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ABSTRACT

Although 5G has significantly improved the capabilities of wireless networks com-

pared to previous generations, the ever-growing number of users and their demands

surpass the limits of 5G. As a result, attentions have drawn to new technologies for

the next generation, one of which is the smart radio environment. The Intelligent

Reflecting Surface (IRS) is a major enabler of this concept by providing some control

over the previously untouched radio environment. In this thesis, we consider IRS-

assisted SIMO/MISO channels where channel capacity involves optimization over

IRS phase shifts, presenting a non-convex problem for which no closed-form solutions

are known. We have obtained several closed-form bounds for the general case, which

are tight in some special cases and thus provide a globally optimal solution to the

original problem. We discuss some practically important cases and provide closed-

form global optimal solutions, such as in mmWave/THz channels, single-reflector

IRS, mMIMO settings, and multi-IRS channels. We propose a computationally effi-

cient iterative algorithm for the general case based on a closed-form globally optimal

solution for the single-reflector case. Its convergence to a local optimum is rigorously

proved, and several cases are identified where its convergence point is also globally

optimal. Numerical experiments show that the algorithm converges quickly in prac-

tice, and its convergence point is close to the global optimum. Further, we define

a novel concept of phase dispersion and propose an analytical approach based on

a concave lower bound. We show that the lower bound maximization problem is

convex and can be solved in closed form. It is further shown that the maximized

lower bound is tight (coincides with the global optimum of the original problem) in

many cases and provides an accurate approximation in others.
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Chapter 1

Introduction

1.1 Motivation

In recent decades, mobile technologies have undergone dramatic revolutions, with

almost one significant change every 10 years. Each generation of mobile technology

has significantly improved performance (spectral/energy efficiency, latency, etc.) [1].

These rapid transitions are a response to the unceasing increase in the number of

mobile devices and their corresponding rate demands. For instance, the total num-

ber of mobile subscribers increased from 0.3 million in 1985 to 5.7 billion by 2023,

representing a 19,000-fold increase [2,3]. Meanwhile, the demand for content contin-

ues to grow at an extreme rate, and trends indicate that video traffic accounts for

the highest share of traffic across all device types, followed by social networking [4].

There seems to be no saturation to this growth as mobile data traffic has grown more

than 10 times in the past 6 years, surpassing forecasts [4].

For the upcoming years, mobile data traffic is forecast to experience an exponen-

tial increase, from 100 PB 1 per month in 2008 to 562.7 EB 2 per month in 2029 [4,5].

Consequently, efforts and studies in academia and industry are intensively focused

on designing new wireless network technologies to satisfy this growth. These efforts

have led to the development of the Fifth Generation (5G) technology, the latest com-

mercialized wireless technology. Not only does it significantly improve data rates,

but it also enables substantial enhancements in terms of reliability, latency, power

1PetaByte, 1015 bytes.
2ExaByte, 1018 bytes.
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5G 6G

Peak data rate ≥ 1 Gbps ≥ 1 Tbps

Experienced data rate Downlink: ≥ 100 Mbps
Uplink: ≥ 50 Mbps

Downlink: ≥ 1 Gbps
Uplink: ≥ 500 Mbps

Maximum bandwidth 1 GHz 100 GHz
Spectrum efficiency 3× that of 4G 5− 10× that of 5G
Network energy

efficiency
10− 100× that of 4G 10− 100× that of 5G

Connection density 106/km2 107/km2

Reliability 99.999% 99.99999%
Mobility 500 km/h 1000 km/h
Latency 1 ms 10 - 100 µs

Table 1.1: Comparision of the network KPIs for 5G and 6G [9–11].

efficiency, and massive connectivity [6].

The 5G cellular system was marketed as the key enabler for services such as the

Internet of Everything (IoE), Virtual Reality (VR), autonomous vehicles, and dis-

tributed automation [7]. However, the requirements of these applications - ultra-high

data rates, extremely low latency, high reliability, and real-time access to powerful

computing resources - often surpass the capabilities currently offered by 5G. This

has directed research and studies towards the sixth generation (6G), which aims to

satisfy more demanding requirements than 5G. Table 1.1 summarizes the Key Per-

formance Indicators (KPIs) for 5G and 6G. The key enabling technologies for 6G

include Terahertz communication, Intelligent Reflecting Surface (IRS), Blockchain,

and Holographic Communication Technology (HCT) [8].

IRS is an enabling technology for 6G and has become an active area of research

for enhancing the performance of the next generation wireless networks [12–14].

The significant increase in the number of studies on ’intelligent reflecting surface’

technology is illustrated in Fig. 1.1, highlighting the active research in this area.

This trend is reflected in the number of overview/survey/tutorial studies conducted

from different perspectives on IRS, such as in [15–23]. Additionally, several journals

have special issues on this topic, e.g., [24].

2
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Figure 1.1: The number of publications including the term ’intelligent reflecting
surface’ or other equivalent terms, as returned by the Google Scholar search engine.

Research on IRS has not been limited to theoretical aspects; a significant number

of experimental studies have also been conducted, including the creation of proto-

types and performance measurements that are obtained via IRS. Several of these

studies are referenced in [25–31]. Additionally, the industry has turned its attention

to IRS, and various companies and project groups have launched several large-scale

tests and trial projects on this technology [32].

An IRS typically comprises a planar surface incorporating a large number of

passive reflectors, each capable of being programmed to induce specific amplitudes

and/or phase shifts to the incident signal independently. IRSs can be distributed

throughout a wireless network and smartly programmed to configure the propaga-

tion environment between the transmitter and receiver in a desired manner, thus

achieving specific goals.

Several alternative terms are used in the literature to refer to IRS. These terms

include intelligent walls [33], smart reflect-arrays [34], Reconfigurable Intelligent Sur-

face (RIS) [16, 35], Large Intelligent Surface/Antenna (LISA) [36], Simultaneously

Transmitting and Reflecting-RIS (STAR-RIS) [37], and RFocus [31]. While there

3
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SIGNAL MODEL AND 
HARDWARE ARCHITECTURE

In this section, we fi rst provide the general signal 
model for IRS’s reflection, and then discuss the 
IRS’s hardware implementation and resultant con-
straints on the design of IRS refl ection coeffi  cients 
in practice.

SIGNAL MODEL
As shown in Fig. 1, the composite channel from 
the BS to the user through each element of the 
IRS is a concatenation of three components, 
namely, the BS-IRS link, IRS’s refl ection, and the 
IRS-user link. Such a composite channel behaves 
different from the conventional point-to-point 
direct channel. Specifi cally, each element of the 
IRS receives the superposed multi-path signals 
from the transmitter, and then scatters the com-
bined signal with adjustable amplitude and/or 
phase as if from a single point source, thus lead-
ing to a “multiplicative” channel model.

Mathematically, the reflected signal by the 
nth element of the IRS, denoted by yn, is given 
by multiplying the corresponding incident signal, 
denoted by xn, with a complex reflection coeffi-
cient, that is, yn = (nejn)xn, n = 1, …, N, where 
n ∈ [0, 1] and n ∈ [0, 2) specify the reflec-
tion coeffi  cient and control the refl ected signal’s 
amplitude (or attenuation due to passive reflec-
tion) and phase shift, respectively, and N denotes 
the total number of refl ecting elements at the IRS. 
By smartly adjusting the refl ection coeffi  cients, the 
IRS can spatially control the reflected signal to 
achieve diff erent purposes. For example, to max-
imize the received power of the user in a dead 
zone in Fig. 1, all elements of the IRS should set 
their refl ection amplitude to the maximum value 
of one for maximum signal refl ection; whereas to 
achieve signal/interference cancelation in Fig. 1, 
the refl ection amplitude of IRS elements may not 
necessarily be equal to the maximum value, and 
can be set diff erent over the elements. In practice, 
other factors such as elements’ mutual coupling, 
noise and hardware imperfections also need to 

be considered in the modeling, and their impact 
on the performance of IRS is still an ongoing 
research topic.

HARDWARE ARCHITECTURE
The hardware implementation of IRS is based on 
the concept of “metasurface”, which is made of 
two-dimensional (2D) metamaterial that is digitally 
controllable [10]. Specifically, the metasurface 
is a planar array consisting of a large number of 
so-called meta-atoms with electrical thickness in 
the order of the subwavelength of the operating 
frequency of interest [11]. By properly designing 
the elements, including geometrical shape (e.g., 
square or split-ring), size/dimension, orientation, 
arrangement, and so on, their individual signal 
response (reflection amplitude and phase shift) 
can be modifi ed accordingly. In wireless commu-
nication applications, the reflection coefficient 
of each element should be tunable to cater to 
dynamic wireless channels arising from the user 
mobility, thus requiring reconfigurability in real 
time. This can be achieved by leveraging electron-
ic devices such as  positive-intrinsic-negative (PIN) 
diodes, fi eld-eff ect transistors (FETs), or micro-elec-
tromechanical system (MEMS) switches.

As shown in Fig. 2, a typical architecture of IRS 
consists of three layers and a smart controller. In 
the outer layer, a large number of metallic patches 
(elements) are printed on a dielectric substrate to 
directly interact with incident signals. Behind this 
layer, a copper plate is used to avoid the signal 
energy leakage. Last, the inner layer is a control 
circuit board that is responsible for adjusting the 
refl ection amplitude/phase shift of each element, 
triggered by a smart controller attached to the 
IRS. In practice, field-programmable gate array 
(FPGA) can be implemented as the controller, 
which also acts as a gateway to communicate and 
coordinate with other network components (e.g., 
BSs, APs, and user terminals) through separate 
wireless links for low-rate information exchange 
with them.

One example of an individual element’s struc-
ture is also shown in Fig. 2, where a PIN diode is 

Figure 2. Architecture of IRS.
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reflecting element

IRS controller

control circuit board

Copper backplate

Figure 1.2: Architecture of IRS [12].

are minor differences in terminology among some of them, they all share the same

principle of using passive and reconfigurable reflective elements.

Although several hardware implementations of IRS have been suggested in the

literature, they all share the same underlying principles. Fig. 1.2 demonstrates a

basic example of IRS’s architecture, as described in [12]. This IRS implementation

consists of three layers and a controller. The outer layer, designed to interact with in-

cident signals, incorporates a large number of patches made of metamaterials printed

on a dielectric surface. A copper plate is used in the second layer to minimize the

energy loss of the incident signal, while the last layer applies the phase shifts and

reflection coefficients, as set by the controller for each reflector individually. The

controller, typically a Field-Programmable Gate Array (FPGA), optimizes IRS ele-

ments in conjunction with other network elements and uses its own dedicated link

to the network.

Overall, integrating IRS into the wireless network allows some control over the

propagation environment, which was untouched by previous generations of wire-

less communication. This additional control naturally creates different optimization
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problems for the IRS to solve to achieve specific objectives. For example, stud-

ies in [38–41] discuss how IRS assistance enhances energy/spectral efficiencies. A

measurement-based study in [25] reports that the receiver’s Signal-to-Noise Ratio

(SNR) improves by 12.65 dB with IRS assistance. Further, IRS is shown capable of

interference nulling under certain conditions, as discussed in [42]. A more detailed

discussion of IRS functionalities is provided in Chapter 2.

1.2 Objectives and Scope

There are several gaps in the existing studies on IRS optimization. A common feature

of known studies is the absence of analytical solutions due to the difficult analytical

structure of the considered problem, even in its simplest (but non-trivial) form,

i.e., for a Multiple-Input Single-Output (MISO) or Single-Input Multiple-Output

(SIMO) channel. Further, the proposed algorithms converge to local rather than

global optimum; it is not clear how far these local optimal points are from the global

optimum, or whether the algorithms can converge to a global optimum under certain

conditions. Further, no bounds have been established for the global optimality gap

of the locally optimal solutions found in previous studies.

The major focus of this thesis is on phase shift optimization for IRS-assisted

SIMO/MISO channels. The receiver’s SNR serves as our main performance metric,

with IRS gain defined based on this, as discussed later in the thesis. The IRS

phase shift optimization problem is then formulated, which has a difficult analytical

structure and is not convex. This underlines the importance of analytical study in

determining the maximum achievable IRS gain and determining the conditions under

which it can be achieved. Additionally, we examine how IRS performance is affected

by system parameters, particularly the number of IRS reflectors.
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1.3 Thesis Contributions

In this thesis, we discuss the IRS optimization problem for SIMO/MISO channels in

several ways. The major contributions of this thesis are summarized as follows:

• IRS gain is our performance metric, in which maximizing IRS gain leads to

maximizing receiver achievable rates. We establish upper and lower bounds

to the globally optimal IRS gain in the general case, which are tight in some

special cases, thus providing a globally optimal solution in those cases. These

bounds indicate that the globally optimal IRS gain scales at least as the largest

singular value squared of the equivalent (IRS-assisted) channel. These bounds

are then used to set up an initial point that can be used for a numerical method,

thereby setting an upper bound on the global optimality gap.

• We obtain a closed-form, globally optimal solution for several practically im-

portant special cases, including mmWave/THz channels, single-reflector IRS,

massive MIMO settings, and multi-IRS channels. It is demonstrated that in

mmWave/THz channels, the IRS-assisted globally optimal SNR scales either

linearly or quadratically with the number of reflectors.

• We propose the Alternating Optimization Algorithm (AOA), an iterative algo-

rithm based on the closed-form globally optimal solution for the single-reflector

IRS. We then use the previously obtained bounds to establish a guaranteed

global optimality gap for this method. It is demonstrated that this algorithm

outperforms those in [38, 39, 43], and its convergence point is within 1 dB of

the global optimum for the considered channels. To the best of our knowledge,

this is the first time an algorithm for IRS optimization has been proposed with

a guaranteed global optimality gap, which is relatively small in practice.

6



• We propose a novel analytical approach to tackle the IRS optimization problem,

which is based on a concave lower bound. This convex optimization problem

can be solved for a global maximum in closed form. It is further shown that

the maximized lower bound is tight (coinciding with the global optimum of

the original problem) in many cases and is an accurate approximation in some

other cases. To this end, a novel concept of the small phase dispersion regime

is introduced, and the optimized lower bound is shown to be tight in the small

phase dispersion regime, from which a global optimality gap of simplified 1-bit

phase sifters is obtained.

1.4 Publications

The results of this thesis have been presented in:

1. M. Dabiri and S. Loyka, “Optimizing IRS-Assisted SIMO/MISO Channels:

An Analytical Approach,” International Zurich Seminar on Information and

Communication (IZS), Zurich, Switzerland, Mar. 2024, accepted.

2. M. Dabiri and S. Loyka, “Globally-Optimal IRS Designs for SIMO/MISO

Channels: An Analytical Approach,” IEEE Transactions on Wireless Com-

munications, submitted, Nov. 2023.

3. M. Dabiri and S. Loyka, “IRS-Assisted SIMO/MISO Channels in the Small

Phase Dispersion Regime,” IEEE Transactions on Communications, submitted,

Nov. 2023.

4. M. Dabiri and S. Loyka, “On Globally-Optimal IRS Design for SIMO/MISO

Channels,” 2023 IEEE 34th Annual International Symposium on Personal,

Indoor and Mobile Radio Communications (PIMRC), Toronto, ON, Canada,

pp. 1-6, Sep. 2023.
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5. M. Dabiri and S. Loyka, “On The Capacity of IRS-Assisted Gaussian SIMO

Channels,” 2022 17th Canadian Workshop on Information Theory (CWIT),

Ottawa, ON, Canada, pp. 6-10, Jun. 2022.

1.5 Organization of the Thesis

The rest of this thesis is organized as follows:

Chapter 2: In this chapter, we present an overview of the literature on IRS

optimization for SIMO/MISO channels, considering different channel conditions and

setups. Both theory and measurements show that IRS assistance enhances per-

formance. However, due to the non-convex nature of the underlying optimization

problems, no globally optimal solution has been presented in previous studies, and

the results obtained are either approximations or, at best, locally optimal solutions.

Several studies investigate the rate of performance improvement achievable via IRS

as a function of the number of reflectors. Additionally, some studies compare the

performance obtained from IRS with other techniques, such as relaying, and discuss

the scenarios in which each technique can outperform the others.

Chapter 3: A SIMO uplink channel assisted by an IRS equipped with L reflectors

is presented, forming the basis of our further analysis in this thesis. Using matched

filtering, which remains optimal for this setup, the SNR on the receiver side is de-

rived as a function of IRS phase shifts. While our model is primarily based on a

SIMO channel, the results obtained are also applicable to MISO channels, due to

uplink/downlink duality. The equal IRS-assisted channel is then defined, and based

on it, the IRS gain as a performance metric. Then, we define the IRS gain optimiza-

tion problem, which will be investigated using different approaches in subsequent

chapters.
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Chapter 4: To establish globally optimal IRS phase shifts in some cases and

to assess the global optimality gap in others, a number of bounds are established

in this chapter. Through analysis and numerical experiments, we demonstrate that

these bounds are achievable in certain special cases and reasonably tight in others.

Furthermore, based on these bounds, we obtain an initial point that can be used for

methods requiring initialization. Using this initial point automatically sets an upper

bound on the global optimality gap, which, to the best of our knowledge, is being

established for the first time.

Chapter 5: This chapter lists a number of practically important cases in which

the non-convex IRS optimization problem can be solved with a globally optimal

solution in closed form. These cases include mmWave/THz channels, single-reflector

IRS, massive MIMO settings, and multi-IRS channels. For each one of these cases,

we obtain the globally optimal phase shifts, supported by rigorous proofs. We further

discuss the IRS gain scaling as a function of the number of reflectors and identify

the channel conditions that can affect this scaling.

Chapter 6: In this chapter, we propose the AOA method, an iterative method

based on the closed-form globally optimal solution obtained for a single-reflector IRS.

This method applies to the general problem and, since it uses a closed-form solution

for updates in each iteration, is computationally efficient. However, because this

closed-form solution is applied iteratively, optimizing one phase shift at a time while

keeping the rest fixed, it cannot guarantee a globally optimal convergence point in

the general case. To deal with this issue, we propose the multi-start AOA method to

reduce its sensitivity to the initial point. Numerical results for various channels and

different numbers of reflectors demonstrate that the AOA method can outperform

the known algorithms [38,39,43].
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Chapter 7: A novel analytical approach is presented in this chapter, based on

the concave lower bound. The maximized lower bound is shown to be tight in many

cases and provides an accurate approximation in others. To this end, we introduce

the novel concept of phase dispersion and consider the small phase dispersion regime.

Further, it is demonstrated that the optimized lower bound is tight in the small phase

dispersion regime, from which a globally optimal gap for simplified IRS with 1-bit

phase shifters is obtained.
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Chapter 2

Literature review

To put our work into perspective, in this chapter, we provide a brief overview of the

existing literature on intelligent reflective surface technology. We review the increas-

ing trend of studies on various aspects of IRS, exploring analytical and experimental

studies conducted in both academy and industry sectors. Since the main focus of this

study is the phase shift optimization problem for IRS, we discuss the most relevant

studies in greater detail and organize them into three categories: analytical results,

numerical methods, and measurement results.

