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Abstract

In this thesis, we discuss some topics in random matrix theory which have applications
to probability, statistics and quantum information theory.

In Chapter 2, by relying on the spectral properties of an associated adjacency matrix,
we find the distribution of the maximum of a Dyck path and show that it has the same
distribution function as the unsigned Brownian excursion which was first derived in
1976 by Kennedy [38]. We obtain a large and moderate deviation principle for the
law of the maximum of a random Dyck path. Our result extends the results of Chung
[10], Kennedy [38] and Khorunzhiy and Marckert [39]. This gave rise to the paper,
[41].

In Chapter 3, we discuss a method of sampling called the Gibbs-slice sampler. This
method is based on Neal’s slice sampling [48] combined with Gibbs sampling.

In Chapter 4, we discuss several examples which have applications in physics and

quantum information theory.
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Chapter 1

Introduction

Random matrix theory first gained attention in the 1950s in nuclear physics [68]. It
was introduced by Eugene Wigner to model the spectra of heavy atoms. He used
random matrices to describe the general properties of the energy levels of highly ex-
cited states of heavy nuclei as measured in nuclear reactions. In solid-state physics,
random matrices model the behaviour of large disordered Hamiltonians in the mean
field approximation.

Since then, random matrix theory has found uses in a wide variety of problems in
mathematics, physics and statistics. Wigner, Dyson and Mehta used random matri-
ces theory as a very powerful tool in mathematical physics [43].

In quantum chaos, it has emerged that the statistical properties of many quantum
systems can be modeled by random matrices. Bohigas, Giannoni and Schmit [6]
discovered the connection between random matrix theory and quantum transport.
His conjecture asserts that the spectral statistics of quantum systems whose classi-
cal counterparts exhibit chaotic behaviour are described by random matrix theory.
Random matrix theory has also found applications to quantum gravity in two di-
mensions, mesoscopic physics, and more. Since quantum mechanics deals with the

noncommutative algebras, the random objects of study are presented by matrices.
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Via random interactions, generic loss of coherence of a fixed central system coupled
to a quantum-chaotic environment is represented by a random matrix ensemble.

In multivariate statistics, random matrices were introduced by John Wishart [69],
for statistical analysis of large samples. Since then, random matrix theory become a
major tool in wireless communications (Tulino and Verdu, [63]) and in multivariate
statistical analysis (Johnstone, [36]).

In numerical analysis, random matrix theory was used by von Neumann and Golds-
tine [67], to describe computation errors in operations such as matrix multiplication.
Other applications can be found in random tilings, operator algebras, free probability,
quantitative finance in econophysics, and current research even suggests it could have
applications in improving web search engines.

One of the interesting topics in random matrix theory is asymptotic distribution of
eigenvalues of random matrices. Wigner discussed the general conditions of validity
for his famous semicircle law for the distribution of eigenvalues of random matrices.
Let A = [a;;] v, v be a standard self-adjoint Gaussian matrix. By Wigner’s semicircle
law [51], if Ay is a self-adjoint Gaussian N x N-random matrix, then Ay converges,
for N — oo, in distribution towards a semicircular element s,

d
AN—>S,

ie.,
1 2
lim tr ® E(A%) = —/ t*"v/4 —t2dt Yk €N,
N—oo o _9

where tr denotes a normalized trace and
N
1
(tr ® E)(4) = Bltr(4)] = + Zl Elag)-

For each k € N, let m(k) denote the mth moment of Ayyy. It was shown [51] that

for all £ € N we have,

m(k) = — [ t"V4 —t2dt =

T2 9

1 /2 0, if k£ is odd;

C,, if kis even, k = 2p,
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where C), is the pth Catalan number, i.e.,

1 2
C, = —< p).
p+1\p
Catalan number, C), also gives the number of Dyck paths in 2p steps. A Dyck path
of length 2p is a path in Z? starting from (0, 0) and ending at (2p, 0) with increments

of the form (1,+1) or (1, —1) and staying above the real axis. For any integer N > 0,
define the set of Dyck paths with length of 2N as follows,

D2N - {S = (Si)0§i§2N : So = SQN = O,Si+1 - Sz :l: 1,51 2 O V Z S [O, 2N - 1]}

The first motivation for this thesis was the construction of a deterministic matrix that
has the same moments as a standard Gaussian random matrix Axyy. Let Ty n be
the adjacency matrix associated to a simple random walk with N states. In Chapter
2, after appropriately weighting the eigenvalues of matrix Ty« y , we show that Ty«
has the same moments as the semi-circle random variable. This yields a representation
of Catalan numbers. Let Dy, = {S : S € Doy, maxj<i<on S; < n}. Note that if
N < n then Doy, = Dyn. We show

- 2 TS T8 N
Doyl = —— | sin® 2
[ Dyl Szl(n—l—l)sm <n—|—1>< Cos(n+1>) ’

where |z| is the cardinality of x. This is based on fundamental observation that

| Dann| = (T*)11,

which follows directly from the definition of Dy ,, and properties of adjacency graphs.
For positive integers n > 0 and 0 < N < n — 1, the Nth Catalan number satisfies
Cy = |Dan| = [Dannl-

Applying this, we find the distribution of the maximum of a Dyck path for the case
where the length of the Dyck path is proportional to the square root of the height.
Also we considered two rare event cases and we find a large and moderate deviation

principles for these case. This gave rise to the following submitted preprint, [41].
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An interesting question that arises in the random matrices theory or quantum infor-
mation theory, is whether one can generate random vectors, or random matrices from
a given distribution function. When the target distribution comes from a standard
parametric family, plenty of software exists to generate random variables. Chapter
3 introduces a method of sampling in order to be able to sample random vectors,
or random matrices, from difficult target distributions, e.g., when f can be calcu-
lated, at least up to a proportionally constant, but f cannot be sampled. We discuss
a method of sampling called Gibbs-slice sampler. This method is based on Neal’s
slice sampling [48] which is combined by the idea of Gibbs sampling to sample large
random matrices from a distribution function which does not come from a standard
parametric family.

In Chapter 4, we apply this method to several examples having applications in quan-
tum information theory. All cases discussed in Chapter 4 are unimodal distribution
functions. In the last example we use the idea of the Gibbs-slice sampling to generate
hermitian positive definite matrices with operator norm of max 1. We also expand
this to the case where simulated matrices have a fixed unit trace, which are known
as density matrices. Density matrices are used in quantum theory to describe the
statistical state of a quantum system. These matrices were first introduced by von
Neumann in 1927 and are useful for describing and performing calculations with a
mixed state, which is a statistical ensemble of several quantum states.

A future goal would be to extend the idea underlying the Gibbs-slice sampler to more
complicated samplings of random matrices; example would include those with non-
unimodal target density functions, or those with disconnected horizontal slices, as well
as sampling from convex sets of random matrices with more complicated properties

where no method is currently available.



Chapter 2

Asymptotic behaviour of a random

Dyck path

2.1 Introduction

Let W(t), 0 <t < oo denote a standard Brownian motion and define
7 =sup{t < 1:W(t) =0} and 7» = inf{t > 1 : W(t) = 0}. Define the process
Wi(s), 0 <s <1 by setting

o) = V7 (= 5]
(12 —71)2

The process W is known as the unsigned, scaled Brownian excursion process [38].
Brownian excursion process is actually a Brownian motion conditioned to be positive
and tied down at 0 and 1, i.e., it is a Brownian bridge process conditioned to be
positive. These definitions require care, since they are derived by conditioning on
events of probability zero. Therefore, it is known that they can precisely defined as
limits, see for instance [15].

Chung [10] and Kennedy [38] derived the distribution of the maximum of the un-

signed scaled Brownian excursion. They also proved that the maximum of Brownian

excursion and the range of Brownian bridge have the same distribution. Vervaat [64]

5



2. Asymptotic behaviour of a random Dyck path 6

showed that Brownian excursion is equal in distribution to Brownian bridge with
the origin placed at its absolute minimum, explaining the results of Chung [10] and
Kennedy [38].

For a path in the lattice Z?, the NE-SE path is a path which starts at (0, 0) and makes
steps either of the form (1,1) (north-east steps) or of the form (1,—1) (south-east
steps). A Dyck path is a NE-SE path which ends on the x—axis and never goes below
it. It is known that after normalization, a Dyck path converges to Wj in distribution

[37]. For any integer N > 0, define the set of Dyck paths with length of 2N,
Doy = {S := (Si)o<i<an : So = San = 0,841 =5;,£1,5,>0Vie[0,2N — 1]}.

Dyck paths play a significant role in combinatorics. Dyck paths can be counted by
the Catalan numbers. Khorunzhiy and Marckert [39] showed that for any A > 0,

E (exp()\(2N‘§ max Sz'))>

1<i<2N

converges and coincides with the moment generating functions of the maximum of
the normalized Brownian excursion on [0, 1].

In this chapter, by relying on the spectral properties of an associated adjacency
matrix, we find the distribution of the maximum of a Dyck path and show that it
has the same distribution function as the unsigned Brownian excursion; this was
first derived in 1976 by Kennedy [38]. We also obtain large and moderate deviation
principles for the law of the maximum of a random Dyck path, which gave rise to the
following submitted preprint, [41].

This chapter is organized as follows. We begin with basic definitions and theorems
in Section 2.

In Section 3, we consider an adjacency matrix of a simple random walk, T},.,, and
by applying weights to its eigenvalues, we show that it has the same moments as the
semi-circle random variable. This yields us to a representation of a Catalan number as

follows. Let DQNJ—L = {S .S e DQN, maxj<;<2n Sz < TL} If N < n then D2N7n = Dop.
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We show

" 2 TS TS N
Don ol = — = ) sin? 2 :
[ D2yl ;(n+1) S <n+1) ( o8 (n+1>)

where |z| is the cardinality of x. This derives from the fundamental observation that
| Dol = (T*V )11,

this follows directly from the definition of Dsy ,, and properties of adjacency graphs.
For positive integers n > 0 and 0 < N < n — 1, the Nth Catalan number satisfies
Cn = |Dan| = [Dannl-

In Section 4, by applying this representation of Catalan number, we find the distri-
bution of the maximum of a of the Dyck path for the case where the length of the
Dyck path is proportional to the square root of the height. Let Py be the uniform

distribution on Dsy. Then

‘DQN,TL‘

oL = Py (max height of the Dyck paths in 2N steps < n).
N

Let [x] be the largest integer less than or equal to x. The main theorem in this section
is:
Theorem 2.1.1. Let N = [tn?] where t is any positive number. Then

. |D2Nn|
lim ——— = f(t
e A

where f(t) = dy/mt2 5.2, $*n2 exp (—ts?w2) .

Let K denote the function used by Kennedy [38] and Chung [10] as the distri-

bution of the maximum of the unsigned scaled Brownian excursion,

s€[0,1]

K(z):=P (max Wi(s) < x) =1- QZ (42°s* — 1) exp (—22%s%) , for = > 0.
s=1

We show that for every z > 0, f(z) = K(z), where f is the function defined in

Theorem 2.1.1. We also consider two other cases wherein the length of the Dyck path
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is greater than or less than the square root of its height.

| Dol 0, N> n?
lim e — =
n—oo
N 1, n< N < n?

In Section 5, we discuss two rare events, and we find moderate and large deviation
principles for the law of the maximum of a random Dyck path for those cases. We

have two main theorems.

Theorem 2.1.2. Let N and n be positive integers satisfying N > n%. Then

1 2
lim (n} ) log Py (maz height of the Dyck Path with length 2N < n) — —m2,

N—oo

Theorem 2.1.3. Let N be any positive integer and x > 0,

o [fn < N < n?, then

N
A}im ) log Py (max height of a Dyck path with length 2N > xn) — —ax2.
—00 LN

e [fn~2N, then

1
lim N log Py (max height of a Dyck path with length 2N > xn) — h(z),

N—oo

for 0 <z <1 where
h(z) = —(1 4 2z)log(1 + 2x) — (1 — 2z) log(1 — 2x).
Otherwise,

1
A}im N log P (max height of a Dyck path with length 2N > xn) — —oo.
—00

Remark 1. Note that h(x) is the entropy function of the Bernoulli distribution. Let
p=1+4+2x and ¢ =1— 2. Thenforallogxgé,ogpgl and p=1—¢q. So we

can rewrite h(x) in the previous theorem as follows,

H(p,q) = —plogp — qlogq.
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In general, entropy is a measure of unexpectedness. For example when a fair coin
1s flipped, the outcome is either heads or tails, and there is no way to predict which.
So the fair coin has maximum entropy. If X is a discrete random variable with the

following distribution,
P(X =xy)=p, fork=1,2 ...,
then we define the entropy of X as follows,

H(X) == pilogps.

k>1

Remark 2. In Theorem 2.1.3 if we assume x = 1, we have for n < N < n?

N
A}im — log Py (maz height of a Dyck path with length 2N > n) — —2.
—0o0 N
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2.2 Definitions

Noncommutative probability space

Definition 1. [51] A noncommutative probability space (A, ) consists of a

unital algebra A over C and a unital linear functional
v: A— C, o(ly) =1

The elements a € A are called non-commutative random variables in (A,p). We

suppose that A is a x-algebra, i.e., that A is also endowed with antilinear x-operation

A>a—a* €A, such that (a*)* = a and (ab)* = b*a* for all a,b € A. If we have
p(a*a) >0, Vac€ A,

then we say that the functional ¢ is positive and we will call (A, p) a *-probability

space.

Definition 2. For a random variable a € A let a* denote the conjugate transpose of

a, then we say a s
e a selfadjoint random variable if a = a*;
e a unitary random variable if aa® = a*a = 1;
e a normal random variable if aa* = a*a.

Definition 3. [51] Let (A, ) be a x-probability space, and let a be a selfadjoint

element A. The moments of a are the numbers o(a”), k > 0.

Definition 4. [51] Let (A, ) be a x-probability space, let x be a selfadjoint element

of A and let r be a positive number. If x has density equal to

2
3 V T2 — t2dt
wr
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11

on the interval [—r,r|, then we will say that x is a semicircular element of radius
r.

The semicircular elements of radius 2 are called standard semicircular (they
are normalized with respect to variance).

0.14
[

Figure 2.1: Distribution of a semicircular element of radius 2

Definition 5. [51] Let (A, ) be a noncommutative probability space and let I be a
fixed index set.

1. Unital subalgebras (A;)icr are called tensor independent, if the subalgebras

A; commute (i.e. ab = ba for all a € A; and all b € A; and all i,j € I with
i # 7) and if ¢ factorizes as:

¢ (jesa;) = e 0 (aj;)

for all finite subsets J C I and all a; € A; (j € J).

2. For each i € I, let A; C A be a unital subalgebras (A;);cr are called freely
independent, if

whenever we have the following:
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e k is a positive integer;

aj € Ay (i(j) € 1) forallj=1,... k;

ola;) =0 forallj=1,... k;

and neighbouring elements are from different subalgebras, i.e.
i(1) #4(2),i(2) #4(3),.. ., i(k = 1) # (k).

Definition 6. A self-adjoint matrix (or hermitian) is a square matriz with com-
plex entries, and is equal to its own conjugate transpose; that is, the element in the
ith row and the jth column is equal to the complex conjugate of the element in the jth
row and the ith column: for all indices © and j, a,; = a;;. The conjugate transpose

of matrix A is denoted A*. A unitary matriz is an n by n matriz U satisfying
UU=0U"=1,,

where I, is the identity matriz. This says that a matrixz U is unitary iof and only if it

has an inverse which is equal to its conjugate transpose.

Definition 7. [51] Let (Anr, on) (N € N) and (A, ¢) be non-commutative probability
spaces and consider random variables ay € An for each N € N and a € A. We say

that ay converges in distribution towards a for N — 0o, and denote this by

d
ay — a,

lim py(ay) = ¢(a”) Vn €N,

N—oo

Definition 8. Let i1 be a probability measure on R with moments

My = /R rdu(t).

We say that p is determined by its moments, if ju is the only probability measure

on R with these moments.
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Theorem 2.2.1. (Classical central limit theorem[51]) Let (A, ) be a x-probability
space and a1, as, ... € A a sequence of independent and identically distributed selfad-
joint random variables. Furthermore, assume that all variables are centred, p(a,) =

0 (r € N), and denote by o* := p(a?) the common variance. Then

al—l—...+aNi>
VN
2

where x is a normally distributed random variable of variance o=, i.e.,

. a4+ ...+an " 1 / 42 /252
lim _—_ = t"e /2 qt Wn € N.
Nﬂoo%&(( VN ) ) V2ro? Jr

Theorem 2.2.2. (Free central limit theorem [51]) Let (A, @) be a *-probability

xz,

space and ay,as, ... € A a sequence of freely independent and identically distributed
selfadjoint random wvariables. Furthermore, assume that all variables are centered,

¢(a,) =0 (r € N), and denote by o := p(a?) the common variance. Then we have

a+...+ay 4

5 s,
VN

where s is a semicircular element of variance o>.
Random matrices, their moments and Wigner’s semicircle law

Random matrices are matrices whose entries are classical random variables.

Definition 9. [51] A x-probability space N x N random matrices is given by
(My (L= (9, P)), tr® E) , where (2, P) is a classical probability space,

L¥7(Q,P):= () L(,P),
1<p<oo

My (A) denotes the algebra of N x N matrices with entries from A, E denotes the

expectation with respect to P and tr denotes the normalized trace on My (C), i.e.,

N
1
tr(a) = N Za“ for a = (ai;)N_; € My(C).
i=1
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More concretely, this means elements in the probability space are of the form

A = (aij)No,

with Q5 € (LOO_(Q, P))
and

(17 B)(A) = Blin(A)] = 1 3 Bloa).

Definition 10. [51] A self-adjoint Gaussian random matriz is a N x N random
matric A = (ou;) with A* = A such that the entries oy; (i,j = 1,...,N) form a

complex Gaussian family which is determined by the covariance
1 .
E[Oéz'jakl] = N(Siz(sjk (Z,j,k?,l = 1,...N).

Theorem 2.2.3. (Wigner’s semicircle law [51]) For each N € N, let Ay be a
selfadjoint Gaussian N X N-random matriz. Then Ay converges, for N — oo, in

distribution towards a semicircular element s,
AN — S,

1.e.,

1 /2
lim tr@ E(A%) = —/ t*V4 —2dt a.s. Yk € N.
N—oo 27 _9

Lemma 2.2.1. [51] For all k € N we have,

s(k) = — [ t"V4 —t2dt =

] /2 0, ifk is odd;
2m J 5 Cp, if k is even, k = 2p,

where C,, is the pth Catalan number, i.e.,

1 2
C, = —< p).
p+1\p
Proof: The function odd, so obviously s(k) = 0, V odd k. Assume k = 2p and
apply the following change of variable,

t =2cosf,dt = —2sin6db,
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so we get,

1 [? 1 [0
— "4 —2dt = —— 2212 ¢0s% § sin’ 0dP

2 J_o 2 ).

= i4erl /7r cos? df — /7r cos?P+Y) dp
2 0 0
_ L (m () T (2(p+1)
2w 4P \ p 4rtl\ p+1
1 (4(2]9) 2(2p+1) (2p>)
2 p p+1 P
B 1 2p
opH+1\p)
So from Lemma 2.2.1 and Wigner’s law, it follows that if Ay is a selfadjoint

Gaussian N x N-random matrix, then

lim tr & E(Ak ) = 0, if kis odd;
k) =

N—oo

Cp, if kis even, k = 2p.

