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Abstract

This paper investigates the stability of TCP networks when packets are randomly
dropped at bottleneck routers with a constant or near-constant probability. Analy-
sis of a previously developed system of stochastic differential equations leads to the
proposal of a new router algorithm, RWFD, which drops packets with a nearly con-
stant probability. Stability is then investigated for a single TCP connection when this
probability is constant. The connection is viewed on a new time scale and modelled
as a general state-space Markov chain. Ergodic theory and Foster-Lyapunov drift
conditions are employed to show that the Markov chain converges to a steady-state
distribution. Stability for near-constant loss probabilities is also considered. The re-
sults are extended through the Law of Large Numbers to conclude that constant drop
probabilities may cause large TCP networks to converge to a known fixed point. Sim-
ulation verifies that RWFD is similarly well behaved, while automatically adapting

to network conditions.
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Chapter 1
Introduction

The growth of the World Wide Web has presented mathematicians and engineers
alike with many challenges. Not only is there an ever increasing number of computer
users, but the amount of data being transferred per user across networks, thanks to
video, voice, and real-time interactive software, is much larger than ever before. The
increased demand for bandwidth is pushing the limits of the dominant protocol for
data transfer, TCP (Transport Control Protocol), which was developed 20 years ago
without any consideration for today’s traffic levels. It is no longer feasible, as it was
just a few years ago, to solve the problem of network congestion by simply building
networks with excess capacity. The search is on for ways to use available network
capacity in a more efficient, economical fashion.

Although TCP is able to send information reliably under almost any network
conditions, it does so with a highly variable transmission rate. This is because of
the dual requirement that TCP must maximize its use of bandwidth but still react
quickly to network congestion. When many TCP connections share network resources,
these variable transmission rates can lead to large fluctuations in queue sizes and
transmission delays. Needless to say, such fluctuations are undesirable and must be
regulated.

To control a system such as a TCP network, mathematical models must first be
created and analyzed. Conditions under which the network is well-behaved must be

defined, and strategies to ensure that these conditions are met must be developed.
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This thesis works toward these goals.

The problem of TCP network stability, in which the amount of data in the network,
and the mean data transfer rate are constant, is approached in the following manner.
The mathematical model developed in [1] is used to model a single TCP source as a
Markov chain. With the general state-space Markov chain theory developed in [2], it
can then be shown that, under certain conditions, this source settles to a steady-state.
This result is then extended to conjecture that a large network of TCP sources will also
reach steady state, under the right conditions. A parallel theme is the development
of a new TCP control protocol, called RWFD, which may be implemented in practice
to approach the conditions necessary for stability.

Before reaching the main body of theory, a review of the technical details sur-
rounding TCP behavior is in order. Complete and up-to-date information can be

found online at www.ietf.org, by browsing the RFC pages.

1.1 A Brief Review of TCP

The TCP/IP set of protocols is currently the most common method for sending
information over the internet. A computer uses TCP to send packets of data to a
receiver over a data link of unknown capacity and delay in such a way that all the
data is received in order, and the use of the available bandwidth is maximized.

To ensure that all the data is received in order, the receiver must provide feedback
by acknowledging data packets received. This is done by attaching a sequence number
to each packet sent by the source. The source assigns numbers in increasing order
to each packet it sends into the network, and writes them into the current packet
header. The receiver reads this sequence number and sends a message to the source,
specifying the last packet that has been received in order and without interruption.
This implies that if there is a gap in the sequence of packets received, then the receiver
will send a series of identical acknowledgements until the problem is resolved. If the
" source receives such duplicate acknowledgements, it concludes that data has been lost
and retransmits the missing information.

To utilize connection bandwidth effectively, TCP sources use a congestion window
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(often referred to as just the window). This is a state variable in each TCP source
that specifies how many unacknowledged packets of data are allowed in the network
at any given time. As data is acknowledged, the source gains information about
the network between itself and the receiver, and may make appropriate decisions to
dynamically adjust the congestion window size.

Although many versions of TCP exist, we will concentrate exclusively on the case
where sources implement TCP Reno, and receivers acknowledge every packet received.
Assume that a TCP source has a large block of data to send over a network. In this

case, the TCP protocol for a single connection functions in the following manner.

1. A connection is established between two computers. The sender is aware of
both the address of the receiver and the location in memory of the data to be
sent. The receiver is aware that incoming data will arrive from the sender and

allocates memory for it. No other part of the network is aware of the connection.

2. The source enters the slow start phase. The congestion window size is set
to a small number, and a few packets are transmitted. The window size is
then increased by one each time an acknowledgement is received. Upon such
a receipt, the source may transmit two packets- one packet because the arrival
of an acknowledgment signals that there is room in the network, and another
packet because the window size has been increased. The end result is that the
data transfer rate increases exponentially with time. If a packet loss is detected,

the source halves its window size and immediately enters congestion avoidance.

3. When a certain predetermined window size is reached, or when a loss is detected,
the source leaves slow start and enters the congestion avoidance phase. In this
mode of operation, the window size increases at a much slower rate. If the
window size is n, then it will increase to n + 1 only after n acknowledgements
are received. The result is an approximately linear increase in the window size,
since it takes an approximately constant time (one round-trip time) for an entire
window worth of acknowledgements to return to the source, regardless of the

actual window size. Again, if a packet loss is detected, the source halves its
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window size, retransmits the missing information, and continues in congestion

avoidance.

4. If no acknowledgements are received for a long time (about one half to two
seconds, depending on the implementation) the source resets and enters slow

start.

The behavior described above represents a very simplified outline of TCP. There
are other important features. The TCP source monitors the round-trip time, which is
the time from the transmission of a packet to the receipt of its acknowledgment. This
is done so that timeouts can be detected. Another algorithm, Fast Retransmit/Fast
Recovery, retransmits packets when a loss occurs in a manner that does not cause
the whole scheme to collapse. There is also a (very large) maximum window size
that can be reached. However, these features are relatively invisible from a modelling
standpoint, and it is more useful to simply assume that they are working properly.

In addition to this, for large data transfers, sources spend very little time in slow
start. This is because the slow start phase lasts for less than log,(ssthresh) round-
trip times, where ssthresh is certainly less than 128 for any realistic network. In
addition, slow start only occurs at the beginning of a connection or after a timeout,
and in a properly designed network, timeouts must be relatively rare events. Thus
the connection is likely to be governed by congestion avoidance for the majority of
the data transfer and it is justifiable to only model the congestion avoidance phase

when considering long-lived connections.

1.2 A Brief Review of RED

When many TCP connections share the same link, each will continue to increase
its network usage according to the rules above. As the number of packets in the
network increases, bottlenecks develop at points where the outgoing data link cannot
transmit packets as fast as they are arriving. These points are typically routers, and
these routers queue excess packets until they can be sent.

However, even the routers have a finite amount of storage space, and if the TCP
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sources continue to increase their window size, the router queues will overflow and
cause packets to be lost. When a queue starts to overflow, every source sending
packets through the offending router will experience a packet loss. It follows that
all the TCP window sizes will be halved virtually simultaneously. This causes a
dramatic drop in the number of packets in the network, which temporarily reduces
the queue size, but the effect will repeat as the window sizes increase again. This
leads to a phenomenon known as global synchronization. Since losses occur at the
same moment for all sources, the TCP window sizes will rise and fall at the same
time, and eventually all the window sizes will become almost identical. Since the
number of packets in the network is related to the sum of window sizes, it will exhibit
large periodic fluctuations, with amplitude approaching the number of sources times
the amplitude of the individual window size fluctuations.

Such behavior causes many undesirable effects, such as large queueing delay vari-
ation, low bandwidth utilization, and even fairness issues between connections. To
alleviate such problems, a packet dropping policy known as RED (Random Early
Detection) was proposed. (See 8] and [9].) Routers implementing RED policies ran-
domly drop any incoming packet with a certain probability. This probability is a
linearly increasing function of the queue size, and typically ranges from zero for an
empty queue, to some value less than ten percent at the maximum queue size. The
goal of RED is to spread out packet losses over time, so that individual TCP con-
nections reduce their window size before the queue overflows. Properly tuned RED
algorithms have been shown to increase network performance by avoiding the syn-
chronization effects associated with regular Tail-drop routers (see [8] and [5]). The
queue sizes can potentially become constant at a moderate level, and the associated
variations in delay can be minimized.

The parameters of RED are given by Pmaz, Pmins @maz, a0d Qmin. The router
implements RED by estimating the queue size, Q(t), at time t. If Qmin < Q(t) <
Qumaz, then incoming packets are dropped randomly with probability

— ) Pmaz — Pmin . ‘
k(t) Prin + Qmaz - Qmin (Q(t) szn)

If Q(t) < Qmin then the packet is accepted into the queue, if Q(t) > Qmaz then the
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packet is dropped. Typically, pmin is zero. The slope of the RED function is defined
to be dk/dQ, and is equal t0 (Pmaz — Pmin)/ (Q@maz — Qmin)-

For a given network, there is often a very small range of effective RED functions
that a router can employ. The problem is that large slopes may lead to the same syn-
chronization effects as Tail-drop routers, while small slopes are too specific to control
a network with changing conditions. Finding the correct parameters and adapting
them to satisfy changing network conditions is still a problem without satisfactory
solution. A large number of competing solutions, either improving on RED or offering

alternative algorithms, have been put forward, but a clear winner has yet to emerge.



Chapter 2

A Mean-Field Model for TCP

The random packet dropping philosophy is a good one, but its implementation is
difficult. One must first understand how TCP networks behave before creating a
proper control strategy. Naturally, the first step towards this understanding is the
creation of an appropriate model. In this section we describe a model for a large
number of TCP sources sharing a single bottleneck router. This model was developed

in [1], and a similar, simplified model appears in [5].

2.1 The Dynamics of a Single TCP Source

Consider just one TCP source executing congestion avoidance (label this source n out
of a possible N sources). Its state at any time ¢ can be described in terms of both the
size of the TCP congestion window and the round-trip time experienced by packets
sent into the network. The congestion window increases by one packet per round-trip
time, except when a packet loss is detected. This is because it takes approximately
one round-trip time for an entire window size worth of acknowledgements to return,
triggering an increment in the window size. When a loss is detected, the congestion
window drops to half its current value.

Let W,(t) and R, (t) represent the window size and round-trip time, respectively,
of source n at time #. These two variables will be enough to specify the state of a

TCP source in congestion avoidance.
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According to (3.1) of [1], if the window size is regarded as being able to take on a
continuous range of values, the evolution of the window size of source n is described

by the following stochastic differential equation.

AW, (t) = %(t) (1~ xsu()dt — W“ét_)

In this equation, xs,) = 1 when source n is in the fast retransmit /fast recovery

dNn(An(t)) (2.1)

phase, and zero otherwise. During this phase, the window size does not follow a linear
increase, and no losses can be detected. Since the fast retransmit/fast recovery periods
are relatively short, we may let xs, = 0, ignoring the term without significantly
changing the dynamics. ¢~ represents a time just before time ¢. As in [1], N,(t) is a

Poisson process with intensity 1, and

[ Wl = Rl e — (o
Mlt) = [ TR FQ(s — Ra(s))d (22

is the compensator for the process. Here, F(Q(t)) is the packet drop probability at
a router serving the source as a function of its queue size, as is the case with RED.
A more general drop policy would replace this factor with k(t), so that the drop
probability need not depend explicitly on the current queue size.

N,(A,(t)) is then a nonhomogeneous Poisson process with variable intensity

Wn(t - Rn(t))
Ru(t — Ra(t))

(See, for example, (3], section 5.5.4.)

An(t) =

F(Q(t — Ra(t))) (2.3)

It is important to note that we define the round-trip time by

Q(t = Palt))

Rot) =T+ ——

(2.4)

Here, T represents the round-trip transmission delay outside of the queue, and L
represents the network transmission rate in packets per second, so that, by Little’s
formula, Q(t)/L is the queueing delay of packets arriving to the router at time ¢. There
is a subtle but important modelling distinction here. (2.4) defines the round-trip time
based on the past queue size, so that there is an implicit delay built in to the model.

We can interpret (2.4) in the following way. Recall that a TCP source transmits a new
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packet whenever an acknowledgement arrives. If an acknowledgement arrives at time
t, then its associated round-trip time, R, (t), is based on the delay experienced by the
packet that generated it. This packet reached the router approximately R,(t) time
units ago, so its queueing delay was Q(t — R,(t))/L. R,(t) can thus be viewed as the
round-trip time experienced by packets arriving to source n at time ¢, instead of the
round-trip time that will be experienced by packets leaving the source at time . We
may imagine that the source writes this value into the new packet being transmitted

at time ¢.

2.2 Interaction of Sources at a Bottleneck Router

If a number of TCP sources send packets through a common queue, such as the
one occurring at a bottleneck router, the dynamics of the sources become coupled
together. For example, if a certain source shares a queue with other sources having
large window sizes, then there will be many packets in the router queue. This will lead
to longer round-trip times, and a higher loss probability if the router is implementing
a RED-like drop policy.

Assume that the round-trip times of all the sources are the same, or that they may
be replaced by an equivalent “mean” round-trip time. This round-trip time varies in
time with the queue size.

The interaction of N TCP sources at the bottleneck queue implementing a RED-
like drop policy leads to a queue size governed by (3.2) of [1]. This formulation uses
the relative, per-source queue size ¢(t) = Q(t)/N, and relative link rate C = L/N.

The relative queue size ¢(t) is assumed to be fluid-like, giving
N

dq(t)
el W

* (N v}‘z/n((:))(l‘F(NQ(t)))—(/’) x{Ng(t) =0}.  (2.5)

F(Nq(t))) - C

The second term in the equation keeps the queue from becoming negative, by

adding the expressed quantity if it is negative, when the queue size is zero. For
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a system of N TCP sources, we now have a stochastic system of N + 1 differential
equations. That is, there are N equations governing the window sizes, as in (2.1), and
one equation governing the queue size, as in (2.5). We will now deal with the question
of what happens when N becomes large, as this approach will give a deterministic

result in the spirit of the Law of Large Numbers.

2.3 The Mean-Field Limit

Mean-field theory involves replacing many random interacting systems with an equiv-
alent effective system. This approach can be applied to TCP networks in the limit-
when the number of sources becomes large. Instead of considering N individual
window sizes, one can re-formulate the model and consider a histogram giving the
frequency of connections with a certain window size. The advantage of this is that
only one equation is needed to specify all the window sizes, instead of having one
equation for each source.

Following [1], (2.1) and (2.5) lead to a deterministic system of partial differential
equations as the number N of TCP sources becomes large. The limiting mean-field
equations take the form of (3.12) and (3.13) of (1], which are reproduced below as
(2.6) and (2.7).

Let N be the number of sources executing congestion avoidance. Let ¢(t) be
the relative queue size per active connection treated as a fluid and let p(t,w) be
the histogram of the window sizes of connections in congestion avoidance at time ¢.
Assume for the moment that all sources have the same round-trip time. According

to [1], in the mean-field limit as the number of sources becomes large, we obtain

Ip(t, w) _ _1__ 3p(t, w)

ot r(t) Ow

+(4wp(t, 2w) — wp(t, w))

(2.6)

k(t —r(t))
r(t—r(t))’
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and
‘fffdii) - /0 ” %p(t, w)dw(l — k(t)) — C (27)
_ ( /0 ” ~spltwidu(l - k) - C> xla(t) = 0}.

C is the link rate per source in packets per second per active source, ie. L = NC,
k(t) is the probability that each packet is dropped and r(t) =T +q(t —r(t)/C is
the effective or aggregate round-trip time of all the sources with T being the common
transmission time and g(t — r(t))/C being the common queueing time of packets
arriving to the queue one round-trip time ago.

The heuristics of (2.7) are clear. The rate of change in the relative queue size is the
difference between the rate per source at which fluid arrives minus the link rate per
source C. The mean arrival rate per source is the mean window size [ wp(t, w)dw
divided by the round-trip time r(t) times the proportion (1 — k(¢)) which is not
discarded. The second term only keeps the queue from becoming negative.

The heuristics of (2.6) are not so complicated either. Integrating out both sides
of (2.6) quickly establishes that [ p(t,w)dw is constant; i.e. that p(t,w) is a density
for all times . The left-hand side of (2.6) times dw is equal to the rate at which mass
flows into and out of an infinitesimal slice of windows (w,w + dw]. The first term
on the right-hand side times dw is due to the additive increase of the component of
TCP; every round-trip time the window increases by one. In an infinitesimal period
of time df the quantity of fluid that pours into the slice is given by p(t, w)dt/ r(t) to
first order while the quantity that pours out is p(¢, w + dw)dt/r(t) to first order. The
difference is approximately —ig%-”—)dw. It follows that the rate at which the mass

r(t
in the slice (w,w + dw) is grovfli)ng because of the additive increase is —ﬁtjgﬂaﬁ)ﬂldw.
The second term is due to the multiplicative decrease. A loss one round-trip time in
the past, i.e. at t — r(t), among sources in the slice 2(w, w + dw) causes mass from
the slice 2(w,w + dw] to be dumped into the slice (w,w + dw]. In an infinitesimal
time interval d¢ the probability of such a loss is equal to dt times the transmission
rate (2w/r(t — r(t))) of windows in the slice 2(w, w + dw] times the loss probability

k(t — 7(t)). The mass dumped from the interval 2(w,w + dw] at time ¢ when the
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loss is detected is p(¢, 2w)2dw. Hence the rate at which mass is added to the interval
(w,w + dw)] is p(t, 2w)r—(ﬁ’;’w2dw. Similarly a loss one round-trip time in the past
among sources in the slice (w, w + dw] causes mass to be subtracted from this slice.
The rate at which mass is subtracted from the interval (w, w+dw] is p(t, w) sy dw-

The equation (2.6) describes the net effect of these flows.

