesimal generator G, which jumps

to the right from r to r + y: € S* with intensity

-"V: - /\,‘T{ 7]
(5.2.17) Gnsy = 5 ( Tt ) (nk).

rikGS:ﬂr‘tk)zr Tr‘(r)

L
o: =/ (N7 = &) L1ge_5opds + Qs
0 -
then (V7. Q) is a Markov process. Q; is different from @, since the driving process
T, 1N.(i) has been substituted by N; (Notice that the former is not usually

Markovian). Il we think of Qf as the content of a buffer in a new model. which we
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refer to as the induced OGFS model, we then have the same problem of determining
the probability of overflow of the buffer as we had for the original MGFS model.
It turns out that we have. in a suitable notation. the same differential equations as

(5.1.11) which control the stationary distribution of (N, Q:). To be precise. define
D = diag{—¢c,1 —¢,---,N* — ¢}

and

F*(z) = [Folz). Fi(z). - Fy- (@7

where F;(z) is the stationary probability of having i sources on and the buffer content
not exceeding z for the process (N7,Q;). Then we get the following differential
equations by a discussion analogous to that for the OGFS model:

JdE(z)

59
(5.2.18) D e

= G'TF*(z).

Solving these equations. we can find the probability of overflow for the induced

OGFS model:
G (z) == 1 —17F*(z).

Our idea is to use G*(z) and its variants as approximations to G(z), the probability
of overflow of the original MGFS model. Since N* + 1, the total number of states in
5*. is now a linear function of Ny, Ns,---, Np.. the dimensicn of the buffer content
problem is hopefully remarkably reduced.

To investigate the properties of matrices D™'G? and D*~'G*7. we need the

following immediate results. Define

(5.2.19) M2 = diag {./:.—(ﬁl), SaD) e /W(n—_‘_v)}
(5.2.20) 12 = diag { O, (3}
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then. since Ny and V7 are reversible Markov processes with respect to © and =°
respectively.,

A= UIAGIEYR A= T1PVAGT R
are symmetric matrices. Note that, since all the eigenvalues of =G and —-G" are
nonnegative. —A and —A* are nonnegative definite matrices. It is also easy to see
that

Mpi-'? = D, M*Y*DO°~'* = D,
Part of the following lemma showing a relationship between A and A° provides
a matrix representation of the procedure of obtaining the induced Markov process
N7 from the multidimensional process N;. The proof of this lemma is given in the

appendix at the end of this chapter.
Lemma 5.2.1 Define matriz P7 := (p;;) as follows:

7(1;)
Pi; = :.(g) Y roi) =1}

forie S*.7; £ 5. Then P is a column orthonormal matric. t.c.. PP =1 wherc I

is the unitary matric of size N* + 1., and
(a) A'=PTAP;
k) D'=PTDP; D' =P'D"'P.

We only use this representation in theoretical analysis. In practice. we use simple
recursion formulas to caleulate =* and G*. This enables us to avoid creating all the

states in S.
Theorem 5.2.2 Fork = 1.2,--- 1, define

lr) = Z T (1h).

RES: fn,)=r
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then we have the following recursion formulas:

Nidg Ak
(5.2.21) ve(r) = (e — ) = =l — )
Hi Kk
l m
(5.2.22) =) = =3 mnlr)
T k=1

with initial conditions given by: ¥(0) = 0 and

m I N
=*(0) = - .
(© g ()\k + #k)

And the generator G* can be ob-ained as follows:
. - wlr)
Grrvye = Ak (1\& - T.(T))

= 5 o . =) .
(0.2-23) Groo—y, = 7(1.)_ r=yi.r’

Proof: Let (X;.Xo.o--.X,) be a random vector defined on S with probability

distribution =. For i = 1.2.---.m, define the conditional expectations as {ollows:

EMX; = E(Xi|Y yXi=r)= S (@) /= (r).
i=1 s f(f)=r

Then
r= E(i y,-X,—I Zyp‘(" = T') = iygE(r)in.
i=] =1 =1

So. by the definition of ~,(r).

m m

=(r) = D uEOXx" () = 3 ()
=] t=1

By the reversibility of =, in the sense that

(N,—z+ l)%r,(z - 1) =z= (x).

