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Abstract

Energy-Based Models (EBMs) are a family of unsupervised machine learning models that
associate each point in the input space with an energy value in which low energy indicates
a high likelihood. Specifically, an EBM can be viewed as an unnormalized probabilistic
model, which upon normalization, gives rise to the probability density function of data.
The main difficulty in learning EBMs lies in the computation of the normalization constant,
or the partition function, a task known to be intractable in general. Several approaches
have been proposed to avoid or overcome this difficulty, including Maximum Likelihood
Estimation (MLE) with Markov chain Monte Carlo (MCMC), Score Matching (SM), Noise
Contrastive Estimation (NCE), and so on.

This thesis studies the learning of EBMs using NCE. Briefly, in NCE, the EBM learning
problem is converted to learning a binary classifier, which aims to distinguish the real data
from fake data drawn from a noise distribution. This process allows the learning of the
energy function in the EBM to bypass a direct estimation of the partition function and
a certain theoretical guarantee is available under some assumptions in some asymptotic
limit.

Despite the nice theoretical properties of NCE, in this work, we show that learning
EBMs using NCE entails significant practical limitations. Specifically, there appears a
tension between the quality of the learned model and the computational efficiency, due to
which we must sacrifice one to achieve the other. We establish these limitations via em-
pirical studies as well as a theoretical analysis based on a simple “Gaussian data learning
problem”. Our analysis inspires a revised NCE scheme, Adaptive Noise Contrastive Esti-
mation (ANCE), to overcome these limitations. Empirically, we show that ANCE achieves
a better quality-efficiency trade-off than the standard NCE in some regimes.
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Chapter 1

Introduction

Energy-Based Models (EBM) are a family of unsupervised machine learning models that
associate each point in the input space with an energy scalar where low energy suggests
a high likelihood. Among various EBMs, Noise-Contrastive Estimation (NCE) is consid-
ered an efficient approach, aiming to learn the energy of data through binary classification
involving noise data. However, there appear to be inadequate observations regarding the
difficulty in the efficiency of NCE. This research aims to investigate the obstacles to learning
EBMs using NCE and provide a revised framework, Adaptive Noise Contrastive Estima-
tion (ANCE), that overcomes these limitations. This chapter will introduce the study
by first discussing the research background, followed by the research motivation, research
objectives, summary of contributions and chapter organizations.

1.1 Background

Neural networks and deep learning have made significant achievements and have been ap-
plied successfully in numerous fields [19] [41]. Most of the successes in deep learning lie
in the area of supervised learning, while there is still significant room for improvement in
unsupervised learning. Unsupervised learning is known as a machine learning task where
training data are modelled without any information of labels or classes. Common unsuper-
vised learning model includes Variational Autoencoder (VAE) [31], Generative Adversarial
Network (GAN) [16], Normalizing Flow (NF) [61], Energy-based Model (EBM) [42] and
so on. VAE is an architecture that consists of an encoder mapping the input data to
latent space and a decoder reconstructing data from latent space, which are trained to
minimize the loss function, which consists of a reconstruction term and a regularisation
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term. [31] [32]. GAN is an adversarial network which consists of a generator mapping
latent space to input space and a discriminator mapping input space to a scalar, which is
trained alternatively to contest each other [16]. Both VAE and GAN can achieve state-
of-art results in multiple scenarios as a generative model [60] [73] [66] [2] [81], however,
both methods are designed as implicit model, where the likelihood of data cannot be eval-
uated. NF is a model where both generating and likelihood evaluation can be achieved
simultaneously, because NF transforms a simple probability distribution into a complex
one that can express the input space through a series of invertible and differentiable map-
pings [35] [61]. However, the disadvantages of NF include the failure on out-of-distribution
detection [34] [83], expensive computing of the determinant of the Jacobian [36] and so on.

Except for the approaches above, EBM is another unified framework in unsupervised
machine learning tasks which associates each data with an energy scalar where low energy
suggests a high likelihood [59]. Applied in many machine learning problems [58] [24], EBM
is often regarded as an unnormalized probabilistic model, similar to a density estimation
model which is core and fundamental in unsupervised learning. Essentially, given any set of
real-world observations, it can be assumed that the observations are some random samples
from an underlying probability density function. Therefore, estimating the likelihood or
energy from the observations becomes a "master" problem to other sub-problems. Good
energy function can have various applications, such as evaluating the generating quality,
providing a reward function in reinforcement learning [68] [23], and providing training
signals for other deep learning tasks.

Different from many traditional density estimation approaches, EBM is an unnormal-
ized probabilistic model that is difficult to learn because of the existence of normalization
constant or partition function, whose evaluation is known to be intractable in high dimen-
sional tasks. Many pieces of research from different angles are dedicated to overcoming or
avoiding the calculation of partition function. For instance, one of the classical solutions
to estimate the partition function in probabilistic graphical models is the message passing-
based technique, such as belief propagation [1]. Other modern works manage to solve
the problem by sampling or constructing variational bound to estimate the target, such
as Maximum Likelihood Estimation (MLE) based methods [14] and variational bound of
Kullback–Leibler Divergence (KLD) [56]. In addition to these mature methods, recent re-
searches including Score Matching (SM) [70] and Noise Contrastive Estimation (NCE) [21],
to some degree, avoid the direct calculation of partition, which also successfully solve the
problem. Most of these methods can be unified under the framework of EBM and have
connections to each other. For example, under certain conditions, MLE and NCE can be
asymptotically equivalent [63]; SM can also be proved to have a similar objective function
with NCE [21].
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Among all the methods, NCE has been considered a highly efficient approach [21] [13]
compared to other unnormalized methods. NCE has been widely applied in many different
scenarios, including natural language process, speech recognition and so on [51] [50] [7] [79]
[25] [78] [69]. Despite the elegant statistical consistency of NCE, the training of NCE may
still encounter some obstacles. For example, it is widely believed that the noise should be
chosen close to the data distribution, and it is reported that NCE is sensitive to the choice
of noise distribution in natural language processing tasks [40] [47]. However, these problems
of training NCE have not been adequately investigated either empirically or analytically.

1.2 Research Motivation and Objectives

This research is motivated by the curiosity to develop a deeper understanding of the training
behaviour of NCE.

The objectives of this thesis include:

• Provide a comprehensive theoretical survey for modern EBMs and compare other
methods with NCE.

• Investigate and summarize the training problems in NCE.

• Provide a revised version of NCE to overcome the problems.

• Evaluate the performance of revised NCE.

1.3 Summary of Contributions

In this thesis, we first gave a comprehensive introduction to modern EBMs. Specifically, we
focus on the learning of EBMs using NCE. We specify and analyze three perspectives where
learning obstacles exist and the trade-off between statistical and computational efficiency
in NCE. According to the analysis results, we give several suggestions on the training
of NCE. Finally, we propose a revised version of NCE, ANCE, which achieves a better
quality-efficiency than the standard NCE.
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1.4 Thesis Organization

The rest of this thesis will be arranged as follows:

Chapter 2 will introduce the mathematical preliminaries necessary for this study.

In Chapter 3, we will discuss the detailed background related to EBMs. A compre-
hensive survey on modern EBM approaches, including Maximum Likelihood Estimation
(MLE) with Markov chain Monte Carlo (MCMC), Score Matching (SM), Noise Contrastive
Estimation (NCE) and the connections between them will be given.

In Chapter 4, we will focus on EBM using NCE and discuss the training obstacles in
NCE. There exists a trade-off between the quality of the learned model and the compu-
tational efficiency. We establish these obstacles through empirical studies by simplifying
the model as a "Gaussian data learning problem," with which we suggest the criteria for
training a good NCE model.

In Chapter 5, according to the analysis in Chapter 4, a revised NCE scheme, ANCE,
is provided to overcome the limitations.

In Chapter 6, we show that ANCE achieves a better quality-efficiency trade-off than
the standard NCE in some regimes through empirical studies.

In Chapter 7, we conclude the thesis with a discussion and present several possible
directions for future works.

4



Chapter 2

Mathematical Preliminaries

2.1 Kullback–Leibler Divergence

2.1.1 Definition of KL Divergence

KL Divergence (KLD) is a measure of how a probability distribution is different from
another [38]. Suppose there are two probabilities, P and Q, which are defined on the same
probability space X . The KLD between P and Q or KLD from Q to P (suggesting its
asymmetry) is defined as following:

in the case of discrete probability distributions P and Q, where p(x), q(x) are probability
mass functions of P and Q [29],

DKL(P∥Q) =
∑︂
x∈X

p(x) log

(︃
p(x)

q(x)

)︃
; (2.1)

in the case of continuous probability distributions P and Q, where p(x), q(x) are probability
density functions of P and Q,

DKL(P∥Q) =

∫︂ +∞

−∞
p(x) log

(︃
p(x)

q(x)

)︃
dx. (2.2)

KLD is non-negative. DKL(P∥Q) ≥ 0 always holds for any distributions P and Q.
DKL(P∥Q) = 0 if and only if P = Q. It needs to be specified that the KL divergence
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is not a metric measure because it is asymmetric. DKL(P∥Q) ̸= DKL(Q∥P ) as long as
P (x) ̸= Q(x). In addition, KL divergence does not always follow triangular inequality.
That is, for any distributions P , Q and R, DKL(P∥Q) ≤ DKL(P∥R) + DKL(R∥Q) does
not always hold. Therefore, to some extent, KLD reflects the “distance” between two
distributions; it is not a metric measure.

2.1.2 Dual Representation of KL Divergence

For high dimensional data, whose distribution underlying the data is unknown, it is not
easy to calculate the KLD directly. A common technique is to transform the KLD to a
variational bound which can be optimized by a family of the parameterized functions [64].
Donsker-Varadhan Representation is one of the variational bounds.

Theorem 2.1 (Donsker-Varadhan Representation). [3] The KL divergence admits the
following dual representation:

DKL(P∥Q) = sup
T :X→R

Ex∼P [T (x)]− logEx∼Q[e
T (x)], (2.3)

where the supremum is taken over all functions T such that the two expectations are finite.

Proof. To prove the Donsker-Varadhan Representation, one can first construct a Gibbs
distribution S which is related to function T . The pdf of S is defined by s(x) = eT (x)q(x)

Ex∼Q[eT (x)]dx
.

Then s(x) can be substituted into function Ex∼P [log
s(x)
q(x)

]:

Ex∼P [log
s(x)

q(x)
] = Ex∼P [log

eT (x)q(x)

Ex∼Q[eT (x)]

q(x)
]

= Ex∼P [log
eT (x)

Ex∼Q[eT (x)]
]

= Ex∼P [T ]− logEx∼Q[e
T (x)].

(2.4)

We set:

∆ = DKL(P∥Q)− Ex∼P [T ]− logEx∼Q[e
T (x)]. (2.5)

Then eq.(2.4) can be plugged into eq.(2.5):
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∆ = DKL(P∥Q)− Ex∼P [log
s(x)

q(x)
]

= Ex∼P [log
p(x)

q(x)
]− Ex∼P [log

s(x)

q(x)
]

= Ex∼P [log
p(x)

q(x)
− log

s(x)

q(x)
]

= Ex∼P [log
p(x)

s(x)
]

= DKL(P∥S)
≥ 0,

(2.6)

where DKL(P∥S) ≥ 0 always exists and the equality holds when and only when P (x) =
S(x), according to the Gibbs’ inequality. Therefore, we can have:

∆ = DKL(P∥Q)− Ex∼P [T ]− logEx∼Q[e
T (x)]

≥ 0,
(2.7)

which is equivalent to following inequality:

DKL(P∥Q) ≥ Ex∼P [T ]− logEx∼Q[e
T (x)], (2.8)

for any function T . The equality is satisfied when and only when s(x) = eT (x)q(x)
Ex∼Q[eT (x)]dx

=

p(x), from which it can be derived as T (x) = log p(x)
q(x)

+ c, where c is the log of partition
function.

An obvious result one can obtain from Donsker-Varadhan representation is a tight lower
bound for KL divergence,

DKL(P∥Q) ≥ sup
T :X→R

Ex∼P [T (x)]− logEx∼Q[e
T (x)], (2.9)

where the equality is satisfied when and only when T is optimal.

Therefore, it is possible to approximate KL divergence through a variational method,
by maximizing Ex∼P [T (x)]− logEx∼Q[e

T (x)] when updating function T (x), where T (x) can
be expressed as a form of deep neural network.
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2.2 Jensen–Shannon Divergence

Jensen–Shannon Divergence (JSD) is also a measure of similarity of two distributions [53].
It is defined based on KLD:

DJS(P∥Q) =
1

2
DKL(P∥M) +

1

2
DKL(Q∥M), (2.10)

where M = 1
2
(P +Q). JSD strictly satisfies the three conditions of a distance:

1. Non-negativity: DJS(P∥Q) ≥ 0;

2. Symmetry: DJS(P∥Q) = DJS(Q∥P );

3. Triangular Inequality: DJS(P∥Q) ≤ DJS(P∥S) +DJS(Q∥S).

Therefore JSD is a strictly defined metric measure.

2.3 Mutual Information

2.3.1 Definition of Mutual Information

Mutual Information (MI) is a concept in probability theory, and information theory [75].
Mutual information is a measure of mutual dependence between two random variables. It
is a quantity indicating "how much information" is obtained about one random variable
by observing the other random variable [75]. Intuitively, the value of MI shows how much
information one can know from one random variable about another [54].

Suppose there are two random variables, X and Y , whose joint distribution is PXY (x, y),
then the formal definition of MI of two random variables X and Y , is defined as follows:

In the case of discrete probability distributions P ,the probability mass function is p(x),

I(X;Y ) =
∑︂
x∈X

∑︂
y∈Y

pXY (x, y) log

(︃
pXY (x, y)

pX(x)pY (y)

)︃
; (2.11)

in the case of continuous probability distributions P , the probability density function is
p(x),
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I(X;Y ) =

∫︂
X

∫︂
Y
pXY (x, y) log

(︃
pXY (x, y)

pX(x)pY (y)

)︃
dxdy. (2.12)

2.3.2 Some Properties of Mutual Information

2.3.2.1 Dual Form of Mutual Information

Mutual information can also be rewritten by the following form:

I(X;Y ) = DKL(PXY ∥PXPY ). (2.13)

According to eq.(2.13), mutual information can be expressed as the KL divergence between
a joint distribution and the product of marginal distributions. Applying the dual repre-
sentation of KL divergence, mutual information can also be derived to a variational lower
bound:

I(X;Y ) = sup
Tθ:X→R

Ex∼PXY
[Tθ(x)]− logEx∼PX⊗PY

[eTθ(x)], (2.14)

where Tθ is any function; PXY is the joint distribution of X and Y ; PX ⊗PY represents the
product of two marginal distributions of random variables X and Y , by supposing X and
Y are independent. The equality holds true when and only when Tθ = log pXY (x)

pX(x)pY (x)
+ c,

where c is the value of partition function.