2.4 A Fixed Point for the Mean-Field Model

When the drop probability k(t) is well chosen, perhaps as a function of Q(t) as in
RED, then (2.6) and (2.7) may become constant in time; the drop probability k(t)
tends to a constant k, the window distribution stabilizes to a fixed distribution f,
q(t) tends to a constant ¢ and the round-trip time, 7(t), tends to a constant r. For
stable systems (2.6) and (2.7) become:

V) _ b (2(2u)fu(2) — whicw)) (2.8)

c = (1—k)%/wfk(w)dw. (2.9)

(2.9) is simply Little’s formula since the right-hand side represents the throughput
as the average window size divided by the round-trip time times the proportion of
packets that are not killed.

The following theorem is given in [1}.

Theorem 2.1 Let ¥ = Z?‘;oﬁ?%_m (U =~ 0.4194). The unique density fi(w)
i=1

solving (2.8) is given by
00 iw2
fr(w) = ; a; exp(—k4 -5—) (2.10)

4 4
a T4 Qo (2.11)

[T-.(1-4)

21
o nq/‘/_’“’

The mean window size 15

/wfk('w)dw = « = (2.12)
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where o = 1.310. Combining (2.12) with (2.9) yields

C “kk>2 = (%)2 (2.13)

This theorem gives valuable information about the fixed points, which will be used
in the controller of the next chapter.

The above mean-field arguments apply even if the transmission delays vary be-
tween sources. The loss probability may still stabilize at k£ and the queue may still
stabilize at q. Assume that the steady state above is achieved. In this case an in-
dividual source will evolve like a dynamical system uncoupled from the queue and
hence other sources. If the window of source n is denoted by W, (t) at time ¢ and the

round-trip time of source n is r, = T, + ¢/C then

Wi(t) = /0 t [@ - Tuls) g, i)

n 2

where N,(t) is a Poisson process with intensity 1 and
t
Wn —In
A(t) = / Wa(s =Tn) 0o
0 Tn

is the stochastic intensity for the Poisson point process of losses of connection n. (See
(2.1) and (2.2).) Hence the window reductions at source n occur according to the
time-changed Poisson process N, (A,(t)).

With time change s = r,u :

Wat) = /0 o [du-e"T(”dNn(An(rnu))] or,

o) = [ [du—@g(“)dan(u))]

where ©,,(s) = W,(r,s) and o,(u) is a Poisson process with intensity £©,(u — 1).

The evolution of ©,, is therefore independent of the round-trip time and is the same
for all windows. In effect all the windows evolve in the same way but at different
speeds.

We conclude that the joint distribution of the window sizes and the RTTs will
stabilize to a product distribution fr(w)g(r). For stable systems (2.6) and (2.7)
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become

Eif% ~ k(22w)fi(2w) — wfi(w))

C = (1-—k)/wwfk(w)dw/r-71:g(r)dr.

Hence everything remains unchanged if we replace 7 by Tequ = (. %g(r)dr)’l. Note
that this equivalent round-trip time is calculated much as one calculates the effective

resistance of resistances in parallel. This fact has been remarked in [5].



Chapter 3

RED Without Feedback Delay

There are a vast number of competing protocols designed to control the behavior of
TCP networks. Many of these protocols are variants of RED, and use the control
mechanism of random packet drops in an attempt to stabilize the queue size at the
router. These protocols are collected under the Active Queue Management umbrella,
and are described by a rainbow of acronyms such as RED, FPQ, DRED, BLUE,
FRED, etc. The term active queue management betrays the perhaps short-sighted
nature of many of these protocols, because true stability can only be achieved by
managing the entire network, which consists of much more than a single queue. Such
control strategies may break down when a significant portion of the data lies outside of
the managed queue, as is the case when the number of connections is small compared
to the number of packets that can be held in the network outside of the queue. Such
a case can occur when outside transmission delays are very long.

This section presents yet another management protocol, RWFD, which randomly
drops TCP packets with a probability designed to account for all network conditions,
not just the router queue size. The algorithm, based on the mean-field model of the
previous chapter, attempts to compensate for the delays in the control mechanism
which lead to oscillatory behavior of the queue size. A further advantage of this
protocol, as will be seen in later chapters, is that the probability of dropping incoming

packets is relatively constant.

15
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3.1 The RWFD Strategy

The factor k(t — r(t))/r(t — r(t)) in (2.6) captures two causes of oscillations leading
to network instability. The control signal k(t — r(t)) is delayed by one round-trip
time r(¢) and the system depends explicitly on the past through the denominator
r(t —r(t)). To cancel out this delay and eliminate the associated instabilities, choose

the drop probability
b0 = ke, (5.1)

where keg, satisfies the fixed-point equation (2.13),

(1 - kequ)2 _ Tequc 2
kequ o\ 131 (3:2)

and C = L/N. Teq is the effective round-trip time of all the sources if the relative
queue size were to stabilize at Giarget, the target relative queue size. reg and N must

be estimated in practice. Note that if keg, is small, (3.2) has approximately the same

1 TequC 2
= N Ay I 3.3
Keqe ( 1.31 ) (8:3)

If the packet discard probability is chosen as above then (2.6) and (2.7) become

solution as

Op(t,w) 1 Op(t,w)

ot r(t) Ow (3.4)
+ (p(t, 2w) 2w 2 — p(t, w)iu—>kequ, (3.5)
and

where ¢(t) has a sticky boundary at 0, just like in (2.5). Since delays often cause
system oscillations, it is hoped that eliminating the explicit delays will lead to a more
stable system. If this is the case, the system above will be more likely to converge to
the unique steady state of the last chapter. In steady state the relative queue size is

Gtarget, the loss probability is keq, and the effective round-trip time is 7egy.
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Note that regy = T + Gtarget/C, S0 the control signal k(t) satisfies

k(t) = () Kequ

equ

_ q(t — T(t)) — Qtarget

- (1 " CTequ ) Kequ (3.7)
— Q(t _ ’l"(t)) - Qtar et 1.31IN 2

- (1+ Lrequ g ) (Lrequ> ‘ (3.8)

This is similar to a RED algorithm (without the moving average estimate of the queue
size) with the control based on the past queue size instead of the present. The slope
of the algorithm, i.e. the change in loss probability with respect to queue size, can
be seen from (3.8) to be,

dk 1.716 N?
- = 3.9
dQ L3r§qu (39)

In a properly-designed network, the average window size Wau, should be greater
than five. Since the average number of packets in the network is equal to both Nw and
the delay-bandwidth product Lreg,, it is true that N is typically less than one fifth
the size of Lreg,. Consequently, the slope is typically small, and the loss probability
is reasonably constant. The fact that N must be large in the mean-field model does
not pose a problem here because L is scaled up with N, so the ratio of sources to
delay-bandwidth may still be small in the limit.

Moreover, it has been observed through simulation that networks become less
stable as the number of sources decreases, or when the link rate or delay increases.
When this happens, dk/dQ decreases, leading to a more constant loss probability. As
we shall see, a constant loss probability leads to system stability, so the algorithm
adapts to maintain stability in the face of increasingly hostile network parameters.

This philosophy is corroborated in [5]. In that model, RED is considered stable
if,

dk _ (2N7)?
dQ = L3(r+)3
where w, is considered to be small. Note that the RWFD slope satisfies this inequality

(1 +wy), (3.10)

if N and 7. don’t vary much. The linear analysis of [5] thus provides evidence of
RWFD stability.
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3.2 Parameter Estimation for RWFD

The above algorithm requires a knowledge of the number of connections /N using the
router, their equivalent round-trip time 7.4y, and their available bandwidth L. This is
not surprising since these parameters describe the most important aspects of a TCP
network, and any good controller must have quantitative information on the system
it wishes to control. It should be emphasized that knowledge of these key network
parameters is essential to any active queue management scheme. The topology of
the network is much less important (in simple models) because TCP connections are
ignorant of the actual path their data takes through the network.

The round-trip time estimate, 74y, is updated every time a packet is dropped.
Since lost packets are retransmitted by a source approximately one round-trip time
after they are dropped, we can estimate 7.4, by storing times at which packets are
dropped and measuring the time taken for the retransmitted packets to appear at the
router. If there is no timeout then this gives a round-trip time sample for the studied
source. We call R’ the measured round-trip time of the j** dropped packet. To be
more accurate, R? is the time between the third packet following the j** dropped
packet and the retransmitted packet (since the source only retransmits a packet after
three duplicate acknowledgments). But it is easy to compensate for this by delaying
the start of our round-trip time timer until the receipt of the third packet (from the
same source) after the dropped packet.

To implement the estimate, we identify each connection by reading the source
address and/or the destination address of each dropped packet and creating a hash
value. This value is stored in a table along with the sequence number of the dropped
packet and the time of the drop. We must then calculate the hash value of the source
address and/or the destination address of every incoming packet. If the value matches
a table entry, the sequence number is compared with the one stored in the table in
order to identify the retransmitted packet. Once the retransmitted packet arrives, the
difference in the current time and the stored drop time becomes a sampled round-trip
time value. An average is taken to keep a running estimate of 7.4, but this must be

done carefully, as explained below.
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The probability of picking a packet from source 7 is proportional to the transmis-
sion rate, where the transmission rate is proportional to the window size and inversely
proportional to the round-trip time for packets from this source. Since the window
distributions of sources in equilibrium are equal with mean wegy, it follows that the

probability of picking a packet from source n whose round-trip time is r,, is roughly

Wequ/Tn _ Teff

211'11 Wequ/Ti Nry

3
&)
I
3

|

(3.11)

where
11\
Teff = (NZF> — Tequ 88 N — 00.
) i=1

The expected value of BRI is ST, 75(ress/NTS) = Tegy. |

Fluctuations in the queue size due to randomness can affect the evaluation of the
effective round-trip time. This is because sy is supposed to represent the round-
trip time when q(t) = Gtarget, Dut the sample measurements are taken at arbitrary
values of ¢(t). We can compensate for this since we know the queue size when the
sample is taken, and hence its difference from the target queue size. We re-center our
measurements R’ as Rif ;= R + (Grarget — ¢¢)/C where ¢’ is the relative queue size
when we measured R’. In other words we measure the round-trip time as it would
have been if the queue size were on target. The Rif ; Tow give an independent and
identically distributed sample of the round-trip times of the sources picked for discard
if the queue was stabilized at the target. The exponentially weighted moving average
M =af 4+ (1—-a)R ;¢ will converge to a distribution centered at Ty SO We can

equ equ
use 74, as our estimator for 7 based on the first 7 measurements.

The other network parameter required is the number N of sources executing con-
gestion avoidance, and this can be estimated using the FPQ estimate given in [7].
The technique requires a regular sampling of arriving packets. A hash value of the
destination address in the packet header of the sampled packets must be calculated
and the corresponding entry in a hash table must be set. The estimate for N is based
on the number of entries set in the hash table. An exponentially weighted moving

average of the estimate is kept and used to determine the drop probability as in (3.8).



CHAPTER 3. RED WITHOUT FEEDBACK DELAY 20

There is one other network parameter determining the behavior of the algorithm:
the bandwidth L available to TCP sources in congestion avoidance. In principle the
bandwidth is a known physical characteristic, but in fact it is reduced by other traffic
types that do not respond to loss by reducing their transmission rates. UDP traffic
is one example. Short bursts of TCP traffic called web mice also don’t respond to
losses because the burst is over before the source can detect a loss. It might be best
to avoid dropping packets from such sources. This could only be done if the header
of each packet is inspected. If this is possible it would be beneficial to correct the
link rate L by subtracting off that proportion of the bandwidth taken away by these
misbehaving sources (Once these sources are identified, they may also be penalized).

The above algorithm is quite robust and will behave properly even if the network
parameters req,, N and L are poorly estimated. The only effect will be that the
queue will stabilize at some value different from the target queue. The exact value is
not of paramount importance. In fact, we may implement a high-level controller to
adjust the target queue length in order to keep the rate of congestion notifications or
the proportion of connections in timeout within a preferred envelope. For instance
Algorithm 1 in [6] provides a load adapting mechanism which keeps the packet loss
probability close to a target by adjusting the target queue length. We adjust qiarget

periodically according to the control loop

Gtarget = GQtarget + /B(k(t) - k)o)

where 8 is the constant gain of our control and ko is some specified target drop
probability (2% perhaps). We can also design the algorithm to avoid an empty queue
and hence keep the utilization high. We can accomplish this with a no-drop region.

We simply cease dropping cells if Q(¢) falls below some minimum threshold.

3.3 Commentary

The RWFD algorithm is one among many competing algorithms. Although modifi-
cations such as the load adapting mechanism and no drop region complicate matters,

the algorithm exhibits two important features. First, and most importantly, the loss
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probability varies only slightly as the queue size changes, since the slope in (3.9) is
small. Second, the algorithm specifies both an equilibrium queue size and an equilib-
rium loss probability, allowing one to ensure that the algorithm effectively controls
the TCP sources while maintaining a positive queue size.

Neither of these features is remarkable on its own, but, taken together, they
ensure that an almost constant packet loss probability is imposed on the sources.
Traditional RED algorithms are also able to achieve this result, but they must be
tuned very precisely for the current network conditions. RED Without Feedback
Delay essentially provides an automatic method for this tuning by estimating the
network conditions and applying the appropriate control.

In the following chapters, we shall see how imposing a constant loss probability
on a large number of TCP sources appears to lead to a steady-state distribution of
window sizes. Such a steady state implies a constant rate of packet arrivals to the
bottleneck queue, and this leads to a stable queue. (The near-constant random drop-
ping mechanism provided by RWFD should similarly cause the network to approach

a steady state, and comments will periodically be made to explore this assertion.)



Chapter 4
Further Analysis of a Single Source

A TCP source acting in congestion avoidance adjusts its window size according to
the additive increase, multiplicative decrease behavior described in Chapters 1 and
2. This process can be described in real time by (2.1) and (2.2), and by considering
the interaction of a large number of sources, one is led to the mean-field model (2.6),
and (2.7).

This method provides a valid model for TCP sources executing congestion avoid-
ance and interacting through a bottleneck queue. However, it is not immediately
clear whether or not the resulting set of differential equations exhibit stability, in the
sense that they converge to a steady state. One might attempt to use the methods
of Lyapunov to check for such stability, but these methods are very difficult to apply
to nonlocal partial differential equations incorporating delay.

A more illuminating approach is to first consider the stochastic equations gov-
erning a single congestion window. Stochastic stability can be studied for the single
window, and conclusions about stability of the entire system can then be drawn. In
fact it is possible, for a single TCP source, to re-write these equations on a time
scale that counts round-trip times. This is the primary goal of this chapter, as it will
simplify matters significantly by ridding the equations of variable round-trip times.
Then, since a steady state is time-invariant, the steady state window size distribution
(if it exists) will be the same regardless of the time scale. That is, the steady-state

derived from the time-changed process will be the same as the steady state for the

22
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original process.

4.1 A Canonical Equation for the Window Sizes

For TCP connection n, define 7,,1() to be an invertible mapping which transforms
the time scale from one measured in seconds to one measured in the number of round-
trip times that have elapsed for the connection since time ¢ = 0. In other words, 7,,(s)

maps “rtt” time to real time, and hence satisfies the difference equation,
To(s — 1) = Tn(8) — Ru(10(8)), 1(0) = 0. (4.1)

(4.1) simply expresses the fact that the counting of any round-trip time is completed
exactly one round-trip time before the next is. For a given function R,(t), 7, (t)
can be at least approximately constructed by first taking ¢y = 0, and then recursively
defining ¢; by solving R, (t;) = t; — t;_1. Setting 7, 1(¢;) = 4 for each i and defining
7.7(t) to be the series of line segments connecting these points creates an approximate
function 7,7 (t) that exactly satisfies (4.1) at each t;. Since the t; are only one round-
trip time apart, this construction is then a good approximation to the definition of
71(t).

