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Abstract

The thesis is divided into two topics. The first is a figure of merit study on 2D
surface plasmon waveguides, assessing the trade-off between attenuation and confine-
ment. Three figures of merit are used since there are three separate, but equally
effective, ways of measuring confinement. Different stripe geometries are considered
in this analysis as well as a comparison between Au, Ag and Al (as the stripe metal)
over the wavelength range from 200 to 2000 nm. The figures of merit are generally
applicable and should be useful to help compare, assess and optimize designs in other
2D absorbing waveguides.

The second topic introduces a new waveguide structure, the metallo-dielectric
waveguide, capable of aggressive bends and long-range propagation at optical wave-
lengths. Its design was inspired by the non-radiative dielectric waveguide which is
effective at microwave frequencies but has been shown to have high loss at optical
wavelengths. Since both waveguides use parallel plates as confinement mechanisms,
one dimensional analysis is first performed to gain insight into their operation fol-
lowed by full-wave 2D simulations of the two waveguides in their straight and curved
form. Analysis of the parallel plates revealed the relation between the modes sup-
ported by the real metal and perfect electric conductors (PECs). The non-radiative
dielectric waveguide is found to effectively suppress radiation; however, its propaga-
tion loss is high and the mode becomes deformed along radial bends, as rq — 0, due
to excitation of surface plasmon-polaritons. The newly introduced metallo-dielectric
waveguide perforins significantly better in that it is capable of long-range propagation
while also supporting its fundamental TE mode along aggressive radial bends. This
waveguide also has potential use in optoelectronic/electro-optic components due to
the presence of the metal plates which could be used to apply electric fields or inject

currents.
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Chapter 1

Introduction

1.1 Background

Transverse magnetic (TM) surface modes are known to exist at an interface between
two materials which have a real part of permittivity of opposite sign. The optical
properties of metals have been studied and shown through experimentation to exhibit
a negative real part of permittivity at optical frequencies [1]. This property allows
the metal-dielectric interface to support a Surface Plasmon-Polariton (SPP) mode at
optical wavelengths which is bound through the coupling of electromagnetic waves to
oscillations in conduction electrons at the surface of the metal [2].

The intensity of the SPP peaks at the interface then exponentially decay per-
pendicular to it [3]. This intensity (field) localization makes the waveguide ideal for
sensing applications since small changes in the environment could have a large effect
on the propagation of the SPP. Recent advances in nano-fabrication has sparked a
widespread interest in this field. A number of well written reviews on the subject
have been published by Barnes [4, 5], Maier [6] and Welford [7], for example.

This thesis will focus solely on the waveguiding properties of SPPs. The following
two sections provide a brief description of the single interface surface plasmon; these
results are well known in the literature but have been included for completeness and

to introduce salient features of these waves.
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Figure 1-1: Diagram of the metal-dielectric interface along with a sketches of the SPP
field components. Relative signs (ie positive and negative) are preserved between the
field components (4 to right of gray axis) however the relative magnitudes are not.

1.2 Single-Interface SPP

In this section we will show the field solutions for the single interface SPP mode by
deriving them directly from Maxwell’s equations. The derivation has been included
in the thesis to better understand the surface plasmon in its simplest form before
introducing the more complicated 2-dimensional structures, which are discussed in
subsequent sections and which have solutions that can only be found numerically.

A diagram of the dielectric and metal regions, along with the co-ordinate system,
is shown in Figure 1-1. The reldtive permittivity of the dielectric and metal regions
is given by €, p and ¢, ,, respectively. Experimental observations show that the SPP
mode exists as a TM polarized, or p-polarized, wave so we therefore begin our analysis
by considering the tangential magnetic field in region i given by H; = XxHge Ve~ 722
where v, = a, + j3. and H, is the same in both regions since H is continuous across

the interface. We assume propagation along the +z axis and a e™7*! time dependency.

Maxwell’s equations in their differential form are:

VxE=—jwuuH+M (1.1)
V x H=jwE+J (1.2)
VeE =p/e (1.3)
VeH=0 (1.4)

In a source free medium the electric and magnetic current densities, given by Af



and J, along with the electric volume charge density, p, are zero. We use Eq. 1.2 to

get the electric field components of the TM mode leading to:

Y= Hoe(“l)iay,iye"hz _’_iﬁ_ﬂjf_}‘_ﬂi]_]oe(—l)"ay,iye—%z (1.5)

Ei =
Wepkrg Wegr ;

<>

The transverse wave number, ay 1, can thus be found in region 1 by substituting

the fields into Eq. 1.1 resulting in

ay1 =1/ —Fep— 72 (1.6)

and similarly for region 2 we get

aya =1/ =Berm = 72 (1.7)

where By = /w?ugeg = 2m/Ag is the free space wavenumber and w = 27f is the
angular velocity. By applying the boundary conditions at the interface (y = 0), par-
ticularly the condition that tangential electric fields are continuous across a boundary,

we arrive at the following condition:

Zvl_ T2 (1.8)
€r.D 61',m

Finally, when we combine Eq. 1.6, 1.7 and 1.8 we get propagation constant of the

SPP mode:

. €rm€r.D
= iffy, [ ——— (1.9)
7 0 6r,m + Er,D

Looking at Figure 1-1 we see the fields of the surface mode. Notice how the

perpendicular electric field (F,) changes sign between the metal and dielectric regions



which is a result of Re{e,,» } < 0. The Poynting vector in the direction of propagation,
S, is actually negative in the metal implying that the power in this region actually
propagates in the -z direction while the bulk of SPP mode travels in the +z direction.
When the metal is lossy S, is negative in both regions resulting in a continual power

flow downward, into the metal, where it is lost to electron scattering.

10



1.3 Thin Film

If a metal is made thin enough then the SPP modes from the top and bottom interfaces
are able to couple and form super-modes. By applying the method shown above for
the three layer system shown in Figure 1-2, with the metal sandwiched between two

dielectrics, results in the following transcendental equation.

tanh(ty/—72 — BRerm) =

€r,D1 \/—’72 - ﬁgfr,m \/*’73 - ﬂ%er,m + €rmé€r,D2v/ o 5§fr,D1 (1.10)

er016r,02(~2 = B3€rm) + €2m /=12 — B3€r,01\/—7 = Bier, 02

The above equation needs to be solved using a root solving algorithm capable of
handling complex numbers, such as Muller’s method [8].

This thin film of metal is capable of supporting symmetric, s;, and asymmetric,
ap, coupled bound modes each with different characteristics. The dependence of the
modes’ effective index and propagation loss are shown in Figure 1-3 for a Au film
with silica claddings above and below (i.e.: €. p1 = €, p2). Analysis was performed at
a free space wavelength of A\g = 1550nm. The s, mode does not cutoff as the metal
thickness is reduced but rather we see a decrease in the propagation loss along with
a decrease in the effective index, which approaches that of the background material
indicating that the mode evolves into a plane wave into this material as ¢ — 0. The
a, mode shows a response of a different nature with fields becoming more highly
localized in the metal as the thickness is reduced, which can be seen by the increase

in MPA in Figurel-3 (b), where M PA = —0.02logio(e)Re{7.} in dB/mm .

11
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Figure 1-2: Diagram of the thin film structure along with sketches of the field com-
ponents of the s, and a, modes.
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Figure 1-3: (a) Effective index and (b) propagation loss as a function of metal film
thickness, t for the s, and a, modes. Analysis was performed with silica claddings,
€rD1 = €r.D2 = 1.444%, for a gold film,e,,, = —131.95 — 12.65i at a free space wave-
length of Ay = 1550nm



1.4 Thesis outline

The thesis is assembled as a collection of articles, published or submitted.

Chapter 2 describes a figure of merit study of 2D surface plasmon waveguides
which weighs the waveguides’ attenuation against its confinement. We look at how
changes in dimension and wavelength affect the fundamental long-range mode (ss))
of the metal stripe. The article “as published” in Optics Express is incorporated into
the thesis.

Chapter 3 describes a new metallo-dielectric waveguide design, capable of aggres-
sive bends and long-range propagation. This chapter consists of a short paper recently
submitted to Optics Letters.

Chapter 4 Provides an in depth analysis of the parallel plate, non-radiative dielec-
tric waveguide and a new metallo-dielectric waveguide at optical frequencies. Various
designs are considered in an attempt to optimize the waveguides for long-range prop-
agation and low loss bends.

Chapter 5 has some concluding remarks along with suggestions for future work.

Appendix A consists of a paper convergence analysis of electromagnetic modeling
tools applied to some important surface plasmon waveguides. Since convergence was

assessed in this paper, a section on this topic was not added to the thesis.

13
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Chapter 2

Figures of merit for 2D surface
plasmon waveguides and

application to metal stripes

My contribution: The paper in this chapter was published in Optics Express and
is a follow-up to Dr. Berini’s 1-dimensional figure of merit analysis, cited as reference
26 therein. These ideas were adopted and applied to 2-dimensional waveguides. I per-
formed all of the simulation work along with the majority of the analysis of the results.
Writing of the paper was split approximately 50/50 between Dr. Berini and mysélf‘
The movies in this paper are available online, directly from this open access journal
by following: http://www.opticsinfobase.org/abstract.cfm?URI=0e-15-19-12174

Preamble: Three ways of measuring confinement lead to three figures of merit.
Depending on the design criteria, one or more of the figures of merit can be used as a
quality measure(s) when comparing different waveguides. MZP measures confinement
based on the mode size which is useful if the size of the mode is a concern (eg. for
butt-coupling to a fiber). M, measures confinement based on the separation of the
mode phase constant (/3.) from the light line, and this gives an indication of how likely
it is that the mode will radiate when bent or due to perturbations in and around the
waveguide. M; measures confinement based on 1/A, and is directly related to the

quality factor which is useful when designing resonators.

15
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Figures of merit for 2D surface plasmon
waveguides and application to metal stripes

Robin Buckley' and Pierre Berini'”

'School of Information Technology and Engineering (SITE), University of Ottawa, [61 Louis Pasteur
Ottawa ON, KIN 6N5, Canada
*Spectalis Corporation, PO Box 72029, Kanata North RPO. Ottawa ON, K2K 2P4, Canada
pierreberinif@spectalis.com, berini(@site uottawa.ca

Abstract: Three figures of merit, useful as quality measures for 2D surface
plasmon waveguides, are discussed and applied to help trade-off mode
confinement against attenuation for the symmetric mode propagating along
metal stripes. Different stripe geometries are considered, and Au, Ag and Al
are compared as the stripe metal over the wavelength range from 200 to
2000 nm. Depending on which figure of merit is used, and on how mode
confinement is measured, different preferred designs emerge. For instance,
given a mode area, narrow thick stripes are better than wide thin ones, but
given a distance from the light line, the opposite is true. Each of the metals
analyzed show wavelength regions where their performance is best. The
figures of merit are generally applicable and should be useful to help
compare, assess and optimize designs in other 2D surface plasmon
waveguides or in other absorbing waveguides.

©2007 Optical Society of America
OCI1S codes: (240.6680) Surface Plasmons; (130.2790) Guided waves.
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3

1. Introduction

The optical properties of metals have been studied and are known to exhibit a negative real
part of permittivity at optical frequencies [1]. This property allows the metal-dielectric
interface to support. a surface plasmon-polariton (SPP) mode which is bound to the interface
through the coupling of electromagnetic waves to oscillations in conduction electrons in the
metal. The SPP has been studied extensively, and has been reviewed by Raether [2], Welford
[3], Barnes [4,5], Maier and Atwater [6] among others. The high loss of the single interface
SPP makes it, in general, incapable of long range tfansmission.

A thin metal slab bounded by dielectric supports bound supermodes, labeled s, and a,
[7,8]. As the thickness of the slab approaches zero the attenuation of the s, mode, or long-
range SPP (LRSPP), decreases and the mode becomes less confined eventually evolving into
the TEM wave of the background dielectric. When the width of the thin metal slab is made
finite, defining a stripe, and the metal stripe is embedded in a homogeneous background
dielectric, then a more complicated set of modes emerge [9,10,11] since the stripe provides
2D confinement in the plane transverse to the direction of propagation. For a sufficiently thin
or narrow metal stripe, the ss,” mode becomes long-range (it is the LRSPP). Numerous
LRSPP passive devices such as Mach-Zehnder interferometers, Y-junctions, directional
couplers [12,13] and Bragg gratings [14], excited by butt-coupling with an optical fiber, have
been experimentally tested and shown to closely agree with theory. Similar devices were also
reported in [15,16]. The metal stripe exposed to air has also been studied [17-19].

The metal slab and stripe exhibit a trade-off with regards to the confinement and
attenuation of the LRSPP supported therein: The confinement and attenuation of the LRSPP
rise and fall together [10,20]. This trade-off also applies to other SPP waveguides such as the
single-interface, the metal cladded dielectric slab [21,22] and the channel waveguide [23-25],
for example. The attenuation-confinement trade-off in surface plasmon waveguides was
recently discussed in [26], where three FoMs (figures of merit), denoted M,’D, M, and M,

#84184 - $15.00 USD Received 15 Jun 2007; revised 3 Sep 2007; accepted 3 Sep 2007, published 10 Sep 2007
(C) 2007 OSA 17 September 2007 / Vol. 15, No. 19/ OPTICS EXPRESS 12175

17


http://www.optiesinfobase.org/abstract.cfrn?URl-=ol-29-10-1069
http://www.opticsinfobase.ora/abstract.cfm?URl=ol-32-16-2354

were proposed to assist with trade-off analyses. The FoMs were then used to study three 1D
waveguides: the single-interface, the metal slab and the metal cladded dielectric slab [26].

