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SUMMARY

Diffusion plays a major role in many domains of our daily life. Many studies of this
phenomenon have been done since the discovery of the Brownian motion by Robert
Brown in 1827.

The work presented in this thesis was motivated in part by Adam Ellery’s Ph.D thesis
|1] from the Queensland University of Technology (QUT), Brisbane in Australia. In his
thesis, he studied the 2D dynamics of an agent and a population of agents moving in an
environment crowded randomly with obstacles of different sizes and shapes. The purpose
of these studies was to propose an approach to characterize the short time dynamics of
particles in different media. The method used to define the limits of the transient regime
was arbitrary since considering a fixed interval of the transient regime of the mean square
displacement (MSD), and that interval was the same for all obstacle concentrations in
the medium.

In the current thesis, in order to improve the standard algorithm and better model
the continuum, we propose a novel Monte Carlo algorithm allowing the particle to stay
put to obtain a better distribution of displacements.

We have described a more objective method to determine the characteristic exponent
a of the particle’s anomalous diffusion in the transient regime. This exponent comes from
the fact that many theories propose that the MSD of the particle in the transient can be
described by the power law (r?) ~ t®. We have defined and estimated the distance r* and
the time ¢* necessary to the particle to reach the steady state. We have discovered that the
excess diffusion 3, which is due to the fact that diffusion is faster in the transient regime
and thus measures the importance of the latter, contains potentially useful information.
We have shown that the variables 8 and r* are related to each other by a function of
a. All these studies are done for media that contain respectively obstacles distributed

periodically and randomly.
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SOMMAIRE

Le processus de diffusion joue un role majeur dans plusieurs domaines de notre quoti-
dien. De nombreuses études sur ce phénoméne ont été faites depuis la découverte du
mouvement Brownien par Robert Brown en 1827.

Le travail accompli dans cette thése a été motivé en partie par la thése de doctorat de
Adam Ellery [1] a la Queensland University of Technology (QUT), Brisbane, Australie.
Dans sa thése, Ellery a étudié le mouvement a 2D d’un agent et d’une population d’agents
se déplacant dans un environement peuplé aléatoirement par des obstacles de différentes
tailles et formes. Le but de ses études était de proposer une approche pour caractériser la
dynamique a court temps des particules dans différents milieux. La méthode utilisée pour
définir les limites temporelles de la phase transitoire était arbitraire puisque considérant
un intervalle donné du régime transitoire de la moyenne des carrés du déplacement de la
particule (MSD) et cet intervalle était le méme quelque soit la concentration d’obstacles
dans le milieu.

Dans cette thése, dans le but de reproduire au maximum ce qui se passe dans le con-
tinuum, nous proposons un nouvel algorithme Monte Carlo en permettant a la particule
de rester sur place pour obtenir une meilleure distribution des déplacements.

Par la suite, nous décrivons une méthode plus objective pour déterminer ’exposant
caractéristique o du mouvement de la particule dans le régime transitoire. Cet exposant
vient du fait que plusieurs théories proposent que la MSD de la particule dans le régime
transitoire peut étre décrite par la loi de puissance (r?) ~ t“. Ensuite, nous définissons
et estimons la distance r* et le temps t* au bout desquels la particule commence a avoir
une vision de I'ensemble du systéme. Nous avons découvert que I'excédant de diffusion
B, qui est di au fait que la diffusion est rapide dans le regime transitoire, et qui mesure
donc 'importance de ce dernier, contient de 'information potentiellement utile. Nous
avons montré que les variables 3 et r* sont reliées I'une a 'autre par une fonction de a.
Toutes ces études sont faites pour des milieux contenant respectivement des obstacles

distribués périodiquement et aléatoirement.
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LMC: Lattice Monte Carlo.
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Introduction

Diffusion is a phenomenon that controls several aspects of our daily life. Examples of
that phenomenon are in action every day. We have for example the smell of a perfume
that propagates in a room or the odor of the food that spreads when you are cooking
in your kitchen. This phenomenon is not limited only to gas but it is also present in
liquids: we have for example coffee that mixes with milk without any agitation. We
have a similar process after dissolving a solid in a liquid, for example sugar in coffee.
Diffusion is essential to the functioning of our organism in the sense that a great part of
the transport of molecules in our organism is possible because of diffusion processes [2].