This means that the odd moments of a Gaussian random matrix are zero and the

even moments converge to the corresponding Catalan number.
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2.3 Constructing a matrix with the same moments
as the semi-circle random variable

We shall start with some basic definitions. A path is a non-empty graph P = (V| E)
of the form V' = {xg,z1, -+, 23} and E = {xozy, 2129, -+ , X127} Where x; are

distinct. Consider a path P, with n vectors, as the picture shown below,

Figure 2.2: A path P, with n vectors

The adjacency matrix T = (t;j)nxn s an n by n matrix with 1 in ¢;; if 7 is

connected to 7 and 0 for the others, i.e.,

o 1 0 --- 0

r 0 1 --- 0
=10 1 0

1

o - 0 1 O

Lemma 2.3.1. The eigenvalues of T' are {2 Cos(n”—fl); 1 <k < n} and the eigenvector
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sin( ;1)
for the lth eigenvalue is sin(%l) , that is, for each 1 <1 < n, we have
sin(;751)
o 1 0 --- 0 sin(;751) sin( 5 1)
1 0 1 --- 0 sin(251) . sin (2251)
o1 o0 . : E ZZCOS(n—i-l) :
: ] :
O --- 0 1 0 sin(;25 1) sin(;25 1)
Proof: = We have
01 0 -~ 0 sin(251) sin(25:1)
1 0 1 -0 sin (2% 1) sin(251) + sin(;2751)
0 1 0 : = :
1 : sin(“=277) + sin(22 )
0 -~ 0 1 0 sin(-251) sin(Y=LT))

We also have, for all x and v,

2sin(z) cos(y) = sin(z + y) — sin(x — y).



2. Asymptotic behaviour of a random Dyck path 18

The result follows, since the right hand side is equal to

sin(=251) 2sin(-51) cos (725)
l sin(f—j_rll) 2Sin(n2—_:_r1l) cos (n”—ll)
2 cos < 7:_ 1) : = :
n
. (nfl)ﬂ-l 2 . (nfl)ﬂ'l 7l
sin(=5710) sin(“ 51 cos (;Z5)
sin(n”—fll) 2sin(n”—+”1l) cos (n%ll)
. 27
Sln(n—Hl)
sin(-21) + sin(251)
sin(%l} + sin(;751)
. (n—)7
Sln(n—HZ)

In this section, after weighting the eigenvalues of the matrix T appropriately,
we show that this matrix has the same moments as the semi-circle random variable.
Note that the kth power of the first entry of T', (T%),1, denotes the number of paths
starting from 1, return to 1 in k steps. Since we jump one step at a time, starting at
any state and returning to it requires an even number of steps. It is known that for
1 <k <2(n—1), this number is equal to C’g, where O}, = = (215) is the kth Catalan

k1
number. Therefore

. 0, if kis odd;
(T%)n =
C%? if k is even.
Lemma 2.3.2. Let A be an n X n hermitian matriz. Let e; > --- > e, be its real

eigenvalues. Then there exist Ay, -+ , A\, > 0 such that > ;. N\, =1, and for allk € N

(A%), =D el
=1

Proof: By the spectral theorem, there exists a unitary matrix U such that A =
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e;, 0 -+ 0
€9 0
UDU*, where D =
0
0 0 e,
Therefore,
ek 0 0
0 e o0
Ar=yptur=vu | = U
0 e
0 0 ek
1 0 0
. 0o 0 ... :
We write (A¥),, = trace S | AR
0 0
since, ) )
1 0 --- 0 alfl a’f2 alfn
0O 0 - N o 0 0 O
trace L | A¥| = trace
0 0 0O 0 0 O
Therefore,
1 0 0 e] 0
0o 0 - 0 e 0
(Ak)n = trace . Y ) ’
oo T 0
0 0 0 0
1 0 0 e; O
0O 0 - 0 €5
= trace |U" | | U
0 0 0

_ ,k _
=ay, =

U*

(4%, -
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1 0 0
o 0 .-
Let P= (py)=U*| ~ | U. Then
0 0
ek 0 0
0 e 0
(Ak)ll = trace | P ' 2 ' ,
0 e
0 0 e
puey pael - plnefz
pgle’f 1722612€ s p2n€fb
= ftrace . . . . ,
PnlellC p2n€§ T pnneﬁ

n

k

= E Dii€; .
i=1

Now for each 0 < i <mn, let \; = p;. Therefore, we have

n
2N = D m
i=1 '
= trace[P]
= 17
since P is a rank one idempotent. Moreover P is positive semidefinite; since P is

unitarily equivalent to a rank one projector, it is a rank one projector and therefore

is positive semidefinite.
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Remark 3. We can rewrite the matriz P as follows,

0 0
P = U U

0 - 0
1

o

— U (1o 0)u

0

Ui

Therefore, \; = Uy;Un;.

Let V' be the matrix whose columns are eigenvectors of T, i.e.,

sin(niﬂ) sin(f—fl) e sin(n”—Q)
sin(2—“) R - sin(Q”—”)
V = (Uij)nxn = .nH _nH
sin(;5) e e sin(%)
Lemma 2.3.3. Let V' =0,V , where §,, = niﬂ Then V' is unitary and symmetric.

Proof:  The symmetry of V' follows from the symmetry of V. To show that V"’ is
unitary we just need to show

V)V =1,

since the entries of V' are real. By symmetry we have (V')(V')T = (V)2 therefore

we have to show
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sin(niﬂ) Sin(nz—fl) sin(n"—L)
2 Sin(f_:l) sin(fl%’;) _,
=1,
n+1
sin(n”—fl) e e sin(%) |

So we have to show forall 1 < j,z<n

Using the fact that, sin*(f) = 3 (1 — cos(26)) we get,
"L, jsm 1 & 2jsm
> s (27 =3 <n_z (n+1)> .

We also know that cos(f) is a real part of €. We have,

n
2jmi \ S 2jmi 257\ 2 2jmi \ T
E en+1 — €n+1 + €n+1 —|— P + €n+1

s=1

2j7i
1 — entI

2jmi
entl — 1

= -1

2jmi 2jmi

s n+1 o
Note that >, <en+1> is a geometric series and (enH) = e¥™ = 1. Thus,

22:1 cos (Qj“) = —1. Therefore, forall 1 < 7,2 <n

n+1
S sin? (1) = S (n - (—1)) = 22,
n+1 2 2

s=1
and
Zsin < J5T > sin ( =5 ) = Zcos <m) — COS <w>
— n+1 n+1 — n+1 n+1
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as desired.
Remark 4. V' is both unitary and symmetric, so we have
VE=V = V' ?=I[=V =V""

Going back to the matrix 7', since 7" is a symmetric matrix with real entries, we

can apply the Lemma 2.3.2 to prove the following Theorem.

Theorem 2.3.1. Let T be the following symmetric matrix,

o 1 0 - 0
10 1 -0
T=(0 1 0
1
o -~ 0 1 0
There exist weights, Ay, -+ , A\, > 0, for the eigenvalues, such that (T)11 has the same

moment as a semicircular random variable.

Proof: = By Lemma 2.3.2, there exist Aj,---, A, > 0 such that > A, =1, and
for all k € N

n

(Tk)n - Z )‘56];’

s=1

where e; = 2 cos(-2%-). We also know that

n+1
. 0, kis odd;
(T")n =
C’g, k is even.
So we get
" 0, kisodd;

Z el =

s=1 Ck, kiseven.
2
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Remark 5. For 1 <k <2(n—1), we have

n k
Z)\S (2 cos( il )) =
— n+1

From Remarks 1 and 2 we have,

0, ks odd;

Cr, k is even.
2

All together we have,

n n k
;)\Sefj = ZAS (2008 (ns—:—rl)>

0, k is odd;

Cr, k is even.
2

Remark 6. Since Y ., \s = 1, we have

- 1
E 62 sin? o =1 = § = .
— " (n +1 T sin? ()

n+1

So, 62 — 0 as n — oo.

Remark 7. For alln > 0, we have

g 2
n+1
This follows from _"_, sin® (nS—:l) =" and 62 = W
s=15M7\ 07

Remark 8. Lemma 2.3.2 not only holds for hermitian matrices, but also for symmet-
ric real matrices and hermitian quaternionic matrices. In fact, it holds for Fuclidean

Jordan algebras, for which the reader, is referred to [20)].
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For convenience of the reader we recall some of the concepts used in the following
lemma. A vector space V over R or C is said to be a Jordan algebra if for all z and
y in V', we have

ry = yx and  x(2?y) = 2*(zy).

An Fuclidean Jordan algebra is a real Jordan algebra V satisfying
P4+ =0=> x2=0=y foral z,ycV.

Every Euclidean Jordan algebra is a direct product of simple Euclidean Jordan alge-
bras. A Euclidean Jordan algebra is said to be simple if it is not the direct product of
two (non-trivial) Euclidean Jordan algebras. The simple Euclidean Jordan algebras
are symmetric real matrices of arbitrary size (including R), the hermitian complex
and quaternionic matrices, the so-called spin factor of rank 2 and the exceptional
27-dimensional Euclidean Jordan algebra.

An idempotent of a Euclidean Jordan algebra V is an element ¢ € V satisfies ¢* = c.

Two idempotent ¢; and ¢y are orthogonal of ¢;co = 0. An idempotent is primitive if
{veV:ew=v}=R.

A Jordan frame is a system (cq, -+, ¢,) of pairwise orthogonal primitive idempotents
such that ¢; + ---¢, = e, the identity element of V. Any two Jordan frames are
conjugate under the automorphism group of V. In particular, they have the same
size, known as the rank of V.

An x € V has a so-called minimal decomposition, i.e., there exists a Jordan frame
(dy,--+ ,d,) of V and unique nonnegative real numbers €, -+ ,€,, called the eigen-
values of z, such that = e1dy + - - - €,,d,,.

A Jordan frame (¢, -+, ¢,) of V induces a Peirce decomposition of V|

V= @ Vigs (%)

1<i<j<n
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where the Vj; are the Peirce spaces of V. For example,
Vii={veV:cquv=uv}=R,.

The Peirce-11-component of v € V is the component of v with respect to the Peirce
decomposition (%), which is given by vy; = P(ci)v for P(z)y = 2z(zy) — 2%y. So

P(c1)v = 2¢1(c1)v — cyv.

Lemma 2.3.4 (Lemma 2.3.2 for Jordan algebras). Let V' be a Euclidean Jordan alge-
bras of rank n and let (c1,--- ,¢,) be a Jordan frame (complete system of orthogonal
primitive idempotents). Let x € V and let €1, - , €, be its eigenvalues, counting mul-
tiplicities. Fory € V', we denote yy1 the Peirce-11-component of y with respect to the

Jordan frame (c1,- -+ ,c,). Then there exist Ay, -+, A\, > 0 satisfying
(i) >, M=1, and
(ii) for all€ €N, (251, = (Z:zl Aﬁf) 1.

Proof: We know there exists another Jordan frame (minimal decomposition),

(di,-+- ,dy)suchthatz = > | €d;, whence ¢ = > | efdi and (2°)1; = Y1, efP(cl)di,

where P(.) is the quadratic operator of V. Since d; lies in the boundary of the sym-

metric cone of V', we set P(c1)d; = A\je; with A; > 0. Also
(Z Ai) 1 = ZP(Cl)di
i=1

i=1
n

= P(Cl)zdz
= P(ey)e

_ 2
=

= 0,

whence > 1" A\ = 1.
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2.4 Asymptotic behaviour of a Dyck path

Recall that, for every integer n > 0 we will denote by C,, the nth Catalan number,

with the convention that Cy = 1. We first give the definitions relevant to Dyck paths.

A NE-SE path is a path in Z? which starts at (0,0) and makes steps either of the

form (1,1) (north-east steps) or of the form (1, —1) south-east steps).

Definition 11. A Dyck path is a NE-SE path ~v which ends on the x—axis. That is,
all the lattice points visited by 7y are of the form (i,j) with j > 0, and the last of them
is the form (k,0) [51].

In the next section, we will discuss connections between Dyck path and Catalan
numbers. For any integer N > 0, define the set of Dyck paths with length of 2N as

follows,
DQN = {S = (Si)0§i§2N : S() = SQN = O,Si_;,_l = Sz + 1,8Z > OVie [0, 2N — 1]}

It is well known that Cy = |Dyn| where |z| gives the cardinality of x.
Let DQN,n = {S 1S e DQN,maXlgiggN Sz < n} Note that if N < n then DZN,n =
Doy

Lemma 2.4.1. For positive integers n and N, we have

" 2 TS s N
Doyl = —= ) sin? 2 . 2.4.1
ool =3 (1) (3 57) (e (251 2.1

Proof: It follows directly from the definition of Dyy, and from properties of

adjacency graphs that
| Donn| = (T )11

So by Theorem 2.3.1 we have the result.



2. Asymptotic behaviour of a random Dyck path 28

Corollary 2.4.1. For positive integers n > 0 and 0 < N < n — 1, the Nth Catalan

number satisfies Cy = |Dan| = |Dann|. Therefore,
c i 2 .o TS 5 TS N
n = sin cOS .
. —\n +1 n+1 n+1

Lemma 2.4.2. Asymptotically, the Catalan numbers behave as

Co— -2 (14 o1)).

n2\/m

Proof: From Stirling’s formula,

n!

- 1.
Vo (2"
Thus

(2n)!
nl(n +1)!

= o () ()]

47’L
Va(n+1)2
4n

Va(n):
Let D, . denote the number of Dyck paths in tn” steps with maximum height

less than n, where t is an even constant. Therefore,

- 2 TS TS 2n”
o — in? 2 .
b, Z(n—l—l)sm (n—l—l)(cos(n—l—l))

s=1




2. Asymptotic behaviour of a random Dyck path 29

Let m(n) ~ tn". In this section, we will discuss the situations where k < 2, Kk = 2 and

k > 2. Note that, in the whole section we assume that #(n)" is an integer, otherwise

we let m = 2[%27].
The tn"th Catalan number gives the number of Dyck paths of length tn* and D, ,, ,

gives the number of the number of Dyck paths of length ¢tn” with the maximum height

less than n. Let P,, be the uniform distribution, then we have

D n,Kk . .
L P,,(max height of Dyck paths in 2tn"steps < n).

2.4.1 Results where k =2

We show that in this case, lim,, Dct’"; = f(t), where f is a function that only de-
tn

pends on t. First we start by stating the dominated convergence theorem.

We recall that Lebesgue’s dominated convergence theorem [11] states that if (X, A, u)

is a measure space, ¢ is an [0,00)-valued integrable function on X, and f and
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fi, fo,..., are (—o00,00)-valued A-measurable functions on X such that the rela-

tions
f(z) = lim f, ()
and
|fu(2)] < g(z), n=1, 2,...

hold at almost every z in X, then f and fi, fs,..., are integrable, and [ fdu =
lim,, [ fadp.

Lemma 2.4.3. For all 0 < x < 7,

-

2

Proof:  Let f(z) = cos(z)exp <%>, where 0 <z < 7. Then f(z) is a decreasing

we have

function on this interval we have
22 22
f'(x) = —sin(x)exp <?> + cos(z)x exp <5>
22
= exp (?) (—sin(z) + z cos(x)) .

So f'(x) = 0 yields x = tan(x); on the interval [0, 7] forces 2 = 0, 7. Therefore f(z)
is decreasing and obtains its maximum at zero. We have f(0) =1 and f(5) = 0, and
f(z) <1 on the interval.

Now let = =%, so for all 0 < s < (1v "ng , we have
nn)4

™8 < 7T282
COS ex — |
nt1) =P 2(n+1)2

Let g(s) = exp (—tw?s?), then g is a real-valued function and we have >_"_, g(s) < oo

and also lim,,_,, g(s) — 0. So we have by the dominated convergence theorem,

n 2tn
Zcos (n?—sl) <Zexp t7rs
s=1
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52 .
Figure 2.4: n = 6, s varies between 0 and ”T“ the graph of e~ 2 is on top of

the graph of cos(;%5).

Lemma 2.4.4. For all fized s with 0 < s < YL

(lnn)%
s 2tn?
nh_}n(;lo Ccos (n n 1> — g(s); and,
lim (n + 1)*sin® ( U ) — m2s%
n—00 n+1

where g(s) = exp (—tn?s?). Hence for all fited 1 < s < Y (n+1)?sin? (-2 cos (22 )2m2

(lnn)z 'fl—‘rl n+1
converges pointwise to s*m2g(s).
Proof:  Recall that the Taylor series for sin(z) and cos(z) are
x> b
sm(x)—x—yjta—
2 4
¢
cos(a:)zl—a—i—z—i—'--.
So sin? <n7f1) and cos (T:ffl) can be presented as follows,

o TS ST s3m3 sod ?
sin — — 4 ...
n+1 (n+1) 3l(n+1)3 5l(n+1)°
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and

TS ) 1 N st
cos =1—-- —
n+1 2(n+1)2  4l(n+1)*

s 2tn? —— 1 s272 0 s4
cos =ex n"In(l—--——— — .
n+1 P 2(n+1)2 n?

But we also have that

So

In(1+z) =z + O(x?),

SO
1 s st 1 s?x? s
n (1 BPICES (ﬁ)) = 3mrp ¢ (ﬁ) ‘
Thus,
s 2 1 872 st
i cos <n n 1> = fm exp {W (—im +0 (n—))]
= g(s).
Moreover,
lim (n + 1)?sin ( T ) = lim (n+ 1)’ ( s _...>2
n—oo n+1 n—00 (n+1) 3l(n+1)3
= 75+ lim (n + 1)? (—i —--.)2
n—00 3(n+1)3
= %52

Note that O( ) < O(m
as later goes to infity for all 1 < s < YL

(Inn) 1

Lemma 2.4.5. For all ~*+ < s < 2, we have

nn)4 B

2tn?
lim (n + 1) sin® 7 ) cos [ 12 —0

exponentially fast. So,

3 2tn?

. 2 ) s ]

711111(1) (n+1) E sin (n+1)cos (n—i—l) — 0.
V 1

MH

Jforall 1 <s< (V ) . So (n+1)%0(23) goes to zero
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Proof:  For all Y2k < g < 2 we have,

n
I
(Inmn)4

2tn? 2.2
2 . 9 s s 9 TS 2
(n + ]_) Sin (n i 1> COS (n T 1) < (TL + ].) exp <—m2tn )

< (n+1)2exp (——”2%1))

— 0.

Moreover we have,

(n+1) Z A rs \ 2 _ n( L1y m?(n+ 1)
n sin Cos —(n exp | ———>
. n+1 n+1 2 P Vinn

(1B

S= T
(Inn)4

So,

3 2tn?
. 2 .92 TS s
TILIL% (n+1) E sin (n+1>COS (n—i—l) — 0.

_ v/n+1

1
(Inn)4

For positive integers n, N and s define,

s s
G " — «in2 2N )
Na(8) = sin (n+1>COS ]

For fixed n we have sin (HLH) = sin (n”—J:rl) and cos (HLH) = — cos (n”—fl) So by symme-

try we have Gy (1) = Gn,(n) and for even n, Y~ Gy n(s) =2 25%:1 Gnon(s). Note

that, without loss of generality for large value of n, we can assume n is even. Since
. . . 2l . - 7 \\ 2N
if n is odd we have the sum is equal to 2.2, Gn.,(s) + sin’ (n”—ﬂ) (2 cos (n”—H))
and as n — oo the last term will go to zero.

Theorem 2.4.1. Let kK = 2; then we have

D
lim —"2 — f(2),

n—o0 th
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where

f(t) = 4\/_t2 Zs 2 exp t827T2).
Proof: We have,

“. 2 TS TS 2tn’®
Dipo = § in? 2
tm.2 S:1n+1s1n (n—i—l) ( o8 (n—l—l))

n

2.9 TS s 2tn’
2 sin? ( ) (2 Cos ( ))
—~'n +1 n-+1 n+1

n

4tn2+1 2 5 s 2tn?
= — 1
(n+1)3 ;(n+ ) sin (n+ 1) (COS (n—l— 1))

On the other hand, we have from Lemma 2.4.2 that asymptotically, Catalan number

n
grow as C), ~ 2. So
VT2

2

JTtend

We have from Lemma 2.4.4 that forall 1 < s < (V ’"“; (n+1)%sin® ( +1) Ccos (n”fl

Cth (ad

) 2tn?

converges pointwise to s?m2g(s). Moreover, we have for all s > 1,

sin? [ < st
n+1) = (n+1)%

Soforalllgs<(”—+

N

2tn? 2.2
(n + 1)*sin? ( s ) cos < s ) < (n+ 1)2&29(5) < w?s%g(s),

n+1 n+1 (n+1)

where "7 s?12g(s) < . So by the dominated convergence theorem, we have

a2 /w
vn+1
1

(Inn)4 2tn 0
s s
lim 1)%sin® — E
lim (n+ 1)%sin <n+1)cos(n+1) s*m?g(s

s=1




2. Asymptotic behaviour of a random Dyck path 35

By Lemma 2.4.3 and Lemma 2.4.5, we get

gtn?+1 2 xs \\ 2tn?
lim Dipw iy D Yoo (n+1)%sin ( +1) (COS(nH))
n—00 tn2 n—00 4in?
ft%n?’
NiES)
gtn+1 (lnn)% 5 1)2 s 2 ( 7s s 2tn?
m Zs:l +Z n+ <n+ ) S (n+1) (COS (n+1))
. nn 7[
= lim o) y
Vmt2n3
4tn2 ( 4 0o
(n+1)° 2 2 2 2
= nll_}IIolo e 5 s exp( ts*m )
SRS n3 s=1
tn2 4 n 2t 2
4 ((n+1)3> o[ Ts TS "
= lim 5 lim E n+1)°sin 0
n—00 4tn n—00 n-+1 n+1
ft%n3

08—+

06~

04+

014

on

Figure 2.5: f(z), = € [0,4]

Let f(t) = 4/7ts Soo2 s*m?exp (—ts*m?). Let x be a positive number such that
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equivalently we have ¢ = s3;. We can reformulate our results as follows,

o 2t7 2x

(e 9]

ft) = 4y/Tt2 Z s’m?exp (—ts’m?).

s=1
» 7242
- Z”exp( M).
For n > 1, let f(x,n) be the truncated version of f, i.e.,

f(z,n) =4v/7(2) Zs T eXp( 21522)

Brownian bridges and Brownian excursions

A one-dimensional Brownian motion or a Wiener process is a real-valued process

W4, t > 0 that has the following properties [16]:

1. W; has independent increments, i.e., if ty < t; < ... < t,, then W (ty), W(t1) —
Wi(to),...,W(t,) — W(t,_1) are independent.