On this new time scale, the window size increases at a rate of one per unit time,
and a delay of one round-trip time in real time becomes a delay of one time unit in
“rtt” time. For a TCP window X, (t), a canonical system of equations similar to (2.1)

and (2.2) can thus be written, in transformed time, as

X () = dt — ﬁ'éf_—)dzvn(/\n(t)) (4.2)

t
Anlt) = / Xo(s — D)k(ra(s — 1))ds. (4.3)
0
Notice that (4.3) may be written, through the change of variables u = s — 1, as
t—1
Anlt) = / X () (7 (1) (4.4)
-1

The time-changed dynamics bear several similarities to the original dynamics,
(2.1) and (2.2), while suppressing the role of R,(t). X,(t) represents the window



CHAPTER 4. FURTHER ANALYSIS OF A SINGLE SOURCE 24

size as a function of rtt time, N,(t) is a rate-one Poisson process, and An(t) is the
stochastic compensator, with an integrand delayed one round-trip time in the past,
all as before. However, the term R, (t) is normalized to one on this time scale, so it
no longer appears in the denominator. Also notice that the router drop policy k(t) is
unchanged, since it is evaluated at the same real time as before.

The system of equations (4.2) and (4.3) is almost simple enough to analyze using
stochastic methods. The central mathematical topic of this thesis is demonstrating
the stochastic stability of this system under the assumption of a constant, or near-

constant, drop probability k(t).

4.2 Equivalence of Systems under a Time Change

In this section, we verify that the canonical equations for window size evolution,
(4.2) and (4.3), are approximately a time-changed version of the real-time equations,
presented in [1] and given here as (2.1) and (2.2). Consequently, stochastic stability
of the canonical system will coincide with stochastic stability of the real-time system,
at least for a single TCP connection.

To proceed, assume that the time change 7, is invertible. If W, (t) represents the

window size in real time, and X,(t) represents the window size in rtt-time, then

or,

Now use (4.2) to write

AW, (t) = dX.(m7'())

= e - 22 D g (ar 0)

= wtwar - LN (a7 1), (45)

n n



CHAPTER 4. FURTHER ANALYSIS OF A SINGLE SOURCE 25

Using (4.4) and applying the change of variables v = 7,(u), we may write (4.3) as,

i (t)—1
A(rTN(B) = / X () k(1)) s

-1
T H(t)-1)

_ / L Xl Dk ) e
Z—Rn(t)

_ / Wi (0)k(0) L (v)do. (4.6)
—R,(0)

The upper and lower limits of integration above were calculated, using (4.1), as

Ta(Tr 1 (t) = 1) = Tu(r7 (1) = Ra(ma(r, ' (1))
t— Ra(t),

and

To(=1) = 7.(0) — R,(71(0))

To find 7,71(s), recall from elementary calculus that,

.1 s) = 1
Y 0)
We may estimate 7,(t) by
’f'n(t) ~ Tn(t) - In(t - 1)
= Ru(ma(t))

This is a fair estimate because 7,(t) — 7,(t — 1) is a small interval (one round-trip
time) so R,(-) is approximately constant over the interval.

We therefore obtain the desired derivative,

1 1

7. (s) =
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Note that since R,(t) > 0V t, 7,(t) is indeed invertible.
Using the approximation given by (4.7), (4.5) and (4.6) may be written as,
dt W, (t7) '

dW,(t) = o 2 AN (An(r (1)), (4.8)
and,
t— R (£) v
Al (E)) = /_ o v];/:((v))k(v)dv. (4.9)

This pair of equations is similar to (2.1) and (2.2), except that delay is taken into
account in the limits of integration instead of in the integrand. In fact, (4.8) and (4.9)
could be used as an alternative model to the one found in [1] with few changes. In
this way, it can be said that the canonical system approximates the real-time system.

It is desirable to have complete agreement with previous models. For completeness
then, the rest of this section shows how the canonical system approximates the exact
model presented in [1].

Recall from (2.4) that, for a single bottleneck queue, R,(t) satisfies

R.(t) =T+ Q(i%?’"—@
Differentiating both sides with respect to t yields
) Nt — R. (¢ .
Rl = L0y g,
which implies both ‘
: Q(t — Ra(t))
= ' 4.
B = T au- Rt (4.10)
and
1— Ra(t) L (4.11)

 L+Q(t— Ra(t))
Now, Q(s) > —L for all values of s. This can be seen either as a direct mathe-
matical consequence of (2.6), and (2.7), or by simply recalling that L is the packet
service rate at the router, so that the rate of queue length decrease is limited by L.
Using this fact in (4.10), one arrives at the conclusion that R.(t) < 1.
This has several interesting consequences which will be used below. First, it
ensures that (4.11) is always positive. Second, it fulfills the hypothesis of the following

lemma.
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Lemma 4.1 If R,(t) is positive and continuous with R,(t) < 1 for all values of t,
then the equation

s— R,(s) =t — R,(t)

has the unique solution s =t for any t.

Proof Let f(t) =t — R,(t). Then

Thus f(t) is everywhere increasing, so clearly f(s) = f(t) if and only if s=¢. ®

This result is an important one because it allows another change of variables to
be made in (4.9). Let s — R,(s) = v. Then the limits of integration in (4.9) are the

solutions of,

s — Ra(s) = 0 — Rx(0),
and,

s — Rn(8) =t — Ra(t).
That is, the limits of integration are 0 and ¢.

This yields, by Lemma 4.1,

An(T71()) = /0 Z"((j = g’:((j)))) k(s — Rn(8))(1 — Ra(s))ds. (4.12)

Recent developments, (see [10]), have shown that the model in [1] erroneously
omitted the factor 1 — R,(s), and (2.2) should actually take the form

_ [ Wals = Buls)) s— R,(s — R,(s))ds
M) = [ TR P~ Bl - ulsds. (413)

In light of this correction, it is clear that the system described by (4.8) and (4.12) is
equivalent to the system described by (2.1) and (2.2). The term R, (s) is small, so

the correction is minor, and disappears in steady state by definition.

Under a time change, therefore, the canonical system is equivalent to the original
system given in [1]. Thus the stability of the two systems should coincide, and we may

gain all the necessary information about stability by studying the canonical system.
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4.3 Constant and Varying Loss Probabilities

The compensator equation, (4.3), immediately simplifies in the case where the loss

probability is constant. Since k(-) = k, the equation becomes

An(t) = /O t Xo(s — 1)kds. (4.14)

The constant loss-probability case will be important for the remainder of the
thesis, since it allows a Markov chain to be constructed for a source’s window size
evolution. Stability theory is well-developed for Markov chains, so the goal is to
demonstrate stochastic stability for the system described by (4.2) and (4.14). If this
can be done, then the equivalence of systems above will imply stability for the real-
time system described by (2.1) and (2.2), for the special case where the packet loss
probability is constant. Establishing such stability is the focus of Chapter 6.

If a constant loss probability k leads to stability, then it is possible, although not
guaranteed, that a near-constant loss probability k(t) may also lead to stability. An
intuitive rationale for this exploits the fact that packets are dropped randomly by
the router. The randomness in packet dropping results in a natural fluctuation of the
loss rate even when the probability is constant. If these random fluctuations do not
affect stability, then minor deterministic fluctuations may also be acceptable. On the
other hand, k(t) may well vary in such a way that resonance and positive feedback are
introduced into the system, leading to instability even when the variation is small.

A complete analysis for variable loss probabilities is beyond the scope of this the-
sis, since k(t) will in general depend on multiple TCP window sizes. This makes it
impossible to view one source in isolation, rendering the single-source Markov chain
approach presented in the next chapter ineffective. It should be noted that although
the Markov chain formulation requires a constant loss probability, the stability argu-
ment does not. In chapter 6 we will essentially show that two copies of the window
evolution process can be coupled on a small set. The initial conditions die away and
the two copies become the same from some time on. This coupling phenomenon leads
to a steady-state window distribution when the loss probability is constant, but it is

general enough to suggest that processes still couple when the loss probability varies.
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In this case the window distribution would not reach a steady state, but copies of the
process should still couple and become dominated by the loss probability as time goes
on. This leads a time-varying form of stochastic stability, in the sense that variation

in the window size will be driven only by variation in the loss probability.

4.4 Commentary

The equivalence of the real-time window size equations and the time-transformed
window size equations rests on a number of assumptions and approximations. This
is troubling, since these assumptions may not hold in the most general of cases.
However, there is no reason to prefer a time scale of seconds when viewing the behavior
of TCP connections. Indeed, the more natural time scale is the rtt scale.

One can therefore adopt the viewpoint that the actual dynamics of a TCP window
size under a constant loss probability are given by (4.2) and (4.14), and that the
real-time equations, (2.1) and (2.2), are the approximations. Indeed, it is possible to
construct a model from first principles that yields the time-changed equations directly.
In either case, the time-changed equations allow us to construct a Markov chain, and
this mathematical convenience alone is sufficient reason for their use in the remaining

chapters.



Chapter 5

A General State-Space Markov
Chain

In this section, the TCP window size equations are re-formulated as a general state-
space Markov chain so that stochastic stability arguments can be brought to bear.
General state-space theory and the subsequent stability arguments are developed in
[2], and the reader is referred there for a complete treatment.

Before defining a Markov chain for the process described by (4.2) and (4.14), we
must further specify the behavior of the window size in time. Let X (t) represent the

window size of a generic connection at time ¢.

Lemma 5.1 The solution to (4.2) is given by:

t
X(t) ZX(i)z—(N(A(t))—N(A(i)))+/ 9~ (N(AB)-N(As)) g g (5.1)

)

The lemma can be proven by direct calculation. A proof by induction is given here.

Proof (4.2) means precisely,

/ X (s) = / ds — / Xés)dN(A(s)) (5.2)
o, X(t)=X(z')+(t—i)—/ Xés) AN (A(s)) (5.3)

30
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For any t > 1, let N(A(t)) — N(A(z)) = 1. This implies there is a jump at some

time u so that,

and,

(5.1) then gives,

: u t
X(t) = X(Z)-f—/ 2_1ds+/ 27% s

2
X(@) wu—1
= =3 + 9 +t—1.L |
- X(z’)-l—(t—z’)—X(Z)_;(u—z).

(5.3) gives,

X(t) = X(6) + (t — i) — X;“).

Since there are no jumps in the interval (i,u), X (¢) increases linearly giving,

Therefore (5.1) and (5.3) are equivalent for N(A(t)) — N(A(:)) = 1, so the lemma
holds in this case.

Now assume the lemma also holds for N(A(t)) — N(A(¢)) = k. That is, for any
such t > 1,

t
X(t) = X (1) +(t—1) /X (s)) = X(1)27* + / 2~ (NAW)-NAEDgs, (5.4)

Assume N(A(t)) — N(A(?)) = k + 1. Then there exists a time r < ¢ such that
N(A(r)) — N(A(i)) = k. By (5.4),

X(r)=X@@)27% + / 9~ (NAM)-NAG) s, (5.5)
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Now observe that N(A(t)) — N(A(r)) = 1, so we can use the single-jump result, along
with (5.5) to write,

tX(s)
2

X() = X0)+(t—r) - / AN (A(s))

r

t
= X2+ / 9~ (N(AW)-NAG)) g

r

T t
— X(3)27%FD 4 o7t / 9=(N(AM)-NAG) gg + / o= (N(A®)-N(AG) g

1 r

_ X(3)2-®HD 4 g~ (VA®)-NAC) / " g (VAN -NAG)) g

2

t
+ / o= (N(A®)-N(A(s)) g

r

t
= X(@)2* 4 / o~ (NAE)-NAE)) g

)

Therefore, the lemma holds for N(A(t)) — N(A(i)) = k + 1. Since (5.1) holds for
N(A(t)) = N(A(3)) = 1, and since it holds for N(A(t)) — N(A(¢)) = k + 1 if it holds
for N(A(t)) — N(A(2)) = k, the result is proven for all integers k. &

To define the Markov chain, subdivide time into unit intervals, and define X;(t) =
X(i+t). Also define X; = {X;(t) : 0 <t < 1}. Elements X;, which will constitute

the Markov chain, reside in the following state space.
Proposition 5.1 Each element X; belongs to the space S, where

S = {x2_M(t) + /Ot 9~ MO-M)ds . t € [0,1), z ¢ ]R} : (5.6)
where M(t) is a nonhomogeneous Poisson process on [0,1).

Proof Elements of S are all of the form found in Lemma 5.1. To show that X, € S,
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_,
D
ot
8

I
ha

oo,
s

!

X;(0). (5.1) can be written as,

i+t
Xi(t) = X(i +0)2-WVAGH)-NAGO) 4 / o~ (N(AG+0)=N(A() g
i+0

t
— oM@ 4 / o~ (N(AG+0)=N(AGH+w)) gy,
0

t
£~ M@ | / o~ (N(A(+1) =~ N(AG+0) ~(N (A+1)~N (AG+0))) gy,
0

t
_ poMO / o~ (M(O-M(w) gy,
0
and M(t) = N(A(i +t)) — N(A(¢)) is a nonhomogeneous Poisson process.  ®

Note that elements of S are collections of right-continuous slope-one line segments
(see Figure 1). M(t) is the arrival process, on [0,1), of window reductions due to
packet losses, and the points of discontinuity in S correspond to these arrivals. These
discontinuities are referred to as jumps in the window size.

One can partition S on the basis of the number of jumps an element has. This
will prove to be a useful distinction, since the number of jumps largely determines

the behavior of a state.
Definition 5.1 Let S™ be the set of elements with a total of n jumps. i.e.
S*={zxeS:M(1)=n} (5.7)

Window Size
S ]

H ' #0.5 ' i+l
Time

Figure 1: A typical element X; in S. The endpoint Y; is also shown.
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The collections of elements in S which have no jumps is important, and a special

subset of this collection receives its own definition:

Definition 5.2 Let S’ be a subset of S (and of S°) such that

S = {zxeS%:z(0) >1} (5.8)
= {zeS%: (1) >2}.

There are technical reasons for defining S’ in this way. In the next chapter, the
Markov chain of window sizes is followed through a large number of single-jump
states followed by a number of zero-jump states. It turns out that, after many single-
jump states, £(0) must be larger than one, so S’ is the largest zero-jump set that can
be reached with positive probability after this type of behavior. If the theory were
extended to follow states with more than one jump, then this restriction could be
removed. However, such an extension to the theory is neither realistic nor necessary.

We will often need to consider the value at the right-hand endpoint of an interval
or of a line segment. Since S is made of increasing, right-continuous line segments,

the meaning of a right-hand endpoint must be clarified.

e The value at the right-hand endpoint of an increasing line segment, I(t) is
understood to be sup,{l(t) : t € [a,b)}, where the line segment spans the time

interval [a,b).

e The value at the right-hand endpoint of an element X; € S is understood to be
the value at the right-hand endpoint of the last line segment in X.

This convention leads to the following definition.

Definition 5.3 For any i > 0, Y; is a random variable representing the value of the
right-hand endpoint of X; € S, (see Figure 1).

Using Lemma 5.1 and the state space S, we can now adequately define a Markov

chain on a general state space.

Theorem 5.1 Let ZT = (0,1,2,3,....). The sequence {X; : i € Z*} constitutes a

Markov chain on the state space S.
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Proof To show that {X;} defines a Markov chain, two observations are necessary.
First, it can be seen that X;(0) depends on both Y;_; and dN(A(i)) by considering
(5.1) as follows. For any € > 0,

X;(0) = X(i+0)
= X(i— 5)2—(N(A(i))~N(A(i—€))) + /1 9=(N(A(@)-N(A(s)) g

1—€

Taking limits, and using the existing right continuity, we obtain

X(0) = lim X(i— )2 WO NG / " o= (N(AG)-NAG)) g
_ y_,0-dNAG) (5.9)

If dN(A(i)) = 0 (an event with probability 1 for all i), then there are no jumps in
X (t) at time i so X;(0) = Y;_; a.s. Furthermore, if there were a jump at time 1,
then moving the jump to time i + J would result in a negligible change to state X;.

Therefore we may take X;(0) = Y;_; in all that follows.

Window Size

Figure 2: Two consecutive elements X;_1 and X;. The stochastic intensity of the jump

process in the region (s,t) is proportional to the shaded area. Also note X;(0) = Yi_i.
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The second observation concerns the intensity of the Poisson process. This is given
by the rate of change of the compensator, which according to (4.14) (the constant
loss-probability case), is A(t) = kX (t — 1). According to (3], the number of arrivals
in a time-varying Poisson process in an interval (s,t) has a Poisson distribution with

parameter A(s,t), where

Als,t) = A@t)— A(s)

= /st Au)du
= /:kX(u— 1)du

- / T X (w)du (5.10)

-1
For any state X;, the number of jumps in the state is the number of Poisson arrivals
between X (i) and X (i+1). This is Poisson distributed with parameter f:_l kX (r)dr,
and is therefore completely determined by state X;_;. Note that this implies that the
value of dN(A(3)) found in (5.9) is also completely determined by state X;.;, in
particular by X;_;(0).