T
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we have

. ; A
Ay = S nE) = ) (M-t I)TTI("t -1 H w;()
i fin)=r rf(rl=r f J#L
r Al ‘\l
= Z l\ii—f?i(fl, - 1) HT-'J'(TIJ') - Z (n. - l)fﬁi(n, - 1) HTTJ'(T?.J')
it f(R)=r i i f(F)=r H B
- A oA
= N= Y =@ -— Y () [] 7ing)
By i p(rigs,)=r o p(id)=r i#
. ’\l - ‘\‘ - r M
= N—=r'(r-u)- ‘T‘ (r =) BN,

[CAT B ’\t'
= N=x'(r— ) = =nlr—u)

This proves the recursion formulas. The initial conditions are obvious. For the

generator G* we have

g = 3 M(Ni = mi)7(7)
il i f(R)=r = (r)

e > nw(A)

i f{dd)=r

T 1)
= AN w‘(r))‘

Then by the reversibility again.

. . T’(r - y‘) -
Jror—w = ,—.(T.)—“ Ll T

L)

5.2.2 Eigenvalue Properties

We present the cigenvalue properties of matrices D*~'G*T and D™'G” and nu-
merical comparisons of these cigenvalues. The following theorem is analogous to

Theorem 5.1.1.
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Theorem 5.2.3 Matriz D*='G"T has the following eigenvaluc propertics:
(i) There are exactly N* + 1 eigenvaiues which are all real:
(it) There is one zero eigenvalue:

(iii) There are |c] positive eigenvalues and N* — |c| negative ones if

N
Ll
(5.2.24) Yimt(i) < e
i=0
When the abore inequality is reversed, we have one more positive and one less ney-

ative cigenvalue. Morcover, the above inequality is equivalent to

Z ng\ A

)\+,u,

Here we provide a rigorous proof for Theorem 5.1.1 which also gives the proof

of Theorem 5.2.3. Denote the spectrum of matrix M by A(M). then we have the

following observation which plays the role throughout the present chapter:
A(D™'GT) = A(GD™Y
A(TVAGD—Y3)
= AIVAGIT-'2MRD-II-1/?)
(5.2.25) = A(AD™Y)

Proof of Theorem 5.1.1: First. (ii) is easy to see from the fact that G is the
generator matrix of an irreducible finite Markov chain and D is invertible.

In the rest of the proof. we discuss the equivalent problem for AD™!. Define
Afe):=el - A,

for ¢ > 0. Then A(e) is a positive definite matrix since — A is a nonnegative definite

matrix. The eigenvalues of A(c) are continuous functions of ¢, so when ¢ — 0,

5.2.26) A(A()D™") — A(-=AD™') = —A(AD™)
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On the other hand. we have
MAOD™) = ATHDA™(e)
(5.2.27) = A"YATH(oD)

where A~!(Af) stands for the set of reciprocals of eigenvalues of any invertible matrix
M. Since A(e) is positive definite and D is symmetric. there exists a nounsingular

matrix X = [ xy.-+ . Xy | such that
XTA()X = diag {a)(e). -~ .ax(¢)}
XTDX = diag {by(¢).- - .bx{€)}

Moreover.

_ afe)

T obi(e)

where a;(¢) > 0.b;(¢) # 0 are real for all 7. This and (5.2.26) give the proof of (7).

A(e)x, = o\gDX,‘, )\.

