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ABSTRACT

This thesis investigates the finite wordlength effects in one-dimensional discrete-
time wavelet transform (DTWT). A MATLAB DTWT model is written based
on an efficient algorithm suggested by the Multiresolution Analysis (MRA). This
model allows users to investigate the overall non-ideal effects of a MRA-based
DTWT system by specifying round-off method for computation, the number of
quantization bits employed in representing filter coefficient and internal
computational results. Further, the possibility of discarding the high frequency
portion of a signal in DTWT signal reconstruction phase (Selective Subband
Reconstruction) is shown practical with the presence of finite wordlength effects.
The feasibility of using either direct structure filter or lattice structure filter to
realize a MRA-based DTWT system is also considered in this thesis. Simulatdon
results show that the lattice structure filters have superior magnitude and phase
responses in most scenarios under investigation to its direct structure-based
counterparts. ~ Moreover, lattice structure filter demands relatively less
computation than direct structure flter in the same filter length and DTWT
configuration. In conclusion, the lattice structure filter is a better alternative than

the direct structure filter for MRA-based DTWT system implementation.
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Chapter 1

INTRODUCTION

The history of wavelets can be dated back to the discovery of Harr sedes in 1910.
However, wavelet theory began to receive a lot of attention after Grossmann and
Motlet [1] published the concept of wavelet transformations based on their work
in seismic data analysis in 1984. The result triggered subsequent works on the
mathematical foundation of wavelet theory. One of the important contributions
was the introduction of compactly supported orthonormal wavelets by Ingrid
Daubechies. Her paper [2] contains the first families of orthonormal wavelet
bases that have practical implication in a remarkably wide variety of fields.
Further development of such bases in the context of multiresolution signal
analysis was formalized by Meyer [3] and Mallat [4]. Until now, wavelets remain
to be an active research area and it is rapidly finding application in many

disciplines. Just to name a few:

e Tutbulent blood flow analysis for coronary artery disease detection; speech
extraction from background noise in digital hearing aids; noise reducton and
bringing out important diagnostic features in mammograms [5].

e Fractal modulation [6]; and discrete wavelet multitone (DWMT) technique [7]
in asymmetric digital subscriber line (ADSL) system for high-speed

voice/data transmission over unreliable communication channels.

e Multigrid methods in the solution of differential equation [8]; Mathematical
tools for statistics [9].



e Pyramidal image representation in image processing and computer vision

[10].

e Wavelet-based image and video compression schemes usually introduce less
“artifacts” with higher compression ratio when comparing to JPEG and
MPEG algorithms which are based on discrete cosine transform (DCT) [11].

1.1 What are Wavelets?

Rapid and continuous growth in wavelet has made the task of finding a
unanimously accepted wavelet definition almost impossible. In view of this, we
delineate wavelets from their physical properties. In general, a wavelet is an
oscillating waveform that pesists for only one or few cycles. Space locality of a
wavelet function implies that the majority of the cnergy is restricted to a finite
interval. A wavelet function which is zero outside the finite interval is known as
“compactly supported”. An example of Daubechies D, wavelet is shown in
Figure 1-1, along with its frequency responses in Figure 1-. Wavelets come in
different sizes and shapes. Haar wavelets, Shannon wavelets, Daubechies
wavelets and Butterworth wavelets are examples [12] in the growing wavelets

collection.

Wavelets come in various forms: (Classical wavelets) using dyadic translates
and dilates of only one prototype function for wavelet construction [2]; (Wavelet
Packets) using more complex transform to yield wavelet funcdons with better
frequency localization [13]; (Multiwavelets) applying more than one prototype
function to construct wavelet in order to give results that classical wavelets arc
incapable of [14]; (Second Generation Wavelets) constructing wavelets with
ideas other than translation and dilation of prototype function (e.g, The Lifting
Scheme [15]). These items are by no mean an exhaustive and complete listing of

all available wavelet formats. In fact, they are included here to illustrate the vast



diversity in current research activites. From now on, all discussions are confined

to classical wavelets unless specified otherwise.
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1.1.1 Wavelet Transform

Similar to the concept of Fourier transform, wavelets can be used as the building
block for general functions. In Fourer transform, a signal is represented as a
superposition of sinusoids with different frequencies. The Fourier coefficients
record the contribution of the sinusoids at various frequencies. In wavelet
transform, a signal is represented as a sum of wavelets with different locations
(positions) and scales (durations). For classical wavelets, only one prototype
(mother) wavelet is used in the transformation. The different locations and scales
are obtained by expansion, contraction, and shifting of the prototype wavelet.
The wavelet coefficients measure the contribution of the wavelets at various

locations and scales.

As explained in Appendix A, the wavelet transform constitutes as natural a tool
for the manipulation of transient signals (e.g: non-stationary signals) as the
Fourier transform does for translation invariant signals (e.g stationary and

periodic signals).

1.1.2 Wavelets in Digital Signal Processing

One of the greatest contributions of wavelet theory is the introduction of a
common framework to relate various established methodologies in numerous
felds. In the DSP domain, the Mallat Pyramid algorithm [4] that calculates fast
discrete wavelet transform can be viewed as a special case of subband coding.
Subband coding is a digital DSP application originally developed for data
compression. By using filter banks, 2 digital signal is separated into numerous
frequency bands which are approximated by filter coefficients. The
developments of subband coding and filter banks have come from Smith and
Barnwell [16], Vaidyanathan {17] and Vetterli [18]. From an implementation

viewpoint, quadrature mirror-image filter (QMF) banks [19, 20] and cosine-



modulated filter banks [21-23] have received considerable interest because of
their optimum performances in near-perfect signal reconstruction as well as
aliasing error, amplitude distortion and phase distortion reduction. Detailed
connections among wavelets, subband coding and filter banks are explored in [11,

24, 25].

Although both wavelet-based signal analysis and subband coding share a
common algorithm and underlying theory, their design requirements are quite
different. For wavelet analysis, emphasis is put on the choice of wavelets’
mathematical properties such as smoothness and localization. These properties
have direct impact in interpreting the resulting wavelet coefficients. Above all,
wavelet-based signal analysis can help us to explore a wide range of signals or
images that other Fourier-based analysis schemes do not perform well (Refer to
A.2). For subband coding, emphasis is focused in the choice of filter family that
ensures high compression ratio, fast computation speed and good signal

reconstruction capability.

1.1.3 Hardware Implementation of Discrete Wavelet

Transform (DWT)

Recently there has been a flurry of activities around the world focusing on the
development of VLSI and chip implementation of discrete wavelet transform
(DWT). Several VLSI architectures, which are based on the Mallat Pyramid
algorithm, have been proposed thus far (Refer to 3.1.1). However, the majority
of proposals only focuses on theoretical issues such as computation complexity
and achievable speed, and little attention is paid to the wordlength requirements
that are at the heart of an economical implementation. DWT system designed
under idealizing assumptions (e.g, floating-point arithmetic) may yield undesired
petformance when implemented in fixed-point arithmetic if finite wordlength

effects are not compensated. In the worst case, these non-ideal effects can even
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bring a system into an unstable state. Therefore, they must be considered

carefully during the design and implementation phase.

1.2 Project Goals

Most often, it is not economical to model in detail or to calculate analytically the
non-ideal effects of a system. For a complex system like wavelet transform, this
project employs computer simulation to study the overall non-ideal effects of
Discrete Time Wavelet Transform (DTWT). The primary objective of this
project is to develop a versatile MATLAB model of DTWT. The model should
facilitate researchers to prototype DTWT based on the Multi-Resolution Analysis
(MRA) (to be reviewed in 2.3), allowing researchers to quickly specify the
configuration of a DTWT system with the flexibility to apply the number of
wordlength in the representation of filter coefficients and internal results. The
model also allows users to adopt different rounding methods (eg., no

quantization, rounding ot truncation) in otder to simulate the non-ideal effects.

In an analog to digital conversion for input signal, the signal can only be
implemented with finite wordlength. This quantized signal introduces noise into
the system. In addition, the quantization effect due to finite wordlength also
happens to the filter coefficients. Another non-ideal effect will also affect the
character of the system: arithmetic operations involving finite wordlength
numbers usually yield results of larger wordlength. The process to reduce the
wordlength is a nonlinear operation. The resulting nonlinear system might
behave completely different from the original linear design. It is obvious that
using longer wordlength for data and filter coefficients can reduce the
quantization errors. Therefore, it is a vital objective of the design process to
determine the optimum register wordlength for both sufficient performance and

acceptable error for DTWT VLSI architecture.



DTWT can be implemented using cascade and series of digital filters (refer to
discussion in section 2.4.1). The configuration and definition of specific filter
characteristics is given in Chapter 2. Since digital filter is the building block of
DTWT, the study of non-ideal effects of two possible digital filter
implementation, namely the direct structure and the lattice structure is important.
In this project, the non-ideal effects due to quantization effect in filter coefficient
and internal computation under various wordlengths and rounding methods are
simulated. Armed with the above information, system designers can better
understand the non-ideal effects of the MRA-based DTWT. ASIC designers can
use the simulation results and the MATLAB DTWT model developed in this
project to help choosing the optimum hatdware at various parts of the system
without sacrificing overall performance, while at the same time reducing the size,

cost and power consumption of their resulting products.

1.3 Otrganization of the Thesis

Chapter 2 gives a brief outline of the wavelet theory with emphasis on MRA-
based discrete wavelet transform implementation. The first part of Chapter 3 1s
devoted to a literature research on previous wotk done on VLSI implementation
of discrete wavelet transform and finite wordlength analysis. The rest of the
chapter focuses on defining implementation criteria for our DTWT MATLAB
model and the simulation results for the direct structure filter. In Chapter 4, the
lattice filter coefficients for Daubechies wavelet family are derived. Then, the
simulations petformed on the direct structure are repeated for the latter structure,
and the results are compared and analyzed. Finally, Chapter 5 presents the

conclusions and suggests future directions to pursue.

In Appendix A, a teview on traditional transformations is given and the

shortcomings of short-time Fouder transform are also mentioned in order to



contrast the advantages of discrete wavelet transform in certain tasks. All
MATLAB functions and programs developed for this project are listed in
Appendix B. Finally, simulation data for both direct and lattice digital filter

implementations covered in Chapters 3 and 4 are tabulated in Appendix C.



Chapter 2

THE WAVELET TRANSFORM

Wavelet transform (WT) can be categorized into two basic forms. They are
namely the continuous wavelet transform (CWT) and discrete wavelet transform
(DWT). The former operates on continuously indexed functions f(1).f€R
whereas the latter operates on sequences f[n],n€Z. The objectives of this
chapter are to introduce both CWT and DWT, and their relationships with
various signal processing concepts, such as Muldresolution Analysis (MRA) and
filter banks. Finally, this chapter provides a bref introduction on

multidimensional wavelet transform.

The research into WT was largely motivated by the drawbacks of traditional
transforms such as Fourier transform. Analogous with Fourier transform, WT 1s
a linear transform that converts input signal into different frequency components.
However, one of the most distinguishing features of WT is that it possesses
better time/frequency localization properties which cannot be achieved by any
Fourier-based transforms. An epitome of Fourier-based transforms, including
discrete Fourier transform, discrete cosine transform and Windowed Fourier
transforms, can be found in A.2. As we will show in this chapter and Appendix
A, WT not only offers an alternative to visualize or process signals, but also

provides an extra degree of freedom for system design and implementation.



2.1 Continuous Wavelet Transform
The CWT maps a continuously single-indexed function into another function
that is continuously indexed by two variables: scale and location. The CWT is

defined as [11, 17, 20]:

Woo()= (V/a,h ), f(0))= |a|"% J‘f(f)v/(%)dt; a,beR(a=0), @11

where the function ¥ is commonly referred as the mother wavelet. The wavelets
family y,,(¢) in equation (2.1.1) is the dilated and translated version of the
mother wavelet . Equation (2.1.1) measures the similarity between a signal
f(t) and the shifts/scales of the mother wavelet. In other words, W, ,(f)

represents the correlation of f(f) with y scaled by @ and shifted by . The

factor [a]—% is used to conserve the norm. In addition, the integral in equation
(2.1.1) suggests another way of interpreting the CWT. That is, the integral can be
viewed as the output of a bandpass filter of impulse response |a|_y’ y/('(—,’), at

location b given the input signal f(#). This observation will become evident

when we consider the implementation of wavelet transform in later sections.

WT is not limited to one set of basis function like short-time Fourier transform
(STFT) which utilizes just the sine or cosine functions. In fact, the inclusion of
time and scale parameters in wavelet transform provides families of basis that
generalize and enrich existing methods' for partitioning of a signal’s energy
content. Due to the tradeoff nature of these two parameters, the frequency
localization afforded by WT can be increased with increasing scale at the expense

of time localization or vice versa. As illustrated in Figure 2-1, the wavelet window

! STFT or Gabor-based analysis has only one variable - time.
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W,,(t) is long at low frequencies (i.e., large @) that lead to high frequency
resolution (but low time resolution). Consequently, the overall or global behavior
of the signal is detected. Conversely, the window w,,(f)is short at high
frequencies (i.e., small @) that lead to high spatial resolution (but low frequency

resolution). Hence, the detailed or non-stationary behavior of the signal can be

captured.

frequency
(11a)

time (v

Figure 2-1 Time-frequency tilings for wavelet transform. Notice that the
time-frequency plane does not have the uniform width as in the case for
STFT (Please refer to Figure A-1).

2.1.1 The Inverse Continuous Wavelet Transform

In this section, the invertibility of the CWT is investigated. Although further
restrictions can be imposed on the mother wavelet i to ensure functionality such
as orthogonality, the only requirement for the transform to be invertible on its
range is that [11, 24, 26, 2

¥ @)

c, = E”de <o, @.1.1.1)
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where W(@) is the Fourier transform of the mother wavelet w(r). If the
admissibifity condition specified in (2.1.1.1) is satisfied, the following inversion

formula holds on the range of the transform

dadb

a2

21.1.2)

FO=2- [ [ WsHWar®

In practice, we are interested in a mother wavelet that decays sufficiently fast (ie.,

compactly supported). In that case, the admissibility condition reduces to the
requirement that ¥(0) =0 [26]. Equation (2.1.1.1) also implies that [¥(w)|=0

as @ —> *oo. Since the Fourier transform W decays at high frequencies and

remains zero at origin, the mother wavelet exhibits bandpass behavior.

Because the scaling and time parameters in equation (2.1.1) are continuous, the
CWT and its inverse shown respectively in (2.1.1) and (2.1.1.2) are indeed
oversampled. Oversampling is a useful property in reducing the reconstruction
error. It is because the reconstruction mean square error due to noise can be
reduced by a factor equivalent to the oversampling ratio [28, 29]. The definition
for oversampling ratio will be giving in the next section after we have introduced
the concept of frame. Nonetheless, the CWT has minor practical value in real-
time applicatons due to its numerous (wmcountably infinite to be exact)
computational steps. In the next section, we explain that it is not necessary to
perform WT on all possible values of @ and b in order to achieve complete signal

representation and invertibility.
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2.2 Discrete Wavelet Transform and Frames of
Wavelets

Even though a signal has compact support in the (@, b) plane, all values of the

CWT in that region are stll required to fully represent the signal. Here, the

discrete wavelet transform (DWT) that maps LZ(R) to I* (ZZ) is introduced. That
is, the CWT defined in (2.1.1.2) can be computed on a discrete grid of points

(an ’bn )nEZ '

The scaling parameter is first discretized to be a=ag ,with me Z and a, #1.
Then, b is discretized by taking integer multiples of b (bo > 0). The time the
parameter b is chosen in such a way to cover the whole time axis y(f ~nby).
Since the basis functions are rescaled, » must be dependent of m and is therefore

defined to be b =nb,a; . Thus, the discretized wavelet functions is defined as

Won()= ag"/’l//(ao'"’t —nb,), (m,n)e A (2.2.1)

where a=al',b=nbyay, (mn)eZ?, a,>l,andb,>0. Subsequenty,

the DWT equation is obtained by substituting (2.2.1) back into (2.1.1):

I/Vm,n (f) = <l//m,n (t)9 f(t)> = ao_% [;f(t)W(ao_",t - nb() )d[’ (m,n) € Z2 . (2'2'2

In this definition, the signal f'is being scaled and translated in a discrete manner

rather than a continuous one as in CWT. The discretization of (2.2.2) is

illustrated in Figure 2-2.

13
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Figure 2-2 Sampling Grid for DWT (the case shown is g, = 2% b, =1.)

Before we could show that the sequence (y/,,_m, f > in (2.2.2) can completely

nmez

characterize the signal ' and that f can be reconstructed from this sequence in a

numerically stable manner, we need to introduce the concept of frame first.

A frame is a family of functions {x;} in a Hilbert space® H if for all fin H therc

exist A"f"2 SZ'(xk,f>|2 SB"f"2 (0<A<B<®). A and B are called frame
k

bounds. A frame is known as a /ght frame if 4 and B are equal. The oversampling

ratio or redundancy ratio equals A if ”xk ||=1 in the case of tight frame. If the

ratio is one (ie., 4 = B =1), {x,} constitute an orthonormal basis [28]. We now
return to the particular of the wavelet function. In Appendix A.1, we discuss the

dual and elementary bases. These bases coincide when they are orthonormal

(e, {p,}={P}). Hence, this property offers an efficient way to recover the
original signal f from (¥,,,,f). Substitute (A.1.2) or (A.1.3) into (A.1.1), we

have

f= Z(wm,n’f>¢‘m.n * (223)

mmneZ

2 A complete inner product space is called Hibert space or A-space. Hibert spaces contain a countable
orthonormal basis if and only if it is separable. Details for separability can be referred to [30).
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For an orthonormal basis, Daubechies mentoned in {28] that automatically

Wpn=A"w,, and 4 equals 1. Then, equation (2.2.3) becomes

f= Z<'r//m,n’f>')”m,n' (2‘2'4)

mneZ

Moreover, Daubechies also showed that the inner product <(,//,,,',,, b > for an

orthonormal basis is unique. Therefore, they are adequate to uniquely represent

the original signal if an orthonormal basis (mother wavelet) is utilized.

Although equation (2.2.4) is redundant in general, it is possible to remove the
redundancy by adding more restrictions on the sampling parameters as well as the
choice of mother wavelet. In [29] and [25], Cohen and Vetterli demonstrated that
the DWT equivalent to oversampling the CWT on a very dense grid when ag = 1
and by = 0. In fact, we are going to study a particular set of DWT parameters
(¥, do and bg) that allow crtically sampling of CWT. The removal of
redundancy reduces computation that eventually leads to an efficient algorithm

now known as fast wavelet transform (FWT).

Since our major concern is the digital implementation of DWT, focus will be
placed on the discrete time wavelet transform (DTWT) which is the equivalent to
the DWT for sequences. In short, DTWT and DWT are algorithmically

equivalent.

2.3 Multiresolution Analysis

We now take a different angle to view wavelet transform through the lens of
Multiresolution Analysis (MRA) that provides another piece of the puzzle
towards practical implementation of FWT. Mallat introduced MRA in [4], an

image decomposition concept that represents the image as a hierarchy of
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resolution levels. In general, the original state of an input image is considered to
be at its highest resolution. To obtain a lower approximation of the image, it is
necessary to filter the image with a lowpass filter. If a halfband filter is used in
the lowpass operation, the resultant approximation will have half of the original
bandwidth. Thus, in accordance with Nyquist’s principle, the sampling rate can

now be reduced by a factor of two without inducing aliasing.

