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Summary

Voltage-driven translocation, the core concept of nanopore sensing for biomolecules, has
been extensively studied in silico and in vitro over the past two decades. However, the
theories of analyte capture are still not complete due to the complex dynamics resulting
from the coupling of multiple physical processes such as diffusion, electrophoresis, and

electroosmotic flow.

In this thesis, I build and design translocation simulations for analytes ranging from
point-like particles to rod-like molecules and long flexible polymers. The primary goal is to
test, clarify and complete the existing capture theories. For example, we revisit and revise
the existing definitions of the capture radius, clarify the concept of depletion zones, and

investigate the impacts of the flat field near the pore.

Earlier theories of translocation underestimate the importance of the electric field out-
side the nanopore. In our work, we analyze the non-equilibrium dynamics during the cap-
ture process originating from the converging field lines, i.e., rod orientation and polymer
deformation. We characterize the rod orientation and quantify its impact on capture time
both with and without Electrohydrodynamic interactions. We investigate the polymer chain
deformation and calculate the translocation time by taking the electric field outside the

nanopore into account as opposed to the conventional simulation approaches.

Besides nanopore sensing, there are many undiscovered possibilities for nanopore trans-
location technologies. We test two proof-of-concept ideas in which we suggest to use capture
and translocation to separate molecules of different physical properties. For example, we
show how one could selectively capture particles sharing the same mobility but different
diffusion coefficients using a pulsed field. Moreover, we demonstrate that it is possible to
build a ratchet using pulsed fields and a nanopore to change the concentration ratios of a

polymer mixture of different sized polyelectrolytes.
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Résumé

Le concept de translocation dirigée par une tension électrique pour la détection de biomo-
lécules a travers des nanopores été largement étudié, tant in silico que in vitro, au cours

des deux derniéres décennies.

Cependant, les théories sur la capture des analytes ne sont toujours pas completes
en raison de la dynamique complexe qui résulte du couplage entre de multiples proces-
sus physiques tels que la diffusion, ’électrophorese, 'EOF, etc. Lors de cette these, j’ai
construit et concu des simulations reproduisant la translocation d’analytes comme des
particules ponctuelles, des molécules en forme de batonnets ainsi que des polymeres longs
et flexibles. L’objectif principal est de tester, de clarifier et de compléter les théories de
capture existantes. Par exemple, nous avons revisité et revu les définitions existantes du
rayon de capture, clarifié le concept de zones de déplétion, et étudié les impacts du champ

électrique pres du pore.

Les théories antérieures sur la translocation sous-estiment 'importance du champ ten-
sion électrique en dehors du nanopore. Dans nos travaux, nous avons analysé la dynamique
hors-équilibre, provenant des lignes de champ convergentes, lors du processus de capture,
c’est-a-dire 'orientation des batonnets et la déformation du polymeére. Nous avons carac-
térisé l'orientation des batonnets et quantifié son impact sur le temps de capture a la fois
avec et sans les interactions électro-hydrodynamiques. Nous avons étudié la déformation de
la chaine de polymeres et calculer le temps de translocation en prenant en compte le champ

électrique a l'extérieur du nanopore contrairement aux approches de simulation classiques.

Outre la détection, il existe de nombreuses possibilités encore non découvertes pour les
technologies de translocation utilisant des nanopores. Nous avons testé deux idées concep-
tuelles, utilisant la capture et la translocation, et permettant de séparer des molécules
ayant propriétés physiques différentes. Par exemple, nous avons montré comment capturer
sélectivement des particules partageant la méme mobilité mais ayant des coefficients de
diffusion différents en utilisant un champ pulsé. De plus, nous avons démontré qu’il est
possible de construire un rochet utilisant des champs pulsés et un nanopore pour modifier

les rapports de concentration d’'un mélange de polyélectrolytes de différentes tailles.
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Introduction

Polymer translocation plays a crucial role in a wide variety of biological processes such as
mRNA transport through a nuclear pore or a virus being injected into a cell. In the past two
decades, the concept has been used in nanopore sensing to detect, recognize, verify, qualify
or sequence biomolecules such as DNA/RNA| proteins, and other polyelectrolytes [?, 1-9].
In general, as shown in Fig 1.1, translocation usually features a nanometer-sized hole in a
solid-state wall or a biological membrane that separates the system into two chambers. The
analytes are placed on one side of the chamber and an electric potential is applied across the
system via two electrodes to transport the analytes through the hole. This process is called
translocation, during which molecules displace the solvent and block the ionic exchange
through the hole. The resulting current blockages are measurable and their signatures are
congruent with the properties of the analyte such as size, structure, concentration, and so
on. Compared to conventional approaches, nanopore sensing is fast and inexpensive. The
electric-based label-free translocation enables detection without any modification to the
molecule. Moreover, single-molecule translocation allows one to focus on the properties of

an individual molecule, rather than the averaged behavior of a molecular population.

At the time I started my PhD in 2016, my supervisor proposed to me several potential
projects about translocation and capture. I was immediately intrigued by the simple but
brilliant idea and excited by the latest progress in the field. Upon that time, most of the
research efforts were spent understanding the translocation process. During the capture
process (Stages I and II in fig 1.1), the charged polymers need first to diffuse into the
region where the strength of the electric field is strong enough to attract them towards
the nanopore entrance, and finally, one end of the polymer needs to find the pore. The

dynamics of the polymers are governed by multiple coupled physical quantities such as the



FIGURE 1.1 — Schematic plot of a voltage-driven translocation setup. Two types of mole-
cules are shown here in green color as examples ; the surrounding charged particles are coun-
terions (red) and coions (blue). The background colors code for the electric field strength,
the darker the higher the strength. The curved line depicts the capture radius A.. The
arc arrows indicate two stages during capture : I Analytes diffusion towards the capture
radius ; IT Field-driven drift towards the nanopore. ¢, and r, are the length and radius of
the nanopore.

electric field, diffusion, electrophoretic drift, concentration, charge, Electroosmotic flow,
interaction with the nanopore and the membrane, etc, which is non-trivial and not com-
pletely understood. Therefore, we decided to focus my work on understanding the capture
process using theoretical analysis and "computer experiments'. This thesis will be presen-
ted as a collation of published peer-review journal articles or ongoing manuscripts of my
works. Before getting into the specific research topics in later chapters, it is necessary to
first present a short review of the development of nanopore sensing using translocation in
the past two decades. But to avoid repetition with the more detailed and topic-specific
sub-introductions in the various results chapters, this Introduction focuses on summari-
zing key concepts related to my work and providing a general idea of my research progress.

Detailed physical description of polymer models and simulation methods will be presented



in the following two Chapters.

1.1 History of nanopore translocation

Voltage-driven translocation was initially used for counting and sizing blood cells, na-

noparticles, and viruses [9]. The idea of using a nanopore to sequence a single-stranded
DNA molecule (ssDNA) first emerged in the 1980s [10] and then a series experiments were
conducted in 1990s to test the proof-of-concept idea [l 1-11]. The success in determining

the length and in distinguishing RNA from ssDNA using biological pores stimulated in-
tense research on translocation. The first nucleobase-level resolution was achieved in 2007,
but the ssDNA had to be kept immobile in a a-HL nanopore [15]. This is because the
translocation rate driven by electric forces is too fast for nucleobase resolution detection.
To slow down the translocation, Manrao et al. [16] bound a blocking oligomer to the DNA
template and unzipped it while transporting DNA through the nanopore. By using this
technique and a mutated MspA pore, they were able to successfully identify the sequence

of a ssDNA from the current recorded during the translocation.

Meanwhile, the rapid development of advanced nanopore fabrication technologies en-
abled the use of artificial solid-state nanopores. Compared to biological pores, the sizes of
the solid-state nanopores are more adjustable, and they have more stable mechanical, che-
mical, and thermal properties [5]. The use of solid-state nanopore accelerated the research

progress in DNA sequencing using translocation.

However, other than the high translocation rate, there are still other challenges that
need to be overcome to commercialize this tool for sequencing. For example, the wide
conformation fluctuations induce a very broad translocation time distribution, and the
capture and threading of exceptionally long molecules through individual pores is still
technically challenging. Beyond the sequencing applications, new ideas are continuously
proposed to use translocation for other sensing purposes such as biological screening, me-
dical diagnosis, protein profiling [?,6,7,17-19]. In particular, the detection and analysis of
small molecules such as ions, biomarkers, aptamers, RNA, virus, or protein fragments has

become another hot topic [3].

On the theoretical end, theoretical modeling provides an efficient and more controlled
way to study translocation dynamics in different regimes. Besides, cheaper and more po-
werful computers enable simulations as a third approach in addition to theoretical analysis

and experimental research. Muthukumar’s book on translocation offers a good introduction



to the physical background and summarizes important concepts regarding polymer translo-
cation [20]. Earlier theoretical works focused on finding the scaling law of the translocation
time vs polymer chain length : key results are described in several review papers [21,22].
The translocation process is not the focus of this thesis, but the tension propagation (TP)
theory has to be highlighted here because it unifies the results for the translocation time
scaling law [23-206]. The key concept is that the translocation of a polymer chain is a pro-
cess of tension propagation from the captured end to the free end along the conformation
of the chain. As a result, the translocation time is determined by the initial conformation
and the friction in the nanopore. The initially random conformations leads to a broad

translocation time distribution.

1.2 Capture theory

The capture process, on the other hand, is difficult to study directly from experiments
as the capture is not observed until the polymer enters the nanopore [27]. The most
approachable measurement for capture is the capture rate which is defined as the inverse
of the average time intervals between two successive events. The capture rates measured
from o-HL pore under a weak bias were found to be exponentially dependent on the
applied voltage [28] because a free energy barrier needs to be overcome to translocate
through the narrow nanopore. The capture rate is simply a function of the Boltzmann
factor of the difference between the applied electrostatic energy and the barrier height
p ~ exp[(¢AV —U)/kgT).

Nakane et al. [29] simulated the capture of DNA molecules by a cylindrical pore using
Monte Carlo simulations and found the dependence of the capture rate on the applied elec-
tric potential is exponential at low field but linear at high field. They derived a theoretical
prediction for the capture rate using the concept of a capture radius, which is defined as
the minimum radial distance A.(AV'), at which analytes can still escape from capture with
an applied voltage AV. Note : I convert their notations to ours for readability reasons.
At high field, the capture rate can be simply estimated as the diffusion-limited absorption

rate for an absorbing hemisphere at the capture radius [30], which gives
p =2wC,D, (1.1)

where C, is the concentration of the analyte in free solution. The capture radius A\, =
T AV
tpt2r, 7 4D

velocity pFE at the capture radius. Here p is the mobility of the analyte, D is its diffusion

is estimated by balancing the diffusion velocity 2D /r and the electrophoretic

4



coefficient and the electric field is from a rough estimation of the electric field from a thin
charged disc : for distances r > 27,
AV r
Erx— x L (1.2)
l,+2r, 2r?
which gives the linear dependence on AV. At weak field, the absorber is simply the pore
entrance and the capture rate is p &~ P(AV') x 4C Dr, where the probability for a molecule

to overcome the entropic barrier, P(AV'), is an exponential function of the voltage AV

The linear dependence of the capture rate on voltage was later verified by Chen et
al. [31] from an experimental measurement of the translocation of A DNA through a
solid-state nanopore under a micro-volt bias. They claimed to observe a micrometer-sized
depletion zone near the pore from the snapshot picture of fluorescent DNA translocation.
Using the measured capture rate they estimated the capture radius to be roughly the same
size as the depletion region, and thus attributed the depletion region to the attractive

electric field outside the nanopore.

Wong et al. [32] later revisited the problem with analytical calculations and provided
an alternative explanation for the depletion of long polymers near the nanopore that Chen
et al. observed. They assumed the electric field outside the pore is screened and ascribed
the depletion near the pore to the electroosmotic flow (EOF) of counterions induced by the
positively charged nanopore. Their calculations gave a depletion region roughly the size of

the radius gyration of the polymer.

Chou [33] analytically solved the steady-state electrokinetic equations for the capture
of charged particles by nanopores in the presence of the external electric potential and salt
gradients. They pointed out that the details of the electric field outside the pore plays a
key role in analyte capture. The salt gradients increase the electrostatic potential locally
near the pore thus can enhance the capture rate. They also illustrated that the EOF from
the charged nanopore can remove particles from the nanopore rapidly thus enhance the

analyte capture rate in certain salt conditions.

Wanunu et al. [31] experimentally investigated the dependence of capture rates on
polymer chain length and applied potential for the capture of a dsDNA into a solid-state
nanopore. They derived a point-charge approximation for the electric field outside the
nanopore (Fig 1.2a), V(r) = (r2/2(,r)AV, and stated that the transport of the analytes
toward nanopore is primarily determined by diffusion and electrophoresis. The authors
defined the capture radius as the crossover between the diffusion-dominated and drift-

dominated zones, which is equivalent to Nakane’s definition except for a slightly different



electric field approximation. They stated that for long DNAs (> 8 kbp), the capture rate is
dominated by the field and thus is independent of the DNA length. Otherwise, for shorter
chains, the capture rate is limited by the entropic barrier. The capture rate p increases with
the length of the DNA and has an exponential dependence on the applied voltage. They
also showed that asymmetric salt concentrations on the two sides of the nanopore (Cl;s
and C},) can enhance the electric field outside the pore. As a result, the capture radius is
expanded to A, = )\e% They demonstrated that this approach can effectively increase

the capture rate while maintaining the same translocation times.

Muthukumar [35] developed a general theory to describe the capture rate by incorpo-
rating both the barrier regime and the drift regime into one expression. His theory was
able to recover the experimentally observed electric field and chain length-dependent cap-
ture rates in the barrier-limited regime, and the chain length independent yet electric field
dependent capture rates in the field-dominated drift regime. He added the energy barrier
gain from the process of the polymer chain end finding the nanopore from a coiled state
in his calculation, which was missing in previous calculations. However, the capture rate is
derived based on the 1D Smoluchowski equation, thus the pore size did not appear in the

result. The contribution of the electric field outside the nanopore was also neglected.

Meanwhile, Grosberg et al. [36] focused on understanding the roles of diffusion and elec-
trophoresis in the capture process for the translocation of DNA or other polyelectrolytes.
They showed that electrophoretic mobility is not a direct result of the chemical charge on

DNA. Instead, it depends on the effective charge, which can be estimated from the electro-
_ pkpT
- D

simplify the electrophoresis of DNA to a point-like particle drift with an effective charge.

phoretic mobilities via Qs using the concept of the stall force. They were able to
Then they solved the steady-state concentration profile of DNA outside the nanopore from
the generalized Smoluchowski equation. They also offered an alternative way to define the
capture radius as the distance from which the time for the DNA to travel to the nanopore
by sole diffusion is equal to that due to the electric field alone. The capture rate predicted

by them agrees with previous experimental results.

The capture rate is influenced by numerous effects in real life experiments [37]. Sub-
sequent research on capture has focused on refining previous theories to match experimental

results by considering different experimental settings. For example, the electrohydrodyna-

mic coupling for rod like or coil-like DNA near the nanopore [38], the electrostatic inter-
actions between the polyelectrolyte and the nanopore [39,410], the entropic barrier to enter
the pore [11], the salt concentration [12], the osmotic pressure [13], the EOF [11,15] and
dielectrophoresis [16].



1.3 The Electric field

It is also worth mentioning that many of the previous theories treat the nanopore
as a point charge and thus the electric field outside is from a point-charge field (PCF)
approximation [27,31,34, 36,41, 47]. Unifying all the descriptions in our notations, the

electric potential outside a nanopore of radius 7, then is given by

2
= sy = Avle, (1.3)

r r

V(r)

where 7. = 1,/ (% + 7) is an electrostatic length defined from the pore geometry and
0V is the potential drop from infinity to the nanopore entrance. This gives a spherically

symmetric electric field as shown Fig 1.2a,
E(r)=-AV— 7. (1.4)

The PCF approximation is nonphysical when » — 0 as all the field lines converge to one

point the magnitude diverges.

Farahpour et al. [18] provided an alternative form of the electric field outside the pore
by solving Laplace’s equation in oblate spherical coordinates based on the work done by

Kowalczyk et al. [19]; this gives

V(¢ B, 0) = AV% arctan [sinh(¢)], (1.5)

p

where ¢ € (—o00,400), 8 € [0, 7] and ¢ € [0, 27]. The potential only depends on the oblate

distance ¢ (here in units of 7,). The corresponding electric field is given by

AVr,
r2cosh ¢ \/ sinh® ¢ + sin? 3

>

E((,pB) = - (1.6)

as shown in Fig 1.2b. Combining the outside field with a piece-wise uniform field inside a
cylinder, they were able to study the full process of capture and translocation of a polymer
through a nanopore using a hybrid lattice Boltzmann-Molecular Dynamics simulation ap-
proach. They observed an extension of the polymer chain conformation due to the electric
field gradient near the nanopore before the capture, and a compression after translocation.
They also concluded that the electric field outside the pore helps the polymer chain end

to find the nanopore.

Vollmer et al. [50] investigated the capture and translocation of a flexible polymer
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FIGURE 1.2 — (a-b) Electric field lines and equal potential contour plots for the Point-
charge field (PCF) approximation and the Exact field solved analytically; 6 is the angle
between the field lines and the wall, 7, is the radius of the nanopore (c¢) Schematic plot of
the capture of a rod-like dsDNA and of flexible polymers. Ry, # R, # R, are the radii
of gyration of the flexible polymers in the diffusion-dominate zone, drift-dominated zone,
and when one end enters the pore. (d) Comparison between the PCF wvs the Exact field
for different radial distances and various angles. The y-axis is scaled by the plateau value

EO = EPCF(Tp)-

through a nanopore including electric field given by eq. 1.6 in their Langevin Dynamic
(LD) simulations. They showed that the polymer chain can be either elongated, as seen by
Farahpour et al., or compressed, depending on the competition between diffusion and drift.
They adjusted the balance by changing the temperature in the LD thermostat. For higher
temperature simulations, the energy barrier at the nanopore is high, thus the polymer chain
is compressed while trying to enter the nanopore; otherwise, for lower temperatures, the

electric forces dominates the capture and the field gradient stretches the polymer chain. In



conclusion, the non-equilibrium conformations impacted the translocation time.

1.4 Thesis rationale

Despite the previous theories and simulations of the capture process, several questions
remain. The concept of a capture radius is still ill-defined. All the existing definitions give
the same length but the approximations are fairly rough. More importantly, although the
nanopore is the target, its size is not included in those calculations. On the other hand, the
depletion zone is experimentally reported [31] to have the same size as the capture radius,

but it is rarely found in theoretical studies.

Furthermore, the PCF approximation is used in most of the existing theories. When
you compare it with the exact field as shown Fig 1.2d, the two fields converge at large
distances, however, at short distances, the exact field saturates toward a uniform field
inside the pore, while the PCF diverges. Furthermore, the exact field presents an angular
dependence near the pore (~ 37,). The field strength is higher near the pore edge for
small angles. Does this play a role in the capture process? Also, the converging field lines
generate a gradient VE ~ 1/r®. One would expect orientations for rod-like stiff molecules
as well as deformations for flexible polymers when they are in the high field region shown in

Fig 1.2d. Those nonequilibrium components are often not considered in previous theories.

Lastly, current applications of polymer translocation mainly focus on sensing purposes.
Can we come up with new ideas and design a translocation system to serve another purpose

such as polymer separation (purification) ?

1.5 Thesis Overview

Computer simulations have many advantages for the study of the capture process. They
allow us to test the impact of certain theoretical approximations on a wide range of time and
length scales. However, in typical translocation experiments, the capture of analytes can’t
be observed until they enter the nanopore, let alone observing polymer conformations and
dynamics. Moreover, faster computer simulation techniques and more accurate simulation

models enable us to efficiently test new proof-of-concept ideas at a low cost.

My PhD work is devoted to understanding the capture and translocation of analytes
driven by an electric field using theoretical analysis and computer simulations. The inves-

tigations start with the capture of point-like particles, followed by rod-like molecules and



eventually long semiflexible polymers. The final goal of this thesis is to provide insights into
analytes capture and translocation. Following this general Introduction, a brief background
of polymer physics and simulation techniques is given in Chapter 2 and 3. Those are tai-
lored for readers not in, or new to, the field, to have quick access to essential information

to understand the results and discussions in the results chapters.

Chapter 4 focuses on understanding how diffusion and electrophoretic drift coexist
during the capture of point-like particles. We revisit the previous definitions for the capture
radius and clarify some aspects of capture theory. We revise previous definitions and provide
alternative ways of defining the capture radius using analytical calculations and Lattice
Monte Carlo simulations. In Chapter 5, we present a new Kinetic Monte Carlo simulation
algorithm to simulate the capture by mapping the 3D system onto a 1D lattice system. We
compare the capture of particles under the exact field and PCF approximation. We also

test a proof-of-concept idea for selectively capturing particle by using pulsed-fields.

Chapter 6 investigates the capture of a stiff rod-like polymer using LD simulations,
especially the orientational effects. We define an orientational capture radius to characterize
the orientation and qualify its effect on capture. In Chapter 7, we add Electrohydrodynamic
to the simulations by coupling LD simulations to a Lattice Boltzmann fluid to recover the
correct rod dynamics during capture. We also investigate the impacts of hydrodynamic
interactions and charge screening on orientation and capture for a rod with different charge

distributions.

In Chapter 8, we investigate field-induced conformational changes during the capture
of semiflexible polymers using LD simulations. The impacts of the electric field outside the
nanopore and of chain deformation on translocation times are also examined by comparing
different simulation protocols. Most interestingly, we test the novel idea of building a low

pass filter using a nanopore and a pulsed-field to selectively translocate polymers.

Chapter 9 summarizes the results from previous chapters and offers a more general
discussion and some ideas for future work. Appendix A is a manuscript written in col-
laboration with others. It proposes an empirical method to characterize and parametrize

anomalous diffusion, which is not directly related to the main theme of my thesis.
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Background

Polymers have been playing a crucial role in our life since the early days of mankind.
From naturally occurring polymers such as proteins, starch, and rubber, to synthetic poly-
mers such as polyethylene, Teflon, and nylon, the fields of polymer research in life science
and synthetic polymeric materials in industry have been thriving since the early twentieth
century. This chapter covers the fundamental theories of polymer physics from polymer
structures to polymer dynamics. The goal is to provide readers sufficient background infor-
mation to understand the dynamics of polymer translocation and grasp the core concept
of how I construct the polymer models for my simulations in later chapters. Of course in
the context of nanopore sensing, our attention here is primarily on showing the physics of

a single polymer chain and its dynamics in a dilute solution.

2.1 Polymer Physics

Poly-mers literally refer to molecules consisting of many identical parts connected by
chemical bonds. The repeating basic units are called monomers, the process to form a
polymer structure from N monomers is called polymerization, and N is called degree of po-
lymerization. Polymers fall into different categories depending on their physical properties.
For example, based on their architecture, polymers can be linear, cross-linked, branched,
or ring-shaped. There are also copolymers made of more than one type of monomer with

different orders (e.g. copolymers -A-B-A-B-).

In physics, coarse-grained polymer models are often used to predict the physical quan-

tities of interests for different times and length scales, thus neglecting the detailed local
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chemical structure. Similar to what most polymer textbooks do, I will start with the simple

ideal chain model.

2.1.1 Ideal chain (freely jointed chain)

Consider a single linear polymer of N + 1 monomers linked by N bonds of the same
length b. The instantaneous shape of a polymer chain in solution is called a conformation
(Fig. 2.1) and the maximum possible extension of the polymer chain is called contour
length, denoted as L. = Nb. The bond vector for the i-th bond is the difference between

the two position vectors of adjacent monomers R; and R;_4, given by
ri = Ri_|_1 — Ri, (2.1)

where the subscript i is an integer € [1, N]. Thus the end-to-end vector is simply
N
h=)>Y ri=Rnx— R (2.2)
i=0

If we assume the bonds can freely rotate in space and the beads can overlap, r; are inde-
pendent of each other, and the conformation of a polymer can be treated as the trajectory
of a random walker after N steps with the step size equal to the bond length b. For suffi-
ciently large NN, the probability distribution function for the end-to-end bond vector h is

Gaussian. In 3D space, one has

3 \¥? 3h?
V(b V)= (gryg) o9 (‘zw) - (2:3)

This gives an ensemble average of the end-to-end distance (h) = 0, and the variance

(h?) = Nb2. Instead of the instant chain conformation or contour length, the root-mean-
squared end-to-end distance h = \/(h2) = bN'/? can be used to describe the averaged
behaviour of polymer conformations : it is more useful to characterize the size of the

polymer chain.

Another useful metrics to characterize the size of a polymer is the squared radius of

gyration, defined as
R; = — Z(n —7p)? (2.4)
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(a) freely jointed chain (b) freely rotating chain

FIGURE 2.1 — A sketch of (a) a freely jointed chain and (b) freely rotating chain. The chain
is comprised of N +1 beads connected by N bond vectors 7y .}, the sum of which is the
end-to-end distance vector h. The angle between two adjacent bonds is 6.

where 7., is the position of the center of mass vector

R;. (2.5)

1 N
rcm:N_'_l‘:O

)

The radius of gyration is sometimes preferred to characterize the chain conformation,
especially when the architecture of the polymer is non-linear; for instance, for ring or
branched polymers, the end-to-end distance h is ill-defined. Another reason to choose R,
over h is that the definition of R, considers the position of all monomers, while h depends

solely on the position of two end monomers.

For an ideal linear chain, after averaging over all conformations, one gets

N 1
R2 = 2 — Z(R2). 2.6
(RY) =~ = <(h?) (2.6
Please note that we assume the chain is sufficiently large that N + 1 ~ N. Another
important fact needs to be mentioned here since the name "radius of gyration" gives the
impression that the shape of the chain is actually spherical. While that is certainly true if
one averages over many conformations, the instantaneous shape of the conformation is more

like a cigar with an aspect ratio of the three principal axes of R, is ~ 11.80:2.69 : 1 [51].
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2.1.2 Freely rotating chain

If we fix the bond angle 6 but set the dihedral angle free as shown in Fig 2.1, then the
freely jointed ideal chain becomes the freely rotating chain (FRC). The correlation between

bonds r; and r; reads

N i — i
(ri-7;) = b*cos1 0 = b2 exp [M], (2.7)
Lp
where L, = —b/In(cos#). The bond correlation decays rapidly with |i — j|. The decay
length L, is called the persistence length.

The mean squared end-to-end distance for the FRC now depends on the bond angle
and for large N we have :
1 + cos(0)
h?)y = ————ZNI?. 2.8
) 1 — cos(0) (28)

For § < %, the restriction on bond angle makes the chain more stiff : as a result, (h?) > Nb*.

2.1.3 Kratky-Porod chain

For linear polymers such as dsDNA, when L. < 100nm, the rigid backbone makes
the chain rod-like. Otherwise, when L. > 100 nm, the chain is overall flexible. In between
the two regimes, the polymer is semiflexible. The famous Kratky-Porod model is used to
understand the semi-rigid properties of such polymers. The idea is to constraint the bond

angle of the FRC to a small value. In the limit when 6 — 0, one gets

b b 2

Ly=—— o m—— 2 o Z
P In(cos 6) In(1-62/2) 62

b. (2.9)

The squared end-to-end distance can be obtained by a double integration of the bond

correlation function shown in eq. 2.7, which gives [52]
(h?) = 2L,Lc + 2L (exp (—Le/Ly) — 1) . (2.10)

In the long chain limit L,/L. — 0, eq. 2.10 reduces to
h? ~ 2L.L,. (2.11)

It is natural here to introduce the concept of the Kuhn monomer, an effective monomer that

contains m consecutive bond segments of length b. If we view the above polymer as a chain
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consisting N/m Kuhn monomers of effective size by = 2L, then L. = Nb = (N/m)b; and
Equation 2.11 becomes (h?) = (N/m)bz, which is simply a flexible ideal chain of N, = N/m
bonds of length by each. This new length b, is called the Kuhn length. In the short-chain
limit, L./L, — 0, one simply gets m = L. : the semiflexible chain is rod-like.

Similarly, one can check the two limits for the radius of gyration,

L,L 3 L L
2 c 2 ¢
Ry = =% —Lp—|—2L—pc <1—L’z ll—eXp (—L>D (2.12)

p

One gets R? ~ L2/12 in the short-chain limit and R} ~ L.L,/3 = Lcb;/6 in the long-chain
limit.

