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Abstract

In this thesis, we demonstrate how presheaves of labelled transition systems (LTS)
acquire a very natural form of spatially induced independence on their actions when
we allow a minimal amount of gluing on selected transitions within such systems.
This gluing condition is characterized in the new model of LT'S-adapted presheaf, and
we also make use of the new model of asynchronous labelled transition system with
equivalence (ALTSE) to characterize independence on actions. As such, our main
result, the Theorem of Spatially Induced Independence, establishes functors from the
categories of LT'S-adapted presheaves to the categories of ALTSE-valued presheaves;
it is a result that extends a proposition of Malcolm [SSTS] in the context of LTS-

valued sheaves on complete Heyting algebras.
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Introduction

In this thesis we investigate how spatially distributed systems have an inherent po-
tential to express independence in between internal processes and actions. We achieve
this specifically in the case of presheaves of labelled transition systems (LTS) to rep-

resent such spatially distributed systems.

The study of distributed computing gained importance in the 1980s when it was
realized that performing all manners of computation sequentially on a single super-
computer (mainframe) was not the most efficient way of solving certain problems ad-
mitting a divide and conquer strategy. In practice, we often encounter computational
problems or tasks that can be decomposed into several independent subproblems or
subtasks. We can then tackle such problems much more efficiently by delegating their

subproblems to several independent machines performing simultaneously.

Initially, such a distribution of tasks was performed on a cluster of computers act-
ing as a single coherent whole on a network. Today however, the notion of distributed
system has a more general connotation, as distributed computing can occur within a
single computer in which multiple software processes are engaged concurrently. In a
general sense, a distributed system is any system that emerges from the interaction
of several autonomous subsystems. These may refer to any kind of coupled system
where separate components or objects (in the sense of an object-oriented system) are
involved. Also, the word “concurrency” is a general term that is associated to any

kind of processing or activity that arises within such distributed systems.



We may believe a priori that the theory of concurrency is only relevant in a con-
text where multiple processor units are involved, but this is not the case. Even if all
computations are performed sequentially, as soon as we have multiple threads or pro-
cesses that interact and communicate with each other, there are definite distributed

system problems such as resource sharing and deadlock that still have significance.

Another important aspect of distributed systems that still applies in the context
of sequential systems is the notion of independence of actions. Basically, to infor-
mally explain a bit here, whenever actions are independent within a system, the
order in which they are executed does not affect the final outcome of their execution.
This has important applications in the context of model checking, and more specif-
ically, when applying partial order reduction methods where we verify properties of
a system that are invariant under permuting independent actions in a run (see Peled
[POMC],JAOOA] and Lomuscio, Penczek, Qu [PMAS]). Our main theorem is essen-
tially a statement about how such independence naturally arises in a context where

actions are properly distributed via a presheaf on a complete Heyting algebra space.

The approach that we will take here in using presheaves on Heyting algebras to
represent distributed systems has its roots in Goguen’s Categorical General Systems
Theory (see |[CST] and [CEST]). In the paper Sheaf Semantics for Concurrent Inter-
acting Objects [SSCO|, Goguen proposes to model concurrent objects as set-valued
sheaves, and then he represents a distributed system of concurrent objects as a cat-
egorical diagram of such sheaves. The morphisms in such a diagram are natural
transformations between concurrent objects which, according to Goguen, represent
the concept of object inheritance. Finally, he proposes that the categorical limit of
such a diagram provides the behavior of the system as a whole. This theory is ele-
gant from a mathematical standpoint as it advocates the use of sheaves to model both
distributed systems and their components. In particular, Goguen’s theory allows a
bottom-up approach to distributed system specification, and the sheafification pro-
cess automatically yields a global system behavior out of locally made specifications

and connections on objects.



These ideas are carried forward by G. Malcolm in Sheaves and Structures of Tran-
sition Systems [SSTS], where concurrent objects are replaced with labelled transition
systems (LTS) E|, and we get diagrams in the category of LTS, denoted T, to represent
distributed concurrent systems. However, the category T does not exactly coincide
with a category of set-valued sheaves, and thus, we cannot think of every LTS mor-

phism as representing object inheritance in the sense of Goguenﬂ

In general, LTS morphisms seem better suited for another kind of interpretation.
The structure of a LTS morphism incorporates a partial map on actions (i.e. labels)
of a LTS, that allows actions to vanish in the target LTS whenever the partial map is
undefined. And, as Winskel and Nielsen pointed out in Models for Concurrency [MC],
this partial map feature in question allows LTS morphisms to render the component-
to-subcomponent relation within a distributed system. To be more precise, whenever
we have a LTS morphism from a component A to a subcomponent B, we can allow
actions in A that live outside of the boundary of B to vanish (i.e. to be undefined
with respect to the partial map) when projecting to B. As such, LTS morphisms
can give us a sense of where actions are located in space (as opposed to where they
vanish). This allows LTS morphisms to play the role of spatial restrictions, i.e. they

can describe how a system contains its subsystems from a spatial point of view.

In Sheaves, Objects, and Distributed Systems [SODS], Malcolm further demon-
strates that for any distributed system that is represented as a diagram of (monoid)

LTS, we can perform sheafification in such a way that the distributed system can be

2Malcolm uses monoid labelled transition systems (MLTS) in fact. But the category of MLTS
has an adjunction with the category of LTS, and in this sense, the statements that he makes about

MLTS extend naturally to LTS.
3Tt is true that, for a fixed labelling set L and a corresponding fiber category Ty generated by

L in T, Malcolm provides an adjunction between T; and a category of set-valued sheaves. But
in extending this adjunction to T as a whole, Malcolm loses the interpretation of LTS morphisms
as natural transformations in the process. This means that only a subclass of LTS morphisms

correspond with inheritance in this sense.



extended to a LT'S-valued sheaf on a completeﬁ Heyting algebra (a bi-Heyting algebra
if the diagram has a finite number of objects). More specifically, we can use the pre-
order generated by the underlying graph of the LTS diagram and look at downward
closed sets with respect to this preorder to provide the elements of a Heyting algebra
(meet and join operations are given by intersection and union on these downward
closed sets). A Heyting algebra that is derived as such can be regarded as a space on

which the concurrent system is distributed.

Within this thesis, we investigate concurrent systems that are spatially distributed
over complete Heyting algebras in this manner. We believe that the proper way to
achieve this in general is to use presheaves of the form F : H? — C; where H is a
Heyting algebra that represents the space over which the system is distributed, and

C is some chosen universe of process model.

Now, since LTS morphisms have the ability to represent spatial restrictions prop-
erly, we decided to focus our attention on the case of presheaves that take values in
the category of LTS (fulfilling the role of C above). These are precisely presheaves
of the form 7 : H? — T where H is a Heyting algebra. The theory of presheaves
of LTS (i.e. T-valued presheaves on Heyting algebras) is vast and rich in potential.
Our objective is to demonstrate how this is so by investigating one of its prominent

features : spatially induced independence.

The basic idea behind such induced independence for presheaves of LTS is that
when actions are carried out in spatially disjoint regions (or components), they cannot
interfere with each other; as such, their transition relations commute in several ways.
The framework under which this commutativity for independent actions is realized is
based on extended forms of LTS, where an independence relation is incorporated into
the structure. Two extended LTS models of this kind have been studied by Winskel
and Nielsen in [MC], and they are asynchronous labelled transition systems (ALTS)

4We always work with complete Heyting algebras in this thesis; i.e. whenever we use the terms

“Heyting algebra” or “Boolean algebra”, we actually mean that it is complete.



E| and labelled transition systems with independence (LTSI). To properly take into
account the induced independence of actions within presheaves of LTS however, we
will need a third model of this kind, that is asynchronous labelled transition systems
with equivalence (ALTSE). These ALTSE are a new kind of model that we explore in
this thesis, and they are a sort of combination of ALTS and LTSI models.

As far as we are aware, there are three cases where forms of SI-independence were
implemented. Omne such case was with M. Mukund and M. Nielsen [CATS]|, where
an interpretation of the Calculus of Communicating Systems (CCS) as an ALTS was
given. This was achieved by adjusting the labelling system to keep track of the loca-
tions where actions occur. Also, Lomuscio, Penczek, and Qu [PMAS| have presented
a model of multi-agent systems where an action is localized by assigning a set of
agents to it; i.e. the set of agents that perform this action as a whole. In this system,
actions are independent when their respective sets of agents are disjoint. Finally, G.
Malcolm [SSTS] has presented a form of Sl-independence that works in the case of
sheaves of (monoid) labelled transition systems. This is closer to what we intend to
develop in this thesis. Basically, given any T-valued presheaf 7 : H? — T and a
region U in a Heyting algebra H, we can construct a form of independence relation
Z(U) on the set of actions “local” to U, and this Z(U) can be described informally

as follows :

Principle of SI-independence : For any actions b, ¢ in the set of actions that are
local to U, we say that b is spatially independent of ¢ (written b Z(U) ¢) if there exists
a cover {V, W} of U such that :

1. b vanishes in W and ¢ vanishes in V', and
2. bis contained in V and ¢ is contained in W[

For b Z(U) ¢, this means precisely that the actions b and ¢ each find themselves

contained in a region where the other action does not interfere. If the relation Z(U)

®These originate from the work of Shields [CMach| and Bednarczyk [CAS].
6That an action is contained in a region relates to a formal concept presented in Definition 4.3.15



given above effectively provides an independence relation that respects the axioms
of an ALTS (or ALTSE, or LTSI), then we say that the presheaf 7 in question has

spatially induced independence (Sl-independence).

Malcolm essentially gave this independence relation Z(U) in [SSTS| and proposed
that if T is a sheaf, then 7 has SI—independeneeﬂ Yet, there are very natural forms
of distributed systems that can be represented by T-valued presheaves that are not
sheaves, and establishing SI-independence in these weaker contexts would be quite
beneficial. Indeed, there are many distributed systems in computer science that can
be modeled as presheaves over discrete spaces (such as Petri Nets), and imposing
the condition of a sheaf in such contexts is usually too strong. On the other hand,
SI-independence does not arise in all cases of presheaves of LTS, and this leads us to

the following line of enquiry :

Is there a weaker condition than that of a sheaf, under which presheaves of LTS ac-

quire Sl-independence?

This is the question that we address in this thesis, and our answer is a positive
one. We will embody this weaker condition for which SI-independence occurs in the
form of T-adapted presheaves as presented in Chapter [fl These T-adapted presheaves
are essentially presheaves of LTS where the properties of locality and gluing for the
transition relations of actions hold in a restricted number of cases. Our main theorem
for the thesis then follows with respect to these T-adapted presheaves. The Theorem
of Spatially Induced Independence provides, for any Heyting algebra H, a functor
from the category of T-adapted presheaves on H to the category of ALTSE-valued
presheaves on ‘H E| that exploits the independence relation Z(U) as presented above.

"The terminology of SI-independence is new to this thesis however, and the statement of Malcolm

is simply given without this terminology.
8By an ALTSE-valued presheaves on H, we mean a presheaf on # that takes values in the

category of ALTSE. The category of ALTSE is explored in Section



The theory of Sl-independence would definitely have important consequences in
computer science. From a mathematical standpoint, SI-independence formalizes, in
the broad context of category theory, the idea of commutativity of local actions or
transformations that are carried out in disjoint regions in space. In computer science,
the SI-independence that we develop in this thesis has a definite potential when it

comes to applying partial order reduction methods within a distributed system.

Formally establishing and understanding SI-independence is somewhat laborious,
as we need to expand on the theory of several categories along the way. Also, in this
thesis, we decided to provide the material that we thought was necessary to facilitate
further research in the theory of presheaves of LTS and Sl-independence. These two

aspects put together explain the considerable size of this thesis.

As for the structure of this thesis, we start in Chapter [I| by setting up some prelim-
inaries necessary to expand on the theory of labelled transition systems. We provide
some notation for the relational language of the category Rel of sets and binary rela-
tions in Section[1.1] as we will often deal with relational equations involving transition
relations in LTS. In the section that follows , we elaborate on a category, Set,,
that is equivalent to the category of sets and partial maps. The Set. category is

convenient when it comes to specifying LTS and their morphisms as we will see.

In Chapter [2, we set the ground for the thesis by laying down the notion of a
labelled transition system. A good portion of the thesis is attributed to this chap-
ter, as it is necessary to understand the LTS model properly if we are going to deal
with presheaves of such structures later on. We investigate the category of labelled
transition systems, T, and some of its basic constructions in Section 2.1} In partic-
ular, we provide a new result that T is bicomplete in that section. Afterwards, we
elaborate on an example of a product of registers in detail in Section 2.2 and we
get a glimpse of the subject of presheaves of LTS in the process. In Section [2.3], we
cover some theory relating to subobjects and we give a proof that T has no subobject

classifier. Afterwards, we take a look at monoidal labelled transition systems (MLTS)



in Section [2.4. Doing so will make it easier to synchronize with the work of Malcolm
and, also, it will facilitate certain forms of quotienting on sequences of actions that
we will perform later on. We will exhibit an adjunction between T and the category
of MLTS in this section as well. Sections and are in fact optional and do not
affect the development of the core theory for this thesis; the reader may skip them in

first reading if he is willing to accept the informal presentations mentioned in the text.

We then explore, in Chapter |3, LTS models with independence relations on their
labels, i.e. asynchronous labelled transition systems (ALTS) and asynchronous la-
belled transition systems with equivalence (ALTSE). The ALTS model builds on top
of the concurrent alphabet model, and we study the latter in Section to begin
with. Then, the ALTS model is covered in Section [3.2] and a functor is given from
the category of ALTS to the category MLTS that exploits Mazurkiewicz’s abstract
trace equivalence and trace monoid (from [T'T]) in the process. In Section (3.3, we
elaborate on ALTSE, and these are essentially the kind of structure that we want to
recover within presheaves of LTS when applying the Theorem of Spatially Induced

Independence.

The core subject matter of this thesis is initiated in Chapter [] as we explore
presheaves of LTS in a spatial sense. Our focus there is definitely on the theory that
will help us find the minimal conditions that a presheaf of LTS requires in order to
have Sl-independence. In Section [f.1], we introduce presheaves of LTS and the idea of
action 0-gluing (or gluing of transitions for an action). d-gluing is a concept that we
elaborated to allow a specific action a in a region U to decompose over a specific cover
{V;}jes of U, and this means that local transitions associated to the projections of a
in each V; can be glued together to provide global transitions for a. In Section , we
investigate T-valued sheaves and how d-gluing occurs indiscriminately in such sheaves.

In Section [4.3] we describe how regions can contain effects and dependencies of ac-

tions (see Definitions {4.3.1) and [4.3.7]), and how a regulated application of J-gluing

effectively yields regions that contain actions in the sense of containing both the ef-

fects and the dependencies of an action simultaneously. This will be instrumental in



defining the well-contained actions (WCA) axiom (Definition [4.3.19)) to be imposed
on presheaves of LTS. We will get T-adapted presheaves and SI-independence as such.

Finally, in Chapter 5, we will expand on the theory of T-adapted presheaves. There
are various contexts in which Sl-independence can be studied, and in Section [5.1} we
start with the case of T-adapted presheaves on Heyting algebras in general. We
emphasize the theory that will allow us to prove the Theorem of Spatially Induced
Independence in the section that follows (Section [p.2)). In Section [5.3] we will see
that the theory established previously in Section [5.1] is somewhat simplified when
we deal with T-adapted presheaves on Boolean algebras. However, we will develop
an extended form of Sl-independence in the process (see Definition for 1),
that takes more cases of spatially independent actions into account. The trade-off is
that we do not get functors to render this extended form of SIl-independence, as was

achieved in the Theorem of Spatially Induced Independence of Section [5.2]

In the last chapter @, we elaborate on localized relational structures, which are
models (new to this thesis) that serve as intermediaries in constructing specific kinds
of T-adapted presheaves (on discrete spaces). These are quite convenient because it
is difficult in general to construct presheaves of LTS in an ad hoc fashion; we need
to have efficient methods to provide examples of such presheaves. We describe the
association of T-adapted presheaves to localized relational structures in Section [6.1],
and we study two examples of LRS in the sections that follow : we look at Kings and
Rooks on a Chessboard in Section [6.2] and Concurrent Unlimited Register Machines
in Section

Finally, in the appendix, we have added subsidiary proofs and a discussion (Ap-
pendix on a problem with the abstract trace equivalences that arise within adapted
presheaves of LTS. It so happens that these equivalences do not match all the se-
quences of actions that should intuitively be matched. Through this discussion, we
propose a solution that extends the abstract trace equivalence in question to provide

more intuitive quotienting on sequences of actions within presheaves of LTS.
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The next logical step to be taken with respect to our study would then be to link
Sl-independence to formal methods in computer science. That it has applications in
partial order reduction methods, there is no doubt. But we can also look towards
the work of Goguen [HAg|, [HHTL], [HCoC] and Cirstea [SLAC|, [CSHA|, who have
performed research in specification logics for object oriented systems. They basically
use representation of systems that combine algebraic and coalgebraic features, with
Goguen’s Hidden Algebra mainly, and since there is a correspondence between LTS
and coalgebras, it may be possible to apply the theory of SI-independence within such
Hidden Algebras.



Chapter 1

Preliminaries

1.1 Notation for the relational language of Rel

When one specifies a labelled transition system, one deals with transition relations
often, and it is convenient to use relational equations in the Rel category to provide

such specifications.

Definition 1.1.1 [Category of sets and relations]. The category Rel uses sets
as objects and binary relations as morphisms. More specifically, given sets A and B,

we define a relational morphism R : A + B as a relation R C A x B.

Two relations are equal whenever they are equal as sets (subsets of a cartesian
product of sets). The composition of two relations R : A -+ B and
S : B+ (C'is given by :

SoR={(r,2) e AxC|3JyeB, (x,y) € R and (y,2) € S}
The identity morphism on a set A is given by the diagonal relation on A, which is :

Ay={(z,z) |z €A}

Most of the time, these relations will reflect either transition relations or re-

strictions on some state space in this thesis. As such, whenever we have a pair

11



1.1. NOTATION FOR THE RELATIONAL LANGUAGE OF REL 12

(X,Y) € Ry, o...0 Ry, this means that there exists a path from state X to state
Y that is provided by the successive firing of Ry to R,,, i.e. there exists intermedi-
ary states X;, with ¢ ranging from 0 to m, such that Xy = X and X,, = Y and
(Xi_1,X;) € R; for all ¢ from 1 to m. We represent such a case by using the following

path notation :
X=X B x X, . X, X, =Y

and we make the observation that this reverses the order in which the R; are pre-

sented through relational composition.

The Rel category has boolean algebra structure on its hom-sets, i.e. Homge(A, B) =
P(Ax B) for sets A and B, and powersets have boolean algebra structure when using
set operations : inclusion C, intersection N, union U, complement m, and () and

A x B for the minimal and maximal relations respectively.

The statement that R,,o...cR; C S,¢...o5] holds, is equivalent to saying that
for every path X = Xy, # X; 2 X, ... X,,_; ' X,, =Y (with the R; relations),
there exists an alternate path X =Y, " Y1 %2 Y, ... Y, 5» Y,, = Y with the same
end points X to Y, that uses the S; relations instead. Hence, to think in terms of
paths is quite convenient, and probably the clearest way to think about relational

composition and associated equations.

The composition of relations forms a congruence with respect to inclusion, i.e. for

any pairs of relations Ry, R: A -+ B and Sy, S : B + C' we have :

RyCR and SoCS = SpeRy € SoR

IFor a given binary relation R, we use two different notations to represent the statement
(X,Y) € R depending on the situation. There is the usual notation with X R Y, but we will also

use X Y to facilitate reading in certain parts of the text.



1.1. NOTATION FOR THE RELATIONAL LANGUAGE OF REL 13

There is also an inverse map (=)' : Homge (A, B) — Homge (B, A) on relations,

and it is defined as :
YE'X & X8y

for any X € A and Y € B. This operation is an involution in the sense that
(RY)™ =R and (SeR)™ = B! oS~ whenever R and S compose. Also, we have
that R C S implies R~ C S—1.

For a relation R : A -» B and subsets Ay C A and By C B, we write
R(A))={YeA|3IXeA, (X, Y)ER}

to denote the image of Ay under R. This usually represents a set of states reachable
from those in Ay through the one step firing of R. We can denote the preimage of
By under R by using the image of the inverse relation on By, that is, R~1(By).

We say that R is functional if x R y and x R y' imply y = ¢/, and we say that
R is total if R7'(B) = A. When R is total and functional, we call R a function. We
say that R is injective if R™! is functional, and we say that R is surjective if R™! is
total. There are useful relational inclusions that are equivalent to these concepts, as

depicted in the following table :

R: A+ B
R is functional | Re R~ C Ap
R is total Ay CR 'R

R is injective | R7'o R = Ay
R is surjective | Ag = RoR™!




1.1. NOTATION FOR THE RELATIONAL LANGUAGE OF REL 14

Finally, there are some distribution rules for composition over intersections and

unions (whenever they are defined) we can work with :

(RNS)ePC (ReP)N(SoP)
Po(RNS)C(PoR)N(P-S)
(RUS)eP=(ReP)U(SoP)
Po(RUS)=(PoR)U(P-°S)

Finally, the inverse operation distributes over intersections and unions :

(RUS) '=R1tus™
(RNS) =R 1'ns!

There is an embedding from the category Set into the category Rel, that preserves
the sets as objects, and that sends functions f : A — B to their associated graph
gr(f) = {(z, f(z)) | © € A }. Very often, we will deal with universal properties
and constructions in Set, but we will work out equations in Rel. This is because
in a presheaf of LTS, it is convenient to provide equations that combine spatial re-
strictions of state spaces (which are functions), with transition relations that operate
on these state spaces (and which are, properly speaking, relations). Thus, we will
abuse notation here and consider functions directly as relations through this embed-
ding. For example, for any function f,g : A — B, we will allow ourselves to write
fNng, fUg, f~! and composition in the relational language as if we were manipu-

lating the associated graphs of these functions.

This provides the material needed to facilitate the treatment of relational equa-
tions. We also need some notation for labelling sets and labelling morphisms, which

is the subject of the following section.



1.2. A REPRESENTATION OF THE CATEGORY OF SETS AND PARTIAL MAPS15

1.2 A representation of the category of sets and

partial maps

We will work with a specific representation of the category of sets and partial maps,
as presented by Winskel and Nielsen in [MC], that has a convenient format when it
comes to describing the category of labelled transition systems. More specifically, this
category will prove itself useful in describing the labelling set component of a labelled
transition system, and the labelling morphisms that work as components in labelled

transition system morphisms.

Definition 1.2.1 [Category of Labelling Sets (Winskel, Nielsen [MC])].
Let € be a distinguished symbol. Consider the category Set., defined as follows :

e Objects : Sets that do not contain the distinguished symbol ¢.

e Morphisms : A morphism f : L —, L' in Set, is a total set function
f:LU{e} = L' U{e} such that f(e) =e.

Equality of morphisms is provided precisely when the corresponding total set func-
tions are equal. Composition and identity morphisms are inherited from the category

of sets and functions as well.

Remark 1.2.2 . In this section, for a given labelling set L, we will write L. to designate
the set L U {e}.

In the context in which we shall use the category Set. in this thesis, we will refer
to the objects of Set. as labelling sets, and we will refer to morphisms in this category

as labelling morphisms.

Clearly, the category Set. as defined is equivalent to the category of pointed sets,
which is itself equivalent to the category of sets and partial maps. As such, Set. is
equivalent to the Kleisli category of the — + 1 monad on Set (see Cockett and Lack
[RC1], [RC2] and [RC3]). One should have no trouble translating the concepts on
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which we shall develop using Set. to the more conventional representation of the cat-
egory of sets and partial maps if one prefers to think in these terms. Basically, for a
morphism f: L —. L', an equation of the form f(a) = ¢ for a € L means that f(a)
is undefined. If f(a) # €, then we say that f(a) is defined.

There is an obvious embedding of Set. into Rel, which preserves the sets as objects,
and sends a morphism f : L —. L’ to the graph of f, given by gr(f) = {(z, f(x)) |z €
L and f(z) # e}. This embedding generalizes the gr functor from Set to Rel, as long

as we consider sets that do not contain the distinguished ¢ symbol.

Once again, we will allow, for morphisms f,g : L —. L', a direct interpretation
as relations through this embedding, and we will write things like f C g, or f N
g, f~%, etc., which of course, sometimes only makes sense in Rel. Finally, we will
say that a labelling morphism is partial (in the proper sense of the word), if it is
functional but not total as a relation. (The proofs of the following two propositions

are straightforward and we omit them in the final version of this thesis.)

Proposition 1.2.3 . Consider any arrow m : L —. L' in Set.. Then,

m is a monomorphism in Set. < m : L. — L. is an injective map in Set

Proposition 1.2.4 . A labelling morphism X\ : L —. L' is an isomorphism if and

only if it is a bijective map.
And we will need some categorical constructions as well.

Definition 1.2.5 [Constructions in Set.]. We provide the necessary constructions

for a bicomplete category as follows :

1. Zero object : Set. has a zero object provided by the empty set (). This is
because there is a single function from any set into the set (). = {¢}, and there
is a single function out of the set (). = {¢} that preserves € into any other set

containing .
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2. Indexed Products : Given a J-indexed family of objects L; in Set., we define

the J-indexed product Hj in Set. as :
je
ey, — ) \ ) ; . — 2
jfEIJLJ ; jIEIJ(LJ u{e}) \ {ae ng(LJ U{e}l) | Vie J, mi(a)=c¢ }

where AHJ(Lj U {e}) denotes the J-indexed cartesian product in Set with stan-

VIS
dard projection maps m; : ‘HJ(L]- U{e}) = L; for each i in J.

VIS

For II* L;, we use the labelling projection maps = : HEJLJ- —. Ly, forvin J, as:
J€

jeJ
ﬂf(b):{ m(b)  ifbe

€ otherwise
for any b € (II°L;) U {e}.
jeg

3. Indexed Coproducts : Given a J-indexed family of objects L; in Set., we

define the J-indexed coproduct HEJ in Set. as :
je

= 1

which is the J-indexed coproduct of the sets L, in Set directly, using

L Ly — ,HJL]- as the canonical injection maps.
J€

The labelling injection morphisms for H?Lj are provided by 5 : L; —. Hi L;,
JE JjE

for ¢ in J, as :

Li(b):{ u(b)  ifb#e

15 otherwise
for any b € L; U {¢}.

Also, the ¢ are monomorphisms for each ¢ in J.

2We assume that ¢ ¢ H’;LJ—, i.e. € does not label a function in ‘HiLj' We will make similar
J€ Je
assumptions of € ¢ H‘;Lj, and so on for other sets that we will construct this way in Set..
JE
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4. Equalizers : Given a diagram f,g: L —. L' in Set., we define
E={aeL|f(a)=g(a)} C L as an object in Set., and we use the inclusion

map from E. into L. as the equalizer of f and ¢ in Set..

5. Coequalizers Given a pair of morphisms f,g : L —. L' in Set.. Take the
coequalizer ¢ : L. — K of the maps f,¢: L. — L. in Set (we assume ¢ ¢ K).
Construct the set Q = K \ {¢q(¢)}. There is an obvious bijection from 0 : K —
Qe, which simply relabels ¢(¢) to e with

H(b):{ b if b q(e)

€ otherwise

for any b € K.

We have that 6 o ¢ is a labelling morphism from L’ to @, and it is in fact, a

coequalizer of f, g in Set..

Through the existence of such constructions, we can conclude that Set. has all

limits and colimits.
Proposition 1.2.6 . Set. is bicompletd|

Proof. See Cockett and Lack [RC1], [RC2] and [RC3]. O

Finally, we need to provide a functor that creates freely generated monoids from
labelling sets, and that expands labelling morphisms to monoid morphisms. This
functor from Set. to Mon will be useful in expanding labelled transition systems to

their monoid labelled format.
Definition 1.2.7 [Functor from Set. to Mon].
Define a functor (—)* : Set. — Mon as follows :

1. Given an object L € Set., we define L* as the freely generated monoid over L,

and we write A € L* for the empty word.

3This category is in fact bicomplete in a 2-categorical sense. We refer the reader to the work of

Cockett and Lack, as indicted under the proposition.
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2. Given a labelling morphism A : Ly —. L, we define \* : Ljj — L* inductively as

follows :

N (A) = A

A (wb) = A(w)A(b) i A(b) #e
A (w) otherwise

for any w € L and b € Ly.

Remark 1.2.8 . It follows from this definition, that for any labelling morphism
A: Ly —. L and any ay...a, € L for some actions a; in Ly, that \*(ay...a,) =

)\*(al) N )\*(an)
Proposition 1.2.9 . (—)* :Set. — Mon is indeed a functor.

Proof. The proof is to be found in Appendix [A] O]

This clearly generalizes the adjunction from Set to Mon that sends a set to the
freely generated monoid on that set (as long as we use sets that don’t contain the
symbol) [

Definition 1.2.10 [Functor from Mon to Set.]. We define a functor G,,. : Mon
— Set.. Given monoids M and M’ with neutral elements e and ¢’ respectively (and
e not in M, M’', otherwise relabeled a priori), set Gp(M) = (M \ {e}) and for a
monoid morphism f: M — M’ set G, (f) : M\ {e} —- M'\{e'} in Set,. as follows

Gme(f)(e) =€
fo) it f(b) # ¢

€ otherwise

Gme(f)(0) = {

4We also assume a version of Mon where none of the underlying sets of the monoids contain the

distinguished symbol &
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for any b € M\ {e}.

Proposition 1.2.11 . G,,. : Mon — Set. is indeed a functor.

Proof. The proof is to be found in Appendix [A] O

And we can establish an adjunction between (—)* and Gp,..

Proposition 1.2.12 . (=)* is the left adjoint of Ge.

Proof. The proof is to be found in Appendix [A]
O

We have now covered the necessary preliminaries and we can begin with the study

of labelled transition systems.



Chapter 2
Labelled Transition Systems

A transition system is essentially a binary relation on a set of states that portrays
how a system can evolve from one state to another. These transition systems are
well-known models in computer science for the representation of processes and com-
putational models, and they are commonly used to describe the operational semantics

in calculi such as m-calculus or A-calculus [l The definition is as follows :

Definition 2.0.1 . A transition system is a pair (S, —) where S is a set of states
and — C S x S is a binary relation on S, called the transition relation. A pair
(X,Y) € — is called a transition, and we write X — Y for such a pair to mean

that X can evolve to Y in the transition system.

We may recognize the definition of a simple directed graph here, where vertices are
states and arrows are transitions in —. The choice of the term “transition system”
as opposed to “simple directed graph” is a purely conceptual one. One other useful
way of thinking about transition systems, for use in modal or temporal logic, is as
relational structures, or Kripke frames : the worlds in question are the states and the

accessibility relation is given by —.

IFor a good introduction to w-calculus, one can look into D. Sangiorgi and D. Walker’s book
The w-calculus : A Theory of Mobile Processes [PiMob).

21
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Now, transition systems are not always convenient to describe computational mod-
els in general because they are a bit too abstract. In practice, we want to be able to
classify the activity within a transition system and make specifications about desig-
nated subsystems. A way to achieve this is by adding labels to transitions; as such,
we obtain a labelled transition system as an indexed family of transition relations that
perform together over a common universe of states. Labelled transition systems are
classic models for representing computational systems. The objective of this chapter
is to familiarize ourselves with their basic theory, so that we will be able to handle the
categories of presheaves of labelled transition systems in Chapter [ and [5] We do not
undertake a full categorical treatment of labelled transition systems here. However,
we certainly encourage the interested reader in developing the theory of the category

of LTS in more detail, especially in matters relating to bifibration of the latter.

2.1 Category of Labelled Transition Systems

There is a variety of possible definitions for labelled transition systems in the liter-
ature. In this thesis, we use the definition from Winskel and Nielsen’s Models for
Concurrency [MC|, with the exception that we do not integrate an initial stateE] for

the system into the signature.

Definition 2.1.1 [Labelled Transition System].
A labelled transition system (LTS) is a structure T' = (S, L, §) where :

e S is a set of states;

e [ is a set in Set. (i.e. a set that does not contain the distinguished & symbol),

and L’s elements are referred to as labels (or actions);

e § C S x L xS is the transition specifierf] of the system.

2When such an initial state is incorporated, we get pointed labelled transition systems.
3This “§” is usually called the transition relation. We gave it another name to facilitate the

distinction with the transition relations associated to labels (Definition [2.1.5) and the underlying
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A triple (X,b,Y) € 4 is called a transition, and we often write X L>T Y for such a

triple to mean that the state X can evolve to the state Y through the action b in 7'

Example 2.1.2 . We consider a labelled digraph as an example of a LTS as follows :
e States: S ={X,Y,Z, W},
e Labels: L ={a,b,c};
e Transitions: 6 = {(X,a,Y),(X,b,2),(X,c,2),(Y,¢,Y), Y,a,X), Y,a,2),(Z,c,IW)}

&
N

Y

Z——W
Figure 1: A labelled digraph example of a LTS

We remark that, for LTS in general, it is possible to use the same label for different
transitions, as for (X,a,Y), (Y,a,X) and (Y, a, Z) for example. However, it is not
possible to have multiple transitions sharing the same source and target, i.e. we could

not have something like :

We can more easily project how processes evolve inside such labelled transition
systems if we accompany the latter with a notion of run, and the definition of such

runs goes as follows :

transition relation of a LTS (Definition [2.1.8)
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Definition 2.1.3 [Finite Run]. Given a labelled transition system 17" = (.S, L, §),

a finite T-run is a connected sequence of transitions in T as follows :
Xo 50 X1 57 Xoo . X1 —50 X,
i.e. where (X;, a;11, X;y1) € 6 for all .

Thus, for the labelled digraph of Example 2.1.2] we get an example of a run as
follows :

XSy Sy x>z 5w

This run represents the following line of behavior : a process starts in a state X,
then performs the action a to evolve to Y. It then performs the action ¢ and stays in
Y, and proceeds as depicted from one state to another in a sequential fashion. Upon
reaching the state Z, the system has no choice but to evolve deterministically to W
through the action ¢. Once in W, the system is in a deadlock state, since it can no

longer perform actions to evolve out of that state according to our LTS specification.

Now, describing the transition specifier § of a LTS directly isn’t always convenient
when specifying transition systems, and we should adopt other means of providing
such specifications. We can think of a LTS as an amalgamation of transition systems
(relational structures) that are indexed by the labelling set. To be more precise, we
can create a correspondence between LTS and one object diagrams in Rel, and to

formalize this properly, we need to define graphs and diagrams first :

Definition 2.1.4 [Graphs and Diagrams].

A graph is a tuple (V, E,dom, cod) where V is a set of vertices, E is a set of edges,
dom : E— V is a map that assigns a source vertex to each edge, and cod : E = V

is a map that assigns a target vertex to each edge.

A graph morphism from (V, E, dom,cod) to (V', E',dom’,cod’) is a pair of maps
(f:V—=V'g:E— E) such that dom’' o g = fodom and cod o g = f o cod.
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Given a graph J and a category C, a diagram of shape J in C is a graph morphism
from D : J — U(C) where U(C) denotes the underlying graph of the category C.

And the characterization of a LTS as a relational diagram goes as follows :

Definition 2.1.5 [Relational Diagram and Transition Relations].

Given a labelled transition system 7' = (.5, L, §), and using the graph
J=({*}, L, dom: L — {x}, cod: L — {x})

with one vertex x, and labels L as arrows, we define the relational diagram of T as a

diagram of shape J in Rel, denoted QT: J — U(Rel), by setting :

On the vertex : ——, := S as the set of states of the LTS, and
On the arrows : —, := {(X,Y) € 52| (X,b,Y) € 6} for any label b € L.

For a label b € L, we refer to LT as the transition relation associated to b.

There is in fact a bijective correspondence between one object diagrams in Rel
and labelled transition systems, i.e. we can recover a LTS by setting S = — >,
and defining L as the set of arrows at the source of the relational diagram. The tran-
sition specifier is then provided by 6 = { (X,b,Y) € SxLxS|3be L, X Y }.

Personally, I find that the representation of a labelled transition system as a one
object relational diagram is more natural than its representation as a tuple (S, L, ).
This is simply because specifying LTS through a relational diagram and through
relational equations is usually much more convenient than getting involved with the
transition specifier §, where no notion of composition is provided, and where one is
forced to describe the set of triples (X, a,Y) € S x L x S in an ad hoc fashion. In
fact, most of the specifications we provide throughout this thesis make use of the
relational diagram of a LTS, and the following example demonstrates how this is
done. In this example, we use the notation @ and — to symbolize the XOR and NOT
operation on boolean values respectively, whereas A and V will denote the AND and

OR operations.
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Example 2.1.6 [An n-bit Register with Operations]. Consider a register la-
belled transition system Reg = (S, L, §) where

o S={(zp,...,21) | 2; €{0,1} forany i € {1,...,n} };[f
o [ ={read, write, shift, clear, incr};

e ( is specified via Reg’s relational diagram gReg , and

V(zp, ooy 1), Yn, -, Y1) €S :
clear .
(1) (zpy oo ,21) —keg Uny -+ 1) < Vi, y; =0
(2) (zpy --. ,21) %Reg Yns - Y1) &
Vied{l, ..., n—1}, yip1 = (@ Ay) @ w1 and y = -y
shift
(3) (Tny oo y21) 2 Yy oo, ) S
Vie{l, ..., n—1}, yiy1=x; and 3, =0
read .
(4) (xp, oy 1) —keg Yny, -, Y1) < Vie{l, ..., n}, yi=uxz;
write
(5) (xnv cee xl) —__>Reg (yna sy yl)

We can specify read and write operations more directly by setting ﬂmeg: Ag and

write
ey =S % S.

4We write (@, ...,21) with 21 as the most significant bit in the register.
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Let n = 4. To represent the state (x4, x3, 2, x1) € S, we use the following pictorial

representation :

And we can visualize how the operations are performed on a 4-bit register through

the following run :

incr incr

shift shift read

write clear
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Another example that we will encounter often is the following buffer :

Example 2.1.7 [Buffer (with two places)]. Consider a buffer labelled transition
system Buff = (S, L, §) where

o S={(z,y) | z,y € {0,1}};

o L = {input, send};

input send
—> aj 7] y

Figure 2: A representation of a buffer with two places, with an input action that
substitutes the x value in the first place randomly, and with a send action that

substitutes the value y in the second place with the value x in the first place.

e ) is specified via Buff’s relational diagram QM ,

input sy 18 the smallest transition relation on S such that :

input

vx,l’,, Yy € {07 1}7 (xay) —Buff (xlvy)

Thus, any value can replace the first component x with the input action.

send, sy 1S the smallest transition relation on S such that :

send

Va:,y € {07 1}7 (xay) —Buff (.flf,x)
And the value z is transferred to the second component by the send action.

We will encounter a few variants of this buffer later on when we look at spatial
presheaves of LTS : a Buffer on a Discrete Space (Example , a Pullback Buffer
Junction (Example [4.2.5)), and a Discrete Space Buffer Junction (Example ).
The buffer examples are simple and illustrate the difference between a place of “de-
pendency” and a place of “effect” for an action (these notions will be studied formally

in Section . Mainly, the send action depends only on the value z in the first place
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in order to perform, and it only has effects in the second place (where it changes the
y value). The input action, on the other hand, does not depend on the value of any
place to perform, and it simply has an effect in the first place as it changes the x

value randomly.

The reason we will see so many examples of buffers, is to illustrate the conse-
quences of dealing with Heyting algebra spaces (as provided in the Pullback Junction
example mainly), in contrast to using Discrete spaces for the other examples, as far

as dependencies and effects are involved.

Now, it will be useful to refer to the underlying transition system of a LTS when

we talk about path shapes later on, and the definition is as follows :

Definition 2.1.8 [Underlying Transition System]. Given a LTS T = (S, L, 0)
we define the underlying (unlabelled) transition system of T as the transition system

(S, —+) where —,= |J (—b>T) We often refer to — - as the underlying transition
belL
relation of T.

These underlying transition systems for LTS can come in handy if we wish to
specify behavioral properties for the latter through temporal logics like LTL and CTL
(because the latter require unlabeled transition systems for their semantics). Also,
— 7 is quite useful when we want to describe certain patterns or shapes that the
underlying transition system of a LTS should have. For example, we may want to
work specifically with a class of LTS where the underlying transition systems are

trees, sequential paths, posets, etc.ﬂ

We use —. to talk about the transitive and reflexive closure of —,. Also, we
designate the set of states reachable in one step from a state X as —, (X)), which is
the image of X under —,. We use — ;' (X) to talk about states that can reach X

in one step. Finally, we can also evoke the connected component of reachable states

®We recall that an unlabelled transition system is a simple directed graph (see Definition and

the discussion that follows), and thus, we can use graph theoretic vocabulary for these structures.
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associated to X as (—% U(—,1)*)(X).

We can address the formalization of LTS morphisms now. This requires that we
introduce an idle action, designated by e, to work in conjunction with labelling sets
of LTS.