2. The increments W (s +t) — W (s) have a normal distribution with mean 0 and
variance t, i.e., if s, > 0, then
2

PW (s +1) — W(s) € A) = /A (27t) S exp( -

)dx.
From [16], two consequences follow immediately:

1. Translation Invariance: {IW, — Wy, t > 0} are independent of W, and have

the same distribution as a Brownian motion with W, = 0.
2. The Brownian Scaling Relation: For any ¢t > 0,
{Wa, s > 0}=2{t2W,, s > 0};

that is, the two families of random variables have the same finite-dimensional

distributions.
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A Brownian bridge, W is a continuous-time stochastic process W; defined on [0, 1],
whose probability distribution is the conditional probability distribution of a Wiener
process Wy = W; = 0. The expected value of the Brownian bridge is zero with
variance t(1—t). If W, is a standard Brownian motion (i.e., W} is normally distributed

with expected value 0 and variance t), then
Wy =W, —tW;

is a Brownian bridge.

Figure 2.6: Example of a Brownian bridge.

Let C[0, 1] denote the collection of all continuous functions f : [0,1] — R. Let
Xy, Xy, -+ be a sequence of i.i.d. random variables defined on a probability space
(Q,B,P) where B := B(C]0,1]) is the Borel o-algebra on C]0,1]. Assume X, are
integer-valued and E(X;) = 0, E(X?) = 1. Form the random walk {S,, : n > 0} by
defining Sy = 0 and S, = X; +---+ X,,, n > 1. Let D = DJ0, 1] be the function
space of all real-valued, right continuous functions on [0, 1] with left-hand limits. For

allw e Q,n>1andt e (0,1], define

pult) = 723 [siate) (1= 50 ) 5] 1 g0
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Also define ¢, (0,w) := 0. Note that ¢, := {p,(t);t € [0,1]} is merely the linear

interpolation of the normalized random walk {5—%, e \S/%}

Theorem 2.4.2. Donsker’s Theorem [5] We have ¢, = W, where W denotes
the standard Brownian motion and = means weak convergence (or convergence in

distribution).

Let W(t), 0 <t < oo denote a standard Brownian motion and 7 = sup{t < 1:
W(t) = 0}, 7o = inf{t > 1 : W(t) = 0}. Define the process Wi(s), 0 < s < 1 by

setting
W (st + (1 —s)m)|
(72 — 71)%

The process W, is known as the unsigned normalized Brownian excursion process [34].

Wl(S) = ’

Define the hitting time 7" to be the min{n > 1: S, = 0} (400 if no such n exists). Let

P =P [ f/lﬁ =Xy, 057"5 =ux,|T = n] Kaigh [37] proved the following theorem.

n

Theorem 2.4.3. [37] The sequence of probability measures {P2} on D converges
weakly to a probability measure W1 which assigns probability one to continuous sample

paths. The weak limit Wy corresponds to the Brownian excursion process on [0, 1].

The distribution of the maximum of the unsigned scaled Brownian excursion

process and the modification of that process was derived in 1976 by Kennedy [38].

Theorem 2.4.4. [38] For every x > 0,

P ( sup Wi(s) < x) 123 (40P — 1) exp (—2%0?)

1<s<n n—1

Chung [10] reported the same results derived by a different argument. It was
shown in [38, 10] that the maximum of a Brownian excursion has the same distribution

as the range of the Brownian bridge, i.e.,

sup Wi(s) 2 sup We(s) — inf W°(s).

0<s<1 0<s<1 0<s<1
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N m .

[—J

Figure 2.7: Range of the Brownian bridge and the maximum of Brownian

excursion have the same distribution.

Dyck paths and Brownian excursions

Recall that a Dyck path of length 2n, where n is a nonnegative integer, is a map
y:[0,2n] - {z € R: 2z > 0}, with y(0) = y(2n) = 0 and |y(i) —y(i + 1)| =1
for i € NU {0}, ¢ < 2n. The values y(s) are called the heights of the paths. For
0 < s < 2n, let Y,(s) denote the height of a random Dyck path on length 2n. It is
well known, see [8], that the average maximal height 2 (n) ~ /71 as n — co. [54]
Let

Dy = {S = (Si)o<i<n : So = S = 0,841 = S;£ 1 for any i € [0,n — 1]}
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be a Dyck path chosen uniformly from the set of Dyck paths with 2n steps. Khorun-
zhiy and Marckert [39] showed that, for any A > 0 the sequence

{E <exp()\(2n)_% max DQn)> }

converges, and thus is bounded uniformly in n.

Theorem 2.4.5. [39] For any A > 0 we have

Egﬁ? (exp()\(Qn)_% max S)) —E (exp()\maxe(t)))

te[0,1]

where (e(t),t € [0,1]) is the normalized Brownian excursion and ES? are the expec-

tations with respect to the uniform distribution. In particular, for any X\ > 0,

n

sup EY (exp()\(Qn)_% max S)) < +00.

Using the computation of Chung [10] or Kennedy [38], we observe that the right
hand side of the last inequality is finite for every A > 0,

P (tern[(&}}ﬁ e(t) < x) =1- 2; (42°s* — 1) exp (—22%s%) , for = > 0.

Corollary 2.4.2. For every x > 0, let

K(z)=P < sup Wi(s) < x) =1- 22 (42°n® — 1) exp (—22°n?)..

1<s<n n—1

be the function determined by Kennedy [38] and Chung [10] as distribution of the

mazimum of the unsigned scaled Brownian excursion. If

f(t) = lim P,(max Do,z < n),

n—oo
then,

f(t) = 4\/7_rt% Z s*m? exp (—t327r2) )
s=1
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Let t = ﬁ and define T'(x) as follows,

2.2

T(x) = V2rz™3 Zn27r2 exp (_n i > .
n=1

212

Then for all x > 0,

Proof: For x > 0 let,

- n?n?
F(z) = ;exp (— 5,2 > .
This function is analytic in the open disk of radius \/g . In that disk we can calculate

the derivative term by term. Thus,

/ 5N, 2 2 n*m?
F pu— - - .
(x) =2 321 nmwe exp ( 53 )

Set
G(z) ==z Z exp(—2z%n?);

n=1
this is also analytic in the open disk of radius \/g . Therefore,

G'(x) = — Z(4x2n2 — 1) exp(—227n?).
s=1
Thus (*) is equivalent to
V2rF (z) = 142G (2),
that is
V2rF(z) = o +2G(x) — 2k. (%)

If we calculate F (%) we obtain,

F (%) = iexp(—2x2n2) = @, SO
F(z) = G ( T ) 2

2w/
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From (**),

2x
G<2$> —V2r = z+2G(x)—2k, so

G(x) = ﬁxG(i)—ngk

- —x( ——G(m)——+k>+k—g

G(z) = \/ga:G (%) - g + %

So proving (*) is now equivalent to proving that for z > 0,

= 2 T n?m? r 1 [«
-9 2 2 — -0 _ v - -
x;exp( xn?) szx;exp< 2]:2) 24—2\/?

Thus
9 oy [Tl nemw 1 1
D exp(=2a’n?) = \@EzeXp (_W) "2tV
n=1 n=1

Let t = 222,

n’nm? 1 1 [«
Zexp tn \/>Zexp< t)_§+§ e

Take the Laplace transformation fooo -etdt of both sides. Then,

oo = o 2. _n2e? > ] > ]
/ Z et estt — / \/EZ et e Stdt — / —e St + / —\/Ee_Stdt.
(U — 0 t n=1 o 2 o 2V 1
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Convergence allows us to interchange summand and integral. Then

. > —tn? —st . > T _ > 1 —st > 1 ™ —st
e”"e Tt = —e —e *dt +/ —\/je dt.
an /0 an /0 \/; /0 2 . 2V

From the Laplace transform table in [2],

- 1 s
—'mr\f
ZnQ—i—s \/_Z 23+2\/§ (x5 %)

n=1
ie.,
= — (& _ — —_—
— n? +52 s 252 2s
We also have
=1 i 1
——— = —coth S
; n? + s2 25 coth(s) 252

oo [1+e™ 1
25 \1—em 252
So proving (*) is equivalent to showing the left hand side of (***) is equal to - (He:” ) —

l—e—7s
1
552+ We have,

T 1 T 7 e " 1 T
S ety T ;(—1_e—m>—@+g
o 2e7 ™ 1
= g<1+—1_e—m>—@
I T 1
B 2_<1—e”3)_2_52’

as desired.
A different proof of Corollary 2.4.2 can be achieved using the Poisson summation
formula. For an appropriate function f, the Poisson summation formula may be stated

as:

Z f(t+nT) =~ :i ( >exp<2m§t),

n=—oo
where f is the Fourier transform of f.

Proof: (Alternative proof.)
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Let f(z) = exp(—2z?), so f= \/_ exp ( ) Therefore, by the Poisson summation

formula with ¢ = 0 and % ~ we have,

> s =13 (1),

n=-—o00 k=—00

f: exp(—2n2z?) k_z \/jexp( 2k2).

n=-—0o —

Separating positive and negative indices and multiplying by x yields

0 22
x 1—|—22exp 2n2x2 —1—0—22\/jexp< )
n=1 k=1

Now by taking the derivative with respect to =z,
o0 o212 & 22
=23 eplo2ea?)(ans! — 1) = VErT TS e ( - ) -

This completes the proof.

Therefore,

024

06+

04+

024

oo T T T T T 1
05 ] 15 20 23 30

Figure 2.8: The diagram of K(z) = T(x)

The reason that we did the previous scaling was that the height in Kennedy’s

function was v/ N, so we have

N = 2n?
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This yields 22 = 4, or equivalently ¢ =

2

1
22"

h

I

2tn

Figure 2.9: Rescaling of f(x)
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2.4.2 Results where kK > 2

The goal of this section is to show if kK > 2,

. t,n,x
lim — 0.
n—oo Otnn

We need to prove the following proposition first.

Proposition 2.4.1. For sufficiently large m, let

2
Goms = sin? s cos®™ U
’ n+1 n+1 n+1

where m ~ n”, and k > 2. We have

Gm,l - Gm,n
and for all 1 < s < n, we have
Gm,s 1 . m,s
—, S0 lim — 0.
Gmm n n—00 Gy p
Proof: For fixed n, we have

) s . ™
sin = sin
n—+1 n+1
T ™
CoS = — coS ,
n-+1 n+1

so consequently we get G, 1 = G-

Now, for all 1 < s < n, define a,, = a,(s) = sin’ (;fl), and 3, = sin? (nLH) If

s = ”T“, then it is nothing left to prove. Otherwise, we have

C@m%ﬁ>
In | —————= = m(n(l—qa,) —In(l -5,
(cosm(,;;l) (1n(1 — ) = In(1 = 5,)

ar — By ol — B
5 + 5 _|_)
n+ Bn a2+ B+ 52
2 + 6

= —m(a, — B +

= —m(ay, — By)(1+ +--0)

S _m(an - 671)
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Therefore, we have

Thus,

S %efm(an*ﬁn)
Gm,n Bn

7m(an 7Bn)+ln anp—In /Bn

= €

Now, consider two cases where 1 < s < /n and /n < s < n — y/n. Note that
because of the symmetry, s can be replaced by n — s, so that dealing with the interval
n —/n < s < nis the same as dealing with v/n < s <n —/n.

If 1 < s <+/n, then we have

e S i (o0(2)
Bn sin? (HLH) - n ’

and
w282 1
o= B, > 1-0|( -
on = _(n+1)2( (n))
ie.,
e—(n+1)2(an—6n) < 6752#2(170(%))
Thus,

%e_m(o‘"_ﬁ") < 7m2s? (1 +0 (%)) e~ (1-0( %)) o= (m=(n+1)?)(an—Bn) _ 0,
n S

since e~ (M=) (@n=5n) _5 () exponentially fast for m > (1 + d)n?.

If\/ﬁgsgn—\/ﬁ,thenwehaveanzi(l—O(i—Q) . So

1 1 w2
ez (-0(5)) - w

This is because sin(z) < z for all x. Moreover, —Ina, > 0, since o, < 1. Also,



2. Asymptotic behaviour of a random Dyck path 48

Ing, ~—2In (”T“) Therefore, we have

3(n+1)1n(”:1)<an—ﬂn>—1“%+ln5n23(”“ ( )( O(ni))
v () e ()

(o)

- () (- (o))

> 0, for large n.

Therefore,
n+1

3(n+1)ln( ) (an — Bn) > Inay, —InG,.
So we get,

—m(an—Bn)+nan—In B o~ an—PBn)+3(n+1) In( 2 ) (o —Bn)

IN

e

— o (m=3(nt) (")) (an—pn)

— 0,

as n — 00, since a,, > 3, and m > n?.

Theorem 2.4.6. Let m ~ tn" with k > 2. We have

D’I’LH
lim — — 0

n—00 Ctn"

Proof: From Proposition 2.4.1,

- 2 TS TS 2n®
Dip, = in? 2
b ;(n+1)81n (n+1)(cos(n+1))
9 T T 2tn”
= —— 4" [ 2sin® cos + A,
n+1 +1 n+1

3
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where the lim,,_,,o A — 0 exponentially fast.

2 ptn” i22(_m w0\ 2tn"
Dot (2sin? () cos (73) " + A
lim = lim —

n—oo tnk n—oQ 43 5
Vatins

. 2nRetr T ™\ 72 1
< o -
S ST (2 (n+1> eXp( tn (n+1)2+0(n4))+A>’

which goes to zero as n — oo exponentially fast, since k > 2.

2.4.3 Results where kK < 2

In this section, we want to show that when k < 2,

. Dt,n,ft
lim —1
n—oo Ctn"”"

Lemma 2.4.6. Let f(x) = sin®(x) cos®(z) for all m. Then f(x) is a nonnegative,

real-valued function, and reaches its maximum value at v = £ arctan(\/—%),

f (i arctan(i)) B

\/ﬁ (1 + %)erlm’

and reaches its minimum value at x =0, f(0) = 0.

Proof:  Obviously f(x) > 0, since sin(x) cos™(z)? > 0. Thus,
min f(z) = f(0) = 0.

Also,

f(x) = 2sin(z)cos®(x) — (2m) cos®™ ! sin®(z)

= 2sin(x) cos®™ !(z) [cos®(z) — msin®(z)],

which equals zero only if x = 0, 4 arctan( \/Lﬁ) Thus
1

max f(x):f(j:arctan( W)) T

This behaves asymptotically as ——.

(em)
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0.12
010 |
0081 |
0.06-
0.04

0.02

Figure 2.10: f(z) = sin®(z) cos®™(x), x = 0.7, m = 10

Lemma 2.4.7. Let f(z) = sin®(x) cos?™(x), where m ~ tn® and k < 2. As n — oo,

n+1 ™
m ) s 2m TS
E — d
8:0n+1sm <n+1>cos (n—i—l) /0 J(@)dz

— 0.

We know for a real-valued function on the interval [a, b], we have

/b f(z) de = 2": f(z)Axy + error,
@ k=1

where a < x < b and the error is the difference between the upper and lower estimate,

Proof:

which is less than

2.

k=1

J(xria) — f(an) '

n
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Thus,

n+1
Z T sin2( s )0082 ( ) /f
S:07”L+1 n+1 n+1

n

f(@ry1) — flan)
— n+1
f(@ni1) — f(w0)
n+1
n+1

fmax
n+1
1

me(n+1)

As m ~ tn”, the last goes to zero very fast.
We also need to show that the error term is much smaller than the value of

integral. From Lemma 2.4.7 we get,

n+1 -
71113()102:: - j_ ] sin? (nTl) cos™ (nTl) = /0 sin?(x) cos® (x)dx
w(2m — 1)!!
(2m + 2)I1°

where the double factorial for a positive integer m is defined by

m(m —2)...5.3.1, m > 0is odd;
m!l'=1q m(m—2)...6.4.2, m >0 is even;
1, m = 0.
Lemma 2.4.8. We have,

Proof: We have
o)l = (2n)(2n—-2)(2n—4)...2
= 2"[n(n—1)(n—2)...1]

= 2"nl
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On the other hand we have,

Cn—DN2n)!! = [2n—-1)2n—3)...1][(2n)(2n —2)...

= [(2n)2n—1)2n—2)...(2)(1)]

= (2n)!
Hence,
2n)! 2n)!
(2n -1t = (<2n))!!:(2nn>! >0
2n-D11 (2n)
(2n)I!  (2mn))?’

The Stirling approximation yields, n! ~ v/2mn (%)n, we have

(2n) VAT ()™

(2"n!)? - 4”27rn(§)2n
1

v

Hence,

7(2m — 1)!
(2m +2)!
w(2m — 1)!!

(2m + 2)(2m)!!

T 1

2(m + 1) /mm

NZ3
2(m+1)y/m’

Assuming m ~ tn”, the following inequality holds if only x < 2,

Y
me(n+1) = 2(m+1)ym

/ sin?(x) cos™(v)dz =
0

This shows that the error term is much smaller than the value of the integral.

Theorem 2.4.7. If k < 2, then

Dt n,K
lim ——— —1
n—oo tnk
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where Dy = > - (%H) sin? ( s ) (2 Cos( e ))Qtnﬁ and Cipx is the (tn") th Cata-

s=1 n+1 n+1

lan number.

Proof: Let m ~ tn”; then from Lemma 2.4.7 and Lemma 2.4.8 we have that for
sufficiently large n,

n n+1
s . 9 TS 2m s . m ) s 2m TS
Zn+15m (n+1)COS (n+1) = Zn+181n (n+1>COS (n+1)

= /07T sin?(z) cos®™(x)dx
w(2m — !
(2m +2)N
w(2m — !
(2m + 2)(2m)!

Thus,
tn” n+l 2 -2(775) 2m(7rs)
1; tn,k I; 4 28:0 n+1 Sin n+1 cos n+1
im —— = lim R
n—oo tnk n—oo 3 RT3
Jatins
tn®2 \\ntl w2 ( 7s ) Qm( s )
~ lim A2 o w sin® (G5y) cos™™ (5
Iress 4t
3 3
JatinE
2 3 3 m
= lim tanz " 3\/_ -
K K
e VT 2 <t§n7 + tinf)
3 3
I tans
= 1m
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2.5 Large and moderate deviation principles for
the law of the maximum of a random Dyck

path

Large deviation theory deals with the decay of the probability of increasingly unlikely
events. Let Xi, X5, -+ be independent identically distributed random variables with
mean g satisfying

©()) := log Ee™ < oo,

and assume S, is their partial sums, i.e.,

S% = z;;.x%.

