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-ABSTRACT=

The decoding of binary (n=2m—l,k,t) Bose-Chaudhuri-
Hocquenghem (BCH) codes involves two basic steps:
(i) Finding the error-locator polynomial p(x).

(ii) Finding the roots of P (x).

With regard to (i), we show that the Peterson matrix
technique is faster than the Berlekamp iterative technique

for small t.

Regarding (ii), the idea is essentially to compute
w(ai), and see for what values of i, w(ai)=0, where o is the
primitive element of GF(2m). In this case, we draw attention
to certain practically useful points in the case of quadratics,

cubics, and quartics. Specifically showing that:

a) The roots of the quadratic x2+x+k2 over GF(2m) can be
found by solving a set of simple simultaneous equations.

b) If we use a table-look-up approach, in the case of the
cubic, x3+x+k3, then we have, at most, % values of k3
to consider; where n is the length of the code.

c) The quartic x4+k2x2+k3x+k4, over GF(2m), does not have

k.3

some or all of its roots in GF(2™) if Tr( 2 ) # Tr(l),
2
k

where Tr indicates the trace. 3

(iii)
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CHAPTER ONE

Introduction

Data communication consists of the transmission of
symbols taken from some finite alphabet and sent through
some communications channel. Data storage, also, consists
of the storage of symbols taken from some finite alphabet
in a storage medium. In both cases, imperfections in the
communications channel, or storage medium (whether it be
cables or wires, as in a telephone system; the vacuum of
space, as in a satellite communications system; or magnetic
tapes) will result in the finite probability of error that
a given transmitted, or stored, symbol will be incorrectly
received, or read.

Since it is very difficult to achieve a high degree of
reliability by only improving the communications facilities
or storage media, the field of Error-Correcting Codes has
been introduced in order to combat the various types of
channel noise disturbances.

Classically, coding problems have been approached by
means of block codes and, in computer storage systems,
nearly all types of codes used are block codes. In block
codes, constraints between channel input symbols exist within

blocks of length n, but adjacent blocks are independent. As a



result, block codes are defined by an encoder and a decoder.
That is, the encoder will take each k-digit message and,
according to certain rules, will encode it into an n-digit
codeword. The decoder will perform the inverse operation.

The other form of coding, called tree coding, operates
by not breaking up the information sequence into independent
blocks. Convolutional codes are the most important subset of
the class of tree codes. In these codes, the encoder breaks
up the input sequences into k-symbol blocks, where k is
usually a small integer. Then, on the basis of this k-tuple
and the preceding information symbols, the encoder emits an
n-symbol section of the code sequence.

A block diagram of a computer storage system is shown in
Fig. 1.1, The coding problem is to design the encoder and
decoder units so the symbols coming out of the decoder match
those entered into the encoder, even if errors occur within

the storage units.

Source
Enéoder Writing Storage Reading Decoder
Unit Medium Unit Y
Destination
Fig. 1.1.

Practical error-correcting codes cannot compensate for
every conceivable error pattern, but they can be designed to

correct the most likely types of errors.



In early computer systems, parity checks were the main
coding technique used to help improve data reliability. In
their simplest form, such checks involve adding to each row
or column of data bits one extra bit to indicate whether the
sum of the data bits was even or odd. Unfortunately, such
parity checks only detect errors. To correct a parity error,
some additional time-consuming action must be taken to re-
capture the original data, using the principle of minimum
distance.

The minimum distance of a code, using the binary system
as an example, is the least number of bits that must change in
a codeword so that another wvalid codeword of the code will
result. Supposing that the minimum distance between any words
in a code is three. If a single bit were to change, then the
resulting incorrect codeword would be detected since it does
not correspond to any of the codewords in the legitimate code.

Also, this incorrect codeword, when compared against all
the legitimate codewords, is closer to one of them than to any
other codeword. That is, it has a distance of one from one of
the codewords, but a minimuwmdistance of two to any other of the
codewords. Thus, with the assumption of only a single error,
it can be determined which of the codewords was actually
transmitted, i.e. the codeword for which the distance was one.
The improper word can then be corrected onto the actual code-
word. Of course, if two bits should change, it would result in

an incorrect codeword which could be detected, but not corrected.



In general, a code with 2 minimum distance dmin has an

error-correcting capability of:

t= [(agyaet2/e]

where [%dmin-1)/%] denotes the highest integer no greater
than (dmin-1)/2. A code of error-correcting capability t is
generally called a t-error-correcting code.
In the case of error-detection, the decoder can detect

all error patterns of dyjn~1, or fewer, errors. This is so
since no error pattern of dpin-1s or fewer, errors will alter
the transmitted codeword into another codeword. To illustrate
the technique used in error-correction, a decoding scheme is

presented in the following discussion.

1}

Supposing that: ¢ = (ey,¢q,¢5, ++. ,c,_4) is the trans-

mitted codeword, and r = (ry,ry,T5, ... ,T,_4) is the sequence
received at the channel output. The received sequence might
differ from the transmitted codeword c¢ because of channel
noise disturbances.

If all codewords have an equal likelihood of being
transmitted, then upon receiving the sequence r, the decoder
computes the conditional probability p(r/cl) for all 2k
codewords. The codeword cy is identified as the transmitted
word if the conditional probability p(r/ct) is the largest.
This decoding scheme is known as Maximum Likelihood Decoding.
For a binary symmetric channel with crossover probability PO,

the conditional probability p(r/cl) can be expressed as

follows:



n-1
p(r/c2)=i£O p(ri/czi)

0 0
9
Po
1 1
where p(ri/cu)=qO for ry=c,.
and  p(r;/c,.)=p, for rifec,;

Let dz be the number of places where the codeword c,

and the received sequence r differ:

n-d2

p(r/cz) = qp d,

Po

Since q,>pg, p(r/cz) decreases monotonically with in-
creasing dl' Therefore, to find the codeword Cy s such that
p(r/ct) is maximized, is equivalent to finding the codeword
Cy that differs from the received sequence r in the fewest
number of places.

Coding theory was initiated in 1948 by C.E. Shannon when
he was able to prove that, given a channel with a capacity C,
there exist codes of rate R, less than C, which--with Maximized
Likelihood Decoding--have an arbitrarily small probability of
erroneous decodingf(e). More specifically, for any given rate
R<C and length n, there exists a block code such that the pro-

bability of an erroneous decoding equals p(e)se'nE(R)



where E(R) 1is a positive function of R for R<C and is
specified by channel transition probabilities. Therefore,
the probability of a decoding error can be made as small as
we wish by increasing the code length n and keeping the rate
R less than the channel capacity C. Shannon's theorem shows
only the existence of codes which give an arbitrarily small
probability of decoding error, but this does not indicate
how these codes can be constructed.

The topic of this thesis is the study of some aspects of
the Bose-Chaudhuri-Hocquenghem (BCH) codes. These codes were
introduced approximately ten years after the Hamming single
error-correcting codes were developed, and were originally
double error-correcting codes. However, the generalization
to t-error-correcting codes followed immediately, for all
t-errors. BCH codes are not probabilistie. In other words,
the crossover probability of the channel will not affect the
error-correcting capability of the code.

For reasons of equipment flexibility, reliability, and low
cost, most data communication, or storage systems, transmit
or store sequences of signals in the form of binary symbols, and
the binary system will be the only one discussed in this thesis.

The material to follow is organized into four main chapters:

Chapter Two: Review of concepts relevant to this thesis;

and an introduction to BCH codes.



Chapter Three: Comparison between two decoding algorithms;
the Peterson matrix and the Berlekamp
iterative technique, from the point of view

of speed.

Chapter Four: After a brief review of known techniques for
determining the roots of a polynomial,
practically useful results will be given in

the case of quadraties, cubies, and quartics.

Chapter Five: Concluding remarks.

Some of the results of this thesis have been presented

elsewhere (Ref. 19):



CHAPTER TWO

In Chapter Two, we will review the various algebraic

structures, discuss the properties of finite fields, present

the encoding process technique and introduce the subject

of BCH codes.

2.1. Algebraic structures: [1,2,3,#,6]

Let a,b,c, represent the elements of a set S.

2.1.1. Group

Definition: A system with one operation and its

inverse.

Properties: a)
a.1)
a.2)
a.3)

a.l)

Additive group

a+beS (Closure)

(a+b)+c = a+(b+ec) (Associative)
There is an element 6 € S such that

a+6=a (Additive Identity)

1 1

There is an a~ € S such that a  +a=8.

(Additive Inverse)



b) Multiplicative group

b.1) axbeS  (Closure)
b.2) (axb)xe = ax(bxe) (Associative)
b.3) There is an element 6 ¢ S, such that
axf=a  (Multiplicative Identity)
b.4) There is an a” '@ e S, such that for
every non-zero element, axa” =9
(Multiplicative Inverse)
If, in addition to the above laws, a group satisfies the
commutative law (that is, a+b=b+a, or axb=bxa), then such a

group is called Abelian, or commutative.

2.1.2. Ring
Definition: A ring R is a set of elements for which
two operations are defined. One is addi-
tion, denoted by at+b, and the other is
multiplication, denoted by axb.
Properties: 1. The set R is an Abelian group under
addition.
2. The multiplicative closure law must
be met.
3. The multiplicative associative law
must be met.

4. a(b+c) = ab+ac (Distributive Law)

A ring is called commutative if its multiplicative operation

is commutative, i.e. axb = bxa.
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Example: The set of all real numbers is a ring under the

operation of ordinary addition and multiplication.

2.1.3. Field
Definition: A field is a commutative ring in which
the non-zero elements form a group under
multiplication.
Example: A field must contain at least two elements.
Therefore, the binary elements O and 1 will

form a field.

2.2. Properties of finite fields [3,#,6]
As a result of the previous definition of a field, the

following is derived:

2.2.1. The order of a field is the number of elements in the

field.

2.2.2. The least positive integer n for which o®=1 is called
the order of a.

th root of unity iff the order of a

2.2.3. o is a primitive n
is n. In a field of order q, a is called a primitive

field element iff the order of a is q-1.

2.2.4. Galois, the French mathematician, created the general
theory of finite fields (called Galois fields.(Ref 2))
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A Galois field will be defined by GF(pn) where p is a prime

number, and n is any positive integer greater than zero.

Only the binary system will be dealt with. Therefore, Galois

field of the form GF(2™) will be used.

2.2.5.

2.2.6.

2.2.7.

Definition:

A polynomial p(x) of degree m is said to be irreducible
over the binary field GF(2) if p(x) is not divisible by
any polynomial of degree less than m, and greater than

zero.

Definition:
A polynomial g(x) of degree m over GF(2) is called
primitive when g(x)kxn-1) for n=2"-1 and for no smaller

n.

Example:

Selecting an irreducible polynomial of exponent 31
and of degree 5 over GF(2), and choosing o as the
primitive element, the following Galois field of

25=32 elements is derived:
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2

Irreducible polynomial = 1+x +x5

1)
2)
3)
%)
5)
6)
7)
8)
9)
10)
1)
12)
13)
14)
15)
16)

0 17)
1 18)
a 19)
o 20)
a 21)
ot 22)
a’=1+q° 23)
a6=ﬂ*a3 24)
a7=u?+au 25)
a=1+02+a3 26)
a9=&*a3+ah 27)
o10=140" 28)
o 1=1+q+a® 29)
o' P=ata?4q3 30)
o13=0@re3eqt 31)
att=1+024034at 32)
TABLE 2.1.

