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Abstract

The first part of this study reports an experimental program consisting of six full-scale
tests on pipe sections under load combinations of shearing forces. bending moments. and
twisting moments. The experimental results agree very well with the predicted failure
loads based on recently developed interaction relations. The experimental program
establishes the validity of the analytical techniques used to derive the interaction relations
for pipe sections. The veritied methodology is extended to derive interaction relations for
square hollow structural sections under combinations of normal forces. twisting
moments. biaxial bending moments. and biaxial shearing forces. Careful consideration is
given to the applicability limits of the developed interaction relations. A stress resultant
transformation scheme is devised in order to reduce the number of interaction relations

from 20 cases to only three fundamental cases.
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CHAPTER 1

INTRODUCTION

1.1 Background to the Problem

In steel construction. hollow structural steel sections are the preferred choice for load
combinations including torsion because of their high torsional resistance and stiffness
when compared to open sections. Aesthetics is another reason for selecting circular.
square. and rectangular hollow structural sections over their open section counterparts.
Tubular sections are also commonly used in offshore structures and power transmission
lines. Another major application of tubular steel sections is in the pipeline industry where
several thousands ot kilometres are contemplated in Canada over the next few vears in

order to transport oil and gas to the United States.

In these applications. pipe sections may be subjected to load combinations including
biaxial bending moments. biaxial shear forces. axial force. internal external pressure. and
twisting moments. The general interaction equations for pipe sections under these load
combinations were recently developed (Mohareb 2002a and 2002b). The study presented

herein focuses on two aspects. These are:

a) Assessing the validity of the interaction equations for pipe sections under load

combinations including bending moments. twisting moments. and shearing forces.

b) Extending the lower bound methodology to derive plastic interaction equations
tor square hollow structural sections under biaxial bending. biaxial shear. axial

torce and twisting moments.



1.1.1 Theoretical Background

1.1.1.1 Lower Bound Methodology

The lower bound theorem of plasticity states: "By assuming statically admissible stress
fields. a lower bound interaction relation is obtained™ (Hodge 1981 and Bruneau et al.
1998). Stress fields are statically admissible when they do not violate the yvield condition
anvwhere on the cross-section. Approximate stress tields will always vield lower bound
interaction relations while an exact solution can be reached only when the assumed stress

tields are exact. The main steps involved in a lower bound solution are:

e Assume stress tields. In order to maximize the lower bound solution. the vield

condition has to be met everywhere on the cross-section.

e Obtain the internal stress resultants acting on the cross-section by integrating the
stresses and their moments over the cross-section. This leads to expressions ot the

stress resultant in terms of various geometric parameters of the problem.

e Eliminate the geometric parameters between the stresses in resultant expressions

in order to obtain an interaction relation

Under this tvpe of formulation. when an exact solution is sought under internal forces
inducing more than one stress component. the challenge is to find the exact expressions
for the stresses. This problem can be resolved in some problems through the calculus of

variation (Hodge 1981). or through Lagrange multipliers (Santhhadaporn and Chen
1970).

1.1.1.2 Upper Bound Methodology

Upper bound interaction relations are obtained by assuming kinematically admissible

strain increments and equating the dissipation in internal strain energy per unit length of

"~



the beam considered to the change in the external work done by the external stress
resultants through the associated generalized strain increments. Strain increments are
kinematically admissible when they are derivable from assumed displacements.
Alternatively. they have to meet strain compatibility relations. When approximate strain
increments are assumed. the solution vields upper bound interaction relations. Exact
solutions are obtained only when exact strain increments are assumed. The main steps

imolved in the upper bound solution.
e Assume kinematically admissible strain increments

e At a given cross-section. equate the dissipation in internal strain energy per unit
length of member due to assumed kinematically admissible strain increments to
the change in external work done by the external stress resultants through

associated generalized incremental strains.

e Obtain expressions tor stress resultants in terms of intermediate parameters
through partial differentiation of the internal strain energy expressions with

respect to the corresponding strain increments.

e FEliminate the intermediate parameters between the stress resultant expressions in

order to obtain an interaction relation.
1.2 Application to Pipe Sections

A pipe section (Fig. 1.1) subject to axial force 4. shearing force components /% and F,
along two orthogonal axes x and 3 in the plane of the cross-section. bending moments
components M, and M,. twisting moment 7. and internal (and/or external) pressure p is

considered. An interaction relations in the form of _f(A.V{.V“.M‘.M‘.T.p)=0 is

sought such that the condition f <0 is met for any physically possible combination of

(97 ]



internal forces. f =0 corresponds to a fully plastic state of the cross-section. and the

condition 7 >0 is unattainable under the assumptions of the formulation.

The lower bound theorem of plasticity was used to obtain the interaction relations
(Mohareb. 2001. Mohareb 2002a). The same solution was obtained by using an upper
bound methodology (Mohareb. 2002b). As both of the methods yielded the same
interaction equations. these relations must be exact within the limitations of the
formulation according to the uniqueness theorem. The assumptions and limitations made

in both solutions are summarized in the following.

1.2.1 Main Assumptions

e Stress Components: Only the longitudinal stresses. hoop stresses. and
circumferential stresses are considered. Other components of the stress tensor are
considered negligible. Therefore. the formulation cannot capture etfects such as

local buckling.

e Strain formulation: The formulation is based on small strains. i.e.. no distinction
is made between the engineering strains and the finite strains. Also. no distinction
is made between the true stress based on the un-deformed cross-section and that

based on the deformed cross-section.

e Cross-sectional distortion: The pipe cross section is assumed to remain circular

under the externaliy applied loads

e Idealized stress vs. strain relationship: A bilinear elastic-perfectly plastic stress
versus strain approximation is adopted. The first line passes through the origin
and has the same slope as tension coupon tests. The second line has zero slope
and passes through the vield point. The additional capacity of the pipe section due
to strain hardening was neglected. leading to a lower bound approximation of the

section plastic resistance.



e Yield Condition: Pipe steel was assumed to yield in accordance with the
maximum distortional energy density criterion. Based on the yield condition and
the perfectly plastic assumption implied in the previous assumption. it is possible

to infer the incompressibility of the matenal.

e Local Buckling: It is assumed that the pipe section attains its fully plastc
resistance prior experiencing a strength reduction due to local buckling.

Therefore. the formulation is valid for compact sections.

e Circumferential Shear Stress Distribution: The formulation is limited to thin
tubular sections. Therefore. the circumferential shear stress magnitude was

considered as constant through the thickness of the pipe.
1.2.2 Experimental Verification

Upon full-scale tests. Mohareb and Murray (1999) experimentally verified the general
interaction equations for load combinations limited to axial force. bending. and internal

pressure tor steel pipes.

The focus of the first part of this study is to extend the experimental verification of the

interaction equations to pipe sections under shear. bending. and twist.

1.3 Application to Square Hollow Structural Sections

In the second part of this study. the lower bound methodology as outlined in Section
1.1.1.1 is used to derive general interaction relations for stocky square hollow structural
sections (Classes 1 and 2 in CAN CSA 2001 or compact sections in LRFD 1999). which
are capable of developing their fully plastic capacity prior local buckling. Previous
studies developed interaction relations for square hollow structural sections under biaxial

bending moments. twisting moments. and axial forces (e.g.. Morris and Fenves 1969:



Chen and Atsuta 1972). However. none of them included the contribution of shear forces.
This analytical study attempts to fill this void by deriving general interaction relations for
square hollow structural sections under general load combinations including biaxial

bending. twist. axial force in addition to biaxial shearing forces.
1.4 Outline of the Thesis

The main sections of this thesis are Chapters 2 and Chapter 3. They are written as two
separate research papers with a separate list of references and nomenclature at the end of

cach paper.

Chapter 2 presents an experimental investigation on the validation of plastic interaction
equations for steel pipe sections under load combinations including twist. bending and

shear.

Chapter 3 presents an analytical derivation of plastic interaction equations for square
hollow structural sections including the effect of biaxial shear forces. biaxial bending

moments. axial torce. and torsion.

Chapter + presents a summary of research findings. and gives recommendations for

future research.

Appendix 4 presents the experimental data obtained during the experimental program

presented in Chapter 2

Appendix B presents analytical derivations and verifications related to the analytical work

presented in Chapter 3.
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CHAPTER 2

TESTING OF STEEL PIPES UNDER BENDING
TWIST AND SHEAR

2.1 Introduction

Recent analytical developments resulted into interaction relations for pipes subjected to
biaxial bending. biaxial shear. torsion. axial force. and internal/external pressure. This
chapter reports an experimental program consisting of six full-scale tests in order to
assess the validity of the analytically derived interaction relations under various loading
combinations including shearing forces. bending moments. and twisting moments. This
program is believed to be an important step in adopting the general interaction relations
in limit state design codes in a number of applications including steel pipelines. offshore
structures. and structural steel codes as thev offer a more practical and less expensive

option than non-linear finite element analyses.

2.2 Literature Review

A summary of early experimental and analytical work (Gerald and Becker 1937) provides
a number of interaction relations for pipes under various combinations of internal forces.
These are limited to pipes that undergo local buckling prior attaining their plastic
resistance. Lower bound plastic interaction relations for hollow structural sections
including thin walled tubular sections were established under combinations of biaxial
bending moments. twisting moment and axial force by Fenves and Morris (1969). Pillai
and Ellis (1971) conducted an experimental study on pipe sections subject to combined
axial force and biaxial bending moments and proposed a simplified interaction relation.
Chen and Atsuta (1972) formulated lower and upper bound interaction relations for

tubular sections under biaxial bending moments and axial forces. The exactness of their

11



solution was demonstrated through the agreement between the two bounds. Their solution
also agreed with that developed by Fenves and Morris (1969) when the torque term is
omitted. Bouwkamp and Stephen (1973) conducted a series of tests including the
combined effect of internal pressure. axial force and bending moments on 48in diameter
pipes. Sherman (1976) experimentally investigated the flexural behavior of the tube
sections bevond ultimate moment capacity. Yamaki (1976) conducted tests on fiberglass
pipes to investigate the post-buckling behavior of pipe sections under pure torsion. Prion
and Birkemoe (1988) conducted a series of tests on large fabricated tubes subjected to
combinations of axial load and bending. Obaia et al. (1991) analytically and
experimentally investigated the inelastic shear behavior of large diameter pipes subjected
to transverse loads. They proposed an interaction equation for the shear capacity based on
regression analysis of their test results. Mohareb et al. (1994) and Mohareb and Murray
(1999) developed interaction expressions including internal pressure. axial force and
bending moments. Their analytical results agreed well with experimental results. Upon
full-scale experimental verification. the interaction relations were adopted in limit state
design of submarine pipelines by DNV (1996). Haunch and Bai (1998) modified the
solution of Mohareb et al (1994) by incorporating the effect of corrosion into the
formulation. Mohareb (2002a) developed a lower bound general plastic interaction
relation for pipe sections under normal force. torsion. biaxial bending moments. biaxial
shear torces and internal or external pressure by assuming statically admissible stress
fields. Using Lagrange multipliers (Mohareb 2001). the interaction expressions obtained
were shown to maximize the lower bound solution. An upper bound solution was
developed by Mohareb (2002b) by deriving kinematically admissible strain fields. The
solution obtained coincided with that based on the lower bound formulation.
demonstrating the exactness of the solution. It is of interest to note that by omitting the
shear and torsion terms from the general expressions. the axial force-bending-internal
pressure interaction expressions reported in Mohareb et al. (1994) are recovered. The
experiment results in Mohareb and Murray (1999) on bending moment-axial force-
internal pressure combinations demonstrate the validity of the interaction relations for
pipes with a diameter to thickness ratio in the range of 50 to 60. Experiments on steel

pipes under loading combinations including twist and shear are scarce at best. It is the



objective of this investigation to partially fill this void by conducting tests on steel pipes

under combinations of torsion. bending moments. and shear forces.

2.3  Plastic Interaction Equations

The plastic interaction relations tor pipe sections subjected to combinations of normal
forces. internal or external pressure. twisting moments. biaxial bending moments. and

biaxial shearing forces (Mohareb 2002a) are

Lol 1
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In Egs. 2.1 and 2.2. \/., is the ratio of internal bending moment M, to the plastic moment
resistance \/ =4r°tF . M, is the ratio of internal bending moment M, to the plastic
moment resistance M,. p, is the ratio of the pressure p (positive for a net internal

pressure) to the vield internal pressure p = F r(r —t). 4, (positive when in tension) is

the ratio of the internal axial force 4 to the axial resistance 4, =221F .}« is the ratio of

internal shear force I to the plastic shear resistance I, = 4rr(F ‘ \5) I, is the ratio of
internal shear force I to the plastic shear resistance /). and 7, is the ratio of internal
twisting moment 7 to the plastic twisting moment T = 2ot F ,"'v”g. The terms r. 1. and
F, are the radius. wall thickness. and vield strength of the pipe. respectively. The shear
ratio r. is a dimensionless parameter that intrinsically relates the twist and shear force

ratios (Eq. 2.2) to the moment. axial force. and internal pressure ratios (Eq. 2.1).

Equations 2.1 and 2.2 relate the seven loading parameters. M. Mn. P VAo T, pr. and 4,



when the section reaches its fully plastic state and can be used to judge whether a given
internal force combination is attainable only when the following applicability limits are

met.
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The limits in Eqgs.2.3 through 2.3 are based on geometric constraints (Mohareb 2002a). In
the absence of shear forces and twisting moments. and under uniaxial moments

(M., =0). the interaction relations take the form

(2.6)

-‘—l';l
’ ]

which matches the interaction relation in Mohareb et al. (1994) and Mohareb and Murray
(1999). Thus. the full-scale tests they conducted on 12in and 20in diameter pipes (outside
diameter to thickness ratios of 51 and 64. respectively) under bending. axial force. and
internal pressure validate the general interaction relations (Eqs. 2.1 and 2.2) for load

combinations including axial force. bending. and twist.

The focus of this experimental investigation is to extend the experimental database to

include pipes under twisting moments. shearing force. and bending moments. In the
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absence of axial force A4,. and internal pressure p,. and in the case of uniaxial shear. and

bending. }'»=0. M, =0.Eqgs.2.1and 2.2 lead 10

Tl

r

I-, = \'1-.\1,‘: COS———__:
2 1-MC

-

(2.7)

The scope of this part of the thesis is to experimentally assess the validity of Eq. 2.7

under various M. 1. and T, ratos.
2.3.1 Interaction Surface

The surface plot in Fig. 2.1 depicts the interaction relation between 7.. ... and I', based

on Eg. 2.7 in the positive octant of the (T..M..}",) space. A given internal force
combination corresponds to a point in the (7,.M ..}, ) space. An attainable stress

resultant combination has to lie inside the vield surface while a point on the surface
indicates a fully plastic state of the cross section. The peak shear force resistance
corresponds to zero bending moment and twisting moments. in which case the magnitude
of the shear force ratio is unity. (i.e. shearing force resistance is equal to fully plastic
shear capacity). As the magnitude of either T, or M, is increased. the corresponding shear
force ratio I, decreases. The twisting moment ratio has a maximum value of unity when
both VM., and I, are equal to zero. Also. the bending moment ratio has a maximum value

of unity when both 7, and I, vanish.