Several studies have been done to study the problem of diffusion in biological environ-
ments. For example, Mathis Weiss et al [3] and Eli Barkai et al[4] showed (using Single
Particle Tracking (SPT)) that by inserting a tracer particle in the cytoplasm of a living
cell the particle undergoes anomalous diffusion. Michael J. Skaug et al |5] have similarly
characterized the anomalous movement of a lipid in a biological membrane. Several other
experimental methods can also be used to study diffusion, for example Fluorescence Re-
covery After Photo-bleaching (FRAP) and Fluorescence Correlation Spectroscopy (FCS)
6]

In addition to all these experiments, theoretical and numerical methods have been



developed. For example in 50 to 60’s, the simulation technique called Cellular automata
|7] appeared, and began to be applied in the mid-80’s. This method allows the modelling
of dynamic systems through discretization in time, space and state variables. Other
simulation methods such as Monte Carlo also started to be used to model the movement
of particles in environments containing obstacles [8]. Other computational and theo-
retical methods like the Method of Volume Averaging [9] have also been developed to
characterize the phenomenon of diffusion in porous media. We must remember that all
these methods were intended to produce a clear interpretation of the diffusion process in
environments containing obstacles.

What increases our desire to study this phenomenon is the need to understand the
behaviour of a diffusing particle in its medium. When the particle diffuses in a medium
crowded with obstacles, its movement describes two regimes: the short time transient
regime and the long time stationary regime.

Many studies have been done on the motion of particles in environments crowded with
immobile obstacles. The effect of obstacles concentration on the diffusion coefficient of the
particle have been studied for different cases [10, 11, 12, 13, 14]. Saxton [8| and Ellery
et al [15, 16, 17] have studied the motion of random walkers moving in environments
crowded with obstacles of different sizes and shapes. The goal of their studies was to
design an approach to characterize the dynamics of particles in such media.

Researchers usually consider that in the transient regime, the movement of the particle

is described by the equation (here for two dimensions)

(r*(t)) = 4Dat", (1)

where D, is the generalized diffusivity in the transient regime and « is the characteristic
exponent. For a = 1 the movement of the particle corresponds to Fickian diffusion,
for a < 1 the movement corresponds to an anomalous subdiffusion, and for a@ > 1 the
movement corresponds to an anomalous superdiffusion.

In fact, some points are not clear about the limits of eq. (1) such as its applicability,
and how the transition between the different regimes takes place. A central question is
how to characterize the different regimes of the motion of an agent in a given medium,
and how the parameters that characterize this motion depend on the obstacle size and
shape, the concentration of obstacles and the distribution of obstacles. This is why it still
remains important to understand the behaviour of the particle in the transient regime

through for example the best estimate of the characteristic exponent of the particle



motion.

In order to characterize the movement of the particle, Ellery and his colleagues have
proposed a way to find the characteristic exponent a of the mean square displacement
(MSD) of the particle in the transient regime. Their method was to consider a given
interval of the transient regime and fit the MSD in that interval in order to get the
exponent «. In fact that interval was the same for all obstacle concentrations in the
medium. Because of that one can say that their method was arbitrary.

Among all these limitations, there is also the fact that these authors used the tradi-
tional Lattice Monte Carlo (LMC) algorithm which considers only jumps in four direc-
tions [18, 19]. In the next chapter, we present the limitations of the traditional LMC
algorithm by comparing it with a new algorithm that we have developed. However, it
is important to note that our new LMC algorithm is only an improvement of the tradi-
tional one since even for this algorithm, the fourth moment is not perfectly correct. In
free space, it was shown that the fourth moment is totally correct only when one consid-
ers diagonal jumps and the fact that the particle can remain on the same site [20], noting
that longtime ago, the necessity of the use of diagonal jumps when working in more
than one dimension has been shown by Gauthier and Slater [21]. Due to the difficulty
to manage diagonal collisions of the particle with the obstacles, it remains a challenge
to implement the LMC considering the diagonal jumps. However, it should be noted
that our new LMC algorithm considers the fact that the particle can stay put and it
gives a fourth moment whose correction factor decreases three times faster than the one
obtained with the traditional algorithm. This shows that our new LMC algorithm is the
intermediate between the standard LMC algorithm and the one proposed by Chubynsky
and Slater [20].