We also see that the number of negative J; is equal to the number of negative di.
which is A". by the law of inertia. According to (i2). there is one A; which tends to O
when € — 0. So. we will lose exclusively either a positive \; or a negative one. et
A=..(M) be the largest negative eigenvalue and AZ;,(M) be the smallest positive
one of any matrix M. Also. denote by Amez(M) and Apmn(3/} the maximum and

minimum eigenvalues. Clearly, we have two possibilities
lim Az (A(€)D™H) =0
ar
ey -ty
lim A% a(A(D™) = 0.

But. according to (5.2.27) we have

- . = r -y = 1 = 1
(5228)  Ana(ALODT) = = BRT) T S (DA
1 1

(5229)  A(AlODT) = s = A

mar
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Using Ravleizh quotients for the positive-symmetric pencil (A(e). D). we obtain

Ae(AOD™) = Pin(A™H(€)D)]™

Dz 17
=0 = in ———
(5.2.30) [mx‘“ xTA(c):c]
and
TD -1
-5 + -1 — _EL__E_
(O._.3l) ’\mm(A(e)D ) [m;l.‘{ ITA(E)x]

The necessary and sufficient condition for one \; tends to 0 is that one of the following
two expressions is true:

T
(a) min_.x_m_ —_—
z xTA(e)x

zTDx
2TA(e)z
as € — 0. On the other hand, there exists a unique (except for a constant factor)

zo := 11721 € R such that

(b) max +oc.

lil%x{A(e)xo = —1T(IM'*)TANY?1
= -71G1
(5.2.32) = 0.

We conclude that (a) (or (b)) is equivalent to z3 Do less (or greater) than zero.

N N m
zyDzy = Y_diw(fi) = > (Z Yin; — c) =(11;)
i=1 1=1 \j=1
m .'V m
(5.2.33) = Sy nym(@)—c= 3 yNjp —c.
i=1 1=1 j=1

where p; = A;/(A;+4;). Noticing that the number of positive eigenvalues of -AD™!

is the number of negative cigenvalues of AD™!, we achieved the proof for (iii) m



CHAPTER 5. STEADY STATE ANALYSIS OF AN ATM BUFFER 101

Proof of Theorem 5.2.3: Notice that {¢] + ! is the number of negative diagonal
clements of D*. An analogous discussion as in the proof of Theorem 5.1.1 Tives
the proof of this theorem except for the equivalence of the inequalities, which is
proved as follows: Let X, be binomial random variables with parameters N; and pi.
where p; = A/(\ + @) and i = 1.2,---,m. Define X := £, % Xi. Then X is of

probability distribution =*. So.

- VA “
_— = .E 4\"'
PN ‘;y X
= FE(X)
N*
= Y iz*(i)m
=0

Recall that A=__(M) (or Al,..(M)) denotes the largest negative (or the smallest
positive) eigenvalue of any matrix M. Also, denote by Amaz(M) and Apn (M) the
maximum and minimum eigenvalues. The following theorem shows an important

. . . =1 T . -
relationship between eigenvalues of matrix D*7'G*” and matrix D™'GT.

Theorem 5.2.4 Suppose that the condition for the MGFS system to be stationary

is satisfied. i.c.,

(5.2.34) T

Then we have the following inequalities:
(1) Apae(D7'G) £ A, (D7'GT)
(i) At (D7'GT) 2 Ak (DT'GT)

(i#1) Amaz(D* 7 G} € Amar(D7IGT)

(i) Arra:rn(D'_|G.T) > ’\miu(D_lGT)'
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Proof: (i) The proof is given for the equivalent problem for matrices AD™! and
A'D""". For ¢ > 0. since — A is nonnegative definite. the following defines a positive
definite matrix:

Afeg) =el— A,

Then, according to Lemma 5.2.1,
PTA(P = Afe)" 1= el — A",

which is also a positive definite matrix. For any eigenvalue A(A{)D~'), we have

-y oo L
MADDT) = XA
- o= 1
25 X&@D)
and
(5.2.36) A (A(DY) = !