Definition 2.1.9 [Idle Action Extension of a LTS]. Given a labelled transition
system T' = (S, L, §), we define the extension of T with an idle action as the structure
T. = (S, Le,0.) where L. := LU {e}and 0. := 0U{ (X,e,X) | X €S }.

Remark 2.1.10 . The extension in the previous definition is not a LTS because a LTS

requires a labelling set that does not contain ¢ by definition.

And the labelling morphisms in Set. (as provided in Section can now be
integrated into the definition of morphisms for labelled transition systems, and this

is achieved as follows :

Definition 2.1.11 [Labelled Transition System Morphism]|. A LTS morphism

from T'= (S,L,6) to T" = (5", L, §') is a pair (o, A) : T'— T" where 0 : S — 5" is a

function and A\ : L —. L' is a labelling morphism in Set., and the following holds :
Ve L, VX, Y €S, [(X,bY)eS = (a0(X),Ab),0(Y)) € & ][

For a given LTS morphism (o, ) from 7' = (S, L,0) to T" = (5', L, ¢’) and an action

b € L, we refer to A(b) as the projection of bin T'. When an action b € L projects to

e, we say that b vanishes in T”

Remark 2.1.12 . There is another way of specifying a LTS morphism through the
relational diagrams of LTS. We must first extend the relational diagram QT of a
labelled transition system T = (S, L, §) with the specification —,:= Ag for the idle

action €. Then, the condition that

Vbe L, VX, Y €S, [(X,b,Y)ed = (a(X),Ab),0(Y)) € & ],

SWe remark that it not necessary to use J. in the antecedent of the implication because we will
always have (o(X), A(¢),0(X)) € 4. for any (X, e, X) € 6. since A(e) = e.
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in the definition of a LTS morphism, can be swapped with :

VbeL VX, Y €S, [X Y = oX) 2%, oY) ] (1)
In fact, from now on, we shall assume that for the idle action e, the specification
—:= Ag is always provided for the relational diagram QT of any labelled transi-

tion system 7.

Given a LTS morphism (o, A) : T'— T” and an action b of T, if b vanishes in 7",
i.e. A(b) = ¢, then for any transition X 5, Y in T, we get o0(X) = o(Y)in T,
and this means o(X) = o(Y) since —v= Ag. In other words, the projection of b

in 7" creates no observable change on states in 7" if b vanishes in T".

We will get a clearer sense of the role that ¢ plays in the context of spatial
presheaves of LTS when we consider the example of Parallel Registers in the next
section. For now, since we have LTS objects and morphisms at hand, we can initiate

the categorical investigation of LTS.

Definition 2.1.13 [Category of Labelled Transition Systems]. The category

of labelled transition systems, written T, is defined through the following :
e Objects : Labelled transition systems (from Definition [2.1.1))
e Arrows : Labelled transition system morphisms (from Definition [2.1.11])

We let two morphisms (o,\) and (¢’, \') be equal iff 0 = ¢’ in Set and A = X\ in
Set.. Composition of morphisms (o, \) and (¢’, \') is given by pointwise composition
(0" oo, N o \) of functions, and the identity of a labelled transition system (S, L, d) is
given by the pair (1g,1;) where 1g is the identity set function on S, and 1, : L —. L
is the identity labelling morphism on L (which means it is the identity set function
1p.: L. — Le).

It is rather straightforward to verify that the above provides a well-defined cate-

gory, and we make a formal statement about that :
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Proposition 2.1.14 . T is a well-defined category.

And we lay down some of the basic properties and constructions with respect to

this category to end this section.

Proposition 2.1.15 . A LTS morphism (o,\) : T — T" is an isomorphism in T if

and only if o and X are bijective maps.

Proof. (o,)) is an isomorphism if and only if it is an isomorphism componentwise.
Also, o is an isomorphism in Set if and only if it is a bijective map.
From Proposition we get that A is an isomorphism in Set. if and only if it is a

bijective map. O

There are three useful projection functors that we can define with respect to the

components of LTS :

Definition 2.1.16 [LTS Component Functors].

1. The states-projection functor ps : T — Set sends a LTS (S, L,d) to the set of
states S, and a LTS morphism (o, \) to the function o.

2. The labelling projection functor p, : T — Set. sends a LTS (5, L,d) to the
labelling set L, and a LTS morphism (o, A) to the labelling morphism \ in Set..

3. The transitions-projection functor p; : T — Set sends a LTS (S, L,d) to the
set d¢, and a LTS morphism (o, A) : (S, L,0) — (S', L', ") to the function that
maps (X,5,Y) in 6. to (o(X),A(b),o(Y)) in dL.

With the category T at hand and the basic notation settled, we now introduce

some of the categorical constructions that are possible in ']I‘.m

"The way these constructions are presented follows a very set theoretical style, as opposed to a
more categorical style. The advantage to using a more categorical approach is that it could facilitate
proving certain properties for T such as bicompleteness (see Theorem . In particular, we
suspect that the functor ps x p; : T — Set x Set. forms a bifibration for T, and proving this would
certainly go a long way in developing the theory of T.
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Definition 2.1.17 [Constructions in T]. We provide the necessary constructions

for a bicomplete category as follows :

1. Terminal object : Combining the Set terminal object, that is a singleton set
{*}, and the zero object of Set., which is an empty set, we can form 1y =
({x},0,0), as a terminal object of T. Indeed, for any labelled transition system
T = (S, L,9), there is precisely one LTS morphism (o, A) : T — 1 given by the
unique map o : S — {x} and the unique labelling morphism A : L —. ().

2. Initial object : The empty set () is an initial object in Set as much as it is in
Set., and we get an initial object for T as Op = (0,0, (). Considering any LTS
T = (S, L,0), there is precisely one LTS morphism (o, \) : O — T given by the
unique map o : ) — S and the unique labelling morphism A\ : ) —, L.

3. Indexed Products : Given a J-indexed family of labelled transition systems

T; = (S;,L;,90;), we define the J-indexed product as :

jI;IJT’j = (SJ :jngSj, LJ :jl_GIJLj, 5J)

where

° 'HJS]- is the J-indexed product in Set with projection maps

J€
m o I1.S; — S for ¢ in J, and
jeJ
e II°L; is the J-indexed product in Set. with labelling projection maps

jed
pi Hij —. L; for i in J, and
je

o 6= {(X,a,Y) €8, x Lyx 85 | Vi€ m(X) 2%, =)}
The projections in T are given by the pairs (m;, p;) : AHJT]- — T;.
je

4. Indexed Coproducts : Given a J-indexed family of labelled transition systems
T; = (S, Lj,0;), we define the J-indexed coproduct as :
j]éIJT’j = (SJ :jIe_IJSj, LJ :]LGIJLJ" 5])

where

8This includes the case where p;(a) = ¢, in which case, we get 7;(X) = m;(Y) with 3>Tj: As;.
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o II5; is the J-indexed coproduct in Set with injection maps

jeT
L 2 S; — ‘HJSj for each i in J, and
j€
. Hi L is the J-indexed coproduct in Set. with injection labelling morphisms
j€
v; : Ly — II* L; for each ¢ in J, and
j€

° (5J:{<X,CL7Y)€SJXLJXSJ|
Ji, 3(Xi,04,Y;) € 05, 1(Xs) = X, 14(Y;) = Y, v5(a;) = a }.

The injections in T are given by the pairs (¢;, ;) : T; — ‘HJT]-.
je

5. Equalizers : Given labelled transition systems 7' = (S, L, ) and T" = (S, L', §'),
and a pair of LTS morphisms (o1, A1), (02, A2) : T — T”, we can construct an
equalizer of the latter by forming a pair with the equalizer of (01, 02) in Set and

the equalizer of (Ay, Ay) in Set.. More precisely, we can form the subsets
Se={XeS|o(X)=0(Y)}CS and L.={a€ L | XNa)=N(a)} CL,

and use the subset of transitions §. = 6 N (S, X L. X S). We get that T, =
(Se, Le, d¢) is a LTS and the inclusion maps o, from S, to S and A, from LU{e}
to L U {e} provide a pair (o, Ae) : T, — T that is the equalizer for the pair of

morphisms (01, A1) and (09, \2) in T.

6. Coequalizers : Given labelled transition systems 7' = (S, L,d) and T’ =
(S, L',¢), and a pair of LTS morphisms (o1, A1), (02, A2) : T — T", we get a
pair of labelling morphisms oq,00 : L' —. L, and we can take the labelling
coequalizer (as in Definition of the latter, say A\, : L — L,.

Let ~, be the smallest equivalence relation on S such that :
o VX € S/, 0'1(X) ~yq O'Q(X), and
e Vbe L, VXY €5, [if \f(b) =¢ and X —5, Y, then X ~, Y |

We form the quotient set S, := S/ ~, of S with respect to ~, and we write

o4 S — S, for the corresponding quotient map. Finally, define

0g 1= { (04(X), Ag(b), 04(Y)) € Sy x Ly x Sy | (X,b,Y) €6}
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We have that T, = (S,, Ly, d,) is a LTS and (o4,A,) : T — T is a LTS
morphism that is the coequalizer of the pair of LTS morphisms (o1, A;) and

(02, A2). Furthermore, 6 o ¢ is a surjective map.

With all indexed products and coproducts, equalizers and coequalizers, we can

make the following statement.
Theorem 2.1.18 . The category T is bicomplete.

Proof. The proof is given in Appendix [B] n

Remark 2.1.19 . We will see that T has no subobject classifier at the end of Section [2.3]

We will go through an example of a product of registers in detail in the next sec-
tion. But before we proceed, we would like to make a few comments about variants

that one can use with respect to the definition of a labelled transition system.

In our definition (the one given in Definition , for a given labelled transition
system 1" = (S, L,d) and an action b € L, we allowed the possibility of an empty
transition relation for b, i.e. LT: (). We will refer to an action b such that L>T: 0
as a ghost action. Certain variants of the definition of LTS reject ghost actions,

i.e. impose the following rule :
Vboe L, 3 X, Y eSS (X,bY)ed

(and this is equivalent to Vb € L, ——.% 0 ).

We did not work with this rule because allowing ghost actions has several im-
portant consequences at the categorical level that we should be aware of. When we
allow ghost actions, we basically get LTS objects in T of the form (S =0, L, § = ()
where L # (). This allows us to get a coreflection of Set. into T if we use an inclusion
functor that sends a labelling set L to the labelled transition system ((, L, (), and a
labelling morphism A : L —. L’ to the LTS morphism (0, ) : (0, L,0) — (0, L, )

where 0 : ) — () is the unique set function on the empty set. This means that we can



2.1. CATEGORY OF LABELLED TRANSITION SYSTEMS 36

think of labelling sets as labelled transition systems directly in T.

One important consequence of allowing ghost actions is Proposition [£.2.4] which
states that if we have T-valued sheaf, then the sheaf property extends to the labelling
component of the sheaf (gluing and locality of LTS extends to gluing and locality for
labels properly). Another important consequence is that it facilitates dealing with
subobjects. Indeed, when we single-handedly pick out transitions from a LTS, we
always obtain a labelled transition subsystem (a sub-LTS) as long as we allow ghost

actions (otherwise, we may get empty transition relations when removing transitions

in a LTS).

Finally, integrating ghost actions facilitates an adjunction between the category
of labelled transition systems and the category of monoid labelled transition systems
(because the latter naturally have such ghost actions) as we will see in Section [2.4]
But in sum, integrating ghost actions relaxes the category of LTS to a certain extent,
and it is really a matter of choice whether one wants to have them lying around in a

LTS structure or not.

There is another variant of the concept of LTS that has been studied by Winskel
and Nielsen in [MC|] where an initial state is integrated in the signature of the LTS,

but we will simply use a different name to designate those as follows :

Definition 2.1.20 [Pointed Labelled Transition System]|. A pointed labelled
transition system is a structure T' = (X, S, L, d) where (S, L, ) is a LTS and X, € S

represents the initial state of the systemﬂ

These are important if we want to establish a rapport with syntactic process rep-
resentations as encountered in process algebras. Take for example, the case of certain

process calculi such as CCS or w-calculus : At first, one syntactically constructs a

9Winskel and Nielsen use such pointed labelled transition systems in [MC], but they are simply

called labelled transition systems in their work.
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universe of processes via a generative grammar. Then, one equips the universe of
processes thus generated with a transition relation to account for the operational
semantics. The final construction is a transition system in which the states identify
precisely the processes. Thus, pointing to a state in such transition systems corre-
sponds precisely with designating a process in such process algebras. Winskel and
Nielsen give an example of a process language Proc in [MC]|, that can be interpreted

via categorical constructions on pointed labelled transition systems in particular.

It may be a good idea to mention here that Winskel and Cattani have elabo-
rated a general representation of process models of this kind as set-valued presheaves
(see [PresMC] and [ProfOB])l The idea is that sections in these presheaves de-
scribe events (or traces, such as runs) and the inverse of the restriction maps in these
presheaves describe the behavioural unfolding of such events with respect to some
basic choice of path shape as a base category (runs use linear path shapes). This
approach accounts for a more universal treatment of process modeling than labelled

transition systems as it precipitates the subject into a more categorical framework.

We now consider an example of a product construction in T, which basically

reflects a form of parallel composition of register systems.

2.2 Example of Parallel Registers

In this section, we explore an example of a product of LTS and we take the opportunity
to introduce the idea of Sl-independence. The example to be considered is a set of

parallel registers, and it is given as follows :

Example 2.2.1 [Parallel Registers]. Consider a family {Reg;}?, of 4-bit Reg-
isters with Operations as provided in Example [2.1.6] i.e. where each LTS register is

given by Reg, = (S;, L;, ;) = Reg as specified previously. Setting 4, = {1,2, ... ,n}

OThere is also [BisO] in which the theory of bisimulation as open maps has been developed by

Winskel, Nielsen and Joyal with respect to these presheaf models.
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for some n € N, we can take the A,-indexed LTS product -1} Reg, to represent n
JE€EAR
registers in parallel. We can think of a number j in A, as providing the memory

address for Reg; in a computer’s memory.

Considering the simple case where n = 4, we can represent the labelled transition
system T'= 1l Reg; = (S, L,6) as follows :
JEA4

1. 8= ({0,1}*)* (or S = {0,1}'9), and we use the variable z/ € {0,1} to represent
the bit value in the " position (from right to left) in the j* register as in

Figure

Reg, : |z} |xi 2|2t

. 2 2 2 2

Regs @ |xd|a3 |23 |2}

. ZH NV SV
Reg4. Ty |T3| Ty | Ty

Figure 3: Four Parallel Registers of 4 bits each.

2. L={ (a1,a2,a3,a4) € (Lreg U{e})* | (a1,a2,0a3,a4) # (¢,¢,¢,¢) } where
Lreg = {read, write, shift, clear, incr} and where a; represents an action in

the j' register Reg;.

3. 0’s specification is given by the componentwise specification of the local transi-
tion relations on each register as in Figure [d, We get an example of a transition

for the action (g,incr, e, clear) in Figure 5]
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. 1] .1],1].1 1,11,
. 2], 2].2]..2 2. 2. 21,2

(alu g, as, a4) .
. 3)..3]..3]..3 ’ 31.31.31,3
Regs : |3 |23 |23 | a3 Yi | Vs | Y2 | Y
. 4,4 4] 4 4l 4l 4], 4
Reg, : |z}|x3|a3| ] Yy | Y3 | Y2 | Y1

if and only if

For all j € {1,2,3,4} ,

@;

Reg; : [a)[af|ai]a}] —— [wi]u]wd]ui

Figure 4: Specification of transitions for Parallel Registers

Reg,: |1|1|0]1 11|01

Regy: 01110 , 0O]1 (1|1
(e,incr, e, clear)

Regs: [0[0|0]1 “lolo|o]1

Reg,: |[0]1|0]|1 0/0l0]0

Figure 5: Example of transition for (e, incr, e, clear) in the Parallel Registers

We can get a sense of how spatial presheaves of LTS and Sl-independence work
for these Parallel Registers. To achieve this, we must first consider the discrete space
over Ay = {1,2,3,4} that uses memory addresses as points. This yields a Boolean
algebra space B = (P({1,2,3,4}),C,N,U) where the elements of P({1,2,3,4}) (re-
ferred to as regions) represent all possible groups of registers (by sets of corresponding
memory addresses). Subset inclusion C provides a partial order on P({1,2,3,4}) that

describes how different regions are included in one another, and set intersection N and
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set union U provide the meet and join operations. The smallest region is () and the

largest region is {1,2,3,4}.

We can think of (P({1,2,3,4}), C) as a category and we can set up a T-valued
sheaf T : B — T where T(U) = leTURegj for each U C {1,2,3,4}. For V. C U C
{1,2,3,4}, the LTS restriction morphisms are given by the obvious LTS projections
from 7 (U) to T(V') that arise for these indexed products of LTS. In such a case, we
write (0¥, A\Y}) to denote the LTS restriction morphism from 7(U) to T(V), where
ol is the states map component and A is the labelling morphism component. For
the global region P = {1,2,3,4}, we have T(P) = T, where T is the LTS that was
just described.

Now, when we have regions V' C U and an action b in the labelling set of T (U)
that projects to € on the subregion U (i.e. with AV(b) = ¢), we will say that b vanishes
in V' with respect to U. For example, consider the action b = (incr, e, e, shift) that
is part of the labelling set of T(P). We have that b projects to e precisely on the
subregions (), {2}, {3}, and {2, 3} (see Figure [f]), and we think of b as vanishing in
these regions because b only performs an incrementation in Reg; in region {1}, and a
shift action in Reg, in region {4}, but it does not do anything inside the regions that
are subsets of {2,3} (where Reg, and Regs reside).

An example of transition for the action b = (incr, e, e, shift) in T(P) is given in
Figure [7] and we clearly see there that b is not actually involved in the second and
third register. Now, by contrast to saying that b vanishes in {2, 3}, we may say that
b is “contained” in {1,4}, which is the complement of {2,3} in P. By “contained”,
we mean that all the information on which b depends in order to act in P, resides in

the region {1,4}, and also, all the changes that b creates on states essentially occur

in {1,4}.
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P P

{4}
P P
A2y As)

{1} {2} {3} {4}

Figure 6: The projection of the global action b on each register individually; )xfj}
denotes the labelling projection from the labelling set of 7 (P) to the labelling set of
T({j}) = Reg;, the j" register.

Reg,: |0|0|1]1 011010

Regy: |0|0|0]0O 0]001]0
&2 (incr,e, e, shift)

Regs: [1]1]1]o0 “lif11]o

Reg,: |0|1]0]|1 1{0]|1]0

Figure 7: A transition for the action (incr, e, e, shift)

The notion of “containment” for actions is formalized in Definition [4.3.15] in Sec-
tion on Action Containment. When this notion will be formalized, the way SI-

independence will be formulated is that :

For some region U, two actions b and ¢ in the labelling set of T (U) are spatially
independent in U if there exists a cover {V, W} such that :

1. b vanishes in W and c¢ vanishes in V', and

2. b is contained in V and c is contained in W.
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Thus, the idea is that ¢ does not interfere with the region V' where b is contained,
and vice-versa, b does not interfere with the region W where ¢ is contained. Condi-
tion (1) above is simply : A4, (b) = € and A(c) = . Condition (2) is much more
complicated to express and to impose however. Essentially, we will find a way to force
condition (1) to imply condition (2) above. It turns out that this implication holds in
any T-valued sheaf, and so it holds in the case of T for the Parallel Registers above

because it is a sheaf that arises from a product (a limit) of registers.

For the case of the actions b = (incr,e,¢e,shift) and ¢ = (e, write,e,¢) in the
Parallel Registers for example, we have that both conditions (1) and (2) hold because
condition (1) holds. Indeed, with V' = {1,3,4} and W = {2,4}, we get a cover {V, W}
of P = {1,2,3,4} such that A\, (b) = € and M (c) = ¢, i.e. b vanishes in W and ¢
vanishes in V. We then get diamond-shaped diagrams like in Figure |8 that illustrate
how b and ¢ are independent of each other; i.e. they illustrate how we can change the
order in which these b and ¢ transitions fire without changing the final outcome (the
state on the right in the diagram of Figure . Furthermore, in the diagram of this
figure, we could add a middle arrow, labelled with (incr,write, e, shift), from the
leftmost state to the the rightmost one. Indeed, when actions are independent, we
may allow them to perform simultaneously. This typically occurs with sheaves such
as T here.

In sum, to formally address Sl-independence, we need to formally address action
containment first, and to address the latter, we still have a lot of preparation to do.
We thus pursue our investigation of LTS for a while until we arrive at an abstract
representation of the properties of independence within a LTS by using asynchronous
versions of the latter in Chapter [3} Then we will have what we need to evoke action

containment and Sl-independence properly.
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H

(incr, €, €, SV \,w?‘“ite, £,€)

==l 2]
= =] =]
EEa
=] =] =]
= =] 2]
= =] =]
ENERE
=] =] =]

H
H
H
H

(¢, write,s,\‘ M‘cr, e, e, shift)
olof1

=] =] -]
=] =] 1]
=l =] =] [=
=] =] =] [=]

Figure 8: A diamond-shaped diagram depicting spatially independent actions.

43
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2.3 Subobjects for T

In this section, we provide a few results relating to subobjects in T. As we indicated
earlier in the introduction, this section is optional and subsequent theory in this thesis

does not depend on the results presented here.

If we were to characterize as directly as possible the idea of a sub-LTS, it would

probably go as follows :

Definition 2.3.1 [Sub-LTS]. Consider any 7' = (S, L,0) in T. A sub-LTS of T is
a LTS T' = (5, L/,0") where S’ C S, L' C L and ¢’ C §. This means precisely that a
sub-LTS of T'= (S, L, ) is a tuple (S, L, ¢’) such that :

S'CS, I'CL andd Con (S x L' xS)[H

This way of presenting sub-LTS simply means that you can remove transitions,
states and labels, as much as you please, but whenever you remove a state, you must
remove all transitions incident to that state, and whenever you remove a label, you
must remove all transitions carrying that label. Implicitly, it is this fact that really
helps us identify a sub-LTS of a LTS rapidly.

At this point, we have defined what the sub-LTS of an LTS are directly, but
we have not yet proved that these sub-LTS indeed correspond with the subobjects
of an LTS. The first step is to verify that if 7”7 is a sub-LTS of T, then there is a

monomorphism from 7”7 into 7', and we need a lemma for this.

Lemma 2.3.2 . A morphism (o,\) : T — T" is a monomorphism if and only if o

and A are injective maps.

HTf we had chosen to reject ghost actions as part of the definition of LTS, it would’ve been

. a o . . . . .
necessary to introduce —»,+# ) for every a € L’ as an extra condition in this criteria.
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Proof. Write T' = (S, L,d). Suppose (o, ) is a monomorphism. Consider any set
functions o; : So — S and o9 : Sy — S such that 0 o0y = 00 0y. Consider
the LTS given by Ty = (S, L,00 = 0). Then (o1,1z),(09,1) : Ty — T are LTS
morphisms because they trivially preserve an empty set of transitions. We get
(o,A) o (01,1) = (0,A) o (09,1) and so, (01,11) = (09,11) by our assumption of
(o,\) as a mono. Thus, o1 = 09, and this proves ¢ is a mono in Set, and thus, it is an
injective map. Similarly, consider labelling morphisms \; : Ly — L and Ay : Ly — L
such that Ao A = Ao Xy, Consider the LTS given by Ty = (S, Lo, dp = 0). We get
(o, N)o(1g, A1) = (0,\)°(1lg, A2) and so, (1g, A1) = (1g, A2) by our assumption of (o, \)
as a mono. Thus, \; = A\, and this proves A is a mono in Set.. By Proposition [1.2.3]

A is an injective map.

Conversely, suppose that o and A are injective maps. Then o is clearly a mono, and
A is a mono by Proposition once again. But then, consider any LTS morphisms
(01, A1), (02, A2) + Ty — T such that (o,A) o (o1, A1) = (0, A) o (02, A2). This means
oco0gy =0o09 and Ao Ay = Ao )y, and thus o1 = 09 and A\; = \. Finally, we get
(01, A1) = (02, A2), and this establishes that (o, A) is a mono. O

Remark 2.3.3 . Both of the constructed Ty in the proof require that we allow ghost

actions for LTS. We don’t know if this is necessary to characterize monos.

We also need to characterize the image LTS associated to morphisms.

Definition 2.3.4 [Image of LTS Morphism|. Let 7y, = (So, Lo, d) and T =
(S,L,0) be LTS, and let (o,\) : Ty — T be a LTS morphism. Define the image of
(0, A) as the labelled transition system Im(o, ) = (5',L',§") where :

e S"=0(Sp) (and we have S’ C S)
o I/ =X(Lo)\{e} (and we have L' C L)

o & = { (0(X),A(b),0(Y)) €8 x I/ x §" | (X,b,Y) € dy and A(b) # ¢ }

With 8" C S, L' C Land ¢ ConN (S x L' x S"), we have by Definition that
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Im(o,\) is a sub-LTS of 7.

And now we can state that the subobjects of an LTS are precisely its sub-LTS.

Proposition 2.3.5 . Consider any labelled transition system Ty = (So, Lo, o) and
T = (S,L,0). There is a mono from Ty into T in T if and only if Ty is isomorphic
to a sub-LTS of T.

Proof. For the implication from right to left, suppose Tj is isomorphic to a sub-LTS
of T. Consider that sub-LTS in question and call it 77 = (S, L, §"). It suffices to
show that there is a monomorphism from 7" into 7" to know via the isomorphism that

there is a monomorphism from 7} into 7'

By definition, we have S C S, I/ C L and ¢’ C d N (S’ x L’ x S’"). This means
there is an inclusion map tg : S’ < S, and there is an inclusion labelling morphism

tr, : L' —. L. The pair (tg,¢r) is in fact a LTS morphism from 7" to 71" :

Consider any (X,b,Y) € . We have ¢’ C 4, so (X,b,Y) € §. But (X,b,Y) €
S’ x L' x 8, so the inclusions are well-defined for each component and we get

15(X) =X, 5(Y) =Y, and ¢1(b) = b. This means (t5(X),t(b),1s(Y)) € 0.

Finally, since s and tg are injective maps, they are monos in their respective
categories, and Lemma states that (vg,¢7) is @ mono in T.

For the implication from left to right, suppose that there is a monomorphism
(0, A) : Ty — T in T. We know that Im(o, ) is a sub-LTS of 7', and it suffices to show
that there is an isomorphism from Tj to Im(c, \). This isomorphism is precisely (o, A)
(with a minor adjustment on the codomains of the components). Indeed, o and A are
monos by Lemma and they are thus injective maps by Proposition (1.2.3, But
they are also surjective maps o(Sp) is the state space of Im(o, \) and and A\g(Lg) =
A(Lo) \ {e} is the labelling set of Im(o, A). By Proposition , this means that
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(o, A) is an isomorphism from T to Im(o, A). O

There are two ways of deriving sub-LTS that will be most useful in the analysis
of LTS, and these are labelling restrictions and (states) induced sub-LTS.

Definition 2.3.6 [Labelling Restriction]. Given a labelled transition system
T = (S,L,0) and L' C L, we define the labelling restriction of T to L as the sub-LTS
TIL =(S L) where ' =0N (S x L' xS).

Definition 2.3.7 [Induced sub-LTS]. Given a LTS T" = (S,L,d) and S’ C S,
we define the sub-LTS of T induced by S’ as the sub-LTS T'[S"] = (5', L, ") where
y=0n(SxLxS".

Remark 2.3.8 . We borrowed terminology from graph theory where the notion of
induced subgraph is defined. The idea is practically the same if we think of states in

a LTS as vertices in a graph.

These are clearly sub-LTS by Condition [2.3.1 The monomorphism from 7' | L'
to T is provided by (1g,\) where 15 is the identity on states and A : L’ —. L is the
inclusion map from L. to L.. The monomorphism from T'[S’] to T is provided by
(0,1) where 1y, is the labelling identity on L in Set. and o : " — S is the inclusion
map from S’ to S.

And we end this section with a proof that T has no subobject classifier. This is
due to the fact that morphisms do not map transitions individually, but all of them
together through labels. To be more precise, if we consider a label b in a system,
then a morphism with such a system as its domain cannot distinguish between the
subobjects that pick different subsets of transitions associated to b. We will see how

this works in the proof that follows.
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Proposition 2.3.9 . T has no subobject classifier.

Proof. We demonstrate that assuming the existence of a subobject classifier in T
leads to a contradiction. Suppose there exists a subobject classifier 2 with a truth
arTow (Oprue, Airwe) : 1 = ({x},0,0) — Q.

Consider the labelled transition system 7' = (S, L,d) where S = {X,Y, 7},
L ={b}, and 6 = {(X,0,Y),(X,b, Z)} and a sub-LTS, Ty = (S, Lo, d) where Sy =
{X,Y}, Lo = {b}, 6 = {(X,b,Y)}, with the obvious monomorphism (g, ¢1,) : Ty < T
given by a pair of inclusion maps; that is, t5(X) = X, t5(Y) =Y and ¢ (b) = b.

Denote the unique arrows from 7" to 1 and from Tj to 1 as (o7, A7) and (o7, A1)
respectively. Then, there is a unique morphism (o,, A,) : 7' — €2 such that the com-

mutative diagram below is a pullback square.

Y

Y
X"/ lsn) Xb/
\Z

b

(UTO7 )‘Lo) ‘ (UX7 )‘X)

(Utrue ) /\true )

1 = * > 0

Figure 9: Pullback diagram for 7§

Now, (oy,Ay) © (ts,tn) = (Ttrues Mirue) © (013, A1py), which means that o, (X) =

(04 (18(X)) = Otrue(01, (X)) = Oprue(x); and similarly, o, (Y) = e (*).
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Also, A (6) = (M(e2(0)) = Aprue(Azy (0)) = Arue(€) = ¢, and we have X —25, Z
and (o, A,) is a LTS morphism, so o, (X) MQ oy (Z), and this forces 0,(Z) =
0y (X) = 0trye(*). But then, the identity morphism (1g,1z) : 7' — T and (o7, Ar) :

T — 1 also provide a commutative square as follows :

(15'7 1L)
T > T

(o7, Ar) (s Ax)

\

v (Utruea Atrue) b

> ()

Figure 10: Commutative square for T’

The pullback structure for Tj forces the existence of an arrow (o, \,) : T — Tp
such that (tg, 1) © (04, \y) = (1g,11), which means v50 0y = 1g. But 0,(Z) € Sp =
{X,Y}, and so ts(0,(Z)) € {X,Y} since 15 is an inclusion map. This means it
cannot be equal to Z = 15(Z), which contradicts o e oy = 1g. This proves there is

no subobject classifier in T. O]
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2.4 Monoid Labelled Transition Systems

In this section, we introduce monoid labelled transition systems (MLTS). This is an
optional section once again. One reason for which we study MLTS is that Malcolm
uses them in [SSTS], and so we facilitate coordination with his work this way. The
main reason, however, is that the theory of MLTS will help us in quotienting se-
quences of actions in freely generated MLTS to provide trace monoids (we will see
this in detail when we study independence relations in LTS). Thus, we focus here on
the theory that will serve towards that purpose. In particular, we provide an adjunc-
tion between the category of LTS and MLTS where the left adjoint associates a freely
generated MLTS to any LTS.

As we generalize to MLTS, we automatically incorporate the idle action as the
neutral element of the labelling monoid. The definition of monoid labelled transition

system as given by Malcolm in [SSTS] is as follows :

Definition 2.4.1 [Monoid Labelled Transition System]. A monoid labelled
transition system (or MLTS) is a structure 7' = (S, M, -, e, ) where :

1. (M,-, e)m is a monoid, called the labelling monoid of T';

2. (S,M,0) is a LTS with set of states S, labels M, transition specifier §; H
3. —=r = Ag

4. Vm,n € M, = e

The idle transition is now incorporated as the neutral element e inside the monoid

labelling set, and the mechanism by which actions vanish through labelling morphisms

12We will often write (S, M, J) to designate a monoid labelled transition system (S, M, -, e, §) when

the underlying monoid structure (M, -, e) is clear in the context.
13As we assume that (S, M,§) is a LTS, we automatically get that M is in Set. and does not

contain the distinguished symbol €. This will facilitate interaction with the category of LTS.
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by sending them to ¢ in T, is now rendered by using monoid morphisms that send

such actions to e.

We remark that the view of (S, M,¢) as a LTS allowed us to use the relational
diagram notation QT for this LTS as in Definition [2.1.5, Now, the labels have the

additional structure of a monoid, so we can say more about such relational diagrams.
If we look at (M, -, e) as a one object category where the arrows are the elements of M,
then we can observe that the axioms (3) and (4) of a MLTS mean precisely that QT
is a one object Rel-valued presheaf that sends its single object to the set of states S
in Rel. To be more precise, the third axiom says that the identity is preserved by
ﬁ)T, and the fourth axiom says that QT preserves composition contravariantly, i.e.
monoidal composition becomes relational composition with the order of composition

reversed. We formalize this in a definition as follows :

Definition 2.4.2 [Relational Presheaf associated to MLTS]. Consider any
monoid labelled transition system 7" = (S, M, -, e, d). We define the relational presheaf
associated to T as the functor QT: M — Rel that is provided by the relational
diagram defined on the graph J = ({x}, M) from Definition [2.1.5] This is in fact a

contravariant functor on the one object category (M, -, e) as we have just explained.

Remark 2.4.3 . The map that sends a MLTS to its relational presheaf provides in fact
a bijective correspondence between MLTS and one object Rel-valued presheaves. The
rapport between LTS and relational presheaves has been studied by P. Sobocinski in
[ReIPTS]. We will close this section with a few remarks about morphisms for such

presheaves.

Example 2.4.4 [Dynamical Systems]. Given any dynamical system ¢ : R xR" —
R™, write ¢(t, X ) to represent the new position of a point X after an amount of time

t has elapsed. We can derive a monoid labelled transition system 7" as follows :
e States : S =R" (a point in space)

e Labelling monoid : (R,0,+) (elapsed intervals of time)
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e Transitions : X —+, YV & Y =¢(t,X) forany X,Y € S and t € R

We now prove that this is a well-defined monoid labelled transition system. For
any X,Y € S, we get X 2 Y & V= »(0,X) & X =Y by the properties of a

dynamical system, and this means that i>T: Ag.

Also, consider any t,s € R. If X 5 Y, then YV = o(t + s,X), and setting
Z = ¢(t, X) (which means X . Z ), the properties of a dynamical system pro-
vide ¢(t + 5, X) = é(s,¢(t, X)) = ¢(s, Z) which means Z >+, Y. Thus, (X,Y) €
(—r o %T) This proves that e C o s If (X,Y) € (-0 L>T),
then there is Z € S such that X —, Z —, Y, and this means Z = o(t, X),
and Y = ¢(s, Z) = ¢(s,(t, X)) = ¢(t + s, X). Thus, X ==, Y, and this proves

t t+
ety B 0

We should now look into the matter of MLTS morphisms, and we take our defi-
nition from G. Malcolm’s paper [SODS].

Definition 2.4.5 [MLTS morphism]. A MLTS morphism from 7" = (S, M, -, ¢, )
to T = (S, M',,€,¢) is a pair of set maps (0 : S — S, A : M — M') such that :

e )\ is a monoid morphism from (M, -, e) to (M’ €');
e Forany X,Y € Sand m € M, X -5, Y implies that o(X) i@)—m/ a(Y).

Definition 2.4.6 [Category of MLTS]. We define the category of monoid labelled
transition systems, M, as the category that has MLTS for its objects (as in Defini-
tion and MLTS morphisms for its arrows (as in Definition . Equality,
composition, and identities are given by componentwise equality, composition and

identities respectively of the components of a morphism regarded as set functions.

And it is straightforward to verify that this is a category.
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Proposition 2.4.7 . M is a well-defined category

As we stated earlier, there exists an adjunction between T and M. To elaborate

this adjunction properly, we recall that an adjunction between Set. and Mon was
provided in Proposition [1.2.12] :

where a labelling set L in Set. is sent to the freely generated monoid L* in Mon,
and where the functor G,,. sends a monoid (M, -, e) to the underlying labelling set
M\ {e} in Set.. We will use the bijective correspondences 0, s on the hom-sets, as
provided in the proof of Proposition of the adjunction between Set, and Mon,
in order to build the proof of the adjunction between T and M. This goes as follows :

Theorem 2.4.8 [Adjunction between T and M]. There is an adjunction between
T and M with functors F, and G, defined as follows :

1. Define Fy,, : T — M as the functor that sends a labelled transition system
T =(S,L,0) to
Fon(T) = (S, M, -, e,0)

where the set of states is preserved, M = L*, e = N is the empty word of
L* and - is word concatenation in L*. We define i>FM(T):: Ag, and for
aj...an

any aj...a, € L*, ——p, 1) = Sy o0 =X and this determines the

transition specifier of Fy,,(T) that we have designated as 5.
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Given a LTS morphism (o, \) : To — T, we define Fyn (0, A) : Fy(Ty) — Fin(T)
as Fyn(o,\) = (0, \*) where \* is an extension of the labelling morphism \ that

is provided by the functor (—)* from Set. to Mon in Definition|1.2.7,

2. Define Gy : M — T as the functor that sends a monoid labelled transi-
tion system (S, M, -, e,0) to the labelled transition system (S, L,d") where L =
Gm(M) = M\A{e} and &' =5\ {(X,e, X) | X € S}) (thus G,,; simply forgets
composition in the labelling monoid, and removes the neutral element so that

the latter will not conflict with € ).

Given a MLTS morphism (o,\) : Ty — T, we define Gpi(o,A) © Goe(To) —
Gmt(T) as Gi(o,N) = (0, Ge(N)) where Gy,e is the functor from Mon to Set.
in Definition |1.2.10

We have that Fy,, is left adjoint to G,;.

Proof. The proof is provided in Appendix [C] m

We should remark that these functors wouldn’t work so easily if we had not
allowed ghost actions in our systems. Indeed, for a labelled transition system 7' in
general, F,(T) will have a freely generated labelling monoid which will naturally
admit words for which there are no corresponding transitions in Fj,, (7). If we are to
apply G,,; afterwards, these inadmissible sequences would introduce ghost actions in
Gumi(Fy(T)). It seems possible to introduce a version of these functors where ghost
actions are directly removed as we move from M to T, but we decided to make things
less complicated simply by allowing ghost actions for objects of T.

Now, the following theorem was given by G. Malcolm in [SSTS] :
Theorem 2.4.9 [G. Malcolm]. M is complete

Before we close this section, we would like to make a few statements about the

fact that we used the term “relational presheat” in Definition to qualify the
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nature of t)—>T for a given monoid labelled transition system 7. It so happens that
relational presheaves are structures that are more general than Rel-valued presheaves.
Relational presheaves are defined by K. Rosenthal in [ThQuan| (and are studied by
P. Sobocinski in [RelPTS| in parallel to MLTS) and their definition goes as follows :

Definition 2.4.10 [Relational Presheaf]. Given a category C. A relational
presheaf on C is a lax functor R : C? — Rel, i.e. R maps the objects A of C to sets
R(A) in Rel and the arrows f : A — B in C to relations R(f) : R(B) - R(A) in
Rel such that :

1. R(14) 2 Ag(a) for all objects A in C

2. R(ge f) 2 R(f)>R(g) for all arrows A Ly Bp-%CincC

Any Rel-valued presheaf is also a relational presheaf because a Rel-valued presheaf

satisfies stronger equations :
1. R(14) = Aga) for all objects A in C
2. R(ge f) =R(f)>R(g) for all arrows A JyB % cinc

In particular, since the relational presheaf ﬁ)T associated to a monoid labelled tran-
sition system 7' is a Rel-valued presheaf, then it is also a relational presheaf (and we
decided to keep the name as such for Definition [2.4.2]).

Two kinds of morphisms have been studied for relational presheaves :

Definition 2.4.11 . Fix a category C and two relational presheaves R,S : C? — Rel.

1. An rp-morphism from R to S is an oplax [ natural transformation ¢ from R
to S that consists of a family of functions (regarded as arrows in Rel) indexed
by the objects of C, say {pc}cec where oo @ R(C) + S(C), such that for any

14The use of the terms “oplax” and “lax” for natural transformations is not entirely con-
sistent in the literature. We used the category theory website nLab’s formulation here: see

http://ncatlab.org/nlab/show /lax+natural+transformation
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morphism f: B — A in C, we have ppoR(f) C S(f)ca, i.e. the inclusion in
the diagram of Figure [11] holds.

R(A) — 224 5(4)
R(f) @ S(f)
Lo, 4

R(B) — S(B)

Figure 11: An inclusion diagram for an oplax natural transformations in relational

presheaves.

2. A generalized rp-morphism from R to S is an oplax natural transformation ¢
from R to S that consists of a family of relations indexed by the objects of C,
say {¢ctace where po : R(C) + S(C), such that for any morphism f: B — A
in C, we have ¢ o R(f) C S(f)° ¢a, i.e. the inclusion in the diagram of
Figure [L1] holds.