These two observations together give the Markov property; for a given loss prob-

ability k, state X; is determined by state X;_;. [

One final note. The class of Borel sets of S will be denoted by B(S), which can
be constructed in the following manner. For an element of S™, define an (n + 1)-
dimensional vector in which the first entry represents the left-hand endpoint x of the
element, the second entry represents the time until the first jump, the third entry
represents the time between the first and second jumps, and so on. An (n 4+ 1)-
dimensional class of Borel sets can be generated out of such elements in the manner
described on page 158 of [4]. Such a class contains the elements of S™ as a subset.
Taking the countable disjoint union of such classes for all values of n yields a o-field
which contains S as a subset. By Theorem 10.1 of [4], this o-field can be intersected
with S itself to give the appropriate o-field B(S).
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5.1 Commentary

The Markov chain above was constructed on the space of window size trajectories,
under the assumption that the packet loss probability was constant. It is tempting to
try to accommodate time-varying loss probabilities by expanding the state space to
include loss probability trajectories as well, but the resulting system is non-Markovian;
the loss probability depends on a large number of window sizes, all but one of which
fall outside the state space. Moreover, attempts to remedy this by creating a state
space that includes the window trajectories of all connections fail, since each TCP
source evolves on its own local time scale.

Strictly speaking then, all stability properties based on Markov chain theory will
only apply to the constant loss-probability case, since this is the only context in which
a Markov chain truly occurs. However, the stability arguments of the next chapter
still work in the variable loss-probability case, as long as k(t) > kmin > 0 for all ¢. In
this case, (5.10) takes the form,

Als,t) = /  h(ra () X (w)du (5.11)

-1

The advantage of proving stability for the variable-loss-probability case is that it
demonstrates that window size processes may couple even when the loss probability
varies. Since separate copies of the process tend to couple as time goes on, the ini-
tial conditions become negligible after a time, and the processes become statistically
similar, regardless of initial conditions. Since this is true for time-varying loss prob-
abilities as well as constant loss probabilities, drop policies such as RWFD may still
lead to stability in some form.

With this in mind, the next chapter will make stochastic stability arguments
assuming a variable nonzero loss probability, although a constant loss probability is
implied by the presence of a Markov chain. Constant loss-probability stability, which

is the only true stability, may then be considered as a special case.



Chapter 6

Stability of the Markov Chain

If the Markov chain describing the time-changed window size dynamics exhibits some
sort of stability, then much can be said (and will be said in the next chapter) about
the long-term stability of the TCP bottleneck network under study. The Aperiodic
Ergodic Theorem (Theorem 13.0.1 of [2]) can be used to establish stability of a Markov
chain in the sense that, in the long run, the state tends to a unique distribution

independent of initial conditions. The theorem is paraphrased below.

Theorem 6.1 (Aperiodic Ergodic Theorem) Suppose that ® = {X,} is an aperiodic
Harris recurrent chain, with invariant measure . If there exists some petite set C,

some b < oo and a non-negative function V finite at some one o € S, satisfying
AV(x) = / P(z,dy)V(y) — V(z) < —1+bxc(z),z € S, (6.1)
s

then there exists a unique invariant probability measure 7 (a scaled version of the

given 7 ) such that for every initial condition x € S,

sup |P*(z, A) — m(A)| — 0 as n — o0 (6.2)
AeB(S)

P"(z, A) denotes the n-step transition probability, P(X, € A| Xy = z). The Aperi-
odic Ergodic Theorem thus implies stability in the sense that the long-run distribution

of states tends to some fixed distribution .

38
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A few notes on the terms used above are necessary. Aperiodicity is the property
that the chain can transition from any set in B(S) with positive measure back to the
same set in one step with positive probability. Harris recurrence reflects the property
that any set in B(S) with positive measure is (almost surely) visited by the Markov
chain an infinite number of times. An invariant measure 7 is a measure on B(S) such
that

r(A) = / r(dz)P(z, A), A € B(S).
S

Finally, to define a petite set, take a general state-space Markov chain and create
a sampled version by regarding only states no,ni,ns,..., where each m; is chosen
randomly according to some probability distribution a(n). A set C is petite if, for
any = € C and any set B e B(S), the probability of reaching C from z in one step
of the sampled chain is bounded below by some nontrivial measure. Such sets are
essential to stability because they allow for the construction of atoms; sets for which
the transition probability from every element to a given set is the same. These atoms
in turn allow copies of a Markov chain to couple, allowing for stability arguments to
be made. All of these concepts and arguments are discussed in great depth in 2],
and will be developed or referred to as needed throughout the chapter.

The following proposition establishes a method for satisfying the hypotheses of

Theorem 6.1, and gives an outline for the rest of the chapter.

Proposition 6.1 Suppose the following properties can be established for the Markov

chain describing the window size evolution:
e The Markov chain is y-irreducible.
o A petite set C emists, with C = {z € S : z(0) < c}, for some positive integer c.
e The chain is aperiodic.
e (6.1) holds for the function V = z(1) on the set C.

Then the hypotheses of the Aperiodic Ergodic Theorem are satisfied.
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y-irreducibility is the general state-space analog of irreducibility. It expresses
the idea that sets with positive 1-measure can be reached from anywhere in S with

positive probability in a finite amount of time.

Proof t-irreducibility establishes a class of communicating states. This provides a
context in which to consider aperiodicity and Harris recurrence, since these concepts
are generally reserved for irreducible chains.

The existence of a petite set is required so that we can examine the drift criterion,
(6.1). If this criterion is satisfied, then not only is the main hypothesis of Theorem 6.1
established, but the chain is also guaranteed to be Harris recurrent with an invariant
measure 7. To see this, consider Theorems 11.3.4, and 10.4.4 of [2] as follows.

Theorem 11.3.4 states that if the drift criterion is satisfied for a chain, then that
chain is positive Harris recurrent. It is then clear from the definitions that the chain
is also recurrent. Theorem 10.4.4 then states that such a recurrent chain has a unique

invariant measure 7. [ ]

Figure 3 shows the details of how Proposition 6.1 leads to the conclusion of the
Aperiodic Ergodic Theorem. 1)-irreducibility will be deduced from irreducibility with
respect to a weaker measure , which is taken to be ordinary Lebesgue measure placed
on the right-hand endpoint of a set, and restricted to elements in S’. The petite set

C will be constructed from smaller sets possessing the appropriate properties.
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Exfx;li J Chain is
* 2 Y-irreducible
i(;;:p';lt[i(n:ea) Chain is
5 P -irrecuacible
(Prop. 5.5.5) oo 422)
Egn. 11.17
for AV holds | 4
onC
Aperiodicity
(54.3) [
3 1 )
e o™ | [ovariant measure] 7] stability
(Thrm. 11.3.4) ~| (Thm. 10.4.4) | (Thm. 13.0.1)

Figure 3: Satisfying the hypothesis of the Aperiodic Ergodic Theorem. Bold num-
bers indicate the order in which the four main hypotheses of Proposition 6.1 will be

considered.

The criteria of Proposition 6.1 will be considered, in order, in the sections below.

6.1 -irreducibility of the Chain

On a countable state space, an irreducible Markov chain is one for which any state
can be reached from any other with positive probability. Unfortunately, this concept
does not directly apply to uncountable state spaces, since the probability of reaching
any particular state is generally zero. The analogous concept for Markov chains on a
general state-space is the idea of t-irreducibility. The idea is that ¢ is a measure on
the state space such that any set of states with positive 1 measure can eventually be
reached from any particular starting state with positive probability.

How do we find ¢? Proposition 4.2.2 of [2] asserts that some maximal irreducibil-

ity measure v exists if one can find a lesser irreducibility measure ¢. Moreover, the
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properties of ¢ also hold for ¢. Consequently, we can look for a simpler irreducibil-
ity measure ¢ with sufficient properties and infer that these properties hold on the
maximal measure v without having to specify 9 exactly. The candidate for such a

measure is specified in the following definition.

Definition 6.1 For sets in S, let u represent ordinary Lebesgue measure placed on
the right-hand endpoint of a set. That is, u(A) is the same as Lebesgue measure on
{z(1):z € A}.

We let ¢ be a measure on the space S such that,
p(4) = u(ANnS,

where S' is defined as in (5.2) to be the set of zero-jump trajectories with left hand

endpoint larger than one.

In general, u will be used to represent both Lebesgue measure on the real line (or
a portion thereof), and Lebesgue measure on the endpoint of an interval in S, as in
Definition 6.1 above. The exact usage will be clear from the context.

1 itself is not a measure on S, since different elements in S can have the same
endpoint. However, restriction of p to the subset S’ does result in a measure. Since
elements in S’ have no jumps, there is a one-to-one correspondence between such
elements and their endpoints. It followé that there is a one-to-one correspondence
between the measure of the endpoints of any set A NS’ and the measure of the set
itself. Therefore, ¢ is a measure since it inherits the required properties from ordinary
Lebesgue measure. More precisely, ¢ is a o-finite measure with support S’

To show that a Markov chain is @-irreducible, the following definition, due to [2]
(see Proposition 4.2.1) must be satisfied.

Definition 6.2 ® = {X,.} is p-irreducible if there ezists a measure @ on B(S) such
that, for all z € S, whenever p(A) > 0, there ezists some n > 0, possibly depending
on both A and z, such that P™(z, A) > 0.

This definition leads to the main result of this section.
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Theorem 6.2 Suppose the router loss probability is nonzero. Then the Markov chain
of window sizes, defined in Theorem 5.1, is p-irreducible, where ¢ 1s as in Definition

6.1.

Before proving this theorem, a few more definitions and technical lemmas are

necessary.

Definition 6.3 Let J(X;) be a random variable representing the number of jumps in

state X;. That is,
J(X;) = N(A(i + 1)) — N(A(%)) (6.3)

Definition 6.4 For states X; such that J(X;) = 1, let T; represent the (local) time
of the jump, less 0.5. That 1s,

T.=te (—0.5, 0.5) s.t. dN(A(z' + 05+ t)) = 1. (6.4)
_'__,,_,..--""'"- Xi‘l ; X1 é
: — = a
'g ' '
E |4'Ti'>| 45
il Time ' i

Figure 4: Two consecutive elements with J(X;—1) = 3 and J(X;) = 1. T; exists and

is measured as the distance from the center of the i" interval.

States with J(X;) = 1 (see Figures 4 and 5) are not uncommon. In fact, they are
the primary mechanism by which stability is achieved, since TCP sources will most

often cut their window size in response to a single packet loss. To determine the
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probability of consecutive single-jump states occuring, we may appeal to a special

case of the following lemma.

Lemma 6.1 Suppose that the loss probability k(t) is nonzero. For any finite integer
n, any initial trajectory Xo = z such that the area below z is finite with Yo = y < oo,

and any set of integers {z; : 0 < z; < oo}, we have that,
P(J(X1) = 31, J(X2) = x3,..J(Xp) = za|Xo =z) > 0. (6.5)

Proof Starting from y, the window size in each of the n steps must be finite, since
it grows at a rate less than or equal to one per step. The stochastic intensity in
any of these steps, given by A(s,t) as in (5.11) is always finite and positive, since
k(t) > 0. Since the number of jumps in each step has a Poisson distribution with
parameter A(s,t), the outcome of each random variable can take on any allowable
value z; with positive probability. Therefore, the probability of having z; jumps in
any step is always positive.

Finally, note that the number of jumps in any of these steps can take on value z;
with positive probability regardless of the number of jumps in other steps. That is,

for any 7, and any values of the z;, 1 < j < n,
P(J(X,) = 1Ei|J(Xi_1) =T;_1, J(Xl) = .’El) >0
We may now use the definition of conditional probability to write,

P(J(X1) = z1, J(X2) = x9,..J(Xy) = n)

= P(J(X,) = 7| J(Xpz1) = Znoa, .. J(X1) = 1)
P(J(Xn-1) = Tn-1]|J(Xn-2) = Tn_a, ... (X1) = 71)
s P(J(X2) = x| J(X1) = 21) P(J(X1) = 1)

> 0

(
(

Therefore, the intersection of events {J(X;) = z;} has positive probability. ]

In light of Lemma, 6.1, a series of states in which there is exactly one jump per

state X; (that is, J(X;) = 1,1 <4 < n) may occur with positive probability. Consider
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now such a series of single-jump states. Examining the behavior of the chain when
such a series occurs will lead to a few important results, ending with Lemma 6.2.
Since Poisson arrivals can occur at any time, it must be true that T; can fall in

any set of positive Lebesgue measure over (-0.5,0.5) so that,
P(Ti e A) >0V AeB(R) st. u(AN(=0.5,0.5)) > 0 (6.6)

where p represents Lebesgue measure.

For these states we have, similar to the proof of Lemma 5.1,
N(A(i+1)) = N(A(i + 1)) = X<T:+05} (6.7)

and as a special case,

N(A( +1)) = N(AG)) = 1. (6.8)

Starting with (5.1), we may use (6.7) and (6.8), along with the change of variables

u = s — 1 to write,
i+1
Vi=X(@GE+1) = Xz.(0)2—(N(A(i+1))—N(A(i))) +/ 9~ (NAGE+1D))-N(A())) g
i

Y. i+1
_ tim +/ o—(N(A(+1))-N(A(9)) 4.
2 i

Y, 1 N .
= Zizl L[ - (NAGH)-NAGHW)) gy,
2 0

Y T;40.5 1
— i—1 +/ 2—X(uSTi+0,5}du+/ V- X{u<T;+0.5} dyy
2 0 T;+0.5
Y. 1 T:40.5 1
= = +/ 2"1du+/ 2 %y
2 0 T;+0.5
Yi T, 1 1
— —_— —_— - 1 - CZ—; - =
=1, (2 " 4> " ( 2)
Y. 3 T;
= 3 173 (69)

The value of Y; is thus determined by the previous value and by a random time, as

in Figure 5.
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Figure 5: Y; as determined by Yi_;

and T; for a single-jump state.

As time goes on and the number of single-jump transitions becomes large, the

contribution of the initial value to the current state becomes negligible. To see this,

let Yy = y. For any finite integer n, we may perform a recursive calculation to obtain

Yn—l 3 Tn
Y, = S
2 4
Y. Tn—
_ 2 * + % ) ) + § _ T_n_
2 4 2
_ Y'n—2 + 3 +§ Tn——l _ Tn
T4 8 4 4 2
Y 3(271 _ 1) - ~(n—i+1)
- 2—71' + 2n+1 - Z 2 711‘
i=1
3 ¥=3/2 = al(ne
= = — ) 2~ 1
) 610

The first two terms of (6.10) tend to 3/2 as n approaches infinity. More precisely,

for any € > 0, choose n € Z s.t. n > log, ((y — 3/2)/¢). Then

ly—3/2
2n

| <e



CHAPTER 6. STABILITY OF THE MARKOV CHAIN 47

The third term of (6.10) is bounded in modulus by a convergent geometric series,
since |T;] < 1/2 for all ¢. That is,

3

—(n—i+l)n| <« Z —(n—i+1)
Sren < 15
i=1 =1
1
= 5227
j=1
1 1 n+1
1
— 3 asn =00 (6.12)

The value of Y,, is thus determined largely by the recent past, while earlier events
have a contribution that decays exponentially. As n gets large, therefore, the initial

value of the chain becomes negligible, and the values of Y,, tend to lie in the interval,

(e (- (0)) 32 (- ()

y—1 y—2
= |1 2
(1+ 45752+ 57)

— (1,2) as n — oo,

(see Figure 6.)
If Y, tends to fall in the interval (1,2) after many single-jump steps, then it is
reasonable to expect that it may fall in subsets of this interval which have positive

Lebesgue measure. The following lemma formalizes this notion.

Lemma 6.2 For any finite y such that Yo = y, and for any subset B of the interval
(1,2) with positive Lebesque measure, 3 N < oo such that, V n > N, if J(X;) =
1Vi < n, then P(Y, € B) > 0.
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Window Size
\J;-

Time

Figure 6: Starting from any Yy, the endpoint must always fall in or close to (1,2)
after a sufficient number of single-jump steps. The distribution of T; ensures that it

can, with positive probability, fall in any subset of (1,2) which has positive measure.

Proof The first step in the proof is to choose a target subset of B with positive
Lebesgue measure p. Then, if this target subset can be reached in n steps with
positive probability, the result will be proven.
Assume that u(B) = m, where m > 0, and that B itself is contained in the interval

(1,2), which may be partitioned into:

A = {geR:l<a<l+m/4}U{zeR:2-m/4 <z <2}

Ay = {zeR:1+m/4<z<3/2}

A3 = {zeR:3/2<z<2-m/4}
Note that pu(A;) = m/2, so it follows that (B N A;) < m/2. Since,

u(B) = u(B N A1) + p(B N Az) + w(B N As),
we may establish a lower bound,
w(B N Ag) + pu(B N A;z) >m/2.

This implies that either, or both, of the following equations must hold:

uw(BN Az) > m/4 (6.13)
w(B N Az) > m/4. (6.14)
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Choose either B N Ay or B N Aj as the target subset of B, depending on which of
(6.13) and (6.14) are satisfied. The method for reaching this subset with positive
probability will differ, depending on which is chosen.

Regardless of the target subset, the next step in the proof is the same: from the
initial point Yy = y, follow n; single-jump steps in the chain in such a way that

1 < Y,, < 2. This can be done by requiring that,
~-1/4<T;<1/4, Vi: 1 <i<ny.