In this paper, we extend the M,'” FoM proposed in [26] to 2D waveguides, defining the
new variant M, (Section 2), and we use the three FoMs (M,’°, M, and M;) to study the
LRSPP in the metal stripe as a function of geometry (Section 3) and metal choice (Au, Ag and
Al - Section 4). Section 5 gives a brief summary and conclusions.

2. Figures of merit for 2D waveguides

An exp(jwt) time dependence is assumed with mode propagation occurring along the +z axis
with an exp(-y2) dependence, where w is the angular frequency and y. = @, + jf, is the
complex propagation constant with o, and f, the attenuation and phase constants, respectively.
The complex effective index N,y is given by N = y./fy = kg + jn.y where By = 2m/3, is the
free-space phase constant and J, is the free-space operating wavelength.

2.1 Figures of merit: M2 M, and M;

Three FoMs were defined in [26] to provide objective measures of comparison for purely
bound surface plasmon modes in SPP waveguides. Their definition is based on forming
benefit-to-cost ratios where the benefit is confinement and the cost is attenuation. Different
ways of measuring confinement led to different definitions. The first FoM, M,’? = 1/5,a,
uses the inverse mode size (J,) as its confinement measure, where d,, is the distance between
the 1/e field magnitude points of the main transverse electric field component relative to the
global field maximum. The second FoM, M; = (B, - f)/a, = (ny — n))/k,y measures
confinement as the mode’s distance from the light line in the dielectric. The third FoM, M; =
Viga, = B/2rno, = nuy2nk.y, uses the inverse guided wavelength A, as its confinement
measure. M; is proportional to the quality factor ((J) when dispersion is negligible.

2.2 Definition of the figure of merit M;*° for 2D waveguides

The definition of M, and M, holds for modes in 2D waveguides, but the definition of M,,
which is based on mode size, depends on the dimensionality of the structure as emphasized in
[26). For 1D waveguides, the mode size is the width J,,, leading to M,'®, For 2D waveguides,
the mode size is an area, leading to a new definition for M, denoted M.

The mode size is taken as the area 4, bounded by the closed /e field magnitude contour
relative to the global field maximum. The 2D spatial distribution in the transverse plane of the
main transverse electric field component is used to find this contour and the area A4.. The
contour and 4, are determined numerically, so highly deformed modes, sometimes supported
by SPP waveguides, are easily and unambiguousll handled.

Taking the confinement measure as (w/4.)"”, instead of simply //4,, seems preferable
since this measure tends to the inverse mode radius as the mode becomes circular and it leads
to a unit-less FoM. This confinement measure also tends to zero as the mode expands or as the
waveguide evolves into a 1D structure (as it should since confinement is lost along one of the
transverse dimensions). Based on these considerations, the M,*” FoM is defined as:

M.“’=\/Zi (M
4, a.

3. Geometric study of metal stripe waveguides

The waveguides considered are shown in Fig. 1, and consist of (a) the metal stripe (w < o)
and slab (w = o), (b) and (¢) 2 and 3 symmetrically coupled (SC) metal stripes, and (d) the
cladded metal stripe. The cladded metal slab (w = o) was analyzed in [27], and the cladded
metal stripe was recently reported in [28] and added to this paper during revisions. The metal
stripe on a thin dielectric layer or membrane (not shown) was recently introduced in [29] and
bears points of similarity to the cladded metal stripe [28]. The metal slab was analyzed using
the transfer matrix method [30]. A commercial software package based on the finite element

#84184 - $15.00 USD Received 15 Jun 2007; revised 3 Sep 2007; accepted 3 Sep 2007; published 10 Sep 2007
(C) 2007 OSA 17 September 2007 / Vol. 15, No. 19/OPTICS EXPRESS 12176

18



method (Femlab) was used to model the 2D structures. This packa§e has been shown to
accurately mode! surface plasmon waveguides [31]. Only the s, and ss,” modes are considered
and compared. A, was set to 1550 nm, Au was used as the stripe metal (.c, m = -Eg - j&1 = -
131.95 - j12.65 [32]), with the surrounding dielectric being SiO;, (¢, ; = n,° = 2.085 [32]) and,
additionally, vacuum (&) in the case of the cladded stripe (Fig. 1(d)).

(d)

Fig. 1. Cross sectional view of surface plasmon waveguides. (a) Single stripe, (b) pair of SC
stripes, (c) three SC stripes, (d) cladded stripe.

The metal stripes (Figs. 1(a)«(c)) are dlscussed first. Figs. 2(a) and (b) give the effective
index (n,;) and attenuation (a,, k.y) of the s, and ss;” modes as a function of ¢. The usual trends
of n.y > n, (vanishing confinement) and e, k,;; >0 (vanishing attenuation) as ¢ 20 are noted.

Figure 2(c) shows that as ¢ decreases, the mode size increases for all structures considered,
as expected. From Fig. 2(d), it is noted that M;"® and M, increase for all structures as ¢
and/or w decrease, 1nd1cat1ng that a, decreases more rapidly than the modes’ expansion. Given
a mode size (4/x)'?, single narrow thick stripes are better than wide thin ones or coupled
ones, since they generate less attenuation yielding a larger M;’°. For a specific ¢ narrower
stripes produce a larger M,*® than wider ones.

The modes’ distance from the light line, plotted in Fig. 2(e), decreases with ¢ and w as
expected since the modes evolve into the TEM wave of the background as the metal vanishes.
From Fig. 2(f) it is noted that M, increases sharply with decreasing ¢, reaching a peak beyond
which it tends to 0 as t - 0. These peaks are located at 7 = 18 nm for the w =2 um stripe, at 1
= 10 nm for the w= 8 um stripe, at ¢ = 9.5 nm for the wswsw = 22222 um SC stripes, and at ¢
~ 0 for the s, mode in the slab. On the thicker side of the peaks, k.7 decreases more rapidly
than the confinement (n.y - n,) as ¢ is reduced, but the opposite holds true on the thinner side
of the peak. Given a distance from the light line (n. - n,), single wide thin stripes perform
better than narrow thick ones or coupled ones, since they generate less attenuation, yielding a
larger M. For a specific t wider waveguides groduce a larger M, than narrower ones. These
trends are opposite to those observed from A,

A, plotted in Fig. 2(g) increases with decreasing ¢ and w. M;, plotted in Fig. 2(h), shows a
similar trend to the other FoMs in that M; increases with decreasing ¢. This implies that a,
decreases more rapidly than A, increases as ¢ is reduced. leen a t narrower waveguides are
better than wider ones leading to a larger M;, as observed for M,*?

The cladded metal stripe (Fig. 1(d)) [28] is similar to the metal stripe on a thin dielectric
membrane [29], in that as the thickness of the dielectric changes, the ss,” mode may become
more confined and attenuated. Another point of similarity rests with the conditions for sy’
confinement, which are that its n,y must be larger than »; and than the n.; of the TM, mode in
the dielectric slab present to the left and right of the metal stripe. If TM-TE mode conversion
is expected, say due to discontinuities, then it should also be larger than the n.; of the TE,
mode of the dielectric slab, but this condition is essentially otherwise irrelevant as was
demonstrated experimentally in [29] since the ss,” and TE, modes are substantially
orthogonal. In a symmetric slab, the TM, and TE;, modes are guided for all dielectric
thicknesses. Another point of similarity rests with the excitation of the waveguides, in that if
the source and ss,” mode fields are not well matched then light becomes trapped in the
dielectric slab and may interfere with the ss,” mode. This may be problematic in structures
such as couplers and Mach-Zehnder interferometers.
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Fig. 2. (a) n.¢ and (b) @ and k. of the ss;* and s, modes. (c) Mode size for the s, mode in the
slab (right axis) and the ss,” mode in the stripes (left axis). (d) M,’” (right axis) and M,"” (left
axis). (e) Distance from the light line and (f) M.. (g) Guided wavelength and (h) M;. The gray
curves are for the cladded stripe (Fig. 1(d)).

Figure 2(a) shows n, of the ss4” mode in the cladded metal stripe for w =4 um and 7 = 20
nm, as well as n,y of the TM; and TE, modes in the dielectric slab alone, as a function of d.
From Fig. 2(a) we see that 5, of the ss;” mode is always larger than that of the TM, mode,
while it falls below that of the TE, mode for d ~ 1.9 um. n,y of the ssy’ mode decreases as d
decreases, which is expected since the mode fields extend further into the vacuum. In Fig.
2(b) «, increases with d until a maximum, from which it drops quickly. The mode size plotted
in Fig. 2(c) decreases with decreasing J until a minimum is reached around d = 900 nm. For
smaller d the mode extends deeper into the vacuum, explaining the decreasing . and ny.
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Indeed, the mode tends toward cut-off (n.y ~ n;) in this region. M,*” plotted in Fig. 2(d)
decreases with decreasing d, implying that a, increases more rapidly than the confinement
measured as the mode size, until 4 ~ 675 nm beyond which the opposite trend holds. The
distance from the TM, mode is plotted in Fig. 2(e) instead of the distance from the light line,
i.e.. n,y of the TMy mode is used instead of n; since it is larger. The corresponding M plotted
in Fig. 2(f) increases with decreasing d up to a peak at d ~ 1.67 um, indicating that the
confinement measured as this distance increases more rapidly than £, Decreasing 4 decreases
A, as shown in Fig. 2(g). The corresponding M; plotted in Fig. 2(h) shows a similar trend to
M,?®, decreasing with d until d ~ 650 nm.

It is noted that M,’®, M, and M; of the cladded metal stripe (Fig. 1(d)) are larger than those
of the metal stripe (Fig. 1(a), d = ) over a good range of dimensions, indicating that the
former can provide a better trade-off between confinement and attenuation, as noted in [28]. It
must be borne in mind, however, that the metal stripe must have a smaller ¢ or w or both as d
decreases in order to maintain the same a, and thus the same range as the d = o case.
Producing high quality metal stripes can be challenging for # < 20 nm [33].

5 15 F]
x(um) x{pm}

() (d)

Fig. 3. Spatial distribution of |E,| associated with the ss,” mode in various waveguides. Quarter
symmetry is used with the origin, (x = y = 0), being the center of the mode. The /e field
contour is also plotted as the thin black curve. In all cases, the fields are normalized such that
max(|E,) = 1. (a) Single stripe with w = 8 um and ¢ = 70 nm; the associated movie shows a
sweep over ¢, (b) Three SC stripes with wswsws = 22222 pm and ¢ = 70 nm; the associated
movie shows a sweep over /. (¢) Cladded stripe with w = 4 um, 1= 20 nm and d = 0.8 um; the
associated movie shows a sweep over d. (d) Pair of SC Au stripes, wsw = 222 um, /= 30 nm
and Ay = 1000 nm; the associated movie shows a sweep overi,.

Figures 3(a), (b) and (c) give the spatial distribution of (| associated with the ss,” mode in
a single stripe having w = 8 um and ¢ = 80 nm, in three SC stripes having wswsw = 22222 nm
and ¢ = 70 nm and in a cladded stripe having w = 4 wm and ¢ = 20 nm, respectively. The 1/e
field contour is plotted as the thin black curve and the SiO,-vaccuum interface is shown as the
dashed white line in Fig. 3(c). There is also an inner contour(s) that exists near the surface of
the stripe(s), which depends on the penetration of |£)| into the metal. In the case of Figs. 3(a)
and (c), the area 4, is the area within the outer closed contour, not including the area within
the inner closed contour since the field enclosed by the latter has a magnitude below the 1/e
level. The movies associated with Figs. 3(a) and (b) show how the mode evolves with ¢. Both
waveguides show the field and 1/e contour extending further into the dielectric as ¢ is reduced.
This decrease in confinement also causes the mode field to become more circular, more
closely matching that of a single mode fiber. This can be seen in the movie in Fig. 3(a) with
the mode field almost circular for + < 20 nm. From the movie in Fig. 3(b), weaker coupling
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between the three SC stripes is observed from the shape of the mode field as ¢ and the
confinement increase. The movie in Fig. 3(c) shows the mode size decreasing with 4 until d ~
900 nm where the 1/e field begins to extend further into the vacuum region.

4. Wavelength response of metal stripe waveguides

The FoMs are now used to assess the wavelength response of metal stripe waveguides for
three different metals embedded in SiO,: Ag, Au and Al. The optical properties of these
materials were taken from the experimentally determined data compiled in Palik [32]. A cubic
spline was used to interpolate the permittivity at the desired wavelengths. The waveguides
used in the analysis were chosen based on their similar proximity to the light line at 2, = 1550
nm (all have n.g - n, ~ 5%10%, Fig. 2(e)): A single stripe with w = 2 um, ¢ = 40 nm, a single
stripe with w =4 um, ¢ =20 nm, and a pair of SC stripes with wsw =222 um, =30 nm.

Figure 4(a) shows n,y versus 4, of the ss,” mode, along with the light line in SiO; Fig. 4(b)
shows the corresponding a.. An interesting feature arose in the case of Au: n,y of the single
interface SPP crosses the light line at 4y = 473 nm (slightly beyond the energy asymptote),
while n,; of the slab and of the stripes do not cross the light line at this wavelength. The
modes appear to remain bound for 4, > 250 nm. This trend does not show up in the case of
Ag. The modes supported by the Al waveguides did not reach their energy asymptote for the
range of wavelengths used, which makes it unclear as to whether Al would show this feature.
Fig. 4(b) shows that lower loss can be achieved when operating deeper into the infrared for all
the waveguides and metals analyzed. For all metals, as the wavelength decreases, the ss,”
mode becomes more localized to the center of the stripe along the metal/dielectric interfaces
and the effects of the comners and the dielectric regions on either side diminish.

