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Abstract

Lasing from femtosecond laser �laments is a relatively new �eld of

study that has been studied since its �rst observation in 2003. Such

lasing e�ect is of interest to the scienti�c community due to its possible

application in remote sensing. This thesis studies the lasing dynamics

of the excited molecular nitrogen ion N+
2 which emits primarily at 391

nm and 428 nm wavelengths. We start by studying the ellipticity de-

pendence of the gain from �laments in ambient air. We then study the

ellipticity dependence in a vacuum in a supersonic gas jet to remove

the complexity of �lamentation. We show that recollision doesn't play

a signi�cant role in creating a population inversion by comparing the

ellipticity dependence of the gain and high harmonic generation. The

rest of this thesis is devoted to shining some light on another possi-

ble mechanism. We characterize the gain by its temporal pro�le, jet

position dependence, and density dependence.
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1 Introduction

1.1 Introduction to air lasing

The invention of the laser in 1960[14] led to the development of a variety

of laser-spectroscopic techniques for diagnostic purposes. These methods

are extremely valuable for probing harsh environments such as combustion

processes, where the high spatial and temporal resolution provided by optical

techniques are particularly useful. Usually, when we talk about lasers, it is

referred to as an instrument made of various optical elements which include a

gain medium, a pump source, and an optical resonator. Placing lasers at the

required location can be problematic. For example, to improve techniques in

remote sensing such as Light Detection and Ranging (LIDAR), a laser would

have to be placed behind the region of interest so that we may analyze the

forward propagating lasing emission from a ground base station.

In 2003, Q. Luo et al. studied the backscattered �uorescence of molecular

nitrogen from �laments in air generated from ultrafast Ti:sapphire femtosec-

ond laser pulses and found that lasing from nitrogen in air is possible in the

forward and backward direction[15]. The conclusion about this lasing e�ect

was drawn from the exponential growth of the �uorescence yield around 357

nm wavelength (corresponding to the C3Πu(ν = 0) to B3Πg(ν = 1) transition

in N2, where ν is the corresponding vibrational state) as a function of the �l-

ament length. The concept of forward and backward stimulated emission in

the air is now known as air lasing. The atmosphere contains mainly oxygen

and nitrogen with a bit of argon. Therefore, air lasing is very limited by its

gain medium. Another limitation is that the lasing needs to be single pass

(i.e., mirror-less); high gain is required as there is no resonator to amplify.

For air lasing to become a useful tool for remote sensing, it must be realized

at large distances. This can be realized by exploiting the process of laser
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�lamentation[3] which can be used to pump the air laser. Filamentation can

be used to maintain high intensities over very large distances and can be

initiated kilometers away from the target region. One type of lasing e�ect

in an air �lament is related to the molecular nitrogen ion (N+
2 ), emitting

primarily at 391 nm, 428 nm, and 471 nm wavelengths which is the focus of

this thesis.

1.2 The N+
2 lasing problem

The wavelengths corresponding to the N+
2 lasing action corresponds to the

B2Σ+
u (ν = 0, 1, 2) to X2Σ+

g (ν = 0, 1, 2) transitions where B is the excited

state and X is the ground state as shown in Figure 1.1.

Figure 1.1: Energy-level diagram of ionized and neutral nitrogen molecules
in which the transitions between B2Σ+

u and X2Σ+
g states are indicated with

corresponding lasing wavelengths. Figure adapted from [1].

This lasing action was �rst observed in 2011 by J. Yao et al.[1]. These
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emissions were observed with femtosecond pump pulses in the UV, visible

and mid-IR. Up to now, the physical mechanism underlying the lasing e�ect

in N+
2 is still subject to controversy. Some proposed mechanisms include the

concept of natural population inversion, recollision excitation, multiple state

coupling, and lasing without inversion. These potential mechanisms will be

discussed in more details at the end of this thesis.

Backward lasing is a key concept for air lasing to become a useful tool for

remote sensing. Backward lasing from the neutral molecular nitrogen has

been previously experimentally demonstrated [1, 16, 17]. However backward

stimulated emission from N+
2 has yet to be achieved.

1.3 Thesis outline

I brie�y introduced the concept of air lasing and its potential application in

remote sensing. In my thesis, I start by introducing molecular energy levels

and transitions as well as molecular alignment and rotational wavepackets.

After which I introduce basic nonlinear optics and how �laments are formed

and how they lead to air lasing. The �rst set of experiments that I present

is done in �laments in ambient air. The rest of the thesis studies the N+
2

lasing emissions in a supersonic gas jet in vacuum chambers. The sections

are separated as follows.

Section two (Molecular dynamics): Section two introduces the energy

levels of diatomic molecules and how transitions between energy levels can

occur. I then brie�y introduce frequency domain and time-domain spec-

troscopy. I �nally discuss molecular alignment and how rotational wavepack-

ets are created.

Section three (Nonlinear optics and �lamentation): In section three,

I brie�y introduce nonlinear optics starting from Maxwell's equations and

3



the Kerr e�ect. I follow the discussion with consequences of the Kerr e�ect

such as self-focusing, self-phase modulation, self-steepening, and how, due to

the balance between self-focusing and plasma defocusing due to ionization,

�laments can be formed. In the second part of the section, I introduce

properties of �lamentation such as lasing from �laments.

Section four (N+
2 lasing in �laments): In section four, I give a brief

historical background on N+
2 lasing in �laments and how recollision was pro-

posed as a mechanism to create a population inversion in this system. The

experimental part of this section reproduces previous results and are ana-

lyzed more closely by considering the �lament initiated continuum behavior

around the observed emission lines.

Section �ve (The role of recollision in N+
2 air lasing): This section

introduces a better way to study the gain by using a pump-probe scheme

and focusing in a supersonic gas jet in a vacuum. We present solid evidence

that recollision doesn't play a signi�cant role in N+
2 air lasing by comparing

the ellipticity dependence of the gain with pump pulses with the ellipticity

dependence of the generated high harmonics.

Section six (N+
2 lasing in a thin gas jet): In this section, we use the

same pump-probe method employed in section �ve to search for another

potential gain mechanism. We do this by looking at the time evolution of

the gain and by varying parameters such as pump intensity, jet position, and

plasma density. We �nally observe a second gain mechanism that would not

be distinguishable in �laments.

Section seven (Discussion): In this section, I start by reviewing some of

the properties of the N+
2 emissions such as the build-up and decay time. The

second part of the discussion reviews the proposed gain mechanisms from

literature and how they link to our experimental observations.
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2 Molecular dynamics

The air lasing gain medium consists of diatomic molecules such as O2, N2

and N+
2 ; the later will be studied in this thesis. This section discusses the

characteristics of such molecules. I start by introducing the vibrational and

rotational energy levels that make molecules unique from simple atoms. Af-

ter which possible transitions between energy levels are discussed and how

spectroscopy can be done on emission and absorption lines. The end of this

section introduces the concept of molecular alignment and how rotational

wavepackets are created.

2.1 Energy levels of diatomic molecules

Molecules are made up of atoms that are held together by chemical bonds.

These bonds allow the molecules to vibrate and rotate; giving them added

energy levels in addition to the common electronic energy levels. For the

purpose of this thesis, I will limit the discussion to simple diatomic molecules.

The vibration of diatomic molecules can be approximated by considering the

chemical bonds between the atoms as a spring holding two balls together.

The bond would have a spring constant k, and the molecule would have an

e�ective mass µ with an angular frequency ω. Assuming the spring acts as

a perfect harmonic oscillator, the energy levels are given by the quantum

harmonic oscillator model:

Eν = ~ω(ν +
1

2
) (2.1)

where ν= 0, 1, 2, ..., ~ = h/2π, where h is the planck constant, and ω is

given by:
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ω =

√
k

µ
(2.2)

In the case of this perfect quantum harmonic oscillator, the energy di�erence

between levels is calculated to be:

Eν+1 − Eν = ~ω (2.3)

Note that we have assumed a harmonic oscillator with a quadratic potential

function. In reality, the oscillator of the molecule is anharmonic, and the

potential function needs to be approximated using, for example, a Morse

potential.

On the other hand, to consider molecular rotations, it su�ces to approximate

the molecule as a rigid rotor. The rigid rotor model is well known and has

quantized energy levels given by

EJ =
~2

2I
J(J + 1) (2.4)

where J = 0, 1, 2, ... is the angular momentum and I is the moment of inertia

and is given by I = µr2 where µ is the reduced mass and r the bond length

of the molecule. It is more common to write this as [18]

EJ = hcBJ(J + 1) (2.5)

where B is referred to as the rotational constant of the molecule and is given

by:
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B =
~

4πcI
(2.6)

The energy di�erence between each adjacent rotational energy level is calcu-

lated to be:

EJ+1 − EJ = 2hcBJ (2.7)

Figure 2.1: (a) Schematic representation of a ball on a spring with associated
quantized energy levels. (b) Schematic representation of the rigid rotor with
associated quantized energy levels where E1 = hcB. The spacing between
energy levels is not to scale.

It is important to note that the energy spacing between rotational levels

is much smaller than vibrational levels. In fact, each vibrational level has

rotational bands built on it.

The energy levels of molecules are therefore the sum of its rotational, vibra-

tional and electronic energy levels (En). i.e.,

Emolecule = EJ + Eν + En (2.8)
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Figure 2.2 shows a crude approximation but realistic energy diagram of two

di�erent electronic states in a molecule.

Figure 2.2: Approximate energy diagram showing electronic, vibrational and
rotational energy levels of a molecule.

2.2 Molecular transitions

Transitions between molecular energy levels are possible through several pro-

cesses. A molecule can be raised from a lower energy state to a higher state

by absorption of energy such as absorption of photons. The energy absorbed

must be in resonance with an energy spacing between two states. A molecule

in an excited state will eventually undergo a process known as spontaneous

emission where the molecule goes from a higher energy state to a lower one,

emitting a photon of energy equal to the energy spacing of the levels involved.

The emitted photons from this process is known as �uorescence. Such reduc-

tion of energy level can also be stimulated by another photon. The emitted
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photon is an exact replica of the photon that induced the process. Finally,

a molecule can decrease in energy level by nonradiative deexcitation. The

emitted energy appears in another form such as increased vibrational or ro-

tational levels.

Figure 2.3: Absorption and emission processes in atoms and molecules. E1
is the lower energy state and E2 is the higher energy state.

2.2.1 Transition moment

When an atom or molecule absorbs a photon, there's a probability the atom

or molecule will transit from one energy state to another. It depends on

two things: the nature of the states wavefunctions and how strongly photons

interact with an eigenstate. Transition strengths are used to describe such

transition probability.