We can relate rp-morphisms to what we call functional simulations. In order to

do this, we need the following definition :

Definition 2.4.12 [Simulation and Bisimulation]. Given labelled transition
systems (or MLTS) T' = (S, L,6) and 7" = (5', L,0") with the same labelling set L,
we define a simulation from T to 1" as a relation R C S x S’ on the set of states,
such that for all X, X’ € Sand Y € S’ and b€ L :

If X B X' and X %5, Y, then there exists Y’ € S’ such that Y B Y’ and X'~ Y.

Furthermore, we say that R is a bisimulation if its inverse relation R~' is also a
simulation (in which case, we say that 7" and 7" are bisimilar). Finally, if R is a

function, we say that it is a functional simulation.

Remark 2.4.13 . We say that T simulates T if there is a simulation from T to T".
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We can provide an equivalent form to the concept of simulation in terms of the

relational language. The proof of the following proposition is quite direct.

Proposition 2.4.14 [Simulations in the Relational Language]. Let T =
(S,L,d) and T" = (S, L,&") be labelled transition systems (or MLTS). A relation
R C S x 8" is a simulation from T to T" if and only if L>T o R71 C R1o L>T/

for all b € L, i.e. the obvious lax inclusion in the following diagram holds :

§ ————
Rfl \C\ Rfl
S’ ; > S’
—>

Now, the difference between rp-morphisms and generalized rp-morphisms is that
the former insist on components that are functions, whereas the latter allows any

kind of relations for their components.

Given a one object category (M, e, -) and two monoid labelled transition systems
T=(SM,e,-0)and T = (5, M,e,-,¢') with a common labelling monoid, we obtain
that an rp-morphism (or generalized rp-morphism) from the relational presheaf QT
to ﬁ)y would have a single component R : S + S’ and the oplaxness condition

would reflect as :

Ro X, C . 0R (for any m € M)

If this R is a function (i.e. an rp-morphism), then R is a functional simulation, and

this can be established through the following proposition :
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Proposition 2.4.15 . For any relations K : A+~ A, K': A+~ A", and R: A+ A

such that R is a function,
KeR'"CR'"eK' & R-KCK'oR

Proof. An easy proof.
O

Corollary 2.4.16 . Consider any relation R : S + S’ in Rel and any monoid labelled
transition systems T = (S, M,e,-,6) and T" = (S', M, e,-,d"). Then the following are

equivalent :

e R is the single component of an rp-morphism from QT to ﬁm

e R is a functional simulation from T to T’

Proof. By Proposition [2.4.14] R is a functional simulation from 7" to T” if and only if
R is a function such that Vm € M, %, o R~ C R~'o ™, By Proposition[2.4.15
above, we get that R is a functional simulation from 7" to 7" if and only if R is a
function such that Ym € M, R o =, C -, o R, and this corresponds with the
single component of an rp-morphism from QT to QT/. O]

Unfortunately, the equivalence in Proposition does not extend to a rap-
port with simulations in general if R is not a function (i.e. if R is a generalized
rp-morphism). Take for example, two labelled transition systemﬁ T and T’ on
a set of states S = {x,y,z} and labelling set L = {m}. Set the transition rela-
tions as — ;= {(z,2)} and "= {(y,2)}, and consider R = {(z,y)}. As we
can see in Figure , we get R o —5, C "5 o R because () C {(z,z)}. However
0o R7Y = {(y, 2)} is not included in R~' o %5,,= (). This means that R is not a

simulation from 7" to T".

15We should consider MLTS technically, but this is not a problem since the example extends

naturally to freely generated MLTS.
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LT
—) z
AN

R

T/

S

m

Figure 12: A counter-exampleto Ro —=, C -3 o R = 5, o R°1 C R to .

What this means is that we got the wrong idea if we thought that generalized
rp-morphisms expressed simulations in general. What they express in fact for MLTS

is something quite unnatural :

Ro5, C-5poR & (Ro"5,)" C (o R)™!

m —1 m —1

& 5 oRTC R'e ™,

which basically means that R is a simulation of the inverse of the transition relation

of T to the inverse of the transition relation of 7”... the simulation is going backwards!

If ever we wanted to have a notion of “natural transformation” that accounts for
simulations through relational equations, we would have no choice but to involve the
inverse of the component relations somehow, and we would probably replace the con-
dition @g o R(f) C S(f) o pa with R(f) o ¢ C 5" o S(f) in the definition of the

generalized rp-morphisms.



Chapter 3

Independence of Actions for

Labelled Transition Systems

As we discussed in the introduction of this thesis, there are circumstances in a dis-
tributed system where processes (or actions) held in separate components or regions
do not interfere with each other, i.e. are independent of each other. The objective
of this chapter is to investigate a formalization of this kind of independence within
the context of LTS. This will allow us to render spatially induced independence (SI-

independence) for presheaves of LTS later on.

As far as the expression of such independence in LTS is concerned, there are
two LTS models that have been studied by Winskel and Nielsen in [MC], where an
independence relation is provided at the level of actions (or transitions), and they are

the following :

o Asynchronous labelled transition systems (ALTS) are labelled transition systems
equipped with an independence relation, given as a binary relation on the set
of actions. It is then imposed that independent actions in this relation have
associated transition relations that commute in various ways with respect to
relational composition. These ALTS models originate (independently) from the
work of Bednarczyk in [CAS|] and Shields in [CMach].

60
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o Labelled transition systems with independence (LTSI) are labelled transition
systems equipped with an independence relation, given as a binary relation on
the set of transitions (rather than the set of actions as in ALTS). Independent
transitions have properties that essentially reflect the properties of transitions
of independent actions within ALTS. An interesting aspect of LTSI is that an
equivalence relation on transitions is derived from their independence relation,
and this equivalence extends to runs in the underlying LTS of such LTSI. These
LTSI are due to Winskel and Nielsen in [MC].

Presheaves of LTS have a natural potential to transform into presheaves of ALTS
via a functor (if we add a few natural axioms to the former), and establishing the
functor in question is the main result of this thesis. The form of independence that

is generated via this functor is the one we refer to as Sl-independence.

There are more properties exhibited by independent actions within such presheaves
of LTS than those that are accounted for by ALTS, and we need to make a slight
change to the usual definition of ALTS if we want to capture these properties properly.
Thus, in Section (3.2, we provide a new definition of ALTS, where this minor change is
incorporated, and we explore the basic theory of such ALTS there. In particular, we
provide a functor from the category of ALTS to the category of MLTS that makes use
of the Mazurkiewicz trace monoid (see Definition m ahead) that can be typically
associated to an ALTS.

There are also equivalences on transitions that are naturally induced within presheaves
of LTS. The elaboration of these equivalences is somewhat orthogonal to the elabora-
tion of Sl-independence and, unfortunately, we get that the equivalences in LTSI do
not account for those in presheaves of LTS properly. Thus, to address the needs of
presheaves of LTS at the level of these induced equivalences, we formulate a new con-
cept, that of an asynchronous labelled transition system with equivalence (ALTSE).
These ALTSE are investigated in Section [3.3] and they are essentially ALTS with an
additional equivalence on transitions provided as a primitive notion (not derived from

the independence relation) within their signature. The way in which these ALTSE
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are formulated borrows ideas from the axiomatization of an LTSI, and this allows
the equivalence on transitions to behave properly with respect to the independence
relation of such systems. In particular, we will see how the equivalence on transitions
extends to an equivalence on runs (as in LTSI), and we will close this chapter with
a conjecture that the equivalence classe of a run is in bijective correspondance with
the equivalence class of its underlying sequences of actions (see Conjecture .

Now, the concept of ALTS is built on top of concurrent alphabets, so we must
explore those first in Section [3.1]

3.1 Concurrent Alphabets

The concept of an asynchronous labelled transition system directly builds on top of
concurrent alphabet structures as presented by A. Mazurkiewicz in [T'T]. Thus, we
need to elaborate on the theory of the latter before we proceed to the analysis of

ALTS. The definition of such concurrent alphabets is as follows :

Definition 3.1.1 [Concurrent Alphabets and Morphisms]. A concurrent al-
phabet is a pair (L, I) where L is a labelling set (the alphabet), which means that it
is an object of Set. that does not contain the distinguished symbol €, and I C L x L
is a symmetric and irreflexive binary relation on the alphabet. Given b, c € L, we say

that b is independent of ¢ whenever b I c.

A concurrent alphabet morphism from a concurrent alphabet (L, ) to another
(L', I') is a labelling morphism A : L —. L’ in Set. that preserves the independence
relation :

Vb,ece L, [bIc and A(b),A(c)#e] = ADb) I' X(c)

Setting equality, composition and identity for morphisms as given in Set., we form

the category of concurrent alphabets, written as L.

Remark 3.1.2 . For a string w € L* for some labelling set L, Mazurkiewicz uses

the notation Alph(w) = {b € L | b occurs has a letter in w } to designate the set of
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actions that are part of the string w. For b € L and w € L*, he also uses the notation
b I w to represent the statement that Ve € Alph(w), b I c¢. We shall adopt these

conventions here.

Remark 3.1.3 [Trace Languages]. We can turn concurrent alphabets into a form of
abstract process model, where the notion of state is absent, by adding a set of ad-
missible sequences (say H C L*, respecting a few axioms) to the concurrent alphabet
structures. These are referred to as Mazurkiewicz trace languages in [MC|. In the
case where no notion of independence is provided, we get Hoare trace languages |I|
Our intention however is not to make use of these abstract models, but simply to

characterize trace monoids for which the concept of concurrent alphabet suffices.

We can extend an independence relation I to incorporate € and facilitate the
notion of concurrent alphabet morphism above. The extension in question is given
as I. € L. x L. where I, = I U ({(b,e)|be L.} U {(e,b)|b e L.}). Thus, for the

morphism definition above, the condition that :
Voce L, [b1c and Ab),A(c)#e] = A0b) I' XNec)
is now equivalent to :

Vbc€ L, blc = Mb)IL\c)f

'We can associate a Hoare Trace Language to any labelled transition system T = (S, L,§) by
setting H = {ay...an, € L* | 5, 0...0 25,40 }.

2We remark that it is not necessary to include I in the hypothesis of the implication here because
€ maps to €, and the latter is always independent of every other action by definition. One thing we
should observe, however, is that I. is not irreflexive (in contrast to I), and the only exception to

irreflexivity is the pair (g,¢) € I..
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The category LL as formulated in Definition is described in [MC] by Winskel
and Nielsenﬁ However, it is not conceptually presented as a category of concurrent
alphabets in that paper, and the formulation we took here simply aims to establish a
connection with Mazurkiewicz’s concept of concurrent alphabets. Indeed, our inten-
tion is to extend concurrent alphabets to trace monoids, and the way this is achieved
actually builds up to a functor from L to Mon (Definition . This functor will
then be extended to a functor from the category of ALTS to the category of MLTSﬂ

To construct the functor from IL to Mon, we must first map concurrent alphabet
objects to monoid objects. To achieve this, we need to quotient the freely generated
monoid L*, for a given concurrent alphabet (L, I), by using a congruence relation on
words (€ L*) derived from the independence relation I. The way this equivalence
works is that two words are equivalent if one can be obtained from the other by
permuting adjacent actions that are independent. For example, if b,c,d € L and ¢ I b
and ¢ I d, then ¢ commutes with b and d through the equivalence, and we get that
the string bc is equivalent to the string cb, and the string cbdcb is equivalent to the

string bdcbe in this case. We formalize the equivalence in question as follows :

Definition 3.1.4 [Abstract Trace Equivalence [TT]]. Let (L, /) be a concur-
rent alphabet and let L* be the freely generated monoid over L. The abstract trace

equivalence for I is the smallest congruenceﬂ relation =; on L* such that :
Vbce L, bl c = bc=;ch

From this, we can derive the trace monoid of a concurrent alphabet by quotienting

the words of L* with the abstract trace equivalence.

3The category in question is given in Section 8.3.3 of [MC] and the notation Sets is used to

represent it.
4A similar kind of extension was achieved before when we extended the functor (—)* :Set. —

Mon to the functor Fi,, : T — M. Yet, the functor that we will obtain from the category of ALTS

to the category of MLTS in this section is quite different from F3,, as we shall see.
5We would usually call the abstract trace equivalence, an abstract trace congruence. But the

literature refers to it as a trace equivalence, and we adhere to this convention.
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Definition 3.1.5 [Trace Monoid [TT]]. Let (L, I) be a concurrent alphabet and
let L* be the freely generated monoid over L. The trace monoid over (L, 1) is the
quotient monoid M, 5y = L* / =1. The elements of this monoid are called the abstract
traces of (L,I). We write [—]; : L* — My ) to denote the quotient map in Mon

whenever the labelling set L is clear in the context.

Remark 3.1.6 . The usual term to designate an “abstract trace” is simply that of
a “trace”. We added the term “abstract” to distinguish abstract traces from runs
in LTS (which can be thought of as traces). Similarly, the usual term for “abstract
trace equivalence” is “trace equivalence” in Definition [3.1.4] and the reason we use
the word “abstract” there is that we will derive an equivalence on runs (which are

traces) later that we do not wish to confuse with the abstract trace equivalence.

Remark 3.1.7 . We remark that if [a; - - - aplr =la) -+ ar,)r in Mg 1y, then n = m
and a,(;) = aj for a permutation o of {1,...,m}. That is, the abstract trace equiva-
lence only commutes letters in the words; it does not alter the letters of a word. In

particular, we get Alph(a; ...a,) = Alph(a]...al).

Now, there are a few propositions and lemmas that we will need to establish the

functor from L to Mon that we have in mind.

Proposition 3.1.8 . Consider any concurrent alphabet (L,1). For all strings
wo,w € L* and action a € L, if wy =; wa, then there exists u,v € L* such that
wo = uav and a ¢ Alph(v).

Proof. Suppose that wg =7 wa as in the above statement. By Remark we have
that a € Alph(wg). But then, we can take the rightmost position in wy for which an
a can be found. Let u be the substring of wg that precedes this occurrence of a in
wy, and let v be the substring of wy that follows this occurrence of a in wy. We get
wo = uav, and since this occurrence of a resides at the rightmost position for which
there is an a, we have a ¢ Alph(v). O
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Proposition 3.1.9 [A. Mazurkiewicz, [T'T]]. Consider any concurrent alpha-
bet (L,I). For all strings w,u,v € L* and symbol a ¢ Alph(v),

uav =y wa = a l v.

Mazurkiewicz also makes the remark that given w =; w’ for some strings w,w’ €
L*, then for any action a € Alph(w) = Alph(w'), we can cancel the rightmost ap-
pearance of a in w and w’, and the equivalence is preserved. We combine this idea

with the above statement to yield the following :

Corollary 3.1.10 [A. Mazurkiewicz, [TT]]. Consider any concurrent alpha-
bet (L,I). For all strings w,u,v € L* and symbol a ¢ Alph(v),

uav = wa = [a I v and uv =7 w).

Combining Proposition and Corollary [3.1.10] we get the following :

Corollary 3.1.11 . Consider any concurrent alphabet (L, I). For all strings wy, w €
L* and action a € L, if wy =5 wa, then there exists u,v € L* such that wy = uav and

alvanduv =5 w.

This last corollary is mainly what we will use to establish the functor from IL to

Mon that we talked about before the trace monoid definition. This goes as follows :

Definition 3.1.12 [Functor from L to Mon]. We define a functor F},, : L. — Mon

as follows :

e [}, maps a concurrent alphabet object (L, ) in L to the trace monoid

Fim (L, I) = My, 1) from Definition [3.1.5
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e Given a concurrent alphabet morphism A : (Lo, ly) — (L,I) in L, we define
Fin (M) M(Lo,fo) - M(LJ) as

Flm()‘)([w]fo) = [)‘* (w)]flﬂ

for any [w];, € M(r,,1,) Where w € Ly*.
Proposition 3.1.13 . F},, is indeed a functor.

Proof. We already know that Fy,,,(L, 1) = My, ) is a well-defined monoid for any con-
current alphabet (L, ). Consider any concurrent alphabet morphism A : (Lo, ly) —
(L,I) in L. We must verify that Fj,()\) is a well-defined monoid morphism from
Mr,10) to Mz ). We start by showing that it is a well-defined map, i.e. we show
that :

Vw,w' € L§, w=, w' = N(w)=; \*(w)

We proceed by induction on the length of w (which is the same as the length of w’

since w =, w').
For the case n = 0, we only have w = A = v/, and thus \*(w) = \*(w’).

Fix some n > 0. Suppose that for any strings w,w’ of size n, if w =, w’, then
N (w) =; M (w'). Consider any strings aj ...a,+1 and by ...b,41 in L of size n + 1
such that ay ...a,41 =g, b1...b,41. By Corollary , thereisa j € {1...n+ 1}
such that a,41 = b; and b; I (bj41...bypy1) and ay...a, =g, by ... bj_1bjp1 .. by
By our induction hypothesis, we get \*(ay ...a,) =; A*(by...bj_1bj11...byy1). There

are now two subcases depending on whether A(b;) = ¢ or not.

6(—)* is the functor from Set. to Mon from Definition m and so A* is a monoid morphism
from L to L*.
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If A\(b;) = €, then the definition of \* gives \*(a,+1) = A*(b;) = A and

A (ay...apy1) =N (ar ... ap) A (@pi1)

=X(ay...a,)

=1 X (by .. bj_1bjir .. bos1)

=A"(b1...0;—1)N (bjs1 .. bpt1)

=A(b1...bj— )N (D)N (bjs1 - - - bygr)

=XN(by...bps1)

If \(b;) # €, then for any k > j, we can show first that A*(b;)A*(bx) =1 A*(br) A" (b;).

Indeed, if A(by) = ¢, then X*(b;)\"(by) = A*(b;) = N (bp)A*(bj). And if A(by) # e,
then the preservation of independence for A gives us A(b;) I A(bg), and in particular,

N (b)A* (be) = A(b)A(br) =1 A(b)A(b;) = X* () A*(b;), by definition of =.

This means that :

A (b1) o N (b )N (Bjsn) - AT (b )N (b)) =1 A (Br) . A (b )N ()N (Bj41) - - - A (bry1)
= N (by ... bps1)

Finally, we get

A(ay ... ape1) = N(ay ... ap) X (ans1)
= A" (a1 ...a,)\" (b))
= A" (b1...bj—1bjs1 .. bug1) N (b))
= A (b)) o N (o)A (Byar) - A (bt )N (D)
= X (br Do)

This proves that Fj,,(\) is a well-defined map.
Fiin(A) is also a monoid morphism since for any [wi]s,, [wa]r, € Mry,1,), We

have Fi(A)([wilg, - [wo]n,) = Fin (M) ([wiws]r,) = [N (wiws)]r = [N (wi) N (w2)]; =
(A (w)]r - [N (w2)]r = Fim(A)([w1l1,) - Fim (A)([w2]1,)-
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It remains to verify that Fj,, preserves identities and composition. Consider the
identity 1z : (L,I) — (L,I) on the concurrent alphabet (L,I) in L. For any
[w]r € Mrry, we get Fim(Lr,n)([w]r) = [17, 5 (w)]r = [w]r. Thus, Fyn(lr,n) is the
identity on My ;). Now, consider any concurrent alphabet morphisms Ay : (Lo, Iy) —
(L1, 1) and Ag : (L1, I1) — (Lg, I5) in L. Then for any [w];, € ML, 1), We get Fip (g0
A)([w]r) = [(Ae ) (W), = [(A3eA])(w)]1r, = [(AS(AT(w))] 1, = Fim(A2) ([Af (w)]1,) =
Frn(2) (Fi (M) ([w] 1)) = (Fim(A2) © Fi (A1) ([w] g, ). This shows that Fi,, (Ao o Ay) =
Fin(X2) © Fim(A1).

U

We now have everything that we need with respect to the subject of concur-
rent alphabets to start our investigation of asynchronous labelled transition systems
(ALTS).

3.2 Asynchronous Labelled Transition Systems

In this section, we explore asynchronous labelled transition systems (ALTS) and we
provide a functor from the category of ALTS to the category of MLTS (Proposi-
tion . This functor will differ from the functor F},, : T — M that we have
encountered previously in Theorem [2.4.8] Indeed, with ALTS, we have a way to quo-
tient certain sequences of actions through the use of their independence relation on

actions, and this allows for a very natural extension to MLTS.

The following definition of ALTS is derived from Winskel and Nielsen in [MC],
but we make some notable changes to it. First of all, we do not work with a pointed
initial state. Secondly, we don’t reject ghost actions. Thirdly, and most importantly,
we integrate the new concept of one-step amalgamation, which is a property that
occurs naturally within (adapted) presheaves of LTS. As such, the ALTS format that

we present here is novel.
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Also, given a labelled transition system 7 and action b in T, we will use the
notation T<L to represent the relation i>T ,ie Y T<L X means that X L>T Y
for states X and Y in T'.

Definition 3.2.1 [Asynchronous Labelled Transition System)].

An asynchronous labelled transition system is a structure T' = (S, L, 6, I) where :

1. (S,L,0) is a labelled transition system;
2. (L, 1) is a concurrent alphabet;

3. (Alternative Path) :

Forany X,Y,Z € Sand bce L, if bIc and X —5, Y —5, Z, then there
exists Y’ € S such that X —, Y’ LT Z.

4. (One-Step Co-amalgamation) :

For any X, YY" € Sand b,ce L, if bIc¢ and Y X S Y’  then
there exists Z € S such that Y —», Z T<L Y.
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5. (One-Step Amalgamation) :

For any V.Y, Z € Sand bce L, if bTc and Y —S5, Z ¢ Y', then
there exists X € S such that Y T<L X 5 Y.

Y
b7 X

X Z
Ty /b

The Alternative Path axiom can be formulated in simpler terms in the relational

language as commutativity on the transition relations :
c b b c
V(b,C)E[, ——p° —>p = ——=p % —r
The One-Step co-Amalgamation axiom is equivalent to the following :
c b b c
V(bc)el, ——poré— C rp&—o—p

We might wonder as to what inclusion the other way around means, and it so happens

that this is precisely equivalent to the statement of One-Step Amalgamation as :
Vibe) €I, —Sspo06 D 05y,

Thus, we could re-state the axioms of Amalgamation and co-Amalgamation as a single

axiom, and write :
c b b c
V(bc) €I, —pop6— = pé6—o0—>p

As we explained, the axiom of One-Step Amalgamation is usually not a part of the
definition of ALTS, and it is certainly interesting to see how it is a complement to the
axiom of One-Step co-Amalgamation. However, the true reason why it was incorpo-
rated in the definition above will surface later when we see how such amalgamation

arises in the context of presheaves of LTS.



3.2. ASYNCHRONOUS LABELLED TRANSITION SYSTEMS 72

Example 3.2.2 [Free Group Word Rewriting]. For the free group over a set X,
and using the list of symbols K = X U{z™! | x € X}, we can formulate an ALTS,

say T, as follows :
e States : K* (with A the empty word)

e Labels: L =X

e Transitions : We define == to be the smallest transition relation (associated

to x € L) such that :

Viﬂl"'l'k,yl"‘yneK* (Wlth:ﬂ,,yzGK),

1 x
Ty TR YL Yy e T TR Y
-1 T
Ty TRETEYL Yn — o T1TRYL Yn
— X
x e S A

zr b S, A

e Independence relation : Ve,y € L, v [y < x #y

Of course, when different symbols z and y in X are used, then the rewriting of one
cannot interfere with the letters of the other, and we get diamond-shaped diagrams

illustrating the Alternative Path axiom such as in Figure [L3|

TyyTyy Yz
/ \y
xyzz_lyxyy_lyz\x , TYYTYzx

xyzz lyryza
Figure 13: Example of alternative path for word rewriting.

On the other hand, when the same symbol is used, say y, we can have rewriting

actions that overlap in a word. This leads to strange situations with transitions such
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as yy 'y —=, y, where we cannot tell whether it was yy ' that was eliminated, or if
it was y~'y. This is not exactly the type of independence that we will encounter with
presheaves of LTS however, so we need not worry too much about such examples of
ALTS.

Remark 3.2.3 . Through this example, we see that it is not enforced to have an action
designating the simultaneous rewriting of y and z in the system; i.e. there is no middle
arrow in the diagram of Figure [13] There is a way by which we can extend an ALTS
in general with an operator “+” that accounts for the presence of such combined
independent actions a + b whenever a I b. However, this extension can be subsumed
by the trace monoid if we let a+b correspond with the equivalence class [ab]; = [bal,
and so we simply stick to the trace monoid to account for such combined actions. We
should note furthermore that it is not always desirable to have such combined actions
a + b for any independent actions a and b in an ALTS in general. For example, in a
computer with a single processor unit, certain instructions that operate on the mem-
ory may be independent of each other, but that does not mean that we can perform

two instructions at the same time.

Nevertheless, we will encounter “combined actions” of this format in presheaves
of LTS sometimes, and we have a discussion about that in Appendix [H| at the end of

the thesis.
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We now extend LTS morphisms and concurrent alphabet morphisms to obtain
ALTS morphisms. We present a definition of the latter that is derived from [MC],

and it goes as follows :

Definition 3.2.4 [ALTS morphism]. An ALTS morphism from (S, L,,1) to
(S, L',¢,I') is a LTS morphism (¢ : S — S’ A\ : L —. L') from (S, L,0) to (5", L, ")
such that A is a concurrent alphabet morphism from (L, I) to (L', I').

Definition 3.2.5 [Category of ALTS]. We define the category of asynchronous
labelled transition systems, denoted A, that has for its objects ALTS from Defini-
tion [3.2.1] and that has for its arrows ALTS morphisms from Definition Equal-

ity, composition and identities are inherited from T.

We have that L is a coreflective subcategory of A. The inclusion functor from IL to
A sends a concurrent alphabet (L, I) to the ALTS (S =0, L, 1,6 =), and a concur-
rent alphabet morphism A to (0, \) where 0 : ) — () is the zero function. Again, this
is because we allowed ghost actions that this is possible. There is a forgetful functor
from A to LL that drops the S and the ¢ components in (S, L, I, §) for objects, and it
sends an ALTS morphism (o, \) to the concurrent alphabet morphism A. It can be

easily verified that the latter is a right adjoint to the inclusion functor just described.

We also have that T is a coreflective subcategory of A, and we formalize the

adjoints as follows :

Definition 3.2.6 [Adjoints for T and A].

1. Define the inclusion functor F}, : T — A that sends a labelled transition system
(S,L,0) to (S,L,d,I =0), and that leaves the morphisms unchanged.

2. Define the forgetful functor G, : A — T that sends an asynchronous la-
belled transition system (S, L, d, I) to its underlying labelled transition system
(S, L,d), and that leaves the morphisms unchanged.
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Proposition 3.2.7 [T is coreflective in A|. Fy, is left adjoint to Gy.

Proof. This is a very straightforward proof. If (S, L, ) is a LTS, then Fi,(S,L,d) =
(S,L,6,I =) is clearly an ALTS : I = () is irreflexive and symmetric, and all the
ALTS axioms hold vacuously because they involve universal quantifiers over I = ). If
(o,A\) : (S, L,0) — (S, L', ¢) is a LTS morphism, then it is also an ALTS morphism
from (S, L, 6,1 =0) — (S', L', 8, I' = ()) because the ALTS morphism requirement of
preserving independence also holds vacuously. Identities and composition are clearly

preserved with morphisms unchanged.
That G is a functor follows quite directly from the definition of ALTS.

For any labelled transition system Ty = (Sy, Lo, do) and any asynchronous labelled
transition system T = (S,L,d,1), we have that Homy((So, Lo, 00, Io = 0),T) =
Homr(Ty, (S, L,0)). Indeed, any ALTS morphism from (Sy, Lo, dg, o = @) to T is a
LTS morphism from Ty = (Sy, Lo, do) to (S, L,d) by definition. Also, for any LTS
morphism (o, ) : Ty — (5, L,0), we have that the ALTS morphism requirement of
preserving independence holds vacuously with Iy = (), i.e. (o, \) is a ALTS morphism
from (Sp, Lo, 0, Io = D) to T. O

Remark 3.2.8 . We do not know if GG,; has a right adjoint or not. If such a right adjoint
exists, say H, and if H leaves the morphisms unchanged, then H(S, L,d) = (S, L,d,1)
for a LTS (S, L,0) is not simply provided by taking I as the largest independence
relation for which (S, L, §, I) is an ALTS (we have a counter-example to the bijective

correspondences on the hom-sets in this case).

Now, it is possible to extend the concept of an ALTS to that of an asynchronous
monoidal labelled transition system (and extend the notion of morphism as well),
but we don’t intend to use these asynchronous versions of MLTS; thus, we content
ourselves with the construction of a functor from A to M. To achieve this, we need

the following lemma first :
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Lemma 3.2.9 . Given an asynchronous labelled transition system T = (S, L,0,1), if

aj...a, =7 by...b, for some strings a ...a, and by ...b, in L* (a;,b; € L), then

an

al bn, b1
—>7r 0.0 —pp=—=70...0 —>p

Proof. We remark that the empty word is only equivalent to itself, and there is nothing
to prove in this case. We proceed by induction on n > 1 to show that for any a; ... a,,

. . N bn, b
by...byin L*,ifay...ap =1 by...by, then —5, 0. .0 = =" o...0 —,.
. b
For the base case at n = 1, if a; =; by, then a; = b; and thus A, =

Suppose the statement holds for some n > 1. If ay...a,11 =7 b1 ... b,y for some

strings a; ...a,41 and by ...b,4 1 in L* (a;,b; € L), then Corollary 3.1.11| provides a
j€{l,...,n+ 1} such that
Ani1 = bj and bj I (bj—i-l . bn+1) and al...Qn =g b1 . bj—lbj+1 c. bn+1
By our induction hypothesis, we have :
&)To...o i)f]‘*:bn—#El)TO...O bj+1TO E)TO...OL>T
. An+1 bj
Since —;=—>,, we get :
Ant1 b; bty bjt1 bj_1

n b
R JE G C e SR JEc A G- Jic A S-S

By the Alternative Path axiom of an ALTS and b; I b, for all £ > j + 1, we have

b; , b b, . .
that —, commutes with all of the =, ..., 2=,. This finally provides
An+1 an al bt bj b1
—p O P C...0 —Fp=—ppO0...0 —Fp O0...0 —p

b b b
where the —, has returned to its rightful place between 2 and 2. O

It remains to be explicit about a functor from A to M that makes proper use of
the trace monoid. We recall a previously defined functor Fj,, : T — M that sends
a LTS to its freely generated monoid LTS (see Definition [2.4.8). Also, we will need

the forgetful functor G, : A — T from Definition that sends an ALTS to its
underlying LTS. We can now define the functor from A to M in question.
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Definition 3.2.10 [Functor from A to M]. Define a functor F,,, : A — M as

follows :

e [, sends an asynchronous labelled transition system T = (S, L, I,§) to the
monoid labelled transition system F,,,(T") = (S, M(z1), 6(z,1)), where the tran-

sition relation associated to [ai ...an|r € Mz p mis given by :

[a1...an]s an

al
Fam (T) - —)TO.._O HT

A
and where !I_)Fam(T):: Ag.

e F,,, sends an ALTS morphism (o, A) : (S, L,5,1) — (S', L', 0", I') to
Fam(av )‘) = (U’ FlmO‘))

where Fj,, is the functor from IL to Mon provided in Definition [3.1.12] This
indeed provides a MLTS morphism from (S, Mz 1y, d(z,1)) to (S", M/ 11y, §(1r 17y)-

Remark 3.2.11 . For any [w|; € M(;, 1) where w € L*, we get :

[w]r W
Fam(T) — Fim (Gat(T))

. A A .
Indeed, if w = A, then Qﬁamm = Ag =—p, @,y Andif w =a;...a, for some

a; € L, we get :

[a1...an]s ai...an

an al an al
Fam(T) = 7T %+« 20 70 T TG, (1) O 0 T G(T) T T Py (G (1))

by definition of F,,.

Proposition 3.2.12 . F,,, is indeed a functor from A to M.

Proof. For an asynchronous labelled transition system 7' = (S, L, I,¢), we have that
Fom(T) = (S, Mr1),0(L,1)) is a well-defined MLTS :

"We recall that M,y is the trace monoid associated to (L, I) (see Definition .
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(S, M1,1),0(1,1)) is a LTS with well-defined transition relations

[a1...an][

an al
Fam/(T) +— —>T ©...0 HT

la1...an]r

for any [a; ...ay|r € M1 1), since this definition of ———, 1y does not depend on
the choice of representative; indeed, by Lemma , we have that %, 0...0 25,

b b
= "5 . 0...0 —», whenever ay...a, =; by ...b,.

We have that the transition relation associated to the neutral element [A]; € My, 1
is the diagonal relation on S as required. Also, given any [a; .. .a,]; and [by ...b,];
in Mz, ), we have :

[a1...am]r-[b1...bn]1 [a1...ambi...bn]1
= -
Fam (T) Fam/(T)

am al

b b
= "y 0.0 30" o, 0 —5,

[bl...bn][ [al---am]l
= Fam(T) °© Fam (T)

This shows that F,,,(T) is a MLTS.

Consider any ALTS morphism (o,A) : T' — T" with T = (S, L,§,I) and T" =
(8", L',0",I"). We have that (o,)) is a LTS morphism from Gu(T) = (S, L,J) to
Gu(T") = (5, L', ¢") where G is the forgetful functor from A to T provided in Defi-
nition[3.2.6} By Theorem [2.4.8] we have that Fy,, (0, \) = (0, A*) is a MLTS morphism
from Fy, (Gat(T)) to Fin(Gai(T")) where Fy, is the freely generating functor from T
to M.

la1...an]r

For [ay...a,] € My, if X ———=;, . Y for some XY € S, then we get
X Mth(Gat(T» Y Since MFam(T):MFzm(Gat(T)) by Remark 3211 But
then, (o,\*) : Fin(Gaut(T)) = Fun(Ga(T")) is a MLTS morphism, and this means

that the following transition holds :

A (ai...an)

O—(X) Ftrn<Gat(T/)) O—(Y)
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By Remark |3.2.11| again, we get :

A (a1...an) _ [(aran)lp _ Fin(N)(la1--an]r)
P (Gar(T) — Fam/(T') = Fam (T")

Fi () (a1--an]1),

Fam

Thus, o(X) v 0(Y), and this proves that Fy,,(o,\) = (0, Fi;m(N))

is a MLTS morphism.

It remains to verify that the functor F,, preserves identities and composition.
These essentially follow from the fact that F},, is a functor (as established in Propo-
sition[3.1.13). For the ALTS identity morphism (1g,17) : (S, L,d,1) — (S, L,d,1), we
have that Fy,,(1s,11) = (1s, F1m (1)) is the MLTS identity morphism on F,, (S, L, d, I)
since F,(17) = 1 M, 18 the monoid morphism identity on M ;). Finally, for
any ALTS morphisms (o1,\1) : Ty — 1) and (o9, \2) @ 71 — Ty, we get that
Fam((02> )\2) ° (01, >\1)) = Fam(02 °01, Ag© )\1) = (02 °01, Flm()\2 ° )\1)) =
(02001, Fim(A2)o Fim (A1) = (02, Fim(A2))o(01, Fim(M1)) = Fam(02, Ad2)oFam (01, A1) O

For a given asynchronous labelled transition system T = (S, L, d, ), we should
observe that the only effect that quotienting with =; has on the freely generated
monoid labelled transition system Fj,,(Gq: (7)) is to merge some parallel transitions
in the transition specifier of Fy,,(G4(T)). To be more precise, given a transition
(X,w,Y) in Fy, (Gt (T)) for a string w in L*, and w being equivalent to a string w’
with =;, then

/

w _ w
Fem (Gat(T)) — Fym (Gat(T))

and so (X, w',Y) is also a transition in Fy,, (G4 (7)). Hence, (X, w,Y) and (X,w',Y)
are parallel transitions, and all such pairs of transitions (X, w,Y’) and (X, w’,Y) be-

come identified by the quotienting.

Asynchronous labelled transition systems are rather elegant to work with in the-
ory, but they have a few shortcomings with respect to the concurrency that naturally
lives within presheaves of LTS. In particular, the LTS within such presheaves have
an additional equivalence relation on runs (recall that these are traces of the form

X 2 X 2 oo 2 X,). Such an equivalence allows a form of homotopy
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amongst runs to surface, and it is through these that more interesting forms of traces
arise. In order to capture such equivalences for ALTS, we need to explore ALTS with

equivalence (ALTSE), which are the subject of the following section.

3.3 Asynchronous Labelled Transition Systems

with Equivalence

As far as modeling concurrency goes in presheaves of LTS, we believe that asyn-
chronous labelled transition systems with equivalence (ALTSE) is the way to go. These
ALTS with equivalence are a new kind of elaboration provided in this thesis and it
is a concept that borrows ideas from ALTS and labelled transition system with inde-
pendence (LTSI). The concept of a LTSI was introduced by Winskel and Nielsen in
[MC] and the approach singularly taken for these structures, as opposed to ALTS, is
to generalize the independence relation to transitions rather than labels. Once this is
achieved, one can derive a notion of equivalence on transitions by looking for patterns

of transitions that form “independent squares”.

To be more precise, in a LTSI, we have that two distinct transitions (X, a,Y’) and

(X', a,Y’) are equivalent precisely when :

1. There exist intermediary transitions (X, b, X’) and (Y,b,Y”) in which all of the
following pairs are independent (see the left diagram in Figure :

(X,a,Y) I (X,0,X) I (X,a,Y)I(Y,b,Y)I(X,a,Y)
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2. Or symmetrically, if there exist intermediary transitions the other way around,
i.e. there exists (X’,b,X) and (Y’,b,Y) in which all of the following pairs are
independent (see the right diagram in Figure :

(X,a,Y) I (X',0,X) 1 (X ,a,Y)I (Y bY)I (X,aY)

b b
X oo > X' X ¢-mmmome X'
7 A
a a a a
1 1 1 1
NN I NN g

Figure 14: The equivalence on transitions involving a above requires intermediary

independent transitions involving some other action b.

In a presheaf of LTS however, the naturally induced equivalence for transitions
does not depend on the existence of intermediary transitions (such as the b-transitions
in Figure , but stems from an equivalence on states given by the kernels of the
restriction maps on the state spaces (see Definition . Therefore, LTSI do not
have the format we require to account for the equivalence on transitions derived for

presheaves of LTS.

Our alternative solution is to work with ALTSE instead, which use the equivalence
on transitions as a primitive notion, rather than as a derivative of an independence
relation on transitions. We should keep an eye on the fact that ALTSE have the same
properties of alternative path, amalgamation and co-amalgamation as an ALTS does,
but that each axiom involves the equivalence on transitions this time. The definition

goes as follows :
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Definition 3.3.1 [Asynchronous Labelled Transition System with Equiva-
lence|. An asynchronous labelled transition system with equivalence is a tuple T =
(S,L,0,1,~) where I C Lx L is an irreflexive and symmetric binary relation on labels
(i.e. the independence relation of an ALTS), and where ~ C § X § is an equivalence

relation on transitions, and such that that the following hold for any b,c € L :
LVXY, X Yes (X,bY)~ (X YY) =b=c
2. VX,V X'\ Y'esS (X)b0Y)~(X,0Y) = (X=X&Y=Y

3. (Alternative Path)

For any states X,Y, Z € S, if bl c¢ and X i>T Y -5, Z, then there exists
Y’ € S such that :

X -5,V 5. Z and (X,b,Y)~ (Y',b,2Z) and (Y,c¢,Z) ~ (X,c,Y)

Y
T
X Z
S o

~
~ -
~ -~

C "~y -7 b
Y/

4. (One-Step Co-amalgamation)

For any states X, Y, Y’ € S, if b[c¢ and Y T<L X %5, Y’ Bl then there
exists Z € S such that :

Y -5, Z 42 Y and (X,b0,Y) ~ (Y',b,2Z) and (Y,c,Z) ~ (X,c,Y)

o o (wpl
|
—
\
\
R

8Recall that we have defined T<L as —»,. earlier, just before Definition [3.2.1) of an ALTS.
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5. (One-Step Amalgamation)

For any states Y,Y’.Z € S, if bIc and Y -, 7 +42— Y’ then there exists
X € S such that :

Y o X =5, Y and (X,0,Y) ~ (Y,b,Z) and (Y,¢,Z) ~ (X,c,Y").

Remark 3.3.2 . This definition contrasts with the one for LTSI by establishing an
independence relation on the labelling set (as is typical of ALTS to do), as opposed
to on the set of transitions J. It is quite clear from the definition that if (S, L, 6, I, ~)
is an ALTSE, then (S, L, 4, I) is an ALTS.