That is, each T} must fall in an interval with Lebesgue measure 1/2. By (6.6), this
may happen with positive probability for each'T;. Indeed it may happen for all the
Ty’s, since each T} can fall in the interval with positive probability regardless of the
other values. (The argument is similar to that at the end of Lemma 6.1.) Then, by
(6.10),

Y- 3/2 iz (n1~i+1)

n

Yo,

3.

2

7T y-—-7/4
Z+ om
and,

3 y—=3/2 1=~ _(n_;
el Jg == 2 (n1—i+1)
2 + 2n1 42

5 y-—5/4

4 om

i=1

Now simply choose n; large enough so that,

—7/4 < 1
2m 4’
and,
y—>5/4] 1
2m < 4

This will guarantee that 1 < Y, < 2. This first step establishes a general starting
point. The next step in the proof takes the chain to a position from which it can hit

the target set in one step of the chain.
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For the case that the target subset of B is BN A, Let

1/2—e<T;<1/2, forali: n;+1<1<n;+ ng,

where ny and € > 0 are chosen so that,

2(Y,, —
No > logz (.L.__

1)>
m/2+ (1 —-Y,,)/2™
1-1/2m2

The choice of n, guarantees that an ¢ > 0 may be found. Therefore, the T; may lie

in the prescribed sets with positive probability, since each set has positive Lebesgue

measure ¢. Again, by (6.10),

Ym +na <

by the choice of . Also,

Ynl +n2

since Y,, > 1.

Y, -1 1
7 “(1"2“75)
m/2,
3 Ya—=3/2 1A, _(nmit)
3t g 3
3 Y, —3/2 1 1
24wt 21—
3" T om 2( 2nz>
Yy, — 1
e
1,

For the T} lying in the appropriate sets as above, it is therefore guaranteed that

1 < Y 4n, < 1+ m/2. Moreover, the discussion above, based on Lemma 6.1 and

(6.6), establishes that the event

{J(X,)I].VZS’I’L, |T‘,I<1/4VZSTL1, 1/2—€<TZ<1/2V7L1<1STL2}
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has positive probability.
It can now be shown that, starting from such a point Yy, 4n,, the target subset
BN A, may be reached with positive probability in a single step, so that n = ni+ny+1.

We write the whole calculation as,

P"(y, B) P(Y, e BlYy =y)

> P(YoeBnA)Yy=y,J(X;)=1Vi<n,
ITi| <1/4Vi<ng, 1/2—e<Ti<1/2V n <i<ny)
P(J(X;)=1Vi<n, |Ti| <1/4V i< ny,
1/2-e<T;<1/2V ny <i<ng)

— P(Y, e BNAgll < Yoy <1+m/2,..) P(..) (6.15)

We may now transform this into a probability calculation for T,,. From (6.9),

Yn—l 3 Tn
Y, = -z
2 + 4 2
Yoion, 3 Tn
= fme D% 1
5 +4 5 (6.16)

Let Z =Y,_1/2 + 3/4. Then the event {1 < Y,_; < 1+ m/2} is equivalent to

5 5 m
Cegz<cial
{4< <4+4}’

and (6.16) is transformed into
T,

Yo=2-3 (6.17)
Let t,(B) be a set mapping such that {b ¢ B} — {—2b+ 2y}. (Then ¢z({Z —
T./2}) = {T,}.) Note that 9, is an invertible mapping for fixed y, so z ¢ B if and

only if 1, (x) € Yy (B). Applying ¢z to (6.15), we may write

P"(y,B) > PWz({Z-T,/2}) evz(BNA)I <Y,y <1+ m/2,...)- P(...)
5 m
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Note that p(yz(B N A)) > 0, since ¢, only doubles the Lebesgue measure of a
set. Calculating the minimum and maximum values of the mapping ¥z(B N A,), for
5/4 < Z < 5/4+m/4, and BN Ay C (14 m/4,3/2)), we find,

min(ypz(B N Ag)) = —2max(b:be BN Ay)+2min(y:5/4 <y<5/4+m/4)
3 )
G
— 05,
and,
max(yz(BN Ay)) = —2min(b:be BN Ay)+2max(y:5/4 <y <5/4+m/4)
4+m 3+ m
- -2 (H) e ()
= 0.5.

Therefore, ¥z(BNAg) C (—0.5,0.5). Since ¢z(BNAy) has positive Lebesgue measure
and is contained in the interval (—0.5,0.5), T,, may fall in this set with positive
probability by (6.6). Therefore, P"(y, B) > 0, for large enough n. |

The proof is similar if the target subset is BN A3, and only an abbreviated version

is given here. Let
-1/2<T; < -1/2+¢, forall i: n;+ 1 < i< ny + ng,

where 19 and € > 0 are chosen so that,
22-Y,
ny > logy <‘(—‘_1—)) )
m

m/2— (2 —Y,,)/2™
1—1/2% ‘

The choice of ns guarantees that an € > 0 may be found. By (6.10), this choice of €
gives
2—m/2< Yy 4n, <2.

Moreover, the event

{J(Xl)‘——"lVZSTL, |E|<1/4Vz§n1, —1/2<T,<—1/2+6‘v’n1<z§n2}
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has positive probability as before.
Starting from such a point Y, ., the target subset B N A3 may be reached with
positive probability in a single step, with n = n; +ny +1. We may condition on the

above event to write,

P"(y, B) P(Y, € B|Yy =y)
> P(Y,eBNAs|Yo=y,J(Xi)=1Vi<n,
—1/4<T;<1/4Vi<ny, -1/2<T;<=1/2+eV n <i<ny)
PJ(X)=1Vi<n, -1/4<T;<1/4Vi<ny,
—1/2<Ti<-1/2+eVn <i<ng)

= P(Y,eBNAs|2—m/2< Y, 1<2,..) P(.) (6.19)

For Z = Y,_1/2 + 3/4, the event {2 — m/2 < Y,_; < 2} is equivalent to

7T m 7
{Z—E<Z<Z}.

Let 1,(B) be a set mapping as before, and apply ¥z to (6.19) to obtain

P*y,B) > P(z({Z-Tp/2}) € ¥z(B N Ag)|2 —m/2 < Yno1 <2,...) - P(..))

= P (Tn e ¥z(B N As) Z - % <Z< 2 ) - P(..). (6.20)

Note that u(1z(B N As)) > 0. Calculating the minimum and maximum values of
the mapping ¥z (B N A3), for the allowable range of Z and BN A3, we again find that
Yz(B N As) C (—0.5,0.5). By (6.6), T,, may fall in this set with positive probability.
Therefore, P"(y, B) > 0, for large enough n. [ |

We are now ready to prove the main theorem of this section.

Proof of Theorem 6.2. We must show that P*(z,A) > 0 for some n whenever

¢(A) > 0. For the measure ¢, it is true that,

0(A)>0=3F A C Ast p(4)>0 (6.21)
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From the definition of ¢, this A’ can be chosen such that,
Ac{reS® : k<z(0)<k+1}

for some k € Z*,1 < k < 0o. A can be reached in n steps if the subset A’ can. For

this same k, let
A'"={zeS:z+(k-1)e A},

so that A” is a shifted version of A’ and,
A" c{reS®:1<2(0)<2}. (6.22)
Note that ¢(A”) = ¢(A") > 0. Also note that since A” C &,
o(A") = u(A"NS") = u(A") > 0. (6.23)

We will show that the chain may enter A with positive probability by first entering

A” via single-jump states, and then reaching A’ via zero-jump states. (See Figure 7.)

/

Window 3ize

Figure 7: Reaching A’ via A” via a series of single-jump and zero-jump states.

Take any finite element z ¢ S and let the right-hand endpoint of z be denoted y.
Let x be the first element of a chain, x = Xy. Then y = Yy, < co. By Lemma 6.2,
there is then a positive probability of reaching any subset of the interval (1,2) (with
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positive Lebesgue measure) in a finite number of single-jump steps. Therefore, there
is a positive probability of reaching the set A”.

To reach the set A’ from A”, it is merely necessary that there be no jumps in
Xn+1, --» Xntk—1- By Lemma 6.1, the probability of this event for a finite k is positive.
Therefore, there is a positive probability of reaching A’ from any element z in a finite
number of steps. Since A’ C A, the result is proven.

There is a minor difficulty if the initial state z jitters just above zero for the entire
interval. This is the case where the area under z is zero. This gives a jump intensity of
zero over the next interval, so that the proof above is invalid. However, this difficulty
may be resolved by observing that, in the next step, no jumps will occur and a new
state with a nonzero integral will be reached. From here, A can be reached in exactly

the same manner as above, so the result still holds with one additional step. [ |

We have shown that the chain is ¢-irreducible. That is, starting from any state
z in the state space, it is possible to reach a set A if ¢(A) > 0. Sets with positive
-measure therefore provide common ground for the state space, making it impossible
to separate S into smaller pieces. This is the major implication of irreducibility; that
the dynamics under study may indeed be described using no more than one Markov
chain.

Theorem 4.0.1 of [2] infers the existence of a maximal irreducibility measure 1
from that of ¢. The exact measure ¢ is unknown, but in addition to the properties

of ¢, it can be said that,
if (A) = 0, then ¥{y: L(y,A) > 0} = 0.

L(y, A) is the probability that the chain can ever reach A starting from y. This
is certainly a much stronger property than ¢-irreducibility endows. However, ¢-
irreducibility offers sufficient practical structure for our purposes. The theoretical
implications of 1 are suppressed here, and the reader is directed to [2] for further

material.



CHAPTER 6. STABILITY OF THE MARKOV CHAIN 56

6.2 The Petite Set C

The next step in the verification of Theorem 6.1 is to find a petite set within the state
space S. Petite sets are a key ingredient of stochastic stability, as discussed in [2],
and the definitions of small and petite sets ([2] pg. 106, 121) must be given before

proceeding.

Definition 6.5 A set C ¢ B(S) is called a small set if there exists anm > 0, and a
non-trivial measure vy, on B(S), such that for allz € C, B € B(S),

P™(z, B) > vm(B).

In the following definition, a = {a(n), n > 1} is a probability distribution on Z*,
and K, is a probability transition kernel of the sampled chain defined by

Ku(z,A) =Y _ P"(z,Aa(n), ¢S, AeB(S).

Definition 6.6 A set C ¢ B(S) is called v,-petite if the sampled chain satisfies the
bound
K.(z, B) > vo(B),

for all z € C, B € B(S), where v, is a non-trivial measure on B(S).

Theorem 5.2.2 of [2] guarantees the existence of small sets for i-irreducible chains,
but gives no information on their structure. However, information on the structure
of these sets is necessary for the purposes of stability, so specific small and petite sets
are constructed in this section.

A small set is, trivially, a petite set, and a finite union of petite sets is also petite
(see [2] pp. 121-122). This is a useful observation which will be used in the proof of
Theorem 6.3, which builds a petite set from a finite number of small ones. These sets
take the following forms.

Let ¢ be a finite positive integer such that (c+1)(mod 3) = 0 (i.e. ¢ =2,5,8,11,...).

Define, for a € Z*,

Co = {x e S:xz(0) <c, ?%a <z(l) < 3(a2— 1)} (6.‘24)
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Also define

dc 4 1
3713

c=|J C. (6.25)

¢ is chosen as above so that the upper limit of the union is an integer. For example,
if ¢ = 8, then the last set in the union is Ci;, which has as a least upper bound the
element z : z(0) = 8, z(1) = 9, or, z = 8 + ¢, 0 < ¢t < 1. By its construction, C' is
the set of all trajectories in S which fall entirely below the linez =c+1¢, 0 <t <1
(see Figure 8).

Figure 8: A small set C, and the petite set C.

The main results of this section are given below.

Theorem 6.3 Assume that the router loss probability k(t) is greater than some nonzero

Emin for all values of t. Then for any a > 1, C, is small with measure

6kmin

v3(B) =a-—

:U’(B N Qa N SO)?

for some a > 0. Here, u is the Lebesque measure on the right-hand endpoint, and

3a +11 3a+12}
3 < 5.

Qa={xeS:——<x(0)< 2

To ensure that Theorem 6.3 fits the definitions in (6.24) and (6.25), take ¢ > (3a+7)/4

in the set C,. Note that, by the linear increase of elements in S° @, N S° can be
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expressed as,

3 20
Qa050={$630:3a+19 @t }

< z(1
s el <3
This theorem leads directly to the following Corollary.

Corollary 6.1 Assume that the router loss probability k(t) is greater than some

nonzero ki for all t. Then the sets Cy and C are petite.

The rest of this section is dedicated to the proofs of Theorem 6.3 and Corollary
6.1. To prove Theorem 6.3, we will focus on what happens to a connection’s window
size when it starts in a small set C, and goes through three steps of the chain. These
three states will alternate between containing no jumps and single jumps, (see Figure
9.) The following lemma, applied to the first and second steps in this chain, will be

essential to the proof.

Lemma 6.3 Suppose that we are given the following information on two consecutive

states in the Markov chain:
o J(Xi_1) =0,
e J(X;)=1,
e X, 1(1) = X;(0) € A,
e A ¢ R contains no element smaller than p for some p > 1.

Further suppose that the loss probability k(t) > kmin for all t. Let the above set of
conditions be denoted £. If T; represents the time of the jump (less 0.5) in state X;,
then for any Borel set D C (—0.5,0.5), the probability that the jump time lands in D

s bounded below by,

kmin
P(T; e D|§) 2 'I'—T_“(D)’
T 5D

where u is Lebesque measure on B(R).

Note that the condition J(X;) = 1 requires that kn: be nonzero.
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Proof Given that J(X;) = 1, T; represents the conditional time of a single Poisson
arrival in a one-second time interval. The Poisson process in question has a time-
varying rate which is proportional to the value of X (t) one time unit in the past.

It is well-established that, for a time-varying Poisson process, an arrival time T

follows the equation,

A(s)
P(T <s|N(l)=1) = —=. 2
(T <IN =1) = T (6.26)
(See [3], for example.) In the present formulation, this translates into,
A(i, i+ s)
P(T; 5 < X)=1) = —"""—"-—=. 2
(T +05 < s|J(0X) = 1) = Tt (6:27)
From (5.11) it is known that,
i+s—1
A(i,i+s) = / k(Tn(u)) X (u)du
i-1
= [ i+ u= 1) X ()
0
Since X;_; has no jumps, it is a line segment of the form
Xioa(t) = (Xim1 (1) = 1) +¢, 0<t < L
Therefore,
AGyits) = / k(i + 1 — 1)) (Xi1 (1) = 1) + u)du
0
= / k(tn(i +u — 1)) (w + u)du, (6.28)
0

where w = X;_1(1) -1>p—-1>0.
Putting (6.27) and (6.28) together, and noting that £ encompasses the appropriate
events, we obtain the equation,
Jo k(T +u — 1)) (w + u)du
Jo (Tl + u— 1) (w + u)du

P(T;+05 < s|¢) =

S s Kmin(w + uw)du

T [H(wtu)du
kemin [ (w +u)du

o w+0.5 (6.29)
kminws

> . (6.30)

w+0.5
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This can easily be re-written for Borel sets. Let D C (0,1) be a Borel set with

corresponding Lebesgue measure po1). Then,
k(to(i+u—1))(w+u du
Jy k(i +u — 1)) (w + u)du
Kmin fD (w =+ w)po (du)
w+0.5

k. .
> min d

kminw

- D
o+ 05on(D)

k .
— mair D
1+ 51; M(O,l)( )

Here, D C (0,1), but the result holds for D C (—0.5,0.5) (and Lebesgue measure
K(=05,0.5) on the interval (-0.5,0.5)) in the form:

kmin
P(T; e D|§) > T T H(-05,05 (D) (6.32)
2w

Since w > p — 1, the result is proven. The measure ,u(_o_5,0_5)(D) can be replaced
with Lebesgue measure (D) over the whole interval, since D is already restricted to
(—0.5,0.5). =

The key simplifying feature of this bound is that it depends only on the Lebesgue
measure of the set D, which is invariant under translation (as long as D still falls
inside the interval (—0.5,0.5)).

We are now ready to prove that C, is small for a > 1.

Proof of Theorem 6.3
Let Xo = 2o € C, for some a € Z*, a > 1, and an appropriate c. Let J3 be the
event,

Js = {J(X1) = 0,J(X2) =1, J(X3) = 0}.

We will associate the probability of such an event with ¢, so that

P(.]3|X0 € Ca) Z .
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Since X, € C,, with Xo(0) < ¢ < o0, a simple application of Lemma 6.1 shows
that the event Js has positive probability. Hence o > 0. Note that o is bounded

away from zero, since A(2,3) is nonzero (refer to Figure 9).

g
+
{9

Window Size
K-

3

o

Figure 9: The event J3 for Xo € Co. A(2,3) is shaded and must be nonzero, so the

required jumps can occur.

Although the probability of the event Js varies with the values of zo € C, and
with Ty, denote the minimum probability over all such possible values by a so that
a > 0 is fixed.

To show that C, is small, let v¢ be a measure on B(S) such that,
v5(-) = aBu(- N Qa N SY).

