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Abstract

Recent advancements in communication technology, computational power, and
control theory have led to the adoption of multi-agent systems in various engi-
neering applications. By utilizing multiple agents, these systems can accomplish
complex cooperative tasks that are difficult for a single agent to achieve, such as
coordinated patrolling, surveillance, post-disaster search and rescue, and trans-
portation logistics. Moreover, multi-agent systems have been employed to model
and analyze flocking behaviour in both social and natural phenomena, including
pedestrian flow, animal migration and hunting.

This thesis presents an algorithm to control the spatial distribution of kinematic
multi-agent systems in two-dimensional workspaces. Leveraging on the coverage
control framework, the problem is formulated as a multi-objective optimization
with performance index composed of the area coverage metric and of the Kull-
back-Leibler (KL) divergence. The KL term drives the statistical spatial distribu-
tion of the agents to a desired, user-defined density in the workspace, whereas the
coverage term drives the agents to a centroidal Voronoi configuration. The connec-
tion is the target distribution in the KL term, which is also the risk density in the
area coverage term.

Since the system is non-autonomous due to the drift introduced by the evolving
target density, the asymptotic stability is established by using Barbalat’s lemma.
The agents are proven to asymptotically converge to the trajectories of the time-
varying stationary points of the multi-objective performance index, which mono-
tonically minimizes the index, and drives the agents to evolve in a special cen-
troidal Voronoi configuration of the same statistics as the target density. The col-
lision avoidance of the agents between each other is guaranteed based on the in-
herent properties of the centroidal Voronoi tessellation. Furthermore, by designing
the target density via its elliptical contour, the converged KL term drives the agents
in a specified range, which allows the agents to accurately pass through confined
environments, such as tunnels or pipelines. Theoretical predictions are illustrated

in simulations.
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Nomenclature

This section defines the key terms and symbols that are frequently used in the

main body of this thesis, particularly in Chapter 3 and Chapter 4. For each term,

the formal definition and relevant details are provided in the respective sections

where they are introduced and discussed.

Pi

u;

Position of i-th agent

Velocity control input to i-th agent

Convex working space

Sensing performance function of the i-th agent

A point in the working space

Target density (or desired density) weighting the workspace
Mean vector of the target density ¢,

Euclidean distance between the i-th agent and any point q € Q)
Covariance matrix of the target density ¢,

Collective density of agents, determined by their spatial distribution; also

referred to as agents’ density or collective density for simplicity
Mean vector of the agents’ collective density ¢y
Covariance matrix of the agents’ collective density ¢,

Area coverage metric encoding sensing performance function f(-) and tar-

get density ¢,

KL divergence between the distribution of target density ¢; and agents’ col-
lective density ¢p



Q

a
s

det

tr

Total multi-objective performance index composed of weighted area cover-

age metric H and KL divergence D

Weighting coefficient for area coverage metric H
Weighting coefficient for KL divergence D
Voronoi cell corresponding to i-th agent
Generalized mass for i-th Voronoi cell

Stationary point of area coverage metric H; also serves as generalized cen-
troid of mass for i-th Voronoi cell

Stationary point of KL divergence term D corresponding to i-th agent p,

Stationary point of multi-objective performance index | corresponding to
i-th agent p;

Weight matrix for gradient 0] /dp;
Determinant operator
Trace operator

Kronecker product

X1



Chapter 1
Introduction

Portions of the content presented in this thesis are adapted from the research pa-
per [1], on formation control for multi-agent systems via Voronoi tessellation and
KL divergence with time-invariant Gaussian density functions, particularly in the
sections regarding autonomous controls for time-invariant target densities (non
evolving-environments). The paper has been accepted for publication in the 2024
IEEE Conference on Decision ad Control (CDC) that will be held in December 2024.
This thesis includes advancements and extensions that build upon my work in [1],
with the derivation of a control algorithm to navigate time-varying environments.
The extended work is being prepared to be published in a technical journal.

The figures reused in this thesis comply with uOttawa’s policy on the use of
copyrighted material. Permissions have been obtained from the original authors or
publishers when necessary, and all reused figures are properly cited in accordance

with both university guidelines and copyright regulations.

1.1 Motivation

In recent years, multi-agent systems have emerged in various engineering applica-
tions, driven by advancements in communication technology, computational tech-
nology, and control theory. The deployment of multiple agents allows them to ex-
ecute complex cooperative missions that are challenging for a single agent, such as
harbour protection [2], coordinated patrolling and surveillance [3, 4], post-disaster
search and rescue [5, 6], and transportation and logistics. Additionally, multi-agent
systems have been employed to model and analyze collective behaviours observed

in social and natural phenomena, such as pedestrian flow [7, 8, 9], animal migra-



CHAPTER 1. INTRODUCTION

tion and hunting [10, 11].

Area coverage provides an optimal control framework for multi-agent systems,
where a finite set of mobile agents responds to a field defined over a given envi-
ronment, aiming to achieve an optimal spatial distribution based on a coverage
metric. This field, often referred to as risk density, quantifies properties such as
relative importance or risk levels associated with different regions. The problem
can be viewed as a resource allocation task, where areas with higher risks demand
greater agent presence. For instance, in harbour protection scenarios, evolving risk
densities can represent suspicious targets, allowing agents to track and monitor
them effectively.

Building on previous works, this thesis proposes an optimal control algorithm
to drive the formation of a group of kinematic agents via a user-defined distri-
bution defined on the environment. The distribution models environmental sig-
nals and queues to which the agents are assumed to respond, organizing their
formation according to optimality criteria dictated by a performance index that
encodes the coverage of the area in which they operate, with clustering in regions
with higher density. The converged multi-objective performance index drives the
agents passing through specific regions in a specific spatial configuration (cen-
troidal Voronoi tessellation), as long as the target density contour is designed ac-
cordingly. This capability can support multi-agent missions in confined environ-
ments, such as search-and-rescue operations in caves or tunnel detection missions.
With the proper modifications, this can also be applied to biological and non-
biological systems, as well as hybrid ones, using the idea of driving an inherently
complex collective response via a low dimensional set of parameters, correspond-
ing to the moments of a target distribution. The theoretical predictions are illus-
trated and verified in several sets of simulations.

1.2 Thesis Objectives and Contributions

The thesis focuses on the formation control for groups of mobile robots moving
in an environment in which they are driven by stimuli described by distributed
functions in the environment. The problem is approached by generalizing the
standard area coverage control problem, by posing the control problem as a multi-
objective optimization, with performance composed of the Kullback-Leibler (KL)
divergence and of the coverage metric, respectively encoding the residual between
the statistical distribution of the agents in the workspace and a target distribution,

MASTER OF APPLIED SCIENCE THESIS 2



CHAPTER 1. INTRODUCTION

and the weighted quantification of the performance of each agent with respect to
points in the workspace, which induces a partition of the environment into re-
gions that are “best served” by the agents to which they are assigned, resulting
into the emergence of a Voronoi tessellation of the workspace. Simultaneously, the
contribution of the KL divergence forces the statistical moments of the converged
generalized centroidal formations to be as close as possible to the ones of the target
density, where the proximity is dictated by the weights of the multi-objective func-
tion. By forcing the proximity of the moments of the agents’ spatial distribution to
the ones of a desired distribution via the KL divergence, the formation control is
abstracted into a smaller dimensional space with respect to the one of the agents.
Formation control of multi-robot systems via abstraction of their spatial statisti-
cal distribution has been proposed in [12] in the context of geometric formation
control.

The contributions of this work are as follows:

* Multi-objective Formulation The problem is formulated as a multi-objective
optimization, with the introduction of a novel performance index that di-
rectly uses the KL divergence to track the statistical moments of a desired

spatial distribution in the workspace.

* Stability Analysis For the autonomous case, the largest invariant set is iden-
tified. For the non-autonomous case, the asymptotic trajectories of the agents

are established using Barbalat’s lemma.

1.3 Thesis Outline

The thesis is organized as follows:

In Chapter 2, a literature review pertinent to the work of the thesis is conducted.
Background material is also briefly introduced when appropriate.

In Chapter 3, a preliminary of the area coverage control problem is presented
in mathematical notations, including time-invariant and time-varying cases.

In Chapter 4, the multi-objective control problem is formulated with an analysis
of the critical points, where the performance index is a convex combination of the
coverage metric and the KL divergence between the agents’ collective density and
a desired one. In addition, the non-autonomous feedback law is proposed and
the asymptotic trajectories are established with Barbalat’s lemma. This implies

the agents converge to the trajectories of their associated critical points under the

RUIMING ZHENG 3



CHAPTER 1. INTRODUCTION

proposed control, and the formation of agents asymptotically minimizes the time-
varying multi-objective performance index.

In Chapter 5, theoretical predictions are demonstrated and validated through
several sets of simulations, including cases with time-invariant and time-varying
densities. The control efforts for each sub-index are illustrated, and a design sce-
nario involving an L-shaped tunnel is presented.

In Chapter 6, a summary of the work in the thesis is provided.

MASTER OF APPLIED SCIENCE THESIS 4



Chapter 2
Literature Review

This chapter provides an introduction to coordination control for networked multi-
agent systems (Section 2.1), and an overview of the majority of techniques involved
in this work, including Voronoi diagrams (Section 2.2), area coverage control for
multi-agent systems (Section 2.3), and Kullback-Leibler divergence (Section 2.4.2).

2.1 Coordination Control for Networked Multi-agent

Systems

Coordination control of networked systems of multiple kinematic agents has gar-
nered extensive attention due to its potential application in various engineering
fields. In the real world, many phenomena and applications can be simulated and
studied using multi-agent systems, such as harbour protection [2], coordinated
surveillance [3, 4], and search and rescue missions [5, 6], among others.

A networked multi-agent system typically refers to a collection of robotic de-
vices that are interconnected through a network, allowing them to communicate,
share information, coordinate their actions and execute complex cooperative mis-
sions that are challenging for a single agent [13, 14], as shown in Fig. 2.1. These
agents can take various forms, including unmanned aerial vehicles (UAVs) [15,
16], autonomous underwater vehicles (AUVs) [17], autonomous ground vehicles
(AGVs) [18], and other networked robotic systems or a combination thereof [19].

The communication network among the agents enables them to perform more
complex tasks, and also brings new challenges, such as communication delay,
topology changes, packet loss, noise and interference. The communication topol-
ogy of networked systems is described by graph theory [20]. In this thesis, the
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Figure 2.1: Structure and features of the networked robotic systems. [13]

communication network is assumed to be connected and instantaneous to focus
on the formulation of the multi-objective formation control problem.

2.2 Voronoi Diagrams

2.2.1 Introduction

The concept of the Voronoi diagram dates back to the 17th century [21], when R.
Descartes claimed that the solar system consists of vortices [22]. He believed that
the fixed stars decomposed space into convex regions, each containing matter at-
tracted to and revolving around them, as illustrated in Fig. 2.2. Although Descartes
has not explicitly defined the boundaries of these regions, the underlying idea is
consistent with the latter Voronoi diagram: let a space M, and a set P of sites (fixed
stars) p. Each site p experts influence on the points g (matter) in the space M. Then
the region of p consists of all the points g which the influence of p is the strongest.
The concept was formalized by mathematicians Dirichlet [23] and Voronoi [24],
and the resulting structure became known as the Dirichlet tessellations or, more

commonly today, the Voronoi diagrams.