2.3.2.2 Entropic Form of Mutual Information

Following the definition of MI, mutual information can also be derived as:

I(X;Y ) = H(X) +H(Y )−H(X, Y ), (2.15)

where H(X), H(Y ), H(X, Y ) denote the entropy of X, Y , joint random variables (X, Y ).
The entropy is defined as:

in the case of discrete probability distributions P , the probability mass function is p(x),

H(X) =
∑︂
x∈X

pX(x)(
1

log(pX(x))
); (2.16)
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in the case of continuous probability distributions P , the probability density function is
p(x),

H(X) =

∫︂
X
pX(x)(

1

log(pX(x))
)dx. (2.17)

2.3.3 Estimation of Mutual Information

The estimation of mutual information from a sample of (X, Y ) is difficult, especially when
the dimension of the data is large. However, when utilizing the properties of mutual infor-
mation and techniques of neural network, the estimation of mutual information becomes
more tractable in the era of deep learning.

2.3.3.1 Mutual Information Neural Estimation

Mutual Information Neural Estimation (MINE) [3] is a method recently developed. Using
eq.(2.14), one can obtain a neural estimator, by defining Tθ as a neural network. MINE has
been proved as an effective and scalable method in multiple scenarios. Here, it is necessary
to be specified that MINE not only gives an estimation of MI, but also provides an optimal
function Tθ, which is equals to Tθ = log pXY (x)

pX(x)pY (x)
+ c.

2.3.3.2 Mutual Information Neural Entropic Estimation

Mutual Information Neural Entropic Estimation (MI-NEE) [5] is another approach for
mutual information estimation. By applying eq.(2.15) and entropy estimation, MI-NEE can
approximate mutual information by estimating three entropy terms respectively. Although
the estimation is neither a lower bound or a upper bound, it is shown that MI-NEE have
a faster learning speed compared to MINE [5].

The neural entropic estimation technique applied in MI-NEE can be derived as a form
of variational upper bound by performing the same trick of Donsker-Varadhan Representa-
tion. One can first transform the entropy of X, to a form of cross entropy with a reference
distribution Q and KLD between P and Q:

H(X) = Ex∼P [log
1

Q(x)
]−DKL(P∥Q). (2.18)
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By applying the dual representation of KLD to eq. (2.18), a variational upper bound
for H(X) can be obtained:

H(X) ≤ Ex∼P [log
1

Q(x)
]− Ex∼P [Tθ(x)] + logEx∼Q[e

Tθ(x)]. (2.19)

Minimizing eq.(2.19) through updating parameterized function Tθ, an approximation
of entropy can be achieved. The equivalence holds when and only when Tθ(x) = lnP (x)−
lnQ(x) + c. All the three entropy terms in mutual information eq.(2.15) can be simulated
with the technique of neural entropic estimation. It should be mentioned that neural
entropic estimation applied in MI-NEE also provides a framework of density estimation,
since the minimum of eq.(2.19) will be achieved when T ∗

θ (x) = lnP (x)− lnQ(x) + c.

2.4 Fisher Information

Fisher Information (FI) is a measure of the amount of information that an observable
random variable X carries about an unknown parameter θ of a distribution which models
X [48]. It is defined the variance of the score: [44]

Ix(θ) = Ex∼Pθ

[︄(︃
∂

∂θ
log pθ(x)

)︃2
⃓⃓⃓⃓
⃓
θ

]︄
, (2.20)

where Ix(θ) denotes the Fisher Information of the observable random variable X with
model parameter θ, X is parameterized by θ and the probability of X is Pθ.

According to lemma provided in [44], FI can also be written as expectation of second
derivatives of log-likelihood:

Ix(θ) = −Ex∼Pθ

[︃
∂2

∂θ2
log pθ(x)

⃓⃓⃓⃓
θ

]︃
, (2.21)

because the expectation of score equals to zero Ex∼Pθ

[︁
∂
∂θ

log pθ(x)
⃓⃓
θ

]︁
= 0.

The goal of FI is to quantify how "well" the observations of random variable X locate
the true parameter θ. In other words, when the FI of an observation is high, it tells more
information about θ. When the FI of an observation is low, it tells less information about
θ. For intuition, we can take two one dimensional Gaussian distributions as examples:
X ∼ N1(0, 0.1

2) and X ∼ N2(0, 1
2). Suppose the means of two distributions are unknown
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and parameterized by θ, as shown in figure 2.1. Intuitively, one can imagine that a small
bias of θ when estimating N1 will have a larger influence on the estimation result than
estimating N2. In other words, we can get more information about true parameter θ in N1

than N2.

From the definition of FI eq.(2.20), we can also say that FI is to quantify the sensitivity
of the log-pdf of variable X to the value of the parameter θ. High Fisher information
suggests high sensitivity to the change of the parameters. For example, if a slight change
in θ leads to a significant change in the probability value of X, then the Fisher information
is high, which means the samples observed tell us much information about θ. On the
contrary, when the derivatives of pdf with respect to θ is small, the Fisher information is
low. The overall Fisher information will be the sum of all samples. The Figure 2.2 shows
an example for a single value of X.

2.5 Cramér-Rao Bound

Cramér-Rao Bound (CRB) or Cramér-Rao Lower Bound (CRLB) is an inequality which
indicates the relationships between the variance of an estimator and Fisher information of
x at parameter θ [37]. In the simplest case, if θ̂ is an unbiased estimator of parameter θ,
the CRLB states:

Var
(︂
θ̂
)︂
= Ex∼pθ [(θ̂ − θ)2|θ)] ≥

1

Ix(θ)
. (2.22)

Mathematically, an unbiased estimator means:

Ex∼pθ [θ̂ − θ|θ] = 0. (2.23)

CRLB is a lower bound, which implies how "best" an unbiased estimator can be ex-
pected to be. CRLB suggests that with the increase of Fisher Information Ix(θ), the
variance of the estimator decreases; therefore, the estimator is better. CRLB is commonly
used in the asymptotic analysis of an estimator. We say an unbiased estimator to be an
efficient estimator, when the estimator attains the CRLB.
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Figure 2.1: An intuitive understanding of Fisher Information on the example of two un-
derlying Gaussian distributions. Suppose there are two one dimensional Gaussian distri-
butions: X ∼ N1(0, 0.1

2) (red) and X ∼ N2(0, 1
2) (blue). The parameter θ is an estimator

on the mean. The ground truth value of θ is zero. For N1, a small bias of theta will have
larger influence in the estimation result, however, for N2, a small bias of theta will have
smaller influence in the estimation result. In other words, θ is more sensitive in estimating
N1. The fisher information of N1 is larger.
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Figure 2.2: An example of function Pθ(x0) with respect of θ, which can help understand
the Fisher Information. In this example, it shows probability of one particular sample x0.
The part of the probability circled by the red dashed line changes rapidly as a function of
θ. It suggests a large derivatives, which may lead to a high Fisher Information in this area.
The area circled by the blue dashed line changes slowly as a function of θ, It suggests a
small derivatives, which may lead to a low Fisher Information in this area. This example
is just built on a single particular observation x0, so it is just a demonstration for possible
high or low FI. Real FI is calculated under all observations.
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Chapter 3

Background

3.1 Energy-Based Model

3.1.1 Definition of Energy-Based Model

EBM is defined as a statistical model that associates scalar energy (a measure of compat-
ibility) to each configuration of the variables [42]. In other words, EBM assigns a scalar
energy E(x) to the points x in data space X , which indicates the "goodness" or "badness"
of the x. EBM provides a common theoretical guide for various machine learning tasks and
has a wide application in various scenarios, including supervised or unsupervised learning;
decision-making tasks or probabilistic modelling; discriminative or generative tasks [42].

The standard form of EBM in the scenario of supervised learning and discriminative
tasks is using a function of E(X, Y ) to indicate the compatibility between X and Y , while
X is the random variable of observed data, the Y is the random variable of the predicted
label. For example, X could be pixels of image and Y could be the label of the image. As
shown in the following Figure 3.1. The lower value of energy indicates higher compatibility
between label and data, while the higher value of energy suggests lower compatibility. More
precisely, the energy is required to produce the most compatible or optimal label Y ∗ with
the smallest value E(X, Y ) among all the possible Y , for all X Figure 3.1:

Y ∗ = argmin
Y ∈Y

E(X, Y ). (3.1)

In addition to supervised learning, EBM is also commonly used in unsupervised learn-
ing. This thesis will mainly focus on the EBM of probabilistic modelling in unsupervised
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Figure 3.1: An example of energy based model, referenced from [42]. The lower value of
energy indicates higher compatibility between label and data.

learning. Though the energy functions may have different forms, most probabilistic models
can be regarded as particular types of energy-based models. The simplest and most com-
mon form of an energy model is through the Gibbs distribution or Boltzmann distribution:

p(x) =
e−E(x)∫︁

x∈X e−E(x)
, (3.2)

where p(x) is the normalized probability density function of x, the denominator is know as
partition function. It should be noted that this transformation from energy to probability
guarantees the integral of p(s) is 1, as long as the integral term in eq.(3.2) converges.
It is also important to know that the partition function is intractable when x is a high
dimensional variable, and the integral term has no analytical solution. Hence, how to
estimate the integral term or avoid the calculation of the partition function decides the
feasibility of an energy-based model.

Through eq.(3.2),

E(x) = − ln p(x) + c, (3.3)
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Figure 3.2: Pushing down and pulling up effect in energy model, referenced from [42].

where c is log of the partition function. The construction through eq.(3.2) and eq.(3.3)
guarantee the energy equals the negative log-likelihood, which corresponds to the definition
of energy of low-value mapping high compatibility and high-value mapping low compati-
bility. The essential purpose of training a probabilistic model EBM is to "push down" the
energy value in high-density regions and "pull up" the energy value in low-density regions,
as shown in figure 3.2.

Applying the framework of EBM to other machine learning tasks will enhance model
performance. One obvious advantage is that it provides explicit probability density infor-
mation, which can be used either to assist the training process or present as a result for
further tasks. For example, in Generative Adversarial Network, the application of EBM
has been proved that it has improved in better mode coverage [39]. Other advantages,
including compositionality and flexibility, are also mentioned in other papers [12] [26].

3.1.2 Training of Energy-Based Model

There are many different ways to design EBMs. The traditional approaches of EBM in-
clude, Restricted Boltzmann Machine [84], Product of Experts [26] [27] and so on. Loss func-
tions for EBM also has various forms, including Perceptron Loss, Hinge Loss, LVQ2 Loss
and so on [43] [42]. With the introduction and application of deep neural network, more
EBM has been explored to solve high dimensions problems recently, including Maximum
Likelihood training with Markov chain Monte Carlo sampling; Score Matching (SM) [72];
Noise Contrastive Estimation (NCE) [21] and others methods. All these methods have
some connections with others. We will introduce the common methods in EBM in the
following sections.
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3.2 Maximum Likelihood Estimation

3.2.1 Markov Chain Monte Carlo Maximum Likelihood

One of the most popular density estimation methods is MLE. Let pθ(x) be a probabilistic
model parameterized by θ; pd(x) be the data distribution. MLE fits pθ(x) to pd(x) by
maximizing the expectation of log-likelihood over the data distribution, as following:

LMLE = Ex∼pd [log pθ(x)]. (3.4)

here pθ is a normalized probability. For an unnormalised energy model E(x), it can be
normalized to a probability through:

pθ(x) =
e−Eθ(x)

Zθ

, (3.5)

where Zθ =
∫︁
e−Eθ(x)dx, then:

∇θ log pθ(x) = −∇θEθ(x)−∇θ logZθ, (3.6)

the first term is straightforward to compute, however the second term, which cannot be
calculated directly, requires approximation. The second term could be derived furthermore
by:

∇θ logZθ = ∇θ log

∫︂
e−Eθ(x)dx

=
1∫︁

e−Eθ(x)dx
· ∇θ

∫︂
e−Eθ(x)dx

=
1∫︁

e−Eθ(x)dx
·
∫︂

∇θe
−Eθ(x)dx

=
1∫︁

e−Eθ(x)dx
·
∫︂

e−Eθ(x) · (−∇θEθ(x))dx

=

∫︂
e−Eθ(x)∫︁
e−Eθ(x)dx

· (−∇θEθ(x))dx

= Ex∼pθ(x)(−∇θEθ(x)).

(3.7)

Thus instead of computing the partition function, one can calculate the expectation
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of −∇θEθ(x), over the estimated model distribution, as long as it is feasible to sample
accurately from it. Markov Chain Monte Carlo (MCMC), provides a general framework
for simulation of complex stochastic processes. It is a common and important family of
approaches for sampling from a known distribution [14].

The framework of the algorithm of Markov Chain Monte Carlo Maximum Likelihood
(MCMCML) by gradient descent can be summarized as 3.1:

Algorithm 3.1 Algorithm of MCMCML
Input: epoch: N ; the number of observed data: k; the number of MCMC data: j; learning

rate η; initialized energy parameter: θ0;
Output: Parameter θN of energy

Initialize θ0;
Set n = 0;
while n ≤ N do

Apply MCMC process to get simulated data for x ∼ pθ(x);
Calculate Gradient = 1

k

∑︁
x∼pd(x)

(∇θEθ(x))− 1
j

∑︁
x∼pθ(x)

(∇θEθ(x)) ;

θn+1 = θn − η ·Gradient;
n = n+ 1

end while

The MCMC process may vary according to different MCMC algorithms. Since sampling
from an probability is an important topic, some efficient MCMC methods and their variants
have been researched widely and deeply, such as Langevin MCMC, Hamiltonian MCMC.
For example, Langevin MCMC takes an initial sample x0 from a prior distribution, and
then simulates Langevin dynamics for K steps with step size ϵ > 0 [8]:

xk+1 = xk +
ϵ2

2
∇x log pθ(x

k) + ϵn, (3.8)

where n ∼ N (0, I) is a random Gaussian noise.

Theoretically, under some regularity conditions, when ϵ → 0 and k → ∞, a group of xk

is guaranteed to correspond to the target distribution pθ(x) after repeating to get xk with
random initialized x0 for many times [8]. The algorithm of Langevin MCMC is shown in
3.2

In practice, it is common to use a small, finite, ϵ and apply Metropolis-Hastings step,
to enhance training efficiency [80]. Langevin MCMC combined with Metropolis-Adjusted
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Algorithm 3.2 Algorithm of Langevin MCMC
Input: Number of burn-in steps: K; Number of samples: N ;
Output: N samples sampling from the target distribution: xK+1, xK+2, xK+3, ..., xK+N

Set i = 0
Initialize x0;
while i ≤ K +N do

Sample xi+1 ∼ N (xi + ϵ2

2
∇x log pθ(x

i), ϵ2I) ▷ Equivalent to
xi+1 = xi + ϵ2

2
∇x log pθ(x

i) + ϵn
i = i+ 1

end while

MCMC is also know as Metropolis-Adjusted Langevin Algorithm (MALA). The algorithm
is as shown in 3.3.