An electromagnetic wave can induce an oscillating electric or magnetic mo-

ment in an atom or molecule. The transition moment is the electric dipole

moment associated with the transition between two states. It is the proba-

bility of a molecule to transition from one state to another. It can be written

in mathematical form as

µfi =< ψf |µ|ψi >
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where ψf denotes the �nal state,ψi the initial state and µ = −er is the

electric dipole operator. Transitions for which µfi 6= 0 are known as allowed

transitions, while those for which µfi = 0 are known as forbidden transitions.

Selection rules discussed in the next section are utilized to know if a transition

is allowed or not.

Oscillator strength is a measure often used to describe the strength of a

transition and is given as a function of the square of the dipole moment [19]

f =
8π2meνfi

3e2h
|µfi|2 (2.9)

where me is the electron mass, νfi is the frequency associated with the tran-

sition, and e is the electron charge.

Selection rules have been divided into electronic selection rules, vibrational

selection rules, and rotational selection rules.

2.2.2 Selection rules

An electronic state is typically represented as

Ω2S+1Λ
(+/−)
(g/u)

where S is the spin quantum number, Λ is the angular momentum quantum

number, g/u is the parity, and +/- is the re�ection symmetry. Λ = 0, 1, 2,

3 are represented by the symbols Σ,Π,∆, and Φ respectively. Ω represents

the actual electronic state. The letter X is reserved for an electronic ground

state while the �rst excited state is de�ned as A, the second B, and so on.
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The electronic selection rules for molecules are as follows [20, 21]; The total

spin can't change (i.e., ∆S = 0), The angular momentum can only change by

∆Λ = 0,±1, and g ⇔ u transitions are allowed for homonuclear molecules

while +⇔ + and− ⇔ − transitions apply for heteronuclear molecules.

On the other hand, vibrational selection rules are simple. Transitions with

∆ν = ±1,±2, ... are all allowed, and ∆ν = 0 transitions are allowed between

electronic states.

Finally, rotational selection rules are simply ∆J = 0,±1. This is due to the

conservation of angular momentum. This selection rule applies because pho-

tons have one unit of angular momentum and the total angular momentum

needs to be conserved. Furthermore, ∆J = 0 can only occur when there's a

net orbital angular momentum in one of the electronic states.

Transitions with ∆J = 1 are de�ned as R branch transitions, while those

with ∆J = −1 are de�ned as P branch transitions, and ∆J = 0 are de�ned

as Q branch transitions. Rotational transitions are allowed to occur within

electronic states or between electronic states. The Q branch is therefore not

allowed in the N+
2 B2Σ+

u → X2Σ+
g transitions that will be studied in this

thesis because the electronic levels have no orbital angular momentum.

2.3 Spectroscopy

Rotational and vibrational transitions of molecules help us identify how

molecules interact with each other and their bond length. To know each

transition, we have to consider other terms like wave number, force constant,

quantum number, etc. There are rotational energy levels associated with

all vibrational levels. From this, vibrational transitions can couple with ro-

tational transitions to give rovibrational spectra. Rovibrational spectra are

often used to determine the average bond length of molecules, for example.
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2.3.1 Frequency domain spectroscopy

Most spectroscopy to date has been performed in the frequency domain (i.e.,

as a function of frequency or wavelength). This type of spectroscopy can be

used to determine molecular structures and properties. In a spectroscopic

experiment, light is passed through a sample, and the sample can absorb

some wavelengths. A given molecule will only absorb photons whose energy

has the same energy that corresponds to a speci�c transition. By observing

which wavelengths were absorbed and how much was absorbed, information

about the molecule can be obtained.

2.3.2 Time-domain spectroscopy

Time-domain spectroscopy is another type of spectroscopy that can measure

the intensity of electromagnetic radiation as a function of time. The famous

pump-probe spectroscopy method can be employed to examine molecular dy-

namics. A �rst pulse will initiate particular dynamical behavior in a molecule

and, at a time delay later, a second weak probe would yield a spectrum from

which instantaneous molecular structures can be observed. However, molec-

ular dynamics occur at times shorter than 10−10 s for molecular vibrations

and 10−13 s for molecular rotations[22, 23]. Therefore the method has been

limited until the femtosecond laser came into existence in the 1980s[24][25].

By varying the delay between the pump and probe pulses, the time evolution

of the molecule can be observed. Femtochemistry was then developed, and

a Nobel prize was awarded to A. Zewail in 1999 for the development of the

�eld of femtochemistry[26, 23]. More recently, attosecond pulses as short as

53 attoseconds can be generated[27] through high harmonic generation and

can be used to probe the dynamics of electrons which orbit the nucleus on

a timescale of attoseconds. Time-domain spectroscopy usually requires the

use of the Fourier transform to analyze time-domain spectra in the frequency
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domain. The majority of the work that will be presented in this thesis study

the dynamics of N+
2 by the use of time-domain spectroscopy.

2.4 Molecular alignment

Under no external in�uences, molecules would be rotating in random ori-

entations. Therefore, molecules will naturally not be aligned with each

other. However molecular alignment is possible for non-spherically sym-

metric molecules. There are numerous applications to achieve molecular

alignments such as material processing and laser-molecule interaction. The

process of molecular alignment has been widely studied due to its crucial

role in chemistry and physics, and di�erent techniques to align molecules

have been developed.

The �rst approach was with the use of a static electric �eld [28]. This relies

on molecules having the need of a permanent dipole moment to align the

molecules. Using a strong electric �eld, such as the one created by an intense

laser beam, one can induce a dipole moment on molecules, and therefore,

overcoming the restriction from using a static electric �eld. Friedrich and

Hershbach treated molecular alignment theoretically using laser pulses [29,

30]. However, the laser pulses were much longer than the rotational period

of the molecule. In this case, the molecules become aligned in the presence

of the laser pulse and return to an isotropic state after the laser pulse. This

process is called adiabatic alignment, and its �rst demonstration was in 1996

[31].

If the laser pulse is shorter than the rotational period of the molecules,

the molecules cannot adiabatically adapt to the laser �eld, resulting in a

time-dependent ��eld-free alignment�. This was �rst treated theoretically

by Seideman[32] and experimentally shown by Rosca-Pruna [33]. The laser
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pulse 'kicks' the molecules towards alignment, but the pulse passes through

the system before the molecules has time to align. However, shortly after,

the molecules will become aligned with each other. In this regime, during

the alignment of the molecules, there are no �elds present which can distort

molecules. This is what is known as �eld-free alignment. The result can

be described as a coherent superposition of rotational states, known as a

rotational wavepacket.

2.4.1 Rotational wavepackets

Looking at the time evolution of a rotational wavepacket is interesting. Con-

sidering a diatomic molecule such as N2 that can be approximated by a rigid

rotor, the rotational wavepacket behavior is simple. The rotational frequen-

cies ωJ are given by Equation 2.5 with EJ = ~ωJ . There is, therefore, a

fundamental period (for J = 0) given by

Trev =
1

2Bc
(2.10)

where Trev is known as the revival period of the molecule. Since J is an

integer, the only possible rotational frequencies must be multiples of the

fundamental. Therefore, every Trev, the rotational wavepacket will re-phase

(i.e., revive) itself to any Trev state before. For example, N2 has a rotational

constant of 1.998 and Equation 2.10 yields a revival time of 8.34 ps. Figure

2.4 shows the revival structure of N2 molecules.
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Figure 2.4: (a) Experimentally measured alignment revival structure for N2.
(b) - (d) Plots of measured (thick) and simulated (thin) angular distributions
for select times along the revival structure. Courtesy of Ref. [2].

During times of revivals, the molecules go from alignment to anti-alignment.

Anti-alignment is referred to an alignment perpendicular to the aligning �eld

as in Figure 2.4 (c). Fractional revivals also occur at Trev/4, Trev/2, and

3Trev/4 but I do not attempt to explain them in this thesis.
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Figure 2.5: Fourier transform of (a) N2 and (b) O2 showing the retrieval of
rotational J states from the time domain rotational wavepacket. Courtesy of
Ref. [2].

Figure 2.5 shows the use of the Fourier transform on a rotational wavepacket.

J states can be retrieved from this method, which are sometimes not shown

by starting with analysis in the frequency domain.
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3 Nonlinear optics and �lamentation

3.1 nonlinear optics

3.1.1 Maxwell's equations

Electromagnetic waves in a medium propagate following Maxwell's equations.

If there is no magnetic �eld present in the medium, Maxwell's equations are

[34]:

∇ ·D = ρ (3.1)

∇ ·B = 0 (3.2)

∇×E = −∂B
∂t

(3.3)

∇×B = µ0
∂D

∂t
+ µoJ (3.4)

where E is the electric �eld, D is the electric displacement �eld, B the

magnetic �eld, and µ0 is the vacuum permeability. The electric displacement

�eld and the electric �eld is related by D = ε0E + P , where P is the

polarization of the medium and ε0 is the permittivity of vacuum. Introducing

a factor known as susceptibility we can rewrite this relationship as D =

ε0(1 +χ)E = εrε0E and P = ε0χE. We can express the polarization P as a

power series as

P (t) = ε0[χ
(1)E(t) + χ(2)E2(t) + χ(3)E3(t) + · · · ] (3.5)

where χ(1) is known as the linear optical susceptibility and χ(2) and χ(3) are

known as the second and third order nonlinear optical susceptibility.
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3.1.2 Nonlinear refractive index

Due to inversion symmetry, which is the case for gases, the even order terms

vanish, and therefore, we may write

P (t) = ε0[χ
(1)E(t) + χ(3)E3(t) + · · · ] (3.6)

By omitting the terms χ(5) and greater and by combining Maxwell's equa-

tions, the optical wave equation in nonlinear optics is obtained [34]:

∇×∇×E(t)− 1

c2
∂2E(t)

∂2t
= −µ0

∂2P (t)

∂2t
(3.7)

The refractive index is then determined as a function of intensity I of the

�eld:

n = n0 + n2I(r, t) (3.8)

Where the intensity I(r,t) is

I = 2n0ε0c|E(r, t)|2 (3.9)

and the nonlinear refractive index is

n2 =
3

4n2
0ε0c

χ(3) (3.10)

where n2 is known as the Kerr term. Since the coe�cient n2 is positive

in most materials, the total refractive index will increase with increasing

intensity. n2 for gases is typically around the order of 10−19 cm2/W at a

pressure of 1 bar. At intensities normally encountered in linear optics, only
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the �rst term in equation 3.8 is signi�cant, and the refractive index can be

considered a constant (n0).

3.1.3 Self-focusing

The optical Kerr self-focusing e�ect was predicted in the 1960s[35, 36, 37] and

experimentally veri�ed in glasses and liquids[38, 39]. As seen in Equation 3.8,

if an electromagnetic �eld has a high enough intensity so that the nonlinear

intensity-dependent term becomes signi�cant, then the refractive index will

be modi�ed. For example, a beam with a Gaussian spatial pro�le will see

a higher refractive index at the center of the beam than the outside. As a

result, a phase di�erence between the central and the outside parts of the

pulse is induced during propagation. The refractive index di�erence will then

act as a positive lens, thus focusing the beam as shown in Figure 3.1.