2.1 Smart Radio Environment

To accommodate the ever-increasing number of mobile users, along with their de-

manding data rates and diverse quality of service (QoS) requirements, efforts to

improve energy and spectrum efficiency in wireless networks have continued un-

abated. Previously, performance optimization in wireless networks focused either

on the user side or on the network side, i.e., the base station (BS) or access point

(AP). On the network side, the growing traffic demand can be accommodated by

designing energy-efficient small cells in dense networks or by using multiple antennas

to achieve higher spectrum efficiency [44]. Further, power allocation and transmit

beamforming design problems can be optimized for adapting to channel variations.

At the user side, devices can be equipped with multiple antennas, such as in MIMO

and massive MIMO, or different users can collaborate in relaying transmission, as in

Device-to-Device (D2D) scenarios [45,46].

11



However, these technologies have faced several challenges in their implementation

in 5G, and it is questionable whether they will be able to meet the goals set for the

next generations of wireless networks, e.g., 6G [32]. For example, massive MIMO

requires a large number of active transmit radio-frequency (RF) chains, which sig-

nificantly increases energy consumption and raises the hardware cost. Shrinking cell

size to support higher data rates also requires a greater number of BSs and APs, not

only increasing energy consumption and maintenance costs but also leading to addi-

tional practical issues such as interference management [32]. Further, mmWave and

THz communications require additional active network components to compensate

for their more severe propagation loss.

To overcome these challenges, attention has been drawn to the radio environment,

which remained an uncontrollable element in the previous framework of wireless net-

works. Due to the randomness of the radio environment, the signals propagated from

the transmitter experience reflection, diffraction, and scattering before reaching the

receiver. This results in multiple delayed and attenuated copies of the transmitted

signal. This fading effect is one of the major limiting factors in maximizing energy

and spectral efficiency performance in wireless networks so far [20]. Accordingly, the

vision of a smart radio environment is to gain some control over the radio environ-

ment using technologies such as IRS [36,47].

2.2 Intelligent Reflecting Surface

An innovative IRS concept has recently been introduced in [13,15] to enable a smart

radio environment. IRS is typically described as a two-dimensional surface composed

of a large array of passive reflecting elements made of metamaterials. Each reflecting

element can be individually controlled in a software-defined manner, allowing it to

impose a specific phase shift on the incident signal. By performing a joint phase

shift optimization over all reflectors, IRS enables creating desirable beamforming
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toward the receiver. In particular, the reflected signals can be configured to have a

constructive effect to improve the received signal power, or they can be adjusted to

have a destructive effect, thereby mitigating interference among users, depending on

the design goals.

The low hardware requirements and passive nature of IRS make it an ideal tech-

nology to deploy in network environments, for example, on the walls of buildings.

IRS deployment also does not require modifying the hardware on the transmitter or

receiver side and can seamlessly integrate with the current design of wireless net-

works. Further, IRS does not impose a significant energy consumption burden on

the network due to its passive reflectors. IRS assistance does not complicate the

interference management problem, unlike the use of more active elements in the

network.

IRS-assisted wireless networks create additional optimization problems and are

expected to revolutionize the current network optimization paradigm, which is ex-

pected to be critical to future wireless networks [44,48]. This potential has attracted

significant attention toward IRS, leading to numerous studies and research projects

exploring its various aspects. The number of overviews, surveys, and tutorials con-

ducted from different perspectives on IRS reflects this growing interest. Table 2.1

lists some of these studies. In the meantime, multiple experimental studies using pro-

totypes have been conducted to validate the theoretical research and further prove

the concept of IRS. Table 2.2 lists some of these experimental studies.

IRS technology has also received substantial interest within the industry, as

demonstrated by the large-scale tests and trials, and funded projects launched by

various companies and project groups worldwide. Table 2.3 lists some of these funded

research projects on IRS, while a more detailed list can be found in [32].
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Ref. type/year contribution

[15]
overview/2019

An introduction to smart radio environments enabled by IRS, the
functionalities that can be achieved, and the fundamental
knowledge gaps.

[16] survey/2020
A comprehensive overview of IRS from theory to design, covering
implementation challenges and various use cases.

[17] tutorial/2021
A discussion on three main challenges in IRS technology:
reflections optimization, channel estimation, and deployment from
a system designer perspective.

[18] survey/2020
A comprehensive survey of optimization problems in IRS, along
with the approaches employed to solve them.

[19] tutorial/2022
A discussion on system modelling, providing a tutorial on IRS
fundamentals from a signal processing perspective.

[20] survey/2020
A literature review on performance analysis, considering different
metrics for IRS-assisted networks.

[21] survey/2021
A discussion on different IRS optimization problems, with a focus
on machine learning methods.

[22] survey/2022
A survey on practical design issues, including channel estimation
and beamforming design.

[23] survey/2021
A survey focusing on THz communication via IRS, from theory to
implementation.

Table 2.1: List of overview/survey/tutorial papers on IRS.

Ref. setup validation

[25]
SISO indoor environment with a
16× 16 1-bit IRS at 5.8 GHz

BER improvement and SNR enhancement of
12.65 dB.

[26]
SISO indoor environment with a
16× 16 2-bit IRS at 2.3 GHz and
28.5 GHz

Antenna gains of 21.7 dBi and 19.1 dBi at 2.3
GHz and 28.5 GHz, respectively.

[27]
SISO indoor environment with a
20× 20 1-bit IRS at 5.4 GHz

Analysis of SNR improvement using IRS in
near-field and far-field mobile scenarios.

[28]
SISO indoor environment with a
2× 2 active 2-bit IRS at 2.4 GHz

8.5 dB SNR gain for active IRS compared to
passive settings.

[29]
SISO indoor environment with 3
prototypes, 8× 32-100× 102 at
4.25 GHz and 10.5 GHz

Measurements validate the analytical results for
different near field and far field scenarios.

[30]
SISO indoor environment with a
640 1-bit elements IOS-IRS at
3.6 GHz

Analyzing the pattern configuration and the
half-power beam width.

[31]
SISO indoor environment with
3200 1-bit elements IRS at 2.4
GHz

Prototype improves the channel capacity by 2
times.

Table 2.2: Experimental studies on IRS.

14



title objective duration budget

VisoSurf
Joint hardware and software design for IRS, fea-
turing two experimental prototypes.

Jan 2017
Dec 2020

€5,748,000

ARIADNE
Sets the theoretical and algorithmic bases for IRS-
empowered wireless networks, with an emphasis on
AI and high-frequency transmission.

May 2021
Apr 2023

€184,707.84

META WIRELESS
Studying the manipulation of wireless propagation
environments via IRS.

Dec 2020
Dec 2024

€3,995,128.44

RISE-6G
Studies and standardization practices for trans-
forming the technically advanced vision of IRS into
industrial exploitation.

Jan 2021
Dec 2023

€6,499,613.75

Table 2.3: A number of funded research projects on IRS from [32].

2.3 IRS Advantages

Previous studies on IRS have discussed the various functionalities that IRS can offer

under specific scenarios; this implies that different optimization objectives can be

defined for IRS-assisted communication. A number of IRS functionalities are listed

as follows:

• Coverage enhancement: deploying IRS allows to overcome physical obsta-

cles between the transmitter and the receiver, providing better coverage for

blind spots and virtual Line-of-Sight (LoS) [49].

• Higher spectral/energy efficiency: IRS-assistance improves spectral and

energy efficiency in specific scenarios, as demonstrated in [50,51]. For instance,

this can be achieved by enhancing multiplexing gain by creating multi-path

transmission environments or by constructively manipulating reflecting links

toward the receiver.

• Channel improvement: Using IRS, we gain some control to manipulate the

effective channel to our advantage. This may include converting channels from

fast-fading to slow-fading [52], improving channel rank in MIMO networks [53],

and achieving channel hardening1 [55].

1The phenomena in which small-scale fading and frequency dependence disappear for a large
number of antennas [54, pp. 11-16].
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• Interference management: IRS is capable of effectively cancelling inter/in-

tra cell interference, and thus, it can serve the purpose of interference nulling

under specific conditions, such as those described in [42].

2.4 Key Challenges

Although IRS-assisted wireless communication offers significant potential and func-

tionalities, it also presents significant challenges in theory and practice. Often dis-

cussed in the literature, such as in [17, 20, 22], these issues can be divided into the

following three categories:

• Phase shift optimization: phase shift optimization for the passive reflectors

of the IRS creates challenging optimization problems. Based on the objective

function (e.g., achievable rate maximization, interference minimization), differ-

ent scenarios, such as single/multi IRS or single/multi-antenna BS/user, lead

to different optimization problems.

• Channel estimation: to optimize IRS reflectors, access to Channel State

Information (CSI) is valuable. However, this presents a challenging issue for

two reasons. First, the passive nature of IRS reflectors means they are un-

able to transmit or receive pilot signals. Second, IRS typically incorporates a

large number of reflectors, each with different channel coefficients, which makes

acquiring this amount of information difficult.

• Hardware constraints: in numerous studies, IRS is often treated as ideal

for the sake of analytical simplicity. Nevertheless, realistic implementations

are subject to hardware constraints and impairments that impact the system’s

performance.
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2.5 Phase Shift Optimization

This thesis concentrates on the IRS phase shift optimization problem, aiming to

maximize channel capacity/receiver SNR for SIMO/MISO channels2. A globally

optimal solution to this problem identifies the fundamental performance limits that

can be achieved by IRS assistance. Although theoretical limitations (e.g., simplifying

assumptions), along with practical constraints (e.g., non-ideal hardware), can have

adverse effects on both theoretical analysis and the practical performance of the IRS,

a globally optimal solution will serve as an ultimate upper bound and can be used

as a benchmark to evaluate the performance of known algorithms in terms of their

global optimality gap, which remains unknown at this time.

Using IRS gives system designers some control to configure the channel in accor-

dance with their design objectives. The effective channel becomes dependent on IRS

phase shift selection. In practice, the phase and amplitude for each IRS reflector are

not independently controllable, but coupled [57, 58]. To characterize the ultimate

IRS performance, we follow the previous studies [30, 38, 39, 43, 47], and consider the

ideal case where we can optimize the phases and amplitudes independently with ar-

bitrary precision. Also, each reflector is assumed to have a constant phase shift over

the entire bandwidth. Our focus will be on the phase shift optimization problem.

Although previous studies [38, 39, 43, 59, 60] have investigated this ideal model, a

globally optimal solution to the IRS phase shift optimization problem for general

SIMO/MISO case is not yet known either analytically or numerically. The strategy

for tackling the SNR maximization problem varies depending on channel specifica-

tions (e.g., the number of antennas, the number of users, and continuous/discrete

phase shifts). This thesis investigates IRS-assisted SIMO channels for single-user ap-

plications with continuous phase shifts, one of the cases for which a globally optimal

2To simplify the notation, the IRS phase shift optimization to maximize receive SNR will hence-
forth be referred to as the SNR maximization problem, which has the same solution as channel
gain maximization and transmit power minimization [56].
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solution has not yet been identified. This SIMO channel setting can also be extended

to a MISO channel via the uplink-downlink duality [56]. While extensive literature

on IRS optimization under various setups exists, Table 2.4 lists studies that are more

closely related to what we have studied. A more detailed description of the relevant

studies falls into the following categories: analytical results, numerical methods, and

measurement results.

2.5.1 Analytical Results

Analytical solutions for SNR maximization in SIMO/MISO channels are not fea-

sible due to the complexity of the underlying optimization problem. To overcome

this challenge, earlier studies [38, 39, 43,57, 59–61] have proposed various practically

valuable numerical methods. However, they suffer from the fundamental weakness

that their convergence point is locally optimal at best and can be far from a globally

optimal one. This makes it challenging to evaluate the fundamental performance

limits from a communication/information-theoretic perspective.

Unlike SIMO/MISO channels, where no analytical results are available, the SNR

maximization for SISO channels is straightforward using the globally optimal solution

presented in [30,47,62–67]. In this setup, the phase shift for each reflector is adjusted

to compensate for the phase difference between the reflected and direct links, which

we refer to as ”co-phasing.” The global optimality of this method is based on triangle

inequality:

|h0 +
L∑
l=1

ejϕlhl| ≤ |h0|+
L∑
l=1

|hl|, (2.1)

where ϕl is the induced phase shift at l-th IRS reflector, L is the number of IRS

reflectors, h0 and hl denote direct Tx-Rx link and Tx-IRS-Rx link via l-th reflec-

tor, respectively. Note that the upper bound in (2.1) is independent of ϕl and the
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Ref. Optimization System model Phase shifts CSI Optimality Method

[30] Max. SNR SU-SISO Discrete Perfect Local Analytical
[47] Max. SNR SU-SISO Continuous Perfect Global Analytical
[63] Max. SINR MU-SISO Continuous Perfect Local Analytical
[64] Max. SINR MU-SISO Continuous Perfect Local Analytical
[65] Max. SNR SU-SISO Continuous Perfect Global Analytical
[68] Max. SINR SU-SISO Discrete Estimate Local Semidefinite relaxation (SDR)

[69] Max. SNR SU-SISO Discrete Perfect Local
Approximation algorithm, alternating
optimization (AO), SDR

[38,39]
Max. SNR
Min. Tx
power

SU/MU-
MISO

Continuous Perfect Local AO, SDR, distributed algorithm

[43] Max. SNR SU-MISO Continuous Perfect Local
Fixed-point iteration (FPI), manifold
optimization (MO)

[70]
Max.
ergodic
capacity

SU-MISO Continuous Statistical Local AO, analytical

[60]
Max. Min.

SINR
MU-MISO Continuous Perfect Local

AO, SDR, successive convex
approximation (SCA)

[71]
Max.

SNR/SINR
MU/SU-
MISO

Discrete Perfect Local
AO, zero-forcing (ZF) method, minimum
mean square error (MMSE) method

[57]
Min. Tx
power

SU/MU-
MISO

Continuous Perfect Local
AO, two-stage and penalty-based
algorithms

[59]
Max. sum

rate
MU-MISO Continuous

Perfect/im-
perfect

Local
AO, MO, block coordinate descent
(BCD), SCA

Table 2.4: The studies of SNR/capacity maximization in IRS-assisted channels.
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inequality holds with equality if phase shifts are set as follows:

ϕ∗
l = arg(h0)− arg(hl), l = 1...L, (2.2)

where for a complex number z, arg(z) returns its argument (phase). The results in

(2.2) hold for any SISO channel, e.g., deterministic or fading channels. In [47], a

Rayleigh fading IRS-assisted SISO channel is considered; it is shown that by opti-

mizing IRS due to (2.2), the average receive SNR is proportional to L2 according to

the Central Limit Theorem (CLT). The study in [39] also considers a Rayleigh fading

channel; however, it is shown that Prx ∼ L2 only applies to optimal phase shifts as

in (2.2) where Prx denotes the received power 3. However, for random or zero phase

shifts (ϕl = 0), Prx ∼ L. This result, referred to as the ”power scaling law” in [39],

claims that the ”squared gain” occurs because the IRS benefits not only from the

transmit beamforming gain of the order of L in the IRS-Rx link but also from the in-

herent aperture gain of the order of L by collecting more signal power in the Tx-IRS

link. As a result, [39] compares the power scaling for IRS with the power scaling for

a Full-Duplex (FD) Amplify-and-Forward (AF) relay equipped with L transmit and

L receive antennas. This comparison argues that when L is asymptotically large,

the received SNR with the FD AF relay increases linearly with L, whereas the IRS

surpasses this by having a quadratic growth with L. The obtained power scaling

for IRS, however, does not hold under the asymptotic regime where L → ∞, as it

violates the law of conservation of energy. Since it is not possible to receive more

power than was transmitted, the power scaling law must saturate.

The two-ray model [73, pp. 34-37] is used in [47] to derive the power scaling law

and to demonstrate that Prx ∼ L2. However, this result is not physically achievable

due to the limited surface area of each reflector and its inability to cover the entire

3For functions f(x) and g(x) of a real variable x, if f(x)/g(x) tends to some non-zero constant
as x→∞, we write f(x) ∼ g(x) [72, pp. 4-8].
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first Fresnel zone. To clarify the power scaling law for IRS, Björnson and Sanguinetti

in [40] pose the following question:

“How can an IRS with L passive reflecting elements be more power-efficient than

massive MIMO (mMIMO) with L active antennas?”

This question is answered in [40] by comparing the SNR expressions achieved

by mMIMO with that of an IRS-assisted transmission. It is demonstrated that the

receive SNR achieved by the IRS grows at a faster rate than that of mMIMO, with

growth rates of L2 and L, respectively. Yet, for any given L, IRS can never achieve

a higher SNR than a mMIMO setup with a matching array size and transmit power.

In far-field transmissions, however, an IRS with more reflectors (compared to the

number of antennas in a mMIMO receiver) will provide higher spectral efficiency

(SE).

Also, the IRS requires a considerable number of reflectors (L) to obtain SNR

comparable to mMIMO. The upper bound for the IRS power scaling is discussed

in [40,41]. To obtain the asymptotic behaviour as L→∞, the studies in [38,39,47]

assume that Tx remains in the far-field of the IRS. This assumption is not physi-

cally possible since as L grows asymptotically, the far-field approximation eventually

breaks down. In [41], the upper bound for the received power is obtained as follows:

Prx →
Ptr

9
, as L→∞, (2.3)

where Ptr represents the transmit power.

A comparison between IRS and Decode-and-Forward (DF) relaying is performed

in [41, 74], with both studies considering the classic repetition-coded DF relaying

protocol. It is demonstrated that the choice between an IRS and relay depends

on the number of reflectors (L) and required receive SNR. The IRS achieves higher

energy efficiency (EE) than DF relaying if high transmission rates are required. Also,

using an IRS only provides results comparable to DF relaying for large enough values
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of L.

The IRS-assisted Rayleigh fading channel in [49,51] is further analyzed in [55,64].

In [64], it is shown that the ratio of the mean value to the standard deviation of the

receive SNR increases proportionally with
√
L. So, the SNR variations average out

(in relative terms) as the number of IRS reflectors increases and channel hardening

occurs. This result is further investigated in [55] for planner array IRS setups and

compared to the channel hardening in mMIMO channels. It is shown that IRS-

assisted channels are subject to channel hardening under specific circumstances: IRS

phase shifts should be optimal and not random. Further, once a stronger Tx-Rx link

exists, more reflectors are required to achieve channel hardening.

The interference-nulling capability of IRS in a K-user single-antenna Line-of-

Sight (LoS) interference channel has been studied in [42] and it is shown that, if no

direct Tx-Rx links are present, large-enough IRS (with ≈ 2K2 reflectors) is able to

cancel interference completely.