Now let’s come back to the example of dsDNA introduced at the beginning of this
section. The dsDNA has a persistence length of L, ~ 50 nm, equivalent to 150 base pairs,
while for a ssDNA, the persistence length reduces to L, ~ 2nm. For theoretical analysis
and simulations, although we use dimensionless units, the choice of parameters for the
polymer models has to be realistic. The physical properties such as the rigidity of the

polymers (i.e., L,) has to be treated carefully in our polymer models.

2.1.4 Excluded volume

In ideal chain models, monomers are allowed to overlap. In reality, monomers have finite
volumes and thus interact with other monomers that come close in the same region. This
is called the excluded volume effect. Similar to the expression for the end-to-end distance
of an ideal chain in eq. 2.6, the size of a real polymer also depends on a power law of IV,
which can be written as

Ry o< DNY, (2.13)

where v is the volume exponent that takes the excluded volume effect into account. Plenty
of works have been done to find the exponent v. The best known theory is the simple
argument first proposed by Paul Flory [53]. The idea is that the interaction energy from
the swelling of the ideal chain due to the excluded volume interaction should be balanced
by the entropic elastic energy to maintain the conformation in thermal equilibrium. When
we add the excluded volume Nb? to the ideal chain monomers confined in a 3D space of
total volume (h?)3/2 the interaction energy for the polymer is
Nv?

Uew  N= kT, (2.14)
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The free energy of an ideal chain with a certain end-to-end distance h is simply

h2
Ur ~ kgTn (¥(h, N)) ~ <5 ksT (2.15)
where kg is the Boltzmann constant and 7' the temperature. By minimizing the sum of
the two energies O(U,, + Up)/0h = 0, one finds that v = 3/5, which is called the Flory

exponent to honor his contribution to the field [54].

In practice, the impact of the excluded volume interactions has to depend on the poly-
mer/monomer size. Using dsDNA as an example, in the short-chain limit (L. < L), it is
impossible for different parts of the chain to collide without breaking the bonds, otherwise
when L. > L,, the chain is eventually a flexible polymer, thus the probability of intra-
chain interactions becomes significant. On the other hand, if we assume the size of the
backbone is infinitely small, then of course there will be no excluded volume interactions.

In fact, the critical size of the polymer for excluded volume to kick in is given by [54]
L~ b} /b (2.16)

For dsDNA as an example, b is the size of the backbone, which is roughly 2nm while the
Kuhn monomer size is by &~ 100nm; we then have a critical length L} ~ 2.5 x 10° nm,
which corresponds to 800 kbp. For ssDNA, b, ~ 3nm and b ~ 1nm, thus we get L} =~
27 nm =~ 60 bp.

2.2 Polymer Dynamics

In the previous section, we examined the static properties of polymers. Now it is time to
deal with polymer dynamics in a solvent. During translocation, the motion of the polymer
chain is mainly governed by diffusion and electrophoresis. In this section, we briefly review

the physical principles of polymer dynamics that are required for our simulations.

2.2.1 Thermal diffusion wvs drift

Let’s first consider a group Brownian particles diffusing randomly in a fluid. The concen-

tration C'(z,t) at position x and time ¢ is governed by the conservation law

0 0
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where the total particle flux is J(z,t). Fick’s law [55] states that the diffusive flux is

generated by a gradient of concentration,

oC
J(x,t) = —-D— 2.18
(0,0)=-D, (2.15)
where D is the diffusion constant. In the presence of a nonzero external force F' = —0U/0x,
with U the potential, eq. 2.18 becomes
oC
J(z,t) = —=D— 4+ Cu, (2.19)

ox

where v = F/v is the drift velocity, v = 67nb is the friction coefficient for a spherical
particle of hydrodynamic radius b (Stokes’ law), and 7 is the viscosity of the fluid. In the
stationary state % = 0, one gets

ocs  C*dU

—— =0 2.20
Ox v dw ’ (2:20)

Ji(z) =—-D

where the superscript s refers to stationary. From eq. 2.20, one obtains the stationary

concentration proportional to the Boltzmann factor of the potential energy,

C*(z) o exp <— Zg) | (2.21)

Combining eq. 2.20 and eq. 2.21, one gets
(2.22)

which links the friction coefficient v describing the resistance to the motion in a low Rey-
nolds number solvent to the diffusion coefficient D from the random thermal perturbations
from the fluid.

Instead of tracking a population of particles, one can always follow the dynamics of
a single particle. The motion of a particle moving along the x axis is governed by three
forces : (i) a dissipative force F'¢ due to the friction with the fluid; (ii) a conservative force
F¢ due to an external potential U(z); and (iii) a random/Brownian force F'? originating

from the thermal bath. Combining all of these forces, one gets the Langevin equation [50]

d? d d
m@x(t) = —’yax(t) — d—U(x) +Vv2D R(t), (2.23)
F C
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where m is the mass of the particle, kg1 the thermal energy and R(¢) a random function
that satisfies (R(t)) = 0 and (R(t)R(t')) = d(t — ). In cases where the viscous timescale
m/~ is much smaller than all other relevant time scales (such as the timescale over which
the conservative force F°(t) changes), the inertial term (lhs of eq. 2.23) can be neglected.

We then obtain the overdamped Langevin equation

yim) _ —d(lU(x) + V3D R(1). (2.24)

With eq. 2.22, we can rewrite the overdamped Langevin equation of motion as

d D d
—a(t) = _@7£U(x> ++2D R(t). (2.25)

2.2.2 Rouse vs Zimm polymers

Polymer dynamics can be treated as the collective motion of many particles each des-
cribed by the above Langevin Dynamics. Considering a bead-spring polymer chain without
excluded volume interactions or long-range hydrodynamic interactions (HI), the resulting
polymer dynamics are described by Rouse Dynamics. The total friction coefficient for a
polymer chain of N monomers is simply N~,, where v, = 67nb is the friction for a single
monomer of size b. Therefore the center-of-mass diffusion coefficient for the polymer is

simply
_ kgT

= Ny

The time for a Rouse chain to diffuse its own size Ry is called Rouse time, and is given by

D, (2.26)

RZ b2
~ = N = NP 2.27
TR p RT To , (2.27)
where 7, = Z"B—b;. For an ideal chain, v = 1/2 and 7, ~ N?, which contradicts the exponent

3/2 (theta solvent) observed in experiments. The reason for the discrepancy is that the
hydrodynamic interactions are not considered in the model. This makes the Rouse polymer
model useful only in situations where the long-range hydrodynamic interactions (HI), i.e.
the correlations between the dynamics of different parts of the chain as mediated by the

fluid, are screened. However, in other cases, long-ranged HI are not negligible.

The Zimm model demonstrates that the fluid in the polymer coil actually moves toge-

ther with the chain and they form an impenetrable sphere. The center-of-mass diffusion
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coefficient is then given by the normal Stokes relation

_kgT _ kT

D, ~ ~ . 2.28
nRg NV, ( )
The Zimm relazation time for the chain is given by
R? 71)2
o~ L~ N¥ =7 N¥ 2.29
=D, T kT T (2.29)

For ideal chains, 7, ~ N32 : this exponent is exactly what is found in experiments for
theta solvent. Zimm polymers diffuse faster than Rouse polymers and require less time to

relax, which indicates hydrodynamic interactions accelerate the dynamics.

In Zimm model, the polymer chain is a sphere that impermeable to the flow, the HI
decay as 1/r, where r is the distance from the center of mass. This introduces another
important length metrics to characterize the polymer chain conformation in dynamics

called the hydrodynamic radius, which is given by

1 1
Ry <!""j - Tz‘|> (230

For ideal polymers, R, ~ (0.665R,)?, which is simply because the beads at short distances

from the center of mass are weighed more in the above average.

2.2.3 Electrophoresis

The motion of charged macromolecules, ions, and colloidal particles in a fluid under the
action of an electric field is called electrophoresis. When a charged analyte is submerged in
an electrolyte solution, it attracts the ions with opposite signs (counterions) to neutralize
its surface charge. The concentration of the surrounding counterions is determined by the
strength of the electrostatic attraction and the entropic energy due to the thermal agitation
[57]. For a negatively charged colloidal particle as an example, the equilibrium charge
distribution at the interface is shown in Fig. 2.2 (a). The inner monolayer of counterions
that are attracted firmly to the particle surface is called the Stern layer. The outer layer is
called the Debye layer, where the counterions are free to move and the decay length of the

counterions concentration is called Debye length Ap. The Debye-Hiickel approximation [58]

€kZBT
AD = | ——— 2.31
b ZzN nz'qz'27 ( )

19

gives



where ¢ = ¢,¢, is the permittivity as the product of vacuum permittivity ¢, and the
relative permittivity e, of the medium, n; and ¢; are the number concentration and charge
of the i-th species. The Debye length depends on the salt conditions and temperature. For
example, it is roughly a few tens of nanometers in a monovalent-ion salt concentration of

1 uM at room temperature.

° (b)

Eoaa e Counterion
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(C) Ry < Ap

FIGURE 2.2 — (a) Schematic plot of the electric double layer for a negatively charged
particle of radius a ; the charged beads colored in red and blue are counterions and coions.
(b) Electroosmotic flow (EOF) near a charged flat surface under a field E ; the gray curve
indicates the flow profile which decays rapidly to zero at the surface of the Stern layer. (c).
Electrophoresis of an oligomer with a large Debye length (R, < Ap); the brown arrows
indicate the direction of motion in the reference frame of the solvent. (d). Electrophoresis
of a long polymer chain with a thin Debye length (R, > Ap) is driven by the EOF.

In the presence of an electric field, there are two different limits of interest to discuss.

In the large particle limit, the Debye length is thinner than the radius of the particles
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(Ap < a). The negatively charged particle surface can be locally treated as a flat surface
as shown in Fig. 2.2b. The counterions move in the direction of the field, which transfers
net momentum to the fluid and thus introduces a flow in the direction of the field, this is
the so-called Electroosmotic flow (EOF). The electroosmotic velocity of the flow is uniform

for distances > A\p and is given by [57,59]

u(o0) = ——F, (2.32)

where @, is the electrostatic potential at the charged surface (i.e. the Stern layer), n is the
fluid viscosity and FE is the electric field. The flow velocity decays within the double layer
and becomes zero at the Stern layer. Therefore, using the fluid medium as the reference,
the velocity of the particle is —u(o0). The electrophoretic mobility of the particle is thus

given by
u(o0)  ed,

ul:T: n

(2.33)

In the small particle limit, the size of the particle is smaller than the Debye length (a < Ap),
and the charged surface is not able to create a dense continuum double layer. The particle
can thus be treated as a bare point-charge particle. The friction from the fluid due to the

motion is directly balanced by the electric field
qF = yv = 6mnav, (2.34)

where ¢ = 4®,mea(l1+a/Ap) ~ 49,mea is the net charge of the spherical particle calculated

from the surface potential [59]. Therefore, the electrophoretic mobility of the particle in
the small particle limit is
2D,
py = L= =70 (2.35)
Y3

As we mentioned previously, the Debye length is typically a few tens of nanometers ; there-
fore A-size ions, nano-sized particles or folded proteins, and short DNA segments (< 20bp),
are all in the small particle limit. Figure 2.2c shows the electrophoresis of a negatively
charged short oligomer in this limit. The motion of the oligomer is solely due to the direct
electric force on the charged site. Otherwise, for long polymers, as shown in Fig. 2.2d, the
surface of the chain is locally like a charged plane with a thin Debye layer, and EOF passes
through the polymer chain in the field direction. By changing the frame of reference to the
fluid, the polymer is moving in the opposite direction of the field. Therefore, both polymers

are moving in the same direction yet via different mechanisms.
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2.2.4 Polyelectrolytes and DNAs

We previously discussed two different limits of particle electrophoresis by comparing
their size to the Debye length A\p, which is the decay length of the counterions density from
the charged surface. We note that Ap depends on the ionic concentration, the permittivity
of the medium, and the temperature. Here we introduce another length scale to characterize
the strength of the electrostatic interactions in a solvent and we then use it to introduce

the concept of Manning condensation.

Let us first consider a simple electrolyte solution consisting of fully dissociated mono-

valent ions. The electrostatic energy between two ions is

62

Uelr) = (2.36)

By balancing it with the thermal energy kgT', one gets the Bjerrum length

62

= — 2.
47T€kaT ( 37)

lp
If the separation between two ions is smaller than £g, the interactions between two ions
are strong; otherwise, there would be only weak or no interaction. Differentiating from
the Debye length we introduced previously, £5 solely reflects the solvent properties, which
are the permittivity ¢ and temperature. As a reference, g ~ 0.7nm in water at room

temperature.

Now consider a polyelectrolyte in water : the ionic groups dissociate to two opposite
charged ions, one is part of the surface of the chain, and the oppositely charged ion has two
options : If the charge density p. < e/ellp, the separation of the charges is too large for this
ion to remain on the polyelectrolyte : the counterions then move away from the surface.
Otherwise, if p. > e/ellp, the counterions accumulate near the surface to neutralize the
charges. This process is called Manning condensation. Considering a dsDNA in water at
room temperature, each basepair has a contour length of b, = 0.34nm and carries two
charges, which corresponds to a charge density p. ~ 4e/ellp > e/ellg. As a result of
Manning condensation, ~ 3/4 of the total chemical charges is screened, which give an
effective charge Q.rr ~ iQ. For ssDNA, b, = 0.43 nm, thus p. = 1.6¢e/ellg > e/ellg, thus

Qeff ~ 0625 Q
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Simulation methods : from
point-like particles to

flexible polymers

Computational modeling and simulations are powerful tools that allow us to track the
dynamics of specific systems. Those tools are widely used to study the dynamics of soft
matter and fluid systems. The biggest advantage of simulations is that they can help us in-
vestigate the effects of different components such as the structure of the analytes, external
perturbations, fluid dynamics, geometric constraints, etc., all over interesting time- and
length- scales. With that being said, the simulations are not only useful to explain the ex-
perimental results or understand the underlying mechanisms, but they also are convenient

test toolkits for theoretical ideas.

In the past few decades, various simulation techniques have been developed to study
polymer dynamics as summarised in this excellent review paper [00]. In general, there are
three categories of simulation methods : the first category is Molecular Dynamics (MD)
simulations with explicit solvent modeled by either atomistic/coarse-grained simulation
or mesoscopic fluid methods such as Dissipative Particle Dynamics (DPD), Stochastic
Rotation Dynamics (SRD), or Lattice Boltzmann (LB). The other category is Langevin
Dynamics (LD) simulations with implicit fluid : the polymer-solvent HI are thus simplified
to a frictional force opposing the motion, and random kicks arising from collisions with the
solvent. The third category is Monte Carlo (MC) simulations of a coarse-grained polymer
generally focused on the equilibrium properties of the system. Of course, with the deve-
lopment of new artificial intelligence techniques, new hybrid methods including machine

learning and neural networks are continuously proposed and vigorously applied in the field.

The goal of this chapter is to give a brief overview of the simulation methods used

to produce the results presented in this thesis. We will first introduce the Lattice Monte
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Carlo (LMC) approach used in Chapters 4 and 5 to study the capture of point-like par-
ticles. This is followed by the LD simulations used to study the capture of rod-like and
semiflexible polymers in Chapters 6 and 8. Finally, the LD simulations are coupled to a
Lattice Boltzmann fluid (LD-LB) to study the capture and translocation of raspberry-like
rods while taking into account electrohydrodynamics interactions (EHI) in Chapter 7 and

Appendix A.

3.1 Lattice Monte Carlo for point-like particles

The LMC algorithm in general is a convenient way to study the dynamics of point-like
particles with/without external bias if one can properly choose the time and lattice steps.
The point-like particles can be salt ions, small globular protein particles, or even polymers
if we can neglect the shape and entropic effects due to the conformational changes. Consider
a particle that undergoes unbiased diffusion on a 1D lattice (Fig. 3.1a) : the probabilities
to jump to the adjacent lattice site during a given time step are equal : for example we
can choose .

Py = 3" (3.1)
The corresponding time step for the jump is then simply the mean first-passage time to

arrive at the next lattice site [01] :

(3.2)

where a is the lattice step size and D is the diffusion coefficient of the particle in the
medium. Ideally, the smaller the lattice step size the closer the system is to a continuum
space, thus the more accurate the algorithm. However, a small lattice step is not always
feasible due to the limit of computational resources. For a given lattice size, to recover
the correct fourth moment of the particle displacement distribution function, one needs to

choose the probability of jumping [(2]
P =-. (3.3)

This gives the new time step 7, = 1/37. As shown in Fig. 3.1b, one has to introduce a

probability to stay put as

2
Po=1-P, - P =g (3.4)

to ensure the these probabilities sum up to 1 at each time step.
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(a) unbiased LMC (b) + P,

External force €

FIGURE 3.1 — Diagram of a 1D Lattice Monte Carlo (LMC) simulation algorithm. (a)
Unbiased 1D LMC. (b) Unbiased 1D LMC with a probability to stay put (Ps) added. (c)
Biased 1D LMC with probabilities that depend on the local external field e.

3.1.1 LMC under a bias

In the presence of a bias, the probability of jumping to an adjacent site has to be
impacted by the external force. The probabilities of jumping to the neighbor lattice sites
can be directly calculated via a first-passage time approach as if a particle diffuses between
two absorbing walls placed at the center of the two adjacent lattices sites (Fig. 3.1c) [61,63].
In absence of bias, the probabilities P, for the particle to be absorbed by either wall are
equal, as shown in Figs. 3.1a and b. However, if there is a weak bias €, the probability
for the particle to be absorbed by the right wall before the left one is P, (¢), which is a
function of the bias . Consequently, one gets P_(¢) = 1 — P, (¢) — Ps. The time step is
simply the mean time duration for the jump. Again, P, is introduced to achieve a higher
accuracy, which is particularly useful to ensure that we have correct jumps for all lattice
sites when the external bias is not uniform. This approach is used in Chapter 4, with the
biased first passage probabilities calculated by Hubert [63]. Here we show an alternative
approach with probabilities calculated from the stationary distribution function. We first

discretize eq. 2.21 onto a 1D lattice. Particles residing on lattice sites ¢ and ¢ 4+ 1 can jump
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between the two lattice sites with probabilities P;.;.1. To satisfy detailed balance and

ensure microscopic reversibility in the stationary state, one has

Cfp’i—n'—i-l = Of+1Pi+1—>i . (35)
Using eq. 2.21, one obtains
Piﬁi
2 oxp(Ae), (3.6)
Pi+l~>i

with Ae;=¢;11 —¢; and ¢,=U;/kpT (here U; is the potential energy at lattice site 7). As a
closure relation for these equations, we assume local dynamics under a weak force is still

valid, which can be written as
Pi—>i+1 + Pi-‘rl—n' = QDAt/az, (37)

where At is the time step to be used for the simulations. The end result is

2D 1

Py = 2 X HeX—p(Aei) x At, (3.8)
2D 1

PiJrlﬁi = x At. (39)

@ 1 + exp (—Ag)
Since the probability of not jumping during a time step, P,; =1 — P,;_ 1 — P;_;41, must
be > 0 Vi, we must have

At < 1/max[R;.i—1 + Ri—it1], (3.10)

where the hopping rates are R; ;41 = P;_;+1/At. Again, in order to achieve optimal ac-
curacy, the time step At = %Atmm can be chosen to insure P;_,; > % everywhere on the

lattice.

With the probabilities and time step information, the LMC algorithm can be used in

two different ways :

I) To study the motion of a given particle : Using the probabilities described above,
random numbers are generated at each time step to choose whether the particle will jump

over a length +a (the lattice step) in the x direction or stay put.

IT) To follow a population of particles on the lattice : one can also work with the time
evolution of the particle distribution instead of individual particles. The population of

particles on each lattice is governed by the master equation. The concentration Cl-j ot

26



lattice site ¢ and time step j+1 reads
CIM = Py yCLy + PysiCly + PyiCY, (3.11)

where 1, j are integers.

3.2 Langevin Dynamics simulations

The LD simulations presented in this thesis are all performed using the software package
ESPResSo 4.0 [64], which is designed for MD simulations to study the dynamics of coarse-

grained soft matter ranging from colloidal particles to macromolecules.

3.2.1 Coarse-Grained Polymer

The first step of the LD simulations is to create a coarse-grained polymer model. For a
linear polymer chain as an example, we first add N beads to form a self-avoiding random
walk (SAW) chain configuration. Then we add excluded volume interactions between the
beads to give them a finite size. The Lennard-Jones (LJ) potential is widely used to describe
how particles interact in a variety of physical systems. In general, it has two components :
the particles repel each other for short distances while attracting each other when they
move away. Of course no interaction exists when the separation between the two particles
exceeds a certain distance. Here we only need repulsive interactions; thus, by truncating
the potential at 7. = 2"/6¢ and shifting upwards the LJ potential by its minimum value e,

one gets the purely repulsive Weeks-Chandler-Andersen (WCA) potential [65]

4e [(2)12 — (‘:)6} +e forr<r,

0 for r > r,.

UWCA(T) = (3.12)

The WCA potential has a continuous slope which prevents an infinite force at r., and gives

an effective size of the "soft" monomer as o.

Secondly, to build the chain, we connect adjacent beads by a spring. The spring potential
is the purely attractive Finitely-Extensible-Nonlinear-Elastic (FENE) potential

1 r?
Urene(r) = _iKFENETg In <1 - 2) (3.13)
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with a spring constant Krgng. In contrast to an harmonic potential, the FENE potential has
a maximum extension ry. The combination of the WCA repulsion and FENE potential give

a mean bond length is (b) ~ 0.96 ¢ if one chooses € = kgT, 1o = 1.5 0 and Krpng = 30¢€/02.

Finally, to control the stiffness of the polymer chain an angular constraint is required.

We use the angular harmonic potential given by
UBend(Q) - %KBend (9 - 7T)2 5 (314)

where 6 is the angle between two consecutive bonds and Kgpq is the bending constant. As

we saw before, the correlation between two adjacent bond vectors (eq. 2.7 in Chapter 2)
_bli—jl
decays exponentially as e Z»r . When associating this with the correlations evaluated

—UBend/kyT

using the Boltzmann factor of the constraint potential, e , one gets an estimated
polymer persistence length L, /0 ~ Kpena/kpT [00], which can be used to guide the choice
of the simulation parameter Kp.,q. Please note, there are also other options available for
the angular constraint, such as the cosine angle potential, the harmonic cosine potential,
the tabulated angle potential. We chose the angular harmonic potential simply because it’s

straightforward and most commonly found in polymer simulations.

3.2.2 Langevin Equation Formalism

The LD equations for a single particle has been introduced in Chapter 1 under Sec.
2.2.1. For the sake of completeness, here I rewrite the equation and add all the bonded
and non-bonded interactions of the polymer chain model. The motion of each bead is thus

governed by
mv = VU(r) —yv + /27ksT R(t), (3.15)

where VU(r) = V(Uwca + Urgng + Upena + Ug) is the sum of the conservative forces,
Ug(r) is the external potential, m is the mass of a bead, v is the bead friction coefficient
and —vywv is the damping force from the fluid. The last term R(7,t) is the noise that models

random kicks from the solvent. The random variable R(r,t) satisfies

<R(T7t)> =0
(R(r,t)R(r", 1)) = 6(t — t)o(r — 7')

where §(t) is the Dirac delta function.
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3.3 Langevin Dynamics coupled to a Lattice Boltz-

mann fluid

In order to explicitly include the hydrodynamic interactions in my models, I implemen-
ted a GPU-based Lattice-Boltzmann method (LBM) to simulate the solvent dynamics and
I coupled it to the polymer LD simulations via a force scheme. The core of the method is
to discretize and solve the Boltzmann transport equation on a lattice [67]. Although T use
the LB solver built-in ESPRresSo package for all the simulations, it’s necessary to have a

look at the algorithms under the hood in order to use them sensibly.

For single particles, the Boltzmann transport equation can be written as
Of(x(t),u(t),t) =0, f+u-V,f+E.V,f (3.16)

with f the particle distribution function per unit phase-space volume; r, m and u the posi-
tion, mass and velocity of the particles; and F the external force. The term 0;(r(t), u(t),t)
describes the change in particle distribution due to particle interactions; it is zero for
non-interacting particles. For interacting particles, the above equation cannot be solved

analytically and thus requires a statistical treatment of particle collisions.

Discretizing the [hs of eq. 3.16 on a lattice, one obtains

where f;(r,t) is the number of particles with velocity u; at lattice site r at time ¢, 6t is the
time step and K;(fi(r,t)) is the collision operator. Subscript ¢ is the direction to the next
lattice site connected by vector u;dt. The velocity vectors u; have to be chosen such that

the new position r 4 u;0t is always on the lattice.

The choice of the lattice is flexible. ESPResSo implements the D3Q19 lattice model
for the discretized velocities in 3D systems. This includes a stationary (zero) velocity and
18 velocity vectors with 6 pointing to the nearest neighbor nodes, and 12 to next-nearest
neighbor lattice nodes. The mass density p, the momentum density j and the stress tensor

IT can be directly calculated from the distribution function :
18

p(r,t) = filr,t), (3.18)

1=0
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j(r,t) = Zfi(r,t)ui, (3.19)

(r,t) = > fi(r, t)uu,. (3.20)

i=0
The next step is to deal with the collisions between interacting particles. One of the
simplest choices is the linear collision operator K;(f;) = L;(f{?— f;), which assume the col-
lision linearly relaxes the populations to the local equilibrium f;?, where L; is the collision

matrix. The equilibrium distribution f;? can be written as [(5]

. u-¢; uu:(ce; —c*1)
fif(pyw) = wi |p+ —5=p+ i p (3.21)

where the speed of sound ¢, depends on the mesh property, w; is a weight to be tuned such
that the LB model recovers the macroscopic Navier-Stokes equations. To satisfy mass and

momentum conservation, Y, K; = 0 and >, K;u; = 0 must satisfied, respectively.

The last step is to connect the fluid dynamics and the LD description of the analyte
shown in the previous section via a force coupling method. The coupling is implemented
via a friction force

F, = —y(v—uw), (3.22)

where 7 is the friction coefficient, v is the bead’s velocity, and w, is the fluid velocity at
the bead position. The key step is to replace the second term on the rhs of eq. 3.15 with
F.,. To conserve the momentum of the overall system, fluctuations need to be added to
both the fluid and the monomers ; for the fluid, the fluctuation can be added to the stress
tensor [09]. Similarly, if you apply an external force VU (7) on the monomers, the opposite
force =V U (r) is also needed for the fluid. As a result of coupling, the hydrodynamic radius

of a individual bead is given by

1 6mn  6mg

= —+ — 3.23
R~ o T a (3.23)
where a is the lattice size and g = 0.04 is the constant for the interpolation scheme

D3Q19 [70].