Here,

2kmin _ 6kmin
1+2 5
p is the Lebesgue measure on the right-hand endpoint, and

11 3 12
Qaz{xeS:?)a; <z(0) < a-;— }

3=

> 0,

Since o > 0, v¢ is indeed a measure. It will be shown that, V zo € C,, B e B(S), we
have P%(zq, B) > v§(B), so that C, is 3-small.
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The first step of the proof is to calculate the 3-step transition probabilities condi-
tional on the event Js. Take zq € C,. The transition kernel defines a regular conditional

probability, so
P3(zo, B) P(X3 € B|Xo = o)
> P(X3 ¢ B|Xo = 2o, J35) - P(J3)

Z OZP(X3 € BlXo = T, Jg) (633)

Consider the possible values of X; under the conditions X, = zo, J3, where zo € C,
(refer to Figure 9). J; implies J(X;) = 0, so X; € S% and is simply a slope-one line
starting at zo(1). That is,

X) =xzo(l)+t, 0<t<1las.

Since zg € C,, we have

So with probability 1,

X € {xeSO:%Sx(0)<3(a:1)}.

Since X; has no jumps, we can make an equivalent restriction on the right-hand

endpoints:

3
X; € {m650:£+1§$(1)<3(a+1)+1}

4
_ {:c €S 3“:4 <z(1) < 3“: 7}. (6.34)

Denote this last set of trajectories by A. We have established that, given Xo =

zo € C, and J3, we have X; € A a.s. Conversely,
V D C A°, P(X; ¢ D|Xo =1z, J3)=0. (6.35)
Conditioning on the value of X; and employing (6.35), (6.33) now gives
P3(z0, B)
> o | P(X3 ¢ B|X1 =1, Xo = %o, J3)P(X; = dz1|Xo = 20, J3)

= « P X3 € B!XI = .’I?l,Xo = Top, Jg)P(Xl = d(E1|X0 = Xy, Jg) (636)

:\m
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If we can find a lower bound ¢ for P(X3 € B|X; = dz1, Xo = %o, J3) over all dz; € A,
then (6.36) will give, for g € C,,

P3(.’L‘0,B) Z a/(P(X1=dx1|X0=x0,J3)
A
= ol (6.37)

Clearly, the goal is to find ¢ = 8- (BN Q, N S?). To do so, we will restrict our

attention to a subset of B and condition on the value of X, as follows. For all dz; € A,

P(X3 € B|X, = dz1, Xo = %o, J3)
> P(Xse BNQ.N S°1 X, = 1, Xo = To, J3)
= /P(X3 e BNQ,NS%X, = 19, X1 = 21, Xo = %o, J3)
-SP(X2 = dz,| X = z1, Xo = Zo, J3) (6.38)

But, given Js, we know that J(X3) = 0 and hence X3 = X5(1)+t, 0 <t < 1. Thus
X5 is completely determined by X, and J3, so the first probability in the integrand
is either zero or one. Since X3 € S°, we know that X3 ¢ BN Q, N S° if and only if
X3(0) € (BN Q, N S%(0), or equivalently, if Xa(1) € (BNQ,N S°)(0). (See Figure 9,
the notation A(0) refers to the left-hand set of endpoints of a set of trajectories A,
and the notation A(1) refers to the right-hand set of endpoints.)

Therefore,
P(X3 e BNQ,N S| X2 =29, X1 = 11, Xo = To, J3)
= x{z2(1) € (BNQ.NS°)(0)} (6.39)
Substituting (6.39) into (6.38) gives,

P(X3 € B|X1 = IIIl,X() = To, J3)
> / x{@2(1) € (BN QaNS)(0)}P(Xy = dro| Xy = 21, Xo = Zo, J3)
S

/ P(Xy = dzo| X1 = 21, Xo = %o, J3)
{z2:z2(1) € (BNQNS)(0)}

= P(Xg(l) € (B M Qa N SO)(O)|X1 = 1131,X() = ZTg, Jg)
= P()/Q € (B N Qa N SO)(O)le = xl,Xo = Xg, Jg) (640)
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Now, recall that by (6.34),

X e A {m650,3a+4 3a+7}
1 = . )
4

(6.41)

3a+4 3a+7
YleAlz{yeR: ot <y< o }

4

That is, the information Y; € A; is already present by the assumption that Xi1€A,
so we can make it explicit without changing anything. (6.40) may therefore be written

as,

P(Xg € B|X1 = $1,X0 = T, J3)
Z P(YQ € (B ﬂQa N SO)(O)‘Yi € Al,Xl = .’El,XO = To, J3) (642)

(6.42) can now be calculated by transforming it into a probability calculation on
the local jump time T, since T5 heavily influences the value of Y.

Since X, has only one jump, we can use (6.9) to relate Y5 to Y1 by

YT, 3 1T
Yoy=—+-—— 6.43
2 2+4 5 ( )

Let Y/ =Y1/2+ 3/4. Then Y; € A, is equivalent to

3 1 1
Yl’eA’1={yeR: a;05y<3“g 3}, (6.44)
and (6.43) is transformed into
T:
Ya=Y] - 32 (6.45)

Let 1,(B) be a set mapping such that {b ¢ B} — {—2b+ 2y}. (Then Yy ({Y] —
T»/2}) = {T»}.) b, is an invertible mapping, so z ¢ B if and only if Yy () € Yy(B).
Applying ty: to (6.42), we may write,
P(Ys € (BN Q,NS%)0)|Y; € Ay, X1 = z1, Xo = To, J3)
= PY! -2 e (BNQ.,NS%0)]Y] € A}, X1 = 1, Xo = %o, J3)
P(Ty € ¥y; (BN QaN SO 0)|Y] € A}, X1 = 71, Xo = 70, Js).  (6.46)
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Here, (BN Q, N S%)(0) C Q.(0), and Y] € A} together imply that,
Yy ((BNQa N S5%)(0)) C (~0.5,0.5). (6.47)

To see this, we calculate the minimum and maximum values of the mapping vy; (Q4(0)),

for Y{ e A} :
Recall that
11 12
Q. = x65:3a+ 5x(0)<3a+ ,
8 8
SO
2.(0) = {zeR: 3a+11 <z< 3a+12}‘
8 8
Therefore,
min(yy; (Qa(0))) = —2max(b:be Qa(0)) +2min(y : y € A7)
_ _,at12 L a+10
8 8
= —-0.5
max(Yy;(Qa(0))) = —2min(b: b e Qa(0)) +2max(y : y € Aj)
a+11 a+13
= -2
8 2 8
= 0.5.

Therefore 1y ((B N Qa N S5°)(0)) C ¥y (Qa)(0) C (-0.5,0.5).

We are ready to invoke Lemma 6.3. We have:
® J(Xl) = 0,
L J(XQ) - 1,

e X;1(1) = X3(0) € Ay, as in (6.41),

A; contains no element smaller than 7/4 (since a > 1),

Yy ((BN QN S°)(0)) C (-0.5,0.5).
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Therefore, by Lemma 6.3,

P(Ts € Yy; (BN Qa N S)ONY] € A, X1 = 71, Xo = %o, J3)

kmin
> T —p(Yy(BNQaN 5°)(0)))
+ 37
3kmin

= =y (BN QN S)0)). (6.48)

The action of 7, is to translate a set by —y, multiply all its coordinates by —1,
and double its size. The first two actions of ¢ don’t change the measure since the
image under translation is guaranteed to be contained in (—0.5,0.5), by (6.47). The

only action that affects the measure is the size doubling. This means,

u(ty;(BNQaN 5%)(0)) = 2u((B N Qa N 5°)(0)). (6.49)

Finally, since y only measures elements with no jumps, the point in the interval

where Lebesgue measure is taken is actually arbitrary, (see Figure 10). Therefore,

(BN QN S°)(0)) = u((BNQNS)(1)) = w(BNQ.NS°). (6.50)

The last p is the Lebesgue measure defined on the right-hand endpoint specified in
Definition 6.1.
This gives,

3 kmin
)

P(Ty € Yy; (BN QaN S°)(0))|J5) 2u(B N QaNS°),

v

and hence, by (6.37), (6.38), (6.42), and (6.46),
P3(z0,B) > af-u(BNQ.NS).

Therefore, C, is v§-small V a > 1. ]
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P R

[ )

Figure 10: Lebesgue measure taken at two different points s andt. Since only elements

with no jumps are measured, u(A) and p'(A) must be equal.

Small sets of the sort above will be important in the next section when we consider
aperiodicity. Since small sets are petite, and since a union of petite sets is also petite,

we can use their existence to prove Corollary 6.1.

Proof of Corollary 6.1.

Since C is a finite union of petite sets, C,, a = 0,1,2,..., it will automatically be
petite if the C, are. Theorem 6.3 establishes this for a > 1, so'it need only be shown
that Cy is petite.

For the set Cj, the bound of Lemma 6.3 is insufficient. However, Cy can be shown
to be petite by using the petiteness of C; and C», and noting that any element of Co
will fall in C; U Cs after one zero-jump step.

Let C12 = C; U Cay. Then C} is petite with some measure that we will call v12.
That is, for x € C;» and B € B(S), we have,

> P*(z, B)a(n) > v**(B),

for some measure a(n) over the integers.
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Now note that for z € Co,
P(z,C12) > P(no jumps in ) = ¢ > 0.

The justification for this is similar to that of Lemma 6.1. The number of jumps in
is Poisson distributed with intensity proportional to the area in the previous interval.
Since this area is finite, there is a positive probability g that there are no jumps.

Therefore, for any n, any set B, and any z € Cy,
PY(z,B) > ¢P" *(z+1,B).

But z + 1 € Cia. Let b(n) = a(n — 1), with b(0) = 0, so that {b(n)} is also a

distribution on Z*. Then for all x € Co,

> Pz, B)b(n) 2 > qP" !z + 1, B)b(n)

n=0

= Zan_l(x +1,B)a(n — 1)

n=1

= q Z P™(z + 1, B)a(m)

m=0

> qv(B).

Therefore, the set Cj is petite, so C is also petite. [ |

6.3 Aperiodicity

Markov chain aperiodicity is a desirable property because it greatly simplifies the
overall behavior of the chain. Without aperiodicity, the chain can never settle down
to a steady state, but will move between states in the stochastic version of a limit
cycle. Aperiodicity is, of course, essential to the Aperiodic Ergodic Theorem, and this
section is devoted to its establishment for the Markov chain of window sizes.
Section 5.4.3 of [2] discusses the technical details of periodicity. Some of these
results are given below, and are used to prove that the Markov chain of TCP window

sizes is aperiodic.
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Definition 6.7 Suppose, for a w-irreducible chain, there exists a vp-small set C

satisfying vy (C) > 0. Define
Ec={n>1:C is v, —small, with v, = d vy for some constant 0, > 0}.

The set E¢ is taken from (5.40) of [2]. The idea is that, since vp(C) > 0, there is a
positive probability that the chain may return to C in M steps. The set E¢ builds
on this by guaranteeing that the chain may return to C in n steps, for any n € Ec.
The greatest common divisor of E¢, denoted d, is the period of the chain. Therefore,
a Markov chain is aperiodic if d = 1.

The following theorem (Theorem 5.4.4 of [2]) provides a method of checking ape-

riodicity.

Theorem 6.4 Suppose that we have a Y-irreducible Markov chain on a state space
S. Let C € B(S) with vp(C) > 0 be a vp-small set and let d be the greatest common
divisor of the set Ec. Then there exist disjoint sets Dy...Dq € B(S) (a “d-cycle”),
such that

1. forx ¢ D;, P(z,D;y1) =1, i =0...d — 1(mod d),
2. the set N = [UleDi]c 18 Y-null.

The D,’s thus partition the state space S (according to ¢), and the chain cycles
through them in a deterministic manner.

We will now prove through contradiction that the Markov chain under study is
aperiodic. The proof uses the above theorem in conjunction with the irreducibility

measure ¢ and the small set Cs already developed. (See Definition 6.1 and (6.24).)
Theorem 6.5 The Markov chain of Theorem 5.1 is aperiodic.
Proof Define, for this particular chain,
Ec={n>1:Csis v, —small, with v, = 5n1/§ for some constant 6, > 0.}
Recall that, for any appropriate ¢, the set

C’6={xeS:x(0)<c,

oo
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is v3-small by Theorem 6.3. Note that for ¢ > 5, we may write

42
C’(;ﬂSO={a:GSO:§8§S:U(1)<—é—},

since, in this case, 2(0) < ¢ automatically. Recall further that,
V§(Cs) = af - u(Ce N Q3N S°),
where p is Lebesgue measure on the right-hand endpoint, and

QgﬂSO = {x€.5'029§:1:(0)<§89}

8
= 0-£< 38
= {xeS.S_m(1)<8 .

Clearly, Q3 N S® C Cg N S°. The intersection Cg N Q3 N S° is therefore the same as
Qs N S°. Since this set has positive Lebesgue measure, it follows that v§(Cg) > 0.
Therefore Ec may be defined as above with 3 ¢ E¢. The greatest common divisor d
must then be either 1 or 3.

Assume that d = 3 and consider the 3-cycle of Theorem 6.4. The set (DoUD;UD;)¢
must be ¥-null. Since ¢ is absolutely continuous with respect to ¢ (see [2], Proposition

4.2.2), the set is also ¢-null. We must then have,

Therefore, by the definition of ¢, Dy U D; U Dy must contain practically all the
zero-jump trajectories (less those satisfying z(0) < 1, see Definitions 6.1 and 5.2).

At the very least, this implies that, without loss of generality on the indices, Dq
contains a set of zero-jump trajectories with positive ¢ measure. Label this set Ay.

Now, by Theorem 6.4, P(z, D;) =1 for = € Ap. Since it is certainly possible that
there are no jumps in the state following z, we must have that D; contains all the
zero-jump trajectories that follow from those in Ag. Specifically, D; contains the set
Ai={z+1:z€ Ao}

Continuing in this fashion, we see that the set of zero-jump trajectories must spiral
through the 3-cycle as in Figure 11. Two important aspects of this structure must be
highlighted.
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o If z € A;, then = + 3k € A; for all integers k > 1.

e Theorem 6.4 states that the sets D; are disjoint. In particular the sets A; must

also be disjoint.

Window Size

Dy Dy D,

Figure 11: If d=38, the set of all zero-jump trajectories is divided between Dy, D, and

D,. Of course, these sets need not be intervals.

There is nothing contradictory about the structure above. The contradiction fol-
lows when jumps are introduced into the Markov chain, and the disjointness condition
is violated.

To proceed with the contradiction, re-label (without loss of generality) Dg, Dy, Dy
so that Ag N {r € S°: 2 < z(0) < 3} has positive measure (with respect to Lebesgue
measure on the right-hand endpoint). This is possible since the D;’s cover all but a

null set of trajectories. Let

A = Agn{z € S°: 2 < 2(0) < 3}. (6.52)
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Q - E ]
N 25+5 8 '
U) "‘|+,x___‘_“ :
B T '
< =120 [}
g o :
= s ;
Dy Dy D,

Figure 12: In a 8-cycle, Dy and Dy overlap, leading to a contradiction.

Starting from any element in Agb| there is a positive probability that a single
jump will occur in the next step of the chain. By Theorem 6.4, D; must therefore
contain all trajectories with one jump and left-hand endpoint in AZ(1).

Consider any element a € AS“". a has left-hand endpoint 2 + z and right-hand
endpoint 3 + z for some 0 < z < 1. By (6.9), D, then contains the element with
left-hand endpoint 3 + z and right-hand endpoint lying in the continuous interval
(24 12/2,2.5+x/2). (See Figure 12.)

Of course, starting from here, there is a positive probability that there will be no
jumps in the next step, so invoking Theorem 6.4 again leads to the conclusion that
D, must contain the set of trajectories with no jumps and left-hand endpoints within
(2+%,25+%).

A simple calculation shows that, for 0 < z < 1,

2+g<2+x<25+g. (6.53)

Since both contain the arbitrary element a, AS"” and D, are not disjoint. Hence Dy
and D, are not disjoint. This violates Theorem 6.4, leading to a contradiction of the
assumption that d = 3.

Therefore, we must have that d = 1, making the chain aperiodic. [ |
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There is no natural periodicity in the evolution of window sizes, so the preceding
result is not surprising. However, establishing aperiodicity is an essential step in
establishing the existence of a unique stationary distribution, so the exercise was
necessary.

All the properties established above (¢-irreducibility, the existence of petite sets,
and aperiodicity) indicate that the general state-space Markov chain is, in a sense,
well behaved. Ergodic theorems for Markov chains generally rely on such properties,
and the Aperiodic Ergodic Theorem is no exception. The next section investigates
whether this “well-behaved” chain is actually stable by observing the mean behavior

of the chain over time.

6.4 The Foster-Lyapunov Drift Criteria

Armed with a ¢-irreducible, aperiodic chain and a petite set, the final step to satis-
fying the hypotheses of Theorem 6.1 is the discovery of a function satisfying (6.1),
the equation known as the Foster-Lyapunov drift criterion. This criterion, if satisfied,
implies that the chain returns to a petite set, the general argument being that (6.1)
can be used to show that the mean return time to C is finite. In order to show that

the drift criterion is satisfied, the following definitions, found in {2], must be used.