2.5.2 Numerical Methods

Several numerical methods have been proposed for SNR maximization in different

setups of IRS-aided SIMO/MISO channels. In this section, we discuss in more detail

those that are more relevant to our study.

The joint transmit beamforming vector and IRS phase shifts optimization prob-

lem for an IRS-assisted MISO channel is studied in [38, 39], where two methods are

proposed: semidefinite relaxation (SDR) and distributed methods. Using the Alter-

nating Optimization (AO) method, the joint optimization problem is first decoupled

into two sub-problems: optimizing the transmit beamforming vector for fixed IRS

phase shifts and IRS phase shifts optimization for a fixed beamforming vector. These

two sub-problems are then solved iteratively until convergence. The transmit beam-

forming vector optimization for fixed IRS phase shifts is solved using Maximum Ratio
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Combining (MRC), which results in a closed-form optimal solution [56]. The phase

shift optimization sub-problem for a fixed transmit beamforming vector, which is

a non-convex optimization problem, is then reformulated as a Quadratically Con-

strained Quadratic Program (QCQP). This optimization problem is subject to the

following constraints:

W ≥ 0 and rank(W) = 1, (2.4)

where w = [1, ejϕ1 , ...., ejϕL ]T and W = wwH . Since the rank-one constraint is non-

convex, it is then relaxed (i.e., SDR method). The relaxed problem is a standard

convex Semidefinite Program (SDP), which is then solved using CVX [75, 76]. The

obtained solution for the relaxed problem, W, can be of a higher rank. It is then

approximated with a rank-one matrix using the Gaussian randomization method.

However, it is not known whether the phase shifts obtained for the relaxed problem

are also optimal for the original problem, either locally or globally. Further, IRS is

typically considered to be equipped with many reflectors; since the computational

complexity of the SDR method scales polynomial with the number of reflectors (L6.5),

this poses a practical challenge, as discussed in [77–79]. Another method proposed

in [38] is the distributed method, which uses the AO method and then solves the

phase shift optimization problem based on the triangle inequality. However, similar

to the SDR method, it is not known if these methods can guarantee optimality, either

locally or globally.

The same joint optimization problem as in [38,39] is considered in [43]. Likewise,

the AO method is applied, and the transmit beamforming optimization sub-problem

is solved with an optimal closed-form solution using MRC. Two novel approaches

are proposed for the phase shift optimization sub-problem: the Fixed-Point Iteration

(FPI) and Manifold Optimization (MO) methods. The FPI method uses an auxiliary

variable to rewrite the objective function as a quadratic programming problem. The
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phase shift optimization problem is then solved iteratively, where, within each step,

one phase shift vector is kept fixed from the previous iteration, and the other is

updated to maximize the objective function.

In the MO method, the phase shift vector is iteratively updated until convergence,

and this method requires initialization. During each iteration, the update vector is

determined by the Riemannian gradient and the selection of a step size. The provided

numerical results demonstrate that both methods outperform the SDR method, and

their computational complexity is lower in comparison. However, it is not clear if the

FPI and MO methods outperform the SDR method only for the channels used in the

provided simulation results or if it holds in the general case. Based on the provided

comparison between these two methods, MO achieves a slightly higher SNR at the

expense of higher computational complexity. Yet, neither method can guarantee

local or global optimality, even in special cases. Further, due to the absence of

high-quality bounds, it is not possible to determine the global optimality gap.

The phase shift optimization problem for IRS-assisted MISO channels is also

examined in [61], where Gradient Projection (GP) and Cross-Entropy (CE) meth-

ods are proposed. In the GP method, the objective function is reformulated as a

quadratic programming problem, and the phase shifts are updated iteratively using

the gradient descent method. It is claimed that the GP method is more computa-

tionally efficient compared to the MO method. The CE method, which is based on

reinforcement learning techniques, is also proposed for cases with low-resolution dis-

crete phase shift values (1-2 bits). The numerical results show that the GP method

performs close to the MO method but with reduced complexity.

An IRS-assisted MISO channel in a multi-user setup is discussed in [57]. The

optimization problem is defined to minimize the total transmit power at the BS by

jointly optimizing the transmit beamforming at the BS and phase shifts at the IRS,

subject to the individual Signal-to-Interference-and-Noise (SINR) constraints at all
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users. In the considered model for IRS, the reflection coefficient for each reflector is

not independent of its induced phase shift; instead, it is a function of it. First, the

reflection coefficient for IRS reflectors is approximated as a function of the induced

phase shift, specifically obtained for a SISO channel where this approximation is valid

when L tends to infinity. This approximation is then applied to the transmit power

minimization problem, but it requires further proof of whether such an approximation

is valid for MISO channels. By applying the AO method, IRS phase shifts are

optimized iteratively. Each iteration optimizes one phase shift using an approximated

solution while the rest remain fixed. Based on the accuracy of the approximated

function obtained for the non-linear reflection coefficient, a trust region is established.

The phase shift optimization is then performed by searching the trust region or by

fitting a curve within the same region. This process continues until the convergence

point is reached. Yet, it is mentioned that the obtained solution is, at best, sub-

optimal, and no comparison with previously suggested methods has been performed

to clarify the superiority of the proposed method.

In an IRS-assisted MISO channel, transmit power minimization with discrete

phase shifts is examined for single and multi-user cases in [71]. The optimization

problem is reformulated for the single-user case as an Integer Linear Programming

(ILP) problem. The Branch-and-Bound (BnB) method is claimed to provide the

optimal solution to this problem; however, no proof is provided, which is crucial

since the complexity scales exponentially with the number of bits and L. Then, a

successive refinement algorithm is proposed to reduce complexity, which achieves a

sub-optimal solution. The optimization problem is then formulated for the multi-

user case, where each user is subject to a specific SINR constraint. It is shown that

the successive refinement algorithm, which uses a Zero Forcing (ZF)-based precoder

at the BS, achieves a locally optimal solution for an approximated problem.

IRS optimization to maximize the weighted sum rate of multiple users is studied
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in [59] for both perfect and imperfect CSI. As suggested in [43], the MO method is

used when perfect CSI is available. To reduce computational complexity compared

with the MO method, a novel method is proposed, which is based on introducing

a dual Lagrangian problem and applying Successive Convex Approximations (SCA)

and Block Coordinate Descent (BCD) methods. Using the SCA method, the non-

convex objective function is iteratively approximated with convex functions, which

can be locally optimized using the BCD method. As a result of approximating the

objective function, this method provides an approximated solution to the original

problem. Numerical results illustrate the advantages provided by IRS using these

methods, but are not compared with other methods.

2.5.3 Measurement Results

Several studies have examined the practical implementation of IRS using prototypes

to validate the concept of this technology in practice, such as those listed in Table

2.2. However, to the best of our knowledge, these studies have all focused on IRS-

assisted SISO channels, while none have considered IRS assistance for SIMO/MISO

channels. This section discusses a few of these studies and their contributions.

The study in [80] examines several IRS prototypes for indoor and outdoor mea-

surements. One prototype incorporates 1100 binary half-wavelength size reflectors,

where each reflector can be assigned with phase shifts of ±π
2
. Each IRS reflector

is implemented with a varactor diode. It is shown that phase shifts change in the

5.2 - 6.4 GHz range; however, they remain fixed for a bandwidth of 20 MHz. In an

indoor measurement, where a 30 cm concrete wall blocks the direct Tx-Rx link, a 26

dB improvement in Rx power is reported. However, the exact distance between the

transmitter and receiver is not specified. Further, two outdoor measurements were

conducted at distances of 50 and 500 meters. These measurements report improve-

ments of 27 dB and 14 dB in Rx power, respectively, compared to using a copper
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plate instead of an IRS. However, the geometry of the setups in these measurements

needs to be clearly described, and there are no comparative measurements between

scenarios with and without IRS assistance. This lack of comparison makes it difficult

to verify the reported measurements with the analytical results in [40,41].

IRS performance in a rich scattering environment is considered in [81]. An IRS,

equipped with 23 binary reflectors, is built that operates at 2.5 GHz. The phase

shifter of each reflector can be switched between On/Off states, corresponding to

phase shifts of π and 0, respectively. The phase shift values are shown to remain

approximately constant within a bandwidth of 400 MHz. The channel impulse re-

sponse (CIR) is measured for various IRS configurations to determine the channel

capacity. IRS optimization is conducted using an artificial neural network (ANN)

with 256 neurons. However, it does not provide measured values, e.g., receive SNR

improvement, that could be validated against the analytical results.

A more detailed analytical discussion, supported by experimental results, is pro-

vided in [29,82]. Path loss analysis for near-field and far-field distances is performed

analytically without any condition on IRS size. Further, a broadcasting scenario is

considered where a large IRS is located close to the transmitter. For these cases,

the received power is formulated, and power scaling with the number of reflectors

is discussed. Three prototype IRSs are built for measurement purposes: two large

IRSs with 100× 102 and 50× 34 reflectors, respectively, and one smaller prototype

with 8× 32 reflectors. The two large IRSs are used to analyze the analytical results

for broadcasting and near-field scenarios. The measurements are conducted with

Tx-IRS and IRS-Rx distances of 1 meter, operating at 10.5 GHz. These measure-

ments show a 3 dB difference between the analytical and experimental results. Also,

measurements for the far-field case agree with the analytical results. However, in all

these cases, only measurements and analytical results are compared, with no com-

parison made to demonstrate the improvement in receive SNR compared to scenarios
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without IRS. Further, in this study, the analytical results are obtained for continuous

phase shifts, while the measurements are based on discrete values of phase shifts.

Near-field path loss is also analyzed using the free space model, but its validity is

questionable.
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Chapter 3

Channel Model and Problem Formulation

Let us consider an IRS-assisted SIMO (uplink) channel as shown in Fig. 3.1, con-

sisting of a single-antenna transmitter (Tx, e.g., user equipment), an IRS equipped

with L passive reflectors, and a receiver (Rx) equipped with N antennas (e.g., a base

station). Following the standard discrete-time baseband model [83] [35]- [42], the

signal yn received by n-th antenna is

yn =
(
h0,n +

L∑
l=1

ejϕlhTx
l hRx

l,n

)
x+ zn, (3.1)

where x is the scalar transmitted (Tx) signal satisfying the Tx power constraint

E{|x|2} = P , and E{·} is the statistical expectation. zn ∼ CN (0, σ2
0) is the circularly-

symmetric, complex Gaussian noise, i.i.d. across antennas, of zero mean and its

variance is σ2
0 per Rx antenna; h0,n represents the direct (e.g., LoS) Tx-Rx path while

hTx
l and hRx

l,n represent the Tx-IRS and IRS-Rx links via l-th reflector (all including

the average propagation loss and the reflection loss), and ϕl is the reflector-induced

phase shift. This model can be compactly expressed as follows:

y =
(
h0 +

L∑
l=1

ejϕlhl

)
x+ z, (3.2)

where y = [y1, ..., yN ]
T ∈ CN×1 is the Rx signal vector, z ∈ CN×1 is the noise vector;

h0,hl ∈ CN×1 are the channel vectors representing the direct Tx-Rx and the reflected

Tx-IRS-Rx links (via l-th reflector), n-th entry of hl is hl,n = hTx
l hRx

l,n . Further, |h|,
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Figure 3.1: An illustration of IRS-assisted SIMO channel; h0 represents the direct
Tx-Rx link while hl - the l-th reflected link.

hT and h+ denote Euclidean norm (length), transposition and Hermitian conjugation

of column vector h, respectively. For scalar h, h+ denotes complex conjugation. The

channel is further assumed to be static or quasi-static (stays fixed for a sufficiently

long time), frequency-flat1, with full channel state information (CSI) available to the

Rx and IRS controller. The availability of CSI is adopted as a typical assumption in

the literature, e.g., [38, 39, 43]. Otherwise, previously proposed channel estimation

methods, such as those in [79,84,85], can be used to obtain such information. These

results can also be extended to frequency-selective channels using an OFDM-type ap-

proach, e.g., [77,86,87]. It is not fundamentally impossible to optimize IRS reflectors

to induce independent phase shifts at different frequencies, which is a requirement

for wideband OFDM transmission. However, current hardware cannot accommodate

this.

Note that this model accommodates single-IRS as well as multi-IRS settings,

where L is the total number of reflectors and hl, l = 1...L, represents the respective

IRS-assisted links. It is sufficiently general to address various scenarios, including

deterministic, fading, LoS, non-LoS (or partially-blocked LoS), and multi-path sce-

narios (since we do not make any specific assumptions on h0, hl at this point).

1The delay spread of the channel is much smaller than the symbol duration [56]
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3.1 IRS Gain

In this section, we consider the system model introduced above and define IRS gain

for that model. For the no-IRS case, the Rx SNR or power is maximized via matched

filtering (MF)/beamforming (also known as MRC) and can be expressed as [56]

γno−IRS = |h0|2γ0, γ0 = P/σ2
0, (3.3)

Absorbing the average propagation path loss into P , γ0 becomes the Rx SNR in

the unit-gain channel. Likewise, for the IRS-assisted channel in (3.2), heq
∆
= h0 +∑L

l=1 e
jϕlhl is the equivalent channel vector and the MF beamforming does maximize

its Rx SNR/power,

γ(ϕ) = g(ϕ)γ0, g(ϕ) = |heq|2 =
∣∣h0 +

L∑
l=1

ejϕlhl

∣∣2, (3.4)

where ϕ = [ϕ1, · · · , ϕL]
T is the vector of IRS phase shifts. The expression in (3.4)

already includes MF at the Rx for SIMO channels (or at the Tx for MISO channels),

which is optimal according to [56, pp. 179-180]. We emphasize that the SNR γ(ϕ)

depends on ϕ (to be optimized later on); g(ϕ) is the IRS-assisted gain for given

ϕ; with some abuse of terminology, we call it simply ”IRS gain” in the rest of this

thesis.

3.2 SNR Maximization Problem

For the standard (no-IRS) SIMO channel, where the channel vector h0 is fixed and

is out of designer’s control, its induced mutual information (supported rate) is maxi-

mized via the input distribution alone and the optimal distribution is Gaussian with

full available power [56]. On the other hand, the IRS-assisted channel offers ad-

ditional degrees of freedom for maximizing mutual information (beyond the input
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distribution) via reflector phase shifts ϕl. Since the equivalent IRS-assisted channel

vector heq is independent of the input x, Gaussian input remains optimal [56]. Thus,

for a given ϕ, the maximum achievable rate per unit bandwidth (spectral efficiency)

supported by the IRS-assisted SIMO channel is

R(ϕ) = log(1 + g(ϕ)γ0). (3.5)

and the IRS-assisted channel capacity is

CIRS = max
ϕ

R(ϕ) = log(1 + γ0g
∗), (3.6)

g∗ = g(ϕ∗) = max
ϕ

∣∣h0 +
L∑
l=1

ejϕlhl

∣∣2 (3.7)

where g∗ = g(ϕ∗) = maxϕ g(ϕ) is the globally-optimal (maximal) IRS gain and ϕ∗

are the respective globally-optimal phase shifts. This SIMO channel setting can also

be extended to a MISO channel via the uplink-downlink duality [56]. In particular,

the column channel vectors h0, hl are replaced by raw vectors h+
0 , h+

l , and the

scalar Tx signal x is replaced by a vector signal x; the Rx signal and noise become

scalars. After this transformation, (3.3)-(3.6) hold verbatim for the MISO channel

as well and, hence, all our results will also apply to this channel.

The optimization problem in (3.7) is straightforward to solve for the special case

of a single-antenna (SISO) channel, where h0, hl are scalars and the globally-optimal

phase shifts are ϕ∗
l = arg{h0} − arg{hl} [47]. Yet, despite its apparent simplicity,

no closed-form solution of this problem is known in the general SIMO/MISO case2,

i.e., for arbitrary h0, hl. No algorithm with guaranteed convergence to its global

optimum is known either.

One of the key difficulties is that this problem is not convex and, hence, any stan-

2here and in the rest of this thesis, ”solution” means globally-optimal solution, unless stated
otherwise.
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dard approach (e.g., using KKT conditions) will result in locally-optimal solutions

at best, which can be far away from a globally-optimal one; the global optimality

gap is not known either. To address these issues, we revisit the problem in (3.7) in

the following chapters in several ways.
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Chapter 4

Bounds for Globally-Optimal IRS Gain

4.1 Introduction

As previously discussed, the SNR maximization problem for an IRS-assisted SIMO

channel is non-convex in general. Hence, any standard approach, including the

numerical methods proposed in earlier studies [38, 39, 43, 57, 59–61], will result in

locally optimal solutions at best, which can be far from a globally optimal one. In

order to establish globally optimal IRS phase shifts in some cases and to assess the

global optimality gap in others, this chapter establishes a number of upper and lower

bounds to bound the optimality gap.

Next, we demonstrate that these bounds are tight in some cases, and for other

cases, we use extensive numerical experiments to evaluate the tightness of the ob-

tained bounds using the ratio of the upper to the lower bound. We then use these

bounds to set up an initial point that can be used for any numerical method re-

quiring initialization. Finally, we demonstrate that using this initial point sets an

upper bound on the global optimality gap for any iterative method that results in a

non-decreasing sequence of SNRs.

4.2 Bounds

Consider the system model defined in (3.2), where an IRS with L passive reflectors

assists a MISO channel between a single-antenna Tx, and a Rx with N antennas.

The channel is assumed to be fixed, as in a quasi-static channel model, where the
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delay requirement is short compared to the channel coherence time [56]. To define

the bounds, let

H = [h0, · · · ,hL], w = [1, ejϕ1 , · · · , ejϕL ]T , (4.1)

and H = UΣV+ be the singular value decomposition (SVD), where U,V are the

unitary matrices of left and right singular vectors of H, respectively, and Σ =

diag{σl(H)} is the diagonal matrix of its singular values σl(H) sorted in decreasing

order, i.e., σ1(H) is the largest one; vl is the l-th column of V (i.e., the right singular

vector corresponding to the l-th largest singular value σl(H)).

The following Proposition establishes the desired bounds using the SVD of H,

which is a time-honored tool for regular (no-IRS) MIMO channels.

Proposition 1. The globally-optimal IRS gain g∗ = g(ϕ∗) for the channel in (3.2)

is bounded as follows:

glb ≤ g∗ ≤ gub = σ2
1(H)(L+ 1), (4.2)

glb = σ2
1(H)|v1|21 +

r(H)∑
l=2

σ2
l (H)|w+

1 vl|2, (4.3)

w1l = exp{j arg(v1l)− j arg(v11)}, l = 1...L+ 1, (4.4)

where r(H) is the rank of H, v1 is the 1-st column of V (the right singular vector of

H corresponding to the largest singular value) and |v1|1 =
∑L+1

l=1 |v1l| is its l1 norm;

v1l and w1l are l-th entry of v1 and w1, respectively.