Lastly, in the simulations presented in Chapter 7, counterions and salt ions are included

in the simulations. The electrostatic energy between two charges ¢; and g; separated by

945 .
r

¢ = UpkpT/e? with the Bjerrum length (5 = €2 /4nekpT, and ¢ is the permittivity of the

media. The electrostatic interactions decay very slowly as 1/r. If you have N interacting

r is governed by the coulomb potential Ug(r) = ¢ here the prefactor is given by
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particles, the total electrostatic energy is challenging to compute and not well defined in
the presence of periodic boundary conditions. In ESPResSo, the particle-particle-particle-
mesh algorithm (P3M) is used to deal with periodic boundary conditions for the slowly
decaying long-range electrostatic interactions between charged beads. The core idea of the
approach is to split the Coulomb interactions into two components and sum the short-range
force on the normal coordinate and the long-range force in reciprocal space using Fourier

transformation. The detailed derivation can be found in Refs. [71,72].
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ABSTRACT

Analyte translocation involves three phases: (i) diffusion in the loading solution, (ii) capture by the pore, and (iii) threading. The capture
process remains poorly characterized because it cannot easily be visualized or inferred from indirect measurements. The capture performance
of a device is often described by a capture radius generally defined as the radial distance R* at which diffusion-dominated dynamics cross
over to field-induced drift. However, this definition is rather ambiguous and the related models are usually oversimplified and studied in the
steady-state limit. We investigate different approaches to defining and estimating R* for a charged particle diffusing in a liquid and attracted
to the nanopore by the electric field. We present a theoretical analysis of the Péclet number as well as Monte Carlo simulations with different
simulation protocols. Our analysis shows that the boundary conditions, pore size, and finite experimental times all matter in the interpretation
and calculation of R*.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5134076

I. INTRODUCTION

The field-driven translocation of a charged analyte across a o X N
nanopore' " has been studied extensively over the past two decades to bring it from r to infinity is
due to its potential applications, especially for DNA detection and W(r) u
sequencing. Translocation involves three major steps for the ana- == V(r), (1)

- " . ksT D

Iyte: (i) diffusion toward the nanopore, (ii) capture by the electric
forces near the nanopore, and (iii) passage (or threading for poly-
mers) through the nanopore. The last step, which has been the
subject of numerous in vivo and in silico studies, is controlled by fac-
tors such as the electro-osmotic flow,"* pressure and concentration
gradients,“ 18 entropic effects,””" and electric forces.”'” However,

One way to estimate R* for a particle is thus to compare its
electrostatic and thermal energies. " ** The minimal work needed

where D and y are the particle’s diffusion coefficient and elec-
trophoretic mobility, respectively, kzT is the thermal energy, and

V(r) = AVr—: @)

the diffusion-and-capture process remains rather ill-understood
because it cannot easily be observed; moreover, in the case of
polyelectrolytes, the interplay between the diffusion/drift and the
polymer conformational deformations complicates modeling.”"**

Ideally, a translocation device should have a large capture zone
and a high capture rate.">'”*’ The former is generally described by a
quantity called the capture radius, R*, which is typically reported”*
to be ~um. Theoretically, R* is loosely defined as the radial distance
at which diffusion-dominated dynamics (at large distances) crosses
over to drift-dominated dynamics (close to the pore) in a steady-
state regime.

is the point-charge approximation'™”’** for the electric potential

at a distance r when a voltage difference AV is applied across the

system. Here, 7. = 1,/ (%’ + m) is the characteristic length of the
P

electrostatic potential outside a pore of radius r, and length 1.”* The
capture radius is then defined as the distance R* at which W(R*)
=kpT."””"* Using Eq. (1), this condition reads V(R*) = D/u. Given
Eq. (2), the resulting capture radius is

R* uAv

= D Te. (3)
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Alternatively, we can define the capture radius as the point
of no return'””>** (or event horizon to borrow an expression from
general relativity), i.e., the distance below which the particle can-
not escape the attraction of the pore. The field-driven flux at r is
simply

Je(r) = p(r)E(r)C(r), 4

where E(r) = dV(r)/dr is the electric field and C(r) is the particle
density. In this approach, the hemisphere of radius R* is treated
as a perfect absorber and the electric field is neglected beyond.
The diffusive flux of particles reaching this hemisphere from the
bulk is”>*

Jp = -DC,/R", (5)

where C, = C(c0) is the density in the undisturbed far bulk. The
capture radius R” is then defined as the location where the two fluxes
are equal: Jp(R*) = Jg(R*). To complete the calculation, we assume
that C(R*) = C, in Eq. (4); we then recover the result in Eq. (3).

In a third approach, R* is defined as the distance at which the
times taken by a particle to find the nanopore solely by diffusion
or solely by electrophoresis are equal (this is basically a Péclet num-
ber method).” A simple scaling argument suggests that the diffusion
time is

™ ~ R*2/D. (6)

The drift time over distance R* is approximated as
75 ~ R* JuE(R™). (7)

If we use the expression for E(r) given before, we again obtain
Eq. (3). However, the scaling argument for 77, does not include the
size 7, of the target that has to be found by diffusion: 7}, is thus
underestimated. Moreover, since the electric field decays with r, the
drift time should be integrated over the field lines instead of using
the field at R* in Eq. (7)—in other words, 73 is overestimated. In
conclusion, Eq. (3) provides a lower bound for R*.

In this paper, we revisit some theoretical approaches and
present 2D Lattice Monte Carlo (LMC) methodologies and results
with different simulation protocols and boundary conditions in
order to propose and test various definitions of R* for pointlike ana-
lytes. We also examine the impact of the field lines near the pore,
especially for short times.

Il. BASIC ELEMENTS AND ESTIMATES

After looking at typical experimental conditions and the field
lines around a nanopore, this section presents an analysis of the key
variables, time, and length scales.

A. Experimental and simulation parameters

Our theoretical and computational studies focus on the cap-
ture process in the translocation system shown in Fig. 1. Although
the analyte is pointlike, its properties are chosen to match that of
DNA (see below) in order to compare to available experimental data
(while this is not our main goal, such comparisons can be useful).

ARTICLE

scitation.org/journalljcp

Undisturbed J—» 1

Diffusion-Dominated

Drift-Dominated y,
e

p

FIG. 1. A schematic view of a nanopore capture system: r,, is the pore radius and
the background color codes for the electric field strength (higher fields in red). The
dashed lines depict the capture radius R* and a hemisphere of radius r,. The
solid line depicts the boundary of the region that remains undisturbed during an
experiment.

We neglect DNA conformational entropic effects, analyte-analyte
interactions, hydrodynamic interactions with the walls, and electro-
osmotic flow (EOF). Finally, the pore is treated as a perfect absorber.
We use the pore radius r, as the unit of length and 7, = r; /D as the
unit of time.

The maximum electrostatic energy of a particle of charge Q is
Yo = Q x AV. For a polyelectrolyte such as DNA, the relevant elec-
trophoretic charge is Q = kgTu/D because the counterions, which
move in the direction opposite to the DNA in an electric field,
affect the local friction drag on the DNA backbone (this leads to a
well-known failure of the fluctuation-dissipation theorem—see, for
example, Refs. 27 and 30). Equation (3) can thus be rewritten as

* Yo _
R™ = kT Te = Ae. (8)

This basic capture radius is called the electrostatic length A, in this
paper as it is the radial distance at which W(r = A.) = kgT, and it will
be used as a measure of the field intensity.

We will mostly use values for a 250 base ssDNA molecule:”
D~ 17 ym*/s and y ~ 4.1 x 10* ym*/V s, giving Q = 60e (~ 1/ of the
nominal charge). With a voltage AV = 800 mV, the scaled potential
energy is y,/kpT ~ 1800. Using a pore radius r, = 5 nm and a pore
length I =2r), we have r. = r,/(4 + m) and A, ~ 2501, ~ 1 ym. The time
unit is thus 7, = r; /D ~ 1.5 s here; a typical experimental duration
of texp = 0.5 h is then 1077,

B. The electric field

In most theoretical studies,”””* "’ the electric field is mod-

eled by treating the nanopore as a point charge, as described by
Eq. (2), a good approximation if r > r,. For distances comparable
to rp, though, the spherical symmetry is broken and this approxima-
tion is unreliable. Instead, one can solve Laplace’s equation in oblate
coordinates (, #, ¢) for the electric field outside the pore,””*

V(¢) = % 8V arctan[sinh(&)], 9)
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where & € (—o0, +00) is the oblate distance to the pore and 8V is
the potential drop from infinity to the pore. The prefactor can be
written as

Zov="oav, (10)
7 Ty
thus establishing a connection between §V and AV.

Note that close to the pore (£ < 1 or, equivalently, r < ), the
field is actually rather flat—see Appendix A. As R* > r, for realis-
tic cases, we will use the point-charge approximation for analytical
calculations [indeed, the prefactor AVr,/ r; in Eq. (A7) is the value
predicted by Eq. (2) at r = r,]. However, the flatness of the field near
the pore will play a role in some cases.

C. Preliminary considerations
1. Velocity

The definition of A, allows us to rewrite the radial drift velocity
v(r) = uE(r) as

u(r) = 7)L6D/r2. (11)
Note that Eq. (5) is equivalent to a diffusive velocity

vp(r) = =D/r. (12)

As expected, these velocities are equal at = Ae.

2. Deterministic drift times

A useful parameter is the field-driven deterministic time to drift
from position 1, to r < r, under the action of the electric field,

rodr’ rn-r
0> = — < = . 13
(1,7 /ro va(r’)  3A.D (13)

For instance, the cleanup time ) needed to empty the capture radius
zone A is then

7, = 12(Ae0) = A2/3D, (14)

which is /3 of 7 in Eq. (7). However, Eq. (13) is using the pointlike
charge approximation and thus fails to take into account the fact that
the field is fairly flat near the pore. The time to reach the pore from
r=rpis

3
p )

~ =——=3 ,0). 15
K [v(rp)]  AeD (15, 0) (15)

Equation (13) thus underestimates (by a factor of ~3) the time taken
for the last part of the capture process. Since

/11 =3 (rp/Ae)’ < 1, (16)

this has no impact in realistic cases.

3. The capture rate in 3D

The mean capture rate during the cleanup time 7y is

Py~ %”/\iCO/TA =21DA.C, , 17)
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while the initial rate (during the period required to “empty” the
region of size rp) is

Py~ 513ColTp = 3Py (18)
We thus expect the mean capture rate to initially (and rapidly)
increase (by a factor ~3) because of the special field lines near

the pore [Eq. (A7)]. More generally, the total number of particles
captured during a period of duration ¢ is given by

N(t) » 277 (1) Co, (19)
where r(¢) is the size of the region emptied at time ¢. The capture rate
at time ¢ is thus

dr(t)

p(t) = ON(t)/8t = 2nCo7* (1) T

(20)

If we use Eq. (13) to estimate the size of this region, we obtain
r(t) ~ (3Dt).)"/* from which Eq. (20) predicts that p(¢) ~ p, would
be constant at long times.

4. The capture rate in 2D

Although our work is about the physics of 3D systems, our sim-
ulations will be done in 2D, for efficiency reasons (see Sec. IV for
details). In this context, 2D means a slice of 3D system (as opposed
to a system between two walls); therefore, a 3D electric field is used
in both our analytical calculations and LMC simulations. In two
dimensions, Eq. (17) must be replaced by

Py~ 52:Co/11 = ¥ DC,, @

where we used Eq. (14). Interestingly, the mean cleanup rate is not
predicted to be a function of the field intensity in 2D. Similarly, the
initial rate is now predicted to be

_ 2 A, A =
Py~ grPCO/Tp = ZTPDC(, =5 P (22)

A large drop of p is thus predicted in 2D (instead of the increase
predicted for 3D in Sec. IT C 3). Unlike the 3D case, the instantaneous
capture rate does not become time-independent in 2D: for instance,
using

N(t) = in (1) C., (23)

we now find that

p(t) = 25, x [m/t]'7%, (24)

from which we recover p, = [” p(t)dt/7y = p), as should. From
Egs. (21) and (24), we also predict that p(7)) = 7DC, should be field-
independent.

5. Experiments

In practice, the experimental duration fexp > 7): the A, zone
is thus emptied N = t.y/7) > 1 times during the experiment. If
we assume that the concentration remains C, in this zone during
the experiment, the upper bound for the total number of molecules
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captured is M = N x %”)LiCD = texp X 2TDA.Co = P, texp. Similarly,
using the diffusion flux [Eq. (5)], the number of molecules that have
diffused into the nominal capture zone during the experiment is also
M = 27\|p| X texp = Pytexp. Therefore, p, is indeed the mean cap-
ture rate predicted by the basic theory described in the Introduction;
moreover, the calculation also predicts a constant capture rate past
the initial jump mentioned above.

6. Numerical values

We now look at numerical estimates for the case described pre-
viously. With A ~ 1 um, Egs. (11)-(17) give v(rp) ~ 1 m/s, v(Ae)
~ 17 ym/s, 7y ~ 20 ms, and p, ~ (4.7 ym)’C,/s = (Co/16 pM)/s,
which provides guidance for the concentration C, to be used in
practice.

Ill. THEORETICAL APPROACHES REVISITED
A. The Péclet argument with a small target

The dimensionless Péclet number (Pe) is used in Separation
Science to characterize the competition between advection and
diffusion.” Here, we define Pe as

Pe(r) = 1p(r,0)/78(r,0), (25)

where 7p(r, 0) is the mean time needed by a particle to find the
pore (at r = 0) by diffusion alone when starting from a radial dis-
tance r, and 7g(r, 0) = r°/3D), is the time for the same particle
to travel to the pore when driven solely by the applied field—see
Eq. (13).

The mean first passage time (MFPT) for a particle in Fig. 1 is
analogous to a classical diffusion problem where a particle is initially
located between two concentric spheres of sizes R, and rp < Ry,
with the internal one being absorbing and the largest one being
reflecting.”° If the particle starts at radial position R, > r > rp, the

MFPT is
Rﬁ 2R, D r,%frz
s =—|—(1-—)+ . 26
wo(rm) GD[ ™ ( r) R 26

The position rp must be very close to the pore; we will use rp = r,,
for simplicity. Using Egs. (13), (25), and (26), we can calculate Pe(r);
since r, < Ry and rp < R” in practice, we obtain

Pe(r) ~ R;”,Ae/rarp. 27)
The Péclet capture radius is the solution of Pe(R*) =1,
R* ~ Ryx (Ae/ry)'V°. (28)

Since A >> 1, R* exceeds the box size R;,. However, both 1x(Ry, 0)
and 7p(Ry, 7p) also exceed any realistic experimental time. There-
fore, our Péclet result actually implies that R* steadily increases dur-
ing an experiment (i.e., the process is field-driven throughout). The
time-dependent effective capture radius R*(¢) is then obtained by
inverting 7g(r, 0) = /3D,

ARTICLE scitation.org/journalljcp

R*(t) » (31.Dt)"* = 2, x [t/1,]'°. (29)

It increases as ~ t/* and exceeds A for times ¢ > 7). For the previous
example, with an experimental time fex, = 0.5 h and a cleanup time
7) =20 ms, the final capture radius is R* (fxp) ~ 451, = 45 ym, almost
two orders of magnitude larger than what Eq. (8) predicts.

Interestingly, the situation is different in two dimensions since
the MFPT is then

2 2 2
2D: tp(r,rp) = %[21n(é)+ (rDR;T ):| (30)

b

Combining this with Eq. (25), we obtain

2D: Pe(r) » 3R e [ln( r )_E(RLb)z] (31)

273 m) 2

To leading order, the solution of the Péclet condition Pe(R*) = 1 thus
gives a length scale

2D: R*~(RiA)', (32)

which means that we now have R* < R, The time to reach the pore
from this distance is 75(R*,0) ~ R§/3D = (Rb//le)2 x Ty If toxp is
shorter than this time, Eq. (29) remains valid. Otherwise, we expect
a transition to a diffusion-limited regime at long times.

B. A Péclet-inspired flux method

In the flux method used in the Introduction, the hemisphere of
radius R* is treated as an absorbing boundary [i.e., C(R*) = 0] to
obtain the diffusion flux [Eq. (5)]. Yet, C(R*) = C, is used in the cal-
culation of the field driven flux [Eq. (4)]. This inconsistency cannot
easily be fixed. Moreover, since both the flux and energy methods
give R* = )., the fact that W(A,) = kg T implies that the R* = A, hemi-
sphere is not perfectly absorbing. One could try to get around this
issue by using a hemisphere of radius r,, with r, < 7, < Ae, as the loca-
tion of the no-return point instead. As the field is extremely strong
at ro = rp [we have W(rp) ~ 250 kgT for our example], this would
truly be an absorbing boundary. However, any position r, for which
W(r,) > kpT can also be chosen. Unfortunately, using this approach
to recalculate the two sides of the equality, Jp(R*) = Jg(R”) (the basis
of the original flux method) fails to provide physically meaningful
results (not shown).

An alternative approach is to use “pure adsorption fluxes”
instead of the “pure” adsorption times 7p and 7z. We first compute
the flux Jg(r) = C(r, t)v(r) at a radial distance r with the initial con-
dition C(r, 0) = C, and no diffusion. Since the molecules at position
r at time t must all come from r,(r, t) at time ¢ = 0, we have

% 7o\’

Ce(r,t) = C(r,,0) x (—) = CD(—) . (33)
r r

We can obtain the initial position directly from Eq. (13),

1/3

ro(r,t) = rx (14 3ADt/r") (34)

The time-dependent concentration is thus given by
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Ci(r 1) = Co(1+3A.Dt/r°) ", (35)
and the zero-diffusion flux Jg(r, t) = v(r)Cg(r, t) is
/3
L GDA[, . tn T
Je(r,t) = ;- [1 + (r/le)3] (36)

Without diffusion, there is no steady-state and J(r, t) increases with
time since the electric forces concentrate the molecules in a smaller
volume closer to the pore.

To complete the calculation, we need the time-dependent solu-
tion”” of the diffusion equation in the absence of an external field but
with an absorber at rp =,

1 7,C, r—r
C(r,t :Co(l—l)+gerf(7p). 37
() L) et @)

Since Jp = —D%, the diffusive flux is

C,Dr,
]D(r’t) == 2 L

|:erfc[8] P _6Z:|, (38)

Vbt ©
where 8 = 8(r,t) = (r—r,)/v/4Dt.

We can now determine at which location R*(¢) these two fluxes
are equal by solving the relation Jg(R", f) = Jp(R", t). To simplify,
we define the scaled variables # = r/A, and = t/7), and we drop
numerical factors of order unity and neglect r, in § since R* > r,.
The flux equality then reduces to

. 72/3 . 5
t r o _en
A [1+T] :rplierfc(—A)+ e '/’]. (39)
’ P Vil Vi
In terms of these rescaled variables, the solution derived in the
Introduction is simply equivalent to a capture radius # = 1 with a

cleanup time # = 1. For long times, the solution of this equation is
# =10/ rp)l/ *. Returning to our previous variables, this becomes

R(1) ~ de x [t/T]"? x (A1) 2. (40)

The additional (Ae/ rp)l/ ? term increases the value found in Eq. (29)
by a factor ~16 for our numerical example. In 2D, a similar calcula-
tion gives

Riq~ dex [t/n]7% (41)
the capture radius is thus predicted to increase more slowly in 2D
and toreach A att = 1.

C. Reinterpreting the Péclet approach

The approach described in the Introduction [Egs. (6) and (7)]
used simple scaling arguments and compared two capture times
for a single particle. In contrast, Eq. (40) gives the corresponding
result when we consider particle fluxes, while Eq. (29) considers sin-
gle particle dynamics but takes into account the small size of the
target.

However, there is yet another way to use a Péclet approach.
Given a hemispherical region of radius R*, the time needed for the
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electric forces to empty it is given by Eq. (13): 7g(R*,0) = R*3/3D)..
To refill it by diffusion requires a time ~R**/D [this is similar to
the fluorescence recovery after photobleaching (FRAP) of a spher-
ical patch™]. These two times are equal at distance R* = A, and time
~T). This approach does not include the size of the target, but it
may be misleading since the concentration outside the capture zone
decreases with time, making refilling less efficient [this is why R*
increases with time in Eq. (40)].

IV. LATTICE MONTE CARLO: METHODS

We now use two-dimensional (2D) Lattice Monte Carlo (LMC)
simulations to study the capture of particles in the system shown in
Fig. 1 and to investigate different ways to defining a capture radius or
length scale (we chose 2D instead of 3D in order to be able to simu-
late larger systems and longer times; given the symmetry around the
axis normal to the plane, we can easily infer 3D dynamics from our
results). Since only the capture process is of interest here, the trans
side of the system is not part of the simulation.

A. The simulation algorithm

At each time step, the particle can move over a distance +a (cor-
responding to the lattice step) in either the x or the z direction on
the square lattice or can remain at its initial position. The lattice step
(and thus the “size” of the pointlike particle) is a = |zi+1 — zi| = |xj11
— xj| = 1p/5.

The trajectory of a Brownian particle can be discretized as a
series of jumps on a lattice. For the current problem, building a
LMC algorithm requires special care since the electric field is along
a Cartesian axis and varies considerably between lattice sites. More-
over, as shown in Refs. 39, LMC algorithms often fail to give the right
diffusion coefficient if the system is highly biased. Our approach
will be to combine two 1D LMC algorithms (one for each Cartesian
direction) into one and then select the time step so that the resulting
2D LMC is reliable. In 1D, a particle on site i (local potential energy
¥;) “jumps” to site i + 1 at a rate

R: = pi/Ti’ (42)

where p. is the probability for the particle to reach site i + 1 before
site i ¥ 1 and 7. is the mean duration of this event. These proba-
bilities and time durations are functions of the energy differences
0¥, = ¥i. — ¥; and are given by Egs. (3.20)-(3.22) in Ref. 40 [note
the typo: e~ must be replaced by ¢“* in Eq. (3.22)] with u, = 6¥./2
and 7 = @*/2D. The probability of jumping from site i to site i + 1
during a LMC time step 0t is thus P}, = R}, x 8t. The time step must
satisfy the condition 8t < &t = min[1/(R, + R.)]; to ensure that
P, +P. <1 Vi; this implies a finite probability P} of not jumping
during a time step on most sites i.

Using Eq. (9), we can write the particle’s dimensionless poten-
tial energy at an oblate distance & from the pore as

Qv(e) A

(&) = e E arctan[sinh(¢)]. (43)

In 2D, we use the same equations for each Cartesian direction,
but the constrain on the time step now reads
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St = min[ ] s (44)

1
Ty R

where 4; means that the sum is over the 4 possible jump directions
from site i.
This LMC algorithm can be used in two different ways:

(I) To study the motion of a given particle: Using the proba-
bilities described above, random numbers are generated at
each time step to choose whether the particle will jump over
a length +a (the lattice step) in either the x or z direction or
stay put. This is the method used for estimates 1 and 2 in
Sec. V.

(II) To follow a population of particles on the lattice: The time
evolution of the particle concentration can be studied by iter-
ating the master equation. The concentration m)]:zl at position
X, z and time step j + 1 reads

jrl_ j j
Myz = P["»Z*IHZ] M1t P[X’ZHHZ] Myzi1

+P[x—1—>x,z] m;]c—l,z + P[x+1—>x,z] mi+1)z + P[o] m)]c,z) (45)
where x, z, j are integers and P[] is the probability of not jumping.
This was used in estimates 3 and 4 below.

V. SIMULATION RESULTS AND ANALYSIS

In this section, we present four different ways to analyze sim-
ulation data and define a length scale describing the capture pro-
cess. The first two use single particle dynamics (allowing us to reach
longer times), the third one examines the time-dependence of the
capture rate, while the last one uses the concentration profile near
the pore.

A. Estimate 1: 50% probability of capture

Let P(r, t) be the probability for a particle initially at radial posi-
tion r to reach the pore in a time <t. Obviously, P(r, t) increases with
t and decreases if the initial position r is further from the pore. A
straightforward length scale that can characterize the capture pro-
cess is the distance r = R}, at which P = 1/2. Since R}), is a function
of time, we can use the solution of P(R},, texp) = 1/2 for a given
experiment of duration ..

Figure 2 shows the time evolution of Ry, (¢) in our 2D simula-
tions for different field intensities (i.e., different electrostatic lengths
Ae) over a wide range of time scales; since there is a small angular
dependence when Eq. (43) is used, all initial positions are chosen
(for simplicity) to be along the vertical axis going through the pore
center (this has a small effect at short times). The simulation box is
of size R, = 10° ., and its walls are reflecting: we thus have a finite
loading box with no addition of analyte during the run. The y-axis is
rescaled by the nominal capture radius A, and the x-axis by the time
7. We first note that Ry, (£=11) »A. (the empty circle), in agreement
with both Egs. (29) and (41). Since Rf/Z keeps increasing beyond that
point, A, is not sufficient to describe the nanopore capture proper-
ties. The data collapse for t > 7, is expected from our theoretical
work.

In order to investigate the various regimes, the slope of the
data is given in the inset; note that the slope gives the local time
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FIG. 2. Log-log plot of the capture length scale Rl’;z(t) (in units of A¢) vs time ¢ (in

units of 7,) for three electrostatic lengths Ae. The empty circle marks the capture
radius and time defined in Egs. (8) and (14). An ensemble of 5000 particles were
placed at various distances from the pore center, and the simulation was carried
out for different time durations; the y-axis shows the distance at which 50% of the
particles were captured in the given time. The dashed line has a slope of 1/3. Inset:
local slope vs time t (in units of 7,). The key values of 1, /2, and 1/3 are marked
by horizontal lines.

exponent « if we assume a power law scaling R;),(¢) ~ t*. The pore
region cleanup time is given by Eq. (16); for times shorter than this,
the distances are comparable to the pore size r, itself and since the
field is fairly flat near the pore, the slope & approaches unity. We
then have a regime where Ry, (t) ~ ', as predicted by Eq. (29); the
width of this regime increases for higher fields and basically van-
ishes at a low field. There is no £/ regime, which rules out Eq. (41).
The exponent slowly increases toward a = 1/2 at longer times, a
value consistent with a diffusion-limited process. Equation (32) pre-
dicted that this latter regime would exist for distances larger than
Ry, [Ae ~ (Ry/A.)** ~ 100, consistent with our data. It is important
to note that this transition is not expected in 3D (for these bound-
ary conditions) because theory then predicts that R* > R,—see
Eq. (27).

We conclude that R;), provides a good estimate of the revised
Péclet capture radius and that the latter increases well beyond the
nominal value A, during a run.

B. Estimate 2: Time reversal and particle escape

One way to find a change in dynamics and estimate the cor-
responding length scale is to study the inverse process. Here, we
reverse the polarity of the electric field and let particles move away
from the center of the pore (we now use an infinite box size).
It is more efficient to track particles escape trajectories since we
do not have to wait for diffusion to bring them into the capture
zone. The mean displacement at time ¢ can be seen as a charac-
teristic length scale for capture. The results shown in Fig. 3 agree
with the trends seen in Fig. 2, and the data sets again collapse past
the transient regime. The “inverse capture radius” R/, as defined
here, increases during the experiment, and R ~ A, at t = 1)
here as well. These results thus imply that R}, o< R} and con-
firm the existence of the three temporal regimes observed with
estimate 1.
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FIG. 3. Log-log plot of the mean distance R’* (in units of A¢) reached by the par-
ticles at time ¢ (in units of ;) when the field polarity is reversed. An ensemble of
5000 particles were initially placed at the pore center, and mean displacements
were computed at different times. The dashed line has a slope of 1/3. Inset: the
local slope vs time t (in units of 7,). The key values of 1, 1/2, and 1/3 are marked
by horizontal lines.

C. Estimate 3: The capture rate

As discussed previously, the initial mean capture rate P, is pre-
dicted to change with time because of the nature of the field very
close to the pore (i.e., within a distance ~r,). More precisely, it is
expected to increase with ¢ in 3D but to decrease with ¢ in 2D. We
now use a reservoirlike boundary with a radius R, = 10* r, > A, in
order to keep the concentration constant at C(R;, t) = C, and study
how the resulting capture rate evolves with time (we chose R,, so
the region close to r = R, remains essentially undisturbed during the
simulation).

Figure 4 shows the time dependence of the pore capture rate
p(1). As predicted for 2D, p(t) decays as 713 [see Eq. (24)] after the
short time plateau. The latter is predicted to be at p,/DC, ~ JA¢/1p;
our data are in decent agreement with this prediction (except at
a low field) even though we did not consider angular effects. We
also predicted that p(1,)/DC, ~ 7 in 2D, independent of the field
intensity; this explains the collapse of the data around ¢ = 1), and
the predicted value is in decent agreement with the data (empty
circle).
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FIG. 4. Log-log plot of the capture rate p(f) (in units of CoD) vs time ¢ (in units of
7)). The dashed line has a slope of —1/3. Inset: the local slope vs time ¢ (in units of
To).
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We showed in Secs. V A and V' B that the r ~ ¢° regime evolves
into a t* regime at longer time in 2D. If we use r ~ t/* in Eq. (23),
we obtain N(#) ~ t, and hence, p = ON(t)/0t = cst; the inset of Fig. 4
shows that the data are indeed (slowly) converging toward a plateau
regime at long times ¢ > 7 (and distances >> Ac).

We also predicted a 3D constant capture rate p ~ p,(t) at
long times. The only difference of substance between 2D and 3D
is the extra r(t) term in Eq. (19) when compared to Eq. (23). We
can thus infer 3D from the product r(t) x p(t) using 2D data. Since
we obtained r(t) ~ t** and p(t) ~ +~Y3 in 2D, a 3D simulation
would indeed give a constant capture rate for t > 7,, as observed by
Ref. 13.

A characteristic length scale can be estimated from capture
rates: since N(t) = [, p(t')dt’ molecules have been captured by
time £, we can use Eq. (23) to obtain the related length scale Re, (t)

= [%N(t)/Co]l/z. Ina p(t) ~ t P regime, this would give N(£) ~ t'~#
and hence RY, ~ t1-P)/2 Since B decreases from 1/3 to ~0 past the
transients in Fig. 4, R, will scale just like R}, and R} for longer time
(shown in Figs. 2 and 3).