2.4 Experiment Design
2.4.1 Selection of Pipes

Local buckling behavior of pipes is largely influenced by diameter-to-thickness ratio. D.t.
(Batterman 1965. Redy 1979. Gellin 1980. and Gresnigt 1986). The D ratio of the
specimens was selected to prevent local buckling from occurring prior attaining the fully
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plastic resistance under pure flexure (Class 2 in CAN/CSA 2001 or compact sections in
LFRD 1999). All pipes tested had a nominal outside diameter of 406émm and a thickness
of 9.5mm (i.e.. nominal diameter to thickness ratio D'r =42.7). The measured outside
diameter of the tubes averaged 406.4mm. The height of the specimens and the
eccentricity at which the force is applied were changed between tests in order to vary the

applied bending moment to shear force ratio. VM, /I° . and twisting moment to shear
force ratio. T 1. (Fig. 2.2). Table 2.1 summarizes the actual dimensions of the

specimens tested. Three different heights of the specimens are shown in Fig. 2.3. Each of
the six tests is designated by a descriptor of the form VxxTyyMzz. where V. T. and M are
the descriptors for the shear. torsion. and bending moment. respectively. The numbers Xx.
vv. and zz. are the respective percentages of the fully plastic resistance in shear. twist.
and bending at tull plastification of the cross-section as determined by Eq. 2.7. For
example dimensions « and h of Specimen VIST86M31 are selected such that the

specimen is expected to reach the fully plastic state under a shear force }° =15%l", . a
twisting moment T = 86%7 .. and a bending moment MW =31%.M . as predicted by Eq.

2.7. All specimens were cut trom the same piece of pipe. The specified minimum yield

strength (SMYS) was 350Mpa (3530W steel).

2.4.2 Loading Combinations

Given the dimensions « and A. the shear force. twisting moments and bending moments
that would fully plastify the section were predicted from Eq. 2.7. These are summarized
in Table 2.1 for all six specimens tested. All predicted values were based on the measured
cross-sectional dimensions and vield strength as determined by extension-under load

method trom tension tests.
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2.5 Description of the Experiments

2.5.1 Ancillary tests

The stress vs. engineering strain relationship of the pipe material was determined by
testing two longitudinal tension coupons with dimensions according to ASTM (1989)
specifications. The location from which the tension coupons are cut and their dimensions
are given in Figs. 2.4a and 2.4b. respectively. The tension tests were carried out using
displacement control under a slow rate of loading to capture the static values of stresses.
The load versus deformation response was recorded throughout the range of deformation
and until rupture occurred. An extensometer of 50mm gage length was mounted on the
central portion of the tension coupon to measure longitudinal strains. Two longitudinal
(one on each side of the coupon) and two transverse strain gages were mounted on the
central portion of the tension coupon. As the specimens were cut from the curved pipe
surface. they had a slight curvature. In the absence of curved grips. the tests were
pertormed with straight grips. which introduced slight eccentricity between the line of
application of the tensile torce and the center of gravity of the coupon cross-section. For
small strain values. averaging the strain readings on both sides of the coupon eliminated
the error due to eccentricity. After vield. only the extensometer readings gave reliable

readings. and the strain gage readings were discarded.

As is illustrated in Fig. 2.5. the stress vs. strain curve of pipe steel exhibited gradual
vielding (as opposed to a distinct vield plateau) and gradually entered into strain
hardening range. The data used to obtain the stress vs. engineering strain curves 1s
tabulated in Tables A.1 and A.2 in Appendix A. In ASTM standards. two methods are
proposed to determine the vield strength of steel. These are: a) the offset method
corresponding to a defined plastic strain (usually taken as 0.002). and b) extension-under-
load method corresponding to a specified total strain (usually taken as 0.005). The two
methods resulted an average vield strength prediction of 319 MPa and 330 MPa.

respectively. Determination of these vield strength values for each stress vs. engineering
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strain curve is illustrated in Figs. 2.6 and 2.7. Other section properties are summarized in
Table 2.2.

2.5.2 Experimental setup

The experimental program was carried out at the Structural Engineering Laboratory of
Universitnn of Ottawa. The test setup is illustrated in Fig. 2.2. The pipe specimen was
positioned vertically and welded to a 1219x1219x76.2mm base plate with a SMYS of
300MPa. The thickness of the base plate was judged to prevent potential warping ot the
specimen in the post buckling state. The plate was restrained from moving horizontally
by means of two shear keys installed on compression side of the base plate. The diameter

of the shear kevs « = 73mm was Imm less than the diameter of the holes in the concrete

floor in order to ensure near perfect contact between the shear keys and the holes in the
concrete floor. thus preventing lateral displacements of the plate during the test. On the
tension side of the base plate. potential uplift was prevented by means of two anchor rods

with a diameter ¢ = 70mm . The top of the specimen was welded to a 457x457x50.8mm

plate with a SMY'S of 300MPa. The top plate was fillet welded all around its 'perimeter 10
the bottom of the loading arm. The loading arm (Fig.2.8) consisted of a built up section.
fabricated by welding four 22 mm thick 437x2.590 plates (300W material) by means of
full penetration welds at the plate corners. Three sets of four holes were flame cut along
the length of the loading arm in order to provide three possible attachment locations for
the hvdraulic jack to vany the eccentricity. b. accordingly. The centerlines of three sets of
holes were 914mm apart. A 1.000 kN MTS hydraulic actuator (Fig.2.9) with a maximum
stroke of =230mm (a total of S00mm difference between the longest and the shortest
positions) was used to provide a horizontal force at an eccentricity. b. from the centerline
of the specimen. The actuator was pin connected to the loading arm while bearing on a
stiff loading frame (Fig. 2.10) at the other end. The experimental setup is illustrated in
Fig. 2.11.
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2.5.3 Fabrication Sequence

Each of the six specimens was beveled at both ends at an angle of nearly 35" (Fig. 2.12).
The pipe was centered on the base plate then welded through a three-pass weld. The
loading arm was then positioned horizontally and then welded to the top plate of the

specimen. which was centered relative to the specimen centerline.

A rigid loading frame was used to provide a longitudinal support to the actuator. One end
of the actuator was bolted to the frame at the desired height and the other end bolted to
the loading arm. Prior the application of any loads. the stroke was at its longest position.
The jack was clectronically controlled to reduce its stroke by specified incremental
amounts throughout the test. Under this arrangement. the force provided by the hydraulic

jack was tensile throughout the test. thus avoiding potential buckling of the testing trame.

After each test was completed. the specimen was tlame cut at the top and bottom ends.
and removed. The surtace of the base and top plates were ground smooth and the process
was repeated for the next specimen. While the loading frame was kept in its position (Fig.
2.2) throughout all six tests. the position of the base plate was changed between tests to

accommodate various eccentricities (b).

2.5.4 Load Measurements

The stroke of the actuator was gradually reduced resulting in an application of the
external force. P. to the specimen located at a distance A from the pipe centerline (Fig.
2.13). The reactions. I M\ and T. at the bottom section of the specimen are P.Pa. and
Pb . respectively. After each stroke decrement. the stroke was kept constant for three to
four minutes before a set of electronic measurements was recorded. The pause allowed
the readings to stabilize. thus eliminating any artificially high load readings due to
material viscous effects. Special care was given to capture the points of initiation of local

buckling.
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2.5.5 Instrumentation

Eight strain gauges provided longitudinal and transversal readings. Electronic
displacement devices including temposonics. linear variable differential transducers
(LVDTs). and cable transducers (PT101s) were used to measure the displacements at the

locations illustrated in Fig. 2.14a. depending on the spatial constraints.

The strain gauges were located 30mm above the bottom end between the base plate and
the bottom of the specimen. Fig. 2.14b shows the locations of the strain gauges along the
pipe circumference. Strain readings on the compression side of the specimen were
reliable only before local buckling. Because the position of the strain gauges relative to
the location of the local buckle strongly influences their readings. the longitudinal
compressive strains in the post buckling range of the deformation are judged to be of

little value.

From the horizontal displacement readings taken at points 1. 2 and 8. the angle of twist
and the lateral displacement at the top of the specimen can be determined. Displacements
along the initial direction of the loading arm were measured at point 7. Displacement
measurement devices at points 3 through 6 provided readings of the movements of the
specimen in the plane including the centerline of the specimen and that ot the loading

arm. The displacement measuring devices used for each test are listed in Table 2.3

2.6 Experimental Results

2.6.1 Buckling Patterns and Location

All specimens initiated local buckling near the bottom end. Figs. 2.15 and 2.16 show the
final buckled configurations of the specimens tested along directions CG and AE in Fig.
2.14b. respectively. Specimens V17T00M98 and V23TOOM97. under no twist. exhibited
a single outward bulge local buckle on the compression side after the peak point was

attained. The buckle resembled to those obtained in Mohareb et al. (1994) under bending.
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axial force and internal pressure. The buckle was symmetric about the plane of bending.
For specimens V13T86M31 and V24T71M51. local buckling initiated at location G on
the neutral axis (at the location where the shear stresses induced by twist and shear were
additive). The buckle then progressed to cover the whole height of the specimen. The
crest of the buckle seemed to form a line inclined at 45 degrees with the horizontal plane.
The remaining specimens V12T68M66. VI3T77MS51 initiated buckling at the point of
maximum compressive stresses and buckling patterns assumed an asymmetric mode as
the test progressed. At the end of the test. the buckles were localized over a shorter height
of the specimen than specimens VI5ST86M31 and V24T7IMSI but larger than those of
specimens VI3T86M31 and V24T71MS1. The crest line of the buckle was inclined at a

milder angle (close to 30 degrees with the horizontal).
2.6.2 Load vs. Deformation

The jack load vs. applied stroke is plotted in Fig. 2.17 for the six specimens tested. All
specimens exhibited softening characterized by the negative slope of the curve after a
peak value of the load is reached. In all cases. the softening behavior seemed to take
place after the onset of local buckling. The buckled configurations of all specimens are
illustrated in Fig 2.18. The recorded peak forces were in close agreement with those
predicted by Eq. 2.7. The location of the sensors and data collected from the sensors can
be seen in Figs. A.l through A.6. and Tables A.3 through A.25 in Appendix A.

respectively.

2.6.3 Comparison between Experimental and Analytical Results

The experiments aimed at assessing the validity of the interaction equations developed in
Mohareb (20022) and Mohareb (2002b). Under an applied load P. the reactive stress
resultants at the bottom section of the pipe are Pa.Pb. and P. respectively. By

substituting into Eq. 2.7. a value of P is obtained. This magnitude is referred to as P,, tor

F,=330MPa (the vield strength obtained from extension-under-load method) P,, for



F.=319MPa (the vield strength obtained from offset method) and. Table 2.4 summarizes
the value ot P,; and P, for the six tests. The experimentally obtained jack torces P, are

provided for comparison. The ratio (P, /P ) varied between 90% and 97%. with an
average value of 94% and a standard of deviation of 2.5%. The ratio (P,,/P.) varied

between 86%0 and 94% and a standard of deviauon of 2.8%. indicating a very close

agreement between analvtical predictions and experimental results.

2.7 Design Example

A pipe has an average diameter of 318mm and a thickness ot 6.4mm. The specified
minimum vield strength of the pipe steel is 359MPa. It is required to determine whether
the pipe can withstand the following combination of internal forces. based on yielding
considerations.  Twisting moments 7=60kNm. bending moments \/,=120kNm and
M =30KNm. compressive axial torce 4=200kN. shearing forces | =36kN and I ,=48k\.

and internal pressure p=10MPa.

The diameter to thickness ratio for the pipe is 31 compared to limiting values of D/t of
657 and 314 tor pure bending and pure compression. respectively. based on
classifications limits given in CAN'CSA S16-2001. This value suggests that the fully
plastic capacity of the pipe under axial force and bending moments is likely to be attained
prior the occurrence of localized strains. Similar limiting values for shear and twist are
not available. Nevertheless. it will be assumed that shear and torsion will not result into
local buckling prior the fullv plastic resistance of the section is mobilized. The limiting
resistances for twisting moments. bending moments. axial forces. shearing forces. and
internal pressure are 7,=208.4 kNm. V/,=229.8 kNm. 4,=4547.7 kN. 1,=835.8 kN. and
p,=14.7NMPa.  respectively. The corresponding resistance ratios are 7. =0.288.

M =0522. M, =0218. 4 =-004. 1" =0043. I =0.057. and p, =0.682.

Checking whether the given shear-twist combination lies within the domain defined with
Egs. 2.3a. b. c reveals that the twisting moment-shearing force combination is attainable.

-

The corresponding shear stress ratio 7, is determined from Eq. 2.2 as 0.330. Based on
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this value. the pressure limit check given in Eq. 2.4 is performed. Bounds for p, are
found as —1.088< p,  <1.088. This condition is met for the computed value of
p. = 0.682. Next. the axial force limit check as per Eq. 2.5 is performed. leading to the
condition —-0.393< {4 <1.076. The calculated value (.4, = -0.044) lies within the
acceptable range. The final step is to calculate the maximum resultant moment ratio trom

Eq. 2.1. The -equation predicts a maximum resultant moment ratio

\r= M * =M. of 0.499. which is less than the applied resultant moment ratio of

Moo= M " =M _ " =0.566. Theretore. the section is judged inadequate and a thicker

pipe section should be considered. The procedure can be easily modified to incorporate

the resistance factors commonly used in limit state design codes by dividing the ratios 7,.

r

M. M . 4.1 .. 1. and p. by the appropriate resistance factor (¢ =0.9 in

CAN CSA-S16-2001) and repeating the procedure on the amplified force ratios.
2.8 Conclusions and Recommendations:

The project investigated the plastic capacity and post-buckling behavior of the compact
pipe sections under the action of shear force. bending moments. and torsion. The

principal conclusions of the work are as following.

. All specimens exhibited significant deformations in the plastic range of
deformation. The onset of local buckling was detected immediately prior the

artainment of their peak load.

(]

The pipe post buckling behavior is characterized by softening of the resistance

cunve as a single wrinkle develops and amplifies.

W)

The local buckling configuration is highly dependant on the bending. torsion.
and shear ratios. For the short specimens (V15T86M31 and V24T71M51) with

lower bending moments and higher torsion and shear. wrinkling appeared as a
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diagonal buckle. For the medium and tall specimens VI12T68M66 and
V13T77M351 with lower shear force and higher bending moment and torsion. a
wrinkle initiated at the maximum compression fiber and progressed into an un-
svymmetric mode. For specimens with no torsion but with high bending
moments and relatively low shear. VI17TOOM98. and V25T00M97. an outward

bulging local buckle symmetric about the plane of bending was observed.

For all tests. the interaction equations in Mohareb (2002a) predicted a lower
capacity than those recorded in the tests. The average ratio between the
experimental results and the analytical predictions is 94% based on the yield
strength determined by extension-under-load method and 91% based on offset
method. Strain hardening eftects. which were not taken into consideration in
formulations. are responsible for this under estimation. This experimental
validation is believed to be an important step in adopting Egs. 2.1 and 2.2 into

design codes.

Based on the experimental program presented in this section and the one
reported in Mohareb and Murray (1999). it can be concluded that for steel pipes
with vield strength close to 350 MPa and with diameter to thickness ratios of 41
and less. the interaction relations developed in Mohareb (2002a) and Mohareb

(2002b) vield very good predictions and are recommended for pipeline design.

The conservative predictions of the analytically derived interaction relations
suggest it is possible to extend the applicability of the interaction relations to
thinner pipes with D/t in excess of 41. However. experimental evidence is

needed prior making conclusive design recommendations in this regard.