The probability of large deviation events goes to zero exponentially fast by an order
n. That is, the S,, goes beyond its average, u by more than nz, i.e., {S, —un > nz}
decays exponentially for z > 0. Cramér’s theorem tells exactly how fast it goes to

Zero.

Theorem 2.5.1 (Cramér’s theorem). For any x > p we have,

1 1
lim —log]P’{—Sn > x} = —p"(z),
n

n—oo N

where ©*(z) given by
p*(z) == sup{Az — ()}

AER

1s the Legendre transform of .

The central limit theorem declares that for large enough n, the distribution of

S, is approximately normal with mean p and variance 2. For real z,

lim P(v/n(S, — p) < z) = ®(z/0),

n—oo
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where ®(x) is the distribution of the standard normal law. Therefore, it tells us how

fast the S,, goes beyond its average, u, by more than /nx, i.e.,

lim P(v/n(S, —u) > 2) =1—®(z/0).

n—o0

Now consider sequences a,,, where \/n < a,, < n. Neither the central limit theorem
nor Cramér’s theorem tells us how fast the events of type {S, — un > za,} decay.

The moderate deviation principle deals with these events.

Theorem 2.5.2 (Moderate deviation principle). [47] Under the same assumptions
as in Theorem 2.5.1, if \/n < a, < n we have, for all x > 0,

2
ﬁlogIP{Sn —pn > za,} = .

li .
im 5,2

n—00 a%

2.5.1 Moderate deviation principle when x > 2

In this section, we find the moderate deviation principle for the law of the maximum

of a random Dyck path in the case where k > 2.

Lemma 2.5.1. If k > 2,

, 1\~ "N, 7s ot [ TS —72(2t)~
b ) e e ) -

s=1
Proof: From Proposition 2.4.1 we have,
Zsin2 ( U )COS%”N ( s ) < nsin? ( T ) cos?m” ( T ) .
gt n—+1 n—+1 n—+1 n+1

Now, apply the logarithm to both sides

longinQ (nTl) cos?t™” (nﬁ—jl) < logn + log sin? <nj— 1) cos?t™” (nj— 1) :
s=1

So

- TS « [ TS s " s
0<1 2 i 02 2tn —1 s 02 2tn <1 ]
OgS:1 i (n—l—l) o8 n+1 08 St n+1 o n+1 oen
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K—2

Divide both sides by (2t K)T and n — o0o; we obtain

0 < lim, e (ﬁ)%ﬂ (log 3=, sin® ( +1) cosn” (n”—jl) — log sin® (

Therefore,

: 1\~ ", Ts o [ TS
nh—{EO (%) 1ongm (n—l—l) o8 (n—irl)

s=1

K—2
1\ = .
= lim ({ — log sin? ) cos?te n .
n—oo \ 2tnF n+1 n—+1

7i1)

COS

We know that for large values of n, we have cos(;77) ~ exp ( (n Ty ) thus

limy, o0 (577) E logsin® (-2 o =) cos?"” (nLH) =

limy, 00 (ﬁ)%2 (log sin® (n+1) + log cos?™” (HLH)) —

=

. =2 771_2 ne 71,2
e () ™ (log (e (552257) ) ) = %"

Lemma 2.5.2. If Kk > 2, then

y 1\ o (D 72(21)
1m (0] —_— = — .
n—oo \ 2tnF & Ctn" 2

Proof: We have

2tn* (

T
n+1

)) <0.

l. 1 %1 Dt,’n,li o l 1 Tzl n—2&-14tn Z: 1Sln (
nhee \2tnr ) B\ O ) T b \2tr ) 8 T

The first term in the last equality goes to zero, so by lemma 2.5.1 we have,
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y 1\ o ( D 72(2t)
1m O, = — .
n—oo \ 2tnkF & Ctn" 2

Theorem 2.5.3. Let k > 2, N = 2tn" and x" = 2% Moreover assume Dy is a Dyck

path of length N. Then

7T2

logP[mj\z}XDN < x.N%] -

I;
11m 072

N—oo

K—2
K

Proof: The tn"th Catalan number gives the number of Dyck paths of length tn*
and D, .. gives the number of Dyck paths of length tn® with maximum height n. So,

D n,Kk
P[max height of Dyck paths in 2tn" steps < n] = Cf ’
n tnk
By lemmas 2.5.1 and 2.5.2,
1 ’/T2
lim —— logPmax Dy < x.N*] — ——.
N—oo N 7%~ n 2{[2

Lemma 2.5.3. Assume a,, > n?; then

r n? 1 Dy, w2
im —lo = ——.
n—oo 2ay, & C, 2

Proof: We have,

Dan,n _ Z::l nl—‘rl Sil’l2 (nﬂ-_-il) 49n COSQQ" (nﬂ-_—fl) |

C —
n 3
Vmag

From Proposition 2.4.1,

"2 2
Z sin? s 49 cog2an s = 2 sin? T 49 cog2in il
n+1 n+1 n+1 n+1 n+1 n+1
2

s=1

Thus,

2 2 2an
3 m —T
—Onh W2 e : theref
Cn n+1ﬁa (n+1) eXp(Q(n+1)2) ererore
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Now divide both sides by % and let n tend toward infinity; then

n—oo 2ay, C, Ty
Corollary 2.5.1. Let b, = /2% then /n < b, < n and

n 72
lim —; log P(max Dyck Path < n) = -3

n—o0 n

2.5.2 Moderate deviation principle when x < 2

In this section we find the moderate deviation principle for the law of the maximum

of a random Dyck path in the case where k < 2. The main goal is to show if K < 2,

1 1
lim — log P (max of Dyck path with length 2N > xNE> — —a?
N—oo 2Ng—1

for x > 0 and an even number N. We start by finding a lower bound and an upper
bound for the number of Dyck paths which hit z N * at least once in 2N steps. Then
we calculate the probability and show the logarithm of these two bounds approach
the same value asymptomatically.

Let r = 2N». To find a lower bound, assume that a is the first time that we hit
r = zN= and assume ¢ = 2N — b is the last time we hit r and between a and ¢
we never go below r. (Of course we have to assume a,b are both positive and are
both less or equal to N. It is also obvious that this yields a lower bound, as some
constraints are imposed, hence fewer Dyck paths are counted.)

To calculate the number of Dyck paths with this property, we have to calculate
separately the number of paths in three different intervals, (0,a), (a,c) and (c,2N)
and multiply them together.

For the first interval, we calculate the number of paths starting at the origin (0, 0)

and ending at (a,r), never going below the z-axis.

Lemma 2.5.4. The number of paths starting at the origin (0,0) ending at (a,r), and

never going below x-axis is equal to (&) ai}f}rl.
SR
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el A
AR T

2 “anba© b

Figure 2.11: Finding a lower bound

Proof: =~ We know from [21] (p. 75), the number of all paths from the origin to the

point (a,r) is given by
<ai¢) and this is the number of good paths plus the number of bad paths.
2

Good paths are those which never go below x-axis and we want to calculate their
cardinality. We instead calculate the number of bad paths, those which at some point
go below x-axis. For calculating this, we use the reflection principle. Take the first
point where the path hits the line y = —1 and reflect the rest of the path vertically
through the line.

The reflected path ends at y = —r — 2. Conversely any path which ends at
—r — 2 starting at the origin must cross y = —1 at some point. This gives a bijection
between the set of all bad paths and the set of all paths which start at the origin and

stop at (a, —r — 2). The second has exactly (a elements, since out of a steps we

+1>

2

need exactly to take % + 1 steps downward and “TJ”" — 1 upward. So we get

a a
# good paths = (%) — <QT+T+1)'
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e

Figure 2.12: Bijection between the set of bad paths and the set of all paths
which start at the origin and end at (a, —r — 2)

We have,
(&) - (1) = mes o
o Skl (F9)0(55)t () (e 1)
B al ( 1 1 )
(a;—r)!(a—r_l)! a;r a;—r_{_l
B al ( r+1 >
() (e -\ (F9) (5 + 1)
B al ( r+1 )
() () s+ 1
B a r+1
- a;rr a~2H"+1'
as desired.

From the same argument, it follows that the number of paths which start at

(c,7), end at (2N,0), and never go below the z-axis is equal to

(b)r—i—l
b4r r ‘
) B
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Lemma 2.5.5. We have

a r+1 r+1 r?
I =1 —_— log2 — — 1
Og<(aTH>>aT+T+1 og(aTH_i_l)—l—aog a+0( )

1
where r = xNx.

Proof: By Stirling’s formula,

(&) = oo

Hence,

a a—+r r a—r r
log((a T)) = aloga—l—alogQ—(—) loga (1+ — —( )loga 1——)+o0(1)
% 2 ( a) 2 < a)

= aloga+alog2 —aloga — otr (Z)— a7 (—z)—i-o(l)
2 a 2 a

2 2

= alog2— - +o(1).
a

Therefore,

a r+1 r+1 r?
| — =1 _— log2 — — 1).
o (o)) i = oe () ot = ot

To calculate the second interval, the number of paths which start at (a,r), end
at (¢, r), and never go below r, notice that this number is exactly equal to the number
of Dyck paths in 2N — a — b steps. We know this number is equal to C’% , where
C,, is the nth Catalan number. Asymptotically,

2N—-b—a
Covvea = i 3 (1 +0 (i>>
T2 JT (2Nfbfa) 5 N

2

~ G o)
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Note that in the case where a = b = N this part will disappear.

Thus we obtain a lower bound for the number of Dyck paths with maximum greater

than a:N%,

(a> r+1 22N—b-a (b) r+1 ()
atr +r 3\ btr | bir | 4 :
G L g (aheay s \

Lemma 2.5.6. For k < 2 we have,

1 1
lim — log P (max of Dyck path with length 2N > xNE) > —22.
N—o0 QN;—l

Proof: By (%),

P (max of Dyck path with length 2NV > :L‘N%> >

( r+1 ) 92N—b-a ( )( r+1 )
a;""-&-l ﬁ(QN—Qb—a)% bor bgf”rl

92N

H o

[

By Lemma 2.5.5,

2

3
i1 , OIN —b—a)? r 1
log (ﬂT—H) +alog 2—;+(2N—b—a) log 2—log /7 (—) +log <b+_,, > +
- 2

2 1
blog2— " _oN1 sro(Ll) =
Og b Og N =

3
r+1 r+1 1 1 2N —b—a\? 1
1 —_ 1 — ==+ =) =1 - — .
Og(—a;wl)”g(—b;m) #(avs) v () oy

Setting a = b = N the last becomes

+1 +1 2 1
log Eir— + log ﬂir— —r? (N) +0 <N>
2 +1 2 +1

2
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Hence,

1
lim — log P (max of Dyck path with length 2N > xNé> > —x?
N—oo QN1

since r = zNx.

To find an upper bound we consider all the paths starting at the origin that
hit zN* at least once, and end at any point. Therefore we need to take N + x N *
upwards steps out of 2N. So the number of such paths equals ( Nea N%).

&

XNA {1k )4

Figure 2.13: Finding an upper bound

Lemma 2.5.7. Let k < 2; then

1
lim — log PP (maX of Dyck path with length 2N > xN%> < —z?,
Nooo 9N —1

Proof: We know that

(Nfg]cVN%)

P (max of Dyck path with length 2N > xN%) < 52N
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We expand the log of the left hand side.

(NENNL) 2NN 1
log ~MAzN=l —2Nlog2+0 (=
%6 e °8 \ N+aNw \N-aN# g2+ (N)
(N + ;cN;> (N - xNE>
— 2Nlog2N — <N + a:N%> log (N(1 + g;N%—l)>
1 1 1
- (N - xNE> log (N(1 - xszl)) —2Nlog2+0 (N)
We know log(1 — 2N+=~1) ~ —zN=~' as N~~! — 0. Thus,
( " l) 1 1 1 1
log YEENE- = 2Nlog2N —2Nlog N — (N + a:NE) (eN*1) (N - xNE> (—aN+=1)
1
—2Nlog2 + O(—
g2+ 0(%)
1
= 2N1log2N —2Nlog N — 22N« — 22N="! —2Nlog2 + O (N)
— 22N+ '40 i
B N
Thus,

1
log P (max of Dyck path with length 2N > xNé> < 222N+ 4+ 0 (—) ,

N
Therefore,
lim — log P (max of Dyck path with length N > xN%> < —2?
N—oo 9N &L
as desired.

Theorem 2.5.4. If k < 2; then

1 1
lim — log P (max of Dyck path with length 2N > xN?> = —2?,
N—oo 9N~ 1

for any x > 0 and even number N.
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Proof: By Lemma 2.5.6,

lim

logP <max of Dyck path with length 2N > :UNn) > —z?.
N—o0 2‘]\],,i

From Lemma 2.5.7 we have,

lim
N—oo 9N =™

- log P <max of Dyck path with length 2N > xNé> < —x?
and the result follows.

Corollary 2.5.2. Assume VN < ay < N, then we have

lim

N-oo (ay)?2 log P (max of Dyck path with length 2N > an) — —2.

2.5.3 Large deviation principle

Here we describe the large deviation principle in two cases.

Theorem 2.5.5 (Large deviation principle for a random Dyck path, when N > n?).
Let n and N be positive integers. For a fixed height n,

12
iy (P17

N—o0

Proof: We have,

log P(max Dyck Path with length 2N < n) — —x°.

Dxn " sin? 4N cog?N (I

P(max Dyck Path with length 2NV < n) = CN’ = e (”L\l,) (”H) .
n N 3
VN

From Proposition 2.4.1,

n

2 2
Z sinz( s )4N cos?V ( s ) = 2 sin? ( T >4N cos2N <L>
S:1n+1 n+1 n+1 n+1 n+1 n+1

- 3?11 (n+1)2 < 2(n +1)? )2N+O(1)

Dy, 4 3 T 2 —? N
no VTN?2 exp ﬁ +o(1), therefore

n+1

Thus,
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So for n fixed,

li 1 1 DN,n . 7'('2
o N B\Te, ) T (n+1)2

as desired.

Theorem 2.5.6 (Large deviation principle for random Dyck path, when n ~ N).

Let N be an even positive integer and x > 0,

e For0<uz <3
A}l_I}I;O % log P (max of Dyck path with length 2N > 22N ) = h(x),
where h(z) = —(1 + 2z) log(1 + 2z) — (1 — 2x)log(1 — 2x);
o forx > %

1
lim N log P (max of Dyck path with length 2N > 22N ) = —2log 2.

N—oo

Proof: Suppose 0 < x < % by the argument of Lemma 2.5.7, we have

()

22N

P (max of Dyck path with length 2N > 22N) =

By Stirling’s formula,

( ON > (2N)2N
N+aN) (N + 22NV (N — gaN)N 22N

We have,

| 2N | < (2N)2N )
og ~ log — —
N 422N (N + 22N) T2V (N — g2 )V

= 2Nlog2N — (N +22N)log N (1 +2z) — (N —2zN)log N (1 — 2z)

= 2Nlog2N —2Nlog N — N (1 + 2z)log(1l +2z) — N (1 — 2x) log(1 — 2x)

= 2Nlog2— N (14 2x)log(l+ 2x) — N (1 —2x)log(1 — 2x)
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Therefore for 0 < x < % we have,

o (G g
]\}grg)oﬁlog( SN = A}gréoﬁ (=N(1+2z)log(1+2z) — N(1 — 2z)log(1l — 2x))

= —(1+42z)log(1+ 2z) — (1 — 2x)log(1l — 2x).
For the case where x > %, we have

P (max of Dyck path with length 2N > 22N) = P (max of Dyck path with length 2N = N)
1

o

The maximum of a Dyck path cannot be greater than half the number of steps and

in the case of equality, there is only path with this property. Thus,

.1 . .1 1
A}l_r)r(lx) N log P (max of Dyck path with length N > 2N) = J\;l_rgo N <log <_];’) + 0(1))
= —2log?2.
Note that,

lim (—(1 + 2z) log(1 + 2z) — (1 — 22) log(1 — 2z)) — —2log 2,

T3

[un

since by I’'Hopital’s rule, limx%%(l —2z)log(1l — 2z) = 0.
Remark 9. Note that h(x) is the entropy function of the Bernoulli distribution. Let
p=1+4+2x and ¢ =1 — 2x. ThenforallOSxS%,OSpSl andp=1—¢q. So we

can rewrite h(x) in the previous theorem,

H(p,q) = —plogp — qlogg.

In general, entropy is a measure of unexpectedness. For example, when a fair coin
1s flipped the outcome is either heads or tails and there is no way to predict which.
So fair coin toss has mazimum entropy. If X is a discrete random variable with the
following distribution, for k =1,2,..., P(X = x) = pg, then we define the entropy
of X,

H(X) ==Y prlogps.

k>1



Chapter 3

Simulation of high dimensional

random matrices

3.1 Introduction

An interesting question that arises in the theory of random matrices (or quantum
information theory), is whether one can generate random vectors, or random ma-
trices from a given distribution function. When the target distribution comes from
a standard parametric family, like the uniform, normal, etc, plenty of software ex-
ist to generate random variables. For example the method of the inverse cumu-
lative distribution function will generate a random variable X from familiar dis-
tributions. For any continuous distribution function F, if U ~ Unif(0,1), then
X = F7Y(U) = inf{z : F(z) > U} has cumulative distribution function equal to
F. If F~!is available, then this strategy is probably the simplest option.

For instance, for generating X ~ Unif(a,b), draw U ~ Unif(0,1); then let X =
a+ (b —a)U. For the exponential distribution exp(A), draw U ~ Unif(0,1); then

__logU
X = gl

In order to apply this method, one needs to find the inverse of the distribution func-

68



3. Simulation of high dimensional random matrices 69

tion, F~1. This is not always possible; in many cases, such as, the ¢ distribution, the
distribution function does not even have an explicit form.

For sampling from difficult target distributions, e.g., when f can be calculated, at
least up to a proportionally constant, but f can not be sampled, we have to use other
simulation approaches. Monte Carlo (MC) methods play a key role in simulating this
kind of densities. A variety of techniques can be applied: the rejection method, the
Gibbs sampler, and the one-dimensional Metropolis-Hastings method, for example.
For these methods, one needs to find a proper proposal density function. This pro-
posal density must be selected carefully as otherwise the rejection ratio will be very
high. Sometimes it is not easy to find a very good proposal density.

Slice sampling, which is based on auxiliary variables in sampling, has been developed
for improving the MC methods. In this method no proposal density is involved.
The idea of using auxiliary variables to improve MC methods was first introduced by
Swendsen and Wang [60]. Edwards and Sokal [19] generalized the Swendsen-Wang
method and Damien and Walker [13] provided a black-box algorithm for sampling
from truncated probability density functions.

Neal [48] introduced a single auxiliary variable slice sampling method for univariate
and multivariate distribution sampling. One can describe Neal’s method of slice sam-
pling from a unimodal density function proportional to f with three major steps.
First, sample y uniformly from (0, f(x¢)), where z is the current point that defines
the vertical slice. Next, define the horizontal slice S := {z : f(x) > y}. The last step
is to sample uniformly from an interval I which contains the S, and reject the point
if it does not fall in SN I. Neal showed that the Markov chain constructed from this
algorithm leaves the target distribution invariant [48].

Mira and Tierney [46] also discussed properties of slice sampling and proved that
the slice sampling algorithm manages better than Metropolis-Hastings algorithm in
terms of asymptotic variance in the central limit theorem. Roberts and Rosenthal

[58] proved that the simple slice sampler is stochastically monotone and based on
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this property, they found quantitative bounds on the convergence of slice sampling
for certain classes of probability distributions. They showed that under some weak
conditions slice sampling is geometrically ergodic.

The contribution here is to apply ideas involved in Neal’s slice sampling to random
matrices simulated according to some given densities which do not follow a familiar
parametric distribution.

This chapter is organized as follows. In Section 2, we discuss the Rejection method,
the Metropolis-Hastings method, and the Gibbs sampler. We also study the disad-
vantages of these methods.

In Section 3, we study Neal’s slice sampling and its properties.