1.1 General considerations about Diffusion

1.1.1 Brownian motion

In 1827, the English botanist Robert Brown did an observation of a movement that will
soon be known as Brownian motion. It is true that Brown was not the first to observe
it but he was the first to seriously study it. Observing pollen grains in water, Brown
noticed that their motion was irregular and incessant. He was the first to show that this
movement did not have an organic origin. To prove that, he hermetically sealed pollen

grains and water for many days, and the movement did not stop. If that movement were



caused by a living mechanism, the grains wouldn’t have had enough food to stay alive and
the movement would have stopped. Brown repeated the same experiments with inorganic
particles and he observed the same movement. A few decades later, to be more precise
in 1865, G. Cantoni [22] confirmed the fact that Brownian motion has no organic origin
by showing that the movement of particles did not stop even after spending a full year in
a liquid hermetically sealed between two glass plates. In 1877, Delseaux formulated the
generally accepted idea that Brownian motion was generated by the successive collisions
between liquid molecules and solid particles. That idea was developed later by Einstein
|23|. After many decades of speculation and experimentation, it became accepted that

Brownian motion becomes more important as the temperature of the system increases.

1.1.2 Unbiased Brownian Motion

Brownian motion is frequently modelled using the 1D random walk of a walker which
executes random jumps of length [ to the right or the left with a time step 7. Two
consequences can be derived: the average displacement of the walker is equal to zero and
the mean square displacement is proportional to time.

If one considers a one dimensional random walk with N steps, the final position of

the walker will be given by:

<mm:§]h (2)

where [; can be positive or negative according to the direction of the jump (i.e., [; is
randomly equal to £I). Since the average of [; is zero ({(/;) = 0), the total average will
be equal to zero as well ((X) = 0). We study a random walk where the jumps are
independent from each other, which is written mathematically as (I; - [;) = 6;;1%, with d;;
the Kronecker delta function defined to be 0 for ¢ # j and 1 for ¢ = j. To have more
information on the properties of the random walk, one needs to evaluate the MSD of the
particle since it is the smallest even order moment; all odd order moments are equal to

zero by symmetry. After NV steps the mean square displacement is given by:

(X(N)?) = (X(N=1)+1n)?)
= ((X(N=1))?+2X(N—1)- Iy + (In)*)
= (X(N=1)) +2(X(N —1)-Iy) + {(In)*);



Wlth N—-1 N—-1 N—-1
(X(N—=1)-Iy) = < L ZN> =) {l-lv)=) dn=0, (3)

one obtains
(X(N))?) = (X(N =1))*) + 1% (4)

Applying the recursive method, we get:

(X)) = ((X(N=2)7) +2P

= ((X(0))%) + NP?

Since the walker starts its walk at X (0) = 0, we have ((X(0))?) = 0, and consequently:

(X(N))?) = NP (5)

We define the diffusivity D by:

12

Knowing that the total time is ¢ = N7, we can use it with eq. (6) in eq. (5). We then

obtain the one dimension diffusion law given by:

(X?) =2Dt. (7)

This equation can be extended to two and three dimensions, but we need to keep
in mind that the expression in each direction remains the same. So we have: (X?) =
(Y?) = (Z?) = 2Dt. Considering that the random walk is isotropic, the movement of
the walker is described by the position vector 7, which has two components X, Y in two

dimensions and X, Y and Z in three dimensions. Thus in two dimensions, we have:

(raa) = (X5)+(Y7)

= 2Dt + 2Dt = 4Dt (8)



and then, in three dimensions, we have:

(ra) = (X5)+ (") +(Z%)

= 2Dt + 2Dt + 2Dt = 6Dt 9)

All these diffusion laws are applicable in almost every free media (without any ob-

stacle) and for all particles sizes.

1.1.3 Brownian Motion and the Einstein-Smoluchowski relation

Let’s consider a free Brownian particle moving in a fluid [24]. The molecules of the fluid

are much smaller than the particle size. The equation of the particle’s motion is given
by

dv(t)
0 _ oy + e, (10

where m is the mass of the particle and ( is the friction coefficient. The first term

m

on the right side of this equation represents the viscous friction force that acts on the
particle; the second term is the force due to the incessant collisions between the particle
and the molecules of the fluid, the average of that force is equal to zero ((£(¢)) = 0).
Equation (10) is called Langevin equation and can be rewritten as:

du(t) 1

1
T —;U(t) + Ef(t)- (11)

In this equation, 7 = m/( is the relaxation time. Multiplying eq. (11) by z(t), the

position of the particle, that equation becomes

1 1
= ——x(t)v(t —x(t)E(T). 12
Sa(t)ot) + (e (12)
Taking the average of this equation knowing that (¢)-v(t) = 3(dz?(t)/dt), z(t)(dv(t)/dt) =
$(d?2?(t)/dt*) — v*(t) and that (z(t) - £(¢)) = 0 (because for homogeneous media, there
is no expectation of a statistical correlation between the particle’s position z(t) and the

force £(t) exerted on it by the molecules of the fluid), one obtains:

+ = =2(v?). (13)



Considering that the particle has reached the equilibrium temperature of the fluid, we
have (v?) = kgT/m, with kp the Boltzmann constant and 7 the temperature. The

solution of eq. 13 is given by:
2kgT t t
)y =222 2 - (1 - —Z) ). 14
(T(t) = ——7" | - exp { —— (14)

k’BT

m

For t < 7 we have

= (v?) 1%, (15)

For t > 7 we have

G%pTr  2kpT
BIT, _ ZBL,

2
t)) = = 16
(a2(0)) = 22Tt = 2 (16)
Comparing eq. (16) with eq. (7), we obtain the Einstein-Smoluchowski equation:
kgT
D= ]Z (17)

For a spherical particle, the friction coefficient is related to particle size by the following

formula also know as Stokes formula:

( = 6mnR, (18)
where R is the particle radius in meter (m), n the fluid viscosity. Then, the diffusivity
becomes:

kgT
D= . 19
6mn R (19)

The diffusivity of a particle depends not only on its size, but also on the viscosity

and the temperature of the medium.

1.2 Fick’s law: Macroscopic aspects of Diffusion

Most discussions about the diffusion process start with Fick’s equations. In fact Fick’s
equations are just differential equations that describe the spatial and temporal variations

of a distribution of particles in a medium.
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Figure 1: A model to illustrate Fick’s first law. The net number of particles moving out
of the zone centered at x during a time step 7 is 8 (4 particles moving to the right and

4 moving to the left). No particle stays in that zone.

Let us consider Fig. (1) where particles move along the x axis at time ¢. The number
of particles in the volume V' centered at x is N(z) and the concentration is C'(z). The
axis is discretized such that we have successive spaces of volume V = Ad. These spaces
are separated by imaginary membranes of surface area A located at x+ %‘5, where n is an
odd integer. The number of particles N(z) between each pair of membranes is expressed
with respect to the central position z.

During a period of time 7, AN particles move through the membrane; the flux is
then defined as

AN
AT

Every time step, each particle moves randomly in the +x direction. Therefore, on

J (20)

average, at time 7, half of the particles located at x at time zero will be located at x + ¢
and the other half at x — §. The number of particles that cross the membrane located

at x + g at every time step is thus given by:

AN.

T+

s = —% [N(z +6) — N(x)] . (21)

Substituting eq. (21) into eq. (20) the flux through the membrane located at = + $ is
given by:



1 [N(z+0)— N(x)

Jx+g = _5 AT : (22)
Multiplying this equation by 6%/62, considering that C(x) = Nfg), Clx+9) = %;5) and
that 6%/27 is the definition of the diffusion coefficient D, eq. (22) becomes:
D
Jes = =20t +8) —C). (23)
Using the definition of the derivative for small § = dx this equation becomes:
dC(x)
J,=—-D . 24
o (24)

This equation is Fick’s first law. It states that the flux is proportional to the concentration
gradient and the coefficient of proportionality is the diffusion coefficient D.

If we consider a box centered at position z, Fick’s second law deals with the variation
of the local concentration as a function of time. The flux through the membranes located
at © — % and x + g determine the number of particles that pass through the box located
at x. During a time step 7, if the flux has a positive sign, JJC_%TA particles will enter in
the box centred at x and JI+gTA will move out. The change in the number of particles

at x in a time step 7 is thus given by:

AN(z) = Ar <Jx_g - Jw+%> . (25)

Fick’s second law follows from the first and insures that the total number of particles is
conserved. In other words, particles are neither created nor destroyed. Dividing both
sides of eq. (25) by the volume, one can see that the variation of the concentration with
respect to the time step 7 is equal to the variation of the flux in the step length . This

allows us to write:

%[C(m,tJrT)—C(:c,t)]:—% s = s (26)

In the limit 7 — 0 and 6 — 0 we obtain:

dc  dJ,

dt  dz
Equation (27) is Fick’s second equation and it can be written substituting J, by its value
in eq. (24):

(27)

ac' d*C



This equation is known as the diffusion equation. It shows that the temporal and spatial
variations of the concentration are related via the diffusion coefficient D.