Algorithm 3.3 Metropolis-Adjusted Langevin Algorithm
Input: Number of burn-in steps: K; Number of samples: N ;
Output: N samples sampling from the target distribution: xK+1, xK+2, xK+3, ..., xK+N

Initialize x0;
Set i = 0
while i ≤ K +N do

Sample yi+1 ∼ N (xi + ϵ2

2
∇x log pθ(x

i), ϵ2I)

Compute αi+1 = min

(︃
1,

pθ(y
i+1) exp

[︂
−∥xi−yi+1− ϵ2

2
∇ log pθ(y

i+1)∥22/2ϵ2
]︂

pθ(xi) exp
[︂
−∥yi+1−xi− ϵ2

2
∇ log pθ(xi)∥22/2ϵ2

]︂
)︃

▷ which is derived

from α = min{pθ(yi+1)q(xi|yi+1)
pθ(xi)q(yi+1|xi)

, 1}
Sample ui+1 ∼ U [0, 1]
if ui+1 ≤ αi+1 then Accept Sample xi+1 = yi+1;
else Reject Sample xi+1 = xi;
end if
i = i+ 1

end while

Although the MCMC family provides a way to sample from any distribution, it is dif-
ficult to run MCMC till convergence because it is usually computationally expensive, and
the performance may not be as ideal as expected, especially when the distribution is high
dimensional and complex [45] [10]. Numerous papers concentrate on improving the effi-
ciency and accuracy of MCMC sampling [65] [49] [67]. A significant method is Contrastive
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Divergence (CD) [27], which can highly enhance the efficiency. However, overall, MCMC
family approaches still have difficulties with the accuracy of sampling [4].

3.2.2 Adversarial Training of Maximum Likelihood Estimation

Avoiding the sampling procedure is one idea to overcome the hurdle of the partition func-
tion. One approach is to learn an auxiliary model through adversarial training, which
allows fast sampling or sample generation [82]. One can introduce a variational distribu-
tion qϕ(x) parameterized by ϕ as an auxiliary distribution:

LMLE = Ex∼pd [log pθ(x)]

= Ex∼pd [−Eθ(x)]− log

∫︂
e−Eθ(x)dx

= Ex∼pd [−Eθ(x)]− log

∫︂
qϕ(x) ·

e−Eθ(x)

qϕ(x)
dx

≤ Ex∼pd [−Eθ(x)]−
∫︂

qϕ(x) · log
e−Eθ(x)

qϕ(x)
dx

= Ex∼pd [−Eθ(x)]− Ex∼qϕ [−Eθ(x)]−H[qϕ(x)],

(3.9)

where H[qϕ(x)] denotes the entropy of qϕ(x). The equality holds when and only when
qϕ(x) = pd(x) This inequality identifies an upper bound to the expected log-likelihood.
Therefore, it suggests an adversarial learning in which one can first minimize the upper
bound in eq.(3.9) by updating qϕ(x) to make it closer to the likelihood objective, and then
maximize eq.(3.9) by updating Eθ(x) to implement MLE. The adversarial training can be
summarized as following mini-max loss function:

max
θ

min
ϕ

Ex∼pd [−Eθ(x)]− Ex∼qϕ [−Eθ(x)]−H[qϕ(x)]. (3.10)

The ideal modelling of qϕ should satisfy two criteria: easy to sample and easy to com-
pute the entropy [71]. It restricts the family of qϕ(x) within invertible probabilistic models,
such as inverse autoregressive flow [33], normalizing flow [55], non-linear independent com-
ponents estimation [11] and so on.

Another feasible plan of this model is that qϕ can be designed as an implicit probabilistic
model, such as a neural network generator mapping latent space to data space x = gϕ(z).
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However, it may sacrifice the efficiency of calculation of entropy term because the density
of qϕ(x) does not have an explicit form. Therefore, it requires an approximation of entropy.
In [30] and [82], authors propose several heuristics to estimate the entropy. In [39], authors
propose that estimation of entropy is equivalent to estimate the mutual information by
H(gϕ(z)) = I(gϕ(z); z), which can be approximated through a variational lower bound
provided by MINE. In [9], authors connect entropy to KLD between qϕ(x) and a reference
distribution that can likewise be estimated by a lower bound similar to the concept of
entropic estimation mentioned in section 2.3.3.2. However, all methods by constructing
a generator involve a careful handle with the entropy term. Some of them may need an
additional inner loop for entropy estimation, which may take more computation resources
than GAN, while GAN is known to be difficult to train.

3.3 Score Matching

SM is a family of EBM which has been developed recently. SM completely bypasses the
obstacles of the partition function estimation [46]. A score of a probability density is
defined as the first-order gradient function of the log-pdf [46]:

score(x) = ∇x log p(x), (3.11)

for two continuously differentiable functions f(x) and g(x) whose first derivatives are equal
everywhere, it is easy to know that f(x) = g(x) + constant. This provides a basic logic
for score matching methods. SM usually utilizes a neural networks S(x) to estimate the
score. It has also been proved to be an efficient EBM, by modeling E(x) [70]:

∇x log pθ(x) = −∇xEθ(x). (3.12)

The objective of SM is to minimize a discrepancy between two distributions, which is
named as the Fisher Divergence (FD) [71]:

DF (pd∥pθ) = Ex∼Pd
[
1

2
∥∇x log pd(x)−∇x log pθ(x)∥2]

= Ex∼Pd
[
1

2
∥∇x log pd(x) +∇xEθ(x)∥2].

(3.13)

Because the probability of data is unknown, the FD can not be directly utilized as a
loss function. A transformation of the FD has to be performed. It has been proved in [28]
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that under certain regularity conditions, FD is equivalent to following equation [46]:

DF (pd∥pθ) = Ex∼Pd
[tr(∇2

x log pθ(x)) +
1

2
∥∇x log pθ(x)∥2] + constant

= Ex∼Pd
[−tr(∇2

xEθ(x)) +
1

2
∥∇xEθ(x)∥2] + constant

= Ex∼Pd
[−

d∑︂
i=1

∂2Eθ(x)

(∂xi)2
+

1

2

d∑︂
i=1

(
∂Eθ(x)

∂xi

)2] + constant,

(3.14)

where d is the dimensionality of x. The constant term is irrelevant to θ, and its derivatives
with respect to θ are zero, so it can be ignored while training. Eq.(3.14) is well known

as the objective function of SM. In eq.(3.14), the second term 1
2

d∑︁
i=1

(∂Eθ(x)
∂xi

)2 is fast to

compute, because it involves the first derivative of energy function. The computational

cost is O(d). However, the first term, −
d∑︁

i=1

∂2Eθ(x)
(∂xi)2

, is much more computational expensive,

whose cost is O(d2), because it requires the trace of second derivatives matrix of energy
function, also known as Hessian matrix. In order to overcome the difficulty, several methods
including Denoising Score Matching (DSM) [77], Sliced Score Matching (SSM) [70] have
been developed. Especially, SSM elegantly reduces the computational cost to O(2d) by
projecting the scores onto random vectors [70] through the following equation, also known
as Sliced Fisher Divergence (SFD) [70]:

DSF (pd∥pθ) = Ex∼Pd
Ev∼Pv [

1

2
∥vT∇x log pd(x)− vT∇x log pθ(x)∥2]

= Ex∼Pd
Ev∼Pv [

1

2
∥vT∇x log pd(x) + vT∇xEθ(x)∥2],

(3.15)

where Pv is a projection distribution such that Ep(v)[vv
T ] is positive definite [70]. Instead

of comparing the score function directly, SFD projects the score onto a random vector.
Similar to FD, SFD can also be rewritten in a form without explicit representation of data
distribution [70]:
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DSF (pd∥pθ) = Ex∼Pd
Ev∼Pv [v

T∇2
x log pθ(x)v +

1

2
(vT∇x log pθ(x))

2] + constant

= Ex∼Pd
Ev∼Pv [−vT∇2

xEθ(x)v +
1

2
(vT∇xEθ(x))

2] + constant

= Ex∼Pd
Ex∼Pv [−

d∑︂
i=1

d∑︂
j=1

∂2Eθ(x)

∂xi∂xj

vivj +
1

2

d∑︂
i=1

(
∂Eθ(x)

∂xi

vi)
2] + constant

= Ex∼Pd
Ex∼Pv [−

d∑︂
i=1

d∑︂
j=1

∂2Eθ(x)

∂xi∂xj

vivj +
1

2

d∑︂
i=1

(
∂Eθ(x)

∂xi

vi)
2] + constant.

(3.16)

Compared to the eq. (3.15), eq. (3.16) also involves the second order derivatives of
Eθ(x). However, it can be written as follows [70], and can be computed with O(2d) [70]:

d∑︂
i=1

d∑︂
j=1

∂2Eθ(x)

∂xi∂xj

vivj =
d∑︂

i=1

∂Eθ(x)

∂xi

(
d∑︂

j=1

∂Eθ(x)

∂xj

vj)vi. (3.17)

3.4 Variational Bound of KL Divergence

Recall the objective function, eq. (2.9), for entropic estimation introduced in Section 2.
Actually, the variational bound of KL divergence can be regarded as EBM loss function.
According to eq. (2.9), a loss function can be defined as following:

L = Ex∼Pd
[−Eθ(x)− ln pr(x)]− lnEx∼Pr [e

−Eθ(x)−ln pref (x)], (3.18)

where Eθ(x) is an unnormalised energy parameterized by θ; pr is a reference distribution
arbitrarily chose. The loss function will reach its maximum when and only when energy
function reaches its optimality E∗

θ (x) = − ln pd + c. The constant term c is the normalized
term or the value of partition function. Therefore the constant term will also be learned
in this situation theoretically. (3.18) can also be transformed as a mini-max form which is
know as Fenchel Mini-Max Learning [74].
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3.5 Noise Contrastive Estimation

NCE is another family of density estimation methods or energy-based models. The name
comes from its underlying idea, which is to estimate the density by discriminating between
data and contrastive noise with a fixed distribution [21].

3.5.1 Definition of Noise Contrastive Estimation

Given an unnormalized probabilistic model p0m(x, α) that is parameterized by α, one can
obtain a normalized model pm(x, θ) whose integral is 1 by adding an additional parameter
c to p0m:

ln pm(x, θ) = ln p0m(x, α) + c, (3.19)

where c is the normalizing term or the value of log partition function. We can capsule
parameter c in θ where θ = {α, c}. θ is the estimator parameters in NCE. Suppose
X = (x1, x2, ..., xTd

) are Td independent observations from the dataset to be estimated.
x ∈ Rn, and underlying pdf of data distribution is denoted as pd(x). Y = (y1, y2, ..., yTn)
are the Tn noise samples drew from an artificially defined noise distribution. y ∈ Rn and
the pdf of noise distribution is denoted as pn(x). Tn = νTd, where ν is the ratio of samples
amount between noise and data. The objective function of NCE is defined as [20]:

JT (θ) =
1

Td

{
Td∑︂
t=1

ln[D(xt; θ)] +
Tn∑︂
t=1

ln[1−D(yt; θ)]}, (3.20)

where,

D(x, θ) = σ[ln pm(x, θ)− ln pn(x)], (3.21)

σ is a modified sigmoid function: σ(x) = 1
1+νe−x , which restricts the outputs of D(x, θ)

between 0 and 1. Because Tn = νTd, eq. (3.20) can also be written as:

JT (θ) =
1

Td

Td∑︂
t=1

ln[D(xt; θ)] + ν
1

Tn

Tn∑︂
t=1

ln[1−D(yt; θ)]. (3.22)

Since the normalizing model pm(x, θ) can be expressed as an EBM, according to eq (3.5),
eq. (3.22) can be derived as:
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JT (θ) =
1

Td

Td∑︂
t=1

ln{σ[−Eθ(xt)− ln pn(xt)]}+ ν
1

Tn

Tn∑︂
t=1

ln{1− σ[−Eθ(yt)− ln pn(yt)]},

(3.23)
where Eθ(xt) is a normalized energy model, which is

∫︁
e−Eθ(x)

Zθ
= 1. Eθ(xt) can be defined by

an unnormalised energy model E0
α(xt) with an adding constant term c, Eθ(xt) = E0

α(xt)+c.
Since θ = {α, c} includes normalizing term c, both α and c will be learnt during the training
of NCE. Therefore it is not necessary to define the Eθ(xt) as a normalized energy model.
Eθ(xt) will have a self-normalizing effect during the training of NCE.

Intuitively, when [−Eθ(xt, θ) − ln pn(xt)] → ∞, D(x, θ) → 1; when [−Eθ(xt, θ) −
ln pn(xt)] → −∞, D(x, θ) → 0. Therefore, intuitively, by maximizing JT (θ), the esti-
mator has the effects of pushing down the energy as low as possible where x ∼ pd and
pulling up the the energy as high as possible where y ∼ pn. Therefore NCE is a good
energy based model at first sight. The algorithm of an energy based NCE is shown in 3.4.