Let f(x) be a polynomial of the form:

k-1

_ k
fx)=f,x +f _4x '+ ...

where fi is either O pr 1.

n=27-1=31

a15=1+a+a2+a3+a4

a16=1+oz+a3+aLF

L

a17=1+a+a

a18=1+a

a19=a+a2
a20=a2+a3

a21=a3+a

a22=1+a2+au

a23=1+a+a2+a3

2L

a =a+02+a3+a4
a25=1+a3+a4

a26=1+a+a2+ah

a27=1+a+a3
28 2.4

o =ot+a +o
, a29=1 +(x,3
30 L

o~ “=ato

+f1x+fo
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Considering:

- k k-1 2
f2(x)—(ka Xt ... +Eyx+f)

i} k2 k-1
= (5357 + 205,09 (1,_ X"+ L. +f,xE)

k-1

+ (e

+ ... +f1x+fo)2

According to modulo-2 arithmetic, we have:

a2k k-1 2
£2(0) =0 25+ (£, x5+ L.+ xeL)

Expanding, we obtain:
£2 (x)=1(x°)

It follows that, for any positive integer 2,

)] 2 =202

%2 5. 2 4 16

: 8
Therefore, as a is a root of 1+x"+x’; o~ ,0 ,a” and o ~ are also

roots of 1+x2+x5.

Then: 1+x2+x5=(x+a)(x+a2)(x+a”)(x+a8)(x+a16)

3

To determine the irreducible polynomial with o~ as a root, it

is sufficient to multiply the following:

(x+03) (x+0®) (x+a'2) (x+02) (x+a'7)
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2.2.8. A subset C of vectors of n binary digits is called
a cyclic subspace if it contains the following two
properties: (Ref. 7)
1. If vy and v, are in C, their sum mod 2 is also
in C. That is, C is a subspace, or subgroup;
2. If v= (an,ay, ... a,_4) is in C, the vector
vl = (a,_4s29589, «+. a,_5), obtained by shifting

v cyclically one place, is also in C.
Let Rn denote the set of all polynomials
ao+a1x+a2x2+a3x3+ cos +an_.'x.n'1

of degree less than n with coefficients 1 and 0. They form a
group under modulo 2 addition. Multiplication can be defined
modulo ¥*-1. That is, these polynomials can be multiplied in
the standard way, modulo 2, and reduced again to polynomials
of degree less than n by the use of the equation =1. Then

Rn is a ring.

A subset I of Rn is called an ideal if it satisfies the following

two properties:

1. I is a subset of Rn; and

2. if p(x) is in I, and a(x) is in R, then the product
p(x)a(x) is in I.

Considering polynomials p(x) = agta x+ ... +an_1xn'1
to be vectors (aj,ay, ... a,_4), a cyclic shift is the same

as multiplication by x modulo -1, Therefore, every ideal
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is a cyclic subspace. Conversely, if p(x) is in a eyclic
subspace C, so is x.p(x). It follows that xjp(x) must also
be in C and, since C is a subspace:

L c.xd p(x) = p(x) & ¢ X9

i i
must also be in C. Thus, if p(x) is in C, so is the product

of p(x) and any polynomial. Therefore, every cyclic sub-

space is an ideal.

Lemma 1: (Ref. 7)

If p(x) and q(x) are in an ideal I, the greatest common divisor
(GCD), d(x), of p(x) and q(x) is in I. This follows directly
from the fact that it is always possible to express the d(x)

in the form: d(x)=a(x)p(x)+b(x)q(x) (Ref 3)

where a(x) and b(x) are polynomials
Lemma 2: (Ref. 7)

All polynomials in an ideal I are multiples of the unique

polynomial of the least degree in I.
Proof:

Let p(x) be a polynomial of least degree in I. Then, if q(x)
is any other polynomial in I, the greatest common divisor of
p(x) and q(x) is in I. If p(x) does not divide q(x), then the
greatest common divisor of p(x) and q(x) would have a lower

degree than p(x), which is a contradiction. Therefore, every
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polynomial in I is divisible by p(x). If py(x) and pz(x)
both have minimum degree, each must be divisible by the other
and, hence, be equal. The ideal consisting of all multiples
of p(x) will be denoted by [b(x)] . The polynomial of least

degree in an ideal is called its generator.
Lemma 3: (Ref. 7)

The generator p(x) of an ideal is a factor of x"-1.
Proof:

The GCD d(x) of p(x) and x™-1 can be expressed in the form:
d(x)=a(x) p(x)+b(x)(x*-1)

= a(x) p(x) mod(x"-1).
Hence, d(x) is in the ideal. But p(x) is divisible by
d(x), and since d(x) is in the ideal, then d(x) is divisible
by p(x). Hence, p(x) = d(x). These results can be summarized

as follows:
Theorem: (Ref. 7)

A set of polynomials is an ideal in the ring of polynomials
modulo ¥*-1 if and only if it consists of all multiples of

degree less than n of a factor of -1,
Corollary: (Ref. 7)

If p(x) is a polynomial of degree k, which divides into x°-1,

Ep(xi] is a vector space of dimension n-k.
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Proof':

The elements of[}(xﬂ are in the form c(x) p(x), where
c¢(x) is an arbitrary polynomial of degree less than n-k.

Then the n-k coefficients of c¢(x) are arbitrary.
2.3. Standard array: [ﬁ,6]

2.3.1. Hamming weight and distance:

The Hamming weight of an n-tuple A (w(A)) is defined
as the number of non-zero components of A.

If A = (01101010), then w(a) =Lk,

Let A and B be two n-tuples. Then, the Hamming
distance between A and B, that is d(A,B), is defined

as the number of components in which they differ.

If A (10010) and

if B

(00111), then d(a,B) =3.

If A and B are both codewords of a linear block code,
then A+B (mod 2) must also be a codeword since the set
of all codewords is a vectorspace. Therefore, the
distance between any two codewords equals the weight of
some other codeword, and the minimum distance for a
linear code equals the minimum weight of its non-zero

vectors.
Polynomial representation:

If we have a codeword A = (aj,ay, ... ), then correspond-

n-1

ingly
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we have a polynomial of the form:
A(X)=ao+a1x+a2x2+a3x3+ oo +an_1xn'1

of degree n-1. A(x) is the codepolynomial of A. Henceforth,
we will use the terms codeword and codepolynomial inter-

changeably-

2.3.2. Standard array:

Considering an (n,k) linear code, let v,,v,, k

A
be the 2k codewords. For any codeword which is
transmitted over the noisy channel, the received
vector r may be any of the ot n-tuples. To represent

the 20 n-tuples, a standard array is constructed as

follows:
0 vy Vo seees v2k
A1 v1+)\1 v2+l1....v2k+)\1
2n-k rows

STANDARD ARRAY

This process is carried out until all the ot n-tuples
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are exhausted.

Each row is called a coset. Each )X is called a coset
leader. The technique of choosing a coset leader is as follows:
when choosing a coset leader, all possible coset leaders of
weight i should have been considered before choosing coset
leaders of weight i+1. This approach ensures that the decoding
procedure is the best one possible because of the fact that it
corrects the errors with a minimum weight, i.e. with a high

probability of occurrence.

2.4. BCH codes introduction: [2,]

Some of the most powerful multiple error-correcting codes
for random independent errors which have been discovered
to date are the Bose-Chaudhuri-Hocquenghem (BCH) poly-
nomial codes. These codes were developed independently
around 1960 by R.C. Bose, D.K. Ray-Chaudhuri, and A. Hoc-
quenghem. The discussion of BCH codes will begin with an

examination of the Hamming codes.

2.4.1., Hamming codes:

These codes are a special case of the BCH codes, and
were originally discovered by R.W. Hamming in 1950. The
Hamming codes are single error-correcting codes with
minimum distance d=2t+1=3. They are perfect in that,
for any positive integer m, there exists an (n=2"-1,
k=2"-m-1) code which corrects each single error which

might occur. No
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(n=2"-1, k=2"-m-1) code can possibly be constructed which
will correct more than all single errors. This says, in
fact, that if a standard array is constructed, as seen in
the previous section, the coset leaders will consist of O
and exactly the 2M_1 error patterns with a single 1.

A t-error-correcting code, which has all error patterns
with a weight up to t as coset leaders, and no others, is
called 'perfect' because no better code for correcting random

errors can be found.

2.5. General encoding procedures for BCH codes: D+,5,6,1ﬂ

In their unshortened form, binary BCH codes exist for
lengths n=2"-1 and with, at most, mt check bits, they
can correct any set of t-independent errors within
the block of n bits, where m and t are arbitrarily
positive integers. 1Initially, the BCH codes were

described by a matrix, as follows:

-—
-—
3
3
.
]
.
.
—

2 (a3)2

m m
27-2 (a3)2 -2




a is a primitive element of the field. This is a
2T 1xt matrix of GF(2™) elements. But, as each field element
1s a vector of m binary digits, this is a 2"-1xmt matrix of
binary digits.

A vector of 2%-1 binary digits is considered a codeword
if it satisfies the parity check of each column, i.e. if the
product of this vector with the matrix is zero. Therefore,
the set of all codewords is the null space of this matrix.

Another approach to encoding is made possible by using

a generator polynomial g(x) which has for its roots

a,a3,a5... o2 t-1

Each element aj of the field is a root of a unique irreducible
polynomial mj(x) of minimum degree. Then, g(x) must be divisible
by m, (x), m3(x), ms(x) e+ My, _4(x) and, hence, by their least

common multiple:
g(x)=LCM (m, (x), m3(x), ms(x), cee My (%))

Since each of the factors of mj(x) is irreducible, and
has no degree greater than m, the least common multiple of
g(x) is simply the product of the polynomials mj(x) with the
duplicates omitted. Duplication is possible and will occur
for any ai and aj which are the roots of the same minimum
function m; (x). Then, for a given m and t, g(x) will generate
a BCH binary code with a length n=2m-1, that will correct
t-random errors, or less, and has no more than mt parity check

digits.
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This particular property of the generator polynomial is
due to a theorem stating: if o is a primitive element of the
GF(Zm), and if the codeword length is, at most, 2m-1, then

the BCH code with symbols in GF(2) and encoding polynomial
g(x)=LCM (m,(x), m, (x), m3(x), cee mg 4 (x))

has minimum distance of at least 4 where d=2t+1 (Ref. 2).

This thesis will not be concerned with generalized BCH
codes, i.e. we will deal only with primitive narrow-sense
BCH codes. For a primitive BCH code, n is restricted to be
2m-1, for a non-primitive BCH code, n may be any other odd
number. In a narrow-sense BCH code, if o is a primitive
element of GF(2™) and d=2t+1, then f(x) is a codeword iff
a,az,a3,...a2t are roots of f(x). In a non-narrow-sense BCH
code, the generator polynomial g(x) is the polynomial of

am0+é-z

lowest degree for which amO, am0+', coe are roots.

2.5.1. Systematic encoding: [5]

When the generator polynomial is directly multiplied
by the information polynomial, the resulting codeword is in a
non-systematic form. To obtain a systematic code, such that
the first n-k digits are the parity check digits, and the last
k digits are the information digits, the following procedure

could be used:



Let the k digits to be encoded be:

1= (Mg, My y My wee Dy _y) or

= 2 3 k-1
m(x)—mo+m1x+m2x FoaxH L..o4m X

Multiplying m(x) by xn'k, we obtain:

xn'km(x)=moxn'k+m1xn'k+1+ e +mk_1xn'1

Dividing ¥ ®m(x) by g(x), we obtain:

2 Ep(x)=q(x)g(x)+r(x) (1)

Since the degree of g(x) is n-k, the degree of r(x) must be

n-k-1, or less.