Figure 3.1: Self-focusing of a laser beam by the optical Kerr e�ect. Figure
adapted from [3].

A parameter that is important for self-focusing to occur is the initial power

of the laser beam. A beam will only self-focus if it overcomes di�raction

limits which is a threshold called the critical power (Pcr) and is given by:
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Pcr =
3.77λ20
8πn0n2

(3.11)

This can be derived by equating the di�raction e�ect with the self-focusing

e�ect. i.e.,

θdif = θsf (3.12)

where θdif is the di�raction e�ect can be approximated by

θdif =
aλ0
n0d

(3.13)

where a is a constant which depends on the beam in question (a is 0.61

for a Gaussian beam) [34] and d is the beam FWHM diameter. θsf is the

self-focusing e�ect given by [34]

θsf =

√
2n2I

n0

(3.14)

where I is the peak intensity. We then get:

I =
a2λ20

2n2n0d2
(3.15)

The peak power contained in the laser beam is:

P =
π

4
d2I (3.16)

We then get the result in Equation 3.11 up to a proportionality constant. For

a near-infrared pulse with 42 fs pulse duration, the critical power is measured
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to be about 10 GW [40]. It is important to note that we have assumed a

Gaussian beam to get the coe�cient in Equation 3.11. For example, the

coe�cient 3.77 must be replaced by 3.72 for a Townes beam[3].

We can approximate the propagation length of the self-focusing beam until

collapse by the semi-empirical formula of Dawes and Marburger[41, 42]

Lc =
0.367LDF√

[(Pin/Pcr)1/2 − 0.852]2 − 0.0219
(3.17)

where LDF = πω2
0/λ0 is the Rayleigh length, which is the characteristic

length of di�raction of a Gaussian beam, Pin is the input power, and ω0 is

the beam waist.

If we start with a collimated beam with a wavelength of 800 nm, with power

Pin = 10Pcr and a beam waist of 50 mm, the distance before collapse is

~15.6 m. However, equation 3.17 breaks down at higher input powers due to

modulational instabilities[43].

In a laboratory experiment, it is most practical to aid the self-focusing ef-

fect by focusing the collimated beam with a lens. The position of collapse,

therefore, moves before the position of the focus of the lens according to [44]

1

Lc,f
=

1

Lc
+

1

f
(3.18)

where f is the focal length of the lens.

3.1.4 Self-phase modulation

Due to the nonlinearity of the refractive index of a medium, a pulse's phase

can be self-modulated during propagation which is known as self-phase modu-

lation (SPM). This nonlinearity originates from the Kerr e�ect and describes

21



the response of a material refractive index to the applied �eld (see Equation

3.8). The total phase of a Gaussian pulse is

φ(t) = w0t− nkL (3.19)

where k = 2π/λ is the wavenumber, ω0 is the carrier frequency, and L is the

propagation length. Due to the nonlinear refractive index, a time-dependent

phase arises. The e�ect of the medium is to change the phase of the pulse

by:

φNL = −n2IkL = −n2I(t)ω0L/c (3.20)

The instantaneous frequency of the pulse ωinst is given by the time derivative

of the total phase:

ωinst(t) =
d

dt
(ω0t+ φ(t)) = ω0 +

d

dt
φNL(t) (3.21)

The variation of ωinst is called chirp. Assuming a positive n2 constant, the

frequency is down-shifted at the leading edge of the pulse. Whereas, the

frequency is up-shifted at the trailing edge. In other words, the leading edge

is red-shifted and e�ectively travels faster than the blue-shifted trailing edge.

The dimensionless B parameter, also known as the B-integral

B =
2π

λ

∫
n2IIdz (3.22)

is often used to measure the strength of the nonlinear e�ect due to the Kerr

nonlinear refractive index. Values of B > 1 usually results in signi�cant

nonlinear e�ects, including self-focusing and SPM. SPM plays a dominating

role in the generation of supercontinuum covering a large wavelength range.
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3.1.5 Self-steepening

Another nonlinear e�ect that arises from the Kerr e�ect is Self-steepening.

This e�ect arises from the intensity dependence of the group velocity. The

velocity of the peak intensity of the pulse is smaller than that of its wings.

Therefore the back of the pulse will catch up to its peak[45]; a shock front is

formed in correspondence of this edge, and self-steepening brings an increase

in the generation of bluer frequency. In condensed media, the formation of a

leading shock front has been observed and investigated[46].

Figure 3.2: Calculated intensity as a function of time of a self-focusing and
self-steepening pulse in a normal dispersive medium. The propagation dis-
tances are indicated on the graphs in cm. Courtesy of Refs. [4, 3].

3.1.6 Multiphoton ionization and plasma defocusing

Self-focusing will eventually lead to ionization of the medium in question.

Another nonlinear e�ect that will occur is multiphoton ionization. Multi-

photon ionization is the simultaneous absorption of multiple photons that

eventually lead to ionization. The number of photons required to ionize is
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approximately K = Ip/~ω which is approximately 10 photons to ionize N2

with 800 nm photons and Ip is the ionization potential. Peak laser intensities

above 1012 W/cm2 are typically required for such process to occur. A plasma

is created as a result and provides a negative change to the refractive index.

This will act against the self-focusing e�ect and defocus the laser pulse.. The

reduction follows the law[47, 3]

n ' n0 −
ρ(r, t)

2ρc
(3.23)

where ρ(r, t) is the density of free electrons, and ρc = ε0meω
2
0/e

2 is the value of

the critical plasma density. Above this value the plasma becomes opaque[3].

Figure 3.3: Defocusing of a laser beam by the presence of a plasma. Figure
adapted from [3].

3.1.7 Formation of �laments

The combined action of self-focusing of a laser pulse due to the optical Kerr

e�ect and the defocusing of the pulse due to plasma defocusing results in

multiple cycles of focusing-defocusing, and therefore, the creation of light

�laments. This process is shown in Figure 3.5.
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Figure 3.4: Filamentation schematic representation of the focusing-
defocusing cycles. The �lamentation length is the distance covered by these
cycles. Courtesy of Ref. [3].

The defocusing beam will self-focus until the remaining power of the defo-

cusing beam drops below the critical power for self-focusing.

3.2 Properties of �lamentation

3.2.1 Intensity clamping

Due to plasma defocusing, an intense laser pulse can only focus to a certain

intensity before defocusing dominates. This means that the intensity in a

�lament is clamped. This clamped intensity can be approximated by[48, 49,

50]

I ∼ (
2n2ρc
σKtpρat

)K−1 (3.24)

where ρat denotes the density of neutral atoms, K the number of photons and

σK is the ionization cross section.This yields a clamped intensity of 1.8×1013

W/cm2 for a pulse duration of tp = 100 fs at 800 nm [3]. In air, for 800 nm
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laser pulses, the clamped intensity seems to be actually around I = 5× 1013

W/cm2 [49, 50]. However, newer studies shows that intensity in a �lament

can go as high as 1.45× 1014 W/cm2[51].

Intensity clamping has an incredible advantage for atmospheric studies. In an

non �lamentation regime, di�raction limits the intensity that can be achieved

at a focus point. If we assume a Gaussian beam, the beam diameter will

linearly increase with focusing distance following

δφ =
2fλ

πD
(3.25)

For a �xed laser power the focal intensity decreases following the relation

1/f 2. On the other hand, the clamped intensity of a �lament provides non

di�raction limited ionization zone of near constant uniform intensity through-

out the �lament zone. This is independent of focusing distance and pulse

width/energy.

3.2.2 Long range propagation

One of the reasons why �lamentation is such an interesting phenomena is

its ability to propagate high intensities over extended distances. Peak in-

tensities above 1012 W/cm2 have been observed over several kilometers via

�lamentation[52].

3.2.3 Spectral broadening

Filamentation is a highly nonlinear system that allows the generation of

new frequencies. Filamentation strongly broadens the pulse through self-

phase modulation, ionization, and self-steepening[3]. This e�ect is commonly
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known as suppercontinuum generation (or just continuum) or white light

generation. Filaments have been shown to generate ultra-broad spectra that

can extend from the infrared to the visible. Figure 3.5 shows a continuum

generated from propagation over 10 m in air. This e�ect will be utilized in

this thesis to seed the emissions from N+
2 in �laments.

Figure 3.5: Spectrum of a 800 nm laser beam, with FWHM of 70 fs, and
a peak power of 3 TW after propagation over a distance of 10 m in air.
Courtesy of Ref. [3].

3.2.4 Conical emission

Conical emission is one of the most noticeable properties of �lamentation

and is caused by supercontinuum generation. The main signature of conical

emission is that the redder frequencies appear at the center of the emission

while the bluer components appear on the outside, which is the inverse of
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what you would expect from di�raction. This phenomenon is not entirely

understood, but some mechanisms have been proposed such as Cerenkov

radiation [53, 54], X-waves [55, 56, 57], self-phase modulation [58], and four-

wave mixing [59, 60]. Figure 3.7 (a) shows the typical conical emission from

a 1mm long �lament.

Figure 3.6: (a) Conical emission from a 1mm long �lament observed on a
screen; (b) Multi�lament pattern on a screen from a 1 cm long �lament.
Note: The �gure does not show real colors. Courtesy of Ref. [5]

However, Figure 3.6(b) highlights how messy the process of �lamentation is

as the �lament length is increased.

3.2.5 Filamentation and molecular alignment

As seen in Section 2.4, the femtosecond laser pulses that create the process

of �lamentation also give an instantaneous quantum �kick� to the molecules,

which creates what is known as a wavepacket. The wavepacket shows �eld-

free revival structures. This alignment process in �laments is one of many

potentially important applications of �lamentation.
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3.2.6 Filament induced lasing action

Not only does self focusing increase the intensity of a laser pulse and even-

tually ionize a medium, the laser also excites molecules and ions into excited

states. These excited states can then emit �uorescence [61, 62]. An expo-

nential increase in intensity of this �orescence in the forward and backwards

direction has been detected with increasing �lament length. This process is

known as ampli�ed spontaneous emission (ASE) lasing. N2 and N+
2 emis-

sions in air �laments are such examples, although backwards lasing from N+
2

has yet to be reported. Filament induced lasing is potentially very important

for remote sensing applications. Gain in N+
2 is the focus of my thesis.
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4 N+
2 Lasing in �laments

4.1 Historical background

In 2011, J. Yao et al. reported strong stimulated emission lines in the forward

direction in ambient air and pure nitrogen [1]. The radiation lines at 330 nm,

357 nm, 391 nm, 428 nm, and 471 nm wavelengths were activated using a

wavelength tunable near-IR laser (1.2µm - 1.9 µm) as shown in Figure 4.1.