The axioms above evoke the existence of alternative paths, amalgamations and

co-amalgamations, and it turns out these are uniquely provided when the axioms

apply[]

Proposition 3.3.3 [Uniqueness for Alternative Paths, Amalgamation and
co-Amalgamation]. Given an asynchronous labelled transition system with equiva-
lence T = (S, L,6,1,~), we have that for any b,c € L :

1. (Unique Alternative Path)

For any states X, Y, Z €S, if bl c and X LT Y 55, Z, then there exists
a unique Y' € S such that :

b
X 5. Y 5.7 and (X,0,Y)~ (Y',b,Z) and (Y,c,Z) ~ (X,c,Y’)
9The uniqueness properties given by (1) and (2) in Proposition also hold for LTSI.
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2. (Unique One-Step co-Amalgamation)

For any states X,Y,Y' € S, if bIc and Y T<L X 55, Y, then there
exists a unique Z € S such that :

Y -5, Z 42 Y and (X, 0,Y) ~ (Y',b,2Z) and (Y,c,Z) ~ (X,c,Y")

3. (Unique One-Step Amalgamation)

For any statesY,Y',Z €S, if blc and Y =5, Z T<L Y’ then there exists
a unique X € S such that :

Y oo X =S, Y and (X,0,Y) ~ (Y',b,2) and (Y,c,2) ~ (X,c,Y).

Proof. Suppose b I c. If X 5. Y -5, Z, and there are Y, Y"” € S such that
X -5, V' %, Z and (X,b,Y) ~ (Y',b,Z) and (Y,c,Z) ~ (X,c,Y)
and
X -5, V"5 Z and (X,b,Y) ~ (Y',b,2Z) and (Y,c,Z) ~ (X,c,Y"),

then we have (X, ¢, Y’) ~ (X, ¢, Y") from the transitivity of ~ applied to (X, ¢, Y’) ~

(Y,e,Z) ~ (X,¢,Y"). Finally, the second axiom for ALTSE forces Y’ = Y”. The

proofs of uniqueness for co-amalgamation and amalgamation are similar.
]

When applying the axioms of Alternative Path, One-Step co-Amalgamation or
One-Step Amalgamation, we basically generate a square pattern of transitions of a

particular type. The definition of such a square pattern goes as follows :



3.3. ASYNCHRONOUS LTS WITH EQUIVALENCE 85

Definition 3.3.4 [[~-square]. Given an asynchronous labelled transition system
with equivalence T'= (S, L, 6, I, ~) and labels b # ¢ in L, we define a (b, ¢)-square in
T to be a quadruple of transitions {(X,b,Y),(Y’",0,2),(Y,c,Z),(X,c,Y")} C 5. We
say this quadruple is an I~-square if b I ¢, and (X,b,Y) ~ (Y, b,Z) and (Y, ¢, Z) ~

(X, ¢, Y.
Y
SN
X ]N A
N4
Y/

Figure 15: Representation of an I™~-square.

And the following property is quite intuitive for such squares involving indepen-

dent actions and equivalent transitions :

Proposition 3.3.5 . Consider any asynchronous labelled transition system with
equivalence T = (S, L,0,1,~) and any labels b,c € L. Ifb I ¢ and
{(X,0,Y), Y, b, 2),(Y,c,Z),(X,c,Y")} is a (b, c)-square in T, then :

(X,0,Y) ~ Y 0,2) & (Y,e,Z) ~ (X,¢,Y')

i.e. if there is one equivalent pair of transitions in a (b, c)-square involving independent

actions b I c, then we get an [~ -square.

Proof. Suppose (X,b,Y) ~ (Y’ b, Z). The Alternative Path axiom provides a unique
Y” € § such that X —55, V" 5. Z and (X,b,Y) ~ (Y",b,Z) and (Y,c,Z) ~
(X,c,Y”). By transitivity of ~, we get (Y',b,7Z) ~ (Y" b, Z), and applying axiom
(2) provides Y’ = Y”. Thus, (Y,¢,Z) ~ (X,¢,Y'). A similar proof yields the
converse statement.

]
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We now provide a definition for morphisms of ALTSE.

Definition 3.3.6 [ALTSE morphism]. Given two asynchronous labelled transition
systems T' = (S,L,6,1,~;) and T" = (S, L', 0", I',~;/), we define a morphism of
ALTSE from T to T" as an ALTS morphism (o, \) : (S, L,6,1) — (S’,L',¢', 1) that

preserves the equivalence on transitions, that is :
(X,0,Y) ~p (W,b,Z) and Ab) #£e = (a(X),A(b),0(Y)) ~p (a(W),A(b),0(Z))

for any transitions (X,b,Y) and (W, b, Z) in J.

Definition 3.3.7 [Category of ALTSE]. We define the category of asynchronous
labelled transition systems with equivalence, denoted A™, as the category where the
objects are ALTSE (Definition and the arrows are ALTSE morphisms (Defini-
tion , and the latter inherits equality, composition, and identities from T.

It is straightforward to verify that A™ is a category. Also, there is a forgetful
functor G from A™ to A, that simply drops the equivalence ~ from the signature.
If we compose this forgetful functor with F,,, : A — M (provided in the previous
section), we get an interpretation of ALTSE as MLTS (providing a trace monoid for

labels). We provide a definition for this composition to facilitate references.

Definition 3.3.8 [Functor from A~ to M]. Let F,’ : A~ — M be the functor
from A~ to M given by the composition of G, and F,,,, that is I}, = Fg, o G .

This is represented in the following commutative diagram :

Fam
A——M

‘ Fom

AN

Also, we recall that we have provided a forgetful functor G, : A — T that sends
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an ALTS to its underlying LTS, and we get the underlying LTS of an ALTSE by
applying the functor G, - G .

Whilst a functor from A to A~ might naturally exist, there is an easier way of
working out an inclusion functor from T to A~ directly, and it is left adjoint to
Gat © G; .

Definition 3.3.9 [Inclusion of T into A™]. Define Fj, : T — A™ as the inclusion
functor from T to A~ that sends a labelled transition system (.S, L, d) to (S, L, 6, I, ~)
where I = () and ~= Ay is the standard equality on the set of transitions §. F}, leaves

the morphisms unchanged.
Proposition 3.3.10 . F}, is a well-defined functor.

Proof. Consider any labelled transition system (S, L, d). We verify that Fy, (S, L, ) =
(S,L,0,1 = 0, ~= Ay) is an ALTSE. It is clear that A is an equivalence relation.
Also, the axioms (1) and (2) clearly hold since (X,b,Y) As (X', ¢, Y’) implies that
X =X, Y =Y’ and b = ¢. The remaining axioms hold vacuously with I = () (and
the latter is irreflexive and symmetric).

For any LTS morphism (o, A) (which is Fj, (o, A)) , independence is preserved vac-
uously. Also, if (X,0,Y)As(X’",0,Y") and A\(b) # ¢, then X = X' Y =Y’ s0o o(X) =
o(X"), oY) =o(Y"), and this means (o(X), A(b), o(Y))As(a(X"), \(b),o(Y”)). Thus,
we get that Fj, (o, ) is an ALTSE morphism. Identities and composition are clearly

preserved. O



3.3. ASYNCHRONOUS LTS WITH EQUIVALENCE 88

Proposition 3.3.11 [T is coreflective in A™]. F}; is left adjoint to Gyt o G .

Proof. For any labelled transition system 7y = (S, Lo, dp) and any asynchronous

labelled transition system with equivalence T' = (S, L, d, I, ~), we have :
Homm((SO, Lo, 00, Iy = @7 ~ry— A50)7 T) = HOmT(TO, (SaLNS))

Indeed, any ALTSE morphism from (Sy, Lo, 0o, Ip = 0, ~z,= As,) to T is a LTS
morphism from Ty = (Sp, Lo, do) to (S, L, d) by definition. Also, for any LTS morphism
(o,A\) : Ty — (S, L, ), we have that the ALTSE morphism requirement of preserving
independence holds vacuously with I, = (), and we have that the requirement of

preserving ~5 = A, holds because ~ is reflexive. Hence, we have that (o, ) is a
ALTSE morphism from (Sy, Lo, 89, Lo = 0, ~z= As,) to T'. O

We should now investigate the equivalence on runs that naturally arise within
ALTSE. We recall the definition of a run here :

Definition 3.3.12 [Finite Run]. Given an asynchronous LTS with equivalence
T =(S,L,0,1,~), a finite T-run, say r, is a connected sequence of transitions in 7T
as follows :

Xo 55, X; 2,0 X,

i.e. where (X, a;11, X;41) € 0 for all i. We say that r is run on the sequence ay .. . a,

in this case.

Remark 3.3.13 . Of course, we can replace the ALTSE with an ALTS or a LTS, and

the definition is the same.

Remark 3.3.14 . We say that two runs X A Xy 2 X, and Y, L)T

Yi &T . i)T Y,, are equal whenever X; =Y, and a; = b; for all 7.

Now, for a given ALTS with equivalence T', we can establish an equivalence on
T-runs through the use of I™~-squares in T". This has been achieved before with LTSI
by Winskel, Nielsen, and Joyal in [BisO], and we simply work out the idea for ALTSE

here.
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Definition 3.3.15 [Equivalence on ALTSE Runs]. Let T'= (S, L,0,1,~) be an
ALTSE. We define ~; to be the the smallest equivalence relation on T-runs such that

for any natural numbers m,n such that 1 <m < n, and any T-runs :

am—1 Am+1 Am+-2

al ag am an
ri:Xog—r X1 —r ... —0 X1 —0 Xon — 0 Xone1 — 7 .. —0 X,

and
al az Om—1 Am+1 !/  Om aAm+-2 an
T'QZXO —>TX1 —r ... —>TXm71 —>TXm —>TXm+1 —_—r ... —>TX7’L R
if the set of transitions :

{(mela A, Xm>7 (Xmu Am+1, Xm+l)7 (Xm717 Am+1, X7/n)7 (X;nu Qs Xm+l)}

forms an I™~-square, then ry ~; rs.

We can see how these T-runs interact in the diagram of Figure [L6| below, which
depicts how one T-run can be obtained from the other by a local deformation where

independent actions and equivalent transitions are involved.

X

am+2 a/n

%‘1
\ \ \ ~/ \
XO /X1 7ot /mel [ Xm+1 7 ot /Xn
%

X/

Figure 16: An equivalence on two runs that arises from a local deformation involving

an [~ -square.



3.3. ASYNCHRONOUS LTS WITH EQUIVALENCE 90

There are important aspects of the theory of ALTSE on which we could expand
here, but some proofs are still to be worked out. Nevertheless, we thought it would
be interesting to present the following conjecture to give an idea of what we hope to

address in the future.

Conjecture 3.3.16 . Given an asynchronous labelled transition system with equiva-

lence T with labelling set L, if
Xo 50 Xh S0 20 X,

1s a T-run, and if by ...b, s a word in L* such that ay...a, =; bi...b,, then there

. . b b bn
exists a unique T-run Yy —=, Y] —>, ... ==, Y, such that :

n b b bn
Xo al}TXlgT---a—)TXn R %—1>T}/1—2>T...—>TYH

This affirmation essentially support the idea that these equivalences on runs be-
have quite well. To be more precise, Conjecture |3.3.16| suggests that the equivalence
class of a run Xy —5, X7 5, ... = X, (with respect to ~;) has a bijective
correspondence with the equivalence class [a; ...a,]; of the word ay ...a, with re-
spect to =;. This is a rather strong assertion that would be quite useful in partial
order reduction methods because it tell us that it suffices to find all representatives
of an equivalence class of =; to find all representatives of an equivalence class of runs
~r. Furthermore, if we applied this result in the case of the equivalence on runs =~;
induced in a presheaf of LTS (as we will see later), we would get constructive ways

of providing all the representatives of an equivalence class of runs.

We now have enough background on the theory of labelled transition systems and
independence of actions to begin our study of presheaves of LTS, which is the main

subject of this thesis.



Chapter 4

Presheaves of Labelled Transition

Systems

In this chapter, we delve into the core subject matter, which is to understand presheaves
of labelled transition systems. Mainly, we establish the conditions under which spa-
tially induced independence (Sl-independence) arises within such presheaves. We
shall recall more precisely what this means in an instant. For now, we need some

terminology.

We recall that, given any categories H and D, a D-valued presheaf on H is a
functor F : H? — D. We use a presheaf F' : H? — D in a spatial sense here,
i.e. where the base category H represents a space : the objects of H represent regions
and the arrows represent how regions are included in one another. This requires H to
be at least a category associated to a poset (the partial order representing inclusion
of regions), but for the chapters to follow, we will work under the minimal conditions
of a complete Heyting algebra space, hence the letter H to represent such spaces. In
fact, whenever we will say that H is a Heyting algebra, we will actually mean that H

is a complete Heyting algebra within this thesis]]

'We will proceed in a similar fashion with Boolean algebras, i.e. we will use the term Boolean

algebra to refer to a complete Boolean algebra.

91
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Also, when D = Set or Set., we will refer to the elements of F'(U), for some region
U in H, as the sections of F over U.

Now, for a given T-valued presheaf 7 : H? — T and a region U in a Heyting al-
gebra H, we can construct a form of independence relation Z(U) on the set of actions

local to U, and this Z(U) can be described informally as follows :

For any actions b, ¢ in the set of actions that are local to U, we set b Z(U) c if and
only if there is a proper cover {V, W} of U such that :

1. b vanishes in W and ¢ vanishes in V', and

2. b is contained in V and c is contained in W.

And with respect to these Z(U) relations, we can formulate the Principle of SI-

independence as we have stated it before in the introduction of this thesis :

Principle of SI-independence : Given a T-valued presheaf 7, we say that
T = (S,L,9) has spatially induced independence if for any region U, we have
that the relation Z(U), as defined above, provides an independence relation on

labels such that T(U) = (S(U), L(U),§(U),Z(U)) is an ALTS. In which case, for
b Z(U) ¢, we say that b is spatially independent of ¢ with respect to U.

Thus, the objective of this chapter is to find efficient and minimal conditions un-

der which a T-valued presheaf has SI-independence.

We also expressed in the introduction that T-valued sheaves do render
Sl-independence (this was proposed by Malcolm in [SSTS]). Yet, whilst sheaves of
LTS are elegant in theory, we will see that they behave rather strangely when the
LTS are distributed over a Boolean algebra spacd’] The gluing of states is not the

2These Boolean algebras constitute an important case to consider because many distributed
systems in computer science are constructed on top of discrete spaces (multi-agent systems for

example); these provide Boolean algebra spaces whose structure is given by a powerset.
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problem in question, but it is the gluing of labels and transitions that is sometimes
counterintuitive. One problem arises in particular with respect to the idle action e
. if we take any action b in a region U, and if V is a subregion of U, then we can
project b to V' and systematically glue that projection back up with the idle action
on the complement U \ V' to obtain an entirely different action in U (one which we
usually don’t intend to have). What this means is that the systematic presence of
complements in the Boolean algebra yields an explosive amount of € gluing, which
allows one to systematically tear any action from a spatial context; and this leads
to the creation of possibly many undesirable new actions. Proposition formal-
izes the idea behind this problem, and we will see in Section how it prevents the

presheaves of transition systems associated to Petri Nets to become sheaves.

Now, we cannot simply reject gluing also, because it is this mechanism which is
truly at the heart of rendering SI-independence. To remedy this situation, we propose
a simple solution : we should force a minimal amount of gluing to occur for the tran-
sitions of actions, until such presheaves of LTS indeed acquire SI-independence. This
controlled form of gluing is referred to as “0-gluing” for actions, and it is presented
in the first section (4.1)) of this chapter. In the section that follows, we make a
small detour into the world of T-valued sheaves, to see how d-gluing of actions occurs
there, and also to understand why a sheaf is too strong a condition to account for
all interesting models of distributed systems. Finally, in Section 4.3, we explain how
to apply this d-gluing to force the dependencies of an action to be contained in a re-
gionﬂ This discussion on containment of dependencies is necessary to formulate the
conditions for Sl-independence. The idea is that an action b is spatially independent
of another c if each of these actions do not interfere with the region in which the other

has its dependencies.

3When a region V contains the dependencies of an action b, it means that the output of the action

b only depends on information residing in V. We will formalize what this means in Definition @
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Once we understand these ideal conditions under which SI-independence can
work in a presheaf of LTS, we will simply define a new kind of presheaf, T-adapted
presheaves, in which these conditions are enforced. In particular, these T-adapted

presheaves will subsume the case of T-valued sheaves.

Before we begin however, we need some notation and terminology :

We represent a complete Heyting algebra through the following signature (H, A, V, <
, 134,04), where H is a set of regions, V and A are the join and meet operations on
regions respectively, < is the partial order on regions that expresses for V' < U that
V' is a subregion of U. 14 is the global region of H, with the property that U < 14 for
all regions U, and 0y is the empty region of H, and it has the property that 0y < U

for all regions U.

Fix a region U in H. We say that a set of regions {V;};c; in H is a cover of U if
U < \/'V;, and we say that it is a proper cover of U if U = \/ V;. Given some regions
V, ergJ U, we say that V' join-complements W in U (or jiémplements Win U) if
VVW =U. Also, we say that V' complements W in U if VVW = U and VAW = 04.

Finally, given any categories C and D, we will write [C,D] to denote the cate-
gory of functors from C to D that uses natural transformations between functors as

morphisms.
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4.1 T-valued Presheaves and /-gluing

In this section, we lay down the notation and concepts that work for T-valued
presheaves on complete Heyting algebras in general. But mainly, we want to ar-
rive at the definition of d-gluing for actions (Definition [£.1.17]), which we also refer to
as gluing of transitions for actions (6 is the symbol that relates to the set of transi-
tions of a LTS). This is important because, when we enforce a J-gluing condition in

T-valued presheaves, we can express spatially induced independence.

Definition 4.1.1 [T-valued presheaves]. A T-valued presheaf on a complete Heyt-
ing algebra H is a functor T : H? — T. The category of T-valued presheaves on H
is the functor category [H, T|. Given a T-valued presheaf T and regions V < U in

H, we refer to T (U) as the transition system of T over U, and we refer to
TV <U):=(res,pl) : T(U) = T(V)

as the restriction morphism of T from U to V (where res? is the states map and pY is
the labelling morphism). We use the notation Q)U to refer to the relational diagram
associated to T(U), instead of writing QTW) in the usual way (and we incorporate

¢ for this diagram as usual).

To get a better view of such a presheaf 7 of labelled transition systems, we can
extend T to its presheaf components by using the functors ps : T — Set,
pe T — Set. and p;, : T — Set, as given previously in Definition that
project labelled transition systems to their components. We recall that, given a
labelled transition system (S, L,d), we have that ps(S,L,0) = S, pe(S,L,d) = L,
(S, L,6) = 0 project to states, labels and transitions respectively. Also, given a LTS
morphism o, A), we have that ps(c,\) = o, p(o,\) = X and pi(o, A) = (0, A\, 0) (N s

considered as a total map here, that includes mapping of the £ symbol).
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Definition 4.1.2 . Let T : H? — T be a T-valued presheaf. We define the following

presheaves with base H as follows :

(1) S :=psoT : H? — Set is called the state presheaf associated to T, which is a
set-valued presheaf that provides states as sections, and for any regions V < U
inH :

(a) S(U) is referred as the state space of T over U;
(b) S(V < U) is written as res?, : S(U) — S(V) and is referred to as the

restriction of states from U to V (other notation : resV(X) := X|y when U
is clear in the context and X € S(U));

(2) L :=pgoT : H? — Set. is called the labelling presheaf associated to T, which
is a Set.-valued presheaf that provides actions (labels) as sections, and for any

regions V < U in H :

(a) L(U) is called the labelling set over U (or action set over U);

(b) L(V < U) is written as p¥ : L(U) — L(V) and is referred to as the projec-
tion[of labels from U to V.

(3) 0 :=pioT : HP — (Set x Set x Set) is called the transition relation presheaf

of T, and provides transitions as sections, and for any V < U in H :

(a) 0(U) is called the transition specifier over U

(b) 6(V <U):6(U)— (V) is referred to as the restriction of transitions from
UtoV.

Thus, for any region U we can write 7 (U) = (S(U), L(U),6(U)) for the transition
system of T over U. We recall the definition of natural transformations to see how it

is integrated in the case of T-valued presheaves.

4We use the term “projection” here instead of “restriction” because we do not want to confuse
these pY with the “labelling restrictions” from Definition
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Definition 4.1.3 [Natural Transformations for T-valued Presheaves].

Let T and 77 be two T-valued presheaves on H. A natural transformation from T
to 7" is a family of LTS morphisms {(oy, \v) : T(U) — T'(U) }ven indexed by the
regions of H, such that for any regions V < U :

(UVv )‘V) ° (7“683, pg) = ((7“683),, (p\[i),> ° (O-U’ )‘U)
that is, the following diagram commutes :

vy 7))

(resy., pv) ((rest)’, (7))

~ (Uv,)\v) ~

TV) L vy

Now, since T is bicomplete, we know from Mac Lane’s Categories for The Working
Mathematician ([CWM], p.115-116) that the functor category [H,T] is bicomplete.

Proposition 4.1.4 . [HP, T| is bicomplete for any complete Heyting algebra H. Fur-
thermore, the limits and colimits in [H°P,T] are given by componentwise limits and

componentwise colimits respectively in T.

We recall some facts about natural transformations (given in [CWM] (p.91)) :

Given categories C and D, and C small,

(1) If D has all pullbacks, then a natural transformation in [C, D] is a monomorphism

iff it is componentwise a monomorphism in D.

(2) If D has all pushouts, then a natural transformation in [C, D] is an epimorphism

iff it is componentwise an epimorphism in D.

Combining the above statements with Proposition [£.1.4] we get the following :
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Proposition 4.1.5 . Consider any complete Heyting algebra H. Then the following

are true :

1. A natural transformation in [HP, T| is a monomorphism iff it is componentwise

a monomorphism in T.

2. A natural transformation in [H°P,T] is an epimorphism iff it is componentwise

an epimorphism in T.

Now we are ready for some examples of T-valued presheaves, and we need a

definition of discrete space first :

Definition 4.1.6 [Discrete Space]. Let P be a set. The discrete space over P is
the pair (P, P(P)) where the powerset P(P) is used as a discrete topology on P. We
often refer to the elements of P as places in our applications, and we can derive a
Boolean algebra space in the usual sense for such discrete spaces, by using the subsets
of P as regions, and set inclusion C as inclusion of regions. In fact, we will refer to

this derived Boolean algebra space directly as the discrete space over P.

Example 4.1.7 [Buffer on a Discrete Space]. Consider a set of places P = {z, y}
and let ‘H be the discrete space over P. Define a T-valued presheaf T = (S, L,4) on

‘H as follows :
e State spaces :
= S(P) ={0,1} x{0,1},
- S{y}) = S({z}) ={0,1}, and
— S(0) = {*} (a singleton set)
e Labelling sets :
— L(P) = L£({z}) = {send, input}, and

— L({y}) = {send}, and
— L(0) =0
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”
p{x} y/{y}

e resy, and res{ , are the left and right projections of S(P) respectively
e pp., is the identity on {send, input}, and p{ ,(send) = send, p ,(input) =

e T (P) is precisely the buffer LTS from Example We recall the specification

of the transition relations here :

— zend, p is the smallest transition relation on S(P) such that

for all m,n € {0,1} :
(m, n) ﬂ>P (m,m)

_ Input, p is the smallest transition relation on S(P) such that

for all m,m’,n, € {0,1} :

(m,n) mﬂh; (m’,n)

T ({z})’s transitions are specified by :

send

- ——wm= A1

input input

— ——=1{0,1}%, i.e. m ——,, n for any m,n € {0,1} = S({z})

T({y}) has only one action send and its transition relation is 2% = {0, 1}?
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All this information determines a T-valued presheaf on the discrete space over
P. We can easily see that (res(,,,pf,,) and (res{ , p7,,) are LTS morphisms. For

example, given any transition (m,n) send, | (m, m) globally in P, we have that :

i pfy}(send) »
resg,,(m,n) ———, resy,(m, m)

. send . o . .
since n —,, m is a transition for send in {y}; indeed, y can expect any value to

come from the outside with a send that has 2<% = {0,1}2.
We now consider Petri Nets and how we can associate presheaves of LTS to them.

Definition 4.1.8 [General Petri Nets]. A General Petri Neff| consists of a tuple
(P, T, F, My, W) where :

1. P is a set of places;
2. T is a set of transitions’}
3. FC(PxT)U(T x P) is a set of arcs;

4. My : P — N is a map that marks the initial state of the system (a state is a

number of tokens assigned to each place);

5. W : F — NT is an assignment of a non-zero number to each arc, called the

weight of that arc.

For (z,t) € FN (P xT), W(x,t) is the number of tokens you remove from the
place x when firing the transition t. For (¢,y) € F N (T x P), W(t,y) is the number
of tokens you add to the place y when firing the transition t.

5This definition gives a “weighted” form of Petri Net, and is taken from nLab, although it
differs in its notation. nLab’s notation uses maps Pre : P x T'— N and Post : T x P — N to
characterize arcs and weights simultaneously, i.e. Pre(x,t) = 0 means there is no arc from x to ¢
and Post(t,x) = 0 means there is no arc from ¢ to z. When these evaluate to a number other than

zero, they characterize the presence of an arc and its weight simultaneously.
6The use of the term transition here is an unfortunate one, because these will actually represent

labels in the associated LT'S.
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Example 4.1.9 . Consider the Petri Net specified as follows :
1. Places : P ={x,y,z, w}
2. Transitions : T = {t1, s, 13}
3. Arcs : F = {(x,t1), (y,t1), (t1, 2), (w, ta), (t2, w), (te, 2), (w,t3)}
4. Initial state : My(z) =5, Mo(y) =2, My(z) =0, My(w) =2

5. Weights : W (xz,t1) =2, W(y,t1) =1, W(ty,2) =2, W(w,ta) =1, W(ty,w) =
27 W<t272) = 17 W(?,U,tg) =3

We can associate a labelled transition system to this Petri Net as follows :

Example 4.1.10 . For the Petri Net as provided in Example 4.1.9, we can associate
a labelled transition system (globally) 7' = (S, L, ) where :

1. S = Nt=v2w}h and we use tuple notation (Mg, my, m,, m,) € N* to represent
X € Ntew=w} guch that X(r) = m,, X(y) =m,, X(2) =m, and X (w) = m,,.

2. L = {t,ty,t3}, which is the set of Petri Net transitions 7T
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3. 0 is specified via the transition relations as follows :
° L>T is the smallest transition relation such that Vm,, m,, m.,m, € N,
my >2and my >1 = (Mg, my, m,, my,) A, (my—2, my—1,m,+2, my,)
° iﬁ is the smallest transition relation such that Vm,, m,,m,, m, € N,
my >1 = (mg,my,m,,my,) L>T (Mg, my, m, +1,my, + 1)
° iﬁ is the smallest transition relation such that Vm,, m,, m.,m, € N,
My >3 = (Mg, my, My, My,) L>T (Mg, My, My, My — 3)

Now, the above Petri Net breaks down into sub-Petri Nets induced by subsets of
P, and Figure [17] gives examples of such induced sub-Petri Nets.

@ecP fyleP

Figure 17: Examples of sub-Petri Nets induced by subsets of P (in association to

Example [4.1.9).
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Also, any Petri Net has a standard interpretation as a labelled transition system
(and we saw an example above). Thus, we can decompose a Petri Net (with set of
places P say) into sub-Petri Nets that decorate the discrete space over P, and we
can associate a LTS to each such sub-Petri Net in the decomposition. This yields a

natural representation of Petri Nets as T-valued presheaves, as follows :

Definition 4.1.11 [T-valued presheaf of a Petri Net]. Consider a General
Petri Net (P, T, F, My, W), and let H be the discrete space over the set of places
P. We define a region for each transition, via the map ¢ : T — P(P), that
sends a transition to the set of places it connects to through its arcs, i.e. we set
Y(t) = {zx € P| (z,t) € For(t,z) € F}. The T-valued presheaf associated to
(P, T, F, My, W), say T, is given as follows :

Consider any region U € P(P). We specify T(U) as :

e S(U) = NV, i.e. the state space over U is the set of maps that assigns natural

numbers (tokens) to the places in U (these are markings over U);

o LIU) ={t e T|Yt)ynU # 0}, ie. the labelling set over U is the set of

transitions that have an arc that connects to a place in U;

e For a given t € L£(U), the transition relation associated to ¢ (in U) is defined as

follows :

For any states X,Y € S(U), X —, Y if and only if

(1) Ylonpw) = Xl and,
(2) Vo € UN1(t), the following hold :
— (2,t) e F = X(x) > W(x,t)  (enough tokens in z to fire)
— (x,t) € Fand (t,z) ¢ F = Y(z) = X(z) — W(x,t)
— (z,t) ¢ Fand (t,z) € F = Y(z) = X(z) + W(t,z)
— (z,t) € Fand (t,x) € F = Y(z) = X(z) — W(x,t)+ W(t,x)



4.1. T-VALUED PRESHEAVES AND §-GLUING 104

The first statement, Y|p\y@ = Xy, says that a transition has no
effect on the places where it has no connection through its arcs in U. The
statement that Vo € U Ny(t), (x,t) € F = X(x) > W(x,t), verifies
the firing condition for ¢, and we only verify these conditions for the arcs
that connect to places in U. The last three conditions describe the three
cases for modifying the marking of a place, depending on whether we have

in-going or out-going arcs to that place in U.

This provides a well-defined labelled transition system 7 (U) for each region U C
P. For given regions V' C U, we define the state restriction res? : S(U) — S(V) as
res’(X) = X|y, which is the marking X of NV restricted to V, and this is an element
of the function space NV. It is clear that this S actually provides a set-valued sheaf

of function spaces. Finally, we define the labelling projection p¥ : L(U) — L(V) as

v Jt iV R)#0
pu(t) = .
€ otherwise
This yields a well-defined T-valued presheaf and we give part of the proof below.
However, it so happens that the presheaf associated to a Petri Net this way can be
formulated in terms of the presheaf of a localized relational structure, which is a struc-
ture we will investigate in Chapter @ The proof that py; = 1) and that py.opy = py
for any regions W C V C U is essentially addressed in the proof of Proposition [6.1.5

on labelling presheaves for LRS, but we repeat it here for convenience :

We have L(U) C T and ¢ is not an element of L, so ¢ is not an element of T
(otherwise relabel this 7" a priori). This means that £(U) is an object of Set.. Also,
for any t € L(U), we have that U N (t) # 0 by definition of £(U), and we get
py(t) =t. Thus, pj, = 1,w) is the labelling identity on £(U) in Set..

Now, to see that £ is a Set.-valued presheaf, it remains to verify that the la-

belling projections preserve composition i.e. for any regions W C V C U, we have

Py © Pv = Ply-
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Consider any regions W C V C U, and any action t € L(U).

o If VN(t) =0, then WN(t) C VN(b) provides WN(t) = (. In particular,
this means (py, © p7)(t) = pi (PV (1)) = piv(€) = & = pyp (1)

o If VN1(t) #0 and W N(t) = 0, then

(0w © V) (t) = P (PV (1) = i (t) = € = Py ()
o IV NY(t) #0and W Ny(t) # 0, then

(0w © V) () = py (v (1) = oy (8) = t = piy (F)

U

This shows py, o pf = pil.

It follows that (resy,py) = (lsw),lew)) and that (resy,py) = (resy,py) ©
(resY, p¥) for any regions W C V' C U (we have already stated that S is a sheaf). It

remains to verify that these (resY, p¥) are actually LTS morphisms.

Proof that (res’, pU) is a LTS morphism. : Consider any X —=, Y in a region
U € P(P), and any subregion V C U. If pY(t) = ¢, then V N () = (), which means
that V = V \¢(t) C U\ (t). But then X|y = (X|ppw)lv = Yowe)lv = Yiv
(we applied property (1) here for s specification above), and this verifies the

requirement for a LTS morphism that projects an action to €.

If p¥(t) # e, then we have p¥(t) = t by definition of pY. With V' C U, we get
VA(t) € UN(E), so (X[v)hwe = Xhnpe = Klowe) e = Vlowe) nee =
Yy = (Yv) g, and this verifies property (1) for X|y ‘= p%( v Y|y to hold.

We also have V N(t) C U N(t), and it is rather straightforward to verify that
all the universally quantified statements over U N (t) for ¢ in (2) above, also hold
over V N (t) for pY(t) = t. To be more precise, we simply need to substitute the
X and Y for X|y and Y|y in the equations provided in (2). Hence, we get that

Py (1)
Xy ==, Y|y [l
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We will see how the above presheaf associated to a Petri Net matches the presheaf

of the localized relational structure associated to such a Petri Net (this will be achieved

in Example |G.0.2)).

Now, we can get an immediate sense of how SI-independence arises within these

Petri Net presheaves (we consider the global region P here) :

Two actions (labels) t,# € L(P) are spatially independent if and only if

w(t) N () =0

For Example [£.1.9] there is precisely one pair of labels at the global level for which
the above condition holds, i.e. ¢; and t3 are spatially independent because ¥ (t;) =
{z,y, 2z} and ¥ (t3) = {w} are disjoint. To know that these actions are independent in
the sense of an ALTS, we need to verify the alternative paths, one-step amalgamation
and one-step co-amalgamation properties for ¢; and ¢3. In fact, we can transform 7 (P)
into an ALTSE that has the SI-independence relation given by I = {(t1,t3), (t3,1)},
and that has an equivalence on transitions provided in Definition ahead. We
simply give an intuitive sense of how this is true with an example of an I™~-square
depicted in Figure [18|

With the assumption that we can turn the Petri Net LTS 7 (P) into an ALTSE,
we can make sense of equivalence classes for runs (as in Definition ??7). Using the
tuple notation (my,my, m,,m,) € N* to represent a state X € Ni#v:2w} guch that

X(z) = my, X(y) = my, X(2) =m, and X(w) = m,, consider the following run :
(3,1,3,3) =, (1,0,5,3) ==, (1,0,5,0)

There is only one other run equivalent to this one, and it is given by :
(3,1,3,3) ==+ (3,1,3,0) ==, (1,0,5,0)

These two runs are depicted in a single [~-square in Figure [18]
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Figure 18: Example of an /™~-square
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We should be more or less convinced that the I in question provides an ALTS for
this system; this is basically because the whole region where t; is involved in its effects
and dependencies (that is 1(t;)) is disjoint from the region where t3 is involved (that

is 1(t3)). This constitutes all that we have to say about Petri Net presheaves for now.

Going back to the theoretical development for T-valued presheaves, there is one im-
portant group of relations that we want in our arsenal with respect to such presheaves,
and these are the equivalence relations provided by the mapping kernels of the state
restriction maps res?y. These kernels will serve us in the definition of an equivalence
on transitions that is key to transforming each labelled transition system T (U) of T

into an ALTSE (i.e. into an object of A™).

Definition 4.1.12 [Equivalences on States]. Given a T-valued presheaf on a
Heyting algebra ‘H and any regions V' < U in H, we write ~U to denote the equivalence

relation on S(U) given by the mapping kernel of res¥, i.e. VX, Y € S(U),
XY < res)(X)=res(Y)
Remark 4.1.13 . Tt can be easily verified that ~Y= (resy)~!oresy.

A consequence of the presheaf structure of 7 is that for any regions W <V < U,
if resV(X) = res¥(Y), then rest, (X) = res,(Y), and so we get the following :

Proposition 4.1.14 . Giwen a T-valued presheaf on a Heyting algebra H and any
regions W, V.U € H, we have :

W<V<U = ~YCal

Now, for a T-valued presheaf and regions V' < U, it is true that for any X,Y €
U
S(U) and b € L(U), if X ~5, Y, then X[y 2% vy
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In the relational language, this last statement means that :

U (b
X resg X‘V pV()

U)—l

. Y‘V (resy, Y

Vb
and this is equivalent to saying that (X,Y) € ((res¥)=to MV oresY). We formalize

this idea in a simple proposition.

Proposition 4.1.15 . Given a T-valued presheaf on a Heyting algebra H and any
regions U € H and action b € L(U), if {V;}jes is a proper cover of U, then the
following inclusion holds :

Py ()
b, C ﬂ ((Tesgj)_l o VJ—>Vj o resgj)

jed
In the case of a T-valued sheaf, the inclusion stated above works the other way
around too, and we use the following definition to characterize such conditions where

inclusion works both ways.

Definition 4.1.16 [Action Decomposition]. Given a proper cover {V;};c; of a
region U and an action b € L(U), we say that b decomposes over {V;};e; if :

b U\—1 pgj(b) U
—y = ﬂ ((resy )™ o ——y, oresy )

jeJ
The equation above is equivalent to the statement that for any states X, Y € S(U),

b p gj (b) ..
X—yY & Xy, ——, Y]y, foralljinJ
We will show in Section [4.2{that these equations hold regardless of the choice of action

and proper cover in T-valued sheaves.

We should stress, however, that the decomposition of an action is no substitute
for gluing in general because it only works under the assumption of globally declared
actions and states a priori. In particular, the idea of decomposition for an action b

in U is not quite convincing because it does not actually tell us how to “glue” local
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Py (b)
transitions X; J—>Vj Y; on a cover {V;};e; of U to obtain a transition X L>U Y

in U. This form of “gluing”, that associates an action’s transition relation to those of
its projections on a cover, is what we refer to as d-gluing for actions, a concept newly

introduced in this thesis, and the definition is as follows :

Definition 4.1.17 [§-gluing for Actions]. Consider a T-valued presheaf, a region
U, any action b € L(U) and a proper cover {V;}c; of U. We say that b glues its
transitions over {V;};c; with respect to U (or b has 6-gluing on {V;},c; with respect
to U), if for any J-indexed set of transitions { (Xj,p"ij(b),Y-) € 6(V;) }jes such
that Xilvav, = Xj
X,Y € S(U) such that :

viav; and Yilvay, = Yjlyay, for all 4,7 € J, there are unique

XL>UYandX|Vj:XjandY|vj:ijoralljeJ

It turns out that if the states presheaf S is a sheaf, the uniqueness of the states
X,Y in §(U), derived by gluing transitions in the above definition, follows naturally
from the locality of S. Better yet, if S is a sheaf, the notions of decomposition and

0-gluing for actions become equivalent notions.

Proposition 4.1.18 . Consider any T-valued presheaf and suppose that the states
presheaf S is a sheaf. Consider any region U and any proper cover {V;}c; of U, and
any action b € L(U). Then the following are equivalent :

1. The action b glues its transitions over {V;},cs

2. The action b decomposes over {V;};cs

Proof. [(1) = (2)] Suppose (1) holds. From Proposition {.1.15| it suffices to prove

the following inclusion (from right to left) :

b U \—1 pgj(b) U
—y 2 ﬂ((resvj) o ——y o resvj)
jeJ
7.0

Thus, consider any (X,Y) € ((7"65%)_1 ° v, oTesy ).
jeJ
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Py (b)
Then for all j € J, we have X|y, V]—>VJ_ Yly,. By the consistency of re-

Vi) vy, = (X1y)
viay; for any 4,5 € J. Applying the fact that b

strictions on states, we get (X

Ylviay, = Yliay, = (Yly)
glues its transitions over {V;};cs, we get X', Y’ € S(U) such that X’ s, Y and

viay; = X viav;, and similarly,

X'ly, = Xy, and Y'|y, = Yy, for all j € J. By the locality property of S, we get

X'=X and Y/ =Y, and this proves the inclusion in question.

[(2) = (1)] Suppose (2) holds. Consider any J-indexed set of transitions :

{ (X, pv,(0),Y;) € 6(Vj) }jes

such that X;|y,av, = Xjlvay, and Y|y av, = Yj|vay, for every i,j € J.

By the gluing property of & and the fact that the X; agree on the overlaps of the
cover {V;}jes of U, we can perform gluing to yield an X € S(U) such that X|y, = X
for all j € J. Similarly, we can glue the Y} to obtain Y € S(U) such that Y|y, =Y;

U_(b
for all j € J. But then, we have Xy, VJ—>V], Y|y, for all j in J, and thus :

Py, (®) b
(X,Y) e ﬂ ((resgj)_lo ——y, oTesy ) = —y

jeJ
So, X i>U Y as desired. The uniqueness follows from the locality of S because the

states X and Y are completely determined by the X; and the Y; respectively on the
cover {V;}jes. O

Thus, whilst action d-gluing gives the intuition of how transition relations inter-
act with local transition relations through gluing, decomposition gives the convenient

equational format that we will manipulate in many cases.

Now, as we explained before, it is by allowing a small amount of d-gluing for
actions that we will be able to get Sl-independence for T-valued presheaves. But,

nevertheless, we should try to understand the case of sheaves first and see why we
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cannot be content with them for the purpose of rendering SI-independence in general.
Afterwards, in Section [4.3] we will explore how the notion of action d-gluing can be
used to express “containment of actions” (see Definition [4.3.15); a concept that is

essential to the expression of SI-independence.