Figure 4(c) shows that the mode size increases when operating further into infrared. At
short wavelengths the curves exhibit features and small peaks which are explained by
inspecting the mode fields, revealing that they increase in strength near the corers at specific
wavelengths. This behavior also perturbs the 1/e contour associated with the modes

Flgure 4(d) shows that M;?® increases with increasing wavelength, whereas M,’® remained
flat in the Drude region as observed from Fig. 3 of [26]. The modes supported by the Ag
waveguides experience a small drop in M,”” near 4, = 1630 nm while the Al waveguldes show
a drop for 4, between 700 and 900 nm. Looking at Fig. 4(b) an increase «, is observed in
these regions, which is not matched by an equivalent increase in confinement, causing the dlp
in M,z ® In the wavelength range around 1630 nm, where the Ag structures show a decrease in
M7, Au out—performs Al is a good choice for 4, <400 nm.

From Fig. 4(e) it is noted that the distance from the light line decreases sharply at long
wavelengths. Interestingly, M, plotted in Fig. 4(f), exhibits maxima for Au and Ag. The Ag
structures exhibit a peak with its location depending slightly on the geometry: the w=4 pm ¢
=20 nm, wsw = 222 pm ¢ = 30 nm, and w = 2 um ¢ = 40 nm structures have peaks at i, = 845,
835 and 825 nm, respectively. The corresponding Au structures also exhibit peaks in M; near
these wavelengths, but they are broader and lower than those of the Ag structures. Ag
outperforms Au over a broad wavelength range but beyond 1630 nm Au seems better. M,
decreases sharply on the long wavelength side of the peak, in keeping with the rapid loss of
confinement noted earlier from Fig. 4(e). Based on M,, it is preferable to operate Au and Ag
waveguides near the short wavelength limit of the Drude region, as was already observed for
Ag in [26]. The modes supported by the Al waveguides show a decrease in M: for 4, in the
range of 400 to 900 nm. The Al waveguides again perform better than the Au and Ag ones for
4y <400 nm, while being considerably outperformed throughout the rest of the spectrum.

Figure 4(f) shows the quality factor Q. (In the calculation of @, the derivative in Eq. (18)
of [26] was estimated using finite difference approximants.) M; is shown in Fig. 4(h). When
the modes experience minimal dispersion, as they do in the Drude region, then Q ~ xM;, as is
observed by comparing these Figs. In the short wavelength region the modes experience a
large change in their . as they approach the energy asymptote, causmg a greater difference
between @ and M. Both sets of curves show a similar trend to M,””, where the Au and Ag
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structures outperform the Al ones for 4y, > 400 nm. Silver outperforms Au for 4, > 400 nm

until about 1630 nm, where Au appears to be better.

57, w2 pm, 1=40nm
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Fig. 4. (a) n.y and (b) a. versus iy, (c) Mode size and (d) M,””. (¢) Distance from the light line
and (£) M. (g) Quality factor Q and (h) M;. (sreen: Au, blue: Ag, magenta: Al)

Figure 3(d) gives the spatial distribution of |E,{ associated with the ss,” mode in two SC
Au stripes having wsw = 222 pm and ¢ = 30 nm. The associated movie shows how the mode
evolves with decreasing #y. As the mode approaches its energy asymptote, it becomes more
confined and localized to the center of the stripe along the metal/dielectric interfaces. At short
40, the coupling between the stripes weakens, eventually disappearing altogether.
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5. Summary and concluding remarks

The FoM M,*” was defined for 2D waveguides as the ratio of (md)"? to a.. Using this FoM,
along with those proposed in [26], a quantitative comparison of metal stripe waveguides
supporting the ss,” mode was performed as a function of stripe geometry, stripe metal and J,,
assuming SiO, as the background dielectric. Depending on how confinement is measured, and
thus on which FoM is used, then different conclusions on waveguide quality are reached.

Various geometries were considered for Au stripes at 4y = 1550 nm. The analysis showed
that, for a given ¢, narrower single stripes maximize both M,’® and M;, while M, is maximized
by wider single stripes. Also, given a mode area, single narrow thick stripes are better than
wide thin ones or coupled ones, according to M,’®. M, yields an opposite result, where given a
distance from the light line, single wide thin stripes are better than narrow thick ones or
coupled ones.

The cladded metal stripe was also considered, yielding larger FoMs over a good range of
dimensions and hence a better confinement-attenuation trade-off than the stripe. It was noted
though that in order to match the range of the siripe, the metal thickness and/or width needed
to be decreased, which could challenge fabrication.

The wavelength response of various structures was computed for Au, Ag and Al as the
stripe. Operating at longer wavelengths maximizes M,”” and M, in contrast to M,’” which
remained flat [26]. M, exhibits well-defined maxima for Au and Ag at 4, ~ 850 nm (near the
short wavelength limit of the Drude region), varying slightly depending on the geometry.
Based on all of the FoMs, Al provides the best performance for 4, < 400, with Au possibly
being better for 4, > 1630 nm and Ag performing better throughout the rest of the spectrum.
These conclusions, which depend on the measured optical parameters of the metals collected
in [32], should also hold for other 2D SPP waveguides (e.g.: [23-25]).
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Chapter 3

Long-Range Substantially
Non-Radiative Metallo-Dielectric

Waveguide

My contribution: The concept for this new metallo-dielectric waveguide (MDW)
was introduced by Dr. Berini, who also generated preliminary modelling results. Us-
ing the Method of lines and COMSOL I performed simulations and contributed ideas
toward the optimization of the designs. Since the waveguide showed excellent perfor-
mance the results were gathered for the paper in this chapter, recently submitted to
Optics Letters. I produced all of the results in this paper and wrote the first draft of
the article which was followed by ideas and revisions from Dr. Berini.

Preamble: This chapter gives a short introduction to the metallo-dielectric waveg-
uide; its low loss and non-radiative characters are highlighted and shown through
simulations. The new waveguide concept was inspired by the non-radiative dielectric
waveguide, which works well at microwave frequencies but appears to be less effective

at optical frequencies due to excitation of SPPs.
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A new waveguide structure capable of aggressive bends (r; — 0) and long-range propa-
gation (~ 1.2dB/mm) is described here. The structure uses a step index slab to create
the vertical confinement and a pair of metallic parallel plates on either side of the core for
lateral confinement. The parallel plates are dimensioned to ensure that all modes which
would cause radiation loss in a bend are cut-off. (© 2008 Optical Society of America

OCIS codes: 350.5500, 310.6805, 250.5403, 230.2090.

The ability to guide and redirect optical energy is a fundamental requirement in any optical system or
compouent. Dielectric waveguides can sustain a well confined mode, which is virtually lossless, however,
they are unable to undergo aggressive 90° bends (ro — 0) without becoming highly radiative [1-5]. Surface
plasmon polariton (SPP) waveguides can also be designed to produce sharp bends but at the expense
of increased propagation loss. This is due to the fact that SPP waveguides have two mutually exclusive
properties [6]; one can have a SPP mode that is either long-range with low confinement which radiates when
bent too aggressively [7-11] or that is well confined with high attenuation and is able to undergo sharp bends
[12-16]. Years ago Yoneyama and Nishida introduced a non-radiative dielectric (NRD) waveguide [17, 18],
shown in Fig. 1 (a), for use at microwave frequencies, a structure that has been worked on substantially over
the years to produce many microwave integrated circuit devices [19,20], but recent analysis of this structure
at optical frequencies [21] reveals the modes to be highly attenuated. Retaining the concept of using metallic
plates to suppress radiation we describe here a long-range (~ 1.2dB/mm) substantially nonradiative metallo-
dielectric waveguide (MDW) that is capable of aggressive bending (ro — 0), attributes that together have
heretofore only been known to exist in some photonic crystal structures [22]. Ease of fabrication along with

optoelectronic/electro-optic capabilities are potential additional advantages offered by the MDW.
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Fig. 1. (a) Cross sectional view of the NRD waveguide along with the MDW design shown in (b) cross-
sectional view, (¢} top view with an arbitrary radius of curvature ro, and (d) top view for ro = 0.

The MDW design is shown in both the cross-sectional view, Fig. 1 (b), and the top view, Fig. 1 (c)
and (d). Since the waveguide supports families of quasi TE and TM modes we adopt the nomenclature
used to identify rectangular dielectric waveguide modes suggested by Marcatili (23], with the fundamental
quasi TE and TM modes identified as E?; and Ef, respectively. The structure is investigated at a free
space operating wavelength of A3=1550nin. The core layer is assumed to be an isotropic dielectric of index
ny, = 2.1375, representative of high index materials (e.g.: SizN,) and electro-optic crystals (e.g.: LiNbO3,

PLZT). The upper and lower claddings are assumed to have an index of ny = 1.444, representative of

SiQ, and optical polymers. Lateral confinemnent is provided by thin gold (n,, = +/—131.95 — 12.65i) films of
thickness t=100nn, forming two metallic parallel plate waveguides separated by w. High index (n,=3.4757)
plugs, having a width of wy = 200nm, are placed at the edge of the metal layers.

LD slab analysis along the core and the parallel plates, as shown in Fig. 1 (b) by the blue and purple
arrows labeled | and [ respectively, was conducted first to gain insight on the operation of the waveguide.
Computations for the 1D systems were performed using the Trausfer Matrix Method [24]. The metal layers
were assumed semi-infinite in thickness,because at A\g=1550um the field penetration depth in the metal is
negligible compared to £ = 100nm. Fig. 2 shows the effective index of the TE and TM modes that exist in
the dielectric core (blue curves) and the parallel plates (purple curves). The refractive index of the core, ni,

and the cladding, n,, are also plotted in Fig. 2 along with the effective index of the single interface SPP

guided along the Au —n, interface, n sy = Re{\/(n3 xn2,)/(n2 + n2)}, in Fig 2 (b). Vertical confinement is
achieved by a step index dielectric slab; as long as the effective index of the fundamental TEy mode remains

above that of plane waves in ny the mode remains guided. The mechanisin for lateral confinement is similar
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Fig. 2. Effective index as a function of core thickness, s, for two 1D slab waveguides. The slab waveguide
represented by the blue curves is made up of ny — n; — ng, region I in Fig. 1 (a), while the purple curves
represent a Au — n; — Au parallel plate waveguide, region 1! in Fig. 1 (a) (the ny and Au layers extend to
infinity). The (a) TE and (b) TM modes are shown here along with the index n;, n, and the effective index
of the single interface SPP at the Au — no interface.

except that confinement is assessed with respect to the modes of the parallel plate waveguides instead of
plane waves. Fig. 2 (a) shows that the effective index of the fundamental TEg mode remains above those
of the parallel plate TE;, TE;,...etc modes. Its effective index also remains above those of the TM modes
(SPP at the Au — ny interface, af and s}), which are shown in Fig. 2 (b). The plasmonic s, a) and s}
modes evolve from the TEM, TM; and TM; modes of a parallel plate waveguide constructed from perfect
electric conductors (PECs). Although the effective index of the s) mode is higher than that of the TEq mode
essentially no coupling is anticipated due to orthogonality. The MDW is therefore expected to produce both
vertical and horizontal confinement in the core for any thickness, s. Furthermore, if a thickness of s < 300nm
is chosen, tight radii of curvature, 7o, should be achievable since all the parallel plate modes are cut off,
leaving only the orthogonal s) mode. Based on this analysis the thickness, s, should be chosen for aggressive
bends based on two criteria: 1) single mode operation of the fundamental TE mode and 2) cutoff of as many
parallel plate modes as possible.

The 2D straight (ro = 00) structure was then modeled in rectangular coordinates using the finite element
method (Comsol [25]) and the method of lines [8]. In an attempt to reduce the propagation loss of the EY;
mode small dielectric regions of both high and low refractive index were placed strategically in many different
locations. In the end, it was found that when high index plugs were added to the end of the metal layers (of
index ny, see Fig 1), the propagation loss was reduced by approximately an order of magnitude. Fig. 4 (a)

shows the main field component of this mode. By making the width w = 1.7pm single-mode operation is
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ensured along the p-axis. At this width, the mode exhibits a propagation loss of 31.25dB/mm, which is too
high to travel large distances. Increasing the width to w = 5um produces a substantial drop in propagation
loss, down to 1.23 dB/inm. When designing components, wider straight sections could be used to propagate
the mode over long distances; then an aggressive taper could be inserted to reduce the width to a narrower
single-mode section before bending the waveguide.

Fig. 3 shows the computed bending results for two MDW designs, and a rectangular dielectric waveguide
consisting of a core, n;, embedded in a cladding, ns, having a thickness, s = 300nm and a width narrow
enough to ensure single mode operation. One of our waveguide designs was chosen with a thickness of
s = 300nm and the other with a thicker core, s = 500nm in order to show the losses due to radiation into
parallel plate modes. These results were generated using the Method of Lines in cylindrical co-ordinates [9].
The design with the thicker core is outperformed by the dielectric waveguide, but our thin core design
shows better performance with a calculated insertion loss of only 0.61dB/90° at rq = 150nm, producing
substantially less loss than the dielectric waveguide at small rg. The computations do not go to rp = 0
because of numerical limitations but the insertion loss is expected to remain low for ry — 0 as the trend
suggests. The inset to Fig. 3 (a) shows a narrow region with increased loss at ro = 1.8um. Inspection of the
fields in this vicinity indicates that there is a resonance occurring, where optical energy is transfered into
the dielectric plugs. The low radiation loss in the plane of the waveguide confers other advantages such as
allowing short nonradiative tapers. This allows for a quick transition between wider low loss sections and
narrower single mode sections.