2.3.1 MRA Overview

One of the fundamental assumptions of MRA is that there exists a set of nested

signal subspaces of the signal space L*(R) with various resolutions:
V, c.cV,cV , clVchclhc..cl, =I*(R). (2.3.1.1)

Each space V; has a different basis that provides a different time resolution. The
time resolution becomes coarser in the space V; as index { decreases. In addition,
MRA also assumes that there exist a scaling function @) which constitutes an

orthonormal basis of the space Vp
()=9(t=k), kelZ, (23.1.2)
V, = span,{¢,(1)}. (23.1.3)

Another MRA fundamental assumption, the /woscale property, describes the

relationship between two successive approximations of a signal or image as

fyeV, < f(2neV,,. (2.3.1.4)
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Using equations from (2.3.1.2) to (2.3.1.4), we can derive an orthonormal basis

@, , for all the spaces V] as

¢,.(N=2"¢2't-k), i,keZ. (2.3.1.5)

Due to the fact that the resolution in the subspaces increases in powers of two,

the scaling functions are dyadi. Moreover, since g€V ", c V,) and

2yz¢(2t —n) span V|, @ can be represented as a linear combination of ¢(2/-n):

#() =Y. c(mp(2t -n), withcoefficientsc(n), _, . (23.1.6)

Notice that equation (2.3.1.5) resembles the discretized wavelet functons in
(2.2.1). Hence, we can apply all the results we derived eatlier. The basis in
(2.3.1.5) is in fact compressed by a factor of two along the time axis every time
the index / increases by one. The implication of equations (2.3.1.1) and (2.3.1.5)
is that the frequency content of a coarser approximation is smaller than that of a
finer level approximation. Thus, an cfficient representation of a signal can be
obtained by removing redundancy between any two successive signal

approximations (ie., ¥, ©¥,,)). For any successive approximations, a subspace

W, can be represented as a direct sum
V,=V,®W, iel. (2.3.1.7)

W, is said to be the orthogonal complement of Vi and is spanned by the same
orthonormal basis in (2.3.1.5) [26]. From a signal processing point of view, a
coarser image V; is obtained by removing the high frequency content Wi from a
finer image Vi+1. The decomposition of the signal space L*(R) in (2.3.1.1) can be

rewritten in terms of the orthogonal complement W,_ :
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VOWOW, ®.. 00,00, OW,0W,®...=(R). 23.1.8)

The index 7 denotes the depth of decomposition, and any signal f € I*(R) can
be decomposed into a sum of subband signals in terms of scaling function ¢ and

mother wavelet i [24] as follows

£ =S amp )+ 8, (mw, (). (23.1.9

J=im

The first summation in (2.3.19) represents f(¢) € ¥, whereas the second double
summation represents f(¢) € W,. In most applicztions, decomposition of signal

Jf up to infinity level is not economically feasible. In practice, the signals are

usually projected into a finite number of subspaces. In case of DWT, signals are
element of a proper subspace in LZ(R). Because f(t)el, < L*(R), the finite

level decomposition of ¥y can be expressed analogous to (2.3.1.1) as

Vo=V, OW QW , eW &..0W W, . (23.1.10)
Thus, (2.3.1.9) can be reduced to
‘/‘(t) = Zai(m)¢i,m (t) + Zﬂl (m)Wl‘m (t) . (23111)

In this section, we have bridged two concepts, namely the MRA in signal
processing and the DWT in mathematics. This connection not only provides
new perspectives and information, and the seeds for new developments, but also
allows both concepts to utilize tools which already exists in each of these fields. As a
fruitful result of this mutual relationship, we are going to explore the filler banks
implementation of DTWT.
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2.4 Fast Wavelet Transform

There is a strong tie between filter bank and dyadic wavelets. The development
of filter bank started in the late 70’s after Croisier, Esteban and Galand [19] first
proposed the quadrature mirror filter (QMF). Further work and important
insights contributed to this field from individuals, such as Smith and Barnwell
[16], Vetterli [31] and Vaidyanathan [20], have been led to the study of petfect
reconstruction filter banks. The MRA framework used in the analysis of
wavelet/dyadic decompositions automatically associates a discrete-time perfect
reconstruction filter bank to any wavelet decomposition. Daubechies [2] and
Mallat [32] have shown that filter bank can also be used to generate wavelet bases
as well. The main goal of this section is to introduce a computationally efficient
filter bank structure for DTWT implementation. The algorithms to allow fast

computation of DWT are collectively known as FWT.

2.4.1 Filter Bank Implementation of FWT

An analysis filter bank consists of lowpass and highpass filters operating together
to separate a signal into frequency bands. Separately, these filters are usually not
invertible but a stable solution for invertbility can be formed by combining them
together. Moreover, the subband signals can be recombined into the original
signal by a matched synthesis filter bank. This process is known as swbband coding
in DSP domain. Since the subband signals may be more efficiently compressed
or transmitted than their original format, subband coding has been used in both

audio and image applications.

Recall the MRA decomposition equation, the coefficients «,(n) and S, (n) in
(2.3.1.11) for a lower resolution level can be directly obtained from its finer

resolution coefficients ¢,,,(n) without resorting to L*(R) inner products. To
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develop such a fast algorithm, we begin by expressing @, ,(f) of Vj in terms of

Brarm(@) of Virpusing (2.3.1.5) and (2.3.1.6):

G () =2"9(2't—m)

=2%ZC(V)¢(2'+lf—2m—V). (2.4.1.1)

Subsdtuting g(k) = 27%¢(k), keZ and2m+v=ninto (2.4.1.1), we have

B (0) = g(n=2m)2"% g2t~ n)

=3 g(n-2m),,., (1) (412

In a similar fashion, wavelet basis ¥, , (¢) for space W is expressed as follows
Vou®) =D h(n=2m)g,, (). (2.4.1.3)

Since the coefficients @,(m) can be written as scalar products of signal f and
&, (1) Refer to A.1.3), @,(m)can be expressed in terms of &, (m) using the
results of (2.4.1.2).
a,(m) =(4,,.(0, 1))
=3 gn-2m)($.,,(1). f(©))
= i g(n-2m)a,,,(n)
= g(-m) %@, ()

(24.1.4)

n=2m.

Following a similar manner, the coefficients can be expressed in terms of B.(m):

(24.1.5)

ﬁ:(m) =h(—n)* ai+l(n)

n=2m"
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Equations (2.4.1.4) and (2.4.1.5) imply that coefficients @, (m) and f,(m) can be
computed by performing a convolution of @, (m) with series g(-n) and h(-n)
respectively. The outputs are subsequently downsampled by a factor of two.
These operations are depicted as an analysis filter bank in Figure 2-3 (3

decomposition levels configuration). In addition, the corresponding synthesis

filter bank is shown for completeness. A synthesis filter bank is the dual inverse

of its analysis filter bank counterpart.

Analysis Filter Bank

Figure 2-3 Octave filter bank: wavelet coefficients expansion using three-level analysis
filter bank; reconstruction of original signal using a corresponding three-level synthesis
filter bank.

In the analysis filter bank, the signal @ is decomposed into a high frequency
component p.1 and 2 low frequency component .| via a pair of complementary
digital filters / (highpass) and g (lowpass). These operations are reapplied to the
lowpass subband component for further decomposition. Hence, the lowpass
component is filtered by the same pair of filters, and the results are subsequently
downsampled to generate two additional subband components. Identical to the

operations in previous stage, decomposition creates an upper band (component
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[2) and an lower band (component ) of the input (component o1 ). The
overall decomposition scheme forms a dyadic tree-structure, which offers a
practical way to implement FWT. The structure corresponds to an octave filter

bank in DSP terminology.

Due to the downsampling (upsampling) operations in the analysis (synthesis)
filter bank, the length of the input sequence is halved (doubled) in every
decomposition (teconstruction) level. To illustrate the downsampling effect on
the signal itself, the spectra for filtered signals after lowpass (X) and highpass (¥)
operations and their corresponding spectra after downsampling are shown below.
Notice that the frequency axis has been scaled with respect to the input sampling
rate and the magnitude is halved after the downsampling. On the contrary, the
effect of the upsampling operation is simply the reverse of the described

downsampling effect.
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Figure 2-4 (a) Spectra of the lowpass filtered signal (top) and its
downsampled signal (bottom); (b) Spectra of the highpass filtered signal
(top) and its downsampled signal (bottom)

Using the same naming convention in our three-level octave filter bank example,

the length of sequence in various stages can be summary as follows:
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oo |Cp, Ba| o2, B2 | a3, B (o, By, (0<js®)
N ¥ N I N
8

97

Table 2-1 Sequence length for MRA-based DTWT implementation

One important factor that determines the usefulness of the above DTWT
implementation is its computational complexity. Filtering is catried out by means
of convolution, which consists of multiplication and addition operations. For any
one-dimensional signal, assuming the first level decomposition requires C
operations, only half of the operations C/2 ate needed in the next immediate level
due to downsampling. Hence, this poses an upper bound for the total number of

filter operations Croa for K decomposition stage as follows:

1

c,.c.c ¢ =2c(1_7)52C. (2.4.1.6)
2

Croal =C~s~—2—+74—+§+~-+2,\,_l

Nonetheless, the filter delay D grows with K as demonstrated in equation
(2.4.1.7). Since each subsequent decomposition stage runs at half the sampling
rate as its previous omne, the processing time doubles for each extra
decomposition level. This limitation restricts the number of decomposition stage

in real-time applications.

D,  =D+2D+4D+8D+---2"' D=2 -1)D. A1)

Total

Up to this moment, we show the possibility of using filter bank to implement
FWT. Next, we state the filter condidons to ensure a stable FWT

implementation from equations (2.4.1.4) and (2.4.1.5).
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2.4.2 Perfect Reconstruction Orthogonal Filter Bank

When considering the application of wavelet decomposition of a signal at certain
resolution levels, basis functions of compact suppott in time are necessitated by
the requirement of finite computation time. Therefore, it is approprate to limit
our discussions to the case of compactly supported wavelets and scaling
functions. In that case, only a finite number of gi (follows definition in equation
(2.4.1.2) in the lowpass filter may be non-zero. In [33, 34], Lawton established
that @ completely determines {gx} and vice versa. He also showed that the

have to be a tight frame (i.e., orthogonal) of

wavelet functions {l//"_m ( )}("_m)E 2

LZ(R) in order to give a unique MRA.
gt q

Alias cancellation and distortion removal are two extra filter design conditions
that are essential to guarantee perfect reconstruction of a signal [11, 12]. In
addition, the orthonormality mentioned before requires the synthesis filters to be
the time-reversed versions of their corresponding analysis filters. Moreover, to
ensure filter stability and to reduce design and implementation complexity, all
digital filters in the filter bank are assumed to be causal finite impulse responsc
(FIR) filters’ with real-valued filter coefficients.  In [35-37], wavelets
generalization and subband coding implementations using infinite impulse
response (IIR) filters have been mentioned. All of these conditions, in turn,
impose four filter requirements [27] for the analysis (b and g and synthesis (4’and

g) filter banks shown in Figure 2-3. They are:

3 HIR filter banks have good frequency sclectivity and low computation complexity when comparing to FIR
filter banks. However, the orthogonal requirement in DWT requires all analysis filter banks to be causal
and all synthesis filter banks to be anticausal or vice versa. Because of the fact that anticausal [IR filters
cannot be implemented unless their impulse responses are truncated in general, TIR become less attractive

to be used in realization.
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Hm) =ED"g'(p-1-n)
h(n) =(-1)"'g'(n)
h(n) =h(p-1-n)
gn) =g'(p-1-n)

The above relationships imply that we can design a prototype filter, such as the
lowpass analysis filter g(72), and then use this prototype to obtain the rest of the

other filters (e.g., g’, h and h’) according to (2.4.2.1).

Since the fundamental principle behind MRA algorithm relies on successive
approximation, an additional constraint is imposed on g(#) so as to ensure a
stable soluton. After subsdtudng g(k) =2"%¢(k), keZ into (2.3.1.6),
performing a Fourder transform, and carrying out the recursion for / times upon

the results, we can obtain the following limit as i approaching infinity [17]:

o(jw)=]]27* G(efﬁj , (2.4.2.2
k=0

whetre @ and G ate the Fourier transform of scaling function @ and the lowpass
prototype filter g respectively. The limit in (2.4.2.2) exists if G is mgular which
lead to a wavelet function with some degree of smoothness (i.e., differentiable)
via iteration [24]. Regu/arity is vital because smooth approximations or functions

are desired. This regularity condition also applies to the mother wavelet y.

Petfect Reconstruction Orthogonal Filter banks are sometimes referred to as
paraunitary [38]. A paraunitary system is termed a /sskss system when it is causal
and stable [39]. The frequency responses for all filters within a paraunitary filter
banks are power complementary and the magnitude responses can be

summarized as:
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|H(@)| = |G(r + w)| =|G(z - w)], (2.4.2.32)
G(@)| +|H(@) =1. (2.4.2.35)

g is a half-band lowpass filter wheteas 7 is a half-band highpass filter.
Furthermore, the frequency responses for both filters form mirror image of each
other about the line Q = &2 as illustrated in Figure 2-5. Because of these
characteristics, the DTWT filter pairs are often known as a Quadrature Mirror
Filter (QMF) [19]. This link between DTWT and perfect reconstruction QMF
was first discovered by Mallat [4]. Independently, Smith and Barnwell have called
the filter with the above characteristics be Conjugate Quadrature Filter (CQF) in
their engineering publications [16, 40].

'
G(z) H(z)

X

/2 g Q

v

Figure 2-5 Transfer functions for QMF

In search of a compactly supported orthogonal wavelet bases that offers good
time localization, regularity and smoothness, Daubechies [2] showed that it is
possible to obtain a real-valued lowpass prototype filter g by placing a maximum
number of zeros at @ = & (or £ = -1 in the z-domain notation). The sufficient

condition proposed by Daubechies for the prototype is

1+z

L
G(2) =[ ] A(z), LeZ,, (2.4.2.4)
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where L is the order of zero of G(2) at z = -1. The solutions for (2.4.2.4) are FIR
filters with L real-valued coefficients. As L increases, the degree of filter
regularity as well as the smoothness of wavelet functions increases [11]. Another

consequence of equation (2.4.2.4) is that G(z) will have L vanishing moments
(e, It"'l//(t)dt =0,m=0...,L-1.). The increase of vanishing momeant implies

that  will have more and more oscillations. To continue our search for

prototype filter, we inserting (2.4.2.4) into (2.4.2.3b) and have

l+e™” v

2L
> |[4(@+ =) =1. (2.4.2.5)

2L
|4(@)" +

1
2

Daubechies [2, 41] and other contributors [11, 12, 17, 26, 27] have shown a

special halfband solution for lA(a))l in (2.4.2.5):

- _ 2k
|4(w)[ = Zi([‘ +: lein[%) , (2.4.2.6)

k=0

The filter family that follows (2.4.2.4) and (2.4.2.6) is referred to as maxflat or
maximally flat. This kind of filter has maximum flatness at @ = 0 and @ = 7 and
was detived by Herrmann [42] in the 70s'. For L = 2, equations (2.4.2.4) and
(2.4.2.6) together gives the filter equation of G(2) as follows:

G(z) = ﬁ[(l )+ G+ + G-z +(1=3)z7 . (427

The filter solution in equation (2.4.2.7) is known as Daubechies D, filter (the
subscript reflects the order of G(z) zero at z = -1). This filter, as well as its family
Dy, is compactly supported and forms a perfect reconstruction orthogonal filter

bank. In addtion, the limit in (2.4.2.2) does exist for the Daubechies filter family.
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For a particular choice of ¢ and ¥ corresponding to each L, the regularity of
Daubechies filter family increases lineatly with L [2].

2.5 Multidimensional Wavelets

Up to this point, our discussions are concentrated on one-dimensional (1-D)
wavelets. As mentioned in the Chapter 1, wavelets have gained popularity in
areas such as image processing field. Since images are usually two-dimensional
(2-D), 2-D wavelets and filter banks are required for the job. There are two types
of filter available to construct multidimensional wavelets and filter banks: separable

and nonseparable filters.

2.5.1 Separable Filter

Two-dimensional wavelets can be considered as tensor products of their 1-D
wavelets counterpart [24, 43]. That is, the 2-D image or signal is treated as a
composite of two 1-D signals. Takinga ix j image f as our example, one MRA
decomposition requires two “passes” for this case. In the first pass (the row
operation), i rows are processed by convoluting each of them with the lowpass
(2”) and highpass (#”) filter pair separately. Then, every other column will be
kept. In the second pass (the column operation), the two processed ix j /2
images are fed into the same filter pairs again. This time every other row will be
kept. Subsequently, the 2-D wavelet transform resulted in four subband images
each with a size of i/2x j/2 (a quatter of the original image). Each subband
images represents different resolution of the original image. The operations are
depicted in Figure 2-6. Further MRA composition using the same filter paits can
be continued on the coatsest subband image (L)L). Again, the number of

iteration depends on the application requirements. In Figure 2-6, we also show
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the support region for a three level 2-D decomposition. Similar to the 1-D

situation, the synthesis part can be implemented inversely.

Separable filter of size ix j offers only i + j design variables whereas
nonseparable filter of the same size offer ix j [43]. Hence, only rectangular
divisions of the spectrum are possible. Some applications may need divisions that
can better capture the image or signal energy. In that case, a nonseparable
solution has to be chosen. Nonetheless, we give up ease of design for better
energy separation because most of the 1-D filter bank concepts can be trivially
extended to cover 2-D wavelets or higher. Recall that we have only one mother
wavelet and one scaling function in the 1-D case. In the 2-D case, the number of

scaling function remains at one but there will be three separable mother wavelets:

LL ¢V, x,)=8(x)d(x,) (2.5.1.12)
LH @ (x,x)=¢x)v(x,) (2.5.1.1b)
HL  v®(x,x,) =w(x)d(x,) (2.5.1.1c)
HH ™ (x,x)=wx)p(x,) (2.5.1.1d)
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Figure 2-6 (Top Left) One level 2-D MRA decomposition — the
analysis filters, (Bottom Left) Filters support regions for one level
2D MRA, (Right) Positive filters support regions for three-level 2D

MRA decomposition.
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2.5.2 Nonseparable Filter

Nonseparable multidimensional filter is very hard to design [44] due to the
difficulty of imposing a zero at aliasing frequency. As in the 1-D case, zeros are
essental for lowpass prototype filter stability and convergence to the scaling
function. Even though 2-D nonseparable filter offers more free design variables,
the difficulty in designing practical 2-D filter directly made it less appealing when
comparing to separable design (using factorization method). In fact,
nonseparable orthogonal wavelets with high regularity have not been found. Less
restricted 2-D biorthogonal filter is possible [24] but such design process is stll

not as simple as the separable case.

Multidimensional wavelets are still an active research area. A family of
multidimensional orthogonal filter similar to the 1-D Daubechies filter family is

yet to be found [25].
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Chapter 3

DTWT MODEL

Before discussing the approach used by this project to model a 1-D MRA-based
DTWT in MATLAB, a literature research on the development of DTWT VLSI

architecture and the finite wordlength analysis is presented here.

3.1 Previous Research in DTWT VLSI
Implementation and Finite Wordlength
Analysis

Most of the research available is concentrated on architecture design rather than

finite wordlength effects, which are being investigated in this project. It is

important to be familiar with the current trend so that the most popular and
widely used algorithm for DTWT VLSI implementation (i.e,, MRA) is selected

for our study.

3.1.1 DTWT VLSI Architectures

The first published DTWT architecture was proposed by Knowles [45] in 1990.
This architecture employed large multiplexors for routing the intermediate results.
Hence, it is not suitable to map into VLSI. A year later, Knowles and Lewis [46]
together proposed a 2-D DTWT architecture using no multiplier. However, this
architecture is an ad hoc solution for Daubechies 4-tap wavelets (e.g., N = 2 in

Table 4-1 and Table 4-3) only. In the same year, Aware Inc. has introduced a 30
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MHz 1-D Wavelet Transform Processor (WTP) [47] which executes computation

in a synchronous pipeline fashion.

Parhi and Nishitani [48] introduced two classes of VLSI architectures to
implement 1-D and 2-D DTWT and are referred to as the folded architecture
and the digital-serial architecture. The former architecture has lower latency but
consumes relatively larger chip space than that of the latter one. Their paper also
proposed a 2-D DTWT implementation using a combination of both
architectures. Nonetheless, the architectures requite extensive redesign in order

to scale for different filter length and number of decomposition stages.