In Section 4, we discuss the method of Gibbs-slice sampling; that is based on Neal’s
slice sampling method and can be used to simulate multi-dimensional random vectors
or large random matrices from a given unimodal density function. Then we discuss

the correctness of the algorithm.
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3.2 Simulating Random Matrices using Statistical

Methods

Our goal is to simulate random matrices with unfamiliar distribution. In general, we

would like to sample a random matrix Ay xy according to a density proportional to

Anyn =A{aij}nxn ~ exp (=TrP(A))

where P(A) can be any polynomial and Tr denotes the non-normalized trace. We
are also interested in generating pair of random matrices, A and B. For example, we
show how to generate a pair of self-adjoint /N-dimensional random matrices A = {a;; }

and B = {b;;} according to the probability

f(A,B) ~ 6—%Tr(A2+B2+'yAB)7

where |y| < 2 is a real number. We first try to solve these questions using two different

methods of sampling.

e The rejection method

e Markov Chain Monte Carlo (MCMC) slice sampler.

First we discuss the rejection method and show why is not always efficient. Then we

discuss other methods that are more efficient and can be used more generally.

3.2.1 The Rejection Method

To use the rejection method, we must be able to calculate f(z) at least up to a
proportionality constant. Then we use rejection sampling to obtain a random draw
from exactly the target distribution. With this method, we also need another density
function, such as g, which is easier to sample from and calculate with. Let e(-) denote

an envelope, having the following property,

e(zr) = %, for all z for which f(z) > 0,
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for a given constant o < 1.

Ther rejection sampling proceeds as follows:
(1) Sample Y ~ g.
(2) Sample U ~ Unif(0, 1).

3) Reject Y if U > ) Ty this case, we do not record the value of Y as an element
e(Y)

in the target random sample. Instead return to step 1.

(4) Otherwise, maintain the value of Y. Set X =Y, and consider X to be an element
of the target random sample. Return to step 1 until a sample of desired size

has accumulated [26].

With no approximation involved, the draw using this algorithm constitutes an i.i.d.

sample from the target density f. The proof is easy:

a [, fy)dy
J7 W g(y)dy
a [y fly)dy

- /0 tf(j;)dy

Using this algorithm we can now solve our problem. Assume A = {a;;} and B = {b;;}

constitute a pair of N x N self-adjoint random matrices such that the entries on
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the main diagonal have distribution Normal(0, %) and the entries outside the main

diagonal have distribution Normal(0, 5-) for some ¢ in R. Let g; denote the density

of a matrix A, and let g denote the density of a matrix B, such that the former is a
joint density of all entries:

~ Hexp (—;—%) X Hexp (—a—f)

1<J

2
~ exp (—C'Za?j—“%)

1<j

= exp( 2;%]—1-2 ))

l\DlO

- ogmer)
Since
Tr(A?) = Zzaijaji
Zau+2z%, therefore
i<
g1~ exp (—§-TIZA2)>
g2 ~ exp (—%-Tr(32)>.
Define

g ~ exp (—g - Tr(A% + Bz)> :
We have to find ¢, such that ¢ > f, i.e.,
c-Tr(A? + B?) < Tr(A? + B* + vAB);
This is equivalent to,

Tr(A%(1 —¢) + B*(1 —¢) + yAB) > 0, that is,
Tr(A2+ B2 + %AB) > 0.
—c
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For each € we have,

Tr ((A+eB)*+ (eA+ B)*) > 0, that is,
Tr((1+4€)(A*+ B*) +4eAB) = (1+¢€)Tr (A2 + B% + %AB)
€

> 0.

4e

So it is enough to assume = = The right hand side of the equality is minimized

c 14+€2°

1—
when e = 1,ie., c=1- 7, and we get

Te(A? 4 B + - T_AB) >0,

—C

4e
14€2

<2

where ‘%C‘ < 2, since ‘
The disadvantage of the rejection method is that it is difficult to find a good envelope
which is easy to calculate and at the same time approximates f(x) so that the rejection
rate is low. A bad envelope will lead to a high rejection rate and hence a long execution
time. Another disadvantage arises if the acceptance region becomes very small as NV

increases, so we reject almost all the time.

3.2.2 MC Methods

The Markov chain method that is described in this section can be used to generate a
draw from a distribution that approximates f. MC methods are better known than
the rejection method, possibly owing to their iterative nature and flexility.

Definition and properties of Markov chains

Consider a sequence of random variables {X,, : n € T'}, where T is a countable time

set that satisfies

P(Xn+1 = (L’|X1 = [El,XQ = T9,... an = J/’n) = P(Xn+1 = ZE|Xn = ZEn)
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A collection of X = (Xg, X1, ...) of random variables, with each X; taking values in
a state space, X, are assumed measurable individually with respect to some given o-
field B(X). A Markov chain {X,,} is completely determined by its one-step transition
probabilities:

P(z,A) = P(X, € A|X,,-1 = x),

which are well-defined for appropriate initial points « and for any set A € B(X). The
occupation time, 14, is the number of visits by X,, to A € B(X) after time zero, and

is given by

o0

na=) I{X,eA}

n=1

Definition 12. A set A is transient if there exists M < oo such that
E.[nal < M  forallx € A,

and is recurrent if

E.[nal =00 forallz e A.
Definition 13. A Markov chain {X,} is said to be irreducible if for each i and j,
P(X, = j|Xo = i) = P! >0,

i.e., if it is possible to get from one state to the other one in a finite number of steps.
If for each point x € X , and for every open set O € B(X) containing = (i.e., for

every neighborhood of x), we have
Y P'y,0)>0, yeX,

Then the chain is called open set irreducible [{4].

Let § be a o-algebra on X. For any x in a countable state space X, let

d(x) =ged{n >1: P"(z,x) > 0}.
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An irreducible Markov chain is aperiodic if d(z) =1 for all z € X.

The probability distribution 7 (-) on (X,§) is stationary with respect to the chain, if
/W(d:E)P(ZE,A) =m(A) forall A€gF.
x

Markov chains with stationary distributions form the basis of MC algorithms. For the
algorithm to be valid, it is crucial that the chain converge in distribution. If the state
space is countable, and the Markov chain is aperiodic and also irreducible, then it is
known that convergence to the stationary distribution is guaranteed from all starting

states.

Theorem 3.2.1 (Ergodic Theorem). If Xy, Xs,--- are realizations from an irre-
ducible aperiodic Markov chain with stationary distribution m, then X, converges in

distribution to the distribution given by w, and for any function h,

S R(X) > (X))

t=1

almost surely as n — oo, provided E.{|h(X)|} exists. [26]

On the other hand, classical irreducibility is not possible when the state space
is uncountable. A weaker property is ¢-irreducibility, having positive probability of
reaching every subset A with ¢(A) > 0 from every state x € X, for some non-trivial
measure ¢. It is known that a ¢-irreducible, aperiodic Markov chain with stationary
probability distribution 7(-), must still converge to 7 (-) from every starting point

[58, 59, 61].

¢-Irreducibility

The idea underlying irreducibility is that all parts of the space can be reached by a
Markov chain, no matter what the starting point. For any set A in B(X) define the
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return time probabilities as follows.

L(z,A) = Py(1a < 0)

= P,(X ever enters A),

where 74 = min{n > 1: X,, € A} [44].
We call X = {X,} is ¢-irreducible if there exists a measure ¢ on B(X) such that
whenever ¢(A) > 0, we have L(xz, A) > 0 for all z € X. [44]

Harris Recurrence

Harris recurrence is a concept introduced by Harris in 1956 [29]. A Markov chain
with stationary probability distribution and which is ¢-irreducible and aperiodic,
will converge to its stationary distribution from almost any starting point. Harris
recurrence allows us to replace almost all by all; this is potentially important when
running MC algorithms [59].

Consider a Markov chain {X,,} with transition probabilities P(z,-), on a state space
X with o-algebra §. Let P"(z,-) be the n-step transition kernel, and for A € §, let
T4 =inf{n >1: X,, € A} be the first return to A [59].

Definition 14. A Markov chain with stationary distribution 7(-) is Harris recurrent

if for all A € X with m(A) > 0 and all z € X,
L(z,A)=1.

This definition means that for all A € X with 7(A) > 0, the probability that the

chain visits A infinitely many times for all x € X is 1.

Theorem 3.2.2. [59] For a ¢-irreducible, aperiodic Markov chain with stationary

probability distribution 7(-), the following are equivalent:

(i) The chain is Harris recurrent.
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(ii) Forall A € X withw(A) > 0 and allx € X, we have P(X,, € Ai.o. |Xg=1z) = 1.

(i.0., infinitely often, meaning infinitely many different times n)
(iii) For allx € X, and all A € § with m(A) =1, P(t4 < 00| Xo =1z) = 1.

(iv) Forallz € X, and all A € § with m(A) =0, P(X,, € A for all n| Xy =z) = 0.

3.2.3 Simulation with Monte Carlo method

When a target density f can be evaluated but not easily sampled, we use the MC
method. The MC sampling strategy is to construct an irreducible aperiodic Markov
chain for which the stationary distribution equals the target distribution f. A very
general method for constructing a Markov chain is the Metropolis-Hastings algorithm
[30]. The Metropolis-Hastings algorithm can draw samples from any probability dis-
tribution f(z), requiring only that a function proportional to the density can be cal-
culated at z. We start at ¢t = 0 with selection X(©) drawn randomly from a proposal
distribution g, such that f(X®) > 0. Given X®, the algorithm generates X1 as

follows:

(1) Sample a candidate value X* from proposal distribution g(-|X®).

(2) Compute the Metropolis-Hasting ratio R(X ¥, X*), where

f(v)g(ulv)
f(w)g(vlu)

(3) Sample a value for X1 according to the following:

R(u,v) =

) _ X*  with probability min (R(X®, X*),1) ;
X®  otherwise.
In this step, each time we generate U, from Uniform[0,1], if U; < min (R(X(t), X*), 1),

then we let X(+1) = X*: otherwise we let X(¢+1) = X(©)

(4) Increase t and return to step 1.[26]
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Gibbs Sampling

The Gibbs sampling, described by two brothers , Stuart and Donald Geman [25], is an
MC method which allows us to sample form multidimensional target distributions.
The goal is to construct a Markov chain whose stationary distribution equals the
target distribution f by updating component by component. Let X = (X, --,X,)
and let X_; = (Xy, -+, X;-1, X1, -+, X,). Suppose that the conditional density
of X;|X_; = x_;, denoted f(z;|x_;), is easily sampled for i = 1,--- ,p. Then from a
starting value 2°, a Gibbs sampler procedure can be described as follows for iterate

t: [26]
(1) Choose an ordering of the components of z*.
(2) For each i in the ordering chosen above, sample X*|z* . ~ f(z;|2",).

(3) Once step 2 has been completed for each component of X in the selected order

set Xt = X*,

It is known that a Markov chain constructed from the Gibbs sampler is ¢-irreducible

and aperiodic, where ¢ is Lebesgue measure, e.g., see [9, 42, 56].
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Ly

Figure 3.1: Gibbs Sampler

3.3 Slice sampling

Methods such as Gibbs sampling and the Metropolis algorithm are the most com-
monly used MC methods for sampling from many different complex multivariate
distributions. However, to perform Gibbs sampling, one needs to know how to sam-
ple from all the required conditional distributions. Also to implement the Metropolis
algorithm, we must find an appropriate proposal distribution to achieve efficient sam-
pling. Even in one-dimensional cases, it is not always easy to find a suitable proposal
density. In this section, we use another MC method which is easier than Gibbs sam-
pling and more efficient than the Metropolis updates.

Slice sampling is a type of MC algorithm used to draw samples from a statistical
distribution. It is a means of sampling uniformly from the region under a graph

proportional to the density function [48].
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3.3.1 History of slice sampling

Neal [48] developed an efficient algorithm for sampling from complex distributions
using an auxiliary variable method. The idea of this method was first introduced by
two physicists, Trotter and Tukey [62]. Edwards and Sokal [19] improved on the idea,
and in 1993 Besag and Green [1] improved the efficiency of the simulation process.

As a special case of the auxiliary variable method, where a single auxiliary variable
is used, slice sampling was first studied by Roberts and Rosenthal [57] in 1999, who
proved that the algorithm is geometrically ergodic under some weak conditions and
found quantitative convergence bounds on the variation distance from stationary
distribution. Mira and Tierney [46] established conditions to guarantee the Markov
chain constructed by these algorithm converges to the target distribution. They also

provided a sufficient condition for uniform ergodicity.

3.3.2 The idea behind slice sampling

Assume we wish to sample from a distribution for a variable, X, whose unimodal
density, 7, is proportional to some function f(z), i.e., 7(z) = ¢f(x), where ¢ = m.
Moreover, assume that it is not possible to sample directly from f, although we
are able to compute f up to a constant. The idea is to introduce the auxiliary
variable Y such that the joint density function of X and Y, 7(x,y), is proportional to
f(x,y) = Lp@)>y, i€, m(x,y) = cf(x,y). It can be seen that the conditional density
of X given Y is uniform on the region {z : f(z) > y}, which is called the horizontal

slice. By Bayes’ rule, we have

f(@ly) < Lipysyy and f(ylz) o Lipa)yy-

So the conditional density of Y given X is also uniform on the region {y : f(z) > y}
and this is called the vertical slice. These slices, construct an irreducible, aperiodic

Markov chain {X;,Y;} which by the ergodic Theorem will converge to its stationary
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distribution, 7(z,y). By integrating out the auxiliary variable Y, we see that the

marginal density of X is

/ m(x,y)dy = c/ I p(2)>ydy = c/ ldy = cf(z) = n(x).
0

—00 —00

as desired.
For the simple variable slice sampling method discussed here, replace the current

value xy with a new value x, as follows where f is considered to be unimodal.

Figure 3.2: Step 1, horizontal slice.

e Step 1. Calculate f(zo), and then draw a real value y uniformly from (0, f(zo)).

e Step 2. For a horizontal slice S = {z : y < f(x)}, find an interval I = (L, R)
around x( that contains all of the slice. It is not always easy to do that. Methods

for finding I will be discussed later.

e Step 3. Randomly draw a new point x;, uniformly within the interval I N S.

For this purpose, we sample the new point uniformly from I until the point lies
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in S. However, this method could be very inefficient if S is much smaller than

I. 1f S is an interval, we may shrink I each time that a point drawn is not in

S.

e Step 4. Repeat the algorithm as many times as needed.
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Figure 3.3: Step 2, finding the interval I.

Detailed balance property

A probability distribution 7(z) of a Markov chain with state space X and transition
kernel K (z,2’) for all z,2" € X, is said to be stationary (invariant), if each step in

the chain leaves 7(x) invariant, i.e.,
n(x) = K@, x)m(2).

A sufficient but not necessary condition for the stationary distribution 7(z) to be

invariant is detailed balance property:

Kz, x)n(2") = K(z, 2" )7 (z).
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Figure 3.4: Step 3, vertical slice.

Lemma 3.3.1. A transition kernel satisfying the detailed balance property will leave

7(x) invariant, i.e., 7 is the stationary distribution of the chain.

Proof: The transition kernel satisfies the balance property, therefore

Z K o)n(2') = Z K(z, 27 (z)

Remark 10. If the transition kernel is symmetric, then the detailed balance property

holds. If w is the uniform distribution, then it is sufficient to show:
K(z,2') = K(2',2) Vux,2" € X.

This yields the basic idea of slice sampling.
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Finding an appropriate interval

In step 2 of the algorithm, at each iteration we are supposed to find an interval
I = (L, R) from which we draw the next point.

Ideally, I is the smallest interval that contains S. So the best candidates are L =
inf(S) and R = sup(S). However, this is not executable all the time. Even in the
one-dimensional case, if f is a nonstandard complex density, we are not always able
to find inf or sup of our horizontal slice.

If the range of z is bounded, then we can assume [ is the range. Then we sample
from region NS using the rejection method, i.e., we sample x from I and we reject if
x is not S. This is not a good choice for I, since in many cases I is much smaller than
the range of S and leads us to frequent rejections, thereby lowering the efficiency of
the algorithm.

For this purpose, we can use one of two methods discussed by Neal [48]. In Neal’s

method, we do not necessarily find I such that I C S.

1. Stepping out procedure: Here, we need an estimate, w, for the typical size
of slice around the current point xy. In order to position w randomly around =z,
we pick u uniformly from [0, 1] and let L <— 2o — w % u and R < L + w. So we
have an interval of length w positioned randomly around xy. Now we expand
our interval in steps of size w from left by letting L < L + w until f(L) < y
where y is the vertical level defining the slice. We expand the right end of the
interval in the same way, i.e., R < R+ W until f(R) < y. At this stage both

end points are outside the slice [48].

2. Doubling procedure: This can extend the interval faster than stepping out,
so is more efficient, particularly when the initial estimate of the interval, w,
is very small. We begin by picking an initial interval of size w containing the
current point . Let y be the vertical level defining the slice. Pick u uniformly

from [0, 1] and let L < zo—w*u and R < L-+w. Then we have to check whether
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Figure 3.5: The initial interval is doubled twice, until the interval contains

the whole slice.

I contains the whole slice. For this purpose, we need to check whether y > f(L)
and y > f(R). If not, we double our interval. For the sake of correctness of
the algorithm, we are not supposed to double the interval by expanding both
sides equally. Instead only one side is doubled at random regardless of whether
that side is already outside the slice. We repeat until both sides are outside the
slice.

The correctness of the doubling procedure can be complicated in cases where
the conditional distribution for the variable being updated is not known to be
unimodal, or more generally when the slice contains more than one interval.
For the correctness of the algorithm, we have to check the balance property,
thereby, whether if the initial interval found by doubling procedure starting
from z( includes zq, then the same interval would be found starting from z;.
The example discussed in [48], where in case 1, starting from xy by doubling the
initial interval twice, you may be able to be in state ;. However, in case 2, where
the starting point is different, no doubling is needed and so the final interval
could not have been obtained from other points in other slices. For these cases
Neal [48] found a procedure called an acceptance test. This procedure rejects

a point when one of the intervals found by doubling from xy has both ends
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Case 1 =
T
x0 x1
Case 2 '1:’
x1 x0

Figure 3.6: Neal’s example about the correctness of doubling in the case

where I may contain more than one interval.

outside the slice, but does not contain the current point. So for each scheme,

Neal defines the set A as the acceptable successor states, via:

A={zeSNI and P(select I| At state x) = P(select I| state x¢)}.

Remark 11. In the examples discussed in this thesis, certain shortcuts can be used.
In Examples 1,2 and 3, we can show that horizontal slices obtained in each iteration
are convezr. So we only need to double our initial interval as many time as needed, to

make sure both sides are outside the interval; this is faster than the doubling procedure.

Shrinkage procedure

The shrinkage technique was introduced by Neal [48] in order to improve the efficiency
of the slice sampler. Assume [ = (L, R) is an interval which has been found with
one of the methods discussed. The next step is to draw a new point uniformly from
this interval, and reject if the point is not in S N I until the new point lies in the
acceptance set. The idea of this technique is to shrink the initial interval I each
time we reject. Each time we reject a draw, x, we can replace the L or R with this
point and shrink the our interval. By doing this the number of rejections decreases
dramatically; therefore, it makes the algorithm much faster. If the acceptance set is

a tiny portion of I, using this procedure is crucial.
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Burn-in procedure

When we apply the slice sampler procedure, it is necessary to wait until the Markov
chain converges to the invariant target distribution, and only then sample from the
resulting distribution. The slice sampler generates dependent random variables and
the first sequences do not replicate the target distribution, i.e., the later samples are
closer to the stationary distribution. Thus we need to throw out some of the samples
before collecting statistics. This is called the burn-in phase of the slice sampling.
We need to discard samples obtained during the burn-in phase to guarantee the
convergence of the Markov chain. If the number of samples in this phase is large
enough, then the law of large numbers for dependent chains implies that one could
just use a single sufficiently large Markov chain [53]. This implies it is not necessary
to use different chains to ensure that convergence occurs. Discarding more terms in

the beginning will lead us to a more accurate result, but will slow the procedure.

3.4 Gibbs-slice sampling

In this section, we discuss the Gibbs-slice sampling, which is based on Neal’s single
slice sampler, in order to be able to simulate random vectors or more generally large
random matrices from a given unimodal density function. For example, assume our
goal is to sample d-dimensional random vectors (X!, X2 ... X?) from a density
function, 7, proportional to f(x!,--- 2¢). The idea is that in each iteration, we fix
all entries except one, z*, and then by applying one dimensional slice sampler, we
sample ¢ from f(z'|z!, - 2t 2t p?).