D. Estimate 4: Quasistatic concentration profiles

Keeping the boundary conditions used for estimate 3, we now
study the evolution of 2D concentration profiles (Fig. 5). Not sur-
prisingly, a depletion region forms near the pore (inset) and prop-
agates outward: its width extends well beyond A, and continues to
grow for times ¢ > 7). We define the width of the depletion region
as the distance between the pore and the position r = Ry, where
C(R3) = 0.90 C,. When the concentration profiles are plotted as
a function of the rescaled distance r/Rj, (main part of the figure),
the curves clearly evolve toward a steady-state distribution at long
times.

Figure 6 shows how the width R, of the depletion zone, which
is also a length scale describing the capture process, increases with
time. We again observe a £ scaling after the initial transients; for
longer times, our data are consistent with a diffusion-limited £
regime.
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FIG. 5. Concentration vs distance from the pore (scaled by R3, the distance at
which C = 0.9 C,) at different times (in units of 7)) for Ae = 2.5 r,. All the curves
thus cross at the location of the empty square. The inset shows the concentration

at different times vs distance in units of Ae.
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FIG. 6. Log-log plot of the depletion length scale Ry, (in units of A¢) vs time (in
units of 7)). The dashed line has a slope of /3. Inset: the local slope vs time  (in
units of 7,).

VI. DISCUSSION AND CONCLUSION

The concept of a capture radius R* that can characterize the
capture process has been used in different ways in the literature. In
this paper, we have revisited theoretical approaches often employed
to define R”. In particular, we did not work within the framework of
a steady-state in order to see how relevant the length scale R* might
be during an experiment. For readability reasons, Table I summa-
rizes the definition of the important length and time scales used in
this paper.

Our theoretical approach has been to use the Péclet number as
a way to examine the nature of the capture process, thus treating

nanopore capture as a separation process. In particular, we exam-
ined how the size of the target (i.e., the radius of the nanopore, r,)
can be an integral part of the calculation.

We first calculated the “pure” diffusive and field-driven cap-
ture times for a particle in a finite size box with reflective bound-
ary conditions. Our measure of the field intensity is the length
scale A, which is the capture radius predicted by previous theo-
ries [note that Ae # Ae(rp)]. The resulting Péclet number predicts
that R* > ). and even exceeds the box size. However, for realis-
tic experimental times, R* simply grows as t'> during the entire
experiment (i.e., the capture remains field-driven throughout). A
similar calculation in 2D indicates that it might be possible to tran-
sition into a diffusion-limited capture regime at long times. We
also investigated a flux-based Péclet number using similar argu-
ments. This approach predicted even larger capture radii but similar
time-dependence.

In short, our Péclet calculations suggest that the conditions
required to reach a diffusion-dominated capture regime might not
be achievable in realistic situations: consequently, R* is simply a
moving horizon (~t"?) that never reaches a steady state.

To test the various concepts of a capture radius, we introduced
a new lattice Monte Carlo scheme to simulate (pointlike) particle
dynamics over a wide range of time scales and in the presence of
a space-dependent field. The mesh size can be changed to explore
finer short-time details or long time asymptotic limits. For instance,
we were able to cover up to 7 decades in time with a fine mesh
in 2D. Although this methodology can easily be extended to 3D, it
would restrict us to rather small systems. This LMC algorithm can
be used to look at both populations of particles and single particles
with various boundary conditions.

TABLE . Definition of the different length and time scales used in this paper.

Symbol Definition

rp Pore radius

Te Characteristic length of the electrostatic potential outside
the pore

Ae Traditional definition of the capture radius R*

R, Distance between the outer reflecting boundary and the
pore center

R, Distance between the outer reservoirlike boundary and the
pore center

R,*/z Estimate no. 1 of the capture radius, defined as the location
where the probability of capture is 1/2

R} Estimate no. 2 of the capture radius, defined as the mean
escape distance when the polarity is inverted

R:ap Estimate no. 3 of the capture radius, defined using the time
dependent capture rate

Ry, Estimate no. 4 of the capture radius, defined as the width of
the depletion zone where the concentration is 90% of bulk

To Basic unit of time: 7, = r; /D

Texp Duration of an actual experiment

7 Time needed to empty a zone of radius r,

) Time needed to empty a zone of radius A,
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We introduced four different ways (which were based on the
probability of capture, escape trajectories, capture rate, and concen-
tration profiles) to define a length scale related to the capture perfor-
mance of a nanopore from the 2D simulation data, and we compared
them to the theoretical approaches. Figure 7 shows a compact view
of our LMC data for the various time-dependent length scales R* (t).
The short time behavior of R* depends on the type of measurement
made and the details of the simulation protocol; nevertheless, it is
clear that the fact that the field strongly deviates from the pointlike
approximation for distances r < r, leads to strong (but experimen-
tally insignificant) short-time effects. For intermediate times, all esti-
mates of R* increase like t* (since the time axis has been rescaled by
£, this shows as a plateau on the figure). For much longer times,
we observe a transition to a ¢/ regime, an indication that we have
reached the diffusion-limited regime. This latter regime is occurring
for distances much larger than the nominal capture radius A, and
for times much larger than the cleanup time 7). This is all consis-
tent with our theoretical derivations. In particular, nothing special
is observed at 7, or when the depletion region reaches a distance
Ae. Except for the capture rate p, our 2D simulation results apply
directly to a 3D system. The capture rate is predicted and observed
to decrease very rapidly in 2D to reach a constant value only when
(and if) the diffusion-limited capture regime is reached. In contrast,
p is going to quickly increase (because of the nature of the field near
the pore) and reach a time-independent value in 3D. Therefore, we
must conclude that A, is simply a useful and natural way to mea-
sure the field intensity [for instance, the steady-state capture rate is
linearly proportional to A,—see Eq. (17)]. Our revisited Péclet cal-
culation indicates that one should observe a R*(¢) ~ ¢/ scaling law
well beyond A.. However, this is actually a fairly slow growth process:
in other words, the corresponding depletion region should remain
in the ~10 ym range during a typical experiment, consistent with the
results of Chen et al.”

_____ ) - estimate 1
102 4 i 6 estimate 2
estimate 3
estimate 4
1073 T T T T
107 107 107*  10° 10° 108

time/ 7

FIG. 7. The four different length scales (or capture radii R*) introduced in Sec. \/
vs time (in units of 7). The capture radii are rescaled by R*(t = 1), Ae = 25) for
each separate data set. Since the time evolution of the intermediate regime scales
like t"3, the y-axis was further divided by (¢/7,)'/> (hence the plateau for inter-
mediate times). The resulting y-axis is thus & = (R* (t)/R* (725))/(t/71)"/>.
The dashed line with a slope 1/s = 1/2 - 1/3 corresponds to the {2 diffusion-limited
regime expected at long times. Three different field intensities are shown for each
of the four definitions of R*.
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A real-life system may differ from the ideal conditions used
here in different ways. For instance, we studied pointlike particles
in the absence of EOF or hydrodynamic interactions with the walls.
More importantly, such models assume that the system is closed,
uniform, and isolated (no flux through the system or thermal gra-
dients): diffusion and field-driven motion are not necessarily the
only two components to consider in a more general situation even
in the absence of EOF. However, a more complete theory that would
include some of these effects for a particular system would neverthe-
less include the length and time scales derived here. Perhaps of more
interest is the connection between the analyte transport properties
(mobility and diffusivity), the local field intensity, and the analyte
conformation and/or orientation. In the case of a flexible analyte
such as DNA, for example, the molecule may deform in the gra-
dient (moreover, its conformational entropy may act as a barrier).
Similarly, if the analyte is not spherical, the field gradient will lead
to orientation and thus to a position dependent diffusion coefficient
D(r); this latter case will be treated in a separate paper.
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APPENDIX A: THE ELECTROSTATIC FIELD

The field outside the pore is often modeled using the point-
like approximation,'*”** which greatly simplifies analytical calcula-
tions; for a pore of radius r, and length J, the corresponding potential
V(r) is the second equation in the Introduction. The part of the total
potential gradient AV that is relevant for capture depends on the
ratio of the access (ac) and channel (ch) resistances. The potential

drop from infinity to the pore entrance is’>"'

SV = AV x — e w1
4l + 27y

T AV (A1)
Rch + 2R,

where the resistances are Ry = 1/4r,0 and Ry, = l/m’;a (o is the
conductivity of the solution). If we take the potential to be zero at

infinity, we obtain'>*"

1 oV 2
= Drsy-avl, (A2)

V(r)=
) 2n0r Rge  mr r

where 7, = 1,/ (%’ + ) is the characteristic length of the electrostatic
P

potential outside the pore. The spherically symmetric electric field is
then given by

Te .

E(r) = AV (A3)

Alternatively, we can use the exact solution of Laplace’s equa-
tion in oblate spherical coordinates,” ™
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»q&m¢):AV§ammnbmh@ﬂ, (A4)
p

where & € (o0, +00), 77 € [0, 7], and ¢ € [0, 27]. The potential only
depends on & (here in units of r,). The electric field can then be
written as

AVr,

rjcosh & \/sinh? € + sin® 4

Expanding Eq. (A5) for large oblate distances (£ > 1) gives

E(&n) =- £ (A5)

—o00 AVr, s AVre
NI A4S IS AL A6
rj cosh € sinh § 3 r2 (A6)

in agreement with (A3).
Close to the pore (§ — 0), Eq. (A5) reduces to

0 A g 2
E) N — \;rex|csc(;1)|>< 17%(1+CSC2(11)) &, (A7)
T,
P

where 1 € [0, n]. The field is thus flat when & < &*(y)
=1/2/(1 +csc?(n)). The critical length is £*(n/2) = 1 (or r = 1) in
the vertical direction and £*(0) = 0 along the wall (the field diverges
at the pore edges).

APPENDIX B: THE MEAN FIRST PASSAGE TIME

We consider a particle initially placed between a small absorb-
ing spherical target (at r = rp) and a large reflecting spherical wall
(at r = Ry). Its mean diffusive absorption time 7p if it starts at radial
position Ry, > r > rp can be obtained analytically’® from the equation

D dJ[ 4 dp(r, rD)]
- = LA ST Bl
rd-1 dr [r dr (B1)
with the boundary conditions
[ro(r0)],-,, = 0 [0 (r.mD)],_ =0, (B2)
where d is the dimensionality. In 2D, we obtain
Ri r rzD — 7
8 =—=2|2In| — ]+ s B3
- Bln(2)e (2]
while in 3D, we recover
Ri 2R, D ré -7
rp) = 2 =22 (1-2 . B4
w(r1p) GD[ D ( r )+ R? (B4)

As expected, Tp diverges in both cases if the target size rp — 0, hence
the need to use a finite value for rp, such as rp = 7,.
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An efficient kinetic Monte Carlo to study analyte
capture by a nanopore: transients, boundary
conditions and time-dependent fields

Le Qiao, ' Maxime Ignacio and Gary W. Slater (= *

To better understand the capture process by a nanopore, we introduce an efficient Kinetic Monte Carlo
(KMC) algorithm that can simulate long times and large system sizes by mapping the dynamic of a
point-like particle in a 3D spherically symmetric system onto the 1D biased random walk. Our algorithm
recovers the steady-state analytical solution and allows us to study time-dependent processes such as
transients. Simulation results show that the steady-state depletion zone near pore is barely larger than
the pore radius and narrows at higher field intensities; as a result, the time to reach steady-state is much
smaller than the time required to empty a zone of the size of the capture radius .. When the sample
reservoir has a finite size, a second depletion region propagates inward from the outer wall, and the
capture rate starts decreasing when it reaches the capture radius 1.. We also note that the flatness of
the electric field near the pore, which is often neglected, induces a traffic jam that can increase the
transient time by several orders of magnitude. Finally, we propose a new proof-of-concept scheme to
separate two analytes of the same mobility but different diffusion coefficients using time-varying fields.

1 Introduction

Nanopore sensing based on voltage-driven translocation is a hot
topic due to its potential applications for the analysis and detec-
tion of biomolecules.’ In short, an electric field is applied across
a nanopore to electrophoretically capture and translocate charged
analytes like DNA, RNA and proteins. Useful information about the
analytes (ie., structure, type, length, etc.) can be obtained by
analyzing ionic current modulations during the threading process.
With more sophisticated nanopore fabrication technologies® ">
and growing understanding of the mechanisms controlling
translocation,®™*® numerous novel systems have been designed
to enhance performance and facilitate new applications. %2
However, several aspects of the capture process are still poorly
understood and difficult to observe directly, such as the depletion
zone,>>** the capture radius,”° non-equilibrium dynamics®*>*
and molecule-pore interactions.*® High capture rates and large
capture zones remain the most important criteria for an ideal
(DC-field) translocation setup. Therefore, clarifying those aspects is
essential to provide guidance for more precise control and better
design of capture devices. Indeed, these goals have motivated the
development of theoretical approaches and simulation models to
study the interplay between diffusion and electrostatic forces
during capture.**® However, most of these theoretical studies

Department of Physics, University of Ottawa, Ottawa, Ontario KIN 6N5, Canada.
E-mail: gslater@uottawa.ca

This journal is © the Owner Societies 2021

focus solely on steady-state quantities while using the point-charge
approximation for the field near the pore. We previously studied
the time dependence of the capture process with lattice Monte
Carlo simulations and discussed the nature of the capture radius
for pointlike particles.”> We also examined the impact of field-
driven orientation on the capture of rod-like molecules using
Langevin Dynamic (LD) simulations.>* Unfortunately, these pre-
vious algorithms and approaches do not allow us to easily study
large 3D systems over long periods of time in the presence of time-
varying fields and complex boundary conditions.

Our main goal is thus to introduce a new and flexible Kinetic
Monte Carlo (KMC) algorithm that can efficiently study large
drift-diffusion problems under a wide variety of conditions. We
do this by mapping (or projecting) the dynamics of a point-like
particle in d-dimensions onto a 1D biased random walk. This
projection allows us to use a smaller lattice sizes and/or larger
systems, in order to investigate short-time transients, the
approach to steady state, the impact of time-dependent fields,
and the long-time effect of finite size boundary conditions. As
an example, we use this new tool to study the impact of realistic
field lines near the pore as well as a novel idea to modify the
relative concentration of co-migrating analytes in a mixture.

This paper is organized as follows: we first review the basic
theoretical considerations of the capture problem and intro-
duce the relevant time/length scales. Section 3 then describes
the mapping from 3D to 1D including the corresponding KMC
algorithm and the related boundary conditions. In the result

Phys. Chem. Chem. Phys., 2021, 23,1489-1499 | 1489

45



Paper

Section 4, we first test our algorithm with the time-dependent
concentration profiles and capture rates for the classical case of
diffusion-limited absorption by a sphere. We then add the
electric field in order to study nanopore capture in both finite
and infinite systems. We also examine the reverse process of
escape under opposite polarity conditions. Finally, we propose
and briefly test a new pulsed-field concept that could separate a
binary mixture in Section 5. We conclude the paper in Section 6
with a discussion of our main results, especially the impact of
the flat field near the pore, and the potential applications of
time-varying electric fields.

2 Basic theoretical elements

As discussed in the Introduction, we assume spherical symme-
try in the following. The drift-diffusion equation for the (point-
like) analyte concentration C(r,t) in three dimensions and in
spherical coordinates is given by**?>®

where D is its diffusion coefficient and U,(r) is the electrostatic
potential energy at radial position r.

Theoretical studies of analyte capture generally use the
point-charge field (PCF) approximation for the applied
field** %7 because it conserves the spherical symmetry and
is quite accurate for distances much larger than pore radius rp,.
The potential corresponding to the PCF can be written as

oC(r,t) DO

T 2o

ot

C(r,1) 8U¢)} 7 (1)

kgT Or

Uelr) = Upcr (r) = vy

)

where , = QAV is the drop in electrostatic energy of a particle
of charge Q when a voltage difference AV is applied across the
system, and r, = r/(m + 2£,,/r) is the characteristic length®>*® of
the potential outside a pore of radius r, and length 7. The
relevant electrophoretic charge is Q = kgTw/D, with u the
electrophoretic mobility of the analyte. The field obtained from
an exact solution of Laplace’s equation®! will also be tested in
our simulations for comparison.

The capture radius /. is generally defined as the radial
distance at which the analyte’s potential energy is equal to
ksT (see Fig. 1a); in our notation, it is given by

2
kgT

Je ®)

Te.
We use Z. as a measure of field intensity, the pore radius r;, as
the unit of length and 1, = r,,”/D as the unit of time.

The field-driven deterministic time®® to drift from position
7o to r < 1, (using the PCF) is

r3 =

=— 4
(o) =" )
For example, the cleanup time 7, needed to empty the capture

radius zone /. is then

7, = 15(Ae,0) = A2/3D.

(5)
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Fig. 1 (a) Schematic view of a nanopore system of size R,: the back-
ground color codes for the electric field strength (higher intensities near
the pore). The dashed lines depict a hemisphere of radius r, (the pore size)
and the capture radius Ze. (b) Comparison between the exact axial (EAF)
and point-charge (PCF) field approximations. The y-axis is scaled by the
plateau value E, = Epcrlry). (c) The 1D KMC model: R, = rp/\/f is the
absorbing boundary; Ry, is the reflecting (RBC) or source (SBC) boundary;
—V,U, is the entropic force; and —V,Uk, is the electric force. The jumping
probabilities W and lattice step size a are also shown. (d) A schematic
description of the pulse sequence. The field is applied in the reverse
direction for a duration t._ in order empty a region near the nanopore;
this is followed by an off period of duration t, during which the depleted
region is partially refilled; finally, the capture period is of duration t_,.

The mean capture rate during the cleanup time 7, is
_ o 2m, 4 ,
P, ~ ?)ve‘ Co/1;, =2nD2.C,. (6)

Although all of our results will be given in dimensionless
units or as ratios, it is sometimes useful to be able to compare
to actual experimental systems. In order to do that, we now look
at two types of molecules: a short piece of ssDNA and a protein.
Note however that this paper is not about either of these two
cases: we use these numbers solely to establish the range of
values that make sense for /. (our simulations will use values
between the two limits found below, namely /. ~ 125r, and
Ae & 221p).

For a 250 base ssDNA molecule,*® the relevant parameters
are D &~ 17 pm® s ' and ¢ &~ 4.1 x 10" pm® V' 577, giving
Q ~ 60¢e (~1/4 of the nominal charge). With a voltage AV =400 mV,
the potential energy is W /kgT ~ 900. For a pore of radius
7, = 5 nm and length /, = 2r,, we obtain 7. = rp/(4 + m) and
125r, ~ 1 pm. The basic time unit is then 7, = rPZ/D ~ 1.5 ps.

For a globular protein (for example Lysozyme®?), the relevant
parameters are D ~ 100 um® s, g & 8 x 10> pm> V"' s,

~
=~

Je
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Q 10e and hydrodynamic radius Ry 2 nm. With a
voltage AV = 400 mV, the potential energy is y,/ksT ~ 160.
For a pore of radius r, = 5 nm and length 7, = 2r,, we obtain
re=ry/(4 + ) and . ~ 22r,. The basic time unit is then 7, = r,,’/
D =~ 0.25 ps.

The stationary solution 0C(r,t)/0t = 0 of eqn (1) and (2) with
an absorbing boundary C(R,,,t) = 0 in an infinite system with
C(r - o0,t) = C, is given by***®

1 —exp(—2c(1/Ry — 1/r))
1 —exp(—2e/Rp)

The location of the absorbing boundary R, is somewhat arbi-
trary since the pore has a finite width, unlike what eqn (2)
suggests. Previous papers used R, = 1, but this overestimates
the surface area for capture since an hemisphere of radius r,
has a surface area 2nr,”> which is larger than that of the pore,

C(r)=C, % (7)

nry”. Instead, we use R, = r,/V/2 to conserve the surface area.

The stationary concentration C(r) rapidly increases from 0 at

T =R, to C, since we generally have /. > R,. A characteristic

length can then be defined from eqn (7): the depletion distance

rq at which C(rq)/C, =1 — 1/e is
Ry

~ m, Je > Ry.
p/ e

rd (8)
The width of the depletion region is thus of order ~R,;,. Using
eqn (4), the depletion time tq = 75(rq,R,,) needed to establish the

depletion zone rq is

Rp4 L(rp 2 3(rp 4
r——=——| o === 1.
452D 4\u) 0 a\u)
The depletion region is much smaller than /., and its relaxation
time is small compared to both 7, and z,,.

©)

3 Simulation methodology

Simulating the capture process in d = 3 dimensions would limit
us to small systems and short times. In this section, we first
show how to transform the 3D problem into a 1D one by
replacing volume effects by an entropic force. We then design
the corresponding lattice Kinetic Monte Carlo (KMC) algorithm
for a point-like particle, and describe the boundary conditions.
The mapping process is shown in Fig. 1a and c.

3.1 Fokker-Planck equation

Building a KMC algorithm from a Fokker-Planck equation is
simple due to the equivalence with the Master equation for-
mulation. However, the drift-diffusion equation in spherical
coordinates in d-dimensions

aC(r,t) D 0 -1 oC(r,t)
ot ri-1or or

n C(r, t)BUeﬂ (10)

kgT Or

is not strictly speaking a Fokker Planck equation®’ for d # 1 as
it cannot be written as a conservation equation of the form

aC(r,t) 0 oC(r, 1)
ot or |

or

(11)

[gm d)C(r.1) — D
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where g(r;d) would then be a drift term. This is due to the

Dd—1)d

8_C (r,t) which appears when we
"
expand the first term of the rhs of eqn (10). Nonetheless, if use

the radial concentration

C(r,t) = S(;d)C(r2),

“centrifugal” term*'

(12)

2d/2
with S(r;af):F(T:l/z)rd’l the surface of a d-dimensional
sphere, eqn (10) directly reduces to
aC(r, 1) aJ(r, 1)
— = — s 13
ot or (13)
where the radial flux j(r,t) is given by
D -, dU, D -, dU. _3C(r1)
Jrt) = ——Clr, )2 ———C(r, 1)~ - D" (14
0=t e o 1
Jy:volume drift Je:electrostatic drift  Jr:Fick's law

with Uyr) = (1 — d)kgTIn(r). We thus mapped a spherically sym-
metric “d > 1” drift-diffusion problem onto a 1D process. The 1D
projection greatly reduces the amount of memory needed to simu-
late large d > 1 systems. This added a virtual entropic potential U,(r)
and a “volume” drift J, pushing the particles away from r = 0 due to
the fact that there is more volume far from the origin. The
electrostatic drift /. attracts the particles toward the center at r = 0.
Given eqn (14), the stationary distribution j(r,¢) = 0 satisfies

C(r) oc exp[—U(r)/ksT], (15)

where the effective potential energy is U = U, + Ue.

3.2 Kinetic lattice Monte Carlo algorithm

We consider a 1D system where particles can jump between
adjacent lattice sites i and i + 1 with probabilities W;., ;1 as
shown in Fig. 1c. The latter must satisfy detailed balance in
order to insure microscopic reversibility:

é?“’i—»#l = C'?+1Wi+1—>i- (16)
Using eqn (15), we obtain
W.".
DL exp(As), (17)
Witi-i
with Ag; = ¢4 — ¢; and ¢; = Uy/kgT. To link these parameters to

local dynamics, we use the closure relation

Wi i1 + Wii o = 2DAY A, (18)

where a is the lattice step size and At is the time step to be used
for the simulations. The end result is

2D 1

Wisivl = —5 X ——F—
T + exp(Ag;)

x At, (19)
2D 1

Wisini=—F5 X +———F——
* 21 + exp(—Ag;)

X At. (20)

Since the probability of not jumping during a time step,
W;,,i=1— W,,;,_1 — W;_, 11, must be >0 Vi, we have
At < 1/max[R,-ﬂ,v,1 + Riaz#l]y (21)
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where the hopping rates are R;_, ;11 = W;_, ;.1/At. In order to achieve
optimal accuracy, we use a time step At = 1/3 Aty in our simula-
tions to insure W;_,; ~ 2 everywhere on the lattice, so that the local
bias does not affect the diffusion coefficient of the particle.*>™**

This KMC algorithm can be used in two different ways:

(I) To study the motion of a single particle: as usual, a
random number is then generated at each time step to select
the next move that will be attempted.

(I1) To follow a population of particles: the time evolution of
C can be studied by iterating the master equation. The concen-
tration &/'! at lattice i and time step j + 1 reads

~
~

Ci™ = Wisa o €l + Wi Cla + Wil G, (22)

where i, j are integers.

3.3 Boundary conditions

We use three different types of boundary conditions, as shown in
Fig. 1c:

Absorbing boundary conditions to model the capture by the
nanopore (ABC): we consider that the ABC is in the center of the
lattice site at a distance R, from the origin; the boundary
condition then reads C(p — 1) = 0, where p = Ry/a. The
corresponding master equation is

CHY = Wyt pChr + Wy ,Ch (23)

Reflecting boundary conditions (RBC): in one series of
simulations, the walls of the cavity of size R, are replaced by
a RBC placed in the center of the last lattice site, b = Ry/a; jumps
from i = b to b + 1 are rejected (there is no particle flux across
the boundary). The corresponding master equation is

CHt = Wy g pCha + Wy sCh + Wy pia G (24)
Source boundary conditions (SBC): in some simulations, the
cavity walls are replaced by a source that mimics an infinite system
(or reservoir) at fixed concentration C(j > b) = C,. The corres-
ponding master equation is

Cht =Wy 1.5Ch 1 + Wy 3Ch + Wiy . 4Co. (25)

We use a lattice step size a = R,/10 for the simulations in
Sections 4.1 and 4.2, and a = r,/100 for the rest of the paper. The
simulation time required to achieve steady-state depends on
system size, the level of discretization (lattice step size and
choice of time step) and field intensity. Let us illustrate this
using Test 1 presented in Section 4.1 as an example: the
simulations are carried out using Python 3.7 with NumPy
1.19; the typical simulation time for a system described in
Section 4.1 is ~30 minutes for 10° iterations on a single core
processor (2.6 GHz Intel Core i7), corresponding to ¢ = 6361,.
The figures are plotted using the Matplotlib 3.2.2 package.

3.4 The electric field

We use two different electric field approximations in our simula-
tions: the spherically symmetric field from the point-charge field
(PCF) approximation is given by

Epcr(r) = —A 1/’72 (26)
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As discussed previously,>>*"** the actual electric field is identical
to the PCF at large distance (r > 2r,) but flat and not spherically
symmetric near the pore (the differences are basically found at
small polar angles 0 when r < 2r;,). Our 1D model is a projection
of a spherically symmetric 3D capture system. In order to
investigate the impact of the flat field in our 1D KMC simula-
tions, we neglect the small angular dependence of the field near
the pore and use the exact field*' in the vertical direction right
above the pore (Z in Fig. 1b). We call this the Exact Axial Field
(EAF) approximation. In 1D simulations, the electric potential at
distance r then reads

Vear(r) = AV arctan (L), (27)
p T
and the corresponding electric field is
’
=-AV—"—.
EEAF (r) Vl‘pz T r2 (28)

Note that Epap(r » 1) & Epce(r), in agreement with the PCF
approximation, eqn (26). The field plateaus at E, = Epcy(r}) close
to the pore, as shown in Fig. 1b.

4 Results

We first test our KMC algorithm for diffusion-limited (no
field) absorption by a sphere, both in finite and infinite
systems. We then add the electric field to study capture by
the nanopore, again in both finite and infinite systems, and
simulation results with the PCF and AEF field approximations
are compared. We also examine how a particle escapes from
the nanopore when the polarity of the electric field is
reversed.

4.1 Test 1: diffusion-limited absorption by a sphere with a
source boundary

The solution of the diffusion equation with U, = 0 (no external
field), an absorbing sphere of radius R, and the boundary
conditions C(Ry,t) = 0 and C(o0,t) = C, is*"*°

R R,C, — R
C(r,t) = Co<l ——") + pC erf[’ P].
r V4Dt
The last term is negligible in the steady state, t - oo; the result

is then identical to the 4. — 0 limit of eqn (7), as it should. The
time dependent capture rate is

(29)

ocC R
R, 1) =4nR>D—| =p°(1+ ”>. 30
o (Rpot) =dnR/ DG w1 2 )
The capture rate decays to the steady state value pg = p(R,,c0) =

4nDR,C, with a relaxation time 1, = sz/Dn. Interestingly, if we
replace R, by Z. in the expression for pg, we recover the capture
rate for a nanopore, eqn (6) (to within a factor of 2 because
eqn (6) is for a half-space); the field thus pushes the capture
radius from R, to Ze.