Amaz(A~1(e)D)’
Since A(e) is positive definite and D is symmetric. Rayleigh quotients for relative

eigenvalues for the positive-symmetric pencil can be applied.

TDzx
/\ma.': A-l - —--—--—I > _I
(A7()D) mx zTA(e)r — =5y zTA(e)z

yTPTDPy yTD*y
= max ———————— = AN —
v yTPTA(c)Py v yTA(e)y

(5.2.37) Amaz(A)"'D")

Using (5.2.36} again, we obtain

1

Aran(A(@D™) £ —m
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(5.2.38) = AL (A()'DT
Since (5.2.34) is assumed. we know (see the proof of Theorem 3.1.1) that
Mra(A(©D™) £ 0
as € — 0. Then. by letting ¢ — 0. we get
Mun(=AD™) € Mo (-ADT).

This is equivalent to

Aoae(AD™Y) 2> AL (A'DT),

since

Mun(~AD™Y) = =27 (ADTY),

{(i() Clearly.

AL DTGT) = X5 (-DTGT)
> —A5.(-D7'G)
(5.2.39) = At _(D"'GT).

Here we have used the result of (7).

(iii) We use the same notation as in the proof of (). Clearly.
Amen(A()'D* ) < 0.

Since for any matrices X and Y, XY and YX have the same non-zero cigenvalues,

we have
Aol ALY D) = Amn(PTA()PPTD"'P)

= Amin(A()PPTD™'PPT).
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Now. A(e) is positive definite and PPTD™'PP” is symmetric, so

yTPPTD‘lpPTy< _ yTPPTD-'PPTy

Amm(A()'D™) = min

) yTA-(e)y - yTI!"I;x yA-Y o)y
TPTD-1P D!

W TPTA )Py, ot yTA(O)" '}

= Amn(A()' D7)

So. the above inequality is actually an equality. This means

yiPTD"'Py;, . 2D 'z

. ol 3 ——
Amn(A(D" ) = M A TPy, s FTA(e)z

. TD iz -1
2 mrmm --z\mm(A(G)D ).

Let ¢ — 0 on both sides of the above inequality, we get
Amin(=AD™) < Amin(~AD"™),
which is equivalent to (iiZ) since
Amaz(A) = —=Amin(—A)

is true for any matrix A.
(iv) An analogous discussion as in the proof of (). m
Theorem 35.2.4 shows that the positive and negative eigenvalues of DG are
convex combinations of the positive and negative eigenvalues of matrix D~!G7. We
see from various numerical examples that they are actually interlaced with each
other very well. The curves of eigenvalues of D*'G*" and D~!GT are of the same

shape.
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5.3 Numerical Results

As was mentioned earlier, we use the probability G*(x) := | = 17F*(x) of overflow
of the induced OGFS model and its variants to estimate the probability G(z) of
overflow of the original MGFS model. The procedure for obtaining G*(zx) is the
same as that for the OGFS model, which is described in the previous section. In

other words. we look for solution

Gz) = 1-1TF*(z)

(5.3.40) = = Y evFaj17g;
i3] <0

where 1 = | 1,1.---.1]T with suitable dimension. Since G(z) and G*(z) behave
asymptotically like —ao17¢pe™" and —a317 ¢5e™” respectively, and 2o > 3 by The-

orem 3.2.4. we have

Corollary 5.3.1 The probability of overflow of the induced OGFS model is asymp-
totically a lower bound for that of the original MGFS model. i.e.. for x lurge enough.

G*(z) < G(z).

In Figure 5.1 through Figure 5.3 we compare log G(z) with log G*(z) for three
two-dimensional models in which N, = 10. N; = 15 are fixed and the depleting rates
e are set to be truffic intensity p plus 1.85. Table 5.1 shows the comparison of some

interesting parameters corresponding to those models. The parameters are:
1. the probabilities G(0) and G*(0) of non-empty buffers,
2. the mean buffer contents mean and mean”®,

3. the principal cigenvalies zq and 2 and
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-0.8¢

log probability of overflow

0 0.25 . 0.5 0.75 1 1.25 1.5
buffer size

Figure 5.1: log G*(z) vs log G(z) for traffic intensity p = 21.0.