In Fig. 4 (a) the main TE field component of the Ef, mode is shown for a straight waveguide (rg = 00).
Figs 4 (b) and (c) shows the field distributions for the design with s = 300nm, bent at ro = 400 nm. No
radiation exists inside the parallel plate section; only a small amount of leakage occurs into single interface
SPP niodes at the upper/lower Au/n; interface, as apparent in (c), and into plane waves above and below the
metal claddings. (d) and (e) shows the field distribution of the F, and E, fields for the design with a thicker
core, s=500nm, indicating clearly that radiation is leaking into the af and s} modes of the parallel plate
waveguide. A transition loss is expected at the junction between straight and bent waveguide sections since
mode field deformation occurs as ry is reduced, as is apparent by comparing Fig. 4 (a) and (b). Computation
of the overlap integral between these two modes revealed that a ~300nm offset reduced the transition loss
to <1dB, as compared to 3.6dB with no offset.

In conclusion, we have introduced a long-range MDW capable of propagating along bends with smalil
radius of curvature. By removing most of the radiation channels, the waveguide can be bent with ry — 0
while having virtually no loss. Straight propagation is also possible with relatively low loss (1.23 dB/inm)

by flaring out the waveguide width. Electro-optic or optoelectronic functions could be integrated into the
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Fig. 3. (a) Insertion loss through a 90° bend and (b) effective index, Re{n.ss}, as a function of the radius
of curvature, ry. The black and blue curves represent metallo-dielectric waveguide with different core thick-
nesses, s, and the magenta curve represents a rectangular dielectric waveguide with thickness s and width

w, for comparison.

design as the metallic plates provide ideal noninvasive contacts.
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Fig. 4. Ef, Mode fields with the waveguide outline drawn in white. (a) Main transverse electric field E, for
a straight waveguide (w=1.7um, s=300nm, t=100nm, ro = o0). (b) E, and (c) E, for a bent waveguide
(w=1.7pm, s=300nm, t=100nm, r4=0.4um) having s such that all paralle! plate modes are cutoff except the
sy mode, which is guided to s=0. (d) E, and (e) E, for a bent waveguide (w=1.7pm, s=500um, t=100nm,
ro=5.15um) with s chosen such that the aj and s, modes are not cut off.
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Chapter 4

Radiation Suppressing

Metallo-Dielectric Optical

Waveguides

My contribution: Modelled the optical performance of the parallel-plate waveg-
uide, the non-radiative dielectric (NRD) waveguide and the new metallo-dielectric
waveguide (MDW) described in the previous chapter. Through 1D and 2D analyses
I attempted to optimize the NRD and MDW structures in order to compare their
performance. I generated all of the results in this paper and wrote the article with
revisions and ideas from Dr. Berini.

Preamble: This chapter looks at the design characteristics of the non-radiative
dielectric and metallo-dielectric waveguide. Each waveguide is compared against a
high-confinement dielectric waveguide to see if its low loss and low radiation bends

can be can be improved upon.
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Radiation Suppressing Metallo-Dielectric

Optical Waveguides

Robin Buckley, Student Member, IEEE, and Pierre Berini, Senior Member, IEEE, Member, OSA

Abstract

A theoretical study of the optical performance of the parallel-plate waveguide, the non-radiative dielectric (NRD)
waveguide and the recently proposed metallo-dielectric waveguide (MDW) is reported. One dimensional analysis is
used to gain insight into their operation, followed by full-wave 2D simulations of the waveguides in their straight
and curved form. The modes supported by the NRD waveguide appear to be spoiled by the excitation of SPPs along
the metal surface causing high propagation loss for the straight waveguide and mode deformation along radial bends,
as 7o — 0. The MDW shows promising results due to its ability for long-range propagation (~ 1.2dB/mm) and

low loss bends. The waveguide also has potential use in optoelectronic/electro-optic components due to the presence

of the metal plates.

Index Terms

Waveguide bends, nonradiative dielectric waveguides, modeling, optical waveguide theory, plasmons.

I. INTRODUCTION

One of the fundamental difficulties in creating optical systems or components lies in the simple notion of
redirecting optical energy. Dielectric waveguides can provide a nearly lossless means for mode confinement but
become radiative when bent aggressively, as rg — 0 [1]-[3]. One alternative is to use surface plasmon polariton
(SPP) waveguides which can be designed for aggressive bends. But this comes at the expense of increased
propagation loss due to the direct relation between confinement and attenuation [6], limiting SPP waveguides
to either be designed to support a long-range mode with low confinement which radiates when bent [7]-[16] or a

well confined mode with high attenuation which can be bent aggressively without radiating [17]-{22].
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Highly confined modes are achievable with the parallel-plate waveguide, which is an interesting structure in
and of itself. Its electromagnetic characteristics are well-known at microwave frequencies [23], where metals can
readily be modeled as perfect electric conductors (PECs). At optical wavelengths metals no longer resemble a PEC,
but rather have a negative real part of permittivity (Re{e, m} < 0). A TM polarized SPP is supported at a the
metal-dielectric interface [24]. At optical wavelengths the parallel plate waveguide supports a similar set of guided
modes [25], [26] although they are perturbed from the PEC solutions [23]. This parallel plate or gap waveguide has
been studied substantially [27]-[31] due to its ability for subwavelength confinement and high energy localization.

The parallel plate offers 1D confinement only, but variations thereof can provide confinement along the remaining
transverse dimension. The Non-Radiative Dielectric (NRD) waveguide for example, introduced for use at microwave
frequencies by Yoneyama and Nishida [32]-[35], provides 2D confinement. At microwave frequencies the NRD
retains the inherent low-loss characteristics of the dielectric waveguide while eliminating virtually all possible
radiation channels, making the waveguide ideal for sharp radial bends (ro — 0). Although at optical frequencies
this waveguide cannot be considered “dielectric” we retain the name herein for consistency with the literature.
Similar structures have been studied at optical frequencies with confinement being achieved through index guiding
limiting the beam divergence of the parallel plate [36], along with another design capable of guiding by means of
a low refractive index core [37]. Both of these structures exhibit high loss comparable to similar SPP waveguides
(eg.: [17]-[22]). Here we analyze the optical characteristics of the NRD structure as it was indented to function in
the fundamental quasi-TE mode (i.e.: as a NRD waveguide) with virtually all modes outside the core being cut off.
We also consider its bending characteristics.

A recently proposed Metallo-Dielectric Waveguide (MDW) [38] provides long-range propagation at optical
frequencies (~ 1.2dB/mm) while allowing for aggressive bends (r¢ — 0). Although these attributes are known
to co-exist in some photonic crystal structures [39], the MDW offers the advantages of ease of fabrication and
electrical contacts which could be used for optoelectronic/electro-optic functions.

In this paper we report a theoretical study of the parallel plate waveguide, the NRD waveguide and the MDW,
at optical frequencies. The parallel plate waveguide is studied first in order to gain insight into the design and
operation of the other two which both incorporate parallel plate sections. This is followed by a discussion of the
NRD and MDW structures individually, showing the loss associated with various designs along with the ability of

each structure to guide light around sharp radial bends, ro — 0.

II. 1-DIMENSIONAL ANALYSIS

A sketch of the parallel plate waveguide and of the main transverse electric field for numerous TE and TM
parallel plate waveguide modes are shown in Fig. 1. The refractive index of the dielectric core and the metal are

labeled np and n,, respectively with the parallel plates having a separation s. The field sketches are accurate for
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Fig. 1. Sketch of 1D parallel plate waveguide and of the first few modes supported therein. The main transverse electric field component is
shown for the TM and TE modes by the blue and purple curves respectively. The dielectric core, with refractive index np, has a thickness s
and metal claddings (n,,) above and below.

metals at optical frequencies (Re{e¢, ,,} < 0) which as a result causes the perpendicular electric field to change
sign between the dielectric and metal regions, as observed in the £, field of plasmonic TM modes. We analyze
parallel plate waveguides along with a dielectric slab since they represent 1D cuts through sections of the NRD
and MDW and will help better understand the guidance mechanism of these structures.

The waveguides were analyzed at a free space wavelength of Ap=1550 nm. The metal plates were modelled as

PECs and as a real metal. The effective index of the modes in the PEC case were calculated analytically using

nefr = v/(2mnp/Ao)? — (mm/s)2 /By [23] where m is the mode number, with m = 0 being the vertically polarized

TEM mode and m = 1,2, 3... being the index of the degenerate TE,, and TM,, modes. The effective index of the

single interface SPP, n.sy = /(n2, x n2,)/(n%, + n2,) [24), is also computed for reference. The real metal parallel
plate modes were calculated using the Transfer Matrix Method [40] with the metal plates being semi-infinite.

Fig. 2 shows the effect of the parallel plate waveguide’s core thickness, s, on the effective index and mode power
attenuation, which is given by M PA = —0.02log,o(e) 303 m(nesy) in dB/mm where Gy = 27/ )Aq is the free-space
phase constant, in rad/m, and the free-space wavelength in vacuum; e*7«* time dependence implied. Au was chosen
as the metal which has a relative permittivity of €, ,,, = —131.95 — 12.65: at Ag=1550nm [41]. Between the plates
is a dielectric core of index np = 2.1375, which is representative of Si3/N; and some electro-optic crystals such
as LiNbO3 and PLZT. We can see from Fig. 2 (a) that the TEM and s) modes remain guided as s — 0. Both
the TE; and ag mode have virtually the same cutoff thickness, s=321nm, while the degenerate TE; and TM; PEC
modes, which appear to follow the same trend, have a slightly larger cutoff thickness (s = Ag/2np) and a lower
effective index. A similar observation can be made about the relation between the s} and TE, modes with respect
to the TE; and TM» PEC modes. Fig. 2 (b) shows how the MPA changes as a function of 5, where only the real
metals are shown since there is no loss associated with the PEC modes (MPA = 0). The TM modes exhibil a higher
loss than its paired TE mode, which is a result of the larger field penetration into the metal experienced by the TM
modes.

To get of better understanding of the evolution of the real metal modes from the PEC modes we begin by
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Fig. 2. (a) Effective index and (b) propagation loss of the modes as a function of changing thickness s for a parallel plate waveguide consisting

of nmm-np-Nm, with Ny, =
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—131.95 — 12.65¢ and np = 2.1375. The green curves show the modes of a parallel plate with PECs for the
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Fig. 3. Evolution of real metal (blue and purple) to PEC (green) parallel plate modes as Re(er m) — —o0.

considering the Drude model which estimates the propertics of a metal [42], [43]. The rclative permittivity is given

by €rm(w) = 1 — wﬁ/(w2 — iw/T) where w, = \/4mne?/m, is the plasma frequency with e, m, and n being

the electron charge, electron rest mass and number of electrons per cubic centimeter respectively. The electron

density increases with conductivity implying that w, becomes oo for a PEC. The Drude model also assumes that

there is a probability that electrons will experience a collision every T seconds (or unit timne), which becomes less
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TABLE
RELATION BETWEEN REAL METAL AND PEC PARALLEL PLATE MODES

real metal PEC
sy = TEM
a), TE, = TM,, TE,
sy TE, = TM,, TE,
al, TE3 = TMs, TE;3

frequent in a good conductor, with 7 = oo for a PEC. Applying the PEC conditions yields Sm{e, ,,} — 0 and
Re{€pm} — —oo. In Fig. 3 we show the evolution of the first three parallel plate modes as the relative permittivity
changes from Re{e, ,})=-100 (typical of Au/Ag at A\o=1550 nm) to Re{e, m} — —oo. It shows the effective index
of the s,? mode converging to the TEM mode [26], [29], [30]. We also see the ag and TE, modes converge to the
TE; and TM; PEC modes. Similar evolutions are noticed with the higher order modes, some of which are shown
in Table I. Convergance of the TM modes occurs more slowly than its associated TE mode, which is no doubt a
result of the larger field penetration in the metal for the TM modes.

In Fig. 4 (a) we again show the effective index of parallel plate modes and their dependence on s but for another
dielectric core of index np=1.444. Trends remain similar to those made about Fig. 2, but cutoff thicknesses increase
with, for example, the ag and TE; modes now cutting off at s ~ 500nm. The attenuation associated with these
modes is lower for large s, however the propagation loss also begin to exponentially increase at larger separations.

Next we model a dielectric slab waveguide having an index profile ny-n,-ns, where ny = 2.1375 and np, =-1.444,
to show the dependence of the modes effective index on the core thickness s, see Fig. 5. Since the structure is
symmetric both the TE, and TM, mode families have the same cutoff thickness with the fundamental TE and TM
modes being supported to s — 0. Single mode operation for either of the orthogonal TEq and TMy modes occurs

for s < 492nm. These curves will be useful in the exploration of the NRD and MDW in the subsequent sections.

IIT. NON-RADIATIVE DIELECTRIC WAVEGUIDE

The NRD waveguide [32], shown in Fig. 6 in cylindrical co-ordinates, is made up of Au parallel plates of index
n,, separated by s. A core, of width w and index n; = 2.1375, is bounded by low index matcrial n; = 1.444 on
either side. The structure supports families of quasi-TE and TM modes. The fundamental TE and TM modes are
labeled £, and E7| respectively, adopting the nomenclature introduced by Marcatili [44]. In the following analysis
we are interested in the E7; mode only, which is commonly referred to as the LSM;, mode in microwave literature,

due to it’s low loss and non-radiative character. E'}| evolves from the parallel plate TE; mode by introducing lateral
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Fig. 4. (a) Effective index and (b) propagation loss of modes as a function of thickness s for a parallel plate waveguide consisting of
nm-np-nm. The green curves show the modes of a parallel plate with PECs, with nym = +/—131.95 — 12.65¢ and np = 1.444
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Fig. 5. Effective index of dielectric slab waveguide modes, ne-ni-nz, as a function of core thickness.

confinement which, in this case, is achieved placing lower index material next to the core and suppressing all modes
in this region. A NRD waveguide with PECs requires a thickness s < Ag/2n,; while a numerical solution can be
employed for the Au parallel plates at optical frequencies, as shown in Fig.4 (a) with the cutoff of the a) and
TE; being s ~ 500nm. We choose the core thickness to be s = 500nm because it offers the lowest attenuation

based on the materials used. NRD designs at microwave frequencies often have a dielectric core with air on either
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side, rather than a dielectric material. This is not easily conceivable at optical frequencies since it seems difficult
to fabricate. COMSOL [45] was used to model the straight waveguides, ry = oo, and the method of lines [9] for
bent structures, since both tools provide full wave electromagnetic modeling. The cylindrical coordinate system
will be used subsequently for all 2D structures with waveguide propagating along the + ¢-axis and following a

e 98sd = einessforo® dependency.