3 k-1

_ 2
r(x)—ro+r1x+r2x +r3x RRRS S

Rearranging equation number (1), we obtain:

r(x)+x® Em(x)=q (x) g(x)

Therefore, r(x)+xp'km(x) is a multiple of g(x) and thus
it is a codeword of the cyclic code generated by g(x), and
has a degree n-1, or less.

Thus:

-k - -k-1
r(x)+x* m(x)=Ty+r X+ ... +rn_k_1xn +

n-k n-k+1+

myx +myX +mk_1xn"l
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corresponding to the codeword:

(roryTy «ov T 1 q) (momy «oo m_y)

| } L J
] T

Parity Check Digits Information Digits

By altering the generator polynomial into a generator matrix,

it is possible to obtain the same answer.

2.5.2. Example: BCH encoding:

Let us construct a binary BCH code with a codeword
length n=31, and a minimum distance d=7, thus capable
of correcting three errors as d=2t+1=7=2x3+1,
Initially, an irreducible polynomial of degree 5 is
selected to form GF(25). We choose 1+x2+x° as the
irreducible polynomial and o as the root of 1+x2+x5.
We then form the successive powers of o as in

Table 2.1. To determine the minimal polynomial with

a3 as a root, we simply multiply over GF(25):

(x+03) (x+0®) (x+012) (x+02™") (x+a'7)
To obtain M(x)=1+x2+x3+xh+x5

5

we must use the same procedure for o’, i.e.

(x+0?) (x+a 1) (x+620) (x+a?) (x+a' &)

over GF(25) equal to: M(x)=1+x+x2+xn+x5.



The generator polynomial will be:

g(x) = (1+x +x5)(1+x +x3+x +x5)(1+x2+xu+x5)
g(x) = 1+x+x 24340 4x +x04x4x Osx 1415
In binary: the generator polynomial

= 1111010111110001
The number of information digits is equal to:
n-k = degree of g(x)=31-k=15
k=31-15=16 Information digits
Thus, a typical message might be:

1000000000000001

The resulting codeword will be C(x) = g(x)(1+x15)

C(x) = (T+xrxP+xdrxd+x/+xOrxd+x! Oex 14x!%) (14x1%)

14x+x +x3+x5+x7+x rx2+x 1 Oex Ly +x17+x18+x.20+x22

123422 45204520430

c(x)

In binary (non-systematic form):

1111010111110000111010111110001

The systematic form will be obtained by:
a) Multiplying (1+x'2)(x3'1710) = (14x'9)(x"%) = x'54x30



b) Dividing x1%4x30/5(x) =

x1 5+x30=g(x) (x‘I 5+x1 1+x1 O+x9+x8+x3 )+ (::3+xl’+x5 +x6+x1 1 +x1 LF)

In the systematic form, the codeword will be:

S, ST IO LR |

X“+X +X7+xX +x +x +X

000111100001001 1000000000000001

L _J L -
i i

Check Digits Information Digits




CHAPTER THREE

Once the message to be transmitted has been encoded and

sent through the channel, a decoding operation must be performed

at the receiving end to obtain the original message.

Bounded-distance decoding consists basically of the follow-

ing procedures: a)

b)

c)

d)

determination of the Syndromes (Power Sums)
determination of the error-locator
polynomial, using the Peterson or Berle-
kamp procedure.

determination of the roots of the error-
locator polynomial.

the message, depending on whether the
encoding used is to be systematic or non-
systematic, will be contained in the last
k-digits, or in the quotient resulting
from the division of the corrected poly-
nomial by the generator polynomial,

respectively.

By using the term bounded-distance decoding, we mean if

the actual number of errors is less than the error-correcting

capability of the code t (est), correct decoding will occur. How-

ever, if the actual number of errors is greater than t (e>t), the
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decoder will give an incorrect result, or will simply not
provide a decision. In this chapter, we will deal only with
steps a and b of the decoding procedure, studying the decoding
delays associated with the Peterson and Berlekamp techniques.
The main point of this thesis, step ¢, will be discussed in

Chapter Four.

3.1. Determination of the Syndromes: [3,6]

If the encoder transmits the binary BCH codeword:

c(x)= ¢ Cixi
=0

and the channel causes additive errors given by the
coefficients of the binary polynomial:
n-1

E(x)= 5 Eixi

i=0

then the received word will be given by:
n-1 . n

R(x)=f R, x'=
i=0  * i

1 i n-1
C. x+2 E x
o * i=0 1

i

™

For j = 1,2, ... 2t, the codeword is a multiple of the
irreducible polynomial of aj and, therefore:
1

y E. ol =35
i=0 1 ]

n

R(ad)=0+

Thus, to obtain the syndromes, it is possible to simply
substitute the received polynomial with the relevant various

non-zero elements of the Galois field to obtain the values of

S;,8

1355y +o0 B

2t°
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Another method is available. It consists of dividing
the received polynomial by the irreducible polynomial with
a as the root to determine Sy
We may write: R(x) = M(x)Q(x)+r(x)
where M(x) is the irreducible polynomial with o as a root
and r(x) is the remainder with a degree less than M(x).
Therefore: R(a) = M(a)Q(a)+r(a)
But M(a) = 0 as o is a root and R(a) = r(a).
Thus, after the binary polynomial R(x) is divided by the binary
polynomial M(x), the syndrome is given by the remainder poly-

nomial r(x), evaluated at x = «a.

To compute S3, we divide R(x) by M3(x), which is the
(3)(x).

irreducible polynomial of a3, to obtain the remainder r

We then compute:
S3 = r(3)(a3)

To summarize: if (a,b,c, ...) are error locations, then, by

definition:

S1=aa+ab+ac+ .o

82=a23+a2b+a2°+

Sg=a3a+a3b+a3c+

Since we are dealing with the binary case:

2 2 _ 2 _
SZk = Sk ; meaning S1 = 52’ 82 = SH’ oo



3.1.1. Determination of the Syndromes for a BCH code with
n=31 (code length), k=16 (number of information digits),

and t=3 (maximum number of correctable errors).

Example: Assuming that the codeword sent is the same as in

Example 2.5.2., i.e.equal to:
1111010111110000111010111110001
We will consider the case of three errors equal to:
x2+x8+x23
the received polynomial will be:
1101010101110000111010101110001

or

R(X)=1+x+x3+x5+x7+x9+x1o+x11+X16+x17+x18+x20+x22

g2l y25 426,30

Determination of the Syndromes:

a. Using the substitution method:

s1=a+a3+a5+a7+a9+a1°+a11+a16+a17+a18+a2°+a22+a2”+a25+a26

+a30+1

S3=1+a3+a9+a15+021+a27+a30+a2+a17+a20+a23+a29+au+a10

01344164428



SS=1+a5+a15+a25+ah+a14+a19+a2h+a18+a23+a28+a7+a17

+a27+a6+a26+01

S5: = a2)+

Using the division method:

S1=Remainder of division ( R(x) )
Irreducible polynomial
with a as a root

S1=Remainder (1+x+x3+x5+g7+x9+x1o+x11+§16+x17+x18+x20+x22

(1+x2+x5)
+X21++x25+x26+x30)
S1 = a19
S3=Remainder ( R(x) ) at x = a3
Irreducible polynomial
with a3 as a root
S3=Remainder ( R(x) )
1+x2+x3+x4+x5
83 =0
Sg=Remainder (_ R(x) ) atx= o
Irreducible polynomial
with as as a root
SS=Remainder ( R(x) ) at x = a5 S5 = a24

1+x+x2+xh+x5
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3.2. Once we have obtained the Syndromes to determine the

position of the errors, it is necessary to solve a

set of t-equations in t-unknowns. To solve this pro-

blem, two procedures are presently available: the

Peterson and the Berlekamp techniques.

3.2.1.  Peterson technique: [7,6]

The elementary symmetric functions G, are related

to the power sum symmetric functions'sj by Newton's

identities, as follows: -

S1-c1=0

S2-S1c1+202=0
Ss-S2G1+S102-303=O
SH-S3O1+8202-S103+Hoh=0
S5—Sqo1+S302-S203+S1oh-505=0

LR IR L NS,

Considering the binary case only, we will obtain:

To summarize:

S1=o1
S3=Szo1+S102+o3

If, for example, a,b,c,... are error locations,
then, by definition , the elementary symmetric

functions (o's) are:
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Therefore, in a t random error-correcting BCH code, for i>t,

oi=0.

Newton's identities in a matrix form are arranged as follows:

E L 0 0 0 0 Oveveedfoq]
55 s, 5, 1 o o Ovevenifo,
s |=|s, N S, 8y 1 0.vuendlog
Sat-1| | S2t-2 Sat-3z . , : N 1]

It is possible to prove (Ref. 7) that the txt (M) matrix
is non-singular if the power sums symmetric functions Sj are
the power sums of t or t-1 distinct field elements, and is
singular if the Sj are power sums of fewer than t-1 distinct

field elements.
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If there are actually t-1 errors, then the solution for
the o's will result in ot=0. The corresponding polynomial
equation will have zero as one root. Initially, the Peterson
(matrix) technique operates basically by assuming first of all
that no more than t errors have occurred in the codeword. We
then check the value of the M determinant in the case of a
txt matrix; if M#O, then we have t or t-1 errors and we can
proceed with the evaluation of the o's from the matrix. However,
if M=0, then we have t-2, or less, errors and, in this case, we
drop the last two equations and repeat . the procedure, i.e.
the evaluation of the determinant M until we reach an M#0. If
no errors have occurred, then it will not be possible to obtain
an M#O0.

It would also be possible to obtain the same result by
starting with the assumption that two errors have occurred,
and then solving and checking the solution. If the solution
does not check, four errors would be assumed, and so forth.
When a set of answers that checks occurs, it must be the correct

solution.

Once the o's are determined;by substituting each of the 2.1
field elements into the equation (called the error locator poly-

nomial)

t t-1 t-2
X'+0,X7 +0,X7 T4 ... +Oy

it is possible to obtain the error locations. For each digit

in the received vector, the corresponding GF(2™) element is
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replaced in the equation. If the equation is satisfied, this
bit is wrong and must be changed. If the equation is not
satisfied, the bit is correct.

A detailed study of the error locator polynomial will be

performed in Chapter Four.

3.2.2. Berlekamp technique: [3,6]

The Berlekamp technique is an iterative algorithm
for decoding BCH codes. Using this approach, the
error-locator polynomial is defined by:

o(z)= ; (1+x,2z)=1+ g 0. 29

i=1 % =1 d

where we let the Galois field error locations
Xq9X5y <+« X, denote the positions where Ei=1’ Once
the decoder has determined the error locator poly-
nomial o(z), the reciprocal roots of o(z) can be found
and the errors located. To relate the o's and the S's,

Berlekamp introduced the generating function:

© © e e X.Zz
S(z)= 1 Sz =1 1 xjzd =1
=1 37 5=11= 1=1 142
Multiplying by o(z) gives:
(2)0(z)= T e T (14x,2)= I (1+x,2)
S(z)o(z)= L i +x.2)= I X,z I +X,2
1=1 1¥%42 3o 77 1= T g J

Adding o(z) to both sides gives:

e
[1+5(2)] o(z)=0(2)+ ¢
is

L Xy Z I (1+xiz)

J#
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k

e
Defining the polynomial w(z)= £ w2z

k=0
by the equation

e
w(z)=o(z)+ I x;2 1 (1+x.2)
i=1 j#1 /

we then obtain: [1+8(z)] o(z)=w(z)

The decoder knows only the coefficients of the first 2t powers
of z in S(z). It does not know Sot41150440950443s +++ and so
forth. Therefore, we obtain:

[1+S(z)] o(z)zw(z) mod g2t

which is Berlekamp's key equation.