Vishwanath, Owens and Irwin studied the feasibility of implementing the 1-D
and 2-D DTWT in [49]. Their proposed architectures, based on /fnear systolic
array, rely on a so-called global routing network to manage inputs and outputs to and
from the systolic filters. As a result, their designs provide higher scalability and
modularity than previous proposals.

Grzeszczak, Mandal, Panchanathan and Yeap published a systo/ic array architecture
for one or multidimensional DTWT in [50]. This architecture is an improvement
over [48] by sharing one set of multipliers and adders for both highpass and
lowpass coefficient calculations, in contrast to employing two parallel
computational hardware. The design also employed a global ronting control similar
to the one used in [49] to simplify control circuit for individual filter cell. The

drawback for this design is that the number of multipliers required equals to the
filter length.

Fridman and Manolakos proposed two 1-D DTWT architectures (i.e., semi-
systolic array architecture and systolic array architecture) in (51]. Both proposals
are built on Processing Element (PE) that is based on the results of the datu
dependence and localization analysis [52). The authors claimed that their designs
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require small memory and simple control circuit. Moreover, the modularity
property of PE has made both designs suitable for realization in VLSI and

programmable processors.

All of the above DTWT VLSI architectures achieve asymptotic lower latency
bound of 0(M), except [47] which is O(MlogM) where M is the length of input
sequence. Majority of the designs utilize the MRA theory to ensure fast DTWT
coefficients computation. Also, authors in [48, 50] use forward-circular scheme and
Jforward-backward register allocation technique to derive minimum number of register
usage. In fact, the /¢ tzme analysis [53], a common design tool in the compiler
field, shows that forward-backward register allocation technique provides the
minimum number of register utilized. However, as mentioned in [48], there is a
trade-off in the number of registers and the complexity of the control circuit.
Generally speaking, reducing the number of registers results in extra routing

which may take up even more space on the silicon after all.

3.1.2 Finite Wordlength Analysis

The effects of finite wordlength have been briefly mentioned for two-channel
QMF bank in [54-56] and for the wavelet QMF bank in [50]. In [57], Westerink,
Biemond and Boekee applied the "gain plus additive noise” model and broke down
the output error of a two-channel QMF system into four different types of errors
(e g, aliasing, QMF, signal and random errors). Later, Kovacevic [58] shows that
all signal-dependent errors at the output of a QMF two-channel system can be
cancelled with an appropriate choice of synthesis (reconstruction) filters, and the
Daubechies family used in this project is one of them. In fact, using the
"appropriate” filter only shift signal-dependent error into random error (i.c., the
total energy of error remains comparable.) which can then be minimized with any
noise removal technique. Independently, Uzun and Haddad derved similar
results using cyclostationary modeling for a 2-channel subband codecs [59, 60].
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In [61}, Yang, Chan and Chen proposed a 24-tap QMF subband filterbank which
is based on recurrence implementation and polyphase filtering. The authors then
provide a quantitative study on the performance of their proposed

implementation structure for HDTV application.

3.2 DTWT MATLAB Model

As mentioned in Chapter 2, Multi-Resolution Analysis (MRA) provides a
computational-efficient algorithm to perform forward and inverse discrete time
wavelet transforms (DTWT). MRA performs each decomposition or
reconstruction stage by an iterative process of lowpass and highpass filter
operations, followed by either upsampling or downsampling of the resultant
signals. The configuration of a three stages DTWT system is illustrated in Figure
2-3. QMF bank is usually employed to implement the mentioned filter
operations. Since its introduction, DTWT has quickly demonstrated its ability in a
wide spectrum of applications ranging from image process to non-stationary
signal analysis. Due to the real-time nature of many applications, hardware
implementation of DTWT is usually preferred. One way to implement DTWT is
to use programmable digital signal processor such as the TMS320Cx DSP family
from Texas Instruments. However, VLSI remains as the most cost-effective way
to implement DTWT in volume and this project is concentrated on the study of

numerical accuracy for the MRA-based DTWT VLSI implementation.

3.2.1 Choice of Mother Wavelet

Unlike the DCT (Refer to Section A.2.4) or other linear transformation schemes
where the transformation is performed onto one particular basis, in WT more
than one single set of basis are used. Thus, extra degrees of freedom are available
to the design of WT system so that it can possess abilities that other

transformation methods do not have. For example, different wavelet filter leads
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to different base. Because of the same reason, the Daubechies filter family [2] is
selected for this project. This wavelet family is an optimum choice for our
DTWT implementation because it has proven itself as a good basis for a wide
range of application such as image processing [43]. Moreover, the Daubechies
family corresponds to a filter class known as the orthogonal filter that ensures
perfect reconstruction (Refer to Section 2.4.2). In addition, the lowpass and
highpass QMF in analysis and synthesis filter banks are related to each other as
stated in equations (2.4.2.1). The analysis and synthesis filter pair is mirror image
of each other and all filters have the same length. For individual causal QMF

filters, the system function has only zeros (except poles at z = 0).

In case when the number of filter coefficients equals M, the total number of
multiplication and addition operations in a decomposition stage for a N length
signal is 2MN and 2(M-1)N respectively (including both highpass and lowpass
filters). Recall from Table 2-1, the next decomposition stage requites only half of

the multplication and addition operations performed in the previous stage.

As mentioned in previous paragraph, the longer the filter length, the mote
arithmetic operations are required in DTWT. Also pointed out in [50], 12 taps
filter are the upper bound for many real-time applications. Therefore, our

choices of Daubechies wavelet QMF are limited to 12 taps (.e. N = 6)

3.2.2 Round-off methods

The binary number system is the most conventional internal representation for
numbers within digital computets. Some common binary number formats are
sign and magnitude, 1’s-complement and 2’scomplement.  Since 2’s-complement
representation is the most commonly used format and it is best suit for

representing binary numbers, 2’s-complement is therefore selected for this

project.
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A real number can be expressed in 2’s-complement format with infinite

wordlength (3.1.2.1) or finite wordlength (3.1.2.2),

i=1

x =G(— a, +Za,2"], (3.1.2.1)

:%=G(—a0 +f:a,2"J, (3.1.2.2

=1
where G is the scaling factor, a’s are binary digits (a = 0 or 1) and 4o is the sign
bit. £ is the (M+1) bits finite representation of x and the resolution for X is
A=G2™M  Any real number with magnitude less than or equal to G can be
represented by the above equations. To simplify the investigation, G will be set
to 1 throughout this project. In addition, a real number can be converted from

infinite precision to finite one by nonlinear operations such as rounding or

truncation. If we define quantization error £as
E=X-x. (3.1.2.3)

The quantization error for 2’s-complement rounding and truncation will be

_ 2-M 2-—M
Rounding: <gs , (3.1.2.4)
2 2
Truncation: —2M<g<0. (3.1.2.5)

In a rounding operation, a real number is converted to a M-bit number closest to
its unrounded value. Therefore, the quantization error has zero mean and a
width of 2. In a truncation operation, the less-significant bits of an unrounded
number is chopped off so as to fit into the available finite wordlength.

Therefore, the quantization error is shifted 22 but the width remains
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unchanged.  The quantization noise probability density for rounding and
truncation ate depicted in Figure 3-1. Quantization effects due to rounding and

truncation operations will be investigated in this project.

P(g) P(e)

variance = A%lz variance = A712

mean=10 1A mean = -A%Z 1A

-A 0

Rounding Truncation

Figure 3-1 Quantization error distribution in rounding and truncation

3.2.3 Computational Quantization

The effect of round-off is modeled as an independent white noise source, which
injects noise at each muldplication in fixed-point arithmetic. To simplify the
investigation, each noise source is assumed to be uncorrelated with all other noise
sources and the input. It is obvious that the assumption is not valid as the degree
of quantization depends on the input. In fact, Grzeszczak, Mandal,
Panchanathan and Yeap [50] has demonstrated that the signal reconstruction
error in DTWT increases when the input data changes rapidly. Nonetheless,
Gold and Rader [62] has pointed out that when the signal traverses many
quantization stages, this linear noise model leads to accurate predictions of

statistical characteristics such as mean and variance.
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Figure 3-2 Linear noise model for digital FIR filter. All non-linear
quantization errors due to finite arithmetic are replaced by
uncorrelated noise sources.

Unlike IIR, FIR does not compose a feedback path so that each individual noise
is passed to the output without entering the system for further calculation
(Details given in Section 4.1.1). Hence, the round-off noise for FIR system is
proportional to the number of filter taps and independent of filter coefficient.

The noise variance is expressed as

, 2—2:\1
o*'=(N+l)( > J (3.12.6)

whete (N + 1) is the number of FIR coefficients and the remaining fraction is the
noise set by the quantization step-size of the filter computation. A graphic

representation of the equation is illustrated in Figure 3-2.

3.2.4 Sample Output of DTWT Model

The DTWT model developed in this project is written in MATLAB based on the
criteria listed in previous sections. The 1-D DTWT MATLAB model function is
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listed in B.13 (wt1d). The input parameters of this function allows users to
specify the input sequence, the length of data to be processed, the number of
decomposition stages (or reconstruction stages), the number of Daubechies filter
coefficients (e.g., the number is 4 for 2™ order Daubechies filter and 6 for 3™
order Daubechies filter), the transform mode (ie., decomposition [forward
DTWT] or reconstruction [inverse DTWT]), the quantization mode (ie, no
quantization, rounding or truncation), and the number of bits to represent filter

coefficients.

In Figure 3-3, the sample output using MATLAB function wt1d is shown (Refer
to MATLAB program wtdemol in B.14). The input sequence (a 64-unit long
square wave) is represented by the yellow curve. The input sequence is first
decomposed by a three stages MRA-based DTWT system using 3" order (N =3
in Table 4-1) Daubechies filter. The round-off method employed for both the
filter quantization and internal result is rounding (rather than truncation) and the
number of bits to represent filter coefficient and internal results are 5-bit and 10-
bit respectively. The resulting sequence is then reconstructed using similar
settings. The output is represented by the purple curve. Notice that the output

curve does not regenerate perfectly due to non-ideal effects of the DTWT

system.
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Figure 3-3 The input (yellow) and output (purple) of MATLAB function: wtld.

3.2.5 Selective Subband Reconstruction

The MATLAB DTWT model not only provides a tool for prototyping and
simulation of non-ideal effects due to quantization of filter coefficient and
internal computation results, but also allows system designers to simulate
selective subband reconstruction with the presence of non-ideal effects

aforementioned.

Recall from Figure 2-1 that at each decomposition stage, the input sequence (e.g,,
) is processed into high frequency portion (c.g., B,) and low frequency portion
(e.g., B». The low frequency portion is then used as input for the next
decomposition stage if necessary. Due to the high frequency nature of non-ideal

effects, the high frequency portion of the input sequence may be ignored in the
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MRA-based DTWT system since the majority of the information encoded in this
portion is noise (e.g, noise introduced in the transmission channel of the
sequence). By removing the high frequency portion, component £3, in Figure 2-3,
the number of filters and corresponding control circuit for a 3-stage MRA-based
DTWT configuration will be reduced to the modified configuration as shown in
Figure 3-4. The removal of highpass filters will not reduce the chip size if the
VLSI DTWT system is designed in a way that highpass and lowpass operations in
a filter stage are sharing the same set of filter. Furthermore, the overall
computation speed will not increase because the lower arm (lowpass filter path) is
the limiting factor in processing time as suggested by equation (2.4.1.7) (ie,
removal of highpass filters does not change the length of the lowpass filter path).
Nonetheless, the control circuit and scheduling algorithm employed for filter
computation will be simplified due to the removal of the high frequency portion
in a particular filter stage. Depending on the level of tolerance for errors in
reconstruction, high frequency portion(s) in subsequent decomposition
(teconstruction) stage(s) can be further removed in exchange for higher

reconstruction errors.

Analysis Filter Bank

Figure 3-4 Modified Octave filter bank: wavelet coefficients expansion using three-level
analysis filter bank; reconstruction of original signal using a cortesponding three-levels
synthesis filter bank.
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In Figure 3-2, MATLAB DTWT model (Wtd1) is used to illustrate the non-ideal
effects of selective subband reconstruction discussed above (The figure is
generated by MATLAB program wtdemo2 in B.15). The input sequence (a 128-
unit long square wave) is represented by a yellow curve. The input sequence is
first decomposed by a three stage MRA-based DTWT system using 2™ order (N
=2 in Table 4-1) Daubechies filters. The round-off method employed for both
the filter quantization and internal result is rounding and the number of bits to
represent filter coefficient and internal results are 5-bit and 10-bit respectively.

The resulting sequence is then reconstructed using similar settings.

Figure 3-& Simulation of selective subband reconstruction with the
presence of non-ideal effects
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The output for each scenario is represented by a purple curve. The top left
subplot shows the input and output for the complete MRA-based DTWT system
(no high frequency portion removed; refer to Figure 2-3). The top right subplot
shows the input and output for the system depicted in Figure 3-4 (ie.,, B, is
removed). An additional high frequency portion is removed in the bottom left
subplot (i.e., both B, and 3, are removed). Finally, the bottom right subplot
shows the output of using only the low frequency portion for reconstruction (i.e.,
B, B, and B, are removed). Notice the deterioration of output as less

information is used in the reconstruction process.

In this chapter, we have described the 1-D MRA-based DTWT MATLAB model
developed for this project. The model allows user to prototype N-stage
decomposition and reconstruction DTWT with the freedom to specify the
number of bits to represent and the rounding-off model, which are both used by
the Daubechies filter coefficients and the internal computational results. An
example to decompose and then to reconstruct a square wave utilizing the model
is provided. Finally, we use the model to illustrate the idea of removing high
frequency portion(s) of the DTWT system. The MATLAB DTWT model
developed in this project provides a valuable tool for system designers to study
the possibility of selective subband reconstruction. The model can be use to
evaluate the trade off between the reduction of control circuit (i.e., removal of
highpass filter in a DTWT stage) and the reconstruction error with the presence

of non-ideal effects due to quantization of filter coefficients and computational

results.



Chapter 4

FINITE WORDLENGTH
EFFECTS OF FILTERS IN
DTWT SYSTEM

The MATLAB model developed in previous chapter provides important
information regarding overall performance of a MRA-based DTWT system with
the presence of non-ideal effects. In this chapter, we focus our study on the non-
ideal effects of individual filters within the DTWT system. First, we conduct an
investigation of non-ideal effects of direct structure filter implementation. Then,
we look into another filter implementation, namely the lattice structure filter

implementation. Lastly, performance results for both filter implementations are

compared.

4.1 Finite Wordlength Effects of Direct
Structure Filter

In this section, we study the finite wordlength effect of filter model using direct

structure implementation. First, the reason of concentrating the study on Finite

Impulse Response (FIR) filter is given. Then, the non-ideal effects in both

magnitude and phase responses due to finite wordlength are simulated using
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MATLAB. Results are presented graphically later in this chapter. Complete
numetical results are tabulated in Appendix C.

4.1.1 Choice of Filter Type

Under ideal conditions, such as the availability of unlimited wordlength for filter
coefficients and internal storage, a DTWT composed by digital filters should
behave the same regardless of the choice of filter types (e.g., FIR or IIR). Despite
the fact that IIR system can usually fulfil the same filter requirement with less
hardware and processing time [63], system designers often prefer FIR to IIR in
reality. The reason can be seen easily if we look at the two lowpass FIR and IIR

filters as shown in below.

IN
— 27— —> 7 IN .
ouT i
hO hy hn-l @ 2-1
FIR nR

Figure 4-1 (Left) FIR lowpass filter; (Right) IIR lowpass filter.

The IIR filter feeds its output back for subsequent calculation whereas the FIR
filter does not. The feedback path in IIR system raises two design issues. First of
all, the number of bits required to express the IIR output exactly increases after
every iteration. For example, if both the filter coefficient (@) and data arc a bits
wide, the number of bits required for the result which loops back to the summing
point after one iteration will be doubled to 2a bits wide. On the contrary, this

phenomenon does not occur in the FIR system due to the absence of feedback

path. However, in case when the IIR system has a long memory (ie., as &
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approaches 1), the higher order products will not be negligibly small. Inevitably,
the rounding error will propagate back to the system, resulted in relatively large
error accumulation. Another related design issue for IIR system is the gero-Zuput
limit cycle. Finite wordlength generates a deadband within which input corrections
are not fed back during iteration. Consequently, the limit cycle occurs when the
IIR output oscillates indefinitely at small amplitude long after the input has gonc
to zero. Zero-input limit cycles caused by overflow [64] or round-off
quantization [65] are unique to IIR system. FIR systems are immune from limit
cycles due to the lack of feedback path. In view of these reasons, FIR systems
are usually preferred in applications where limit cycle oscillation cannot be
tolerated. In addition, linear phase conditions are easily preserved in the direct
form FIR system [65] then IIR system. Therefore, our investigation only

concentrates on a special case of FIR (e.g., QMF filter).

The direct structure FIR model shown in Figure 4-1 is the building block for the
highpass and lowpass filter pairs in a DTWT system. Recall from Figure 2-3, the
highpass filter for signal decomposition is labeled 4 whereas its counterpart in the
reconstruction stage is labeled A’  Similarly, the lowpass filter for signal
decomposition stage is labeled g whereas its counterpart in the reconstruction
stage is labeled g’ The high-pass decomposition filter coefficients (%) for
Daubechies family members (V =2 to N = 6) are tabulated in Table 4-1. Due to
the relationships described by equations (2.4.2.1.) in Section 2.4.2., we can obtain
all the corresponding filters coefficients by merely knowing the filter coefficients
for one particular filter (Le, the prototype filter). For example, highpass
reconstruction  filter coefficients (h'), lowpass decomposition (g) and
reconstruction (g') filter coefficients can all be readily computed from the high-
pass decomposition filter coefficients (h). The MATLAB function
(pwtldgento) computes all filter coefficients from the high-pass

reconstruction filter coefficients is listed in B.9 of Appendix B. Also, the
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MATLAB function (daubfcoeff) that generate the high-pass decomposition
filter coefficients for Daubechies family in Table 4-1 is listed in B.6.

Daubechies family | Daubechies filter coefficients
N=2 h(0) = 0.482962913145
h(1) = 0.836516303738

h(2) = 0.224143868042

h(3) =-0.129409522551

N=3 h(0) 0.332670552950
(1) = 0.806891509311

h(2) = 0.459877502118

h(3) =-0.135011020010

h4) =-0.085441273882

h{(5) = 0.035226291882

N=4 £4(0) 0.230377813309
hy(1) = 0.714846570553

h(2) = 0.630880767930

54(3) =-0.027983769417

hy(4) =-0.187034811719

h(S) = 0.030841381836

h(6) = 0.032883011667

hy(7) =-0.010597401785

N=5 h(0) = 0.160102397974
k(1) = 0.603829269797

hs(2) 0.724308528438

h5(3) = 0.138428145901

bs(4) =-0.242294887066

b5(5) =-0.032244869585

55(6) 0.077571493840

hs(7) =-0.006241490213

b5(8) =-0.012580751999

45(9) = 0.003335725285

N=6 h(0) = 0.111540743350
b(1) = 0.494623890398

h(2) = 0.751133908021

h(3) = 0.315250351709

h(4) =-0.226264693965

he(5) ==0.129766867567

h(6) = 0.097501605587

by(7) = 0.027522865530

h(8) =-0.031582039318

h(9) = 0.000553842201

h(10) = 0.004777257511

he(11) = -0.001077301085

Table 4-1 Daubechies filter coefficients and their
corresponding lattice filter coefficients for N=2to 6
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4.1.2 Filter Coefficient Quantization

Since the DTWT filter coefficients can be expressed with finite number of bits,
the quantized coefficients may lead to a shift in zeros for FIR, resulting in a
different QMF filter from the one we have original designed. Nonetheless, the

degradation in the filter characteristics for FIR should be less severe than that of

IIR for the reasons mentioned in Section 4.1.1. The frequency response H ofa
FIR system with quantized coefficients can be expressed as the sum of the

unquantized frequency response H and the frequency response error AH :

H(e™)=H(e™)+AH(e™), 4.1.2.1)
N

AH(e™) =Y. Ah[nle™"" 122
i=0

where N is the number of tap of the FIR filter and Ak[n] is the coefficient error
caused by quantization. Follow our previous discussion in rounding, if the filter
coefficients are rounded to (M+1) bits, a bound of the coefficient error can be
derived using (4.1.2.2). A bound on the frequency response error is obtained by

replacing the coefficient errors AA[n] and the complex exponentials with their

maximum magnitudes [65]. i.e,

N
< |Aknlle™| < (N +1)274, @.123)

n=0

i Ah[nle™™"

n=0

jaH| =

4.2 Simulation Results
With the VLSI implementation of DTWT for real-time application in mind, only

short filter members in the Daubechies family were studied. That includes

Daubechies wavelet order ranged from N =2 to 6 (i.e., 4 taps to 12 taps). Since
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the lowpass/highpass QMF filter pair forms mirror images of each other at 7/2
before downsampled, the lowpass FIR filter studied in this section can easily be
extended to its highpass counterpart. For each wavelet order, the "infinitc"
precision filter coefficients in Table 4-1 were mapped into varous finite
wordlengths ranging from 3 to 12 bits. The MATLAB functions that perform
round-off operations are listed in B.3 (rounding) and B.4 (truncation). Examples
of using truncation and rounding in 8-bit and 12-bit representations of 3™ and 6"
orders Daubechies filter coefficients are tabulated in Table 4-2. In the following
sections, we will observe that the coarseness of the quantization contributes

errors in both phase and magnitude responses of the filter.