Current design codes include the conditions under which a tubular section can
develop its fully plastic capacity prior undergoing local buckling under the
ettect of pure bending moments or pure axial compressive forces are given as a

function of the D-t ratio and vield strength of the pipe. Under more complex



loading conditions including twist. shear. and internal pressure. similar limiting
conditions are not known. A comprehensive finite element analvsis and
corroborative experimental study is needed in order to define these limiting

condiuions.
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List of Symbols for Chapter 2

d distance trom the centerline of the loading arm to the critical section of the

specimen (the bending arm)

4 internal axial force

4, ratio of the internal axial force (4) to the axial resistance (.4,)

A, axial resistance

b distance from the centerline of the MTS Jack to the centerline of the
specimen (eccentricity of the load applied)

d, diameter of the anchor rods

oda diameter of the shear keys

D mean diameter ot the pipe section

F, vield strength of the specimen material

LI'DT Linear variable differential transducer

M bending moment at the critical section of the specimen due to the applied jack
load

M, plastic moment resistance of the pipe section

M, resultant bending moment ratio( Vf MM )

M., ratio ot the internal bending moment (./;) to plastic bending moment
resistance (.1/,)

M. ratio of the internal bending moment (., ) to plastic bending moment
resistance (M)

M. internal bending moment with respect to x-axis

AYA internal bending moment with respect to y-axis

p pressure (positive for net internal pressure)

Dr ratio of the pressure (p) to the vield internal pressure (p,)

Dy vield internal pressure

P load applied by the MTS Jack

P, analvtically calculated jack load for F,=330MPa (the yield strength obtained

from extension-under-load method)



PT101

SMYS

T
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analyvtically calculated jack load for F,=319MPa (the vield strength obtained
from ottset method)

jack force recorded during experiments

cable transducer (deflection measurement sensor)

mean radius of the pipe section

specified minimum yield strength

internal twisting moment

plastic twisting moment resistance of the pipe section

ratio of internal twisting moment (7) to plastic twisting moment resistance
(7,

cable transducer (detlection measurement sensor)

shearing force at the critical section of the specimen due to the applied jack
load

plastic shear resistance of the pipe section

- SN SRR
resultant shear torce rauos\Vl S ]

internal shearing force in the direction of x-axis
internal shearing force in the direction of y-axis
ratio of the internal shearing torce (I7) to plastic shear resistance (}},)
ratio of the internal shearing torce () to plastic shear resistance (}}

dimensionless parameter that intrinsically relates the twist and shear force

ratios
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Table 2.4 Comparison Between Experimental and Analytical Results

_ Test Descriptor _ Pu'(kN) P’ (kN) P (kN) P./P. __ PafP.
VISTS6MSI 204 197 210 0.97 0.94
V12T68M66 162 157 171 0.95 0.92
V17T00M98 243 233 253 0.96 0.93
\V25TOOMS7? 349 337 370 0.94 091
VI13T77M51 185 178 198 0.93 0.90
V24T71M31 337 326 377 0.90 0.86

Average 0.94 0.91
Standard
deviation 2.5% 2.8%

' The actuator load calculated analvtically by using the vield strength value obtained

trom extension-under-load method

* The actuator load calculated analytically by using the vield strength value obtained

trom otfset method

* Actuator load recorded during experiments
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Figure 2.3 Different Heights of the Specimens
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Multi-directional Swivels

Bolt Holes

}:¥ Load Cell
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Figure 2.9 Details of the MTS Actuator
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(a) Specimen VI15T86M31 (before the sensors attached)

(b) Specimen V15T86M31 (after the sensors attached)

Figure 2.11 Experimental Setup
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CHAPTER 3

PLASTIC INTERACTION RELATIONS FOR
SQUARE HOLLOW STRUCTURAL SECTIONS

3.1 Introduction

In this Chapter. general interaction relations and their applicability limits for hollow
structural square sections subject to combinations of normal force. twisting moment.

biaxial bending moments. and biaxial shearing forces are developed.

[n current steel structures codes such as AISC LRFD (1999) and CAN/CSA S16 (2001).
general plastic interaction relations including the effect of torsion and shear is

unavailable. The objective of this chapter is to partially till this void.

3.2 Literature Review

General principles tor the analytical developments of lower bound and upper bound
plastic interaction relations are presented in Chen and Atsuta (1972) and Hodge (1981).
Early work by Gaydon and Nutall (1957) resulted in upper bound interaction relations for
hollow rectangular sections subject to combined twisting and uniaxial bending moments.
Morris and Fenves (1969) established lower bound plastic interaction relations for thin
walled hollow structural rectangular sections under combinations of biaxial bending,
torsion. and axial forces. Chen and Atsuta (1972) formulated lower and upper bound
interaction relations for box sections under biaxial bending and axial forces. The
agreement between the two bounds demonstrated the exactness of their solution (within
the limitations of the formulation). Their solution was also found to agree with those
developed by Morris and Fenves (1969) when the torque term is omitted. Pillai and Ellis

(1971) conducted an experimental studvy on hollow structural sections subject to
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combined axial forces and uniaxial bending moments and proposed a simplified
interaction relation based on their work. Interaction relations for square hollow structural
beam columns subjected to bi-axial moments and axial forces were proposed by Pillai
(1974) and later verified by an experimental investigation conducted by Pillai and Kurian
(1977) on ten full-scale tests. Pillai’s interaction relations were adopted in the CAN/CSA-
S16.1-1974 [Canadian Standards Association. CSA (1974)] and subsequent versions for
the strength design of compact sections (Classes 1 and 2). The effect of residual stresses
on the plastic resistance of welded box sections was investigated by Zhou and Chen
(1986). None of the solutions enumerated incorporate the effect of shear. a feature that is

added in this chapter.
3.3 Statement of the Problem

Interaction relations for hollow structural square sections subjected to the combined
action of the axial force. twisting moment. biaxial bending moments. and biaxial shearing
forces are sought. It is assumed that the fully plastic resistance of the cross-section
(commonly reterenced as the cross-sectional capacity limit state in the design codes) will
be attained. Other possible modes of failure including tensile strain localization. overall
buckling. local buckling and the effect of residual stresses are beyond the scope of this

study. The formulation is based on the lower bound theorem of plasticity.

A hollow structural square section having a side length ¢ along the mid-surface. constant

thickness . and steel vield F is subjected to shearing force components }° and ' .
axial force I".. bending moment components M . M and twisting moment M. acting

along the principal centroidal axes x. v and = of the cross section (Fig. 3.1). It is

required to determine whether or not the section can withstand the applied combination
of internal forces under the assumption that the fully plastic resistance of the section is

reached. In a mathematical form. this requirement signifies a family of interaction
relations of the form »r"(l',-l' J.M M M. ra.F )=0. On account of non-

dimensional analvsis considerations. it is possible to reduce the number of arguments of
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functions f . ie. f (v..v, .v..m_.m_.m_.t/a)=0 in which the dimensionless terms
vo= =31 ZulF‘) and v, =1 ’/V‘r=\/§V‘ ’,/(?.alF‘) are the ratios of the
applied shear forces to the plastic shear capacity of the section. Ratio
v b =1 (4arF. ) is that of the applied axial force to the axial yield resistance.
Ratios m, = M, /M, =M [(L5a°(F,) and m, =M /M, =M, [(1.5d"F,) are those of
the applied bending moments to the plastic bending resistance of the section and
m.=M_ VM. = v3M . (.‘.’.u:l[:. ) is the ratio of the applied twisting moment to the plastic
twisting resistance. It is noted that the resistances }° }° V.M W, and M are
those that would fullvy plastity the cross-section in the absence of any other stress
resultants. The tformulation is restricted to thin sections (as discussed in the section on
assumptions). ie.. f a =0. This climinates the dependence of tunctions 1" on the
dimensionless parameter fja . ie. f (v,.v,.v..m_.m, .m_)=0. A yield function f~
is applicable only when a well defined set of applicability limits
g (v,.v .v..m_.m .m.)<0 are met. When a yield tunction " is known to be
applicable. the condition #” <0is met for any physically possible combination of stress

resultants. the condition f =0 signifies that a fully plastic state is attained under the

applied stress resultant combination considered. and the condition 7 >0 is unattainable

under the assumptions of the formulation.
3.4 Assumptions
3.4.1 Idealized Stress vs. Strain Relationship

The stress vs. strain diagram is assumed to be bi-linear elastic-perfectly plastic. The first
line passes through the origin and has the same slope as the initial slope of a tension

coupon test. The second line has zero slope and passes through the yield point. The

(¥ 1]
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additional capacity of the section due to strain hardening is neglected. leading to a lower

bound approximation of the section plastic resistance.

No distinction is made between true stress vs. logarithmic strain and the engineering
stress vs. engineering strain as the formulation is limited to small strains. This assumption
was adopted in Mohareb and Murray (1999) and Mohareb (2001) in developing plastic
interaction relations for pipe sections and vielded predictions in very good agreement

with experimental results.
3.4.2 Yield Criterion

The section material is assumed to vield in accordance with the maximum distortional
energy density vield criterion. Hence. a given point on the section will yield when the

following condition is met (Boresi and Sidebottom 1983)
O.S[(oi,,, -0 V+lo -o.)~lo, -0c.) ~6lr,” + R )]: F- (3.1)

InEq.3.1.0,.0,.0.. r,. r..and r_ are the stress tensor components at the point
considered. The tangential direction is denoted by s. the normal to the section perimeter is
n and longitudinal direction is denoted by = (Fig. 3.2). The normal vectors to sides 1. 2. 3

and 4 are denoted as n,.n,.0;. and @, . respectively.

3.4.3 Width to Thickness Ratio

The tormulation is applicable to cases where the section is capable of attaining its fully
plastic resistance before undergoing local buckling. For simple loading combinations
including axial torce and bending moments. sections capable of attaining their fully
plastic resistance prior local buckling are termed compact sections in AISC LRFD (1999)
and Class 1 or 2 in CAN/CSA S16.1 (2001). Limiting values of the width to thickness

ratio.a/t. for those hollow structural sections are given in these codes as
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(a:r),, < 525,,’\/7 in which the vield strength F, is expressed in Mega-Pascal (Mpa)

units. For more general loading combinations including shear and twist. the limiting
conditions at which a hollow structural section would buckle locally before attaining its
fully plastic resistance necessitate a comprehensive study and are outside the scope of

this paper.
3.4.4 Thin Wall Assumption

The formulation is restricted to sections with thin walls. Therefore. the gradient of the
stress tields across the thickness of the section are negligible. the dependence of the stress

fields on the normal coordinate » is thus eliminated. i.e.. the stress components o, . ..

nn* n:
and -, vanish (or nearly vanish) at the outside and inside perimeters of the thin walled
section. The normal stress o can be assumed to vanish in the absence of anv external or
internal pressure. It follows that
G,n.=T,.x0,sC0O. Cn=Cr, 'én=éo,/tn=¢r,_ /én=¢Er,/én=0. Based on these

simplifications. the vield condition. Eq. 3.1. for a given section = = -, takes the simpler

torm.
o(s)y +3c(sy = F" (3.2)

In Eq. 3.2. the indices s and - are omitted. and symbols o_ =o(s) and 7 = r(s) are

introduced.

3.4.5 Residual Stresses

The etfect of residual stresses in hot rolled sections and stress-relieved sections is

assumed small enough to be neglected. For welded sections. Zhou and Chen (1986) have

shown that the presence of residual stress increases the plastic resistance of sections

subject to uniaxial bending and axial forces. On the other hand. residual stresses were
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found to reduce the plastic resistance of welded box sections subjected to biaxial bending
and axial force combinations. Similar observations are expected for the more general

solution presented in this chapter.

3.4.6 Plastic Neutral Axis

Santathadaporn and Chen (1970) have shown that the curve delineating compressive and
tensile stress regions (plastic neutral axis) for a wide flange section subject to biaxial
bending and axial force has to assume the equation of a straight line. This requirement is
a necessary requirement in maximizing stress resultants based on a lower bound
formulation (i.e.. in order to vield an exact solution). The proof can be extended to other
sections and the result is adopted in the solution for cases I and II in this chapter. For
Case IIL the requirement is violated in strict sense. However. it is shown that the error

introduced 1s small.

3.4.7 Idealized Section

For a very stocky hollow structural section (width to thickness ratio is small). there exist
a large number of possible positions of the plastic neutral axis (PNA) relative to the
inside and outside perimeters of the section. Fig. 3.3 shows the five fundamental cases
that need to be considered. It is noted that the numbzr of PNA positions would exceed 40.
However. these cases can be handled through proper transtormation (Refer to the section
on Transformation Law for Interaction Relations). Each of the possible PNA locations
would correspond to a distinct interaction equation and a set of applicability limits. Since
most of the hollow square structural sections used in North America typically have high
width-to-thickness ratios (a r>10). the area of each side can be assumed to be
concentrated along the side centreline with zero thickness (Fig. 3.4b) while introducing a
slight approximation. This approximation reduces the number of fundamental cases to be
considered from five (Fig. 3.3) to three (Fig. 3.5). while ensuring the consistency between
the interaction equations at the borderline of different cases (e.g.. the interaction relations
for Case | where @ =0 (Fig. 3.5a) is identical to that obtained for Case II where
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B =1.0(Fig. 3.5b)). Figure 3.6 summarizes all possible stress patterns for an idealized
(thin) section. In the derivations the focus would be on developing the fundamental cases

I-1. 1I-1. and III-1. A transformation scheme will be developed to reduce the interaction

relations from the fundamental case.

3.4.8 Cross-Section Warping

Based on an elastic analysis. von Karman and Chien (1946) have shown that square
hollow structural sections of constant thickness do not warp under twisting moments. [t
will be assumed that this result remains valid in the plastic range of deformation. i.e.. no

warping stresses are assumed to take place due to torsion.

3.5 Derivations

3.5.1 Methodology

According to the lower bound theorem of plasticity. by assuming a stress field that meets
the vield condition anywhere on the section. a lower bound interaction relation is
obtained. The solution vields the exact interaction relation only when the exact stress
field is assumed. As a step towards assuming an exact stress distribution. consideration is

given to the 3D equilibrium conditions.

3.5.1.1 Equilibrium Conditions

The 3D equilibrium conditions for an infinitesimal element of the section under no body

forces ( Timoshenko and Goodier 1987) are:

- [
A.‘... "\--‘+ a-n =0 (33)
c= (oA cn
cr co cr,
e A (3.4)
cZ cs cn



As discussed in the section on assumptions. the variation of stresses across the wall
thickness can be neglected. This assumption eliminates the dependence of all stress
tensor components on the radial coordinate n. ie. o_=0o_(s.z). r_ =r_(s.2).
o, =0,(s.2)r, =r.(s.2) and r_=r7_(s.2). In addition. in the absence of any
traction acting on the outside or inside surfaces of the section. stress componentso,,.7,,, .
and r,. assume zero values at n = =12 . Because of the independence of &,,.7, and r_

on coordinate n. it can be concluded that o, (s.z)=r,(s.z)=17,_(s.2)=0. These

nn
simplifications are used in solving the equilibrium equations (Eqs. 3.3 through 3.5) for

the stress tields. vielding.
r.=r_(s) (3.6)
o s.z)==zz(s)= 1(s) (3.7)
in which the prime denotes differentiation with respect to coordinate s . By differentiating
the vield condition in Eq. 3.2 with respect to the coordinate s. the following expression

is obtained.

d
o 9% .3 4% g (3.8)
- ds T ds

From Eq. 3.7. by substituting into Eq. 3.8. the relation
sk (s)=" =[F(s) (s)+ £ (s)e (s)k + £ (s)f " (s)+ 3e(s ) (s) = O (3.9)
is recovered. In order to satistv Eq. 3.9 for an arbitrary value of the coordinate :. the

conditions z'(s)r''(s)=0 and f(s)r"'(s)+ f'(5)r'(s)=0 must be satisfied. It can be
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shown that the two conditions are met only when the condition 7' (s)=0 is realized. For

the first condition to be met. either 7'(s)=0 (case 1) or r''(s) =0 (case 2).