From a starting point (x},z2, -+, 28), the Gibbs-slice sampling procedure can be

described as follows, where f assumed to be unimodal.

1. Calculate t = f(z}, 23, ,2d). Draw y uniformly from the [0, t].
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2. Let w be the typical size of slice around the z}. Pick u uniformly from [0, 1]

and let L < x) —w *u and R < L + w. Check whether or not y > f(L) and
y > f(R). If not, double the interval I = [L, R], until I contains the whole slice

S={r:y< f(z,23,-- ,zd)}.

3. Draw u uniformly from I. Reject u if f(u,23, -, 2d) < f(x,22,--- ,xd) and
draw another u. Repeat until u is accepted. when u is accepted, let u = 1.
In order to accelerate the algorithm, in the case where we reject u, we can apply

the shrinkage method to reduce the interval we are sampling from.

4. Fix z} and go back to Step 1 to sample z? from f(z%|z}, 23, -, 2d). Repeat

this for all d entries to get a new vector (z1,22,---  x9).

5. Repeat this algorithm as many time as needed to make sure the Markov chain

constructed by this method converges to its steady state.

3.4.1 Convergence and correctness of the algorithm

For the slice sampler to be correct, we require that each iteration leave the desired
distribution invariant. We therefore need to show that the selections in steps 2 and 3
will leave the joint distribution of X and Y invariant. Suppose that f : R? — [0, 00)
is a density function, i.e., a nonnegative measurable function which is not almost ev-
erywhere zero with respect to d-dimensional Lebesgue measure. This algorithm gives
rise to a Markov chain, {X;}7,, X, € R? which has v; as a stationary distribution,

where
_ fA f(x)dx 4
l/f(A) = —fRd f(x)d,]j A Q R .

This is easy to see. Note that the Markov chain { X, Y;}7, is a Gibbs sampling on the

distribution with density f with respect to Lebesgue measure on the set {(z,y)|f(z) >
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Figure 3.7: Slice sampler, nth iteration

y}. To see that {X;} is also a Markov chain, note that for any A C R¢, we have

P(Xn+l EA’XnZan, 7XO:-TO) =

fy P(X,1 €AY, edy, X, =x,, - ,Xo=1x0)
P(X, = z,, ,Xo=1x0)
fy P(X,1 €AY, edyl X, =xp, -, Xo=20)P(X,, =2, -, Xo = x0)
P(X, =x,, -+ ,Xo=m0)

B /P(Xn+1€AaYn€dy| Xy =, -+, Xo = o)

Y

B f(z) dy
- /yO f(zn) /aneA I{ f (241 > ) }dzni

- /P(Xn+1 €AY, cdyl X,, = x,)
y

= P(Xpp1 € Al Xo = 20).

Tocy<r(a)

The joint density for (z,y) is given by T s
R

7 is equal to v(A) for A C R4
Let L(y) = {x € R% f(x) > y} and Q(y) = m{L(y)}, where m is d-dimensional

. Therefore, the marginal density for
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Lebesgue measure. So the algorithm proceeds by alternately updating

Y11 ~ Uniform{ |0, f(X,)]},

and

Xyt1 ~ Uniform{L(Y,11)}.

We have,

PU ) > A7) =) = [ ' g((;))dw.

Figure 3.8: Q(z) when z > w

Theorem 3.4.1. A transition kernel in the method of Gibbs-slice sampler will leave
7(x) invariant under the full transition (X¢, X2,--- , X3, Yy) — (X}, X2, , XL V),
where Y is the vertical coordinate of the slice sampler, i.e., 7 is the stationary distri-

bution of the chain.

Proof: For simplicity, we show that 7 remains invariant under the transition

(X57 Xg7 YEJ) — (Xlla X125 }/1)7
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This argument can similarly be extended to the higher dimensional cases.

Let Q(X!, X?2Y) be any continuous function. First we show
EﬂQ(Xéu ng Yb) = ETFQ(Xll’ Xg, YO)
That is, the measure will remain invariant under the transition (X3, X2, Yy) —
(X1, X2, Yp), i.e., upgrading X' when X? is fixed. Given that we are at (2}, 22, vo)
we move to (z}, 73, 1y0) as follows:
Yo ~ Uniform[(), f(xtl)v x%)]a
x} ~ Uniform[{z|f(z,23) > yo}].

Let A be the 3-dimensional Lebesgue measure. We have

EQ(X{, X§,Yo) = ¢ / / / 1 / Mo < f (g, 25) bwgQ (a1, w5, o)
Yo v Ty J Ty YT

I{yo < f(xy,25)}
Mzl f(z,25) > yo}

-~ L) [/ tn = TELD) 11| Qe )

/

dzidridy,

-~

1
{yo < f(a}, x5)dzidzgdyo

- / / [ QU ad o)y < f(at,ad) datdoddyo
Yo vy J Ty

B C/ /2 1 Q<xé’x3’y0)ﬂ{y0 < f(l‘éwg)}dx})xgdyo
Yo Yy J Ty
The last equality follows from the fact that z7 is a dummy variable and can be replaced

by another dummy variable x{.

Similarly, we have

E.Q(X§, X3, Y0) = E-Q(Xg, X7, Yo).
Next, we have to show that

E.Q(X}, X2 Yy) = E.Q(X}, X2, 7).
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We have,

B QX! X8, V1) — / / / / Wy < f(zd,22)byoQ(ad, a2, y")

iy < (b))
flah )

L s

-~

1
{y, < f(xo,xo)}da; dxodyl

N C/l /2 Q(l'é,fﬁg,yl)]l{yl < f(m(l)a f%)}d$(1)dx(2)dyl
Ty v T1 YY1

wodxady,

B C/1 /2 Q. x5, yo)I{yo < f(wy, x5) Ydaydagdyy
Zo Y1 Y Yo

The measure 7 is invariant under transitions (Xg, X2, Yy) — (X7, X3, Vo), (X3, X&,Yo) —

(X3, X2, Yy) and (X3, X2,Y)) — (X¢, X2,Y1). Soit remains invariant under (X3, X2,Y5) —

(Xi, X¢, 7).

Remark 12. It is also known that a ¢-irreducible aperiodic Markov chain with sta-
tionary distribution will converge to its stationary distribution from almost all starting
points (e.g., see [33, 44, 52, 61]). Because of the nature of the algorithm, it is vi-
tal to replace "from almost all starting points” by “from all starting points”. Harris

recurrence will allow us to do so.

Remark 13. [t is known that a Markov chain constructed from the Gibbs sampler is
¢-irreducible and aperiodic, where ¢ is Lebesque measure, e.q., see [9, 42, 56]. Also,
by [61] the Markov chain induced by slice sampling is A-irreducible and aperiodic.

Theorem 3.4.2. The Markov chain { X}, constructed by the Gibbs-slice sampling

method is Harris recurrent.

Before proving Theorem 3.4.2, we state the following lemma.
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Lemma 3.4.1. [59] Let (iy,ia,- - ,i,) be the sequence of coordinate directions. As-
sume that each of the d directions appears at least once in the sequence (i1, 19, ,ip).
Let M(x,.) be the kernel conditional on moving, i.e., on X,, # X, 11 and \(.) be the d-
dimensional Lebesgue measure. Then M;, M, --- M, 1is absolutely continuous with re-
spect to Lebesgue measure, i.e., if A € § with A\(A) = 0, then (M;, M,, --- M, )(x, A) =
0.

Proof: (Proof of Theorem 3.4.2)

From Theorem 3.2.2, showing a A-irreducible Markov chain is Harris recurrent is

equivalent to showing, for all € X and all A € § with v;(A) = 0, that
P(X,, € Aforall n|Xy=2)=0.

Define F, as an event such that by time n at least one of the entries of the random
vector has not been changed, i.e., all the chain has not yet moved in each direction.
We have constructed the chain so that from any initial state x, with probability 1 the
chain will eventually move at least once in each coordinate; therefore, for all x € X
we have

lim P[E,|X, =] =0.

n—o0

Now, let v;(A) = 0. We have,

vi(A) /Af(:c))\(dx), Aeg.

For all z € X, f(z) > 0, therefore, v¢(A) = 0 implies that A(A) = 0. Note that if A

has Lebesgue measure 0, by Lemma 3.4.1, we have
PX,e ANE;|Xy=1]=0.
Therefore,
PIX, € AlXo=2] = P[X,€ANE,|X,=2x]+ P[X, € ANE;| X, = z]
= P[X, € ANE,|X, = z]

< P[E.|Xo = 1]
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Hence,
PX, €A, Vnl|Xy=2] < lim P[X, € A|Xy=12] < lim P[E,|X,=12]=0,
n—oo n— o0

as desired.



Chapter 4

Examples of GGibbs-slice sampling

4.1 Introduction

In this chapter, we use the method of Gibbs-slice sampling to simulate large random
matrices according to some given densities which do not follow a familiar parametric
distribution which are inspired by quantum information theory.

Since quantum mechanics deal with noncommutative algebras, the random objects of
study are presented by matrices. Via random interactions, generic loss of coherence
of a fixed central system coupled to a quantum-chaotic environment is represented
by a random matrix ensemble. Therefore, quantum information theory provides a
wealth of random matrices problems.

This chapter is organized as follows. In Section 2 we use this method to simulate
selfadjoint N x N random matrices, or a pair of random matrices, with the density
proportional to f(A) ~ exp(—Tr(P(A))) where is P is a given polynomial.

In Section 3, we expand the idea of Gibbs-slice sampler, introducing the advanced
rotating Gibbs-slice sampling, in order to generate random unitary matrices with
certain distributions.

In Section 4, we use the idea of Gibbs-slice sampler to generate hermitian positive

96
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definite matrices with operator norm of max 1. We also expand this to the case where
simulated matrices have a fixed unit trace, which are known as density matrices.

A density matrix, hermitian positive semidefinite matrix of trace one, describes the
statistical state of a quantum system. This was first introduced by von Neumann
in 1927 and is useful for describing and performing calculations with a mixed state,
which is a statistical ensemble of several quantum states. Nechita [49], showed that
there is a strong connection between these random density matrices and the Wishart

ensemble of random matrix theory.
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4.2 Simulating self-adjoint random matrices with

the density proportional to f(A) ~ exp(—Tr(P(A)))

In this section, our goal is to use the idea of the Gibbs-slice sampler to generate
random matrices with complex distributions. We start by generating self-adjoint
random matrices with Ayxn = {a;;} nxny with distribution proportional to f(A) ~

exp (—TrP(A))dA, where P is a polynomial and Tr is an unnormalized trace.

Remark 14. z — 2% and x — 2% are both convex functions, so by Jensen’s trace
inequality [28], Tr(z?) and Tr(z*) are also convex functions. So f(x) ~ exp(— Tr(z*))
and f(x) ~ exp(—Tr(z)) are both concave, which implies that the horizontal slices

are convex sets in the next 3 examples.

Example 1

Assume we want to generate a symmetric matrix Ayxn = {a;; } nxn with distribution

proportional to f(A) ~ exp (—Tr(c- A%)). The proper scaling for f(A) to be a density

N

function is ¢ = 5, see [14, p.129] for instance. Therefore,

F(4) ~ exp(— Tr(4%)).

Suppose Ay = {ai;j} v« 1s an initial matrix where for all ¢, j, a;; = 0.1.

The first step is to calculate f(Ap). In order to calculate the i, jth entry of the
matrix, we fix all other entries and use the single variable slice sampling method.
Since we are assuming that the matrix A is symmetric, we just need to simulate the

N24N
2

entries on the upper triangle and diagonal of the matrix, ( ) entries. We draw
y uniformly from [0, f(Ag)], which is our vertical slice. In each iteration, we need to
find a proper interval I. In order to find the interval I = (R, L) such that I contains
S=A{z: f(x) >y}.. Let R = \/LN + Aolé, j] and L = Agli, j] — \/LN be our initial

values. So we need both f(R) and f(L) be less than f(Ag[é, j]). We use doubling and
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shrinking procedure as many times as needed to make sure the interval contains the
slice S. Next we draw v uniformly from interval I.

Since the interval also contains points which are not in .S, we have to make sure that
u has been drawn from SN 1. In order to do that, we have to calculate f(u) to check
f(u) > f(Aoli, 7]). If that is the case, we let both A; ; and A;; be equal to u, in order
to keep the matrix A symmetric. We increment ¢ and j and repeat the procedure.
Otherwise we reject u, shrink the interval using the shrinkage technique, and draw
another value and repeat the algorithm of the same ¢ and j. At the end, we will end
up with a new symmetric matrix. Since we are interested in the empirical distribution
we calculate and store the eigenvalues of the simulated matrix each time.

We go back to step one, and repeat the algorithm as many times as needed to make

sure our Markov chain converges.

] =]
054 1T 7474 ?
04 7 *z-?_i_/;—é
Eqga
o3
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1107284 0660362 02123341 0233681 0680703 1127724
0883573 0436851 0010170 0457192 0904214
ata

Figure 4.1: The histogram of the distribution of eigenvalues of simu-

lated Matrix Ajgox100 using slice sampling with distribution proportional to

exp (—2°Tr(A%)).
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Example 2

Let A = {a;j} ., v be a self-adjoint (or symmetric) random matrix, i.e., a;; = a@;; for
all 1 <1,57 < N. Moreover, for 1 <i < j < N, let a;; be i.i.d. random variables,

such that

5~ ), when i # j,

e a;; ~ Normal(0, 35

e a;; ~ Normal(0, %), when i = j.
A = {ai;} v,y is called a standard self adjoint Gaussian matrix. By Wigner’s semicir-
cle law [51], if Ay is a self-adjoint Gaussian N x N-random matrix, then Ay converges
in distribution, for N — oo, towards a semicircular element s,
d .
Ay — s, that is,

lim tr® E(AY) = — tk\/ —t2dt a.s. Vk e N.

N—o0 2

Let g be the joint density of the entries of Ayxy. We have,
g ~ Hexp( 2L 1] ) xHexp(

i<j

NGXP(NZ ,Lj 1121>

1<)

(2 (e T))
= exp (—%Tr (AQ)) :

Since

Tr A2 = ZZaijaﬂ
= Za”+22 i

1<J
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In this example, our aim is to simulate a pair of symmetric N x N random matrices
A, B, where
N
(A, B) ~ exXp <—§TI'(A2 -+ BZ + ")/AB)) s

where |y| < 2. We use the same argument as in Example 1. The algorithm is very
similar to that discussed in example 1.
Now consider the asymptotic behaviour of the empirical eigenvalue distribution of A

and B. Let (A4); and (Ag); be the eigenvalues of A and B respectively. Define

Fpn(2) = 30 - Qi S 2h, Fiy, () = 3 #{0)i: (s < 2},
where both are random distribution functions.
Lemma 4.2.1. If (A, B) is a pair of symmetric N x N random matrices such that
(A,B) ~ f(A,B) = exp (—g Tr(A* + B* + VAB)) :

sV2

T where

where |y| < 2. Then both Fa, , and Fg,, , converge in distribution to

s 18 semicircular element.

Proof: There exist symmetric matrices X yyn and Yy« y such that A and B can

be written as a linear combination of them, i.e., for some real a, b, ¢, d,
A=aX+bY and B =cX +dY.

This is easy to see; consider the system of equation with eh # fg,

e f A X
g h B Y

where X and Y are symmetric matrices. Define a, b, ¢, d via

-1

e f a b
g h c d
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Therefore,
A a b X

B c d Y
where ad — be # 0. So we substitute,
Tr(A* + B>+ yAB) = Tr((aX +bY)* + (cX +dY)* + v(aX + bY)(cX + dY))
= Tr((a® + ¢ 4+ yac) X* + (b* + d* + ybd)Y?
+(2ab + 2¢d + yad + vbe) XY')
By choosing a = —c and b = d, we have 2ab + 2¢d + ~vad + vbe = 0. Therefore,
Tr(A* 4+ B* + vAB) = Tr ((2 — 7)a®X? + (2 +7)b°Y?) .

Let b = 1/3;—1@ where |y| < 2. We have,

N N
exp (—?Tr(A2 + B* + 7AB)> = exp (—?Tr(a2(2 — (X + Y2))) .
By Wigner’s Theorem [51], the marginal density of (ay/2 —7)X and (ay/2 —7)Y
converges in distribution to Wigner’s semicircle law. So we have,

d S d S

Fay. oS5 ——— and Fp, , > —o,
Anxn T MG By T

where s is a semicircular element and a is a nonzero real number. When v = 0 we
know the scalar should be 1, so we get a = % Note that we do not need to worry

about the Jacobian determinant of the transformation, since we have
f(A, B)dAdB = f(X,Y)|Jxy|dXdY ~ f(X,Y)dXdY,

where |Jx y| # 0.
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Figure 4.2: The histogram of f(e) = 11662. The range of the above function

is between -2 and 2.

Remark 15. In order to have Tr(A? + B®> +~vAB) > 0, |y| < 2. Since we know, for

all e,

Tr((eA+B)+ (A+€B)*) > 0, that is

Tr((14 €)(A* + B*) +4eAB) = (1+€)Tr <A2 + B* + . f 2AB) :
€

We know that | 55| < 2.

Moreover, exp (—% Tr(A% + B? + ’yAB)) is a density function only if we assume |7y| <
2. If we take v > 2, then

exp N Tr(A?> + B> +~vAB) | = exp N Tr(A? + B>+ 2AB + (y — 2)AB)
(-5 ) = o3 )
~ exp (—g Tr((A+ B) + (v — 2)AB)> |

Leta, = AJFTQB anda_ = %. The Jacobian determinant of this linear transformation
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1s 1. We hawve,

Tr((A+B)*+ (y—2)AB) = T?"<2a2++(7_2) <%(a2+_a2‘)>)

= (24 50 -2t - 50~ 20 )
= I ((1 + %7)% - 50— 2)a2>

This cannot be a density function, since (v —2) > 0.
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Example 3

In this example, with the same algorithm as Example 2, we want to simulate pairs of

symmetric N x N random matrices A, B, with
N 4 4
(A, B) ~ exp —ZTr(A + B*+~vAB) |,

where v > 0.

Conjecture for the marginal densities of A and B

By looking at the histograms of empirical distribution of A and B, we observe that
for small s limiting distribution of A and B has connected spectrum. However, for
the larger value of ~, almost v > 6, there will be spectral gap centered at zero, i.e.,

the threshold has 2 connected component.
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4.3 Generating random unitary matrices with cer-
tain distribution using advanced rotating slice
sampling

In this section we are trying to generate random unitary matrices from a given dis-
tribution via a new method of slice sampling.

An N x N unitary matrix U = (uj;) satisfies the relation U*U = UU* = I, i.e.,

N N N N

* — * —
E ujkukl = E Uk Ukl = 5jl and E UjpUg = E Ukl = 5jl7
k=1 k=1 k=1 k=1

*

where U* is the conjugate transpose of U, i.e., uj, = ug;. This implies that the
set of columns and the set of rows of a unitary matrix are both an orthonormal
base of CV. Let U(N) be the set of unitary matrices of size N. With respect
to the unique invariant measure under group multiplication, Haar measure, U(N)
is a probability space. The matrix equations imply that the matrix elements are
statistically correlated. The Generation of unitary random matrices has applications
in quantum mechanics and physics [45].

In this section, we introduce an algorithm to generate unitary random matrices from a
given density function f(z) with respect to Haar measure. The algorithm is essentially
based on the invariant properties of Haar measure. So we start with giving the

definition of Haar measure.

4.3.1 Haar measure and invariance

Definition 15. A Borel measure . on a topological group is said to be left invariant
if w(gE) = u(E) for each g € G and each Borel set E. Similarly, a Borel measure
v is said to be right invariant if v(Eg) = vE. A left and right invariant measure on

a compact group is called Haar measure. That is to say, for a group G a nonzero
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measure pi: G — [0,00) is a Haar measure, if for all S C G and g € G:

w(gS) = u(Sg) = u(S),

where

u(S) = / _dulo)

It is known that Haar measure exists on every compact topological group (in
particular, on unitary and orthogonal groups) and is unique up to a constant. Haar
measure normalized to one is a natural choice for a probability measure on a compact
group because, being invariant under group multiplication, any region U(N) carries
the same weight in a group average.

Generating a matrix in the Ginibre ensemble is the first step toward generating ran-

dom unitary matrices.