2.2.2 Formal Definition

The definition of Voronoi diagrams depends on a metric which is often determined
by the application. An ordinary type is the Euclidean-based Voronoi diagram.

MASTER OF APPLIED SCIENCE THESIS 6
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Figure 2.2: Descartes” decomposition of space into vortices. [21]

Let Q) be the 2-dimensional space to be partitioned, and let g = (x,y)T € O be
a point in Q. Let d(a,b) be the distance between point a = (a1,42) and point
b = (b1, by). Then, the Voronoi partition V(P) = {V1,..., V,} of Q generated by
a set of Voronoi seeds P = {p;,...,p, } can be formally defined as [25]

V= {q€0|d(wi) Sd(q,p,-),\ﬁ#i} (2.1)

where a Voronoi cell is associated to one Voronoi seed in an order-1 partition.
Higher order partitions that associte k-clusters to each cell are possible, but not
considered in this thesis. A common choice of the distance function d(-) is the
Euclidean distance (or 2-norm), that is

d(a,b) = |la —b]l = \/ (a1 — 22) + (b1 — )2 (2.2)

An Euclidean-based Voronoi diagram (2.1) partitions a plane () into regions
based on the distance to a specified set of points P, known as Voronoi generators,
Voronoi sites, or Voronoi seeds. Each of these regions V;, called Voronoi cells,
include the points in the region that are closest to the cell’s generator, according

RUIMING ZHENG 7
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to a specific metric. The boundaries between the cells are called Voronoi edges,

which are defined as an intersection between two Voronoi cells
Li=ViNy; (2.3)

It has been proven using the Euler formula [26] that the average number of
edges in the boundary of a Voronoi region is less than six in Ref. [21]. The inter-
section of Voronoi edges is called Voronoi vertices, which belongs to three or more
Voronoi cells. What’s more, When the two Voronoi regions V; and V; are adjacent
(i.e., they share an edge), V; is called a Voronoi neighbor of V]-, and vice versa [27,
28].

The metric (2.1) of a Voronoi diagram can be generalized into different forms
based on the application scenarios [25]. For instance, in analyzing customer prefer-
ences for shops, assuming all other factors are equal, customers are likely to choose
the shop closest to them. In cities designed with a rectangular grid of streets, such
as Manhattan, pedestrians typically walk along the grid, making the Euclidean
distance, which measures the straight-line distance between two points, less appli-
cable. Instead, the Manhattan distance, named after the grid layout of Manhattan’s
streets, is commonly used in urban scenarios. The Manhattan distance is defined
to be the sum of the absolute differences of their respective Cartesian coordinates
as follows [29]

d(ﬂ,b) = |a1—b1|—|— ’ﬂz—bz‘ (2.4)

Figure 2.3 shows a comparison between an Euclidean-distance-based Voronoi di-
agram and a Manhattan-distance-based Voronoi diagram, both generated by the
same set of Voronoi seeds.

In area coverage control problems, the metric used to generate Voronoi parti-
tions is typically a sensor performance function, which models the radial degrada-
tion of agents’ sensing from their location. Therefore, it is modelled by a monotonic
function of the 2-norm. In this work, we assume homogeneous agents, meaning
all agents have equal sensing capabilities. Therefore, comparing their sensing per-
formance is equivalent to comparing their Euclidean distances. As a result, the
Voronoi diagram for area coverage will resemble the standard Euclidean-based di-

agram.

MASTER OF APPLIED SCIENCE THESIS 8
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(a) Voronoi diagram based on Euclidean (b) Voronoi diagram based on Manhat-
distance. tan distance.

Figure 2.3: A comparison between the Euclidean-distance-based Voronoi diagram
and the Manhattan-distance-based Voronoi diagram generated by a same set of
Voronoi seeds. Adapted from [30]

2.2.3 Applications

Voronoi diagrams, also called Voronoi partitions or Voronoi tessellations, are fun-
damental geometric structures widely applied in various fields such as computa-
tional geometry, spatial analysis, and computer graphics. A Voronoi diagram par-
titions a plane into regions based on the distance to a specified set of points, known
as Voronoi generators, Voronoi sites, or Voronoi seeds. Each of these regions, called
Voronoi cells, include the points in the region that are closest to the cell’s generator,
according to a specific metric. The boundaries of the cells are called Voronoi edges,
and the points where the edges intersect are called Voronoi vertices.

Voronoi diagrams and their variants are extensively used in various fields in
different ways. The proximity-based property makes Voronoi diagrams an effi-
cient data structure for proximity queries, which significantly improves compu-
tational efficiency in large-scale crowd simulations. For example, Ref.[31] apply
truncated Voronoi diagrams in pedestrian crowd simulations, where the individu-
als in the crowd serve as the seeds of the Voronoi cells. As a special type of Voronoi
diagram, the truncated Voronoi diagram limits the range of regions assigned to
the Voronoi seeds, resulting in smaller circular Voronoi cells, which, together with
GPU computation, further improves the computation speed. The visual difference
between a Voronoi diagram and a truncated one generated from a same set of seeds

is shown in figure 2.4. A similar application of truncated Voronoi diagrams is pre-

RUIMING ZHENG 9
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sented in [32], where agents are divided into sub-groups and assigned to Voronoi
cells. By incorporating carefully designed collision-response rules based on the
truncated cells, their algorithm generates realistic group behaviors in large crowds

in real time.

(a) Voronoi diagram (b) Truncated Voronoi diagram

Figure 2.4: A comparison between a Voronoi diagram and a truncated Voronoi
diagram generated from a same set of seeds. Adapted from [30]

Voronoi diagrams are also widely applied in studies and simulations of crowd
density, where each pedestrian is represented as a Voronoi seed, occupying a corre-
sponding Voronoi cell [8, 33]. In this context, smaller Voronoi cells indicate higher
crowd density, aiding the visualization and analysis of pedestrian traffic flow ex-
periments, as demonstrated in [8]. Based on the fact that the shape of a Voronoi
cell reflects the relative positions of a pedestrian (Voronoi seed) and its neighbours,
Xiao et al. [33] built an approach to simulate uni- and bi-directional pedestrian
flows, where the logic of individuals” choices of directions depends on the shape
of their respective Voronoi cells, target directions and current velocity directions,
imitating the decision-making process for a pedestrian in a crowd flow, as shown
in figure 2.5.

A different approach to utilize Voronoi diagrams for navigation can be found in
reference [34], in which Sud et al. [34] proposed a Multi-agent Navigation Graph
(MaNG) method to simulate a group of dynamic agents. In their work, each agent
treats other agents as obstacles, who serve as the generators for the Voronoi dia-
gram, such that the Voronoi edges provide the shortest path with maximal clear-

ance, facilitating collision avoidance, as shown in figure 2.6. Beyond navigation,

MASTER OF APPLIED SCIENCE THESIS 10
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(b) Voronoi diagram based direction
(a) A Voronoi cell for a pedestrian choices

Figure 2.5: Analyzation of potential directions of a pedestrian P, in crowd neigh-
boured with 5 pedestrians[33].

Voronoi diagrams find applications in image compression, quadrature, finite dif-
ference methods, resource allocation, and cellular biology, as explored in [35].

Figure 2.6: A schematic diagram of path planning by using Voronoi edges.
Adapted from [36]

Laraqui et al.[37] presented an image stitching approach based on Voronoi di-
agrams. The process begins by identifying two sets of distinctive points from
images taken from different angles, utilizing Scale-Invariant Feature Transform
(SIFT) descriptors to facilitate information extraction. These distinctive points are
then used as Voronoi seeds to partition the images into corresponding Voronoi di-
agrams. Based on the most similar Voronoi cells, the images are transformed and

RUIMING ZHENG 11
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stitched into a single composite image, as shown in figure 2.7.

(a) Matching Voronoi cells with the best similarity.

gﬁ

(b) Transforming and stitching images.

Figure 2.7: Stitching of two images[37]

Another important class of application of Voronoi diagrams is the area coverage
control, which will be further elaborated in Section 2.3 given its relevance for the

present work.

2.2.4 Centroidal Voronoi Tessellations

A centroidal Voronoi tessellation (CVT) is a special form of Voronoi tessellation
where the Voronoi generators coincide with the centroids of their respective cells.
Consider the workspace () weighted by a strictly positive density field function
®(g) and the set of Voronoi seeds P inducing the voronoi partition V(P. Then, the

MASTER OF APPLIED SCIENCE THESIS 12
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mass m; and the centroid c; of the i-th Voronoi cell are given by

m;(P) = /v », P40 (2.5a)

1
ci(P) = (D) /V(P,») q®(q)dQ2 (2.5b)

One of the approaches to generating centroidal Voronoi tessellation is Lloyd’s
algorithm [38], in which the Voronoi generators iteratively move to the positions
of their corresponding Voronoi centroids and partition the workspace based on the
updated configuration. The algorithm repeatedly executes the steps described in

the following, as shown in figure 2.8:

Lloyd’s Algorithm Description

¢ Initialization: A set of n points are placed in the convex domain Q) as the

initial Voronoi generators.

¢ Voronoi partition: Based on the configuration of the Vornoi generators, the

Voronoi diagram is computed.

¢ Centroids computation: Calculate the mass and centroid of each Voronoi

cell.

* Voronoi generators update: Move the Voronoi generators to the centroids of
their corresponding Voronoi cells.

¢ Iteration: Repeat step 2 to step 4 until convergence (i.e., the generators no

longer vary).

Du et al. [35] proposed a generalized definition of centroidal Voronoi tessella-

tion for a non-uniform region weighted by a density function, that is

| fda p)@(a)der = int [ f(d(q,p))@(q)d0 26)

peV*

The function f(d(q, p)) is convex in the distance, hence the definition of the opti-

mal points p; (i.e. the centroidal Voronoi tessellation) is taken by infimum. Based
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(a) Tteration 1 (b) Iteration 2

(c) Iteration 3 (d) Iteration 20

Figure 2.8: An example of Lloyd’s algorithm for 20 iterations. The Voronoi di-
agrams of the current positions of Voronoi sites (blue dots) are shown, and the
yellow square denotes the corresponding centroids of the Voronoi cells.

on this, they interpreted Lloyd’s algorithm as a fixed point iteration, that is, itera-
tively submit the mass centroids c into the Voronoi seeds p in equation (2.5) until
convergence. When using the gradient descent method to optimize cost functions
such as

l__Zl /Vif(d(q/ p;))®(q)dQ2 (2.7)

they prove that stationary points of the cost function are the fixed points of the

Voronoi mapping defined in equation (2.5). This framework addresses a class of
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resource allocation problems and serves as the foundation of the Voronoi-based

area coverage control for mobile sensing networks.

2.3 Area Coverage Control

Area coverage is an optimal control framework in which a finite set of mobile
agents is optimally deployed in a given environment, where optimality is eval-
uated via a coverage metric that encodes the agents’ sensing performance in the
environment, weighted by a field defined on the same environment, often called
risk density, that quantifies a distributed property. This could be for example the
relative importance associated with different regions, so that area with higher risk
demand more resources allocated to them, in the form of denser distribution of
agents (mobile robots, sensors), as shown in figure 2.9. The agents serve as the
seeds for the Voronoi diagram, and typically converge into a centroidal Voronoi
configuration when the coverage metric is optimized, where the agents occupy
the positions of the mass centroid of their respective Voronoi cells. The inherent
characteristics of the centroidal Voronoi tessellation not only guarantee the colli-
sion avoidance of the agents between each other, but also have many potential
applications in military and civilian fields, such as harbour patrolling, surveillance
missions, and cooperative search and rescue, among others. Area coverage control
algorithms in nonuniform environments have been presented in [27, 39, 40, 41, 42,
43,44, 28, 45, 46]. Cortes et al. [27] formalized the properties of non-uniform area
coverage control and its connection to Lloyd’s algorithm [38], which is a gradient-
descent search for the fixed points of the coverage metric, also can be referred to as
a continuous form of Lloyd’s algorithm.