4.2 T-valued Sheaves

In this section we explore the consequences of dealing with sheaves of labelled transi-
tion systems over a complete Heyting algebra as a base space. Such T-valued sheaves
have been explored in G. Malcolm’s work ([SSTS|] and [SODS]), with the key differ-
ence that he worked out his results using monoid labelled transition systems instead
of LTS (and so he worked with M-valued sheaves on Heyting algebras). In particular,
Malcolm advocates the use of sheaves for specifying distributed processes, following
the tradition of Goguen’s Systems Theory (see |[CST] and [CFST]).

Our intention here, however, is to argue that these are too general to account for
all interesting kinds of T-valued presheaves with SI-independence capabilities. To be
more precise, T-valued sheaves seem to work well when using Heyting algebras that
are not Boolean algebras as base spaces, but they sometimes yield unsatisfying re-
sults in the case of Boolean algebra for base spaces (and thus, this is inconvenient for
the frequently encountered discrete spaces in computer science). In particular, they
lead to an explosive amount of e-gluing (see Proposition , and we will use this
e-gluing at the end of this section to show that Petri Net Presheaves are not sheaves

in general.

Thus, first and foremost, we recall the definitions of sheaves and separated presheaves.
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Definition 4.2.1 [Sheaf [SGLog]]. Given a complete category C, a C-valued sheaf

on a complete Heyting algebra A is a functor F : H” — C such that for U = \/ V;

in H, <
FU)— jle_IJ]-"(Vj) = i’leIEJ}—(V} AVj)

is an equalizer diagram (where all the arrows arise from the obvious restrictions and

the universal property of products and equalizers).

Definition 4.2.2 [Separated Presheaf [SGLog]|. A C-valued separated presheaf
on a complete Heyting algebra H is a functor F : H? — C such that for U = \/ 'V}
jed
in H, the arrow F(U) — 'HJ}' (V;) that arises from the obvious restrictions and the
j€
universal property on products, is a monomorphism. We refer to the mono property

of these arrows as the locality property for F.
To settle the definition in the context of T, we get the following :

Definition 4.2.3 [T-valued sheaf|. A T-valued sheaf on a complete Heyting alge-
bra H is a functor T : H? — T such that for U = \/ V; in H,

jE€J
TW) = LT (V;) = 1 T(ViAV))
JjeJ i,jet
is an equalizer diagram (where all the arrows arise from the obvious restrictions and

the universal property of products and equalizers).

We can prove that if 7 is a sheaf, then so are its component presheaves. This is

what the following proposition establishes.

Proposition 4.2.4 . Suppose T is a T-valued sheaf on a complete Heyting algebra H.
Then the associated state presheaf S is a set-valued sheaf, and the associated labelling
presheaf L is a Set.-valued sheaf[|

Proof. The proof is provided in Appendix [D] O

"Interestingly enough, the proof that £ is a sheaf under the condition that 7 is a sheaf only

follows if we allow ghost actions for labelled transition systems.
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We now work out an example of pullback in T here, and these can always be
associated to T-valued sheaves on an underlying Heyting algebra space of the shape

H = {03, V1 A Vo, Vi, Vo, 14} as in Figure
Ix
Vi Va
Vi ANV,

|

O

Figure 19: Diagram representing the Heyting algebra space that arises from pullbacks
mTﬂ
The T-valued sheaf example we consider is a junction of buffers as follows :

Example 4.2.5 [Pullback Buffer Junction)].
Consider a pair of buffers Buff; = (51, L1,60;) and Buffy = (S5, Lo, d2) as in Exam-

ple 2.1.70 Write S; = {(z%,4") € {0,1}*} and L; = {inp’, send'}.

We form a cospan diagram to connect the input region x! of Buff; with the input
region x? of Buff, in a labelled transition system Input= (S7, Lz, dr) (see Figure
with 7 = {0,1} and L; = {inp} and 25 ,= {0,1}2.

We set the LT'S morphisms (o1, A1) : Buff; — Input and (o9, A2) : Buffy — Input as :

e oi(zt,yt) = 2! for any z',y' € {0,1}  (i.e. proj. on the 1% component)

2nd

o 0y(2% y?) = 2% for any 22, 9% € {0,1}  (i.e. proj. on the component)

8Not all arrows are shown in the diagram of this figure, i.e. a few region inclusions are omitted.
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B Uﬂ:l B Uﬂ:2

(Ul,AN %72,)\2)

Input
Figure 20: Connection of Buff; and Buffy on their input region.

o )\ (send') = \y(send?) = ¢ and A (inp') = My (inp?) = inp

Then, taking a limit (pullback) provides a LTS, say Junction (as in Figure , that
describes the global behavior of the connected buffers taken as a single whole (this
corresponds with Goguen’s view that the limit of a system represents the global

behavior of that system).

Junction
(01, A1) . (05, A5)
v “x
Buff; Buffs
(o1, )\N %7% A2)
Input

Figure 21: Pullback of diagram in Figure

In fact, we get a sheaf on a Heyting algebra if we use as regions the downward
closed sets (with respect to arrows) in the diagram of Figure[20] The downward closed
sets are (), {Input}, {Buffy, Input}, {Buffy, Input}, {Buff;, Buffy, Input}. We decorate
these regions with the labelled transition systems 1p, Input, Buff;, Buff;, and
Junction respectively. We use set inclusion on the downward closed sets to provide

inclusion of regions. There is an obvious association of morphisms from the pullback
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diagram of Figure [21| to the pairs of regions V' C U obtained as downward closed sets

here.

The resulting Junction is a junction of buffers, where the input regions z! and z?
are identified via o1 and gy. Also, Ai(inp') = Aa(inp?) = inp forces the actions inp
and inp? to synchronize in the junction, i.e. they have no choice but to perform si-
multaneously. Finally, \;(send') = \y(send?) = ¢ allows send! and send? to perform

independently of each other in the junction.

mnp
% y?

Figure 22: A visual representation of Junction, where z' from Buff; and 22 of Buff,

are identified as z.

To be more precise, T' = Junction can be given as (S, L, §) where S = {(z,y',y?) €
{0,1}3} and L = {(inp',inp?), (send', ¢), (¢, send?), (send", send?)}, and the transi-
tion relations for Junction can be specified as follows :

(inplinp?) . .. .
e — . is the smallest transition relation on S such that :

(inp!,inp?)

vxaxlayluy2 € {07 1}7 ('T7y17y2) —r (I/,yl,y2>

dl7 . o . :
(send_¢) + is the smallest transition relation on S such that :

(send® )

vl‘7y17y2 € {07 ]-}7 (x7y17y2) T (%%?ﬁ)

, d2 . oy :
(€ send’) r is the smallest transition relation on S such that :

(e,send?)

V%?Jl;yQ € {Oa ]-}a (95791792) T (xaylax)
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dl7 d2 . . :
(send_send’) » is the smallest transition relation on S such that :

(send®,send?)

vxvylayQ € {071}7 (557?/17?/2) T (m,x,x)

The LTS morphisms (o7, A]) : Junction — Buff; and (o5, A) : Junction — Buff,

are given as :
e ol (z,y',y*) = (x,9'), and x gets matched with the z' component of Buff;.
o ob(z,yl,y*) = (x,9%), and x gets matched with the 2% component of Buffs.

And M} and A} are projections on the first and second component respectively for the

pairs provided in L, as follows :

o X(inp',inp*) = inp',

N (send', send?) = X (send!, e) = send!,

(g, send?) = &,

X5 (inp', inp?) = inp?,

M (send!, send?) = Nb(e, send?) = send?,
o N(send! ) =e.

We can visualize how spatial independence (in the sense of an ALTS) arises
amongst certain actions in Junction through diamond-shaped patterns of alternative
paths. With the SI-independence relations that we will provide later in Section [5.1],
we get that (g, send?) and (send', €) are independent in Junction. We get an example

of an alternative path pattern in Figure [23]

Remark 4.2.6 . We get a middle arrow with action (send', send?®) in Figure ; it
represents the simultaneous execution of send' and send?. These “middle arrows”
(representing simultaneous executions of actions within a presheaf) can constitute a
problem with respect to the trace monoid of an ALTS. Indeed, we would typically

like to have the following equivalence on words (send?, send?) = (e, send?)(send!, ¢) =
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Figure 23: Example of an alternative path, plus a middle (send', send?) transition.

(send!,€)(e, send?) in the Junction example, but the structure of an ALTS does not
provide the existence of such middle arrows, and this means that the abstract trace
equivalence of such ALTS does not provide us with adequate quotienting of sequences
of actions in presheaves of LTS. We investigate this problem and propose a solution
to it in Appendix [H|

In Section [4.3] we will be interested in finding specific regions where actions are
contained, and our idea is to look for j—complementsﬂ of regions where actions project
to €. We describe informally here how this will be done through the above Junction

example :

Write Vi = {Input, Buff; } and V, = {Input, Buffy} to denote the regions of Buff;
and Buff, respectively, and write U = V; U V5. Consider the action (send',¢) in the
labelling set of the region U (this is the global region). We can get an idea of the
subregion of U where this (send',e) action vanishes as a whole by taking the join of

the regions where it projects to ¢ inside U. We obtain :
\/ {VCU|dsend,c)=c} = Vs

Then, to get a sense of the subregion where this (send',¢) is contained, we may,

9Recall that given regions V < U, a j-complement of V in U is a region W < U such that
Vvw="U.
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by contrast to the region V, where (send!,e) vanishes, look for a j-complement of
V5 inside U. If we think of using the pseudo-complement of the Heyting algebra

structure, we get the following :
VAveu|vwnv=0} =90

This empty region is clearly counter-intuitive if it is meant to characterize the region
where (send!, €) is “contained”. The latter clearly has effects and dependencies in V;,
the region of Buff;. Indeed, (send!,e) depends on the value of z in order to transfer
it to y!, and it can create observable changes in states (effects) in y' when it fires.
Thus, we should be careful in using the pseudo-complement of a Heyting algebra to

characterize the region where an action is contained.

If we work in the context of a co-Heyting algebraﬂ, there exists another kind of
pseudo-complement (the logical subtraction, that is dual to =) that we can use, and

with respect to V5 in U, this new pseudo-complement provides the following :
N{VCU|WwuV=U} =W

i.e. instead of using the largest region that does not meet with V5, we can use the
smallest region that forms a cover of the whole space with respect to V5. The Vi

region provided above does give the intuitive region where (send!, ) is contained.

It might be good to know that in the case of a finite lattice, we always have a
co-Heyting algebra (as well as a Heyting algebra, which yields a bi-Heyting algebra).
This is because the infinite distributivity laws hold trivially. This is quite convenient,

in particular, in the cases where we have finite diagrams of LTS to represent systems,

10A co-Heyting algebra, according to nLab, is a bounded distributive lattice L equipped with
a binary subtraction operation \ : L x L — L such that x \y < z iff x < y V 2. These basically
correspond with bounded lattices where the distributivity law holds for finite joins on infinite indexed

families of meets :

Uv(AV) =AU V)

i€l i€l
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because these will always extend to finite lattice spaces, and as such, we will have an

efficient means of finding regions where actions are contained.

Now, before we proceed to our formal discussion about action containment in the
next section, let us see how T-valued sheaves constitute a problem in the cases where

the base space is a Boolean algebra. We need to consider a few propositions first.

Proposition 4.2.7 [Systematic J-gluing in Sheaves]. Given a T-valued sheaf
on a Heyting algebra space H, a region U in H, and any action b € L(U), we have

that the action b glues its transitions over any proper cover of U.

Proof. Suppose T = (S, L, 0) is a T-valued sheaf on a Heyting algebra space H. Con-
sider any region U in H and action b € L(U), and let {V;},c; be a proper cover of U.
Consider any J-indexed family of transitions {(Xj, py.(0),Y;) € 6(V})}jes such that

levl/\vj = Xj|Vi/\Vj and }/1|V,/\V] = Y7|Vz/\V] fOI' all Z,j < J

Now, consider the following labelled transition system :

To = (So, Lo, d0) = ({Xo, Yo}, {bo}, {(Xo,b0,Y0)})

with a single transition X &TD Yy. For each j € J, we set up a LTS morphism
(0, A) + To = T(V;) with 0(Xo) = Xj, 0(Yy) = Y; and A;(bo) = p7 (b). These are
clearly LTS morphisms. Also, for any i, j € J, we have that :

V.

(0v 0,22 (B0) = 9w, (1, (0)) = V. 1, (0) = Y. 0. (B) = i, (7, (B) = (1w, (bo)

and this means that (pgjm,i o \;) = (p%’.m@. o A;)-

Also, 0;(Xo)lv,av, = Xjlvav, = Xilvrvi = 0i(Xo)lv;ws  and  0;(Yo) vy, =
Yilv,av, = Yilv,nv = 0i(Y0)|v;nv;, and this means res&fmvj_ °g; = resgjmvj_ o ;. Thus,
for any i, € J, we have (res‘v,fmvj ; p&jwj) o (0j,A;) = (res‘v,jmvj °0j, p‘\jfmvj o \;) =

(Tesénvj ° 0, pénvj °oNi) = (Teséﬂvj ) p\%ﬁ\@-) o (a3, Ai)-
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We can apply the sheaf property of 7 to glue these (o, A;) and get a LTS mor-
phism (o, A) : Top — T(U) such that o(Xo)|y, = 0;(Xo) and o(Yo)|y, = 0;(Yo) and
Py, (Albo)) = A;j(bo) for all j € J.

We have that pﬁfj(b) = Aj(by) = pﬁfj(/\(bo)) for all j € J, and thus b = A(bp)
by locality of £ (this applies Proposition and Proposition . We get that
A(by) € L(U) and thus A(by) # €. But then, we have that o(X)) i(b—o)—m o(Yp), and
this is o(Xj) N 0(Yp). Furthermore, with the transition o(Xj) N o(Yp), we

have 0(X0)|Vj =0;(Xo) = X and O’(}/O)‘V} =0,;(Yy) =Y.

Finally, suppose there exists X and Y in S(U) such that X —%+, Y and X v, = X;
and Y|y, = Yj for all j in J. We have that S has locality from Proposition ,
and this provides X = o(Xy) and Y = o(Yp) since o(Xo)|y; = 0;(Xo) = X; and
a(Yo)ly, = 0;(Yo) = Y] for all j € J. O

We saw that d-gluing for actions is equivalent to decomposition of actions under
the condition that & is a sheaf in Proposition |4.1.18 and we know from Proposi-
tion that S is a sheaf if T is a sheaf. Thus, we get the following :

Corollary 4.2.8 . Let T = (S, L,6) be a T-valued sheaf on a space H. Then given
any region U in H and action b € L(U), and any proper cover {V;};c; of U, we have
that the action b decomposes over {V;};cs (in the sense of Definition .

What Proposition m (or Corollary implies is that the structure of the
space dictates precisely how actions can be cut and made into smaller independent
local actions. Of course, the gluing requires an agreement on the overlaps, but in the
case of covers that form partitions, as can be easily formed in discrete spaces, there

is always agreement on the overlaps and this may constitute a problem.

Consider for example, the buffer over a discrete space as in Example [£.1.7] If the

send action decomposes over the cover {{z},{y}} of {z,y}, we get to glue transi-

send send send

tions like 0 —,; 1 and 0 —(,; 0, and these yield (0,0) —,,, (0,1) (the first
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component of the pair corresponds with the value in {x}, and the second component
corresponds with the value in {y}). This transition is inconsistent because the value
of the first component, 0, was supposed to be sent by the action of send to the second

component, but instead, we got a 1 value appearing there out of nowhere.

However, in the case of Petri Net presheaves, it so happens that actions sheaf over

any cover.

Proposition 4.2.9 [Systematic d-gluing in Petri Nets]. Consider a Petri Net
(P, T, F, My, W) and its associated T-valued presheaf T as in Definition|4.1.11. Then
for any region U and any action t € L(U), we have that the action t glues its transi-

tions over any proper cover of U.

Proof. Consider any region U and any action ¢ € L(U), and any proper cover {V;};;
of U. Consider any J-indexed family of transitions { (X}, pv,(1),Y;) € 6(Vj) }jes such
that X
sheaf provided by S(V) = NV for any region V, and the restriction maps are function
restrictions. Thus, there exists X and Y in S(U) such that X|y, = X; and Yy, =Y
for all j € J.

vinv; = Xilviny; and Yilvay, = Yilvay, for all 4,7 € J. We recall that S is a

We prove that X 5, Y. We must first show that that X [ty = Y onp), and
since {V;\9(t)}jes is a cover of UN (), it suffices to show that X|y.(y@) = Yy
for any j € J. Thus, consider any j € J. If ¢(t) N'V; = 0, then pgj (t) = e by defi-
nition. This means that X1y, = Yy, since (resgj,pgj) is a LTS morphism. But then,
ViNy(t) = V;, and we get Xy @) = Ylvpe. Also, if 9(t) NV # 0, then pu,(t) =1
by definition, and since X %Vj Y;, we have that X[y = Yjlv,\g) by definition
of the transition relation %Vj in this case. But then, X|y\y@ = (Xv,)lv @ =

Xj|vj\w(t) = Yj|Vj\w(t) (Y|Vj)|Vj\¢(t) = Y|Vj\zp(t)-

Now, consider any x € U N (t). We have that x € V; N)(t) # 0 for some j € J
since {V;};es covers U. In particular, (t) N V; # 0, so pv, (t) = t. We remark that



4.2. T-VALUED SHEAVES 123

X(x) = Xy, () = X,(2) and ¥ () = Y|, (x) = Y, (2).

e Suppose that (x,t) € F'. Then X; —t>vj Y; implies that X,;(z) > W (x,t), and
this is X (x) > W(x,1).

e Suppose that (z,t) € F' and (t,z) ¢ F. Then X; %Vj Y; implies that
Y(z) > X;(x) — W(x,t), and this is Y (z) > X — W(z, ).

e Suppose that (z,t) ¢ F' and (t,z) € F. Then X %Vj Y; implies that
Y(z) > X;(x)+ W(t, ), and this is Y (z) > X + W(t, z).

e Suppose that (z,t) € F' and (t,z) € F. Then X %Vj Y; implies that
Yi(z) > Xj(x) =W (z,t)+W(t,x), and thisis Y (x) > X (z) =W (z,t)+ W (t, ).

The conditions for X —=5, Y are thus satisfied. Also, if there is any other X’ Y
such that X'|y, = X and Y'|y, = Y] for all j € J, then X'|y, = X|y, and Y|y, =Yy,
for all 7 € J. By locality of S, we get X’ = X and Y’ =Y. This proves that ¢ has
d-gluing over {V;};e. ]

But Petri Net presheaves are not T-valued sheaves in general actually (as we will
see in Proposition , which means that the property of being a T-valued sheaf
is certainly stronger than to simply say that every action glues its transitions over
any cover as in Proposition [4.2.7] Indeed, this is because there is a lot more gluing
that is happening in a T-valued sheaf in general. We illustrate, through the following
proposition, how this additional gluing may become problematic with the € action

when using Boolean algebra spaces.

Proposition 4.2.10 [Gluing of ¢ on complements]. Let T = (S, L,6) be a T-
valued sheaf on a Heyting algebra space H. Consider any region U in H and {Vi,Va}
a proper cover of U such that Vi N Vy = 0y. Then for any action ¢ € L(V}), there
exists an action b € L(U) such that py (b) = ¢ and p, (b) = €. In particular, we get
that :

b

—y = ((resiﬂl)_lo L>Vl ° res"ﬁl) N :32
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Proof. Consider a T-valued sheaf T = (S, £, d) on a Heyting algebra space H, a re-
gion U in H, a proper cover {V1,V4} of U such that V; A Vo = 0y, and an action
¢ € L(V1). Consider the labelled transition system (S, L,d) = (0, {d}, D). Define two
labelling morphisms A; : {d} —. £L(V1) and Xy : {d} —. L(V5) with \(d) = ¢ and
Ao(d) = e.

By Proposition , L is a sheaf, and since {V}, V2} forms a proper cover of U
and Vi A Vo = 0y (so there is no overlap), we obtain a unique labelling morphism
A {d} =< L(U) such that p{. (M(d)) = M\ (d) = c and py, (A(d)) = Xa(d) = €. Setting
b= A(d), we get that b decomposes over {Vi, 5} by Corollary . This means, by
definition, that :

b vl PR " A .
—ry = ((7”68‘/1) o —)Vl OTGSVI) M ((TeSVQ) o %‘@ o T68V2>

But, we have that :

P,

(resy,) ™ o ——, oresy, = (resy )™

—1 U

3
o —y, ores, = (resy ) ores) =

and pﬁl(b) = ¢, so we get the equation stated in the proposition. O

What the above proposition says is that you can basically take any action in a
subregion, and glue it with the idle action on a complement of that region (when
such a complement exists). Consequently, we can apply such gluing with e actions in
profusion within T-valued sheaves on Boolean algebras, where complements of regions
are systematically present. We can use the above proposition to demonstrate that the
T-valued presheaves associated to Petri Nets as in Definition [4.1.11], are not sheaves

in general, and we do so through the following counter-example :
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Example 4.2.11 [Petri Net Counter-Example|. Define a Petri Net as follows :
1. Places : P = {p1,p2}
2. Transitions : T = {t}
3. Arcs : F'={(p1,1), (t;p2)}
4. Initial marking : My : P — N with My(p1) = Mo(p2) =0
5. Weight : W : F — N* assigns W(py,t) = W(t,ps) = 1

P1 P2

Proposition 4.2.12 . The presheaf associated to the Petri Net from FExample

1s not a T-valued sheaf.

Proof. Suppose it is a sheaf. We denote a global state X : P — N with X(p;) = m
and X (ps) = n as the pair (m,n) directly. At the global level, we get that —, is

the smallest transition relation such that for all m,n € N with m > 1 :
(m,n) —=, (m—1,n+1)

The Petri Net in the region {ps} can be represented as :

t P2

%
and we get that N (»p} 15 the smallest transition relation such that for all n € N :
n =g nt 1

By Proposition 4.2.10, we can find an action b in £(P) such that

b _ ¢
—, = ((Tesfpz}) Lo — o) © resfpz}) N 2?p1}



4.3. ACTION CONTAINMENT 126

But this means that :
b ¢
(Mm,n) =y (M) & m=m'andn —,,n & m=m'andn' =n+1

for any m, m’, n,n’ € N. Clearly, this is not t’s effect in P as provided above (because
m is not decremented here), i.e. there is no global action in this Petri Net that
corresponds with b. Thus, this glued b action does not exist in £(P) and contradicts
our choice of Petri Net. This means that this Petri Net’s associated presheaf is not a
sheaf. O]

Now, we briefly talked about finding the regions where actions are contained earlier
on with the action (send',e) in the Junction example. We need to investigate this
matter of action containment more thoroughly, and this is to be carried out in the

following section.

4.3 Action Containment

The aim of this section is to provide an efficient mechanism by which the dependen-
cies and effects of an action can be properly delineated within space. The final form
of this mechanism is characterized by the axiom of well-contained actions (WCA)
that we will impose on T-valued presheaves. To impose this axiom, we need a fair
amount of action d-gluing in a T-valued presheaf, one that involves the subregions
where actions vanish. This process of well-containing actions is in fact essential to the
proper rendering of spatially induced independence, and we shall get into the tech-
nical details of this elaboration here, until we arrive at the formulation of T-adapted

presheaves at the end of this section.

We can get an intuitive understanding of how containment works for effects and

dependencies individually as follows :

Imagine a class of students copying notes from the blackboard in their notebooks.

The action copys that a student A performs to copy the notes in question has its
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effects contained in the notebook of student A (considered as a region). This is be-
cause copys only creates changes in the state within A’s notebook, where a blank
area of the notebook changes to a state where notes are written. On the other hand,
the dependencies of copy, are contained in the blackboard (as a region) because the
student only needs the information that is there in order to effectively copy the notes
in question (copys might also depend on A’s notebook, if A needs to find the next
blank area where to write therein). In sum, copya’s effects and dependencies are

contained in the join of the region of the blackboard and the region of A’s notebook.

Of course, we know that all students can copy the notes simultaneously, and the
reason is that these copy actions are independent of each other in a spatial sense.
Indeed, for two students A and B, copys does not interfere with the blackboard
nor with B’s notebook (i.e. it has no effects there), and the region “blackboard +
B’s notebook” is precisely where copyp is contained as a whole. Vice-versa, copyp
does not interfere with the the blackboard nor with A’s notebook, and the region
“blackboard + A’s notebook” is precisely where copy, is contained as a whole. This

addresses the requirement for Sl-independence in between copys and copyg, in the
sense of Definition or Definition B£.3.13]

Now, we can begin formally addressing action containment. We first need to
understand the different ways in which an action can interact with its projections on
subregions, and we require a certain amount of terminology for that. In particular,

we shall use the following definitions :
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Definition 4.3.1 . Consider a T-valued presheaf on a Heyting algebra H. Then, for

any regions V' < U in ‘H and any action b € L(U) :

g-region :

Transparent

region :

Effectful

region :

Containment

of effects :

Remark 4.3.2 . For the above definitions, we shall omit the terms

We say that V' is an e-region of b in U if p¥(b) = e. We also

say that b vanishes in V with respect to U in such a case.

We call V' a transparent region of b in U if Ly, C ~Y. The
action b is thought of as transparent in V' in the sense that
for any X L>U Y, we have X|, = Y|y; i.e. the states in V
are locally unmodified by the action of b in U. We also say in

such circumstances that b has no effects in V.

We call V' an effectful region of b in U if it is not a transparent
region of b in U, i.e. if —b>U ¢ ~Y. In such circumstances, we
say that b has an effect in V', and this is because there exists
a transition X i>U Y in U, such that X|y # Y|y. We refer
to such transitions X i>U Y where X|y # Y|y as effects of
bin V (relative to U).

We say that V' contains the effects of b in U if there is a
transparent region of b in U that is a j-complement of V' in
U. We shall also say in such circumstances that the effects of
b essentially occur in V.

13

with respect to

U” or “in U” when U is clear in the context.
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Example 4.3.3 . Consider the following Petri Net]:

X

We give examples for each type of region as provided in Definition [£.3.1] with respect
to the actions ¢; and t3 in £(P) where P = {x,y, z,w} is the global region of the
Petri Net presheaf.m

e The regions where ¢; vanishes with respect to P are : (), {w}
These are the regions to which ¢; doesn’t connect with an arc. t3 has a largest

e-region which is {w}.

e The transparent regions of t; in P are : (), {w}, {z}, {z,w}
We remark that these include e-regions (see Proposition 4.3.4)).

e The effectful regions of t; in P are given by P(P) minus the set of transparent

regions. Here are a few examples :

{y}v {Z}7 {y,z}, {y,x}, {Z,l’}, {%zax}’{yaw}’ {y7zax>w} = P, etc.

1We consider this Petri Net regardless of a chosen marking (state) because we can analyze its

associated presheaf regardless of such a marking.
12We recall that the definition of such presheaves was given earlier in Definition 4.1.11
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e The effects of ¢; essentially occur in (are contained in) the following regions :

v, 2}y, 2,2} {y, 2,0} {y, 2,7, w}

It suffices here to look for regions that j-complement the largest transparent
region {x,w} of t;, and these are all the regions that contain {y, z}. Thus, if ¢
modifies the states in P when it fires, this is essentially because it modified the

states in {y, z}.

e The regions where t3 vanishes with respect to P are all the regions that don’t
contain the place w, because every other region connects to an arc of ¢3 through

w. t3 has a largest e-region which is {z,y, z}.
e The transparent regions of t3 in P are the same as its e-regions in P.

e The effectful regions of t3 in P are given by P(P) minus the set of transparent

regions, and these are the regions that contain the place w.

e The regions that contain the effects of t3 are the same as the effectful regions
of t3. Indeed, to contain the effects of ¢3, a region we must j-complement the
largest transparent region of t3 in P, which is {x,y,z}, and thus, they are

precisely the regions that contain the place w.

The first thing that we should observe is that an action has no effects in a region

where it vanishes, and we make that into a proposition.

Proposition 4.3.4 . Consider any T-valued presheaf on a Heyting algebra H. Then
for any region U € H and action b € L(U), if b vanishes in V', then V is a transparent

region of b in U; that is, L>U C U,

Proof. Suppose V is an e-region of b in U. Then, V' < U and pY(b) = €. This means
that for any X L>U Y, we have X|y — Y|y, which means that X[, = Y|y and
thus X ~U Y. This proves that Ly, C o~ O

Thus, if W is a j-complement of an e-region of b in U, then W is the j-complement

of a transparent region, which also says the following :
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Corollary 4.3.5 . Consider any T-valued presheaf on a Heyting algebra H, and any
UeH andbe L(U). Then any j-complement of an e-region of b contains the effects
of b.

The following proposition will also be useful, and it says that e-regions behave

properly with respect to labelling projections :

Proposition 4.3.6 [Stability of e-regions under Projection|. Given a T-valued
presheaf, and any regions V,K < U and b € L(U), if b vanishes in K with respect to
U, then pY(b) vanishes in K NV with respect to V.

Proof. If K is an e-region of b in U, then
Pieav (PV(0)) = Piay (0) = Py (P (b)) = Py (€) = €
O

Now, we have talked about containment of effects, but we can also talk about con-
tainment of dependencies. The definition for a region that contains the dependencies

of an action is a bit more involved however, and it goes as follows :

Definition 4.3.7 [Containment of Dependencies|. Consider a T-valued presheaf,
regions V' < U, and an action b € L(U). We say that b depends only on V (or V
contains the dependencies of b), if there exists an e-region K of b in U, and a j-

complement W of K in U, and a relation R : S(V) -+ S(W) such that
b
R o res) = resy, o —y

i.e. the following relational diagram commutes in Rel :
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Remark 4.3.8 . When b € L(U), we automatically have that U contains the depen-

dencies of b.

And we can also formalize the idea that an action can be independent from a

region as follows :

Definition 4.3.9 [Independence from a Region]. Consider any T-valued presheaf.
Given regions W < U and an action b € L(U), we say that b is independent of W if
there exists a region V' < U that contains the dependencies of b in U, and such that
VAW = 0y4. If bis not independent of W, we say that it depends on W (this means
that every region V' that contains the dependencies of b must intersect non-trivially
with W).

The requirement that W j-complements a region where b vanishes in U in Def-
inition means that W contains the effects of b (by Corollary , and the
R expresses how the effects of b in W only depend on information residing within
V. Personally, I like to conceive that the commutative diagram in Definition
expresses a form of “bisimulation” in between R and LN (viewed as transition
relations) through the restriction maps. What I mean by this informal notion of

“bisimulation” is the following statement :

Proposition 4.3.10 . Consider any T-valued presheaf and suppose that the states
presheaf S is a separated presheaf. Consider regions V< U and an action b € L(U).
If there exists an e-region K of b in U, and a region W that j-complements K in U,
and a relation R : S(V) + S(W) such that R o rest, = resY, o Ly, (so b depends
only on V' ). Then the following are true :
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1. For any states X,Y € S(U) such that X "V X|y and X 5. Y, we have
Xy BY|w and Y ™5W Yy

2. For any states X,Y" € S(U) such that X |y "V)"" X and X|y BY", there exists
a unique Y € S(U) such that X L>U Y and Y' Cesw)T Y. More precisely, this
Y is the gluing of Y' € S(W) and X|x € S(K).

Proof. (1) Suppose that X "V X|, and X s, Y for some states X,Y € S(U).
Then (X,Y|w) € (resi,o L>U) — (Rores’), and thus X "V X|,, ® Y|,. Therefore,
Xy BY|w and Y "W Y]y

(2) Consider any X|y V)" X and X|, ® Y’. Then (X,Y’) € (Roresyy) =
(resy,o i>U), so there exists Y € S(U) such that X 5, Y and Y|w =Y’ Since K
is an e-region of b in U, we have X |k = Y|g. If any other Yj exists with the property
that X i>U Yy and Yo|lw =Y, then X |k = Yy|k also, and locality of S on the cover
{W, K} provides Y =Y. O

Informally speaking, in the statement of Proposition 4.3.10, we can think of R and

i>U as “simulating” each other’s behaviour through the restriction maps. Better yet,
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they do so in a unique way at every step of the “simulation”. And since R specifies the
transitions of b, and only requires information inside V' (as declared in the proposition)
to perform, it seems reasonable to think that b’s performance also depends only on

V. It would certainly help to consider some examples.

Example 4.3.11 [Dependencies for Buffer on Discrete Space|. Consider the
Buffer on a Discrete Space from Example 4.1.7, and the actions send, input € L(P)
in the global region P = {z,y}. We recall that their transition relations are given as

follows :

o P s the smallest transition relation on {0,1}? such that :

input

(m,n) —» (m',n) for any m,m’,n € {0,1}

o 2% s the smallest transition relation on {0, 1}? such that :

(m,n) send, (m,m) for any m,n € {0,1}

For the case of the input action, we have that {y} is an e-region of input in P = {x, y},

and {z} is a j-complement of the latter. We show that input depends on no region

(that is, input depends only on @). Consider the relation Ry, : S(0) + S({z})

with the singleton S(0) = {*} and R;,, = {(*,0), (x,1)}. It suffices to prove that
input

P __ P
Ripp o resy = resi,,° —p.

input

Thus, consider any [(m,n),m'] € (res{,, o ——p). Then we get :

resg % Rinp m/

Conversely, if [(m,n), m'] € (R, © res)), we certainly have :
(m,n) tnput, (m’,n) restey !

Thus, input depends only on ().
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We consider the case of send now, and show that it depends only on {z}. We
have that send has no non-trivial e-region (i.e. other than (}), and thus we are forced

to consider P for a j-complement of an e-region of send. Consider the relation
Rs: S({z}) + S(P) with

Ry = { [m,(m,m)] € S{z}) x S(P) [ m € {0,1} }

We get that if [(m,n), (m/,n)] € (resto send p) = send, . then m = m/ = n'. We
have (m,n) ey m and m R (m,m) = (m/,n). Thus, [(m,n),(m',n’)] € (Rso
resy,). If [(m,n), (m',n)] € (R, oresy,,), then (m,n) resey g R (m’,n). Thus,

m = m' = n', and we get [(m,n), (m’,n)] e2nd, = (resho ﬂp). This proves

send P

that (respo ——p) = (R, ores(,,), and it follows that send depends only on {z}.

Example 4.3.12 [Dependencies for Petri Nets]. Consider any Petri Net

(P, T, F, My,W), and recall the map ¢ : T — P that sends a transition t € T
to ¥(t) = {z | (x,t) € For (t,z) € F} from the Petri Net Presheaf definition
(Definition [£.1.11)). I claim that ¢ depends only on ¢(t). In fact, it suffices to consider
R = %W) 0 S((t)) + S(¥(t)) and we can prove that R o resl, = resy, o .
This will be proven automatically when we make the localized relational structure
representation of Petri Nets later in Section [6.1} Thus, we omit the proof until we

arrive at this section.

Now, whilst j-complements of e-regions contain effects as in Corollary [£.3.5] they
do not contain dependencies of actions in T-valued presheaves in general, and this
is unfortunate because an efficient rendering of Sl-independence would rely on that.
The following modified buffer on a discrete space gives such an example where a send
action has a j-complement of an e-region that does not contain the dependencies of

send.
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Example 4.3.13 [Modified Buffer on a Discrete Space (with e-reading)].
We take the exact same T-valued presheaf as specified for the Buffer on a Discrete

Space of Example [{.1.7] (the global region is given by P = {z,y}), but we use
Py (send) = ¢ and L({x}) = {input}

instead of pf,,(send) = send and L({z}) = {input, send}. Thus, the only thing that
is modified is that the global send projects to € in the region {x}, and send does not
exist anymore in the labelling set local to {x}. The rest of the specifications are the
same. And we remind the reader that <% » 18 the smallest transition relation such
that for all m,n € {0,1} :

(m,n) ﬂp (m,m)

where the first component represents the value in the region {x} (where send takes its
input) and the second component represents the value in the region {y} (the region

send

where a value is sent). Also, —,,= {0,1}?, and this is all that we need to establish
Proposition that follows.

We see here that {y} complements the e-region {x} of the global send here, but
{y} clearly does not contain the dependencies of send because the latter requires
numerical information present in {z} if it is going to be able to transfer it to {y}. We

prove this formally to get better acquainted with containment of dependencies.

Proposition 4.3.14 . In the above example, there exists an action, send, and a j-
complement {y} of an e-region {x} of send, in which the dependencies of send are
not contained. In particular, it does not hold that j-complements of e-regions contain

the dependencies of actions for T-valued presheaves in general.

Proof. There are two possible regions that j-complement the e-region {x} of send in
P, and these are P and {y}.

It suffices to investigate the case of {y}, since if we can find a relation R’ :
S({y}) + S(P) such that R o resj, = respo send, (as in Definition 4.3.7)),

then we will get a relation R := resf o R’ : S({y}) + S({y}) with R o resj, =
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oy 2end, . Thus, it suffices to show that there is no relation R : SH{y}) +» SHy})

for which R o resfy}

dependencies of send.

res?

= res?

oy 214, holds to show that {y} does not contain the

Thus, suppose there exists a relation R : S({y}) + S({y}) such that R o res{, =

P
w} m for any m,n € {0, 1},

send send res

rest o ——,. Then we have (m,n) ——, (m,m)

{v}
and so [(m,n),m] € (R o resf), and this yields n ® m for any m,n € {0,1}. Thus,
R ={0,1}>
T@SP .
Now, consider the global state (1,1). We have 1 0, so (1,1) "t 1 # (0. This
means [(1,1),0] € (Reores],), and we get [(1,1),0] € (resf,° ﬂh]). But we know
that ﬂm is a functional relation and the only transition it provides out of the
(1,1) state is (1,1) S;—nd>U (1,1). But then, [(1,1),0] € (res{,° ﬂl]) means that
(1,1) 2%, (1,1) ™63 0. This is a contradiction because rest,(1,1) =1#0.

Thus, it is not true that send depends only on {y}. O

Basically, we proved that since R ignores the value in {z}, and since R has to
provide any possible change of value in {y}, then it must perform in a completely
non-deterministic fashion. Consequently, such an R cannot subsume the transition

relation <% v properly.

Our intention now is to force j-complements of e-regions to contain dependencies,
but we must make a choice of a relation “R” (as in the definition of containment

of dependencies) that works in general for any region. We simply use the transition

Ub
relation for projected actions 'OV—()>V as follows :
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Definition 4.3.15 [Containment of Action]. Consider any T-valued presheaf,
and any regions V' < U and action b € L(U). We say that b is contained in V (or
that V' contains b) if there exists an e-region K of b that j-complements V' such that

Py (b) U
——y o Tes, =Tes, °© —ry

i.e. the following diagram commutes in Rel (for some region K) :

We say furthermore that V' is the proper region of bin U if VN K = 04 E

Remark 4.3.16 . The statement above only really adds inclusion from left to right
U
PV_()>V oresy C resy o s, for T-valued presheaves in general because the right to

Ub
left inclusion given by pv_()>v ores; D resy o Ny already holds in such presheaves.

Indeed, for any pair of states (X,Y”) € (res¥ o L>U), we get X —23y, Y et Y|y =Y’

A
for some Y € S(U), and then X|y PV_()>V Y|y from the restriction on transitions,

A A
and thus X "V X|, ,OV_()>V Y|y =YY" So, (X,Y’) € (pv—()>v oresy ).

Thus, for such a V as in the above definition, we get that V simultaneously

contains the effects of b (because it is a j-complement of an e-region of b) and the

Y
dependencies of b (using R = ,OV_()>V as in Definition [4.3.7]). This is why we adopted

the term “V contains 0" here, because V' truly contains everything about the action
b. It turns out that this notion of containment for actions is far more natural than
it seems a priori; it is equivalent to action d-gluing under the condition of the states

presheaf S as a sheaf, as follows :

13We say “the” proper region because it would be unique as the complement of K in U. Further-
more, in such a case, we have that b is independent of K in the sense of Definition W
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Proposition 4.3.17 [Equivalences for Action Containment]|. Consider any
T-valued presheaf and suppose S is a sheaf. Consider any regions V < U and action
be L(U), and any e-region K of b that j-complements V in U. Then the following

statements are equivalent :

P (b) v v b . .
1. ——=y orest = resl o —, (i.e. V containsb)
U
2. For any X' Pv_()>v Y and X" € S(K) such that X' |yax = X"|vnk, there exists
unique X,Y € S(U) such that X 25, Y and Xly =X, Y|k = X|g = X"
and Y|y =Y.

3. The action b glues its transitions over {V, K} (see Definition

4. The action b decomposes over {V, K} (see Definition

U
5. s, = ((resy)to PV_()>V orest ) N ~Y

- K
Proof. Proof to be found in Appendix [E] m

Remark 4.3.18 . We may notice in the above proposition that the statement of con-
tainment of an action (in (1)) makes use of an equation that abstracts the e-region
“K”, as opposed to the other statements. Through this observation, we get that the
existence of a single {V, K'} with one of the properties above suffices in establishing
the property for any other proper cover {V, K'}, where the K is swapped by any
other e-region K’. For example, if b € L(U) has §-gluing over {V, K} as in the above
proposition, then for any e-region K’ such that V' vV K’ = U, we have that b has
d-gluing over {V, K'} as well.