Given S(z), and using an iterative procedure, it is possible
to determine both o(z) and w(z) from the key equation. The
algorithm will be stated only for the binary system; the com-
plete proof could be found in Ref (3).

Abbreviated algorithm for binary BCH codes:

Initially define o(o)=1, r(o)=1. Proceed recursively as

follows:

If S2k+1 is unknown, stop; otherwise define A1(2k) as the

coefficient of 22K+ in the product (1+S)o(2k).

Let o(2E+2)4(2K),, (2K),  (2k)



-37

zzr(2k) if A1(2k)=O or if deg O(2k)>k
T(2k+2) =
70 (2K) if A1(2k)¢0 and deg o(2k)5k
A 2k

1

Example 3.2.2.1.

Using the same syndromes as in example 3.1.1., we will
obtain the error locator polynomial by the Berlekamp technique.
The initial conditions are always the same and were determined
in order to ensure that the error locator polynomial will have

minimum degree.

1

S1=G 9, S =O, SS=a2)+ O'(O)=1, T(O)=1

b

3

4. (0) (0)

1 is defined as the coefficient of z in the product (1+S)o

i.e. (1+S1z+82z2+ ...)o(o)

(0)_a _.19
A1 —81—a

Setting k=0, the two iterative equations o2) and t‘?) will

have the form:

§@) = G0 4y (0) , (0 _ 19,
T(2) = ZU(O) = ZG,12
L (O
:
A1(2) coefficient of z3 in (148) o(2)= 420
(&)

Setting k=1, the two iterative equations o
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and 1(4) will have the form:

W . (2, , @

z +0'z

W) L) 5 2 o

= zo” + 27 a

A1E25
A1(42 coefficient of 25 in (1+8) 0(4)
A, () o 85 + 0‘1954 + a7S3 = a9
For k=2 we have:
o(8) 2 (0, (), O
0'(6) = 1 +a19z + a29z2 + a223
Error locator polynomial:
x3 + a19x2 + a29x + a2

3.3. Analysis of decoding delays: [10,11,12]

One of the purposes of this thesis is to emphasize that
in case of a small number of errors, the Peterson
technique is preferable to the Berlekamp approach if it
is possible to store efficiently the expressions for
the various sigmas obtained from the matrix procedure.
This problem was tackled by simulating both methods in
the case of a code of length 31 bits.

The two programs, using an all-zero codeword at the

sending end, were written by taking into consideration
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only the decoding delay, i.e. every step in the program
was carefully studied to achieve the highest possible
speed of execution since memory was always assumed to
be cheap and unlimited.

Always assuming that the all-zeros codeword is
sent, both methods were simulated as follows:

a) n=31 t=4 (maximum number of correctable errors)

Then, by independently feeding all the various
combinations of one- and two-errors, and 465 distinect
error patterns of three- and four-errors, it was possible
to determine the time necessary to independently process

the 1,2,3, and 4 error patterns.
b) n=31 t=3 (maximum number of correctable errors)

The same procedure as in (a) was used, but with a

maximum number of errors equal to three.

The following are flow diagrams for the Berlekamp and
Peterson procedures in the case of a four error-correct-

ing code:



PETERSON TECHNIQUE

Flow Diagram (4 Errors)

L 4=0 } A0
(1 or 2 errors) (3 or 4 errors)
53+ 515
4
1
Y = 8,8 +S.5_+8,8.5,+S,S
#0 =0 One Error 2 LPL P3R5 PR 3R TRy
4 s
Two f 1 _
Errors 03 = S3sé+SSS).++S)+S2S3+st7
~ 1 : 1 ‘
IS1 oy = 53555,+5,8,835,+815,54
+8.8-+5,5,,5,,+S,5,5,+S,S
5= 53+5554 5251 2R T PP T3y
2 S
1 +5,8,8¢
I ] ! :
Determination of B= x
1
05=0, xB
._i___T__.
c3=c3 xB
‘r i p OL'_#O
N l
Three Errors cu=0h1xB

0')+=0

. b
- o Iﬁ

If necessary: PRINT 044050350
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BERLEKAMP TECHNIQUE

Flow Diagram (four errors)

o(0)zy (00 - 8, O=g, ¢(2)=144, (0,
, P _
L_» A1(o)=0 A1(0)#O 1
(2)_.2 (2)_
T =2 T = Z O)
A,
J
4
Determination of A1(2) coefficient of z3 in (1+8) 0(2)
) 3
?(h)=221(2) T(1+) and o(Lr)
1

L

Determination of A1(h) coefficient of 25 in (1+8) o(h)

¥

1 8, (=0 a, 0 1’

(6 2 (1) £(6) ang 4(6)

I

Determination of A1(6) coefficient of z/ in (1+8) o(6)

{ _
A1(6)=0 A1(6)#O 1

4 (8)

- 3

1

If necessary, PRINT °1’°2’°3’°h
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Decoding time comparison between the Peterson and

the Berlekamp Algorithms:

To compare the Peterson and Berlekamp algorithms, it
was necessary to find a technique that would provide
an accurate and precise measure of the time required
to perform each algorithm.

Initially, a high-level language, FORTRAN H
(with an optimized compiler), was used to simulate
both algorithms. This approach was chosen because,
in the Fortran printout from the IBM 360, the
execution time is readily available. However, due to
the very poor repeatability of the execution time,
it was not possible to obtain adequate results. Al-
though many precautions were taken to ensure that each
job submitted was only processed when the IBM 360 was
free from any other job, the results were only meaning-
ful when the difference between the two algorithms was
substantial.

The execution time, in seconds, was very high.
This was due mostly to the inefficiency of the high-
level language compiler.

From the obtained results, in the case of n=31
and t=4, it was not possible to draw any valid con-
clusion in the case of three or four errors. However,
in the case of one or two errors, the Peterson

technique was found to be definitely faster.
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3.3.2. Results of the Comparison using an Intel 8080 Micro-

processor:

Since it was not possible to obtain sufficiently re-
peatable and accurate results using the IBM 360, all
programs were simulated on an MDS 800 system (MDS =
Microcomputer Development System) using an 8080

microprocessor.

To measure real-time, using the MDS 800 system, we used the
interrupt signal generated by the clock every 0.977 milliseconds,
corresponding to a frequency of 1.024 Khz. The procedure was,

basically, as follows (Fig. 3.3.2.1.):

1. To accommodate the facts that in an MDS 800 system:

a) Dboth the operating system and the real-time clock
are using the same priority level 1 (the 8080 has
an eight-level priority interrupt structure);

and

b) it is a hardware property that whenever an
Interrupt occurs at level 1, the program execution
will jump at a predetermined memory location (Intel
8080 memory location = 8H). Therefore, at the
beginning of the source program, we moved the
address of the Interrupt program to memory locations

9H and 10H.



Thus, whenever an Interrupt occurs, the program execution

jumps automatically to location 8H, where there is a jump

instruction to the beginning of the Interrupt program.

In the source program, various memory locations are
cleared, and these locations will be used as a counter,
storing the number of interrupts that have actually
occurred during the execution of the problem program,
(1.e. during the execution of the Peterson or the
Berlekamp algorithm).

Considered as a subroutine of the source program, the
problem program is called.

If an interrupt occurs during the execution of the
problem program, the problem program is stopped and
the CPU jumps to the interrupt program.

The first step in the interrupt program (subroutine)
is to disable the interrupt hardware to prevent any
further interrupts from occurring while the present
interrupt is being serviced.

The memory locations, used as a counter and cleared

in step 2, are incremented by one. Thus, we have a
counter which records the total number of interrupts
occurring during the execution of the problem program.
Before returning to the problem program, the interrupt

system is re-activated so that other interrupts

can occur.



8. The CPU jumps back to the problem program.

Once the execution of the problem program is completed,
it is a simple matter to display the content of the memory
locations where the total number of interrupts, that have
occurred, is stored.

Knowing the total number of interrupts, and the time
necessary to perform an interrupt, it is possible to obtain

the time taken to execute the problem program.



46

4

Y

Interrupt Program

5- Disable interrupt hardware
6- Increment counter

7- Enable

8- Return to problem program

Y

Source Program

1- Locate address of interrupt program
2- Clear memory locations of counter
3- Call problem program

Halt

Problem Program

L- Program under analysis in our case
the Peterson or Berlekamp algorithm

Return

L 4

4

Fig 3.3.2.1.

\
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For a three Error-correcting code (n=31=25-l) the

following results were obtained:

Number of Number of Execution Time
errors in words of

a word of n=31

n=31

i.e. the i.e. the

simulation all-zero

was performed codeword, with

by feeding a fixed number

the all-zeros
codeword with
a number of
errors

of errors but
at different
locations, was
fed into the
algorithm a
number of times
equal to

31

(A11
combinations
of single
errors)

5.2 x Peterson
algorithm algorithm
execution execution
time time

Berlekamp

465

(A11
combinations
of double
errors)

Berlekamp 1.2 x Peterson

465

Berlekamp 1.3 x Peterson

Table 3.3.2.2.




For a four Error-correcting code (n=3l=25-l) the

following results were obtained:

Number of Number of Execution time
errors words of
in a word n=31
of n=31
1 31 Berlekamp = 2.6 x Peterson
(A1l algorithm algorithm
combinations execution execution
of single time time
errors
2 465 Berlekamp = 2.08 x Peterson
(A1l
combinations
of double
errors)
3 465 Berlekamp = .94 x Peterson
Ly 465 Berlekamp = 1.02 x Peterson

Table 3.3.2.3.
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From table 3.3.2.2., and 3.3.2.3., it is evident that
the Peterson technique is faster than the Berlekamp procedure
if the maximum number of correctable error patterns of a
code does not exceed three.

In the case of a four error-correcting code, the
Peterson technique is not always faster than the Berlekamp
procedure. Thus, it is possible to conclude that, for a
small number of errors, i.e. with t not exceeding three, the
Peterson (matrix) approach is preferable to the Berlekamp
(iterative) procedure. The Peterson technique has, also, the
advantage, of being able to determine the various sigmas in
parallel and, therefore, of reducing the decoding time
considerably. This property is not readily available in
the iterative Berlekamp procedure, as it is necessary to
compute sequentially each step.

The time necessary to execute the various algorithms
was in the range of milliseconds. Berlekamp suggested a
computer with which it is possible, according to him, to
obtain a rate of a million bits per second.

In our case, the rates were low because of the
structure of the MDS 800 system, where it is most time-

consuming to fetch or store data from or into the memory.
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CHAPTER FOUR

As previously mentioned, the decoding of binary

(n=2m-1,k,t) BCH codes involves two basic steps:

(1)

Find the error-locator polynomial y(x).

(ii) Find the roots of y(x).

We have already discussed (i) in chapter three. Regarding

(ii), the idea is essentially to compute v(ol) and see for

what values of i, w(ai)=0, where o is the primitive element

of the GF(2™).

In this chapter, we will briefly survey common

techniques for the roots determination and, specifically,

show the following:

a)

b)

2

The roots of the quadratic x“+x+k, over GF(2™) can

be found by solving a set of simple simultaneous

equations.