Lee and Egerstedt [39] addressed the problem of generalizing area coverage
control to time-varying environments, where the risk density function is time-
varying, and the resulting control problem becomes non-autonomous due to the
drift induced by the evolving environment. Lloyd’s algorithm does not apply in
the original form, since the problem is not an optimal regulator one in the search of
tixed points of the autonomous coverage metric, but it is rather an optimal tracking
problem, in which the centroids of optimal tessellations of the environment evolve
due to the time dependency of the risk. In their work, optimality is guaranteed
as long as the initial configuration of the agents is optimal; in other words, if the
agents can be carried to an optimal centroidal configuration, then they can track

the centroids’ trajectories, maintaining optimality. An advancement was proposed
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60;
50}
40;
30}

20

0 10 20 30 40 50 60

Figure 2.9: An example of the converged centroidal configuration of 20 agents for
a mixture of 2 Gaussian densities, where the denser area attracts more agents.

by Miah et al. in reference [40], with a generalized Lloyd’s algorithm that uni-
ties the transient and the steady-state optimal tacking of time-varying centroids,
allowing the agents to configure themselves asymptotically to optimize a related
non-autonomous coverage metric. An application of [40] in a diffusive evolving
environment can be found in [47].

A different development of Voronoi-based coverage control can be found in
[48], where the authors introduce a modified Voronoi tessellation called Obstacle-
Aware-Voronoi-Cell (OVAC), which is a modified Voronoi tessellation that dynam-
ically weights the boundaries between agents and obstacles such that an agent’s
OAVC is tangent but never intersecting the obstacle, as shown in figure 2.10. Based
on the OVAC, Abdulghafoor and Bakolas [43] introduced the idea of collective
density of agents modelled as a Gaussian Mixture and designed a control law
to track a time-varying environmental density while simultaneously driving the
agents’ density to the environmental density. Since the control itself could not
guarantee the tracking of the reference density, they proposed an interpolation
method for the feed-forward part of the control.

A detailed formulation with classic control solutions of area coverage control
will be presented as a preliminary in Chapter 3.
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0 5 10 15 20

Figure 2.10: An example of Obstacle-Aware-Voronoi-Cells. [48]

2.4 Kullback-Leibler Divergence

Kullback-Leibler (KL) divergence (relative entropy, I-divergence) is a statistical dis-
tance to measure the difference between two probability density functions, with
applications in several fields such as anomaly detection and diagnosis [49, 50, 51],
layer selection for convolutional neural networks [52], and hypertension predic-

tion [53] among others.

24.1 Preliminary: Information Entropy

Claude Shannon [54] first introduced the concept of information entropy in his
groundbreaking paper "A Mathematical Theory of Communication,” published in
1948, which laid the foundation for modern digital technology. The core idea be-
hind quantifying information is that the less possible is the occurrence of an event,
the more information it contains. Consider a discrete random variable X mapping
to a finite dimensional event space {x1, ..., x,}, with a corresponding probability
mass function P(X) = {p1,...,pn}, where Y' ; pi = 1and 0 < p; < 1. Then, for a
specific event x;, the information content can be defined as a logarithm function to

its probability as

I(x) = —log P(x) 29)
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and the information entropy is defined as the expectation of the information con-

tent as

n
H(X) = —)_ P(x;)log P(x;) (2.9)
i=1
where, if the logarithm is base 2, the unit of information is "bits" (or “shannons”),
which introduces the well-known smallest computer storage unit. Just as entropy
in thermodynamics precludes the possibility of perpetual motion, entropy in in-

formation theory reveals the limit of information compression.

2.4.2 Kullback-Leibler Divergence

Building on the concept of information entropy, Kullback and Leibler [55] intro-
duced a statistical measure known as Kullback-Leibler divergence (KL divergence)
or relative entropy. This measure quantifies the distance between a given proba-
bility density function and a reference one. Formally, given discrete probability
distributions P and Q defined on the same sample space X, the KL divergence
from Q to P is denoted by Dgy(P||Q), and it is defined as the expected value of
logarithmic difference between the probability distributions P and Q, where the

expectation is taken over the distribution P, that is

Dis(PlIQ) = X P(x)1os (o) 2.10)
xeX

-x [bg (&2)]

The KL divergence is a non-negative real number, with zero value if and only if

the distributions P and Q are identical. It is worth noting that the KL divergence is
not a metric in the sense of statistics because of its asymmetry, that is Dy (P||Q) #
Dkr(Q||P). Therefore, KL divergence is often referred to as a statistical "distance"
rather than a metric. For the continuous distributions P and Q, the KL divergence
is defined by the integral

Dt(PlIQ) = [ plytog (25 @.11)

where p(x) and g(x) are respectively the probability density functions of P and Q.
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2.4.3 Closed-form of KL Divergence between Gaussians

The Gaussian distribution, also known as the normal distribution, is pivotal across
numerous fields due to its mathematical properties and the natural phenomena it
models. The probability function related to a d-dimensional Gaussian distribution

is given by

fx[p,Z) = Wexp <—%(x—ﬂ)TZ_1(x—ﬂ)> (2.12)

Here, ¢ € R? denotes the d-dimensional mean vector, and T represents the co-
variance matrix, which is a d x d symmetric positive definite matrix. Specifi-
cally, for two different d-dimensional multivariate Gaussian distributions P : x ~
Ni(py, Z1) and Q = x ~ Ny(p,, Z2), the KL divergence has the following closed
form [56]

D(PIQ) = 2 ((ry— 1) 25" (ry— o)+t (5575) —log 221 —a)  (213)
2 |1

where tr is the trace operator. A detailed derivation can be found in [57].

2.5 Summary

This chapter reviews the works and techniques relevant to and that inspire this
thesis, including Voronoi diagrams, area coverage control and KL divergence. The
area coverage control utilizes the Voronoi diagrams to find the stationary points of
the coverage metric by gradient descent. When the field defined in the environ-
ment is time-invariant, this process can be viewed as a continuous form of Lloyd’s
algorithm. The converged optimal configuration is called centroidal Voronoi tes-
sellation, where the agents occupy the centroid of the associated Voronoi cells.
When the field is allowed to evolve, the system becomes non-autonomous due to
the drift introduced by the time-varying field, thus the control becomes tracking
the trajectories of the time-varying centroids.

Inspired by this, this thesis attempts to drive a set of mobile agents using a user-
defined field. To achieve this, we introduce a collective density with moments de-
pending on their spatial configuration in a two-dimensional normal distribution,
and minimizethe distance between the agents’ density and a target one. A similar
idea can be found in [43], where the authors modeled the agents’ distribution as
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a Gaussian Mixture and designed a control law to track a reference environmen-
tal density while simultaneously driving the agents” density to the environmental
density. However, since the control itself could not guarantee the tracking of the
reference density, they proposed an interpolation method for the feed-forward part
of the control.

To explicitly include the tracking of a reference density, this thesis proposes
to use the KL divergence between the agents’ collective density and a target one
as a part of the multi-objective optimization metric. The minimization of the KL
divergence enforces convergence in the sense of the agents’ spatial distribution.
The idea of using environmental cues to drive collective behaviors is quite mature,
but the direct use of KL divergence as the motion control metric for multi-agent

systems is novel.
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Chapter 3

Preliminary: Area Coverage Control

based on Voronoi diagrams

3.1 Formulation of Area Coverage Control Problems

with Time-invariant Environments

Problem Description

Area coverage problems focus on the optimal deployment of a finite set of net-
worked mobile agents within a bounded, two-dimensional convex region Q C R?.
A field is defined over the same workspace, quantifying a distributed property,
such as relative importance or risk associated with different regions. This field is
typically modelled by a smooth, or at least twice differentiable mass density func-
tion [40], such as a two-dimensional multi-variate Gaussian density or a Gaussian
mixture.

Naturally, an agent’s ability to sense, measure, or detect the risk density dimin-
ishes radially from its position. This decay is typically modelled by a monotonic
function based on r; = ||p; — q||, representing the Euclidean distance between a
point q € ) and the position of the i-th agent p;, often referred to as the sens-
ing performance function. Both monotonically increasing and decreasing func-
tions can be employed, as long as the underlying meaning stands for the radial
attenuation of the sensing performance. Here, we present the control algorithm in

Ref. [27], in which the sensing performance function is defined by

fri) =17 (3.1)
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In the context of area coverage control, the Voronoi partition of the workspace ()
can be defined based on the sensing performance functions. Note that the sensing
performance function in equation (3.1) is increasing with respect to r;, so a smaller
value indicates better sensing performance. Therefore, the Voronoi cell associated
with the i-th agent is given by

Vi={qe Q| f(r) < f(r),Vj #i} (3.2)

The sensing performance of the agents can also be modelled by a monotonically
decreasing function as in[41, 42, 47]

2
7
) — _ 3.3
£r) exp( 20,2> 33)
In this case, the definition of the i-th Voronoi cell becomes

Vi={qe Q| f(r) > f(r;),V]j # i} (3.4)

In Ref. [27], the communication network among the interested set of agents is
typically assumed to be fully connected and synchronous, which means the agents
are capable of broadcasting their spatial coordinates to all the other agents in the
group without delay, such that distributed computations based on the knowledge
of the state of the group are possible. A thorough discussion of network topology
compatible with Voronoi tessellation computations can be found in [27]. In ad-
dition, Miah et al. [42] addressed the non-uniform area coverage in time-varying
stochastically intermittent communication topology.

The agents are described as purely kinematics as single integrator [28]

pi(t) = w;(t) (3.5)

where p;(t) = [x;(t),y;(t)] " is the position of the i-th agent, and w;(t) = [u(#), yi(t)] !
is the velocity input at time ¢, both referred to a rectangular Cartesian system span-
ning the workspace. The collection of the agents’ positionsis P = [p1(t) ", ..., pu(t) "],
and U = [uy(t)',...,u,(t) "] " is the set of corresponding control inputs.

The optimality of the coverage is evaluated by time-invariant a coverage metric

encoding the sensing performance functions f(-) of the agents and the risk density
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gb(q) defined on the workspace (2

HEY) =Y £ () 0(a) da 36

Formally, the coverage control problem can be stated as an optimization prob-
lem as follows: [47]
Given the coverage metric H in (3.6), determine an optimal configuration of the

agents, that is

lim min H subject to (3.5) (3.7)

t—o0 PeQ)

The converged centroidal Voronoi configuration is not necessarily unique [27], rep-

resenting a local minimum of the locational optimization metric H.