Simulations were performed on the direct structure filter model. Results for each
wavelet order are tabulated in three separate tables in Appendix C. They are
namely the magnitude responses (rounding and truncation) and the phase
responses. In the magnitude response tables, the magnitude responses errors

'AH (e”)| as defined in equation (4.1.2.3) are recorded in decibel (dB) for both

passband and stopband regions. In addition, maximum value, mean as well as
variance for each scenario (e.g., wavelet order, quantizaton bit, passband or
stopband) are also presented. Furthermore, the maximum coefficient errors (e.g.,
An[n] in equadon [4.1.2.2]) for each quantization scenario are included. In the
phase response tables, the phase responses are recorded in degree for both
passband and stopband regions. The mean and the variance for both regions
were are presented. In the following, findings, observations and graphs regarding

the simulations are provided.
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Daubechies family | Daubechies filter coefficients 8-bit representation 12-bit representation

h0) = 0.332670552950 3.28125 x 107} 3.3251953125 x 107}

h(1) = 0.806891509311 8.046875 x 107 8.06640625 x 107*

N=3 h(2) = 0.459877502118 4.53125 x 107! 4.5947265625 x 107°

h(3) =-0.135011020010 -1.40625 x 107* | -1.3525390625 x 107}

k(4) =-0.085441273882 -8.59375 x 1072 -8.544921875 x 1077

h(5) = 0.035226291882 3.125 x 1072 3.515625 x 107°

h6(0) 0.111540743350 1.09375 x 107} 1.11328125 x 107"

g h(1) = 0.494623890398 4.921875 x 1077 4.94140625 x 107°
- h(2) = 0.751133908021 7.5 x 107 7.509765625 x 107
g be(3) = 0.315250351709 3.125 x 107} 3.1494140625 x 107"
E_‘E hi(4) =-0.226264693965 -2.265625 x 107 -2.265625 x 107
N=6 b(5) =-0.129766867567 -1.328125 x 107! -1.298828125 x 107

h(6) = 0.097501605587 9.375 x 1072 9.716796875 x 107

b(7) = 0.027522865530 2.34375 x 107¢ 2.7343750 x 107"

hi(8) =-0.031582039318 -3.90625 x 107 -3.173828125 x 107"

h(9) = 0.000553842201 0 4.8828125 x 107

h(10) = 0.004777257511 0 4.39453125 x 107

hi(11) =-0.001077301085 -7.8125 x 107° Z1.46484375 x 107

h0) = 0.332670552950 3.359375 x 107} 3.3251953125 x 107}

k(1) = 0.806891509311 8.046875 x 107! 8.0712890625 x 107°

N=3 h(2) = 0.459877502118 4.609375 x 107! 4.599609375 x 107!

h(3) =-0.135011020010 -1.328125 x 107 | -1.3525390625 x 107

h(4) =-0.085441273882 -8.59375 x 1072 -8.544921875 x 1077

h(B) = 0.035226291882 3.90625 x 1072 3.515625 x 107

b(0) = 0.111540743350 1.09375 x 107} 1.11328125 x 107

& h(l) = 0.494623890398 4.921875 x 107! 4.9462890625 x 107}
] h(2) = 0.751133908021 7.5 x 107! 7.509765625 x 107
5 h(3) = 0.315250351709 3.125 x 107} 3.154296875 x 107
) by(4) =-0.226264693965 -2.265625 x 107 | ~2.2607421875 x 107
N=6 b(5) =-0.129766867567 -1.328125 x 107} -1.298828125 x 107°

be(6) = 0.097501605587 9.375 x 1072 9.765625 x 107

h(7) = 0.027522865530 3.125 x 1072 2.7343750 x 1077

hi(8) =-0.031582039318 -3.125 x 1072 -3.173828125 x 107"

bh(9) = 0.000553842201 0 4.8828125 x 10°

/](,(10):' 0.004777257511 7.8125 x 10‘3 4.8828125 x 10-3

h(11) = ~0.001077301085 0 29.765625 x 107

Table 4-2 Unquantized and Quantized (8-bit and 12-bit) Coefficients for 3*¢ and 6
otders of the Daubechies highpass filter (Direct Structure Implementation)
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4.2.1 Magnitude Responses for the Direct Structure

The simulation results of the direct structure magnitude responses using rounding

and truncation are tabulated in Table C-1 and Table C-2 respectively. According
to these tables, the maximum coefficient errors Ah[n]]mx for both rounding and

truncation cases decrease as the number of bits used to quantize the Daubechies
wavelet filter coefficients increases. The results for wavelet orders 2 to 6 are

plotted in Figure 4-2.

The errors for scenarios using the same number of quantization bits are reduced
by approximately a factor of two if rounding, instead of truncation, is adopted by
the direct structure filter. For instances, in order to have the maximum filter
coefficient error equals 0.01 (i.e., -40dB) or less, only seven bits or more are
required for rounding whereas eight bits or mote are required for truncation. In
the scenarios under investigation, the wavelet order does not affect the error at
all, except for slight deviations observed for the 4-bit rounding and 3-bit
truncation cases. It is because the Daubechies filter coefficients in varous

wavelet orders under investigation have similar magnitude.

In Table C-1 and Table C-2, the maximum magnitude errors |AH i )l for both

rounding and truncation cases decrease as the number of bits used to quantize
the real Daubechies wavelet filter coefficients increases. Similar patterns are
observed in the mean magnitude errors and they are plotted in Figure 4-3 and
Figure 4-4 for Daubechies wavelet orders 2 to 6. According to these figures, the
mean magnitude errors for passband and stopband decrease almost linearly for
the truncation method. On the other hand, the mean magnitude errors for the
rounding method remained unchanged or increased even when the number of
quantization bit increased in several cases. For examples, the mean magnitude

errors for the second wavelet order using rounding (Refer to R2P and R2S in
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Figure 4-3) remained at —48.60dB (Passband) and —57.75dB (Stopband) for 6, 7
and 8-bit filter coefficients quantization. Furthermore, in order to achieve a
mean magnitude error of 0.01 (Le., -40dB) or less in both passband and
stopband, only eight bits or more are required for the rounding method whereas

nine bits or more were required for truncation.

The magnitude responses and quantization errors for the 3™ and the 6"
Daubechies wavelet orders under investigation are illustrated in Figure 4-5 and
Figute 4-6. Due to the large amount of information, only a selected set of
scenatios (e.g., 3, 5, 7, 8, 10 and 12-bits filter coefficient quantization) are shown.
In each figure, results related to rounding and truncation are displayed on the left
and right columns respectively. Notice that the poorest magnitude responses
observed in the figures are due to poor resolution provided by the 3-bit

wordlength (represented by yellow curve) in quantizing the filter coefficients.

Generally, the higher the Daubechies wavelet order, the larger the mean
magnitude error for the same number of coefficient quantization bits. One of the
exceptions is in the passband truncation scenario where only relatively small
deviations are observed among various wavelet orders. In addition, for the same
number of quantization bits used, the mean magnitude errors of rounding

method are usually 10 dB smaller than that of truncation method.
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Figure 4-2 Plots of maximum filter coefficient error versus the number of quantization
bits for the direct structure are plotted for (top) rounding and (bottom) truncation. In
the legend, T2 refers to the maximum coefficient errors for the second Daubechies
wavelet order, N = 2, using truncation (T); R3 refers to the maximum coefficient errors
for the third Daubechies wavelet order using rounding (R).
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Figure 4-3 Plots of mean magnitude response errof vetsus the number of quantization
bits for the direct structure using rounding are plotted for (top) passband and (bottom)
stopband. In the legend, R2P refers to the Passband P mean magnitude errors for the
second order Daubechies wavelet, N = 2, using rounding R; R3S refers to the stopband
S mean magnitude errors for third Daubechies wavelet order using rounding.
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Figure 4-4 Plots of mean magnitude response error versus the number of quantization bits for
the direct structure using truncation are plotted for (top) passband (bottom) stopband. In the
legend, T2P refers to the Passband (P) mean magnitude errors for the second order
Daubechies wavelet, N = 2, using truncation (T); T3S refers to the stopband (S) mean
magnitude  errors  for  third  Daubechies wavelet order using truncation.
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Figure 4-5 Wavelet Order N3: Quantized magnitude responses (3, 5, 7, 8, 10 & 12
quantization bits) for the direct structure using rounding (a) and truncation (d). Their
deviations with the unquantized magnitude responses for rounding and truncation are
plotted in (b), (c) and (e), (f) respectively.
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Figure 4-&6 Wavelet Order N6: Quantized magnitude responses (3, 5, 7, 8, 10 & 12
quantization bit) for the direct structure using rounding (a) and truncation (d). Their
deviations with the unquantized magnitude responses for rounding and truncation are
plotted in (b), (c) and (e), (f) respectively.
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4.2.2 Phase Responses for the Direct Structure

The magnitude response only provides half of the information of a system. In
fact, the phase response also has a significant impact to the overall system
response. It is possible to have two systems possess the same magnitude
responses but different phase responses. On the contrary, the phase shift can
totally distort the shape of the original waveform which was fed into the system.
At the first glance, it seems desirable to design a system that has zero phase for
each DTWT subband. Nonetheless, it is well known that nonzero phase
respomnses are not attainable for causal frequency-selective filters. Hence, the next
best thing is to have a linear phase or #ear linear phase system. A non-linear
phase shift means that different frequency components of the input waveform
arrive at the output of the system in different rate. Consequently, this signa/
dispersion in the DTWT filter bank may lead to inaccurate wavelet coefficients
generation and signal reconstruction. In truth, a linear phase system is sufficient
to avoid distortion since the lag is known and thus can be compensated. For

instance, a linear phase N-tap QMF bank behaves just like 2 N-stage delay line.

Group delay 7 can be used to quantify the linearity of the phase and it is defined

as a continuous function of frequency:
(w) = —iarg[H(e"” )], (#.1.2.1)
dw

where arg is referred to as the continuous phase. A constant group delay
indicates a linear phase. Conversely, the phase nonlinearity is indicated by the
deviation of group delay away from a constant. The decomposition or
reconstruction QMF banks in the DTWT are near linear phase [12]. The phasc

response for the second wavelet order (V = 2) and its group delay are plotted in
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Figure 4-7. Even though the direct structure filter’s phase response appears fairly

linear, it is evident that the group delay is not a constant.

In the project, the phase responses for direct structure filter for the Daubechies
wavelet filter are simulated. The simulation results of the direct structure phase
responses using rounding and truncation are tabulated in Table C-3. In the table,
the mean and varance for both passband and stopband are also shown.
Furthermore, phase responses for quantized filter coefficient using rounding and
truncation are plotted for 2, 3%, 4" and 6" orders Daubechies wavelet under
investigation from Figure 4-8 to Figure 4-11. Visually, the rounded filter
coefficients introduce less abrupt phase shift at the stopband region when

comparing to the phase responses of the truncated coefficients.

A I
“ L Boermalized F

Figure 4.7 Phase responses (left) and group delay
(right) for the 27 order Daubechies wavelet (V = 2).
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Figure 4% The direct structure phase responses of the second Daubechies wavelet
order (N = 2). Selected set of quantization bits using rounding (left) and truncation
(right) are used to show the finite wordlength effects.

Figure 4.9 The ditect sttucture phase responses of the third Daubechies wavelet order
(N = 3). Selected set of quantization bits using rounding (left) and truncation (right) are
used to show the finite wordlength effects.
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Figure 4-{0The direct structute phase responses of the fourth Daubechies wavelet order
(N = 4). Selected set of quantization bits using rounding (left) and truncation (right) are
used to show the finite wordlength effects.

Figure 4-{| The ditect structure phase responses of the sixth Daubechies wavelet order
(N = 6). Selected set of quantization bits using rounding (left) and truncation (right) are
used to show the finite wordlength effects.
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4.3 Finite Wordlength Effects of Lattice
Structure Filter

For comparison putpose, this project studies the coefficient effects on two
different filters, namely the direct structure and the lattice structure.
Traditionally, the lattice structure is not an efficient way to implement a FIR
system because it generally requires more multipliers than the same system
implemented by direct form (the number usually doubles when comparing to a
similar direct form system). From a VLSI design point of view, multipliers take
up a lot of floor space in a chip. Thus, the additional number of multipliets in the
lattice structure often makes itself an unfavorable implementation choice.
However, the DTWT belongs to a class of orthogonal filter that can be
implemented in the lattice structure using only half the number of filter
coefficients in an equivalent direct structure filter. The reduction gained
translates into smaller chip size and reduced computation complexity. This
property makes the lattice structure filter an attractive alternative to the direct

structure filter for VLSI DTWT implementation.

4.4 DTWT Lattice Structure Model

The lattice structure filter was first adopted in the theory of autoregressive signal
modeling [66]. Currently, this implementation structure is popular in adaptive
prediction applications, such as speech analysis and synthesis. Lattice structure
promises greater stability than direct IIR structure and fewer coefficients to
compute than direct FIR structure in some cases [67]. Lattice structure can be
used to realize both FIR and IIR filter but this project only studies the former

casc.

For the DTWT lattice implementation, each FIR filter pair in the MRA

decomposition stage is implemented using a cascade of causal QMF lattice stages.
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Similar to the direct structure filter implementation, the overall structure consists
of cascades of causal lattice stages as shown in Figure 4-12. From the diagtam,

the following relationships are observed:
H/(z)=H_,(z)— q,z‘zG,_2 (2), i=3,5,.. #.1.1)
G(2)=¢q,H_,(z)+ z'zG,_2 (2), i=35,.. 4.1.2)

where the lattice coefficients g;j are the coefficients of the highest power of Zin
Hi(z). In Figure 2-3, the transfer functions for highpass filter (#) and lowpass
filter (g) in the direct structure filter equal to that of Hpgem and Guaxy in the

lattice structure filter respectively.

{B 3 Hmw:(l)_'
_E — ] '1><1 K -><G¢
max(i)

Figure 4-12 (Left) A two-channel analysis filter bank or a MRA decomposition stage;
(Right) the QMF lattice equivalence.

Applying the polyphase interpretation of downsampling operation that

=
\

Y(z"y=+% X(ZW,:;) all delay elements z~ 2 of the lattice structure in Figure
0

bl
1

412 reduce to z! when the downsampling operations are moved to the
beginning of the first lattice stage. The transformation is summarized in Figure
4-13. Furthermore, the downsampling operations and the delay element near the

input of the structure can be realized as an input commutator.
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For an orthogonal filter, its corresponding QMF lattice has a special characteristic
[12, 68] which can reduce the amount of multiplication and addition operations
when comparing to direct computation. Since all lattice coefficients g; with even-
valued indices are zero, the number of lattice coefficients equals M/2 (i.e., half the
number required by direct form). The total number of multiplication and
addition operations in a lattice stage for a N-length signal are then equal to MN
(including both highpass and lowpass; refer to Section 3.2.1). As derived in Table
2-1, the next lattice stage only requires half of the multiplication and addition
operations performed in the previous stage in a MRA-based DTWT system.
According to equation 24.1.6, the upper bound of a complete MRA
decomposition for the lattice structure equals 2C (ie, 2C = 2 x [MN
multiplications + MN additions]). Comparing the results to that of the direct
structute filter, both multiplication and addition operations are reduced almost by

half.

G G, G

1 3 max(y)

H
3 max(i)
Z
3

H H
| * R q3 .
Bl WA R SVANEQN. = .
GI G G

max(i}

(b) ©

Figure 4-13 (a) Downsampling equivalence; (b) New lattice structure with less delay
clement; (c) Input commutator.
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Above all, Vaidyanathan and Hoang have shown that the paraunitary property is
inherent in the QMF lattice structure. Consequently, the DTWT lattice
implementation is robust in the sense that the perfect reconstruction property is
presetved in spite of coefficient quantization [69]. Furthermore, the same
hardware can be used for both analysis (decomposition) and synthesis
(teconstruction) by simply changing the processing order from the output to the
input. The lattice coefficient used in this project is listed in Table 4-3 along with
their corresponding Daubechies wavelet family. The MATLAB function that
converts filter coefficients from direct structure format to lattice structure format
(and vice versa) are listed in B.8 (B.10). Noticed that the scaling factors B for

each lattice stage can be combined into one single factor during implementation.

66



Daubechies family | Daubechies filter coefficients QMEF lattice coefficients
N=2 h(0) = 0.482962913145 q = -1.732050807568
k(1) = 0.836516303738 3= 0.267949192430
h(2) = 0.224143868042 B = 0
b(3) =-0.129409522551
N=3 h0) = 0.332670552950 q1= -2.425497243932
m(1) = 0.806891509311 g3 = 0.546096402965
h(2) = 0.459877502118 g5 = -0.105889419937
h(3) =-0.135011020010 B = k)
/(4 =-0.085441273882
b(5) = 0.035226291882
N=4 h(0) = 0.230377813309 g1 = -3.102931485825
h(l) = 0.714846570553 ¢3= 0.810931344496
hy(2) = 0.630880767930 g5 = -0.259293881631
h(3) =-0.027983769417 1= 0.046000097113
by(4) =-0.187034811719 B = M)
hy(5) = 0.030841381836
hy(6) = 0.032883011667
hi(7) =-0.010597401785
N=5 hs(0) = 0.160:02397974 Q= =3.771519212149
h(1) = 0.603829269797 g3= 1.063943426476
bh(2) = 0.724308528438 g5 = ~0.424829277744
Ah5(3) = 0.138428145901 q1= 0.133184545637
b(4) =-0.242294887066 g = -0.020834948928
b5(5) =-0.032244869585 B = 40
h(6) = 0.077571493840
b5(7) =-0.006241490213
b5(8) =-0.012580751999
A5(9) = 0.003335725285
N=6 he(0) = 0.111540743350 q = -4.434468308238
h(1) = 0.494623890398 g3 = 1.308336039621
h(2) = 0.751133908021 g5 = -0.589618123372
he(3) = 0.315250351709 g = 0.243014597224
ho(4) =-0.226264693965 g = -0.069999878205
ho(5) =-0.129766867567 gu = 0.009658363865
h(6) = 0.097501605587 B = 4(0)
h(7) = 0.027522865530
b(8) =-0.031582039318
h(9) = 0.000553842201
h(10) = 0.004777257511
h(11) = -0.001077301085

Table 4-3 Daubechies filter coefficients and their corresponding
lattice filter coefficients for N = 2 to 6.
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4.5 Simulation Results

This section presents the simulation results for the finite wordlength effects of
lattice structure filter. To illustrate the non-ideal effects due to filter coefficient
quantization under different round-off methods, the unquantized and quantized

(8-bit and 12-bit) filter coefficients for 3* and 6" orders of the Daubechies

highpass filter are tabulated in Table 4-4.