A. Straight Waveguide Analysis

Modal analysis is performed on two NRD waveguides both having a separation of s = 500nm. The influence of
the waveguide width on the effective index of the first two fundamental quasi-TE modes, EY, and Ef| at ry = oo,
is shown in Fig. 7. One of the waveguides is modeled with real metal properties and the other with PECs shown
by the black and green curves respectively. Insets to Fig. 7 (b) show E, and E, field components of the £{; mode
at various widths.

From Fig. 7 (a) it is noticed that the cutoff of the PEC modes is abrupt when compared to the real metal modes.
Below the cutoff width of the PEC modes there is a significant drop in the effective index of the real metal modes.
This same region also shows a sharp increase in the mode’s propagation loss, see Fig. 7 (b). Examination of the
fields in this region for the real metal case shows a transformation of their dominant TE character toward the
asymmetrically coupled surface plasmons between the upper and lower surface. The field distributions are similar
to the aj parallel plate mode which explains the increased propagation loss since at s = 500nm the mode has an
attenuation value that is several orders of magnitude higher than the TE; mode at s = 500nm, see Fig.2 (b).

When looking at the MPA for larger waveguide widths it is noticed that the loss reaches a minimum of ~165
dB/mm. Comparing this to the computed propagation loss in Fig. 2 of the TE; parallel plate mode we can see that
the loss at $=500nm is virtually the same as the NRD waveguide at large w. Results show that our NRD waveguide
exhibits losses that are too high for most practical use; one way to reduce the propagation loss without changing
the core material is to increase s, while still retaining its non-radiative ability. This could be achieved by using
a lower refractive index material, for the claddings (n5), hence increasing the cutoff width of the modes outside
the core and allowing for a larger s. If single mode operation is required then a minimum loss of ~60dB/mm (at
s = 683) could be reached for a waveguide with core n, as shown in Fig. 2 (b).

There are features in the MPA curves, especially for the Ef, mode near w ~ 4um and w ~ 6um, seen in
Fig. 7 (b). Similar to the rectangular dielectric waveguide the fundamental quasi-TE mode of the NRD has an
E. field component. The complication with the NRD waveguide is that the F. field exists at the corners of the
core, similar to the rectangular dielectric waveguide, only now (at optical wavelengths) the metal interfaces support

surface plasmons. Since adjacent corners have F, ficlds of opposite sign, asymmetric SPPs become coupled to the
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Fig. 6. NRD waveguide shown in cylindrical co-ordinates.

quasi-TE mode. Three pairs of field contour plots are shown for various waveguide widths, with the E, field shown
on top and E, on the bottom. One can see how the field is evolving across the feature located w ~ 4um. Notice
that there is always an even number of £, field peaks along the metal surface since it is necessary to maintain
adjacent E, fields of opposite sign as dictated by the symmetry of the E7, mode. As the waveguide becomes wider
pairs of additional positive and negative E, field peaks become allowed. When this occurs there is a transition
where little to no E, field exists at the corners and the mode begins to looses its TE character, as seen by the inset

at w = 3.98um resulting in a higher loss.

B. Bent Waveguide Analysis

The simulated bending results, shown in Fig. 8, give the insertion loss through a 90° bend along with the effective
index of the E7, mode for an NRD waveguide with w = 2.2um and s = 500nm. The width was chosen to support
single mode operation. The £%; mode is still slightly guided but is highly perturbed at this width due to strong
coupling to SPPs and is thus expected to have a low excitation efficiency and to attenuate quickly. Even thoﬁgh
the s) mode is supported to zero thickness the NRD waveguide is able to effectively suppress radiation, due to
orthogonality. In Fig. 8 (a) the insertion loss with changing radius of curvature, ry shows a trend that is different
from that of radiative lossy waveguides [9] whereby the IL normally decreases with ry until the waveguide begins
to radiate. In that situation the overall IL is dominated by propagation loss for large r; then as ro becomes small the
dominant loss mechanism shifts to radiation, resulting in an optimum radius of curvature, g o5 [9]. Since the NRD
never actually radiates the loss continues to decrease with the radius. The shape of the mode does however show
dramatic changes as ro — 0, losing its dominant TE character. This change can be seen from the field contours of
the S, component of the Poynting vector, shown as insets. For large ry the TE character is predominant, as seen
by Sy at ro = 45um, while the other two insets show that for rg < 154m more power is transfered to the SPPs

on the upper and lower surface.

September 17, 2008 DRAFT



n
eff
L]

600

500

400

300

MPA (dB/mm)

200

100

42

Fig. 7. (a) Effective index and (b) propagation loss of the E¥, and E;l modes as a function of core width for the straight (rg = oo) NRD

waveguide. Insets show the mode fields at w = 2.2, 3.98 and 4.5um, with the E, field component on top and E; on the bottom.
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Fig. 8. (a) insertion loss through a 90° bend and (b) effective index as a function of the radius of curvature for a single mode NRD waveguide

(5=500nm, w=2.2pum). Insets show the S, component of the pointing vector for rg=5, 8 and 45um.
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Fig. 9. MDW design shown ip cylindrical co-ordinates.

IV. METALLO-DIELECTRIC WAVEGUIDE

[n this section we describe some design possibilities for the MDW, which is shown in Fig. 9 in cylindrical co-
ordinates [38]. The waveguide consists of a dielectric core, ny = 2.1375, of thickness s and a dielectric cladding,
ny = 1.444, providing the vertical confinement through a step in index (ng < nj). Au Parallel plates of thickness
t and index n,, are located on either side of the core providing the mode with lateral confinement. High index
ny = 3.4757 dielectric plugs of width wy, were found to reduce the overall propagation loss when placed at the
edge of the metal. The lateral confinement imposed by this structure is similar in nature to a step in refractive index
only with confinement being assessed with respect to modes in the parallel plate waveguide rather than plane waves.
The fundamental mode of the MDW evolves from the TE, dielectric slab mode which has an effective index, Fig.5,
that remains above those of the TE and TM modes in the parallel plate waveguide, with np = 2.1375 seen in
Fig.2 (a), creating a form of confinement. Although the index of the s mode is above the TE, mode essentially
no coupling is expected due to orthogonality. Confinement is expected for any core thicknesses; however, if we
bring this thickness below the cutoff of the parallel plate modes (ie.: s < 300nm) the bending capabilities of the
waveguide could be greatly improved since essentially all radiation channels are suppressed, similar to the NRD

waveguide.

A. Straight Waveguide Analysis

Fig. 10 shows the dispersion of the Ef; and E%, modes with ry = oo as a function of the waveguide width. A
metal thickness of ¢t = 200nm and a plug width of wy, = 0.2um were used. Two core thicknesses are considered;
one with s = 300nm, where the parallel plate modes are cut off, and another with s = 500nm, where the a
and s} parallel plate waveguide modes are guided. The propagation loss drastically increases as the cutoff width is
approached, due to the mode fields closer proximity to the metal. The thicker waveguide has a lower attenuation
than the thinner one, although it lacks the non-radiative character as discussed further below. The inset in Fig. 10

(b) shows the low loss region of the waveguide, with propagation losses of ~ 2.37 dB/mm being achievable. If

the width is increased even more, to w = Sum, the even lower losses of ~ 1.2 dB/mm are reported [38]. The low
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Fig. 10. (a) Effective index and (b) propagation loss of the Ef 1 mode as a function of the core width, w, for the straight (ro = 0o) MDW.
Two design thicknesses, s = 300nm and s = 500nm, are considered, both with w, = 0.2um and ¢ = 200.

radiation character, discussed later, renders the advantage of allowing short tapers for quick transitions between
wider low loss and narrow single mode sections.

Fig.11 shows the dependence of the EY, modes’ (a) effective index and (b) propagation loss on the plug width,
wy. Two waveguide widths, w = 1.7um and w = 4um, and two thicknesses, s = 300nm and s = 500nm,
are considered. The high index dielectric plugs (np) have a dramatic effect on the attenuation of the fundamental
mode and when dimensioned properly the plugs are able to lower the propagation loss by more than an order of
magnitude, as shown in Fig. 11 (b). In the low loss region the dielectric plugs aid in repelling the ficlds away
from the metal. When the plug becomes too narrow the Ef; mode experiences direct contact with the with the
metal causing higher excitation of SPPs. At the other extreme, when the the plugs become too large they are
independently able to support their own guided modes. In this situation fields become confined within the plugs
themselves causing higher field concentration to the edge of the metal. This is attributed to the increase in both the
loss and effective index for w, > 0.25um. 1D analysis of a slab consisting of n,,, — n, — n; (i.e. horizontal cut
along the plug) verifies the existence of this TM; plug mode which has a cutoff of wpy = 0.22um. The loss of this
1D mode drastically increases to ~245dB/mm for w,=0.3 pm, however the plug mode supported by the MDW is
significantly less confined than the 1D mode due to the finite thickness.

Insets are used to illustrate the effect of the plug by showing the F, field component for wy = 0.020, 0.2 and
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Fig. 11. (a) Effective index and (b) propagation loss of the Ef| and Ef, modes as a function of plug width, w,, for the straight (ro = 00)
MDW. Two design thicknesses, s = 300nm and s = 500nm, are considered, with ¢t = 200nm and w = 1.7um. The E; field component is
shown in inset for select plug widths (wy = 20, 200 and 400nm) of the s =300nm ¢ =200nm w =1.7pum waveguide.

0.4pm. The E, field associated with the design having large plugs looks like four coupled plug modes rather than
a single TE mode. The E, fields of the other two modes have an apparent single TE mode character in the center

of the waveguide with the wp, = 0.2um waveguide showing a minimized fields localized at the edge of the metal.

B. Bent Waveguide Analysis

Simulated bending results are shown in Fig. 12 for a number of MDW designs along with a comparable, high
confinement, single mode dielectric waveguide for comparison. The dielectric waveguide has a thickness s = 300nm
and width w = 800nm, with a core and cladding index of n; and n, respectively. The best performance is seen
by the MDW design with s = 300nm and ¢ = 100nm which produces even better bending characteristics than the
rectangular dielectric waveguide at small ry. The design is capable of producing a calculated insertion loss of only
0.61dB/mm at ro = 150nm. Numerical limitations restricted ro from rcaching zero but it is expected that the IL
will continue to decrease as ro — 0, as the trend suggests. At tight radii this mode has a small amount of leakage
into single interface SPPs on the upper and lower surfaces of the metal plates [38]. Fig. 12 (a) and (e) shows that
there are regions where the IL and n.s; curves are not smooth with changing ro. A magnification of these regions

is shown in Fig. 12 (b), (¢) and (d). Inspection of the ficlds shows that there is a resonance occurring where the
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Fig. 12. (a) Insertion loss through a 90° bend and (e) effective index as a function of the radius of curvature for various MDW designs along
with a single mode dielectric waveguide. Structures with ¢=100nm and ¢t=200nm are represented by the line style ‘“—" and by ‘-’ respectively.

optical energy is transferred to the dielectric plugs. In the case of ¢ = 200 there are actually two separate modes
that exist, one becoming cut off as ry increases and the other as ry decreases, see Fig. 12 (d). The fundamental
TE character remains the same for both these modes away from cutoff but there is a slight difference in the fields
inside the plug.

The importance of the plugs is illustrated by the MDW with w, = 0. As mentioned before this straight waveguide
(ro = oo) has strong field localization at the edge of the metal. This is only made worse as ry decreases. Observation
of the mode fields reveals radiation into single interface SPP is near ro = 20um. At approximately rq = 9ym the IL
begins to decrease again and through evaluation of the fields it was noticed that there is a large field concentration

along the inner metal edges, which form asymmetrically coupled corner SPPs between the upper and lower metal
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Fig. 13. Coupling loss between a straight (rg=0c) and bent (ro=0.4um) MDW as a function of the lateral offset Az. Both waveguides are
dimensioned with w=1.7um, wy=0.2pum, s=300nm, t=100nm. The inset is a top view of the straight and bend waveguide illustrating the +
offset.

plate. This phenomenon is believed to be the cause of the decrease in n sy observed Fig. 12 (e), based on the fact
that the coupled comer modes have fields that resemble the af slab mode, which has subwavelength characteristics
near cutoff. Two MDW designs with a thicker core, one with t = 100nm and the other ¢ = 200nm, are also shown.
Both of these designs support a guided mode as rg decreases and show less radiation than expected, despite coupling
into the af and s} modes of the parallel plate at the outer edge. Field plots can be seen in Fig. (d) and (e) from
[38] of the E¥| mode, for the waveguide dimensioned w = 1.7um s = 300nm and t = 100nm at rg = 5.15um,
clearly radiating into the aj and s; modes.