The diffusion equation can be solved in order to obtain the concentration profile. For
example, if we consider the particles initially at = 0, i.e. C(x,0) = 6(z), where §(z) is

the Dirac function, the concentration profile in one dimension is given by:

N x?
Clz,t) = ———— —— . 29
(2.8) = Dy e? < 4Dt> (29)
Dividing eq. (29) by N, we obtain the probability density given by:
1 x?
t)= ———— ——; 30

its representation as a function of position x is shown in Fig. 2. The variance (z?) of this

=100
t=3.00
=500

0.25

0.20

p(x, t)

0.10
0.05
0.00

-100 -75 -50 -25 00 25 50 75 100
X

Figure 2: Plot of the probability density of particles as a function of position x. The
evolution of the concentration profile is given by eq. (30). Particles have been released
at time ¢ = 0 at position x = 0. The scaled diffusion coefficient has been chosen to be 1.
The probability density follows a Gaussian distribution that spreads over the time. The
width of the peak is proportional to v/2Dt.

distribution is given by:

10
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The fourth moment is then given by:

(2(t)) = / " et t)de = 3(2D1)° = 3 (22(1))° (32)

o0

It is important to mention that because of symmetry, all the odd order moments are
equal to zero: (x?*1(t)) =0 with 7 € N.

11



1.3 Monte Carlo Algorithm for Diffusion

In this section, we show how one can use the Monte Carlo method to find the scaled
diffusivity of a particle moving in a given medium. The Monte Carlo methods, with
or without lattice, consist in choosing the directions of the jumps of the particle using
random numbers. When there is no transient regime, the value of the diffusion coefficient

in 1D is given by:

(@*(t))
D= (33)

for all times, where (z*(t)) is the variance of the displacement and ¢ the time.

To find the diffusion coefficient of a particle using the Monte Carlo algorithm, we
should note its initial position, let it diffuse during a time interval ¢ and record its final
position. Repeating that procedure many times, one can evaluate the variance of the
displacement. Then diffusivity is obtained dividing the final variance by 2¢.

Experimentally, a Brownian particle executes a continuous movement. To design the

Monte Carlo method, we perform a double discretization, one in time and the other in

space.
da
o i3
T
A
e{e
A
‘4—.
A
- .—-r-‘
A
*—p 3 *

Figure 3: Random walk of a particle in two dimensions. The left is the continuous motion
of the particle (red spot) and the right is the discretization. The particle executes jumps

of length a, since the size of the square regions has been chosen to be a.

Figure 3 shows the random walk of a particle over a two dimensional lattice. The
system is built so that a jump is completed once the particle touches one of the lines.
So the particle executes jumps of length a (the step size of the lattice) in one of the 4

directions allowed by the lattice with a probability given by:

12



p- i (34)

This method is sometimes used to study the diffusion of a particle in a given structure
such as a hydrogel for example. Figure 4(a) shows a representation of a gel.

To build a gel for a Monte Carlo simulation, a common method consists in placing
obstacles on the lattice in order to model the cross-section of the gel fibers. If a particle
executes a jump to a site which is occupied by an obstacle, that jump is rejected and
the particle stays at the same place but the clock advances. The effect of obstacles on
the diffusion of particles is generally characterized by the scaled diffusion ratio D/Dy,
where D is the diffusion coefficient in the presence of obstacles and Dy is the diffusion

coeflicient in a free medium.

1.4 The Exact Solution for the Lattice Monte Carlo Algorithm

To solve the problem of the unbiased random walk of a particle on a lattice, Mercier et al
|18, 19| used the Nernst-Einstein relation between the diffusion coefficient of the particle
in the absence of an external bias and its velocity in the presence of a very weak force
F
kgT
D= —uv, 35
L (3)

where kp is the Boltzmann constant and 7' is the absolute temperature. Under a very

weak force, we can thus write

D . u(F)
— = lim :
DQ F—0 Uo(F)
the index zero simply refers to the value of the variable in free solution. In the limit

where F' — 0 one obtains the scaled (normalized) diffusion coefficient D* = D% in the

direction of the force F' by evaluating ;-. The method proposed by Mercier et al [18, 19]

starts with the calculation of the probability of presence of the particle on each free site
of the lattice when a weak force is applied.