Daubechies family | QMEF lattice coefficients 8-bit representation 12-bit representation

@1 = -2.425497243932 -2.4375 ~2.42578125

N=3 ¢5= 0.546096402965 5.3123 x 107! 5.44921875 x 107}

g g5 = ~0.105889419937 -1.25 x 107} -1.07421875 x 107"
'§ g1 = -4.434468308238 -4.4375 -4.4375
g ¢ = 1.308336039621 1.25 1.3046875
2 N=6 g5 = —-0.589618123372 -6.25 x 107 -5.8984375 x 107
i g1 = 0.243014597224 1.875 x 107 2.421875 x 107
¢ = -0.069999878205 -1.25 x 107! -7.03125 x 107

gu= 0.009658363865 0 7.8125 x 107

q1= -2.425497243932 -2.4375 -2.42578125

N=3 g= 0.546096402965 5.3125 x 107! 5.46875 x 107

o0 gs= -0.105889419937 -9.375 x 107° -1.0546875 x 107
£ @1 = -4.434468308238 -4.4375 ~4.43359375
g gs = 1.308336039621 1-312_5; 1.3085937?
c‘:’ N=6 gs = -0.589618123372 -5.625 x 10 -5.8984375 x 107"
@1 = 0.243014597224 2.5 x 107! 2.421875 x 107

g = -0.069999878205 -6.25 x 107 -7.03125 x 107

g1y = 0.009658363865 0 7.8125 x 107"

Table 4-4 Unquantized and Quantized (8-bit and 12-bit) Coefficients for 3¢ and 6
orders of the Daubechies highpass filter (Lattice Structure Implementation)

4.5.1 Magnitude Responses for the Lattice Structure

The same investigations performed for the direct structure filter are repeated for
the lattice structure. The simulation results for the lattice structure magnitude
using rounding and truncation ate tabulated in Table C-4 and Table C-5 of
Appendix C respectively.
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Since the wordlength limitation and the number representation are the same, the
maximum coefficient errors Ah[n]jnm for both direct and lattice structures using

rounding and truncation are, as expected, exactly the same in our simulations as
expected. That is, the errors decreased as the number of bits used to quantize the

Daubechies wavelet filter coefficients increased.

Unlike the direct structure filter that showed smaller mean magnitude errors with
rounded coefficients, the mean muagnitude errors for the lattice structure filter
remained approximately the same in both passband and stopband regions no
matter whether rounding or truncation was used. In fact, when compared to the
results for the direct structure filter, larger differences (e.g., ranged from 15 to
30dB) in the mean magnitude errors are observed among small and large wavelet
orders in the lattice cases under equivalent conditions. For example, the mean
magnitude errors of the second and the sixth Daubechies wavelet orders with 7-
bit coefficient quantization in the passband rounding scenarios are —70.58dB and
~38.97dB respectively. Furthermore, in order to achieve 2 mean magnitude error
of 0.01 (e, -40dB) or less in the passband truncation scenarios for the lattice
structure filter, only four bits or more are required for the 2™ wavelet order

whereas ten bits or more were required for the six wavelet order.

The step-wise curve pattern for the direct structure using rounding is observed in
all scenarios of the lattice structure as shown in Figure 4-14 and Figure 4-15.
Thus, the mean magnitude errors for the lattice structure filter remained
unchanged or increased even though the number of quantization bits increased.
For example, fairly constant mean magnitude errors are observed for the second
wavelet order in all lattice scenarios with 4, 5, 6 and 7-bit as well as §, 9 and 10-

bit coefficient quantizations.
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For comparison purposes, the magnitude errors for the 3™ and the 6"
Daubechies wavelet orders using lattice structure filter are depicted in Figure 4-16
and Figure 4-17. Again, the same selected set of scenarios (e.g, 3, 5, 7, 8, 10 and
12-bits filter coefficient quantization) were shown. In these figures, results
related to rounding and truncation are displayed on the left and right columns

respectively.
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Figure 4-14 Plots of mean magnitude response error versus the number of quantization
bits for the lattice structure using rounding are plotted for (top) passband and (bottom)
stopband. In the legend, R2P refers to the Passband P mean magnitude errors for the
second order Daubechies wavelet, N = 2, using rounding (P); R3S refers to the stopband
(S) mean magnitude errors for third Daubechies wavelet order using rounding.
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Figure 4-15 Plots of mean magnitude response error versus the number of quantization
bits for the lattice structure using truncation are plotted for (top) passband and (bottom)
stopband. In the legend, T2P refers to the Passband (P) mean magnitude errors for the
second order Daubechies wavelet, N = 2, using truncation (P); T3S refers to the
stopband (S) mean magnitude errors for third Daubechies wavelet order using
truncation.
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Figure 4-{{, Wavelet Order N3: Quantized magaitude responses (3, 5, 7, 8, 10 & 12
quantization bits) for the lattice structure using rounding (a) and truncation (d). Their
deviations with the unquantized magnitude responses for rounding and truncation are
plotted in (b), (c) and (e), () respectively.

73



Figure 4-17 Wavelet Order N6: Quantized magnitude responses (3.5 728, 10& 12
quantization bits) for the lattice structure using rounding (a) and truncation (d). Their
deviations with the unquantized magnitude responses for rounding and truncation ate
plotted in (b), (c) and (e), (f) respectively.
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4.5.2 Phase Responses for the Lattice Structure

The simulation results of the phase responses for lattice structure filter using
rounding and truncation are tabulated in Table C-6. In the table, the mean and
variance for both passband and stopband are also shown. Furthermore, phase
responses for quantized filter coefficient using rounding and truncation are
plotted for 2™ 3% 4% 6™ order Daubechies wavelet under investigation from
Figure 4-18 to Figure 4-21. The linear phase property is observed in these
figures. Similar to the direct structure filter, all abrupt phase shifts of lattice
structure occur mainly in the stopband regions. Moreover, the lattice structure
petformances, in terms of phase linearity and degree of phase shift, for both
rounding and truncation vary with the quantization bits. Except for the 2 and
the 3" wavelet orders (red and blue lines in Figure 4-18 to Figure 4-21), the
rounded filter coefficients introduce less abrupt phase shift in the stopband
region when compared to the phase responses of their direct structure
counterparts with the same number of quantization bits. Above all, except for
the second wavelet order, the truncated filter coefficients introduce “smoother”
phase shift (ie., smaller group delay) than their direct structure counterparts
under most investigated scenarios. As a result, for phase-sensitive applications
such as radar and image processing, the lattice structure is a better
implementation architecture than the direct structure based on our study.
Nonetheless, there is no general phase error pattern observed. Hence, the
decision to adopt either rounding or truncation in quantizing filter coefficients

has to be made on a case by case basis.
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Figure 4-1f The lattice structure phase responses of the second Daubechies wavelet

order (V = 2). Selected set of quantization bits using rounding (left) and truncation
(right) ate shown to show the finite wordlength effects.

Figure 49 The lattice structure phase responses of the third Daubechies wavelet order
(N =3). Selected set of quantization bits using rounding (left) and truncation (right) are

shown to show the finite wordlength effects.
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Figure 4-70 The lattice structure phase responses of the fourth Daubechies wavelet order
(N=4). Selected set of quantization bits using rounding (left) and truncation (right) are
shown to show the finite wordlength effects.

Figure 4-31 The lattice structure phase responses of the sixth Daubechies wavelet order
(N=6). Selected set of quantization bits using rounding (left) and truncation (right) are
shown to show the finite wordlength effects.
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4.6 Filter Type Recommendation for VLSI
DTWT Implementation

The common challenge in implementing a VLSI MRA-based DTWT system is

the complexity of control circuit/scheduling algorithm (References). The control

circuit is essential to share one set of multpliers between the lowpass and

highpass filter operations in a decomposition (reconstruction) stage. The lattice

structure filter is superior to direct structure filter in implementing the DTWT

system from both structural and performance point of views.

From the structural viewpoint, lattice structure filter only requires half of the filter
coefficients used by direct structure filters to implement a DTWT stage with the
same wavelet order. With the reduction of computational complexity in lattice-
based orthogonal QMF, the lattice structure f ilter is an appealing alternative to
implement VLSI DTWT. In implementing a device in which decomposition
(signal out) and reconstruction stages (signal in) co-locate on the same side {e.g,,
an ADSL modem), there are special properties. For example, a decomposition
stage can become a reconstruction stage by simply switching the input and output
point allowing hardware sharing with a relatively simpler control

circuit/scheduling algorithm.

From the performance viewpoint, lattice structure filter generally introduces less
non-ideal effects than direct structure filter in both the phase and magnitude

response in the similar setting (i.e., same filter coefficient quantization and same

wavelet order).

Based on the above obsetvatons, lattice structure filter is preferred to direct
structure in VLSI DTWT implementaton. In addition, unlike the direct structure
filter, there is no significant improvement by using rounding over truncation in all

scenarios we have investigated. Since it requires less hardware to implement
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truncation than rounding, truncation should be adopted as the rounding method

in implementing DTWT system when lattice structure filter is used.

Chapter 5

CONCLUSIONS

5.1 Summary and Conclusions

The wavelet transformation has attracted a lot of attention from researchers in
both the commercial world as well as the academic community. WT not only has
huge potentials to be employed in many applications, but it also provides a
framework to link theories and concepts developed individually across different
academic disciplines. WT (ie., subband coding) has shown to be an excellent
candidate to represent a signal as compactly yet as accurately as possible to
accommodate limitations in transmission or storage. This will by all means lead
to 2 high demand for hardware implementations of DTWT systems in the near
fature. Currently, the most economical way to implement DTWT system in

volume is by VLSL

The main goal of this project is to examine the finite wordlength effects on a
MRA-based VLSI DTWT system. The results of this study will provide essential
information for ASIC designers to account for the non-ideal effects that can alter
the desired petformance objectives. A precise analysis of quantization effects is
generally not required in practical applications. The most effective approach,

which is adopted in this project, is to simulate the system and measure the
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performance. This goal is achieved by the completion of a versatile MATLAB
DTWT model that allows user to simulate the overall DTWT system response
under the influence of quantization errors in filter coefficient and/or internal
computation. The scope of this project was restricted to the Daubechies wavelet
family. However, the model can be easily modified to accept filter coefficients
based on other classic mother wavelets. Further, we focus our study in short
filters length and 3-decomposition stage as they are both preferred for rapid
applications, such as data transmission and real-time image processing. Above all,
we demonstrated the potential of using the MATLAB DTWT model in studying

selective subband reconstruction with the presence of non-ideal effects.

Another goal of this project is to compare and contrast the performances and
other major design concerns of using either direct structure filter or the lattice
structure filter as the building block for a MRA-based DTWT system. We
developed conversion programs to obtain the lattice structure filter coefficient for
Daubechies wavelet family. We observed that that lattice structure filter has a
superior phase response to that of direct structure in most cases in our study.
Moreover, lattice structure demands relatively less computation than direct
structure in the same filter length and DTWT configuraton. Therefore, lattce

structure filter is a better alternative to build a MRA-based DTWT system.

Wavelet provides excellent research opportunities as well as a different
petspective to view matters and to solve problems. In the following, an outline

of the future work and directions for this project is presented.

5.2 Future Work and Directions

This project focused on the finite wordlength effects of DTWT using minimal
length Daubechies QMF filters. The results of this project will be verified with
hardware prototype built with programmable DSP. Further extension of this
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project can be divided into three categories. First of all, we can explore linear
transform bases other than the Daubechies wavelet basis which we have studies
here. Secondly, we can improve the accuracy of our MATLAB DTWT models.
Finally, we should ask ourselves the golden question:” Could it be done in a

different and better way?”

The scope of this study only investigated the short Daubechies wavelet. As was
previously mentioned, it is possible to improve the performance of the DTWT by
using different transformation bases [70] for specific applications. Some possible
candidates for further study are linear phase biorthogonal bases, wavelet packels,
and wuneven filter bank [71]. A subset of the linear phase biorthogonal bases is also
capable of perfect reconstruction. They can be applied in phase sensitive
applications where the Daubechies wavelet bases do not perform well. For
wavelet packets [13], computational complexity is sacrificed for better frequency
localization. In [71], filter bank with asymmetrical analysis and synthesis filters
are claimed to have good performance in image processing. Furthermore, the

study can be extended to study new filter design such as pseudo-QMF banks [72].

Filter convolution made up of series of multiplication and addition operations.
The computational complexity and speed of VLSI digital filters using fixed-point
arithmetic is normally dominated by adders used in the implementation of the
multipliers.  Performance of the DTWT can be improved by using better
multiplier designs, such as using Booth multiplier recoding and carry-save
addition together to reduce internal operations [73] as in many high-performance
computers. The MATLAB models developed in this project can be extended to
included various multiplier designs, such as the minimum-adder FIR filters design

[74], fast VLSI adder design [75] and Booth encoded multiplier using Wallace
trees [76].
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To completely avoid finite wordlength effects in wavelet transform, an integer
arithmetic wavelet transform that map integers to integers are required. Recently,
Calderbank, Daubechies, Sweldens and Yeo [77] have suggested a new wavelet
transform algorithm that maps integers to integers for lossless image coding.
However, the internal computations are still performed with floating point
arithmetic. In fact, the feasibility of having a complete integer arithmetic wavelet
transform is still an open question and a complete treatment remains a topic for

further investigation.
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Appendix A

A.1 Signal Basis
A signal f can be expressed as a linear combination of another elementary signal

@ with a coefficient sequence &
f=Y a9, (A1.1)

The elementary signal {@,}is only considered as a complete basis for a space S
(e.g, the Euclidean n-space R") if all signals in the space (ie.,f €S) can be
expanded as in equation (A.1.1). For any complete basis, there will exist a dual
basis set {(,} from which the coefficient sequences can be calculated. The inner

product relationships between the dual elementary signal set and the original
signal are shown in (A.1.2) for teal continuous functions and in (A.1.3) for

discrete sequences.
o, ={(,.f)= _[@ () f(n)dt (A12)
a, =(@,.f)= D Bnfln] (A13)

The choice of basis depends on individual application. In fact, we can consider
equation (A.1.1) as performing a transformation and the selected basis provides a
new viewpoint for the original signal. A good basis for data compression may be
one that allows compact representation of the original signal as well as perfect

reconstruction from the coefficient set. For real-time application, a good basis
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may be one that allows fast computation. In many cases, an optimum basis is

picked in view of the multiple constraints posted by an application.

A.2 Fourier Basis and Localization
A.2.1 Fourier Series Representation for periodic signals

In the early eighteenth century, Joseph Fourier introduced a new way to interpret
function. He asserted that any 27-periodic function f{7) is the sum of its Fourier
series which consist of harmonic sines and cosines (ic., ¢”') as the basis

function. For example,

f)= a g’keo A2.1.1
k
k

==

The coefficients {a,} are often called Fourier series coefficients or the spectral

coefficient of f{f). These coefficients measure the contribution of signal f{r) at

different harmonic components (k,) and they are obtained as

a, = %; | r@erar. (A.212)
The synthesis equation (A.2.1.1) and the analysis equation (A.2.1.2) provide tools
to transform data from the time domain into the frequency domain and vice
versa. In fact, Fourier basis allows efficient computation of convolution. Since
then, Fourier transform and Fourer’s representation of functions as a
superposition of sines and cosines has become ubiquitous in numerous science,
mathematics and engineering fields. The discrete-time version of the synthesis
(A.2.1.3) and analysis equations (A.2.1.4) is shown below. Signal x[n] is a

discrete-time sequence and it is periodic with a pedod N (i.c., x[n]=x[n+ N]):
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An)= Y e, (A2.13)
k={N)

(A2.1.4)

A.2.2 Fourier Transform for Aperiodic Signal

The result of Fourier representation of perodic signals can be extended to
include aperiodic signals as well. In short, we can construct a periodic signal for
which each period is identical to the aperiodic signal. We then consider the
aperiodic signal as the limit of the “constructed” periodic signal when the period
is arbitrarily large. Using these facts, we obtain the synthesis equation or the

inverse Fourder transform (A.2.2.1), as well as the analysis equation or the Fourier

transform (A.2.2.2) for aperiodic signal f{r) as

F© == [TF@)edo, (221

F(®)= [:f (t)e™“dr . (A222

F(w)is commonly referred to as the spectrum of f{f) because it gives
information regarding the composition of sinusoidal elementary signals at various
frequencies. In equations (A.2.1.1) and (A.2.1.3), the amplitudes of complex
coefficient {@, } occur at a discrete set of harmonically related frequencies (k)
whereas these coefficients occur as a continuum of frequencies with amplitudes
equal to F(w)(dw / 27) for aperodic signal. The synthesis equation (the inverse
Fourier transform) (A.2.2.3) and the analysis equation (the Fourier transform)
(A.2.2.4) for aperiodic discrete-time signal are shown below. Again, the spectrum

X(€) is a continuous function due to limit property as in the case of continuous
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signal.  In (A.2.2.3), the integration can be taken in any 27 interval since

X (©)e’™ is periodic with period 27:

x[n] = —— [ X(©@ede, (A223)
27 2=
X = ix[n]e""". (A2.2.4)

n=—w

A.2.3 Discrete Fourier Transform

Discrete Fourer Transform (DFT) is an alternate Fourier representation for
finite-duration sequences. Unlike Fourder transform for aperiod signals (A.2.2.2)
or sequences (A.2.2.4), this transform results in a sequence rather than a function
of a continuous variable. There is also the Discrete Fourier Series (DFS) defined
for periodic sequences and they are corresponding to the Fourer series
representation of the periodic sequence (A.2.1.4). DFS is important in its own
right; however, DFT for finite-length sequences often plays a central role in the
development of various digital signal processing algorithms. Theoretically,
Fourier transform is equal to z-transform evaluated on the unit circle. DFT
estimates the Fourier transform of a sequence from a finite number of its
sampled points. The sampling’ takes place at equally spaced points (e.g., at

frequencies @, =27k / N ) along the unit circle for the z-transform of the orginal

sequence. The N-point DFT analysis (A.2.3.1) and synthesis (A.2.3.2) equations

are generally expressed as

N-t
X[k}= > xnWy, 0<k<N-I, (A.2.3.1)

n=

4 The chirp transform algorithm, an algorithm based on expressing the DFT as a convolution, can compute
any set of equally spaced samples of the Fousder transform along the unit circle.
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N-1
x[n]= %ZX[k]W,;"" , 0<n<N-1, (A.23.2)
k=0

where N is the length of the finite-length x[#] and the complex quantity W, is

defined as W, = e™/**'".

The existence of computational efficient algorithms has made DFT suitable for a
wide range of practical discrete-time applications. These algorithms, such as the
Cooley-Tukey Algorithm [78], the Prime Factor Algorithm [79, 80] or the
Winograd Fourier Transform Algorithm [81], are collectively known as fast
Fourier transform (FFT). In general, FFT algorithms are based on the
fundamental principle to decompose a DFT computation of the original
sequences into successively shorter DFT.  Besides providing efficient
computation for DFT, different FFT algorithms offer a variety of advantages
such as the avoidance of intermediate results storage (i.e., in-place computation). The
computation complexity (usually measured by the number of complex

multiplications and additions) for the fastest FFT algorithm approaches

O(Nlog, N) whereas the computation complexity for direct computation of

DFT is O(VY).