It is known that the cubic x+x+k. over GF(2%)

3

has an odd number of irreducible factors iff

Tr (k3'1) = Tr(1), where Tr indicates the trace.
Since there are 287! values of K3'1 for which
Tr(k3'1) = Tr(1) and, since we are interested
only in those values, of k3, for which the cubiec

has three roots in GF(Zm), the number of values,

m-1

of k in which we are interested, is <2 . In

3’

this chapter, we will show that the number of such
m-1

values of k3 is actually <23 . This means that




c)

..5'1

if we store the three roots of the cubic for each rele-

vant value of k3, and use a table-look-up approach for

finding the roots of the cubic for a given k3, we then

have, at most, n/6 values of k3 to consider. This

result was published by F. Polkinghorn (Ref. 16) but

here we give a simpler proof, as we are using the trace

concept.

The reason we are interested only in the case, when y (X)
has all of its roots in the GF(2™) under consideration,

is the fact that the condition of y(x), not having all

of its roots in GF(2m), indicates the situation of

detection-only. Thus, it would be advantageous to know

whether or not ¥(x) has all of its roots in GF(2™) without

having to compute w(ai). In this connection, we show that

the quartic (xl"+k2x2

+k3x+k4) over GF(2®) does not have some
3
or all of its roots in GF(2T) if Tr(k2 y # Tr(1).
k 2
3

We also give other results arising out of this.

. Chien search technique for finding roots of the error

locator polynomial: [8]

The Chien procedure is based on the cyclic property of
the BCH codes. Using this procedure, it is possible to
locate the errors without explicitly solving the error

locator polynomial.
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The technique is deseribed by examining the relationship
between the sigma's (Elementary symmetric functions) and the

roots Bj of the error locator polynomial:

xt+o1xt'1+02xt'2+ cee Hoy = (x+B1)(x+62) ce (x+8t)

By definition:

t wn—ng
o, = L B.
1 =1 b
t (1)
gy = I BjBk (Sum of the roots
i, k=1 taken two by two)
<k
t
o, = L Bs;B:B
3 1,],k=1 10k
i<j<k i

Transforming each Bj (j=1,2, ... t) to éj = aBj where o is
the primitive element of GF(Zm), we may define the new
elementary symmetric functions Gk's as functions of Bj's in

the same manner as in (1).

The relationship between Ek's and ok's is:

Therefore, the éj's are roots of the polynomial:

t

x +81xt'1+52xt'2+ 5

LR I ) +Gt

after applying such transformation 1 times:
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and

Using this principle, and the fact that ol = a2m_1 = 1
in GF(2™), it is possible to obtain all the roots of the
error locator polynomial by counting successive transformations,
if we can detect whether a specific element of GF(2T) is a root
of the error locator polynomial. To simplify the circuitry,
the element to be detected is chosen to be the unit element of
eF(2™).

When ao = 1 is a root of the error locator polynomial, we

find that:

xt+o1xt'1+02xt'2+ ceo FOL is

1+o1+02+ .o +ot =0

t N

T O, = 0440+ oo +0, = 1
k=1 k 172 t

ir Z&k = 1 after t,,T,, ... Ty shifts, respectively, the

roots of the error locator polynomial are:

n-t4 n-T, n-ty
a ,a , . o0 a
The implementation of such a procedure is simple and
follows from theory in a straight forward manner.

The entire circuit is shown in Fig. 4.1.1.
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Input
Buffer 5
4 $
4
: e
%4 o | 7T Oy 21°k =1 U
2 —-..-o t v
ov R R (V'Y §
® Output
Cyclic Error-location Unit Fig. 4.1.1.

The initial values of o, 's are stored in t, o-registers,
and the received sequence is stored in the buffer with high
order bits first.

The circuits indicated by ® of are o*-multipliers, their
purpose being to multiply the current contents of the ok-regis-
ter by ak and subsequently store the product in the ok-register.

The circuit for detecting the condition Zok =1 1is a
simple adder with an OR gate, followed by an inverter at the
output. The sum of the zero-ovder is inverted, because the sum

must be equal to one, not zero. (Fig. 4.1.2.)
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2q a4 a, a, 04 register
N N D Jaa)

'Y N ' D%

bO b1 b2 bm 9, register

__(E) — Circuit for

OR detecting Zok=1

Fig. 4.1.2.

The inverter output is a “"one" if all inputs to the OR gate
are zeros.

The error-location system of Fig. 4.1.1. operates as
follows:
The received sequences are stored in the buffer with high-order
bits first, and the initial values of ok's are stored in the
ok-registers. Since the initial value of ck's will only indie-

ate to the detection circuit the presence of errors at the aOth

position, the of

multipliers are first pulsed once. After this
shift transformation, the detection circuit-indicates the presence
of any error at the leading bit position of the buffer since that

n-1 ' The bits in the buffer are then

position corresponds to o
shifted out in sequence. Whenever a bit is in error, the detect-
ion circuit will produce a 'one' bit and, therefore, complement

the data bit leaving the buffer at that time. All errors will be

corrected with n-shifts, provided no more than t-errors



-56

are present in the received sequence. This process will be

illustrated by the following example:

Example 4%.1.1.

We will use the following error locator polynomial:

x3+a1 9x2+a29x+a2

This polynomial was previously determined in Example 3.2.2.1.
where n=25-1=31, t=3, and o1=a19, 02=a29, and o3=a2:

To obtain the roots by the Chien search technique, we will
first multiply o4, o,, 03 by a, a2, and o’ respectively.
Then, we will add the three resulting polynomials. If the sum
is equal to one, then the bit under consideration is in error.
On the other hand, if the sum is not equal to one, then the bit

is correct.

This process is repeated for all bits as follows:
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£2i3221 + o1=u19=a+a2 0,202 0=1+a3 c3=a2
. 20_ 2, 3 31_ 5_ 2{ The sum is not
Bit # 31> =a“+o, L a” =1 a’=1+qa equal to one
Bit # 30+ on3+oz)+ a2 1+a2+a3 The sum is not
Y equal to_ one
L] 1
1 1 \
) [ i
Bit # 2u>| 140403 1402403+ |  1+g+a®+a’|The sum is
equal to one
L [} 1
! ' 1
- | [ '}
Bit # 9 ~» 1+a+a2 a2+a3+a1+ a+a3+c;1+ The sum is
equal to one
T T T
1 { i
4 i A
%it #3 > 1+a+a 1+a3+al+ 1+a+a3 The sum is
equal to one

The roots of the error locator polynomial were, therefore,

determined as being equal to:

4.2,

procedure: [8]

8

x2, X, and x23.

Chien direct method of implementing the cyclic decoding

Generally, it is necessary to compute the Oy funect-

ions from the Si power sums before the final step of error

correction can be employed.

However, R.T. Chien was able

to develop a method to carry out the error-correction

process automatically.

His second technique 1s based mostly on the one des-

eribed in Section 4.1. and is fully explained in Ref. 8.
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4.3.1.

Proof:
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Hybrid methods for finding the roots of a polynomial:
[15,16,17]

First, we will discuss a technique to lower the degree
of a polynomial, then describe solutions for single
degree polynomials,quadratiecs, cubics, quartics, and

quintics, introducing new concepts.

The following theorem, relating roots of a pair of
polynomials, is useful in that it enables us to apply
fast root determination techniques which will be
subsequently described once the degree (36) of the

original polynomial is lowered.

Let o(x) and o' (x) be polynomials over GF(2™):

o(x) = xt+o1xt'1+02xt'2+ ce. to, (1)

o‘(x) = xt+o12xt'1+022xt'2+ e HOy (2)

Let B represent an element of GF(2™). Then B is a
root of o(x) iff 62 is a root of 01(x).

2 g2(t-1), 2 g2(t-2), 2

01(82) = 82t+o1 5 cer ¥OL

01(82)

(Bt+o18t'1+028t-2+ “eo +ot)2 = E,(Bﬂ 2

Hence, 01(62) = 0 if o(B) = 0. On the other hand, if

r is a root of 01(x), then 01(r) = 0.
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Let a be a primitive root of GF(2%) if r=a2%. then r'/2=oX,

b

m m-1
If r=u2k+1, then r1/2=(g2 -1*2k+1y1/2_ 27 ‘4K

1/2

In either case, r exists, and is unique.

Let (r1/2)t+01(r1/2)t'1+02(r1/2)t'2+ . +0, = C
Then by squaring:
rt+o12rt’1+022rt'2+ cee +°t2 = CL

2

and C° = O by assumption. As C # O would imply C° # O, we

conclude that C 1/2

O, and r
r1/2

is a root of o(x).

Defining 8 , we then have 62 = r, and the theorem

is proved. Therefore, by determining the GCD between (1) and
(2), and using the above-mentioned theorem, it is possible to

lower the degree of the original polynomial.

Example: Consider the polynomial over GF(2”):

7 5e0? x*+e10 3342 x24e® xrqlt

o(x) = x'+a x +a x’+0’ x +o a” X+o

We initially compute:

(1)(x) = x/+o® x +a2 +ad x +a5 +a3 xP+a'l? x+a'3
Then we obtain GCD o(x),o(1)(x) = x+od.
This implies that @3 is a root of o(x) and 0(1)(x). By the

2

previous theorem, 8 is a root of o(x) iff 8“ is a root of

0(1)(1). We may then deduce that a3 and a9 are roots of o(x).
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Writing o(x) = (x+u3)(x+a9) 01(x)
01(x) = x5+u13 x3+ah x2+a5 x+u2

The other roots of o' (x) could be detected using other methods

discussed in this thesis.

%,3.2. Solution for polynomials of first degree f(x)=x+k1.

In this case, the location of the error is immediately

determined as being equal to k1 = ad.

4.3.3. Solutions for quadratics: [15 y ”ﬂ

4¥.3.3.1. We are interested in quadratics which have neither

repeated roots nor zero as a root. These quadratics

could be easily transformed from:
_ .2
f(y) = vy +o4 ¥+o,

Using y = 04 X
into: 612x2+c12x+02

or

£(x) = x2+x+k,, K= 22 40 (1)
X/ = 2v %27 2
1

which is over GF(2™).

that allow solutions are obtained from the

2 m-1
2 2 2 -

The wvalues of k2

equation Trace (k2) = Tr(kz) = ky+ky
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where the Trace, abbreviated Tr, is defined by:

m-1
Tr(x) =

1

21
x Tr(x) e GF(2)

[ B

0

This property (2) was proven by Berlekamp, Rumsey, and
Solomon [1 7] in a theorem stating:

If k2 € GF(2m), the quadratic equation x2+x=k2 has solutions
in GF(2") iff Tr(k,) = O.

They were able to prove [17] that exactly half of the
elements in GF(2™) have a Tr(x) = O, and exactly half have a
Tr(x) = 1.

The problem is to find the roots ay,0,, Of (1) for a
given k, when Tr(k2) = 0., One way would be to apply the Chien
search. Another way would be to use a table-look-up approach.
In regards to the second method, we note that there are

n-1 _ 282 - om-14 values of k,, satisfying the condition that

2 2
the Tr(kz)

0.

Example: Let n=31=25-1

and o a"root of the irreducible polynomial 1+x2+x5

Assuming that the all-zeros polynomial was sent, and

3

two errors occurred at locations x+x-,

then:



-62

S1 = a+a3 = a6
S3 = a3+a9 = a3o
o, = a6
1
OAn = ozl+
2
o}
- 2 _ 23
k2 = 5 =«
94

From the look-up Table 4.3.3.1.1. corresponding to
ky, = a23, the two roots are a26 and a28. It is not actually
necessary to list all the double values because, if we have

one solution L then the other one must be ay = a1+1.