Now that we have established properly the notion of containment of an action,
we can state the axiom that will yield SI-independence if we enforce it on T-valued

presheaves. This axiom is the following :

Definition 4.3.19 [WCA axiom]. We say that a T-valued presheaf has well-
contained actions (WCA) if for any regions V' < U and any action b € L(U) :

If V is a j-complement of an e-region of b in U, then V' contains b.
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The Modified Buffer as in Example [4.3.13| certainly does not enforce this as we
saw. But the original Buffer on a Discrete Space from Example has WCA
(trivially in fact). Basically, the WCA axiom tries to make actions as independent
as possible from the regions where they vanish. We say “as independent as possible”
because in certain systems on Heyting algebra spaces such as the Pullback Junction
of Buffers in Example [4.2.5], we cannot make the promise of finding a complement of

just any e-region. Indeed, within this example, we have a send! action in Buff; (with

region V) that actually depends on the input value to be found in the input region
(Vi A V,) where it projects to € in the intersection of the buffers (see Figure .

M
PV vy l

L(Vy A Vy)

Figure 24: send! depends on V; A Vs, where it projects to e.

So far, we could say that the WCA axiom and the property of S as a sheaf seem like
ideal conditions to work with in the context of T-valued presheaves. There happens
to be a third condition that would be quite beneficial to our analysis. That condition
is to allow the labelling presheaf £ to be a separated presheaf. In particular, when £
is a separated presheaf, we get largest e-regions, and the presence of such regions will
simplify the formulation of the WCA axiom as we will see. The following proposition
initiates this idea that there exists a largest e-region for any given action in such

circumstances.

Proposition 4.3.20 . Suppose we have a T-valued presheaf, where L is a separated
presheaf, and consider any region U and b € L(U). Then the property of being an

e-region of b in U 1is closed under arbitrary joins.
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Proof. Take any family {V;};c; of e-regions of b in U. Then V; < U for all j in J, so
VV; <U. Write W := \/ V.
jeJ jeJ

With W < U, we get a well-defined projection p¥,(b) € L(U), and since Py, (P (D) =
py,(b) = € for each j in J, we have a cover {Vj}jes of W in which py, (b) € L(W)
projects to € on each part. Yet, p‘V,Z (€) = € for each j as well. Thus, by locality of L,
we get pY(b) = ¢ [ This proves that W is an e region of b in U. O

Definition 4.3.21 . Given a T-valued presheaf on a Heyting algebra H, where £
is a separated presheaf, any region U and an action b € L(U), we define the largest

e-region of b in U as :
ep(b) == \/{VG?—I, | V< U and py(b) =€}
And from Proposition [4.3.20} it follows that :

Corollary 4.3.22 . Given a T-valued presheaf where L is a separated presheaf, any
region U and any action b € L(U), we have that €,(b) is indeed an e-region of b in

U. Also, for every region V< U :
V' is an e-region of b in U < V < ¢, (b)

Corollary 4.3.23 . Given a T-valued presheaf where L is a separated presheaf, we
have that for any regions V< U and action b € L(U) :

V' is a j-complement of an e-region of b in U < V is a j-complement of £,(b)

By applying the above corollary, we can reformulate the WCA axiom in such a

context where L is a separated presheaf, as follows :

14This is mainly because the arrow £L(W) — jle'IJE(Vj) that arises from the obvious restrictions and
the universal property on products, is a monomorphism by definition of £ as a separated presheaf.
From Proposition we know that this means it is an injective map, and this is why p¥ (b) and
e in L(W) get matched.
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Definition 4.3.24 [WCA axiom (with separated presheaf £)]. Given a
T-valued presheaf T whose labelling presheaf £ is a separated presheaf, we say that
T has well-contained actions (WCA) if for any regions V< U and b € L(U) :

V is a j-complement of £,(b) in U = V contains b
Combining Corollary [4.3.22 with Proposition [4.3.4] we get :

Corollary 4.3.25 . Given a T-valued presheaf where L is a separated presheaf, a

region U and an action b € L(U), we have :

b U
—u g “ey(b)

Also, the largest e-regions project properly on subregions.

Proposition 4.3.26 [z, - Stable under Projection|. Given a T-valued presheaf
where L is a separated presheaf, any region U and an action b € L(U), we have
ew(ph (b)) = eu(b) AW for every region W < U.

Proof. We have that ¢,(b) A W is an e-region of pf, (b) by Proposition [4.3.6] thus
eu(b) AW < ew(ph (b)) by Corollary 4.3.22

Setting K = ey (pl, (b)), we also have K < W by definition, and

Pic(b) = pic (P (b)) = €

since ey (pY, (b)) is an e-region of pY, (b) in W. This means €, (pY, (b)) is an e-region
of b, and so ey (p%, (b)) < e, (b). But then ey, (p%, (b)) < e,(b) AW, and we finally get
ew(pw (b)) = eu(b) AW O

And we conclude this section by providing a simpler form to the equivalences

stated in Proposition [4.3.17], in the context of £ as a separated presheaf.
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Proposition 4.3.27 . Consider any T-valued presheaf where L is a separated presheaf
and S is a sheaf. Then for any regions V< U and any action b € L(U), the following

statements are equivalent :
1. 'V contains b
2. b glues its transitions over {V,e,(b)}
3. b decomposes over {V,e,(b)}
Py )

4. i>U: ((resy)™to =, oresy) N ng(b)

Proof. These equivalences follow directly by applying Proposition 4.3.17| using €, (b)
as the e-region “K” stated in the latter. O]

In sum, we are now able to formulate the conditions under which we would like to
work as far as the expression of spatially induced independence goes. These conditions
are : S is a sheaf, L is a separated presheaf, and the WCA axiom. We embody the

latter in the definition of T-adapted presheaves as follows :

Definition 4.3.28 [T-adapted presheaf]. A T-adapted presheaf on a complete
Heyting algebra H is a T-valued presheaf T = (S, L, ) on H, where

1. (Sheaf of states) : S is a set-valued sheaf
2. (Separated presheaf of labels) : L is a Set.-valued separated presheaf

3. (Well-Contained Actions (WCA)) : For any regions V' < U and any action
be L(U) :

V is a j-complement of ¢,(b) in U = V contains b

And this concludes our discussion on action containment.



Chapter 5

Spatially Induced Independence for
T-Adapted Presheaves

In the previous chapter, we identified a J-gluing condition (which relates to action
containment) on actions with the hope that it would allow spatially induced indepen-
dence (Sl-independence) to manifest within presheaves of LTS. This condition was

formalized in the Well-Contained Actions (WCA) axiom (see Definition [4.3.24]), and
this led us to the formulation of T-adapted presheaved'}

We will now show that for each LTS decorating the regions of such an adapted
presheaf, there is a spatially induced independence relation on labels (denoted Z) and
a spatially induced equivalence on transitions that transform these LTS into ALTSE.
More specifically, for any given complete Heyting algebra H, we will construct an SI-
independence functor embedding the category of T-adapted presheaves on H into the
category of A~-valued presheaves on H [l The construction of these SI-independence
functors constitutes the main result of this thesis, which is the Theorem of Spatially
Induced Independence (Theorem . Of course, what is important about these
SI-independence functors is that they apply the principle of SI-independence to derive

T is the category of labelled transition systems from Chapter
2We recall that A™ is the category of asynchronous labelled transition systems with equivalence

(ALTSE) from Section

144
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their independence relations. We remind the reader as to what this principle is and,

to achieve this, we set up some binary relations first.

In a T-valued presheaf, given a region U, we define a binary relation Z(U) E]on
L(U) such that for any two actions b,c € L(U), we have b Z(U) c if and only if there
is a proper cover {V, W} of U such that :

1. b vanishes in W and ¢ vanishes in V', and
2. b is contained in V and ¢ is contained in W.

And with respect to these relations, we can formulate the Principle of SI-independence.

Principle of Sl-independence : Given a T-valued presheaf T, we say that
T = (S,L,9) has spatially induced independence if for any region U, we have
that the relation Z(U), as defined above, provides an independence relation on
labels such that T(U) = (S(U), L(U),§(U),Z(U)) is an ALTS. In which case, for
b Z(U) ¢, we say that b is spatially independent of ¢ with respect to U.

In the case of T-adapted presheaves, condition (1) above implies condition (2) (see
Proposition , and this makes it much easier to systematically find patterns of
Sl-independence in between actions. Hence, the Sl-independence relations that we
will provide will simply impose condition (1). In such a case where (1) holds for some
actions b, ¢ € L(U) and some proper cover {V, W} of U within a T-adapted preshealf,
we will get commutativity of the transition relations associated to these actions with
L>U oS5, =5, 0 i>U (Alternative Paths) and L>U o p— = p—o L>U
(One-step Amalgamation and One-step co-Amalgamation). We will in fact obtain
much more because there are constructive and unique ways of obtaining equivalent

runs when permuting Sl-independent actions in these systems.

3There are variants for the definition of Z(U), but the one given here constitues a minimal case.
-

4We recall that ,<— =—, .
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The first section of this chapter will develop some of the theory of T-adapted
presheaves on Heyting algebras (we recall that we use the term “Heyting algebra” to
mean “complete Heyting algebra”, and similarly, “Boolean algebra” means “complete
Boolean algebra”), and will emphasize the theory that will allow us to prove the
Theorem of Spatially Induced Independence. We reserve Section to tackle the
proof of the theorem in question. In the section that follows (i.e. Section , we
demonstrate how the statements and results proved in Section achieve a simpler
format in the case where the base space of the T-adapted presheaf is a Boolean
algebra. In particular, spatially induced independence (with Z) in between actions b
and ¢ acquires a very natural interpretation as spatial disjointness of the containing
regions of b and ¢. The trade-off is that Z loses some of its accuracy in the context of
Boolean algebras, and we will provide an extended form of SI-independence, Z* (in
Definition , that seems favorable in such Boolean algebra contexts (although
both Z and Z" only require T-adapted presheaves on Heyting algebras in order to be
defined). However, this Z+ does not yield SI-independence functors (as Z does) from

T-adapted presheaves to A™~-valued presheaves.

5.1 T-adapted Presheaves on Heyting algebras

At the end of Section in the previous chapter, we proposed an adapted form of
T-valued presheaf, where a minimal amount of axioms were added, and this led us to
define T-adapted presheaves. These adapted presheaves have just enough axioms so
that the theorem characterizing SI-independence can be proved with respect to these
structures. Hence, the object of this section is to understand some of the basic theory
surrounding T-adapted presheaves on Heyting algebras, and to develop the lemmas
that will serve us in proving the Theorem of Spatially Induced Independence in the

next section.

Let us begin by recalling the definition of T-adapted presheaves as follows :
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Definition 5.1.1 [T-Adapted Presheaf]. A T-adapted presheaf on a complete
Heyting algebra H is a T-valued presheaf 7 = (S, £, ) on H, where

1. (Sheaf of states) : S is a Set-valued sheaf.
2. (Separated presheaf of labels) : L is a Set.-valued separated presheaf.
3. (Well-Contained Actions (WCA)) :

For any regions V < U in ‘H and any action b € L(U) :

If V is a j-complement of £,(b) in U, then V contains b[]

We write [H, T)agape for the category of T-adapted presheaves on H, which is the
full subcategory of [H°, T| where the objects are T-adapted presheaves.

As we emphasize the theory that allows us to derive SI-independence for T-adapted
presheaves, we will have to neglect the study of the categories associated to such
structures, i.e of [H%, T|aue for a Heyting algebra #H. However, we suspect that

these are bicomplete, and we thus make the following conjecture :

Conjecture 5.1.2 . For a given complete Heyting algebra H, the category [HP, T)adapt

18 bicomplete.

Now, we remark that for some regions V' < U and action b € £(U) in a T-adapted
presheaf, if V' contains b, then there is an e-region of b that j-complements V in U
(by definition), which means V' is a j-complement of £, (b) in U by Corollary [4.3.23]
So, the following holds :

Proposition 5.1.3 . For a T-adapted presheaf on a Heyting algebra, we have that
for any regions V< U and b € L(U) :

V' is a j-complement of €,(b) in U < V contains b

®We recall that the expression “V contains b (with respect to U)” here is formalized in Defini-

tion @
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The equivalence provided in Proposition facilitates the whole study of action
containment when using T-adapted presheaves. Indeed, in such adapted presheaves,
the statement “V' Ve, (b) = U” becomes synonymous with “V contains b (with respect

to U)”, and the former statement is much easier to manipulate.

We establish now that action containment behaves properly in the cases where

finite meets and projections are involved within T-adapted presheaves.

Proposition 5.1.4 [Action Containment - Closure under Finite Meets].
Consider any T-adapted presheaf on a Heyting algebra, and regions V, V' < U and an
action b € L(U). If V and V' both contain b with respect to U, then VA V' contains
b with respect to U.

Proof. Consider any such V' and V' containing b as above. We get that V' Ve, (b) = U
and V'V e,(b) = U (by Proposition [5.1.3)), so

(VAVYVe,(0) =V Ver(D)AN V' Veu(b)=UANU=U
By the WCA axiom, we get that V' A V' contains b. O

Proposition 5.1.5 [Stability of Action Containment under Projection].
Consider any T-adapted presheaf on a Heyting algebra, and regions V,W < U and an
action b € L(U). If V' contains b with respect to U, then V- ANW contains p%,(b) with
respect to W.

Proof. Suppose V' contains b with respect to U and W < U. Then V' V g,(b) = U,
and so (V AW) V (g,(b) ANW) = W. By Proposition [£.3.26], e, (p, (b)) = W A ey (b),
which means that V- AW j-complements ey, (p, (b)), and thus VA W contains p¥, (b)
in W by the WCA axiom. m

And there are also a few facts about transparent regions we will need later on in

Section 5.3 :
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Proposition 5.1.6 [Transparent Regions - Closure under arbitrary Meets].
Consider any T-valued presheaf where the states presheaf S is a sheaf[f|, and any
region U and any action b € L(U). Then the property of being a transparent region

of b in U is closed under arbitrary joins.

Proof. Take any family {V}},c; of transparent regions of b in U. Then V; < U for all
jinJ,so VVV; <U. Write W := \/ V.

jed jed

Consider any transition X €25, Y. We have Xy, =Yy, for all j € J since the
V; are transparent regions of b in U. Thus, X|w and Y|y are states that agree on
the cover {V;}jes of W since (X|w)|v, = X|v, = Y|y, = (Y|w)|v;. By the locality of
S, we get X|w = Y|w. This means b is transparent in W. O

This means that we have largest transparent regions for actions :

Definition 5.1.7 . Given a T-adapted presheaf on a Heyting algebra H, and any
region U and b € L(U), we define the largest transparent region of b in U as

(b)) = \/ {V €H |V is a transparent region of b in U}
And from Proposition it follows that :

Corollary 5.1.8 . For any T-adapted presheaf, region U, and action b € L(U), 1,(b)

is indeed a transparent region of b in U, and for every transparent region V of b in
U, we have V < 7,(b).

Since we know that e-regions are transparent regions (by Proposition [4.3.4]), we

can combine the above corollary to obtain the following :

Corollary 5.1.9 . For any T-adapted presheaf, region U, and action b € L(U), we
have €,(b) < 7,(b).

6Thus, this proposition applies to T-adapted presheaves as well.
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Corollary 5.1.10 . For any T-adapted presheaf, region U, and action b € L(U), we

have :

U

b U
v & Ty (d) < ey d)

But these transparent regions are not as stable under projection as containing
regions and e-regions are. It is possible to have regions V' < U and an action b € L(U)
such that 7, (pY (b)) # 7,(b) A V. However, the following holds at least :

Proposition 5.1.11 . Given a T-adapted presheaf, and any region U and action
be L(U), we have 1, (pY (b)) < 1,(b) AV for every region V < U.

Proof. Of course, 7, (p¥(b)) < V. We show that 7, (p¥ (b)) is a transparent region of

bin U to get 7, (pl(b)) < 1,(b) by Corollary |5.1.8] Thus, consider any transition
b Py ()

X —u Y. We have X|V V—>V Y‘V, and S0, (X’V)|Tv(p\l;(b)) = (Y|V)|Tv(p‘l}(b))

since 7, (pY (b)) is a transparent region of p¥(b) in V' by Corollary [5.1.8f But then,

Xlevippon = Xl gy = VW)lvppen = Yl ey With states X and ¥

arbitrarily chosen for X —», Y in 8 (U), we get that 7, (p¥ (D)) is a transparent region

of b in U, and thus, 7, (pY(b)) < 7,(b) by Corollary |5.1.8| O

For a T-adapted presheaf, and region V' < U and action b € L(U), the converse
inclusion 7, (p%(b)) > 7,(b) AV does not hold in general, and we can consider the

following counter-example :

Example 5.1.12 . Consider a T-adapted presheaf T = (S, L,0) specified on the

discrete space over P = {x,y} as follows :

1. Let S(P) = {0,1}?, S({z}) = S{y}) = {0,1}, and S(P) = {x} (a singleton),
rest,, is projection on the first component in S({z,y}) = {0,1}* and res},, is
projection on the second component in the latter. This clearly gives S as a

set-valued sheaf (it arises from a product of sets).

2. L({z,y}) = L{=}) = L{{y}) = {b,c}, and L(0) = 0, and p7,, = o7, = Agpey-
We can easily verify that the £ presheaf that arises this way is separated.
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3. The sets of transitions are depicted in Figure [25] and are given by :

6(P) ={1(0,0),0,(0,0)], [(1,1),¢, (L, 1)] }
5({%}) = 5({?/}) = { (O’ b, O)’ (0707 1)7 (1767 1) }

Figure 25: Specification of 9 for Example [5.1.12]

We have that 75(c) = P and so 75(c) N {z} = {x}. But 7,,(pf,,(c)) = 7y (c) = 0
because 0 —,; 1 is an effect of ¢ in {z}. Hence, it is not true that 7,,(pf,(c)) 2

Tp(c) N {z}.

In a similar sense, we will get that natural transformations for T-adapted presheaves
do not preserve transparent regions. However, we have that natural transformations
preserve e-regions and containing regions for T-adapted presheaves, and this will serve
us in the proof of the Theorem of Spatially Induced Independence. The following

lemma establishes the results in question.

Lemma 5.1.13 [Natural Transformations preserve ¢-Regions and Contain-
ing Regions]. Consider any two T-adapted presheaves T and T' on a Heyting al-
gebra H, and consider any natural transformation {(ow, \w)}twen @ T — T in
[HP, Tadgapt, which is a family of LTS morphisms (ow,\w) : T(W) — T'(W) in-
dexed by regions W in H. Then for any regions V- < U and any action b € L(U) the

following statements hold :
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1. If b vanishes in 'V with respect to U in T, then \y(b) vanishes in V' with respect
toU inT'.

2. If b is contained in 'V with respect to U in T, then A\y(b) is contained in V with
respect to U in T".

Proof. The proof is given in Appendix ]

Now, we expressed earlier on that T-adapted presheaves are weaker forms of

T-valued sheaves, and we should check this assertion.
Proposition 5.1.14 . A T-valued sheaf is also a T-adapted presheaf.

Proof. Consider a T-valued sheaf T = (S, L, ). That S is a sheaf and L a separated
presheaf is provided by Proposition [£.2.4, Now, consider any V < U in H and
b € L(U) such that V'V e,(b) = U. The sheaf structure of 7 automatically implies
that b glues its transitions over any cover of U (by Proposition , so b glues its

transitions over {V,e,(b)} in particular. This is equivalent to the statement that V'
contains b by Proposition O

This proposition establishes an important connection that allows our Theorem
of Spatially Induced Independence to apply in the case of T-valued sheaves (since
it will apply to T-adapted presheaves). Sheaves of labelled transition systems have
been studied by Malcolm in [SSTS| in particular, and much of the work of Goguen
[HAg| and Cirstea [CSHA] centers on establishing languages of formal specification
that work for sheaves representing concurrent object oriented systems. Thus, with
further research, it may be possible to introduce the subject of Sl-independence for
such concurrent object oriented systems, and this could serve as an additional tool in

the arsenal of already established formal methods.

Now, we encountered two examples of T-valued sheaves before with the Pull-
back Junction of Buffers from Section [4.2] and the Parallel Registers from Section [2.2]
By Proposition [5.1.14] above, we get that these are examples of T-adapted presheaves.
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For examples of T-adapted presheaves that are not sheaves, there is the Buffer on
a Discrete Space from Example and there are the Petri Net Presheaved’] from
Example 4.1.11] (that is, these are generally not sheaves).

To construct T-adapted presheaves directly without using limits on diagrams is
laborious however, and in the case of Boolean algebras, it is not always desirable to
take limits. What we need is an efficient way of constructing examples on discrete
spaces mainly, and we will be able to provide more examples of T-adapted presheaves

when we reach Chapter [6] where we introduce localized relational structures.

For now, we focus on establishing the Theorem of Spatially Induced Indepen-
dence, i.e. that T-adapted presheaves provide A™~-valued presheaves through spa-
tially induced independence relations on actions and spatially induced equivalences
on transitionsﬁ. We start by describing the spatially induced equivalence relations on

transitions.

Definition 5.1.15 [SI-Equivalences on Transitions|. For a given T-adapted
presheaf and a region U, we define the spatially induced equivalence on transitions in
U (or Sl-equivalence in U), denoted ~, as the binary relation on §(U) such that for
all transitions (X,b,Y), (X', ¢,Y") € 6(U), we have (X,b0,Y) ~, (X', ¢, Y’) if and
only if :

(1) b=¢ , and

(2) there exists a region V' that contains b with respect to U such that []:

"We did not prove this yet. The proof is given in Example
8We recall that objects of A~ are LTS with an independence relation on their labels and an

equivalence on their transitions that satisfy axioms of Alternative Path, One-Step Amalgamation

and One-Step co-Amalgamation.
9We recall that the statement “V contains b with respect U” means that V j-complements an

e-region of b and :

PY®) - v b
——y o Tes;, =Tes;, © —y

This is formalized in Definition [4.3.15] but the WCA axiom says that V' V e,(b) = U is a sufficient
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X~V X" and Y =V Y’

When we have (X,0,Y) ~, (X',¢,Y’), we say that (X,0,Y) is spatially equivalent
to (X',¢,Y')inU.

Proposition 5.1.16 . For any T-adapted presheaf, the SI-equivalence ~y as defined

above for a region U is an equivalence relation.

Proof. The proof is provided in Appendix [F] O

What these Sl-equivalences express is that the true nature of a transition
X i>U Y lies in a region where the action b is contained, i.e. if V' is a region that con-

U
tains b with respect to U, then X|y pV—(>)U Y|y is the actual determinate of X L>U Y,

Y
and all transitions in 6(U) that restrict to X |y pV—(>)U Y|y are identified by the equiv-

alence ~,.

We now prove that these ~, respect the second axiom of an ALTSE.

Proposition 5.1.17 . For any T-adapted presheaf and region U, and any transitions
(X,0,Y), (X", b,Y")€d(U), if (X,0,Y) ~y (X',0,Y"), then

X=X ifand only if Y =Y’

Proof. Suppose (X,b,Y) ~, (X',b,Y’). By definition, we get a region V' that con-
tains b, such that X ~Y X" and Y ~Y Y’. This means that {V,e,(b)} is a proper
cover of U. Now, if X = X', then Y., ) = X|:p0) = X'|ewv) = Y'|cp - Also, with
Y'|y = Y|y, we can apply the locality of S to get Y =Y. Similarly, if Y = Y’ then
Xlewwy = Yleww) = Y'leww) = X'|ep@). Then, with X'|y, = X|y, we can apply the
locality of S to get X = X". O

There are two lemmas that we will need to prove the Theorem of Spatially Induced

Independence as far as these Sl-equivalences are involved. They go as follows :

condition for V' to contain b in a T-adapted presheaf.
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Lemma 5.1.18 [LTS Restrictions preserve SI-Equivalences]. Consider any T-
adapted presheaf and regions V< U. Then for any transitions (X,0,Y), (X', b,Y’) €
S(U), if (X,b,Y) ~ (X',0,Y") and p(b) £ <, then

(XTv, pu(0), Yiv) ~v (X'lv, pu(b), Yiv).

Proof. Consider any regions V' < U and any transitions (X,0,Y), (X',b,Y") € §(U).
Suppose that (X,b,Y) ~; (X',0,Y’) and that pU(b) # . Then there exists a
region W that contains b with respect to U such that X ~Y X" and Y ~U Y’ (so
X|lw = X'lw and Y|w = Y’|w). By Proposition 5.1.5, V A W contains pY(b) with
respect to V. Furthermore, (X|v)|lvaw = Xlvaw = (X|w)lvaw = (X'|w)|lvaw =

X/|V/\W = (X/|v)|V/\W- Similarly, (Y|V)|V/\W = (Y/|v)|V/\W-

U A
Also, we have Xy 'OV—()>V Y|y and X'|y pv_()>v Y’|y by the presheaf structure.
With VAW containing p¥ (b) with respect to V', X |y ~V . X'y, and Y|y =Y, Y|y,

— VAW

we get (X|v, pu(0), Yv) ~v (X'|v, pv(b), Y'lv). =

Lemma 5.1.19 [Natural Transformations preserve SI-Equivalences].
Consider any two T-adapted presheaves T (with SI-equivalence ~) and T' (with SI-
equivalence ~') on a Heyting algebra H, and consider any natural transformation
{low, \Ww)twen : T — T in [HP, T]aaapt, which is a family of LTS morphisms
(ow, Aw) : T(W) — T'(W) indexed by regions W in H.

Then for any regions V- < U and any transitions (X,0,Y),(X',b,Y") € 6(U) such
that (X,b,Y) ~y (X',0,Y") and \y(b) # €, we have that

(v (X), Au(b), 0u(Y)) ~i; (ou(X"), Ay (b),ou(Y"))

Proof. The proof is given in Appendix O]

Now, we will prove that the SI-equivalences satisfy the axioms dictated for ALTSE
(and we need to define a spatially induced independence relation for that first), but

before we do so, we shall demonstrate that these SI-equivalences have a few interesting
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properties of their own (that are not derivable simply from the axioms of an ALTSE).
In particular, there are constructive ways of translating in between equivalent transi-
tions. To be more precise, given any transition X —b>U Y, if we pick a local state X"
outside of the containing region of b (that matches X and Y where it intersects with
them), then we can translate this X L>U Y to an equivalent transition X’ L>U Y’,

which is constructed from the X, Y and X”. This is achieved as follows :

Proposition 5.1.20 [Translation to Equivalent Transition]. Consider any T-
adapted presheaf and regions V- < U and an action b € L(U) such that V contains
b. Then, for any transition X —, Y and local state X" € S(ey(b)) such that
X|vaco) = X" [vacy ), there exists unique X' and Y’ in S(U) such that X' —b>U Y’
and (X,0,Y) ~y (X',0,Y") andY'|., ) = X'|eyv) = X" In particular, X'|y = X|v
andY'ly =Y|y.

Proof. Consider any regions V' < U and an action b € L(U) such that V' contains
b. Consider any transition X L>U Y and X" € S(ey(b)) such that X|yae, ) =
@hf Yy
and X" € S(ey (b)) with (X|v)|vacy0) = X" |vacy ), the second statement in Propo-
sition (with K := ¢,(b) in the proposition) yields unique X’ and Y’ such that
X' -2, Y and X'lv = X|v and Y|, 0) = X'|eppy = X", and Y|y = Y|y (remark
: the X’ and Y’ here correspond with X and Y respectively in the statement of
Proposition . But then, we have X ~Y X" and Y ~Y Y’ so (X,0,Y) ~y
(X',0,Y").

X"y reyv)- Since b glues its transitions over {V,e,(b)}, and since X|v

Remark 5.1.21 . Given a T-valued presheaf, a region U and transitions
(X,0,Y), (X', b,Y") € §(U), if (X,b,Y) ~y, (X',b,Y’), then the X’ and Y’ are
uniquely determined by X, Y and Y'|., ) = X'|c, ) € S(ev(b)). This is because we
get a region, say V/, that contains b with respect to U and such that X|, = X'|,
and Y|y = Y’|y, and we can apply the locality of S on the cover {V,e,(b)} for the
equations X|y = X'|y and Y|y =Y'|y and Y'|., ) = X'|, )

For some regions V' < U, the way this translation works (in the above proposition)

is closely related to ~¢ acting as a bisimulation on all the actions that V' contains
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with respect to U. We will express that formally in Corollary [5.1.25, but we need a

proposition and some definitions first.

Proposition 5.1.22 . In a T-adapted presheaf, if V is a region that contains an

action b with respect to a region U, we have :

b b
—poxl =~V —
Proof. The proof is given in Appendix [F] O

What this essentially says is that changes in states that occur outside of the
region where an action is contained do not affect the behaviour of such an action.
If we restrict the labelling set of 7(U) to the set of labels that V' contains with
respect to U, we obtain a new system on which ~! acts as a bisimulation. In fact,
~Y bisimulates both the forward and backward behavior of the transition relations
in this restricted system (i.e. Ly, and i{]l are bisimulated through ~V), and this

is formalized in Corollary [5.1.25| below.

Definition 5.1.23 . Given a T-adapted presheaf and regions V < U in the latter,

we define the labelling set interior to V in U as :
int,(V) = {be LU) | bis contained in V' with respect to U }

Definition 5.1.24 . Given a labelled transition system 7' = (S, L, ), we define the
inverse of T (or dual of T) as the labelled transition system 7! = (S, L, ') where

~1
571 = {(Y,b,X) | (X,b,Y) € 6}. This is equivalent to saying that — s, 1 = —s_

for any b € L.

We recall that for a given labelled transition system 7" = (S, L,d) and L' C L, we
have denoted T | L' as the restriction of T to the labelling set L’ as in Definition [2.3.6
And now we get a corollary to Proposition [5.1.22] that expresses how ~! acts as a

bisimulation| on the actions contained in the region V.

10The definition of bisimulation is given in Definition [2.4.12
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Corollary 5.1.25 [~Y-Internal Bisimulation]. Given a T-adapted presheaf and
regions V < U, we have that ~Y is a bisimulation on T(U) | int,(V) [, and it is

-V

also a bisimulation on (T(U))™! | int, (V).

Proof. Take any b € int, (V). We have that b is contained in V' by definition, and we

get by Proposition [5.1.22 that —2, o ~U = o Ly, (note that

b b
T T (W) inty (V) = —)-

Using the fact that ~Y= (~Y)~! by symmetry, and the fact that [R = S implies
R~ = S7! for any relations R and S], we can derive the following equations from

b ~U U b .
—>U o —yv — —v o —>U .

e (=) C (=) e <
oo ((=)T) T (=) e
L e (=) C (e )
(G R RN (Y ) R

Since these equations hold for any b € int,;(V), we can apply Proposition [2.4.14]
and the first equation means that ~¥ is a simulation on 7 (U) | int,(V'), whilst the
second equation means that its inverse (~9)~! is a simulation on T(U) | int, (V).

This means that ~Y is a bisimulation on 7 (U) [ int, (V). The third equation says
that ~Y is a simulation on (7(U))™" | int,(V), and the fourth equation says that its
inverse (~Y)~! is a simulation on (7(U))~* | int, (V). Therefore, ~ is a bisimulation

on (T(U)7! | int, (V). O

It turns out that when these simulations are enacted, they provide a unique con-
structive way of simulating a transition, and this yields an SI-equivalent transition in
the process. This is just another formulation of Proposition [5.1.20] in truth, and it

goes as follows :

1'When we say that a relation R is a bisimulation on a labelled transition system T, we mean

that R is a bisimulation from 7" to itself.
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Corollary 5.1.26 [Translation of Transitions (through ~Y)|. In a T-adapted
presheaf, if V' is a region that contains an action b with respect to a region U, then

we have :

1. For any X ~Y X' and X s, Y, there exists a unique Y' € S(U) such that
X' i>U Y and (X,0,Y) ~y (X',b,Y"). Moreover, this Y' is determined by
the equations Y' =~ X" and Y' =Y (it is the gluing of X'|e, ) and Y|v).

LN
X —Y
v 2 v
-V TV

, :
—>U 1
D UEEEEEES Y

2. Forany X —5, Y and Y ~U Y there exists a unique X' € S(U) such that
X' —b>U Y and (X,0,Y) ~, (X',b,Y"). Moreover, this X' is determined by
the equations X' =Y V" and X' ~U X (it is the gluing of Y'|., ) and X|yv ).

“eyd

Proof. (1) Consider any X' ~Y X and X s, Y. We get X'ev) € S(ev(b)) with
Xlepwynv = X'epmynv = (X'|eo ) |0 )av, and we can apply Propositionto get
unique states Xy and Yy in S(U) such that X L>U Yo and (X,0,Y) ~, (Xo,b,Y0)
and Xo|-, ) = Yolep) = X'|cy. In particular, Proposition further states
that Xo|ly = X|y and Yp|y = Y|v. This means Xy = X’ by locality of S, and setting
Y=Yy, we get (X,0,Y) ~y (X',0,Y’),and Y' ~7 , X" and Y’ =~ Y also.
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Suppose there exists another Y” in S(U) such that X s, Y and
(X,0,Y) ~y (X',b,Y"). This means that (X', b,Y") ~, (X’,b,Y"), and by Propo-
sition [5.1.17 we get Y’ =Y.

(2) Consider any X L, Y and Y ~0 Y'. We get Y|, € S(ey(b)) with
Xleywnwv = Yiepwav = Yoy = (Y'ep@))ley@av, and we can apply Propo-
sition |5.1.20 to get unique states Xy and Yy in S(U) such that X $U Yy and
(X,0,Y) ~y (Xo,b,Y) and Xole,5) = Yoleww) = Y|y ). In particular, Proposi-
tion further states that Xo|y = X|y and Yo|y = Y|y. This means Yy = Y’
by locality of S, and setting X’ := Xy, and we get (X,0,Y) ~, (X',b,Y’), and
X'l Y and X' ~7 X also.

“ey(d

If there exists another X” in S(U) such that X” s, Y and (X,0,Y) ~y
(X",b,Y"), then (X", b,Y") ~, (X',b,Y’), and Proposition |5.1.17| gives X' = X"
[

It remains to equip T-adapted presheaves with an independence relation, and then

we will be able to verify that adapted presheaves yield A™~-valued presheaves.

Definition 5.1.27 [SI-Independence Relations]. Given a T-adapted presheaf
and a region U, we define the spatially induced independence relation on U, denoted
Z(U), as the binary relation on £(U) such that for all b,c € L(U), we have b Z(U) ¢
if and only if :

There exists a proper cover {V, W} of U such that b vanishes in W and ¢ vanishes in V.
We say that b is spatially independent of ¢ in U when this condition holds.
We established a Principle of Sl-independence earlier on (in the introduction of

Chapter |5)) that would require, furthermore, that V' contains b and that W contains
¢ in the above statement for Z(U). But this is actually implied by the definition of
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Z(U) for T-adapted presheaves, and we prove this in the following proposition.

Proposition 5.1.28 . Consider any T-adapted presheaf, a region U, and actions
b,c € L(U). Then for any proper cover {V,W} of U such that b vanishes in W and

c vanishes in V', we have that V' contains b and W contains ¢ with respect to U.

Proof. Take any region U and any actions b,c € L(U) in a T-adapted presheaf.
Suppose that {V, W} is a proper cover of U such that b vanishes in W and ¢ vanishes
in V. We get that W < e,(b) and V < g(c). But then, U = VVW <V Ve, (b) <U,
and thus V'V e,(b) = U. By the WCA axiom, we get that V' contains b. We can

easily verify that W contains ¢ in a similar fashion. O

There are other useful ways of looking at SI-independence relations, and the fol-

lowing proposition establishes some equivalences for the definition of these relations.

Proposition 5.1.29 [Equivalent Definitions for SI-Independence Relations].
Given a T-adapted presheaf and a region U, and actions b,c € L(U). Then the

following statements are equivalent :
1. bZI(U) ¢
2. ey(b)Vey(c)=U

3. b is contained in €,(c) and c is contained in ,(b)

Proof. Consider any T-adapted presheaf, a region U, and actions b,c € L(U).

[(1) = (2)] Suppose that b Z(U) ¢. Then there is a proper cover {V, W} of U such
that b vanishes in W and ¢ vanishes in V. This means that W < ¢,(b) and V' < ¢,(c)
respectively. But then, U =W VV < e, (b) Vey(c) < U, and thus ,(b) Ve, (c) =U.

[(2) = (1)] Suppose that e,(b) V ey(c) = U. Consider V = g,(c) and W = ¢,(b).
Then {V, W} is a proper cover of U such that b vanishes in W and ¢ vanishes in V.
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[(2) < (3)] This is given by a direct application of Proposition [5.1.3|
O

We shall use these equivalent forms for Z(U) often. We now verify that these Z(U)

are symmetric and irreflexive as this is required in the definition of an ALTS.

Proposition 5.1.30 . For a given T-adapted presheaf, the SI-independence relations
Z(U) as provided in Definition are symmetric and irreflexive.

Proof. Consider any region U. It is clear that Z(U) is symmetric from Defini-
tion [5.1.27, We do a proof by contradiction that for all b € L(U), it is not true
that b Z(U) b. Thus, suppose there exists b € L(U) such that b Z(U) b. This means
that e,(b) = ,(b) V ey (b) = U by Proposition [5.1.29] But then, this means that
b= py(b) = pZ ,(b) =€, a contradiction, because € ¢ L(U). Therefore, it is not true

that b Z(U) b, and this establishes that Z(U) is irreflexive. O

Finally, we prove two lemmas that will be needed for the Theorem of Spatially

Induced Independence with respect to the SI-independence relations.

Lemma 5.1.31 [LTS Restrictions preserve SI-Independence Relations].
Consider any T-adapted presheaf. For any regions V- < U and any actions b,c € L(U)
such that b Z(U) ¢ and p¥(b), p¥(c) # €, we have that p%(b) Z(V') p¥(c).

Proof. Consider any regions V' < U and any actions b, ¢ € L(U) such that b Z(U) ¢
and pY(b), pY(c) # e. With b Z(U) ¢ we get that {e,(b),ey(c)} forms a proper
cover of U by Proposition This means that {V A e,(b),V A ey(c)} forms
a proper cover of V. Since V A e, (b) = e,(pY%(b)) and V A ey(c) = e,(p¥(c)) by

Proposition |4.3.26] we get that {,(pY(b)),ev(p¥(c))} forms a proper cover of V.
This establishes p¥(b) Z(V') pY(c). O

The above will in fact establish that the LTS restriction morphisms within a
T-adapted presheaf are ALTS morphisms within the next section. We need to show
that the components of a natural transformation also have this potential to act as
ALTS morphisms.
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Lemma 5.1.32 [Nat. Transf. preserve SI-Independence Relations].
Consider any two T-adapted presheaves (on a Heyting algebra H) T = (S, L, ) with
Sl-independence relation T and T = (S8, L',0") with Sl-independence relation I'.
Consider any natural transformation {(ow, A\w)}wen : T — T in [H,T|, which
is a family of LTS morphisms (ow,A\w) : T(W) — T'(W) indexed by regions W
in H. Then for any actions by,c € L(U), if b Z(U) ¢ and A\y(b), A\u(c) # € , then
Ao (8) THU) Ao,

Proof. The proof is given in Appendix n

We now have all the lemmas that we need to prove the Theorem of Spatially

Induced Independence, and we proceed to this matter right away.

5.2 Theorem of Spatially Induced Independence

In this section, we prove that given a complete Heyting algebra H, we can establish
a functor from [H, T|adep to [HP, A~] that uses the Sl-independence relations and
Sl-equivalences when it applies to a T-adapted presheaf. These functors are at the
heart of what we have referred to as “spatially induced independence” for presheaves
of LTS within this thesis, and they are defined as follows :

Definition 5.2.1 [SI-Independence Functors|. Given a complete Heyting algebra
H, we define a functor Ky : [HP, T|adapt — [H, A™] as follows :

1. A T-adapted presheaf T = (S, L,0) is sent to the A~-valued presheaf K4(T)
given by K (T)(U) = (S(U),L(U),d(U),Z(U),~y) for a region U in H, and
where Z(U) is the independence relation for K3 (7 )(U) and ~, is its equivalence

on transitions.

2. The natural transformations are given by the same families of LTS morphisms,
i.e. given a natural transformation § = {(oy,A\y) : T(U) — T'(U)}yey in

[HP, Tadapt, we define K(0) as 6 itself, and we write it as :

{(ov, A\v) : Kn(T)(U) = Ky(T')(U)Yven : Kn(T) — Ky(T) in [H7, A~]
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And now we arrive at the main theorem of this thesis. Through it, we should get
the impression that the structures of ALTSE and adapted presheaves, as formalized
in this thesis, constitute very natural mathematical objects of study, and that they

authentically represent the concept of spatially induced independence.

Theorem 5.2.2 [Theorem of Spatially Induced Independence]. For any com-
plete Heyting algebra H, we have that Ky : [HP, T)adapt — [HP, A™], as given above

in Definition |5.2.1], is indeed a functor.