Control Solutions

Area coverage control in time invariant environments, corresponding to time-invariant
density functions, can be interpolated as a continuous-time Lloyd algorithm [27],
where the agents move along the gradient descent flow of the coverage metric H.
Unlike the classic Lloyd’s algorithm (Voronoi partition updates after the agents
coincide with the centroids), in area coverage control, the Voronoi partition is dy-
namically updated in response to the evolution of the agents’ configurations, until
the system converges to a centroidal Voronoi configuration where the agents are
the seeds. The gradient of the coverage metric H with respect to p; is given by [40]

oH of (r;
i /V -2 j;r(;) (q—pi)¢(q) dq (3.8)

For a C? sensing performance function f(-), following the definition in [40], a gen-

eralized density is defined by

o'(a) = 2% p(a) (9)

with the corresponding generalized mass and centroid

mi(p) = | 9" (@0 (3.10a)
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DIAGRAMS
1
H H
'(p) = —— [ a¢"(a)an (510b)
l mlH(P) Vi
Thus the gradient of H can be written as
oH
oo~ m{ (c]' — p;) (3.11)

Assuming the set of agents has full knowledge of the time-invariant density ¢(q),
the gradient descent feedback law is given by

oH

Pi

where k > 0 is the control gain, driving the system along the gradient descent
direction. Based on LaSalle’s principle [58], the agents’ positions converge to the
largest invariant set ¢/’ = p;, which is the centroidal Voronoi tessellation, as proven
in [28].

3.2 Area Coverage Control with Time-Variant Density

Function

An important advancement in area coverage problem is the extension to time-
varying environments, which make the system non-autonomous. Then, the prob-
lem becomes a tracking problem of the trajectories of a set of generalized centroids,
and LaSalle’s principle needs to be extended via Barbalat’s lemma in order to prove
convergence of the agents to such trajectories. The environment is time-varying be-
cause the risk density function ¢ in equation (3.6) is time-dependent, resulting in
a non-autonomous optimization control problem, in which the optimal configura-
tion evolves over time.

Cortes et al. (2002) proposed a solution of tracking in time-varying environ-
ments in [28] that drives the agents to form a time-varying centroidal Voronoi tes-
sellation and to remain optimal, under a strict assumption that time derivative of
Iy p,, which is the moment of inertia of the agents regarding the associated Voronoi
cells, to be zero. As mentioned above, the agents occupy the centroids of their re-
spective Voronoi cells in centroidal Voronoi tessellation. According to the parallel
axis theorem, the polar moments of inertia of each cell regarding the agents” posi-
tions Iy, ,, and the the total moments of inertia of the environment () with respect
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to its center of mass cq have the following connection [59]
n . .
¢ = HiLIPi (3.13a)
i=1Mi

Ly, pi = /V lq - pill*¢(a)dq (3.13b)

. 2
Ioen = Z (IV,pi + m; |lca — pill ) (3.13¢)

i=1
= |, la—cilPp(a)dq

When the agents are distributed in the centroidal Voronoi tessellation, the sum-
mation of Iy, ,, equals the total moment of inertia of the environment. However,
as the density is allowed to be dependent on time, the moment of inertia of the
workspace Iq ¢, is not likely to remain constant, , as it is dependent on the density
in eq.(3.13c). Therefore, the assumption on the time derivative of I, equal to
zero is difficult to establish.

To address this, Kennedy et al. [45] proposed a generalized algorithm that guar-
antees practical stability under relaxed technical assumptions. By introducing an
additional term in the control law to account for the varying density and assuming
bounds on the rate of change of the density, the algorithm ensures convergence to
a set.

Miah et al. [40] advanced the generalized non-autonomous area coverage con-
trol by proposing the feedback law

9H /3p;
— LR —k’
|0H /dp;||

H
¢ —Ppi

u;

2 9H;
- ) (3.14)

where % denotes the partial derivative of the i-th component of coverage met-
ric H with respect of time. It is shown in [40] that this control law monotonically
increases the coverage metric. Furthermore, asymptotic tracking of time-varying

centroidal configurations ¢/

are established by using Barbalat’s lemma [60]. There-
fore, the algorithm asymptotically stabilizes the agents’ states on the trajectories of
time varying centroids, while increasing the coverage metric. This algorithmic

framework finds potential applications in both military [41, 44] and civilian fields
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[47].

In [41], this control law was applied to the optimal deployment of multiple
mobile agents to protect high-value units from multiple attacks in a harbor-like
environment. By incorporating an extended Kalman filter and an optimal linear
quadratic control technique, the approach minimizes the actuator energy required
by each agent to intercept threats within their respective Voronoi cells. In refer-
ence [44], a dynamic task assignment mechanism was introduced to increase the
possibility of successful detecting and intercepting threats, which reformulated the
problem into a multi-objective optimization problem with respect to the total travel
cost of all agents. This approach allows agents to switch to uniform coverage of
the harbor when no threat is detected or after the threat has been neutralized.

In the civilian domain, [47] advanced the work in [40] by introducing diffusive
density driven by time-varying boundary conditions, which could model realistic
natural phenomena affected by penetration of substances governed by diffusion
mechanisms, such as oil leakage in a marine environment, benefiting environmen-

tal monitoring and intervention tasks.
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Chapter 4

Non-autonomous Formation Control
via Voronoi Tessellation and

Kullback-Leiber Divergence

This present an algorithm to control the spatial distribution of kinematic multi-
agent systems in two-dimensional workspace. Leveraging on the coverage control
framework, the problem is formulated as a multi-objective optimization with a
performance index composed of the area coverage metric and of the Kullback—Leibler
(KL) divergence [1].

4.1 Problem Statement for Multi-objective Optimiza-
tion

This section presents the formal problem formulation. The control problem is
framed as a multi-objective optimization, in which the performance index is de-
tined as a convex combination of area coverage metric and KL divergence. Inspired
by [12, 43], we introduce an abstraction to estimate the agents’ collective density
depending on their spatial configuration in a bi-variate normal distribution, which
allows us to incorporate KL divergence as part of the optimization index.

The coverage metric encodes an environmental density and a weighted quan-
tification of the performance of each agent with respect to points in the workspace
(often referred to as sensing performance in mobile sensing networks), which al-
lows the partition of the environment into regions that are "best served" by the
agents to which they are assigned, resulting in the emergence of a Voronoi tessel-
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lation of the workspace. Meanwhile, the KL divergence measures the residual be-
tween the statistical distribution of the agents in the workspace and a user-defined
target distribution. The connection is that the density in the coverage metric is the
probability density function (PDF) of the target distribution in the KL term.

The optimization of the coverage metric results in a centroidal Voronoi tessel-
lation, which guarantees collision avoidance performance between the agents. Si-
multaneously, the minimization of the KL divergence forces the converged Voronoi
centroidal configuration to have the same spatial statistical moments as the target
density, which may allow users to intuitively command the collective positioning

of the group by designing the target Gaussian density via its elliptical contour.

41.1 Agents’ Dynamics and Collective Density
Formal Definition

We consider a set of networked mobile agents deployed in a bounded 2-dimensional
convex spatial region ) € R2. The agents are capable of sensing/measuring dis-
tributed quantities in the workspace, and broadcasting their spatial coordinates to
all the other agents in the group. Here, we assume a fully connected, synchronous
network topology, so that distributed computations based on the knowledge of
the state of the group are possible. The relaxation of this hypothesis is beyond the
scope of this work; a thorough discussion of network topology compatible with
Voronoi tessellation computations can be found in [27]. Each agent is modelled as

a simple kinematic integrator
pi(t) = ui(t) (4.1)

where p;(t) = [x;(t),y;(t)] " is the position of the i-th agent, and w;(t) = [1(#), uyi(t)] !
is the velocity input at time ¢, both referred to a rectangular Cartesian system span-
ning the workspace. The collection of the agents’ positionsis P = [p1(t)7, ..., pn(t) "] T,
and U = [ui(t)7,...,u,(t) "] is the set of corresponding control inputs.

Inspired by [12], the agents’ formation is abstracted into a two-dimensional
multivariate Gaussian distribution whose moments are generated by their spatial

coordinates. The corresponding density is given by

exp (—1(a—mp) Zp 7l (@ —pp))
(PP(”‘P’Z‘P;q) = znm

(4.2)
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where q = [x, y]T € Q) represents a point in the workspace, #p € R? and Zp €
R2%2 denote the mean and the unbiased estimation of covariance matrix respec-

tively, defined by

1 n
Up = = Z pi (4.3a)

1

n—1:
1

Xp=

(pi —#p) (Pi — I‘P)T (4.3b)
=1

where Lp is a symmetric positive-definite matrix, with entries given by Xp, = O'I%X,
Xp, = O'I%y and Xp,, = Xp,, = pp0py0py, Where op, and op are the standard devia-

tions along the reference frame axes, and pp € [—1, 1] is the correlation coefficient.

Bound of Region Occupied by the Agents: Confidence Ellipse Contour

It is notable that when agents are modelled by equation (4.2), the region they oc-
cupy can be represented by an ellipse contour of the Gaussian density at a constant
confidence level. Specifically, the contour ellipse of the probability density for a 2-

dimensional multivariate Gaussian distribution is given by [12]

(@—pp) Zp'(q—pp) = —2In(1—c) (4.4)

where 0 < ¢ < 1 denotes the confidence level. In statistics, confidence level repre-
sents the degree of certainty that a sample accurately reflects the population from
which it was drawn. In this work, it is used to manipulate the boundary of the
region occupied by the agents. A greater confidence level leads to a bigger ellipse
and a more conservative estimation of the agents’ boundary. A typical choice of ¢
is 95% or 99%.

As the covariance matrix Xp is positive definite, it can be written into a multi-
plication of scale matrix and rotational function by using eigendecomposition as
follows [61, 62]

¥p = RAR' (4.5)

where the scale matrix A and the rotational matrix R are given by

2
A= [Sg 502] (4.62)
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(4.6b)

cosf —sinf
R = [AxMy] = [ ]

sinf cos@

here, s2 and 55 denote the eigenvalues, and A, stand for the normalized eigen-
vectors for the covariance matrix Zp. When applied to the ellipse of a constant
confidence level c in equation 4.4, it represents an ellipse centered at up, with axes
length of \/—21In(1 — ¢)sy and \/ —21In(1 — ¢)sy, and rotated counter-clockwise by
6 degrees.

This property can be applied in controlling the collective position and motion
of the agents, for example designing target density according to the ellipse contour
to direct the agents through a path (tunnel, corridor) without collision against the

walls. A simulation of tunnel scenario is shown in subsection 5.2.2.

4.1.2 Time-varying Target Density

In area coverage problems, there is typically a reference density defined in )
weighting the points q in the workspace. This density is referred to as risk den-
sity, quantifying the relative importance of different regions, and it is assumed to
be twice differentiable [40]. A common choice of function for modelling the risk
density is two-dimensional Gaussian density. However, various density functions
can be applied in Voronoi-based formation control algorithms [27]. In Ref. [47],
the coverage metric is coupled to the evolution of a diffusive density, modelling
scenarios such as environmental dispersion. In this work, a bi-variate Gaussian
density depending on time through its statistical moments is adopted to model

the desired reference density, that is

exp (=3 (a = pa(t) T Za(H) " (@ - pal1)))

Pa(q,t) = SRS W) (4.7)

where p,(t) € R? and Z;(t) € R?>*? are respectively the mean and the covariance

matrix.

4.1.3 Multi-objective performance index
Coverage Metric H

The coverage metric H is introduced to drive the agents into the centroidal Voronoi
configuration, whose underlying properties also guarantee collision avoidance be-
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tween the agents as long as the generated Voronoi partitions are non-singular, that

is, no cell can degenrate into a set of zero measure (point or line) [1]. Formally, it is
defined by [40]

HE Y0 =Y [ i) gaan) da 49
i=1""i

where the region V; represents the Voronoi cell associated with the i-th agent,
which is generated based on the sensing performance function f(r;). Differently
than in the classical formulation of area coverage control, we consider ¢; to be
a user-defined, desired time-varying density in (2, as defined in equation (4.7).
In other words, optimizing this metric will lead the agents to form a centroidal
Voronoi configuration weighted by the specified density ¢;.