Algorithm 3.4 Noise-Contrastive Estimation Algorithm
Input: Number of data samples: Td; Number of noise samples: ν · Td; Noise distribution:
Pn; Epoch: epoch; Learning Rate: η

Output: Initialize energy Eθ;
Set i = 0
while i ≤ epoch do

Sample y ∼ Pn

Compute JT (θ) = − 1
Td

Td∑︁
t=1

ln{σ[−E(xt, θ)− ln pn(xt)]}−ν 1
ν·Td

ν·Td∑︁
t=1

ln{1−σ[−E(yt, θ)−

ln pn(yt)]}
Compute gradient: ∂JT (θ)

∂θ

Update θ: θ = θ − η · ∂JT (θ)
∂θ

i = i+ 1
end while

3.5.2 Connection to Supervised Learning

NCE is an unsupervised learning methods but Eq. (3.20) can be understood from a per-
spective of supervised learning, because it is similar to training a classifier based on logistic
regression which discriminates the observed data X from the noise Y [22].
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Suppose we mix samples from X and Y together as one set. U = (u1, ..., uTd+Tn) denotes
the union of two datasets. Each data ut ∈ U has a label Ct : Ct = 1 if ut ∈ X or Ct = 0 if
ut ∈ Y . In this situation, NCE can be regarded as a logistic regression which models the
posterior probabilities of classes given X. pm(u, theta) is normalized probabilistic model,
which is also the conditional probability of u given the label Ct : Ct = 1. Similarly, noise
distribution is the conditional probability of u given the label Ct : Ct = 0.

p(u|C = 1, θ) = pm(u, θ); (3.24)

p(u|C = 0) = pn(u). (3.25)

The prior probabilities are also known as P (C = 1) = Td

Td+Tn
= 1

1+ν
and P (C = 0) =

Tn

Td+Tn
= ν

1+ν
. Therefore, The posterior probabilities of two classes are respectively:

P (C = 1|u, θ) = pm(u, θ)

pm(u, θ) + νpn(u)
; (3.26)

P (C = 0|u, θ) = νpn(u)

pm(u, θ) + νpn(u)
. (3.27)

Since the labels Ct are Bernoulli distributed, a loss function is defined as following:

L(θ) =
Td+Tn∑︂
t=1

Ct lnP (C = 1, ut|θ) + (1− Ct) lnP (C = 1, ut|θ)

=

Td∑︂
t=1

lnP (C = 1|u, θ) +
Tn∑︂
t=1

lnP (C = 0|u, θ)

=

Td∑︂
t=1

ln
pm(u, θ)

pm(u, θ) + νpn(u)
+

Tn∑︂
t=1

ln
νpn(u)

pm(u, θ) + νpn(u)

=

Td∑︂
t=1

ln
1

1 + νpn(u)
pm(u,θ)

+
Tn∑︂
t=1

ln[1− 1

1 + νpn(u)
pm(u,θ)

]

=

Td∑︂
t=1

ln
1

1 + νe−[ln pm(u,θ)−ln pn(u)]
+

Tn∑︂
t=1

ln[1− 1

1 + νe−[ln pm(u,θ)−ln pn(u)]
],

(3.28)
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which is equivalent to eq.(3.22), which builds a connection between unsupervised and
supervised learning on NCE. Maximizing the loss function L(θ) by updating pm will yield
an estimation of pd.

3.5.3 Theorems and Corollaries

In this section, we will reference some fundamental statistical properties of NCE which can
bring us deeper understanding. The performance of NCE is related to sample sizes Td, the
fixed ratio ν and the choice of the noise distribution. We will discuss how these factors
impact the estimator through the theorems and corollaries of NCE.

3.5.3.1 Non-parametric estimation

According to the weak law of large numbers, it is easy to know that with the increasing of
Td, the objective function of JT (θ) in eq.(3.23) converges to J(θ), where J(θ) is:

J(θ) = Ex∼pd ln[D(x; θ)] + νEy∼pn ln[1−D(y; θ)]}, (3.29)

suppose that θ is parameters of unnormalised energy, J(θ) can also be written as:

J(Eθ) = Ex∼pd ln[σ(−Eθ(x)− ln pn(x))] + νEy∼pn ln[1− σ(−Eθ(y)− ln pn(y))]}. (3.30)

The first theorem of NCE is important because it shows that the log-pdf or energy of data
distribution can be obtained by maximization of J , under certain regulations of noise data.
This theorem is called non-parametric estimation in [22], because the NCE is to learn a
non-parametric classifier which can distinguish noise and data. The theorem states [20]:

Theorem 3.1. J(Eθ) attains a maximum at −Eθ(x)
∗ = ln pd. There are no other extrema

if the noise density pn is chosen such that it is nonzero whenever pd is nonzero.

This theorem tells us two key pieces of information about NCE. First of all, the estima-
tor Eθ(x) here can be defined as an unnormalised model which is different from estimator
for MLE, because Eθ(x) will be "self-normalized" through training of NCE [20]. Eθ(x) is
defined through Eθ(x) = − ln p0m(x, α) + c. The estimator will not only learn the unnor-
malized model parameters α but learn the normalizing constant c as well. In other words,
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Figure 3.3: pn is zero when pd is zero, it is impossible to estimate pd under this situation.

the NCE estimator is able to learn the value of the partition function. Theoretically, we
should split the model parameters into two parts: model parameters α and normalizing
term c. However, in practice, setting c as 0 or a fixed value will not affect the performance
of NCE [52]. It is believed that the NCE estimator has many free parameters to meet the
normalizing constraint during the training process [52]. Therefore, the estimator Eθ(x)
can be defined as an unnormalised model and the optimal energy −Eθ(x)

∗ = ln pd will be
reached when J(Eθ) reaches maximum.

Secondly, the non-zero condition for noise distribution pn in this theorem suggests
that pd cannot be estimated when the pdf of noise distribution of data point is zero.
For example, when the data distribution is a uniform distribution x ∼ U(0, 1), while the
noise data distribution is a uniform distribution y ∼ U(3, 4), as showed in figure 3.3, it is
impossible to train NCE.

The non-zero condition can be easily fulfilled by designing a proper noise data distri-
bution. For instance, choosing a Gaussian distribution or a mixture Gaussian model as
contrastive noise distribution can guarantee positivity everywhere. However, it is still a
need to be cautious when choosing noise. The probability of noise distribution could be
extremely small or almost zero at some points far away from the mean, even if Gaussian
distribution is positive everywhere, which will also cause the failure of NCE in practice;
although theoretically, the NCE estimator should work, for example as shown in figure 3.4.
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Figure 3.4: pd ∼ N (−3, 0.5), pn ∼ N (3, 0.5), Although the positivity condition is satisfied,
it is almost impossible to estimate pd with noise pn in practice.

This situation will be further discussed in Chapter 4.

3.5.3.2 Consistency

The second theorem which is named as consistency theorem in [22] shows that θ̂T , which
is the value obtained by maximizing JT , converges to the ground truth value θ∗ [20].

Theorem 3.2. If conditions (a) to (c) are fulfilled then θT̂ converges in probability to θ∗,
θ̂T

P−→ θ∗.

(a) pn is nonzero whenever pd is nonzero

(b) supθ |JT (θ)− J(θ)| P−→ 0

(c) The matrix Iν =
∫︁
g(u)g(u)TPν(u)pd(u)du has full rank,

where g(u) = ln pm(u, θ)|θ=θ∗ , Pν(u) =
νpn(u)

pd(u)+νpn(u)
.

3.5.3.3 Asymptotic normality

The third theorem is called asymptotic normality theorem in [22], which describes the
distribution of the estimation error (θ̂T − θ∗). The theorem states [20]:
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Theorem 3.3.
√
Td(θ̂T − θ∗) is asymptotically normal with mean zero and covariance

matrix Σ,

Σ = Iν
−1 − (a+

1

ν
)Iν

−1E(Pνg)E(Pνg)
TIν

−1, (3.31)

where E(Pνg) =
∫︁
Pν(u)g(u)pd(u)du.

From the above theorem, several corollaries can be derived as following [22]:

Corollary 3.1. For large sample sizes Td, the mean squared error E(∥θ̂T − θ∗∥2) equals to
tr(Σ)/Td.

From Corollary 3.1, it is obvious that as the sample sizes Td increase, the accuracy
of the estimator will improve. Also from Theorem 3.3, it can be found that both noise
distribution pn and ratio ν = Tn/Td have influence on Σ. Σ will affect the accuracy of the
estimator. The following question is how pn and ν will affect the estimator statistically
and what are the best options for pn and ν [20].

Corollary 3.2. For ν → ∞, Σ is independent of the choice of pn and equals

Σ = I−1 − I−1E(g)E(g)TI−1, (3.32)

where E(g) =
∫︁
g(u)pd(u)du and I =

∫︁
g(u)g(u)Tpd(u)du.

Specifically, if the noise distribution is fixed as same as data distribution, the following
corollary shows the relation between σ and ν [20].

Corollary 3.3. if pn = pd, then Σ = (1 + 1
ν
)(I−1 − I−1E(g)E(g)TI−1).

Corollary 3.2 tells that as ν → ∞, Σ is independent from the choice of pn. According to
this corollary, when the estimator is optimal, Σ equals the inverse of FI or the CRLB since
the expectation of score E(g) equals zero. Therefore, NCE can be said to be Fisher-efficient
for all choices of pn when ν is sufficiently large. In other words, the choice of pn is not
important when the ratio of the size of noise and data samples is large enough. In the
special case of Corollary 3.3, when the noise distribution equals the data distribution, Σ is
equivalent to 1 + 1

ν
times CRLB. With increasing of ν, Σ is closer to CRLB. However, in

practice, restricted to the limited computational resources, it is impossible to load infinite
large noise samples, so there exists a natural trade-off between statistical and computational
efficiency in NCE.

Although the proof for the optimal choice of noise has not been given in the original
research of NCE [22] [21], they gave several suggestions on how to choose a good noise,
including:
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• Choosing a noise that has an analytical expression of log-pdf;

• Choosing a noise that is easy to sample from;

• Choosing a noise which is close to data noise;

• Making ν as large as possible.

Intuitively, the conclusion in the original NCE papers seems correct. Because one
can imagine if pn is too different from pd, the classifier of NCE might be too easy to
distinguish the data from noise. However, the intuition has been challenged by related
works on the choice of optimal noise [6]. In [6], it is reported that the optimal choice
noise poptn ∝ pd(x)∥I−1g(x)∥ under some conditions. Interestingly, this conclusion is quite
similar to the optimal noise in Monte Carlo MLE with Importance Sampling [57]. In both
situations, optimal noises are related to the data distribution, scaled by something akin to
its natural gradient. However, how to reach the optimal noise and how this formula can
assist the training of NCE remains unexplored and unsolved.

In general, considering the above properties of NCE, we know that the optimal noise
distribution should be similar or highly related to the data distribution. And when the
noise distribution and data distribution are the same, it is possible to control the error in
a reasonable range.

3.6 Generative Adversarial Network

GAN is a machine learning framework mainly used as a generative model which consists of
two networks, a generative network and a discriminative network which are updated alter-
natively [16]. The core idea of GAN is to train the generator to "cheat" the discriminator
and train the discriminator to distinguish the real data and generate data alternatively.
GAN framework has now been researched and applied to many scenarios widely. GAN
has both obvious advantages and disadvantages. The disadvantages include the problem
of mode collapse, lack of representation of pg, the synchronization problem of generator
and discriminator while training and so on. The advantages include both computational
and statistical advantages.
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3.6.1 Definition of Generative Adversarial Network

GAN consists of two neural networks. The generative network G maps a latent space
vector z to data space x through an implicit distribution pg, while the discriminative
network D maps a sample to a single scalar. Discriminative and generative network are
trained through a mini-max game with value function V (G,D):

min
G

max
D

V (G,D) = min
G

max
D

Ex∼pdata [lnD(x)] + Ez∼pz [ln(1−D(G(z)))]. (3.33)

In practice, directly optimizing equation (3.33) to update the generator may not pro-
vide sufficient gradient signals. Especially when the generator is far from perfect, the
discriminator will distinguish the generated data from the real data too easily. Therefore,
a trick named log trick is commonly used which is to change the ln(1−D(G(z))) term
into the − lnD(G(z)) to provide stronger gradient signal in the early stage of training [16].
Another training trick often mentioned is that discriminators should be trained in more
steps than training generators. The algorithm of GAN is shown in 3.5.

Algorithm 3.5 Generative Adversarial Network Algorithm
Input: Prior distribution: Pz;

Initialize generator θG
Initialize discriminator θD
Set j = 0
while j ≤ epoch do

while k steps do
Sample z1, z2, ..., zn fromz ∼ Pz

Sample x1, x2, ..., xn from data

Update discriminator θD by ascending its stochastic gradient:∇θD
1
n

n∑︁
i=1

[lnD(xi)]+

1
n

n∑︁
i=1

[ln(1−D(G(zi)))]

end while
Sample z1, z2, ..., zn fromz ∼ Pz

Update generator θG by descending its stochastic gradient:

∇θG
1
n

n∑︁
i=1

[ln(1−D(G(zi)))]

j = j + 1
end while
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3.6.2 Optimality Analysis

The optimality of GAN consists of two parts, the optimality of generator and discriminator
respectively. For any given fixed generator G, the optimal discriminator D can be reached
as pd

pd+pg
[16].

Theorem 3.4. For fixed generator G, the optimal discriminator D is

D∗
G(x) =

pd
pd + pg

, (3.34)

where, pd is the underlying probability density of the distribution that produces the dataset,
pg is generated data distribution.

Proof. For the function max
y

a ln(y) + b ln(1− y), for y ∈ [0, 1], the function achieves its

maximum when and only when y = a
a+b

. Therefore, for the function:

V (G,D) = Ex∼pd [lnD(x)] + Ez∼pz [ln(1−D(G(z)))]

= Ex∼pd [lnD(x)] + Ex∼pg [ln(1−D(x))],
(3.35)

the optimal D(x) equals to pd
pd+pg

.

Theorem 3.4 tells us that for any generator G, the optimal D can always be reached
by D∗

G(x) = pd
pd+pg

. Then the optimal D(x) can be substituted into the loss function to
investigate the optimality of generator.

V (G,D∗) = Ex∼pd [lnD
∗(x)] + Ez∼pz [ln(1−D∗(G(z)))]

= Ex∼pd [lnD
∗(x)] + Ex∼pg [ln(1−D∗(x))]

= Ex∼pd [ln
pd

pd + pg
] + Ex∼pg [ln

(︃
1− pd

pd + pg

)︃
]

= Ex∼pd [ln
pd

pd + pg
] + Ex∼pg [ln

pg
pd + pg

],

(3.36)

eq.(3.36) can be transformed into a form of JS divergence by:
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V (G,D∗) = Ex∼pd [lnD
∗(x)] + Ez∼pz [ln(1−D∗(G(z)))]

= Ex∼pd [ln
pd

pd + pg
] + Ex∼pg [ln

pg
pd + pg

]

= Ex∼pd [ln
pd

(pd + pg)/2
]− ln 2 + Ex∼pg [ln

pg
(pd + pg)/2

]− ln 2

= JSD(pg, pd)− ln 4.

(3.37)

This transformation suggests that minimizing the V (G,D∗) by updating the generator
is equivalent to minimizing JS divergence between pg and pd. Because JSD between two dis-
tributions is always non-negative, it equals zero when and only when the two distributions
are equal. Therefore the minimum of V (G,D∗) holds when and only when pg = pd [16].

Theorem 3.5. The global minimum of V (G,D∗) is reached if and only if pg = pd. At that
point, V (G,D∗) achieves the value - log 4.

Supposing that the generator and discriminator have enough model capacity, the dis-
criminator is updated first to reach its optimum given G, and the generator is updated
according to the current discriminator. Given the new generator, the discriminator will be
updated again. Repeating the iteration, pg will converge to pd theoretically. It should be
mentioned that GAN is an implicit probabilistic model where the distribution of generated
samples can be sampled but can not be represented. The generator maps the latent space
to sample space directly. pg in the formulas above is updated by the generator parameter
θ instead of directly updating pdf pg.