The simulation system of size R, = 150R, has a uniform
loading C(r,0) = C, for R, < r < Rp, an absorbing boundary
C(Ry,t) = 0 and a source boundary C(Rp,t) = C, (in order to mimic

This journal is © the Owner Societies 2021

48



PCCP

1.0 A
0.8 1 6
Q KMC
———=theory
< 0.6 1 4 ——4nDR,C,
= =
= T 2 4
@) 0.4 4
0 T T T T
0.2 1 100-t 10t 10® 109
time/ Tt
0.0 +- e
10° 101 102
r/Ry

Fig. 2 Scaled concentration C(r.t)/C, vs. r/R,, at different times t (from left
toright: t = 0, 0.1, 2, 26, 420 and 67007 for diffusion-limited absorption
by a sphere of radius R, with a source boundary at R, = 150R,,. The data
points are from simulations and the solid lines are from the exact solution,
eqgn (29). Inset: Scaled capture rate p(t)/p¢ vs. time; the data points () are
from simulations, the red line is from eqn (30) and the horizontal line is the
predicted steady-state.

an infinite system). Fig. 2 shows the radial dependence of C(rt)
at different times ¢ while the inset shows the time-dependent
capture rate: the results agree with theory.

4.2 Test 2: diffusion-limited absorption by a sphere in the
presence of an outer reflecting boundary

We now replace the SBC at R, by a reflecting boundary (the total
number of particles thus decreases with time), and we compare
our results to those of Section 4.1, still in absence of an external
field. Here, the concentration is given by (Appendix A)

>, sin(ka(r—R,)) 5
= B———— —tDk 1
C(r,t) = C, ; » R, exp(—tDk,’) (31)
where the wavenumbers k,, are the roots of
tan(k,(R, — Rp)) = Rpky, (32)

and the weight of the nth decay mode is given by

&R (r + R,) sin(Z,r)dr

R, 5 Rrsin? (J,r)dr

B, =

B sin(k, (Ry — Ry)) — knRy cos(kn(Ry — Ry)) + kuR,

Ry Ry—R, sin(2k, (Ry — Ry))
2 4k,
(33)
The time dependent capture rate is
p(Ry,t) = 4nDCoR, Y BykyRy exp(—tDk;/). (34)

n=1
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At long times ¢t > R,*/D, the concentration reduces to
C(r,1) sin(ki (r — R,)) )
~ B —tDk 35
N B e Dk, (35)
while the capture rate decays as
PRyt > ) & p? X RykiBy exp(—tDk;%), (36)

where k; and B; are the wavenumber and weight of the longest
mode, respectively. The final decay time is thus

7, = 1/Dk%. (37)

In the large box limit R, »> R, we obtain kR, ~ 1.571,
T, ~ 0.405 R,*/D and B, ~ 0.811R,/R,. Eqn (36) then predicts
that p(t) becomes smaller than the infinite system plateau rate
pd when t > 1. &~ 0.24167,. In other words, 7, ~ R,*/D is the
time required to measurably deplete the box as a whole.

We use the simulation setup of Section 4.1 but replace the
source boundary by a reflecting one (at R, = 60R,). Fig. 3 shows
the radial dependence of C(r,t) at different times while the inset
gives the time-dependent capture rate: the data agree with the
theory. The rough estimate above gives a critical time 7. ~ 10°1,
here, in agreement with the inset data.

4.3 Field-driven capture rate with a source boundary

In this section, we use a source boundary at r = R, = 2/, and an
absorbing one at R, = rp,/ /2 (the nanopore). Fig. 4 shows the
time dependence of the capture rate p(¢) for different field
intensities A, for both the PCF and EAF approximations. The
curves collapse remarkably well when the time axis is rescaled
by the theoretical PCF transient time t4(Z.). The PCF capture
rate rapidly decays to the predicted value at roughly ¢ ~
When we use the EAF instead, the curves overlap up to ¢ ~ 14,
followed by a deep undershoot, and finally the same final rate is

Tq.

~
=~

1.0 A
0.8 4
Qo
2 061 e s
= & —4nDR,C,
£ S
\6 0.4 A X 2+
N
02 i 0 T s l1 13
10~ 10 10
time/ Tt
0.0 +— —— ———
10° 10t
r/Ry

Fig. 3 Scaled concentration C(r,t)/C, vs. r/R, at different times t (= 0, 0.03,
0.5, 9, 140 and 2300+, for diffusion-limited absorption by a sphere of radius
R, with a reflecting boundary at R, = 60R,. The data points are from
simulations while the solid lines show the analytical solution, egn (31). Inset:
Scaled capture rate vs. time; the data points (M) are from simulations, the
red line is from eqn (34) and the horizontal line is the steady-state value for
an infinite system.
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Fig. 4 Capture rate p(t) vs. time for field intensities Ze = 20, 40 and 80r,,.
The pore (absorbing) boundary is located at R, = r,/v/2 while the source
boundary is at R, = 2/.. The horizontal line is the steady state capture rate
predicted by egn (6). The dotted lines are from simulations done using the
PCF, egn (2), while the solid lines give the simulation results when the EAF
is used, eqn (28). The time axis is rescaled by the steady-state time 74(/e)
while the capture rates are rescaled by the steady-state theoretical value
p; = 21DCole.

reached for times ¢ = 10%t4. The fact that the EAF field is lower
than the PCF field near the pore has two effects: (1) the time
required to reach the steady-state is increased; (2) the width 74
of the region where C(r) is not flat is broader (see Fig. 5b for
example). Both of these effects contribute to the large increase
in the transient time.

Fig. 5 shows several steady-state concentration profiles
C(r,t » 14) for both PCF and EAF. The C(r,t » 14) PCF curves,
Fig. 5a, agree perfectly with the analytical solution, eqn (7); in
particular, the depletion zones are barely larger than R, and get
narrower at higher field. However, in the EAF case (Fig. 5b),
there is a peak near the pore due to the locally flat field, and its
position shifts closer to the pore when the field increases.
Time-dependent concentration profiles are shown in the insets
for /. = 80r,. A depletion zone quickly forms in the PCF case, as
expected. However, the EAF concentration increases near pore
due to the slower capture rate caused by the flat field; the
increasing local concentration results in a higher capture rate;
for times ¢ = 10%tq, however, these two effects balance each
other and the steady-state is reached.

4.4 Field-driven capture rate with a reflecting boundary

We now replace the SBC used in Section 4.3 with an RBC to
investigate the impact of finite system size on capture. Fig. 6
shows the concentration profile at three different times for a
field intensity /. = 207, and different box sizes R, > /.. We
observe similar long-time behavior for both the PCF and EAF
fields: the concentration near the outer, reflecting wall
decreases with time since no new particles arrive from infinity
in this case. Unsurprisingly, these effects happen earlier and
are more severe for smaller system sizes Ry,

The rate at which the outer depletion zone propagates
inward can be estimated as follows. If we assume that the
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Fig. 5 Scaled concentration C(r,t)/C, vs. rir, for field intensities . = 20
(@), 40 (m) and 80 r,, (V). The pore is located at R, = r,/V/2 while the
source boundary is at R, = 2. (a) Simulation results at time t = 1074
obtained using the PCF. (b) Simulation results at time t = 10 00074 obtained
using the EAF. In both cases, the solid lines show the PCF prediction,
egn (7). Insets: Simulation data at times 0.07, 0.3, 1, 70, 300, 9000 and
20 0001g, with Ze = 80r,.

concentration profile is a step function with C ~ C, up to the
beginning of the depletion zone and zero beyond, the equation
for the location 7(t) of the front is simply

2nr(t)*Codr = —p2dt = —2nDC,Jdt, (38)
with r(0) = Ry. The solution is
rt) = Ry x (1 — 3ADt/R,*)">. (39)

The time taken by this second depletion region to reach the
pore is thus 1, & R,*/3/.D = tx(R5,0). However, we expect that
the capture rate will start being affected roughly when the
depletion region reaches the capture radius at r = A, ie. at
time 1, ~ [1 — (4e/Rp)’]tp. The inset of Fig. 6a shows the time
dependence of the capture rates for the PCF case. The size of
the box plays no role at short times, but p(¢) decreases at longer
times - similar to the field-free results in Fig. 3. The rough
theory described above overestimates the time at which this
happens by a factor of 10, not surprising given the fact that the
propagating front is not a step function and thus propagates
faster than assumed here.
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Fig. 6 Scaled concentration C(r,t)/C, vs. r/r, at times t = 1700 (- --), 3500
(---) and 7000 (—) 4 for a field intensity 1. = 20r,. The systems have a
reflecting boundary at r = R,, as indicated, and the pore is located
at R, =r,/v2. (a) Simulation results obtained using the PCF, egn (2).
(b) Simulation results obtained using the EAF, eqn (28). Inset in (a): capture
rate p(t) vs. time. The horizontal line is the steady state capture rate
predicted by egn (6).

4.5 Time reversal and particle escape

To better understand the dynamics of the particles at different
radial distances r, we now study the inverse of the capture
process by using an open boundary condition and an inverted
PCF polarity. Our goal is to examine the transition between
field-driven and diffusion-driven dynamics when a particle
moves across the capture radius (the same transition occurs
for escape and capture simulations, but the former are compu-
tationally more efficient).

We start the particles one lattice site above the pore and let
them move away; however, we only record the data once the
particles have reached the location r = R, of the absorbing
boundary used in the previous section. The time dependence of
the mean radial displacement 7¢) can inform us about
the relative importance of diffusion and electric drift during
capture. Indeed, we expect that a particle moving away from
the pore will go through two main phases: field-driven
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Fig. 7 Log-log plot of the mean distance migrated (in units of A¢) at time t
(in units of 7;) when the PCF polarity is reversed. The black line is from
egn (40). The filled circle (@) shows the location of the [z,; 4] point, while
the triangle (A) uses the improved estimate of the clean up time 7/, given by
egn (40). The particles are initially placed one lattice site above the pore
and the data points (r > R,) are averaged over 1000 trajectories. Inset:

Local slope vs. time. The expected values of 1/2 and 1/3 are marked by
horizontal lines.

(as described by eqn (4)) for short distances, and then diffusive
when r > A, (and similarly, but in reverse order, for capture).

Fig. 7 shows 7(¢) vs. ¢t for several field intensities A., and the
inset shows the local slope (i.e., the exponent y if 7(t) ~ ¢). We
clearly have two regimes, with y = 1/2 (diffusion) at long times
t > 1,, preceded by y = 1/3 (field-driven motion).

The data for different field intensities collapse if the dis-
tances and times are rescaled by the capture radius Z. and the
cleanup time 1, respectively, in agreement with our previous
paper.”® However, the curves do not quite go through the [7;,1.]
point as one might have expected. The reason for this is the fact
that eqn (5) considers only the deterministic effect of the field
and neglects both diffusion and entropic effects. If we take
volume (entropic) effects into account, the deterministic time
7,(r) to reach a distance r from the origin can be calculated by
integrating the combined effects of the electric force VU, and
the entropic force —VU,:

 keT[’ dr

u(r) D Jo—VU,(") + V()

(40)

~2EIQ2r)le +1) = 2r(de — 1)
B 8D '

A more accurate estimate of the time to reach the radial

31In(3
distance r = Z is thus 7, = 7,(A.) = I;( )

7,. Fig. 7 shows that

7, agrees nicely with the simulation results. In the limit 7 > /.
where diffusion dominates eqn (40) gives 1, ~ /4D instead of
the expected 1, ~ r?/6D in three dimensions: this is the reason
why the black curve in Fig. 7 is then below the simulation data.
The EAF data are similar although not identical at short times
due to the flat field (not shown).
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5 Can we concentrate analytes using a
time-varying field?

Our KMC algorithm allows us to also study molecular mixtures
as well as time-dependent fields. As an example, we now
investigate (as a proof of concept) a process by which it might
be possible to favour the capture of one molecular species in a
mixture of two types of molecules.

The steady-state capture rate is given by eqn (6). Returning
to the original variables, this can be written as p = 2nC,AVrep,
showing that while the mobility p affects the capture rate, the
diffusion coefficient D does not. Therefore, the most challenging
situation would be to manipulate the capture rates of two
molecules that happen to share the same mobility u. We will
be using this hypothetical case for our proof-of-concept analysis.

We thus consider a mixture with two types of analytes having
the same mobility u; = p, but different diffusion coefficients,
with D; < D,. The question we are asking ourselves here is
simply: can we design a capture process that would favor one
species?

In order to bias the translocation process, we have to exploit
the fact that D; # D,, and this implies that we periodically turn
the field off so that diffusion can play a role. One approach is to
briefly reverse the field polarity to create a depletion region
near the pore, and then turn the field off to let the molecules fill
this region by diffusion - a slow process that will bring more of
the fast-diffusing, smaller type 1 molecule in the vicinity of the
pore. If we then apply the translocating field for a short period
of time, the nanopore will capture more type 1 than type 2
molecules. Repeating this pulse sequence (Fig. 1d) will lead to a
capture process that is biased in favour of type 1 molecules.

The duration of the three pulses in the sequence will be
denoted ¢4, t. and ¢_,. These pulse durations must be selected
properly, as we now demonstrate.

According to eqn (4), the radius of the depletion region
created during the reverse field phase is

Ar_ =~ /3uAVret_.

During the recovery phase of duration ¢4, the field is turned off
and the molecules refill the depletion zone by diffusion. The
change in radius of this region is thus

Ar%z) ~ \/6D1V21‘® .

Since D, < D, choosing t4 such that Ar{,f) < Ar_ would
minimize the number of type 2 molecules near the pore, while
a t, that gives ArY}) > Ar_ would maximize capture of type 1
molecules. In other words, we need

(41)

(42)

AP > Ar_ > AR (43)

In the final phase, we want to capture the molecules in the
region not yet fully refilled by the slowest type 2 molecules.
Since this region has a radius AM? ~ Ar,_ — Ar{f), this means

t, < (A0 (44)
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where 15 can be estimated using eqn (4). One last condition
must be satisfied since the type 1 molecules that reach the
mouth of the nanopore must also have time to translocate
across the entire nanochannel during the capture pulse of
duration ¢, (we assume that those who do are taken away
immediately and permanently, e.g. by a liquid flow parallel to
the wall). The electric field near nanopore (r < r,) is flat with a
field intensity of E, = Epce(r,) = —AVre/r,’, which is essentially
the same as the electric field inside the nanochannel. The
distance travelled by the particles (both types) located inside
the nanochannel (nc) during the forward field period is thus

AeD

e = pEot_, = %tﬂ (45)
Iy
The last condition is simply
T'ne > /ncy (46)

where /. = /;, + 2R, is basically the effective length of the
channel here. The three pulse durations must be chosen to
satisfy eqn (43), (45) and (46) simultaneously. As usual, the
performance of such a system will be a trade-off between high
selectivity and high capture rates. We give an example below.

Our KMC simulation scheme can easily be adapted to also
include analyte field-driven drift across the nanochannel. The
translocation process itself is simply 1D motion in the presence
of a uniform field (of intensity E,). The cross-sectional area of
the channel is exactly the surface area of the absorber at r = R,,
and the field at that point is indeed ~E,. We thus extend the
x-axis from r = +R, (where the absorber was located in the
previous sections) to r = —/;, — R, (see Fig. 8) and we don’t use
any entropic force when r < R,. During the forward pulse of
duration ¢_,, we place the absorber at r = —/, — R,, on the trans-
side (this is replaced by a RBC during the other two phases in
order to stop any leakage). During the recovery phase of
duration ¢4, a RBC is placed at r = R, so that analytes do not
diffuse inside the nanochannel. These conditions strongly limit
the contribution of non-field driven translocation of analytes.
Finally, a source boundary is applied maintained at R, = 60r,
throughout, and the system starts with a uniform concen-
tration C,.

Since 2. ~ Q and u ~ DQ, we must have 1. ~ 1/D in order to
keep the mobility molecular size independent. In our simulations,
we use D, = 2D, = 2D and a field intensity /1(52) =501, = 2)@ = le. In
order to define the pulse durations in an unambiguous way, we
need a time scale that does not depend on molecular size such as
the cleanup time 7, needed to empty a zone of radius R,

T, = T5(Rp,0) = R,*/34.D, (47)

which is size-independent here since A.D ~ p.

The choice of pulse parameters is guided by the three
constraints presented above. We first test the following para-
meters: backward pulse ¢._ = 62.51, « 1,; refill time ¢, ~ r
6D, ~ 196.97,; and capture time ¢_, = 29.07,. Fig. 8 shows the
steady-state concentration pattern for the two particles at the
end of the reverse (solid lines) and refill (dotted lines) phases.
Clearly, the depletion zone at the end of the ¢. pulse is larger
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Fig. 8 Scaled concentration C(r,t)/C, vs. scaled radial distance r/r, for two
particles with same mobility but two different diffusion coefficients (see
text) under a time-varying field, after 100 cycles. Solid lines: at the end of
the reverse phase of duration t_ = 62.51,. Dotted lines: at the end of the
refill phase of duration t, = 196.91,. The brown area marks the position of
the wall/membrane with a thickness of 7, and the gray bands are of
thickness Rp.

for particle (2): this is expected since the pulses are designed to
keep them far from the nanopore. The molecules then diffuse
toward the pore during the ¢, phase: obviously, the gap between
the dotted lines near the pore must result in two different
capture rates. In this particular case, the ratio p,/p, between the
mean capture rates of the two molecular species is ~2.5.

The two capture rates and their ratio can both be modified
by changing the refill time, as shown in Fig. 9. The ratio of the
mean capture rates increases by a factor of ~6 here; however,
the mean capture rates also decrease (~ 3 fold). An ideal device
would have both a high capture ratio and a large capture rate,
but in practice, this is not achievable: as usual in separation
science, one has to choose between purity and speed. Optimizing
the value of the other two time parameters for a given pair of
same-mobility analytes is beyond the scope of this paper.

12

/P2

P1

2 T
50

T T — 0.010
100 150 200

to/Tp
Fig. 9 The ratio pi1/p, of the mean capture rates of the two molecular
species (@), and the scaled mean capture rate p;/p, of the favored species
(V), vs. the (scaled) recovery time t,/1,, for the system described in Fig. 8.
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6 Discussion and conclusion

We have proposed a KMC algorithm that can efficiently map a
spherically symmetric d-dimensional drift-diffusion problem
onto a 1D biased random walk, and we successfully tested it
using the standard problem of the diffusion-limited absorption
of point-like particles by a sphere in both finite and infinite
systems. The 1D projection greatly reduces the amount of
memory needed to simulate large d > 1 systems.

Our new KMC algorithm allows us to investigate both the
short-time and steady-state dynamics of capture when a point-
like external field is added. Our simulation results are in
excellent agreement with the theoretical steady-state infinite-
system concentration profiles and capture rates in 3D, further
supporting the validity of the algorithm. Moreover, the short-
time data agree with our theoretical estimates of the steady-
state time tq ~ 1/D/.> and of the size rq of the depletion region.
We note that the depletion region is barely larger than the pore
size, and that 14 is too short to be observed in the lab.

Interestingly, when the short-distance field is modified to
take into account the finite width of the pore, the flatness of the
(EAF) field near the pore creates a local traffic jam resulting in a
substantially lower initial capture rate and a much increased
steady-state time t4. Furthermore, the plateau concentration is
moved to larger distances rq. Nevertheless, the same steady-
state capture rate is eventually reached, and both 74 and ryq
remain too small to be observable in typical experiments.
Crucially, these results strongly suggest that one should not
expect any useful depletion region or concentration patterns
near the nanopore.

When the system is a finite-size cavity, short time capture
dynamics is similar to that observed in an infinite system, as
one would expect. The region of the cavity that is beyond the
capture radius /. acts as a reservoir. As this reservoir is being
slowly depleted, an outer depletion zone propagates inward
from the cavity walls. The capture rate starts to decay from its
initial steady state value when the front of the outer depletion
region reaches the capture region at r = 1.; however, since the
time needed to reach this point increases rapidly with the cavity
size (~Ry’ if R, > Ao, which is normally the case), the capture
rate can only be affected in small systems.

Of course, our KMC algorithm can also be used to simulate
single particles dynamics. We thus revisited the reverse-polarity
single-particle escape process that we introduced in our pre-
vious paper.>® We again observe that the dynamics change from
field-driven to diffusion-controlled at a distance 1., as expected
from theory. Exploiting the fact that our 3D to 1D projection
adds an entropic force to the equation of motion, we have
proposed an improved approximation for the time-dependent
mean trajectory r(t) of the particles, in excellent agreement with
the simulation data.

In the last part of the paper, we proposed a novel pulsed-
field nanopore-based scheme to separate two different types of
molecules with the same mobility but different diffusion coeffi-
cients. Section 5 is intended to be a simple proof of concept
showing that exploiting diffusivity differences might be
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possible. Clearly, one can change both the parameters, and
even the shape, of the field pulses proposed here. For example,
decreasing the recovery time can increase the ratio between the
two capture rates, but at the cost of also decreasing the
magnitude of both capture rates. In principle, one can also
use an array of nanopores to enhance quantities, or a sequence
of nanopores to enhance purity.
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Appendix

A The solution for a RBC and pure diffusion

With an ABC at r = R, and a RBC at r = Ry, the solution must
satisfy the conditions C(Ry,t) = 0 and 0,C(r,t)|g, = 0. We first
define u(r,t) = rC(r,t) and substitute this into eqn (1) to obtain
the simple differential equation

ou(r, ) %u(r,1)
o b or? (48)
Using the separation of variables method with u(r,t) = ¢(r)g(?),

one obtains

2(t) = exp(—tDK?) (49)

and

¢(r) = Acos(k(r — R,)) + Bsin(k(r — R,)), (50)

where A and B are constants and k£ > 0. The ABC at r = R,
imposes that A = 0 and the RBC at r = R, leads to eqn (33) for k.
Note that eqn (33) has an infinite number of roots &, and must
be solved numerically. When n >» 1, however, we find &k, — nn/
(Ry — 1,). Since the eigenfunctions ¢, are orthogonal, using the
initial condition u(r,t = 0) = rC,, one can find the weights given
eqn (33).
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ABSTRACT

Both the translational diffusion coefficient D and the electrophoretic mobility y of a short rod-like molecule (such as dsDNA) that is being
pulled toward a nanopore by an electric field should depend on its orientation. Since a charged rod-like molecule tends to orient in the
presence of an inhomogeneous electric field, D and y will change as the molecule approaches the nanopore, and this will impact the capture
process. We present a simplified study of this problem using theoretical arguments and Langevin dynamics simulations. In particular, we
introduce a new orientational capture radius, which we compare to the capture radius for the equivalent point-like particle, and we discuss
the different physical regimes of orientation during capture and the impact of initial orientations on the capture time.

Published under license by AIP Publishing. https://doi.org/10.1063/5.00

02044

I. INTRODUCTION

Field-driven translocation through a nanopore can be used to
analyze biomolecules such as microRNA, DNA, and proteins, * and
new methodologies are continuously being proposed to enhance the
performance of the related devices, e.g., improving the capture by
pre-confining the DNA with a nanoporous filter, '’ controlling the
translocation time by coating the nanopore with a lipid bilayer,""'
and achieving multiplexed detection using DNA-based labels or car-
riers.""” Unlike spherical objects, highly charged dsDNA molecules
can either deform and stretch (if their contour length L is much
larger than their persistence length L) or simply orient (if L < L,)
during the capture process;' "' for dsDNA, L, ~ 50 nm or ~150 bp
under typical salt conditions.'® The impact of the coupling between
the dsDNA conformation/orientation and its dynamics is often
neglected. Another example is the translocation of a rod-shaped
virus:'”*" the tobacco mosaic virus (TMV)*'~* is a charged rigid rod
of ~300 nm length and ~15 nm diameter with a persistence length
>10 times its length.

Previous studies of the translocation of charged rod-like objects
mainly focused on how rods enter a nanopore and then translo-
cate.'””"”**?* In this short paper, we examine the capture of a short
rod-like object by the field gradient extending outside a nanopore
and, in particular, the impact of rod orientation on the capture

process. Describing the orientation of the rod using a local order
parameter, we conclude that the physics of the problem is related
to a new length scale Ry that characterizes the radial position where
orientation starts. Since Ry is smaller than the standard capture
radius, rods drift faster than they can orient, with potential impact
on capture rates.

Il. THEORETICAL ANALYSIS

As discussed in Sec. II A, the field lines are radial and the
field intensity decays as E ~ 1/r* at large distances from a nanopore
(see Fig. 1). A rod-like molecule thus feels a torque and orients in
the resulting field gradient to minimize its local energy. We will
characterize the mean orientation using the order parameter

0= %[3(c052 0) - 1], (1)

where 0 is the angle between the molecule’s principal axis and the
local field direction. Note that ® = 1 for perfect alignment, while
® = 0 for random orientation (r — o00).

A. The electric field and forces

For radial distances r much larger than the pore radius ry, the
electric field outside the pore can be represented by the point-charge

J. Chem. Phys. 152, 144902 (2020); doi: 10.1063/5.0002044
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this radial field is

Wo(r) A [l dz
ksT L J-12 \/r?+22+2rzcosB

where z is the distance between a charge along the rod and the
center-of-mass of the rod. Note that the potential energy of the rod
depends only on the distance r and the angle 8 because the field in
Eq. (2) is radial. The orientational potential energy for the rod is

4)

OWo(r) = Wo=o(r) — Yo(r), (5)

. . . . . 30,31
and the corresponding mean orientation is given by

i cos® Osin O exp (—0Wq(r) /kpT)dO
/o sinBexp (-0¥o(r)/ksT)dO

(6)

(cos® 0(r)) =

FIG. 1. A schematic view of the nanopore system. The background colors code for
the electric field strength (red indicates higher fields). The dashed line depicts the
capture radius Ae, while the gray lines depict field lines. The angle between the rod
and the electric field line is 6.

Although these integrals cannot be done in the closed form, they
can be computed numerically to obtain the order parameter ©(r)
for different values of the nominal capture radius A. (see Fig. 2). As
expected, O(r) drops quickly with distance because the field gradi-
ent decays as r~3. We note that distances much smaller than ). are
needed to obtain substantial orientation: in other words, the DNA
rod is “captured” much before it orients.
When r > L, the asymptotic form of Eq. (6) is

. . 26,27
approximation

E(r) » —rAV/P, (2)
O(r) » AL?[60 1° = (Ro/r)’, @)
where AV is the potential difference across the system and the length

_ 2l : s N
scale r = rp/ (a +7) describes the pore’s size and aspect ratio (Lis  where the length scale Ry will be called the orientational capture

the pore length). This approximation will be used in our theoretical  radius. Since A, ~ Q ~ /D, it scales like

analysis, while an analytical solution to Laplace’s equation'"*" will

be used in the simulations. Ry = (%AeLz) (8)
As described in Ref. 29, Q = kgTu/D is the effective DNA elec- . . . .

trophoretic charge, where y and D are the mobility and diffusion The inset of Fig. 2 shows the same data but with r now rgscaled using

coefficient of the DNA in free solution. The standard definition of ~ Ré- The curves collapse, except (weakly) at very short distances. The

the capture radius is the length scale r = A, where the analyte’s

potential energy QV(r) = kgT; this gives

P (avp)”.

« Ao =200 7,
« Ao =600 7,
= 1000 r,,

- Te- (3)

0.5 1

Note that we will use A, to measure the amplitude of the applied elec-
tric forces; for instance, the velocity of the rod can then be written
simply as v(r) = 1D/

For the simulations, we chose the following dimensionless
parameters: a rod of length L = % rp, a pore aspect ratio of I/r, = 2
(giving 1o = 4%7), and fields in the range of A, = 200-1000 r,. As
a guide, if one were to map this simulation onto the dynamics of a 0.00
short L = 100 bp (or ~34 nm long) dsDNA, the pore size would be

0.0 o

distance/Rg

order parameter
=)
n
S
1

T
0 5 10 15 20 25

rp ~ 10 nm, the effective rod charge would be Q = ks Ty/D ~ 70 e, and )
the voltages would be in the range AV ~ 0.5-2.5 V. distance /7,

. . . . . FIG. 2. Static order parameter ®(r) vs scaled distance rir, for a rod of length
B. Static orientation in the field gradient L = % r, and different field intensities e (in units of rp), as obtained from

We consider a uniformly charged rigid rod of length L whose the numerical integration of Eq. (6). Inset: same data with the x-axis now
center of mass (CM) is at position 7, and we assume that it is in ori- r,ssﬁggjo L;S;nstf’rW'th Ro (A = 200 rp) = 3.3 1y, Ry (600 rp) = 4.8 r,, and
entational equilibrium in the potential V(r). Its potential energy in ¢ e
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orientational capture radius Ry = </A.L?/60 is thus the length scale
describing the decay of the order parameter. Importantly, we have
Rg << A since L < A. Given that D ~ 1/L for a rod, this relation
also predicts that Rg o< LAV'"?, where the 1/3-scaling comes directly
from the field gradient. Note that we chose three dimensionless field
intensities A, > 60L to ensure that Rg > L.