The lower bound is tight, i.e., glb = g∗, if H is rank-one, r(H) = 1,

g∗ = glb = σ2
1(H)|v1|21, ϕ∗

l = arg{v1(l+1)} − arg{v11}, (4.5)

where ϕ∗
l are globally-optimal phase shifts for this case.
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If v1 has equal-magnitude entries, i.e., |v1l| = |v11| for l = 1..L + 1, then the

upper and lower bounds coincide and are therefore tight,

g∗ = glb = gub = σ2
1(H)(L+ 1), (4.6)

and the globally-optimal phase shifts are as in (4.5).

Proof. To prove the lower bound, we use (3.2) and (4.1) and note the following:

g⋆ = max
ϕ

g(ϕ) (4.7)

= max
ϕ
|Hw|2, wl = ejϕl−1 , l = 1..L+ 1 (4.8)

= max
ϕ

w+H+Hw (4.9)

= max
ϕ

w+VΣ+U+UΣV+w (4.10)

= max
ϕ

w+VΣ+ΣV+w (4.11)

= max
ϕ

q+Λq, q = V+w, Λ = Σ+Σ (4.12)

= max
ϕ

{ r(H)∑
l=1

|w+vl|2σ2
l (H)

}
(4.13)

= max
ϕ

{
|w+v1|2σ2

1(H) +

r(H)∑
l=2

|w+vl|2σ2
l (H)

}
(4.14)

≥ |w+
1 v1|2σ2

1(H) +

r(H)∑
l=2

|w+
1 vl|2σ2

l (H) (4.15)

= |v1|21σ2
1(H) +

r(H)∑
l=2

|w+
1 vl|2σ2

l (H), (4.16)

where (4.10) is from the SVD H = UΣV+, (4.11) is due to U+U = I and (4.13)

follows from Λ = Σ+Σ = diag{σ2
l (H)}; (4.15) is due to the maximization being
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removed; w1 is defined from:

max
ϕ
|w+v1| = |w+

1 v1| = |v1|1, w1l = ejϕ
0
l , (4.17)

where

ϕl = ϕ0
l = arg(v1(l+1))− arg(v11), (4.18)

i.e., w1 maximizes 1st term in (4.14), where (4.17) follows from:

max
ϕ
|w+v1| = max

ϕ

{
|v11 +

L∑
l=1

e−jϕlv1(l+1)|
}

(4.19)

≤ |v11|+
L∑
l=1

|v1(l+1)| (4.20)

=
L+1∑
l=1

|v1l| = |v1|1, (4.21)

where the inequality in (4.20) is due to the triangle inequality and it holds with

equality if (4.18) holds. This establishes the lower bound. Its achievability for

r(H) = 1 follows from σl(H) = 0 for l ≥ 2 in this case so that, from (4.14),

g∗ = σ2
1(H)max

ϕ
|w+v1|2 = σ2

1(H)|v1|21, (4.22)

If H is consistent with wave propagation physics (e.g., Maxwell’s equations), the

law of energy conservation applies, and the lower bound is also consistent with wave

propagation physics as well. To prove the upper bound in (4.2), note the following:

g(ϕ) = |Hw|2 ≤ σ2
1(H)|w|2 = σ2

1(H)(L+ 1), (4.23)

where the inequality is due to the singular value inequality |Hw| ≤ σ1(H)|w| [88, pp.

267] and the equality is from |w|2 = L + 1. Now note that the right-hand side of
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(4.23) is independent of ϕ so that using maxϕ on both sides of (4.23) results in the

upper bound in (4.2). The achievability of the upper bound for channels with v1

having equal-magnitude entries follows by setting ϕl as in (4.5) so that

w = w1 = e−j arg{v11}
√
L+ 1v1, (4.24)

and therefore

|Hw|2 = (L+ 1)|Hv1|2 = σ2
1(H)(L+ 1) = σ2

1(H)|v1|21, (4.25)

so that the upper and lower bounds coincide and are attained, as required.

The lower bound is close to the globally-optimal IRS gain, g∗ ≈ glb, if σ1(H) ≫

σ2(H) and this becomes exact equality if r(H) = 1. Note also from (4.2) and (4.3)

that the globally-optimal IRS gain g∗ (or Rx SNR/power) scales at least as σ2
1(H)

in the general case,

σ2
1(H) ≤ σ2

1(H)|v1|21 ≤ g∗ ≤ σ2
1(H)(L+ 1), (4.26)

where 1st inequality is due to |v1|1 ≥ 1. This is somewhat similar to the regular

MIMO channel with channel matrix H, where the maximum SNR gain achievable

with Tx/Rx beamforming is σ2
1(H) so that the globally-optimal IRS gain is at least

as large (assuming both channels have the same channel matrix H).

The bounds in (4.2) and (4.3) can be used to evaluate the global optimality gap

of known numerical algorithms (for which only locally-optimal convergence was es-

tablished; the globally-optimal one is out of reach due to the lack of convexity for the

respective optimization problem). Further, for algorithms that require initialization,

it is desirable to initialize the optimization variables with values that are closer to
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the optimal solution and intelligently chosen based on the channel. Although se-

lecting the initial point based on the upper bound in (4.2) is preferable, this upper

bound may or may not be achievable depending on the channel. Further, specific

phase shifts corresponding to the upper bound are generally not known, except in

special cases. Thus, the phase shifts that attain the lower bound in (4.3) provide

an initial point for any algorithm requiring initialization, e.g., the iterative Algo-

rithm 1 in Chapter 6. Using this initial point results in faster convergence to a value

greater or equal to the bound itself, i.e., the bounds in (4.2) not only ”sandwich” the

globally-optimal IRS gain but also the gain attained by the algorithm and thus pro-

vide its global optimality gap. This holds for any iterative algorithm that provides a

non-decreasing sequence of receive SNR values, including Algorithm 1 in Chapter 6.

Next, we present different upper bounds with explicit dependence on channel vec-

tors hl (since the SVD, while being a useful tool from computational and information-

theoretic perspectives, essentially ”hides” such dependence).

Proposition 2. The globally-optimal IRS gain g∗ is upper bounded in the general

case as follows:

g∗ ≤ gUB ≜ |h0|2 + 2
L∑
l=1

|h+
0 hl|+

L∑
l,k=1

|h+
l hk| (4.27)

≤
(
|h0|+

L∑
l=1

|hl|
)2

(4.28)

where both inequalities hold with equality (i.e., the upper bounds are attained) if

hl = alh0 for all l and some complex al, and the respective globally-optimal phase

shifts are ϕ∗
l = − arg{al}.
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Proof. Using (3.4), after some manipulations, one obtains:

g(ϕ) = |h0 +
L∑
l=1

ejϕlhl|2 =
(
h+
0 +

L∑
l=1

e−jϕlh+
l

)(
h0 +

L∑
k=1

ejϕkhk

)
(4.29)

= |h0|2 +
∑
k

ejϕkh+
0 hk +

∑
l

e−jϕlh+
l h0 +

∑
l,k

ej(ϕk−ϕl)h+
l hk (4.30)

= |h0|2 + 2Re
{∑

l

ejϕlh+
0 hl

}
+
∑
l,k

ej(ϕk−ϕl)h+
l hk (4.31)

= |h0|2 + 2
∑
l

Re
{
ejϕlh+

0 hl

}
+ 1

2

∑
l,k

(
ej(ϕk−ϕl)h+

l hk + ej(ϕl−ϕk)h+
k hl

)
(4.32)

= |h0|2 + 2
∑
l

Re
{
ejϕlh+

0 hl

}
+
∑
l,k

Re
{
ej(ϕk−ϕl)h+

l hk

}
(4.33)

= |h0|2 + 2
∑
l

|h+
0 hl|Re

{
ej(ϕl+φ0l)

}
+
∑
l,k

|h+
l hk|Re

{
ej(ϕk−ϕl+φlk)

}
(4.34)

= |h0|2 + 2
∑
l

|h+
0 hl| cos(ϕl + φ0l) +

∑
l,k

|h+
l hk| cos(ϕk − ϕl + φlk) (4.35)

≤ |h0|2 + 2
∑
l

|h+
0 hl|+

∑
k,l

|h+
l hk| (4.36)

≤ |h0|2 + 2
∑
l

|h0||hl|+
∑
k,l

|hl||hk| (4.37)

=
(
|h0|+

∑
l

|hl|
)2
, (4.38)

where φlk = arg{h+
l hk}; the upper bound in (4.36) is due to cos(x) ≤ 1 and (4.37)

is due to Cauchy-Schwarz inequality |h+
l hk| ≤ |hl||hk|, which holds with equality if

hl = alh0 for all l. Noting that the upper bounds in (4.36), (4.37) are independent

of ϕ and taking maxϕ on (4.29), one obtains (4.27), (4.28). With hl = alh0 for all l,

(4.37) holds with equality and

φlk = arg{h+
l hk} = arg{ak} − arg{al}, (4.39)

40



so that setting ϕl = − arg{al} = −φ0l,

ϕl + φ0l = 0, ϕk − ϕl + φlk = 0, (4.40)

and therefore (i) (4.36) holds with equality as well, and (ii) ϕl = − arg{al} are the

globally-optimal phase shifts in this case, since they attain both upper bounds. This

completes the proof.

4.3 Numercial Experiments

In this section, we numerically evaluate and compare the tightness of the bounds

obtained in (4.2) and (4.27), particularly for cases where globally-optimal phase shifts

are not known in closed-form. We provide histograms for gub/glb and gUB/glb for an

extensive number of channels generated under different scenarios. These numerical

results have been repeated to achieve statistically stable results.

Fig. 4.1 presents the histograms of gub/glb and gUB/glb both for 105 randomly-

generated channels with L = 10, and hl,n ∼ CN (0, 1), all i.i.d., that is, samples from

i.i.d. Rayleigh fading channel. For all channel coefficients, the average path loss is

factored out into the Rx SNR definition. Under this setting, the direct Tx-Rx link

and the IRS-assisted links have the same average path loss, which corresponds to a

partially-blocked direct link (see e.g., [83]). From Fig. 4.1(a), gub/glb is less than 2

(i.e., 3 dB) for almost all channels, with a median value of 1.25. Meanwhile, Fig.

4.1(b) shows that gUB/glb is less than 4 (i.e., 6 dB) for almost all channels, with

a median value of 1.77. Based on these two figures and the median values, gub/glb

offers a tighter optimality gap for this channel setup.

To examine how results are affected by a higher number of reflectors, Fig. 4.2

presents histograms for gub/glb and gUB/glb using the same channel setup as in Fig.

4.1, but with L = 100. Fig. 4.2 shows that gub/glb is less than 2.5 (i.e., 4 dB) for
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(a)

(b)

Figure 4.1: The histograms of the ratio gub/glb of the upper and lower bounds in
(4.2) (a) and the ratio gUB/glb of the upper and lower bounds in (4.27) (b), both for
105 randomly-generated channels with hl,n ∼ CN (0, 1), all i.i.d., N = 10, L = 10.
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almost all channels, while gUB/glb is less than 3 (i.e., 4.8 dB), with median values

of 1.82 and 2.19, respectively. Comparing the histograms in Fig. 4.1 and 4.2 shows

that, for this specific setup, increasing the number of reflectors causes a higher median

value in both cases, with a smaller increase in the median value for gUB/glb compared

to that for gub/glb. However, with more reflectors, gUB/glb shows a narrower spread,

reflecting a higher concentration around the median value. The law of large numbers

can justify this, as the number of reflectors grows, gUB/glb approaches the median

value more closely.

To investigate how different channel distribution parameters can affect the pre-

vious results, Fig. 4.3 illustrates histograms for gub/glb and gUB/glb using the same

channel setup as in Fig. 4.2, but with hl,n ∼ CN (0, 10). A comparison between

Fig. 4.1 and Fig. 4.3 shows no clear differences, indicating that both gub/glb and

gUB/glb are very similar in both channels. This indicates that for this specific chan-

nel, i.e., samples from an i.i.d. Rayleigh fading channel, the increase in severity of

fading across all channel coefficients does not significantly affect the optimality gap

obtained from both bounds.

Further, Fig. 4.4 examines scenarios characterized by a strong Tx-Rx link (dom-

inant LoS), where |h0| ≫ |hl|. These cases were modeled using 105 randomly-

generated channels, with h0,n = 10 and hl,n ∼ CN (0, 1), all being i.i.d. As shown

in Fig. 4.4, gub/glb is less than 3 (i.e., 4.8 dB) for almost all channels, and it is

less than 2 (i.e., 3 dB) for gUB/glb, with median values of 2.34 and 1.36, respectively.

Based on the median values, gUB/glb achieves a tighter optimality gap in cases where

dominant LoS is present. This result differs from that obtained from Fig. 4.1, which

was obtained for channels with partially-blocked direct links.

According to the previous numerical results, e.g., Fig. 4.2 and 4.4, it is concluded

that neither the bounds in (4.2) nor (4.27) can universally provide a tighter optimality

gap; thus, they are complementary.
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(a)

(b)

Figure 4.2: The histograms of the ratio gub/glb of the upper and lower bounds in
(4.2) (a) and the ratio gUB/glb of the upper and lower bounds in (4.27) (b), both for
105 randomly-generated channels with hl,n ∼ CN (0, 1), all i.i.d., N = 10, L = 100.
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(a)

(b)

Figure 4.3: The histograms of the ratio gub/glb of the upper and lower bounds in
(4.2) (a) and the ratio gUB/glb of the upper and lower bounds in (4.27) (b), both for
105 randomly-generated channels with hl,n ∼ CN (0, 10), all i.i.d., N = 10, L = 100.
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(a)

(b)

Figure 4.4: The histograms compare the ratio gub/glb of the upper and lower bounds
in (4.2) (a) with the ratio gUB/glb of the upper and lower bounds in (4.27) (b), for
105 randomly-generated channels with h0,n = 10 and hl,n ∼ CN (0, 1), all i.i.d., and
N = 10, L = 100.
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To demonstrate this result, Figs. 4.5 and 4.6 show histograms of the ratio gUB/gub

for the settings as in Figs. 4.2 and 4.4, respectively. As can be seen, the ratio gUB/gub

can take values both less than and greater than one, which shows that neither upper

bound is universally tighter.

Overall, the numerical experiments in this section verify that the obtained bounds

offer a reasonably accurate estimate of the globally-optimal IRS gain, for which no

closed-form solution is generally known. In the next chapter, we present closed-form

solutions for the problem in (3.6) and identify special cases where the upper bounds

in (4.2) and (4.27) are achievable, i.e., where g∗ = gub or g
∗ = gUB.
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(a)

Figure 4.5: The histograms of the ratio gUB/gub for the same settings as in Fig. 4.2.
gub is better than gUB when LoS is partially-blocked.

(a)

Figure 4.6: The histograms of the ratio gUB/gub for the same settings as in Fig. 4.4.
gUB is better than gub when there is a strong LoS.
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Chapter 5

Closed-Form Globally-Optimal Solutions

5.1 Introduction

As discussed in the previous chapters, a globally-optimal closed-form solution to

(3.7) is not known in the general case (to the best of our knowledge, the only known

closed-form solution is for scalar channels, N = 1). However, the bounds obtained

in the previous chapter enable us to identify several cases where such solutions can

be identified. In this section, we present these practically important cases, including

mmWave/THz channels, single-reflector IRS, massive MIMO settings, and multi-IRS

channels, and we consider variable-gain reflectors, as well.

For each case, we obtain the globally-optimal phase shifts and provide rigorous

proof for their optimality. Based on the obtained results, we discuss how IRS gain

can scale depending on the setup parameters, e.g., the number of reflectors (L) or

the number of IRSs. We revisit the power scaling law for the IRS in these cases and

identify the conditions that affect the scaling rate.

We further explore a special case of the single-reflector IRS with a closed-form

globally-optimal solution. Although this case may not be practical, it serves as a

foundational building block that enables us to build an iterative algorithm in Chapter

6 for the general case.
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5.2 mmWave/THz channel

For mmWave/THz channels, one can argue that due to the high directivity of anten-

nas and high diffraction/scattering loss, the absence of LoS results in a significant

increase in path loss, leading to a substantial decrease in SNR at the receiver. So, the

LoS becomes essential for reliable communication, including the direct Tx-Rx link

and reflected links from the IRS. Measurements indicate that metamaterial-based

IRS reflectors achieve relatively low reflection losses, as low as 1 dB, compared to

losses greater than 10 dB observed for other surfaces [89,90]. Therefore, we consider

in this section an IRS-assisted mmWave/THz SIMO channel with LoS component,

where the IRS and the Rx are both equipped with uniform linear arrays (ULAs).

Following [91] [92], the respective channel vectors can be expressed as

hl = h · exp{j(φl(θ
I
IRS) + ϕl)}a(θRx), l = 1..L (5.1)

φn(θ) = 2πd(n− 1)λ−1 sin(θ), n = 1..N (5.2)

an(θ) = exp{jφn(θ)}, (5.3)

where h represents large-scale path loss for the IRS links while a(θRx) is the local

array response vector at the Rx and al(θRx) is its l-th entry, θRx is the angle of arrival

(AoA) at the Rx (measured with respect to the array broadside), θIIRS and ϕl are the

incidence angle and the phase shift at l-th IRS reflector, d is ULA element spacing,

λ is the wavelength. In this setup, IRS is assumed to be located in the far-field of

both Tx and Rx, so that incident and reflected waves appear as planar wavefronts.

Fig. 5.1 illustrates this channel structure. Using (5.1)-(5.3),

hl = ejαlh1, αl = φl(θ
I
IRS) + ϕl. (5.4)
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Figure 5.1: Illustration of the channel geometry for an IRS-assisted channel.

The next Proposition presents a closed-form globally-optimal solution to the problem

in (3.7) for this channel.

Proposition 3. Let the IRS-assisted channel satisfy hl = ejαlh1, l = 1 · · ·L, for

some αl and α1 = 0, and let h0 be arbitrary. Then, the globally-optimal IRS gain

and the respective phase shifts are as follows:

g∗ = |h0|2 + L2|h1|2 + 2L|h+
0 h1| (5.5)

ϕ∗
l = arg{h+

1 h0} − αl = arg{h+
l h0}, (5.6)

where 2nd equality in (5.6) holds if h+
1 h0 ̸= 0. If h+

1 h0 = 0, then ϕ∗
l = α0−αl, where

α0 is arbitrary, i.e., the optimal phase shifts are not unique.
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Proof. From (4.35) and (4.36),

g(ϕ) = |h0|2 + 2
∑
l

|h+
0 hl| cos(ϕl + φ0l) +

∑
l,k

|h+
l hk| cos(ϕk − ϕl + φlk)

≤ |h0|2 + 2
∑
l

|h+
0 hl|+

∑
k,l

|h+
l hk| (5.7)

= |h0|2 + 2L|h+
0 h1|+ L2|h1|2

where the last equality is due to hl = ejαlh1. Note that the upper bound is inde-

pendent of ϕ and it holds for any ϕ, including optimal one, and therefore applies to

g(ϕ∗) = g∗ as well. It remains to show that the upper bound is attained in this case.