Under case 1. the conditionz'(s)=0 will realize the second condition identically. By
substituting into Eq. 3.8. the condition o(s)o'(s)=0 is recovered. For a section with
non-zero moments and'or axial forces. the solution o(s)=0 is rejected. therefore

o'(s)=0. As a result. both the normal stress ofs) and the shear stress r(s) are

piecewise constant functions.

Under «case 2. the condition r'(s)=0 is met. For the condition
fir (s )= 17 (s) =0 to hold. the term /" (s)r'(s) must vanish. Therefore. either

#'(s) vanishes leading to the solution under case 1. or f"(s)=0. By ditferentiating Eq.

3.7 with respect to coordinate s. the relationship o'_ (s.z)=-z7_"(s)+ /"(s)=0 is
obtained. which indicates that the normal stress is a function of coordinate =. 1e..
o_(s.z)= o_(z). By substituting the condition o' (s.z)=0 into Eq. 3.8. the condition

~(s)'(s)=0 is reached. For non-zero shearing forces and twisting moments. the

condition r(s)=0 is rejected. and therefore r'(s)=0. leading to the same solution as in

case 1.

In summary. both the tangential shear and the normal stresses have to assume constant
piecewise distributions over the cross-section in order to satisfy the equilibrium

conditions.

3.5.1.2 Section Corners as Points of Shear Stress Discontinuity

By applving the 3D equilibrium conditions for an element at the comer of the section
(Fig. 3.7). it can be demonstrated (Appendix B.1) that the tangenual shear stresses acting

on two faces connected to the comer s=s =ia. (i=123 and 4). are in general

unequal. ie.. (s ). = (s ). .
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In the derivation of plastic interaction relations of pipe sections in (Mohareb 2001). it has
been mathematically demonstrated that. at the plastic limit. the section consists of no
more than two contiguous blocks: the first block is subject to a tangential shear of
constant magnitude and the other block is subject to an equal and opposite tangential
shear stress. By extending this result to the square hollow structural section. it can be
inferred that the only points of possible discontinuity for the tangential shear stress are

those located at the corners of the section. Therefore. it will be assumed that the shear

stress is given by r{s)=r. (i—l)a <s <ia.in which corner i takes the values 1.2.3.

-

and 4.

A section under pure torsion will be subject to a constant tangential stress
r.s)=r,. =M. (2a’t)=m_F 3. Under a shearing force I . an elastic analysis
predicts a nearly constant tangential shear stress distribution along the sides parallel to

the force. ie.. v (s)ar. =1" (Qar)=v_F /<3 . Similarly. under a shearing force I .

the stresses along the sides parallel to the v-axis are © (s)=7, =1 (2ar)=v F 3.

;
The shear stress distribution is assumed to remain constant along the sides parallel to the
forces throughout the plastic range of deformation. in agreement with established plastic
design procedure (LRFD 1999 and CAN/CSA 2001). The tangential shear stresses due to
the combined effect of shear and torsion are obtained by summing their respective
contributions with the proper signs. By taking the shear stresses as positive in the positive
x and v directions (Fig. 3.8). the resultant shear stresses on the four sides are obtained as

L ad g -
L Lm-~ .

=7, -7._.. t,=r, +7, and 7, =7, +r,.. in which subscripts |

through 4 denote the four sides of the section.

3.5.1.3 Normal Stresses

The vield condition in Eq.3.2 is solved for the normal stress as o ==41 - r- in which
the normalized shear stresses t, =+ 37, 'F, . normalized normal stresses ¢, =, /F, . and
Q. is the normal stress that would vield side i in the presence of a shear stress 7,. The
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stresses causing compression (along the negative - direction) are negative and those

causing tension (along the positive = direction) are positive (Fig 53.9).

There is a one 1o one correspondence between any set of applied normalized forces

m_.v_.and v and the normal stress ratios 0,.0,. and o-. This allows the expression of

the vield functions ¢ and their limits of applicability g”" to be expressed in the

alternative form fio,.0..0..0,.m m v )=f(x})=0 and
g \o,.0..0..0,.m . m .v.)=g,/ xh<0. respectively in which vector
X!= 0.6 .0..0,.m .m .v_ . This alternative form results into simpler expressions

and will be adopted in the tollowing tormulations. The normal stress ratio o, is not an
independent quantity and is related to other three stress ratios ¢,.0,.0 . and the applied

stress resultant ratios m_.v_.v, through the relation

o, =z,4 ~Hm. ~2v =20 -0l 0!~ 07 ). In the following formulations. it is

found convenient to retain normal stress ratio o, .
3514 Sign Convention for Stress Resultants

The axial force I, is positive when in tension (acting along the positive = direction).
Shear forces | . and J° are positive when acting along the positive directions of along
the x . and 1 axes respectively. Moments V. M . and M are positive when they induce

positive rotations about the x. v. and = axes respectively following the right hand rule sign

conventuon.

3.5.1.5 Shear and Torsion Applicability Limits

For the normal stresses in Eq. 3.2 to assume real values. the conditions



g, (x)=v. +im. -1.0<0 (3.10)
g.:({x;)='v ?'m:l-l'oso (3.11)

have to be met. A stress resultant combination not meeting any of the above two
requirements is unattainable under the limitations of the formulation. Equations.3.10 and
3.11 constitute the first applicability limits for any admissible combination of stress

resultants and need to be checked prior the application of any of the interaction relations

to tollow.

3.5.2 Normal Stresses — Fundamental Cases

Depending on the magnitude and sign of the applied stress resultants there can be twenty
difterent patterns of stress distribution for the idealized section (Fig. 3.6). In the
tollowing sections. interaction relations and applicability limits are derived only for three
tundamental cases (I-1. II-1. and [II-1). The remaining seventeen cases can be derived

through permutation of the ratios o,.0..0..0,.m_.m_. and v. with the appropriate

signs and are handled subsequently through transformations of axes.
3.5.2.1 Case I-1 - Interaction Relation

The axial force I'. and bending moments V/ and \/ are obtained by integrating the

longitudinal stresses and their respective moments about the section centroid. In a

dimensionless form. these are expressed as:

[ 1 .
v, = : J-onu-—( o, ~2ao, -0. -dvo.+0.+0,) (3.12)
o datF 4ulF 4 -

M

1 . .
m_ =—- ovdd=-—-2a0, -2a 0, +0, -2y 0; +2y0; + 0, )(3.13)
M., 13a “IF, I 3( : : R 4 4)

r
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M.
M, L3d7IF,

m = Io:ubl =%(oq —2a0, -0, +2y0.) (3.14)
J
1

Variables « and y (Fig. 3.5a) are dimensionless coordinates identitving the locations
au (along side 1) and u (along side 3). where the neutral axis intersects the cross-
section. From Fig. 3.3a. the conditions 0 € @ <1 and 0 < y <1 have to be met for Case I-
I to be applicable. By solving Eq. 3.14 for @ and substituting into Eq. 3.13. two possible

values for the coordinate a are obtained as a«,. =(B:*:\/—.q )/C in which constants

B=c.lc —c.-3m ).(=20.(c, -0.).and
.-l=0'10'.,[(0'1 +0.) +20, +0. o, + 0, +3m,)—9m‘:] (3.13)

have been introduced. The corresponding values for y are obtained by substituting into
Eq. 3.13 vielding 7 .= (E: v 4 )/F. in which constants E={(o, +o. +3m, )cr., and
F=20.(c, +o.) have been defined. By ecliminating @ and » between Egs. 3.12

through 3.14. the interaction relation for Case I-1 is recovered

f.(lx}) = [(o-: o o ~0.)+4 .0, +0.)~-3m (o —0'.,)]: s
. ] (3.16)
-40’10';[(0', +0.) +2o, ro. o, +0,)+6m (o +ou)—9m,_']=0

3.5.2.2 Case I-1 - Limits of Applicability

In addition to the applicability limits in Eqs.3.7 and 3.8. coordinates @ and y have to

assume real values.1.e.. 420.0r

¢ . (x\)=9m " —(6. 0. o, r0. +20. + 20, +6m_)<0 (3.17



Also. coordinates «,. and 7, . have to remain within the bounds 0<ga,, <! and

0<y,.,<1.Noting that C >0and F >0, the bounds for a,, and y,, can be shown to

lead to the following conditions.

g.,.0xY)=-o,lo, +o. +3m J-vA4<0 (3.18)
g (=00, -0, +3m )+V4<0 (3.19)
g (X)=0.~0 -0.=3m J)-v4 <0 (3.20)
g (x)=-0.lo. ~0.<3m J+v4<0 (3.21)
¢ . (X)=-clo, 0. =3m J-vA4<0 (3.22)
g (Ix)=0.(~0, —c.-3m )+v4<0 (3.23)
g . (x)=0.l~0, -0, -3m )-vA<0 (3.24)
¢ (x)=-c.lc ~c.-3m )+ 450 (3.25)

For the interaction relation in Eq. 3.16 to be applicable. either the applicability limits in
Egs. 3.18 through 3.21 or those in Egs. 3.22 through 3.25 should be met. The derivations

related to these applicability limits of Case [-1 are given in Appendix B.2
3.5.23 Case [I-1 - Interaction Relation
A similar treatment on the stress distribution in Fig. 3.5b leads to the axial force and

bending moment ratios v, = 0.25[(1 - 27)02 +(1-2p8)0, +0, +0, ],
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m, =-[Cy - o, +2(1- B)fo. +05.)/3. and
m, =—[20.y(» -1)-0.28-1)-0,)/3. Variables S and » are dimensionless
coordinates identifving the locations Sz (along side 2) and yz (along side 3) where the

neutral axis intersects the cross-section. By solving the expression for the axial force ratio

tor £ and by substituting into the expression for m,. coordinate » can be obtained as
y=z= \/’5;"20'., in which G =20.(3m, -4v. +o, + 0.+ 20,). The negative sign of y is
discarded in order to meet the geometric constraint 0<y <1 (Fig. 3.5b). By back-
substitution into equation for axial force. and solving for coordinate A. the
expression ff = [(cr, +0,+0,+0, -4 )~ vz:l/?.a: is recovered. The interaction
equation for Case II-1 is obtained by eliminating » and A from the expressions for v..

m.. and m,. leading to

1.(x\)=20.(4v. =3m -20, -0. -0, )+

\ (3.26)
[-h': -0, -0, -0.-0,+y20.0m -4, +0, +0. + 20, )} =0
3.5.2.4 Case I1-1 — Limits of applicability
Coordinates £ and » can only assume real valuesie.. G20.or
g.(x)=(v. -0, -0.-20,)-3m, <0 (3.27)

In addition. the bounds 0< /A <1. and 0<y <1 have to be met. Noting that the
conditions o. >0 and o.>0 always hold true and the condition 0 < v is identically

satistied for any combination of real stresses. the following applicability limits are

reached.

g.(xl)=y20.6m, —4v_+0, +0,+20,)-(0,+0. +0, +0, —4v.)<0 (3.28)
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g.(x})=(0, -0, +0,+0, - 4.)-J20,3m, —4v_+0,+0,+20,)<0  (3.29)

g-.Ux{)=y20.0m -4 +0, +0,+20,)-20,, <0 (3.30)

’

The conditions g.,(1x})<0.i=1...6 need to be satisfied for interaction relation in Eq.

3.27 to be applicable. The derivations related to the applicability limits for Case II-1

(Egs. 3.28 through 3.30) are given in Appendix B.3.
3.5.2.5 Case [I1-1 - Interaction Relation

Cases | and I are unable to represent physically attainable load combinations such as
those corresponding to the neutral axis positions 3. 4. 5 in Fig. 3.3. While it is possible to
derive interaction relations for each of these cases separately. the resulting relations are
cumbersome. and they result in slight discontinuities with the interaction relations
derived in Cases | and II. In order to consolidate the interaction relations based on these
cases into a single interaction expression. it is assumed that the curve delineating the
compressive and tensile longitudinal stresses crosses the same side at two points (e.g..
along side 2 in Fig 3.5b). While in principle. this approximation violates the straightness
requirement of neutral axis (Santathadaporn and Chen 1970). it is shown (Appendix B.4).
the assumption vields an excellent approximate solution erring on the conservative side
when compared to more accurate solutions based on thick wall section representation as
the error does not exceed 1% . Further. the proposed approximation ensures the

continuity of the vield surfaces given in Cases I and II while meeting the Drucker

convexity requirement  (Hodge 1981) (&f./ev}) diyl>0 in  which

Wi= v v .v..m_m_.m_ . for the vield surface. The normalized axial force and
bending moments corresponding to Case III-1 are found as
v.=(28,-28. +lJo, +0, +0. +0, /4. m =28, 28, +1)o, -0./3. and

m = Z(ﬂf -5 - ,B:: - f- b: +0, —0,. 3. The coordinates. 5, and g.. are eliminated
from the axial torce and biaxial bending moment expressions vielding
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filfx)=v.-Gm, -20,-0,-0;)=0 (3.31)

It is of interest to note the independence of the interaction relation on the magnitude of
the normalized moment m,. A similar observation is reported in Momms and Fenves
(1969).

3.5.2.6 Case LlII-1 - Limits of Applicability

From Fig. 3.5c. coordinates 5, and 5. have to meet the conditions 0< f. <1 and
& 1 2 2

0 £ B, < .. These geometric constraints lead to the following applicability limits.
g.{xl))=0,-0.+3m <0 (3.32)

gu(‘,x})=(6m -0: -20, +20. b: +(6m: 0, bx +9mz: <0 (3.33)

g:;(:‘:' =

. . (3.34)
(¢, -30.Xo. ~0,)+20.(c, -c.)-3m (20, +3m )+6c.2m -m )<0
The conditions ( g, (}x})<0.i=1....5) need to be satistied for the interaction relation in

Eq. 3.31 to be applicable. The derivations related to the applicability limits of Case [I-1

(Egs. 3.32 through 3.34) are given in Appendix B.5.

3.6 Transformation Law for Interaction Relations

For a given combination of internal forces I . I". .. M_. M .and M.. when the

conditions g, ({x})<0.;=1...7 are met. the vield condition f;({x})=0 is known to be

applicable (Case I-1). In Fig. 3.10. two sets of coordinates are adopted. a fixed coordinate

system .\1Z along which the applied shear forces I',. }" and twisting moment M. are

assumed to act. and another rotating coordinate system xy= along which the bending
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moments M .V . and the normal force V', are acting. For Case I-1 in Fig. 3.10a. both

coordinate systems coincide. It is required to determine the vield condition for the case

where 1.} . and M. remain acting along the fixed axes .XYZ while the bending
moments M .V . and the normal force I, undergo a 90 degree clockwise rotation about
the z axis along with the rotating coordinate system xy= (Case [-2 in Fig. 3.10b). In this

case. by renumbering sides | through 4 so that (al 0..0..0,)=0,.0,.0..0,). the

0

vield condition and the applicability limits for Case -2 can be expressed as j;({xz})
and g, ({x,{)<0.j=3...7 in which {x:}=(a,'.az'.a;'.a,'.m(.m‘..v:.>1 It is of

interest to revert back to the fixed coordinate system notation to the original side

numbering scheme. From Fig. 3.10. the required relationship takes the torm

f _/ . \ 7 - ]
Xk, =lo000,.0.-m m v.) =[T,] .}, (

(99
Ul
W
S

in which matrix [T:],.. is a transtformation matrix to be applied to the argument vector

!X|- ., for sub-case 2. [n a partitioned tformat. matrix [T.],., can be expressed as

0 -1 0
'[tzls-sz 1 0 0 (3.36)
0 0 1

o o - O
o — O O

When the applied moments VM . M undergo a second 90° rotation (180" clockwise
from the original orientation). the relations f({x.})=0 andg, ({x,})<0.j=3...7
(subscript 3 here denotes the sub-case number) hold true. The transformation law in
Eq.3.31 needs to be applied twice to the argument vector {x} to revert to the fixed
coordinate system of. ie.. |x,i.. | [T ], X, ). . —[T ], ([T ],. Lix}, ) [T ].,

which matrix [T3] is the transformation matrix corresponding to sub-case 3. The algorithm

can be extended to any number of rotations leading to a general expression of the
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transformation matrix [T, ] corresponding to any sub-case number n. The transformation

law thus derived is quite general and is applicable for the first four cases (n=1to 4) of
Cases . II. and HII.