Voronoi tessellations emerge in area coverage optimization problems with mo-
bile sensor networks, where the agents serve as the generators or seeds that par-
tition the monitored working area ) into a set of Voronoi cells V = [V, ..., V] T
[27]. In this work, the monotonic increasing sensing performance function in (3.1)
and the compatible generalized Voronoi cell partition metric in (3.2) are employed.

KL Divergence D

The KL-Divergence is a non-symmetric measure of the difference between two
probability distributions as disscussed in 2.4.2. In this work, it is used to encode
a second objective into the system’s performance metric, attempting to minimize
the error between the moments of the target distribution and of the agents’ distri-
bution. The KL Divergence between two bi-variate Gaussian distributions can be
derived in closed form in terms of the moments [57, 63]

1 X
D (allpr) = 5 ( Ona =) g rg =) + 10 (2150) = (1 2] 49)

where D € RT, ¢; and ¢p are defined in (4.7) and (4.2) respectively, and tr is the
trace operator. A lower value of the KL divergence (4.9) indicates closer similarity
between the densities. Particularly, (4.9) reaches zero when the two densities are
identical in terms of the first two moments.

Based on the quantities defined in this section, the optimal control problem
can be formulated as follows: consider a team of mobile agents subjected to the

dynamics (4.1), and determine a control that drives the system to an optimal spatial
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configuration such that (4.11) is minimized, that is

li i bject to (3.5 4.10
tl}rgoll}g(r)\]su ject to (3.5) (4.10)

To simultaneously pursue the locational optimization objective and the mini-
mization of the distance between the agents’ spatial distribution ¢, and the target

distribution ¢;, we adopt the multi-objective system’s performance metric
] =aH+ BD (4.11)

where H denotes the coverage metric and D represents the KL divergence, each

weighted by positive scalars « and 8 respectively.

414 Gradients and Stationary Points

A standard way to approach optimal control problems is to generate inputs along
the gradient of the performance index, so that the trajectories climb or descend the

performance toward locally optimal stationary points [64].

Gradients of Coverage Metric

For the gradient of the coverage metric H with respect of p;, we express it as a
compact form by introducing modified mass and centroid, generalizing the for-
mulation in [40, 47]. The gradient of the coverage metric H with respect to the

agents’ states p; is

oH df (r;
i /14- —2 Qfﬁ) (a4 —pi) ¢alq,t) dq (4.12)

The generalized density is defined as

¢ = —zagfi?)cm(q,t) (4.13)

then the generalized mass and centroid of the i-th Voronoi cell are given by

m;! = /v ¢i' dq (4.14a)
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el = /V 9 dq/m]! (4.14b)

Therefore, the gradient of H with respect to p; in equation (4.12) can be written as

oH
p; = mj{*(c]" — p;) (4.15)

Gradients of KL Divergence

By using the chain rule, the KL divergence between ¢, to ¢p can be expressed as

9D _ 9K, 9D 9D 9%,
op; op; ayp dL, Jp;

(4.16)

where the operations on the right-hand side result in one-dimensional tensors that
are consistent with those on the left-hand side. The following properties are em-
ployed to calculated the derivatives[65]

i detA = tr (Ala—A detA) det A (4.17a)
da da
oA~ ! 10A 4
=—-A "—A" 4.1
da A da A (4.17b)
tr(AB) = tr(BA) (4.17¢)
for matrices A, B and the scalar a.
From (4.9)
oD 1 1
% = 5% ((F’d —P’p> Z, <#d —ﬂp>>
=z (m—m) (4.18)
Moreover

By operating component-wise as dtr (Z;l):.F,) /0%y, i,j = 1,2, wehave otr (Z;l):;,) /0Ly, =
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Z;l. For the second term, we have

d detX; 1 d
= = — 42
0%, n (detzp) ~ detZ, 0z, detZy = ~Zy (4.20)

after applying (4.17a) component-wise with a =%, 7,j = 1,2. To summarize

oD . -1 alup 1 -1 -1 azp
5, = T (yd—yp)a—pi+§<>:d -z, o (4.21)

To complete the analysis, we use the definitions (4.3), to obtain ayp /opi =Ir/n
for all i, where I is the identity matrix of order 2. For the covariance

)
api - niljz.aipi (pf_”r’> <pf_”P>T

2

R ;(PJ ”P) ai (pf ”P)T

i) ()

e (pz- - yp) (422)

where J;; is the Kronecker delta. By putting together all the expressions we have

oD 1

1
I £ T E b R |
op;  n—1 <Zd z, ) (pi — tp) L (mg—mp) (4.23)

It is worth noting that the expression of the gradient of KL divergence with respect
to agent p; includes error terms for the moments of the distributions, correspond-
ing to the action of driving the agents” density to the target one in the sense of
moments. To obtain the stationary points of the KL divergence D, we introduce

n—1
P = Hy+ —yp — EgZp up + ZgZp p (4.24)

the expression equation (4.23) can be written as

oD 1

ap; —ngl(cp —pi) (4.25)
1

which has the samilar structure as equation (4.15).
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Based on this, the gradient of the performance index defined in equation (4.11)

is written as

9 _2H D
ap, apl apl

ont (¢ -9) - 155 (0 -)
= w; (W — py)
W; (& —pi) (4.26)

where the weight matrix W; and the quantities ¢/’° and €; are given by
W; = am]'I L) g 427
i = lxml‘ 2 — ﬁ m d ( . a)
1 _
CII_ID = ocmlHIzClH — ﬁ (m) Zd 1CZD (427b)
& =W, 1P (4.27¢)

Note that the point ¢; includes the weights a and .

4.1.5 Gradient Descent Law for Time-invariant Target Density

This subsection presents our previous work in [1] for a static target density ¢,;. We
propose the following dissipative controls derived from the gradients of | with
respect to the agents’ trajectories to generate trajectories that drive the formation
to a minimum of the performance index (4.11),

u = — E)a_}i = —kW; (& — pi) (4.28)
with k > 0. Note that if we set « > 0, = 0, controller (4.28) reduces to the
area coverage control in Lloyd’s algorithm. On the other hand, if « = 0, > 0,
(4.28) becomes a controller that only minimizes the KL-divergence metric in (4.9)
by driving the agents” density moments to the desired ones. The intermediate cases
with dominant & vs B induce stationary points closer to the centroidal Voronoi

configuration ¢/, whereas dominant B results in stationary points closed to c?,
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with the main effect being the minimization of the errors in the moments of the
distributions ¢p and ¢;.

The following Lyapunov argument with Lyapunov function V = | is employed
to show that the autonomous control law (4.28) drives the system to a configu-
ration that minimizes the multi-objective performance index J. The minimizing
agents’ formations are weighted combinations of centroidal Voronoi configura-
tions generating spatial distributions with statistics that tend to the desired, driv-

ing one. The result is formalized in the following

Proposition 1. Consider the optimal control problem (4.11) with kinematic agents (4.1).
Assume that each agent knows the state of the respective spatial neighbours, so that the
Voronoi tessellation V; in (3.2) and the moments pp, and Xp in (4.3) can be computed.
Then the trajectories generated by the controls (4.28) asymptotically drive the agents to the
set of critical points p; = €;,i=1,...,n.

Proof. The time derivative along the trajectories generated by controls (4.28) gives

_ :Za_] - :—kZHW pi)l2 (4.29)

i=1

Then V < 0. In addition, the weight matrix (4.27a) is negative definite because
the generalized mass m!? < 0 and Z;l is positive definite. Therefore, by virtue of
LaSalle’s invariance principle [58], the trajectories converge to the largest invariant
setof V = ||W; (& — p;) Hz whichis p; = ¢;,1 = 1,...,n. Since these are invariant
points of the controls (4.28), the agents asymptotically converge to the set of critical
points p; = ¢;. [

Based on the definition of ¢; in (4.27c¢), the invariant set admits different con-
tigurations that combine centroidal Voronoi configurations and stationary points
of the KL divergence in terms of the moments of the the agents” distribution,
weighted by « and B in the performance index | in (4.11).

4.1.6 Non-autonomous State-feedback Law

In this section, the statistical moments of the target density are allowed to be time-
varying, hence the control problem becomes non-autonomous due to the drift in-
troduced by the time-varying target density.

We propose a distributed non-autonomous feedback law that asymptotically

drives the agents to the trajectories of their respective time-varying stationary points
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¢; while minimizing J. The structure is the same as the one proposed in [40] in
the context of non-autonomous area coverage, and it is extended here to the case
of multi-objective optimization. The velocity control input for the i-th kinematic

agent is given by

__9]/0pi
19]/9pi])?

5 d
1- (~Klei = bl - 25) (430
where k > 0 is a control gain, and the time partial derivative of | compensates the
drift introduced by the evolution of the target density. The scalar A; scales the drift

term according to

__larseplt W@ =l
i = 7 = - > (4.31)
i=1110]/9pi izt [Wi (& —pi)|
Using the chain rule, the time partial % can be written as
df] oH _dD
OH & 4 Iy
FT ;/Vif(fz)fl’d (Z‘d (@—pg) =7 (4.32b)

1 B 3 1\ 90Xy
+5tr (5 @)@ —mp) 2 -2 ) 7) 7

oD B B B B 1\ 0
5 = tr(():dl —Zdl(q —;ud)(q—,ud)TZld1 -X 1Zp2d1> 8_td> (4.32¢)

- Iy
+2, (g — pp) - T

Here we show the derivation of equation (4.32b) and (4.32c). As the coverage
metric H depends on time t only through the time-varying density ¢, dH /0t is
given by

oH L 0
o =L S0 e da (4.3
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where, the time-partial derivative of the target density %(pd(q, t)is

9 _ OPa Opy 9P \ 1 9Zg
ala,t) = 500 B e (0T (434

where, because ¢, is defined as a Gaussian density in an exponential form, the

partial derivative of ¢; with respect to the moments yields

P4
= ¢aZ; ' (q — pg) (4.352)
) 7 ¢ d
ops 1 -1 Ty—1_ w1
az, SPatr (Zd (@—m)(a—my) E; - I, ) (4.35b)
Note that the covariance matrix is symmetric, hence (ggd )T a¢d . Therefore, the

substitution of equation (4. 35) back into equation (4.35) is the tlme partial deriva-
tive of the coverage metrlc H in equation (4.32b).

For the partial der1vat1ve of KL divergence with respect to time dD/dt, the
chain rule gives

(4.36)

o, azd) ot

oD oD op, 9D 3%,
ot om, at " ((

similar to the derivation for the gradient of KL divergence to an agent’s position

in section 4.1.4, we have

D 10 i
A (CRDEN CRY) (37
=Z; (g —1p)
oD _ _ _ _ _
L, I RC R MICESMEDFRED i o Yyl (4.37b)

The ratio of « and B determines the spatial distribution of the time-varying
stationary points € closer to the centroidal Voronoi configuration or the distribution
of ¢ that minimize the difference between the statistical moments of ¢p and ¢;.
If weseta =0, > 0, then & = cP, and equation (4.30) reduces into a controller
that only minimizes the KL-Divergence metric. On the contrary, when a > 0,8 =
0, equation (4.30) becomes the generalized non-autonomous coverage controller
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proposed in [40].
As the system is non-autonomous, the agents converge to the trajectories gen-
erated by the evolution of the stationary point ¢; rather than a set of static points.