Once the probabilities are obtained, multiplying them by the corresponding local
velocities, one can obtain the mean velocity of the particle on the lattice. In the previous
section, we have shown that in a free solution, the probability for the particle to jump
to the adjacent sites in the absence of an external field is equal to 1/4 for each of the

possible four directions. However, when there is an external field applied, the probability

13



Figure 4: (a) A schematic representation of a small part of a 3D hydrogel. Black lines
represent the cross-linked polymers. The particle (pink) moves randomly between the
gel fibers and the dark spots represent the crosslinks between the polymers. (b) A 2D
lattice representation of a cross-section of a 3D hydrogel. The green sites represent the
free sites which can be considered as the volume occupied by the liquid phase. The blue

sites are the cross-sections of the gel fibers that we consider as obstacles.
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of jumping in the field direction depends on the magnitude of the field. Slater et al
|25, 26] have evaluated the exact probability by solving a first passage problem. For a
2D lattice they have shown that the probability for each direction of the jump (for € very

weak) is given by:

_1xte
=
where P,, and P_, respectively represent the probabilities for the particle to jump in

Pi:p

(36)

the direction and in the opposite direction of the dimensionless force e:

B Fa
T pT

(37)

The unit of length is @ and the unit of time is a?/ Dy, with Dy the diffusion coefficient in
a free solution.
It has been shown in [25] that the (scaled) mean time duration of a jump is not

changed and its dimensionless expression is

714+ 0(?). (38)
The mean free (scaled) velocity of the particle in the absence of obstacles is given by

U = M. (39)

T

The lattice in Fig. 5 presents nine sites among which seven are accessible to the
particle and the two remaining ones are occupied by obstacles. Periodic boundary con-
ditions are applied at every side of the lattice. At each time step, the particle attempts a
jump. If the chosen site is occupied by an obstacle, the jump is rejected and the particle
remains at the same place but the clock advances. The probability for the particle to be
on site ¢ at time ¢ + 1 depends on the probability for the particle to be on one of the four
neighbouring sites at time ¢.

If one considers site number 5, the probability of being on that site at time ¢ + 1 is

given by
n(5,t+1) = P_yn(3,t) + Pyn(4,t) + P_yn(2,t) + P,n(7,t), (40)

with n(i,t) the probability of finding the particle on site 7 at time ¢. Site number 3 is
adjacent to an obstacle. Therefore, n(3,¢ + 1) is given by:

n(3,t+1) = P_yn(4,t) + Pyn(5,t) + P_yn(1,t) + Pyyn(3,1). (41)

15



Figure 5: The 3 x 3 lattice used to illustrate the exact solution for the LMC. We have
7 free sites (green) that are accessible to the particle and 2 sites (blue) occupied by
obstacles. The sites in sky blue indicate that periodic boundary conditions are used. An

external force is applied in the x direction.
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This set of linear equations can be written as T'|n) = |n(t + 1)), where T is the
transition matrix and |-) stands for a column vector. The stationary state being defined
by |n(t+ 1)) = |n(t)) = |n), we need to solve the system T |n) = |n) in order to obtain
the different probabilities. For the system shown in Fig. 5, the transition matrix is given
by:

24+€ 14¢€ 1 0 0 0 0
l—e 1—€¢ O 0 1 0 1
1 0 1 l—e 1+¢e¢ O 0
TE% 0 0 14e¢ 1 1—e 1 0 (42)
0 1 l—€e 1+€¢ O 0 1
0 0 0 1 0 2—€ 1—c€
0 1 0 0 1 14+e¢ 1+4¢
To solve the system T' |n) = |n), we rewrite it as:
(T'= 1) |n) = |0), (43)

where |0) is a zero vector. We can then include the normalization condition ZZZI n; =1
directly into eq. (43). To do that, we just replace all the elements of the last line of the
matrix 7'— I by 1 and the last element of the vector |0) by 1. The final equation becomes

M |n) = |b) (44)
with

|by =10,0,---,1), (45)

and M given by:

—2+¢ 146 1 0 0 0 0
l—¢ —3—¢ 0 0 1 0 1
1 0 3 1—¢ 14+e 0 0
Mzi 0 0 14+e -3 1—¢ 1 0 (46)
0 1 1-¢ 1+e —4 0 1
0 0 0 1 0 -2-¢ l—c
4 4 4 4 4 4 4

17



This can be simplified by cancelling the use of €. To do that, we separate the different
terms in eq. (44) into a constant term (with subscript ¢) and a € dependent term (with
subscript €) [18, 19].