Finally since there is usually deformation of the bent waveguide modes an estimate of the coupling loss is
calculated by computing the overlap integral between the main TE field component, Ep, of the straight ro = oo
and bent 7o = 0.4um waveguide, designed with w = 1.7um, s = 300nm, w, = 0.2um and t = 100nm.
Fig.13 shows the coupling loss as a function of the lateral offset Az, with the bottom-right inset showing the two
waveguides in top view illustrating the positive and negative offset. The inset in the center of the figure shows the
E, field component of both the bent (top) and straight (bottom) waveguides. Results show that a slight offset of

Az ~ ~300nm reduces the transitin loss to <1dB as compared to 3.6dB with no offset.

V. CONCLUSION

In summary, we have modeled and shown the theoretical bending characteristics of both the NRD and MDW.
From the 1D analysis, which was primarily used as an aid in the 2D waveguide design, we were able to show the
relation between the modes that exist in a parallel plate waveguide with real metal and PEC, at optical frequencies.

The analysis of the NRD waveguide showed that although the structure is able to support a non-radiative and low
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loss mode at microwave frequencies, these properties are not carried over at optical wavelengths; The waveguide
exhibits high losses of ~ 165 dB/mm and experiences significant ficld deformation when bent aggressively.
Encouraging results are obtained for the MDW. We were able to show that long-range propagation, ~ 1.2dB/mm,
is possible through careful dimensioning of the dielectric plugs and waveguide width. The Ef, mode is also able
to undergo low loss 90° radial bends as ry — 0, while retaining its fundamental TE character. These attributes
along with the possibility for optoelectronic/electro-optic functions make this structure interesting and worth further

investigation.
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Chapter 5

Conclusion

5.1 Thesis contributions

Variations of the plasmonic metal stripe were analyzed and compared based on figures
of merit. Results show that even for 2D plasmonic waveguides there is a strong
link between attenuation and confinement, whereby one is limited to a waveguide
with either low loss and low confinement or with high loss and high confinement.
Through analysis of gold, silver and aluminum stripes over a wavelength range about
the visible spectruin optimum wavelengths of operation were found for each of the
metals, with aluminum performing better below visible, silver possibly being better
in the visible through to the infrared and gold showing slightly better performance
over silver further into the infrared spectrum.

The parallel plate analysis, which was primarily used as an aid in the 2D waveguide
design, revealed the relation between the modes supported by the real metal and
perfect electric conductors (PECs) through manipulation of the Drude model to see
how the metal properties change as the material becomes more like a PEC.

The NRD waveguide has the ability to suppress radiation; however, when operat-
ing at optical wavelengths the fundamental mode experiences large propagation loss
due to the excitation of SPPs. These plasmons also cause the mode to become highly
deformed, and essentially unusable, when bent aggressively. Many of the key features

that the waveguide has at microwave frequencies appear to be lost when resealed for



optical use.

The newly introduced MDW, on the other hand, has the ability to suppress ra-
diation through aggressive bends, as ry — 0, while maintaining it’s fundamental TE
character. Low loss propagation can be achieved by flaring the waveguide out to a
larger width. The metal contacts also make the waveguide a candidate for use in

optoelectronic/electro-optical devices.

5.2 Suggestions for future work

Although rigorous simulations have been performed on the MDW their performance
has not been experimentally verified as of yet. It would seem logical to next have
the waveguides manufactured for testing. It would be interesting use electro-optic
crystals when building the waveguides in order to test the electro-optic abilities as
well.

One could also foresee additional simulation work in order to optimize either of
the NRD or MDW waveguides. Since both waveguides have many parameters there

is a large design space that needs to be looked at.



Appendix A

On the convergence and accuracy
of mode computations of surface

plasmon waveguides

My contribution: For this paper I supplied convergence results based on COMSOL
simulations, along with bent waveguide results using the method of lines, and created
the figures from my results. Other results were generated by Dr. Berini and the paper
was written by him. This paper has been accepted for publication in the Journal of

Computational and Theoretical Nanoscience.



On the convergence and accuracy of mode computations of surface plasmon waveguides
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Abstract

Two-dimensional surface plasmon-polariton waveguides must generally be analysed using
numerical methods. However, accurate analysis is challenging due to large permittivity contrasts and to
strong localisation of mode fields, especially near corners where they tend to diverge. These difficulties
impact the convergence of numerical methods, yet understanding convergence is essential if accuracy is to
be claimed. The convergence and accuracy of two vectorial numerical methods commonly used, the
method of lines and the finite element method, were assessed by computing the propagation constant of
modes supported by the metal slab, the metal stripe and the 90° metal corner. A discretisation strategy that
yields smooth monotonic convergence is demonstrated for both methods. More accurate results are then
extrapolated from the convergence histories and anticipated errors (relative to extrapolated results) are
computed. Both methods yield similar anticipated errors for a comparable discretisation spacing, with the
finite element method yielding slightly lower errors but the method of lines requiring less computational
effort. Convergence was slower for highly confined modes, particularly those having fields localised near
corners. Convergence to within an anticipated error of +2% was readily achieved with both methods,
except for the attenuation of modes that are highly localised to corners which remained in error by 10 to
20%. However, the percentage difference between the extrapolated results computed from both methods
ranged from 3.75 to 0.012%. The convergence and accuracy of the methods of lines for curves was also
investigated, and it was found that the absorbing boundary condition used along the radiating side of the

curve introduces errors that can further limit the accuracy of the computations.
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1. Introduction

The surface plasmon-polariton (SPP)' is a TM-polarised surface wave propagating typically, but
not exclusively, along the interface between optically semi-infinite metal and dielectric regions at optical
wavelengths. This simple waveguide structure, henceforth referred to as the “single-interface”, provides 1D
field confinement in the direction perpendicular to the interface, with mode fields peaking at the interface
and decaying exponentially away, and propagation occurring in the plane of the interface. Confinement
(non-radiative, purely bound) of the SPP to the interface depends on having different signs for the real part
of the permittivity of the media on either side. For dielectrics, the real part of permittivity is normally
positive (away from resonances), and for most metals, the real part of permittivity is normally negative
(below the plasma frequency).

Various SPP-supporting structures based on metal films, stripes, particles, or other geometries
such as apertures in metal films, have been studied over time®”, exhibiting interesting and potentially useful
properties, such as a high surface sensitivity, sharp resonances, strong dispersion, sub-wavelength
confinement, and transmission through sub-wavelength apertures. SPP waveguides represent an important
subset of such structures, generally constituted of a structured or patterned metal layer(s) bounded by
dielectric(s), often comprising optically-coupled metal-dielectric interfaces and/or metal corners. Given that
a single metal-dielectric interface supports an SPP, then even the simplest structures, such as a thin metal
stripe, have a rich mode spectrum that can evolve in a complex manner with geometrical parameters,
materials, and operating wavelength.

1D SPP waveguides, described by only one transverse dimension, and consisting of piece-wise
continuous metal and dielectric regions, can be analysed analytically, in the sense that their cross-sectional
domain not need be discretised. The SPP of the single-interface, for instance, is described mathematically
in closed form', three-layer structures, such as the metal film bounded by dielectrics® or the dielectric film
bounded by metals’, are also easily handled analytically yielding a dispersion (transcendental) equation,
and structures involving many (more than three) layers leads naturally to the transfer matrix method®,
which is an analytical technique also yielding a dispersion equation. The analysis of such waveguides can
be viewed as generating “exact” results, within the accuracy with which the roots of the dispersion equation
are obtained, or within the accuracy of the numerical representation used by the computer.

In contrast, 2D SPP waveguides, described by two transverse dimensions, cannot be handled
analytically. A numerical method, involving discretisation in the transverse domain must be applied to
determine the modes. Many SPP waveguides have been analysed using a few popular numerical methods,
principally the method of lines (MoL), the finite-element method (FEM), the finite-difference method
(FDM), and the finite-difference time-domain (FDTD) method. For example, the rectangular cross-section
metal stripe’>* has been analysed using the MoL™'*"*%_ the FEM'"!%17192L.2233 a1 the FDM'21515% and
the square cross-section metal stripe”*** has been analysed using the MoL** and the FEM?*’. The metal
channel (V-channel or V-groove)®®™ has been analysed using a Green’s function approach®, the FDTD*"

2 the multiple multipole method (MMP)*, and the FEM™. The metal trench (slot or U-channel)*'**, has
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been analysed using the FDM>'**** and the FDTD****. The metal wedge (corner)’******° has been
analysed using the MoL"?, the FDTD*"** the MMP** and the FEM™. A few studies of bend modes along
the metal stripe have also been reported”>**'**! using the MoL*** and the FEM"**",

Regardless of the numerical method used, the convergence of the results with respect to the
discretisation scheme applied must be well-understood in order to claim accuracy in the computations. It is
generally expected that modal results presented in the literature should be sufficiently accurate (and
converged) to allow operating principles to be understood and conclusions drawn, and to allow
comparisons with (dis)similar structures in the literature. Indeed, many authors state having assessed the
convergence of their method, and some estimate the accuracy of their results. However, detailed
convergence and accuracy studies have yet to be reported in the broad literature for any of the methods
used to date to analyse 2D SPP waveguides. It seems important to do so at this time, given the ongoing
vigorous research activity occurring within this field.

Thus, we report and compare in this paper the convergence and accuracy of two methods
commonly employed to analyse 2D SPP waveguides, the MoL and the FEM, by applying both methods to a
few important structures, including the metal slab, the metal stripe and the 90° metal comer. Additionally,

we assess the convergence and accuracy of the MoL for curves via application to the curved metal stripe.

2. Waveguides and methods
2.1 Waveguides

Fig. 1 gives sketches of the SPP waveguides used to assess the convergence and accuracy of the
numerical methods. Fig. 1(a) depicts a metal stripe of width w, thickness ¢ and permittivity £2, embedded in
an optically infinite homogeneous dielectric of permittivity £;. Fig. 1(b) shows an isolated 90° metal corner
(£2) bounded by a conformal and optically large homogeneous dielectric (&7). The comner is obtained from ‘
the stripe of Fig. 1(a) by letting w, r —> c. The Cartesian coordinate system used for the analysis is also
sketched on both figures. Figs. 1(c) and (d) depict in cross-sectional and top views, a metal stripe, such as
that of Fig. 1(a), but curved at a radius of curvature r, in the plane of the stripe. This structure is described
and analysed in cylindrical coordinates, also sketched on these figures.

An e time dependence is assumed throughout. In the case of the straight structures of Figs. 1(a)
and (b), the modes propagate in the +z direction according to €=, The complex propagation constant y,
expands as 3, = a + jff where @ and f are the attenuation and phase constants, respectively. The normalised

propagation constant is given by . /£, = a /S + jf /5 where Sy = 21 /1y = aVc, is the phase constant of

plane waves in vacuum, 4, the wavelength in vacuum, and ¢, the speed of light in vacuum. The relative
permittivity of the metal expands into real and imaginary parts as &> = -& - j&. In the case of the curved

structure of Figs. 1(c) and (d), the modes propagate in the +¢ direction according to ¢’# where Vo= ayt

1P
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The structures depicted in Fig. 1 were selected because the metal stripe (Figs. 1(a), (¢) and (d)) is
of current interest, and the metal corner (Fig. 1(b)), being more generic, is a constituent part of the stripe
but also of interest as a waveguide in its own right (i.e.: as a wedge waveguide).

Modelling SPP waveguides in general, and those of Fig. 1 in particular, raises serious challenges
in that: (i) a large difference between the permittivities of the metal and the surrounding dielectric exists
(typically, & ~ 10 to 100 and ¢, , ~ 2); (ii) losses should not be ignored (& ~ 10); (iii) structures having a
large aspect ratio or divergent cross-sectional dimensions are often of interest (e.g.: w >> ¢ for the metal
stripe); (iv) some mode field components appear to diverge near metal corners; and (v) some modes are
highly localised to the metal/dielectric interfaces, whereas (vi) other modes spread over a large area,
sometimes in the same waveguide (e.g.: metal stripe with small ¢). These modelling difficulties further

motivate the need for the present study.

2.2 Mol

The MoL formulated in rectangular coordinates*'™*

was used for modelling the straight
waveguides (Figs. 1(a) and (b)). The underlying principle in the MoL is to discretise M-1 dimensions of an
M-dimensional domain, and to apply analytic solutions along the remaining dimension. For a 2D domain
such as a waveguide cross-section, a 1D discretisation only is applied, with the fields determined
analytically along the remaining dimension. The MoL is therefore an accurate and efficient numerical
technique due to the analytic forms embedded in the method. It is also fully vectorial, yielding, if desired,
the distribution of a mode’s six field components over the waveguide cross-section. The specific MoL
scheme applied here is described in Ref. 43, simplified for isotropic media as described in Refs. 8 and 44,
yielding essentially the same formulation as described in Ref. 41 for dielectric waveguides.

Fig. 2(a) gives a typical MoL discretisation. Regions I and III are discretised using a non-
equidistant line spacing, increasing geometrically as the lateral boundaries are approached. Region Il is
discretised using an equidistant line spacing, with the distance between successive H or E lines set to Ay ip,
the minimum spacing in the scheme. The lateral boundary conditions are shown here as magnetic walls
(mw’s) and the top and bottom boundary conditions as electric walls (ew’s). The E,, H, and H, field
components are known on the H line system, whereas the H,, E, and E, fields are known on the E line
system.

Open structures are modelled by placing both (or either) of the top and bottom boundaries of the
domain at infinity (mathematically in the analytic forms), and by placing both (or either) of the lateral
boundaries far away from the mode, or by using lateral absorbing boundary conditions, based, for example,
on the one-wave wave equation®. Handling open structures properly is essential if weakly guiding
structures or cut-off conditions are to be handled accurately.

39 was used for modelling the curved waveguides,

The MoL formulated in cylindrical coordinates
with the analytic forms applied along the z axis, and the spatial discretisation taken along the p axis (Figs.