Ginibre ensemble

The space of matrices for the Ginibre ensemble is GL(N, C), the set of all the invertible
N x N complex matrices Z = (zj;), where zj;s are i.i.d. standard normal complex

random variables [45]. Therefore the probability density function of zj; is
1 . e
Flzjn) = —e ekl

Since the matrix entries are independent, the joint probability density function can

be given as follows,

1 N 1 N 1
2|2 .
f(Z) = 7TN2 H e | Jk‘ = ﬂ_NQ exXp <_ Z |Z]k|2> = Wexp(—Tr Z Z)
Jk=1 Jk=1

For any U € U(N) we have,

1 - 1 ‘
fUZ) = —zexp(-TrZ'U"UZ) = —z exp(=Tx 2°Z) = (Z).
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The ()R decomposition

One of the most common ways to simulate a Haar (uniform) distribution on unitary
matrices is to apply the QR decomposition. Let A be a real n x m matrix. It is
known that A can decomposed as a product of an n X m orthogonal matrix and
an m X m upper triangular matrix. The easiest way to compute this is to use the
Gram-Schmidt orthonormalization process. For an arbitrary complex N x N matrix
Z of full rank, applying the Gram-Schmidt orthonormalization to its columns yields
a unitary matrix Q). It was shown in [17] that if Z belongs to the Ginibre ensemble,
i.e., entries of Z are i.i.d. standard complex normal variables, then @) is distributed

with respect to Haar measure. Any matrix Z € GL(N,C) can be decomposed as
Z =QR,

where Q € U(N) and R is an upper-triangle and invertible, i.e., ZR™! = Q.
To simulate a unitary matrix it is tempting to first produce a matrix in the Gini-
bre ensemble and then apply the Gram-Schmidt algorithm in order to obtain a QR

decomposition.

Why the QR decomposition does not work

The QR decomposition exists for every Z € GL(N,C); however, it is not unique.

This is easy to see, for any diagonal matrix D € U(N), we have,
QR = (QD)(D*R) = Q'R/,

where @ = QD is unitary and R’ = D*R is upper-triangular. Therefore Z = Q'R
is also a valid QR decomposition of Z. The QR decomposition does not guarantee
nonnegative diagonal entries in R. So () is not distributed with a Haar measure
[45]. In order to generate matrices distributed with a Haar measure, we need this

decomposition to be unique.
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Uniqueness can be achieved by demanding that R must have positive diagonal entries.
We can modify the Gram-Schmidt algorithm to create a random unitary matrix with

distribution given by Haar measure by defining R’ = D™'R and Q' = QD where

T11
711

NN
IryN|

and r;s are the diagonal elements of R. The diagonal elements of R’ are always
real and strictly positive. Therefore, R' € T'(N), where T'(IV) is a set of all invertible
N x N upper-triangle complex matrices with positive diagonal matrices. The identity
matrix, [, is the only matrix which belongs to T'(N) (YU (N). Therefore the matrix

@’ is distributed with respect to Haar measure [17, p 234].

4.3.2 Method of rotating slice sampling for generating ran-

dom unitary matrices from a given distribution

In this section we are trying to generate random matrices from a given distribution
using a new method of slice sampling with respect to Haar measure.

An example is to sample random unitary matrices for which the density is f ~
exp(—NTr(A+ A*)), with respect to Haar measure, where A is a unitary matrix and
A* is the conjugate transpose of A. The algorithm is as follows.

We start the algorithm by generating an N x N matrix Z € GL(N,C). Then we
apply the QR decomposition and as was explained before, we calculate )’. Therefore,
Ag = Q" will be our initial matrix. In unitary matrices all the entries are mutually
dependent. So, unlike previous QR method we simulate the whole matrix instead of
sampling each entry separately.

Next, we calculate f(Ap) and sample y uniformly from [0, f(Ag)]. So now we have a

horizontal slice. Then we draw 6 uniformly from [, 7] and construct matrix R; as
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follows:
cos(d) sin(f) O 0
—sin(f) cos(f) 0 0
Ry = 0 0 1 0 0],
0 0 0
0 0 e 001

and we calculate M = AgR;. Next we have to check whether f(M) > y. If not, we
draw another 6 and repeat until the condition is satisfied. Then we replace A with

our new matrix M and again draw 6 ~ uniform|[—m, 7] and this time we calculate,

1 0 0
0 cos(f) sin(0) 0
Ry=1 0 —sin(f) cos(f) 0
0 0 0
0 0 e 0 1

Again, we calculate M = AyR, and as before to repeat until the condition f(M) >y
is satisfied.
We repeat this procedure N — 1 times, i.e., for all 1 < i < N — 1, at each step, we

draw randomly 6 ~ uniform|[—m, 7| and calculate

1 0 . ()
0 . 0
R — 0 cos(d) sin(6)
—sin(0) cos(f)
0
0 0 . . 0 1

We calculate M = AgR;, and check if the condition f(M) > y is satisfied. Otherwise
draw another 6 and repeat until the condition is satisfied. So A; will be achieved by

rotating Ag in NV — 1 random directions. We calculate and store eigenvalues of A;
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and start over with A; is the initial matrix. We repeat the algorithm as many times
as needed to make sure the Markov chain constructed by this algorithm, {A;}, will

converge to its stationary distribution.

Remark 16. Other methods for decomposing matrices include the singular value
decomposition (SVD) and the polar decomposition. Let Z € GL(N,C), where Z is

almost surely invertible. Then ) = Z(Z*Z)_% is orthogonal. Since,

QQ = 222y N (272 Z) 3y
= 222 (22
= Z(Z2*2)'z*
— 277V (7)o
= I,
which implies that Q) is unitary. The polar decomposition of a complex matrix A is

A =UP, where U is unitary and P 1is positive definite. The matriz P can be uniquely
achieved by P = / AA* and if A is invertible, we get U = AP,

Remark 17. We are constructing an irreducible recurrent Markov chain. Also in
each step R; is an unitary matriz; therefore, AR; remains unitary.

Theorem 4.3.1 (Convergence of the algorithm). The transition kernel acts on the

slice in the algorithm, preserves the uniform measure on the slice.

Proof:  In order to this, we have to show the detailed balance property is satisfied
in each step. Assume A" and A" are matrices simulated in steps nth and (n+ 1)th.

Since we are choosing uniformly from the slice, it is sufficient to show

P(A™! = b| A" = a) = P( A™! = q| A" = b).
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Algorithm 1 Algorithm for simulating unitary matrix from f ~ exp(—NTr(A+ A*))
Take Z € GL(N,C)

Apply QR, SVD or polar decomposition to get an initial unitary matrix A
Calculate f(A)
while £ < m do
y ~ Uniform|0, f(A)]
foralll <i<n-1do
6 ~ Uniform[—m, 7
M+ A X R;
if f(M) >y then
Accept M
else
Reject, draw another # and calculate R; again
end if
end for
k< k+1

end while
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According to the algorithm , A" « A"R;(6), where 6 is drawn uniformly from
[—m, 7]. We have,

P(A™ =b| A" =a) = P(aRi(6) =1b)
= P(a=bR,(-0))
= P(A™' =q| A" =b).

Note that for each i, R; is an invertible matrix and R;*(0) = R;(—0).

10

enarrayA)
00 05

Im({eig

-05

10

Figure 4.3: The histogram of the distribution of complex and real eigen-
values of simulated Matrix Ajgox100 With distribution proportional to f ~

exp(—NTr(A+ A*)). The eigenvalues lie on the unit circle.

Eigenvalues 1 and -1

If Axxn € O(N), then either det(A) = +1. So a random simulated matrix Ay in

the previous algorithm will have det(A) = —1 with probability 3. Assume N is even
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and det(A) = —1, we have:

det(A—1) = det(—(I — A))
= (=D det(I — A)
= det(A ") det(I — A)
= det(AV) det(A — D)(=1)N
= det(A ') det(A — 1)
— —det(A—1).

Which implies that det(A — I) = 0, i.e., 1 is an eigenvalue of A. With exactly the
same argument we can show that under these assumptions —1 will be an eigenvalue
of A. This shows that in the case where N is even, with probability % the simulated
matrix will have at least two real eigenvalues. In the case where N is odd, A has at

least one real eigenvalue which should be 1 or -1. So we have the following corollary.
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Corollary 4.3.1. Let A be random matriz simulated from O(N), where O(N) is
the set of all N x N orthogonal matrices.

Then the probability of A having a real
ergenvalue, 1 or -1, 1s at least 0.75.

-1.00 -0.84 068 -052 036 -0.20 -004 012 028 044 060 076 092
Data

Figure 4.4: The histogram of the distribution of the real part of eigen-

values of a simulated matrix Ajgox100 with distribution proportional to
f ~exp(—NTr(A+ A*)). There are point masses at x =1 and z = —1



4. Examples of Gibbs-slice sampling 120

4.4 Generating hermitian positive definite matri-
ces with the operator norm of max 1

Definition 16. Let V and W be finite dimensional normed vector spaces. The oper-

ator norm of a linear operator S : V — V' is defined via

S]] = sup [[S(v)]].

llvf|=1

For any two operators 7" and S we have,

ITSIE< TSI

If Ae M(C"), define Ty : C* — C™, T'y(v) = Av . We have

1Al = T4l

= /largest eigenvalue of A*A,

where A* is the transpose of A. If S¥ denotes the set of all positive definite matrices,
then Sy is a proper cone (i.e., closed and convex).

In this section our goal is to generate random matrices uniformly from
Pt ={AeM,(C)| A= A" A>0]A|]l <1},

where A* is the conjugate transpose of A, A > 0 means A is positive definite, and by

||Al|, we mean the operator norm of A.

Remark 18. Let A, ., be a hermitian matriz. Then the following statements are

equivalent:
e The matrixz A is positive definite.

o All eigenvalues of A are strictly positive.
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Lemma 4.4.1. If A € PT, then all of the eigenvalues of A lie between zero and one.
This is equivalent to saying that, the matrices A and I — A both have no negative

ergenvalues.

Proof: Let A € PT and let Ao, > 0 be the largest eigenvalue of A. Then A

727’L(l.'E ls
the largest eigenvalue of A?, so VA2, < 1. So, we have that for all 1<i<mn, 0<
A; < 1, where the \; are the eigenvalues of A.

If X is an eigenvalue of I — A, then we have:
(I —A)=X|=|A—-(1-=XN)I|=0.

Sowehave 0 <1 —-A<1,ie,0< A <1.

4.4.1 Method of simulation matrices from P+

The idea is to start the algorithm by taking any matrix from the set P™. We may
take as an initial matrix, A, any diagonal matrix whose diagonal entries are between

zero and one. Select

1o 0

0 2 0 0

APy = 0 0 0
0 0 0

0 0 1

NxN

Next, we simulate the entries on the diagonal. Note that since the matrix is hermitian,
the diagonal entries are real. For simulating the first entry a;;, we fix all other entries
and then pick uniformly u from [—e, +¢], where € is a randomly drawn from (0, 1).
We replace a7 with a1 + u. Now we need to check whether this replacement should
be accepted. For this, we need to calculate all the eigenvalues of the new matrix AW,

where a7 has been replaced by aq; + u. If all the eigenvalues of the matrix A and
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I — AWM are positive, the replacement is accepted. Otherwise, we have to reject it and
pick another u; then we repeat the process for the first entry as necessary as that the
entry will be accepted. We iterate the process for all n diagonal entries.
Next is to simulate the complex off-diagonal entries. The matrix must be hermitian, so
we just need to simulate the entries on the upper triangle of the matrix, i.e., a;;, ¢ > j,
and replace the corresponding a;; with the conjugate of that. In order to simulate
the a;;, draw u; and wuy uniformly from [—e, +€|. Replace a;; with a;; + (uq +ius) and
a;; with aj; + (u; — iug). We have to calculate the eigenvalues of A and AW — T
to see if we can accept this replacement. Again, if all the eigenvalues are positive we
accept, otherwise we reject and draw another u; and us and repeat so that eventually
the new entry is accepted. We repeat this for all the a;;, i > j.
At the end, we have a new matrix A € P+. We repeat the algorithm this time by
taking the A as the initial matrix to construct A®. We repeat this as many times
as needed, m times for instance, to make sure the Markov chain constructed by this
method, {A(™} converges to its steady state.

Let 7 be the stationary distribution of the Markov chain induced by this method
and let A\ denote the 1-dimensional Lebesgue measure. It is easy to see that the chain
{A™} is A—irreducible and aperiodic: Let D € P* be a set with non zero Lebesgue

measure, we have to show that
P(A™™ € D|A™ =2) >0, forxz € P".
For any x € PT, there is an € € [0, 1] such that for u € [—¢, €], f(x|u) > 0. Therefore,

P(A"™ € Dlu<e) > 0, ie.,
P(A"™ € D|A" =2) > P(A™™ € Dju < ¢)P(u < €|]A" = 1)

> 0.

So, by Ergodic theorem the chain converges to m as n — oc.
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Algorithm 2 Algorithm for simulating A = (a;j)nxn from P*

while £ < m do
for all1 <i<ndo
u ~ Uniform[—e, €]
Qg $— Qi + U
if A€ P then
Accept a;;
else
Reject a;;, draw another u and repeat!
end if
end for
for all 2 < j do
dl ~ Uniform|[—e, €]
d2 ~ Uniform|[—e, €]
a;j < a;; + (d1 +id2)
aj; < aj; + (dl —id2)
if A€ P then
Accept a;;
else
Reject a;j, draw another d1 and d2 and repeat!
end if
end for
k< Fk+1

end while
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Dim1

0.00007 0.16004 0.32002 0.48000 0.63998 0.79996 0.95994
0.08006 0.24003 0.40001 5 t0.55999 0.71997 0.87995
ata

Figure 4.5: Histogram of eigenvalues of simulated matrix Agsyo5 € PT .

Theorem 4.4.1 (Convergence of the algorithm). The transition kernel acts on the

slice in the algorithm, preserves the uniform measure on the slice.

Proof: In order to show this, we have to show the detailed balance property is
satisfied in each step. Assume A" = {a7’;} and A"! = {a]'t'} are matrices simulated

in steps nth and (n + 1)th. Since we are choosing uniformly from the slice, it is

sufficient to show:

P(A™! = b| A" = q) = P( A" = a| A" = b).

n+1
48

According to the algorithm, for the entries on the diagonal we have, a7 — a; + u

where u € Unif[—e¢, +¢€] and € € Unif]0, 1]. Therefore,

P(afjl =b| af; =a) = P(a+u=>bluc Unif[—e, +¢)
= P(a = b+ u|u € Unif[—e, +¢])

= P(a}f' =al a};=0).
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With the same argument we can show that detailed balance property also holds for

the complex off-diagonal entries. This completes the proof.

4.4.2 Justifying the correctness of simulation with theoreti-

cal results

There is also another, easier method to generate random matrices from the P*, using
random projectors and Jacobi unitary ensembles. We start by giving the relevant

definitions.

Definition 17. A projector is a square matriz P such that P> = P. If P is also

hermaitian, then P is an orthogonal projector.

Definition 18. /23] Let a and (3 be two positive real numbers. Consider the probability
distribution on M, (C)s, given by

(Z )" det(1 — M)* det(M) To<y<1dM

where ZP is a normalized constant. This probability measure is called Jacobi unitary

ensemble of parameter (n, a, [3).

Remark 19. The probability measure the Jacobi unitary ensemble with parameter

(n,0,0) is the uniform distribution on [0, 1].

It was proved by Collins [12] that a random matrix 7,7, , is distributed accord-
ing to a Jacobi ensemble of parameters (¢,,n — ¢, — Gn, Gn — Gn), Where 7, and 7,, are
random orthogonal projections of rank ¢, and ¢,.

Let A be an n x n diagonal matrix, where the first [%] diagonal entries of that are 1
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and the rest are 0. Without loss of generality, we can assume n is even.

1 0 O 0

0
0 O 1

A=
0 < v 0
0 O 0
nxn
Clearly, A € P* and trace(A) = § (i.e., A is of rank 7). However, A is deterministic.

Our goal is to generate random matrices form the set PT.

Lemma 4.4.2. Let P, be a random orthogonal projector of rank 3. Let the random

matriz B, € M,(C)s, be B, = P,AP,. Then we have, B, € P*.

Proof: Note that both A and P, are positive, hermitian matrices with operator
norm less or equal to 1 of rank 7. Moreover, by [12] the random matrix P,AP, is
distributed according to a Jacobi ensemble of parameter (7,0,0), which by Remark

19 is the uniform distribution on [0, 1].
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Free projectors and arcsine distribution law

According to Nica, Speicher and Voiculescu [50]:

‘Free probability theory is a line of research which parallels aspects of classical
probability, in a non-commutative context where tensor products are replaced
by free products, and independent random variables are replaced by free random
variables. It grew out from attempts to solve some longstanding problems about

von Neumann algebras of free groups.*

Definition 19. [51] Let (A, ) be a non-commutative probability space and let I be
a fized index set. For eachi € I, let A; C A be a unital subalgebras (A;)icr are called
freely independent, if

whenever we have the following:
e k is a positive integer;
o a; € Ay (i(y) €1) forallj=1,....k;
o v(a;)=0 forallj=1,... k;
e and neighboring elements are from different subalgebras, i.e.,

i(1) #£(2),i(2) #i(3),...,i(k — 1) £ i(k).

Definition 20. Let A be an hermitian matriz with eigenvalues Ai,--- , \,. Let

denote the empirical distribution on the set of its eigenvalues:

1 n
:u(A) = E Z 5)\i'
=1

Let m, and 7, be orthogonal projectors of M,,(C) of rank ¢, and ¢, such that ¢, ~ an

and ¢, ~ n as n — oo. It has been shown in [12] that 7, and 7, are asymptotically
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free. Therefore, by [65] 7, 7,7, has an empirical eigenvalues distribution converging

toward p; X o, where py is the probability
(1 — CY)(S() + CY(Sl

and po is the probability
(1= B)do + B61.

Let

ry=a+ B — 208+ 4aB(1l —a)(1l - p).

Using the standard S-transform argument ([66], example 3.6.7), we have [12]

Vi =),

2nx(l — x)

H1 X M2 = [1 - min(a, B)](s[) + [max(a + B -1, O)]51 + [r_,m_}dx'

Lemma 4.4.3. The empirical distribution of the eigenvalues of the random matrix

B,, constructed in Lemma 4.4.2 converges to the arcsine law.

Proof: Note that B, = U,AU,, where U, and A, are both of rank &, which

1

implies o = 3 = 5. Therefore, B, has an empirical distribution converging to X p,

where p is the probability %50 + %51. Having o = 3 = % givesus ry =1 and r_ = 0.

So we have,
1 V(1 =)z
RKu = [1—=]6g+———Ipd
A= [ 2] ot 2mz(l — ) 0.1
1 1
= —50‘|‘ ]I[QHCZJ?.

2 2m/z(1 — x)

where I, is the identity matrix.

4.4.3 Method of simulation matrices from P™ with a unit

trace

Let
IP{r ={A,, € ]P’+|Tr(A) =1}
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Our goal is to generate uniformly random matrices from Py .

The algorithm is almost the same as the algorithm for generating matrices from the
set PT. The only difference is that the trace stays equal to 1 during the process.
For this purpose, we start from an arbitrary matrix form the compact set P . For
instance let A° = %]In. Clearly A° € P7. The restriction for the trace only affects the
entries on the main diagonal. So for off-diagonal entries, the algorithm will be the
same as the one defined for PT.

As before, we generate the entries on the main diagonal separately. In order to
simulate the first entry of the main diagonal, a1, as before we draw « uniformly from
the [—¢, €]. However, this time, we also need to update as at the same time, to keep
the trace equal to 1. Therefore, we replace a;; with ay; + u, and replace asy with
a9 — u. Since the trace will remain 1, in each iteration we only need to check the
eigenvalues of A to make sure they are positive. If all the eigenvalues are positive,

the replacement is accepted. Otherwise we reject and we draw another wu.

Theorem 4.4.2 (Convergence of the algorithm). The transition kernel acts on the

slice in the algorithm, preserves the uniform measure on the slice.