Definition 6.8 For some test function V(x) : B(S) — R, Define AV (z) to be the

one-step mean drift of a Markov chain by:
V@) = [ Padv) - V) (6.54)
s

This is interpreted as the expected value of the change in the function V after one

transition of the Markov chain.

Definition 6.9 The Foster-Lyapunov drift criterion is said to be satisfied if there is

a non-negative, finite test function V, a finite b, and a petite set C such that:

AV(z) < =1+ bxc(z), z € S (6.55)
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The Foster-Lyapunov criterion is reminiscent of the Lyapunov stability condition for
dynamical systems. In both cases, there is a positive function V which decreases
when acted upon by the system dynamics. This V' can be thought of as representing
the “energy” of the system. Since the energy tends to decrease as the system evolves,
the system must eventually reach some sort of minimal-energy state. One notable
difference from the classical Lyapunov condition is that the system can escape from
this minimal state since AV (z) is allowed to be positive on C. The point, however,
is that once outside C, the mean return time to C is finite.

If such a function can be found for the Markov chain of window sizes, then stochas-
tic stability will be close at hand. The following theorem uses a simple function,
which satisfies the drift criteria not on the petite set C, but on a related “gateway”
set called G. The fact that trajectories in G are guaranteed to reach C in the next
step may then be used along with the drift condition as an equivalent to the original

Foster-Lyapunov criteria.

Theorem 6.6 Assume that there is a minimum loss probability kmin > 0 at the

n(;5)
h(z) = p— z>4.
If ¢ > B Ykmin), and c € {5,8,11,...}, then the function V(z) = z(1) satisfies the

Foster-Lyapunov drift criteria for the Markov chain defined by Theorem 5.1 for the

router. Let

p—

(not necessarily petite) set
G={zeS:z(1) <c}

Furthermore, If C is the petite set {zx € S : z(0) < ¢} for the same c as G, then for
zeG, Plz,C) =1, and forz ¢ G°, P(z,C) =0.

It will be shown that satisfying the above theorem is equivalent to satisfying the
drift criteria directly on a petite set. Essentially it asserts that, outside a petite set
C, the chain drifts toward a gateway set, from which C is immediately reached in one
step. Since the sole purpose of the drift criteria is to establish that the mean time to

return to C is finite, this modification should be intuitively satisfactory.
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Proof First note that V (z) is non-negative everywhere, since the chain takes on only
non-negative values.

Let z,y € S and define t = 0 at the start of state z. Recall that the window size
can grow by at most one unit per step of the chain. If the chain takes z to y in one
step, then V(y) = y(1) < x(1) + 1, where (1) and y(1) are the right-hand endpoints

of states x and y. Therefore, V z,

/SP(a:,dy)V(y) <z(1)+1. (6.56)

This leads to,

AV(z) = AP@@@W@—V@)
< z()+1-2(1)=1. (6.57)

This holds for both z € G and z € G¢, so we may fix the value of b in (6.55) to be 2
as long as it can be shown that, for z € G¢, AV (z) < —-1.

For x ¢ G¢ (and indeed for all z € S) the stochastic intensity of the jump process in
the next step y is given by (5.11) to be proportional to the area under the trajectory
z. For a given value of z(1), this area is bounded below by the case where J(z) = 0.
In this case, z(t) = (1) — 1 +1¢, 0 <t < 1, and hence,

A(L,2)

/ k(7 (u))z(u)du

0
> 1 kmin(z(1) — 1 4+ u)du
= kfm-n(x(l) - 0.5)
Therefore, since the jump probability is Poisson,
po = P(no jumps in state y) = e 4?2 < e Kmin(x(1)=05) (6.58)

Now, as a first approximation, the state y can either either contain no jumps or at
least one jump. If there are no jumps, then y(1) = z(1) +1. Otherwise, y(1) must be
£(1)/2+1 at a maximum, since this is the highest value attainable under a single jump
(see (6.9)), and more jumps will drive y(1) even lower. (See Figure 13.) Therefore,

V) < @)+ Dxwo + (T +1) xw (6.59)
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In (6.54), this approximation yields:

8V < [ Py () + mn + (552 1) xow ) ~o(0)

= /SO P(z,dy)(z(1) + 1) + /(SO)C P(z,dy) (@ + 1) —z(1)
— pole®)+ 1)+ (1)L 4+ 1) - 5()
= 1= ) (6.60)

5
-] P
<3 | y@=x(1) !
0, 42)
_,.-~““:
y :
Time

Figure 13: The possible values of y(1) based on whether or not at least one jump

OCCUTSs.

For small values of k(t), losses occur infrequently. This means that there will

rarely be more than one jump in a round-trip time, and the approximation above will

be good.
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For z € G°, the criterion AV (z) < —1 can now be satisfied if

1- %(1 ~ Po)

orif, 4 < z(1)(1 - po)

orif, 4 < z(1)(1- e—kmin(l(l)——O.S))
ln(xa()lzd
z(1) — 0.5

-1

v

or if, Kmin (6.61)

with the restriction z(1) > 4.

The right side of (6.61) is the function A(x(1)). This can be shown to be a de-
creasing function of z(1) when z(1) > 4, with range (0,1). (Hence h is indeed
invertible on its restricted'domain.) But for z ¢ G¢, it is automatically true that
z(1) > ¢ > A~} (kmin). Therefore,

h(z(1)) <
< A(AT (kmnin))

kmin .

That is, V z € G¢, (6.61) is satisfied, so AV (z) < —1.

Finally, for z € G, z(1) < ¢, and therefore y(0) < ¢, which implies that y ¢ C.
Thus for such trajectories, the chain enters into C in a single step with probability
one. Conversely, if y € C, then y(0) < ¢ and hence z(1) < ¢ so that z € G. In other
words, only trajectories in G can lead to C, so there is probability zero that the chain

enters C from G¢. ]

One can always find sets G and C satisfying ¢ > A~ (knin), by simply taking c
large enough. Indeed, as ki, becomes smaller, the sets becomes larger. This is to
be expected since a smaller loss probability k(t) leads to a steady-state with a wider
distribution of window sizes (see Theorem 2.1 and (2.12)). In any case, the chain
tends toward G. Intuitively, copies of the process which drift into this set will, in the
next step, drift into the petite set C, where they may be allowed to couple, resulting
in a steady state.

To show rigourously that drift toward G is sufficient, we must re-visit and expand
upon Theorem 13.0.1 of [2].
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Definition 6.10 Define 74 to be the first return time to A, given by:
T4 =min{n >1: X, € A}.

This definition is also due to [2].

Theorem 13.0.1 states (in part) the following:

Theorem 6.7 (Aperiodic Ergodic Theorem II)
For an aperiodic Harris recurrent chain with an invariant measure m, if there
exists a petite set C' such that

sup E,(7¢) < o0,
zeC

then there is a unique invariant probability measure m such that, for every x € S,

sup |P*(z,A) —n(A)| — 0 asn — oo.
AeB(S)
This gives an equivalent criterion to the drift criterion of Theorem 6.1, and hence
implies that the Foster-Lyapunov drift criteria is satisfied for some unknown function
V(z) and the set C.

To show that the result of Theorem 6.7 holds, it must now be shown that the chain
is both Harris recurrent and that, starting in C, the mean return time to C is finite
(the existence of an invariant measure follows automatically from Harris recurrence
via Theorem 10.4.4 of [2]). The following lemma, which builds on Theorem 6.6 is
necessary for satisfying the hypotheses of Theorem 6.7.

Lemma 6.4 For allz € S, the petite set C with ¢ > h™(kmin), and the corresponding
gateway set G,
Eylre] < a(1) + 1+ 2xa().

Proof For any = € S let Xo = z. Starting from any z, define 7¢ to be the first
k > 1 such that X € C. Since C is reached only through G, it must be true that
X,o—1 € G. What is more, by definition of the return time, it is also true that X € G°

for 1 < k < 7¢ — 1, since otherwise C' would be reached before k = 7¢.
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Take the test function V(X,_1) = X¢-1(1). By Theorem 6.6,
1< —AV(Xi-1) + 2xe(Xe-1)- (6.62)

Summing (6.62) from one to 7¢ — 1 then yields,

To—1 Tc—1
1<) (FAV(Xier) + 2x6(Xk-1)): (6.63)
k=1 k=1

But for 1 <k < 7¢ — 1, xg(Xk) = 0. Therefore,

To—1 To—1
Y 1<=> AV(Xe1) + 2x6(Xo)- (6.64)
k=1 k=1
Now, by definition,
AV(X;_1) = E[V(Xi| Xk-1)] = V(Xk-1). (6.65)

Substituting (6.65) into (6.64) and taking expectations on both sides yields,

Ex[Tc] -1 S E:c - i E[V(Xk‘Xk_l)] - V(Xk_l) + 2XG(£L')
= Y BV - BV (Xl + 2x0()
= _E[V(Xr)] + E:lV(X0)] + 2x(z)
< V(z)+2xe(). (6.66)

Since V(x) = z(1), the result follows directly. =

The hypotheses of Theorem 6.7 can now be satisfied. For any z ¢ C, we have
z(1) < oo so that,
E.lrc] <z(1)+ 14 2x¢(z) < 00 (6.67)

by Lemma 6.4. Thus sup,.c Ez[rc] < co. Moreover, since E;[7¢] < oo for all z € S,
it follows that P,(7¢ < 0o) = 1 for all z € S. By [2], Theorem 9.1.3(ii), the chain is

therefore Harris recurrent.
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The arguments above provide a small innovation to the Aperiodic Ergodic The-
orem. The chain need not drift explicitly toward a petite set if there is a series of
suitable “gateway” sets that act as a funnel for the chain. Of course, the end result
implies that there is a test function and a petite set satisfying the drift criteria directly,
and hence a more inspired look at the problem might reveal such entities. On the
other hand, Lyapunov functions are notoriously difficult to find, and any mechanism

that eases the burden of searching for them is welcomed.

6.5 Summary

The Markov Chain describing the evolution of a TCP connection’s window size has
now been shown to satisfy all the hypotheses of the Aperiodic Ergodic Theorem. The
Markov chain is irreducible and aperiodic, and tends toward a well-defined pseudo-
atomic set. The consequence is that there is a unique invariant measure 7 such that,
regardless of the starting point, the long-run probability of the chain being in any set
A tends to 7(A), (see (6.2)).

Elements of such sets correspond not to a particular window size, but to a func-
tion describing the window size of a connection over an entire round-trip time. The
measure 7 on the state-space S of such elements is incredibly complicated, and no
attempts will be made to show it explicitly. However, the fact remains that, for an
individual TCP connection on its own time scale, the value of the window size tends

to a unique steady state which is determined solely by the packet loss probability.
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Conclusions

The stochastic stability of a single TCP source, while interesting, has only limited
relevance on its own. This section concludes the discussion by considering the con-
sequences of stochastic stability for an entire network of TCP sources. It will be
shown that the stability of individual TCP sources suggests the stability of an entire
network when the loss probability is chosen appropriately. Some criteria for choos-
ing such a loss probability are given, and simulation results are shown that provide

specific examples of network stability.

7.1 Limiting Behavior for Many Sources

In the last chapter we established that the window size of a single TCP connection
converges to a unique steady-state behavior on a local time scale when subjected to a
constant loss probability. Consider now a large network of N TCP sources observed
after a long time such that each window size trajectory has reached steady state and
is distributed according to the distribution 7 given in the last chapter. It is natural
to suspect that since each window size trajectory is in steady state, the collective
window size distribution of the entire network is also in steady state. By uniqueness,
such a steady state could correspond to the one characterized in Theorem 2.1, and
would thus be fully known. Furthermore, a steady-state distribution of window sizes

should also coincide with a steady-state queue size, since the rate of packet arrivals

81
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to the router queue depends on the window sizes. In this manner, a constant drop
probability should lead not just to stable window size trajectories, but to the stability
of an entire network.

While this reasoning is certainly plausible and consistent with numerical results,
it is difficult to show conclusively. One major difficulty arises from the fact that =
is a measure on trajectories, while a better notion of stability would require a fixed-
point distribution for instantaneous window sizes. A second difficulty is that it is not
immediately clear that the queue size is in steady state merely because the window
sizes are. This section explores these issues and makes arguments in favor of network
stability, where the network is represented by the mean-field model of 1].

Let X; , be the i*h state of the Markov chain of window sizes for the nt* TCP con-
nection out of a possible N connections. Let {V,,, n =1... N} be random variables
on S with distribution 7. Since the random variables X; , are eventually governed by
7, the V,, can be thought of as representing the X; , in equilibrium. The independence

of these V,, is formalized in the following lemma.

Lemma 7.1 If the random variables V,, are taken to represent canonical window sizes
in equilibrium, then {V,, 1 <n < N} are independent and identically distributed with

distribution .

Proof By definition, each V,, is distributed according to 7, which is unique according
to the last chapter. Independence can be shown by reasoning that the window sizes
interact only through the loss rate and the round-trip time (see (2.1) and (2.2)).
Since the loss rate is constant, no interaction can arise in this way. Also, since each
V,, represents a canonical window size, the round-trip times are normalized to one,

and no interaction can occur in this way either. [ ]

As i — o0, the collective distribution of the X, thus converges to a steady state
which is the product measure of N copies of m. In other words the N canonical
window size trajectories are asymptotically independent with distribution 7.

If the V,, represented instantaneous window sizes, the result would be immediate:

by the Law of Large Numbers, a large network of TCP sources will eventually be
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distributed according to w because each individual window size will become i.i.d. with
distribution 7. (In taking the limit, the link rate per connection, C, is held constant,
so the true link rate L scales up with N since L = NC.) More formally, for any Borel
set A € B(S), define the indicator function xv,(A) so that E(xv,(A)) = m(A). For
any A, each xv, (A) is an i.i.d. random variable with finite mean, so the Strong Law

of Large Numbers gives,

N
) 1
]\}gnoo N ; xv.(A) = w(A), a.s. (7.1)

In other words, the proportion of sources in steady state with window sizes in a set
A would be 7(A). Furthermore, since the window sizes are instantaneous, m would
coincide with the measure in Theorem 2.1 by uniqueness. Unfortunately, the V,
represent window size trajectories over a full round-trip time, so this is not the case.
On the other hand, one can argue that round-trip times are short, so each V/, is almost
instantaneous. From this point of view, the steady-state result above should hold at
least approximately.

To understand the problems that arise due to V;, being a trajectory, imagine that
a large number of window sizes are sampled at time ¢. This time is sufficiently large
that all the window size trajectories are in steady state. Since each V;, resides on its
own time scale, an instantaneous sample returns values V,, (oY (t)) for each n, where
oY (t) denotes the rtt time of source n out of N sources at ¢ seconds (oY is the same
as the time change 7' defined in Chapter 4, but for a specific number of sources).
These p (t) are random variables for finite N. They have different values, but are in
fact strongly dependent on each other because the round-trip times that determine
them are related through a common queueing delay. The window size values returned
by sampling at any time ¢ are thus not independent, so the Law of Large Numbers
no longer guarantees a network steady state, even though the canonical window size
trajectories are i.i.d.

One observation that simplifies matters and may help resolve this problem is that

the time-instantaneous marginals of 7, given by

7(B) =m(z € S:xz(t) e B), BeBR), (7.2)
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appear to be identical for all values of ¢. This claim is supported by the fact that
the canonical process X; could have, for example, been started at time 1 /2 instead of
time 0 but the limit would be the same. In other words the stationary distribution is
independent of a time shift, and hence the marginals are identical (this property can
be attributed to the randomness of the jump times).

Since the V,, are identically distributed, and since the observation above shows that
the distribution of V,(pY(t)) is independent of the actual p} (t), the instantaneous
window sizes might also be independent in some form. Such independence would
allow the Law of Large Numbers to again be invoked, giving a steady-state result
for instantaneous window sizes. (One must be careful to note that it is not true
that V,,(pN(t)) has a distribution equal to the marginal of 7. There is a correlation
between the window size in rtt time and the p¥(¢). It is only in the limit as N — oo
that pY(t) — pn(t) where p,(t) is a deterministic function of the time ¢ in seconds
that V,,(pn(t)) has the distribution 7;.)

The real-time instantaneous window sizes are not independent in general, but
they do become so once they reach a steady state. This fact is proven in [11] for the
mean-field limit. It may also be seen by considering Theorem 2.1, which shows that,
in steady state, the window size distribution is independent of the round-trip time,
so the sole source of interaction (for constant k) disappears. This suggests that the
interaction between instantaneous window sizes must be weak when each individual
connection, along with the queue size, is close to steady state. This is notable because
mean-field models are generally built specifically because interaction exists, and the
fact that it disappears in steady state shows that such a steady state may occur
without it.