3.6.3 Variants of Generative Adversarial Network

There are several essential variants of GAN, including Energy-based GAN, cycle GAN,
WGAN, etc. GAN-based algorithms have formed an enormous family in different applica-
tions. We will mainly introduce Wasserstein Generative Adversarial Network (WGAN) in
this section. Instead of minimizing the JS divergence between pg and pd, WGAN changes
the objective function with the Wasserstein distance. p-Wasserstein Distance is defined
from the theory of transportation as following:

WDp(Pd, Pg) = ( inf
γ∈Π(Pd,Pg)

E(x,y)∼γ(x,y)[∥x− y∥p])
1
p , (3.38)
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where Π(Pd, Pg) denotes the set of all possible joint distributions γ(x, y)whose marginal
distributions are Pd, Pg respectively. Intuitively, Wasserstein distance indicates how much
"mass" need to be transported from Pd to Pg minimally. The minimum cost of all possible
transporting plan is the Wasserstein distance. Compared to other measures between two
distributions, Wasserstein distance has obvious advantages. In some situations, it can be
a better metric for the distributions. However, it is not easy to calculate the Wasserstein
distance directly. It can be calculated through a duality, which is caller Kantorovich-
Rubinstein duality.

WD1(Pd, Pg) = sup
∥f∥L≤1

Ex∈Pd
[f(x)]− Ex∈Pg [f(x)], (3.39)

where the supremum is over all the 1-Lipschitz functions f : X → R.

Therefore as long as we have a parameterized family of 1-Lipschitz functions f , we can
have an estimation of Wasserstein distance. The 1-Lipschitz functions condition can be
approximated through weight clipping or gradient penalty. With the distance we can
construct another GAN framework as following:

Algorithm 3.6 Wasserstein Generative Adversarial Network Algorithm
Input: Prior distribution: Pz;

Initialize generator θG
Initialize discriminator θD
Set j = 0
while j ≤ epoch do

while k steps do
Sample z1, z2, ..., zn fromz ∼ Pz

Sample x1, x2, ..., xn from data
Update discriminator θD by ascending its stochastic gradient(after weight

clipping):∇θD
1
n

n∑︁
i=1

f(xi)− 1
n

n∑︁
i=1

[f(G(zi))]

end while
Sample z1, z2, ..., zn fromz ∼ Pz

Update generator θG by descending its stochastic gradient: −∇θG
1
n

n∑︁
i=1

[f(G(zi))]

j = j + 1
end while
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WGAN has been proved having a more stable training process then vanilla GAN and
reducing mode collapse. Also WGAN provides a meaningful loss metric that correlates
with the generator’s convergence and sample quality.

3.7 The Connection between Different Energy-Based Model

In this chapter, we will summarize the connections between different energy-based models
and compare the advantages or disadvantages of all methods.

3.7.1 Connection between GAN and NCE

GAN is a generative model which mainly focuses on the quality of generating samples. The
estimated distribution of data is not the first concern. However, NCE can be regarded as
an EBM whose main purpose is to estimate the data distribution. However, GAN and NCE
have a close connection. Both methods are based on a reduction to binary classification.
NCE is an energy-based model which is trained to be able to distinguish data samples from
noise samples. The discriminator of GAN is designed to distinguish the data samples from
generated data.

Both methods are designed with similar objective functions for training. For a GAN model,
when the generator is fixed, the objective function of updating the discriminator is similar
to an NCE model. The objective function for updating the discriminator when given an
arbitrary generator G, can be written as follows:

V (G,D) = Ex∼pd [lnD(x)] + Ez∼pz [ln(1−D(G(z)))]
(3.40)

It can also be written as the following form when the discriminator reaches its optimal:

V (G,D∗) = Ex∼pd [lnD
∗(x)] + Ez∼pz [ln(1−D∗(G(z)))]

= Ex∼pd [ln
pd

pd + pg
] + Ex∼pg [ln

pg
pd + pg

],
(3.41)

The objective function of NCE is can be written as a similar form:
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J(pm) = Ex∼pd ln

(︃
pm(x)

pm(x) + pn(x)

)︃
+ Ex∼pn ln

(︃
pn(x)

pm(x) + pn(x)

)︃
(3.42)

Comparing both objective functions, we can clearly see that the idea of GAN partly in-
herits from NCE. The term ln

(︂
pm(x)

pm(x)+pn(x)

)︂
in NCE is similar to the discriminator network

in GAN. Since GAN does not have an explicit representation of data distribution, the dis-
criminator is defined as a whole neural network, which is parameterized by Dθ. However,
in NCE, the discriminator compares the model and noise distribution and a sigmoid layer.
As showed in figure 3.5, both discriminators of GAN and NCE map the samples from data
space to a scalar but the term of ln

(︂
pm(x)

pm(x)+pn(x)

)︂
in NCE can be regarded as a discriminator

with a special form, which is parameterized by energy model Eθ, where pm(x) =
e−Eθ(x)

Zθ
. In

other words, compared to GAN, NCE trains an internal data model that belongs to part
of the discriminator network with a fixed generator network.

3.7.2 Connections between MLE and NCE

Both MLE and NCE are important methods of density estimation or EBM in unsupervised
learning. Although there are no directly connection between MLE and NCE and objectives
of MLE and NCE are different, both of them are asymptotically consistent. It has been
proved that under certain conditions that the gradient of MLE and NCE are equivalent to
each other. First, if ν → ∞, the gradient of NCE is equivalent to MLE gradient:

According to eq.(3.6) and (3.7), the gradient of MLE can be expressed as following:

∂

∂θ
Ex∼pd [ln pθ(x)] =

∂

∂θ
Ex∼pd [ln pθ(x)]−

∂

∂θ
Ex∼pθ [ln pθ(x)]

=
∑︂
x

∂

∂θ
[ln pθ(x)]pd(x)−

∑︂
x

∂

∂θ
[ln pθ(x)]pθ(x)

=
∑︂
x

[pd(x)− pθ(x)]
∂ ln pθ(x)

∂θ
.

(3.43)

The gradient of NCE can be expressed as following:
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Figure 3.5: The figure shows the structures of discriminators of GAN and NCE. NCE
trains an internal data model which belongs to the discriminator network with a fixed
generator network.
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∂J(pθ)

∂θ
=

∂

∂θ
Ex∼pd ln

(︃
pθ(x)

pθ(x) + νpn(x)

)︃
+

∂

∂θ
νEx∼pn ln

(︃
νpn(x)

pθ(x) + νpn(x)

)︃
= Ex∼pd [

νpn(x)

pθ(x) + νpn(x)

∂ ln pθ(x)

∂θ
]− νEx∼pn [

pθ(x)

pθ(x) + νpn(x)

∂ ln pθ(x)

∂θ
]

=
∑︂
x

νpn(x)

pθ(x) + νpn(x)

∂ ln pθ(x)

∂θ
· pd(x)− ν

∑︂
x

pθ(x)

pθ(x) + νpn(x)

∂ ln pθ(x)

∂θ
· pn(x)

=
∑︂
x

νpn(x)

pθ(x) + νpn(x)
[pd(x)− pθ(x)]

∂ ln pθ(x)

∂θ
.

(3.44)
When ν → ∞, νpn(x)

pθ(x)+νpn(x)
→ 1, then the gradient of NCE is equivalent to gradient of

MCMCML. This conclusion gives a similar result as Corollary 3.2, which states that when
ν → ∞, the estimator has same asymptotic normality as NCE.

In addition to this situation, if noise distribution of NCE is non-stationary, that is,
the noise distribution in each epoch is chosen as a copy of the model result from the last
epoch, the gradient of NCE is equivalent to the MLE [15]. This kind of NCE is called
Self-contrastive Estimation (SCE) in [15]. The gradient of SCE is, following eq.(3.44):

∂J(pθ)

∂θ
=
∑︂
x

νpn(x)

pθ(x) + νpn(x)
[pd(x)− pθ(x)]

∂ ln pθ(x)

∂θ

=
∑︂
x

νpθn(x)

pθ(x) + νpθn(x)
[pd(x)− pθ(x)]

∂ ln pθ(x)

∂θ

=
∑︂
x

ν

1 + ν
[pd(x)− pθ(x)]

∂ ln pθ(x)

∂θ
,

(3.45)

where pn = pθn, and pθn is copied from pθ but independent from θ. the gradient of SCE is
also equivalent to MLE. The ν

1+ν
can be folded into the learning rate.

In conclusion, NCE is equivalent to MLE under certain conditions.

3.7.3 Connections between SM and NCE

As reported in [70], SSM can be regarded as a a special NCE where the noise distribution
pn is chosen as model distribution perturbed by a small vector v pθ(x − v). Thus NCE
objective function will be:
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J(pθ) = Ex∼pd ln

(︃
pθ(x)

pθ(x) + νpθ(x− v)

)︃
+ νEx∼pn ln

(︃
νpθ(x− v)

pθ(x) + νpθ(x− v)

)︃
, (3.46)

the objective function can be proved to have the following equivalent form by Taylor
expansion [71]:

argmin
θ

1

4
Ex∼pd [−

d∑︂
i=1

d∑︂
j=1

∂2Eθ(x)

∂xi∂xj

vivj +
1

2

d∑︂
i=1

(
∂Eθ(x)

∂xi

vi)
2] + ln 4 + o(∥v∥22), (3.47)

which is similar to the objective function of SSM.

3.8 Summary

In this chapter, we reviewed the definition of EBM and gave a comprehensive survey
on some important modern methods in designing EBMs, which more or less have inter-
nal connections with each others. All these methods have difficulties in training. For
example, for MLE-based methods, it is troublesome to estimate the partition function.
Although MCMC provides a solution, accurately sampling from a complex distribution is
still challenging. The adversarial training avoids the problem of sampling by constructing
a generator, however, the algorithm seems too redundant for an EBM. Because it involves
triple nested loops and the innermost loop actually is an EBM itself (MINE or Entropic
Estimation). SM is another important family of EBM, but it is usually consumes more
time than EBM and NCE. NCE is reported as the fastest methods for an unnormalised
energy model [22], and it has the effect of self-normalizing. In practice, we found several
obstacles in training a NCE, which will be discussed in Chapter 4.
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Chapter 4

The Obstacles of Training in
Noise-Contrastive Estimation

Although NCE is an effective estimator for EBM, there are some obstacles when training
the estimator. There are three hyper-parameters in NCE which will influence the training
in NCE, including the number of data samples N , the choice of noise distribution pn and
the portion of noise samples compared to data samples ν. All these parameters have an
impact on the performance of the estimator. As stated in the original paper of NCE, it
is believed that if noise distribution is closer to the data distribution, the result of the
NCE estimator will be better. Although, in other research, it is shown the best noise
choice is related to both data distribution and the natural gradient of data distribution
when the estimator is optimal, the best noise is still highly related to data distribution.
However, during the practical experiments of NCE, it is found that choosing the noise the
same as data distribution does not necessarily yield an ideal output. Firstly, as shown in
figure 4.1, we set up an eight mixture Gaussian estimation task for NCE. Given different
fixed noise, we track the change of the unnormalized energy model, which is modelled by a
neural network in different epochs. Some phenomena are not as expected as the theoretical
results. When the noise distribution is exactly the same as the underlying data distribution,
the estimator is difficult or very slow to converge. As the Gaussian distributions’ variance
increases, the estimator converges faster. Secondly, as shown in figure 4.2, if the noise of
NCE is chosen as an 8 Gaussian mixture model with a larger radius, the estimator will
converge faster; however, the result of the estimator is not satisfying. This experiment
suggests that there may exist a trade-off between computational and statistical efficiency.

An elementary conclusion can be drawn from the two experiments. The choice of noise
distribution could strongly impact the statistical and computational performance of NCE
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Figure 4.1: An experiment of NCE with 8 Mixture Gaussian toy data.
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Figure 4.2: Another experiment of NCE with 8 Mixture Gaussian toy data. The noise
distribution has a larger radius than the data distribution. The estimator converges fast,
but the result is not satisfying.
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when ν is limited. There could exist a trade-off between them. We will use an example
of one-dimensional Gaussian estimation to decompose and investigate the obstacles in the
training of NCE. Specifically, we summarize three difficulties which affect NCE training.

4.1 Trade-off between Computation and Accuracy

The first problem of NCE training is a trade-off between computational resources and
accuracy. According to the theorems in Chapter 3. The NCE estimator will attain CRLB
when the number of data samples is large enough and the portion of noise data is large
enough. Given an arbitrary noise distribution, in order to achieve a better statistical result,
more noise data need to be sampled, which will result in more computational costs.

Here we consider a one-dimensional Gaussian estimation task. Suppose that data are
drawn randomly from a one dimensional Gaussian distribution, pd ∼ N (0, 0.52). Noise
distribution is also a one-dimensional Gaussian distribution pn ∼ N (0, 0.52). Energy model
is defined as E(x), whose distribution is Pm ∼ N (0, σ2), Pm(x) =

e−E(x)∫︁
x∈X e−E(x) . By changing

the number of data samples and the portion of noise data samples, different results of NCE
estimators under different situations can be achieved. After repeating the same experiments
50 times, the mean square error between θ and data standard variance is calculated.

As shown in figure 4.3, the figure indicates the log 10 mean square error after repeating
experiments 50 times, with respect to the number of data samples. The red line shows the
situation when ν is 1, which means the proportion of data sample and noise samples is
1:1. The green line shows the situation when ν is 5, which means the proportion of data
sample and noise samples is 1:5. The green line shows the situation when ν is 50, which
means the proportion of data sample and noise samples is 1:50.

With the increase in the number of data samples and the increase of the portion of
noise data, the estimator will have a smaller mean squared error. The performance of
the estimator is the same as expected. The NCE estimator is more accurate when ν and
N increase, but at the same time, more samples in the training process will increase the
training time of NCE. Although the increase of the computational cost is not obvious in
the low dimensional task, it will largely increase when the dimension is high. For instance,
when the data dimension is 784, loading and computing 32 data samples and 32 noise
samples will take significantly less time than 32 data samples and 320 noise samples in a
batch.

Therefore, although compared to other unnormalized models, such as score matching
and contrastive divergence, NCE is believed to have advantages in computation cost, it
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Figure 4.3: Estimation Accuracy. The figure indicates the log 10 mean square error with
respect to the number of data samples. The red line shows the situation when ν is 1, which
means the proportion of data sample and noise samples is 1:1. The green line shows the
situation when ν is 5, which means the proportion of data sample and noise samples is
1:5. The green line shows the situation when ν is 50, which means the proportion of data
sample and noise samples is 1:50. The X-axis shows the numbers of training data.

could also be computationally costly if the portion of noise data increase. Then when the
computational resources are limited, the choice of noise should be considered seriously.