C. Scaling analysis

We now examine this problem using a scaling analysis of the
competition between the field-driven and the diffusion-driven rota-
tion for a rod fixed in space at CM position r. The rod’s free rota-
tional relaxation time is roughly the time it needs to diffuse over half
its own length™ and thus scales like 75 ~ L*/D. When r > L, the force
driving rotation is Fe ~ dyp/Ld6 ~ LAkT/r’, and the corresponding
time scale is 1, ~ L/(F./&), where & = kgT/D is the friction coeffi-
cient. When 1y < 7., rotational diffusion dominates and the electric
forces are not sufficient to align the rod along the local field line;
when 79 > 7., on the other hand, rotational diffusion cannot stop
the rod from orienting. The location r where 7y = 7.(r) scales like
r ~ (A.L?)'/? ~ Ry, in agreement with the analysis of the equilibrium
limit presented in Sec. II B.

I1l. SIMULATIONS: METHODS AND RESULTS
A. Coarse-grained stiff rod-like molecules

We employ Langevin Dynamics (LD) simulations and more
precisely the ESPResSo’s standard coarse-grained bead-spring
model.””"" The excluded volume interactions between monomer
beads and between the wall and the monomers are modeled using
a repulsive Weeks—chandler-Andersen potential (WCA),”

46[(%)12 - (9)6] +e¢ forr<r.

7

Uwca(r) = 9)

forr>r.

The parameter € = kpT is used as the fundamental unit of energy in
our simulations, the nominal monomer size ¢ is used as the funda-
mental unit of length, and r. = 2//® ¢ is the cutoff length that makes
Uwca purely repulsive. Adjacent monomers are connected with the
Finitely -Extensible-Nonlinear-Elastic (FENE) potential,';(‘

2
r

UFENE(T) = —%KFENE ré ln(l - 1’7) (10)
0

We use the spring constant Krgng = 30 €/d* and the maximum
extension ro = 1.5 0. We control the chain stiffness via the harmonic
angular potential,

Upend (¢) = 1Kpena (¢ — 7)°, (11)

with the bending constant Kgeng = 100 €; the molecule’s persistence
length is approximately equal to the nominal thermal bending length
in free solution:”’ Ly/o ~ Kgena/ksT = 100, where ¢ = %rp is the
nominal monomer size. Our five bead molecule has a contour length
of L=50=Y1r « L,

ARTICLE scitation.org/journalljcp

B. Langevin dynamics simulations

Since the solvent is implicit in LD formalism, the equation of
motion for a monomer of mass m is™

mb = VU(F) - &6 +/2Eks T R(2), (12)

where U(?) = UWCA(?) + UFENE(;) + UBend(?) + UE(?) is the sum
of the conservative potentials, with Ug(¥) = QV(¥), and —&% is the
damping force. The last term on the rhs is the uncorrelated noise that
models the random kicks from the solvent; as usual, R(t) satisfies
(Ri(t)) = 0 and (Ri(t)R;(0)) = ()3, where &(t) is the Dirac delta
function and i and j represent the Cartesian coordinates.

C. Static orientation

We first test the theory for static orientation in Sec. II B by sim-
ulating the equilibrium orientation of the rod-like molecules when
their CM position is placed at different distances r right above the
pore. The numerical results are in good agreement with theory, as
shown in Fig. 3; the small deviations found for small values of r/Rg
are due to the non-radial field lines near the nanopore, as discussed
in our previous paper.l“

D. Orientation during capture

We now simulate the capture of a randomly oriented rod
released far from the pore (A > r > Rg) and evaluate its mean ori-
entation O(r) from an ensemble of 5000 trajectories. How a rod-like
molecule enters a pore depends on multiple factors, such as the pore-
molecule interactions and the detailed field lines, but since this is not
our focus here, we stop the simulation once the rod is at a distance
of r = L/2 away from the nanopore.

As shown in Fig. 3, the dynamic order parameter curves
O(r) also collapse if r is rescaled by Rg(A.), implying that Ry
is again the relevant length scale. For distances r < 3 Ry, how-
ever, the drift toward the pore is too fast for the rod to adapt
to the local field conditions, and the order parameter is less than

theory:  Ae = 200 7p
« static: e =200 rp
4 dynamic: A\e = 200 rp

2 0759 %, theory:  Ae = 600 rp
QE) A‘ﬁA . static: Ae = 600 7
= i‘“ » dynamic: Ae = 600 rp
= 0.50 A 5‘ ~ theory:  Ae = 1000 7,
2 y . static: e = 1000 7p
g “,“ s dynamic:

Z 0.25 ", \

0 1 2 3 4 5
distance /Ry

FIG. 3. Order parameter ©(r) vs scaled distance r/R; for rods of length L = ?rp
and three field intensities A (in units of r,). The data points are from simulations,
while the solid lines (theory) are from Egs. (1) and (6). We show the results for
fixed rods that are in equilibrium (marked theory and static) as well as for free rods
moving toward the pore (dynamic).

J. Chem. Phys. 152, 144902 (2020); doi: 10.1063/5.0002044
Published under license by AIP Publishing

152, 144902-3

59



The Journal

of Chemical Physics

that predicted by equilibrium theory for all three field intensities.
The deviations can also be observed when looking at the orienta-
tion probability distribution function: Fig. 4 shows that the rods
have a much larger probability of being unaligned than what is
predicted by the equilibrium theory. The inset of Fig. 4 shows
some capture trajectories with rods starting from different polar
angles; because of the radial symmetry of the field (except near the
pore), the trajectories and orientation statistics of the rods do not
depend on this angle (note, however, that the rods starting very
close to the wall are affected by the steric restrictions to rotational
motion).

The fact that Ry is also the relevant length scale for dynamic
orientation can be understood as follows for a LD model. The time
needed for the CM of the rod to move over a distance Ar is simply
At = Ar/v(r). The amount of rotation achieved during that time is
A8 ~ At/1¢; using the expressions for At and 7, given previously, we
obtain the simple scaling A8/Ar ~ 1/r. This has to be compared to
the expected difference in equilibrium orientation, 9(6)/0r. The lat-
ter can be calculated in the r > L limit using the approach given in
Egs. (4)-(6), giving 8(8)/0r ~ A.L*/r*. These two rates are equal at
a distance of r ~ (1.L2)'/? ~ Ry. In other words, rod orientation is
never in equilibrium during capture.

E. Effect of initial orientation

Figure 5 shows that the capture process is impacted by the
fact that rod orientation is not in equilibrium with the local field
if ¥ $ Ry. Molecules are first released from different initial verti-
cal positions r with initial orientations in local static equilibrium
(note that starting the rod along another polar angle gives the same
results because of the radial symmetry of the field lines—data not
shown). The black curve is the static order parameter (same as the

T
0.0 0.1 0.2 0.3 0.4 0.5
0/7

FIG. 4. Normalized probability distribution functions P(6) for the local rod orienta-
tion 6 at different radial distances from the pore (r = 0.6, 1, 1.3, and 2.6 Ry); the
field intensity is Ae = 600 rp, the orientational capture radius is Ry = 4.8 rp, and
the rods are launched from an initial radial distance of 27.6 r,. The connected data
points are from LD simulations (ensemble size of 40 000); each point corresponds
to a bin size of 7/80. The solid lines give the equilibrium distribution function
P(6) ~ sin@ exp(—8¥q(r)ksT). Inset: sample trajectories for rods launched from
four different initial angles (red dots; the angles, from the wall, are = gj; j=01,
0.3, 0.6, and 0.9). The green dashed line shows the orientational radius Ry.

ARTICLE scitation.org/journalljcp

order parameter
o

distance/ Ry

FIG. 5. Order parameter ©(r) vs scaled distance r/Ry for a field intensity of
Ae = 1000 rp. Main figure: Rods are launched from four different vertical initial
positions r after their orientation has reached local equilibrium (given by the black
curve). Inset: the rods are launched from five different initial positions r right above
the nanopore and five different orientations (én; i =0,1,2,3,4). All curves are
averaged over 5000 trajectories.

inset of Fig. 2), while the gray data points show a case with the ini-
tial position r > Ry. Although the three curves corresponding to
smaller initial distances tend to converge toward the gray curve, only
one does so before reaching the pore. In the other two cases, i.e.,
for r < 1.5Ry, the initial rod orientations impact the entire capture
trajectory.

The memory effects are more obvious if we launch the rods with
specific initial angles 6. For the inset of Fig. 5, we chose five different
initial orientations, from perfectly aligned with to orthogonal to the
local field lines. When the rods start at distances of r > 1.5Ry, the
initial orientation is rapidly lost and all trajectories converge to the
one shown in gray in the main figure: reorientation is thus faster
than capture. However, when the rods start at distances of r S 1.5Ry,
the initial orientation affects the capture process and the curves do
not merge before capture: the capture time of the rods then depends
on both their initial position and orientation.

IV. CONCLUSIONS

Using scaling arguments, equilibrium calculations, and LD
simulations, we showed that we need a second length scale (besides
the nominal capture radius A.), the orientational capture radius
Ry = /AcL*/60, in order to describe the capture of charged rods
of length L by a nanopore. First, Ry is the radial distance at which
rods start orienting if their initial radial position is r, > Rg. How-
ever, because rotational dynamics is slower than capture when
7o < Ry, the rods orient less than predicted by local equilibrium argu-
ments. The last point also implies that if 7, < Ry, the final orientation
of the rod at the pore does depend on its initial orientation. While
the main part of Fig. 5 shows that rods starting at distances r, < Ry
are, on average, more oriented when they reach the pore than those
starting further, the inset shows that some actually orient less. These
results must be taken into account when studying how rods enter
nanopores.
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The new length scale Ry includes the two relevant lengths in this
problem: the rod length L and the nominal capture radius A.. Under
normal experimental conditions, one would have A, > Ry > r,, and
the rods are captured well before they orient. However, unless one
uses high field intensities A, > 60, the value of Ry may not be much
larger than the length of the rod itself.

As shown above, the capture of a rod is affected by its initial ori-
entation if 7, < Rg. To estimate the maximum impact on the capture
time, let us consider two non-rotating rods, one starting parallel (||)
to the local field lines and the other starting perpendicular (L). The
mean capture time of such a rod starting from distance r < Ry would
be 5(r) = fydz/v(z) = r’ [A.D. Since Dy ~ 2D, for arod, the differ-
ence in arrival times would be at most a factor of 2. However, since
75(Rg)/7E(Ae) = (Rg/Ae)® <« 1, this is not expected to be impor-
tant during experiments, unless one can manipulate rod orientations
prior to or during the experiment.

Our theoretical analysis and LD simulations neglect all hydro-
dynamics/electrohydrodynamics effects; the latter are necessary to
properly model the electrophoresis of a charged rod (e.g., the effec-
tive charge Q depends on ion concentration and the rod’s aspect
ratio”””""). More importantly, the friction coefficient of the rod is
independent of its orientation in LD, with direct impact on rota-
tion and capture times. In the case of flexible polymers, the electric
field will orient and deform the molecules, with impact on the cap-
ture and translocation processes.'*'” For nonlinear polymers and/or
non-uniform charge distributions, the electric forces might orient
the object very differently. These subtle issues will be addressed in
future papers.
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We investigate the translocation of rods with different charge distributions using hy-
brid Langevin Dynamics and Lattice Boltzmann (LD-LB) simulations. Electrostatic
interactions are added to the system using the P3M algorithm to model the electro-
hydrodynamic interactions (EHI). We first examine the free-solution electrophoretic
properties of rods with various charge distributions. Our translocation simulation
results suggest that the order parameter is asymmetric during the capture and es-
cape processes despite the symmetric electric field lines, while the impacts of the
charge distribution on rod orientation are more significant during the capture pro-
cess. The capture/threading/escape times are under the combined effects of charge
screening, rod orientation, and charge distributions. We also show that steric and
hydrodynamic interactions with the wall speed up the capture process. Remarkably,
the orientational capture radius we proposed previously for uniformly charged rods

is still valid in the presence of EHI.
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I. INTRODUCTION

The voltage-driven translocation of analytes through a nanopore has attracted a lot of
attention due to its potential application to molecular detection in general' 3, and DNA gene
sequencing®® in particular. In short, an electric field is used to force the analyte through
the nanopore (or nanochannel); during this translocation process, the analyte blocks part
of the ionic current through the channel. A current meter is thus employed to detect and
characterize the analytes, including large ions, nanoparticles, viruses, and charged polymers
such as DNAs, RNAs, proteins, and other polyelectrolytes. A wide range of experimental,
theoretical, and computational studies have been conducted to understand the mechanisms

of translocation®.

While translocation is now better understood, our understanding of the physics of the
capture process remains incomplete. This process is both subtle and complex; for instance,
it is potentially affected by thermal diffusion, drift due to external perturbations, long-range
hydrodynamic interactions, and fluid flow. Furthermore, different analytes react differently
to the same conditions; for example, the electrophoretic dynamics of uniformly charged
spherical particles are fairly straightforward, while for anisotropic objects such as rod-like

polymers, the direction of net motion may not align with the local electric field.

We previously investigated the capture of point-like particles with a focus on the definition
of the capture radius'’, the time dependence of the capture rate, the size of the depletion
zone, and the effects of the boundary conditions'!. We also examined the orientation of rod-
like polymers during capture using simple theoretical arguments and a Langevin Dynamics
(LD) simulation approach'? (thus neglecting long-ranged electrohydrodynamic interactions,

EHI): this led us to introduce the concept of an orientational capture radius Ry.

Waszkiewicz et al.'® further extended our work on rod orientation during the capture
process by considering anisotropic diffusivity and wall hindered hydrodynamic interactions
in their analytical and numerical calculations. They recovered the orientational capture
radius we defined previously and concluded that rods do not follow field lines during capture

due to the anisotropic diffusion!?.

Furthermore, they showed that the trajectory of a rod
towards the nanopore depends on its initial orientation and position because of the near-wall
hydrodynamic interactions (these interactions were missing in our previous work). However,

the electrostatic interactions between the rod and the ions in solution are still missing in
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their calculation; such interactions can change the dynamics, for instance when the rod is in
the high field region near (or inside) the nanopore or when the rod is not uniformly charged.
The main goal of the current paper is to examine these effects.

The availability of powerful GPUs and new hybrid simulation algorithms allows us to
efficiently simulate molecular dynamics with EHI even for fairly large systems'. As an
extension to our previous LD simulations and Waszkiewicz et al’s calculations, we now
report the results of a study of the capture and translocation of a stiff rod molecule modeled
using a coarse-grained raspberry-like structure coupled to the salt-containing solvent via a
lattice-Boltzmann (LB) algorithm. In order to illustrate the impacts of charge screening,
EHI and rod orientation, we first examine the free solution electrophoresis of rods with
different charge distributions and compare the simulation results to those obtained when a
sedimentation-like mechanical force is used. We then investigate the impact of EHI on the
capture and translocation processes, with emphasis on the difference between small analytes

and rods.

II. SIMULATION DETAILS

We simulate rod capture and translocation using a hybrid simulation approach that
includes (1) a LD simulation algorithm for the motion of the rod and ions, (2) a LB method
for the fluid, and (3) a particle-particle-particle-mesh (P*M) algorithm for the electrostatic

interactions. The simulations were carried out using the ESPResSo package!®.

A. The raspberry rod model

In this section, we construct a rigid rod-like polymeric molecule of length L < Lp, where
Lp is the persistence length, using the "raspberry” approach!®'?. The general idea of the
raspberry approach is to fill the target object with enough beads (all of which interact with
the LB fluid?°) in order to properly model its hydrodynamics properties. As shown in Fig. 1,
our rods are built by piling up N raspberry disks (1a) that each contain 14 6 4+ 12 = 19

1

50, where ¢ is the fundamental

beads in three concentric layers. The beads have a radius
length in our simulation. Therefore, the nominal diameter of the rod is d = 50 while its

length is L = No. To make the rod rigid, all the beads are fixed in their relative position
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by linking them to the bead at the centre of mass via rigid bonds.

In this paper, we also study the impact of the charge distribution on the capture process.
Figures 1 b-f show different scenarios of interest. In b-c the total charge is Q = 2N X e,
but these charges are distributed differently along the surface of the rod. The last three
rods (d-e-f) have charges over only one half of their length; if we divide these rods into four
segments, the charges can symbolically be described as [0 : 0 : % : %], [0 : % : % : 0] and
[% :0:0: %], respectively. In real units, if we choose o = 0.4 nm, then the rod-like dsDNA

structure has a diameter d = 2nm and the distance between basepairs is o = 0.4 nm.

(a) Base unit (b)Double stripes (c)Double helix

QR=40e

(d) One end (e) Middle

Q=200r40e¢ Q=200r40e¢ Q=200r40e¢

Figure 1. Raspberry rods of length L = 20 o with different charge distributions (the charged beads
are in red and the total charge is given by Q). (a) The basic disk-shaped building block. (b) The
charges are lined up along two stripes. (¢) A double-helix charge distribution. (d) One half of the
rod is like ¢ while the other is uncharged. (e) Similar to d, but the charged part is in the centre.

(f) Same as d, but the charges are distributed only near the two ends.

B. Coupling the Lattice Boltzmann solver with LD

We use the GPU based LB solver with D3Q19 lattice model built in the ESPResSo
package to simulate the fluid, which we connect to the LD description of the rod and ions via a
force coupling method?’. The coupling is implemented using a friction force F, = —vy(v—uy),

where ~ is the friction coefficient, v is the bead’s velocity and wu, is the fluid velocity at
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the bead position. An opposite force is applied to the fluid to conserve the momentum
of the overall system. A zero-mean random force with a second moment that depends
on temperature is added to both beads and fluid according to the fluctuation-dissipation

theorem. For a bead of mass m, the equation of motion is thus

mv = VU(r) + F, + /27ksT R(r,1), (1)

where VU(r) = V(Uwca + Uc + Ug) is the sum of the conservative forces, Uwca is the
repulsive Weeks-Chandler-Anderson (WCA) potential between the rod beads, the ion beads
and the wall:

4e [(2)12 — (%)6} +e forr<r,

Uwea(r) = (2)

0 for r > r..
We use € = kT as the fundamental unit of energy in our simulations, and r, = 2% ¢ is
the cutoff length that makes Uy ca purely repulsive. Ug(r) is the external electric potential,
U.(r) is the electrostatic energy due to the charged beads. The last term is the stochastic

component that models the effects of Brownian motion; the random variable R(r, t) satisfies

(R(r,t)) =0 and

(R(r,t)R(r'", ")) = 6(t —t")o(r — 7') | (3)

where 0(z) is the Dirac delta function. The electrostatic interactions are calculated using
the P3M algorithmic®'?2. The electrostatic energy between two beads of charge ¢; and ¢; at
distance 7 is Ue(r) = ¢2% | where ¢ = (gkpT/e* with (g = e®/4nckpT the Bjerrum length
and ¢ the permittivity of the medium. The Bjerrum length is set to g = 1.8 ¢ and we tune
P3M to obtain an accuracy of 1073 ¢/o for the electrostatic force.

Our unit of time 7, = o2y/kpT is the time needed for a bead to diffuse over a distance o,
and the integration time step is At = 0.01 7, for both the LD and LB algorithms. The pa-
rameters are chosen to match the coarse grained LB dsDNA model from ref'®. For instance,
the friction coefficient is v = 7m/7,, the LB kinematic viscosity is set to n = 0.6 0%/7,,
the fluid density is p = 1m/o?, and the LB lattice size is 0. The mobilities are in units of
po = 1a%e/7e. We use C? = 0.0385 0% as the unit of concentration for single valence salts
(this corresponds to 1 mol/L when o = 0.4nm). Note however that our goal is to study the

impact of hydrodynamics rather than match our data to a specific experimental system.
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III. FREE SOLUTION ELECTROPHORESIS

In this section, we compare the electrophoresis of rods in free solution (with different
charge distributions and in various salt concentrations) to the drift motion of the same rods
under an equivalent mechanical force.

In the presence of a uniform electric field, the cloud of counterions (which has a thickness

Ap = 52’2557 the Debye length for single valence salts; as an example, we obtain A\p =

1.75nm when Cy = 0.03C? = 0.03 M) surrounding the analyte moves in the direction
opposite to the latter; the net motion of the analyte thus depends on both its size and

2324 may reduce the linear charge

Ap. Note that in the case of rods, Manning condensation
density to e/l if it exceeds this critical value.

We carry out two different types of free-solution simulations (Fig. 2). First, we apply an
electric field E to all charged beads (including the ions in solution) to simulate electrophore-
sis. And then we repeat the simulations while only applying the field to the charged beads
on the rod (a weak force must also be applied to the fluid in the opposite direction in order
to conserve momentum); this is equivalent to applying a mechanical force F,, = QFE to the
rod (all the other electrostatic interactions are kept).

For our purposes here, we define the electrophoretic mobility as the constant linking the

mean magnitude of the instantaneous velocity and the magnitude of the applied field:

(lvel) = pe| E. (4)

Taking the norm (] ...|) is not necessary when the velocity and the force point in the same
direction, but this is not always the case for rods when EHI effects are included, as we shall
see. Similarly, we define the friction coefficient in the presence of the external mechanical
force using the expression

|Fm’ :’Ym<|’vm|> : (5)

To characterize rod orientation, we use the order parameter!?
2
© = 1 [3(cos® ) — 1] (6)

where 6 is the angle between the direction of the force and the rod’s principal axis.
Figures 3a and b show that the rods’ electrophoretic mobility p. and equivalent mechani-

cal mobility p,, = Q/~m behave differently when we change the salt concentration Cy: while
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(a) Electric Field (b) Mechanical Force

Figure 2. Our two free-solution simulation schemes. The green and red beads are counterions and
coions, respectively. (a) An electric field E affects all charged components. (b) A mechanical force

is applied only to the charged beads located on the rod.

e decreases when we increase Cj, as expected, ., is unaffected. Figure 3c, together with
Figs. 3a-b and Table I (which gives the mobilities and orientations for Cs = 0.03 C?), clarify

the physics of the problem. Let us summarize the main elements:

e When the force is applied at only one of its ends, the rod tends to align along the
direction of the field (© — 1).

e Since mechanical friction is smaller when the rod is aligned (i.e., v < 1), jtm increases
with orientation. For example, p,, is &= 1.3 times larger when only one end is pulled

by the mechanical force — Table I.

e Despite the increased orientation obtained when the electric charge is at only one end,
tte is actually smaller than for a uniformly charged rod. This is due to the fact that
Manning condensation is more intense for partially charged rods (1ed40, 2ed40, mid40)

since they have a higher local linear charge density.

e When considering only partially charged rods, the electrophoretic mobilities are ranked

in this order: p.(led) > pe(2ed) > pe(mid). This indicates that the charge conden-
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T T
0.00 0.01 0.02 0.03
salt concentration (Cs/C?)

Figure 3. (a) Scaled electrophoretic mobility p./po; (b) scaled mechanical mobility pim,/io; and
(c) order parameter ©, vs the salt concentration C,/C¢, for different charge distributions. The
results are averages over long trajectories (10° integration steps) starting with 10 random initial
orientations. In panel (c), the dashed (solid) lines correspond to the mechanical (electrical) case.
Legend: The codes read AB, where the A is for charge location (ds for double-striped, dh for
double helix; led and 2ed for one or two end; mid for middle) and B is the total bare charge Q/e.

The electric/mechanical force applied to the charged sites on the rod is of magnitude 1 <.

sation and the electrophoretic force have different weights along the rod?26. Inter-
estingly, given the same charge distribution, when the charge is reduced by half, the
mobility is only reduced by %, again showing the combined effects of orientation and

condensation.
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e When the mechanical force is applied uniformly along the rod, the latter tends to

orient perpendicular to the force (© — —3), similar to what was reported in*"%.

e When we electrophorese a uniformly charged rod, on the other hand, we observe an
interesting transition: the rod orients perpendicular to the field at low salt concen-
tration (in which case Ap is too large to be a factor) while ©, ~ 0 — 0.5 at high salt
concentration. This is a good example of the Smoluchowski-Hiickel transition that we

expect when the salt concentration is changed.

Charge Distribution| Q/e te/lho | fm/ o CH Om
Double stripes 40 0.280 0.374 0.47 -0.37
Double helix 40 0.283 0.369 0.46 -0.42
One end 40 0.246 0.491 0.92 0.96
Middle 40 0.236 0.374 0.33 -0.43

Two ends 40 0.244 0.369 -0.05 -0.41

One end 20 0.174 0.268 0.86 0.93
Middle 20 0.160 0.215 0.20 -0.33

Two ends 20 0.162 0.214 0.08 -0.32

Table I. Scaled mobilities pe/po (£0.003) and pm /1o (£0.001), and order parameters ©, (£0.05)

and O, (£0.01), for different charge distributions in a salt concentration Cy = 0.03 C?.

We also investigated the correlation between the directions of the instantaneous velocity
and of the rod axis. Figure 4 shows the angle between the velocity and the rod axis wvs
the angle between the force and the rod axis for both electric and mechanical forces. The
diagonal dashed lines correspond to the velocity being aligned with the local field. Obviously,
the velocity is not perfectly parallel to the field direction, except when the rod is oriented
parallel or perpendicular to the field (§ = 0 or /2).

Using the double helix (dh) charged rod as an example, the deviation reaches a maximum
value of ~ 10° when the rod makes an angle of § ~ /3 with the field. Moreover, when we
increase the field intensity, the rod is more frequently oriented perpendicular with the field
direction (0 — 7/2) while the fluctuations are much reduced; this is also observed when we

use a mechanical force.
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double helix

0. /m

0. /m

Figure 4. Correlation between the directions of the local velocity and of the local external field /force
for a rod of charge @ = 40 e with different charge distributions. 6, is the angle between velocity
and the rod axis, 6. (or 6,,) is the angle between the rod axis and the direction of the electric
(mechanical) force. Scattered data points are instantaneous values and the solid curves are averages.
The red dashed lines show 6, = 6. and 0, = 0,,. The colors code for the magnitude of the force
applied to the charged sites on the rod: the values are 1 (blue),? (green),3 (brown) = . The salt

concentration C,s/C?¢ = 0.03 is used for these simulations.

The situation is entirely opposite for the one-end (led) charged rod, which tends to orient
with the field/force even when the force is small. The two-end (2ed) charged rod is more
or less the same as the double-helix rod, although this rod seems to prefer perpendicular

orientations under a mechanical force.

Our free solution electrophoresis simulations thus indicate that a rod can orient with the
field even under an uniform field at high salt concentrations. The hydrodynamic interactions

can make the rod move in a direction different from that of the applied force. This last point
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suggests that the rod will move between field lines when the latter are converging (this is

the case during the capture process), a phenomenon that we will observe in the next section.

IV. ORIENTATION DURATION CAPTURE
A. Simulation setup

We now set up a translocation simulation system with a periodic box of size L, = L, =
% L. =6 L and an impenetrable wall with a nanopore in its centre. The radius of the pore is
rp=2d = 2 ¢ and the length ¢, = r,. The charged rod is initialized on the cis side as shown
in Fig. 5. We also randomly add N, = 2 N explicit counterions beads and N, = 2CVj,,
single valence salt ions to the system, where Cs = 0.03C? is the salt concentration and

Vior = Ly Ly(L, —{,) + Wrgﬁp is the accessible volume (this excludes the impenetrable wall).

Figure 5. Snapshot of the simulation system for a double-helix rod molecule with a salt concen-

tration Cs = 0.03 C9. The colored beads in solution represent cations (green) and anions (red).

The electrostatic potential outside the pore is given by?°.