For this particular channel structure hl = ejαlh1 and if h+
0 h1 ̸= 0, note the following

φlk = arg{h+
l hk} = αk − αl, l, k = 1..L

φ0l = arg{h+
0 hl} = αl + φ01, φ01 = arg{h+

0 h1}, (5.8)

so that φ0k − φ0l = αk − αl = φlk and, therefore, setting

ϕl = −φ0l = −αl − φ01, (5.9)

one obtains ϕl + φ0l = 0, ϕk − ϕl + φlk = 0 so that (i) the upper bound in (5.7) is

attained, and (ii) the phase shifts in (5.9) are globally-optimal. If h+
0 h1 = 0, then

φ01 is arbitrary and therefore ϕl = α0 − αl are globally-optimal (achieve the upper

bound in (5.7)) for arbitrary α0.

Few observations are in order based on (5.5) and (5.6). First, note that, under

the condition hl = ejαlh1 of this Proposition, g∗ = gUB so that the upper bound in

(4.27) is tight (holds with equality) in this case. Next, it follows from (5.5) that if

the direct link is much weaker than the combined reflected links, i.e., if |h0| ≪ L|h1|,
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then the IRS gain is approximately

g∗ ≈ L2|h1|2 ∼ L2, (5.10)

i.e., scales as L2 (”20 dB per decade”) 1. In the opposite regime of moderate to

strong direct link,

g∗ ≈ |h0|2 + 2L|h+
0 h1|, (5.11)

i.e., scales as L at best (”10 dB per decade”) and this scaling is achieved if h+
0 h1 ̸= 0

and the number of reflectors is large enough,

L≫ |h0|2

2|h+
0 h1|

→ g∗ ≈ 2L|h+
0 h1| ∼ L, (5.12)

If this is not the case, then g∗ ≈ |h0|2 and IRS provides negligible improvement.

We further note that the above scalings in (5.5), (5.10)-(5.12) are consistent with

the measurements in [31, Fig. 12(b)] [94, Fig. 18], where quadratic scaling was

experimentally verified in a certain environment for large IRS. Since no specific

assumptions on h0, h1 have been made in the above analysis, the difference in the

propagation path loss of the direct and reflected links, as discussed in [40,41,83,93],

can also be included when the scalings of g∗ with L are analysed as in (5.5)-(5.12). In

particular, if |h0| is not small enough (i.e., the direct link is not weak), the scaling of

g∗ with L is linear at best, which is consistent with the physically-based arguments

in [40,41] as well as with the measurements in [31,94,95].

1Note that this scaling does not hold for the asymptotic analysis with L→∞, since the condition
hl = ejαlh1 only holds in the far-field of the IRS, where this scaling is applicable. As L increases,
so does the size of the IRS, and eventually the Tx and Rx will be in the near-field of the IRS so
that this condition, and also the scaling, becomes invalid; additionally, due to the law of energy
conservation, the total received power cannot exceed the transmit one so that this scaling will have
to saturate, see [40, 41, 93] for more details. This remark also applies to all other scalings in this
thesis.
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To get further insights, let us consider the case when the direct and reflected

links are resolvable, i.e., h+
0 h1 = 0. In this case, (5.5) simplifies to

g∗ = |h0|2 + L2|h1|2, (5.13)

and ϕ∗
l = α0−αl, where α0 is arbitrary, i.e., the optimal phase shifts are not unique.

IRS provides significant improvement over the direct link alone when the 2nd term of

g∗ exceeds the 1st one or, equivalently, if the number L of reflectors is large enough,

L≫ |h0||h1|−1 = Lmin, (5.14)

and, under this condition, g∗ ≈ L2|h1|2, i.e., the scaling with L is quadratic. If

L < Lmin, then IRS provides negligible improvement. The threshold Lmin can be

evaluated using the physically-based path loss models in [29, 40, 41, 83, 93], where

|h0|−2 and |h1|−2 represent the path losses of the direct and reflected links. For

example, if the path losses of Tx-Rx, Tx-IRS and IRS-Rx links are all 60 dB, then

|h0|−2 = 10−6, |h1|−2 = 10−12 (since the combined Tx-IRS-Rx path loss is 120 dB)

so that Lmin = 103.

One can further consider the opposite case of non-resolvable direct and reflected

paths, i.e., h1 = a1h0 for some complex a1. In this case, (5.5) and (5.6) simplify to

g∗ = |h0|2(1 + L|a1|)2, ϕ∗
l = −αl − arg{a1}, (5.15)

Note that the optimal phase shifts here are unique and IRS provides significant

improvement if L|a1| ≫ 1, i.e., the same condition as in (5.14) (since |a1| = |h1|/|h0|),

and, in this case, g∗ ≈ L2|a1|2|h0|2 = L2|h1|2, i.e the same as for the resolvable paths

above.
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5.3 Single reflector IRS

Next, we note that the condition of Proposition 3 is always satisfied in the single-

reflector case, L = 1, so that globally-optimal IRS gain and the respective phase

shifts follow.

Corollary 1. The globally-optimal IRS gain and phase shift for the single-reflector

IRS (L = 1) with arbitrary h0, h1 are as follows:

g∗ = |h0|2 + |h1|2 + 2|h+
0 h1|, ϕ∗

1 = arg{h+
1 h0}, (5.16)

If h+
0 h1 = 0, then ϕ∗

1 is arbitrary.

While IRS offers significant advantages when equipped with a large number of

reflectors (100s or 1000s), as demonstrated in (5.14) and [29,83], the closed-form solu-

tion obtained for a single-reflector IRS will be instrumental in developing an iterative

optimization algorithm for the general case (any L). This algorithm demonstrates

good convergence properties. More details about this proposed algorithm are pro-

vided in Chapter 6.

5.4 Massive MIMO setting

When the number N of Rx antennas is large, as in massive MIMO, and the condition

known as ”favorable propagation” holds, individual channel paths become resolvable

and the respective channel vectors become orthogonal to each other, h+
l hk = 0, l ̸= k

[54] [96] [11]. The next Proposition presents a closed-form globally-optimal solution

of (3.7) in this case.

Proposition 4. Let the channel vectors of reflected paths be mutually-orthogonal,

h+
l hk = 0, l ̸= k, where l, k = 1...L (no such assumption is made for the LoS path).
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Then, the globally optimal phase shifts and the respective IRS gain are as follows:

ϕ∗
l = arg{h+

l h0}, g∗ = |h0|2 + 2
L∑
l=1

|h+
l h0|+

L∑
l=1

|hl|2. (5.17)

If h+
l h0 = 0, then ϕ∗

l is arbitrary.

Proof. In this case, using (4.35),

g(ϕ) = |h0|2 + 2
∑
l

|h+
0 hl| cos(ϕl + φ0l) +

∑
l,k

|h+
l hk| cos(ϕk − ϕl + φlk)

= |h0|2 + 2
∑
l

|h+
0 hl| cos(ϕl + φ0l) +

∑
l

|hl|2 (5.18)

≤ |h0|2 + 2
∑
l

|h+
0 hl|+

∑
l

|hl|2,

where (5.18) is due to h+
l hk = 0 for l ̸= k. Note that the upper bound holds for any

ϕ, including the optimal one, is independent of ϕ and is attained by ϕl = −φ0l =

arg{h+
l h0}, which are therefore globally-optimal. If h+

l h0 = 0, then ϕ∗
l is arbitrary

since arg{0} is arbitrary (and yet achieves the upper bound in (5.18)).

Note that, in this case, the upper bound in (4.27) is also tight, g∗ = gUB. Com-

paring (5.17) to (5.6), we note that ϕ∗
l = arg{h+

l h0} is globally-optimal in the cases

where hl are either orthogonal or parallel to each other. This feature can be used to

obtain a globally-optimal solution for a multi-IRS channel.

One may argue that the mutual orthogonality condition in Proposition 4 may not

hold in practice as the spacing between adjacent IRS reflectors may not suffice for

the Rx array to resolve the corresponding reflected links. To overcome this, once the

spacing between adjacent reflectors is insufficient for resolving the corresponding re-

flected links, the entire set of reflectors can be divided into a number of groups; each

group consists of a number of adjacent reflectors and is treated as a single reflector

(i.e., all reflectors in a group are assigned with the same phase shift). This tech-
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Figure 5.2: An illustration of multi-IRS SIMO channel with M IRSs.

nique, known as element grouping, has been previously discussed in the literature

(e.g., [77, 97]). This method lowers the complexity of channel estimation and IRS

control, which becomes more evident when the IRS is equipped with many reflec-

tors. Applying the element grouping method increases the spacing between different

groups of IRS reflectors, thus achieving favourable propagation conditions.

5.5 Multi-IRS channel

A multi-IRS channel is often considered in the literature as an inexpensive way to

enhance system performance. In this section, we consider a scenario where several

IRSs are spatially distributed, as in Fig. 5.2. When the number N of Rx antennas is

large and, therefore, the Rx antenna array angular resolution is high [98], reflectors

from different IRSs can be resolved at the Rx (since their spacing is large) so that

their channel vectors are orthogonal to each other. On the other hand, reflectors

from the same IRS are not resolvable since their spacing is not large enough so that

their Rx angles of arrival are almost the same.

Based on this consideration, the overall multi-IRS channel matrixH can be block-

partitioned as H = [h0 H1 ... HM ], where each block represents the respective IRS
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(collects channel vectors from that IRS):

H1 = [h1, ..., hL1 ] (5.19)

Hm = [hL1+...+Lm−1+1, ..., hL1+...+Lm ], (5.20)

where Hm represents m-th IRS, Lm is its number of reflectors, m = 1...M , and M is

the number of IRSs. The total number of reflectors (in all IRSs) is L =
∑M

m=1 Lm.

For further use, let us define the index set Im of columns in Hm:

Im = {l : L1 + ...+ Lm−1 + 1 ≤ l ≤ L1 + ...+ Lm}, (5.21)

Since reflectors from different (distant) IRSs are resolvable, their channel vectors are

orthogonal to each other, so that h+
l hk = 0 for l ∈ Im1 , k ∈ Im2 , m1 ̸= m2, and also

H+
m1

Hm2 = 0. On the other hand, since reflectors of the same IRS are not resolvable

due to their proximity to each other, r(Hm) = 1 and therefore

hl = αlum for some αl ∀l ∈ Im, m = 1...M, (5.22)

where um is the unit basis vector of span{Hm}; without loss of generality, we further

assume that αl ̸= 0 for all l. Since different blocks are orthogonal to each other, it

follows that {u1...um} is an orthonormal set.

For this multi-IRS channel, the following Proposition provides an explicit globally-

optimal solution of (3.7).

Proposition 5. The globally-optimal phase shifts and the respective IRS gain of the
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multi-IRS channel described above are as follows:

ϕ∗
l = arg{u+

mh0} − arg{αl} = arg{h+
l h0} ∀l ∈ Im, m = 1...M (5.23)

g∗ = gUB = |h0|2 + 2
M∑

m=1

Am|h+
0 um|+

M∑
m=1

A2
m, (5.24)

where 2nd equality in (5.23) holds if u+
mh0 ̸= 0; Am is the combined amplitude gain

of m-th IRS,

Am =
∑
l∈Im

|αl| =
∑
l∈Im

|hl|. (5.25)

If u+
mh0 = 0, then ϕ∗

l = ψm − arg{αl} for all l ∈ Im and arbitrary ψm.

Proof. Observe that the upper bound gUB in (4.27) also applies to the multi-IRS

case here, where L is the total number of reflectors. It remains to show that this

upper bound is achievable by the phase shifts in (5.23). To this end, using (4.35),

we obtain:

g(ϕ) = |h0|2 + 2
L∑
l=1

|h+
0 hl| cos(ϕl + φ0l) +

L∑
l,k=1

|h+
l hk| cos(ϕk − ϕl + φlk) (5.26)

= |h0|2 + 2
M∑

m=1

∑
l∈Im

|h+
0 hl| cos(ϕl + φ0l) +

M∑
m=1

∑
l,k∈Im

|h+
l hk| cos(ϕk − ϕl + φlk)

(5.27)

≤ |h0|2 + 2
M∑

m=1

∑
l∈Im

|h+
0 hl|+

M∑
m=1

∑
l,k∈Im

|h+
l hk| = gUB (5.28)

= |h0|2 + 2
M∑

m=1

∑
l∈Im

|αl||h+
0 um|+

M∑
m=1

∑
l,k∈Im

|αl||αk| (5.29)

= |h0|2 + 2
M∑

m=1

Am|h+
0 um|+

M∑
m=1

A2
m, (5.30)

where (5.27) is due to h+
l hk = 0 for l ∈ Im1 , k ∈ Im2 , m1 ̸= m2; (5.29) is due to
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hl = αlum for l ∈ Im and (5.30) is due to (5.25). Next, assume that h+
0 um ̸= 0 and

observe that, for this channel,

φ0l = arg(h+
0 hl) = arg(αl) + arg(h+

0 um) ∀l ∈ Im

φlk = arg(h+
l hk) = arg(αk)− arg(αl) = φ0k − φ0l ∀k, l ∈ Im (5.31)

so that setting ϕ as in (5.23), ϕl = arg{h+
l h0} = −φ0l, it follows that

ϕl + φ0l = 0, ϕk − ϕl + φlk = 0, (5.32)

so that the inequality in (5.28) holds with equality and hence (i) the upper bound

is attained, and (ii) this choice of ϕl is globally optimal. If h+
0 um = 0, then ϕl =

ψm − arg(αl) attains the upper bound in (5.28) with arbitrary ψm and is therefore

globally-optimal.

It should be noted that the globally-optimal phase shifts in (5.23) are of the

same form as in (5.6) and (5.17), and, for this multi-IRS channel, the upper bound

in (4.27) is also tight, g∗ = gUB. (5.25) represents an equal-gain combiner (EGC)

and Am is its amplitude gain.

To get some insight, let us consider the case of absent (blocked) direct link,

h0 = 0, for which (5.24) reduces to

g∗ =
M∑

m=1

A2
m =

M∑
m=1

( ∑
l∈Im

|hl|
)2
. (5.33)

Note that the internal summation represents amplitude-wise combining (or EGC)

for each IRS across its reflectors while the external sum is a power-wise combining

across different IRSs. This difference is due to the fact that the reflectors within the

same IRS are not resolvable (so that their channel vectors are parallel to each other)

while the reflectors of different IRSs are resolvable (so that their channel vectors are
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orthogonal to each other).

To reveal the scaling of the globally-optimal IRS gain g∗ with the number M of

IRSs and the numbers Lm of reflectors in each IRSs, let us consider the case when

all IRSs are identical and have similar channels to their reflectors so that Lm = L1,

|u+
mh0| = |u+

1 h0| for all m, and |hl| = |h1| for all l. In this case, (5.24) reduces to

g∗ = |h0|2 + 2|h+
1 h0|ML1 + |h1|2ML2

1. (5.34)

In the case of weak or absent direct link, the last term dominates so that

g∗ ≈ |h1|2ML2
1 if

|h0|2

ML1

+ 2|h+
1 h0| ≪ |h1|2L1. (5.35)

i.e., g∗ scales quadratically with L1 but only linearly with M and this scaling holds

provided the number L1 of reflectors per IRS is large enough. If the opposite is true,

g∗ ≈ |h0|2 + 2|h+
1 h0|ML1 if

|h0|2

ML1

+ 2|h+
1 h0| ≫ |h1|2L1. (5.36)

i.e., the scaling with M,L1 is linear at best, and this holds provided the direct link

is not too strong,

g∗ ≈ 2|h+
1 h0|ML1 if |h0|2 ≪ 2|h+

1 h0|ML1. (5.37)

If the opposite is true, then g∗ ≈ |h0|2, i.e., IRSs have negligible impact. Thus, of

all three cases considered, the first one is most favorable in terms of IRSs impact,

i.e., the stronger the direct link, the smaller the impact of the IRSs. For IRSs to be

effective, either (5.35) or (5.37) has to hold, which can be used as design guidelines

as to (i) how many reflectors per IRS or (ii) how many IRSs are needed to make a

significant impact.

Finally, one can consider the case when the direct and reflected paths are resolv-
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able so that their channel vectors are orthogonal to each other, h+
1 h0 = 0. In this

case, (5.34) reduces to

g∗ = |h0|2 + |h1|2ML2
1, (5.38)

and IRSs have significant impact if 2nd term is dominant, i.e., ML2
1 ≫ |h0|2|h1|−2.

5.6 Variable-gain reflectors

One can further consider a more general setting where IRS reflectors, while being

passive, have variable gains βl, where βl ≤ 1 reflects their passive nature. In this

setting, the IRS gain is

g(ϕ,β) = |h0 +
∑
l

βle
jϕlhl|2, (5.39)

and it can be jointly optimized over ϕ and β:

g∗ = max
ϕ,β

∣∣h0 +
L∑
l=1

βle
jϕlhl

∣∣2 s.t. βl ≤ 1, l = 1...L. (5.40)

It follows that using the largest possible gains βl = 1 is optimal in many cases

provided phase shifts are also optimized and, therefore, there is no loss of optimality

in assuming βl = 1, as the following Proposition shows.

Proposition 6. Consider the optimization problem in (5.40). It is optimal to use

the largest possible gains, i.e., β∗
l = 1, for the settings in Propositions 3-5 so that

their respective optimal phase shifts and IRS gains apply to this problem as well.

Proof. One can use the proofs of Propositions 3-5 with hl replaced by βlhl. In
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particular, for Proposition 3, (5.7) is replaced by

g(ϕ,β) = |h0|2 + 2
∑
l

βl|h+
0 hl| cos(ϕl + φ0l) +

∑
l,k

βlβk|h+
l hk| cos(ϕk − ϕl + φlk)

≤ |h0|2 + 2
∑
l

|h+
0 hl|+

∑
k,l

|h+
l hk| (5.41)

= |h0|2 + 2L|h+
0 h1|+ L2|h1|2,

so that β∗
l = 1 follows, where the inequality is due to βl ≤ 1. Likewise, for Proposition

4, (5.18) is replaced by

g(ϕ,β) = |h0|2 + 2
∑
l

βl|h+
0 hl| cos(ϕl + φ0l) +

∑
l

β2
l |hl|2 (5.42)

≤ |h0|2 + 2
∑
l

|h+
0 hl|+

∑
l

|hl|2,

so that βl = 1 is optimal (since it attains the upper bound with optimal phase shifts).

In a similar way, the proof of Proposition 5 can also be extended (in particular, the

upper bound in (5.28) still holds and is attained by βl = 1 in combination with

optimal phase shifts).