4.2 Density Chasm

4.2.1 Definition of Density Chasm

The second obstacle of training an NCE is called density chasm. The density chasm is firstly
described in the classification tasks [62]. The density chasm is usually meant to describe
the phenomenon of estimator failure due to the huge gap between data distribution and
noise distribution. Usually, NCE can achieve a decent result when the KL divergence of
the data distribution and noise distribution is small [47]. However, the estimator could be
extremely inaccurate or even fail when the KL divergence of data distribution and noise
distribution is sufficiently large. Theoretically, we already know when the data samples N
are sufficiently large, according to Theorem 3.1, no matter what choice of noise distribution
is, the estimator will always converge to the energy of data. However, practically, it is
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Figure 4.4: The black line could easily distinguish the difference between data and noise,
but it is far from the distribution of data.

impossible to have infinitely large samples. In addition, it is difficult to directly find a
noise distribution which has a sufficiently small KL divergence with the data distribution.
In this situation, if a "bad" noise distribution is chosen, the estimator may never find the
correct answer.

For instance, when both data distribution and noise distribution are Gaussian distri-
butions. The noise distribution corresponds to a Gaussian distribution with a mean of 3
and a standard variance of 0.5, while the data distribution is defined as with a mean of -3
and a standard variance of 0.5. As shown in figure 4.4, intuitively, it is easy to find energy
which can easily distinguish the sample data between noise data, which will cause the loss
function to fail to go down anymore.

Figure 4.5 and figure 4.6 give us a hint about when and how the density chasm between
data and noise will affect the NCE estimator. The experiment is conducted by randomly
choosing ten samples for both data and noise. The energy is constructed by a simple three
layers neural network, and NCE will be updated for ten epochs. The figure shows how the
energy changes in these ten epochs. From the figure, it can be found that when the sample
and noise data are not overlapped, the energy model is difficult to learn the distribution
of data, but for the area where sample and noise data are overlapped, it has an expected
"pulling up" and "pushing down" effect.

The above experiment provides an intuitive understanding of density chasm; however,
its formal definition has never been mentioned. In the paper which mentioned density
chasm first [62], it suggests that KL(pd∥pn) could be the measure of density chasm. Es-
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Figure 4.5: The blue and red dots are the samples of data and noise. Each group consists
of ten points. The lines indicate the change during the training of energy. The colours
are blue, orange, green, red, purple, brown, pink, grey, yellow and cyan. The energy will
be pushed down where blue dots are located while pushing up where red dots are located.
However, the energy will not be learnt correctly because blue dots and reds dots are not
overlapped. This is the situation of density chasm affecting the performance of the energy
estimator.
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Figure 4.6: The blue and red dots are the samples of data and noise. Each group consists
of ten points. The lines indicate the change during the training of energy. The colours
are blue, orange, green, red, purple, brown, pink, grey, yellow and cyan. The energy will
be pushed down where blue dots are located while pushing up where red dots are located.
However, the energy will be learnt correctly because blue dots and reds dots are overlapped.
This is the ideal situation for noise.
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pecially, the NCE estimator will be failed, when the KL(pd∥pn) is larger than 20 nats
according to the empirical results [47]. However, it needs to specify that although one can
use KL(pd∥pn) as a uniformed metric to define the density chasm, the performance of the
estimator could behave differently according to different sets of noise data. We argue that
the KL divergence is not an accurate measure of the goodness of the noise choice by giving
the following empirical experiments.

Taking two one-dimensional Gaussian distributions as example, the KL divergence can
be expressed as (4.1). The KL divergence will have different performances when different
parameters dominate the value of KL divergence. For example, the KL divergence is large,
when σn is sufficiently large, or µn is sufficiently large. We argue that the result of NCE will
behave much differently given different σn and µn under the same value of KL divergence.

KL(pd∥pn) = ln
σn

σd

+
σ2
d + (µd − µn)

2

2σ2
n

− 1

2
. (4.1)

Suppose the data distribution is known. The experiment is to use an energy model
Eθ(x), which is from the same parametric family as the data. The model is defined as
normalized distribution Pm ∼ N (µθ, σ

2
θ), Pm(x) =

e−Eθ(x)∫︁
x∈X e−Eθ(x)

, which contains two param-
eters µθ and σθ. Data are drawn randomly from a one-dimensional Gaussian distribution,
pd ∼ N (0.0, 1.02). According to eq.(4.1), the relation between log10 ∥µθ∥ and log10 σθ of
noise, when the KLD between data and noise is fixed is plotted as figure 4.7.

Given the fixed KLD, we compare the different performances of the estimator with
different µ and σ. The results are listed in table 4.1. For example, when the noise dis-
tribution is pn1 ∼ N (0, 146554782), KL(pd∥pn1) ≈ 16, when the noise distribution is
pn2 ∼ N (5.657, 1.02) , KL(pd∥pn2) ≈ 16. However, the performance of the two estimators
is different, as shown in Figure 4.8. The estimator with pn1 has a better performance than
the estimator with pn2 when the number of data, and initialization of the energy model
are exactly the same. Similar results also happen in other pairs of noises: when the KLD
is the same, the noise distribution with a large variance and a same mean with data will
yield a better estimation than the noise that has the same variance and a different mean
with data.

Comparing two extreme situations in Figure 4.8, both noises have the same KL diver-
gence, but the difference in mean and variance of the noise will change the behaviour of
the estimator. Choosing a noise which has little bias on mean and large variance will lead
to a better estimation result. On the contrary, a slight bias in choosing the mean of noise
will lead to a larger bias in the estimation when the variance is small. In other words,
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Figure 4.7: The figure shows the relation between log10 ∥µθ∥ and log10 σθ of noise, when
the KLD between data pd ∼ N (0.0, 1.02) and noise is fixed.
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Figure 4.8: The figure shows the change of energy parameters σθ, µθ during the NCE
training with the noise distribution of pn1 ∼ N (0, 146554782) and pn2 ∼ N (5.657, 1.02)
respectively.
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Data Distribution Noise Distribution KLD MSE(σθ) MSE(µθ)

N (0.0, 1.02) N (1.414, 1.02) 1 0.01076 0.01015
N (0.0, 1.02) N (0.0, (100.64)2) 1 0.002263 0.000030061
N (0.0, 1.02) N (2.828, 1.02) 4 0.01910 0.05297
N (0.0, 1.02) N (0.0, (101.954)2) 4 0.003082 0.0008922
N (0.0, 1.02) N (4.0, 1.02) 8 0.1619 0.48700
N (0.0, 1.02) N (0.0, (103.692)2) 8 0.03383 0.002947
N (0.0, 1.02) N (4.899, 1.02) 12 0.1855 0.9475
N (0.0, 1.02) N (0.0, (105.429)2) 12 0.105294 0.002840
N (0.0, 1.02) N (5.657, 1.02) 16 0.3467 2.1905
N (0.0, 1.02) N (0.0, (107.166)2) 16 0.72772 0.004389

Table 4.1: Accuracy of NCE estimators with different noises.

given the same KLD between data and noise, choosing a noise that has a larger variance
is better than the noise that has a smaller variance. This experiment first tells us that
the KLD between data and noise is not an absolute standard to measure how good or bad
noise is. Secondly, it provides us with a hint about how to choose a noise which is good
for NCE, when we have limited information about the data distribution.

4.2.2 Analysis of Density Chasm

4.2.2.1 Gradient of Loss Function

We continue to take one-dimension Gaussian distribution estimation as an example. Sup-
pose we have a data distribution which has a known distribution as Pd ∼ N (0, σ∗2), and
the noise distribution is chosen as a same parametric family distribution with the same
mean and different variance, Pn ∼ N (µn, σ

2
n). And the energy model Eθ(x), its distribution

Pm ∼ N (µθ, σ
2
θ), Pm(x) =

e−Eθ(x)∫︁
x∈X e−Eθ(x)

. According to the NCE loss function:

L(x) = −Ex∼Pd
ln(S(lnPm(x)− lnPn(x)))− Ex∼Pn ln(1− S(lnPm(x)− lnPn(x)))

= −Ex∼Pd
ln

(︃
S(ln

Pm(x)

Pn(x)
)

)︃
− Ex∼Pn ln

(︃
1− S(ln

Pm(x)

Pn(x)
)

)︃
),

(4.2)
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S(·) = 1

1 + e−x
, (4.3)

S(ln
Pm(x)

Pn(x)
) =

Pm(x)

Pm(x) + Pn(x)
. (4.4)

According to the connection of NCE and supervised learning:

L(x) = −Ex∼Pd
ln

(︃
Pm(x)

Pm(x) + Pn(x)

)︃
− Ex∼Pn ln

(︃
1− Pm(x)

Pm(x) + Pn(x)

)︃
)

= −Ex∼Pd
ln

(︃
Pm(x)

Pm(x) + Pn(x)

)︃
− Ex∼Pn ln

(︃
Pn(x)

Pm(x) + Pn(x)

)︃
)

(4.5)

Substitute the Pm and Pn with Gaussian distribution. Then the following can be obtained:

Pm(x)

Pm(x) + Pn(x)
=

1
σθ

√
2π
e
− (x−µθ)

2

2σ2
θ

1
σθ

√
2π
e
− (x−µθ)

2

2σ2
θ + 1

σn

√
2π
e
− (x−µn)2

2σ2
n

=
1

1 + σθ

σn
e

(x−µθ)
2

2σ2
θ

− (x−µn)2

2σ2
n

,
(4.6)

Pn(x)

Pm(x) + Pn(x)
=

1
σn

√
2π
e
− (x−µn)2

2σ2
n

1
σθ

√
2π
e
− (x−µθ)

2

2σ2
θ + 1

σn

√
2π
e
− (x−µn)2

2σ2
n

=
1

1 + σn

σθ
e

(x−µn)2

2σ2
n

− (x−µθ)
2

2σ2
θ

,
(4.7)
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L(x, σθ, µθ) = Ex∼Pd
ln

(︄
1 +

σθ

σn

e
(x−µθ)

2

2σ2
θ

− (x−µn)2

2σ2
n

)︄
+ Ex∼Pn ln

(︄
1 +

σn

σθ

e
(x−µn)2

2σ2
n

− (x−µθ)
2

2σ2
θ

)︄
.

(4.8)
In order to optimize through loss function (4.8), the gradient of the L(x, σθ, µθ), with
respect to σθ and µθ is calculated as following:
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∂L(x, σθ, µθ)

∂σθ

= Ex∼Pd

∂ ln

(︄
1 + σθ

σn
e

(x−µθ)
2

2σ2
θ

− (x−µn)2

2σ2
n

)︄
∂σθ

+ Ex∼Pn

∂ ln

(︄
1 + σn

σθ
e

(x−µn)2

2σ2
n

− (x−µθ)
2

2σ2
θ

)︄
∂σθ

= Ex∼Pd

(σθ − x+ µθ) (σθ + x− µθ) e
(x−µθ)

2

2σ2
θ

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄

− Ex∼Pn

σne
(x−µn)2

2σ2
n · (σθ − x+ µθ) (σθ + x− µθ)

σ3
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄

= Ex∼Pd

(σθ − x+ µθ) (σθ + x− µθ) e
(x−µθ)

2

2σ2
θ

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄

− σn

σθ

Ex∼Pn

(σθ − x+ µθ) (σθ + x− µθ) e
(x−µn)2

2σ2
n

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄

=

∫︂
(σθ − x+ µθ) (σθ + x− µθ) e

(x−µθ)
2

2σ2
θ

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄ · Pd(x)dx

− σn

σθ

∫︂
(σθ − x+ µθ) (σθ + x− µθ) e

(x−µn)2

2σ2
n

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄ · Pn(x)dx.

(4.9)
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∂L(x, σθ, µθ)

∂σθ

=
∑︂
x∼Pd

(σθ − x+ µθ) (σθ + x− µθ) e
(x−µθ)

2

2σ2
θ

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄

− σn

σθ

∑︂
x∼Pn

(σθ − x+ µθ) (σθ + x− µθ) e
(x−µn)2

2σ2
n

σ2
θ ·

(︄
σθe

(x−µθ)
2

2σ2
θ + σne

(x−µn)2

2σ2
n

)︄ .

(4.10)

From the result of eq.(4.10), let µn = 0, µd = 0, µθ = 0, the following equation be derived:

∂L(x, σθ, 0)

∂σθ

=
∑︂
x∼Pd

(σ2
θ − x2)e

x2

2σ2
θ

σ2
θ(σθe

x2

2σ2
θ + σne

x2

2σ2
n )

−
∑︂
x∼Pn

σn

σ
· (σ2

θ − x2)e
x2

2σ2
n

σ2
θ(σθe

x2

2σ2
θ + σne

x2

2σ2
n )

. (4.11)

Figure 4.9 plots the graph of function 4.11 given different choice of noise. Because it is
difficult to calculate the integral, we sample (N = 50000) data to simulate the integral. As
shown in figure 4.9, the figure plots the values of gradients with respect to the value of model
parameters, given different choices of the noise distribution. Suppose the data distribution
corresponds to a one-dimensional Gaussian distribution N (0, 1), the model distribution
corresponds to a one-dimensional Gaussian distribution N (0, σ2

m), and the noise are chosen
as N (0, 12), N (0, 22), N (0, 52), N (0, 102), N (0, 10002), respectively. From the graph, it can
be observed that with the increasing standard variance of noise distribution, the gradient
approaches zero. When the noise variance is large enough, the gradient is almost zero
everywhere. When the noise is close to the data distribution, the signal of the gradient is
stronger.

We consider another situation of mean estimation. Suppose we have a data dis-
tribution of one-dimensional Gaussian N (0, 1), the model distribution corresponds to a
one-dimensional Gaussian distribution N (µm, 1

2), and the noise distribution are N (0, 12),
N (2, 12), N (4, 12), N (6, 12), N (8, 12), N (10, 12) respectively. We plot the graph of gradi-
ent value with respect to the mean of the model under different choices of noise mean, as
shown in figure 4.10. From the graph, we can find that when the mean of noise is close
to the data distribution, the gradient signal is very strong; however, when the mean of
noise is different from the data mean, the gradient of the model will approach zero almost
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Figure 4.9: The figure shows how the value of gradient changes with respect to the sigma
of model parameters. From the graph, it can be observed that with the increase in the
standard deviation of noise distribution, the gradient approaches zero. When the noise
variance is large enough, the gradient is almost zero everywhere. When the noise is close
to the data distribution, the signal of the gradient is stronger.

everywhere (pink line).