Proof: As before, in order to show this, we have to show the detailed balance
property is satisfied in each step. The algorithm is the same as the one we used for
sampling from P* for the off-diagonal entries. So only we have to show the detailed
balance property is satisfied for diagonal entries where, a;;, 2 <1 < n.

Assume A" = {a;} and A" = {a!'M'} are matrices simulated in steps nth and

(n + 1)th. According to the algorithm, for the entries on the diagonal we have, for

2<i<n,ali' = (a;—u)+v where u, v € Unif[—¢, +¢] and € € Unif[0, 1]. Therefore,

Pa}f' =blal;=a) = P(a—u+v=blu,ve Unif[—c, +¢])

= P(a=b—u+v|u,v € Unif[—¢, +¢)

= P(a}{" =ala};=0).
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Algorithm 3 Algorithm for simulating diagonal entries of A = (a;;)nx, from P}

while £ < m do
foralll <i<n-1do
u ~ Uniform[—e¢, €]
Qg Qi + U
Qit1i+1 € Qitli+1 — U
if A€ P/ then
Accept a;;
else
Reject a; and draw another u and repeat!
end if
end for
kE+—k+1

end while

The Wishart ensemble

Let A,xr complex matrix whose entries are ii.d. Normal(0,1) random variables.
Then AA* is called a Wishart matrix with parameters n and k. Wishart matrices are
positive and have n positive eigenvalues.

It is known ([43]) that if W is a Wishart matrix with parameters n and k, then the
distribution of the eigenvalues (A, - -+, \,,) has a density with respect to the Lebesgue

measure on R’} given by

On g = Ch€xXp <— i )\z’) ﬁ /\fan(A)Qy
1 i=1

1=

where
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and

AN = I =x).

1<i<j<n
When we have a Wishart matrix of parameter 1, (W = AA*, A,x,.), [T, AP will
disappear, since n = k, and we have that W has density function with respect to
Lebesgue measure on positive definite matrices of the form exp(—Tr(1/)). Hence,
when we divide W by its trace, we induce the uniform measure on the compact set
of positive definite matrices with unit trace [49]. Therefore, matrices simulated from

the P{ behave like a normalized Wishart matrices.

Behaviour of the largest eigenvalue and justifying the correctness of sim-

ulation with theoretical results

A very interesting topic in random matrix theory is the study of the largest eigenvalue.
Since A € P behaves like a Wishart matrix, the largest eigenvalue of a matrix A
behaves also like the largest eigenvalue in the Wishart case.

Consider a sequence of random Wishart matrices (W,,),, with parameters n and k(n)
and let Apax(W,) be the largest eigenvalue of W,,. The following theorem discuss the

convergence of the largest eigenvalue of a Wishart matrix.

Theorem 4.4.3. [49] Let ¢ € (0,00) and k(n), be a sequence of integers such that

lim,, .o == = ¢. Then we have almost surely

lim lAmax(Wn) = (Ve+1)%

n—oo M,

Back to our case, simulating matrices from P}, having a unit trace implies that
the eigenvalues behave like %, where k is a constant. Moreover, we have a flat density
on square random matrices, so ¢ = 1. So by Theorem 4.4.3, we have that the largest

eigenvalue of the simulated matrix from P} cannot exceed %.
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40+

Dim1

000000 002485 004968 007454 008338 012423 014307 0.17392
Data

Figure 4.6: Histogram of eigenvalues of simulated matrix Aggx20 € P{ which

behaves like Wishart matrix. The largest eigenvalue is almost .20 ~ %.
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Splus code for Rejection Method

n<-20 # n is the dimension of the Matrix
n2<-n*n

gamma<-0.5

c<-1+gamma/2

A<-matrix(0,n,n)

B<-matrix(0,n,n)

t<-1
alpha<-(1/sqgrt(n)*n)*(1/sqrt(2*pi))*(1/sqrt(2))*(n*2-n)
eigenA<-rep(0,1)

eigenB<-rep(0,1)

eigenAB<-rep(0,1)

tracepoly<-rep(0,1)

f<-rep(0,1)

g1<-rep(0,1)

g2<-rep(0,1)

g<-rep(0,1)

traceA2<-rep(0,1)

traceB2<-rep(0,1)

counter<-0

#Rejection method
while(t<2){
counter<-counter+1
a<-array(sqrt(1/n)*rnorm(n*n,0,sqrt(1/2)))
b<-array(sqrt(1/n)*rnorm(n*n,0,sqrt(1/2)))
A<-matrix(a,ncol=n)

B<-matrix(b,ncol=n)
#Make A and B symmetric
for (I'in 1:n-1{

for (p in (I+1):n){

All,p]=Al[p,]

Bll.p]=Blp.l] }}

# We have different variance for the diagonal entries

for(h in 1:n){
A[h,h]<-sqgrt(1/n)*rnorm(1,0,1)
B[h,h]<-sqrt(1/n)*rmnorm(1,0,1)}
#create function f
eigenA2<-Re(eigen(A%*%A)$value)
eigenB2<-Re(eigen(B%*%B)$value)
eigenAB<-Re(eigen(A%*%B)$value)

tracepoly<-(sum(eigenA2)+sum(eigenB2)+gamma*sum(eigenAB))

f<-exp(-tracepoly)
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#create function g1 and g2

traceA2<-sum(eigenA2)
traceB2<-sum(eigenB2)

g1<-exp(-(c/2)*traceA2)

g2<-exp(-(c/2)*traceB2)

g<-g1*g2

#create an envelope

e<-g/alpha

#Rejection method

u<-runif(1,0,1)

if(u<f/e){resultA<-A; resultB<-B; t<-2}
Y
# We store the eigenvalues to find the empirical distribution
eigenresultA<-eigen(resultA)$value
eigenresultB<-eigen(resultB)$value
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Simulating a symmetric n by n random matrix
A~ Exp (-n/4 trace(A*4))

# n is the dim of the matrix and m is
the number of iterations

n<-4

m<-100

# initial matrix we start from
AO<-matrix (.01,n,n)

count<-0 count2<-0 count3<-0
k<-1

y<-0

[1<-0

[2<-0

eigenAO<-matrix (0,1,n)
eigenarrayAO<-array(0,n*m)

# {Main program, we repeat the algorithm for m times}
while(k<m+1){ #{while loop }

#{each time we fix all other entries, except i,j th entry and simulate A[i,j]}
for(iin 1:n){ #{for loop 1}
for(j in 1:n){ #{for loop 2}

#{Since the matrix is symmetric, we just need to simulate the upper triangle}
if(j>=i){ #{if loop }

#{calculating the trace of matrix in order to calculate f}
A04<-A0%*%A0%*%A0%*%A0
traceA04<-0
for(ii in 1:n)
traceAO4<-traceA04+A04(ii,ii]
#{we define function f here and each time needed we call the function}
f<-function(A0) {return(exp(-(traceA04)))}
t<-f(A0)
check<-1 #{a and b are the values that we need them for doubling procedure}
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a<-1/sqrt(n)
b<-1/sqrt(n)

#{drawing uniformly from the vertical slice}
ul<-runif(1,0,t)
r<-A0[i,j]
check2<-1

#{ we are trying to find the right interval |, in this loop we want to make sure the right bound is
good, "count2" counts the number of times we use doubling procedure for the right
bound}
while(check2>0){

AO[i,j]<-r+a

AO[j,i]<-r+a
A04<-A0%*%A0%* %A0%* %A0
traceA04<-0

for(iiin 1:n)
traceAO4<-traceA04+A04[ii,ii]

f1<-f(A0)
if(lul>f1) check2<-0 else {a<-a*2; count2<-count2+1}

}

AO0[i,jl<-r
check3<-1

#{In this loop we want to make sure the left bound is good,
"count3" counts the number of times we use doubling procedure for the left bound}

while(check3>0){

AO[i,jl<-r-b

AO[j,il<-r-b
A04<-A0%*%A0%*%A0%*%A0
traceA04<-0

for(iiin 1:n)
traceAO4<-traceA04+A04(ii,ii]

f2<-f(A0Q)

if(lu1>f2) check3<-0 else {b<-b*2; count3<-count3+1}

} #{Interval has been found; we sample “u” uniformly form the interval , we check to see if we
canu is drawn from the slice, otherwise we have to reject u and draw another sample.
Command “count” counts the number of times we reject}

while{check>0}
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u<-runif(1,r-b,r+a)

AO[i,jl<-u

AQ[j,i]<-u
A04<-A0%*%A0%*%A0%*%A0
traceA04<-0

for(iiin 1:n)

traceAO4<-traceA04+A04[ii,ii]

fu<-f(A0)

if(fu>ul){check<-0;A0[i,j]<-u ; AQ[j,i]<-u} else { count<-count+1}
#{shrinking method}
if(lu>r){right<-u; 11<-11+1} else{left<-u;l2<-12+1}
}

} #{end of if loop}
#{end of for loop2}
} #{end of for loop 1}

#{each time we calculate and store the eigenvalues of the simulated matrix and we keep them in an
array “eigenarray so that later we can make the histogram of them}
if((k/s)==floor(k/s))
{eigenAO<-eigen(A0)Svalue;
for(h in 1:n){eigenarrayAO[y+h]<-eigenAO[h]; }
y<-y+n}
k<-k+1
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Simulating a pair of symmetric n by n random matrices

(A,B)~ Exp(-n/2 trace (A*2+B~2+cAB))
n<-30 #{dim of the matrix}
m<-100#{number of time we run the program}

c<-0.5 # {the constant in the density function}
vli<-array(rnorm(n*n,0,1))
v2<-array (rnorm(n*n,0,1))
A0<-matrix(vl,n,n)
BO<-matrix (v2,n,n)

DO<-matrix (0,n,n)

count<-0

count2<-0

count3<-0

countb<-0

count2b<-0

count3b<-0

k<-1

y<-0

s<-1 #{skipping every s eigenvalues}
burn<-200 #burn-in phase

eigenAO<-matrix (0,1,n)

eigenBO<-matrix (0, 1,n)

eigenDO<-matrix (0,1,n)

eigenarrayAQO<-array (0,n*m/s)

eigenarrayBO<-array (0,n*m/s)

eigenarrayDO<-array (0,n*m/s) # D is the correlation between A and B
eigenarrayA<-array(0,n*m/s-burn) #eigenvalues of matrix A after burn-in phase
eigenarrayB<-array (0,n*m/s-burn) #eigenvalues of matrix B after burn in phase
eigenarrayD<-array (0,n*m/s-burn)

11<-0 , 12<-0, 11b<-0, 12b<-0

#Main program
while (k<m+1) { # number of iteration

# simulating matrix A

# each time we fix all other entries and simulate one.

for(i in 1:n) {
for(j in 1l:n){
# the matrices should be symmetric, so we only need to simulate the upper
triangle
1£(3>=1) {
a<-6/sqrt(n) #initial guess for doubling procedure
b<-6/sqgrt (n)
AO[j,1]<-A0[i,]]

AQ02<-A0%*%A0
B02<-B0%*%BO
AOBO<-A0%*%BO

f<-function (A0,BQO) {return((exp (-
(n/2)* (sum(diag (A02) ) +c*sum(diag (AOBO) ) +sum(diag (B02)))))}
t<-£f (A0, BO)
check<-1
#vertical slice
ul<-runif (1,0,t)
r<-A0[1i,7]
check2<-1
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#finding proper interval for that contain the horizontal slice
#doubling and shrinking procedure for right end
while (check2>0) {

AO[1i,jl<-r+a

AO[j,1il<-r+a

AQ2<-A0%*%A0

AOB0<-A0%*%BO

fl1<-f (A0, BO)
if (ul>fl) check2<-0 else {a<-a*2; count2<-count2+1}

}

AQ[i,J1<-r

check3<-1

#doubling and shrinking procedure for left end
while (check3>0) {

AQ[i,J]1<-r-Db

AO[j,11<-r-Db

AQ2<-A0%*%A0

AQOBO<-A0%*%BO

f2<-£(A0,B0)

if (ul>f2) check3<-0 else {b<-b*2; count3<-count3+1}
}

left<-r-b

right<-r+a

# We draw u uniformly from the interval we find, and use the rejection method

to make sure u is drawn from the horizontal slice

while (check>0) {

u<-runif (1, left,right)

AO[i,]J]<-u

AO0[j,1]1<-u

AQ2<-A0%*%A0

AOBO<-A0%*%BO

fu<-£f (A0, BO)

if (fu>ul) {check<-0;A0[1i,jl<-u ; AO[]j,1]<-u} else { count<-count+1l}
#each time we reject, we shrink the interval

if (u>r) {right<-u; 11<-11+1} else{left<-u;12<-12+1}

IBRS

# At this point the matrix A is simulated, we fix A and start simulating matrix B
A02<-A0%*%A0
#simulating matrix B

for(i in 1:n){

for(j in 1:n){

1f (3>=1) {

a<-6/sqrt (n)
b<-6/sqgrt (n)

BO[j,i]1<-BO[i,]]

B02<-B0%*%BO
AOBO<-A0%*%BO
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t<-f (A0, BO)
check<-1
ul<-runif(1,0,t)
r<-BO[i,7]
check2<-1

while (check2>0) {

BO[1i,]]<-r+a
BO[j,1i]<-r+a
B02<-B0%*%BO
AOBO<-A0%*%BO

f1<-f (A0, BO)
if (ul>fl) check2<-0 else {a<-a*2; count2b<-count2b+1}

}

BO[i,jl<-r
check3<-1

while (check3>0) {

BO[i,3]<-r-b
BO[j,1]<-r-b
B02<-B0%*3B0
AOBO<-A0%*%$B0

f2<-f (A0, BO)
if (ul>f2) check3<-0 else {b<-b*2; count3b<-count3b+1}
}

left<-r-b
right<-r+a

while (check>0) {
u<-runif (1, left,right)
BO[i,j]l<-u

BO[j,1]1<-u
B02<-B0%*%B0O
AOBO<-A0%*%$BO

fu<-f (A0, BO)
if (fu>ul) {check<-0;B0[i,jl<-u ; BO[]j,1]<-u} else { countb<-countb+l}
if (u>r) {right<-u; 11b<-11b+1} else{left<-u;12b<-12b+1}
P}
f#icorrelation between A and B
ffeach time we also calculate AB-BA and store its eigenvalues
D<-A0%*$B0-BO0%$*%A0
#finding and storing eigenvalues
if((k/s)==floor (k/s))
{eigenAO<-eigen (A0Q) $Svalue; eigenB0<-eigen (BO) $Svalue; eigenD0<-eigen (D0) Svalue
for(h in 1:n){eigenarrayAO[y+th]<-eigenAO[h];eigenarrayB0O[y+h]<-eigenBO[h];
eigenarrayD0O[y+h]<-eigenDO[h]}
y<-y+n}
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k<-k+1

# burn-in phase: we throw out the first 100 or 200 samples before
collecting the statistics

pp<-m*n

burnl<-burn+1l

for( i in burnl:pp) {
eigenarrayA[i-burn]<-eigenarrayA0([i]
eigenarrayB[i-burn]<-eigenarrayB0[1i]
eigenarrayD[i-burn]<-eigenarrayDO[i]

}
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n=<-100 % n s the size of matrix

m=-100 % m1s number of imes we wanl to repeat the algonthm
G=-matrix(0,n.n)

G2<-matrix({0,n,n)

rpart<-array{rnorm(n.0,1))

ipart<-array(rmorm(n,0,1))

C<-outer(rpart, 1part® 11, "+") % generate random complex normal matnx
B<-qr(C)

Al<-gr.Q(B,complete=TRUE) Using QR decomposition to get a Unitary matrix
R<-qr.R(B.complete=TRUE)

rl<-diag(R)

for(1 in L:n) {G[ia]<=(r1[1}/Mod(r1[1]))} % R should have positive diagonal entnies
A<-A1%*%G %A will be the initial matrix to start with

Figure A.1: Splus code for QR decomposition
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Figure A.2: Splus code for simulating unitary matrix from f ~ exp(—nTr(A+

A¥)) .

f=-function{ A) {retumiexpl-n*(sumi{diag{A+t{ A0
k-1

p-0

elgenA<-matrix({, 1 ,n)

elgenarray A<-array(0,n*m)

coumnt=-0

count2-=-0

whiledk=m+1){

y<-rumifi 1,0,f A7)

for(i in 1'n-13§ % in this loop for n-1 times we mulfiply our matrix wath the ith rotat
fatiix

[=-1

while{l<2){

theta<_runifi1,-180,180) % draw randomly

R=-chagin)

options{ digits=20)

R{i,i}=-cos(theta*pi180)

R[i+1 i+1]=-cos{theta*pi"130)

R[i+1 lj=-sin{theta*pi130) Constructing the ith Rotating matrix
R[i,i+1]=—sin(theta*pi/180)

M2<-A%* %R

B=-qr{MZ)

M1 =<-qr.Q{B,complete=TRLE)

ME=-gr. R(B,complete=TRLE)

r2<-gdiag(MR)

for(i in 1:n) {G2[1i]<-(r2[iMod(e2[i]))]

M<-MI1%* %002

fl=-fiM)

if{f1=v) {1=-2; A=-M} else count<-couni+|

i

count2=<-count2+1

|

eigenA<-eigen| A)Svalus

for(h in Lin){eigenarray Alp+h]<-sigen A[h] } % stoning the eigenvalue each time
p-pin

k=-k+1

i
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# simulating entries on the diagonal
while (check3=0){
u=<=runif{1,-0.05'55,0.05/55)

d=-Ali.i]

Al i]==du

gigenA<-sigen(A)fvalue

sigeni=-sigan(ld-A)valus Here, we coloulare the sipemidaies of A
I::I'|E~|::Iir.4~:-1 el L= We rafect tive e podmi I8 any
for(p in 1:n}{ af the eipemalues i negative

if{ Re{eigenA|p])<0) checkd=-0
if{Re(eigen|[p]<0)) check4<-0}
if{checkd=0) {check3=-0} else {count3=-count3+1; Afi i]<-d}
if {count3=10) {s8=-10; countd=-countd+1} _ _
if{count3=30) {ss<-100; count3<-0} } E":c{;ﬁ:’;}:'ﬁlizihﬂj*:':T:““
#}fﬂi:ﬂdur::ilrlle antriaz on tha dissanal I s cases, we ke cir MOVEERDS
forfi in 1.nﬁ ag IO ow 10N fiwies sharter,
for() in 1:n){
if{j=i){
check=-1
while(check=0){
E:!l; ::;Ez::ﬂ ::ggg;::ggg:z; i.l'o'n-'. W T Eeneraing -r:'mlﬁ.":-'l.' srineher g f, B
ul<-auter{unil, uniz*1i, “+" alrenwtig picking ul @l ul J.n'.l.'.!.l'l.l.'i'r.J.!l.'. fh.'.wﬁ'urmlj i
UE{-EUHF{UH“ uniz*i __"} .'lr:.l r.l'r.;l:ﬁ' il q_'rl.ln'.-'.!.".lhn_' TRETTY et {1y CORTINETE I §F
L 1 4 'Fl h
d1=-Alij]
d2=-A[).i]
Aflj]=-u1+d1
Al ]=-ud+d2
gigend<-aigen{A)ivalue
gigenl=-eigen(ld-A)ivalue

check?<-1

for{p in 1:n){ Here, we calerlate the efgenvioues of A and 1-A,
iffRel(eigenAlp]i=0) check2<-0 We refeet thie new poind 15 anv of tie
if(Refeigeni[p]=0)) check2<-0} SlEenaniies 15 Regaiive.

if{check?=0) {chack<-0} alse {cdMht<-count+1; A[i j]<-d1; Al i]=-d2}
if {count=10) {3<-10; count2<-count2+1}

if{count=30Ws<-100; count=-0}

Heand while

Figure A.3: Splus code for simulation matrices from P*.
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while{check3>0){
u<-runit{1,-0.05/ss,0.05/ss)
d1<-A[Li]

d2<-Afi+1,i+1]

Alii]<-d1+u

Alitl,i+1]<-d2-u
eigenA<-eigen(A)$value
check4<-1

for(p in 1:n){
if(Re(eigenA[p])<0) check4<-0

if{check4>0) {check3<-0} else {count3<-count3+1;A[i,i]<-dL;Afi+1,i+1]<-d2}

t#end while

Figure A.4: Splus code for simulating entries of diagonal of A, from P{.
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