A.2.4 Discrete Cosine Transform

Discrete Cosine Transform (DCT) is a cosine basis transform that is closcly
related to DFT. In contrast to DFT, DCT is real-valued instead of complex-
valued which requires less multiplications and additions. DCT is first proposed
by Ahmed, Natarajan and Rao [82] in 1974. Four classes of discrete cosine
transform, DCT-I to DCT-IV, are defined by Wang [83]. Here, we show the
forward (A.2.4.1) and inverse (A.2.4.2) DCT-IL
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1 Na
X [m]=(—12\7) k,an[n]cos(&n;%"ﬁ), m=0,..., N1 (A2.4.1)

n=0

$N-1
x[n]= (—]%7) Zk",X [m] cos((z—n;%zz), n=0,...,N-1; (A.2.4.2)

m=0

where x[n] is a finite-length sequence with length N and

k =

J

1 if j#0orN
{% if j=00r N
DCT (more specifically DCT-II) is an excellent choice for many real-time
applications due to the presence of various fast algorithms. For examples,
efficient computation can be achieved by computing DCT using FFT, sparse
matrix factorization, Decimation-in-Time (DIT), and Decimation-in-frequency
(DIF) algorithms. The real-valued nature of DCT has generated at least a saving
of N complex operations when comparing to the tradiional N-Point DFT via
FFT. Because of the fast computation nature, DCT is selected as the commercial
standard for lossy comptession of still images by JPEG’® committee. Many
individuals have utilized different approaches and algorithms to further improve
the fast DCT computation. The followings are some selected contributions in
the development of efficient algorithms for the computation of DCT: Vetterli
and Nussbaumer [84], Tseng and Miller [85] as well as Duhamel [86] for DCT
computation using FFT; Kamangar and Rao [87] as well as Nasrabadi and King
[88] for fast 2D-DCT computation; Yip and Rao [89, 90] for fast DIF and DIT
DCT. For more details, a comparison of different algorithms for DCT-II can be
found on Page 82 in [91]. Above all, DCT can be supplemented with other

5 JPEG stands for the Joint Photographic Experts Group which was formed by industry experts to develop a
worldwide standard on image compression.
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redundancy reduction algorithms, like Vector Quantization® [92], to achieve good

performance in image and video compressions.

A.2.5 Windowed Fourier Transforms

Fourer basis has many useful properties. For example, the fact that Fourier basis
is the eigenfunctions of a linear time-invariant (LTI) systems provides useful
information in system analysis and design. Nonetheless, Fourier basis has
obvious limitation to aperiodic signal or nonstationary’ signal in the context of
random processes. The summation of the period functions, harmonic sine and
cosine, does not accurately represent an aperiodic signal. Fourier transform
reveals the frequency content of a signal but fail to localize frequency in ime. As
mentioned in previous sections, we can “artificially” extend the signal to periodic
by segmentation and piecewise Fourier series expansion of each segment
Inevitably, this would lead to artificial boundary effects and poor convergence at

these boundaries due to the Gibbs phenomenon.

In practice, it is often possible to treat nonstationary signals as stationary ones by
dividing them into blocks of short, pseudostationary segments. The statistics
nature of these segments essentially unchanged for their duration. This technique
for creating local Foutler bases is known as windowed Fourier transform (WFT) or

short-time Fourter transformt (STFT)".

¢ This technique matches blocks of pixels from the original image to a block template from some pre-defined
table referred to as the code book. The matching procedure is based on error critedon such as the mean
square crror. The pixels block is then represented by the index of the template to which it was matched.
Reconstruction is accomplished by the index of the template to access an identical template table at the
receiver’s end to retrieve the matched template.

7 The statistical properties of nonstationary signals vary with time. On the contrary, the statistical properties
of statdonary signals do not.

8 When the Gaussian function window is used to perform an analysis, the resultant transform is refer to as the
Gabor Transform.
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In STFT, a window w(f) is applied to a signal x(f) at equally spaced frequency
points. Then, a Fourier expansion is applied to the windowed signal. Formally,
the STFT is given by

Xopr (€ m) = i x(k)w(k —m)e™? . (A.2.5.1)

=—ag

The STFT at time m is computed by shifting the center of the window w(¢) to m.
Provided that w(0) # 0, the signal x(f) can be recovered from X (e’  m) by
using the inverse DFT (A.2.2.1)

x(m)

= 2”:1(0) L X gy (€7%,m)e’™°do . (A2.5.2)
The result of (A.2.5.1) is a time-frequency representation as we obtain
approximate information about the frequency content of the signal around the
center of the window signal. The center points between consecutive m are
equally spaced and we will get a sampling of the time-frequency plane on a
rectangular grid as shown below.

frequency

m 2m 3m .... time

Figure A-1 Time-frequency tilings for STFT
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Gabor expressed the condition for optimal localization in both spatial and
frequency domains by using the Gaussian function as the window signal. The
relationship between spatial and frequency resolution is found to be an

uncertainty formula [26]
AxAw > % , (A.2.5.3)

where Axis the time resolution and Awis the frequency resoluton. This
formula puts a lower bound on the product of space and frequency resolution.
In order to distinguish between two pulses x; and x;, they must be apart by at
least Ax. Similarly, in order to distinguish between two frequency components
o, and ®,, they must be separated by at least Aw . The product for both time
and frequency resolutions should be equal to or greater then 0.5. Although the
time resolution can be traded for frequency resolution or vice versa, both

variables remain constant throughout the STFT analysis.

There are many situations in which a simultaneous characterization of a signal in
both spatial and frequency domains is required. For instances, radar signals have
a tdme dependent spectrum; speech would have different frequency behavior at
different segments of the spoken words. While valuable in some applications, the
short-time Fourier transform is fundamentally flawed: if the lime-domain analysis
window is made too short, frequency resolution will suffer. But lengthening it, on the other hand,

maay invalidate the assumiption of stationary within the window.

Localization of a transform refers to the ability of the transform to provide
information about an interval of arbitrary length in the spaces that the transform
covers. Ideally, it would be nice if the transform can simultaneously discriminate

between any two frequency components, and any two pulses in the spatial (time)
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domains. Obviously, these two requirements conflict with each other in STFT

and a compromise is required.
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Appendix B

All MATLAB functions and programs employed and developed for this project

are listed in alphabetical order in this section for reference.

B.1 MATLAB Function: circonv

function z = circonv(x,y)
% circular convolution

Lx
Ly

length (x);
length(y);

if (Lx >= Ly)
tmp = conv(x,y):
z{(1l:Ly-1) = tmp(l:Ly-1) + tmp (Lx+l:Lx+Ly-1});

z{Ly:Lx) = tmp(Ly:Lx);
else
tmp = conv(y,x);
z(l:Lx-1) = tmp(l:Lx-1) + tmp (Ly+1l:Ly+Lx-1);
z(Lx:Ly) = tmp{Lx:Ly);
end

B.2 MATLAB Function: circonvq

function z = circonvg(x,y, i_mode, i_bit)

function z = circonvq(x,y, i_mode, i_bit)
circular convolution with arithemic quantization

rounding and '2' for truncation.

%
%
%
% i mode - '0' for no internal results quantization, 'l' for
%
% i_bit - Number of bit for representing internal results

%

Lx
Ly

length (x);
length{y);

if (Lx >= Ly)
tmp = conv(x,y);:
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if i_mode ==
[tmp, nfactor] = cround(tmp, i_bit);
tmp = tmp * nfactor;
elseif i_mode ==
{tmp, nfactor] = ct(tmp, i_bit);
tmp = tmp * nfactor;

end
z(l:Ly-1) = tmp(l:Ly-1) + tmp (Lx+l:Lx+Ly-1):
z(Ly:Lx) = tmp(Ly:Lx);
else
tmp = conv(y,x):;
if i_mode ==
{tmp, nfactor]) = cround{tmp, i_bit):
tmp = tmp * nfactor;
elseif i_mode ==
[tmp, nfactor] = ct(tmp, i_bit);
tmp = tmp * nfactor;
end
z(1:Lx-1) = tmp(l:Lx-1) + tmp (Ly+l:Ly+Lx-1);
z(Lx:Ly) = tmp(Lx:Ly):;
end

B.3 MATLAB Function: cround

function [aqg, nfactor] = cround(a,width);

$ function [aqg, nfactor] = cround(a,width)};
% Quantizes a given vector a by rounding to wordlength w.

b = log(max(abs(a)))/log(2);

n = 2%ceil(b);

an = a/n;

ag = fxquant(an,width, 'round’, 'sat"')
nfactor = n;

B.4 MATLAB Function: ct

function [aq, nfactor] = ct(a,width);

% function [ag, nfactor]) = ct(a,width);
% Quantizes a given vector a by truncation to wordlength w.

b log (max (abs (a))) /log(2);

n 2~ceil (b);

an = a/n;

aqg = fxquant(an,width, 'trunc’', 'sat')
nfactor = n;

94



B.5 MATLAB Function: Daub

% Daub.m
% Daubechies wavelet coefficient published in [41]
$

N2 = [ .482962913145 .836516303738 .224143868042 -.129409522551 ]

N3 = [ .332670552950 .806891509311 .459877502118 -.135011020010
-.085441273883 .035226291882 ]

N4 = [ .230377813309 .714846570553 .630880767930 ~-.027983769417
—.187034811719 .030841381836 .032883011667 -.010597401785 ]

N5 = [ .160102397974 .603829269797 .724308528438 .138428145901
~.242294887066 -.032244869585 .077571493840 -.006241490213
-.012580751999 .003335725285 ]

N6 = [ .111540743350 .494623890398 .751133908021 .315250351709
-.226264693965 -.129766867567 .097501605587 .027522865530
—.031582039318 .000553842201 .004777257511 -.001077301085 ]

N10 = [ .026670057901 .188176800078 .527201188932 . 688459039454

.281172343661 —.249846424327 -.195946274377 .127369340336
.093057364604 -.071394147166 -.029457536822 .033212674059
.003606553567 —-.010733175483 .001395351747 .001992405295
-.000685856695 -.000116466855 .000093588670 -.000013264203}

B.6 MATLAB Function: daubfcoeff

function [h] = daubfcoeff (N)

%
% Generate length-N Orthonormal Daubechies filter coefficients

% Warning: Not accurate for N > 20

N2 = N/2;
a=1;
p=1
q=1;
h=1[11);

for j = 1:N2-1

convih, (1 1]);

-a * .25 * (j+N2-1)/3F:
conv(p, (1 -2 1];

[0 g 0] + a*p;

it

il

QT D
1l

end

sort (roots(q)):
conv {h, real(poly(g{(l:N2-1))));
h*sqrt (2)/sum(h);

fo e gite]
nn
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B.7 MATLAB Function: latfilt

function [h,g] = latfilt (g, X)

% function [g,h] = latfilt (q, x)

%

% h and g are the output of lattice filter with odd coefficents q.
$ x is the input with even element. The length of h and g will be
%
%
%

half of that of x. The extra ouputs in h and g due to delay element
are discarded. g must be more than or equal to two elements.

order = length(q):

x(1:2:1length(x)) % odd elemenst of X
x(2:2:1length(x)) $ even elements of x

X0
Xe

% Tnitialization (After first butterfly and before the delay element)

yo(l,:) = xo - q(l)*xe;
ye(l,:) = q(l)*xo + xe;
n = (length(x)/2 + order - 1)

for 1 = 2:order
for n = 1:(length(x)/2 + order - 1)

if n ==
yo(i,1) = yo(i-1,1) % ye(i-1,0) 0
ye(i,l) = q{i)*yo(i-1,1) $ ye(i-1,0) = 0
else
yo(i,n) = yo(i-1,n) - q(i)*ye(i-1,n-1)
ye(i,n) = q(i)*yo(i-1,n) + ye(i-1,n-1)
end
end
end
g = yo{oxder, )
h = ye(order, :)

B.8 MATLAB Function: ploy2qmf

function [qg,H] = poly2gmf (poly)
Calculate the QMF lattice coefficients from transfer function poly.

The naming convention and equations used are based on Section 2.3.2
of Multirate Digital Signal Processing (John Wiley & Sons; 1994)
by N.J. Fliege.

poly is a normalized. (i.e., poly(l) = 1). Also the poly contains
even number of element. For meaningful results, the input transfer
function poly must fit the special properties limit imposed by QMF.
Daubechies filter

oP Of O OGP OP O OP OP OP of of
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coefficients are one of the valid examples.

g contains the lattice coefficients. The first element in vector g
is gl. All coefficients with even-valued indices are zero.

H contains the intermediate results for transfer function of the

$
$
$
%
$
$
% lattice. It is used for verification purpose.
%

order = length (poly) - 1;:

H = zeros(size(H)): % £ill H with zeros
G = zeros(size(G)): $ fill G with zeros
g = zeros(size(q)); % £ill g with zeros
H(order,:) = poly;

q(order) = -l*poly(order + 1});

t = poly;

% change signs for signal index (even for MATLAB notation)
for k = 2:2:1length(t);

t(k) = —-1*t(k);
end

G(order,:) = fliplr(t) % flip vector

i

tempH = H(order, :)
tempG = G(order,:);

for i = order:-2:1+2

tempH = (tempH + q(i)*tempG)/(l+q{i)"2)

g(i-2) = -l*tempH (i-2 + 1)

tempH (i+1) = [] : % remove last element

tempH (1) = [] $ remove second last element

$ store the overall transfer function

H(i-2,1:length(tempH)) = tempH;
t = tempH;
for j = 2:2:length(t);
t(j) = -1*t(3): % change size for even index
end

tempG = fliplr(t);

tempG (i+1) = []:
tempG (i) = []:
G(i-2,1:1length(tempG)) = tempG;

End
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B.9 MATLAB Function: pwtldgen

function matrix = pwtldgen (matrix, len, coeff, mode, q_mode, g bit,
i mode, i_bit )

'2' for truncation.
g_bit - Number of bit for representing filter coefficient
i mode - '0' for no internal results quantization, 'l' for rounding
and '2' for truncation.
% i_mode - Number of bit for representing internal results
%
% see also pwtldgen dau

% function matrix = pwtldgen (matrix, len, coeff, mode, gq_mode, g_bit,
% i_mode, i_bit)

%

% Perform forward or inverse wavelet transform on data stored in array
%

% matrix - data to be processed

$ len - length of the data to be processed. The length is halved for

% each stage.

% coeff - number of filter coefficients.

$ mode - 'l' for forward transform and else for inverse transform

$ g_mode - '0' for no coefficient quantization, 'l' for rounding and

%

%

%

if g_mode ==
lp = dau(coeff);

elseif q_mode ==
[lp, nfactor] = cround(dau(coeff), q_bit)

lp = 1lp * nfactor;

elseif q_mode ==
{lp, nfactor] = ct{(dau{coeff), g_bit)
lp = 1p * nfactor;

end

sign = -1;

for m = l:coeff
hp(coeff-m+l) = lp(m) .*sign;
sign = -sign;

end;

if (mode == 1)
$wkspl = circonv(matrix(l:len),1lp);
wkspl = circonvq(matrixz(l:len),lp, i_mode, i_bit):
wkspl = [ wkspl(coeff:len) wkspl(l:coeff-1)];
wkspl = wkspl(l:2:1len);

$wksp2 = circonv(matrix(l:len),hp);
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wksp2 = circonvg(matrix(l:len),hp, i_mode, i_bit);
wksp2 = [wksp2(coeff:len) wksp2(l:coeff-1)];
wksp2 = wksp2(1l:2:len);
matrix = [ wkspl wksp2 };
else
lp = lp(coeff:-1:1):
hp = hp(coeff:-1:1);
y = [matrix(l:len/2) ; zeros(l,len/2)1;
ups = y(l:1len);
$wkspl = circonv(ups(l:len),lp);
wkspl = circonvg(ups{l:len),lp, i_mode, i_bit};
y = [matrix(len/2+1:len); zeros({l,len/2)];
ups = y(l:1len);
$wksp2 = circonv(ups(l:len),hp);
wksp2 = circonvg(ups(l:len),hp, i_mode, i_bit);
for j = 1l:1len
matrix(j) = wkspl(j) + wksp2(j):
end
end

B.10 MATLAB Function: qmf2p

function [H] = qmf2p (lg, scale)

aqnf2p (lg) or
qmf2p (lg, scale)

function [H]
function [H]

Calculate the transfer function from QMF lattice coefficients (1lq).

The naming convention and equations used are based on Section 2.3.2
of Multirate Digital Signal Processing (John Wiley & Sons; 1994)
by N.J. Fliege.

1q contains the lattice coefficients. The first element in

vector lq is ql.
Since all even-valued indices are zero, even-valued indices are

omitted in lq (e.g. [gl g3 g5 ....]).

scale is the scaling factor that will multiple to the final
result in H.

H contains the transfer function calculated from the input

lattice.
coefficients. H is normalized (i.e., H(1l) = 1).

format long;
len = length (lg) * 2;
H = zeros(l,len);
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tempH
tempG

zeros ( length(lqg), length(H)):
zeros( length(lqg), length(H)):

% Initialization
(1,:) = [ 1, -1*1qg(l), zeros(l,length(H)-2)1;
(1,:) = [ 1g(1), 1, zeros(l,length(H)-2)1];

if length(lg) > 1

for i = 3:2:1len

tempH
tempG

i = ceil (i/2);

tempG2 = [ 0, 0, tempG(j-1,1:length(H)-2) ];
tempH(j, :) = tempH(j-1,:) - lq(j)*tempG2;
tempG(3j, :) = 1g(j)*tempH(j-1,:) +tempG2;
end
end
if nargin == 1,
H = tempH(ceil{len/2),:);
elseif nargin == 2,
H = scale * tempH(ceil(len/2),:);
end

B.11 MATLAB Function: quan

function quan.m

%

% Demo for plotting magnitude and phase for Daubechies family with
% quantized filter coefficients.