4. the coefficients —aolT ¢ and —ajl” &3 of the dominant terms in G{z) and
G*(z).

The lower bounds are good for various situations, especially when the values of
 are not too large. This motivates us to combine our method with the asymptotics

siven by Kosten (1984). Precisely, we solve the polynomial equations (5.1.13) and

No p | G | G°(0) | mean |mean*| —z | —z5 |[—a0lT¢o|~a517 s}

é '.

1 | 21.0 |.58562].58564 | 3.0125( 3.0424 }.14957 | .14938 | .43336 | .43398

2 | 15.5 |.57889].57652|2.3872 | 1.9052|.18322|.23704 | .40906 | .42863

3| 6.6 {.46063].45875|1.7760 | 1.4271 |.16257 | .21611| .22968 | .26053

Table 5.1: Comparison of some important parameters.
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Figure 5.4: log G**(z) vs log G{z) for traffic intensity p = 15.5.

use (5.1.11) to find the largest negative eigenvalue 5y and then substitute 55 in G*(z)
by 2. The result. denoted by G**(z). is 2 better approximation to G(zx} as we can
see from Figure 3.4 which is to be compared with Figure 5.2. The approximation of

the mean buffer content is also improved by this combined method.
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5.4 Comments

We present the induced Dirichlet form method to reduce the dimension of computing
the probability of overflow of the buffer content in a MGFS model. What we get are
lower bounds and approximations rather than the exact solutions. Since the number
of states for the induced process N7 is =7, %V + 1, which can be much smaller than

™ (N, + 1), the number of states of the original muitidimensional process V. this
method can provide good approximations to some interesting parameters for MGFS
models. while the exact solution is intractable due to the huge size of the state space.
This is especially true when y;'s are comparatively small. In our analysis we assumed
that y;'s are distinct integers and one of them is one. It is obvious that with some
equal z;'s things becomes even easier. So this technique requirement can be achieved
by rescaling and rounding up ¥:'s and ¢. In fact, this minimizes computation. The
numerical examples given in this chapter are experimental to illustrate the method.
Since we wanted to compare the approximations with the exact solutions we had to
choose small models.

For the induced OGFS model. we do not have simple formulas. as those obtained
for the standard OGFS models given by AMS[8], for computing the eigenvalues and
eigenvectors and we do have to solve matrix equations to find the initial conditions.
The generating function method fails for the induced Markov jump process with
nonlincar jumping rates. Further study of this issuc is needed.

Apparently. the technique introduced in this chapter can be applied v the MGIS
models. The technique applies moreover to transicnt problems associated with these

models such as the time until the buffer is overflow.
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5.5 Appendix

We give a matrix representation for the procedure of inducing a one-dimensional
Markov jump process from a general multi-dimensional birth and death process.
Lemma 5.2.1 is then proved in a general form.

Let N.(r) be a stationary birth and death process on the space S, € Z* with
birth rate a;(r) and death rate b;(r) for r = 1,2.---.m and i € S,. The generator

G, = (gi;) of Ny(r) is defined as
9ii (1) = ai(r )=y = Li=a) + 6P Lmimty = Lig=ap)-
Suppose N;(r).r = 1,2,---,m are independent and stable. Define
Ny = (N(1),+ -+ . Ne(m)).
Then .V, is a multi-dimensional birth and death process on the space
S5=81%xSx--xSa={A=(m. .m)}.