1(c) and (d)) in a scheme that is similar to that depicted in Fig. 2(a) except that it is equidistant throughout.

57



An absorbing boundary condition*>*’, positioned on the radiating side of the bend (right side in Fig. 1 (c))
is required and used. The MoL for bends is also fully vectorial, providing the same computational
advantages as the MoL for straight waveguides. The MoL for bends can also model straight waveguides by
letting ry — .

The MoL is well-suited to the divergent dimensional scales present in many SPP waveguides, as
the analytic forms are applied along the vertical axis, over features that are often nanometric in scale, and
the discretisation is taken along the horizontal axis, over features that are often larger, for instance,

micrometric in scale.

2.3 FEM

The straight waveguides are also modelled using a fully vectorial finite element method (FEM)
available commercially*. In the FEM, both dimensions of the waveguide cross-section are discretised, so
the method requires more computational effort to achieve accuracies comparable to the MoL. (Similar
comments would apply to the application of the FDM).

Fig. 2(b) shows a portion of an example FEM discretisation scheme applied to the metal stripe of
Fig. 1(a). The mesh is roughly uniform within the metal, and in the dielectric region near the metal, with
the minimum spacing between nodes Ay, being approximately constant over these regions. The lateral
boundary condition is shown here as a magnetic wall (mw) and the bottom boundary condition as an
electric wall (ew). The inset shows the right edge of the metal stripe in expanded view. Fig. 2(c) shows a

refinement of the mesh depicted in Fig. 2(b), reducing the spacing between nodes by about half.

2.4 Extrapolation

Computations are expected to converge to more accurate values as A, decreases as long as round-
off errors do not become significant. The full convergence history of a computation is useful in that it can
be used to guess a more accurate value by extrapolation, and to infer the accuracy of the computation.

Richardson’s recursive extrapolation formula®’:

2°F \h . )-E_(2h
Ep(hm,»n)= p—l( m;l?_lp—l( mm) (l)

conveniently makes use of a series of initial computations E, obtained with a series of discretisations

generated by successively halving 4,,,. Extrapolation to the p" level is possible for a series of p+1
computations.

The reliability of the cxtrapolation increases if the results converge smoothly (preferably
monotonically) with decreasing A,,,. It is known that the Mol converges monotonically with decreasing A,
in the case of an equidistant discretisation®'. As will be apparent from the results given in the following
sections, the convergence is also essentially monotonic for both the MoL and the FEM with non-equidistant

discretisations, as long as the discretisation remains approximately equidistant (or uniform) over the area
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where the mode fields are significant. This is the rationale for using discretisations such as those given in

Fig. 2.

3, Metal slab

We consider first the metal slab, obtained from Fig. 1(a) by setting w = o0. This waveguide
supports two purely bound SPP modes, denoted s, and a,, having symmetric and asymmetric distributions
along y for their E, field component, respectively®. The confinement and attenuation of the s, mode
decrease with decreasing ¢, whereas the opposite holds for the a, mode with decreasing 7. At small ¢ the
modes are therefore often referred to as the long-range SPP (LRSPP) and short-range SPP (SRSPP),
respectively.

The modes in this 1D structure exhibit no variation over x so exact results (in the sense described
in the introduction) can be obtained either by solving the transcendental equations for the modes®, by
applying the transfer matrix method®, or by applying the MoL which also yields exact results for 1D
structures when they are described along the analytic dimension (i.e.: along y in Fig. 2(a)). The exact
results, once generated can be used as a basis of comparison.

Figs. 3(a) and (b) give the (exact) normalised attenuation and effective index of the sp and ap

modes in the metal slab (w = ) computed using the MoL, for 49 = 633 nm, &- ; =4 and & 2 = -19-j0.53,

as a function of ¢. The permittivities selected originate from Refs. 4 and 8, and are representative of Si;Ny
and Ag, respectively. For reference, the distribution of the normalised Re{Ey} of the ap and 5, modes for ¢
= 100 nm are shown as the top and bottom insets in Fig. 3(a), respectively.

The metal slab was then rotated 90° such that the line system of the MoL ran across its thickness.
In this orientation, the MoL no longer yields exact results but rather exhibits convergence with decreasing
A Half symmetry was exploited via the left boundary, and the top and bottom boundaries were placed at
infinity. Regions [ and II were equidistant (Fig. 2(a)), and Region III, which began at a distance of #/2
beyond the metal, was non-equidistant with a geometric expansion parameter of 1.15 used to position the
right boundary far from the mode.

Figs. 4(a) and (b) give the normalised attenuation and effective index of the sp and ap modes for ¢
= [00 nm, computed in this manner, as a function of A,. Exact values from Fig. 3 are plotted at ;5 = 0.
The percentage errors relative to the exact values are plotted in Fig. 4(c). As noted from this figure,
convergence to an error of better than +0.1% is readily achieved for 4,,, = 1.4 nm, obtained with 35 lines
over #/2 and a total of about 100 lines. This bodes well for modeling 2D SPP waveguides, which have mode
fields that do vary over x, and thus over the line system.

Figs. 5(a) and (b) give the normalised attenuation and effective index of the sp and ap modes of
the same metal slab as a function of discretisation, but computed using the FEM, exploiting half symmetry.

Again, exact values from Fig. 3 are plotted at &,,;, = 0, and the percentage errors relative to the exact

values are plotted in Fig. 5(c). Convergence to an error of better than £0.001% occurs very rapidly, with a
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discretisation as coarse as A,,,, = 10 nm. The errors are lower than those plotted in Fig. 4(c) for the rotated
structure analysed with the MoL, but it is emphasized that the results obtained with the MoL for the un-
rotated structure (Fig. 3) are exact. Nevertheless, readily achieving errors as low as this bodes very well for

modeling 2D SPP waveguides with the FEM.

4. Metal stripe

We consider now the metal stripe depicted in Fig. 1(a). In general, the metal stripe supports
numerous purely bound SPP modes’*, each having a characteristic E, field distribution along x, and either a
symmetric or an asymmetric distribution along y. Four fundamental modes exist, one for each quarter
symmetry, as well as higher order modes which appear as w increases. All six field components are present
in all modes, although many are primarily TM in character for w >>¢. At small ¢, the modes can be
classified as LRSPPs or SRSPPs, following the metal slab (w = o). (It should be noted that the modes
become significantly more complex in an asymmetric metal stripe, where the permittivity above the stripe
differs from that below”'°.).

Figs. 6(a) and (b) give the normalised attenuation and effective index of three modes, the ssp0,

ssp! and sap? modes®, for w= 1 pm, A9 = 633 nm, &1 =4 and &2 =-19-j0.53 as a function of ¢. The
computations were performed using the MoL exploiting quarter symmetry and using two discretisations
(hmin = 10 and 5 nm), with Regions I and II being equidistant and Region III being non-equidistant
(geometric expansion parameter of 1.12). Curves extrapolated from these results using Eq. (1) are also
plotted. For the purpose of discussion, Fig. 7 shows the distribution of the normalised Re{Ey,} of these

modes in this waveguide for = 100 nm, as computed using the MoL with A, = 10 nm. The ssp? and

sap¥ modes are fundamental, and the ssp/ mode is the first higher order mode exhibiting £ y field

symmetry along y. These modes are representative of others supported by this structure which are either
highly localised to the metal corners and edges or distributed over a larger area. The convergence

characteristics of these three modes are therefore representative of other modes in the stripe.

From Fig. 6, it is noted that the results for the ssp0 and sap? modes converge slowly and similarly

at large 7 (> 75 nm), but not at small 7 where convergence of the ssp? mode occurs much more rapidly with

all three curves overlapping almost perfectly for # < 50 nm. At large 1, both modes are highly localised to

the metal corners, as shown in Figs. 7(a) and (c), so convergence is slower. This localisation persists with
decreasing ¢ for the sa},o mode, but not for ss},o mode which becomes less localised with decreasing .
Indeed, at small ¢, the ssbo mode is long-range and less confined, having mode fields that cover a large
cross-sectional area®.

Similarly, rapid convergence occurs for the ssbl mode, given its field distribution (Fig. 7(b)).

However, this mode cuts-off at small 7, which challenges the discretisation differently, in that it must

remain dense enough near the stripe to accurately capture sharp field variations at large ¢, yet allow the
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mode its full expansion as ¢ decreases. This latter point is especially important if the cut-off thickness is to
be determined accurately. Given that a mode at cut-off expands infinitely into the dielectric, then the

boundaries must be positioned at or near infinity or absorbing boundaries must be used.

As wand ¢ increase, the ssp? and sabo modes (and the other two fundamental modes®, asp? and

aap?) evolve into the mode of an isolated 90° corner®. To illustrate this, we plot on Fig. 6 the results
computed for the corresponding comer (using similar discretisations) on the right limit of the graphs, and
zoom in on these regions in inset. The ssp¥ and sap? modes are noted to approach the corresponding values
for the comner at each discretisation, but the width and thickness of the stripe here (w =1 um, = 200 nm)
are such that come coupling between the corners remain, so the curves do not align perfectly with the
corresponding comer results. (The comer is discussed in greater detail in the next section.)

Figs. 8(a) and (b) plot the normalised attenuation and effective index of the ssp? and ssp! modes
for t = 100 nm as a function of discretisation, capturing the convergence of a highly localized mode (ssp0,

Fig. 7(a)) and of one that has fields distributed over a larger area (ssb1 , Fig. 7(b)). The computations were
performed using the MoL, exploiting quarter symmetry, with Regions I and II being equidistant and Region
III being non-equidistant (geometric expansion parameter of 1.12) and starting ~0.1 pm from the right edge
of the metal stripe. The FEM was also used, exploiting quarter symmetry, with approximately equidistant
(uniform) meshes in the region of the stripe (e.g.: Figs. 2(b) and (c)). The extrapolated values, plotted at
hmin =0, were computed via Eq. (1) using results obtained with discretisations that were successively
halved. Figs. 8(c) and (d) plot the percentage errors relative to the extrapolated values for the MoL and
FEM, respectively. These errors should be regarded as anticipated errors rather than actual errors since
they are relative to extrapolated values.

The convergence of both methods is smooth because the discretisations remain approximately
equidistant over most of the mode area (as argued in Sub-section 2.4). The extrapolated values are all
credible. The ss55? mode converges more slowly than the ssp/ mode due to greater field localization near
the comers for the former. The normalised attenuation converges more slowly than the effective index for
both modes and both methods. Both the MoL and the FEM converge to similar anticipated errors for a

comparable h,,;,, with slightly lower errors observed for the FEM. Convergence to within £2% is achieved
with both methods for A,,;,, = S nm, except for the normalised attenuation of the ssbo mode, which remains

in error by about 20% and 10% for the MoL and FEM, respectively. The numerical effort required to
compute these results is lower for the MoL than for the FEM, but is quite managcable in both cases using

recent model personal computers.
Table 1 summarises the extrapolated normalised attenuation and effective index of the ss,” and ss,’

modes plotted at 4,,;, = 0 in Figs. 8(a) and (b). The percentage difference (relative to the MoL) is quite
small, except for the normalised attenuation of the ssbo, which is not as well converged (as mentioned

above).
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The results marked by the filled symbols in Figs. 8(a)-(c) were computed for the ssp0 mode by

rotating the same metal stripe by 900 relative to the MoL discretisation scheme such that the lines ran
across its thickness. Quarter symmetry was exploited, the discretisation design was similar to that of the
other orientation, and A,,, was set to 2 nm. The results are well-aligned with the convergence curves as
observed, suggesting that analyzing the stripe in either orientation yields essentially the same accuracy.
However, only 66 lines were needed to model the stripe in this orientation compared to 210 lines for the

most accurate case in the other orientation (A, = 3 nm), resulting in significantly less numerical effort.

5. Metal corner

We consider now the 90° metal corner depicted in Fig. 1(b). The metal corner supports one purely
bound SPP mode, having mode fields that are localised at the corner and that decay exponentially away in
all directions. All six field components are present in the mode, and the main transverse electric field
components, E, and E,, are equally important (same peak values), so the mode is not TM in character. The
mode satisfies magnetic wall symmetry along the plane running through the apex at 45° from the
horizontal.

In the case of the MoL, the corner was positioned in the centre of the equidistant Region II (Fig.
2(a)), with non-equidistant Regions I and 1II starting 0.2 um away from the corner on either side (geometric
expansion parameter of 1.12). In the case of the FEM, the discretisations were approximately uniform near
the comer and along the edges in the immediate vicinity of the mode. The corner was not rounded.

Fig. 9 shows the normalised Re{Ey} of the comer mode for 49 =633 nm, &2 = -19-j0.53 and
&, ] ranging from 1 to 4 computed using the MoL with hyyj, = 10 nm. The mode is observed to become
more localised to the corer as &  increases (all other variables and the discretisation remaining constant).

Fig. 10 shows the normalised attenuation and effective index of the mode as a function of
discretisation for the same values of & ;. The computations were performed using the MoL and the FEM.
The extrapolated values, plotted at /y,;, = 0, were computed via Eq. (1). The convergence is smooth in all
cases (although not monotonic for the MoL in Fig. 10(b) because the mode fields remain significant in the
non-equidistant regions in this case - see Fig. 9(a)). The extrapolated values are all credible, and they agree
reasonably well for both methods.