%

format long;
% Daubechies coefficients

daub;

(H,W] = freqz(N2/sqrt(2),1,512);

subplot
set (gca,

(3,2,1), plot (abs(W)/pi,

abs (H),

'xgrid', 'on','ygrid','on');
xlabel ('Normalized frequency')
ylabel ('Magnitude')
text (.07, 1.2, 'G")

1.2, 'H")

(*(a) Magnitude Responses')

text (.9,
title
ax = gcaj;

abs (W) /pi,

abs (fliplr(H'))):

subplot (3,2,2), plot(abs(W)/pi, unwrap (angle(H) ) *180/pi);
'xgrid', ‘'on','ygrid',‘'on');

set (gca,

xlabel ('Normalized frequency')
ylabel (*Phase’)
(' (b) Frequency Response for G')

title

% Quantization (Rounding)

N2_3R
N2_4R

cround(N2/sqrt(2),3)
cround(N2/sqrt (2),4)

% 3 bits
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N2_5R = cround(N2/sqrt(2),5) % 5 bits
N2_6R = cround(N2/sqrt(2),6)

N2_7R = cround(N2/sqrt(2),7)

N2_8R = cround(N2/sqrt(2),8) % 8 bits
N2_9R = cround (N2/sqrt(2),9)

N2_10R = cround (N2/sqrt(2),10)

N2_11R = cround(N2/sqrt(2),11)

N2_12R = cround (N2/sqrt(2),12) % 12 bits
[HQ 3R,W] = freqz(N2_3R,1,512);

[HQ_4R,W] = freqz (N2_4R,1,512);

[HQ SR,W] = freqz (N2_5R,1,512);

[HQ 6R,W] = freqz(N2_6R,1,512);

[HQ 7R,W] = fregz(N2_7R,1,512);

[HQ B8R, W] = freqz (N2_8R,1,512);

[HQ 9R,W] = freqz (N2_9R,1,512);
{HQ_10R,W] = freqz (N2_10R,1,512);
(HQ_11R,W] = freqz(N2_l1R,1,512);
[HQ_12R,W] = freqgz(N2_12R,1,512);

D 3R = HQ 3R - H;

D 4R = HQ 4R - H;

D 5R = HQ 5R - H;

D 6R = HQ 6R - H;

D_7R = HQ_TR - H;

D_8R = HQ B8R - H;

D_9R = HQ 9R - H;

D_10R = HQ 10R - H;

D_11R = HQ 11R - H;

D_12R = HQ 12R - H;

subplot (3,2,3), plot {abs (W) /pi, abs (HQ_3R), LY, abs (W) /pi,
abs (HQ_5R), - abs (W) /pi, abs (HQ _8BR),'—-' ’ abs (W) /pi,
abs (HQ 12R));

set(gca, 'xgrid', ‘'on','ygrid','on'):

xlabel ('Normalized frequency')
ylabel ('Quantized Freq. Resp.')
text (.3, .4, 'Q=3'")
text (.5, 1, '0=12"')

title ('{(c) Quantized Rounding (3,5,8 & 12 bits)"')

subplot (3,2,4), plot(abs(W)/pi, abs(D_3R), '.', abs (W) /pi, abs(D_5R),
'-.,', abs(W)/pi, abs(D_8R),'--" , abs (W) /pi, abs(D_12R), abs (W) /pi,
abs(D_4R), abs (W) /pi, abs(DﬁSR),abs(W)/pi, abs (D_7R), abs (W) /pi,

abs (D_9R),abs (W) /pi, abs(D_10R), abs(W)/pi, abs(D_11R});
set{gca, 'xgrid', 'on','ygrid','on');

xlabel ('Normalized frequency')

ylabel ('Deviated Freqg. Resp.')

text(.6, .25, 'Q=3"}

title ('(d) Quantized Rounding (3-12 bits)"')

% Quantization (Truncation)

N2_3T = ct(N2/sqrt(2),3) % 3 bits
N2_4T = ct(N2/sqrt(2),4)
N2_5T ct (N2/sqrt(2),5) % 5 bits
N2_6T ct (N2/sqrt (2),6)
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N2_7T = ct(N2/sqrt(2),7)

N2_8T = ct (N2/sqrt (2),8) % 8 bits
N2_9T = ct(N2/sqrt(2),9)

N2_10T = ct(N2/sqrt(2),10)

N2 11T = ct(N2/sqrt(2),11)

N2_12T = ct (N2/sqrt(2),12) % 12 bits
[HQ 3T,W] = fregz(N2_3T,1,512);

[HQ 4T,W] = freqz (N2_4T,1,512);
(HQ_S5T,W] = freqz (N2_5T,1,512);
[HQ_6T,W} = freqz(N2_6T,1,512);

[HQ_ 7T, W} = freqz (N2_7T,1,512);
[HQ_8T,W] = freqz (N2_8T,1,512);

[HQ 9T,W] = freqz(N2_9T,1,512);

[HQ 10T, W] = freqz(N2_10T,1,512);
{HQ_11T,W] = freqz (N2_11T,1,512);
{HQ 12T,W] = freqz (N2_12T,1,512);

D 3T = HQ 3T - H;

D_4T = HQ_4T - H;

D 5T = HQ_ST - H;

D 6T = HQ_ 6T - H;

D 7T = HQ_ 7T - H;

D 8T = HQ_8T - H;

D_9T = HQ_9T - H;

D_10T = HQ 10T - H;

D_11T = HQ_11T - H;

D_12T = HQ_12T - H;

subplot (3,2,5), plot (abs (W) /pi, abs (HQ_3T), L abs (W) /pi,
abs (HQ_5T), -, abs (W) /pi, abs (HQ_8T), "--"' , abs (W) /pi,
abs (HQ_12T) ) ;

set (gca, 'xgrid', 'on','ygrid','on');
xlabel ('Normalized frequency')

ylabel ('Quantized Freq. Resp.')
text(.1l, .4, 'Q=3")

title ('(e) Quantized Truncation (3,5,8 & 12 bits)')

subplot (3,2,6), plot(abs(W)/pi, abs(D_3T), '.', abs(W)/pi, abs(D_5T),
t-.', abs(W)/pi, abs(D_8T),'--' , abs (W) /pi, abs(D_12R), abs (W) /pi,
abs (D_4R), abs (W) /pi, abs (D_6T),abs (W) /pi, abs (D_7T),abs (W) /pi,

abs (D_9T) ,abs (W) /pi, abs(D_10T), abs (W) /pi, abs(D_11T));
set (gca, 'xgrid', 'on','ygrid','on'):

xlabel ('Normalized frequency')

ylabel ('Deviated Freq. Resp.')

text (.25, .42, 'Q=3')

title (' (f) Quantized Truncation (3-12 bits)')

B.12 MATLAB Function: randv

function y = randv(n, v)

% function y = randv(n, v)
% Generate a length-v vector consists of integer from 1 ton in
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% random order

y = 1 + floor (n*rand(1l,v));

B.13 MATLAB Function: wtld

function array = wtld (array, length, nstage, coeff, wt_mode, q_mode,
q_bit, i_mode, i_bit)

function array = wtld (array, length, nstage, coeff, wt_mode,
g _mode, g_bit, i_mode, i_bit)

Perform forward or inverse wavelet transform on data stored in array

%

%

]

%

$

$ array - data to be processed

% length - length of the data to be processed. The length is halved

$ for each stage.

$ nstage - number of decomposition stage.

% coeff - number of filter coefficients.

$ wt_mode ~ '1' for forward transform and else for inverse transform
$ g_mode - '0' for no coefficient gquantization, 'l' for rounding and
% '2' for truncation.

% g_bit - Number of bit for representing filter coefficient

$ i_mode - '0' for no internal results quantization, 'l' for rounding
% and '2' for truncation.

$ i _bit - Number of bit for representing internal results

%
%

see also pwtldgen dau
if (wt_mode == 1)
$ foward wavelet transform
len = length;
for i = l:nstage
wksp = pwtldgen (array, len, coeff, wt_mode, g _mode, q_bit,

i_mode, i bit);
if (1> 1)

array = [ wksp(l:len) array(len+l:length)]:
else
array = wksp(l:len);
end
len = len/2;
end
else

% inverse wavelet transform
len = length/ (2" (nstage-1)):
for i1 = l:nstage
wksp = pwtldgen (array, len, coeff, wt_mode, ¢_mode, q_bit,
i_mode, i_bit);

if ( i < nstage)
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array = [ wksp(l:len) array(len+l:length)l};
end

len = len * 2;
end
array = wksp(l:length);
end

B.14 MTALAB Function: wtdemol

% wtdemol.m
% This program is an example of using MATLAB function wtld
% to decompose and to reconstruct a signal sequence.

clear
length = 64; % sequence length
nstage = 3; % number of decomposition/reconstruction stage
coeff = 6; % number of Daubechies filter coefficient
% (3™ order; N=3)
% step
data = [ =zeros(l,length/4), randv(l,length/4), =zeros(l,length/4),

l*randv (1, length/4)];
xscale = 1:1:length;

wtld(data, length,nstage, coeff,1,1,5,1,10 );
wtld(data0Q, length,nstage, coeff,-1,1,5,1,10);

datal
datal

1

plot (xscale, data, xscale, datal)
title('Input/ouput of MATLAB function: wtld')

B.15 MATLAB Function: wtdemo2

% wtdemo2.m
% This program illustrates the effect of using a subset of subband

% to reconstruct the signal.

clear

length 128;
nstage 3;
coeff = 4;

$step
data = [ zeros(l,length/4), randv(l,length/4), zeros (1,length/4),
l*randv (1, length/4)};

% ramp
$data = [l:1:length];

xscale = 1:1:length;
data0 = wtld(data, length,nstage, coeff,1,1,5,1,10 );
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datal = wtld(dataO, length,nstage, coeff,-1,1,5,1,10);

$subplot (5,1,1), plot{xscale, data, '-.', xscale, datal);
%set (gca, 'xgrid', 'on','ygrid','on');

% Throw away high frequency components (H)

data2 = [ data0(l:length/2) zeros(size{dataO{(l:length/2))) 1:

data2 = wtld(data2, length,nstage, coeff,-1,1,5,1,10});

% Use low freguency components only (LLH, LLL)
data3 [ dataO(l:length/4) zeros(size(dataO(l:length/4*3)))
data3 wtld(data3, length,nstage, coeff,-1,1,5,1,10);

o

% Throw away all low frequency components {(Use H, LH)
datad [ dataO(l:length/8) zeros(size(dataO(l:length/8*7)})
data4 wtld(datad, length,nstage, coeff,-1,1,5,1,10};

[}

subplot (2,2,1), plot(xscale, data, xscale, datal, ':'):
set (gca, 'xgrid', ‘'on','ygrid','on');

title ('Use H, LH, LLH & LLL'};

axis ([0 length -1.5 1.5])

subplot {(2,2,2), plot(xscale, data, xscale, dataz2, ':');
set (gca, 'xgrid', 'on','ygrid','on');

title ('Use LH, LLH & LLL'):

axis ([0 length -1.5 1.5])

subplot (2,2,3), plot(xscale, data, xscale, data3, ':');
set (gca, 'xgrid', ‘'on','ygrid','on'}:;

title ('Use LLH & LLL'):

axis{{0 length -1.5 1.5])

subplot (2,2,4), plot(xscale, data, xscale, datad, ':'"):
set (gca, 'xgrid', ‘on','ygrid','on');

title ('Use LLL'}):

axis([0 length -1.5 1.5])
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Appendix C

This appendix tabulates the simulation results for the finite wordlength effects
due to filter coefficient quantization. Results for two structures (e.g., the direct
and lattice structure) and two quantization methods (e.g, rounding and

trancation) are included.

C.1 The Direct Structure

C.1.1 Magnitude Response Error (Rounding)

Table C-1 Simulation results of magnitude errors on the direct structure due to IV-bit
coefficient quantization with rounding for the Daubechies wavelet family (IN2-N6).

(=}

?, -g Magnitude Error [aH(e”)| (dB)

$ud

2| g

9 8 A, Passband Stopband

2| O

:

§ 2 Max. Mean Var. Max. Mean Var.

2 3 0.120590477449 -11.00 -16.52 252.60 -11.71 -25.54 244.72
4 0038483696262 -19.73 -25.22 237.27 -20.44 -34.27 244.72
5 0.025856131958 -20.98 -26.46 235.12 -21.69 -35.52 244.72
6 0.014212913145 43.21 -48.60 199.01 -43.92 -57.75 244.72
7 0.007233696262 43.21 -48.60 199.01 -43.62 -57.75 244.72
8 0.003402977449 -43.21 -48.60 199.00 -43.92 -57.75 244,72
9 0.001487618042 -45,82 -51.20 195.03 -46.53 -60.35 244.72
10 0.000578803738 . -60.97 -66.29 172.94 -61.68 -75.51 244.72
11 0.000473289949 -60.97 -66.29 172.94 -61.68 -75.51 244.72
12 0.000090522488 -64.31 -69.62 168.31 -65.02 -78.85 244.72

E 0.114988979990 12.28 2024 24013 12.28 2394 22323
4 0.056891509311 18.06 21.80 12.10 18.05 -19.05 335
5 0027273708118 25.81 27.38 15.62 24.08 29.08 1211
13 0.011079447050 30.32 239.55 282.06 30,88 34.22 29.34
7 0.007316273883 3612 20,40 11.23 36.12 41.60 28.14
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g

3 -§ Magnitude Exror [AH (¢™)| (dB)

g .

B| =

©| s AH[AY ., Passband Stopband

2| o

1E

§ 2 Max. | Mean Var. Max. Mean Var.
8 0003836208118 4274 -50.26 202.19 -43.30 -63.22 538.46
9 0001707729990 47.31 -54.52 196.38 48.07 51.33 33.60
10 | 0000893127118 -53.22 -57.39 28.02 -54.19 61.15 16.66
11 0.000480336383 -62.68 -68.08 148.41 -60.75 -65.05 29.38
12_| 0000242886240 -64.01 68.67 142.10 -66.46 -88.54 571.40

4 13 0.119119232070 -12.71 -18.58 231.97 -13.48 -17.58 27.80
4 0062034811719 17.22 2712 358.73 -21.58 29.82 141.01
5 0030841381836 -21.60 -29.71 211.68 2126 -29.55 43.34
6 0011627813309 26.84 -33.61 21001 -34.58 42.56 136.35
7 0.005880767930 -29.74 -38.71 236.66 -32.51 3815 42.88
8 0.003903429447 4129 -49.56 22871 4187 -67.97 947.73
9 0.001931732070 -48.79 -56.51 21149 -49.99 -53.39 4691
10_| 0.000831776785 -54.19 6429 42.47 51.78 5856 51.60
11 0.000465188281 58,02 -65.06 55.56 -59.89 -63.26 19.45
12 | 0000168167917 -63.36 -66.88 6.70 -63.86 -67.69 10.50

5 |3 0111571854099 12,04 -16.72 9.53 -10.45 -14.41 15.35
4 0047428506160 -15.32 25.42 300.21 -16.52 -24.10 35.51
5 0030255130415 -24.08 -33.53 30.27 2217 -27.86 44.03
6 0015071493840 -28.09 -34.29 21.92 -26.43 -29.57 34.36
7 0.007705112934 -31.90 -37.78 217.63 -33.05 -40.28 36.03
8 0.003852397974 -38.52 4342 188.39 -38.44 44.36 23.37
9 0.001709395901 46.07 51.85 162.46 -53.29 -60.00 48.51
10_|__ 0.000958255415 -53.00 -55.77 5.99 -52.69 -58.24 34.10
11 0.000423056400 -55.96 -60.64 28.68 -57.80 6215 492
12_| 0000243729099 -63.90 -67.89 9.877 -65.43 7057 290.19

6 |3 0.120233132433 -12.04 -16.04 11.64 1154 -13.76 10.49
4 0.059749648291 250 -16.49 63.19 -10.32 -16.67 50.20
5 0030917960682 -26.31 40,39 203.67 -16.99 -21.58 13.70
6 0.013459256650 -10.10 -23.02 58.40 -18.44 -23.25 1644
7 0.007514693965 -33.40 -40.86 53.54 -34.17 -38.47 18.24
8 0.003751605587 -37.78 44.81 180.77 -37.07 47.85 124.31
9 0.001740506650 -43.60 -49.03 12.01 -46.08 -53.05 9.02
10_| 0.000875823915 -51.94 -58.36 149.07 -49.81 5812 42.99
11 0000483265398 -55.43 -60.44 16.33 -60.21 -67.65 2232
12 | 0000212618350 -67.12 7142 131.68 -60.57 -66.69 49.92

107




C.1.2 Magnitude Response Error (Truncation)

Table C-2 Simulation results of magnitude errors on the direct structure due to N-bit
coefficient quantization with truncation for the Daubechies wavelet family (/N2-Nb).

g

§ § Magnitude Error |aH(e”™)| (dB)

g R

Bl e

!5 Ak, Passband Stopband

o| O

v—

1k

§ > Max. | Mean Var. Max. Mean Var.

2 |3 0232962913145 | -6.02 -10.87 20.81 -16.91 -20.96 35.58
4 0.120590477449 -12.04 -15.66 9.89 21.69 2571 42.45
5 0.058090477449 -18.06 -24.31 46.37 2934 3452 39.12
6 0.026840477449 2408 -25.67 178 -28.41 35.67 60.12
7 0.014212913145 -30.10 3238 358 -36.03 42.39 53.64
8 0006400413145 -36.12 -39.97 11.45 -46.27 -50.03 40.85
9 0.003402977449 42.12 47.82 33.27 5333 5797 34.96
10| 0.001487618042 48.16 -50.49 3.74 -54.22 -60.51 53.17
11 0.000578803738 -54.19 -58.16 12.39 -64.46 68.22 40.03
12 |  0.000473289949 -60.21 -65.59 28.17 7131 7571 34.58

3 |3 0.209877502118 -2.50 -10.79 50.60 -8.81 <1317 9.83
4 0.114988979990 -8.52 -15.58 24.04 -18.06 -22.68 20.65
5 0056891509311 -18.06 -26.01 27.87 -21.88 -26.72 28.10
6 0.025641509311 2056 3134 69.23 -25.99 231.89 58.59
7 0010016509311 -26.58 -33.16 2834 -36.12 -38.59 1.69
8 0006752502118 -36.12 -40.19 11.14 -46.37 -50.48 38.42
9 0002846252118 4214 47.69 15.62 5377 -60.30 27.06
10| 0001707729990 4816 -56.71 49.03 5207 -56.48 26.38
1 0.000893127118 -50.66 -58.23 26.22 5618 -60.85 23.62
12 | 0.000404845868 -56.68 -64.65 75.48 -66.23 72,56 34.2

4 |3 0.239402598215 0.00 -8.35 23.92 -647 1221 5352
4 0.114402598215 -6.02 -14.85 35,29 13.44 -1831 2537
5 0.051902598215 -12.04 -23.30 69.11 -18.40 2538 38.88
6 0.030841381836 -18.06 27.93 59.49 -33.40 -36.87 21.94
7 0.015216381836 24.08 -36.86 77.56 -37.95 4438 37.09
8 0007403881836 -30.10 -37.65 34.20 37.84 4741 0.01
9 0.003815313309 -36.12 4636 44.51 42.41 -51.55 0.02
10| 0.001862188309 42.14 5142 33.85 50.67 -56.31 4345
11| 0.000885625809 4623 572 51.24 59.29 -64.45 26,39
12 | 0.000465188281 54.19 -64.00 35.84 -64.58 6921 18.46

5 |3 0.243758500787 1.94 -8.63 56.07 -6.73 1047 6.42
4 0118758509787 -2.50 -14.28 60.91 11,61 -19.97 7547
5 0056258509787 -852 -19.21 53.50 -21.95 -27.58 5717
6 0030255130415 -16.12 -26.84 61.44 29.16 -36.30 40.37
7 0015071493840 -24.08 -33.32 29.81 -38.70 -42.06 23.79
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o

3 § Magnitude Exror |AH(e™)| (dB)

8.

Tl g

oS AR, Passband Stopband

L} O

2| 2

§ 2 Max. Mean Var. Max. Mean Var.
8 0.007705112934 -30.10 -38.55 29.54 42.97 -51.60 134.01
9 ©.003852397974 -36.12 44.49 41.23 43.58 49.63 22.66
10 0.001899272974 4214 51.40 3251 -50.48 -57.48 43.16
11 0.000958255415 46.23 -57.93 56.25 -54.87 -60.49 11.79
12 0.000469974165 -50.66 61.82 57.02 -61.76 -70.06 54.03

6 |3 0.248922698915 1.94 -11.90 53.73 -3.63 9.65 31.38
4 0.123922698915 250 1649 63.19 -10.32 -16.67 50.20
5 0.061422698915 -10.10 -23.02 58.40 -18.44 2325 16.44
6 0.030917960682 -16.12 27.98 50.83 21.72 27.24 17.09
7 0.015292960682 2214 -33.01 36.38 -30.58 34,75 14.24
8 0.007480460682 -26.58 -36.81 42.41 -37.27 4597 38.91
9 0003751605587 -32.60 4276 36.41 4158 -50.57 34.88
10 0.001798480587 40.21 49.18 16.59 49.55 -53.09 3.35
1 0.000875823915 -46.23 57.06 35.35 -55.65 -60.20 37.67
12 0.000483265398 -50.66 -63.53 73.68 -63.30 -67.37 21.12
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C.1.3 Phase Response Error

Table C-3 Simulation results of phase errors on the direct structure due to N-bit
coefficient quantization with truncation for the Daubechies wavelet family (N2-NB).