It should be noted that this result also applies to the case of discrete gains,

e.g., using controllers with a finite number of bits to adjust reflection amplitudes, in

which case the maximum possible gain should be used. However, it can be shown

that βl = 1 are not necessarily optimal if phase shifts are not optimized as well, i.e.,

the largest possible gains are optimal for the joint optimization only. For example,

consider the following 2-reflector IRS setup with phase shifts ϕ1 = 0 and ϕ2 = π,
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where setting βl = 1 is not optimal, as shown below:

h0 = h1 = h2 = h

g(ϕ,β) = |h0 + β1h1 − β2h2| = (1 + β1 − β2)|1| (5.43)

g(ϕ, β1 = 1, β2 = 1) = |h| < g(ϕ, β1 = 1, β2 = 0) = 2|h|,

where h is any non-zero vector, |h| ≠ 0.
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Chapter 6

Alternating Optimization Algorithm

6.1 Introduction

In this chapter, we introduce the Alternating Optimization Algorithm (AOA), an

iterative algorithm based on the closed-form, globally optimal solution obtained for

the single-reflector IRS in the previous chapter. We provide explanations and a block

diagram to illustrate how this algorithm iteratively deals with the general case for

any L, and include the proof of its convergence.

However, convergence to a global optimum cannot be guaranteed due to the non-

convexity of the optimization problem; therefore, it is beneficial to run the algorithm

for multiple initial points. To achieve this, we have developed the multi-start AOA.

This approach enables searching over different initial points and identifies the one

leading to the highest IRS gain. Additionally, we suggest an initial point based on

the bounds established earlier in this thesis. We demonstrate that such an initializa-

tion of AOA ensures a guaranteed global optimality gap for the general SIMO/MISO

channel. Further, we conduct numerical experiments to show the impact of different

initial points on AOA’s performance. These experiments compare algorithm perfor-

mance under two scenarios: one using the initial point derived from the bounds, and

the other using an arbitrary initial point.

We examine the special cases for which closed-form solutions were found in the

previous chapter and show that AOA converges to these solutions, thus achieving

global optimality. For cases without known closed-form solutions, we conduct an
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extensive number of numerical experiments to evaluate AOA. These numerical results

demonstrate its superior performance compared to other numerical methods in the

literature.

6.2 Alternating Optimization Algorithm

While a number of closed-form solutions to the IRS optimization problem in (3.7)

have been presented in Chapter 5, the general case remains an open problem. No

algorithm to solve this problem numerically for a global optimum is known either.

To partially address this problem, we use the closed-form globally-optimal solution

for single-reflector IRS, see Corollary 1 in Chapter 5. While this Corollary applies to

the L = 1 case only, it can be used as a building block to construct a semi-analytical

iterative algorithm for any number of reflectors; since such algorithm is gradient-free,

it is efficient, even for a large number of reflectors. The key idea is to optimize a

single reflector phase at each iteration using the closed-form solution in (5.16) while

keeping all other phases fixed. This can be done sequentially for all reflectors. In the

optimization literature, this is known as alternating optimization (optimizing only

single variable at a time). Let us illustrate this idea for L = 2:

• Step 1: optimize ϕ1 using (5.16) with h0 + ejϕ2h2 in place of h0,

ϕ1 = arg{h+
1 (h0 + ejϕ2h2)}. (6.1)

• Step 2: optimize ϕ2 using (5.16) with h0+e
jϕ1h1 in place of h0 and h2 in place

of h1,

ϕ2 = arg{h+
2 (h0 + ejϕ1h1)}. (6.2)

These iterations can be repeated as many times as necessary, using some initial
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value of ϕ2 at step 1 of the very first iteration. Since this algorithm generates non-

decreasing sequences of SNRs and since this sequence is bounded, it will converge,

which is a welcome property.

In the general case (arbitrary L), ϕl is optimized at step l while all other phases

are kept constant:

• Step l: optimize ϕl using (5.16) with h0 +
∑

k ̸=l e
jϕkhk in place of h0 and hl in

place of h1,

ϕl = arg
{
h+
l (h0 +

∑
k ̸=l

ejϕkhk)
}
. (6.3)

This is summarized in Algorithm 1, and the corresponding flowchart is shown in

Fig. 6.1.

Phase optimization is performed alternatingly in the inner loop, one phase at

a time, using the closed-form solution in (5.17) (which is globally-optimal for that

particular step), as in Step l above. Since one-by-one optimization is not necessarily

globally-optimal (even though each step is), multiple iterations are needed, which are

performed by the outer loop. Step 4 of Algorithm 1 is needed to account for a rare

(but possible) case h
(l)
0 = 0, for which ϕl is arbitrary so it is randomly generated. ϕ0

is an initial point (phase shift vector), ∆g is a convergence tolerance, i0 is the number

of outer iterations over which the increase in the gain is evaluated in the termination

criterion; g(i) = 0 for i < 0, g(i,l) is the IRS gain after l-th inner loop iteration of i-th

outer loop iteration, while g(i) is the gain after the complete i-th outer loop iteration.

The stopping criteria is to terminate the Algorithm if the increase in the gain over

the last i0 outer iteration does not exceed the threshold ∆g. It should be pointed

out that this Algorithm is different from those presented in [39] and [43]; its superior

performance is demonstrated below in Proposition 8 and in Section 6.5.
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Figure 6.1: Flowchart for Alternating Optimization Algorithm (AOA).
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Algorithm 1 Alternating Optimization Algorithm (AOA)

Required: H, ϕ0, ∆g > 0, i0 ≥ 1
Initialization: i = 0, g(0) = g(ϕ0), ϕ = ϕ0.
repeat (outer loop)

1. Update i→ i+ 1.
for l = 1 to L do (inner loop)

2. Set h
(l)
0 = h0 +

∑
k ̸=l e

jϕkhk.

if h
(l)
0 ̸= 0

3. Set ϕl = arg(h+
l h

(l)
0 ).

else
4. Set ϕl ∼ uni(0, 2π).

end if
5. Set g(i,l) = g(ϕ).

end for
6. g(i) = g(i,L).

until g(i) − g(i−i0) ≤ ∆g.
Output: ϕ, g(i)

Since a closed-form solution is used in each iteration of the inner loop, no gradients

or Hessians are necessary and no numerical optimization is used. Hence, Algorithm

1 is computationally-efficient. As Proposition 7 shows, the sequence g(i) of IRS gains

generated by this Algorithm is non-decreasing and bounded and therefore converges,

and so is the Algorithm.

Proposition 7. Algorithm 1 generates a non-decreasing and bounded sequence of

IRS gains g(i) and therefore converges. Its convergence point is a local maximum for

the problem in (3.7).

Proof. To see that Algorithm 1 generates non-decreasing sequence g(i), let ϕ(i,l) be

the phase vector after step l of the inner loop has been completed at step i of the
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outer loop, and observe the following:

g(i) = g(i,L) (6.4)

≤ max
ϕ1

g(ϕ(i,L)) = g(ϕ(i+1,1)) = g(i+1,1) (6.5)

≤ max
ϕ2

g(ϕ(i+1,1)) = g(i+1,2) (6.6)

≤ · · · ≤ max
ϕL

g(ϕ(i+1,L−1))) = g(i+1), (6.7)

where (6.4) is the IRS gain after step i of the outer loop has been completed; (6.5),

(6.6) and (6.7) represent steps 1, 2 and L of the inner loop at step i+1 of the outer

loop. Thus, g(i) ≤ g(i+1), i.e., g(i) is a non-decreasing sequence. Intuitively, this is

so because, at each step of the inner loop, the IRS gain cannot decrease since the

respective phase is optimal, i.e., maximizes the gain, at that step. This sequence is

bounded, as has been established in Propositions 1 and 2. Therefore, it converges

and hence the termination criterion in Algorithm 1, i.e., g(i) − g(i−i0) ≤ ∆g, will be

eventually satisfied, for any ∆g > 0, any i0 > 0 and any initial point ϕ0. To see

that this convergence point is a local maximum, observe that it cannot be a local

minimum or an inflection point since the latter would mean that at least one ϕl is

not (locally) optimal and hence it can be improved at step l of the inner loop (since

Step 3 of Algorithm 1 sets optimal ϕl while all other phases are fixed).

6.3 Multi-start AOA

Since the problem in (3.7) is not convex, its local maximum obtained by Algorithm 1

is not necessarily a global one (this is a common property for non-convex problems in

general). Further, Algorithm 1 requires initialization, and because the optimization

problem in (3.7) is non-convex, its convergence point is not independent of the initial

point. A multi-start implementation, referred to as multi-start AOA, addresses this

issue. It executes Algorithm 1 using numerous randomly-generated initial points.

70



The best outcome, characterized by the highest IRS gain, is then selected and

reported. Executing Algorithm 1 for a number of initial points leads to a linear

increase in computational complexity. However, as Algorithm 1 is based on a closed-

form solution and is computationally efficient, the overall complexity of the multi-

start Algorithm remains reasonable. This search across different initial points, while

adding to the complexity of the multi-start AOA, enables achieving higher IRS gain

values, thus creating a trade-off between performance and complexity. Algorithm 2

summarizes multi-start AOA, and Fig. 6.3 shows its flowchart.

Algorithm 2 Multi-start AOA

Required: H, ∆g > 0, i0 ≥ 1,mmax

Initialization: m = 0, G = 0.
repeat (initial point search)

1. Update m→ m+ 1.
2. Set ϕ ∼ uniL(0, 2π).
3. Set [ϕm, gm] = AOA[H,ϕ,∆g, i0].
if gm > G then

4. Set ϕ∗ = ϕm.
5. Set G = gm.

end if
until (m ≤ mmax)
Output: ϕ∗, G

The multi-start algorithm performs AOA iteratively for a number of different

initial points. In step 2 of Algorithm 2, an L-dimensional initial point is generated

due to ϕ ∼ uniL(0, 2π), with i.i.d. elements. During the m-th iteration of the

multi-start algorithm, the AOA algorithm is performed for the same channel and

parameters but for a different initial point that is generated specifically for this

iteration; It then returns the optimized phase shifts (i.e., ϕm) and IRS gain (i.e., gm),

which are the outputs from performing the AOA algorithm for the m-th initial point.

Next, gm is compared to the highest IRS gain obtained in the previous iterations; If
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Figure 6.2: Flowchart for multi-start AOA.
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it is greater, the outputs for the multi-start algorithm are updated. Otherwise, AOA

is performed for another initial point. This process continues until it completes the

search across the specified number of initial points, denoted as mmax.

6.4 Initial Point Based on Bounds

In the previous section, we demonstrated how using the multi-start Algorithm allows

for searching across various initial points to identify the one that leads to the highest

IRS gain. However, numerical experiments show that, in many cases, Algorithm 1

does achieve a gain close to the upper bounds established in Chapter 4 and hence

close to a global optimum. In fact, as Proposition 8 below outlines, under certain

conditions, Algorithm 1 does converge to a global optimum, provided that its initial

point ϕ0 is properly selected.

To ensure a guaranteed gap to the global optimum in the general case, we set its

initial point ϕ0 as in (4.5),

ϕ0l = arg(v1(l+1))− arg(v11), (6.8)

This will guarantee that the Algorithm’s output gain gout satisfies

glb ≤ gout ≤ g∗ ≤ gub, (6.9)

since it generates a non-decreasing sequence of IRS gains g(i) so that the global

optimality gap g∗ − gout does not exceed ∆g = gub − gout, i.e.,

g∗ −∆g ≤ gout ≤ g∗. (6.10)

This is illustrated in Fig. 6.3. To the best of our knowledge, this is the first time

a numerical algorithm for IRS optimization has a guaranteed global optimality gap
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Figure 6.3: Bounding the globally-optimal IRS gain g∗ using the bounds in (4.2) and
the sub-optimality gap ∆g of Algorithm 1.

for the general SIMO/MISO channel.

Next Proposition shows that, under certain conditions, a convergence point of

Algorithm 1 is indeed a global optimum.

Proposition 8. Let the initial point ϕ0 be set as ϕ0l = arg{h+
l h0}, l = 1...L. Then,

Algorithm 1 converges to a global optimum g∗ of (3.7) in the following cases:

1. the setting of Proposition 3 (see Chapter 5, mmWave channel)

2. the setting of Proposition 4 (see Chapter 5, mMIMO channel)

3. the setting of Proposition 5 (see Chapter 5, multi-IRS channel)

4. for the L = 1, any N case

5. for the N = 1, any L case

Proof. For all considered cases, note the following:

g∗ = g(ϕ∗) = g(ϕ0) = g(0) (6.11)

≤ g(1) ≤ . . . ≤ g(c) = g(ϕc) ≤ g∗, (6.12)

where ϕc, g
(c) is the output of Algorithm 1 at its convergence point (the respective

phase shifts and IRS gain); (6.11) follows from (5.6), (5.16), (5.17), (5.23), which

imply that ϕ0 = ϕ∗ for the considered cases; (6.12) holds since, from Proposition

7, g(i) is a non-decreasing sequence (see (6.4)-(6.7)); the last inequality in (6.12) is

from the definition of global optimum: g∗ ≥ g(ϕ) for any ϕ. Thus, all inequalities
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in (6.12) hold with equality and therefore g(ϕc) = g∗, as required. Note, however,

that the latter equality does not imply that ϕc = ϕ0 since globally-optimal point is

not necessarily unique (in general).

We believe this is the first time that an algorithm for IRS optimization has

provable convergence to a global optimum. It should be pointed out that the choice

of an initial point is important here (as well as for any algorithm operating on a

non-convex problem in general), due to the following:

• it affects convergence to a global optimum (an algorithm may converge to

global optimum for some initial points but not for others)

• it affects the speed of convergence

Since the objective g(ϕ) in (3.7) is a continuous and bounded function, one can

expect that global convergence property will also hold for other settings that are

not ”far away” from the cases of Proposition 8 or for other initial points that are

not far away from the considered one. The multi-start version of Algorithm 1 is

implemented to improve its chances of global convergence for other cases. However,

the initial point in (6.8) which was obtained based on the lower bound in (4.3), along

with some others, remains a good choice.

The next Section presents the results of extensive numerical experiments and

compares Algorithm 1 with other known algorithms, demonstrating its superior per-

formance and its ability to converge to a point in close proximity of a global optimum.

6.5 Numerical Experiments

To validate the analytical results above, we present here a number of numerical

experiments comparing these results with Algorithm 1 (AOA) above as well as with

the fixed point iteration (FPI) method in [43] and the semi-definite relation (SDR)

method in [39].
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In order to evaluate the tightness of the bounds in (4.2) and (4.27), histograms

of gub/glb and gUB/glb for an extensive number of randomly-generated channels un-

der different setups are presented in Figs. 4.1-4.4. These figures demonstrate that

min{gub, gUB}/glb is less than 4 (i.e., 4.8 dB) for almost all channels in all consid-

ered scenarios. This implies that the global optimality gap of Algorithm 1, when

initialized as in (6.8), does not exceed these values, as indicated by (6.9),

1 ≤ g∗/gout ≤ gub/glb, (6.13)

Fig. 6.4 shows the performance of Algorithm 1 (AOA) along with the FPI [43]

and the SDR [39] algorithms in terms of the normalized IRS gain g(ϕ)/|h0|2 (i.e., the

IRS-assisted gain over that with the direct link alone). Further, the figure includes

upper and lower bounds based on (4.2) and (4.27), denoted as UB and LB. For

UB, we select either gub or gUB based on whichever one provides a tighter global

optimality gap. To obtain representative results for a wide range of scenarios, 104

channels were randomly generated with hl,n ∼ CN (0, 1), all i.i.d., samples from i.i.d.

Rayleigh fading; the average path loss is factored into the Rx SNR definition for all

channel coefficients. This setup represents scenarios where the direct Tx-Rx link and

the IRS-assisted links have the same average path loss, i.e., partially-blocked direct

link [56]. Each channel is individually optimized using the above algorithms; after

this, the best (highest normalized IRS gain) and worst (smallest normalized IRS gain)

cases were selected, which are shown in Fig. 6.4(a) and 6.4(b). AOA-1 is Algorithm

1 with the initial point as in (6.8) while AOA-2 uses the all-zero initial point for

comparison. Note that the performance of AOA-1 is in-between the lower and upper

bounds in (4.2), thus validating these bounds, while AOA-2 does not satisfy the lower

bound (since its initial point is not as in (6.8)) but always satisfies the upper bound,

as expected. Note also that AOA-1 and AOA-2 outperform the other algorithms

both in terms of the achieved IRS gain as well as convergence speed, for the best
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and worst-case scenarios. The global optimality gap of Algorithm 1 does not exceed

0.2 dB in both scenarios, while this gap is noticeably larger for the other algorithms.

A comparison of AOA-1 and AOA-2 shows the impact of an initial point on the

algorithm’s performance (a good initial point, e.g., as in AOA-1, can significantly

speed up the convergence). Note the differences in the convergence points of different

algorithms, which are due to the different phase shift update rules as well as the non-

convexity of the optimization problem so that the FPI and SDR algorithms converge

to locally-optimal points, which are located away from the globally-optimal one, for

both the best and worst channel realizations, while Algorithm 1 convergence point is

closer to the global optimum (which does not exceed UB). It is noted that the high

values of IRS gain in this scenario may not be achievable in practice due to the law

of conservation of energy. However, the obtained results are based on optimizing the

objective function in (3.6) without taking into account other limitations.

To investigate the performance of the AOA algorithm in scenarios where a strong

direct link exists, Fig. 6.5 compares the AOA algorithm’s performance with that of

the FPI and SDR algorithms, same as in Fig. 6.4. Fig. 6.5(a) and 6.5(b) show the

highest and lowest IRS gains among 104 randomly generated channels, where h0,n =

10 and hl,n ∼ CN (0, 1), all i.i.d.. In both cases, the AOA algorithm outperforms the

FPI and SDR algorithms in terms of achieved IRS gain and convergence speed. The

global optimality gap does not exceed 0.2 dB, consistent with the results shown in

Fig. 6.4. In this scenario, the lower values of achieved IRS gains, compared to those

in Fig. 6.4, is due to the limited IRS gain when a strong LoS exists, as discussed in

Chapter 5.