The formal proof of asymptotic stability is presented in the following

Lemma 1. Consider the dynamics of agents equation (4.1) and the sensing performance
function equation (3.1), the non-autonomous state-feedback law equation (4.30) minimizes
the multi-objective mixed metric defined in equation (4.11).

Proof. Take the derivative of equation (4.11) along time, we have

L 0
J= L g Pt 5 (439

substituting equation (4.30) into equation (4.38) yields
. n 2
J=-k} l&—pill"<0 (4.39)
i=1
therefore, the non-autonomous mixed metric ] monotonically decreases under the

controls (4.30). O

Lemma 1 guarantees that the distributed feedback law in equation (4.30) min-
imizes the multi-objective index (4.11). In addition, we have to prove the agents
asymptotically converge to the trajectories generated by their respective time-varying
generalized centroids &;. Given the non-autonomous structure of the problem, we
use Barbalat’s lemma

Lemma 2 (Barbalat [60]). If there exists a non-autonomous Lyapunov function V (P, t)
satisfies the following properties:

1. V(P,t) is lower bounded,

2. V(P,t) is negative semi-definite,

3. V(P,t) is uniformly continuous in time.
then lim; ., V (P, t) = 0.

Now, we can state the convergence result.
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Proposition 2. Consider the set of mobile agents equation (4.1) under the action of the
non-autonomous feedback laws defined in equation (4.30). Assume that the communica-
tion network among the agents is fully connected so that the states p; of all the agents
are shared in the group and the collective density equation (4.7) can be estimated. Then
the trajectories of agents asymptotically converge to the trajectories of the points €;, i.e.

limHoo ||éi - le =0.

Proof. Consider the candidate Lyapunov function
V=] (4.40)

Proposition 2 holds if equation (4.40) satisfies all the conditions in Lemma 2. To
this end, we note that

1. The coverage metric H is positive because both the target density function
equation (4.7) and the sensing performance function equation (3.1) are strictly
positive. Moreover, the KL-Divergence D is non-negative . Hence V(P,t) =
J>0.

2. V(P,t) < 0 from the calculation of | in equation (4.39) is negative semi-
definite.

3. To verify that the last condition of Lemma 2 is satistied, we need to prove
that V is finite. Substituting from (4.39), we have

V = — Z i <2k (éi — Pi)T <£ — 12(51']'> u]> (4.41)
! N T 0
-2 <2k(ci —Ppi) g)

where I is the 2- identity matrix and J;; is the Kronecker delta. Equation
(4.30) implies that the term u; is finite as long as the performance index |
in (4.11) is finite, which is true because both the agents and the time-varying
density are distributed in a bounded region ), hence H and D are finite [28].
Following the same argument, the term (¢; — p ]-) is finite [28]. Expanding the
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ocP .
term -+ we obtain
ap]

ocb omH  o(mbcH
a“z. — —a (Wil (g amlT — (';11 b ) (4.42)
Pj P; P;

__F ((pj —mp) Zp' (pj—pp) ® (Zfzgl)

n—1
1 -1
e )

where @ is the Kronecker product. The terms (p; — pp) and I, 1 are finite

as the workspace is bounded, and X; is also finite as long as the target time-

varying density ¢, evolves with finite speed in a bounded region. Moreover,
H H_.H

zr;% anda(IZ;)Tc" ) are finite as established by [39]. To complete the analysis, the
i i

partial time derivative % yields

o _ oW HD 19¢/”
5= 5 ¢ T W o (4.43)
By using the chain rule, we have
ow; 1 omf B oL
i i 1944
T « Y + n—lz Y Zd My (4.44a)
oclD omilcH B n— 19Xy
ot "ot _n—1< n Z atzd Ha (4.44b)
n—1. 194, 19Z4 1
L, o + = Zd o5 — X

where the time partial derivative in equation (4.44a) and equation (4.44b) of

the terms related to the Voronoi mass and centroids are expressed as

omt

ati _ /Vi a(Pz - _2/ 9¢d dq (4.45a)

— 2 / 20 (4.45b)
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where the time partial derivative of ¢, is given by

) 3

o (2 @ m) B (1459
) oz

+atr ((’351 (a-mg) (a—m) E7' —x7") a_td))

where the time partial derivative in equation (4.44a) and equation (4.44b) of
the terms related to the Voronoi mass and centroids are expressed as

aWli a(rbz a¢d
- /v | — 2 / dq (4.460)

/ 0—=, dq——?- / 0=, (4.46b)

where the time partial derivative of ¢ is given by

I¢g op
(P = Pu ( Ha-p) 5t (4.460)
1 _ _ _1\ 9%y
ot ((Zd Ya-pg) (@-m) L' X 1) 7))
It can be seen that the finiteness of % 5¢ is determined by the rates ” - and azd

of the statistical moments of the target time-varying density, Wthh are f1n1te
in this work. Therefore, % is finite.

From this analysis it follows that all terms in (4.41) are finite, and therefore V
is bounded and the third condition of Lemma 2 is satisfied. Since the candidate
Lyapunov function V satisfies all the conditions of Barbalat’s lemma, it follows
that

n
. . 1 T
lim V(P, ) = — lim ki; 1€ —pill* =0 (4.47)

which implies that the agents asymptotically converge to the trajectories of &;. [J
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4.2 Summary

This chapter provides the formal problem formulation, control solution and stabil-
ity analysis. The control problem is formulated as a multi-objective optimization,
where the performance index is defined as a convex combination of area coverage
metric H and KL divergenceD. In the autonomous case with time-invariant tar-
get density, the proposed control (4.28) is proven to minimize the multi-objective
performance index | and drive the agents to the largest invariant set of stationary
points &. When the target density is allowed to be time-varying, the control prob-
lem becomes non-autonomous. The non-autonomous control (4.28) minimizes the
time-varying performance index, and the agents asymptotically converge to the

trajectories of ¢
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Chapter 5
Simulation Results and Discussion

In this chapter, the theoretical results of the feedback control laws (4.28) and (4.30)
are validated via simulations implemented in Mathematica. The code is attached
in the Appendix. Simulations are performed by considering a square-shaped pla-
nar area () with sides of length 150 in a coherent system of units. In all the sim-
ulated scenarios, we consider a group of eight agents with initial states (33,17),
(45,35), (54,10), (56,24), (23,30), (56,19), (49,13), (16,48), generating the initial sta-
tistical parameters of the agents’ spatial density pp, = (41.5,24.5), opyg = 15.6,
opyo = 12.7 and ppy = —0.68, as shown in Fig. 5.1.

140

120

100

80

60

a0

201

of!

Figure 5.1: Initial states of the agents with the corresponding Voronoi tessellation
and collective density.
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5.1 Autonomous Gradient Descent Control for Time-

invariant Density

This section illustrates results for the autonomous case with control law in (4.28).
The target density is stationary with mean p; = (100,70) and covariance matrix

4 -1
X, = < ng 62?')0 . The control gain is k = 0.15, and the weights of the perfor-

mance index | are « = 2.5, B = 5000.

Fig. 5.2 depicts the agents’ trajectories at different time instants, where the black
hollow dots represent the initial states, and the red contours denotes the target
density ¢;. The triangles indicate the current positions of the agents, with the cor-
responding density ¢p realized by the agents denoted by black dashed contours,
with the corresponding Voronoi partition. It can be noted that the agents’ for-
mation reflect the combined control actions of tracking the target density while
deploying into a centroidal Voronoi configuration. In addition, under the same
choice of confidence interval, the contours of the realized density ¢p and of the de-
sired density ¢, virtually overlap, as shown in figure 5.2d illustrating the tracking
in the sense of statistical moments.

The performance indexes are shown in Fig. 5.3 in logarithmic scale, where the
red curve is the total multi-objective index ], the blue curve is the locational index
H and the black curve is the KL-divergence D, each scaled by their respective
weights « and B. The three quantities are minimized with preference on the KL
divergence due to the choice of the weights & << B.

The tracking performance in the sense of density functions is illustrated in fig-
ure 5.4. It can be observed that the agents’ statistical moments converge to the
target ones in figures 5.4a and 5.4b. In addition, the Euclidean distance ||p; — pp||
and Frobenius norm ||X; — Xp||r between the moments are shown in Fig. 5.4c in
log scale. As expected, the feedback law (4.28) does not drive these errors to zero
since the control actions are the weighted combination of (4.15) and (4.23), which
combine the attractions towards centroidal Voronoi tessellations and towards dis-
tributions with the same moments as ¢;.

Fig. 5.5 shows the Euclidean distances between the agents and their respec-
tive critical points. It can be observed that the distances of the agents from the
Voronoi centroids ¢!? in Fig. 5.5a are further than that from the critical points c? in
Fig. 5.5b(b). Under the prescribed large ratio B/«, the agents converge to a modi-
tied Voronoi configuration ¢ that is biased towards the minimization of the errors
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()t =70 (d) t = 150

Figure 5.2: Snapshots of the autonomous controller (4.28) for & = 2.5, B = 5000
and control gain k = 0.15. The target density is represented by red contours.
The hollow dots denote the initial position of the agents. The triangles denote
the agents’ positions at each time instant, along with the corresponding collective
density (dashed contours) and Voronoi diagram.

in the statistical moments as in Fig. 5.5¢c.
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Figure 5.3: Performance indices of the autonomous optimal control 4.28 are shown
in logarithmic scale, each sub-indices are scaled by their respective weights.
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H
0
80-
60 e
408 tp e Byp
202
; time

2I0 4:0 6I0 8I0 16[] 120 140

(a) Evolution of the mean y;, of the agents’ collective density, and reference p,,.
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(b) Evolution of the components of the covariance matrix Zp of the agents’ collective den-
sity, including standard deviation ¢ yyp, 0yp and covariance o, p, along with the conpo-

nents of the reference X
errors
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(c) Tracking errors in log scale, where e, = ||ug — pp||, ex = [|Zg — pp||r-

Figure 5.4: Tracking performance in the sense of statistical moments.
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(a) Errors between the agents and their respective Voronoi centroids ¢/

D
llei =pill
100+ —e) — & — e — ef
—f — g~
10;
1t
0.1:

time

20 40 60 80 100 120 140
(b) Errors between the agents and their respective stationary points of KL divergence cP
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(c) Errors between the agents and their respective stationary points of total multi-objective
performance index &

Figure 5.5: Euclidean distance between the agents and the stationary points of H
in eq.(4.8), D in eq.(4.9) and | in eq.(4.11) for « = 2.5, B = 5000.
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5.2 Non-autonomous Formation Control in time-varying

environments

This section shows the simulation results for the proposed non-autonomous multi-
objective formation control law (4.30), with a comparative simulation analysis of
the impact of the sub-indices H and D, and an application of the non-autonomous

law in a bounded region.

5.2.1 Impact of coverage metrics H and KL divergence D on For-

mation Performance: A Comparative Simulation Analysis

This subsection demonstrates the impact of H and D by setting their correspond-
ing weights to zero in (4.11). Three simulations are performed with the proposed
non-autonomous state feedback control law (4.30). For convenience, the setting
« = 10,8 = 0 is referred to as coverage control, « = 0,8 = 2 X 10* as KL control,
and a = 10, = 2 x 10* as multi-objective control.