V(C,B.6) = AV :} arctan [sinh(¢)] (7)

p

o ) = 1,24 )

is the electrostatic length of the nanochannel, and ¢ € (—oo, +00), S € [0, 7] and ¢ € [0, 27]

where AV is the total potential difference across the device, re = r,/(
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are the oblate spherical coordinates??. The potential drop across the channel is

20,
5V = AV x =2, 8)
T
P
corresponding to a uniform electric field
) 2r,
Ep:—V:AVx%. 9)
¢, 2

B. Orientation during capture and escape

In order to illustrate the impacts of the charge distribution on the orientation of the
rod during the capture and translocation processes, we show how the order parameter ©(r)
depends on the radial distance to the pore (r) in Fig. 6a. We present two different order
parameters: ©f uses the angle between the rod axis and direction ECM of the field at the
centre-of-mass of the rod, while ©, uses the pore axis 2 instead. Several trajectories are
shown in Fig. 6b for the case of a double-striped rod.

Despite the fact that all of the rods are launched from the same position, right above
the nanopore (the black dot in Fig. 6b), they follow different trajectories and spread widely
before arriving at the nanopore. Figure 6a shows that the rod is oriented along the local field
direction ECM and not along the nanochannel axis 2. The two order parameters do not
merge until the rod is engaged in the nanopore, which suggests that the rod tends to enter
the pore sideways even when starting right above the nanopore. There are three reasons for
this: (1) Rods diffuse in random directions before entering the high field region. (2) When
a rod is already in the high-field region but not fully aligned with the local field, it tends
to jump between field lines. (3) The field is higher near the pore edges'®. The trajectories
in Fig. 6b also show that rods tend to move along the wall (note the depletion region right
above the pore). The two order parameters converge at the pore because the entry process
aligns the rod with the pore axis 2.

Although the field lines are identical on both sides of the wall, we observe a clear asymme-
try in the rod orientation: the orientation is kept for a larger radial distance when escaping
from the pore. More strikingly, there is little difference between the © and ©,.

Rods with different charge distributions follow different ©(r) vs r curves during the

capture process. For @) = 40 ¢, the rod with charges at both ends tends to be more oriented
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1.00 4 +ds40
-+ dh40
4 +led40
0.75 -+ mid40
+2¢d40
£ 0.50 4 +1ed20

by -+ mid20

Figure 6. (a) Order parameters Og(r) and Og(r) vs scaled distance to the pore, r/L, for rods
with various charge distributions. The rods start with random initial orientations, right above the
nanopore at a distance of r = 2.2 L from the centre of the pore entrance (see the e symbol in b
below) and stop when they arrive the same distance from the centre of the pore exit on the trans
side (m). The applied potential is AV = 15.6 kgT'/e. The vertical lines are at a distance L/2 from
the wall (the latter is marked by the shaded area). Each curve is averaged from 50 simulations
using a salt concentration Cs/C? = 0.03. (b) Trajectories of ds40 rods projected on the X Z plane.

Two doted semi-cycles indicates the CM position when the rod first enter/exit the nanopore.

than the rod charged at only one end, followed by the uniformly charged rods (both dh40
and ds40). The rod with middle charges, on the other hand, is the least oriented.

When reducing the charge to Q = 20e, similar results are found, except for the rod
charged in the middle, which shows no orientation until it is well inside the nanopore. In

the latter case, the negative values of ©,(r) near the nanopore pore indicate that these
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rods arrive misoriented and thus require large amount of time to enter the nanopore (see
Table II). Overall, the fact ©,(r) < ©g(r) suggests that rods enter the nanopore from
the side despite being launched right above it. During the escape process, the rods follow
roughly the same O(r) curves except for the two-end charged rods, which disorient faster.

As shown in Table II, rods charged at only one end enter the nanopore via this end
while there is no preference for the other rods. The data also show that the capture time
is roughly the same for rods that have the same type of charge distribution but different
charges (Q = 20e vs 40¢), a consequence of Manning condensation. The same effect also
explains why chains with the same total charge ) = 40e but different distributions have
different capture times (e.g., double-helix vs one end).

Clearly, the translocation times are directly impacted by both the bare charge density
and the location of this charge (note that because the wall thickness is < L/2, we have
cases where the rod segment inside the channel is neutral during part of the translocation
process). Moreover, the nature of the pore-rod and hydrodynamic interactions inside the
channel may also impact the translocation times.

Finally, we see in Table II that although the escape times are about three times smaller

than the capture times, the relative escape times are very similar.

Charge distribution QJe P Te T Te
Double stripes 40 1/2 1 1 1

Double helix 40 1/2 1.0 1.0 1.0
One end 40 1 1.3 2.2 1.1

Middle 40 1/2 1.4 1.6 1.2

Two ends 40 1/2 1.0 1.1 1.0

One end 20 1 1.2 2.7 1.3
Middle 20 1/2 6.0 2.9 1.1

Two ends 20 1/2 1.3 1.5 1.1

Table II. Probability P for the rod to enter the nanopore via a pre-determined end (the charged
one for the one-end cases); capture time 7.; translocation time 7; and escape time 7. for different
rod types and nominal charges (). The times are normalized by the values found for the two-stripe

case (first line), i.e., 3.1(5) x 10%, 2.5(2) x 10, and 0.7(3) x 10* 7,, respectively.
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C. Initial orientations

In this section, we examine whether the initial orientation of a rod has an impact on its
capture time. We place the randomly oriented rods at a distance L from the entrance of the
nanopore; as shown in Fig. 7a, we start them from three different angular positions (polar
angles). Since they start their journey very close to the pore, we know the field gradient
will modify their initial orientation well before they reach the pore.

For the rods starting right above the nanopore (black line) in Fig. 7, the capture time
is almost flat for all initial orientations 6,. However, for the other two polar angles ¢,, the
capture time is a strong function of the initial orientation, with perpendicular orientations
taking twice as much time as parallel ones. Rods that start nearly aligned with the local
field direction encounter less friction from the start. These results are consistent with our
previous investigations®®.

The capture time for the different initial angular positions converges to roughly the same
value when the rod is initially perpendicular to the local field because the time for the rod
to rotate and align with the field then dominates the capture time. However, when the rods
are already aligned with the field lines and start close to the wall, the presence of the wall
helps the rod maintain its alignment and the capture time is shorter, similar to what is

reported in ref'3.

D. Orientational capture radius

We previously proposed an orientational radius Ry to characterize the rod orientation dur-
ing capture but we did not consider electrohydrodynamic interactions'?: this orientational

capture radius depends on the field intensity and the length of the rod,

Ry = (&A.10)"°, (10)
where )\, is the capture radius'®, )
A
Ae = 237"/ Te (11)

with Q the effective electrophoretic charge of the analyte.
We now revisit the problem by considering the effects EHI might have on a double-helix

rod. If we assume that the charge of the rod stays constant for different field intensities,
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Figure 7. (a) Centre-of-mass trajectories of double-helix rods with @ = 40e (or dh40) during
translocation, projected on the X Z plane. The three black filled circles indicate the initial positions,
all at a distance r = L from the pore centre at [0,0, ,%gp] but with varying polar angles ¢, €
[0,0.3,0.6] x § from the pore axis. Two doted half circles indicate the CM position when the
rod first enter/exit the nanopore. (b) Capture time vs initial rod orientation for the same three
different initial polar angles ¢,. The rod is parallel to the local field when cos(6,) = 1 and
perpendicular when cos(6,) = 0. Each curve is an average over 150 translocation simulations; the

salt concentration is Cs/C? = 0.03.

the orientational radius should only depend on the applied voltage, with Ry ~ /\é/ S AV,
In order to test this voltage dependence, we simulated the capture of the rod by applying
different voltages AV = 15.6, 31.2 and 46.8 % Our data do indeed collapse when ©(r, AV)
is plotted vs 7/AV'/3 (data not shown) despite the presence of EHI.

A more complete investigation of the effects of the EHI on rod orientation would need an

79



17

estimate of Ry = (S—OACLQ) 7 The key step is thus to calculate the rod’s effective charge Q in

order to obtain A\, = % r.. For a spherical analyte, the effective charge can be estimated

from the electrophoretic mobility p using the expression Q = ,u%, where D is the diffusion
coefficient of the analyte. We assume that the rod starts orienting (along the direction of
the local electric field) only when it reaches the orientational radius at » = Ry. The rod’s
local mobility and orientation are then approximately given by the values obtained in the

uniform electric field case in Sec. III and Table I: © = 0.46 and p, = 0.283 p,. Its friction

_ kBT

coefficient v, = &= at this location should be that obtained under a mechanical force when

the rod has the same mean orientation. We use the friction coefficient measured when the
mechanical force is applied only at one end because this is the case that most resembles the

orientation of the double-helix rod. Rewriting eq. 5, one gets 7, = ||<f:>‘| = L. therefore,

Hm?

the effective charge is simply given by the ratio of the two mobilities when the field and
force are equal. Here this gives Q/Q = pue(dh40)/pm(1ed40) ~ 0.58, or Q = 23e, where
[t (1ed40) 22 0.491 p,. In simulations, we chose AV = 15.6, 31.2 and 46.8 ¥2% which gives
capture radii A, &~ 435.1, 870.3 and 1305.4 o, respectively. Given the rod length L = 200,
these values correspond to Ry = 14.3, 18.0 and 20.6 ¢.

As shown in Fig. 8, the order parameters obtained at different field intensities collapse on
a single curve after rescaling the distance to the pore by these estimates of Ry. Interestingly,
the curve is not the same for the capture by, and exit from, the pore, again showing the
asymmetry between these two processes. Nevertheless, we see that the order parameter
essentially vanishes for r > Rg; we thus conclude that despite the presence of EHI, the
orientational capture radius defined previously remains valid, including for the escape process

(we did not study this in our previous paper).

V. CONCLUSION AND DISCUSSION

We have built computational raspberry-like rods with different charge distributions and
simulated their electrophoretic and mechanical drift in free solution under various salt condi-
tions to investigate how electrohydrodynamic interactions impact the electrophoretic velocity
and orientation of short rod-like charged molecules. We also studied how these interactions
and the details of the charge distribution affect the capture, translocation, and escape of

these rods. For instance, we tested our previously defined orientation radius Ry in the new
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Figure 8. Order parameter ©(r) vs scaled radial distance /Ry to the pore entrance/escape during
the capture/escape processes for a double-helix rod (Q = 40¢) with different field intensities A.
We have Ry = 14.3, 18.0 and 20.6 o for the cases shown here. Each curve is averaged over 50

translocation simulations using a salt concentration C,/C?¢ = 0.03.

simulation setup, and studied the effect of the rod-wall interactions on rod capture. In order

to be systematic, we present our main conclusions as a list of points below:

e The decrease of the free-solution electrophoretic mobility u. with salt concentration
is a result of the competition between charge screening and rod orientation (Figs. 3a
and c¢). Rods charged at one end only tend to orient with the field and have a higher
mobility due to the lower frictional drag they encounter when oriented that way. For
rods with other charge distributions, increasing the salt concentration also orients the
rod with the field and thus increases p.. On the other hand, p. is reduced due to the

charge screening at high salt concentration.

e The mechanical drift mobility p,, is independent of the salt concentration (Fig. 3b)
and is higher when the force is applied at the end of the rod. Rods with symmetric
charge distributions move perpendicular to the force for the concentration range we

have tested (Fig. 3c), which is consistent with what is reported in refs*"?%,

e The rod velocity and the applied field/force are not necessarily pointing in the same
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direction even in a uniform field due to hydrodynamic interactions (Fig. 4). The
maximum deviation is ~ 10° for Cs/C? = 0.03 when the rod makes an angle of

~ 7 /3 with the field.

e The rod’s orientational order parameter is asymmetric during the capture and escape
processes despite the field lines being identical on both sides of the wall. The charge
distribution has more effect on rod orientation during the capture process when com-

pared to the escape process.

e However, the charge distribution impacts capture, translocation, and escape times,
as well as the way rods enter the nanopore (Table II). End-charged rods enter the
nanopore via their charged end while there is no preference for other rods due to their
symmetric charge distributions. The translocation time has a strong dependence on
the charge distribution. For instance, sometimes the part of the rod that is inside the
nanopore is uncharged, which severely slows down the translocation; for example, the
translocation time is approximately 2.2 times larger for end-charged rods compared to

double-helix rods (Table IT).

e The capture time is correlated with the initial angular (polar) position and orienta-
tion of the rod when it starts close to the nanopore, in agreement with our previous
investigations!?2. The mean capture time of a rod is shorter when it is launched near

the wall because the rod then tends to align along the wall'3°.

e The previously defined orientational capture radius Rg is still valid for both the cap-

ture and escape processes when EHI are present.

Overall, our simulations of the raspberry-like rod provide us with a more complete picture
of the electrophoresis of rod-like molecules both in free solution and during translocation.
We have demonstrated the important role that salt plays for rod orientation and charge
screening, especially when the charge distribution is not uniform. Our results of rod orien-
tation during capture qualitatively agree with our previous theories and LD simulations'?
as well as with theoretical calculations'® that account for the anisotropic friction coefficient
of rods and near-wall interactions. For applications such as the translocation of aptamer-

bound molecules™!, our simulation results shine some light on the underlying physics under

different conditions.
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Abstract
When nanopores are used to capture and translocate DNA molecules through a membrane,
the resulting capture rate is essentially independent of molecular size, which makes the process
incapable of changing relative concentrations in a mixture. Using Langevin Dynamics simulations,
we show that it is possible to design pulsed fields to ratchet captured semiflexible molecules in such
a way that only short chains successfully translocate, effectively transforming the nanopore process
into a low pass molecular filter. The process itself can be run with many pores in parallel, thus

increasing its potential usefulness.

87



I. INTRODUCTION

Polymer translocation is the process by which a polymeric chain is forced to move through
a wall via a nanochannel [1-7]. Typically, an electric field is used to drive this process for
charged molecules like DNA; the field is then used to both capture the molecules and force
translocation. Several low-resolution devices have been built using this general idea [6, 7].
One feature of this process is the fact that while DNA translocation times are molecular size
dependent [3], the capture rates are not (except for short chains) [8-13]; as a consequence, it
cannot be used to change the concentration ratio (e.g., for purification purposes) of DNA
mixtures.

In theory, we can favor translocation of the smallest molecule in a mixture by applying the
translocating field (i.e., once the molecule is captured) during a forward time 7., comparable
to its mean DC translocation time 7, after which the field polarity would be reversed
for a duration 7. long enough to disengage all molecules that have failed to translocate.
Unfortunately, the distribution of translocation times is very broad [2]: if the molecules
are close in size, these distributions will significantly overlap and 7_ will have to be chosen
very short (7., < 7) to inhibit the translocation of the longer chains — with an obvious
unfavourable effect on translocation rates (as usual, the conditions for high purity and high
numbers compete with each other).

Here we propose to use pulsed electric fields to selectively ratchet [14-18] captured
molecules across a symmetric nanochannel. In principle, the fact that we have different
molecular partial sizes and conformations on both sides of the wall during translocation can
be used to drive a ratchet process even with a perfectly symmetric nanochannel. We show
that asymmetric pulsed fields improve ratcheting. More precisely, we use the ratchet effect
to move small molecules in one direction (translocation) while moving the larger ones in the
opposite direction (retraction). We explore two versions (or protocols): one in which the

ratchet effect starts upon capture, while the second one combines capture and translocation.

II. THEORY

Both computer simulation data and the tension propagation theory [19-22] show that the

mean translocation time of a relaxed chain of N monomers under a constant driving force
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applied to the monomers inside the nanochannel scales like 7 ~ N¢, where « increases with
N to reach the asymptotic value a = 1 + v (v = 3/5 is Flory’s exponent). The capture time
T. of a chain, however, is independent of N. Since 7, > 7, translocating a solution of DNA
molecules using a DC field is not expected to change the relative abundance of the different
molecular sizes. This is the problem we are proposing to address using ratcheting pulsed
fields.

Two elements are required to build a ratchet that can rectify otherwise random motion:
keeping the system out of equilibrium and symmetry breaking. The first condition can be
achieved using either a stochastic or a deterministic external perturbation [23-25], such as
a pulsed field. The symmetry can be spatially [25-29] and/or temporally broken [26, 30].
In this paper, some spatial asymmetry comes from the conformational and size differences
between the polymer segments on each side of the wall, while temporal asymmetry comes
from pulsed fields such as the Zero-Integrated-Field Electrophoresis (ZIFE) pulses shown in
Fig. 1b and previously used in gel electrophoresis [31].

III. MODEL AND PARAMETERS

Our Langevin Dynamics simulations use coarse-grained bead-spring chains with the
bead-bead and bead-wall excluded volume interactions modeled using the purely repulsive

Weeks-Chandler-Andersen (WCA) potential [32]

4e [(9)12 - (%)6] +e forr<r,

Uweal(r) = (1)

0 for r > r,.

The nominal bead size o is used as the unit of length and the well depth ¢ = kgT as the
unit of energy, while the cutoff length 7.=2"¢ ¢ makes Uy ¢4 purely repulsive. The Finitely-
Extensible-Nonlinear-Elastic (FENE) potential Upgnp(r) = —3Kppxe 7§ In (1 —72/2) is
used to connect adjacent monomers [33]; the maximum extension is 7o = 1.50 and the
spring constant is Krpng = 30 €/ o%. The combined energy Uyca + Urpne gives a mean
bond length of (b) ~ 0.96 0. We control the polymer stiffness via the angular harmonic
potential Upena(¢) = %KBend (¢ — 7r)2, where ¢ is the angle between two consecutive bonds

and Kpena = 10 €; the resulting free solution polymer persistence length is L, = 50.
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FIG. 1. (a) A schematic view of polymer translocation through a nanopore; the background codes
for the strength of the electric field (more opacity meaning higher fields). The nanochannel is of
radius 7, and length ¢,. The dashed line depicts the nominal capture radius (\) separating the
diffusion dominated and drift dominated regions. (b) A schematic of the pulse sequence: the pulses

are asymmetric when k # 1.

The electric potential outside the pore is given by [34]
V(C,6) = AV = arctan [sinh(C)] )

where AV is the total potential difference across the device, r. = r,/ (% + ) is the
characteristic length of the electrostatic potential outside a nanochannel of radius r, and
length ¢,, while ¢ € (—o0, +00), n€[0, 7] and ¢ €0, 27] are the oblate spherical coordinates.
The potential drop across the channel is 6V = AV x 20,7, /1"12), corresponding to a electric
field E, =06V /l,=AV x 2r./r2. We use r,=1.50 (which ensures single file dynamics) and
¢, =50; the potential drop between an electrode (r —o00) and the pore is then %é AV while
the drop inside the channel is §V = % AV. The nominal capture radius for a chain of N

monomers (each with a charge @), \e = NAVQr./kgT, will be used as a field intensity.
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The LD equation of motion for a monomer is

mt = VU(F) — €0+ \/26ksgT R(t), (3)

where VU () = ﬁ(UWCA + UrgNE + Ugenda + Ug) is the sum of the conservative forces, Ug()
is the electric potential, m and & are the mass and friction coefficient of a monomer, and
—&0 is the damping force due to the fluid. The last term on the rhs is the uncorrelated noise
that models random kicks from the solvent. The random variable E(t) satisfies (R;(t)) = 0
and (R;(0)R;(t)) = 0(t)d;;, where §(t) is the Dirac delta function and ,j € [z,y, z]. The
unit of time 7, = 02¢/kpT is chosen to be the time needed for a monomer to diffuse over
its own size ¢. In our simulations the integration time step is At = 0.01 7,. The systems
are in a box with a minimum size of 1.5\, (as measured from the nanopore) and periodic
boundary conditions are applied.

Although we use dimensionless variables, it is useful to look at potential examples. Since
dsDNA has a persistence length L,~50nm, our parameters then correspond to o =10nm,
rp = 15nm and ¢, = 50nm. For ssDNA, these numbers would be L, ~ 2nm, giving

o=04nm, r,=0.6nm and £, = 2nm.

IV. POLYMER CAPTURE

Before proposing two different pulsed field protocols to ratchet semiflexible chains, we
must first examine polymer capture since this does impact translocation dynamics. We
start each capture simulation by placing the center of mass of a polymer with a random
equilibrium conformation (radius of gyration Ry,) at a radial distance r,=A.~5—10 R,
right above the nanopore; the capture is completed when one end monomer has reached the
channel’s mid-point.

During capture, the electric forces drive molecules to the nanopore, and their conformations
deform and orient in response to both the converging field lines and the presence of the wall.
This can be visualized by following the mean square radius of gyration Rg as the "doomed”
chain end approaches the pore — Fig. 2a. We note that Rg doubles when the end monomer
moves from ~ 8 Ry, to = 5 Ry,. However, the conformation then compresses as the chain
gets closer to the nanopore. Since the end monomer needs time to find the pore entrance

(hence the cloud of data points around [r = 2Ry, Ry = Ry,|), the rest of the chain catches
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up, further compression takes place, and eventually we even get R, < Ry,. Our results are

consistent with those of [35].

(b)
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RZ/o?, (h?)/0?

—
(@)
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rnl

FIG. 2. (a) Mean square radius of gyration RZ vs distance r between the pore entrance and the
end-monomer that will be captured. Both axes are rescaled by the polymer’s equilibirum radius of
gyration Ry, = 8.90. The grey cycles give periodically sampled simulation data obtained for the
capture of a single N =60 chain with a field intensity A\, =67.5 o; the solid line is the binned average.
(b) R_?] and mean squared end-to-end distance (h2?) vs chain length N (ensemble size € = 1000).
The field intensity is A(N) = % x 67.50. Data shown for polymers in free solution (®), after
being captured by the pore (M) and grafted on the wall (V). The solid lines are the theoretical

predictions of the Kratky-Porod equation [36] for free semi-flexible chains.

92



The semi-flexible nature of the chain impacts this process. Figure 2b shows the N-
dependence of both R? and the mean square end-to-end distance (h?) of free chains and
of polymers immediately after capture. Since simulation studies often start chains in a
relaxed state with > 1 monomers already engaged in the channel, we have also added data
corresponding to the relaxed state of a chain grafted on the wall. Up to N &40, both captured
and grafted chains are slightly more extended than free chains; since these molecules are close
to the rod-like limit, they orient [37] during capture which helps the end monomer find the
pore. But beyond that point, the data sets diverge, with captured chains being more compact
(in agreement with Fig. 2a) and grafted chains being slightly more extended. Theory [21, 22]
indicates that initial conformations affect translocation times; indeed, for the range of chain
lengths and field intensities used here, we obtain 7 = (1.10 4 0.03) x N12£001 when we start
with captured conformations, but 7 = (0.95 4 0.08) x N128£002 for relaxed chains (data not
shown). The field outside the pore also plays a role since we find 7 = (0.8940.10) x N1-31+0-02

when relaxed conformations are driven with the force applied only in the nanopore, a standard

set-up in simulations.

V. SEPARATING DNAS USING A FEEDBACK MECHANISM

Our first protocol sorts polymers by size from a binary mixture using a feedback mechanism.
In short, it employs a DC field to capture polymers (as described above) and a current
detector to determine when a chain end has entered (or left) the nanopore. When a capture
is detected, the DC field is replaced by the pulsed field to selectively translocate the shortest
chains.

Figure 3a shows the probability of translocation Py as a function of the pulse duration
7., when a symmetric pulsed field (k=1) is used. The vertical lines indicate the mean DC
translocation times 7 ~ N12!. Not surprisingly, we observe sigmoidal curves with midpoints
located roughly at 7. ~ 7(N) and widths directly related to that of the distribution function
of DC translocation times. Some trajectories are shown in Fig. 3c for 7, = 50 7,: the short
N = 50 chains translocate before the first polarity reversal while the N = 70 chains oscillate
back and forth for a few cycles (= 50% of them ultimately succeed). The N = 100 chains do
not translocate: they simply retract after a few cycles.

An ideal separation device would have both a high differential efficiency AP(Ny, Ny) =
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FIG. 3. Pulsed field data for captured polymers of size N =50—100 (ensemble size Q& = 1000).
(a) Translocation probability Py ws forward pulse duration 7_, for unbiased pulses (k = 1) with
a field intensity A(N) = % x 168.9 0. The vertical lines give the mean DC translocation times.
(b): Same data plotted to show the differential probability AP(N, 100) (solid lines; left y-axis) and
the probability ratio p(INV,100) (dotted lines; right y-axis). (c) Fractional number of monomers
N¢(t)/N that have passed the mid-point of the channel vs time for three chain lengths. The
unbiased pulse duration 7. = 27, = 1007, is used to rescale the time axis. The filled circles
show the end of a successful translocation while the triangles mark full retraction. (d) Ratios
AP(N,100,x)/AP(N,100,1) (left y-axis) and p(N, 100, )/p(N, 100, 1) (right y-axis) vs polymer
size N for k = 5 and k = 1/5. The low and high field intensities are \.(N) = % x 56.30 and

Ae(N) = % x 281.5 o, respectively.
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Py, — Py, and an excellent purity ratio p(Ny, No) = Py, /Pp,. Figure 3b shows how
AP(N,100) and p(V,100) vary as a function of the pulse duration 7., for a field intensity
Ae(N) = 5—]\6 x 168.90 and k = 1. As expected, both parameters increase with the molecular
size difference, with AP(N,100) increasing from 0.2 (for N = 90) to 0.95 (for N = 50), while
the corresponding ratio p(N, 100) increases from 3 to 80. The ratio p diverges at short pulse
durations because the N = 100 chains then fail to translocate; however, AP then rapidly
decays. The best overall performance is thus located near the maximum of AP(N,100). The
performance is rather poor when (N; — Ny) < N, as expected.

Since conformational asymmetry alone does not produce a strong ratchet effect, we now
explore the impact of adding a pulse asymmetry « # 1. We explore two different cases: k < 1
(the translocation is driven by the higher field intensity) and x > 1 (the low field drives
the translocation). For a fixed asymmetry , both AP(N,100) and p(N, 100) are enhanced
compared to the kK = 1 case — see Fig. 3d, with the x > 1 ZIFE pulses providing better
results. In fact, the ratio p(95,100) is increased by a remarkable factor of ~ 20 compared to

symmetric pulses.

VI. NANOPORES IN PARALLEL

However, the feedback approach presented above does not make it possible to use multiple
nanopores in parallel (the feedback loop is necessary because unbiased ZIFE pulses cannot

capture polymers). To avoid this issue, we now bias the pulses by increasing the forward

(av) _
AV

time from 7., to 7y=7_ + 7—.. The dimensionless mean field intensity ®(7-,x,7.)=

T=

e CEn Y1 will be used as a measure of the bias.

The field-driven deterministic time to move from position r, to r <r, under the action

of the electric is 75(r,, 7 f vt (r)dr' = (r3 — 1) /3)\.D [12], with a similar expression for

reverse pulses. The position after M complete cycles is then r(r,, M \/ r3 —3MMN.D7-
(note that unbiased 7. = 0 pulses lead to r = r, or no net motion towards the pore).
The largest value of M (€ Ny) for which the argument of the cubic-root is positive gives
the number M, of complete pulse cycles needed to capture a polymer initially located at
r=r,. The capture process proper thus starts with a forward pulse of reduced duration
70 = 75 — Tp(r(re, M,),0) = 7 + 7o — 7(ro, M,)*/3X.D. We tested that 77 € [0,7/] is

essentially a random number when we vary r,, even though this is a deterministic result
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for a particle (data not shown). Since both Brownian motion and the time required by the
polymer ends to find the nanopore add randomness, we test the biased ratchet process by
averaging over a flat distribution of initial pulse times 77.

Figure 4a shows the probabilities Pigy, Psg and AP = Psy — Pjgo as a function of the
mean field intensity ® for pulse biases 7. =307, and 157, (both values are smaller than
the chains’ mean DC translocation times 750 = 111.6 7, and 7199 = 257 7,). Since we saw in
Fig. 3d that k=5 provides an excellent separation ratio, here we fix k¥ and use 7., to tune the
mean field ®(7-,5,7.). In the short pulse regime (7, + 7.) = (1 4+ 1/k)7. < 7=, the AC
component is negligible and we basically have a DC field of intensity ® = 1: both molecules
then easily translocate (Py — 1). In the opposite long pulse limit 7. > 7y > 7—., a chain of
size N translocates immediately during the first part of the first cycle and we again have
Py — 1 although ® is now small. Note that since this is happening at a molecular size
dependent critical value of the pulse duration 7 (V), there is a range where separation is
possible, as shown. As expected, the maximum value of AP = Py — Py increases when the
bias is reduced (from 7 = 307, to 157, here) because we are moving towards the conditions
present in Fig. 3d. In other words, the bias reduces AP because it increases the probability
of translocation for both molecular sizes.