Comparing the two experiments, it can be summarized that the behaviour of the NCE
estimator is sensitive to the noise distribution. From a perspective of the absolute value of
mean and variance, NCE is more sensitive to the change in mean. The choice of mean and
variance are in different orders of magnitude. For example, when the data distribution is
N (0, 1), the noise distribution could be chosen as N (0, 10002) which still works for NCE.
However, if the noise distribution is chosen as N (1000, 12), the NCE will completely fail
to converge. The redundancy for value choice of variance is much larger than the choice of
the mean. Therefore this experiment provides a guide for choosing noise for NCE. Given
the same KLD, a noise which has a larger variance should be considered. This tip will
be helpful in the practical training of NCE. By applying this tip, if the noise of NCE is
defined as a Gaussian or mixture Gaussian distribution, one should first find the mean or
means of the data and apply a large variance.
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Figure 4.10: The figure shows how the value of gradient changes with respect to the mean
of model parameters under different choices of noises. The graph shows when the mean
of noise is close to the data distribution, the gradient signal is very strong; however, when
the mean of noise is slightly different from the data mean, the gradient of the model will
approach zero (pink line).

4.2.3 Solutions to the Density Chasm

4.2.3.1 Choice of Noise Data

The problem of density chasm happens when the data distribution and noise distribution
are too far away from each other in the measure of KL divergence. Therefore, a straight-
forward method is to have a better choice of the noise distribution. Given a fixed amount
and portion of noise data, there should exist an optimal noise that can result in the most
accurate estimation. In the original paper, the author suggests the optimal noise should be
as close as the data distribution [20]. Another article argues that the best noise data should
be related to the data distribution times its natural gradient [6]; however, the conclusion is
hardly useful for practical training. Although it is still in doubt what the best noise data
should be, the choice of noise should be highly related to data distribution which needs
to be estimated. This becomes a chicken or egg problem. If one could know the density
of data distribution, then it is unnecessary to estimate with NCE. So it is impossible to
choose an "optimal" noise for NCE, but it is possible to choose a "not bad" noise that will
not fail NCE.

We give several criteria for a good initialization of noise distribution.
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• First, the noise distribution should be a distribution that can be easily sampled from.

• Second, the noise distribution should be a distribution that can be easily analytical
expression for the log-pdf.

• Third, the noise distribution should be a distribution that has a similar mean of data
distribution and has a large variance of data distribution.

Therefore, we suggest one can use a Gaussian mixture distribution as noise whose means
are the centers of data found by the k-means algorithm. With the training of NCE, one
can adjust the noise as an adaptive noise that moves towards data distribution gradually
to enhance the accuracy of the NCE estimator.

4.2.3.2 eNCE and Normalized Gradient Descent

The consequence of the density chasm caused by the gap between KL divergence can also
be solved by applying the normalized gradient descent (NGD). The density chasm will
cause the flatness of the loss function. A combination of changing the loss will also solve
the problem. It is reported that if we change the objective function to an eNCE, which is
defined through the following objective function [47]:

J(pm) = Ex∼pd

√︄
pn(x)

pm(x)
+ Ex∼pn

√︄
pm(x)

pn(x)
,

(4.12)

It is also reported that combining NGD with the eNCE can solve the density chasm problem
[47].

4.3 Stuck Stage of Training

The third obstacle to training the NCE is when the NCE estimator is defined as an unnor-
malized model, the loss function seems to be "stuck" in the process of training when we
observe the loss function. In the above discussion, the model is restricted as a normalized
model. We extend our experiments into the unnormalized model. During the training
process, it can be found that the loss function has a stage of fake convergence, which will
be misunderstood as the finish of training. We investigate the reason for the stuck stage
of the NCE training with empirical experiments.
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The experiment settings are set similarly to above, as a one-dimensional Gaussian
estimation task. Suppose the data distribution is known. Data are drawn randomly
from a one-dimensional Gaussian distribution, pd ∼ N (0, 1.02). Noise distribution also
are defined as one-dimensional Gaussian distribution pn1 ∼ N (0, 1.02), pn2 ∼ N (0, 2.02),
pn3 ∼ N (0, 5.02), pn4 ∼ N (0, 10.02) respectively. Energy model is defined as E(x) + c, its
distribution Pm ∼ k ∗N (0, σ2), Pm(x) =

e−E(x)+c∫︁
x∈X e−E(x)+c . The change of normalizing constant,

mean and variance of the energy model are tracked. The figure 4.11 and figure 4.12 show
the result of NCE parameters under different noise settings.

From the graphs, it can be observed that the learning of normalizing constant have
an influence on the behaviour of the loss function. The loss seems to be stuck during the
learning estimator. A similar phenomenon also happens in MINE. The main reason behind
it could be the self-normalizing effect of the estimator. At the beginning of training, the
gradient signal comes from the changing of the normalizing constant. Then the normalizing
constant converges to the ground truth slowly. It can also be found that the stuck stage
of loss function will be longer when the noise distribution is close to the data distribution.
With the increase of the noise variance, the phenomenon will be largely reduced. In
addition, the noise with a larger variance will lead to a faster convergence for the loss.
These two phenomena also encourage us to choose a noise that has a larger variance
for NCE. Recall the experiments of 8 Gaussian estimation experiments mentioned at the
beginning of this chapter; the stuck stage can explain the slow convergence of NCE when
the noise is chosen as the same as data distribution.

4.4 Summary

In this chapter, we decompose and investigate several possible training obstacles in NCE
training. The first obstacle tells us that although theoretically, NCE guarantees its fea-
sibility with all noises as long as it is positive everywhere, practically with a bad noise,
NCE may require a large portion of noise data which costs more computational resources.
The second obstacle is the density chasm, which will fail the training of NCE. The third
obstacle tells us that when the noise is close to the data distribution, it may cause the stuck
in training. The first one tells us that the portion of noise sample matters. The second and
third one tells us choice of noise distribution will affect both accuracy and efficiency. All
the obstacles actually are related to one question, which is what is a relatively good noise
which makes NCE work both statistically and computationally efficient. Through our ex-
periments, we specify that a noise which has a close mean to the data and a wider variance
is a good choice. It can not only generate enough gradient signals but also can accelerate

61



Figure 4.11: The figure shows the stuck stage of training an unnormalised NCE estimator
when the noise is pn1 ∼ N (0, 1.02) (left), pn2 ∼ N (0, 2.02) (right). The flatness of loss
function is highly related to the learning of normalizing constant. The increasing of noise
variance will reduce the phenomenon of training stuck; however, the estimator will be less
accurate.
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Figure 4.12: The figure shows the stuck stage of training an unnormalised NCE estimator
when the noise is pn3 ∼ N (0, 5.02) (left), pn4 ∼ N (0, 10.02) (right). The flatness of loss
function is highly related to the learning of normalizing constant. The increase in noise
variance will reduce the phenomenon of training stuck; however, the estimator will be less
accurate.
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the training process and reduce the stuck time of loss function, although the statistical
performance may not be perfect. In order to take care both accuracy and computing time,
we recommend to use adaptive noise for NCE. Therefore we propose an adaptive NCE
framework which can overcome the obstacles of NCE and guarantee statistical efficiency.
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Chapter 5

Energy Based Adaptive Noise
Contrastive Estimation

Comparing all the EBMs and considering all the obstacles of NCE, we design a framework
for energy-based model. The idea comes from the practical performance of NCE. We know
that there exists a computational and statistical trade-off in the choice of NCE. Therefore,
it is natural to design an NCE with an adaptive noise to balance both computational and
statistical performance. The adaptive noise contrastive estimation consists of two sets of
learned parameters: adaptive noise and energy model. We choose adaptive noise as a
Gaussian mixture model, because it is easy to sample from and the log-pdf of the Gaussian
mixture model is easy to calculate. An energy model can be designed as a neural network
whose inputs are training data and outputs are energy scalars.

5.1 Gaussian Mixture Model

A Gaussian Mixture Model (GMM) is a probabilistic model which is comprised of n Gaus-

sian distributions, weighted by w ∈ w1, w2, ..., wn, where
n∑︁

i=1

= 1. Each Gaussian distri-

bution in the mixture model consists of mean µ and covariance Σ. As showed in figure
5.1.

Suppose the data x ∈ Rm, the mean of each Gaussian distribution is defined as a tensor
with a dimension of m, µi ∈ Rm. Usually, there are several different forms of GMM in
practice, including diagonal GMM, low-rank GMM and full-rank GMM. The difference of
these three GMMs is how to define the covariance matrix Σi of each Gaussian distribution:
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Figure 5.1: An example of Gaussian mixture model in one dimension.

• Diagonal GMM: Σi = σiσ
T
i , where σi is a tensor with dimension of m, σi ∈ Rm

• Low-rank GMM: Σi = diag(di) + σidiag(si)σ
T
i , where σi is a scale perturb factor

with dimension of m × l, σi ∈ Rm×l, usually l ≪ m, di is a scale diagonal matrix
with dimension of m × m, σi ∈ Rm×m, si is a scale perturb diagonal matrix with
dimension of l × l, σi ∈ Rl×l.

• Full-rank GMM: Σi = σiσ
T
i , where σi is a tensor with dimension of m×m, σi ∈ Rm×m

Diagonal GMM can be chosen for low-dimensional data, while low-rank GMM can be
chosen as the noise model for high-dimensional data. The probability density function of
GMM can be written as:

pGMM(x) =
n∑︂

i=1

wi · [det(2πΣi)
− 1

2 exp(−1

2
(x− µi)

TΣ−1
i (x− µi))]. (5.1)

The GMM is easy to sample from and the log-pdf is easy to compute. In addition,
for the noise of NCE, we do not require the noise to have a large capacity to express the
data distribution perfectly. We only need a noise which can roughly simulate the data
distribution. Therefore, GMM is a reasonable choice of noise. Our goal is to update the
GMM towards data distribution during the training of NCE.
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5.2 Algorithm of Energy-based Adaptive Noise Contrastive
Estimation with Gaussian Mixture Model

We advise a framework which can apply adaptive GMM. Similar to GAN, we can define
an objective function with a mini-max form:

min
ϕ

max
θ

J(θ, ϕ) = min
ϕ

max
θ

Ex∼pd ln{σ[−Eθ(x)− ln pϕ(x)]}+ Ex∼pϕ ln{1− σ[−Eθ(x)− ln pϕ(x)]},
(5.2)

where θ is the parameter of energy model, and ϕ is the parameter of GMM noise. The
objective function consists of two parts: updating θ by maximizing the objective function,
and updating noise ϕ by minimizing the objective function. The algorithm is shown as
follows:

Algorithm 5.1 Energy-based Adaptive Noise Contrastive Estimation
Initialize energy θ
Initialize GMM noise ϕ
Set j = 0
while j ≤ epoch do

while k steps do
Sample y1, y2, ..., yn from y ∼ Pϕ

Sample x1, x2, ..., xn from data

Update energy θ by maximizing objective function: 1
n

n∑︁
i=1

ln{σ[−Eθ(xi) −

ln pϕ(xi)]}+ 1
n

n∑︁
i=1

ln{1− σ[−Eθ(yi)− ln pϕ(yi)]}

end while
Sample y1, y2, ..., yn fromy ∼ Pϕ

Sample x1, x2, ..., xn from data

Update GMM noise ϕ by minimizing objective function: 1
n

n∑︁
i=1

ln{σ[−Eθ(xi) −

ln pϕ(xi)]}+ 1
n

n∑︁
i=1

ln{1− σ[−Eθ(yi)− ln pϕ(yi)]}
j = j + 1

end while

Same as GAN, the log trick can also be applied to adaptive noise contrastive estimation
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at the beginning of training noise GMM ϕ.

5.3 Optimality of Energy-based Adaptive Noise Con-
trastive Estimation with Gaussian Mixture Model

The optimality also consists of two parts, the optimality of energy and the optimality of
noise. First, we need to investigate the optimality of energy given any noise.

5.3.1 Optimality of Energy

When the noise is fixed, the objective function is exactly the same as NCE. The energy
will reach its optimum when and only when the energy model matches the negative log-
likelihood of data distribution. The objective function of the energy learning phase is:

max
θ

J(θ, ϕ) = max
θ

Ex∼pd lnσ[−Eθ(x)− ln pϕ(x)] + Ex∼pϕ ln 1− σ[−Eθ(x)− ln pϕ(x)],

(5.3)
according to the optimality of NCE, by maximizing the objective function, when and only
when Eθ(x) = − ln pd, the objective function reaches its maximum.

5.3.2 Optimality of Noise

Given the optimal energy Eθ∗(x), where p∗m(x) =
e−Eθ∗ (x)∫︁

x∈X e−Eθ∗ (x) = pd, the objective function
can be written as:

J(θ∗, ϕ) = Ex∼pd ln{σ[−Eθ∗(x)− ln pϕ(x)]}+ Ex∼pϕ ln{1− σ[−Eθ∗(x)− ln pϕ(x)]}

= Ex∼pd [ln
p∗m(x)

p∗m(x) + pϕ(x)
] + Ex∼pϕ [ln

pϕ
p∗m(x) + pϕ(x)

]

= Ex∼pd [ln
pd(x)

(pd(x) + pϕ(x))/2
]− ln 2 + Ex∼pg [ln

pϕ(x)

(pd(x) + pϕ(x))/2
]− ln 2

= JSD(pϕ, pd)− ln 4.

(5.4)
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Therefore, after the optimal energy is reached, minimizing the objective function by up-
dating ϕ is equivalent to minimizing JSD between pϕ and pd, which leads to the optimality
of noise.

Different from GAN, it is not necessary to achieve the optimality of noise for ANCE, so
in practice, we can train energy more times than training noise in each epoch to guarantee
energy reaches its optimality.

5.4 Results of Adaptive Noise Contrastive Estimation

5.4.1 Feasibility of Adaptive Noise Contrastive Estimation

In this section, we use synthetic data to demonstrate that Adaptive Noise Contrastive
Estimation (ANCE) is a feasible energy model, even when the noise data is considered
a "bad" noise in the context of NCE because ANCE will be self-corrected towards data
distribution.

Considering a two-dimensional 8 Gaussian mixture model as data distribution, whose
data distribution is:

pdata(x) =
8∑︂

i=1

1

8
· [det(2πσ)−

1
2 exp(−1

2
(x− µi)

Tσ−1(x− µi))], (5.5)

where σ =

[︃
0 0.05

0.05 0

]︃
, µi = [0,−1], [0, 1], [1, 0], [−1, 0], [− 1√

2
, 1√

2
], [ 1√

2
,− 1√

2
], [− 1√

2
,− 1√

2
],

[ 1√
2
, 1√

2
] respectively. The data is shown in figure 5.2. We compare different performances

of NCE and ANCE under the same noise initialization. The energy of NCE and ANCE
are equally modelled by a three-layer neural network. In order to compare the statistical
performance, we selected points on a circle with a radius of 1 and a line where the energy
scalars of data distribution and energy model are recorded, as shown in figure 5.3. In
addition, we sample data from energy by Metropolis-Adjusted Langevin Algorithm.