For sub-cases n=5 to 8 of Cases II and III. the stress distributions (Fig. 3.6) are opposite
in sign to those tor case sub-cases n=1 to 4. respectively. Therefore. the interaction
relations are identical to those for sub-cases n=1 to 4 with the exception that the bending

moment and the axial force terms will have opposite signs. Therefore. a multiplier

(-1)™ ¢ is applied to matrix [tz] to make the transformation law equally valid for sub-

cases 3 through 8. as well. The general transformation law for any sub-case n becomes

. [ol...
T] .- e n=1.8 3.37
T { l.. (= [} oo

In summary. using the general transtormation law in Eq.3.37. the yield condition and its
associated limits of applicability for any fundamental case (i=I to III) and sub-case (n=1

to 8) can be expressed as /. ([T, fx})=0. g (Ix})<0.;=1.2 and g ([T, fx})<0./23.

respectively. A summary of interaction equations for all cases and sub-cases is provided

in Appendix B.6.

3.7 Results

3.7.1 Comparisons with Other Analytical Solutions

When the shear torce terms (v, and v ) of the interaction equations established for cases

I and I are set equal to zero. the relations reduces to

-h'f«-(Q 4)mf:—3(m::—m‘\;l—m_.:)—3=0 and 1':—(3/4)mr—vl—m:: =0.

respectively. These formulas are identical to the interaction relations of Morris and

Fenves (1969) for a square hollow section.
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3.7.2 Interaction Surface

The surface plot in Fig. 3.11a depicts the portion of the vield surface in the m,. m,. v:
space lving in the positive octant in the absence of the shear forces and twisting moment.
The interaction expression for cases [-2. [-3. II-2. [II-2. and [I-3 from Fig. 3.6 were
generating the surtace plot. The bounds between these different cases are illustrated in
Fig. 3.11b. The peak axial force ratio corresponds to zero biaxial moments. in which case
the magnitude of the axial force ratio is unity. (i.e.. the axial force resistance is equal to
the fully plastic axial resistance). As the magnitude of either m, or m, is increased. the

corresponding axial force ratio. v.. decreases.

3.7.3 Effect of Torsion

Fig. 3.12a depicts the biaxial bending moments-axial force interaction surface for the
case where torsion ratio is 0.3 under no shear force (v, =v, =0). Again. the peak axial
force occurs when m_=m_=0. However. the peak magnitudes of m.. m,. and v. reduce
to 0.866. By comparison with Fig. 3.12a. it is noted that the presence of the twisting
moment reduces the magnitude of the peak axial force ratio. and shrinks the domain of

the interaction surface. This is illustrated by the smaller volume enclosed by the

interaction surface intersection with the plane v. =0.

3.7.4 Effect of Shearing Force

Figure 3.12b illustrates the effect of shearing force on the biaxial moment-axial force
interaction surface. A shear force of 0.5 in the direction of positive )-axis causes a
reduction in peak axial force ratio to 0.933. Again. the presence of shearing force shrinks
the domain of applicability of interaction surface. The peak value of m, is attained when

m_=v_=0 with a magnitude of 0.955 while a peak magnitude of 0.911 is reached for

m,when m =v_=0.



3.8 Design Example

The pipe support shown in Fig. 3.13 consists of an HSS102x102x4.8 (350W material)
5.5m high column supporting a horizontal cantilever member. A factored vertical force P
KN due to the self-weight of the pipe and the fluid it is conveying is applied near the
cantilever tip. | m from the column centreline. Under thermal loads. a horizontal
frictional force 0.3P kN is generated between the pipe shoe (support) and the top of steel
of the supporting member. acting normal to the cantilever centreline. It is required to
determine the maximum load P that the vertical column can withstand based on the cross-

section plastic strength.

The plastic resistances are first determined: V.. =4atF =6353k\V .
o=t = 2allF \3)= 189k . M =M, =15d°1F =238kNm. and
M., = 2 F v3 k\'m. The stress resultants at the critical section at the bottom of the
column are then calculated: }°, =0. 1" =03P. I". =-P. M =-1.05P. M =1.0P.
and V. =0.30P (all in KN and meter units). The corresponding non-dimensional ratios
are v =0.

v, =03P189=1.38x107P.v, =P/653=1.53x10"P.m_=1.05P/238=441x10"P.
m =1.0P238=420x10"P.m_=0.3P/1835=1.64x10"° P . Expressions for the normal

stresses are then tound:

o =y1-lm —v F=y1-(1.64x107P-1.58x10"P) =v1-0.06 x107° P* .

o.=0,=yl-m’ =y1-(1.64x107 P} =1-2.69x10" P

o.=\1=(m ~v F =\1-(1.64x10"P+1.58x10" P] =v1-104x10" P°

From the expressions for o,.0..0..0,.m_.m_.v_. by substituting into each of the

twenty interaction equations in Appendix B.6. Tables B.6.1. B.6.2. and B.6.3. the
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smallest negative root of P is obtained in each case. In this problem. the above procedure
was conveniently automated using the solver utility in Microsoft Excel. The smallest of
the twenty values of P is the one of interest and will govern the design. In this problem.
the value governing the design corresponded to Case II-7. with a value of P=14.9kN. It is
possible to introduce the resistance factorg =0.90 (as per CAN/CSA S16 2001) into the

solution. in which case the predicted factored load would become 13.4kN.

3.9 Conclusions

1. Interaction relations and their applicability limits were developed for square
hollow structural sections subject to biaxial bending moments. biaxial shear
torces. axial torce and torsion. The relations are based on a lower bound solution
under the tully plastic condition of the cross-section was assumed. The
interaction relations are applicable to cases where local buckling does not occur

before the fully plastic resistance of the section is attained.

tJ

A complete treatment of the problem necessitates the derivation of more than 40
interaction relation and their limits of applicability. Simplifving assumptions were
made to reduce this number to 20 cases. The interaction relations for only three
fundamental cases were derived. A systematic transformation scheme was devised
in order to derive the applicability limits and interaction relations for the
remaining 17 cases trom fundamental cases. When applving the interaction
relations. special care should be taken in ensuring the given internal force ratios

fall within the limits of applicability of the derived equations.

(Y]

The interaction relations are potentially applicable to the design of square hollow

structural beam columns upon experimental verification.

4. Previously established interaction relations for axial force. biaxial bending

moments. and torsion are recovered as special cases of the obtained relations.
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List of Symbols for Chapter 3

Latin Characters
u  side length along the mid-surface
4 parameter used in the equation of coordinates & and 7 of Case I-1 to simplify the
calculations

B parameter used in the equation of coordinate a of Case I-1 to simplify the

calculations
(' parameter used in the equation of coordinate a of Case I-1 to simplify the
calculations
E  parameter used in the equation of coordinate y of Case I-1 to simplify the
calculations
' .o..0 .0 v .m .m ) normalized general interaction equation for case / as a
functionotf ¢..0..0..0,.v..m_. and m
P LM M M nal F)) general interaction equation for case / as a function
of P V..M M M..ta and F
+ v v v.m .m .m, normalized general interaction equation forcaseiasa
functionof v _.v .v..m .m_. and m,
F  parameter used in the equation of coordinate y of Case I-1 to simplify the
calculations
F.  vield strength of the material of the section
g\C .C..0..0,.v..m.m ) 7 applicability limit for i case corresponding to
interaction equation f (0,.0,.0,.0,.v..m_.m )
g, (v..v .v.m.m_.m.) /" applicability limit for i case corresponding to

interaction equation f (v _.v .v..m .m_.m_)

U parameter used in the equation of coordinate S of Case II-1 to simplify the
calculations
my ratio of internal bending moment to plastic bending moment resistance with
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respect to x-axis

m, ratio of internal bending moment to plastic bending moment resistance with
respect to x -axis

m, ratio of internal bending moment to plastic bending moment resistance with
respect to 1-axis

m, ratio of internal bending moment to plastic bending moment resistance with

respect to } -axis

m- ratio of internal twisting moment to plastic twisting moment resistance
M, internal bending moment with respect to x-axis

M. plastic bending moment resistance with respect to x-axis

\f internal bending moment with respect to y-axis

M., plastic bending moment resistance with respect to y-axis

RYA internal twisting moment

M, plastic twisting moment resistance

PNA  plastce neutral axis

v, ratio of internal shearing force to plastic shearing resistance along x-axis

v, ratio of internal shearing force to plastic shearing resistance along v-axis

v ratio of internal axial force to plastic axial resistance along z-axis

v ratio ot internal axial force to plastic axial resistance along = -axis

I internal shearing torce along x-axis

P plastic shear resistance along x-axis

I internal shearing force along y-axis

.. plastic shear resistance along 1-axis

I internal axial torce

s plastic axial resistance

n normal vector to the section perimeter at i side of the cross-section (i=1....4)

n normal coordinate to the section perimeter at i side of the cross-section
=l...4

s tangential coordinate of the section cross-section

Sc tangential coordinate of the section corner

t wall-thickness of the square hollow section
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[t} sub-matrix of {T,] related to the transformation of stress terms o,.0,.0..undo,
[t2] sub-matrix of [T,] related to the transformation of terms v_.m_.and m,

[Tl transformation matrix for n” sub-case. n =1...4 for Case I. n=1...8 for Case II.

and n=1...8 for Case IlI

X v-axis under 90" rotation in clockwise direction
X vector resultant of the stress resultants. x| = 0,.0..0..0,.m_.m _.v.
. . ) .
X ! vector for the stress resultants corresponding to i” sub-case. n =1...4 for Case L.

n=1...8 for Case ll. and n=1...8 tor Case [II

-

i"' "'."mr'm\'m::v

'

g vector resultant of the stress resultants. v ="

v v-axis under 90" rotation in clockwise direction
z A specitied coordinate along =-axis

b --axis under 90" rotation in clockwise direction

Greek Characters

a general coordinate identitving the location ot plastic neutral axis along side |

a. coordinate identifving the location of plastic neutral axis along side 1 tor Case I-1
a. coordinate identifying the location of plastic neutral axis along side 1 for Case [-1
B general coordinate identifving the location of plastic neutral axis along side 2

B coordinate identifving the location of plastic neutral axis along side 2 for Case III-1
B- coordinate identifving the location of plastic neutral axis along side 2 tor Case III-1
Y general coordinate identifving the location of plastic neutral axis along side 3

- coordinate identifving the location of plastic neutral axis along side 3 for Case I-1
o coordinate identifving the location of plastic neutral axis along side 3 for Case I-1
o normalized normal stress that plastifies the i side of the cross-section

o'  normalized normal stress that plastifies the i side of the cross-section under 90°

clockwise rotation

c. stress normal to the mid-surface along n-axis
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n:

"t

v

circumferential normal stress due to internal/external pressure
stress normal to the cross section along --axis

stress normal to the cross section along --axis as a function of circumferential

coordinate

shear stress corresponding to the i" side of the cross-section

normalized shear stress corresponding to the i" side of the cross-section
shear stress on the cross-section under pure torsion (m.)

shear stress acting on tace n along = direction

shear stress acting on the cross section along » direction

shear stress acting on the cross section along the circumferential direction
shear stress on the cross-section under pure shear force along x-axis (vy)
shear stress on the cross-section under pure shear force along y-axis (v,)

shear stress acting on the cross section along the circumferential direction ias a
tunction of circumterential coordinate

normal stress that plastities the i side ot the cross-section
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Figure 3.6 Summary of Possible Normal Stress Patterns for an Idealized Square

Hollow Section
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CHAPTER 4

SUMMARY AND RECOMMENDATIONS FOR

FUTURE RESEARCH

4.1 Summary:

B

4

An experimental program consisting of six full-scale tests on steel pipes under
load combinations of bending. shear. and torsion was conducted. The
experimental resuits agreed very well with recently developed interaction
relations. All specimens attained failure loads that are slightly higher than the
analvtically predicted ones. The predicted to experimental failure load averaged
91% with a standard deviation of 2.8%. when the matenial vield strength is
detfined using the 0.002 plastic strain otfset method. When the 0.005 extension-
under-load method is used. the agreement between the two values improves te

94% with a standard deviation of 2.5%.

[n all tests. local buckling was detected immediately before the specimens

attained their peak load.

Based on previous experimental validation for bending. shear. and internal
pressure and current research. it is believed that the interaction relations vield

good results for pipes with D r=41 and smaller.

A lower bound solution was used to derive general plastic interaction relations for
square hollow structural sections subject to biaxial bending. biaxial shear. normal

torce and twist.
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6)

4.2

4.2.1

1)

The relations are potentially applicable to the design of square hollow structural
beam columns where local buckling does not occur prior the section attaining its
fully plastic resistance. Besides their applicability in design problems. the
interaction relations developed can be used to characterize the elasto-plastic force-
deformation behavior of generalized plastic hinges in space frames consisting of
square hollow structural sections in conjunction with well-established procedures

of elasto-plastic frame analysis.

The interaction equations obtained for square hollow structural members are cast

in a non-dimensional form and are suitable for limit states design.
Recommendations for Future Research

Pipe Sections

Current structural steel design codes provide the rules under which tubular
sections subject to pure bending or pure compression will develop their fully
plastic resistance prior loosing their strength due to local buckling. The current
rules impose a threshold value on pipe diameter-to-thickness ratio as a function of
the vield strength. The same concept can be borrowed in the design of pipelines
under more general loading including twist. shear. and pressure. Similar rules will
generally depend on a large number of geometric and loading parameters. In the
current state of knowledge. such rules. although of practical importance. do not
exist. It is required to mathematically describe those conditions using extensive
non-linear finite element analysis with some experimental corroboration. The
presence of these rules together with the experimentally verified interaction
relations will form a complete set of design rules to be incorporated in pipeline

codes.

The interaction relations recently developed were shown to closely match the

results in this experimental program for common pipe sections. The validated
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4.2.2

4)

th

interaction relations can be used to characterize the generalized pipe plastic hinge
behavior. This characterization can be used in developing elasto-plastic analysis
procedures of pipelines that are more accurate than conventional elastic analysis

and simpler to use than finite element shell analysis.

Full-scale tests on pipes under more general load combinations including bending.
twist. axial force. internal pressure. and shear force. are of interest and would

provide further assessment of the general interaction relations.

Square Hollow Structural Sections

The dernved plastic interaction relations need to be checked against tull-scale

experiments on square hollow structural sections under combined loads.

The geometric and loading conditions under which the interaction relations
developed need to be mathematically described. Given the large number of
parameters involved. non-linear tinite element analysis including both geometric
and material non-linearity is proposed with some full-scale tests to corroborate the

analysis results.