The e�ect corresponds to the B2Σ+
u to X2Σ+

g transition between the excited

and ground state of the nitrogen molecular ion. They found that when the

spectrum of the 3rd or 5th harmonic of the driving pulse covered these lines,

N+
2 emissions can be initiated. This ampli�cation e�ect was attributed to

the realization of population inversion that occurs at an ultrafast time scale.

They attributed the population inversion mechanism to the direct formation

of excited molecular nitrogen ions by strong-�eld ionization of inner-valence

electrons. Although the used seeding wavelengths covered some emission

lines of pure molecular nitrogen, no such emission was detected.

In 2013, Andriukaitis et al. observed the forward 391 nm and 428 nm lasing

emission by focusing millijoule pulses at 1.03 µm femtosecond pulses in a gas

cell �lled with nitrogen[63]. They attempt to explain the emission to four-

wave mixing between the intense near-IR pulses and weak supercontinuum

components in resonance to the transitions.
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Figure 4.1: The lasing peaks at 471, 428, 391, 357, and 330 nm achieved
with di�erent pump wavelengths of 1415, 2050, 1920, 1760, and 1682 nm,
respectively. Courtesy of Ref. [1].

Also in 2013, lasing at the 391 nm and 428 nm wavelengths was reported

using a 800 nm femtosecond pump pulse followed by a seed pulse covering the

wavelength of 391 nm and 428 nm[64, 65]. By manipulating the propagation

direction, spectral property, and intensity of the probe, they concluded that

the coherent emissions results neither from the parametric process of wave-

mixing nor from stimulated Raman scattering. They also monitored the gain

as a function of pump-seed delay where the duration of the emissions were

shown to be a few picoseconds.

Then, by using an 800 nm femtosecond laser pulse, Liu et al. achieved lasing

emission of N+
2 from �lamentation alone[66]. This was attributed to a self-

seeding e�ect meaning that the continuum generated by the �lament during

propagation acts as the seed to amplify. Two other works also reported this

self-seeding e�ect[67, 68].

Later on, pumping ambient air with 1.5 TW, 800 nm femtosecond laser pulses

Point et al. observed forward emission at 428 nm with pulse energy of 2.6
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µJ corresponding to an optical gain of 0.7/cm[69].

One proposed mechanism that has been brought forward is electron recol-

lision excitation[6]. The authors arrived at this conclusion by comparing

the High-Harmonic Generation (HHG) yield with the 391 nm and 428 nm

emission lines and their behavior as a function of ellipticity of the excitation

pulse.

Figure 4.2: (a) 391 nm and 428 nm emission as a function of ellipticity of the
800 nm pump pulses measured in a gas cell at 45 mbar and 300 mbar nitrogen
gas pressure, respectively. (b) High-order harmonic yield as a function of laser
ellipticity. Courtesy of Ref. [6].

However, the gain seems to have an increase yield with ellipticity, which is

not usually the case for HHG. For recollision to play a signi�cant role we

would expect only a decrease with ellipticity as the elliptical light will push

the electrons away from the nucleus, providing a decrease in probability of

recollision for any increase in ellipticity.
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4.2 The experiment

To search for more experimental evidence that recollision plays a role in

establishing a population inversion between the B2Σ+
u and X2Σ+

g states of

N+
2 , we add ellipticity to the pump laser pulse. Adding ellipticity to the

generating laser pulse decreases the probability of an electron recolliding

with its parent ion, thus reducing the high harmonics yield and therefore the

contribution of recollision to the gain in N+
2 . We start by measuring the

ellipticity dependence of the gain in an air �lament to expand on previous

experiments [51, 67, 6, 70] as well as study the e�ect of the pump pulse

duration.

4.2.1 Experimental setup

In order to study the ellipticity of the gain in N+
2 , we focus femtosecond laser

pulses in ambient air to create a plasma channel. The laser system consists

of a commercial Ti:Sapphire laser system (Legend Elite Duo, Coherent, Inc.)

that provide 1 kHz, ~25 fs, and ~3.3 mJ train of pulses centered at 800 nm.

A quarter-wave plate is used to control the ellipticity of the laser beam,

while a polarizer is used to measure the polarization state of the beam and

the transmitted light is collected in a �ber and analyzed by a spectrometer

(Ocean Optics USB4000). The experimental setup that is shown in Figure

4.3 (a) is used to calibrate the polarization of the unfocused laser beam.

Figure 4.3 (b) shows the typical spectrum of our laser pulses.
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Figure 4.3: (a) Experimental setup for the calibration. (b) Spectrum of the
laser pulses.

The calibration is performed by scanning each polarizer angle for every

quarter-wave plate angle. A measurement of the calibration of the unfo-

cused beam is presented in Figure 4.4 (a). The major axis of the elliptical

light is shown as a function of quarter-wave plate angle in Figure 4.4 (b).

The resulting ellipticity as a function of quarter-wave plate angle is shown in

Figure 4.4 (c).

Figure 4.4: (a) Normalized transmission intensity (color scale) of the unfo-
cused 800 nm beam as a function of quarter wave plate (QWP) and polarizer
angle in degrees. (b) Intensity of the major axis of the elliptical beam as a
function of the QWP angle in degrees. (c) Ellipticity as a function of QWP
angle in degrees.
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We then inserted di�erent focusing lenses (30 cm, 40 cm, and 100 cm) after

the quarter-wave plate to create a �lament in ambient air to modulate plasma

length and formation[71]. The on-axis emitted light from the plasma channel

travels through an aperture and a polarizer and the transmitted light is then

analyzed with a �ber spectrometer (Ocean Optics Maya2000 Pro) as shown

in Figure 4.5 (a). A continuum is generated from the dynamics within the

�lament and acts as a seed to be ampli�ed (self-seeding). We observe self-

seeding emissions from the B2Σ+
u to X2Σ+

g states of N+
2 emitting at 391

nm (ν ′ = 0 → ν = 0), 428 nm (ν = 0′ → ν = 1), and 471 nm (ν ′ = 0 →
ν = 2) where ν ′ and ν are the vibrational state of the B2Σ+

u and X2Σ+
g states

respectively. Figure 4.5 (b) shows the strong ampli�cation of molecular ionic

nitrogen at 428 nm which is the emission line that will be studied in this

section.

Figure 4.5: (a) Experimental diagram of gain measurement in air. (b) Typical
transmission spectrum with ampli�cation at 428 nm.

4.2.2 Experimental results

The same method used for the ellipticity calibration was used to analyze

the transmitted 428 nm light. Every angle of the polarizer is scanned for

every quarter-wave plate angle. The raw data, using a 30 cm focusing lens,

is presented in Figure 4.6 (a). The major axis amplitude is plotted as a
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function of quarter-wave plate angle in Figure 4.6 (b), and the ellipticity is

presented in Figure 4.6 (c) as a function of quarter-wave plate angle.

Figure 4.6: (a) Intensity of the 428 nm emission (colour scale) from the air
�lament as a function of QWP and polarizer angle in degrees. (b) Intensity
of the major axis of the elliptical beam as a function of the QWP angle in
degrees. (c) Ellipticity as a function of QWP angle in degrees.

Figure 4.6 (b) shows a clear nonzero enhancement with quarter-wave plate

angle, showing a similar behavior as Figure 4.1 reported by Liu et al.[6].

Furthermore, there is a polarizer angle that yields zero transmission for all

quarter-wave plate angles (Figure 4.6 (a)) which demonstrates that the 428

nm emission is linearly polarized. Figure 4.6 (c) further con�rms this observa-

tion. A summary of the results for di�erent focusing geometry are presented

in Figure 4.7.
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Figure 4.7: Intensity of 428 nm emission (color scale) from air �lament as a
function of QWP and polarizer angle in degrees for (a) 30 cm, (b) 40 cm,
and (c) 100 cm focusing. Normalized intensity of the 428 nm emission as a
function of pump pulse ellipticity for (d) 30 cm, (e) 40 cm, and (f) 100 cm
focusing.

The raw data for 30 cm, 40 cm, and 100 cm focusing are presented in Figures

4.7 (a), (b), and (c) respectively. The normalized intensity of the 428 nm

emission is plotted as a function of ellipticity in Figure 4.7 (d), (e), and

(f) for 30 cm, 40 cm, and 100 cm respectively. Each focusing geometry

shows slightly di�erent ellipticity dependence. However, a more pronounced

increase for nonzero ellipticity is seen for the 100 cm focusing geometry.

Note: the polarization rotates more than it did for the unfocused beam due

to nonlinear polarization rotation [34].
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4.2.3 Experimental Analysis

It is known that continuum generation depends on laser ellipticity [72] which

could in�uence the observed emissions in a �lament. Therefore, the ellipticity

dependence of the continuum is analyzed near the 428 nm emission (431-455

nm).

Figure 4.8: Ellipticity dependence of the gain at 428 nm (green), continuum
between 431 nm and 455 nm (blue), and 428 nm/continuum (red) for (a) 30
cm, (b) 40 cm, and (c) 100 cm focusing.

The intensity of the selected continuum is shown as a function of ellipticity

in Figure 4.8 in blue for (a) 30 cm, (b) 40 cm, and (c) 100 cm focusing. For

each focusing geometry, the continuum shows a strong ellipticity dependence.

Assuming this part of the continuum acts as the seed to amplify the 428 nm

light, its contribution is divided out of the gain and shown in red, giving a

value proportional to egL−1, where g is the gain coe�cient and L is the gain

length. The resulting gain (shown in red as 428 nm/continuum) for a 30 cm

focusing geometry has its maximal value around an ellipticity of 0.45 (Figure

4.8 (a)).
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4.3 Summary

In summary, we have studied the lasing emission in N+
2 in a �lament created

by an 800 nm femtosecond laser pulse in a self-seeded regime. We focused on

the emission at 428 nm from the B2Σ+
u (ν ′ = 0) to X2Σ+

g (ν = 1) transition

of the �rst negative band of N+
2 . We experimentally characterized the gain

by its ellipticity dependence. The main results are summarized below:

• The emission is linear and follows the major axis of the ellipse.

• The emission shows an enhancement for non-zero ellipticity for all fo-

cusing geometry.

• The continuum near the emission has an ellipticity dependence but

does not seem to explain the ellipticity dependence of the gain.

Our results suggest that there's a fundamental reason for the enhancement

at non-zero ellipticity that is not in�uenced by �lamentation dynamics. To

conclude, �laments are relatively complex and chaotic, and therefore, we

introduce a more sophisticated method of understanding the gain dynamics

in N+
2 in the following sections of this thesis.
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5 The role of recollision in N+
2 air lasing

5.1 Introduction

In this section, we study the role of electron recollision in N+
2 lasing by re-

moving the complexity of �lamentation. We accomplish this by focusing in

a vacuum into a narrow (250 µm) supersonic gas jet. The length of the gain

medium is therefore small so that the B-Integral (Equation 3.22) is small.