The arguments above are made to suggest that the instantaneous window sizes of
TCP connections in a bottleneck network can eventually be described by a collection
of i.i.d. random variables. While the details are not fully worked out here, this

argument leads to the following conjecture by virtue of the Law of Large Numbers:

A large number of sources subject to a constant packet drop probability
are collectively governed by a steady state window size distribution after

a sufficient amount of time.
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We take this to be given for the rest of this section.

The second problem is that, even if the distribution of window sizes converges
a steady state, it is unclear that the queue size and round-trip times should follow
suit. Although it is likely that this is the case, such a result is beyond the scope
of this thesis and is left as a conjecture. Below we merely present an existence
theorem for such a steady state when the packet loss rate is constant, provide some
theoretical plausibility for its stability, and state that the numerical evidence also

supports stability.

Theorem 7.1 When the packet loss probability is constant, there exists a steady state
for the mean-field limit described by (2.6) and (2.7).

Proof Let WN(t),n =1,2,..., N and Q" (¢) denote the solution to the finite system
with N sources. One can prove the existence (see [11]) of an almost-sure mean-field
limit W,(t), n = 1,2,...,00 and Q(t) when N — oo. Let T, be the transmission
delay of connection n. Suppose that sources can be divided into d classes each with
the same transmission delay so class ¢ has transmission delay T.. The round-trip
time of class ¢ is then R.(t) = T. + Q(t — Rc(t))/L, as in (2.4). Let the proportion of
sources in class ¢ among the first N sources be nf’ . We suppose limy_, niv — Ke.

Consider the equation,

where m is the expected window size in steady state when the loss probability is &
(m is the mean window size according to 7). The left hand side is monotonically
decreasing in @ so there exists a unique solution Qeqy-

Let pY(t) denote the rtt time of source n at ¢ seconds and let X,(s) denote the
window size of source n in rtt time (these are independent and don’t depend on
N). Hence, WN(t) = X,(pY(t)). Denote the mean field limit of p}(t) by pn(t) so
Wo(t) = Xn(pa(t)). Note that p,(t) is deterministic since it is a mean field limit.

Now start each source X, (s) off in steady state over an interval [—1, 0] in rtt time.

The existence of this steady state was proven in Chapter 6. Also suppose the queue
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is constant and Q(t) = Qequ for t < 0, so p,(t) is linearly increasing on [p;'(-1),0]
because the queue was constant so the round-trip times are constant. Hence, over
this interval, W, (t) = X,.(p.(t)) is in steady state.

Now, at any time ¢, if the queue size is measured in non-relative terms and is

nonzero, (2.4) and (2.5) give

dQN (¢) N(t)
i NZT +Qt—Rc())/L_L'

This equation holds in the mean field limit and at time ¢t = 0 we get

dQ(t) WX (t)

o - 1k &E“OONZT T0G-R.O)L © (7.3)
- "k);“m‘L
= 0.

Consequently the mean field queue stays constant at (leq,. Since the queue remains
constant, the round-trip times don’t change so W,,(t) = X,(p,(t)) remains in steady
state. We conclude that W, (t), n = 1,2,...,00 and Q(t) has a steady state.  m

From the results in [1], the (unique) marginal distribution of W, (t) in steady state
must have a particular density given by Theorem 2.1. The steady-state queue size is
also given by solving (2.4) and (2.13).

The result shows the existence of a steady state, but does not show that it is
stable. Suppose we start X,(t), n = 1,...,00 off in steady state but Q(0) # Qequ-
Although the canonical window size trajectories converge to a steady state, and the
overall window size distribution is suspected of doing so, convergence of the queue
size is not guaranteed by the theorem above.

However, one can at least see that convergence is plausible by reasoning as follows.

Consider (7.3) again, but with just one class of round-trip times. That is,

dQ@) _ . m _
— U k)T-i-Q(t—Rn(t))/L L.
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If Q(t — R.(t)) < (1—k)m—TL, then the queue size will be increasing one round-trip
time later, while if Q(t — R,(t)) > (1 — k)m — TL, the queue size will be decreasing.
Hence the queue size naturally recovers from any deviations, and so tends to at least
stay close to its steady state value.

In fact, one can say even more than this in the following example. Suppose that,
at time s, the queue size has remained constant at some value BQequ for the past
round-trip time, where Qequ = (1 — k)m — TL. Then for all times ¢ < s + Rn(s), we
have

_ PQequ
R,(t)=T+ —L" .

We can now calculate the queue size one round-trip time after s as

20,

s4+Rn(s)
Qs+ = Qo+ [

s+Rn(s) (1 _ k)m
= equ T~ L d
Pt | (T  AQuL ) t

BQurn + Ra(s) (% _ L)

= BQequ+ (1—k)m— <T+E%’ﬂ> L
= BQequ+ (1—k)m—TL - BQequ
= Qequ-

Q

In this case, the queue has reached its equilibrium value in one round-trip time! Al-
though it will not stay there, this example shows a strong tendency toward equilibrium
when the window size distribution is constant, and strengthens the claim above.
Numerical results support this reasoning as well; in simulation the window size
distribution and queue size always appear to reach steady state together. Numerous
attempts in Matlab to discover a scenario in which the window size distribution is
constant while the queue size varies have failed. In other words, stability of window
sizes strongly suggests stability of the queue size. This leads us to conjecture that
the queue size converges to a steady state when the loss rate is held constant, even

when it does not start out in steady state.
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Indeed, extensive numerical simulation performed in Matlab shows long-term sta-
bility of both the window size distribution and of the queue size when the loss prob-
ability is held constant. This evidence, coupled with the mathematical ideas above,

lends a strong plausibility to the following result.

In a TCP network with a large, constant number of connections and any
constant round-trip time and bandwidth, there exists a constant loss prob-
ability & such that a router which randomly drops each incoming packet
with probability k will allow the network to reach a stable steady state.
The steady-state window size distribution and queue size are known, and
given by Theorem 2.1 and (2.12).

This is the final theoretical result. Only a few practical details remain.

7.2 Choosing the Packet Dropping Probability

The practical problem of finding the appropriate loss probability k deserves further
discussion. In order to effectively implement a random drop policy, we must impose
three requirements on the number of packets in the network. First note that, for NV
sources, the total number of packets in the network in steady state is equal to the

number of sources times the mean window size. The requirements are:

1. The number of packets in the network must be large enough so that the mean
window size is significantly greater than five. This is necessary to ensure that the
TCP sources can operate effectively in congestion avoidance, and that timeouts
are minimized. (A window size less than four causes a source to time out when
a packet is lost, rather than halving its window size and re-transmitting the lost

packet.)

2. The number of packets in the network should exceed the external delay-bandwidth
product. Let T represent the external delay (the round-trip time minus the
queueing delay). Then the external delay-bandwidth product, T'L, represents

the number of packets that can fit on the “wires” of the network. If the number
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of packets is less than this, then full network utilization is not achieved, and
resources are being wasted. If the number of packets is larger than TL, then

there will be some packets enqueued at the router.

3. The number of packets in the network should not exceed the maximum total
delay-bandwidth product. That is, there should not be so many packets that
the queue overflows. If this were the case, incoming packets would be dropped
with probability one, and control over the loss rate would be compromised.
Mathematically, the number of packets should be less than (7' + Qmaz/L)L,
where Qynaz/L is the queueing delay due to a full queue.

Recall that, in steady state, the loss probability is directly related to the mean

window size via (2.12):

/wwfk(w)dw = a -]15

where o ~ 1.310. Therefore, the number of packets in the network is given by
Nay/1/k.

k must therefore satisfy the following set of equations.

a7€->5
k N
T + Sze2)[
oL o T+ TL | Qe
k N N N

This can be reduced to the single condition,

a’N?
(TL + Qumaz)’

o? a?N?

< k < min <%, m) . (7.4)

(7.4) cannot be satisfied for every combination of T, L, Qmae and N. In particular,
if N becomes too large, then the factor N/(TL + Qmar) will increase above 1/5,
leaving no solution to (7.4). In this case, there are so many sources that even a very

small mean window size will result in a large number of packets in the network, and
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the balance between sufficient window sizes and a non-overflowing queue will not be
achievable. This places a practical limit on the number of sources N which was not
seen in previous sections because L was scaled up with N as L = NC. However, this
limitation is not of paramount concern because the Law of Large Number convergence
of Section 7.1 has been observed through simulation to be very fast. For example, a
T3 data link with an external delay of 60 ms. and just 50 sources will have a window
size distribution that closely resembles the limiting distribution.

Another observation is that, if the link rate was scaled up with N but Q... was
held finite, the range of acceptable k values would decrease as N increased. In the
limit, the value k = o2/(T'C)? would be the only solution to (7.4).

If one knows the maximum and minimum number of network connections, and
the worst-case delays, studying (7.4) can lead to some valuable insight into the ap-
propriate choices for k and Q.. It may even be adapted to provide guidelines for
choosing the parameters of RED. In fact, the RWFD algorithm is designed to follow
these guidelines automatically. If Q(t) = Qarger then the equilibrium loss probability
given by (3.8) automatically satisfies (7.4). This is evident in the results of the next
section. Moreover, one can show that there is always a range of choices for Qtqrget
which guarantee the RWFD loss probability satisfies (7.4) regardless of the actual

queue size.

7.3 Simulation Results for RWFD

In this section we present simulation results for the RED Without Feedback Delay
algorithm of Chapter 3. The simulations were carried out using OPNET. All sim-
ulations consist of a number of TCP connections sharing the same T3 (45 Mbps)
data link. Packets lengths are fixed at 536 bytes, making the link rate L equal to
10433 packets per second. The TCP sources are generally modelled as greedy FTP
connections, so that there are always packets waiting to be sent. There are also a
small number of HTTP connections, which send data bursts of between one and five
seconds long at random times. (These HTTP connections may be regarded as noise,

and in the quantity present do not significantly change the results.) In order to study
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a scenario in which stability is difficult to achieve, the transmission delays are taken
to be quite large. Smaller delays can achieve similar results, but queue size may need
to be larger.

The router implementing the random drop algorithm is located at the input to
the bottleneck link. The objective is to achieve a constant loss probability and queue
size at this router, so that the network becomes well behaved.

The first example involves 300 FTP connections in a network with an external
delay of T = 300 ms. The router has a maximum buffer size of 5000 packets, and
the RWFD algorithm attempts to stabilize the queue to a constant target queue size
of 1500 packets. In order to accomplish this, the equilibrium loss probability Keq. is

calculated every second. The simulation results are shown in the figures below.

M Queue Size (packets)
g Target Queue Size
5.000 |.
4,000
3,000
2,000 f\\ WK Jﬂcm
( \of v*vhvﬂ'::
1,000 I !
0 ‘ V
[ | | | | I I
Os 10s 20s 30s 40s 50s 60s

Figure 14: Simulation 1 Results: Queue Size.
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Figure 15: Simulation 1 Results: Packet Loss Rate.

1.0

M Packet RTT
zz Queuing Delay (seconds)

0.8 _q
06

T

02|

ool

Qs

|
10s

| [ I i |
20s 30s 40s 50s 60s

Figure 16: Simulation 1 Results: Estimated Packet Delay.
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Figure 17: Simulation 1 Results: Estimated Number of Sources.

93



CHAPTER 7. CONCLUSIONS 94

Figures 14 and 15 show that the queue size remains close to the target queue
size for the entire simulation, and that the drop probability remains almost constant,
suggesting that the system has stabilized in the manner described in the previous
section. Indeed, a simple calculation verifies that the loss probability has reached its
equilibrium value. Take C = L/N = 10433/300 and r = T+Q/L = 0.341500/10433.
Then (2.13) gives

(7.5)

(1-k)? (0.4483 : 34.7767)2
k 1.3098 ’
which yields a solution (k =~ 0.00696) close to the simulated value. Note that the
theory requires only the drop probability to be constant; the actual packet loss rate,
which is based on bernoulli trials with a probability of success equal to the drop
probability, may fluctuate as it is inherently random.

Figure 16 shows that the estimated round-trip time is very accurate, as it is
almost exactly 300 ms more than the observed queueing delay. This shows that the
round-trip time estimation method of Chapter 3 works well, even though it samples
a relatively small proportion (less than 1%) of the round-trip times (although this
estimate is cumulative with time).

Figure 17 shows that the RWFD algorithm is also effective at estimating the
number of sources, as the observed value is close to the true number of 300. The
estimate is slightly less than 300, partially due to the fact that some TCP sources are
in timeout mode, and are not sending any packets.

For this example, there is no significant performance advantage over a properly
tuned RED policy. However, the RWFD algorithm has automatically chosen the
drop probability that will achieve the target queue size. One can check that the drop
probability in Figure 15 indeed satisfies (7.4).

Example 2 is the same as Example 1, except that the number of sources is doubled
to N =-600. The results are shown below.
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Figure 18: Simulation 2 Results: Queue Size.
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Figure 19: Simulation 2 Results: Packet Loss Rate.
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Figure 20: Simulation 2 Results: Estimated Packet Delay.
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Figure 21: Simulation 2 Results: Estimated Number of Sources.
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The round-trip time and number of sources are still well estimated in this example.
However, the drop probability is not as constant as before. This can be attributed to
several factors. First of all, the higher loss probability of about 2.5% corresponds to a
mean window size of approximately 8 packets (as opposed to 15 packets in Example 1).
The result is a larger number of TCP sources moving in and out of timeout, because
they experience losses while their window size is too small. This is not accounted for
in the model. Furthermore, since the RWFD algorithm must square its estimates for
N, estimation errors, and the resultant noise levels, will increase nonlinearly with N.
The loss probability, however, still satisfies (7.4), and it approaches the theoretical
value of about 3% given by (2.13). (It is less because the loss probability is calculated
based on a target queue size of 1500 packets, while the actual queue size is only 1000.)

The observation that the queue size has stabilized at a value lower than the target
can also be attributed to the fact that many sources are in timeout due to the small
window size.

In the final example, the network is subject to varied conditions. The transmission
delays of the sources are distributed so that equal numbers of sources have external
delays of 140 ms, 180 ms, 220 ms, 260 ms, and 300 ms. The (harmonic) mean external
delay is then 205 ms. The number of FTP connections is changed over time, so that
there are 200 sources for the first 30 seconds, 300 for 30-60 seconds, 400 for 60-90
seconds, 300 for 90-120 seconds, and 200 for 120-150 seconds. There are 450 HTTP
data bursts over the 150 second simulation. The target queue size is set to 1000

packets. The results are shown below.
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Figure 23: Simulation 8 Results: Packet Loss Rate.
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Figure 24: Simulation 3 Results: Estimated Packet Delay.
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Figure 25: Simulation 8 Results: Estimated Number of Sources.
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Again, the number of sources and the mean round-trip time are estimated quite
well. The drop probability is fairly constant in each 30-second region, especially for
lower numbers of sources. It adjusts with the number of sources to keep the queue
close to the target value, and an easy calculation shows that the loss probability again
follows the equilibrium values given by (2.13). The queue size and loss probability
stabilize rapidly to the target levels after an initial transient response to each system
disturbance. The algorithm is successful in adapting to varying network conditions,
provided that there are reasonable periods of stability. Indeed, the settling time for

this example seems to be only on the order of a few seconds.

7.4 Summary and Conclusion

It has been shown that large TCP data networks can be stabilized by randomly
dropping packets with a well-chosen, constant probability, and that in practice, a
nearly-constant dropping probability can be used to achieve similar results. Some
knowledge of the number of sources, the transmission delay, and the transmission
rate must be present in order to choose this dropping probability. Furthermore, if
these network parameters are continuously monitored, the dropping probability can
be periodically updated to keep the queue size close to a target level.

Network stability was guaranteed by showing that the TCP congestion window
size can be modelled as a Markov chain with a unique steady-state distribution, and
concluding that a large number of sources will eventually have their window sizes
governed by this distribution via a mean-field argument. Furthermore, the steady-
state characteristics of the network are approximately known and given by [1].

Any network with a large number of sources will thus naturally converge to a
steady state, with a constant mean window size and corresponding constant queue
size. The only criteria are that the network conditions, such as the number of sources,
round-trip times, and loss probability, remain unchanged. The first two conditions are
beyond our control, but the last is not. The conclusion is that stability is guaranteed
for a static network when a loss probability giving a moderate queue size is chosen

and then left unchanged as much as possible. For RED, this leads to the policy of
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picking a flat or very gentle slope for the loss probability function, with a mean value
that is well-tuned to the network conditions.

The RWFD algorithm satisfies this philosophy by choosing an appropriate loss
probability, and by restricting its variation more and more as the network conditions
become less forgiving. Although it does not impose an exactly constant loss probabil-
ity, the algorithm represents a fair compromise between network stability and queue
size control.

The application of general state-space Markov chain theory to the complicated
issue of TCP network stability is difficult but rewarding. It is a testament to the
applicability of the theory, and provides useful results to the practitioner. It is hoped
that this thesis not only helps solve a practical problem, but also serve as an example
of how stochastic stability theory can be applied to complex situations. The use of
TCP may fall out of favor in the future, but there will always be a need to bridge the

gap between theory and practice.
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