To validate Propositions 3 and 8, Fig. 6.6 shows the respective results for the

settings of Proposition 3, where 104 random channel realizations where generated

according to h0,n, h1,n ∼ CN (0, 1), all i.i.d., and αl ∼ uni[0, 2π], also i.i.d.. AOA-3

corresponds to Algorithm 1 with the initial point as in Proposition 3. Note that, for
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this initial point, Algorithm 1 converges to global optimum, confirming Propositions

3 and 8. In addition, global convergence also holds for the other initial points (AOA-

1 and AOA-2), for both the best and worst-case channels. Based on this observation,

we conjecture that Proposition 8 also holds for other initial points. Note also that,

for both channels, the upper bound coincides with the global optimum, confirming

its tightness.
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Figure 6.4: Highest (a) and lowest (b) normalized IRS gain scenarios among 104

randomly-generated channels with hl,n ∼ CN (0, 1), i.i.d. (partially-blocked direct
link), N = 10, L = 100.
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Figure 6.5: Highest (a) and lowest (b) normalized IRS gain scenarios among 104

randomly-generated channels with h0,n = 10 and hl,n ∼ CN (0, 1), i.i.d. (strong
direct link), N = 10, L = 100.
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Figure 6.6: Highest (a) and lowest (b) normalized IRS gain scenarios among 104

randomly-generated channels for the setting of Proposition 3; N = 10, L = 100.
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Chapter 7

Small Phase Dispersion Regime

7.1 Introduction

As investigated in the previous chapters, the globally-optimal phase shifts for maxi-

mizing IRS gain for SIMO/MISO channels are not known in the general case. Fur-

ther, the global optimality gap is not known or bounded, either. This chapter par-

tially addresses these issues and proposes a new approach that is based on a concave

lower bound to the IRS-assisted channel gain. It is demonstrated that once this lower

bound gets maximized, it coincides with the global optimum of the original problem

in many cases and, in some additional cases, gives a tight approximation. For the

latter case, we introduce a new concept of phase dispersion, consider a small phase

dispersion regime, and show that, under this regime, the maximized lower bound is

a tight approximation of the global optimum. We further provide numerical experi-

ments for an extensive number of channel realizations to support our results.

Overall the proposed approach is amenable not only to numerical implementa-

tions but also to the analysis resulting in closed-form solutions in some cases. In

particular, we establish a global optimality gap for IRS gain using discrete 1-bit

phase shifters, which offer a low-complexity alternative compared to the full-range

continuous phase shifters.
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7.2 Global Optimum via Maximized Lower Bound

We adopt here a novel approach based on a concave lower bound, whose maximiza-

tion is a convex problem that can be solved for a global optimum in a closed form.

Next, we demonstrate that the maximized lower bound is tight in many cases, i.e.,

the IRS phase shifts maximizing the lower bound also maximize the original IRS

gain and hence are globally-optimal for the original problem.

To this end, the following Lemma presents a desired lower bound for the IRS

gain g(ϕ) valid for any ϕ, h0,hl and tight in many cases after being maximized.

Lemma 1. The IRS gain g(ϕ) in (3.4) can be lower bounded, for any ϕ and any

h0,hl, l = 1...L, as follows:

g(ϕ) ≥ ga(ϕ) ≜ −ϕTWϕ− 2ϕTb+ c, (7.1)

where W,b, and c are defined as follows:

W =



|h+
1 h0|+

∑L
l=1,l ̸=1 |h

+
1 hl| −|h+

1 h2| · · · −|h+
1 hL|

−|h+
2 h1| |h+

2 h0|+
∑L

l=1,l ̸=2 |h
+
2 hl| · · · −|h+

2 hL|
...

. . .
...

−|h+
Lh1| −|h+

Lh2| · · · |h+
Lh0|+

∑L
l=1,l ̸=L |h

+
Lhl|



b =

[ L∑
m=0
m ̸=1

|h+
1 hm|φm1, · · · ,

L∑
m=0
m ̸=L

|h+
Lhm|φmL

]T
, φml = arg(h+

mhl) (7.2)

c = |h0|2 +
L∑
l=1

|h+
0 hl|(2− φ2

0l) +
L∑

k,l=1

|h+
l hk|(1− φ2

lk/2).

Proof. Using (3.4), after some manipulations, one obtains
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g(ϕ) = |h0 +
∑L

l=1
ejϕlhl|2 (7.3)

=
(
h+
0 +

∑L

l=1
e−jϕlh+

l

)(
h0 +

∑L

k=1
ejϕkhk

)
(7.4)

= |h0|2 +
∑

k
ejϕkh+

0 hk +
∑

l
e−jϕlh+

l h0 +
∑

l,k
ej(ϕk−ϕl)h+

l hk (7.5)

= |h0|2 + 2Re
{∑

l
ejϕlh+

0 hl

}
+
∑

l,k
ej(ϕk−ϕl)h+

l hk

= |h0|2 + 2
∑

l
Re

{
ejϕlh+

0 hl

}
+ 1

2

∑
l,k

(
ej(ϕk−ϕl)h+

l hk + ej(ϕl−ϕk)h+
k hl

)
(7.6)

= |h0|2 + 2
∑

l
Re

{
ejϕlh+

0 hl

}
+
∑

l,k
Re

{
ej(ϕk−ϕl)h+

l hk

}
(7.7)

= |h0|2 + 2
∑

l
|h+

0 hl|Re
{
ej(ϕl+φ0l)

}
+
∑

l,k
|h+

l hk|Re
{
ej(ϕk−ϕl+φlk)

}
(7.8)

= |h0|2 + 2
∑

l
|h+

0 hl| cos(ϕl + φ0l) +
∑

l,k
|h+

l hk| cos(ϕk − ϕl + φlk) (7.9)

≥ |h0|2 + 2
∑

l
|h+

0 hl|
(
1− 1

2
(ϕl + φ0l)

2
)

+
∑

k,l
|h+

l hk|
(
1− 1

2
(ϕk − ϕl + φlk)

2
)

(7.10)

= −ϕTWϕ− 2ϕTb+ c = ga(ϕ), (7.11)

where φkl = arg(h+
k hl); the lower bound in (7.10) is due to

cos(x) ≥ 1− x2/2, (7.12)

which holds for any x; (7.11) follows from (7.10), (7.2) after some manipulations.

To proceed further, we need the following technical result.

Lemma 2. ga(ϕ) in (7.1) is a concave function and W is positive semi-definite,

W ≥ 0. If h+
0 hl ̸= 0 for all l, the concavity is strict and W is strictly positive

definite, W > 0 (and thus non-singular).

Proof. To prove 1st part, it is sufficient to show that W is positive semi-definite,

W ≥ 0, i.e., z+Wz ≥ 0 for all z ∈ CL (see e.g., [99]). To this end, any z can be
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expressed as z = Dy, where

D = diag{ej arg(zl)}, yl = |zl|, 1 ≤ l ≤ L (7.13)

so that

z+Wz = yTD+WDy (7.14)

= yTQy, Q = D+WD (7.15)

=
∑L

l=1
qlly

2
l +

∑L

l,k=1
k ̸=l

qlkylyk (7.16)

=
∑L

l=1
qlly

2
l +

∑L

l,k=1
k<l

(qlk + qkl)ylyk (7.17)

=
∑L

l=1
qlly

2
l +

∑L

l,k=1
k<l

2Re{qlk}ylyk (7.18)

≥
∑L

l=1
qlly

2
l −

∑L

l,k=1
k<l

2|qlk|ylyk (7.19)

≥
∑L

l,k=1
k ̸=l

|qlk|y2l −
∑L

l,k=1
k<l

2|qlk|ylyk (7.20)

=
∑L

l,k=1
k<l

|qlk|(y2l + y2k − 2ylyk) (7.21)

=
∑L

l,k=1
k<l

|qlk|(yl − yk)2 ≥ 0, (7.22)

where (7.18) follows from 2Re{z} = z + z+ for complex z and qlk = q+kl since Q is a

Hermitian matrix:

Q+ = (D+WD)+ = D+W+D = D+WD = Q, (7.23)

where W+ = W since it is real and symmetric; (7.19) follows from −|z| ≤ Re{z};

(7.20) follows from

qll ≥
L∑

k=1
k ̸=l

|qlk|, (7.24)
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which is due to the following:

qll −
L∑

k=1
k ̸=l

|qlk| = wll −
L∑

k=1
k ̸=l

|wlk|

= |h+
l h0|+

L∑
k=1
k ̸=l

|h+
l hk| −

L∑
k=1
k ̸=l

|h+
l hk|

= |h+
l h0| ≥ 0, (7.25)

where, from (7.15), qlk = wlke
j arg(zk)−j arg(zl) and therefore qll = wll, |qlk| = |wlk|.

Thus, W ≥ 0 and therefore ga(ϕ) is concave. To prove strict concavity, let z ̸= 0

and note that the inequality in (7.25) and thus in (7.24) are strict if h+
l h0 ̸= 0 for

all l. Therefore, the inequality in (7.20) is also strict, W is strictly positive-definite,

W > 0, and thus non-singular and the concavity is strict as well.

Using the lower bound in (7.1), the globally-optimal IRS gain g∗ can be lower-

bounded as follows:

g∗ = max
ϕ

g(ϕ) (P1)

≥ max
ϕ

ga(ϕ) = g∗a. (P2)

While the original problem (P1) is difficult to solve for global maximum, either

analytically or numerically, due to its non-convex nature, the maximized lower bound

problem (P2) is much easier to deal with since it is a convex quadratic problem:

max
ϕ

ga(ϕ) = −min
ϕ

(ϕTWϕ+ 2ϕTb) + c. (P2)

The following Proposition presents its closed-form solution in the general case and

Proposition 10 shows that its global optimum is a tight bound for the original prob-

lem (P1) in many cases.
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Proposition 9. The globally-optimal phase shifts ϕ∗
a and the globally-optimal IRS

gain g∗a for the problem (P2) are as follows:

ϕ∗
a = −W†b, g∗a = bTW†b+ c, (7.26)

where W† is the Moore-Penrose pseudo-inverse of W.

Proof. Since (P2) is an unconstrained convex (quadratic) problem, its stationarity

condition is sufficient for global optimality [99], which can be solved in a closed form:

∇ϕga(ϕ) = 2(Wϕ+ b) = 0⇒ ϕ∗
a = −W†b, (7.27)

where ∇ϕ is the gradient with respect to ϕ. Using (7.27), (7.26) follows (note that

pseudo-inverse is needed here since W can be singular).

Since W is positive semi-definite, its pseudo-inverse can be computed via its

eigenvalue decomposition [99] [100]:

W = U

Λ 0

0 0

UT ⇒ W† = U

Λ−1 0

0 0

UT , (7.28)

where U is a unitary matrix whose columns are the eigenvectors of W and the

diagonal matrix Λ collects its strictly-positive eigenvalues, so that ϕ∗
a and g∗a can be

expressed as

ϕ∗
a =

∑
i:λi>0

ui
uT
i b

λi
, g∗a =

∑
i:λi>0

|uT
i b|2

λi
+ c, (7.29)

where ui is i-th eigenvector of W and λi is the respective eigenvalue, and the sum-

mation is over all strictly-positive eigenmodes. Next note that if W is non-singular,

then W† = W−1. In our setting, it is not difficult to see that W becomes singular
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when the LoS link is resolvable from all reflected links, h+
l h0 = 0 ∀l ≥ 1, which may

be the case when the Rx is equipped with a large number of antennas (e.g., mas-

sive MIMO under favorable propagation [54]; see also [98]), so that pseudo-inverse

is indeed needed here.

Next, we demonstrate that the globally-optimal solutions of the exact and ap-

proximate problems (P1) and (P2) coincide in many cases, hence demonstrating

tightness of the maximized lower bound.

Proposition 10. The globally-optimal solutions (phase shifts and the respective IRS

gains) of the exact and approximate problems (P1) and (P2) coincide in the following

cases:

1. L = 1, any N :

ϕ∗
a1 = arg{h+

1 h0} = ϕ∗
1,

g∗a = g∗ = |h0|2 + |h1|2 + 2|h+
0 h1|. (7.30)

2. N = 1, any L:

ϕ∗
al = arg{h0} − arg{hl} = ϕ∗

l ,

g∗a = g∗ =
(
|h0|+

∑L

l=1
|hl|

)2
. (7.31)

3. If hl = eαlh1, l = 1...L, for some (real) αl, and arbitrary h0 (this is typical for

mmWave/THz channels):

ϕ∗
al = arg{h+

l h0} = arg{h+
1 h0} − αl = ϕ∗

l ,

g∗a = g∗ = |h0|2 + 2L|h+
0 h1|+ L2|h1|2. (7.32)

4. If |h+
l h0| ≫

∑L
k=1 |h

+
l hk| ∀l ≥ 1 (i.e., dominant LoS, non-resolvable from
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IRS-supported links):

ϕ∗
al ≈ arg{h+

l h0} ≈ ϕ∗
l

g∗a ≈ g∗ ≈ |h0|2 + 2
∑L

l=1
|h+

0 hl|. (7.33)

Proof. For Case 1, notice that W = |h+
1 h0|, b = |h+

1 h0|φ01, i.e., both are scalars,

so that

ϕ∗
a1 = −

|h+
1 h0|φ01

|h+
1 h0|

= −φ01 = arg{h+
1 h0} (7.34)

g∗a = |h0|2 + |h1|2 + 2|h+
0 h1|. (7.35)

On the other hand, from (7.9),

g(ϕ) = |h0|2 + 2|h+
0 h1| cos(ϕ1 + φ01) + |h1|2

≤ |h0|2 + 2|h+
0 h1|+ |h1|2, (7.36)

where the inequality is due to cosx ≤ 1. The upper bound is global (applies to any

ϕ) and is attained with ϕ1 = −φ01, which is therefore the globally-optimal phase

shift in this case. Thus,

ϕ∗
a1 = ϕ∗

1, g
∗
a = g∗, (7.37)

i.e., there is no loss of optimality in using the lower bound in this case, as required.

For Case 2, use the following upper bound

ga(ϕ) ≤ g(ϕ) ≤
(
|h0|+

∑L

l=1
|hl|

)2
, (7.38)

where 2nd inequality is due to the triangle inequality. Note that the upper bound is
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independent of ϕ, i.e., holds for any ϕ, including globally-optimal one, and further

observe that both inequalities become equalities if ϕl = arg{h+l h0} = −φ0l, since

φlk = arg{h+l hk} = arg{hk} − arg{hl} (7.39)

= arg{h+0 hk} − arg{h+0 hl} = φ0k − φ0l.

so that, for ϕl = −φ0l,

ϕl + φ0l = 0, ϕk − ϕl + φlk = 0, (7.40)

and, from (7.9) and (7.10),

g(ϕ) = |h0|2 + 2
∑

l
|h0||hl|+

∑
l,k
|hl||hk| (7.41)

= ga(ϕ) =
(
|h0|+

∑
l
|hl|

)2
.

Therefore, ϕl = −φ0l = arg{h0} − arg{hl} are globally-optimal for both (P1) and

(P2) in this case since they attain the upper bound in (7.38).

For Case 3, use the following upper bound, which follows from (7.9) and hl =

ejαlh1,

ga(ϕ) ≤ g(ϕ) = |h0|2 + 2
∑

l
|h+

0 hl| cos(ϕl + φ0l) +
∑

l,k
|h+

l hk| cos(ϕk − ϕl + φlk)

≤ |h0|2 + 2
∑

l
|h+

0 hl|+
∑

k,l
|h+

l hk| (7.42)

= |h0|2 + 2L|h+
0 h1|+ L2|h1|2,

and observe that, in this case,

φlk = arg{h+
l hk} = αk − αl = φ0k − φ0l

φ0l = arg{h+
0 hl} = αl + arg{h+

0 h1} = αl + φ01, (7.43)
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so that (7.40) holds if ϕl = −φ0l and hence both inequalities in (7.42) hold with

equality, indicating global optimality of this choice of ϕl for both (P1) and (P2) and,

furthermore, g∗a = g∗, i.e., no loss of optimality in using the maximized lower bound.

For Case 4, g(ϕ) can be upper-bounded and approximated as follows:

g(ϕ) ≤ |h0|2 +
∑

l

(
2|h+

0 hl|+
∑

k
|h+

l hk|
)

≈ |h0|2 + 2
∑

l
|h+

0 hl|. (7.44)

This approximated upper bound is attained if ϕl = −φ0l = arg{h+
l h0}, indicating

approximate global optimality of this choice of ϕl for (P1). It is not difficult to see

that the same argument also applies to ga(ϕ), indicating that these phase shifts are

also approximately optimal for (P2).

7.3 Small Phase Dispersion Regime

Here we identify another scenario where the solution of (P2) is a tight approximation

for the solution of (P1). To this end, observe that the lower bound in (P2) holds due

to cos x ≥ 1− x2/2 (see (7.10)) and the latter bound is tight for small x:

cosx ≈ 1− x2/2 if |x| < 1. (7.45)

Fig. 7.1 illustrates this: the difference does not exceed 10% if |x| ≤ π/3. There-

fore, using (7.9) and (7.10) when all phase terms are not large, the lower bound is
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tight,

g(ϕ) = |h0|2 + 2
∑

l
|h+

0 hl| cos(ϕl + φ0l)

+
∑

l,k
|h+

l hk| cos(ϕk − ϕl + φlk)

≈ |h0|2 + 2
∑

l
|h+

0 hl|
(
1− 1

2
(ϕl + φ0l)

2
)

(7.46)

+
∑

k,l
|h+

l hk|
(
1− 1

2
(ϕk − ϕl + φlk)

2
)

= ga(ϕ),

where φlk = arg{h+
l hk}, i.e., g(ϕ) ≈ ga(ϕ), and, therefore, one can expect that (P2)

is a good approximation of (P1).

To quantify this intuition, we introduce the concept of phase dispersion. To this

end, let

∆θnl = arg{hnl} − arg{hn0}, (7.47)

i.e., ∆θnl is the phase difference of the IRS-reflected and LoS links for n-th antenna

and l-th reflector. We call Θ the phase dispersion if

|∆θnl| ≤ Θ ∀l, n (7.48)

and this holds with equality for some l, n. Equivalently,

Θ = max
n,l
|∆θnl|. (7.49)

That is, Θ is the largest phase difference between the reflected and LoS links,

across all antennas and reflectors. The following Lemma shows that small Θ implies

that all the phase terms φkl = arg(h+
k hl) are also small.
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Figure 7.1: Comparison of cos(x) and its lower bound 1− x2/2.

Lemma 3. If (7.48) holds with Θ ≤ π/4, then

|φkl| = | arg(h+
k hl)| ≤ 2Θ ∀ k, l. (7.50)

Proof. To simplify the notations, let us use the following:

anl = |hnl|, cnkl = anlank, θnl = arg{hnl}

∆ϑn
kl = ∆θnl −∆θnk, ∆ϑkl = max

n
|∆ϑn

kl| (7.51)

βn =
cnkl cos(∆ϑ

n
kl)∑

n c
n
kl cos(∆ϑ

n
kl)
→

∑
n

βn = 1.