The first pair of comparison results are shown in figure 5.5 and figure 5.6. The noise of
NCE and initialized noise of ANCE are chosen as:

pnoise1(x) =
8∑︂

i=1

1

8
· [det(2πσ1)

− 1
2 exp(−1

2
(x− µi)

Tσ−1
1 (x− µi))], (5.6)
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Figure 5.2: The figure shows the data to be estimated.

Figure 5.3: The energy of points on the circle x2 + y2 = 1 and line x = 1 are computed
after the training of model.
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Figure 5.4: The left figure shows samples from the noise distribution pnoise1 and data
distribution pdata. The right figure shows samples from adaptive noise of ANCE after
training. The noise distribution is updated toward data distribution.

where σ1 = [
0 5
5 0

], µi = [0,−1], [0, 1], [1, 0], [−1, 0], [− 1√
2
, 1√

2
], [ 1√

2
,− 1√

2
], [− 1√

2
,− 1√

2
],

[ 1√
2
, 1√

2
], which has a larger variance than data distribution, as shown in left of figure 5.4.

Figure 5.5 shows the results of NCE with pnoise1. Figure 5.6 shows the results of ANCE
with initialized noise pnoise1 training with the same epochs. The result shows that ANCE
performs better because the noise distribution moves towards data distribution, as shown
in the right of figure 5.4.

The second pair of comparison results are shown in figure 5.8 and figure 5.9. The noise
of NCE and initialized noise of ANCE are chosen as:

pnoise2(x) =
8∑︂

i=1

1

8
· [det(2πσ2)

− 1
2 exp(−1

2
(x− µi)

Tσ−1
2 (x− µi))], (5.7)

where σ2 = [
0 1
1 0

], µi = [0,−5], [0, 5], [5, 0], [−5, 0], [− 5√
2
, 5√

2
], [ 5√

2
,− 5√

2
], [− 5√

2
,− 5√

2
],

[ 5√
2
, 5√

2
], which has a larger radius than data, as shown in left of figure 5.7. In this situation,

noise distribution also moves towards data distribution, leading to better estimation.

From the above experiments, it can be found that when the noise is not an ideal
noise, it will affect the performance of NCE, significantly when the noise and data are not
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Figure 5.5: The figure shows the training results of NCE with noise pnoise1.
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Figure 5.6: The figure shows the training results of ANCE with initialized noise pnoise1.
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Figure 5.7: The left figure shows samples from the noise distribution pnoise2 and data
distribution pdata. The right figure shows samples from adaptive noise of ANCE after
training. The noise distribution is updated towards data distribution.

overlapped in most regions, for example, in the second experiment. However, with the
application of adaptive noise, the performance will be significantly improved.

As shown in figure 5.10, the figure shows the loss value during the training of NCE and
ANCE.

5.4.2 Maximum Mean Discrepancy

In order to quantify the evaluation of the energy model, we apply MALA to sample data
from the energy model and compute the maximum mean discrepancy between validation
data and samples. Maximum Mean Discrepancy (MMD) is a probability measure which is
often used to compare the difference between observations from two distributions [17]. The
distance is based on the idea of embedding probabilities in a reproducing kernel Hilbert
space (RKHS). [76] The general form of MMD is defined as [18]:

Definition 5.1. F is a class of functions f : X → R, p and q are two distributions
respectively, the MMD is defined as:

MMD(F , p, q) = sup
f∈F

Ex∼p(f(x)) + Ey∼q(f(y)), (5.8)
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Figure 5.8: The figure shows the training results of NCE with noise pnoise2.
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Figure 5.9: The figure shows the training results of ANCE with initialized noise pnoise2.
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Figure 5.10: The figure shows the loss value during the training of NCE and ANCE.
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an empirical estimate of the MMD between two datasets is defined as:

MMD(F , p, q) = sup
f∈F

n∑︂
i

(f(x)) +
n∑︂
i

(f(y)), (5.9)

where xi, yi are observations from distribution p and q.

In practice, the empirical estimation of MMD is accessed through the square of MMD
by the following equation:

MMD2(X, Y ) =
1

n(n− 1)

∑︂
i

∑︂
j ̸=i

k(xi, xj)−2
1

n2

∑︂
i

∑︂
j

k(xi, yj)+
1

n(n− 1)

∑︂
i

∑︂
j ̸=i

k(yi, yj),

(5.10)
where k(·, ·) is a kernel function. One of the most common kernels is Radial Basis Function
(RBF), where:

k(xi, xj) = exp

(︃
−∥xi − xj∥2

2σ2

)︃
. (5.11)

Because it is difficult to directly evaluate an unnormalized energy model that is con-
structed through a neural network, we quantify the statistical performance indirectly
through MMD by sampling from energy with the MALA algorithm. In the following
experiments, we will use MMD to measure the accuracy of the energy model.

5.4.3 Experiments on Other Synthetic Dataset

Comparisons between NCE and ANCE are shown in different synthetics datasets, includ-
ing two-circles, two-sines, swissroll, two-spirals, and target datasets. The experiment is
conducted under the same settings of the same initialized noises. As shown in figure 5.11,
ANCE achieves better results than NCE, in which the noise is regarded as an awful noise.
Table 5.1 shows the MMD between samples and data for NCE and ANCE.

5.4.4 Trade-off Effect of ANCE

In this section, we choose 8 Gaussian whose variance is 0.052 as a dataset to demonstrate
the trade-off effect of ANCE compared to NCE. As shown in figure 5.12, 4 different noises
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Figure 5.11: The figure shows the results of NCE and ANCE with the same initialized
noises.
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Dataset MMD of NCE MMD of ANCE

8 Gaussian 0.256 0.042
Two-circles 0.259 0.041
Two-sines 0.215 0.038
Swissroll 0.187 0.063

Two-spiral 0.162 0.072
Target 0.263 0.048

Table 5.1: MMD between samples from energy model and data for NCE and ANCE.

whose variance are 0.12, 1.02, 10.02, 100.02 respectively are chosen for NCE. It can be
found that when the noise is close to the data distribution, such as NCE1 in the figure, the
convergence of NCE is very slow; when the noise is far away from the data distribution,
such as NCE3 and NCE4, the statistical performance of NCE is unsatisfying. Only when
the noise is "ideal" for NCE, such as NCE2, the statistical and computational performance
of NCE will be both satisfied. In this experiment, the initialled noise of ANCE is set as
the same as NCE3. In order to compare the computational performance between NCE
and ANCE, both the NCE updating process and GMM updating process are considered
one iteration, which means each epoch which contains one update of NCE and GMM is
considered as two iterations in ANCE. We compared the MMD between the validation
dataset and sampled data from the trained energy in each iteration in different settings.

From the result, the trade-off effect can be demonstrated through the above experi-
ment. Although ANCE converges less quickly than NCE when the noise is chosen ideally,
ANCE achieves the same statistical performance. Moreover, ANCE improves both training
accuracy and speed when the noise is considered a terrible noise for NCE.

Applying similar experiments to other datasets, we record the MMD between energy
samples and data for NCE under different noises and ANCE, as shown in table 5.2. The
GMM noises for NCE (NCE1, NCE2, NCE3, respectively) are set with the same means
but different variances (3.0, 30.0, 300.0, respectively)for each NCE. From the table, it can
be found that with an increase in the variance of the noise, the NCE estimator will be less
accurate. By applying the ANCE, the accuracy of the estimator will not be affected by
choice of noise.

In summary, several conclusions can be drawn from the graph and table:

• For NCE, a noise that is very close to data distribution is not a good choice because
the convergence of training will be very slow.

80



Figure 5.12: The figure shows the MMD of NCE and ANCE while training. The noises
of NCE are set as σ = 0.1, 1.0, 10.0, 100.0 respectively. The initialed ANCE noise are set
as σ = 10.0. The top figure shows the MMD of each set with respect to iterations. The
other four show the training data and noise data in four different settings.
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Dataset MMD of ANCE MMD of NCE1 MMD of NCE2 MMD of NCE3

Two-circles 0.041 0.039 0.152 0.259
Two-sines 0.038 0.040 0.163 0.215
Swissroll 0.063 0.052 0.149 0.187

Two-spiral 0.072 0.082 0.159 0.162
Target 0.048 0.046 0.237 0.263

Table 5.2: MMD between samples and data for ANCE and NCE under different noises.

• For NCE, when the noise is significantly different from the data, the accuracy of the
estimator is limited.

• ANCE can achieve a trade-off effect which not only achieves good statistical perfor-
mance but also overcomes the disadvantages of NCE brought by the bad choice of
noise.

5.4.5 Comparison among NCE, NCE with NGD and ANCE

It is reported that Normalizing Gradient Descent (NGD) can partially solve the problem
brought by density chasm [47]. Here we compare the different effects of ANCE and NCE
with NGD. As is shown in figure 5.13, NCE with NGD will only slightly accelerate the
training of NCE but it will not help improve the statistical performance. On the contrary,
ANCE can improve statistical performance significantly. Normalizing gradient descent is
equivalent to clipping by norm, which will intensify the gradient signal, but it will not
change the statistical performance due to the noise gap.

5.4.6 Byproduct of ANCE

In addition to the energy model, ANCE also generates a byproduct - a GMM model that
can estimate the data distribution. The following results show the results of the GMM
model of ANCE. GMM achieves a reasonable estimation of data distribution, which proves
the effectiveness of the GMM updating process of ANCE.

Similar to GAN, balancing the training of GMM and the energy model is essential
in ANCE as well. But unlike GAN, which is often believed to achieve a better result
by training discriminators fewer times than training generators in each epoch, it is not a
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Figure 5.13: The figure shows the MMD of NCE, NCE with NGD and ANCE while
training. The noise initialization are shown on the top of the figure. The bottom figure
shows the MMD with respect to iterations.
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Figure 5.14: The figure shows the GMM results of ANCE.
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requirement in ANCE. As a byproduct of an energy-based model, it is not necessary to
request that GMM be able to reconstruct the data distribution as accurately as possible.
In fact, we found that when the GMM model converges to data distribution too fast, the
performance of energy may not achieve optimality. In other words, training GMM fewer
times will not affect the performance of energy and even may lead to a better result. The
process of training energy surpassing training GMM is acceptable in ANCE.

5.4.7 Comparison between NCE and ANCE in High-dimensional
Dataset

In this section, we train NCE and ANCE with MNIST dataset to demonstrate the feasibility
of algorithms in high-dimensional data. First of all, we choose a Gaussian distribution as
the noise to train NCE with MNIST. We found that it is very difficult to train NCE when a
Gaussian distribution or uniform distribution is chosen. Even though we choose a mixture
Gaussian as the noise distribution, NCE may face serious numerical problems. ANCE will
overcome the problem with careful tuning and balancing between GMM and energy model.
In this experiments, we simulate anomaly detection by rotating the image with different
angles. As shown in figure 5.15, ANCE shows a significantly better result than NCE. The
left figure shows the energy of number 7 and the right shows the energy of number 9.
When number 9 is rotated 180 degrees, it changes to six, so the energy here is low. For
number 7, when the number is rotated 180 degrees, although it is lower than the top, but
still higher than - 2600. This results shows that ANCE is feasible and outperforms NCE
in high dimensional data.
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Figure 5.15: The figure shows the simulation of anomaly detection by rotating the image
with different angles. From the result, it can be found that ANCE shows a significantly
better result than NCE.
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Chapter 6

Overview, Future Work, and Conclusion

6.1 Overview

In this thesis, we propose an effective energy-based model based on noise contrastive esti-
mation. In summary, we made the following contributions.

Firstly, we decomposed and investigated several obstacles in the training of NCE. Our
experiments with one-dimensional Gaussian data demonstrate three issues that may di-
rectly influence computational or statistical efficiency. The first obstacle tells us that there
is a trade-off between training speed and accuracy inherently in NCE itself. With more
noise data loaded, the accuracy will increase, but the training speed will be slower. The
second obstacle is that when the computational resources are limited, the choice of noise
will play a critical role in NCE. The density chasm brought by the difference in means of
data and noise will fail the NCE. The third problem in NCE is a stuck stage of the loss
function in NCE which is more apparent when the noise distribution is close to the data
distribution. The three issues in NCE lead to a suggestion of noise choosing: it is better
to choose a noise which has a much more significant variance compared to data distribu-
tion than the one that has a smaller variance, although it will sacrifice the accuracy of
estimation.

Secondly, to solve the problems in NCE and avoid the negative influence of the choice of
noise, we propose a framework of ANCE, in which the adaptive GMM noises are updated
towards the data distribution. The ANCE can achieve better accuracy and training speed
efficiency than the pure NCE when the noise of NCE is not "optimal." ANCE eliminates
the negative impact on NCE brought by the bad choice of noise.
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6.2 Future Work

There are several directions for future works and improvements.

Firstly, we studied the density chasm, which fails NCE training. We argue that it is
inadequate to use KL divergence to measure the density chasm. However, the question
about how to define a good or lousy noise remains. From the empirical experiments,
we know that there should exist an optimal noise for NCE from the perspective of the
accuracy of the estimator. Moreover, the optimal noise for NCE may not be the same as
the data distribution, which is quite counter-intuitive. An interesting question is whether
it is possible to reach the optimal noise and how it can assist in improving the accuracy of
NCE. If it is possible to construct an objective function which drives the noise approaching
the optimal noise, the statistical performance of NCE could be significantly improved.

Secondly, we provide a revised NCE framework with adaptive noise. Through our
experiments, we found that an adaptive noise can significantly overcome the disadvantages
of NCE and improve training efficiency. In this framework, we use GMM as noise. Actually,
applying other popular probability models is also feasible as long as it is easy to sample
and the pdf is easy to compute. For example, it is an attractive research topic to combine
normalizing flow models or auto-regressive models with NCE.

Thirdly, more application scenarios of ANCE deserve more research. Especially when
the data is highly dimensional, ANCE with GMM may not achieve the expected results.
The main reason presumably lies in the limitations of the Gaussian mixture model.

Fourthly, the shortcomings of ANCE mainly include: it need to be well tuned to balance
the GMM and energy model. Also we need to carefully avoid numerical error, especially
when the data is high dimensional. It is still worthy to research on the training techniques
of ANCE.

6.3 Conclusion

We studied the obstacles in the training of NCE. In order to overcome the challenges in
choosing the noise of NCE, we proposed a revised version of NCE that involves an adaptive
GMM noise. Adaptive noise based NCE can accelerate not only the convergence but also
increase the statistical efficiency.
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