Proof. Consider any T-adapted presheaf T = (S, £, ) on a complete Heyting algebra
H. We prove that K3(7) is an A™~-valued presheaf. Consider any region U. We show
that Ky (7)(U) = (S(U),L(U),0(U),Z(U), ~y) is an ALTSE. We already know that
~y is an equivalence relation on 6(U) (from Proposition and that Z(U) is an
irreflexive and symmetric binary relation on £(U) from Proposition 5.1.30} And now,

there are five axioms to verify now for an ALTSE, and we proceed in order.

The first axiom that (X,b0,Y) ~, (X',¢,Y’) implies b = ¢ for any transitions
(X,0,Y), (X', ¢,Y') € L(U) follows directly from the definition of ~,. The second ax-
iom states that if (X,b,Y) ~, (X', ¢, Y’) for some transitions (X, 0,Y), (X', ¢, Y’) €
L(U), then X = X’ if and only if Y = Y’. This has been proven in Proposi-
tion [5.1.17| already. It remains to prove the axioms of alternative paths, one-step

co-amalgamation and one-step amalgamation.

Suppose that b Z(U) ¢ for some actions b,c¢ € L(U). Then {e,(b),e,(c)} covers
U in H by Proposition [5.1.29, But then, U = €,(b) V e,(c) < 74(b) V ey(c) < U,
and thus 7,(b) V e,(c) = U, i.e 7,(b) contains c. Similarly, we can show that 7,(c)

contains b.

Now, everything that follows the line on the next page, up to the end of the
proof for One-Step Amalgamation (5), will only assume that 7,(b) contains ¢ and

that 7,(c) contains b, and this will actually serve in proving an extended result for
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SI-independence in Theorem [5.3.17].

Since 7,(b) contains ¢, we get U = 7,(b) V ey(c) < 1(b) V 7y(c) < U, and so
7 (b) V 1,(c) = U, i.e. {r,(b),7y(c)} is a proper cover of U.

(3 : Alternative Path)

Suppose X L>U Y -5, Z for some X,Y,Z € S(U). Then, X ~0 Y 0 Z

Ty (e)
since b is transparent in 7,(b) and ¢ is transparent on 7,(c).

Since b is contained in 7, (c), we can apply the second statement of translation of
transitions in Corollary [5.1.26/to X —5, YV and Y ~¥ 7, and we get Y’ € SU)

Ty
such that Y’ —2, Z and (X,0,Y) ~, (Y b,Z)and Y' =~V 7 (it is also true that

ey )
Y U

v Z)and Y'~U X, This is depicted in the left diagram of Figure .

Similarly, with ¢ contained in 7, (b), we can apply the first statement of translation
of transitions in Corollary|5.1.26{to Y ~7 , X and YV’ %5, Z, and we get Y" € S(U)
such that X —, V" and (Y,¢,Z) ~y (X,c,Y”), and also Y ~Y = X (it is also

v (e)
true that V" ~7 = X) and Y” ~7 7. This is depicted in the right diagram of

v (c)
Figure [26]
b c
—u —u
X ——Y Y ——— 7
0! l >~ o l P20 )
: b c :
1 —>U —>U 1
Y/ - --- > 7 X --------- +Y”

Figure 26: Translation for X L, Y with ¥ ~" £ and for Y Ly, Z with
Yy~ X

Ty (b) :

But then, Y ~V =~ X ~V Y/ and Y’ ~V =7~V

, .
) & ~ ) o ®) Y’ which means that
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Y r0) = Y7o and Y|, ) = Y| 7,5y Since {74:(b), 7(c)} is a proper cover of U,
we get Y =Y’ by locality of S.

Hence, we have X LY %, Z and (X,a,Y) ~y (Y a,Z) and
(X,0,Y") ~y, (Y)b,Z).

(4 : One-Step co-Amalgamation)

Suppose Y U& X -5, Y for some X,Y,Y' € S(U). Then, Y ~0 o X =Y

—y(e)
since b is transparent on 7,(b) and c¢ is transparent on 7,(c).

Since b is contained in 7, (c), we can apply the first statement of translation of
transitions in Corollary [5.1.26/to X ~V Y’ and X >+, Y, and we get Z € S(U)

—ryle)

such that Y' -2+, Z and (X,0,Y) ~y, (Y')b, Z), and also Z ~Y Y’ (it is also true

ey (d)

that Z ~7 , Y')and Z ~7 V. This is depicted in the left diagram of Figure

Similarly, with ¢ contained in 7, (b), we can apply the first statement of translation
of transitions in Corollary [5.1.26/to X ~7 'Y and X %5, Y’ and we get Z' € S(U)
such that Y —, Z’ and (X, ¢,Y’) ~y, (Y,c,Z'), and also Z' ~Y Y (it is also true

Teulo)
that 2" ~2 Y)and Z' ~7 , Y’ This is depicted in the right diagram of Figure .

)

LI LT
X —Y X———Y'
o 2 e o ¢ L)
b : ¢ :
—>U 1 HU 1
(RTTRELAR > 7 Y =eenmecuns > 7'
Figure 27: Translation for X —2», Y with X ~" o Y and for X —5, Y’ with
X~ Y.

7" and 7' ~Y

Ty (b)

But then, Z ~7 Y ~7 Y' ~Y , Z, which means that
TU c TU C TU

)
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Zlrpe) = Z'|rp(e) and Z|ry ) = Z'|7yw)- Since {1,(b), 7y(c)} is a proper cover of U,
we get Z = Z' by locality of S.

Hence, we have Y -5, Z ,«— Y’, and (X,0,Y) ~, (Y',b,7) and
(X,e,Y") ~y (Y,e,2).

(5 : One-Step Amalgamation)

7 ~ Y’ since b is transparent on

Suppose ¥ %, Z ¢~ Y'. Then, ¥ =

) U (b>

7,(b) and c is transparent on 7;(c).

Since b is contained in 7, (c), we can apply the second statement of translation of
transitions in Corollary [5.1.26/to Y’ -5, Z and Z ~ oY, and we get X € S(U)
such that X %, Y and Y' b, Z) ~, (X,b,Y), and also X ~0

that X ~7 V) and X ~7 Y’ This is depicted in the left diagram of Figure l

Y (it is also true

Similarly, with ¢ contained in 7, (b), we can apply the second statement of trans-

lation of transitions in Corollary [5.1.26/to Y —, Z and Z ~Y (0

Y’ and we get
X' € S(U) such that X' —; Y" and (Y, ¢,Z) ~y (X',¢,Y’), and also X' ~0 Y’
(it is also true that X’ ~7  Y') and X' ~7 . Y. This is depicted in the right

diagram of Figure [28|

b
—y 5y
Y ——— 7 Y — 7
: :
1 1
~U . ~U ~U | ~U
e ! ¢ e T 2 0
: b : c
! —u ! —ru
X -mm e 3% X7 --mamnie Y

Figure 28: Translation for Y’ Ly, Z with Z ~" Y and for YV —s, Z with
Z v Y

TU(b)
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Y
Xlre) = X'l and X\, ) = X'| 7). Since {7,(b), 7v(c)} is a proper cover of U,

But then, X ~Y Y’ ~Y = X’ and X ~Y

1y (e) ) Ty (b)

X', which means that

~U
Ty b)

we get X = X’ by locality of S. Hence, we have X —%5, Y and X i>U Y’ and
(X,a,Y) ~y (Ya,Z)and (X,0,Y') ~, (Y,b,2Z).

This demonstrates that K3(7)(U) is an ALTSE.

U

T provide ALTSE morphisms from K (7 )(U) to Ky(7T)(Up). These are LTS mor-
phisms from K4 (7)(U) to Ky(T)(Uy) by definition, and we proved that they pre-
serve Sl-independence with Lemma [5.1.31] and that they preserve Sl-equivalences
with Lemma [5.1.18] This establishes that they are ALTSE morphisms in fact.

Furthermore, for any regions Uy < U, the restriction morphisms (resUO,pZO) of

We must verify that natural transformations are preserved by Ky. Consider
any T-adapted presheaves 7 and 7’ on H. Consider any natural transformation
{(ov, Av) : T(U) = T'"(U)}ven in [H, T]adapt- For a given region U, we have that
(ov, Avy) is a LTS morphism from 7 (U) to T'(U) by definition. We have proven in
Lemma that (oy, A\y) preserves the Sl-independence relation on U, and we
have proven in Lemma that it preserves the Sl-equivalence on U. Therefore,
(o, Av) is an ALTSE morphism from K4(7) to Ky (T7).

Finally, we must show that K4 preserves identities and composition. But this
is clearly the case since we did not modify the components of a natural transfor-
mation with Ky. Indeed, if {(1sw),lzw))}uen is the identity on T = (S, L,9),
then it certainly provides the identity for K#(7T) = (S, £,0,Z,~). Furthermore, if
0 ={(ov,\v)}ven : T — T and ¢ = {(o},, \y) }uen : T' — T" are natural trans-
formations in [H, T]adapt, then Ky (T)(6' 2 0) = {(0}; o ou, Ay o Av) buew = 0" 0 =
Fa(T)O") ° K (T)(0)-

This proves that Ky, is a functor from [H, T|agap to [HP, A™]. O
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For a given complete Heyting algebra H, there is an inclusion functor from
[HP, T]adgapt to [H,T], say ty, and there is a forgetful functor from [H, A™~] to
[HP, T], say Gy, and we get Gy o K3y = 13, i.e. the following diagram commutes :

Gu
[HP, T] 4 [H?, A7]

Ly
Ky

[Hop’ T] adapt

Finally, we can apply the functor F) from A~ to M (as given in Definition |3.3.8))
to obtain a Mazurkiewicz trace monoid structure for an A™~-valued presheaf. This is

undertaken in the following definition.

Definition 5.2.3 . For a given complete Heyting algebra H, we define a functor
My : [HP,A~] — [H°P,M] that sends a A~-valued presheaf T to the M-valued
presheaf My (T) = F,, o T.

For a natural transformation {(oy, A\v)}ven : T — T’ in [HP,A™], we set

My({(ov, \v)ven = {F;.(ou, \v)}ven, which is a natural transformation from
MH(T) to My.[(T/)

Proposition 5.2.4 . For a given complete Heyting algebra H, My, as specified in
Definition[5.2.9 is indeed a functor from [HP, A™] to [H°P, M].

Proof. This simply follows from the fact that F> is a functor from A~ to M and the
way My is set up. ]

Finally, for a given Heyting algebra H, we get a functor My, o Ky from [H, T|aapt
to [HP,M] that provides a trace monoid structure for T-adapted presheaves, and it

uses the Sl-independence relations to perform the quotienting on ALTS.
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However, this quotienting does not seem optimal when it comes to presheaves of
LTS. Indeed, there are actions that “glue” independent actions and that should be
identified with the sequential firing of such independent actions. In Appendix [H], we
will make a conjecture that another kind of functor from [H%, T]agep to [HP, M] is

possible, and it should perform the extra quotienting that we need.

Now, we have conceptualized spatially induced independence in the case of a
Heyting algebra as a base space. In the case where a Boolean algebra is used as
a base space, there are many statements provided in the previous section that are
simplified a great deal through the presence of complements, and we explore how this

is so in the following section.

5.3 T-adapted Presheaves on Boolean algebras

The dynamic of SI-independence is somewhat different in the case where T-adapted
presheaves distribute LTS over Boolean algebra spaces (by contrast to Heyting al-
gebra spaces in general). Our objective here is to demonstrate that the systematic
presence of complements in Boolean algebra spaces provides a direct interpretation of
the SI-independence relations Z from Definition as spatial disjointness of con-
taining regions for actions. More importantly however, we will see that the presence
of Boolean algebras forces every action to be independent of every region where they
vanish, and this can actually make the Z relations less efficient. Indeed, if we make
a Boolean algebra version of the Pullback Junction of Buffers, we lose the possibility
of saying that the send' and send? actions are spatially independent, because their
containing regions will overlap on the input place of the junction. Thus, in this sec-
tion based on Boolean algebras, we will provide an extended form of SI-independence
relation, Z, that is a bit more sensible to such case scenarios and that distinguishes

between containment of dependencies and containment of effects[!]

12This ZT can be defined for T-adapted presheaves on Heyting algebras also, but we present it

here because it seems to be more useful in the context of Boolean algebras.
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Before we consider the case of Boolean algebra spaces however, let us consider
the case of complete bi-Heyting algebra spaces first (a lattice that is both a Heyting
algebra and a co-Heyting algebra). When we work with bi-Heyting algebra spaces,
we allow the following distributivity law of finite joins on infinite indexed families of

meets (which is given by the co-Heyting algebra structure in fact) :

Uv(AV) = A\UVV)

jeJ jedJ

This property allows us to make sense of a smallest containing region for actions.

Proposition 5.3.1 . Consider any regions V. < U. Then the property of being a

region that j-complements V in U is closed under arbitrary meets.

Proof. Consider any regions V' < U in a bi-Heyting algebra. Take any family {V;};c;
of regions that j-complement V' in U. Write W := A V;. We have V; vV = U for all

jed

jin J,and thus WV V = (AV,))vV = A(V;VV)= AU =U. This means that
jed jed jed

W is a j-complement of V in U. m

Corollary 5.3.2 . Suppose we have a T-adapted presheaf on a complete bi-Heyting
algebra, and consider any region U and action b € L(U). Then the property of being

a region containing b with respect to U 1is closed under arbitrary meets.

Proof. Take any family {V;};c; of regions containing b with respect to U. Write
W = AV;. We have that V; Ve, (b) = U for all j in J, and thus W V e, (b) = U

JjeJ

by Proposition [5.3.1} We can then apply the WCA axiom and get that W contains b
with respect to U. O

It follows that there exists a smallest containing region for any given action when

we have bi-Heyting algebras.
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Definition 5.3.3 [Smallest Containing Region]|. Given a T-adapted presheaf on
a complete bi-Heyting algebra #H, and any region U and action b € L(U), we define

the smallest containing region of b in U as
Vo) = ALV EH |V <U and VV5U(b):U

And from Corollary it follows that :

Corollary 5.3.4 . In a T-adapted presheaf, if U is any region and b € L(U), then
Yy (b) indeed contains b with respect to U, and for every region V' that contains b with

respect to U, we have ¥, (b) < V.

In other words, we get ¥, (b) V e,(b) = U for any region U and action b € L(U)
within a T-adapted presheaf on a bi-Heyting algebra. Unfortunately, these ) (b)

regions are not as stable under projection as the £,(b) regions, i.e. it is possible to

have 1y (py (b)) # ¢u(b) AV

Indeed, if we consider the Pullback Buffer Junction from Example again (see
Figure , we had an action (send',e) € L(V; V V,) for which we actually identified
the smallest containing region as ¥y, ., (send', ) = V. If we project this action to

Vi A Vs, we get €, so
Gy (P (send'£)) = Vs (€) = ALV < (Vi AV) | V V() = Vi AR}

= N{V<WMAW) | VVWIAL) =VIATL} = Oy
# Vi AVa =y, (send' €) A (Vi AV3)

13Notice that this 1, (b) is definable in a weaker context where we have T-valued presheaf with £
as a separated presheaf (as opposed to a T-adapted presheaf). In such contexts however, it does not
provide a smallest containing region, i.e. it provides only a smallest j-complement to &, (b). Also,
for Proposition we will be using this more general 1, (b) in the context of a T-valued presheaf

with £ as a separated presheaf.
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L1V
(inp',inp?), (send', send?), (send',¢), (e, send?)
L£(V)) L(V3)
95\‘ Av
LVI A V)

Figure 29: Specification of labelling sets for the Pullback Buffer Junction as provided
in Example W

However, we do get the following :

Proposition 5.3.5 . Given a T-adapted presheaf on a complete bi-Heyting algebra,
and any regions V < U and any action b € L(U), we have :

v (py(b) < Yu(b) AV

Proof. We have that e,-regions are stable under projection by Proposition [4.3.26],
and so ey (pY (b)) = e,(b) A V. Thus, we get :

(Yo (D) AV) V (v (p(b) = ($u(b) AV) V (eu(b) AV)
= (Yu(b) Ve (b)) AV
=UANV =V

This means that 1, (b) AV contains p¥(b) by the WCA axiom. By Corollary |5.3.4]
we get 1y (o7 (b)) < Pu(b) AV O
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For this reason amongst many others, we decided to go ahead and develop the
theory of T-adapted presheaves in an even stronger context, replacing the Heyting
algebra base space not just with a bi-Heyting algebra, but with a Boolean algebra

(fact : every Boolean algebra is a bi-Heyting algebra).

Thus, for the rest of this section, we fix B as a complete Boolean algebra. For any
regions U and V in B, we use the notation V to denote the complement of V in B,
and when V < U, we write U\ V := U AV to denote the complement of V in U.

Proposition 5.3.6 . Given a T-adapted presheaf on a complete Boolean algebra B,
and any region U and action b € L(U), we have that 1, (b) = U \ ,(b).

Proof. We have that (U \ €,(b)) V &,(b) = U, which means that U \ £,(b) contains b
with respect to U by the WCA axiom. By Corollary [5.3.4) we get ¢, (b) < U\ ey (b).

Also, UNey(b) = (¢u(b) V eu (b)) N e (b) = ¢ (b) Neu(b) = (U A¢pu()) \ ey (b) =
(UN ey (b)) Ay (b). This means (U \ e,(b)) < ¢y (). O

In other words, when it comes to T-adapted presheaves on Boolean algebras, we
get that the smallest containing region 1, (b) is the complement of £, (b) in U for any
region U and action b € L(U). This is quite an appealing result which makes the case
of Boolean algebras truly easier to deal with when talking about action containment.
In Definition |4.3.15, we defined a proper region of b with respect to U as a region
that contains U and that is disjoint from e, (b). Thus, since ¥, (b) A €,(b) = 0p in
the context of a Boolean algebra space, we can refer to v, (b) as the proper region of
bin U (it is unique of course). And we recall that by Definition [4.3.9) this means
precisely that b is independent of €,(b). Thus, every action is independent of the
regions where they vanish. This contrasts with the case of T-adapted presheaves on
Heyting algebras such as the Pullback Junction of Buffers from Example where

an action can depend on an e-region (we saw that with the (send',¢) action).
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Now, in the case of Boolean algebra spaces, these proper regions for actions project
well on subregions (as opposed to what Proposition expresses in the case of bi-
Heyting algebras) :

Proposition 5.3.7 [Stability of Proper Regions under Projection].
Given a T-adapted presheaf on a complete Boolean algebra, and any regions V- < U

and b e L(U), we have :
wv(p\[i(b)) = ¢U(b) ANV

Proof. We have 1, (pY (b)) = V N ey (pU(b)) =V Aey(pU(b)) = V Aey(b) ANV since
ev(pY(b)) =€, (b) AV by Proposition 4.3.26 and then :

VAEMAV) =VA(Eb)VY) =V Ae,)VVAV)=VAeg ) =

(UAV)YANey () = (UAey(®) AV =(UNe, () AV =y (b) A V. O

The presence of proper regions v, (b) facilitates the statement of the WCA axiom

for T-adapted presheaves, and this is established in the following proposition.

Proposition 5.3.8 [WCA Equivalence for Boolean Algebras].
Given a T-valued presheaf on a complete Boolean algebra where S is a sheaf and L is

a separated presheaf, we have that the following statements are equivalent :

1. (WCA axiom) For any regions V < U and any action b € L(U),
if VVey(b) =U, then V contains b with respect to U.

2. For any region U and any action b € L(U), we have that 1,(b) contains b with
respect to U.[F]

14 As remarked in the footnote provided with Definition |5.3.3] we do not have 1, (b) as a smallest
containing region with the assumptions of this proposition here. However, 1, (b) as U \ g, (b) is

well-defined, and we make use of this.
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Proof. 1f the WCA axiom holds, then consider any region U and any action b € L(U).
We automatically get that ¢y (b) contains b with respect to U because

Y (b) Vey(b) = (UNey(b) Vey(b)=U.

Conversely, suppose that for any region U and any action b € L(U), 1, (b) con-
tains b with respect to U. Consider any region V such that V' VvV e,(b) = U. By
Proposition [4.3.27] it suffices to prove that b decomposes over {V,e,(b)}, and this is
precisely to say that the following equation holds :

U(b
Ly = ((rest) ™o 20 ety n 2

We already know that the inclusion from left to right holds in the above (this is simply

from the presheaf structure (Proposition 4.1.15))). We verify that the inclusion from
Vb
right to left also holds. Consider any X,Y € S(U) such that X|y MV Y|y and
P (b)

Xlep) = Y|ey ) (this means (X,Y) € ((resy)™to ==, ores¥) N :gmb) ).

Since V' Ve, (b) = U, and since 1, (b) is the complement of €, (b) in U, we get that
: Py ®
Yy (b) < V. This means Xy, 5 = (X|v)|po o) o

and since

soy YIV)lwowy = Ylpwo)

U b)
b o U 1 Pupo! U LU
Ty = ((r€S¢U(b)) © Puy ) © T€Sy m )N ()

is provided by our assumption that 1y (b) contains b with respect to U (we applied

Proposition 4.3.17 here), we get X —b>U Y. This shows the inclusion in question and

we are done. N

Through this equivalence, we can reformulate Definition of a T-adapted

presheaf in the context where we have a Boolean algebra as a base space, as follows :
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Definition 5.3.9 [T-adapted Presheaf on a Boolean algebral].
A T-adapted presheaf on a complete Boolean algebra B is a T-valued presheaf
T =(S,L,5) on B, where :

1. (Sheaf of states) : S is a Set-valued sheaf
2. (Separated presheaf of labels) : L is a Set.-valued separated presheaf
3. (Well-Contained Actions (WCA)) :

For any region U in B and b € L(U), 1y (b) contains b with respect to U.

The spatially induced equivalence on transitions is also simplified, as it suffices to

deal with proper regions of actions now, and this goes as follows :

Proposition 5.3.10 . Consider any region U and action b € L(U) in a T-adapted
presheaf on a Boolean algebra. Then, for any transitions (X,0,Y), (X', b,Y") € §(U),
we have that :

(X,b,Y) ~p (X,0,Y) & XU Y and X' =V Y

Yy (d oy (b)

Proof. Consider any transitions (X,0,Y), (X’,b,Y") € §(U).

If (X,0,Y) ~y (X',b,Y’), then there exists a region V' that contains b with re-
spect to U such that X ~Y Y and X’ ~Y Y. But then, ¢, (b) < V by Corollary [5.3.4]
so X ~Y Yand X'~V Y

Yy (d) Yy (b)

Conversely, if X ~7 Y and X' ~7 Y’ then we automatically obtain

(X,b,Y) ~y (X',0,Y’) since ¢, (b) contains b with respect to U. O

And we get a very intuitive interpretation of the spatially induced independence
relation Z : that actions are spatially independent if and only if their proper regions

are spatially disjoint. This goes as follows :
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Proposition 5.3.11 [Standard SI-Independence in a Boolean Algebra].
Consider any region U and any action b € L(U) in a T-adapted presheaf on a Boolean

algebra B. We have the following equivalence :
bI(U)c & u(b) Athylc) = 0p
foranyb,c € L(U), where Z(U) is the independence relation given in Definition|5.1.27.

Proof. Taken any actions b, ¢ € L(U). Then,

bZ(U)c

ev(b) Vey(c)=U (from Proposition
eu(b) Veu(c)) =0

(UNeu(b) vV (UNey(c)) = 05

Yu(b) ANu(c) = 0g

(O

]

Thus, the Theorem of Spatially Induced Independence applies for the case of a
Boolean algebra precisely under the criterion of spatial disjointness of proper regions

of actions for the SI-independence relations.

However, it so happens that, in the case of Boolean algebras, these SI-independence
relations are not as efficient as they should be. Consider the following discrete space

representation of the Buffer Junction (in comparison to the Pullback version of Ex-

ample [123) -

Example 5.3.12 [Discrete Space Buffer Junction]. Consider a set of places
P ={z,y,z} and let B be the discrete space over P. Define a T-valued presheaf T

on B as follows :



5.3. T-ADAPTED PRESHEAVES ON BOOLEAN ALGEBRAS 179

1. State spaces : S(U) = {0,1}Y for any region U C P, and restriction maps are

given by function restrictions.
2. Labelling sets : For any region U C P,
o send' € L(U) & {z,y}NU#D
o send? € L(U) & {z,2}NU#£0D
e inpe LU) & {z}nU#D
3. Labelling projections : For any regions V C U C P,

o If {z} NU # 0, define pY(inp) as :

inp i {z}nV #£0
15 otherwise

Py (inp) = {

o If {z,y} NU # 0, define pY(send') as :

send'  if {z,y} NV #£0
€ otherwise

ol (send") = {

o If {z,2} NU # 0, define pY(send?) as :

send®* i {z,z} NV #£0

€ otherwise

ol (send?) = {
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1
4. The ﬂ)[] transition relations are provided by the smallest transition relations

such that for all m,n,n/,w € {0,1} :

", y
P
mE HE

T y T y
send! -

y
Z

—
Z

{y,z}

L send! i
z z
T

Y

send?!

E{y}

y

2
5. The ﬂ)U transition relations are provided by the smallest transition relations

such that for all m,n,n’,w € {0,1} :

T, y
P
ik ] -

z An]? x
send? )

Y

?/
z

S
Z

{y,z}

z

send?

z
(=
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6. The in—p>U transition relations are provided by the smallest transition relations

such that for all m,n,n’,w € {0,1} :

y y x  An]Y x  n]Y
xXr n , xr n
] ]

g inp

Xz
— e np
Z {2} Z — )

n

All this information determines a T-adapted presheaf on the discrete space over
P, and it is not too complicated to show that the restrictions (res?, p¥) provide LTS

morphisms.

In the above example, we have that send' and send? are not independent in

P in the sense of Z(P), because v,(send') = {z,y} and ¢p(send?) = {x,z}, and

these are not disjoint. This is unfortunate because these actions actually respect the
send?! send? sendQ\ send?!

equations of Alternative Paths >p O > p= p O » and One-Step

. . send! send? send? send! .
bi-Amalgamation ——, 0 ,— = p,¢— o ——, in the sense of an ALTS.

However, in the Pullback Buffer Junction, the global representation of these ac-
tions, (send',¢) and (e, send? ), are actually independent, which means that the Heyt-
ing algebra representation gave us more information about independence of these ac-
tions. The reason why this is so is because we projected (send',e) and (g, send*)

to € on a place where each of the actions actually had a dependence, and without

15The actions in question respect the conditions for independence in an ALTSE actually, using

~y as an equivalence.
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the more refined discrete space representation, the WCA axiom could not expose this

projection to € as “incorrect”.

The truth is that in our elaboration of action containment, we forced j-complements
of e,(b) as regions where dependencies and effects are contained simultaneously for an
action. But generally speaking, regions that contain dependencies and regions that
contain effects are entirely different kinds of regions. In the above Discrete Buffer
Junction for example, send' depends precisely on {z}, and it has its effects precisely
in {y}, and 9p(send') = {x,y} has no choice but to consider the smallest region
that contains both of these regions. Similarly, send® depends precisely on {z}, and it
has its effects precisely in {z}, and ¥, (send?) = {z, 2} has to contain both of these
regions to contain dependencies and effects at the same time. Thus, the fact that ¢,
does not discriminate between these different kinds of subregions prevents us from

accessing a finer form of independence relation amongst actions.

However, there is a quick fix for this, and the idea for the above example is that
even if ¢p(send') = {z,y} and p(send?) = {z, z} are not disjoint, it is true that
send? has no effects in {z,y}, and it is true that send' has no effects in {z,z}, i.e.
these actions should, in fact, be independent. As such, we can formulate an extended
form of spatially induced independence with the help of transparent regions, and this

goes as follows :

Definition 5.3.13 [Extended SI-Independence Relations]. Given a T-adapted
presheaf on a complete Heyting algebra H, and a region U in H, we define the ex-

tended spatially induced independence relation on U, denoted ZT(U), as the binary
relation on £(U) such that for all b,c € L(U) :

bZI*(U)c <« 74(c) contains b and 7,(b) contains ¢

We say that b is spatially independent of ¢ with respect to U when the above

condition holds.
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Whenever actions are independent in the sense of Z*(U) for some region U, we get
that their transparent regions form a proper cover of U. This is what the following

proposition establishes.

Proposition 5.3.14 . Given a T-adapted presheaf on a complete Heyting algebra H,
a region U in H and any actions b,c € L(U), we have that :

bZT(U) c¢ = 1b)V1y(c)=U

Proof. Suppose that b ZT(U) ¢ as in the above statement. We get that 7,(c) contains
b in particular, and this means that U = 7,(c) V e,(b) < 1y(c) V 7,(b) < U. Thus,
Ty(c) V 1y(b) = U. 0

There is an equivalent way of representing the extended SI-independence relations

in the context of Boolean algebra spaces, and this goes as follows :

Proposition 5.3.15 . Given a T-adapted presheaf on a complete Boolean algebra B,

a region U and any actions b,c € L(U), we have :
b IZT(U) ¢ & y(b) < 7y(c) and ¥y (c) < ()

Proof. Consider any region U and actions b,c € L(U). If b ZH(U) ¢, then we get
that 7,(c) contains b and 7,(b) contains ¢. This means that ¢,(b) < 7,(c) and
Yy (c) < 745(b) respectively by Corollary On the other hand, if ¥, (b) < 7,(c)
and Yy, (c) < 74(b), then we get U\ 7,(c) < U\ Yy(b) = €,(b) and U \ 7,(b) <
UNy(c) = ey(c). But then, U = 7,(c) V (U N\ 75(c)) < 1p(c) Vey(b) < U and
U =1,V (UNT,(b) < 1y(b) Vey(c) < U, from which we get 7,(c) Ve, (b) =U
and 7, (b) V ,(c) = U. This means that 7,(c) contains b and 7,(b) contains ¢ by the
WCA axiom. O

These extended Sl-independence relations Z1(U) constitute finer forms of inde-

pendence relations than the standard SI-independence relations Z(U) as provided in

Definition B.1.27 :
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Proposition 5.3.16 [Extended SI-Independence Relations are finer|.
Given any T-adapted presheaf on a Heyting algebra, we have Z(U) C ZH(U) for any

region U.

Proof. Consider any region U and any actions b, ¢ € L(U), and suppose that b Z(U) c.
By Proposition [5.1.29, we get U = &,(b) V £4(c). We have £,(b) < 7,(b) from
Corollary and thus we get U = e,(b) V ey (c) < 14(b) V ey (c) < U. This means
U = 14(b) V ey(c), and thus 7,(b) contains ¢ by the WCA axiom. Similarly, we can
show that b is contained in 7, (c) with e,(c) < 7,(c). Thus, b ZT(U) c. O

We had a difficulty earlier on with the Buffer Junction on a Discrete Space over
P = {z,y,z} from Example [5.3.12 where the send' and send? actions in £(P) were
not Sl-independent with the standard Sl-independence relations given by Z. Fortu-
nately, we have that they are SI-independent with the extended SI-independence rela-
tions : we have ¥p(send') = {x,y} = 7p(send?) and 1, (send?) = {z, 2z} = 7p(send"),

and by Proposition [5.3.15, we get that send" ZT(P) send?.

Now, we need to establish that these extended SI-independence relations (together
with the ~) have the properties expected of them to provide ALTSE. However, it
turns out that they do not exactly provide ALTSE in their actual form, but this
is only up to a minor detail that the extended Sl-independence relations are not
irreflexive. We could always modify the definition of the Z*(U) and force the latter
to be irreflexive by taking Z*(U) \ Ay instead. With these Z+(U) \ Az, we get
ALTSE indeed, and this is established in the following theorem.

Theorem 5.3.17 [Extended Spatially Induced Independence].

Given any T-adapted presheaf T = (S, L,d) on a Heyting algebra and any region U,
we have that (S(U), L(U), §(U), ZH(U)\ Azw), ~v) ts an ALTSE, where ZH(U) \
Ar@ny provides the independence relation of the ALTSE, and ~ provides the equiva-

lence on transitions.
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Proof. Consider any T-adapted presheaf T = (S, £,0) on a Heyting algebra and any
region U. The fact that ~, is an equivalence has been established before in Propo-
sition . That Z7(U) \ Az is irreflexive and symmetric is clear. Axiom (1) of
an ALTSE follows from the definition of ~,, where (X,b,Y) ~, (X', ¢,Y’) certainly
implies b = ¢ for any transitions (X, 0,Y), (X', ¢,Y’) € 6(U). Axiom (2) of an ALTSE
has been verified in Proposition [5.1.17]

Now, consider any actions b,c¢ € L(U), and suppose that b Z*(U) ¢. The proofs
for axioms (3), (4), and (5) are provided in the body of the proof of the Theorem
of Spatially Induced Independence. Indeed, we have that 7,(b) contains ¢ and 7,(c)
contains b with respect to U, and these are the only assumptions that we need in order
to follow the proofs for the axioms (3), (4), and (5) that are delimited in between two

horizontal lines within the proof of Theorem [5.2.2]

This establishes that (S(U), L(U),0(U), T (U)\ Azwy, ~v) is an ALTSE. O

The question remains now, why did we not simply focus on this extended SI-
independence relation a priori for our first version of the Theorem of Spatially In-

duced Independence?

The answer is that we are far from having a functor from [H, T|agqp to [HP, A™]
like we had in the previous section with Z, i.e. if we use Z instead. Indeed, if (S, L, 9)
is a T-adapted presheaf, then it is not true that (S,L£,0,Z7 \ A, ~) is a A~-valued
presheaf. The reason is that, whilst e-regions and containing regions are stable under
projections, it is seldom the case that transparent regions project properly in the
presheaf structure. Indeed, we gave a counter-example to this with Example [5.1.12]
This same example actually serves as a counter-example to the idea that extended SI-
independence relations are preserved by LTS restriction morphisms within T-adapted

presheaves in general. We explain how this is so here.
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Example 5.3.18 . Consider the T-adapted presheaf on the discrete space over
P = {z,y} from Example We had sets of transitions as depicted in Fig-
ure 30| for this system, and we recall that we had specified p{,,(b) = b and p{,,(c) = c.
We see in the figure that both the actions b and ¢ are transparent in P, which means
that 7,(b) = 75(c) = P. But then, P clearly contains both b and ¢, so b Zt(P) c.

Figure 30: Specification of § for Example [5.1.12|

We have 7,,(c) = 0 because 0 —,, 1 is an effect of ¢ in the region {z}. Also,
b# e, s0e, =ey(b) =0, because the empty set is the only subregion of {z} apart
from {z}. This means that 7,,(c) Ve, (b) = 0 # {z}, and this means that 7,,(c) does
not contain b with respect to {}. But this is the statement that 7(,,(p{,,(c)) does not
contain pf,(b) with respect to {x}, and so it is not true that pf,(b) Z*(P) pr,,(c).
This shows that LTS restriction morphisms in T-adapted presheaves do not preserve

the extended Sl-independence relations in general.

Therefore, if one requires a maximal amount of Sl-independent actions locally
within a T-adapted presheaf, one can always use the extended Sl-independence rela-
tions ZT(U). But if one requires a form of SI-independence structure that properly
extends a T-adapted presheaf to a presheaf of MLTS with trace monoids, one might

consider working with Z instead.



5.3. T-ADAPTED PRESHEAVES ON BOOLEAN ALGEBRAS 187

We now proceed to an investigation of localized relational structures, and the
latter will allow us to derive more concrete examples of T-adapted presheaves to

work with.



Chapter 6
Localized Relational Structures

Now that the theory of SI-independence is laid out for T-adapted presheaves, we will
need a methodical approach to efficiently construct a wide variety of such adapted
presheaves to work with. When we have precise knowledge of the regions where
the dependencies and the effects of actions are contained, we can make a direct
specification of such actions in those regions. This is what we do with localized
relational structures (LRS) over discrete spaces (these LRS are due to me) as we
will see. These LRS are convenient to specify and serve as intermediaries in the
elaboration of T-adapted presheaves. More precisely, we will associate one T-adapted
presheaf to each localized relational structure. As such, we will study more examples
of T-adapted presheaves and get a sense of how the theory of Sl-independence can
be applied. We will provide three examples of LRS here : Petri Net LRS, a Kings
and Rooks LRS (to represent movements of chess pieces on a chessboard), and a

Concurrent Unlimited Register Machine LRS.

6.1 Definition and LRS Presheaves

A localized relational structure (LRS) has a substructure, called a localized label
structure, whose role is essentially to specify the labelling presheaf of a T-adapted

presheaf. We investigate these substructures first, and then we will expand on LRS.

188
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Definition 6.1.1 [Localized Label Structure|. A localized label structure (LLS)
on a discrete space is a tuple @ = (P, L,¢~, 1) where :

1. P is a set of places. We refer to subsets of P as regions (so we will be using the

discrete space associated to P);

2. L is a labelling set (an object of Set.), that is, L is a set that does not contain
the distinguished symbol €. We will refer to the elements of L as actions (or as

labels);
3. (P, L,y ,4¢™) is a directed multi-hypergraph in the following sense :

e The set of vertices is given by the set of places P;
e The arrows are given by the labelling set L ;
e v~ :L—P(P) , " :L— P(P) are the incidence functions, and for

any action b € L we refer to 1)~ (b) as the input region of b, and we refer

to 1T (b) as the output region of b.

In conjunction to such a localized label structure @ = (P, L, ,¢™), we define a
function ¢ : L — P(P) that sends a label b € L to the proper region of b, given by
W(b) = ¢~ (b) U™ (b). And we will also use the following notation and terminology
with respect to a region U C P and b € L :

e The input region of b with respect to U is defined as ¢, (b) := U Ny~ (b).
e The output region of b with respect to U is defined as ¢f (b) := U N+ (b).
e The proper region of b with respect to U is defined as 1, (b) :== U N (b) E|

Finally, we will make use of the graph G = (P(P), L, ¢~ ,v¢™) associated to (), where
vertices are regions, arrows are labels, and source and target maps are provided by

1~ and 1 respectively.

'We will get these proper regions 9, (b) to correspond with the ones defined previously in Sec-
tion when we get T-adapted presheaves later in this section.
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Remark 6.1.2 . For a LLS as in the above definition, we have for any region U and any
action b € L that U\, (b) = UN(b), U\ (b) = UNT(b), and UNy;; (b) = U\~ ().
Also, for regions V' C U, we have 1y (b) C ¢,(b) C ¢ (b)), (b) C ¥, (b) C ¥~ (b), and
Py (D) S ¥ (b) S (D).

For a given localized label structure @ = (P, L, ,¢™), the intention behind the
incidence functions is that for any action b € L, the region ¢~ (b) represents the region
where the dependencies of b are contained as a whole, and the region ¢/ (b) represents
the region where the effects of b are contained. We can associate a labelling presheaf

to a localized label structure, and this is realized as follows :

Definition 6.1.3 [Localized Label Structure Presheaf]. The labelling presheaf
associated to a localized label structure Q@ = (P, L,y ,¢™"), is the Set.-valued sepa-
rated presheaf £ : P(P)% — Set. [J as follows :

o L(U) = {b e L | ¢yb) # 0} for each region U C P, and we remark that
V C U C P implies that L(V) C L(U) ;

e Given any regions V C U, we define the labelling projection from U to V,
denoted pY = L(V C U) : L(U) —- L(V), as the relational inverse of the
inclusion map from £(V') to L(U), and it is specified as follows :

U(b):{ bty (b) £ 0

€ otherwise

for any b € L(U).

Remark 6.1.4 . We did not impose ¢(b) # () for an action b in a localized label
structure, and a consequence is that we will not be able to physically localize an
action b such that 1(b) = 0, i.e. ¥(b) = () implies b ¢ L(U) for any region U.

Proposition 6.1.5 . The labelling presheaves associated to localized label structures

as in Definition[0.1.3 are indeed Set.-valued separated presheaves.

2We represent the discrete space associated to P as P(P), and it serves as the base space for L.
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Proof. Consider the labelling presheaf £ of a localized label structure Q = (P, L, ¢~ , %),
and fix a region U. We have £(U) C L and ¢ is not an element of L, so € is not an
element of £(U). This means that £(U) is an object of Set.. Also, we have for any

b e L(U) that ¢, (b) # 0 and we get pl(b) = b. Thus, pl = 1z is the labelling
identity on L£(U) in Set..

Now, to see that £ is a Set.-valued presheaf, it remains to verify that the la-

belling projections preserve composition i.e. for any regions W C V C U, we have

Py © Pv = Ply-

Consider any regions W C V C U, and any action b € L(U).

o If ¢, (b) = 0, then ¢y (b)) = W N(b) C VN = ¢y (b) = 0, and we get
ty (D) = 0 also. In particular, this means (pV, o p%)(b) = pv.(p%(b)) = p¥.(g) =
e = piy(b).

o Ifhy(b) # 0 and ¢y (b) = 0, then (py.op7)(b) = py, (pV (b)) = piy (b) = € = pii, (D).

o 1f4y(b) # 0 and Y (b) 7 0, then (py,opy)(b) = py (P (D)) = pyy (b) = b = pyy (b).