Using the triangle inequality,

|∆ϑn
kl| = |∆θnl −∆θnk| (7.52)

≤ |∆θnl|+ |∆θnk| ≤ 2Θ ≤ π/2,
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so that ∆ϑkl ≤ 2Θ ≤ π/2, βn ≥ 0 and therefore

arg{h+
k hl} = arg

{∑N

n=1
anlanke

j(θnl−θnk)
}

(7.53)

= arg
{∑N

n=1
cnkle

j∆ϑn
kl

}
(7.54)

= arg
{∑

n

cnkl cos(∆ϑ
n
kl) + j

∑
n

cnkl sin(∆ϑ
n
kl)

}
= tan−1

(∑
n c

n
kl sin(∆ϑ

n
kl)∑

n c
n
kl cos(∆ϑ

n
kl)

)
(7.55)

= tan−1
(∑

n

cnkl cos(∆ϑ
n
kl)∑

n c
n
kl cos(∆ϑ

n
kl)

tan(∆ϑn
kl)

)
= tan−1

(∑
n

βn tan(∆ϑ
n
kl)

)
(7.56)

≤ tan−1
(
tan(∆ϑkl)

∑
n

βn
)

(7.57)

= tan−1(tan(∆ϑkl)) (7.58)

= ∆ϑkl ≤ 2Θ, (7.59)

where (7.55) is due to arg(z) = tan−1(Im(z)/Re(z)) if Re(z) ≥ 0 and the latter

is ensured by |∆ϑn
kl| ≤ π/2 (from (7.52)) so that

∑
n c

n
lk cos(∆ϑ

n
kl) ≥ 0; (7.57) fol-

lows from tan(x) being a strictly-increasing function for |x| ≤ π/2 and tan−1(·)

being a strictly-increasing function so that |∆ϑn
kl| ≤ ∆ϑkl ≤ π/2 and βn ≥ 0 imply

tan(∆ϑn
kl) ≤ tan(∆ϑkl) and hence (7.57); (7.58) follows from

∑
n βn = 1; (7.59) fol-

lows from tan−1(tan(x)) = x for |x| ≤ π/2. In a similar way, one can establish that

arg{h+
k hl} ≥ −∆ϑkl ≥ −2Θ, from which (7.50) follows.

It can be shown (by examples) that no tighter bound is possible in general (since

(7.50) holds with equality in some cases). Thus, from this Lemma, φkl = arg(h+
k hl)

are small provided that Θ is small, i.e., in the small phase dispersion regime. Keep-

ing in mind that g(ϕ) is a continuous function and the purpose of IRS phase

shifts optimization is to reduce phase imbalance across all links (i.e., to reduce

|ϕl + φ0l|, |ϕk − ϕl + φlk|) so that, from (7.46), IRS gain increases, it is natural
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to expect that, under optimal phase shifts and for small Θ, all phase terms in (7.46)

are also small so that the lower bound in (7.1) is tight and therefore the solution of

(P2) is sufficiently close to that of (P1),

ϕ∗ ≈ ϕ∗
a, g(ϕ

∗
a) ≈ g(ϕ∗) = g∗. (7.60)

To validate this intuition and thus the tightness of ϕ∗
a in the small phase disper-

sion regime, extensive numerical experiments were carried out. Figs. 7.2 and 7.3

show some representative results in terms of the normalized IRS gain, g(ϕ∗
a)/g(ϕ

∗),

for 104 randomly-generated channels satisfying (7.48), (7.49), as described earlier. In

both figures, the AOA method is used to approximate g(ϕ∗) in the small phase dis-

persion regime, due to Assumption 1, as using exhaustive search becomes infeasible

while the number of reflectors, L, grows; e.g., searching for each phase shift at 100

equally spaced points in [0, 2π] for only L = 10 reflectors results in searching over

1020 phase shifts, which is computationally hard, if not impossible. Fig. 7.2 shows

the normalized IRS gain for Θ = π/8 and Θ = π/4, both for L = 10. It is shown

that for Θ = π/8, g(ϕ∗
a) is within 5% (or 0.2 dB) of the global maximum g(ϕ∗) for

most channel realizations, where for larger Θ = π/4, this becomes 20% (or 1 dB).

Fig. 7.3 presents the normalized IRS gain for the same settings as in Fig. 7.2 but

for L = 100. As shown in this figure, for Θ = π/8, g(ϕ∗
a) is within 5% (or 0.2 dB) of

the global maximum for most channel realizations, and for Θ = π/4, this becomes

15% (or 0.7 dB). Comparing results from both figures, g(ϕ∗
a) exhibits almost the

same tightness to global optimal for Θ = π/8. However, as the number of reflectors

grows for Θ = π/4, g(ϕ∗
a) provides a tighter approximation of g(ϕ∗), which can be

justified due to the law of large numbers.
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(a) Θ = π/8

(b) Θ = π/4

Figure 7.2: The histogram of the ratio of g(ϕ∗
a)/g(ϕ

∗) for 104 randomly-generated
channels realizations with N = 10, L = 10.
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(a) Θ = π/8

(b) Θ = π/4

Figure 7.3: The histogram of the ratio of g(ϕ∗
a)/g(ϕ

∗) for 104 randomly-generated
channels realizations with N = 10, L = 100.
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To address global optimality, let us consider the cases where the following as-

sumption holds:

Assumption 1. Let globally optimal phase shifts satisfy

|ϕ∗
l + φ0l|, |ϕ∗

k − ϕ∗
l + φlk| ≤ π/2 ∀ k, l (7.61)

Using this assumption, we add, without loss of generality, the following constraint

to the problem in (3.6):

|ϕl + φ0l|, |ϕk − ϕl + φlk| ≤ π/2 ∀ k, l (7.62)

so that (P1) is equivalent to the constrained problem (P3) below:

(P1) max
ϕ

g(ϕ) ←→ max
ϕ

g(ϕ) s.t. (7.62) (P3). (7.63)

Both (P1) and (P3) have the same optimal phase shifts and respective IRS gains; this

is because applying the constraint does not exclude the globally optimal solution, as

follows from Assumption 1. The problem in (P3) represents a convex optimization

problem; its objective function is concave due to (7.9) and (7.62), and cos(x) is a

concave function for |x| ≤ π/2, and the constraint in (7.62) defines a convex set. The

convexity of the problem in (P3) ensures that any locally optimal solution is also

globally optimal. Therefore, if the constraint in (7.62) is satisfied at the convergence

point of Algorithm 1, i.e., a locally optimal solution, then this convergence point

becomes globally optimal. This enables us to optimize IRS globally using the AOA

method.

While we acknowledge the absence of formal proof for Assumption 1 in general,

it holds in many special cases. For instance, all the cases in Proposition 10, where

closed-form globally optimal phase shifts are obtained, satisfy Assumption 1, as the
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following conditions hold in all these cases:

|ϕ∗
l + φ0l| = |ϕ∗

k − ϕ∗
l + φlk| = 0 ∀ k, l (7.64)

These special cases are listed as follows:

• L = 1, any N .

• N = 1, any L.

• the setting of Case 3 (see Proposition 10, mmWave/THz channel).

• the setting of Case 4 (see Proposition 10, dominant LoS).

Further, we examined the validity of Assumption 1 in the small phase dispersion

regime through extensive numerical experiments. We evaluated Assumption 1 across

105 randomly-generated channels satisfying (7.48), (7.49). In particular, complex-

valued channel coefficients hnl = |hnl|ejθnl were generated with |hnl| ∼ uni(0, 1), all

i.i.d., θnl = θn0 + ∆θnl with ∆θnl ∼ uni(−Θ,Θ) (to satisfy (7.48), (7.49)), Θ ∼

uni(0, π/4), and θn0 ∼ uni(−π, π), all i.i.d., and ∆θn0 = 0. The AOA method was

used for each channel to approximate ϕ∗, which was then evaluated to verify in

(7.62). No violations of Assumption 1 were observed in any channel.

It is noted that the enumerated special cases, along with the conducted numer-

ical experiments, do not constitute definitive proof of the validity of Assumption 1.

Instead, they provide strong empirical support, suggesting a high likelihood that the

assumption generally holds. However, if Assumption 1 does not hold in general, the

feasible set for the problem in (P3), which has an extra constraint compared to the

original problem in (P1), implies that any solution to (P3) is also feasible for (P1),

and thus, (P3) serves as a lower bound for the original problem:
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(P3) max
ϕ

g(ϕ) s.t. (7.62) ≤ max
ϕ

g(ϕ) (P1). (7.65)

7.4 Global Optimality Gap

To get further insight into IRS performance in the small phase dispersion regime,

the following Proposition presents bounds on the globally-optimum IRS gain in this

regime, where lower bound is attained without variable phase shifters (and, therefore,

with 1-bit phase shifters as well).

Proposition 11. Consider the IRS-assisted channel in the small phase dispersion

regime as in (7.48) with Θ ≤ π/4. Its globally-optimum IRS gain g∗ can be bounded

as follows:

|h0|2(1− cos(2Θ)) + gUB cos(2Θ) ≤ g(0) ≤ g(ϕ∗
a) ≤ g∗ ≤ gUB, (7.66)

where gUB = |h0|2 + 2
∑L

l=1 |h
+
0 hl|+

∑L
l,k=1 |h

+
l hk|.

Proof. The upper bound has been already established in (7.42). To establish the

lower bounds, observe that g∗ ≥ g(0) and use (7.9) with ϕl = 0 so that, from (7.50),

cos(φ0l) ≥ cos(2Θ), cos(φlk) ≥ cos(2Θ), (7.67)

and therefore

g(0) = |h0|2 + 2
∑
l

|h+
0 hl| cos(φ0l) +

∑
l,k

|h+
l hk| cos(φlk)

≥ |h0|2 + 2
∑
l

|h+
0 hl| cos(2Θ) +

∑
l,k

|h+
l hk| cos(2Θ)

= |h0|2(1− cos(2Θ)) + gUB cos(2Θ), (7.68)
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as required.

While the lower bound in (7.66) is not tight in general, it becomes progressively

tighter as Θ decreases and the lower and upper bounds converge as Θ→ 0, in which

case ϕ = 0 becomes optimal. For non-zero but small Θ, the sub-optimality gap of

using ϕ = 0 can be bounded, from (7.66), as follows:

1 ≥ g(ϕ∗
a)

g∗
≥ g(0)

g∗
≥ cos(2Θ) +

|h0|2(1− cos(2Θ))

gUB

≥ cos(2Θ), (7.69)

so that, with Θ = π/6, the gap does not exceed 3 dB. Since the IRS gain within

these bounds is attained by ϕ = 0, this may represent a low complexity alternative

to optimized IRS for small Θ as no optimization is needed here, and the IRS gain

within this gap to global optimum is achieved by ϕ = 0 (no variable phase shifters

are needed at all). When there is flexibility in IRS location, it can be selected to

induce small phase dispersion, if possible, so that the complexity of implementation

is low.

Further, the results in (7.69) are observed to be valid for Figs. 7.2(a) and 7.3(a),

which are obtained for Θ = π/8. As observed in both cases, the normalized IRS

gain is lower bounded by cos(π/4), i.e., 0.7, but numerical results in Figs. 7.2 and

7.3 show that it is higher than 0.95 for Θ = π/8, and at 0.8 for Θ = π/4.

The bounds in (7.69) can also be applied to an IRS with 1-bit phase shifters,

since its gain g1−bit is lower bounded by g(0), so that

1 ≥ g1−bit

g∗
≥ g(0)

g∗
≥ cos(2Θ), (7.70)

for Θ ≤ π/4. Therefore, with Θ = π/6 phase dispersion, a low-complexity IRS

using 1-bit phase shifters attains a gain within 3 dB of the global optimum (where

achieving the latter requires infinite-bit phase shifters). To the best of our knowledge,

this is the only bound on the global optimality gap of IRS with 1-bit phase shifters
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available in the literature.
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Chapter 8

Conclusion

8.1 Summary

Although the 5G wireless network is still being deployed worldwide, both academia

and industry are already working toward the next generations of wireless networks to

meet the forthcoming requirements, such as ultra-high data rates, improved EE/SE,

and low latency. However, these requirements may not be achievable with current

technologies. Recently, the concept of a smart radio environment has introduced

a new vision by aiming to gain some control over the radio environment, which

remained unexploited in previous generations of wireless networks. Among the tech-

nologies enabling this vision is the IRS. This technology typically consists of a surface

equipped with numerous passive reflectors that can induce individual phase shifts to

incident signals. Numerous studies have explored various optimization problems re-

lated to IRS. For this thesis, our focus is on phase shift optimization for SIMO/MISO

channels, a trivial-but not easy case for which no globally optimal solution has yet

been found.

In this thesis, after emphasizing the importance of IRS and its state of the art

in Chapter 1, we explored the main functionalities and challenges of this technology

in Chapter 2. Further, we conducted a comprehensive review of existing literature

on the phase shift optimization problem in SIMO/MISO channels, discussing those

studies most relevant to our focus in greater detail.

In Chapter 3, we introduced an IRS-assisted SIMO channel model where the
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receiver is equipped with N antennas, and IRS is equipped with L passive reflectors.

IRS reflectors are passive and ideal; each can induce a phase shift on its incident

signal. To detect recieve signal, we employed matched filter beamforming, which

allows us to maximize receive SNR for given IRS phase shifts so that channel capacity

becomes a function of IRS phase shifts. Then, we defined the IRS gain as our

performance metric based on channel gain compared to the no-IRS case.

In Chapter 4, we established bounds on the IRS gain. Using these bounds,

we demonstrated that global optimality is achievable in some cases, and in others,

these bounds help to assess the global optimality gap. Our extensive numerical

results indicate that these bounds can approximate the global optimality gap within

6 dB in most scenarios. Further, we derived an initial point for IRS phase shifts

based on these bounds, useful for iterative methods requiring initialization, effectively

bounding the optimality gap.

In Chapter 5, we present some practically important cases where the phase shift

optimization problem can be solved with globally optimal closed-form solutions.

These cases include mmWave/THz channels, single-reflector IRS, massive MIMO

settings, and multi-IRS channels. In each case, we provide rigorous proof and present

the closed-form solution. Based on the obtained results, we revisited the power

scaling law for IRS and showed that scaling as L2 holds when a direct link is much

weaker than the combined reflected links. However, in the presence of a moderate

to strong direct link, it scales as L at best. Once dominant LoS exists, the IRS

advantage is negligible, and scaling saturates.

In Chapter 6, we propose an iterative algorithm, the AOA method, which we de-

veloped using the obtained closed-form globally optimal solution for a single-reflector

IRS. Since updates are based on a closed-form solution, this method is computation-

ally efficient. We further provide proof of the algorithm’s convergence and, to reduce

sensitivity to the initial point, develop the multi-start AOA. This approach locally
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solves the optimization problem from multiple initial points and reports the highest

gain among them. Our numerical results demonstrate that AOA outperforms known

methods and approximates the established upper bounds more closely.

In Chapter 7, we approximate the original problem by maximizing a concave

lower bound that has a closed-form solution. We discuss the conditions under which

this approximation is accurate. The concept of the small phase dispersion regime

is introduced, and it is shown that under this regime, the maximized lower bound

closely approximates the global optimal solution. This discussion is supported by

extensive numerical results. Additionally, we establish a lower bound for this approx-

imation based on maximum phase dispersion and demonstrate that the numerical

results not only support this but often surpass it.

8.2 Future directions

Despite extensive studies on IRS optimization, there are still unresolved issues. In

this section, we explore several possibilities for extending the current work.

Analytical proof for Assumption 1 : Although we were unable to prove Assump-

tion 1 in Chapter 7 analytically, we examined it through an extensive number of

numerical experiments, and none of our results showed a violation of this assump-

tion. In this respect, further attempts to prove this assumption analytically would

be valuable and contribute to solving the IRS phase shift optimization problem for

SIMO/MISO channels to achieve a global optimum.

Imperfect CSI : Once the IRS and the receiver are equipped with a large num-

ber of reflectors and antennas, respectively, acquiring channel information becomes

challenging, if not impossible. Therefore, considering a system model that takes into

account imperfect CSI is important.

Low complexity solutions : In the literature, the IRS is typically equipped with

a large number of reflectors. This demands solutions capable of optimizing the IRS
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with reasonable complexity. One approach in this scenario is to group the total

IRS reflectors into subarrays, each comprising several adjacent reflectors that can be

assigned the same phase shift. However, this approach introduces an optimization

problem, leading to a trade-off between complexity and performance, which presents

a significant issue in practical implementations.

Discrete phase shifts : In practical systems, the phase shift values can be con-

tinuous or discrete, primarily due to reflector design considerations. This thesis

proposes several approaches to solve the IRS phase shift optimization problem for

SIMO/MISO channels with continuous phase shift values. One natural extension

of this problem is the requirement for discrete phase shift values, which raises the

interesting question: Is it optimal to solve the problem for continuous phase shifts

and then quantize the solution to achieve discrete values, or can solutions with rea-

sonable complexity (polynomial rather than exponential) be found to directly solve

the problem for discrete phase shifts?

Manifold optimization methods : The IRS phase shift optimization problem for

SIMO/MISO channels can be reformulated as an optimization problem over a prod-

uct of Stiefel manifolds, e.g., as in [43]. Given the rich existing literature in this

field and the availability of tools, a potential future direction involves investigat-

ing whether alternative methods can be developed to guarantee global optimality

in more cases. Further, analyzing the presence of local optimum points in different

scenarios is important.

IRS optimization for multi-user setups : in the cellular design for 6G and next

generations of wireless networks, supporting a higher number of devices is essential

[9, 11]. Thus, IRS optimization for a multiuser setup, where each user is subject to

interference from other users, presents a challenging problem. Problems such as sum

rate maximization or transmit power minimization, where IRS assists several users,

and each user is subject to a certain threshold SINR, have been considered in [12,57,
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59]. However, the methods proposed in these studies typically relax some constraints

or provide approximated solutions. Offering analytical or numerical solutions that

outperform known methods by achieving global or local optimal solutions would be

a valuable contribution, especially since the optimal solution for the simplest case,

i.e., where IRS assists two users, has not yet been found. Developing bounds that

can tightly bind the optimal solution would also be useful.

Phase shift optimization for OFDM : different optimization problems for OFDM

transmission via IRS have been studied so far, such as in [77, 79]. Yet, the existing

prototypes show that the induced phase shifts are not independent of the frequency

for the current technology for IRS reflectors [57]. Therefore, the phase shifts set for

reflectors would not remain the same for the entire bandwidth (e.g., in broadband

communication systems). This presents a practical problem that, if solved, can help

for higher practicality for this technology.

Phase shift optimization for MIMO channels : the phase shifts optimization in

IRS-assisted channels has been addressed with global optimality only for SISO chan-

nels so far. This thesis discusses the special cases where globally optimal phase

shift optimization for SIMO/MISO channels can be obtained in closed-form. For

the other cases, we propose algorithms and approximations, and using established

bounds, we show that we can tightly approximate a global optimum, if not achieving

it. However, obtaining a locally or globally optimal solution for the IRS optimization

problem in MIMO channels remains an open issue. Further, obtaining bounds that

provide a tight optimality gap would be valuable for IRS-assisted MIMO channels.
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