Further interaction research including residual stress patterns is practical interest

tor welded box girder applications

It is of interest to develop upper-bound interaction relations in order to assess the

exactness of the solution.

It is of interest to extend the methodology used in this research to other closed
sections such as rectangular hollow structural sections. For rectangular sections.
warping effects due to twisting moments will occur and an exact treatment of the

problem is expected to be more challenging.
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APPENDIX A

LOCATION OF THE SENSORS AND DATA

Contents

Tables A.1 and A.2 present the data collected to obtain stress vs. engineering

strain curves for tension tests | and 2 in Fig. 2.5. respectively.

Figures A.1. A.2. A3 A4l A5 and A6 illustrate the location of the deflection
measuring devices for specimens VI3T86M31. VI2T68M66. V17TOOMSS.
V25TOOMO97. VI3T77MS1. and V24T71MS351. respectively. The arrows in the
figures show the location of sensors. Every sensor reads positive data in the
direction of the shown arrow. Data obtained from these sensors can be seen in
Tables A3, A4, A5 A6, A7 and A8, tor specimens VI3T86M3I1.
VIAT68M66. V1I7TOOMOS. V23TOOMO7. VI3ZT77M31. and V24T7IMS1.

respectively.

Longitudinal strain readings for specimens VI3T86M3l. VI2T68M66.
V17TOOMOS. V23TOOM97. VI3T77M51. and V24T71M31 are shown in Tables
A9. A.10. A.11. A.12. A.13. and A.14. respectively. Tangential strain readings
for specimens VIST86M31. VI2T68M66. VI17TO0M98. V25TOOM97.
VI3T77MS1. and V24T71MS1 are shown in Tables A.15. All6. A.17. A.18.
A.19. and A.20. respectively. Diagonal strain readings for specimens
VIST86M3L. VI2T68M66. VI7TOOMO8. V25TOOM97. and V24T71M351 are
shown in Tables A.21. A.22. A.23. A.24. and A.25. respectively. Strain readings
are positive when the strain gage is in tension and negative when the strain gage Is

in compression.
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Table A.1 Tension Coupon Test | Table A.2 Tension Coupon Test 2

Stress _Strain Stress Strain
(MPa) (Microstrain) (MPa) " (Microstrain)
0.0 0 0.0 0
60 8 328 26.7 135
107 0 573 535 293
160 4 854 80.2 429
214 0 1311 107 0 566
267.4 2048 1337 701
274 1 2120 160.4 884
280.7 2253 187 2 1089
287 4 2429 2139 1319
294 1 2633 240.6 1539
300 8 2909 267 4 1907
307 5 3196 280.7 2163
314 2 3743 294 1 2433
3209 4568 307.5 2714
3275 6184 314.2 3161
3342 8618 3209 3465
340 9 11752 327 5 3861
347 6 15157 334 2 4481
354 3 19650 340 9 5814
3610 23969 347 6 8871
367 6 28072 354 3 14400
374.3 33470 361.0 21154
3810 41244 3676 26923
394 4 53336 374 3 35192
401 1 60462 3810 42960
407 8 69100 3877 50000
414 4 82056 394 4 57692
421 1 96092 4011 66840
4278 116605 407 8 79200
4345 135300 414 4 94231
427 8 360000 421 1 107692
4257 122304
432 3 135600
4257 388000
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Table A.3 Deflection and Load Readings-Specimen V13T86M31

Actuator | Actuator
Sensor ID | LVDT1| LVDT2 | LVDT3 | LVDT4 | PT101A | PT101B| Stroke Load
[Scan 1D mm mm mm mm mm mm mm kN Comments
1] 04 02 01 -0.1 -01 01 5.0 404 |[No zero readings are taken
2| 06 03 01 -01 -0.1 0.0 10.0 64.1
3f 03 05 01 -01 -0.2 00 15.0 88.5
4| 12 06 0.0 -0.2 0.0 -01 20.0 115.0
§ 17 07 0.0 -0.3 0.0 0.2 25.0 140.0
6] 25 0.7 0.0 -0.3 0.0 0.0 30.0 159.0
71 35 08 -0.1 -0.4 -0.1 -0.1 35.0 171.0
8] 47 0.8 -0.2 -0.4 -01 -0.1 40.0 179.0
91 61 08 -03 05 00 00 450 183.0
100 72 08 -0.5 -08 0.1 -0.2 50.0 186.0
11} 81 08 -G6 -10 0.0 -01 55.0 189.0
12| 9.0 08 0.7 1.2 -0.1 -0.2 60.0 192.0
13| 101 07 -09 -14 -0.2 -0.2 65.0 194.0
14 11.2 0.7 -1.0 -16 -0.3 -0.5 70.0 194.0
15 133 0.6 -1.2 -2.2 -0.3 -0.5 79.9 199.0
16/ 155 0.5 15 -26 -0.3 -0.6 89.9 202.0
17| 176 03 -18 -30 04 -06 99.9 2050
18| 197 02 221 -34 04 0.7 109 9 2050
oad released due to computer
191 217 00 24 -36 -05 -06 1200 209 G |break down
The positions of LVDT1 and
20/ 200 -06 -2.3 -3.2 -04 -0.8 66 8.3 LVDT2 are changed
21| -58 -17 8 -2.3 -3.2 -0.5 -07 6.6 8.4
22} 15 -178 -31 -3.9 -0.5 -0.7 399 201.0
23! 101 -18 7 44 -38 -05 -0.8 80.0 -2100
The position of LVDT3 s
24) 146 -19 1 48 -4 0 -05 -12 99.0 2080 |changed
25( 146 -191 -6.0 40 -0.6 12 99 0 205.0
26f 191 -19 5 64 -45 -1.0 -12 119.0 205.0
27| 214 -19.7 -6 6 -4.9 -1.0 -17 130.0 201.0
28 26.0 -20.1 71 -6.6 -1.1 2.7 150.0 191.0
29| 284 -20.2 -7 4 -71 -13 -34 159 0 190.0
30) 307 -20 3 -79 -78 -1.4 -3.7 169.0 185.0 |changed
31 36 -20 4 -79 -78 -14 -37 169.0 184 .0
32 59 -205 -84 -88 17 44 179.0 179.0
33| 8.2 -207 -90 -9.2 -2.0 -4 9 189.0 174 0
34; 105 -20.9 97 99 -2.2 -54 199.0 168.0
35| 129 -21.2 -10.5 -10.5 -2.3 -6.5 209.0 161.0

99




Table A.4 Detlection and Load Readings-Specimen VI2T68M66

Temposonic | Temposonic | Temposonic | Actuator | Actuator
Sensor iD | LVDT | PT101A|PT101B #1 #2 #3 Stroke Load
ScanlD | mm mm mm mm mm mm mm kN
1] 00 02 01 00 00 00 0.0 00
2l -01 02 01 -19 0.0 2.1 50 10.8
3{ -01 02 01 -3.5 0.0 4.3 10.0 223
4] -02 0.1 01 4.7 -0.1 6.3 15.0 32.8
5/ -0.2 0.2 -0.4 -5.8 -0.1 8.1 20.0 42.9
6] -0.2 0.2 -0.5 6.8 -0.1 9.9 25.0 53.8
7] -02 01 -0.7 -7.7 -0.1 11.6 300 62.8
8] -02 00 -0.8 -8.8 -0.1 135 350 747
9] -02 02 -0.9 -7 -0 1 15.3 400 86.0
10| -02 00 -11 -10 8 -01 17 1 450 96.9
11] -02 00 -14 -11 8 -01 18 9 500 106.9
12} -0.2 0.0 -16 -12.7 -0.1 207 550 116 0
13| -0.2 0.2 -1.8 -13.7 -01 22.5 600 124 4
14] -01 02 -2.4 -15.8 -0.1 262 70.0 136 7
15| -01 01 25 -16 8 -0 1 28 1 750 142 1
16| -0 02 -2 8 -17 9 -0 1 299 800 145.3
17| -01 02 -32 -18 9 -01 320 850 148 2
18 00 00 -32 -200 -0.2 339 900 151 4
19| 00 00 -39 -22.2 -0.2 380 1000 154 7
20/ 0.1 0.2 -4.3 -24.5 -0.5 419 110.0 157 7
21} 01 0.0 -4 8 -26.8 -0.6 46.0 1200 160.1
22| 02 00 -5.2 -29.2 -0.8 50.1 1300 161.2
23] 02 00 57 -315 -09 54.3 140.0 163.3
24| 03 01 -6 1 -33.9 -11 58.4 1500 164 5
25| 04 01 -67 -36 4 -13 62 6 160 0 166 0
26| 05 01 -73 -38.9 -16 66.8 170.0 167 0
27| 06 0.1 -7.8 -41.3 -1.8 712 180.0 167 8
28| 06 0.0 -8.1 -43.8 -2.0 754 190.0 168 6
29 07 0.1 -8.9 -46.3 -2.2 797 2000 169 6
30 08 01 -94 -48 9 -2.3 84 1 2100 170 3
31] 09 00 -100 -516 2.4 88.5 220.0 170.6
32| 09 00 -105 -54 4 -25 931 2300 1707
33| 10 02 -113 -57 4 -25 97.8 240.0 170 8
34| 10 0.2 -12.0 -60.5 -2.5 102.6 250.0 169.9
35 10 0.1 -12.8 -63.6 -2.5 107.3 2600 169 9
6] 1.1 0.1 -13.5 67 1 -2.6 112.3 2700 168 5
37] 11 -01 -153 -74 4 -26 122.5 290.0 165.5
38| 13 04 -17 2 -81.9 -2.6 133.2 3100 160.3
39| 24 -05 -19.2 -93.1 42 146 5 3300 136 5
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Table A.S Detlection and Load Readings-Specimen V17T00MO98

~Temposonic | Temposonic | Actuator | Actuator
Sensor !ID| LVDT1 | LVDT2 | PT101A| PT101B #1 #2 Stroke Load
ScaniD | mm mm mm mm mm mm mm kN
1 0.0 0.0 0.1 0.0 0.0 0.0 0.0 0.1
2 03 0.0 0.1 01 13 -0.1 30 15.4
3 06 01 01 00 33 -0.1 6.0 30.3
4 06 00 04 04 51 -0.1 9.0 47 .2
8] 05 -01 04 08 6.9 -0.1 12.0 65.7
6] 04 -0.2 04 -1.0 8.8 -01 15.0 83.7
71 0.2 -0.2 1.0 -14 10.8 -0.1 18.0 102.8
8| 01 -0.3 1.2 -1.8 12.8 0.0 21.0 1209
9 -0.1 0.3 16 -1.9 14 8 01 24.0 138.7
10y -02 04 16 25 16 8 0.2 270 1857
11 04 04 22 2.7 18 8 04 300 1715
12 05 05 24 -31 210 05 330 1850
13| 07 05 31 35 231 06 36.0 198 9
14 -09 -06 31 40 253 07 350 209.6
18] -1.0 0.6 38 43 277 07 420 218 .8
16| -1.2 -0.6 4.0 49 299 08 450 223.3
171 -1 4 07 48 -53 323 0898 48 0 2304
18t -16 07 50 59 348 0.9 510 234.7
19 17 07 55 60 373 09 540 238.3
201 -1 9 -08 65 656 398 1.0 570 240.8
21| -2.1 09 6.5 71 42 4 1.0 60.0 243 4
22 -25 -1.0 73 78 476 10 66.0 247 .3
23] -2.8 -1.1 79 -86 51.0 1.0 70.0 247 8
24) -31 -1.2 85 93 553 1.0 750 249 9
25 -34 -14 93 -10.1 596 10 800 2516
26| -37 -15 101 -111 64.0 1.0 850 2514
271 41 -16 105 -118 68.3 10 900 2526
28| 44 -18 113 -12.7 727 0.9 850 2511
29| 47 -19 12.0 -134 772 09 100.0 2514
30| -5.0 2.1 128 -14.2 816 09 105.0 2501
31| -5.1 2.2 138 -15.1 86 1 09 110.0 246.3
321 -5.1 26 14 6 -16.8 95.1 08 1200 244 2
33} -51 29 160 -18.7 104 1 086 1300 2417
34|, -51 33 17 3 -206 113 3 01 140 0 238.7
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Table A.6 Deflection and Load Readings-Specimen V23T0OMS7

"Temposonic | | emposonic m
Sensor ID| LVDT1| LVDT2 | PT101A|PT101B #1 #2 troke Load
"Scan ID mm mm mm mm mm mm mm kN
1 00 00 0.2 -01 00 0.0 0.0 -0.2
2] 02 03 02 -0 1 0.0 0.1 20 195
3 04 04 05 -0.3 00 0.1 40 40 3
4, -06 05 0.4 06 07 0.1 6.0 62.6
5 07 05 0.5 -0.7 16 0.1 80 87 4
6| -08 0.6 09 -1.1 3.3 0.1 12.0 138.6
71 -09 0.7 0.8 -14 4.2 0.1 14.0 164.4
8 -09 0.7 14 -1.8 51 0.1 16.0 189.3
9] -09 07 20 -2.1 6.0 0.1 18.0 212.8
10 -10 07 2.2 -2.5 71 01 20.0 2358
11| 10 0.7 23 -30 97 01 250 284 6
12 -11 0.7 31 -4.0 12.6 0.1 30.0 3215
13| -1.0 06 3.9 -5.0 157 0.1 35.0 343 9
14} -10 0.6 4.3 -54 17.1 0.1 37.0 349 8
15 -1.0 0.5 49 -6.2 19.4 0.1 40.0 3556
16] -09 03 59 70 231 01 450 3619
17f -08 03 58 -71 231 0.1 50.0 3607
18 -08 02 68 -82 268 0.1 550 366 1
19y 07 00 78 -9 3 307 0.1 600 369 1
20 07 -0.2 91 -105 346 0.1 650 369 8
21} -06 -0.5 10.0 -117 38.8 0.1 700 3670
22| -05 -13 11.7 -12.9 435 0.0 80.0 3379
23} -01 42 155 -14 3 538 -2.6 800 2603
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Table A.7 Detlection and Load Readings-Specimen V13T77M31