Assuming a gain length of ~500 µm, an intensity of 5 × 1014 W/cm2, with

n2I = 2.2 × 10−19 cm2/W [73], the B-integral yields a value of ~0.43 for an

800 nm pulse. Therefore, removing the possibility of observing signi�cant

nonlinearities that occur in �laments. This setup allows us to make a di-

rect comparison of the ellipticity dependence of the gain and high harmonic

generation (HHG). This setup requires us to employ a pump-probe scheme

where HHG can be utilized for intensity calibration and to �nd time-zero

between the pulses.

I start by brie�y introducing the semi-classical three step model for HHG

and the probability of electron recollision. I then move on to talk about

the e�ect of adding ellipticity to the driving pulse and then compare our

ellipticity results for the gain in N+
2 with HHG.

5.2 Introduction to high harmonic generation

5.2.1 The three step model

P.B. Corkum introduced the three step model for HHG in 1993 [74], a semi-

classical interpretation of the process. The three step model (illustrated in

Figure 5.1) consists of tunnel ionization, acceleration of the tunneled electron,

and recombination with the parent ion.
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Figure 5.1: The electron is pulled away from the atom (a, b), the electron is
driven back after the �eld reverses (c) where it can recollide with its parent
ion (d). Courtesy of Ref. [7]

In the presence of an electric �eld, the Coulomb potential is suppressed on one

side. Under a high enough laser �eld, a bound electron can tunnel through

the modi�ed Coulomb potential into the continuum. The freed electron is

then accelerated away from its parent ion by the electric �eld. The �eld po-

larization changes signs every half-cycle, subsequently, the electron is pulled

back towards the ion and can then recombine. Consequently, there's a prob-

ability a photon with energy equal to the ionization potential Ip plus the

gained kinetic energy acquired by the laser �eld Ek can be emitted.

~ω = Ip + Ek (5.1)

The maximum energy acquired by the electron is Ek = 3.17Up [75], where

Up is the ponderomotive energy given by

Up =
e2E2

0

4meω2
0

(5.2)

where e is the electron charge, E0 is the �eld amplitude, me is the electron

mass, and ω0 is the fundamental frequency of the driving laser �eld. Due
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to inversion symmetry, the emitted harmonics are only odd multiples of the

fundamental frequency.

5.2.2 Ellipticity dependence of HHG

The motion of a free electron usually takes place in the direction of the driving

laser polarization. Therefore, HHG is highly dependent on the ellipticity of

the driving laser �eld. The electron that is freed by tunneling is de�ected by

following the trajectory of an elliptically polarized laser �eld. Consequently,

the probability of recombining with its parent ion is reduced signi�cantly[76,

77].

5.2.3 Population transfer by recollision

The radiative recombination in the HHG process is not an absolute require-

ment. In fact, electron recollision may excite other electrons instead of re-

leasing photons. The recombining electron can collide with an inner orbital

electron, and if it has enough energy, it can excite the inner orbital electron

to the outer orbital of the ion. This process in the case of N+
2 air lasing can

only occur if the returning electron gained at least 3.17 eV of kinetic energy

(the energy di�erence between the two states involved). The calculations per-

formed by my colleague show that some population transfer between these

states is possible by recollision[78]. However, the total population transfer

is calculated to be less than 4% for intensities less than 1 × 1015 W/cm2.

Therefore, it seems unlikely that a population inversion can be achieved this

way but recollision can still play a role.
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5.3 The experiment

5.3.1 Experimental setup

The pump-probe experimental setup is illustrated in Figure 5.2. A commer-

cial Ti:sapphire laser system (Legend Elite Duo, Coherent, Inc. ), operated

at a repetition rate of 1 kHz and provided ~42 fs (full-width half-maximum

(FWHM) intensity pro�le) Fourier-transform-limited pulses with a center

wavelength of 800 nm and a pulse energy of ~5 mJ. The laser beam is �rst

split into two arms using a 70:30 beamsplitter (70% re�ective and 30% trans-

missive). The re�ected laser beam is passed through a half-wave plate (HWP)

and then onto a re�ective polarizer for intensity control and then onto a de-

lay stage. A HWP followed by a quarter-wave plate (QWP) is then used for

ellipticity control. The transmitted laser beam was frequency doubled using

a 0.2 mm-thickness Beta Barium Borate (BBO) crystal to act as a probe to

seed emission at 391 nm and 428 nm in N+
2 . The fundamental frequencies

are �ltered by a blue band-pass �lter and the frequency doubled beam is

passed through a HWP and polarizer for intensity control. The two laser

beams are recombined at a dichroic mirror with high re�ectivity at 400 nm

and high transmission at 800 nm. The beams are then focused in a vacuum

chamber using an 30 cm focusing mirror where a thin gas jet is located near

the focus. The beams are then imaged onto a �ber-spectrometer by a 30 cm

fused silica lens. The gas jet has an opening of ~250 microns and a backing

pressure of ~6 bar and is operated at 500 Hz.
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Figure 5.2: Pump-probe experimental setup.

The beam waist is calculated to be 21 microns for 800 nm and 11 microns

for the 400 nm beam and therefore it is reasonable to assume that we probe

within the gain region. The Rayleigh range is calculated to be ZR = πω2
0/λ =

1.73 mm which is longer than the gain medium and therefore we may assume

that we have a uniform intensity pro�le throughout the gain medium and

the gain region should stay of constant length for a �xed gas jet position

throughout the experiments.

Figure 5.3 (a) shows the transmitted pump pulse while traveling only through

the vacuum and while traveling through the nitrogen gas. A small absorp-

tion/de�ection is observed, however, we observe no signi�cant spatial or spec-

tral distortion of the pump pulse, so we must use the probe pulse to seed the

gain. Figure 5.3 (b) shows a typical spectrum of the measured probe pulse

with the pump at a reasonable delay (~0.4ps) arriving before the probe. The

probe shows clear ampli�cation at 391 nm while the pump pulse is active.

The 428 nm signal can also be observed by tuning the BBO angles to get

photon counts at 428 nm.
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Figure 5.3: (a) Pump pulse modi�cation while traveling through the gas jet.
(b) Probe pulse modi�cation due to the pump pulse.

It should be noted here that only one peak is present corresponding to the

P branch transition while the R branch is not resolved due to the limited

resolution of our spectrometer. The R branch emission is also known to be

much weaker and could be present within the noise.

A movable mirror is used to allow the laser beam to travel to a grating-Multi-

channel plate (MCP) where we can detect harmonics. Even harmonics are

used to accurately �nd zero delay between the pump and probe pulses. The

cuto� of the odd harmonics are used to �nd our real intensity at the focus

through the well known cuto� law [75] [See Appendix A].

5.3.2 Pump ellipticity dependence of the gain in N+
2

We start by creating a coherent rotational wavepacket by focusing the pump

pulses in the nitrogen gas target. Then by delaying the pump relative to the

probe we observed the real time dynamics of the gain in N+
2 . Figure 5.4 (b)

shows such wavepacket and is studied in more details in Section 6.
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Here we study the gain yield in N+
2 as a function of the ellipticity of the

pump laser pulses. The ellipticity of the pump is varied from linear (parallel

to the probe) to circular and then from circular to linear (perpendicular to

the probe). The ellipticity dependence of the gain (gL) at 391 nm is shown

in Figure 5.4 (a) for di�erent pump-probe time delays as shown with vertical

lines in Figure 5.4 (b) where gL is de�ned as the gain coe�cient g in cm−1

multiplied by the gain length L where gL = log(Iout/Iin).

Figure 5.4: (a) Ellipticity dependence of the gain at 391 nm for three di�erent
probe delays. (b) Time evolution of the gain with selected regions of interest.
The �rst two vertical lines (black and red) are at times of alignment while
the blue line is at a time of anti-alignment.

The results show an increase for non-zero ellipticity, similar to our observa-

tions in a �lament. However, we measure signi�cant gain for circular pump

ellipticity which, to our knowledge, we are the �rst to report.

The emission is dependent on the polarization di�erence between the pump

and probe. The results show a higher gain when the pump and probe have

the same polarization which is consistent with previous observations [79, 12].

However, our results show that this is dependent on the alignment of the

molecules. Figure 5.4 (a) shows that during time of anti-alignment of the

rotational wavepacket (blue line in Figure 5.4 (b)), the gain prefers a pump

that is perpendicular to the probe.
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Figure 5.5: Ellipticity dependence of the gain at 391 nm and 428 nm.

The 391 nm and 428 nm emission lines show similar behaviors as shown in

Figure 5.5. The main di�erence is where the maximum gain is located. At

the wavelength of 391 nm we observe a maximum gain at an ellipticity of

~0.3 while the 428 nm is closer to ~0.1.

As presented in Section 4, it was suggested that electron recollision plays a

signi�cant role in establishing a population inversion between the B2Σ+
u and

X2Σ+
g states in N+

2 . Our �ndings suggest otherwise for two reasons;

• Simple molecules such as N2 does not show an increase in HHG yield

as a function of ellipticity,

• There is also usually no observable HHG yield for circular pumping.

Our experimental setup allows us to compare the HHG yield with what is

observed in the 391 nm and 428 nm emissions. The harmonics are observed

by a grating MCP con�guration. Figure 5.6 shows a comparison of the

ellipticity dependence of HHG with N+
2 lasing.
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Figure 5.6: Ellipticity dependence of the gain at 391 nm and 428 nm for a
pump intensity of 4×1014 W/cm2, and the harmonic yield, also as a function
of ellipticity.

Our HHG results show a strong ellipticity dependence with no increased

yield with ellipticity. It's important to remember that the N+
2 emissions

are intensity dependent. Therefore, we retook the 391 nm measurements at

reduced intensities to compare with intensities seen in �laments. Results for

two di�erent intensities are plotted in Figure 5.7.
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Figure 5.7: Ellipticity dependence of the gain at 391 nm for two intensities
that are similar to intensities seen in �laments.

To our surprise, the ellipticity behavior of the gain is quite di�erent in this

intensity regime when comparing to the results presented in the previous

�gures. More experimental and theoretical investigations of the ellipticity

dependence of the measured gain are required to understand this e�ect. How-

ever, one thing is consistent, and that is that gain is observed for a circularly

polarized pump.

5.4 Summary

In summary, we have studied the lasing emission in N+
2 at 391 nm and 428

nm wavelengths as a function of ellipticity using a pump-probe scheme. The

ellipticity dependence of the gain at di�erent times of alignment of the ro-

tational wavepacket (aligned and anti-aligned) show di�erent behavior. We

also compared the ellipticity dependence of the gain with the generated har-

monics. The main results are summarized below:
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• A pump parallel to the probe will yield higher gain than a pump per-

pendicular to the probe.

• The gain shows an enhancement for non-zero ellipticity for higher in-

tensities, however, at lower intensities, this enhancement disappears.

• The gain does not show similar behavior as HHG as a function of

ellipticity, and there is gain at circular polarization for all our measure-

ments.