However, the bias allows the pulses to also capture the polymer chains here: Fig. 4b shows
two capture-and-translocation trajectories with ®(30,5,150) = 0.14. The N = 100 and 50
chains start from r, = 50 ¢ right above the nanopore with a reflecting wall at z = 100 0.
Similar to the DC capture case, both chains spend a large amount of time trying to find the
entrance of the nanopore. The N = 50 chain translocates within 2 cycles after capture while
the N = 100 chain quickly retracts. In short, a bias added to the ratcheting pulses allows us
to both capture and translocate molecules, but the size specificity is reduced. On the other
hand, the absence of a feedback loop means that one can run hundreds or thousands of pores
in parallel (or/and in series), a major advantage in some cases. Optimization of parameters

for specific applications is beyond the scope of this letter.

VII. CONCLUSIONS

The combination of molecular size-independent capture rates and broad distributions

of translocation times greatly limits the use of nanopore translocation as a process that
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FIG. 4. (a) Translocation probability Py vs dimensionless mean field intensity ®(7—,x = 5,7-). The
time biases are 7 = 15 (dashed lines) and 30 7, (solid lines); the mean field is changed by varying 7.,
between 25 and 500 7,. (b) Trajectory of the end monomer of chains of size N = 50 (left panel) and
100 (right panel). The bias is 7= = 307, and the total cycle duration is 7. = 7, + 7o + 7 = 2107,
which gives a mean field intensity ®(30,5,150) = % The y-axis gives the monomer’s vertical
distance to the wall center. The gray dashed lines mark the distance Ry, from the wall surface,

with of Ry, = 7.9 and 120 for N = 50 and 100, respectively

can modify the concentration ratio of DNA solutions. We have previously an experimental
approach for small (point-like) particles that have different diffusion coefficients but the same
electrophoretic mobility: this scheme made use of on/off pulsed-fields [13] to modify their

capture rates.

In this Letter, we have introduced the basic features of a low pass molecular filter

device for molecules such as dsDNA. The key idea is to use pulsed electric fields to ratchet
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captured polymer chains through the nanochannel, and to design the pulses to favour the
translocation of small molecules. We tested two such theoretical ideas using Langevin
Dynamics simulations that include realistic field lines. Note that we also simulated the
capture process since translocation dynamics do depend on the initial polymer conformations;
long semiflexible polymers were shown to orient due to the converging field lines while
drifting towards pore, but to also compress while the end monomers are trying to find the
pore entrance. The next logical modeling step would be to add hydrodynamic interactions;
previous simulation studies suggested that HI have small effects on molecular conformations
at capture [34] and on translocation times [38].

We first proposed using unbiased ZIFE pulses with a feedback mechanism (necessary
since ZIFE pulses cannot capture polymers). Although symmetric pulses can preferentially
ratchet small captured molecules through the pore, we showed that asymmetric pulses can
significantly enhance the device efficiency. Our results demonstrate that temporal asymmetry
is sufficient to drive the ratchet process with a symmetric nanopore: asymmetric channels such
as periodic cone/sawtooth-shaped channels[17, 29] or spatial asymmetric external potentials
(e.g. sawtooth-shaped potentials[14, 15, 23, 25]) are not needed. In essence, the pulsed field
dynamically reduces the impact of the overlapping distribution functions of DC translocation
times.

However, the presence of the feedback loop is likely to be a major issue in practice for
several reasons. We thus proposed to add a small bias to the ZIFE pulses to build a device
that can both capture and translocate short polymer molecules. Since this process does
not need a feedback loop, it can be used with a large number of pores in parallel (with a
substantial gain in quantities) or in series (with gains in selectivity). In these cases, the
mean-field has to be tuned properly to achieve sufficient capture rates while maintaining a
useful ratchet effect (the addition of the bias increases the probability that long chains may
translocate).

Time varying fields have been proposed previously, but essentially with the goal of
increasing sequencing performance and accuracy (see, for example, Refs. [39] and [40]).
Our goals here are fundamentally different since we are proposing approaches to change
concentration ratios in mixed DNA solutions.

Most polymer ratchet devices that have been proposed use asymmetric channels. What

makes our approach unique is that we use a symmetric nanopore system and take advantage
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of the dynamical asymmetries that exist during translocation (different polymer lengths
and conformations across the wall). As we have shown, asymmetric pulses can improve the
resulting effects. However, it is also possible that the pore geometry and walls could be
designed to further increase the effects reported here. For example, Mondal et al. [41] have
shown that pore-polymer interactions and conformational entropy can lead to Stochastic
Resonance effects during the translocation of flexible polymer chains under an oscillatory
driving force. Adding such effects would greatly increase the size of the parameter space and

may lead to new ways to manipulate DNA molecules in fluidic systems.
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Conclusion

We investigated the voltage-driven capture and translocation of charged analytes through
a nanopore using computer simulations and theoretical calculations. Our research started
logically with the capture of point-like particles before moving to rod-like molecules and
long flexible polymers. Our aim was to achieve a better understanding of the mechanisms
at play during the capture process, clarifying the existing theories, and exploring new

possibilities for the various nanopore translocation techniques.

Our work began with the concept of the capture radius, which is the length scale that is
frequently used in the literature to estimate the capture rate for translocation experiments.
Several theories have been proposed in the past to define the capture radius. However, some
of the approximations are rather crude and sometimes contradict each other. In particular,
the nanopore size doesn’t appear in those calculations. We revisited and revised some of
the existing approaches by taking into account the pore size using theoretical analysis and
Lattice Monte Carlo (LMC) simulations. Our theory demonstrated that the capture radius
is not always a steady-state quantity. Instead, it grows slowly as ~ t'/3. Our simulation
results, on the other hand, suggested a growth ~ t'/2 for the long-time diffusion-limited
regime. The crossover between the two regimes is larger than the capture radius predicted
by existing theories. Our simulations also predicted a steady-state capture rate except for

a very short transient time, which is consistent with experimental results.

The term depletion zone is often associated or mixed with the concept of the capture
radius. To the best of my knowledge, it was only experimentally reported once by looking
at snapshot pictures of fluorescent DNA translocation [31]. We looked at the capture of
point-like particles using Kinetic Monte Carlo (KMC) simulations. Our simulation results

using the point-charge field (PCF) approximation suggested the steady-state depletion
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zone near the nanopore is barely larger than the pore radius and narrows at higher field
intensities. Those results are consistent with the steady-state solution of the drift-diffusion
equation. Furthermore, when we replace the PCF with the exact field lines near the pore,
there is a concentration peak built up near the nanopore due to the flat field, and the peak

grows and is displaced toward the nanopore at higher field intensities.

Polymer capture is a non-equilibrium process due to molecular orientation and defor-
mation, two phenomena sometimes missed in previous theories. We studied orientational
effects on rod capture, both with and without electrohydrodynamic interactions (EHI).
We showed that the orientation of the rod during the capture can be characterized by an
orientational capture radius Ry = {/A.L?/60, which depends on the field intensity outside
the nanopore (A.) and the length of the rod (L). Under normal experimental conditions,
one expects the orientational radius to be smaller than the capture radius. This indicates
the rods are captured well before they orient ; as a result, the orientation only impacts the
last step of the capture process, i.e., finding the entrance of the nanopore. Furthermore,
the orientation of the rod is not at its local equilibrium because the center of mass drifting
is faster than rotational dynamics; for instance, when a rod starts below Ry, its capture

time depends on its initial orientation.

The capture of a non-uniformly charged rod is a nontrivial process because of the
EHI, charge screening, and orientation. In free solution, we compared rod electrophore-
sis with drift under a mechanical force. We showed that the mobility and orientation not
only depend on the charge distribution but also on the type of force. For example, uni-
formly charged rods tend to orient with the field lines even though the field is uniform. In
contrast, when a mechanical force is applied uniformly along the rod, the latter tends to
orient perpendicular to the force. Our translocation simulations indicate that the orienta-
tional order parameter is asymmetric during the capture and post translocation processes,
despite the field lines being identical on both sides of the wall. In fact, the charge dis-
tribution impacts the orientation more significantly during the capture. Moreover, the
capture/translocation/escape times depend on the charge distribution for many coexisting
reasons. By performing capture simulations for a uniformly charged rod, we showed that
the orientational capture radius Ry defined previously under a quasi-static approximation
is still valid when EHI are included in LD simulations. Lastly, the near-wall steric and

hydrodynamic interactions accelerate the capture process.

For the capture of the flexible polymers, the electric field drives molecules toward the
nanopore and their conformations deform in response to the converging field lines and the

presence of the wall. Our LD simulation results indicate that the polymer conformation

103



elongates first before they arrive at the pore entrance; then one end of the polymer chain
needs to unravel to find the pore, during which the polymer chain is compressed by the
field lines and wall constraints. These more compact conformations result in a faster trans-
location in comparison to the results from conventional simulations where we start the

translocation with one end already inside the nanopore.

Nanopore translocation has been primarily used for sensing purposes in the past. In
this thesis, we showed that it should be possible to use a nanopore and pulsed electric
fields to design novel separation devices. We first proposed a separation scheme for small
particles that have the same mobility but different diffusion coefficients. The idea is to
make use of on/off pulsed-fields to modify the ratio of the capture rates. For long flexible
polymers, the capture rate is size-independent and the translocation time distribution is
very broad. Therefore it is challenging to modify the concentration ratio of DNA solutions
using nanopore translocation. We demonstrated how one could use pulsed fields and a
nanopore to ratchet polymers by size such that only short chains successfully translocate.
We proposed and tested two schemes using LD simulations, with or without feedback

mechanisms ; both could effectively modify the concentration ratio of polymer solutions.

Outlook

As summarized above, we focused on understanding the capture process by combining
computer simulations and theoretical analysis. Analyte capture by a nanopore is still a
complex process due to the conformational orientation and deformation. EHI, on the other
hand, push the complexity to another level. This is especially true for molecules with
anisotropic architectures or asymmetric charge distributions. On a different note, our work
on nanopore ratchet opens up many new possibilities. Below I propose some potential

future extensions of my work :

— We studied rod orientation and polymer deformation separately. However, the confor-
mation of long polymers is cigar-like in free solution. One would expect the coexis-
tence of the two effects during the early stages of the capture process. How do they

contribute to capture ?

— The translocation of small molecule-bound aptamers has been a hot topic in the past
decade. However, theories for the dynamic of those molecules are still not complete.
We introduced the GPU-based LD-LB simulations for charged rods with different

charge distributions, the first step in this direction. Besides moving forward with
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adding EHI to the simulation of long polymers, we can also focus on understanding

the electrophoresis of small molecules with anisotropic architectures.

— The combination of the pulsed field and nanopore translocation could also be used
for many purposes :

[J Speculation I : Can we design a pulsed-field system to help end monomers find
the nanopore ?

[] Speculation II : Can we tune the pulsed fields to create stochastic resonance
with polymer conformational relaxation to narrow the translocation time distri-
bution ?

[] Speculation II : Can we envision a ratchet device with a dual nanopore and

pulsed fields to trap/retract long polymers while translocating short chains.

In conclusion, the work described in this thesis is just the first milestone along the
long road to understanding and controlling the capture process. Our simulation models
can be further refined or adapted to suit different research purposes not limited to polymer
translocation. We are hoping that this thesis may provide a framework and spark new ideas

for future investigations.
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Abstract

We propose an empirical fitting function to characterize non-Gaussian displacement distribution
functions (DispD) often observed for heterogeneous diffusion problems. We first this fitting function
with a typical anomalous yet Brownian problem of a colloidal particle diffusing between two walls
using Langevin Dynamics (LD) simulations of a raspberry particle coupled to a lattice Boltzmann
(LB) fluid. We also test the function with a simple model of anomalous diffusion on a square
lattice with obstacles. In both cases, the fitting parameters provide more information than just
the Kurtosis (which is often the method used in such cases), including the length scale at which
the tails of the DispD begin. In all cases, the fitting parameters smoothly converge towards the

Gaussian values when the systems become less anomalous.
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I. INTRODUCTION

Diffusion in inhomogeneous media is ubiquitous in Nature and can be observed in a wide
range of systems including surface diffusion of atoms in an elastic field'3; diffusion of col-
loidal particles in a confined fluid*® or polymer network?; polymer translocation through a

10-12.

nanopore membrane : protein diffusion in crowded cell environments'? 16

. Experimen-
tal observations have shown that some of these systems can lead to non-trivial dynamical

properties which require special attention.

For instance, some systems give rise to anomalous diffusion where the mean-square dis-
placement (MSD) increases like 7, with v < 1. This is often related to diffusion in disordered
systems, in which case there is a crossover distance beyond which diffusion becomes nor-
mal (v = 1). Another particularly interesting case is the possible existence of anomalous
yet Brownian diffusion which is characterized by a linear MSD (y = 1) coexisting with a
non-Gaussian Displacement Distribution (DispD)!" 1. The physical origin of anomalous yet
Brownian diffusion remains a very active field of research, in particular because it may differ
between systems. A common feature though is the fact that the diffusion coefficient varies

during the process.

In both classes of problems, the nature of the DispD is central to our understanding of
the physics. The Kurtosis K (t) = uy(t)/p2(t)? of the DispD is often used to characteristic

4920 (14, is the i'" central moment

the deviations from Gaussian (normal diffusion) dynamics
of the distribution). However, the DispD obviously contains more information than what
the Kurtosis provides, including the shape of the tails and the length scale(s) that separate

the various dynamical regimes.

In this article, we propose a new empirical function that can be used to fit a DispD
that has different regimes for short and large distances. In particular, this function can
capture both the Gaussian and the non-Gaussian components of a DispD. This flexible
interpolating function allow us to locate the transition between the two components as the
external control parameters are changed. To test our fitting function, we simulate two
different systems corresponding to the two classes of problems mentioned above. First,
we use a lattice Boltzmann method coupled Langevin Dynamics (LB-LD) to simulate the
diffusion of a particle in a liquid between two flat walls, an example of anomalous yet

17,21

Brownian motion We then study diffusion on a lattice with obstructed sites, a case
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where short-time diffusion is known to be anomalous.

II. A PRACTICAL FITTING FUNCTION

To fit both the central and tail parts of ”anomalous” distributions, we propose to use the

3-parameter function

P(z,t)dx = 1/;712 exp [1 - [1 + (;ﬂ)z—a] l—ﬁ] dr, (1)

where x is the position and ¢ is the time. The three fitting parameters are the length scale

z, and the two exponents, which we expect to be in the ranges 0 < a < 2 and § < 1
(note that A is simply the normalization factor). A single-exponent DispD corresponds to
B = 0, including the Gaussian distribution for v = 0 (in which case we also have A = 0),
the exponential function for a = 1, and the Weibull (or stretched exponential) distribution
for 1 < o < 2. The combination [ = 1, a = 0] is a Gaussian with exponential tails, while
1 — 3 = 5% is a distribution with Gaussian tails (a special case being [ = —1,a = 1], an
exponential distribution with Gaussian tails).
As long as 8 # 0, we have two regimes, namely

P(:E, t) N exp [_(1 — B) (55/5150) _a] for z < 2, (2)

exp {— (sc/mo)@*o‘)(lfﬂ)} for x > x,.
The arguments of the two exponentials are equal for a critical value z*? = 22 /(1 — 3)2/#(2=2),

The mean-square displacement (MSD) is given by

G(27 a? /6)

(@*(t, 0, B)) = 22(t) % G(0,a, )

(3)

where G(i,a,3) = [7y" exp [1 —[1+ y2_a]1_6 dy. The only explicit time-dependence of
the MSD is in z,(t), with 22(¢) = (22(t)) = 4Dt for normal diffusion; however, the exponents

« and 3 can also vary with time. The corresponding Kurtosis is given by

(z4(a, B)) _ G4, a,5) G(0,a, B) (4)
PP~ PR

Although G(i, o, 8) has no closed form, the following second-order approximations are useful

K(Ot,ﬁ) -

for a nearly Gaussian DispD (i.e., when o < 1 and |5 < 1):

a B a? B2 af
= )
109.6 * 1.354 + 29.65 + 4.126 + 2.537 (5)

A
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*2 2 2
x 1 a+ 5 9o+ 115° + 12ap
~ 1
R L 24 (6)
(22 a I6] a? 32 af
AN 7
1q2 T 1030 T 05500 T 1092 " 03204 T 0.4895 @
(%) a g a’ 3’ af
~1 8
>+ T 5514 707603 T 8479 T 0.4987 1141 ®)
2 2
K-3~mat—b_4 @ B _ab 9)

0.9695  1.426  0.6297  0.8653

These equations can be useful when examining the relative roles of the exponents o and .

III. EXAMPLE I: WALL-HINDERED DIFFUSION

Our first example is a simulation of the wall-hindered diffusion of a spherical particle
of radius R between two walls separated by a distance h. In bulk solution, the particle’s
diffusion coefficient is given by Dy = kgT'/67nR, with n the viscosity of the fluid. Hydrody-
namic interactions (HI) make the diffusion coefficient space-dependent and anisotropic near
surfaces. For a particle at a distance z (see Fig. 1b) from a single flat wall*?, the diffusivities

parallel and perpendicular to the wall are

Dy(2)/Dy=1— 20 +4I° — 2274 — 1774 (10)
D, (2)/Dy = (6 — 10T +4I'?) /(6 — 3T — I'?), (11)

with ' = RL_LZ. As recently shown by Matse et al.??, the z-dependence of D, leads to
anomalous yet Brownian motion (linear time-dependence of the MSD but non-Gaussian

DispD).

A. Raspberry colloidal particle diffusion

We use Langevin Dynamics as implemented in the ESPResSo package?*. The HI are
included by coupling the particle’s velocity to a lattice Boltzmann fluid. Here we employ

the raspberry particle model?-26

shown in Fig la. The particle comprises N = 454 beads of
size o, for a total radius of R = 3¢ and a volume V, = %WRS ~ 113 03. We freeze all beads
relative to that at the center of mass using virtual rigid bonds which transfer momentum.

The particle and the solvent share the same density, p, = m,/o3.
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2R = 60

(b)

FIG. 1. The raspberry colloidal particle in the simulation system. (a) A raspberry particle of
radius R = 3¢ comprising 336 coupling beads. The golden bead is the center of mass bead. (b)
Two repulsive boundaries are separated by a distance h, while z is the distance between the particle

surface and the wall.

The implicit solvent is modeled by a GPU implementation of the three-dimensional 19
velocity LB method (D3Q19). The velocity v of a bead is coupled to the fluid via a drag
force f, = —y(v — u;), where wu; is the velocity of the fluid at lattice grid where the bead
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resides, and 7 is the coupling friction, which has to be to tuned to insure that hydrodynamic
radius Ry = R.

The repulsive Weeks-Chandler-Andersen (W) potential®” Uy (r) = 4e [(%)12 - (%)6} +e
models the steric interactions between the raspberry beads and the wall when r < . = 2"/6 ¢,
while Uy (r > r.) = 0. We use € for our unit of energy, o for length and 7, = U\/m
for time. The temperature is chosen to be kgT = ¢ while the kinematic viscosity of the
fluid is n = 120?/t, and the coupling per bead is v = 15m,/t,. These choices give a mean
hydrodynamic radius Ry ~ 2.98¢ and a diffusion coefficient D, = 0.00148 02/, in free

solution. We use an integration time step ot = 0.005¢,.

B. Displacements distributions between two plates

The DispD is computed for different time intervals and locations between two non-slip
walls (Fig. 1b) separated by a distance h = 30 0. We start the particle in the center (i.e., at
z =z, = T0) and let it diffuse freely until it reaches z = /2. The simulation times are long
enough to generate 2000 uncorrelated sub-trajectories for different initial positions z < z,.

When a particle diffuses away from a given initial position for a brief period of time, its
diffusivity is essentially constant during the trajectory: our results (Appendix A) then show
that it undergoes normal diffusion (MSD ~ ¢) but with a local diffusivity D(z), in agreement
with egs. 10-11. However, when the DispD is averaged over a high VD, (z) region (the
diffusion diffusivity regime?), it includes both Gaussian and non-Gaussian components.
Figure 2a shows an example for the region % € [0.5,2]: the dashed Gaussian lines clearly

f.23 while the solid lines show

demonstrate the presence of fat tails, in agreement with re
that eq. 1 provides an excellent fit for all values of Az and all times (o« = 0 here since the
short distance behavior is Gaussian). Nevertheless, the MSD is still increasing linearly with
time, as shown in Fig. 2b. Note that the DispD remains Gaussian in the parallel direction
(not shown) because the diffusivity gradient is weak.

A common way to characterize such an ”anomalous DispD” is to compute its Kurtosis.
Figure 2c shows that the excess Kurtosis (both of the fitted function, K — 3, and of the raw
data, Ky — 3) vanishes at short times (we then probe local regions with uniform diffusivity).

We note that K > K, because the tails of the distributions are heavily truncated here (at

a distance comparable to the length scale x,).
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FIG. 2. (a) DispD, averaged over different starting positions z/R € [0.5, 2] at four different times.
The simulation data points are binned with a bin size 0.03 0. The dashed lines are Gaussian fits
while the solid lines show the interpolating function P(z,t,x,,« = 0,3). (b) Length scales divided
by D,t as a function of time: (22) is the perpendicular M SD calculated from the raw data, while
the other two are obtained from the fits. (c) The excess Kurtosis K — 3, the normalization prefactor
1 — A and the exponent 8 (as obtained from the fits) as a function of time; note that K; — 3 is

calculated directly from the raw data.

Our fitting function includes additional information. For instance, we see that the expo-
nent § mirrors the behavior of the Kurtosis. In fact, we note that K — 3 ~ 8 when f is

small in Fig. 2¢, in agreement with eq. 9. Similarly, the length scale z, decays with time.
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As suggested by egs. 6 to 9, these parameters vary as the exponent f increases with time.
The fit thus provide detailed information about the shape of the DispD as well as the length
scale beyond which the Gaussian part (short distances) changes to fat tails (large distances).
The fits indicate that the MSD increases linearly with time because the decrease in the ratio
12/t is perfectly compensated by an increase in the tail anomalous exponent 3.

Finally, we note that for a Gaussian distribution with perfect exponential tails, our inter-
polating function predicts K(0, %) ~ 4.857, which appears to agree with the limiting value

reported in ref?3.

IV. EXAMPLE II: ANOMALOUS DIFFUSION IN RANDOM SYSTEMS

We now examine the usefulness of eq. 1 for a case of obstructed diffusion. We use the sim-
plest model: a random walk on a two-dimensional square lattice with a fraction ¢ of the sites
being randomly occupied by immobile obstacles (see Fig. 1c). In short, diffusion is expected
to be normal (i.e., the MSD grows linearly with time) for short times (before the particle
starts colliding with the obstacles; this regime only exists at low obstacle concentration)
and long times (the steady-state, achieved for times larger than the crossover time ¢* and
distances larger than the system’s crossover length r*). For intermediate times, the MSD
grows roughly as t7, where the anomalous exponent v < 1. See refs.2?3! for detailed studies
of this system. Obviously, given the transients mentioned above, we expect non-Gaussian

distribution functions unless ¢ > t*.

A. Radom-Walk on a 2D Lattice

By randomly placing a concentration ¢ of 1 x 1 obstacles on a 1600 x 1600 square lattice,
and averaging over an ensemble of 500 different obstacle configurations we can retrieve
distribution functions for varying systems. This calculation uses a standard Markov Chain
Monte Carlo propagation algorithm: we initially place a unit concentration on the lattice
site at the center of the system, and we propagate the concentration throughout the system
using the master equation. Jumping probabilities p, = p, = p = % are chosen, leaving a
probability of not jumping of py = % The Diffusion Coefficient throughout the lattice is set

to D = 1, and the lattice spacing is set to a = 1. Calculating the time interval over a Markov
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a2p

Step is then simply 7 = 3

= % The resulting distribution functions (a few examples are

shown in Fig. 3), at specific times, are then fitted with both a Gaussian and eq. 1.

B. Displacement distributions vs time

Our fitting function does not do a very good job at short time in Fig. 3 because of
the coarse lattice discretization effects for short displacements (although it is slightly better
than a Gaussian fit). Once we approach the crossover time ¢* the tails are perfectly captured
by our fit while the Gaussian fits are clearly inadequate. In fact, the Gaussian fits slowly

converges with the data only when ¢ > t*, as expected.

t/t* = 0.142

1072 - t/t* = 0.284

t/t* = 0.569

. t/t* = 1.422

1077 1 t/t* = 2.844

t/t* = 4.267
E 10—10 _

g

10—14 _
10—18 -

1 1
80 100 120

FIG. 3. Probability of being a distance r away from the center of a square lattice averaged over
500 random obstacle configurations at an obstacle concentration of ¢ = %. The solid lines are the
fits from eq. 1 and the dashed lines are Gaussian fits. Note that »* = 8.12, t* = 21.9 and v = 0.961

for this system.

We examine how the fitting parameters in eq. 1 evolve as a function of time ¢ in Fig.
4. We expect the distribution to become more Gaussian (or (1 — 3)(2 — ) — 2) as we

increase the time, and fully Gaussian distributions (i.e., « = § = 0) for times t > t*.
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FIG. 4. The normalized concentration, p(r), of all lattice sites a distance r away from the initial
lattice site populated with a unit concentration is presented at varying times. We compute the
Excess Kurtosis K — 3 , the exponents « and (3, and the normalization factor A, from the inter-
polating fit of the data. Meanwhile K; — 3 is calculated directly from the distribution. All curves

approach 0, i.e. their Gaussian limits, as ¢ — inf.

However, the distribution function is not expected to be Gaussian over distances r < r*
since diffusion is anomalous over these length scales (i.e., we then have (r*(t)) ~ ¢7, with
v < 1). Indeed, all of the fitting parameters, as well as the Kurtosis, converge towards their
Gaussian limits when ¢ > t* in Fig. 4. This is in agreement with Fig. 3 where it is clear
that the fits are more Gaussian as t/t* increases. In Fig. 4 we also see a transition in the
behaviour of the fitting parameters «, 5 and A, namely a change in the sign of the slope at
t*/t ~ 0.75. This is consistent with a transition from the anomalous regime to the steady
state regime occurring at ¢ ~ t*.2° Interestingly, the exponent 3 changes sign roughly at
t*, which also makes parameter A change sign (see eq.—5). Moreover, we notice that the

product (2 — a)(1 — §) — 2 ~ —0.05 is roughly constant for ¢ < ¢*, implying that the tail of
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95 . . . .
1-95] over this entire time period.

the distribution is ~ exp|—(z/z,)
Again, our interpolating fit is giving us a lot of information about the distribution func-
tion, and in particular information about the changes that occur around the crossover time

t*.

V. CONCLUSION

In this article, we propose a new interpolating function that can conveniently characterize
the displacement distribution that contains both Gaussian and non Gaussian exponential
components. The key advantage of our function is that it can describe distributions that have
core and tail components with different behaviours, and yet it includes only one additional
fitting parameter (compared to the Gaussian fit).

We tested our interpolating function using two simple examples. In the first test, the
physics of the problem is such that the distribution has to be Gaussian at short distances,
but may have non-Gaussian tails. In the second test, the distribution is more general and
the fits provided detailed information about its time evolution. We are currently studying
how the fit parameters (especially the length scale z, and tail exponent (2 — «)(1 — 3)) are
connected to fundamental elements of the physics of these two problems such as the local
diffusivity gradient (in the case of the first example) and the anomalous exponent ~y (the

second example).

Appendix A: Diffusion coefficient at different heights

Figure 5 shows the diffusion coefficients D, and D) measured at different distances z from
the wall. Our data are in a good agreement with theory (egs. 10 and 11), thus validating
our simulation approach.

The inset shows that we indeed obtain a Gaussian DispD | for ¢t = 12.5¢,, with a variance

~ D,t,, for different initial positions z/R.
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FIG. 5. Reduced diffusion coefficients parallel (D)/D,) and perpendicular (D /D,) to the wall vs
the vertical distance z/R from the closest wall, where D, is the free solution diffusion coefficient.
The data points are obtained by fitting the time dependence of the MSD between t = 0 and t = 20t¢,
for different initial positions z/R. The solid lines are from egs. 10 and 11. Inset: Gaussian fit of

the vertical DispD for three different initial positions z/R=0.5, 1.2 and 2.2
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