Temposonic | Temposonic | Temposonic | Actuator| Actuator
Sensor ID| LVDT [ PT101A | PT101B #1 #2 #3 Stroke Load
Scan ID mm mm mm mm mm mm mm kN
1 00 01 -01 0.0 00 0.0 38 01
2 00 0.0 0.0 0.0 -0.1 00 50 56
3 01 00 -0.2 1.3 -06 0.0 10.0 26.2
4 03 0.0 01 2.8 -11 0.0 150 42 6
5 0.3 -0.1 0.1 4.1 -1.5 0.0 20.0 58 1
] 03 0.0 0.2 47 -16 0.0 22.0 60.1
7 03 00 01 55 -18 0.5 250 67 0
8 03 00 03 61 -19 05 27 0 76 2
9 03 01 03 70 -2.1 05 300 813
10 03 00 04 76 2.3 0.5 -320 90 6
11 03 -02 06 8.5 -26 0.5 350 98 7
12 0.3 -0.2 0.6 8.9 2.7 0.5 370 107 0
13 0.3 0.0 0.6 9.8 -3.0 0.5 40.0 1139
14 0.3 -0.1 0.8 11.2 -3.4 0.6 450 1290
15 03 -0.3 09 12.6 -3.9 06 50.0 140 8
16 03 -01 09 14 0 -4 2 05 £50 1512
17 03 01 13 153 46 06 600 158 8
18 03 -01 14 16 6 49 06 65.0 164 §
19 03 -01 1.3 18.0 -52 06 70.0 169.7
20 0.3 -0.2 17 195 -5.5 0.6 750 172.9
21 0.2 -0.2 20 210 -59 0.6 800 175 2
22 0.2 -0.2 2.1 22.3 -6.2 0.6 85.0 177 2
23 02 -01 2.3 238 65 06 900 178 0
24 02 02 23 252 -6 9 06 950 180 .8
25 01 -0 25 267 -72 06 100.0 1818
26 01 -04 26 28 1 -75 0.6 105.0 183 2
27 01 -04 28 295 -7.8 06 110.0 184 .0
28 0.1 -0.2 2.8 31.0 -82 06 1150 1850
29 0.1 -0.3 31 325 -85 06 1200 186 1
30 0.0 -04 34 340 -8.9 0.6 1250 186 4
31 00 -03 35 355 -8.2 06 1300 187 3
32 00 -0 4 35 36.9 -9.5 06 1350 188 1
33 -01 -04 37 383 -89 06 140.0 189.2
34 -0 1 -06 40 39.8 -10.2 0.6 145.0 189.8
35 -01 -0.6 42 414 -10.5 0.6 150.0 190.5
36 -01 -0.5 4.2 429 -10.9 0.6 155.0 1916
37 -0.1 -0.6 4.7 46.0 -11.7 06 165.0 192.7
38 -0.2 -0.6 49 476 -12.1 0.6 170.0 193 4
39 -02 06 51 50.5 -12.9 0.6 1800 193 8
40 -03 06 59 56.5 -14 3 06 2000 195 5
41 -03 -08 61 59.7 -15.2 06 2100 196 S
42 03 -08 66 62.7 -16.0 0.6 2200 197 1
43 -0.3 -08 7.2 66 .1 -17 0 0.6 230.0 1977
44! -03 -0.9 76 69.3 -17.9 0.6 240.0 197.9
45 -0.3 -1.0 8.0 72.7 -18.9 0.6 250.0 1977
46 -0.3 07 8.6 76.3 -20.0 06 260.0 197 4
47 -0.1 -11 98 832 -22.5 06 280.0 1952
48 01 -15 115 902 -252 12 300.0 190 4




Table A.8 Deflection and Load Readings-Specimen V24T71M351

emposonic 'Timposonic Actuator | Actuator
Sensor ID | LVDT1| LVDT2 | PT101 #1 #2 Stroke Load
Scan 1D mm mm mm mm mm mm kN
1 00 0.0 -0.2 0.0 0.0 -1.4 0.1
2] 00 0.0 0.0 0.0 0.0 2.0 11.0
3{ 0.0 0.0 -0.1 0.0 0.0 40 12.0
4 00 0.0 -0.1 0.0 0.0 6.0 11.8
5{ 00 0.0 0.0 0.0 0.0 8.0 16.1
6] 00 00 0.0 0.0 0.0 10.0 216
7] 01 01 -01 0.8 00 12.0 301
8 0.1 01 -01 12 00 14 0 44 .0
9] 01 0.1 -0.2 1.7 -0.1 16.0 65.6
10f 01 0.2 -0.5 2.3 -0.2 18.0 92.3
11] 01 0.2 -0.4 3.0 -0.4 200 121.0
12] 0.2 0.3 -0.6 40 -1.0 25.0 194.0
13f 0.3 0.4 07 5.6 -14 30.0 256.0
14 04 0.5 -08 7.2 -1.8 35.0 2950
15{ 04 05 -1.4 8.8 -1.8 40.0 3110
16] 04 04 -1.5 107 -17 45.0 323.0
17| 04 0.4 -19 12.5 -1.6 50.0 3300
18| 04 04 -2.1 14 6 -1.9 55.0 338.0
19 04 0.4 -2.7 17.3 -2.3 60.0 343.0
20f 04 04 -31 19.9 -26 650 348.0
21| 04 04 -30 22 4 -2.8 750 3520
22 03 03 27 27 3 -3.2 80.0 360.0
23] 03 03 -30 293 -35 85.0 364 0
24 03 03 -3.5 314 -3.7 90.0 367.0
25| 03 0.3 4.5 33.5 -3.8 95.0 370.0
26| 0.2 02 4.5 35.2 -4.2 100.0 373.0
27y 0.2 0.2 47 37.1 4.6 105.0 375.0
28 01 02 -5.0 394 -5.0 110.0 3770
29! 00 01 -5.4 415 -50 115.0 376.0
30| -0.2 0.0 6.2 43.8 -52 120.0 376.0
31| -05 0.0 -5.9 46.1 -5.4 125.0 375.0
32| -11 -0.2 -6.8 51.3 6.0 135.0 368.0
33} -2.2 -04 -7.8 572 -70 145.0 357.0
34| -35 -0.8 -8.8 62.1 -8.0 155.0 345.0
35 -51 -13 99 66.3 -89 165.0 332.0
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Table A.13 \Measured Longitudinal Strains-Specimen VI13T77MS31

Location™ A B C D E F G H
Scan ID Microstrain | Microstrain | Microstrain | Microstrain | Microstrain | Microstrain| Microstrain Microstrain
1 -1 -1 -1 0 0 0 0 0
2 -11 -19 -18 17 31 16 -2 -11
3 -74 -108 -85 104 167 76 -21 -70
4 -131 -184 -129 182 266 124 -31 -118
S -195 -255 -144 252 348 179 -26 -156
6 -207 -266 -145 267 363 185 -27 -165
7 -239 -285 -148 297 399 214 -23 -186
8 -279 -333 -152 33 447 253 -16 -216
9 -308 -360 -151 357 479 275 -13 -236
10 -354 -403 -152 393 529 320 -5 -269
11 -398 -447 -150 432 577 360 2 -300
12 -447 -492 -148 467 627 407 12 -334
13 -492 -542 -144 507 675 447 16 -364
14 -605 -647 -130 583 785 554 41 -439
15 -722 -748 -111 680 890 657 74 -509
16 -880 -854 -84 789 1009 774 132 -595
17 -1051 -958 -54 909 1127 877 206 -681
18 -1262 -1072 -18 1063 1262 984 305 -789
19 -1493 -1180 18 1242 1397 1082 415 -909
20 -1766 -1322 60 1457 1537 1180 535 -1048
21 -2069 -1466 101 1698 1682 1280 665 -1202
22 -2424 -1631 150 1978 1848 1394 812 -1382
23 -2795 -1807 197 2263 2022 1514 965 -1572
24 -3200 -199¢ 246 2571 2218 1648 1133 -1781
25 162 -2200 297 2885 2424 1790 1202 -1996
26 4036 -2407 348 3205 2645 1944 1479 -2220
27 2472 -26°8 388 3533 2878 2104 1660 -2448
28 4911 -2829 448 3859 3113 2272 1839 -2676
29 -5337 -3036 497 4180 3351 2441 2015 -2901
30 -5783 -3248 548 4514 3598 2616 2192 -3130
31 -6218 -3451 5985 4834 3838 2790 2362 -3348
32 -65648 -3649 642 5150 4079 2963 2526 -3561
33 -7080 -3839 688 5462 4319 3135 2686 -3768
4 -7502 -31022 732 5769 4554 3299 2834 -3964
35 -7942 -4207 7T 6083 4797 3469 2984 -4163
36 -3381 4387 820 8395 5039 3639 3129 -4356
37 -6284 4730 906 7033 5534 3973 3404 4729
38 -6730 -4894 945 7341 5773 4136 3527 -4899
39 -10657 -5214 1020 7970 6251 4445 3757 -5227
40 -12648 -5828 1145 9228 7203 5032 4140 -5809
41 -13735 -5128 1186 9850 7667 5299 4286 -6058
42 -14918 8427 1212 10471 8127 5546 4399 -6274
43 OFFSCALE - 65724 1212 11075 8579 5771 4473 6447
44 QOFFSCALE - -7002 1173 11640 9017 5974 4500 -6553
45 OFFSCALE - -7238 1083 12155 9396 6157 4472 -6556
46 OFFSCALE - -7406 833 12593 9817 6333 4383 -6398
47 OFFSCALE - -TAT1 440 13231 10751 6694 4022 -5298
48 OFFSCALE - -7227 -252 13667 11246 7508 3430 2717

*The location of the strain gages are shown n Fig. 2 14b
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Table A_15 Measured Tangenual Strains-Specimen VI3T86M31

—

p——

Location® A B [+ D E F G 2]
Scan ID Microstrain |Microstrain |Microstrain |Microstrain [Microstrain [Microstrain [Microstrain |Microstrain |Comments
No zero readings
1 0 9 19 -47 -58 -3 -11 -8 are taken
2 1 0 26 -74 -132 -2 19 -14
3 4 28 31 -140 -181 -1 78 -21
4 14 37 32 -179 -175 14 143 -24
5 45 53 28 -230 -281 77 240 -16
6 110 82 20 -311 -383 193 361 20
7 205 120 7 -402 -481 286 469 87
8 300 213 -5 -528 -570 340 570 160
9 390 245 -19 6584 6532 376 670 226
10 473 284 -34 -861 -706 409 769 284
11 552 328 -52 -1040 -789 445 816 332
12 5624 382 69 -1220 -872 487 876 373
13 690 439 -91 -1390 -964 537 943 407
14 7 500 -113 -1560 -1060 592 995 437
15 861 619 -151 -1870 -1250 720 1200 484
16 964 746 -192 -2160 -1460 873 1100 535
17 1080 874 -232 -2440 -1650 1050 1030 597
18 1170 1010 -273 -2710 -1750 1250 899 674
19 1270 1130 -311 -2980 -1840 1470 915 754
load released due
to computer break
200 250 1170 .323 .2660 -1690 1410 727 729 loown
] : LVvDT1 and
21 125C \ 1160 -323 -2660 -1680 1410 725 729 LVDT2 are
22 1420 1520 -407 -3600 -1540 2150 681 1040
23 1470 1940 -537 -4380 -1330 3570 461 1750
24 1390 2160 -567 -4570 -1090 4490 338 2320
The position of
25 1400 2170 -566 -4590 -1130 4490 305 2330 LVDT3 1s changed
|
| 26 1050 2400 -558 4690 -1430 5470 259 3070
|
27 895 2540 -540 -4740 -1380 5960 228 3480
28 359 2830 -490 -4830 -1360 6890 20 4290
29 53 2980 -481 4910 -1290 7370 42 4670
30 -227 3130 -480 -5010 -1310 7840 10 5030
The position of
31 -223 3130 -479 -5010 -1320 7840 8 5030 LVDT1 s changed
32 -485 3270 -484 -5100 -1330 8300 -29 5380
33 -726 341C | -454 -5190 -1340 8740 -66 5710
34 -§31 3490 | -508 -5290 -1350 3170 -97 6050
[ 35 -1100 3600 | -528 i -5390 ; -1300 3610 -129 6400

“The iocation of the strain gages are shown in Fig 2 14b
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Table A.19 Measured Tangential Strains-Specimen VI3T77M51

Location* A B C D E F G H
Scan D | Microstrain | Microstrain | Microstrain | Microstrain | Microstrain | Microstrain | Microstrain | Microstrain
1 1 0 0 -1 0 -1 -1 0
2 2 4 2 4 -3 -5 -5 3
3 11 26 19 -17 -16 -18 -23 15
4 20 45 28 -29 27 -31 =37 27
5 30 63 30 -52 -40 44 -31 35
6 32 67 30 -59 42 46 -52 37
7 37 76 30 -70 -48 -52 -58 42
8 43 87 29 -86 -57 -61 -68 48
9 49 96 28 -98 63 -85 -72 52
10 57T 111 27 -116 -73 -75 -82 60
11 67 127 24 -137 -83 -84 -91 67
12 30 148 22 -157 -95 -95 -100 76
13 85 171 20 -181 -107 -103 -108 86
14 140 227 13 -236 -138 -129 -132 112
15 199 289 3] -291 -171 -152 -155 145
16 284 360 -2 -357 -215 -180 -190 194
17 384 427 -10 -428 -262 -202 -232 250
18 511 498 -18 -514 -318 -227 -291 322
19 852 568 -29 -807 -373 -24% -358 405
20 813 341 41 -715 427 275 434 505
21 986 TiT -85 -828 478 -302 -518 621
22 1182 802 73 -956 531 -336 617 760
23 4380 887 -93 -1085 -582 374 -718 Q07
24 1587 979 -117 -1221 -£35 418 -831 1071
25 1791 1071 -140 -1360 -689 -467 -946 1243
26 1995 1168 -164 -1500 -745 -520 -1065 1425
27 2200 1258 -190 -1644 -802 577 -1187 1614
28 24C5 1350 -215 -17886 -861 637 -1308 1805
29 2601 1437 -238 -1926 -918 -897 -1427 1987
30 2795 1527 -261 -2070 877 -761 -1546 2198
31 2964 1610 -284 -2208 -1035 -825 -1662 2393
32 3141 1688 -302 -2343 -1093 -888 -1774 2589
33 3305 1763 -322 2476 -1151 -951 -1884 2783
34 3461 1833 -338 -2607 -1209 -1011 -1985 2974
35 3615 1902 -355 -2741 -1268 -1074 -2090 3173
36 3758 1967 -370 -2873 -1328 -1137 -2190 3371
37 4032 2090 -398 -3143 -1448 -1260 -2385 3782
38 4183 2146 411 -3273 -1508 -1320 -2473 3981
39 4385 2254 -433 -3536 -1631 -1434 -2643 4401
40 4709 2453 -465 -4060 -1885 -1649 -2939 5295
41 4806 2546 474 4319 -1979 -1745 -3063 5782
42 4860 2637 476 4579 -2090 -1842 -3167 6319
43 4877 2724 472 4832 -2161 -1924 -3248 6926
44 4843 2801 -454 -5070 -222€ -1985 -3301 7585
45 4747 2858 421 -5291 -2292 -2058 -3320 8352
46 4580 2878 -370 -5482 -2363 2111 -3300 g192
47 4141 2796 -218 -5758 -2570 -2234 -3129 11042
48 3619 2615 -5 -5823 -2843 -2516 2712 12669

=The location of the strain gages are shown in Fig. 2.14b
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Table A.21 Measured Diagonal Strains-Specimen V15T86M31

Location” A [
Scan ID Microstrain | Microstrain Comments
No zero readings ara
1 189 129 not taken
2 301 212
3 420 303
4 554 405
5 734 512
6 999 609
7 1350 677
8 1760 738
9 2210 797
10 2710 867
11 3240 941
12 3800 1020
13 4380 1100
14 4970 1180
15 6130 1350
16 7290 1520
17 8450 1710
18 9610 1890
Load released due to
19 10700 2080 computer break down
20 9750 1350
LVDT1 and LVDT2 are
21 9750 1350 changed
22 13600 2510
23 OFFSCALE + 3130
24 OFFSCALE + 3310
The position of LVDT3
25 OFFSCALE + 3300 is changed
26 OFFSCALE + 3420
27 OFFSCALE + 3460
28 OFFSCALE + 3500
29 QOFFSCALE + 3530
30 OFFSCALE + 3560
The position of LVDT1
31 OFFSCALE + 3550 is changed
32 OFFSCALE + 3580
33 OFFSCALE + 3620
34 OFFSCALE + 3660
35 OFFSCALE + 3690

“The location of the strain gages are shown in Fig. 2.14b
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Table A.22 Measured Diagonal Strains-Specimen V12T68M66