It seems reasonable to conclude that recollision doesn't play a signi�cant

role in creating an inversion between the B2Σ+
u and X2Σ+

g states in N+
2 .

Therefore, we search for new potential mechanisms in the following sections.

50



6 N+
2 lasing in a thin gas jet

6.1 Introduction

The experimental setup introduced in Section 5 has many advantages to

study the gain dynamics of a system such as N+
2 . In this section, we study the

time dependence of the gain, the intensity dependence, the gas jet position,

and the plasma density. The following experiments are performed using linear

polarization where the pump and probe pulses are parallel to each other.

6.2 Time evolution

The pump-probe scheme allows us to observe the ultrafast dynamics of the

gain. The results of such pump-probe measurements are shown in Figure

6.1 for the lasing emissions at 391 nm and 428 nm. We measure a fast gain

buildup followed by a slower decay in agreement with previous observations

[64, 79, 12, 80, 81]. Very strong periodic modulations appear on the measured

gain curve around 2 ps, 4 ps, 6 ps and so on. These modulations can be as-

signed to Trev/4, Trev/2 and 3Trev/4 revival times of the rotational wavepacket

of the B2Σ+
u state of N+

2 having a rotational period of Trev = 8.03 ps. This

is calculated using equation 2.11 with a rotational constant of B = 2.07456

cm−1 [82].
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Figure 6.1: Gain as a function of pump-probe delay for the 391 nm and 428
nm emission lines for a pump beam with intensity of 6× 1014 W/cm2.

The rotational constant for the X2Σ+
g state is B = 1.93176 cm−1 [82] which

represents a rotational period of Trev = 8.63 ps. It, therefore, seems unlikely

that the X2Σ+
g state wavepacket is dominant in these results, but, some

overlap might be possible due to the length of the measured revivals of the

wavepacket extending over 1 ps. The intensity of the generated gain at 428

nm is lower than that of the 391 nm gain for this pump intensity. The

intensity dependence of the gain will be further explored in section 6.3.

Figure 6.2 shows a zoomed-in view of the half revival of the 391 nm and 428

nm gain where the decay is divided out for comparison purposes. We notice

that both emission lines have a slightly di�erent rotational wavepacket.
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Figure 6.2: Comparison of the half revival of the rotational wavepacket of
the 391 nm and 428 nm gain.

The revival structure of the rotational wavepacket of the 428 nm is slightly

stretched (i.e., lasts longer) compared to the 391 nm. This observation is

consistent for all fractional revivals including the full revival. A �nal obser-

vation that we make is the di�erence in the decay time of the gain curve

of the 391 nm and 428 nm. The 428 nm gain curve always shows a quicker

decay time than the gain at 391 nm. These emission lines are associated with

the same excited B2Σ+
u (ν = 0) state but di�erent vibrational states (ν = 0

for 391 nm and ν = 1 for 428 nm) in the ground X2Σ+
g state. The ν = 0

state is primarily populated by ionization.

Other works have analyzed these time domain results in the frequency do-

main by performing a Fourier transform on similar curves [79, 83, 12]. These

provide very high-frequency resolution and provide information on the rota-

tional levels involved. It was demonstrated that the rotational states involved

come from both the B2Σ+
u and X2Σ+

g states [12, 83].
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6.3 Intensity dependence

An easy measurement to do with this experimental setup is to vary the pump

laser intensity, which we have complete energy control with a half-wave plate

and polarizer in the pump arm. These measurements are hard to do in the

�lament regime where the intensity is clamped. Figure 6.3 shows the time

dependence of the gain for three di�erent intensities from the 391 nm emission

line. These measurements are done in a region where the focus is very near

to the gas jet opening.

Figure 6.3: Gain as a function of pump-probe time delay for three di�erent
intensities. Inset: Half-revival for an intensity of 4.5× 1014 W/cm2.

Some key characteristics of the gain dynamics are shown in this �gure. We

observe an intensity dependence of the decay of the gain as a function of

time. As the intensity is reduced, the gain is very short lived. Surprisingly,

we observe revival structures of the rotational wavepacket at times where the

gain has decayed completely. The gain dynamics at these revivals seem to

periodically show absorption followed by emission (see Figure 6.3 inset).
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Note: Figure 6.3 shows revival structures at odd revival locations around

9 ps. Oxygen has a rotational period Trev of 11.601 ps [84] which means a

3Trev/4 of 8.7 ps while nitrogen has a rotational period Trev of 8.383 ps [85].

It seems that a rotational wavepacket is created in the air along the way with

an additional delay from the glass window going to the vacuum chamber can

explain these1.

On the other hand, the peak intensity of the gain at 391 nm has a downward

trend for reduced intensity. Figure 6.4 shows the measured gain as a function

of intensity for the transitions at 391 nm and 428 nm.

Figure 6.4: Pump intensity dependence of the gain for 391 nm and 428 nm
emission lines.

Both emission lines show di�erent behaviors. The 391 nm emission line shows

a steep near linear increase of the gain as a function of intensity. However,

the gain at 428 nm only shows a small dependence with intensity. At smaller

intensities (below ∼ 3.6×1014 W/cm2) the 428 nm emission seems to become

the dominant emission line2.
1In fact, my colleagues have con�rmed this by �tting the oxygen and nitrogen wavepack-

ets to the data.
2Only the general trend should be acknowledged but not the actual values. As we have

seen in Section 5, we where able to reduce the intensity of the 391 nm signi�cantly.
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6.4 gas jet positions

The gas jet used in the experiment can be moved remotely in all three di-

mensions. We use this convenience to optimize our lasing signals. However,

by varying the gas jet position transversly to the laser beam, we change the

gain length and density. Figure 6.5 shows how the gain dynamics of the 391

nm transition varies with the gas jet position for four di�erent positions (0

µm, 250 µm, 500 µm, and 750 µm). The 0 µm position is de�ned as the

closest position the gas jet can be from the gain medium without causing

damage while 750 µm is the furthest possible where we still observe some

gain.

Figure 6.5: Gain as a function of probe delay for four di�erent jet positions.
The 0 µm position is de�ned as the closest position to the jet while 750 µm
is the furthest position.

At the closest position, we measure a few picoseconds decay of the gain.

However, as the gas jet is backed away from the gain medium, the decay

time becomes signi�cantly longer. This behavior of the gain seems to indi-

cate that free electron collisions in the plasma are killing the gain. This is
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because, at lower densities, free electrons have a smaller frequency for colli-

sions. However, in this setup, we change both the gain g and the length L

in the ampli�cation ratio egL and thus, we can't make �rm conclusions on

the decay mechanism yet. We explore this e�ect further in the next section

using mixed gases.

Another interesting e�ect we measure is the enhancement of the rotational

wavepacket at further distances of the gas jet opening. We attribute this to

the cooler distribution of rotational states as the gas expands in the vacuum

chamber.

6.5 N2/He gas mixtures

To investigate the decay of the gain with the gas jet position we can keep

the length of the gain medium constant and change only the gain g. We

do this by using di�erent mixtures of molecular nitrogen and helium. The

ionization energy of helium is 24.6 eV, which is much larger than 15.58 eV for

molecular nitrogen. Therefore, we assume that we would not ionize helium

in our experimental conditions. This allows us to change the number of

free electrons in the plasma. The time evolution of the gain at 391 nm is

presented in Figure 6.6 for 100% N2(black curve), 50% N2 and 50% He (red

curve) and, 25% N2 and 75% He (blue curve).
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Figure 6.6: Time evolution of the gain at 391 nm for 100% N2 (black curve),
50% N2 and 50% He (red curve) and, 25% N2 and 75% He (blue curve).

We measure a decrease in the intensity of the signal as a function of increased

helium concentration due to the reduced number of N+
2 . The value of gL at a

delay of 0.13 ps is plotted in Figure 6.7 (a) as a function of the square of the

concentration showing a linear trend. This quadratic behavior with the num-

ber of emitters is a signature of the superradiant behavior of N+
2 (discussed

in section 7.5). Furthermore, we measure a slower decay time of the gain

for increased concentration of helium in the mixture. This implies a direct

relationship between the decay of the gain and the density. I extracted the

decay time for each gain curves and the inverse exponential decay constants

are plotted as a function of concentration in Figure 6.7 (b).
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Figure 6.7: (a) Gain as a function of the concentration square of N2. (b)
Inverse exponential decay constants as a function of the concentration of N2.

As expected from electron collisions, the decay of the gain is inversely pro-

portional to the concentration (i.e., the density). This is an indication that

the fast decay of the gain is due to free electron collisions.

6.6 A second gain mechanism

As seen in all the previous results in this section, gain at 391 nm and 428

nm shows a clear rotational wavepacket. In this section, we present �ndings

that suggest an alignment condition where we see the enhancement of the

seed pulse but lose the rotational wavepacket. So far all experimental results

presented are done by collinearly propagating pump and probe pulses. We

found that ampli�cation is still observed if we misalign the pump pulse with

respect to the probe. In fact, we can measure larger ampli�cation in this

setup.
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Figure 6.8: Spectrum of the observed gain at 391 nm, 420 nm, and 428 nm
for a slightly misaligned pump and probe beams.

To our surprise, not only did we see ampli�cation at 391 nm and 428 nm

but also at 420 nm as shown in Figure 6.8. The 420 nm emission line is

attributed to the transition between the vibrational states ν ′ = 2 and ν = 3

between the B2Σ+
u and X2Σ+

g states respectively. Figure 6.9 shows the time

evolution of this ampli�cation e�ect.
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Figure 6.9: Time dependence of the emission at 391 nm, 420 nm, and 428
nm. Inset: Comparison near zero delay with even harmonics.

To our knowledge the emission line at 420 nm has only been reported by

J. Ni et al. where they report simultaneous emissions at 420 nm, 424 nm

(ν ′ = 1 → ν = 2) and 428 nm[86]. However, it seems that no experimental

or theoretical investigation has been conducted.

The emission process in this con�guration is present only around zero de-

lay. The inset in Figure 6.9 shows a comparison of the time evolution of

this ampli�cation with reference to the observed even harmonics. Clearly,

no wavepacket is observed, and the buildup of the emission and decay show

slightly di�erent behaviors for di�erent emission lines. Explaining this emis-

sion process is of interest to the air lasing community since in �laments it

would be indistinguishable from our �traditional� gain. We currently at-

tribute this ampli�cation to some nonlinear e�ect such as wave-mixing.

61



6.7 Summary

In summary, we have studied the lasing emission in N+
2 created by an 800 nm

femtosecond laser pulse in a pump-probe scheme. The 391 nm and 428 nm

emissions belong to the B2Σ+
u (ν

′ = 0) to X2Σ+
g (ν = 0, 1) transitions of the

�rst negative band of N+
2 . We experimentally characterized the gain by its

temporal pro�le, pump intensity dependence, gas density dependence, and

pump alignment dependence. The main observations are summarized below:

• The gain shows an ultrafast gain build-up of ~ 200 fs, which is inde-

pendent of the pump intensity, gas density, and pump pulse ellipticity

• The gain decays in a time scale of a few picoseconds and the decay

becomes quicker for lower pump intensity, and higher gas density

• The gain is modulated by molecular revivals of the rotational wavepacket

which shows revival structures at Trev/4, Trev/2, 3Trev/4 and so on, and

they seem to persist after the decay of the gain.