Proof: y2+y+k2 = (y+oy) (y+a,) = y2+(a1+a2) Yoo,

Therefore: a1+a2 =1 or as = a1+1

Transforming back, using x = o4y, we obtain:

6 26

6 28 _ 3

X, = aa = o
2

which are the positions of the two errors.
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# k, st 2nd
root root
1 o o3 022
5 a2 a6 a27
3| o | a2 23
L a8 aTgf a2h
5 | .16 7 30
16 a7;7 a° ) agf
9 ot ot o0
8 420 oS 420
:9 022 o’ ol®
1o a19 o a18
11 u1§7 a21 a25
12| o3 ol ol?
13 a9 'di;i a22.
| o?7 o3 alt
15 23 ] 426 a28

LOOK-UP TABLE
4.3.3.1.1.

The number of wvalues of

k, satisfying Tr(k2)=0

is equal to:
n-1 _ 31-1 _ 15
2 2

Memory size:

In our case, each element
requires five bits . (Ex-
ample a = 00010).
Therefore, the look-up
table would occupy

15x5x3 = 225 bits.

If the injitial transformation y = 04X is ignored, and we still

wish to obtain the roots by the look-up table principle, then

the number of values of o, and g, that must be stored is equal

to n(gél). This is illustrated in Table 4.3.3.1.2. where we used

the same previously determined values for o, and On i.e. o1=a6,

_
0'2—-0, .
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LOOK-UP TABLE

For every a,

in the

k.3.3.1.2.

equation x2+c1x+02, o5 1st ond
we have corresponding - root roogar
a table of E%l 1 “4 1 03
elements for oa,. 2 1o a o
2 ELn 02 %12
1 g, = 1 - L a13 G)+ 0!,9
. 1 . ! 0t28 O‘E 023
3 5 — 6 | 1 ol o2t
T 0‘3 i 7 [019] o8 R
o 0‘4 g |26 410 o 16
--#.
6. o’ | Example o 5 .
7 3 _ lhole?7 | @ o3
0t7 11 a? | ik 26
0 ag 12 a® SE 022
o a 12lal 1] 17 | o2
g? a1o 14 [a1® o8 029
> XK 15/0% | a9 020
: l». a -
. '
! '
20' 15 1 Number of values of o, and
2 = - = =
21 (120 02 - r%L..L). 31 -15 )'*'65
21
2? a22 Memory size:
ii a23 31x5+31x15%x5%3 = 7130 bits
o
b5 GZH
26 a2’
o7 &26
28 as’
29 a28
0 a2
1 o0

Therefore, by simply changing the form of the initial equat-

ion, it is possible to reduce the size of the look-up table by 1/n.
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4.3.3.2. Now we will show that 4,0, can be determined for
a given k2 by solving a set of simple simultaneous
equations. Using the logic according to which GF(2™)

is constructed, we have the given:
- 2 m-1

where e; is in GF(2) and a is the primitive element

of GF(2™). Thus, the e;'s are known. Expressing

a, and o,,respectively, as:

ay = agtay ota, o’+ ... +am_1otm-1 (2)
o, = bytb, a+b, a®+ ... +b__.aB"! (3)
2 = Po*Pq oFby e FPpoq

The problem is to find ai's and bi's for the given

e;'s of (1).

With reference to f(x) = x2+x+k2, we have
G1 (!,2 = k2 (%)

Using (4) in (2) and (3), we get
ao+bO =1
a;+b; = 0o 1i=1,2, ... m-1 (6)

1

Multiplying (2) and (3), and using (6), we get
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L

m-1 m+1
(am-1+am-1) @ T gy ©
2 2
m+3 m+5
. 2-<
+a 4 e m, (7a)

and

a0, = a4 a+(a2+a1) a2+a3 a3+(ah+a2) oz)+

5 6 7
+3.5 a +(a6+33) a +a7 a'+ ...
+ a g o1 2y o™+ CHPN o2
2 2
‘a_,, m+l .
2
+a 4 a2m-2’ even m (7b)

Using the logic according to which GF(2™) is constructed, (7a)

or (7b), as the case may be, can be reduced to the form:

_ 2 m-1
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where Ci is a linear combination of ai's.

Comparing (1) and (8), we obtain a set of simple
éimultaneous equations which can be easily solved for ai's.
Using these a;'s in (2), we get a,, then a, = 1+a, from (4).
This completes the process of finding oy and 0.

Example: Let us consider f(x) = +x+a’ over GF(25) constructed

2

according to the logic as = 1+a”. According to (7a),

we have:
a0, = ay a+(a2+a1) a2+a3 a3+(a)++a2) o,,)++a3 a6+a)+ a8

Using the logic a5 = 1+a2, we get, with reference to

(8):

aq0y = 2y a+(a2+a1) a2+a3 a3+(a4+a2) aLF
+a3(a+a3) + ah(1+“2+“3)

= ah+(a1+a3)a + (a2+a1+a4) a2

+(a3+a3+ah)oc3 + (au+a2) ozl+

= ol = o

Comparing this with the given 040y = k2 a’ = o +au, we obtain:

au=0 a1+a3=0 a2+a1+a4=1 a4=0 ah+a2=1
These equations yield: a4=0 a2=1 a1=O a3=0
This means, with reference to (2) and (3), that:

2 5

oy = 1+~ = a 05 = 1+a1 = u2

This completes the example.
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From the discussion so far, it is clear that the method
does not require search in the sense of Chien search, or

storage in the sense of table-look-up approach.

4.3.4. Solutions for cubics: bS]

3

The cubic f(y) =y +0, y2+c2 y+o4 can be transformed

using the translation y = x+0o, into:

f(x)

(x+o1)3+01(x+o1)2+02(x+o1)+o3

£(x) x3+(o12+02) x+o1o2+o3

2

Assuming that 0, +02 # O, we may use another scaling

172, to get, over GF(2™):

transformation x = (°H2+6é)
_ 040,%0

= 0 1
3 (0.12+02)3/2 # (1)

f(z) =z3+z+k k

37
One way of finding the roots of (1) is to apply the
Chien search. Another way would be to store, against

each relevant value of k the three roots of f(z) and

)
take a table-look-up appioach.

By a relevant value of k3, we mean one for which
f(z) has three roots, as we are interested in cubics
which have neither repeated roots, nor zero as a root.
Berlekamp [3] proved that the general cubic, over
GF(Zm), fotfy x+f2x2+f3 x3, has no roots or three roots

in GF(2®) iff:



-69

25 2 3 3
mp | fo I *Epfo "t Ey7fy | _ g (2)

2
(f1f2+fof3)
By using (2) on f(z), we find that f(z) has three roots
or no roots in GF(2™) if Tr(ky™') = Tr(1).

Now we will discuss the table-look-up approach.

Suppose that o and aj are two elements of GF(2™)
such that, with reference to (1), £(al) = flad), o

being the primitive element. This means:

o+ 033 = ol 4 od

or
a21+1 = a2j+1 = A
od ot
a21+1 = aj A (3)
2Ie1 = ot (&)

Adding (3) and (4):
a2ire?d = (ai+aj) A

(ai+aj)2 = (ai+aj) A
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Therefore:

a21+1 = a23+1 = ai + aj
3 i
a o
or
o?leol | @deq2dsq = 0 (5)

Using the fact that, for quadratics (x2+k1 x+k2) to have a

solution, we must have:

K,
(5) implies that:
T (1+a2'j) = 0
2
ol
or
e (a3 ) = Te(1) (6)

On the other hand, if f(z) has three roots for both k3=uu and
k3=av, then the set of three roots corresponding to a” and the

set of three roots corresponding to o’ are disjoint.

Proof: Assuming that ai is a root of f(z) for both k3=a“and

k3=av, then:

a3i+ai+au 0

and a3l+al+av 0

Adding the above equations, we obtain = a'.
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From this condition, we conclude that the number of k3's
values must be %.
This leads, in view of (6) to the following:
Theorem: the number N of values of k3 # O for which
f(z)=z3+z+k3 over GF(2™) has three roots, is upper-
bounded by [%] where n is the block-length and

n n
[E] is the integer part of g

The amount S of storage required for the table-look-up
approach is, at most, hm[%] bits. The number 4 is a result
from the fact that we require four columns: three for the three
roots, and one for k3.

If % is relatively small, this approach is quite attractive.
For example, if m=6, and n=2"-1=63, then N=10 and S=240.

By computing f(ai), i=a,a2,a3, «ssy it is found that for

m=3,4%,5,6, the number N is exaetly equal to [%] and therefore
S=Mn[%].

Example: Let n=31=25-1
and o be a root of the irreducible polynomial 1+x2+x5.
Assuming that the all-zeros polynomial was sent, and
three errors occurred at locations x2+x8+x23, (as in

Example 3.2.2.1.).



Error locator polynomials:

x3+a19x2+a29 2

X+o
o1=a19 02=a29 o3=a2
 (042+0,)3/2 7 *
1 2
B 1st 2nd 3rd
root root root

1 a9 a5 gl& u21 Memory size S
5 0‘20 0t7 a18 0L26 R [%]
3 o0 o) o3 al? 4x5x5=100 bits
L 0L18 a10 a11 028

aS 0tZO 49?2 a25

LOOK-UP TABLE 4.3.2.1,

5 20

From the above table, corresponding to o”, we have o™,

a22 and a25.

Transforming back:

First: y = (012+02)1/2z

= /a0 = o27 = a7a22 = o7 ¥y = a7a25 = o

71 @ Y2 T
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Second: x=y+o1

X1 = a27+a19 = a8 = a29+a19 = a23

x2 X3 = o+a

Therefore, the positions of the errors are determined.

Going back to the case where 012 = 05, we have, after the
initial transformation:

fly) = y3+o13+03

The three roots of this f(y) are in GF(2™) if and only
if 013+o3 = a3j for some j and n=2"-1 is divisible by 3.
The latter condition implies that m is even.

Thus, if m is even, 012=02 and 013+o3=u3j, then the roots

of f(y) are straightway:

od, o3*0/3  i+on/3

Now we will prove that 012=02 implies that 013+o3=a3J for
some Jj.

With the error polynomial E(x) = xl+xj+xk, 012=02 means

that 012=ai+j+a1+k+a3+k

or
012=ozi(01+ori)+ aj+k

i 2_ 21 3i

oc101 - o +0 +c3
a31+a2101+qlo12+013=U3+U13
Ay 3
(o1+a ) —o3+o1

19 _ 2
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Implying that:
013+o3 =V~3u for some u.

Thus, if m is even and 012 = 0,, then the roots of

x3+o1x2+02x+o3
are: Xy = (013+o3)1/3+01
_ 1/3 n/3
X3 = (013+03)1/302n/3+61

Simulation results: Simulations were performed to determine
the percentage of occurrences of the

condition 012=02 in some codes.

a) n=15=24-1 with a as a root of the irreducible polynomial

i

1+x+x
From (13) = 455 error patterns, 65 were meeting the condition

0,2=0,,. PERCENTAGE = % = 147

b) n=63=26-1 with o as a root of the irreducible polynomial

1+x+x6.