Location* A G E
[ Scan ID Microstrain Microstrain Microstrain
1 0 -1 -1
2 40 47 110
3 78 103 218
4 115 158 315
5 130 214 404
6 168 279 500
7 196 336 574
8 237 419 676
9 279 507 775
10 325 608 878
11 380 721 982
12 440 846 1092
13 513 989 1208
14 734 1312 1483
15 889 1483 1632
16 1080 1662 1821
17 1297 1848 2047
18 1523 2042 2313
19 2124 2491 3010
20 2693 2998 3857
21 3287 3583 4805
22 3815 4261 5823
23 4464 4994 6822
24 5126 5788 7824
25 5741 6637 8808
26 6352 7520 9783
27 6959 8390 10725
28 7599 9285 11662
29 8217 10178 12575
30 8851 11073 13480
k]| 9471 11961 14374
32 10190 12829 15257
33 11244 13653 OFFSCALE +
34 13362 14426 OFFSCALE +
a5 14506 15081 OFFSCALE +
36 15827 15676 OFFSCALE +
37 OFFSCALE + OFFSCALE + OFFSCALE +
38 12778 OFFSCALE + OFFSCALE +
39 11427 OFFSCALE + OFFSCALE +

“The iocation of the strain gages are shown in Fig. 2.14b
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Table A.23 Measured Diagonal Strains-Specimen V17T00M98

E—

Location” A E
Scan ID | Microstrain | Microstrain
1 -2 0
2 -29 53
3 -63 86
4 -111 109
5 -170 128
6 -228 137
7 -285 148
8 -343 149
9 -407 147
10 -471 151
11 -539 152
12 -611 148
13 -688 153
14 -793 151
15 -916 155
16 -1095 190
17 -1305 315
18 -1562 519
19 -1875 708
20 -2249 945
21 -2696 1119
22 -3219 1089
23 -2613 1077
24 -263 224
25 -1214 204
26 -776 155
27 -749 133
28 674 133
29 -648 139
30 -627 167
31 -600 165
32 -569 200
33 -576 190
34 -568 50

“The location of the strain gages are shown in Fig. 2.14b
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Table A.24 Measured Diagonal Strains-Specimen V25T00M97

Location” A E
Scan ID | Microstrain | Microstrain
1 -1.4316 -0.47697
2] -35312 25.757
3 -72.531 54 377
4 -114.04 81.569
5| -16556 110.67
6 -275.75 160.28
7| -334.88 180.32
8] -39592 197 03
9] -45933 208 91
10] -524 17 22184
11 -695 74 244.74
12 -946 8 492 96
13] -144138 1203
14 -16972 1510.5
15( -21169 1973.9
16| -2786.8 2670.9
17 -2793 4 2677 1
18 -3363.3 3421.2
19 -3821 8 4180.4
20 -4255 2 4970.2
21 -4576.7 5795.6
22| -46457 6754 .9
23| -4361.1 6718.2

*The location of the strain gages are shown in Fig. 2. 14b



Table A.25 Measured Diagonal Strains-Specimen V24T7IM31

—

Location® A E G
Scan ID Microstrain Microstrain Microstrain
1 0 -1 -1
2 20 40 35
3 24 45 39
4 23 44 38
5 31 60 51
6 41 81 69
7 53 112 97
8 75 160 152
9 107 231 242
10 159 325 355
11 225 427 481
12 462 712 853
13 843 1050 1320
14 1510 1550 1910
15 2430 2420 2910
16 3420 3590 4370
17 4450 4860 6120
18 5510 6110 7960
19 6610 7380 9850
20 7720 8640 11700
21 83910 9950 13600
22 11400 12600 OFFSCALE +
23 12600 13900 OFFSCALE +
24 13900 15200 OFFSCALE +
25 15100 OFFSCALE + OFFSCALE +
26 OFFSCALE + OFFSCALE + OFFSCALE +
27 OFFSCALE + OFFSCALE + OFFSCALE +
28 OFFSCALE + OFFSCALE + OFFSCALE +
29 OFFSCALE + OFFSCALE + OFFSCALE +
30 OFFSCALE + OiFSCALE + OFFSCALE +
31 OFFSCALE + OFFSCALE + OFFSCALE +
32 OFFSCALE + OFFSCALE + OFFSCALE +
33 OFFSCALE + OFFSCALE + OFFSCALE +
34 OFFSCALE + OFFSCALE + OFFSCALE +
35 OFFSCALE + OFFSCALE + OFFSCALE +

*The location of the strain gages are shown in Fig. 2.14b
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APPENDIX B.1

Section Corners as Points of Shear Stress Discontinuity

It is demonstrated in this section that the tangential shear stresses acting on two taces
connected to the comer s=y =iu. (i=123 and 4). are in general unequal. ie.

Ay ) =ls ).

The 3D equilibrium conditions for an infinitesimal ¢lement on the comer of the cross-
section of a square hollow section under no body forces (Timoshenko and Goodier 1987)

are (Fig. B.1.1»

— + -" +—==0 (B.1.1)
cx & lant
¢ér  ¢éo, cCrt.
—-——+—=0 (B.1.2)
X cy cZ
cr ‘ﬁ:; Co.. -
— - —-— =10 (B.1.3)
X [} oz

For the comer of the cross-section. from the Figure. B.1.1. the tollowing can be written.

6 =0 =0.ando.=0 (B.1.4)
fr. T, cr. ¢

co=r =020 and —E = (B.1.5)
& &

By substituting the Eqs B.1.4 and B.1.5 in equilibrium conditions (Eqgs B.1.1 through

B.1.3). the tollowing can be obtained.

B Sy ) (B.1.6)
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By solving the Eq. B.1.6 for z,. it can be shown that

T.=-r —l—D>7,F7T (B.1.7)



TlGlST

Togist / st 1

- T- T,
T. c /‘/7 4 et /-lt
/ /T‘l/
S 1dist :
4 |
g |
T,
|
G.“/ .
B P
Y P

Figure B.1.1 Free-body Diagram of a Section Corner



APPENDIX B.2
Applicability Limits of Case I-1

This section demonstrates the derivation ot applicability limits of Case I-1.

The coordinates identifving the location ot the neutral axis in Fig. 3.5a have to remain

within the bounds 0 <« =1 and 0< » <1. The subscript. i. is either | or 2.

For the first pair of the coordinates defining the location of the PNA. the tollowing

equations are wntten.

B++~A

a, = (B.2.1)

A C
- S (B.2.2)

F

The limiting bounds tor Egs. B.2.1 and B.2.2 are as below.

O<a 51=058’C‘4<1 (B.2.3)
0<y SI:OSE::AQ (B.2.4)

Since C and F are alwayvs greater then 0. the above inequalities can be rewritten in the

following form.



—B<\A<C-B (B.2.5)

—E<vA<F-E (B.2.6)

If we substitute the equivalents of B. C. E. and F in Egs. B.2.5 and B.2.6. we can obtain

the following bounds tor vA. respectively.

-ocloc -6.-3m )S\:SO’.(O’- -c.+3m ) (B.2.7)

-o.lo,+0.+3m Jsvd<o.lo, 0. -3m ) (B.2.8)

After making the necessary arrangements. the following tour applicability limits can be

obtained.
~olo,+0.=3m )-vA4<0 (B.2.9)
ol-0 —c.~3m =4 <0 (B.2.10)
o.l-0, -0.-3m )-v'4<0 (B.2.11)
—o.lo, ~0.=3m )+ 4 <0 (B.2.12)

For the second pair of the coordinates defining the location of the PNA. the following

equations are found.




v. = B.2.14
7 F ( )
The limiting bounds for Eqs. B.2.13 and B.2.14 are as below.
USa:SIDOSB_C\‘ASI (B.2.15)
OS;/:SIDOSE—F\ASI (B.2.16)

Since C and F are always greater then 0. the above inequalities can be rewritten in the

tollowing form.

B-C<~Ad<B (B.2.17)

)
|
=)
I
rd
|
IA
™

(B.2.18)

It we substitute the equivalents of B. C. E. and F in Egs. B.2.17 and B.2.18. we can

obtain the following bounds for vA. respectively.

clo -oc -3m )-20(c -0c.)< ~§$o:,(c", +0., -3m ) (B.2.19)

o.lo, +0., +3m )-20.(0, +0.)svA<0o. (0, +0, +3m ) (B.2.20)

r

After making the necessary arrangements. the following four applicability limits can be

obtained.

-0, (o: ~0.+3m, )-(.Jso (B.2.21)



o (-0, ~0,+3m J+v4<0 (B.2.22)

o.l-c. -c.~3m )=+ 4<0 (B.2.23)
—o.lo,+0.~3m )+ 4 <0 (B.2.24)

It can be concluded that. the interaction relation for Case I-1 (Eq. 3.17) to be applicable.

in addition to the applicability limits g,,({x})s 0.i =1....3. the load combinations must

satistyv either the conditions from B.2.9 to B.2.12 or from B.2.21 to B.2.24.



APPENDIX B.3

Applicability Limits of Case II-1

This section demonstrates the derivation of applicability limits of Case II-1.

The coordinates ( # and ») in Fig. 3.5b identifving the location of the neutral axis have

to remain within the tollowing bounds.

e~ 0, -4 )=G
Os(a 0.0 =g, =4 )~ <1 (B.3.1)
2o.
039 (B.3.2)
20,

Noting that ¢. and o are both greater than zero. the bounds (B.3.1) and (B.3.2) can be

rewritten as following.

(¢ 0. ~0c. -0, -h.)2\G2(c ~0.~0.+0, -4_.)-20.
Z 4 : - 4 b 2

2 (B.3.4)

OSVES o,

By taking the first and second bounds ot (B.3.3) into consideration separately. and

substituting the equivalent of G. two applicability limits can be recovered as below.

J2o.3m -4 -0 -0.-20,)-(0 0. +0.+0, -4.)<0 (B.3.5)



(6. -0.+0,+0, —4.)-20.63m —-4v. +0, +0, +20,)<0 (B.3.6)
N 4 : A z ¥ 2

The same way. from (B.3.4). following two applicability limits can be obtained.

-\20.5m ~-%. +0 +0. +20,)<0 (B.3.7)

y2o.Bm -4, +0,+0.+20,)-20,<0 (B.3.8)

The applicability limit presented by (B.3.7) reduces to the same solution with the Eq.
3.27 in Chapter 3. As a result. it can be concluded that the applicability limits for Case II-

1 due to geometric constraints are as below.

. 0x))=20.0m -4 -0 ~0.-20,)-(0,+0.+0.+0, -4v_)<0 (B.3.9)

g (x})=(o, -0, 0.0, -4 )-y20:6m, -4, +0,+0.+20,) <0 (B.3.10)

g.(x))=,20.6m -4 ~0 -0, ~20,)-20. <0 (B.3.11)



APPENDIX B4

Assessment of Effect of Approximations for Case I1-1

In Chapter 3 two approximations have been made. These are: a) an idealized thin section
has been adopted. and b) the straight-line requirement for PNA has been violated in Case

[II. The effect of these approximations tor the case v_ =v, =m_=0 and the results are

compared to more accurate solutions. It is of interest to note that when

v =0.v =0.m_=0. the agreement between the two solutions is expected to improve.

Two scenarios are considered to illustrate the effect of the approximations (Fig. B.4.1).

Consider the PNA position for Case a in Fig. B.4.1a. where variables a, and 7, are

dimensionless coordinates identifving the location of the neutral axis along the edge of

the section. Distances a,r and 7, give the location where the neutral axis intersects the
cross-section. Egs. B.4.1 through B.4.3 are applicable for the conditions 0 <, <1 and

0<y, <1.

The axial force and normalized bending moments due to the assumed stress distribution

are:
. ol4-7, -a)a—la, +7,)] (B4.1)
: da
gt —afr. - a |-l v Na ') (B42)
xa-
_ola=ila, -7,) (B.4.3)

R 94

The above ratios give the coordinates of a point f’(m m.mm.vm) on the “exact” yield

surface (Fig. B.4.2). One way of assessing the proximity of the approximate yield



surtaces proposed in cases [ through III to the “exact™ vield surface based on a thick
section representation is to scale vector P by a factor c,. i.e.. l—ider =c P (Fig. B4.2). A
value of ¢, close to unity would indicate that the approximate solution is in close
agreement with the exact solution. The scaling constant ¢, is obtained by performing
substitute on v, =c¢,v. .m_ =c¢,m_.m =c,m  in the interaction equations (Eq. 3.16.
T 9

3.24. and 3.31). Besides. in the absence of shear and twist. the normal stress terms will be

equal to unity (6, =0, =0, =0, =1). A plot of the scaling factor ¢, against the moment
ratios m  and m _ is presented in Fig. B.4.3a. It is of interest to mention that the scaling

tactor varies from 0.991 at (m  =-0.332 and m , =-0.013) to 1.000 at (m_, =0 and

2]

m_, =0). The difference between the two solutions is always less than 1%. The

v

approximate solution is always erring on conservative side.

A similar treatment for Case b (Fig. B.4.1b) vields the relations

v =o.[4a—ﬂ)~:‘/»(a+{)] (B.44)
4u

m =

L ¥

,Bh;/halz;/rr(a -—‘l)— a +1) J

(B.4.3)
9a-

By o(3-28Na~1)
9a-

m =

(B.4.6)

The scaling factor for Case b is denoted as ¢;. The plot of scaling factor ¢, against m_,
and m,, is presented in Fig. B.4.3b. Factor ¢; ranges from 0.993 at (m_, = -0.293 and
m_=0.101)tolat(m, =0 and m A =0). The scaling factors. ¢, and c,. being close to

unity is an indication of the accuracy of the approximate solution. The quality of the

agreement 1s expected to improve in the presence of twisting moment and shear forces.
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APPENDIX B.5

Applicability Limits of Case III-1

This section demonstrates the derivation of applicability limits of Case III-1.

The equivalents of the coordinates S, and A, (Fig. 3.5¢) are found as below.

lom -o.-20 ~2o.)o. ~(6m, +0, )0, +9m°

B.5.D
o.lo, -0, +3m,) (

B. = 3m (40, - 20, -3m, )+ 30, (-ml o- ) -0: (Gl o.-20,)-0, (B.5.2)
: io.(0, -0, +3m,)

For the interaction equation of the Case III-1 (Eq. 3.31) to be applicable. the coordinates

have to meet the following geometric constraints.

0<p. <l (B.3.3)

0< B, <pB. (B.5.4)
Noting that o. > 0. the bound §, < . leads to the following applicability limit.

c,-0.+3m <0 (B.5.5)

By taking (B.5.5) into consideration. the following applicability limit can be recovered

from the bound 0 < B, of (B.5.4).

6m, -o.-20, +20. )0, +(6m, +5 )0, +9m. <0 (B.5.6)
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Any given load combination that satisfies the applicability limits (B.5.5) and (B.5.6). at
the same time. satisfies the bound 0 < .. As a last step. the bound S, <1 (B, -1<0)

must be satisfied which leads to the following applicability limit.

(o, -30.No. -0,)+20.(0, -0.) i
s - . (B.5.7)
-3m, (20, +3m_ )+ 60.12m, -m )<0

As a result. it can be concluded that some of the applicability limits for Case [II-1 are as

below.
g.(x})=c, -0, +3m <0 (B.5.8)
g . Ax)=lem -o.-20 ~20.)0.-(6m -0, )0, +9m <0 (B.5.9)
e (xD=(c. -30.Xo. ~ 0. )= 20.(0, -0
g.(x)=(o, -30. o, -0,)+20.(0, -0") B.5.10)

~3m (20, - 3m )~6c.(2m_ -m )<0
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APPENDIX B.6

Summary of Interaction Equations for Cases I-1 through II1-8

Tables B.6.1. B.6.2. and B.6.3 give the interaction equations for the sub-cases ot cases I.

I1. and III. respectively.
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