• The 391 nm emission behaves di�erently than the 428 nm in the sense

that the decay of the 391 nm is quicker, the wavepacket is slightly

di�erent, and they have a di�erent intensity dependence.

• Ampli�cation at 391 nm, 420 nm, and 428 nm was observed under

di�erent pump alignments. This ampli�cation e�ect is only observed

around zero delay and shows no revival structures of a rotational wavepacket.

• The gain shows signs of superradiance as the intensity varies as N2 and

the decay as 1/N where N is the number of emitters and is proportional

to the density of the gain medium.
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7 Discussion

7.1 Properties of N2+ lasing

7.1.1 Ultrafast gain buildup

In this thesis, many measurements of the gain in N+
2 at 391 nm and 428 nm

as a function of time were done. Throughout all the measurements we always

measured an ultrafast gain buildup of about ~200 fs and this did not change

drastically with di�erent experimental conditions. The lasing in the neutral

nitrogen, which emits at 337 nm, has a pressure dependent gain buildup that

is well understood now through collisional excitation[87]. However, as seen

from our concentration scan from Figure 6.6, the 391 nm gain buildup of N+
2

does not depend on plasma density. This leads us to reject the possibility of

electron excitation as a possible excitation mechanism in N+
2 .

The ultrafast gain buildup also suggests that gain seems to be established

during the duration of the pump laser pulse. Therefore, strong�eld ionization

is probably responsible for establishing gain in this system.

7.1.2 Fast decay

The duration of the gain in N+
2 is on the order of several picoseconds to

hundreds of picoseconds depending on gas density and laser intensity. Our

experimental measurements of the plasma density (see Figure 6.6 ) and pump

laser intensity (see Figure 6.3) suggest that free electron collisions are respon-

sible for the fast decay of the gain in N+
2 . Increasing the pump laser intensity
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gives extra energy to free electrons, and therefore, reduces the frequency of

collisions. A reduction in collisions is also true for decreasing gas densities.

However, a recent group (M.Lei et al.) studied the evolution of the popula-

tion of the B2Σ+
u state as a function of free electron density to conclude that

the decay might be due to collisions between the free electrons and the B2Σ+
u

state[88]. Experimental evidence seem to indicate that electron-ion collisions

could be responsible for the fast decay of the gain. However, the decay could

also come from the thermalization of free electrons. In order to con�rm the

mechanism behind the decay of the gain, the temperature needs to be well

approximated as well as the density.

7.1.3 Superradiance behavior

It was suggested that lasing in N+
2 shows signatures of superradiance [9]. In

this section, I will introduce the concept of superradiance and the experi-

mental evidence for such claim.

Superradiance was �rst described mathematically by R. Dicke in 1954 re-

garding spontaneous emission[89]. If a low concentration atomic system is

prepared in an excited state, it will eventually decay by spontaneous emission

(i.e., by the interaction with the vacuum �uctuations) and the atoms can be

considered to be independent. This emission process obeys an exponential

decay law that takes a characteristic time τsp as shown in �gure 7.1 (a) and

this emission is isotropic.
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Figure 7.1: Comparison between the general characteristics of spontaneous
emission and superradiance. (a) Ordinary spontaneous emission is essentially
isotropic with an exponentially decaying intensity (time constant τsp). (b)
Superradiance is anisotropic with an emission occurring in a short burst of
duration τsp/N where N is the atom number. Courtesy of Ref. [8].

If the number of emitters N becomes su�ciently large, the above process

can be altered. It this case, the ensemble of emitters will emit sponta-

neously much faster and stronger than the emission of independent atoms

or molecules (see �gure 7.1 (b)). Depending on the geometry of the ensem-

ble, the spontaneous emission radiates in a well-de�ned direction[8]. Dicke

called this process "superradiance".

A way to understand this process is that the emitters are close enough to-

gether that spontaneous emission of a photon from one emitter is seen by its

neighbors. This photon is seen as phase coherent and will stimulate emission.

Unlike incoherent emission having an emission intensity dependence that is

proportional to the number of emitters N , the emission of this "cooperative"

process is proportional to N2. The emission is no longer exponential but

occurs in a short bursts of duration τsp/N as seen in �gure 7.1 (b) and decay

time proportional to 1/N . These are the main features of superradiance.
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G. Li et al. was the �rst to demonstrate that N+
2 lasing between the

B2Σ+
u (ν = 0) and X2Σ+

g (ν = 0) state showed superradiance behavior[9].

They studied the temporal pro�le of the 391 nm emission as a function of

�lament length (i.e., number of emitters). Their �ndings included a delay

between the seed pulse and the lasing emission as well as a decreasing char-

acteristic time of emission (τsp/N) with increasing �lament length, both of

which agree well with the behavior of superradiance. The superradiant be-

havior of the gain has then been further con�rmed experimentally [6].

Figure 7.2: (a) Time-resolved cross-correlation signals of the 800-nm with
the 400-nm seed pulses (solid red line) and the 391-nm coherent emissions
(blue line with circles) for the plasma channel lengths of (a) 0 mm, (b) 2mm,
(c) 3 mm, (d) 4 mm, (e) 5 mm, (f) 6 mm, respectively. Courtesy of Ref. [9].

Our results presented in Figure 6.7 also show the expected N2 behavior of

superradiance.
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7.2 Possible gain mechanisms

The gain mechanism responsible for the N+
2 lasing action is still not well

understood. Since population inversion is not a prerequisite to obtain optical

�gain�, it is still unclear if population inversion is achieved in this system. The

next subsections discusses several proposed gain mechanisms that require

population inversion and several that don't.

7.2.1 Electron recollision

Electron recollision excitation has received a lot of attention lately due to the

highly similar dependence of the gain with pump pulse ellipticity compared

to the ellipticity dependence of the yield for high harmonic generation and

was �rst proposed by Y. Liu et al. [6] (see Figure 4.1). The process of HHG

can be well explained by the semi-classical recollision model[74] which was

brie�y introduced in Section 5. It's well known that simple molecules don't

exhibit a nonzero enhancement with ellipticity as seen in the N+
2 gain. It's

also known that there is no HHG yield for a circularly polarized pump since

the freed electron is prevented from recolliding with its parent ion.

Our experimental measurements shows that the nonzero enhancement with

ellipticity is not a consequence of �lamentation and must be explained by

the gain mechanisms in question. Furthermore, we measure signi�cant gain

for a circular pump (see Figure 5.6) in a thin gas jet. Therefore, we conclude

that if this gain mechanism plays a role, it is small.

7.2.2 Natural population inversion

It has been suggested that any small molecule possessing excited ionic states

which are energetically close to the ionic ground state could be pumped
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inside a femtosecond laser �lament into a population-inverted system as long

as the molecule is not yet fragmented [90]. N+
2 being one such molecule it

was proposed that three-photon absorption from the ground X state to the

excited B state, or a four-photon process involving higher vibrational levels

of the excited state could give rise to gain. This would be a mechanism of

population inversion that is universal. There is, however, no experimental

con�rmation for this theory.

7.2.3 Multiple state coupling

Two di�erent groups have made theoretical simulation based on the time-

dependent Schrodinger equation to show that population inversion between

the B2Σ+
u state and the X2Σ+

g state of N+
2 can be established by population

exchange between di�erent states[10, 91]. They show that immediately after

ionization of N2, the population mostly end up in the ground state of N+
2 .

After which, the laser �eld causes most of the population from the X2Σ+
g

state to be redistributed between the A2Πu state and B2Σ+
u state by Rabi

oscillations.
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Figure 7.3: Population inversion of N+
2 in a 20-fs laser pulse. (a) Time

dependent populations of the three electronic states in a laser pulse with a
FWHM of 20 fs, assuming ionization at t = 0. Thick lines represent the
total population in all vibrational states, and thin lines correspond to the
populations in the vibrational ground states. The laser �eld (not to scale) is
plotted in the background. (b) Final populations in the vibrational ground
state of the X2Σ+

g state (solid lines), and of the B2Σ+
g state (broken lines).

The case when only tunnelling ionization is included (open symbols) and
when tunnelling ionization and post-ionization dynamics is included (solid
symbols). Courtesy of Ref. [10].

Figure 7.3 shows a simulation from H. Xu et al. [10] for a 20 fs FWHM laser

pulse. As seen in Figure 7.3 (a), after ionization, the population is mostly

redistributed in the A2Πu state and a population inversion between the B
2Σ+

u

state and X2Σ+
g state is established. In other words the A2Πu state can act

as a population trap to achieve inversion. Figure 7.3 (b) shows that the pop-
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ulation inversion is intensity dependent and that inversion can be established

for a 20 fs pulse for intensities above 2.2 × 1014 W/cm2. It's interesting to

note that population inversion is achieved between the A2Πu state and the

X2Σ+
u state and, if this model is correct, lasing could be observed for this

transition.

7.2.4 Inversion free transient gain

A. Baltuska et al. proposed that gain can be achieved between the B2Σ+
u

state and X2Σ+
g state without population inversion[11]. They suggest that

during times of rotational alignment of the molecules, there could be more

aligned molecules in the excited state relative to the ground state. Since the

probability of transition (W) is proportional to the product of the population

(P) of the �nal state and the alignment factor (< cos2(θ) >) of that state,

Wdown > Wup can be achieved. The probability of absorption from X2Σ+
g

state to B2Σ+
u state is

Wup ∝< cos2(θ)X > PX (7.1)

and the probability of stimulated emission from B2Σ+
u state to X2Σ+

g state

is

Wdown ∝< cos2(θ)B > PB (7.2)

whereWup is the probability of an upwards transition (absorption) andWdown

is the probability of a downward transition (emission). Therefore, depending

on the alignment of the molecules, WB > WX can be achieved without net

population inversion (i.e., PB < PX).
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Figure 7.4: (a) Rovibronic UV transitions between the excited B and the
ground X states in N+

2 . (b) Evolution of the rotational alignment factor
< cos2(θ(t)) > , calculated probability di�erence between UV absorption
and emission for PB = 3/4PX , and theoretical UV emission intensity due to
four-wave mixing. Note that the positive peaks of the green curve correspond
to ~100-fs-long transient gain windows that arise when the upper state B is
well aligned while the ground state X is strongly delocalized. Courtesy of
Ref. [11].

This gain mechanism predicts gain in short temporal windows during the

rotational revivals of the molecules. However, it does not explain the fast

decay of the gain as seen in our measurements and all previous pump-probe

measurements from other groups. Therefore, if this mechanism plays a role,

another mechanism needs to explain the gain between rotational alignment.