From (63) 39711 error patterns, 1281 were meeting the cond-

2 1281
ition o, —dé. PERCENTAGE = 39717 - = 3.2%

From our results, the condition 012=6é does not frequently occur.
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Example: n=15, irreducible primitive polynomial 1+x+x4

Assuming that the all-zeros polynomial was sent,
and x3+x5+x9 the received polynomial,

Therefore: S1 = 0

3~ @ 85=

01 = o 02 = o 03 = o

Since 012 = 0, and m is even, the roots are equal

to:
X1 - (013+03)1/3+01 - a5
X2 = (013+03)1/3an/3+01 = d3
Xy = (013+03)1/3a2n/3+o1 = a

4.3.5. Solutions for quartiecs: PS]

The decoding of binary BCH codes involves finding the
roots of what are usually called error-locator
polynomialso(x) over GF(2™). 1If o(x) of degree e has
e irreducible factors over GF(2™), the roots of o(x)
indicate the error-locations. Otherwise, it is a
situation of detection only. Thus, it would be advan-
tageous to know whether or not o(x) has e roots in
GF(2™) without having to compute o(ai), i=0,1,2, ...
where a is the primitive element in GF(2™). In this
context, we will draw attention to a few practically

useful properties of quarties over ar(2™).
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The fourth degree polynomial:

o(x) = xh+o1x3+o2x2+03x+ou

with 61¢O can be transformed by the relation

g
x= G+ GHY

to obtain:

L 14 1.2 1 1
z £(z2) 0y 2 +0, Z +03 z+0),

where

2
1 _ 93+ 9093, .

% 012 o4
011 =0

021 oy + (0103)1/2
031 = 0,
041 =1

It is therefore possible to express a quartic into the form:

fly) = yh+k2y2+k3y+kh, kk #Z 0

which is over GF(2™). Here we assume ky, # 0, since k) = 0

reduces the problem to one of cubies.

Now, we will discuss (1). This quartic has four distinct

roots in GF(2™), if it can be expressed over GF(2™) in the

form:
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fly) = (y2+ay+b1)(y2+ay+b2) (2)
for 2 values of a.

Comparing (1) and (2), we obtain:

2

a +b1+b2 = k2 (3a)
a(b1+b2) = k3 (3b)
byby = Ky, (3e)

Combining (3a) and (3b), we obtain:

adtaky+ky = o ()

and combining (3b) and (3¢), we obtain:

b12+§3 by+ky, = 0 (5)

As mentioned previously, the general cubiec, over GF(2m),

2 3
fo+f1x+f2x +f3x

has no roots or three roots in GF(2T) iff:
2. 2 300 3¢

o fy+ 0oty ™+ fa [ o
2

Tr

(f1f2+fof3

Hence, (4) has three roots or no roots in GF(2®) if

Tr(1+1_;_g_2_) =0 or Tr(%—;) = Tr(1)
3

where Tr indicates the trace.
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Thus, we have the following:

w

Theorem 1: If Tr( ko ) # Tr(1), then the quartic (1) over

2
3

~

GF(2™) cannot be factored into four factors.

If mis odd, Tr(1) = 1. If k, = 0, then
3
Tr(k2 ) =0
Xk 2

3
Therefore, theorem 1 yields the following:

Corollary 1: If m is odd, the quartic yu+k3y+ku, ku#o, over

GF(Zm) cannot be factored into four factors.

The validity of Corollary 1 can also be seen
from (4). If k, = O, then a3=k3, indicating
that, for odd m, (4) has only one solution in
GF(2™), whereas we require two solutions. We
note that if (4) has two solutions, then this
implies its having three solutions.

If m is even, k,=0 and k3 cannot be expressed
in the form of a3j, then (4) has no solution at
all.

This means the following:

Theorem 2: If m is even and k3 cannot be expressed in the

form a3j, the quartic xh+k3 x+k) cannot be fact-

ored into two quadratics.
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With m being even and k2=0, suppose k3 can be expressed as
a33.
Then the solutions of (4) are:

a = k31/3, (k3an)1/3, (k3a2n)1/3

Now (5) has two solutions if:
2
Tr (£43) = o0

2
Ky

Thus, we have the following:

Theorem 3: With m even and k3=a3j, the quartic y4+k3y+kh over
GF(2™) can be factored into four factors if:

Tr( EEF) = Tr (Séﬁgzn/3) =0

Theorems 1,2, and 3 are practically useful because they allow
us, in some cases, to determine if the quartic f(y) has four

roots in GF(2™) without having to compute f(a'), i=0,1,2, ...

4.3.5.1. Table-look-up approach:

If we wish to use the table-look-up approach for

polynomials of the form:

£(x) = x2+x2 24k xa'3+kl+xa'1*+ ... +k

3

a9 azh

then the number of combinations of k3,kh, «.0 k to
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2m a-2

be stored is < Peam -

Proof: For a given combination of ku,k5, coe ka’ the set of
'a' roots corresponding to k3 and the set of 'a' roots
corresponding to k31 # k3 are disjoint. Therefore,

the number of values of k. is <(2m) .
3 a

On the other hand, the number of choices of k#’kS’ ... k
is ¢ (25373,

a

Thus, the number of combinations of k3,k4, cee kg,

< 2m(2m)a-3 _ gzm)a—2
a a

4.3.5.2. Example: n=2M-1=27_1=31; GF(27) of Table 2.1.

Assuming that the all-zeros polynomial
was sent, and errors occurred at locations
x+x5+x17+x23.

As usual, the syndromes- are determined

first. Next, the grror locator polynomial

is obtained.

a) S1 = a16 S3 = a23 35 = a S7 = q
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4, 163, 122, 6 15

b) x X“+a x+a

6
Using the first transformation X = % + (- )1/2 = % + 026
0‘16
we obtain: f(y) = yu+a16y2+a3y+a18
To check that, possibly, we have four roots, the condition
3
Tr(k2 ) = Tr(1)
2
K3
must be satisfied.
3
In our case, Tr(a'') = 1 and the condition Tr<'k2 ) = Tr(1)
is fulfilled. k3
Transforming the cubic a3+a a16+a3 =0
into z3+z+a10 =0 using a = a8z

we can obtain the roots of the cubic from Table 4.3.2.1.,

i.e. corresponding to a1o, we have:
o’ o3 al?
Transforming back:
=2 o8 = &7 13 ,8 - 421 and

a4

a, =a ’a =a
3
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Now, any one of the obtained values of a (in our case,

aq = o'7) could be utilized in the equation:

2.k -
b1 +El b1+kh =0

i.e. by2+al b +a'® = 0
. " 18 _ 15
Using Table “+.3.3.1.1., we have from g = o 7, two roots
3
a21 and a25. @
Transforming back:

Using the equation:
_ 2 2
fly) = (y +ay+b1)(y +ay+b2)

and the quadratic look-up Table 4.3.3.1.1., we obtain:

2 2

y +ay+b, y +ay+b2
y2+a17 y+a7 y2+a17 y+a11
y1 = 0.29 Y3 = o
10
Transforming to obtain the error locations
=1 26 _ 17 x. = 1 +a26 -
1 2
X, = 1 +a26 = as X, = 1 +a26 = a23
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The choice of any value of a at the beginning would have

provided the same results.

4.3.5.3. A table look-up approach could also be adapted to
determine the roots. To illustrate this technique,

we will deal with the same previous example.

After the first transformation, we obtained:

L 16 2 3 18

y +o y+o y+o

Transforming again, using y = za8, we get:

ZH+ZZ+G1O z+a17

From the table-look-up 4.3.5.2.1., the roots for

k3=a10 and kh=a17 are:

0, o2, 21, o2

Transforming back:

8 9 82 _ 10

yy =a o =a Y, = a’0” =0

y, = 8,21 = 429 y, = B2 =

Then, applying the transformation x = % + a26,

we secure the locations of the errors:

5 N7 .23

a, 07y, @& ', O
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Making use of a table-look-up, because of its simplicity, is
a technique that should be considered when determining the
roots of a polynomial.

Table 4.3.5.2.2. and Table 4.3.5.2.3. were developed for
n=2u-1=15 and n=26-1=63, respectively.



Irreducible polynomial:

Look-up Table 4.3.5.2.1.

4 2

f(z) = 2 +2 +k3 z+ky,

-89

n=27-1=31

1+x"+x

5

kq ky, Roots of f(z)

a5 as 1 a7 a8 a21
a5 a24 o a12 a16 a26
a5 a29 0‘2 a3 a10 a14
5 420 o o I3 420
a5 a26 u6 a17 a19 a15
a5 a16 a9 a18 a23 a28
a5 a30 a11 a24 a27 0L3O
a9 a9 1 a2 a13 025
a9 a5 o a9 a11 a15
a? a6 a3 aLP a8 a22
o a23 a6 a23 a26 O‘30
a9 ah a7 a1o 0LQO a29
o 0‘22 a12 a17 a27 a28
a9 a15 a16 a18 a19 GZH
OL1O o‘10 1 014 a16 a11
a1O 0‘17 o a2 0121 m2h
0L1O a21 a3 a7 a12 0L}}O
.10 27 au a6 420 a28
0L1o o a5 0‘18 a25 u15
a1O a29 a17 0t2.2 a23 a29
a1o a9 a8 a1o a26 a27
a18 a18 1 ah a19 a26
o 18 o 30 a o’ o’ v
a18 0L1O a2 0L18 a22 a30
a18 a13 a3 a23 QZH a25
a18 a12 016 a8 0113 0L16
a18 a8 u9 a1h OL20 a27
a18 a15 a12 a15 a21 a29
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n=27=31

3 ky, Roots of f(z)

0L2O 0‘20 1 o a22 0128
0120 a3 a2 ah a11 a17
0L2O a27 a3 a13 a15 a27
oLZO a2 GS 0L1O u19 a3o
a20 a11 a6 a14 aZH a29
OL20 u23 a8 a9 oL12 a25
a20 18 a16 a20 Ol21 a23

Look-up Table 4%.3.5.2.2.
f(z) = zh+z2+k3 Z+kh
n=24-1=15
Irreducible polynomial: 1+x+xLP

3 k4 Roots of f(z)

a5 as 1 a3 a5 a12
a5 a7 o a6 a7 a8
a5 a13 a2 aLF a9 a13
L0 | 10 | N 10
0L1O a1# o a2 a12 a14
0L1O a11 a3 ah a8 a11




16" w® a® a” Ln° 6° [0}
85" w2 | e® |o”® 8" 6° | 6
09" ng® | eg” 6° 9€” 6° |8

e’ R A L° ge” ¢° | ¢

::6 mma wa @6 ONG mB 9
19° | 48”95t | & es” 6° | 4

92" €2® | 4° €° 9" 6" | M
eg® | e® | ® | e° gs” 6° | ¢

w:a mma Fra 0 :ma ma 4

o:d mma ma L md md l

65" €6® b we®  fog® 0s" bl s
29" | on° |ee” |ec” o Lo
LE° e |22 |ie® en Y
150 on° | 1€®  |o2” e2” bojek
19" gs® | 41° |[s1® Ge° Lol b
5e® ee® g |al”® o oot
0s” wl e 12° b6
L6"° w° ] e® lo”® N L] 8
6H° gn” | wL° 9" HG" |l
09" ss® | ex® §° LE® b9
2c® 9 | 61° | &° 1" LS
96" ne" A ¢® L2’ b
1" 9t | €1” 2® 6° Lt
Nm.b wma @6 0 wma P N
oc® 01" o® L 1 Lol

(2)I 3o sjoo0y iy tx

©N+N+_ t:TetwoudTod STqTIONPOII]

monenom

fi+z mx+mm+:n = (2)3

*€°2°G6 € h oTqe] dn-joo7]

48~



T QI §
M F =

O ~J O\ Fw N -

- \O
o

— e b e ok
WMUEF W -

Vi F W D =

-88

_~6

n=2"-1=63

kq ky, Roots of f(z)