Figs. 11(a)-(b) and 11(c)-(d) plot the associated percentage errors relative to the extrapolated

values (i.e.: the anticipated errors) for the MoL and FEM, respectively. For both methods, the results

converge more slowly as ¢, / increases, duc to the increasing localisation of the mode to the comer, as

noted earlier. The normalised attenuation converges more slowly than the effective index for both methods.
Both the MoL and the FEM converge to similar anticipated errors for a comparable 4,,,, with slightly lower

errors observed for the FEM. For & j = 4 (worse case), convergence of the effective index to better than

+2% is achieved with both methods for 4,,, = S nm, but the normalised attenuation remains in error by
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about 20% and 10% for the MoL and FEM, respectively. The numerical effort required to compute these
results is lower for the MoL than for the FEM, but is manageable in both cases.

The precise behaviour of electrodynamic fields scattered by a dielectric wedge, very near the edge
of the wedge, remains the subject of ongoing research (e.g.: Ref. 48 and references therein). However, it is
apparent from studies conducted to date that the transverse electric and magnetic fields diverge near the
edge of the wedge, but that the longitudinal fields remain finite*. One could then surmise that the
transverse SPP mode fields supported by a 90° metal corner should also diverge as the corner is
approached, a hypothesis that is further encouraged (but not verified) by the field distributions of Figs. 7
and 9. Field divergence near corners causes slow convergence in the computation of modes in dielectric
waveguides, especially for strongly guiding structures®. This point is consistent with this study, in that the
slowest convergence occurred for the most strongly guided modes (e.g.: the SPP on the metal comner
bounded by a dielectric of & j = 4). It is noteworthy, however, that (i) both numerical methods converge,
(ii) that they converge to very similar extrapolated propagation constants (Figs. 10), and (iii) that the
extrapolated values are approached from opposite directions, from the top for the MoL and from the bottom
for the FEM, essentially “cornering” the values. So even if the transverse fields diverge near the corner,
convergence of mode computations, although slow, evidently still occurs. This is sensible considering that
the fields might diverge according to a similar power law as dielectric comers*, limiting the divergence to
an area considerably smaller than the mode size. The rate of convergence also depends on the angle of the
metal corner (90° here), so convergence studies should be undertaken for other angles, for example,

pertaining to the metal channel or wedge.

6. Curved metal stripe

We consider now the curved metal stripe depicted in Figs. 1(c)-(d). As outlined in Sub-section 2.2,
the structure was analysed using the MoL for curves formulated in cylindrical coordinates, using an
equidistant discretisation along p and an absorbing boundary condition based on the one-way wave
equation on the right boundary. The left boundary was positioned far from the stripe and the top and bottom
boundaries were placed at infinity (mathematically, in the analytic forms applied along z).

Figs. 12(a) and (b) plot the normalised attenuation and effective index of the ssbo mode for w=1
pm, 1= 15nm, Ag =633 nm, & ; =4 and & 2 =-19-j0.53 as a function of the discretisation, for two radii
of curvature, r( = o (1 m in the computations) and »( = 124.5 um. The latter corresponds to the optimal
radius for this structure, minimising the insertion (propagation and radiation) loss of the curve®. The
extrapolated values, plotted at Ay, = 0, were computed via Eq. (1). The convergence is smooth in all cases
and the extrapolated values are credible.

Fig. 12(c) plots the associated percentage errors relative to the extrapolated values (i.e.: the

anticipated errors). The convergence is very rapid, with the normalised attenuation and the effective index

both converged to better than +2% at A,,;, = 20 nm for both radii of curvature. The ssp¥ mode is long-range
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for these stripe dimensions, and so its mode fields cover a large cross-sectional area. Convergence is
therefore expected to be rapid, as discussed in Section 3 (and observed in Fig. 6 for this mode at small ¢).

Fig. 13 plots the distribution of the normalised Re{E} of the mode for g = 124.5 um, computed
with sy, = 50 nm. Radiation along the outside of the curve is evident, although not too strong at this
radius, but it increases as () decreases beyond this value. The need for an absorbing boundary condition is
clear. However its quality affects the accuracy of the results, and in fact can ultimately set the accuracy if
the discretisation error is sufficiently reduced.

In order to explore the impact of this boundary on the accuracy we plot in Figs. 14(a) and (b) the
normalised attenuation and effective index for the curved stripe at v = 124.5 um as a function of the

distance between the right edge of the stripe and the boundary. The computations were performed with

hmin = 30 nm. Clearly, the results are sensitive to the location of the absorbing boundary, which would not

be the case if it were perfect. Evidently, the boundary should be placed some distance away from the stripe,
but, perhaps counter-intuitively, placing it increasingly far away does not improve the accuracy. The
oscillatory portion of each plot is shown in expanded view in inset. The peak-to-peak variation is about
2x107 for both the normalised attenuation and the effective index, representing errors of about 2% and
5x10™*%, respectively, relative to the values at the mid-point. Comparing these with the anticipated errors

for ro = 124.5 um at Ay, = 30 nm (Fig. 12(c)), reveals that the accuracy of the normalised attenuation is in

fact limited by the absorbing boundary condition. (The absorbing boundary was positioned 2.2 um from the
right edge of the stripe in the computations of Fig. 12.) The amplitude of the oscillations in Fig. 14 increase

as r( decreases due to increasing radiation from the curve.

7. Summary and concluding remarks

The convergence and accuracy of two vectorial numerical methods commonly employed to
analyse 2D SPP waveguides, the MoL (in-house code) and the FEM (available commercially), were
assessed by applying both methods to a few important structures, including the metal slab, the metal stripe
and the 90° metal corner, and computing the characteristics of some modes supported therein.

Non-equidistant discretisations were used with both methods, however, the discretisations were
densest and approximately equidistant (uniform) over most of the area covered by the mode fields.
Successive refinements (densification) of a discretisation maintained the “pattern” of the initial one.
Following this strategy yielded smooth monotonic convergence plots as a function of the minimal spacing
(A1) for both methods, from which more accurate results were then reliably extrapolated. Anticipated
errors were then computed relative to the extrapolated results as a function of 4,,,.

Both methods yielded similar anticipated errors at a comparable 4,,,, with the FEM yielding
slightly lower errors but the MoL requiring less computational effort. Convergence was slower for highly
confined modes, particularly for modes having fields localised near corners. The error in the normalised

attenuation was consistently larger than that in the effective index, probably because the normalised
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attenuation is significantly smaller than the effective index. For all of the modes and waveguides
investigated, convergence to within an anticipated error of +2% was readily achieved with both methods
(Mmin = 5 nm), except for the normalised attenuation of modes that are highly localised to corners which
remained in error by 10 to 20%.

Importantly, maintaining smooth convergence allowed reliable extrapolation to more accurate
results. For instance, the percentage difference between the extrapolated results computed from the FEM
and Mol convergence histories ranged from 3.75 to 0.012% for modes of the metal stripe.

The convergence and accuracy of the MoL for curves was also investigated by application to the
curved metal stripe. It was found that the absorbing boundary condition used to terminate the boundary
along the outside of the curve (i.e.: the radiating side) introduces errors, and that these errors could limit the

accuracy of the results, particularly of the normalised attenuation.
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Tables

Table 1: Extrapolated normalised attenuation and effective index of the ss,” and ss,’ modes plotted at 4,,;, =

0 in Figs. 8(a) and (b). The percentage difference (relative to the MoL) is also given for each.

ss;’ sy’

/By B/Bo a/Be B/Bo
FEM 0.0274475 2.37941 0.00896852 2.20884
MolL 0.0285175 2.38177 0.00899414 2.20910
Difference -3.75% -0.099% -0.28% -0.012%
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Fig. 1. Surface plasmon waveguides of interest. (a) Metal stripe of width w, thickness ¢ and permittivity &
in an optically infinite homogeneous diclectric of permittivity &7. (b) Isolated corner, consisting of metal
(£2) filling all of quadrant III (southwest), bounded by a homogeneous dielectric (£7) filling all other

quadrants. (c) and (d) Curved metal stripe (£2) in homogeneous dielectric (&), sketched in cross-sectional

and top views, respectively.
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Fig. 2. (a) Example MoL discretisation scheme applied to a straight surface plasmon waveguide (e.g. Fig.
1(a) or (b)). Regions I and III are discretised using a non-equidistant line scheme, with the line spacing
increasing geometrically towards the latera} boundaries. Region II is discretised using equidistant line
spacing, with the distance between successive H or E lines set to fyyjp, the minimum spacing in the
scheme. The lateral boundary conditions are shown here as magnetic walls (mw) and the top and bottom
boundary conditions as electric walls (ew). (b) Example FEM discretisation scheme applied to the same
surface plasmon waveguide. The mesh is roughly uniform within the metal, and in the dielectric region
near the metal, with the minimum spacing between nodes sy, being approximately constant. The lateral
boundary condition is shown here as a magnetic wall (mw) and the bottom boundary condition as an
¢lectric wall (ew). The inset shows the right edge of the metal stripe in expanded view. (¢) Refinement of

the mesh depicted in (b), reducing the spacing between nodes by about half.
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Fig. 3. (a) Normalised attenuation and (b) effective index of the sp and ap, modes for w = oo, Ag= 633 nm,

& | =4 and & 2 = -19-j0.53 as a function of t. Computations performed using the MoL. The distribution of
the normalised Re{£y} of the ap mode is shown as the top inset in (a), and of the 55 mode as the bottom

inset in (a) for ¢ = 100 nm.
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Fig. 4. (a) Normalised attenuation and (b) effective index of the sp and ap modes for w = o0, = 100 nm, Ay

=633 nm, & =4 and & 2 = -19-j0.53 as a function of discretisation. The computations were performed

using the MoL, but with the metal slab rotated by 900 relative to the discretisation scheme. Exact values

(from Fig. 3) are plotted at Ay, = 0. (¢) Percentage errors relative to the exact values.
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Fig. 5. (a) Normalised attenuation and (b) effective index of the sp and ap modes for w = oo, = 100 nm, A
=633 nm, & 7 =4 and & 2 =-19-j0.53 as a function of discretisation. The computations were performed
using the FEM. Exact values (from Fig. 3) are plotted at &5, = 0. (c) Percentage errors relative to the exact

values.
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Fig. 6. (a) Normalised attenuation and (b) effective index of the ssp¥, ssp! and sap? modes for w =1 um,

Ag =633 nm, & =4 and &2 =-19-j0.53 as a function of t. The computations were performed using the

MoL and two discretisations (#uj, = 10 and 5 nm); the extrapolated curves are also plotted. The

normalised attenuation and effective index of the mode supported by the corresponding isolated corner, and

computed using similar discretisations (Fig. 9 (g) and (h)), are plotted as the three data points (circle,

diamond and square) on the right limit of the graphs, also shown on an expanded scale as the insets.
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Fig. 7. Normalised Re{£)} of (a) the ssp0, (b) the ssb1 , and (c) the sabo modes for w=1 pm, ¢= 100 nm,

Ap =633 nm, & 1 =4 and & > = -19-j0.53. Computations performed using the MoL with Ayjp = 10 nm.
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Fig. 8. (a) Normalised attenuation and (b) effective index of the ssp0 and ssp/ modes for w =1 pm, 1= 100
nm, A9 = 633 nm, & ; = 4 and & 2 = -19-j0.53 as a function of discretisation. The computations were

performed using the MoL (solid curves) and the FEM (dashed-dot curves). Extrapolated values are plotted

at hynin = 0. (c) Percentage errors relative to the extrapolated values for the Mol.; +2% error lines are also
plotted. (d) Percentage errors relative to the extrapolated values for the FEM; 2% error lines are also

plotted. The filled symbols in (a)-(c) are the results obtained by rotating the metal stripe by 900 relative to

the MoL discretisation scheme.
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Fig. 9. Normalised Re{£E)} of the coner mode for A9 = 633 nm and &- 2 = -19-j0.53. Computations

performed using the MoL with Ay = 10 nm. (a) &, 1 = 1; (b) & 1 = 1.52; (c) &1 = 1.92; (d) &, 7 = 2.02.
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Fig. 10. Normalised attenuation and effective index of the mode supported by an isolated corner for Ag =

633 nm and &- 2 =-19-j0.53 as a function of discretisation for various values of & ;. The computations

were performed using the MoL (solid curves) and the FEM (dashed-dot curves). Extrapolated values are

plotted at iy = 0. (2) and (b) &, 7 = 1; (c) and (d) & 7 = 1.5%; (¢) and (f) & ] = 1.9%; (g) and (h) & =

2.02.
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Fig. 11. Percentage errors in normalised attenuation ((a) and (c)) and in effective index ((b) and (d))
relative to the extrapolated values for the results given in Fig. 9 (plotted here using the same symbols, line
styles and colours). The 2% error line is also plotted on each graph. The computations were performed

using the MoL (solid curves, (2) and (b)) and the FEM (dashed-dot curves, (¢) and (d)).
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Fig. 12. (a) Normalised attenuation and (b) effective index of the ssbo mode for w = 1 um, r= 15 nm, 49 =
633 nm, & ; =4 and &2 =-19-j0.53 as a function of discretisation, and for two radii of curvature (rg = o
and 124.5 pm). The computations were performed using the MoL for curves. Extrapolated values are
plotted at Ay, = 0. (¢) Percentage errors relative to the extrapolated values; £2% crror lines are also

plotted. The curves for the effective index overlap perfectly on this plot.
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Fig. 13. Normalised Re{E,} of the ssp? mode for w= 1 pum, £= 15 nm, g = 124.5 pm, A9 = 633 nm, & 1=

4 and &, = -19-j0.53. Computations performed using the MoL for curves with Ay, = 50 nm.
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Fig. 14. (a) Normalised attenuation and (b) effective index of the ssp? mode for w =1 um, = 15 nm, rg =
124.5 ym, Ag =633 nm, & ; = 4 and & 2 = -19-j0.53 as a function of the distance between the right edge
of the stripe and the absorbing boundary condition (ABC). The computations were performed using the

Mol for curves with hyj, = 30 nm.
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