Suppose an order is taken in the space such that the generator G := (g;;) is defined
by

(5.5.41) gii = 2 en (rNlg,=r46) = Lm,=a})

r=]

m
+ 3 b (P) (L, =i =ar) = Liigy=it})
r=1
where 7; = (ny,---,ny) € S. Let #(7) be the strictly positive. stationary distribu-
tion of N,. Since NN, is reversible with respect to =. G can be symmetrized. Define

A = (a;;) as follows



CHAPTER 5. STEADY STATE ANALYSIS OF AN ATM BUFFER 111

Associate with .V; we can define the Dirichlet (zero) form

—

(5.5..12) S(u.u) = (u(f,) — w5, V= () gi;

E {\‘4-

(M

tol—

-
i

fti)

S S W) =l + 8))an, (F)().

Fesr=1
Here we have used the reversibility of N, and (5.5.41). Define f: S = 5 C 27

such that
m
fA) =3y
=1
where y; are distinct positive integers and ) is equal to one. Then f induces a
probability distribution =* defined by
k= > =@
RES: f(H)=k

It also induces a regular Dirichlet form &* on R*.
E'(h.h) = Ehof.hof)

= > X i[(h(kwr)—h,(k))‘-’an,(r)]n(ﬁt)

k€S AeS: f(M)=kr=1

= 2 i(h(k%-yr) — h(k))? ( ) -G"T(?;—)@) = (k).

kes* r=1 nes: f(R)=k
The form £* is associated with a reversible Markov jump process N on S* having

stationary measure =* and infinitesimal generator G*, which is given by

.- . i tn, (F)w(n
(5.5.13) g = 2 2 —M(l{jm‘m} = Lij=ip)

r=1 AES f(i)=i 7 (1)

b bn, (r)= (7
+ 3 2 —M(l{jm—yr}—l{::i})

r=17ES: fif)=i = (i)

The symmetric version of G* is A* := (a;}), where

(5.5.44) a = \l%ﬂfj
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1
= =3 > F(@an )i = Loy

m
Ve Ot ¥)) P 1HES Jif) =t

+ bn ()L mimye} — L=t} |

Proof of Lemma 5.2.1: The i;** element of PTP is

(@) | = (n,
Z bpupii = Z ..._.'J l{f('t:)—t J(w) =5}
qeS mes

= 1=

This proves the orthonormal property of P.

The ij** element of matrix PTAP is

(i) | =()
Zpikaklpjl = z - :,—.aul{_r(r. =i L () =5}
k! e MES " (z) \ " (J) . vl

= 2 :(TE:))\ :(Eg\l(( ))gulmvmzs.f(ﬁn=:‘}

fig A ES

l
= —"—ZQU« (e { pray=ifiig) =
w (1):1 U Lk Ny 0

= (l) ) & Z-—-;[ an'(r)(l{ﬁt=ﬁg+é,.} —_ l{r':}:ﬁk} )

+ b, (T)(l{apﬁg-s.} — Lg=aa}) 17 () 110 =i 1Ry =15)

= (z) Z Z[ n, (r)m(7ig) Z(l{ﬁg=ﬁk+6,} - l{ﬁlzﬁk})
w r:l i

X )=o) =5}

+  bn, (r)w(ri) Z(I{m:ﬁk-ﬁ,} = L=} Lt =i s () =51 |

= —_— w7 e (T Gzt by} j=i
,—-——” oo Z_:lkZe:b (7] n, (T)(Ly; = Lij=i})

b (T) (L =iy} = Lii=i)) |
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The last equality is obtained by (3.5.14).

We now prove

(i) D'=PTDP

() D =PTD"'P.

113

where D*. D are defined as in the previous sections. (i) Forall i =0.1.--- N°,

1.2.++-. N, the ij®* element of PTDP is,

N .

w T?)._ [ nk
> pudipii = lmnu-x}\l G) U= i1
k=1 w

dkl (fip )=i=
.‘Tt(z) {f i) ) J}

)(I_C 1{1’("& =t=j}

=1 = (
. N T-il._)
= (i=¢)l{i=j) Z _(, Lsta=1)
k=1 (1)
= (‘E - C)l{,-—;}
= d,

(i1} The same as (i).
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