9 | 453 S 1g22 (e |38
9 23 .16 428 mg:m “ 59
o2 61 W 20 30 waww i o
o9 o6 | 420 o9 hpmo 452
Qo QMQ | QN@ me wgrw | Q:m
L8 | 418 L 10 117 | oM
.18 o3 o o mpwo | 43
o 18 o5 | 2 o Mamm o33
A RN D
o o o a a o
.18 o 31 o5 o2t 1 426 439
18 | 412 6 oI wgrm 52
18 1w .8 I 59
AN R
o o o a WQ. a
.18 o3 W13 a2l | 428 o
18| 49 15 | a8 ¥ | W57
W18 | 433 520 | 38 w o8 | R
HE R REE
o o o o _Q. o
Qwé ng 1 ng M pmm Qmw
o 3 o+ o 539 o 423
531 27 o2 | a0 538 0
31 25 o3 oM 20 o
o3 o1 o .18 21 oI



file:///OONU

M+ O — 4
Lo N R Vo U Fa N Vo MR T S R 4
3 8 83 8 83 85 8 8 8 ¥ B8 U B8 B B

o~ v~ —
L' W oV INAVo I T

w0 o g
4 o &

[y
™M
QY

o

O O M
4 o+
B
™M N O O O
NN F AN
O N M Y © \n I~
- — - - v~ QN
(s BV o o N M 0 -
4 v A M~ A - -

0]
n

I - 'a W )N
- o~ ~ —

o O o
4 O
O~ ©O
4 o 4
N M O DO
3 8 83 53 83 8 8 8 8 B8 B8 8B 8 ©
N WO O I
(S VI oV ol Vo
83 83 8 8 83 8 8 8 8 B3 8B 9 B B B

T 3 8 8 v 8 8 8 8 8 8 B8 8 8 8

I
™
o
N
O
™M

O O O O W WO W WO WO Y WO O W WO O
N MO M NNMNNNNMNYN MM
g 838 83 3 8 83 83 8 8 ¥ 8 8 © B B

O ~ & M F I
ON ™ ™ + v™ &« v

- O ™M F+ W 0 O~

O O~ I~ O o N
S 4+ N0 0 O T+ M

3 8 8 8 8 B8 v B3 ©8 B

e 0]
n

-
\O
1
wn
o
=g
.-
n

o
wn
O
™M
wn
N
O
(aV]

-—
o
o~
oV}
=
(gV]
-~
O

(oo}
-y
™
™
A

™

oM
-
(e o]
QM
(o)
q\!

oo O~
- - -

O O~

o) N
QY
n

o
[e @)
1

8 8 8 8 8 8 8 U © ©

O
(qV)
o\
(8!

o
(Y}
O
-~
O O~
- ™M

0\
4
-
=y

8 838 83 3 83 8 8 8 U8B B
83 83 3 83 8 8 8 © ©B B
3 83 838 3 8 8 8 8 © 3B

1
o
g
—
N O O
o
=

— - T T - T
M N oo N NN

3 3 83 8 8 8 8 © © B

3

-—
o)

O +~ A ™M 4+
~— — — = —

(o)}

O O

-
A

(2)3 Jo sj3ooy

28]
L

mour-om

68-



-90

26.1=63

n=

W O N Mg OO0~ 3+ 0 O
mm:mu\d\o:md‘U\\o\n:\O\n
3 3 8 3 3 83 8 8 83 8 8 8 © B

AN O OV = "IN Ol ~ O
\Ta - R TN 4 v o 4 F
3 8 8 8 3 8 8 8 B ©

6

- OO O
- -

6
59

I \O.-'.f‘\.r\OCOv—

li5

o
o

o~ .d‘-('\l,:fm
™

6
23
31

(@
"

o o ™M o+ & 0" o wn ™ T
—~ 665658666666666 6666666566
S
G
G~ - ,:1- O OV =IO N O ~ ™M o\ v« O O N ™M o -
o Tal W NN NN~~~ N N T NN T N F T 0NN
656666666666666 3 83 83 8 8 8 8 8 ©w ©
/7]
]
3
m ONM\ON:\ON o -
(oY, 4 O - -~ - NN N MW\ O O ~
v—t&ﬁdddﬁbdddadda - 3 83 8 83 8 8 B 8w ©
[ ToN \ool\\oﬁ:mrm O O N "™ NN O N~ N0 T
=4 4 O~ 4 O NN — 0O « I N NN O N YN N
X 3 83 83 8 8 8 83 8 8 8 3 B 8 B B 3 8 83 83 8 8 8 B B T
[ S S T o M 5 S o S o Y no S S N 1o NN o N A 08 L To R Vo N o N Vg N W N Vo N Vo R V' N V' N T
22 g4 44 4 +FF 4+ &£ F F S F+ F F F F Vo W Vo W Vo N Vo N Vo N Vo N Vo NI Vo NI Vo NI Vo
] 3 8 83 8 8 8 83 8 8 v v B B © B 3 8 8 838 3 8 83 8 B ©

O ~ N ™M 4 0
— N N F NN O NO ON e - - o = e

o
- QN M F O NSO O\




—_ = ad -
VT FWw D -

o ~J oWV FwnNn =

= O
(@

— b b b b
VT F w D =

VT F w =

n=2

-91

|._H®w

Ww Ky, Roots of f(z)
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4.3.6. Solutions for quintics: E5]

This case was developed by R.T. Chien, B.D. Cunningham,
and I.B. Oldham {35] , and will be described through

the following example:; where:

n=25-1 = 31

and the Galois field GF(25) is constructed according
to the logic a5=1+a2.
Assuming that the all-zeros polynomial was sent and

the following sequence was received:

xrx+x +x D+ x??

which represents the error locations. The first step,

as usual, consists of finding the syndromes:

S1 = a22 S7 = a5
s, = a'? 3y = o23
85 = a30

Using the Berlekamp or Peterson method, the error

locator polynomial is:

5 22 4 283, 21 2 28x+a22

o(x) = Xx’+0““x +a” x"+0° x“+a
. . _ 21 _ 24
a) Using the translation x = y+g = y+a© ', we
28

o
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eliminate the quadratic term:

7o+a2 7y 4283401854415

y yta

b) Then, inverting, we eliminate the cubic term:

u5+a3uh+a1 3u2+a1 21.14-0.1 6

3

¢) Using the translation u = z+o’, we eliminate the quartic

term:

22+0' 322 +q

It is always possible to reduce a quintic of the form:

5

o(x) X +o1xh+c2x3+o3x2+ohx1+05 into

&y5+Gy3+Hy2+Iy+J

F(y)

with G or H equal to zero (Ref. 3, p. 255)

In our case, we will perform a final inversion to obtain:
f(z) = 294012534430

Assuming f(z) to have five distinct roots, we may write:

f(z) = (z3+az2+bz+c)(zz+az+d)
where a2+b+d = a12 = G (1)
ad+ab+c = O (2)
bd+ac = O (3)

cd=0ol =7 ()
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If C1 is an entry in the quadratic look-up table 4.3.3.1.1.,

we may deduce:

_C_]._=C1 or c =J
32 a2C1
From (1) b = G+a2(1+C1)
From (3) 35(1+C1)+a3G+J =0 (5)
2
Cy
From (2) a5+a3G+g_ =0 (6)
Cy
3 JB
(5) and (6) imply that a° = —s
e,

where B = 1+c1+c12

In our case, choosing C1 from Table 4.3.3.1.1. as being equal

to a23, we obtain:

a3 = a3oa1o = a21 or 2=a7
a12a23x3
Then, 4 = a6, c = a24, b = a25
Therefore, we obtain:
(z+a’ 22+a2° z+a24)(22+a7 z+a6)

Using both the quadratic look-up Table 4.3.3.1.1., and the cubic

Table %.3.2.1., five roots are obtained:

2, o, o, @1, o2
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Transforming back, we secure the location of the errors as:

X, x5, x7, x15, x25

A certain amount of searching in the quadratic look-up
table is necessary to determine a 'C1' that will provide an
'a', which is a common solution to both (5) and (6).

Because of the transformations and the search, it might be
worthwhile, in the quintic case, to use the theorem described
in Section 4.3.1. lowering initially the degree of the poly-
nomial under consideration.

By adapting a Table look-up (%.3.6.1.), it is possible to

immediately determine the roots of the quintics

25 s o132 4

a o

as being equal to

Transforming back:
3

a) u = z+a

0‘20 25 15 18

y 07y a7, 0 T, 1

b) Inverting: a11, a6, a16, a13, 1

c) x= y+u24; the locations of the errors are determined and

equal to:

025, a7, as, o, a15
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Look-up Table 4.3.6.1.
f(z) = z5+k3z2+k5
n=27-1=31

2,5

Irreducible polynomial: 1+x7+x

k3 k5 Roots of f(z)

1 1 N o2 o o8 o6
o a1? a6 u22 a23 a25 a29
a2 aZ# a12 a13 a15 a19 a27
o3 o’ o2 a3 o’ 2 al?
a4 ai? a7 a23 a24 26 0L3O
a5 0L29 0L28 0‘13 014 016 0"20
a6 0L1O u3 uh a6 0L1O a18
a7 a22 1 a8 a24 a25 a27
a8 0‘3 a14 a15 a17 a21 a29
o’ o'’ aLf o’ a0’ ol ol
a10 ! 0L27 o a9 a25 0"26 0‘28
a11 a8 015 a16 0L‘|8 a22 0t3O
0L12 0‘20 a5 a6 a8 a12 0LZO
a13 o a2 0t10 a26 0127 a29
a14 a13 1 a16 a17 a19 c"23
o1 | a25 o® a0l a? MEI P
016 a6 a3 a11 a27 0‘.28 a30
17 a18 o a17 a18 OL.?O a24
a18 0‘30 a7 a8 0L‘IO a14 a22
REREE 1 a1 428 429
GZO 0‘23 a2 a18 a19 a21 a25
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CHAPTER FIVE

Conclusion

a)

b)

This thesis leads to the following conclusions:

The decoding of binary BCH codes involves finding the
sigmas of the error-locator polynomial o(x) over GF(2%).
In this context, when choosing a technique to obtain the
sigmas of the error-locator polynomial for t not exceeding
three, it is preferable to use the Peterson approach instead

of the Berlekamp, if it is possible to store the various

expressions for the sigmas efficiently.

Once the error-locator polynomial o(x) is determined, to
get the error locations the roots must be found. In this
case, practical results have been found.

We have proved that the roots of the quadratic x2+x+k2,
over GF(2m), can be found by solving a set of simple
simultaneous equations.

In the cubic case, x3+x+k3, we have shown that when using a
table-look-up approach, we have, at most, % values of k3 to
consider.

We have established that the gquartic x4+k2x2+k3x+kh over
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GF(2™) does not have some or all of its roots in GF(2%) if
3
Tr (kz ) £ Tr(1).

2
k3

We have demonstrated that for polynomials of the form:

£(x) = x®+x® 24x_x2" 3410, 22 e +k a 3 U

3 L a

If a table-look-up is used, then the number of combinations of

kyky, ... k, to be stored is ¢ (2m3a-2 .

Finally, we have developed some look-up tables.
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LIST OF SYMBOLS

BCH Bose-Chaudhuri-Hocquenghem

d . Minimum distance

min

e Number of errors

E (x) Error polynomial

GCD Greatest common divisor

GF Galois field

g (x) Generator polynomial

I Ideal

k Information digits

ki Coefficient of error locator polynomial
LCM Least common multiple

MDS Microcomputer Development System

mj(x) Irreducible polynomial of minimum degree
n Code length

Po Transition probability

d, Probability that a transmitted symbol will be

correctly received

R Ring

R(x) Received polynomial

Sj Syndrome (Power sum symmetric function)
Tr Trace

t Number of correctable errors
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Hamming weight

Elementary symmetric function

Coefficient used in the Berlekamp procedure
Auxiliary polynomial

Coset leader

Field element

Identity element

Error locator polynomial
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