Our experimental results (see Figure 6.3) suggest that this mechanism can

play a role.

7.2.5 Rotational inversion

Another scheme to achieve optical gain without population inversion was

proposed by A. Azarm et al.[92] and further investigated by M. Lei et al.[12].
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They found that the pump pulse rotates the upper (B2Σ+
u ) state di�erently

than the lower ground (X2Σ+
g ) state. Although, both works can't conclude

that a net population inversion is not achieved, they con�rm that a popu-

lation inversion is possible between some rotational levels of the B2Σ+
u and

X2Σ+
g state.

Figure 7.5: Fourier transformation of the time-dependent superradiance
around 391 nm. Here J' and J are the rotation quantum number of the upper
and lower states of the transition. The rotational coherence was clearly ex-
hibited for both the excited state and the ground state of nitrogen molecular
ions. Courtesy of Ref. [12].

Figure 7.5 shows the high frequency resolution Fourier transform analyzed

by M. Lei et al. [12] from their time-domain evolution of the gain at 391 nm.

They �nd that the population between rotational states J=13 and J=23 is

2.5 times larger in the B2Σ+
u state than the X2Σ+

g state.
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7.3 Summary

I have revisited the main properties of N+
2 lasing. Mainly the ultrafast build-

up which suggests that strong �eld ionization is probably responsible for

establishing gain in this system and the fast decay that seems to be due to

electron collisions. Our experimental measurements suggests that the gain is

superradiant and the evidence from other groups was discussed, solidifying

this theory.

Some possible gain mechanisms that are based on population inversion were

presented, such as electron recollision excitation, natural population inver-

sion, and multiple state coupling. Our experiment suggest that recollision

doesn't play a signi�cant role in creating the inversion. Also, there is no

experimental evidence of the concept of natural population inversion for this

system. The inversion achieved by multiple state coupling seems to be the

likely case if inversion is achieved. However, an inversion is created between

the A2Πu state and the X2Σ+
g state, but no such lasing emission has been

observed so far.

Other mechanisms not requiring a net population inversion was also pre-

sented. Inversion free transient gain predicts gain in a series of small windows

during regions of molecular alignment. This mechanism does not explain the

fast decay of the gain. However, gain due to inversion in a subset of rota-

tional states seem to explain this decay since the distribution of rotational

states can relax due to collisions.

Based on our experiment results, the gain mechanisms seem to be most

likely �inversion free�. Transient gain can explain the gain seen at the region

of molecular revivals, persisting after the decay of the gain. While inversion

between a subset of rotational states could explain this fast decay.
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8 General conclusion and outlook

This thesis was dedicated to the study of the lasing emissions of the singly ion-

ized nitrogen molecules pumped by femtosecond laser pulses. The two dom-

inant emission lines emitting at 391 nm and 428 nm wavelengths that were

studied belong to the transition between the B2Σ+
u (ν' = 0) and X2Σ+

g (ν =

0, 1) states. We started by studying the 428 nm emission in femtosecond

�laments to link to previous work. We showed that the generated continuum

that acts to self-seed the emissions doesn't explain the ellipticity behavior of

the emissions. We then studied these emissions by focusing in a vacuum in

a thin gas jet, thereby removing the complexity of �laments. This allowed

us to make a direct comparison of the ellipticity dependence of the emissions

and HHG, and we showed that recollision doesn't play a signi�cant role in

creating a population inversion between the states involved.

The following sections were dedicated to further understanding the mecha-

nisms involved to achieve optical gain. We characterized the emissions by

their temporal pro�le, gas jet position, and plasma density. The gain as a

function of time shows an ultrafast gain buildup followed by a fast decay. We

measured a strong rotational wavepacket that modulates the gain that de-

pends on gas density. A cooler gas showed a clearer and stronger wavepacket.

We also presented some evidence that electron collisions are likely the cause

of the fast decay of the gain. We also found evidence of superradiance which

is in agreement with previous work. This is an important measurement be-

cause it means that the seed pulse is not actually ampli�ed and the emission

occurs after the seed pulse left the system. The last set of measurements

that we did showed that there's another mechanism present that depends on

the alignment between the pump and probe. This will become of interest to

the air lasing community because, in �laments, the two mechanisms would

be indistinguishable. Finally, this thesis presented possible gain mechanisms

taken from literature. Our results seem to indicate that a net population
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inversion is not achieved. More theoretical and experimental evidence will

be required to make such conclusion.

One of the big problems with N+
2 lasing is to achieve backward lasing for

applications such as remote sensing. Backward lasing has been observed in

N2 and O2, but the e�ect has yet to be reported for N+
2 . We propose the use

of a zone plate to promote backward lasing. A zone plate has a wavelength

dependent focusing distance. A properly chirped femtosecond pulse could

create a backward traveling focus. I introduce the math in Appendix B as

well as possible dimensions for such zone plates.

Air lasing has potential to revolutionize methods in remote sensing. Cur-

rently, the best methods analyze backscattered light from a remote target

and require very sensitive equipment. However, many obstacles still stand

in our way to make air lasing practical. First of all, after 7 years of re-

search, we still don't understand the gain mechanism behind the N+
2 air

laser. Also, backward lasing would be the most practical emission direction

but the forward emission seems to deplete the gain before backward lasing

can occur. On top of these challenges, femtosecond laser sources are quite

large, expensive, and not very mobile. This makes them very hard to use for

remote sensing as we would need them at many locations. However, the costs

and size of femtosecond lasers may eventually make this a feasible project.

Furthermore, it's not obvious how to make the air laser useful at very large

distances (several kilometers away). However, if the initial power of the laser

beam is greater than the critical power for self-focusing the beam will self-

focus, regardless of the initial beam size. Therefore, just by expanding a

femtosecond laser beam we could generate �laments at larger distances but

this would require very expensive optics. Finally, even with these obstacles,

air lasing remains interesting not only for its potential application but also

for the physics behind this lasing e�ect.
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A Intensity calibration

A.1 MCP calibration

Before we can calibrate the intensity, we need to calibrate the MCP. To do

so, we suppress the observed harmonics by changing the ellipticity of the

driving laser to circular. This allows us to observe the �uorescence emitted

from the nitrogen molecules. Figures A.1 (a) and (b) shows the �uorescence

observed by the MCP.
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Figure A.1: (a) Emission lines from molecular nitrogen used for the MCP
calibration as measured by the MCP. (b) Normalized intensity of the emission
lines as a function of pixel number. (c) Emission lines from (b) calibrated
with known emission lines of nitrogen.

The lines are then �tted using the known emission lines of N2 (see Figure

A.1 (c)). From this, we get a well-calibrated energy axis for the MCP.
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A.2 Intensity calibration

The intensity is calibrated using the well-known cuto� law for HHG [75]:

Ecutoff = Ip + 3.17Up (A.1)

We take several spectra of the generated harmonics using di�erent driving

laser beam energies and identify the cuto� for each. The emitted harmonics

are separated in energy by 3.1 eV because only the odd harmonics are gener-

ated. Knowing the harmonic order allows us to assign a cuto� energy Ecutoff

and then Up is then calculated using an ionization potential of 15.581 eV for

N2. Up is given by Equation 5.2 and the intensity is related to the electric

�eld by I = cε0E
2
0/2 . The intensity is therefore given by:

I =
2mcε0ω

2
0Up

e2

B Fresnel Zone Plate

Unlike lenses, zone plates use di�raction to focus light. They consist of many

rings, known as Fresnel zones as shown in Figure B.1. The rings alternate

from opaque to transparent and are spaced in order to achieve constructive

interference at a focus. Zone plates are often used to focus x-rays because

glass only weakly refracts such light. In the following section, I derive the

focal length of a zone plate to explain why it is of interest to us.
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B.1 Focusing properties of the Fresnel Zone Plate

Figure B.1: A Fresnel zone plate showing the �rst order of di�raction. The
nth zone radii is labeled rn, the focusing distance is f, the outermost zone
is ∆rN , and N is the total number of zones. Figure is taken from literature
[13].

For constructive interference to occur we require that the distance from a

zone to the focus f be f + nλ/2, where λ is the input wavelength. From

Pythagorean Theorem we can write:

f 2 + r2n = (f +
nλ

2
)2 (B.1)

or,

r2n = nλf +
n2λ2

4
(B.2)
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Since we can set f such that f>�>λ, we can neglect the n2λ2/4 term, and we

get:

r2n u nλf (B.3)

We can link this to the size of the outermost zone by taking the di�erence

between the radii of the two outermost zones:

r2N − r2N−1 = Nλf − (N − 1)λf = λf (B.4)

By de�ning the outermost zone width as:

∆rN = rN − rN−1 (B.5)

Equation B.4 reduces to:

−∆r2N + 2∆rNrN = λf (B.6)

Since ∆rN � rN we can get an equation for the focusing distance as a

function of the zone plate radii rN , the outermost zone width ∆rN , and the

wavelength λ./

f =
2rN∆rN

λ
(B.7)

B.2 Moving focus

Equation B.7 shows that the focusing distance of a zone plate is wavelength

dependent. For a femtosecond chirped pulse, di�erent wavelengths will focus
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at di�erent distances as a function of time. Therefore we can rewrite the

equation as:

z(λ(t)) =
2rN∆rN
λ(t)

(B.8)

Where z(λ(t)) is the moving position of the focus as a function of time.

Rewriting this equation in terms of frequency ν using λ = c
ν
gives:

z(t) =
2rN∆rN

c
ν(t) (B.9)

Taking the derivative as a function of time on both sides we get a velocity

for the moving focus:

dz(t)

dt
=

2rN∆rN
c

dν(t)

dt
(B.10)

Now I can set the velocity to be−c for a backward propagating focus traveling
at the speed of light to obtain:

2rN∆rN
c

dν(t)

dt
= c (B.11)

dν(t)

dt
=

−c2

2rN∆rN
(B.12)

This is integrated to obtain:

ν(t) = ν0 +
−c2

2rN∆rN
t (B.13)
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or using the angular frequency ω = 2πν:

ω(t) = ω0 +
−c2π
rN∆rN

t (B.14)

This is similar to the instantaneous frequency described in Weiner's book

[93]:

ωinst(t) = ω0 +
dφ(t)

dt
= ω0 − 2Γit = ω0 +

2βt

α2 + β2
(B.15)

Where Γi is the imaginary part of the pulse width parameter[93], and is

related to the pulse duration and chirp. Setting these equations equal, I get

−c2π
rN∆rN

=
2β

α2 + β2
(B.16)

Where β is the chirp parameter and α is related to the pulse duration ∆t by

α = ∆t2/4log(2). Equation B16 is satis�ed for ∆t = 100 fs, β = −200 fs2,

rN = 1cm, and ∆rN = 19.5µm.
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