3 g Phase Error (degree)
S| e
I o
) E . .
° g Rounding Truncation
(=]
- | 3
- 9 Passband Stopband Passband Stopband
1E
2|2 | Mean | Var. | Mean | Var. | Mean | Var. | Mean Var.
2 |3 202,67 | 1497.12 | 68.03 | 153659 | 9041 | 352538 | -17848 | 3677.66
4 23.38 | 1592.04 | -11107 | 153659 | 14406 | 273744 | 126.18 267.46
5 202.67 | 1497.12 | 68.03 | 1536.59 | 10397 | 246739 | -191.93 | 2681.66
6 23.38 1592.04 | -11197 | 153659 | 15484 | 173.41 115.49 174.09
7 23.38 1592.04 -111.97 1536.59 151.52 190.71 118.79 189.16
8 23.38 1592.04 | -111.97 1536.59 142.64 296.76 127.59 289.62
9 -157.33 1497.12 68.03 1536.59 97.63 3023.96 -185.64 3208.33
10 23.38 1592.04 | -111.97 1536.59 151.26 192.58 119.05 190.85
11 23.38 1592.04 | -111.97 1536.59 141.84 310.77 128.39 303.15
12 2027 | 1497.12 | 68.03 | 153659 | 94.87 | 323241 | -182.90 | 3404.27
3 |3 19548 | 406820 | -63.04 | 453392 | 26.60 1556.55 | -188.07 338.11
4 -54.85 680.67 | -194.17 | 7766.16 | 142.96 | 349.03 172.56 1255.00
5 4834 | 3463.29 | -166.13 | 157566 | 15750 | 715.69 166.37 1217.18
6 73.28 1653.60 | -2037 | 973.15 8.81 166427 | 163.83 5397.97
7 -63.25 632.27 | -32536 | 2171.62 | 77.72 | 2403.86 | -159.25 1394.10
8 7274 | 716444 | 30.02 | 4830.19 | 5436 | 5236.18 | -162.53 350.40
9 -169.38 | 3894.68 | -116.89 | 932764 | 15.77 1098.62 | -197.63 878.30
10 103.88 | 4977.92 | -146.83 | 396.72 | -2645 | 241071 | -117.72 1068.63
1 26129 | 1009.87 | -297.48 | 9783.05 | 13125 | 35521 -109.70 | 6657.89
12 -1.57 27549 | -181.34 | 2633.70 | 11370 | 119028 | 200.37 121.26
4 |3 34.14 | 689.20 16.01 | 3628.75 | 71.18 | 465598 | -17446 | 2670.65
4 7109.09 | 5312.28 | 108.50 | 2506.83 | 41.77 | 486138 | -378.81 | 27232.99
5 90.80 | 17030.51 | -25.31 893.19 | -20.89 | 12962.73 | -378.53 | 28643.10
6 10142 | 10248.96 | -207.88 | 695745 | -73.20 | 2804742 | -372.48 | 26796.42
7 15543 | 222602 | -203.32 | 23089.42 | 81.06 | 3376.86 | -191.18 1997.74
] 2264 | 256827 | -217.58 | 6593.64 | -56.74 | 25166.13 | -201.99 | 13742.89
9 114.71 | 6578.85 3.02 273504 | -54.34 | 2685644 | -216.36_| 7946.30
10 16598 | 1617.44 | -413.16 | 1590140 | 10536 | 1479.80 | -255.23 | 13587.37
11 13872 | 16581.05 | -135.97 | 1150278 | 111.07 | 1439.83 | -167.88 | 212191
12 | -276.16 | 22787.68 | -286.14 | 3175.00 | -81.64 | 31233.94 | -163.40 | 2745.39
5 |3 11.69 1086.79 | -167.16 | 68543 | -13842 | 47327.80 | -114.85 | 30341.74
4 7187.01 | 5580.38 | -250.11 | 23427.74 | -136.24 | 50050.05 | -223.12 1696.71
5 242.39 | 2045545 | -41.28 | 5091.65 | -87.08 | 24179.01 | -257.89 | 446549
6 25237 | 17330.48 | -142.40 | 10055.89 | -452.67 | 25280.70 | 35.66 11517.66
7 26504 | 20655.35 | -285.57 | 51335.32 | -113.41 [ 3320637 | -119.40 | 708538
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= g Phase Error (degree)
oS B
St x*
) E . .
B E Rounding Truncation
(-] [
-| 3
= 9‘ Passband Stopband Passband Stopband
1E
2|2 | Mean | Var. | Mean | Var. | Mean | Var. | Mean Var.
8 04.14 | 626829 | -1599 | 2661626 | 77.74 | 9339.07 | -138.95 | 28247.43
9 383.04 | 36687.83 | 22.85 | 295071 | -530.70 | 49639.31 | 159.93 838.40
10 | -368.11 | 775597 | -91.18 | 702094 | 15240 | 973.54 147.56 1473.79
11 | -518.75 | 31231.12 | -342.39 | 47801.63 | -530.10 | 58211.36 | -86.38 | 1433446
12 -42.83 | 28260.83 | -244.25 | 11456.58 | -52127 | 47094.83 | -1.23 12545.64
6 |3 143.77 | 378.74_ | 23.81 | 13320.13 | -53.64 | 41494.94 | -505.84 | 34631.01
4 -6.55 857.57 1329093 | -115.93 92.90 5794.48 -558.92 64156.74
5 -210.42 8017.68 -350.76 | 23899.73 -44.02 41205.12 -575.24 78267.07
6 2991 640.09 | -204.38 | 26870.55 | -44.16 | 4141522 | -39529 [ 16447.59
7 126,69 | 2322.68 | -234.98 | 9692.17 | 7247 | 266491 | -55501 | 6731931
8 -132.58 | 12905.62 | -414.48 | 46639.28 | 9049 | 204578 | -546.45 | 83923.36
9 -230.90 | 25116.30 | -230.90 | 25116.30 | -498.80 | 27470.87 -398.73 28683.31
10 -390.49 | 28339.12 | -323.27 | 46103.17 | -154.81 | 30437.55 -392.80 23805.70
11 -601.49 | 50991.20 5531 1438.54 -133.72 | 30786.14 -148.19 212631
12 -91.32 13424.08 7.14 4035.40 -247.00 | 7959-.60 -376.57 32850.79
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C.2 The Lattice Structure

C.2.1 Magnitude Response Error (Rounding)

Table C-4 Simulation results of magnitude errors on the lattice structure due to N-bit
coefficient quantization with rounding for the Daubechies wavelet family (IN2-ING).

g

g -§ Magnitude Error [AH (e™)| (dB)

-t

% | g

s AH[nY,, Passband Stopband

2| o

{2

§ 3 Max. | Mean Var. Max. | Mean | Var

2 |3 0.120500477449 -20.38 2974 66.98 11.83 11439 5.91
4 0.038483696262 4098 5295 86.49 3341 35.73 373
5 0.025856131958 3098 52.05 86.49 3341 35.73 473
6 0.014212913145 4098 5295 86.49 33,41 35.73 473
7 0.007233696262 377 55.35 74.16 236.10 738.44 4.86
8 0.003402977449 58.83 70.58 77.30 51.21 53.54 479
9 0.001487618042 58.83 ~70.58 77.30 5121 53.54 479
10 | 0000578803738 ~62.19 73.88 74.53 5456 756.89 4.81
11 | 0000473289949 74.78 86,52 78.16 767.15 ~69.48 4.80
12 | 0000090522488 7478 8652 78.16 67.15 6948 4.80

I 0.120500477449 20,38 29.74 66.98 1183 12.39 593
2 0.056891509311 20,76 23699 189.28 -18.36 2027 384
5 0.027273708118 2076 23699 189.28 118.36 20.27 3.84
6 0.011079447050 28.84 2942 0.39 2676 28.12 1.69
7 0007316273883 3191 35.12 391 3181 35.28 11.26
8 0.003836208118 3625 4218 22.29 34.69 38,55 30.75
9 0.001707729990 52.13 64.62 47.03 38.16 719.83 212
10 | 0000893127117 5213 64.62 47.03 1816 39,83 212
11 | 0000480336383 68.02 68.97 1.00 60.22 63,57 951
12 | 0.000242886240 68.02 6897 1,00 5022 6357 951

N 0.119119232070 -16.68 2658 30.37 974 1153 4.15
I 0.620348117190 13.08 15.63 1.69 1131 12.67 1.85
5 0.030841381836 | 21.33 2295 1.04 21.64 2792 23.27
6 0.011627813300 -23.66 28.53 6.57 "22.49 27.63 24.75
7 0.005880767930 39.78 42.96 4.84 3227 236,39 17.98
8 0.003003420447 -35.54 4235 15.88 34.62 37.30 13.69
9 0.001931732070 43.56 25.77 201 4356 4527 1.10
10 | . 0000831776785 73.00 79.62 14.44 4954 6144 0.01
11 | 0000465186281 73.00 79.62 14.44 4954 T61.44 0.01
12 | 0000168167917 6191 7099 31.20 58.62 6175 18.12

5 |3 0.111571854099 829 15.45 16.95 7.41 5.68 .06
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g

AR Magnitude Error [Af(e”)] (dB)

-t «

T | €

9 5 Ah[nY_, Passband Stopband

2| O

&l B

§ 2 Max. Mean Var. Max. Mean Var.
4 0.047428506160 .21.70 _31.21 13.01 -12.90 16.70 6.60
5 0.030255130415 21,40 33.63 38.79 1597 -18.86 9.25
6 0.015071493840 2008 44.00 30.54 21,37 .25.88 5.09
7 0.007705112934 _36.85 44.74 30.71 -29.81 -34.15 22.16
8 0.003852397974 -30.95 4397 427 -30.28 4038 73.61
9 0.001709395901 51.74 5277 0.62 -36.66 4542 79.71
10 0.000958255415 54.03 -56.50 354 46.12 -50.65 16.32
11 0.000423056340 -60.08 79.62 141.32 _52.06 -56.26 10.07
12 0.000243729100 -59.83 -63.31 3.24 -56.02 -61.84 26.21

6 |3 0.120233132433 -6.44 -13.71 13.01 -4.20 4.86 033
4 0.059749648291 -13.50 -14.13 0.22 -6.50 -10.76 16.46
5 0.030917960682 1292 -27.58 54.99 9.84 14.13 2325
6 0.013459256650 -18.66 -22.65 4.29 -18.66 2355 30.32
7 0.007514693965 .28.46 34,39 5.00 -19.95 -25.86 13.29
8 0.003751605587 33.43 -38.97 6.53 -29.66 -35.21 43.94
9 0.601740506650 -42.80 46.05 20.29 -34.21 -38.67 20.49
10 0.000875823915 41.67 -43.84 112 -34.68 -40.70 22.54
11 0.000483265398 -46.08 48.85 248 46.23 51.92 10.59
12 0.000212618350 -56.69 70.97 56.84 5055 5517 8.19
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C.2.2 Magnitude Response Error (Truncation)

Table C-5 Simulation results of magnitude errots on the lattice structure due to N-bit
coefficient quantization with truncation for the Daubechies wavelet family (N2-1N6).

=

g -8 Magnitude Error |AH(e™)| (dB)

5| 3

B| &

©! s AHlA) Passband Stopband

2| o

2| 2

§ > Max. | Mean | Var Max. | Mean | Var.

2_[3 023262913145 1612 30.19 108.44 933 1145 5.88
4 0.120590477449 4098 5295 86.49 3341 -35.73 473
5 0.058090477449 4098 5295 86.49 3341 3573 4.73
6 0.026840477449 40.98 5295 86.49 -33.41 3573 4.73
7 0.014212913145 4098 ~52.95 86.49 3541 3573 473
8 0.006400413145 758.83 27058 77.30 5121 75354 4.79
5 0.003402977449 -58.83 7058 77.30 5121 5354 3.79
10_|__ 0001487618042 -58.83 7058 77.30 51.21 -53.54 .79
11_|___0.000578803738 7478 86.52 78.16 ~67.15 ~69.48 4.80
12 | _ 0000473289949 7478 8652 78.16 67.15 ~69.48 4.80

E 0209877502118 425 -5.10 0.63 299 257 2061
4 0114988979990 171 2035 40.56 71 -8.80 191
5 0056891509311 21.47 -28.20 27.96 1437 17,53 573
6 0.025641509311 37.00 39.65 423 2359 30,68 4465
7 0.010016509311 -36.28 -36.88 023 2503 -2930 1363
8 0.006752502118 43,94 51.20 54.52 2987 3491 20,14
9 0.002846252118 46.82 5102 6.62 3557 -39.69 12.75
10 | 0.001707729990 56.28 57.67 105 4047 ~36.00 2797
11 0.000893127118 ~60.71 -63.85 1652 44,59 4912 19.66
12 | 0000404845868 ~6648 7159 184 5218 5655 16.99

e 0.230402598215 335 a7 391 230 -6.53 7336
4 0.114402598215 1897 2078 372 586 21620 11534
5 0051902598215 -1825 2217 9.06 29.60 -13.46 8.49
6 0.030841381836 73526 -39.45 131 11436 21.35 30.60
7 0015216381836 3219 3480 207 17,50 -27.35 6607
8 0.007403881836 42.20 4556 246 25.16 3647 10371
9 0.003815313309 3833 4438 1050 -30.55 3730 19.39
10_|__ 0001862188309 -50.67 26658 88.98 -35.27 4357 37.54
11| 0000885625809 -57.39 7455 104.04 45.16 50.79 29.68
12 | 0.000465188281 ~64.94 79.26 56.07 5487 -59.80 10.40

5[5 0.888132333245 516 0.61 694 0.00 3846 | 13447.80
4 0.118758509787 710.65 1671 1221 22,66 6.19 5.97
5 0056258509780 -18.09 2252 11.07 -636 1338 20.12
3 0.030255130415 2031 -29.93 37.94 1333 20,16 1931
7 0015071493840 2923 3487 10.28 23.80 28,15 5.06
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o

3 £ Magnitude Error |AH(e”)| (dB)

2.

gl g

9 S BHIA . Passband Stopband

L| o

2| 2

g 2 Max. Mean Var. Max. Mean Var.
8 0.007705112934 39.95 43.97 427 30.28 ~40.38 73.61
g 0.003852307974 3995 43.97 427 30.28 40.38 73.61
10 0.001899272974 4751 53.74 9.10 42,06 48.43 18.25
11 0.000958255415 55.22 ~69.65 83.81 4679 52.26 7.67
12 0.000469974165 68.55 76.48 31.83 51.62 61.42 33.67

6 |3 0.248922698915 12.53 6.81 14.11 8.43 2.53 42.65
4 0.123922698915 3.27 441 0.68 3.96 113 .19
5 0.061422698915 778 -12.08 764 0.12 9.08 31.01
6 0.030917960682 -19.91 21.78 2.27 _5.00 -17.28 147
7 0.015292960682 26.96 28.11 042 -12.99 ~20.56 25.80
8 0.007480460682 -30.08 32.75 5.26 -15.83 26,77 54.00
9 0.003751605587 -35.39 .35.68 0.04 2328 32.72 32.99
10 0.001798480587 41.30 44,93 3.12 2957 -40.87 32.81
11 0.000875823915 -61.60 -64.82 6.80 -42.50 -50.12 25.35
12 0.000483265398 51.72 -56.06 529 46.76 55.06 21.45
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C.2.3 Phase Response Error

Table C-6 Simulation results of phase errors on the lattice structure due to N-bit
coefficient quantization with truncation for the Daubechies wavelet family (N2-NG).

= g Phase Error (degree)
S
P «
= £ Roundin T i
S| B g runcation
(=] [
~— =
- 9‘ Passband Stopband Passband Stopband
1E
Z! 2 | Mean | Var. | Mean | Var. | Mean | Var. Mean Var.
2 3 166.23 2720.40 -269.30 | 2731.72 30.00 2717.85 -89.30 2731.72
4 6.00 2721.11 -89.30 2731.72 6.00 2721.11 -89.30 2731.72
5 6.00 2721.11 -89.30 2731.72 6.00 2721.11 -89.30 2731.72
6 6.00 2721.11 -89.30 2731.72 6.00 2721.11 -89.30 2731.72
7 -176.83 2721.19 -269.30 2731.72 6.00 2721.11 -89.30 2731.72
8 4.59 2721.16 -89.30 2731.72 4.59 2721.16 -89.30 2731.72
9 4.59 2721.16 -89.30 2731.72 4.59 2721.16 -89.30 2731.72
10 1.84 2721.18 -269.30 2731.72 4.59 2721.16 -89.30 2731.72
11 3.88 2721.18 -89.30 2731.72 3.88 2721.18 -89.30 2731.72
12 3.88 2721.18 -89.30 2731.72 3.88 2721.18 -89.30 2731.72
3 3 -189.60 643.41 -254.15 3263.89 -331.02 8102.95 -366.37 13023.52
4 -232.25 5542.83 -163.57 9541.90 -52.32 3610.87 0.33 10869.24
5 -232.25 5542.83 -163.57 9541.90 -49.80 3321.61 -365.02 11103.37
6 109.89 1689.93 -51.31 4414.96 -23.60 687.65 -82.54 2233.74
7 -71.00 2316.86 -329.12 | 10682.30 93.66 2328.27 -61.09 4010.33
8 101.56 | 268339 | -128.24 | 4970.52 | -6.16 | 8590.71 -19.68 9739.04
9 35096 | 19132.17 | _ 8.28 903545 | 77.77 | 280582 | -76.89 2994.67
10 -350.96 19132.17 8.28 9035.45 78.80 2910.98 -58.77 4247.69
11 -74.67 1757.87 -229.79 4796.33 34.53 14661.86 -26.55 7941.99
12 7467 | 1757.87 | -229.79 | 479633 | 21.87 | 13585.51 | -21.43 8785.62
4 3 101.09 4118.63 -208.45 8663.61 -319.59 6443.55 -371.51 15781.54
4 -94.48 3151.63 19.17 9.41 28.60 6469.34 -381.17 12519.07
5 103.00 2511.63 -262.78 | 31408.07 -69.88 3313.52 -0.1025 10639.73
6 94.00 2832.37 -270.37 | 30354.15 | -375.12 1 12472.80 1.33 10317.30
7 -62.25 2459.05 -111.59 | 22615.55 86.23 2535.10 -311.88 25741.69
8 106.68 3202.38 -251.22 | 19431.6] 7539 2802.92 -52.66 3760.21
9 -80.18 2863.56 -3.80 10757.08 94.74 2810.98 -290.33 26761.04
10 -128.52 2549.51 -155.05 | 21717.00 49.07 2058.15 -308.93 23037.25
11 -128.52 2549.51 -155.05 | 21717.00 | -135.82 { 26399.90 -305.34 23005.26
12 -64.49 3670.60 -72.89 17253.88 | -159.75 18462.64 -293.55 22422.33
5 3 85.67 3843.99 -201.50 8593.07 -38.46 13447.80 -205.75 41218.89
4 2067 | 484.05 | -314.49 | 19407.23 | -13.96 | 11064.03 | -205.67 | 39197.78
s 11848 | 350492 | -7991 | 16694.14 | -1672 | 954947 | -21544 | 40450.56
6 155.66 | 21362.53 | -225.14 | 561169 | -65.09 | 5391.84 | -201.63 | 45288.07
7 122.62 | 426205 | -356.94 | 29211.40 | .78.19 | 345462 | -20222 | 41245.84
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= g Phase Error (degree)

=7

' <

= £ Roundin Truncati

AR g ion

S| 8

< < Passband Stopband Passband Stopband

HE

2| 2 | Mean Var. Mean Var. Mean Var. Mean Var.
8 .87.85 | 339668 | -217.99 | 49589.43 | -87.85 | 3396.68 | -217.99 | 49589.43
9 10049 | 2260.72 | -110.34 | 15688.97 | -87.85 | 3396.68 | -217.99 | 49589.43
10 69.80 | 4651.99 | -208.68 | 23707.54 | -93.31 3738.05 -19.88 6849.28
11 32.53 1914.37 | -353.39 | 24080.88 | -48.15 | 5601.49 | -204.10 | 41202.00
12 -95.84 | 3593.33 1549 | 694602 | -39.40 | 4939.45 -42.26 4924.62

6 |3 72.57 | 4973.73 | -228.97 | 696245 | -13.98 | 11088.79 | -159.82 | 40628.12
4 81.04 | 4044.17 | -331.21 | 18837.56 | -31.17 | 1380525 | -211.58 | 39343.08
5 -202.17 | 22017.69 | -289.92 | 14802.62 -16.49 14155.78 -221.92 42341.67
6 71.74 4470.56 -392.81 | 45363.75 -0.08 10850.40 -247.47 39780.65
7 116.35 779.94 -201.53 | 39123.28 54.97 4949.12 -285.08 19958.92
8 69.88 | 4581.79 | -197.64 | 7068.50 71.20 3603.95 | -248.90 | 29944.76
9 -141.99 | 15944.18 | 441.18 [ 3487274 | 74.19 4102.86 | -249.32 | 2462820
10 -103.67 4292.07 -63.09 20062.59 78.80 3925.82 -501.58 68127.83
11 7211 450849 | -220.52 | 17019.73 | -147.88 | 14442.54 | -370.74 | 10900.54
12 101.86 | 4515.82 | -482.43 | 6240797 | 75.44 4248.86 | -481.24 | 67827.51
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