M = M, + M., (47)
n) = [ne) +€lne) (48)

Making use of eq. (47), eq. (48) and eq. (49) into eq. (44), we obtain:

M. |nc) + € (M. |ne) + Mc|ne)) + e M, n¢) = [be) - (50)

Considering the terms of order in € less or equal to one, this relation is verified only if
M, |n.) = |be) and M.|n¢y = =M. |n.) . (51)

The first relation is related to the case where no force is applied and leads to the
solution n(:z) = 1/J (with J the number of free sites). The second relation contains the
non trivial effects of fixed obstacles on the diffusion coefficient. In the second relation,
the unknown is |n.) and that value can be found numerically using an algorithm to invert
a matrix. In fact, for small lattice sizes as the one used for our example, software package
like Maxima, Maple or Mathematica can easily find the solution. For large lattice sizes,
it is more efficient to use numerical methods already established [18]. For our example,

the probability of presence of the particle on each site is given by the vector

n(1,t) 1 4
n(2,t) 1 -1
n(3,t) . 1 1
n@)=| n@n [==] 1|+ % 1 (52)
(5, 1) 1 0
n(6,1t) 1 —4
n(7,t) 1 1

Since the probabilities have been found, we need to determine the velocity of the particle

on each site. That velocity in the direction of the bias is expressed as:

v; = P+$L+Z' - P—JIL—i' (53)

18



In this expression, L. = 1 if there is no obstacle in the given direction and zero otherwise.

Thus, we can express the velocity as |v) = |v.) + € |v,):

(1) ~1 1
v(2) 1 1
v(3) . 0 2
o= o) [=7] o |+ i 2 (54)
u(5) 0 2
v(6) 1 1
v(7) -1 1

The mean velocity of the particle on the lattice is found computing the following scalar

product (v|n):

v="_(v[n) = ((ve| +€(ve]) - (Ine) +€ne))
= (Ve|ne) + € ((Ve|ne) + (ve|ne)) + € {(ve|ne) .

The term (v.|n.) is equal to zero since it gives the global velocity when ¢ = 0 and the

term € (v|n.) vanishes in the limit ¢ — 0. For the lattice that we study, we find that

15
56

the diffusivity, we should evaluate the normalized velocity with respect to vy. Note that

the velocity of the particle on the lattice is v = 2¢. In order to relate the velocity and

we have vy = P, — P_, = €/2. Then, the normalized diffusivity in the +z direction for
the lattice that we took as an example is given by:

D v 15¢/56 15

— =lim— = = — =~ 0.535714. 55

Do e0v,  €/2 28 (55)

We can see that we don’t need to know the value of € for this method to find the diffu-

sivity since € cancels out at the last step of the calculation. This closes the demonstration
of the exact solution for the LMC Algorithm. The method allows us to obtain the exact
diffusion coefficient for any given obstacle configuration. The method works only for
finite size lattices and it is thus necessary to impose periodic boundary conditions. In
order to obtain the diffusivity close to the thermodynamic limit, it is also necessary to

use very large systems.
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1.5 Markov Chains

A Markov process is a stochastic process characterized by the fact that to predict the
next state of a system, one only needs information about the present state [27]. That
means there is no memory effect in the process. The process can be described by the

following relation:

plt+1) = Tp(t) = T'p(t = 0), (56)

In this relation, p(t) represents the state of the system at step ¢ € N, and T is the
transition matrix. Indeed, for the diffusion problem over the lattice, p(t) is the probability
vector that contains the probability of presence of the particle on each site at time ¢,
the transition matrix 7' contains all the jumping probabilities of the particle over the
lattice corresponding to the LMC algorithm. The initial state (location) of the particle
is defined by p(0).

Let’s consider the lattice of size 3 x 3 defined in Fig. 5 in Section 1.4. For this example,
we apply repulsive boundary conditions at the edges of the lattice. When there is no

external field, the transition matrix is given by

3010000
03007100
1021000
Tzioo1111o (57)
0101101
0001021
0000112

If the particle starts its motion on site number 4, the initial probability vector is

p(0) = (0,0,0,1,0,0,0)" . 