Identical time-varying target density ¢, are employed for the three sets of sim-
ulations. Specifically, ¢; evolves according to its dynamic statistical properties p,
and X;. In a total simulation time T = 150, the mean position of the target den-
sity p, shifts from (30,75) to (80,75) at a constant velocity, at the meantime, the
standard deviations oy and ¢y evolves from 16 to 22 and 16 to 10 respectively at
a constant rate, with a static correlation coefficient p; = 0. This setting implies
that the target multivariate Gaussian density is stretched along the x direction and
compressed in the y direction, while its center moves uniformly along the positive
direction of the x-axis.

The agents’ trajectories for the three sets of simulations at different times are
shown in figure 5.6, figure 5.9 and figure 5.12. The figures also present the time-
varying target density in red contours, the agents’ collective density in dashed
contours and the Voronoi partition.

Figure 5.6 illustrates the scenario where only the coverage component is active
(¢ = 10, B = 0). In this case, the agents converge to a centroidal Voronoi config-
uration; however, this configuration does not guarantee tracking in the sense of
statistical moments.

In contrast, figure 5.9 displays the performance of the KL term of the controller,
where the agents’ collective density (dashed contours) converges to the target time-

varying density (red contours), but the configuration of agents does not converge
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Figure 5.6: Snapshots of the area coverage performance for « = 10, § = 0 and

control gain k = 0.5. The hollow dots denote the initial position of the agents. The

triangles denote the agents” positions at each time instant, along with the corre-
sponding collective density (dashed contours) and Voronoi diagram.

to the centroidal Voronoi tessellation.

The combined configuration from the multi-objective controller is shown in
Figure 5.12, where the agents form a centroidal Voronoi configuration and the col-
lective density of agents converges to the target one. At the beginning of the simu-
lation, the trajectories of the multi-objective controller in figures 5.12a and 5.12b re-
semble those of the KL controller in figures 5.9a and 5.9b. As the agents move into
the region with higher target density, the agents converge to a centroidal Voronoi
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tessellation, thus the trajectories generated by the multi-objective controller are
more alike the one of the coverage controller, see the comparison of figure 5.12¢c
5.12d and figure 5.6c 5.6d. This is attributed to the increased mass m in the weight
matrix W when the agents approach the target density, as outlined in equation
(4.27a).

Figures 5.7, 5.10 and 5.13 show the errors between the agents’ positions and the
trajectories of cH, ¢P and &, associated with the coverage metric H, KL divergence
index D and the total multi-objective index | respectively. The coverage controller
drives the agents to the centroids ¢/ of the Voronoi cells as shown in figure 5.7,
while the KL controller drives the agents to the stationary points c? of the KL
index, see figure 5.10. Furthermore, figure 5.13 reveals that the agents converge to
the trajectories of the points € of | under the multi-objective control, which drives
the agents to a configuration of the stationary points ¢, minimizing the coverage
metrics H and KL divergence D as much as possible. As this is a multi-objective
scenario, both sub-index H and | are sub-optimized. However, in the sense of
overall performance under specific weights a and 8, ¢ represents a trade-off that
incorporates the characteristics of centroidal Voronoi tessellation and tracking of
spatial statistical distribution.

Figures 5.8, 5.11 and 5.14 further illustrate the trade-off between coverage and
statistical tracking performance from the perspective of performance indices. Fig-
ure 5.8 displays the performance indices when only the coverage control function
is active, where the coverage metric H converges to an optimal value of 88, but the
KL divergence in this scenario does not converge. In figure 5.11, under the effect of
the KL controller, the KL divergence between the agents’ collective density and the
target time-varying density converges to zero; however, the coverage metric only
reaches a non-optimal value of 142. The agents’ trajectories generated by the multi-
objective controller minimize both coverage metrics H and the KL divergence D,
converging to the optimal values close to the ones when the sub-controllers oper-
ate independently.

In summary, this subsection discusses the effect of the sub-indices H and D.
Optimizing the coverage metric H drives the agents to a centroidal Voronoi tes-
sellation. Simultaneously, the minimization of the KL-Divergence forces the con-
verged Voronoi centroidal configuration to have the same spatial statistical mo-

ments as the target density.
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Figure 5.7: Euclidean distance between the agents and their corresponding station-
ary points of H, D and | for a« = 10, 8 = 0.
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Figure 5.8: Performance indices with coverage control « = 10, 8 = 0.
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Figure 5.9: Snapshots of the area coverage performance for « = 0, § = 2 x 10*
with control gain k = 1. The hollow dots denote the initial position of the agents.
The triangles denote the agents” positions at each time instant, along with the cor-
responding collective density (dashed contours) and Voronoi diagram.
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Figure 5.10: Euclidean distance between the agents and their corresponding sta-
tionary points of H, D and ] fora =0, = 2 x 10%.
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Figure 5.11: Performance indices with KL controla =0, f = 2 X 10%.
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Figure 5.13: Euclidean distance between the agents and their corresponding sta-
tionary points of H, D and | for « = 10, = 2 x 10*%.
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Figure 5.14: Performance indices with multi-objective control « = 10, § = 2 x 10%.
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5.2.2 Desired Density Design via Elliptical Contour: An Applica-

tion in Confined Environments

In this subsection, the proposed control law is applied to drive the agents through
an L-shaped tunnel. As discussed in Subsection 4.1.1, the bound of the region oc-
cupied by the agents can be represented by an elliptical contour of a constant confi-
dence level. The contribution of the KL-divergence term ensures that the collective
density of the agents is driven to the target time-varying density. Consequently, as
long as the elliptical contour of the target density is contained within the tunnel,
the agents will avoid collisions with the tunnel walls once the algorithm converges.
The tunnel has a uniform width of 20 units and consists of two straight-line
sections connected by a 90-degree arc. The centerlines of the two straight sections
span from (40,60) to (40,90) and (80,130) to (120,130) respectively, which are con-
nected by a 90-degree arc centred at (80,90) with a radius of 40. In this scenario, the
target time-varying density is designed based on its 95% confidence elliptical con-
tour remaining tangent to the tunnel walls. This design ensures that the converged
KL term guarantees collision avoidance for the agents within the tunnel. The 95%
confidence ellipse of the target density defined in equation (4.7) is given by

(@—py) T (q—py) = —2In(1 - ¢y) (5.1)

with ¢; = 0.95. The covariance matrix X; can be decomposed as the product of

scale matrix A and rotational matrix R as follows

;= RAR' (5.2a)
20
A= [Sx 2] (5.2b)
0 Sy
cosf sinf
R = (A A, = 5.2¢
[ vl y] [— sin 0 COSG] ( )

where A determines the length of axes of the elliptical contour for certain c;, which
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are given by

I, = \/—ZIn(l —C4)Sx (5.3a)

I, = \/ —2In(1 — ¢y)s, (5.3b)

and matrix R determines the angel rotated counter-clockwise.

To control the collective position of the agents for passing through the tunnel
without collision, the elliptical contour of the target density ¢; with ¢; = 0.95 is
designed such that it is always tangent to the tunnel inner wall to "slide" through
the tunnel. One set of simulation results is presented below, with weights factor
a=10,=3x 10%, and control gain k = 10.

Figure 5.15 depicts the agents’ trajectories at different time instants. The green
ellipse denotes the 95% confidence contour for the target Gaussian density. After
the KL term convergence, the agents are contained within the green ellipse, en-
suring collision avoidance with the tunnel walls. At the same time, the converged
coverage metric drives the agents into a centroidal Voronoi tessellation.

Figure 5.16 shows the tracking in the sense of density function. In figures 5.16a
and 5.16b, it can be observed that the mean y, and components of covariance ma-
trix Zp for the agents’ collective density ¢p (dashed curves) converge to and track
the ones of the time-varying target density ¢;. Figure 5.16c shows the Euclidean
distance between p,, and p;, as well as the Frobenius norm of the error between o p
and o4, further demonstrating of the tracking in the sense of statistical moments.

This capability of driving a group of agents accurately through a tunnel in the
centroidal Voronoi configuration implied an application of the formation in emer-
gency scenarios, for example, environmental cues, such as visual and auditory
signals, can be modelled as distributed signals to guide a crowd safely towards an
emergency exit. In addition, this formation can also benefit multi-agent coopera-
tive missions in confined environments, such as searching and rescue missions in

mine caves or tunnel detection missions.
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Figure 5.15: Snapshots of the tunnel scenario simulation with « = 10, 8 = 3 x 10*
and control gain k = 10. The hollow dots denote the initial position of the agents.
The triangles denote the agents’ positions at each time instant, along with the cor-
responding collective density (dashed contours) and Voronoi diagram. The green
ellipse is the 95% confidence ellipse for the time-varying target density, which is
defined to be always within the tunnel.
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Figure 5.16: Tracking performance in the sense of statistical moments.
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Chapter 6
Conclusion and Future Work

This thesis has proposed a state feedback law for the formation control of kine-
matic multi-agent systems, to optimize a multi-objective performance index com-
posed of the weighted area coverage metric and the KL-Divergence between the
agents’ spatial density and a desired density, coinciding with the risk density of
the area coverage.

The stability of the control law is established by using Barbalat’s lemma, as the
target density is allowed to be time-varying. The control law is proved to minimize
the performance index monotonically, and to drive the agents to the trajectories of
the time-varying stationary points of the non-autonomous multi-objective index,
which can be interpreted as a modified type of centroidal Voronoi tessellation that
has the same statistical moments as the target density. It should be noted that both
the coverage metric and the KL divergence are sub-optimal due to the trade-off be-
tween the sub-indices in multi-objective optimization, as discussed in Section 5.2.1.
The coverage term drives the configuration of the agents into a centroidal Voronoi
tessellation, ensuring the collision avoidance performance among the agents and
maximizing the coverage to the target density, meanwhile, the KL term forces the
converged centroidal configuration into the same statistical distribution as the tar-
get density. What’s more, by designing the target density via its elliptical contour
of a certain confidence level, the converged KL term contains the agents in an el-
lipse region, which can be utilized in the scenarios of confined environments, such
as passing through tunnels, corridors, or pipelines while maintaining centroidal
Voronoi configuration, potentially benefiting the search and rescue missions in
confined environments, as elaborated in the second simulation in Section 5.2.2.

The restriction of this work is that the communication network has been as-

sumed to be fully connected and synchronous. In the future, more general network
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topologies can be considered for more realistic scenarios. In addition, higher-order
can be considered, in which more than one agent can be assigned to each Voronoi

cell, enhancing redundancy and robustness.
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Appendix A

Mathematica Code for the
Multi-objective Controller in 5.2.1

Appendix A shows the Mathematica code for the multi-objective control with a =
10, B = 2 x 10* presented in subsection 5.2.1.

(xDefine 150150 environmentx)

X = 150;

Y = 150;

i, -1 ={1i, i};

q = Array[ff, {X, Y}I;
Off[General: :munfl]
Off[NIntegrate: :ncvbr]

(xDefine n variables (from pl to pn)x)

po = {{33, 17}, {45, 35}, {54, 10}, {56, 24}, {23, 30}, {56, 19}, {49,
13}, {16, 48}};

P = po;

Length([p];

=]
Il

{px1l, pxr} =
Transpose@
ToExpression[{StringJoin["px", #, "_"], StringJoin["px", #]} & /@
Array[ToString, nl];

{pyl, pyr} =
Transpose@
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IN5.2.1

ToExpression[{StringJoin["py", #, "_"]1, StringJoin["py", #]} & /@
Array[ToString, n]l];

(xDesired density uxd, uyd, oxd, oyd, pdx)

ux0 = 30;
uy0 = 75;
ox0 = 16;
ocyd = 16;
p0 = 0;

(xFinal density uxd, nyd, oxd, oyd, pdx*)

uxft = 80;

nyf = 75;

oxxf = 1072;

oyyf = 1272;

oxyf =10 12 0.2;

uxf = 80;

pnyf = 175;

oxf = 22;

oyf = 10;

pf = 0;

T = 150;

puxd[t_] = pux0 + (puxf — ux0)/T t;
uyd[t_] = uy0 + (pyf — uy0)/T t;
oxd[t—_] = ox0 + (oxf — ox0)/T t;
cyd[t_] = ocy0 + (ocyf — oy0)/T t;

pd[t_] = p0 + (pf — p0)/T t;
od]
t_] = {{oxd[t]"2, pd[t] oxd[t] oyd[t]}, {pdl
t] oxd[t] oyd[t], oyd[t]1"2}};
pd[t_] = {pxd[t], pyd[t]};

uPIpxl, pyl] = {ux[pxr], uylpyrl};
oP[px1,
pyl] = {{oxx[pxr], oxylpxr, pyrl}, {oxylpxr,
pyrl, oyylpyrl}};

pd[{x—, y-}, t_] =
Exp[—(1/(2 (1 — pd[t]72))) (((x — pxd[t])/oxd[t])"2 —
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IN5.2.1

2 pd[t] ((x — pxd[t])/oxd[t]) ((

y — pyd[t])/oyd[t]) + ((

y — pyd[t])/oyd[t])"2)1/(2 \[Pi] oxd[t] oyd[
t] Sqrt[l — pd[t]72]);

(*Sensing performancex)

v =1
fl{x—, y-}, {pxi—, pyi-}] = 7 ((x — pxi)"2 + (y — pyi)"2);

fpl{x—, y-}, {pxi_, pyi-}] = D[f[{x, y}, {pxi, pyi}], {{pxi, pyi}}];
oPpl{x—, y-}, pxl, pyl] =
Table[D[¢P[{x, y}, pxr, pyrl, {{pxr[[1i]], pyr[[i]113}}1, {i, n}];

pdt[t_]
Ydt[t_]

D[pd[t], tI;
D[xd[t], tI];

pdt[{x—, y-}, t_]1 = Dlgpd[{x, y}, t1, tl;
dfr2[{x_, y-}, {pxi—, pyi-}] = 7;

(xVoronoi calculationx)
vor[p_-] :=
Module[{r2, fr2, MaxFr2, Vdis, reg},
r2 = Table[EuclideanDistance[q[[i]1]1[[71], p[[k11], {i, X}, {3, Y},
{k, n}l;
fr2 = r2n2;
MaxFr2 = Table[Min[fr2[[i11[[3111, {i, X}, {3, Y}I1;
Vdis = Table[{}, {n}];
Table[If[fr2[[i]]1[[i11[[k]] == MaxFr2[[i]][[i]],
AppendTo[Vdis[[k]l, q[[i110[31111, {i, X}, {3, Y}, {k, n}l;
reg = Table[ConvexHullRegion[Vdis[[k]]1], {k, n}];
regl;

(*KL divergencex)
DKL[px1l, pyl, t_] =
1/2 (Tr[Inverse[Xd[t]] . XP[pxr, pyr]] +
Transpose[ (pd[t] — uP[pxr, pyrl)] .
Inverse[>d[t]] . (pd[t] — pP[pxr, pyr]) +
Log[Det[xd[t]]/Det[=P[pxr, pyr]ll] — 2);

(xcontrol gain and weightsx)
k =1;
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IN5.2.1
A = 10;
B = 20000;
(xinitializationx)

$HistoryLength = 1;
reg = vor[p0];
mHO = Parallelize]
Table[NIntegrate[—2 dfr2[{x, y}, pO[[1]]1] ¢d[{x, vy}, 01, {x,
y} € reg[[i]], AccuracyGoal —> 5], {i, n}l]l;
cHo = Parallelize|
Table[NIntegrate[-2 dfr2[{x, vy}, pO[[1i]1]1] ¢d[{x, vy}, O] {x,
v}, {x, y} € reg[[i]], AccuracyGoal > 5]/
mHO[[1]], {i, n}1];
Hpi0 = Table[mHO[[i]] (cHO[[i]] — pO[[i]]1), {i, n}];
Hti0 = Parallelize[
Table[NIntegrate|
fI{x, vy}, pl[1]1]1] ¢dt[{x, v}, O], {x, vy} €
reg[[i]], AccuracyGoal —> 5], {i, n}]1];
Dklpi0 = Parallelize|
Table[( —(1/n) Inverse[Xd]
011 . (pd[O] — yP[px, pyl) + (1/(n —
1)) Transpose[ (Inverse[>d[
0]] — (1/
Det[XP[px,
pyl1l) Adjugate[>P[px, pyll)] . (pO[I
i1l — pPlpx, py1)), {i, n}ll;
Dk1t0 = Transpose|
Inverse[Xd]
011 . (pd[tt] — pPlpx, pyl)] . pdt[O](*udtx)+
Tr[(1/2) (—Inverse[xd[0]] . ZP[px,
pyl . Inverse[Zd[0]] —
Inverse[2d[0]] .
Transpose[{;d[0] — yP[px, pyl}] . {pdI[
0] — pP[px, pyl} . Inverse[>d[0]] +
Adjugate[>2d[0]]/
Det[>d[0]]) . =dt[O]];
cDo = Table[((n — 1)/n) pd[0] + (1/n) uP[px,
pyl — 2d[0O] .
Inverse[>P[px, pyll . uP[px,
pyl + 2d[0] . Inverse[ZP[px, py]l] .
pl[i1], {1, n}I;
ctilde® =
Table[ (Inverse[

MASTER OF APPLIED SCIENCE THESIS 70



APPENDIX A. MATHEMATICA CODE FOR THE MULTI-OBJECTIVE CONTROLLER
IN5.2.1

A mHO[[i]] IdentityMatrix[2] —
B (1/(n — 1)) Inverse[>d[0]1]]) . (A mHO[[
111 cHO[[1]] — (1/(n — 1)) B Inverse[xd[tt]]
cbo[[il1]), {i, n}];
AD =
Table[Norm[ (A Hpi®[[j]] + B DklpiO[[j]1])]1"2/
Total[Table[Norm[ (A Hpi®[[i]] + B DklpiO[[i]]1)]172, {i, n}]1]1, {3,
nkl;
HO = Total]|
Parallelize|
Table[NIntegrate|
FI{x, vy}, pOLIL]1] ¢d[{x, vy}, O], {x, vy} €
reg[[i]], AccuracyGoal > 5], {i, n}l1l];
JO = A HO + B DKL[px, py, O];

(xData storagex)

Hs = {HO};

ps = {p};

us = {Table[{0, 0}, {n}1};
Js = {J0};

DKLs = {DKL[px, py, 01};
cds = {cDo};

chs = {cHo};

ctildes = {ctilde0};

ps = {p0};

ts = {0};

tt = 0;

Vdis = Table[{}, {n}];
At = 0.2;

(xloopx*)
While[
tt < T,
(xSubstitute positions of agents for control inputx)
Module[{vor, Hpi, Hti, Dklpi, Dklt, uH, uD, mH, cH, cD, ctilde, u,
J, H, A, reg, pardt, pt, ci, mti,
cti},
vor = VoronoiMesh[p, {{0, X}, {0, Y}}1;
reg = Transpose|
Table[Select[MeshPrimitives([vor, 2],
RegionMember([#, p[[i]]] &], {i, n}II[[1]];
mH = Parallelizel
Table[NIntegrate[-2 dfr2[{x, y}, p[[i]]1] ¢d[{x, y}, tt]l, {x,
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IN5.2.1

y} € reg[[i]], AccuracyGoal —> 5], {i, n}ll;
cH = Parallelize[
Table[NIntegrate[—2 dfr2[{x, y}, p[[i]]] ¢d[{x, y}, tt] {x,
v}, {x, y} € reg[[i]], AccuracyGoal —> 5]/
mHL[1]11, {i, n}1l;
Hpi = Table[mH[[i]] (cH[[i]] — p[[i11), {i, n}1;
Hti = Parallelize[
Table[NIntegrate|
fI{x, v}, pl[1]1]1] ¢dtl{x, y}, tt]l, {x, y} €
reg[[i]], AccuracyGoal > 5], {i, n}ll;
Dklpi =
Parallelize|
Table[( —(1/n) Inverse[Xd][
tt]ll . (pd[tt] — puPlpx, pyl) + (1/(n —
1)) Transpose[ (Inverse[>d]
tt]] — (1/
Det[XP[px,
pyll) Adjugate[>P[px, pyll)] . (plI
i1l — pPlpx, py1)), {1, n}ll;
Dklt =
Transpose[
Inverse[Xd]
tt]] . (pd[tt] — uP[px, pyl)] . pdt[
tt] (xpdtx)+
Tr{(1/2) (—Inverse[Xd[tt]] . ZP[px,
py]l . Inverse[xd[tt]] —
Inverse[Xd[tt]] .
Transpose[{pd[tt] — pP[px, pyl}] . {ud[
tt] — pP[px, pyl} . Inverse[Xd[tt]] +
Adjugate[>d[tt]]/
Det[>d[tt]]) . Xdt[tt]];
cb = Table[((n — 1)/n) pd[tt] + (1/n) uPlpx,
pyl — Zd[tt] .
Inverse[>P[px, pyll . uP[px,
pyl + Zd[tt] .
Inverse[>P[px, pyl]l . p[[i]l]l, {i, n}];
ctilde =
Table[ (Inverse|
A mH[[i]] IdentityMatrix[2] —
B (1/(n — 1)) Inverse[Xd[tt]]]) . (A mH[[
i]] cH[[i]]l — (1/(n — 1)) B Inverse[Xd[tt]] .
cD[[1]11), {i, n}];
A
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APPENDIX A. MATHEMATICA CODE FOR THE MULTI-OBJECTIVE CONTROLLER
IN5.2.1

Table[Norm[ (A Hpi[[j]] + B Dklpi[[jl]1)172/
Total[Table[Norm[ (A Hpi[[i]] + B Dklpi[[i]1]1)17°2, {i, n}11, {3,
ntl;
Table[ ((A Hpi[[i]] + B Dklpif[[i]])/
Norm[A Hpi[[i]]l + B Dklpi[[i]11172) (—k Norm[
ctilde[[1]] — p[[1]11172 — ATI
i]]1 (A Total[Hti] + B Dklt)), {i, n}]l;
p + u At;
Total|
Parallelize|
Table[NIntegrate|
FI{x, vy}, pl[i1]1] ¢d[{x, v}, ttl, {x, y} €
reg[[i]], AccuracyGoal —> 5], {i, n}]1ll;
J =AH+ B DKL[px, py, tt];
ClearSystemCache;
Unprotect[Out];
Clear[Out];
tt = tt + At;
AppendTo[ps, pl;
AppendTo[Js, J];
AppendTo[DKLs, DKL[px, py, ttl]l;
AppendTo[Hs, H];
AppendTo[cds, cD];
AppendTo[chs, cH];
AppendTo[ctildes, ctilde];
AppendTo[ts, tt]l];

o
[l

XL T
nn
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