This shows py, © pv = py,.

We must now verify that £ is a separated presheaf. Consider any proper cover
{V;}jes of a region U, and consider any two actions b,c € L£(U) such that p"ij(b) =
py.(c) for all j € J.

If pgj(b) = ¢ for all j € J, then V; N¢)(b) = by, (b) = 0 for all j € J. This entails
that ¢, (b) = Uny() = (UV;) nyd) = J(V; Nep(b)) = 0. This means that

jed jed

b¢ L(U), a contradiction.

Hence, there exists a j in J such that p‘(ij(b) =b= p"fj(c), and this means b = ¢
by definition of pgj applied to b. This proves that the labelling morphism £(U) —
‘HJE(Vj) that arises from the product of the projections L(U) — L(V}) is injective; in
JjE
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particular, it is a monomorphism in Set. by Proposition Thus, L is a separated
presheaf. O

And since the labelling projections p¥ for the labelling presheaf of a LLS are

1

relational inverses of inclusion maps (p¥)~!, we get that the pairs ((p¥)~!, p¥) form

embedding-projection pairs in the following sense :

Proposition 6.1.6 [Embedding-Projection Pairs for LLS].
Given a labelling presheaf associated to a localized label signature, we have that for

any regions V C U :

1. pYe(p) ! =1z

Proof. An easy proof. m

Independently of the formulation of T-adapted presheaves, we can start talking
about e-regions, containment of actions and spatially induced independence when
we have a labelling presheaf of a localized label structure. Indeed, given such a
Set.-valued separated presheaf £ and a region U and an action b € L(U), we can
define an e-region of b in U as a region V' C U such that p¥(b) = €. The proof in
Proposition [4.3.20] that establishes the existence of largest e-regions, does not use
the T-valued presheaf structure, and it works for any Set.-valued separated presheaf.

As such, we get the following :

Proposition 6.1.7 [Largest c-Region for LLS]. Given a labelling presheaf L of
a localized label structure, we have that the largest e-region of an action b with respect

to U is ey(b) = U\ y(b).

Proof. Consider the labelling presheaf £ of a localized label structure, and fix a
region U and an action b € L(U). We have that 1)y, (b) = (U \ 9y (b)) Np(b) =

3We recall that this is inclusion for the relations that correspond to the graphs of these labelling

morphisms.
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(UN (b)) Nap(b) = B, so pi,, . (b) = € by definition. Now, consider any region
V' C U that is an e-region of b in U. We have pU(b) = ¢, and so V N (b) = (. But

then, V C 4 (b), and we get VC U Np(b) = U\ (b) = U \ ¢, (b). This proves that
U\ 9y (b) is the largest e-region of b with respect to U. ]

Of course, with ¢, (b) = U \ €,(b) as in the above proposition, we will be able to
say 1y (b) is the smallest containing region of b with respect to U, as long as we can
elaborate a T-adapted presheaf for which the labelling presheaf is given by a localized
label structure. In the same sense, we will be able to provide an Sl-independence
relation Z that uses spatial disjointness of actions as a criterion. However, we give a
definition for Z right away because the latter’s definition only relies on the structure
of £ once it is set in place. And there is another form of Sl-independence, denoted
Z°, that we can use with respect to LLS also. These Sl-independence relations are

defined as follows :

Definition 6.1.8 [SI-Independence Relations for LLS]|. Given a labelling presheaf
L of a localized label structure and a region U, we define two binary relations Z(U)
and Z°(U) on L(U) as follows :

L bI(U) ¢ & (b)) Nty(c) =0

2.0Z°(U) ¢ & (¥(b) Neu(c)) U () (c) Ny (b)) =0

Given a labelling presheaf £ for a localized label structure and a region U, it is
not too difficult to see that Z(U) C Z°(U) if we recall that ¢, (b) = ¥t (b) U (b) for
any action b € L(U).

We now proceed to the definition of localized relational structures.
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Definition 6.1.9 [Localized Relational Structure|. A localized relational struc-
ture (LRS) (on a discrete space) is a tuple I' = (P, L,v~, %", S, (—)) where :

1. Q= (P, L,y ,%7 is a localized label structure.

2. § is a set-valued sheaf on the discrete space over P called the state space sheaf
of I.

3. (=) : Gg — Rel is a relational diagram of shape G E| in Rel such that (U) =
S(U) for each U C P. We refer to (—) as the pre-relational diagram of T,
and it is called that way because it will serve as a basis on which the relational

diagrams of a T-adapted presheaf can be specified.

Remark 6.1.10 . For a set-valued sheaf S on a discrete space over a set P, we get that
for any region U C P, S(U) arises as a product of the state spaces associated to each
point p € U, i.e. S(U) = plE_IUS({p}). We can think of the elements of ple_IUS({p}) as
functions of the form X : U — |J S({p}) where X (p) € S({p}) for each p € U. Thus,

peU
we will represent the elements of S(U) as functions of this form. The restriction map

for regions V' C U in § are then simply given by applying a function restriction on a
map X € S(U), i.e. rest(X) = X|y is the restriction of X to the set V.

Now, given a localized relational structure I' = (P, L, ¢, ¢ ", S, (—)), we will think
of by : S(¥~(b)) — S(¥* (b)) as specifying b’s transition relation precisely where it

is contained as a whole, with its dependencies in )~ (b) and its effects in 7 (b).

Before we associate T-adapted presheaves to localized relational structures, we
start by describing the relational diagrams that are associated to the regions of such

presheaves as follows :

“Recall that Gg = (P(P), L, ~,¢T) is the graph associated to @ from Definition
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Definition 6.1.11 [Relational Diagrams for Transition Relations in a LRS].
Given a localized relational structure I' = (P, L, %", S,(—)) and a region U

in P(P), we define the relational diagram associated to U in T', denoted QU:
({x}, L(U)) — Rel [}, as follows :

o« 5, =S)
e Forbe L(U) and X,Y € S(U), we let X %, Y if and only if :

(1) X’vag(b) = Y|U\¢g(b)

Condition (1) above says that, outside of the region where b has its effects in
U, b must be transparent (indeed, the effects of b are contained in 1" (b) as we
will see). Condition (2) says that i>U operates precisely as (b)Y would, in the
region where it intersects with the input and output regions of b in U. L>U is

completely determined by (b) this way.
And we obtain a T-adapted presheaf for each LRS as follows :

Definition 6.1.12 [Presheaves for LRS]. Let I' = (P,L,v,¢",S,(—)) be a
localized relational structure. The LRS presheaf of I' is a T-adapted presheaf given
by the functor Tr = (Sr, Lr,dr) : P(P)? — T, where :

1. Sr is S, which is the state space sheaf of I' as given in Definition [6.1.9;

2. Lr is the labelling presheaf of the localized label structure (P, L, ,¢") as
provided in Definition [6.1.3}

3. For a region U C P, or(U) is specified precisely by the relational diagram ﬁ)U
of I'in U as in Definition [6.1.11]

For any regions V' C U, we get a well-defined labelled transition system 7Tr(U) =
(Sr(U), Lr(U),dr(U)), and the LTS restriction morphism from Tp(U) to Tr(V) is

5({x},L(U)) is a graph with a single vertex x and arrows L(U).
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given by the pair (res?, p¥) where res? is the restriction map from Sp(U) to Sp(V)
in S, and pY is the labelling projection from Lr(U) to Lr(V) in L.

Theorem 6.1.13 . The LRS presheaves (as in Definition are indeed
T-adapted presheaves.

Proof. Consider any localized relational structure I' = (P, L, , 91, S, (=)). Tt is
clear that 7r(U) is a well-defined LTS for any region U in P(P). Consider any re-
gions V' C U. We verify that the restriction morphism (res?, p¥) is indeed a LTS
morphisms. Consider any action b € £(U) and any transition X L, Y in T(U).
Then X |ny+@p) = Y|ong+r), and we get an (X', Y”) € (b) such that X|¢{,(b) = X/|w5(b)
and Y|,+4) = Y'[ ). Also, since b € L(U), we have that v, (b) # 0.

If pY(b) = e, then 9y (b) = 0, and we must verify that X[, = Y|y. Since
X LU Y, the first condition above provides X|j\y+@m) = Y|og+@). But then,
V N (b) = ¢y (b) = 0, and this means V' C U \ ¢, (b). But ¢ (b) C 1y, (b), and so
UN 1y (b) CUNYF(b). Thus, with V- C U\ (b), we get X|y =Y]y.

If p(b) = b, then we must verify that X|y Ny Y|y. In this case, we get
VN YF(b) € UN9Y*(b), and since X|pnyt@p) = Yo+, we get (X|v) e =
X+ = Yo = Y|v)lvag+@)- This verifies the first condition for the transi-
tion X|y —=, Y|y to occur. We have &7 (b) C v (b) and 7 (b) C ¥ (b), and with
the (X', Y”) in (b) as given above, we get that :

_ _ / ot
(XTW)lyp o) = Xlupoy = Xlug o) lwpoy = (Xlyg o) lup o) = Xlyp e and

<Y|V)|¢‘J;(b) = Y‘¢‘t(b) = (Y‘qﬁ;(b))w;(b) = (Y/|¢§(b))|¢‘t(b) = Yllqp‘t(b)

Thus, X|y ih, Y|y holds by definition, i.e. b has a local transition from the
state X|y to the state Y|y in V.

We must now verify that 7t is a T-adapted presheaf. By definition, St is a sheaf.

Also, from Proposition [6.1.5, we know that Lr is a separated presheaf. It remains to
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check that the WCA axiom holds.

Consider any region U, and any action b € L(U). Consider any region V' that
j-complements ¢,(b) in U. We cannot have p%(b) = ¢ because, in this case, we
get VN y(b) = 0 and, with pl ,(b) = ¢, we get e,(b) N ¥(b) = 0. This yields
Bulb) = U A () = (V U g () N5(b) = (V A (B) U (2 (8) N 6(5)) = 0, and this
contradicts b € L(U). Thus, p¥(b) = b.

We need to show that V' contains b with respect to U. By Proposition and
pY(b) = b, it suffices to verify that :

1o Lh, oresy) N ~7 (2)

b
—u = ((resy) )

We recall that the inclusion from left to right is already provided for the above equa-

tion, and we simply verify the inclusion from right to left.

Let X and Y be states in S(U) such that X|y Ny Y|y and X ~V Y. By def-

Tey((b)

inition of 2, we get (X‘V)’vw;;(b) = <Y|V)|V\¢‘+,(b)> and we get (X',Y') € ()

er(D) NS (0) = (UN (D) N (b) = (UN ¢y (b)) = eu(b)
Then, we get :
UNYg(b) = (VUey(®) N (b) = (VN () U (eu(b) N ¢y (b))
= (VN9 (b)) Ueu(b) = (VN[ (b)) Uew (D)
= (VN9 (b)) Ueu(b) = (VN7 (b)) Uey(b)
Furthermore, we have :

(X|U\w;§(b))|V\zp‘t(b) = X|V\1/;‘J§(b) = Y|V\¢‘t(b) (Y|U\wg(b))|\/\¢‘t(b)

and

(X|U\¢g(b))’eU(b) = X|5U(b) = Y|5U(b) = <Y|U\¢;§(b)>|ay(b)
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Since {V N\ 9 (b),e,(b)} covers U \ ¢ (b), we get that Xl ) = Ylowge by
locality of S. This verifies the first condition for X ih] Y to hold.

For the second condition, we have ¢, (b) = U Ny~ (b) = (V Uey(b)) Ny (b) =
(V= (b)) U (ex(b) N (b)) = 1y, (b) because e,(b) N~ (b) = (0, and similarly,
¥y (b) = ¥ (b). But then, we get X, = X'|,-¢) and Y[+ = Y|+ with
(X',Y") € (b). Thus, X —25, Y holds.

This proves the inclusion from right to left in Equation [2| above, and thus we get
equality. This establishes that V' contains b with respect to U. O

And we should now verify that the v, v, and 9™ play their respective roles as

far as containing dependencies and effects of an action goes in these LRS presheaves.

Proposition 6.1.14 . Given a LRS presheaf and a region U, and an action b € L(U),
we have that the following hold :

1. ¥y (b) as given in Definition is indeed a proper region of b with respect to
U in the sense of Definition [{.5.15.

2. ¥ (b) as given in Definition is a region that contains the effects of b with
respect to U in the sense of Definition[{.3.1]

3. 1, (b) as given in Definition is a region that contains the dependencies of
b with respect to U in the sense of Definition [{.3.7

Proof. The proof is provided in Appendix [G] m

Proposition 6.1.15 . Given a LRS presheaf, we have that Z° = I" if and only if

For any region U and any action b € L(U), we have 7,(b) = U \ (D).
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Proof. Consider a LRS presheaf, a region U, and any actions b,c € L(U) :

bZ(U) ¢ & (P (b) Nabu(c)) U (¥ (c) Ny (b)) =0
<~ wﬁ(b) Ny(c) =0 and wiﬂc) NYy(b) =0
& Yy(c) CUNYF(D) = 15(b) and ¥y, (D) CUNYS(c) = Tu(c)

& 7y(b) contains ¢ and 7, (c) contains b

O

Remark 6.1.16 . These cases where 7,(b) # U \ ¢ (b) for some region U and action
b € L(U) could technically be avoided, because 1 (b) was designed precisely to
contain the effects of b with respect to U. That is, we could probably impose simple
conditions in the definition of a LRS to force 7,(b) = U \ ¢ (b) for any region U and
action b € L(U).

We end this section with the definition of LRS for Petri Nets.

Example 6.1.17 [LRS for Petri Nets|. Given a Petri Net (P, T, F, My, W), we
can define a localized relational structure I' = (P, L, ¢, ¢*, S, (—)) where :

e The set of places P are matched in both structures;

e The labelling set L is the set of Petri Net transitions 7' (not to be confused with
LTS transitions);

e ¢y~ =1t = where ¢ : T — P(P) is a map that was previously defined for
Petri Nets as ¢(t) ={x € P| 3t e T, (z,t) € For (t,z) € F } for any t € L

(this is the set of places to which ¢ connects with an arc);

e § is given by the states sheaf of the Petri Net’s associated presheaf as we saw
in Definition 4.1.11) (S(U) = NY for each U C P, and the state restriction maps

are function restrictions);

e For an action t € L, and any X', Y’ € S(¢(t)) we set (X', Y’) € (t) if and only
if Vo € 9(t), the following hold :
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This provides a well-defined localized relational structure I'. In Appendix [G], we
provide a proof that the presheaf associated to the Petri Net (P, T, F, My, W) as in
Definition [4.1.11] corresponds with the T-adapted presheaf Tr = (Sr, Lr, dr) of the

localized relational structure I' above.

We now investigate, in full detail, two examples of LRS and their associated
presheaves. These examples will be a bit more visual, and we will see more clearly

how we can separate the input and output regions to provide efficient Z° independence.
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6.2 Kings and Rooks on a Chessboard

Consider an 8x8 chessboard (with only white squares) as follows :

R NWHR Loy o

12345678

We build a localized relational structure @ = (P, L,¢~, ¢, S, (—)) as follows :

1. The set of places P is given by the set of tiles of the chessboard. We identify
these tiles through their zy-coordinates, i.e. P = {1,2,...,8}?. We write (z) €
P with x representing the x-coordinate and y representing the y-coordinate of
the tile, and we get, for example, that (g) € P represents the black tile on the
board in Figure

R NWHR Lo J

12345678

Figure 31: The black tile represents the place (g) € P on the chessboard.

2. The labelling set is given by pairs of distinct tiles that are horizontally aligned
or vertically aligned, i.e. L = {[(Zj), (z/)] | z,2',y,€ {1,...,8} and © # 2/} U
{[(i), (;)] | z,y,y € {1,...,8} and y # y'}. These correspond precisely with
vertical and horizontal arrows on the chessboard such as the following :



6.2. KINGS AND ROOKS ON A CHESSBOARD 202

<

A

R NWHE Loy o

12345678

Figure 32: Arrows for the actions [(D, (i)], [(;), (g)], [(g), (g)], and [(;), (g)]

Thus, we refer to the actions in L as arrows, and the arrow [(55), (z:)] represents
a movement that a king or a rook may effectuate, by moving from the tile (z)
to the tile (x;)

Yy

3. The states are provided by assigning rooks (designated r), kings (designated
k) or no chess pieces (designated 0) to each tile, and we get S(U) = {0, r, k}V
where U C P. The restriction maps for these state spaces are provided by

function restrictions.

We can consider an example of a global state X € S(P) as follows :

N EEE TS (GRGNG)
X()= EoiE () e{(). ()

Yy .
0 otherwise

for any tile (Zj) € P. And this X can be represented on the chessboard as in
Figure [33]

4. Input regions : To effectuate a motion given by [(z), (z:)], we must verify the
nature of the chess piece to be displaced (i.e. we need to check the tile (z)),
and we must make sure that the whole trajectory up to the tile where it lands
(that is (”yg,,)) is clear. Whether (Z:) has a chess piece or not does not matter;
the chess piece that is moved from (z) to (;:) will eat the chess piece that is

there if there is any. This establishes the regions where the dependencies of an



6.2. KINGS AND ROOKS ON A CHESSBOARD 203

R NWHE Loy o
-

12345678

Figure 33: Representation of a state on the chessboard.

action are contained, and we declare ¥~ in terms of that.

For arrows of the form [@)’ (3;/)] where z # 2’ :

If o < o/, then Y= ([(2), (X)) ={(*) € P | & <mo < 2'}.
If x > 2/, then w_([(z), (“Z/)] = {(zyo) €eP|x>xy>2a}.

The above basically provide horizontal trajectories that includes everything

from the tile ( ) to the tile (Z/), but that exclude ("Z,)

y
For arrows of the form [(z), (;,)] where y # ¢/ :

Ify <y, then v~ ([(}), ;)] = {(;) € P ly<wo <y}
Ify >y, then v~ ([(}). (;)] ={(;) € Py >wo >y}

These basically provide vertical trajectories that includes everything from the
tile (z) to the tile (:”,), but that exclude (w,)
Y ) Y

!

5. Output regions : ¢+([(z), (z,)]) = {(5), (’y”:)}, i.e. when a rook or a king moves
from (;) to (z:), an effect is created in the tile where the chess piece initiates

its movement in (Z) (the piece r or k is replaced with O there), and an effect
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is created where the piece lands in (zi) (the movement simply crushes the old

value to be found in that tile with the one of the piece that is moved).

Thus, for example, we can consider the arrow [(é), (g)] as depicted on the left
chessboard in Figure [34] The right chessboard in Figure [34] displays

¢_([(§)7 (g)]) = {(g), (g), (;’L), (g)} with minus signs on the corresponding tiles,

and ¥ ([(2), (9)]) = {(3), (})} with plus signs on the corresponding tiles. We get

that the proper region of [(?), (£)]) is then given by ([(), (3)]) = v~ ([(), ()))u
1/1+([(§), (6)]) = {(2), (3), (4), (5), (6)}, which is the area covered by the arrow

5 5):\5):\5)\5): 5
as a whole.

N Wk Oty 3
~

— N Wk OtOy N 00
| +
|
|
|
+

12345678 12345678

Figure 34: Input region (minus signs) and output region (plus signs) for [(g), (6)}

6. Pre-Relational diagram : ([(), (3:)]> for [(%), (i:)] € L is defined as follows :

For any X € S(@/J’([(z), (gy”:)])) and Y € 8(1/#([@), (Z:)])), we have :
(X,Y) € (), (%)) < the following hold :

(@) [z—2|+ly—vy| > 1 = X(g) =r

(b) |z =2+ ly—¥y| =1 = X(g) € {r k}

(¢) X(5) = 0 for all (i2) € v~ (). GG
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The first equation says that if (z) is more than one tile away from (z:), then
only a rook can effectuate the movement corresponding to [(z) : (z:)] The second
equation takes care of the other possible case, where the tiles (z) and (Z:) are
adjacent, and it says that the action [(z), (;:)] can be effectuated by a rook or
a king in such circumstances. The third equation says that the tiles in between
(z) and (Z:) must have no chess pieces on them to interfere if the movement
is to be effectuated. The fourth equation says that we must remove the chess
piece from the tile (z) where the movement is initiated, and the fifth equation

says that the chess piece that was on (z) is moved to (Z:) when [(Z), (Zj:)] fires.

All of the above provide a well-defined LRS. Setting the actions a; = [(i), (Z)], ag =

[(3), ()], a3 =1[(2), (3)], and as = [(3), (5)] (these are depicted as arrows in Figure,
we can give an example of a global run (in P) on the chessboard as in Figure

ai

v

1 2 3 4 5 6 7 8

Figure 35: Representation of the actions a; = [(2), (7)], ay = [(4), (4)], as = [(5), (4)],

and as = [(3), (3)] ) for [(5), ()]
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8
7 k k Tk
; L =
4 r r r
3 k k k
2 r r
1
12345678 12345678 12345678
8
7 k k
6
a3 5 da |
E— >
4 T klr
3 k
2
1
12345678 12345678

Figure 36: A global run on the chessboard.

With respect to the actions ai, as, as, as, we get that Z gives the following pairs

of independent actions :
® I(P) as
® (o I(P) ay

® (3 I(P) ay

and these basically correspond with pairs of actions whose arrows do not cross in Fig-
ure[35] For the run given in Figure[36] we can visualize all equivalent 7 (P)-runs with
respect to the equivalence on runs that arises from Z(P), and they are represented
within a single diagram in Figure . We can see two Z(P)~-squares in the diagram

in particular.

With respect to the actions ay, as, ag, a, and the Sl-independence relations given
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by Z° we get an extra pair of independent actions, which is a; Z°(P) ay. The rea-
son we get independence here is that, whilst the arrows of a; and ay cross (so Z
did not perceive independence), we have that the tips of each of these arrows do
not touch the proper region of the other arrow. This is precisely the condition for
a; Z°(P) ay to hold. We can derive the set of all equivalent 7 (P)-runs with respect
to Z°(P) (depicted in Figure [38), and it is more informative than the previous set

of equivalences (with Z(P)). This set of runs carries four Z(P)™~-squares as we can see.

We have that Z° = Z7 in fact for this system. This is because the largest trans-
parent region of an action excludes the tips of this action’s arrow precisely, and these
tips provide the output region of such an action. Thus, we get for any region U and
any action b € L(U) :

Tu(b) = UN ()

Thus, by Remark [6.1.15, we get that Z° = Z". This means in particular, that the
equivalent runs that are given in Figure [37] and Figure [38] demonstrate the contrast
that exists between the use of Z and the use of Z". Indeed, Z" is a finer relation and

it is one that we can definitely put to good use in LRS in general.
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8
7 k k k
g @ \ a4 \
4 T ! T ! AG
3 k k
2 T r T
1
12345678 12345678 12345678
a9 I(P)N a9
8
7 ik "k
4 T ! G
3 k
2
1
12345678 12345678
as I(P)N as
8
7 k k
4 T ! AG
3 k
2
1
12345678 12345678

Figure 37: The set of equivalent runs (with Z(P)) that corresponds with the run from

Figure @
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8
7 k k k
g al \ a4 \
4 r ! r ’ L
3 k k
) T T T
1

12345678 12345678 12345678

. T(Pr W T e

8
7 Tk rk rlk
4 r ! T ’ LT
3 k k
2
1

123456728 123456728 12345678

: TPy W Ty e

8
7 k k k
4 r ! r ! AR
3 k k
2
1

123456738

12345678

12345678

Figure 38: The set of equivalent runs (with Z°(P)), that corresponds with the run

from Figure .

This concludes our example for the Kings and Rooks on a Chessboard, and we

investigate concurrent URM now.
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6.3 Concurrent URM

Our next example illustrates how Sl-independence can occur within a computer sys-
tem where a block of memory is shared by multiple programs. We consider the simple
case of systems realized by Unlimited Register Machines (URM), which are compu-
tational models introduced due to Lambek (1961) and Minsky (1961) independently
E]. We will borrow notation from N. J. Cutland [IRT] to represent the instruction sets

here.

Definition 6.3.1 [Program for URM]. The set of instructions for unlimited
register machines (URM) is given by L = { T'(i, 5), S(i), Z(i), J(i,7,k) | i, 4,k € N},
and these represent operations on a set of registers {r; };>¢ that hold natural numbers.
A URM-program is a finite list of instructions K = (I, ..., I,), where I; € L for each

1. The instructions have the following effect on the system :

1. For i,5 > 0, T(i, ) is the transfer instruction that copies the value of the i

register r; into the 5 register ;.

2. For i > 0, Z(i) is the zero instruction that sets the value of the i" register r;

to the value 0.

3. For i > 0, S(7) is the successor instruction that increments the value of the '

register r; by one.

4. For 4,5,k > 0, J(i,j,k) is the jump instruction, that allows the program to
jump to the k" instruction Iy if the value of the i*" register matches the value
of the j*" register. Otherwise, the program simply proceeds to the execution of

the instruction that follows in the list.

We will get a more formal sense of how these operate with the LRS example that

follows.

6The question of whom should be credited for the invention of register machines is discussed on

Wikipedia : see https://en.wikipedia.org/wiki/Register _machine
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The instructions given above will essentially designate actions that concurrent
URM programs can execute on a shared set of registers. The execution of these

instructions will perform as usual for a URM that has a single program.

Example 6.3.2 [Concurrent URM programs on Shared Memory]. Consider
two URM-programs K; = (Ij,...,I}) and Ky = (I2,...,12) where K; takes its

instructions from :
Ly ={Ti(i,j), Si(i), Z:(2), Ji(i,5,k) | 4,5,k €N}
and where K, takes its instructions from :
Ly = { To(i,r}), Sa(i), Za(i), Ja(i,j.k) | i,5,k € N
We build a localized relational structure I' = (P, L, , %", S, (—)) as follows :

1. Places : The set of places is given by P = {r;}i>o U {c1,c2} where the r; are
registers (taking values in N) to be shared by the two concurrent programs K
and K5, and ¢; is the program counter of K, and it holds the number of the
position of the instruction that K; will perform next. c; has the same role as

c1, but acts as the program counter of the program K.

C1 Co

n T2 T3 T4 Tj

2. Sheaf of States : For any region U C P, we define S(U) = NV, whose sections
are functions assigning natural numbers to each of the registers and counters

present in U.

3. Labelling Set : The labelling set is given by L = LU Ly, which is any instruction
that K7 or K, can perform.

"Ly and Lo correspond with the set of instructions in Definition but we added a subscript
of 1 or 2 to distinguish between the instructions that the first program (K;) executes and the

instructions that the second program (K») executes respectively.
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4. Input regions : For every i, j, k € N, we have :

o U (T1(i,5)) = {ri,c1} and ¥~ (13(4, j)) = {ri, c2}

o ¥ (51(d)) = {ri, 1} and P~ (S2(d)) = {ry, c2}

o ¥ (Z1(i) = {a} and ¥ (Z:(i)) = {c2}

o ¢ (Ni(1,5,k)) = {ri,rj, e} and 7 (Ja(i, 5, k) = {ri, 7j, 2}

5. Output regions :

o (T1(i,j)) = {rj, a1} and ¥ (12(1, ) = {r;, c2}
o U7(51(2)) = {ri, 1} and 7 (52(2)) = {ry, c2}

o U(Z1(i)) = {ri,ar} and ¥ (Z:(d)) = {ry, c2}

o Y (Ni(1,5,k)) = {er} and ¥ (a(i, j, k) = {c2}

This is quite enlightening to see how containment of dependencies and contain-
ment of effects are set up, and how they vary from one action to the other. It
should be clear at this point that these concepts of containment are very con-
crete, and that they can be applied to computer systems that go beyond those
presented here. We will see through the equations of the pre-relational diagram

that follows, that these specifications of input and output regions are correct.

6. Pre-Relational diagram :

For any 7, 7,k € N, we define the pre-relational diagrams associated to actions

as follows :
e V(X,Y) e S (Th(i,7))) xSt (T1(7,7))), weset (X,Y) € (T1(3,j) Y <
[;((Cl) =Ti(i,j) and Y(c1) = X(c1) +1 and Y(r;) = X(r;)
o V(X,Y) e S(W (Tx(i, 7)) xS (Ta(7, §))), weset (X, Y) € (Tr(i,j)) <

f?ch) =Ty(i,j) and Y(ca) = X(c2)+1 and Y(r;) = X(r;)
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V(X,Y) € S (51(i)) x ST (51(i))), we set (X,Y) € (S1(i)) <

Iy = S1(i) and Y(c;) = X(¢1)4+1 and Y (r;) = X(ry) +1

V(X,Y) € S (Sa(i))) x ST (Sa(1))), we set (X,Y) € (Sa(i)y &

I)Q((Q) = S55(i) and Y(c2) = X(c2)+1 and Y (r;) = X(r;) +1

V(X,Y) € S (Z1(1))) x S(WH(Z,(1))), we set (X,Y) € (Z,(i))) &

Ix(ey = Z1(i) and Y(c1) = X(e1) +1 and Y(r;) =0

V(X,Y) € S (Zs(1))) x S(H(Za(i))), we set (X,Y) € (Zo(i))

[X(er) = Za(i) and Y (cz) = X(c2) +1 and Y(r;) = 0

V(Xv Y) € 3(¢_(J1(2}j’ k)))XS(Q/}+(J1(Z,_], k)))v we set (X7 Y) € <J1(i7j7 k)>

Ix(ery = (i, j, k) and

' X(c1)+1  otherwise

o V(X,Y) € S( (i, 5, k) xS (J2(i, 5, k))), weset (X,Y) € (a(i, . k))
IX(ep) = (i, j, k) and

Y (ey) = k if X (r;) = X(rj)
’ X(e2)+1  otherwise

All of the above provide a well-defined LRS and Z° = Z for this LRS. We also have
that any two instructions carried out by the same program are never spatially inde-
pendent because the program counter is always involved at the level of dependencies
and effects. In between the two programs, we have the following examples of spatially

independent actions :
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e For any distinct 4, j, i € N, we have T1(¢,7) Z(P) Tx(4, j')
(we don’t have T1(i,7) Z(P) Ty(7,j") however)

e For any i,j € N, we have S1(i) Z(P) Zy(j) if and only if i # j, and also,
S1(i) Z(P) Sa(y) if and only if 7 # j.

e For any i,7,k,i',j', k' € N, we have Jy (i, j, k) ZT(P) Jo(7', j', k') (we don’t have
J1(i,j, k) Z(P) Ja(i', 5, k") however). These are Z*(P) independent because the
jump instructions only have effects in the individual counters of each program,

and they cannot interfere with each other as such.

Let us consider two concurrent programs as follows :
Ky = ([(}7[117[%7[?}7[4%) = (Zl(())a J1(07 175)a S1<2)a 51(0), J1(070> 1))

K2 = (137[127[227[327[42) = (22(4)7 J2(274> 5)a S2<3)a 52(4)a J2(4747 1))

With instructions accessed by counter values ranging from 0 to 4, we remark that the
instructions I{ = J1(0,1,5) and I? = J5(0,1,5) halts each program individually be-
cause there are no instructions corresponding to a counter value of 5. Both programs
perform addition of two numbers to be found in some registers. Individually speaking,
the K7 program performs addition of the values initially present in the registers r;
and 7o, and stores the result in r5. The register ry is kept as internal memory to the
program K7, and it allows K7 to keep track of incrementations performed with S;(2)
in the register ry. Also, the program K, by itself performs addition of the values
initially present in the registers ro and r3, and stores the result in r3. The register
r4 is kept as internal memory to the program K, and it allows K5 to keep track of

incrementations performed with S5(3) in the register 7.

8Given i, j,k € N, it would probably be beneficial to redefine 1~ (J(i, j, k)) to {ci} in the cases
where ¢ = j. Otherwise, our current definition would affect the dynamics of the spatially indepen-
dent pairs for concurrent programs in a sort of non-constructive way. Indeed, we could redefine
the program Ks by replacing J1(4,4,1) with J1(0,0, 1) equivalently, but this would prevent the 7

relations to be efficient in between the two programs.
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For an example of a global run for Ky, we have :

01@ 02@ Cl CQ@

71(0)
3ltfafufal... ——=p [of1]1]1]4] .
™ T T3 Ty Ts --- ™ T2 T3 Ty Ts
al2] e|o] al3] elo]
J1(0,1,5) S1(2)
——p (01 ]1]1]4]... ——p |o]1|2][1]4]. .
T T2 T3 T4 Ts --- T To T3 T4 T3
Cl 02@ Cl CQ@
S1(0) J1(0,0,1)
—p  [1]1]2]1]4]... —p [1]1]2]1]4]. ..
. T T3 T4 T's --- T T T3 T4 T3

Cl 62@

poo[1]1]2]1]4]. .
™ Te T3 T4 Ts

J1(0’1’5); K, halts!

But when K; and K, perform concurrently, we have that the final outcome of
both program halting, we have that r, contains the sum of the initial values in 7,
and 7 (i.e. in the state when the program starts), whereas r3 contains a value that
ranges between the sum of the initial values in 7o and r3, and the sum of the initial
values in 1 and 79 and r3. In fact, r3 will have the full sum of the initial values in r;
and ry and r3 if and only if K runs faster than Kj, i.e. if J5(2,4,5) is executed and

halts program K, before ry contains the sum of the initial values in r; and rs.
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For example, we have :

Cl@ CQ@ Cl Cg@

71(0)
3lajufafaf... —=p |of1[1]1]4a]. .
T To T3 Ty T's --- . T T3 T4 T3
01 CQ Cl CQ
Z2(4) J2(2a4a5)
—p |o|1]1]1]o][... ——=p |o]1]1]1]0]..
™m o s Ty T's --- T T2 T3 Ty Ts
Cl CQ Cl CQ
52(3) S52(4)
—p |0]1|1]2]0o[...  ——=p |o]1]1]2][1]. .
™ Te I3 Ty T's --- ™ T2 T3 T4 Ts
Cl CQ C1 02
J1(0,1,5) Jo(4,4,1)
——p (0] 1]1]2]1]... —p |o]1]1]2]1]...
™ T2 T3 T4 Ts --- T T2 T3 T4 T5

216

At the last state in the run above, if K, fires the action J5(2,4,5), then K3 halts

and the value in the register r3 becomes 2, which is not the sum of the initial values

of r1, 79, and r3. However, if the action S;(2) is performed, then when both programs

halt, we will get that r3 will contain the sum of the initial values of ry, ry, and rs,

and 7o will contain the sum of the initial values of r; and r,.

In other words, the final outcome depends on the order of activity. However, we

may observe that this is only true for the computations of K5, i.e. K; gets the same

task done (of computing the sum of the initial values in 7 and 75, and stores the

result in ry) independently of Kj’s activity. This is quite interesting; it illustrates

that there is a form of directionality for independence in between the programs K;
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and K5, and their actions. This is an aspect of SI-independence we did not cover so far.

Indeed, K5 does not interfere with K;’s task, but K; does interfere with K5, i.e.
there is a one-sided interference. This, in fact, has an explanation in terms of regions
that contain dependencies and regions that contain effects. To be more precise, the
whole region where K, is contained in its dependencies can be represented as the

union of the input regions of its instructions :
¢ (Ky) = ¢ (Z1(0)) U 47 (1(0,1,5)) U~ (51(2)) Uy (51(0)) Uy (4:(0,0,1))

- {017 To,T1, TQ}

and the whole region where K; is contained in its effects can be represented as the

union of the output regions of its instructions :

UT(K) = 97 (Z1(0)) U YT (A1(0,1,5)) U 4T (S1(2)) U 4T (81(0)) U 4T (/1(0,0,1))

== {017 TOu TQ}

Whereas the region where K5 is contained in its dependencies can be represented as :
VT(Ks) = 9 (Z22(4) U ¥ (Ja(2,4,5)) U ¢ (52(3) U o (S1(4) U ¢ (J2(4,4,1))

— {027 Tro,T3, T4}

and the region where K5 is contained in its effects can be represented as :

UTIG) = YT (Z2(4)) U YT (2(2,4,5)) U 4T (82(3)) U 97 (S1(4)) U 97 (2(0,0,1))

:{02,7”3,7“4}

And we see what happens now, as we have ¢ (K3) Ny~ (K1) = 0, but
1 (Ky) Ny~ (Ky) = {ry}. This means that {ro} is the precise region where interfer-
ence occurs in between the two programs, but better yet, it is only K that interferes

with K in this region, not the other way around. What this illustrates here is that
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the notion of independence in between actions can be set up in a unidirectional sense
when using LRS; and this seems to actually extend the SI-independence of Z°, which
then becomes asymmetric. To be more precise, we can define a directed form of in-

dependence in a LRS as follows :

For a given region U, we define a binary relation Z7(U) on L(U) as follows :
For all actions b,c € L(U), b Z7(U) ¢ & o (b)Nyi(c)=10

When b Z7(U) ¢, we can say that ¢ does not interfere with b (so b is independent of
the action ¢ in a sense) with respect to U. We can say that ¢ can interfere with b

otherwise. With this definition, we get :
°U) =17(U) N (Z7(U))

Thus, it might be interesting to study this form directed independence, and formalize

what it means in terms of the transition relations for the actions it involves.

In the case of K7 and Ks, we can identify more precisely the culprits of inter-
ference. Indeed, we have that all actions in between these two systems are spatially
independent (i.e. all their transition relations commute), except for one pair, which is
S1(2) and J2(2,4,5). Indeed, K interferes with K5 precisely because S1(2) interferes
with J3(2,4,5), i.e. v7(S1(2)) N~ (Ja(2,4,5)) = {rs}.

Thus, with LRS, we had the opportunity to get a much clearer vision of SI-
independence in T-adapted presheaves through the examples given. In particular,
we were able to emphasize the importance of discriminating between containment of
dependencies and containment of effects, because they can provide substantially more
spatially independent actions (with Z°), then the notion of action containment by
itself would (with Z). Furthermore, we saw that this discrimination in dependencies
and effects led to a form of unidirectional independence in between actions. Indeed,
this is uncharted subject matter in which we would definitely like the theory of SI-

independence to expand.



Conclusion

In essence, the purpose of this thesis was to convince the reader that there is great
interest in undertaking more research into the representation of distributed systems
as presheaves. Through the sophisticated language of category theory, we saw how
presheaves used in a spatial sense constitute an invaluable mathematical tool to rep-
resent distributed systems, and we certainly encourage their use in computer science.
We basically had a glimpse of the insight that such presheaves could provide for dis-
tributed systems in the context of presheaves of labelled transition systems (LTS), as

we were able to formulate spatially induced independence there.

The form of independence that we referred to as spatially induced independence
within this thesis had been discovered by Malcolm [SSTS], in the context of T-valued
sheaves on Heyting algebras (where T is the category of LTS). Malcolm essentially
expressed that there were various forms of commutativity for the transition relations
of spatially independent actions when we worked in the context of a sheaf. The ques-
tion we answered within this thesis was whether it was possible to get similar results
in a more general context of presheaves of LTS, i.e. replacing the condition of a T-
valued sheaf with a weaker one. This was important because there are many cases of
distributed systems that cannot be properly modelled by sheaves. As an answer to
our question, we invented T-adapted presheaves (which include the case of T-valued
sheaves), and we got the commutativity we needed amongst transition relations of

spatially independent actions with them.

219
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To be more precise, the realization of Sl-independence within these T-adapted
presheaves was given a concrete form with our main theorem, the Theorem of Spa-
tially Induced Independence. In this theorem, we constructed, for any Heyting algebra
‘H, a functor from the category of T-adapted presheaves on H to the category of A™~-
valued presheaves on H (where A™ is the category of asynchronous labelled transition
systems with equivalence (ALTSE)).

In order to prove this theorem and understand its scope, we had to provide a
lot of background and theory. Initially, we saw in Section several results with
the category of labelling morphisms Set. (that corresponds with the category of sets
and partial maps) such as bicompleteness and an adjunction with Mon. We then
integrated these labelling morphisms into the structure of labelled transition system
morphisms. We saw in particular that realizing spatially induced independence had
something to do with incorporating these labelling morphisms (partial maps) as com-
ponents into the structure of morphisms, as we were able to describe how actions or
elements of a system vanish when we consider them outside of the regions where they
are physically contained. Many parts of the theory simply relied on the use of the
separated presheaf of partial maps that was given by L for labelling sets.

We did spend some time working with the category of labelled transition systems
T in Chapter 2] Our intention there was to provide a stepping stone for further re-
search into T-valued presheaves, and this requires a certain amount of understanding
of T. In particular, we saw the categorical constructions that made T into a bicom-
plete category. We then investigated subobjects and found a sub-LTS criterion to
characterize the subobjects of a LTS. We also showed that T has no subobject clas-
sifier. Finally, we explored monoid labelled transition systems and their category M,
and we provided an adjunction between T and M, where the left adjoint associates a

freely generated monoid LTS for any given LTS.

Afterwards, we saw how to implement the notion of independence for a LTS as

we explored asynchronous labelled transition systems (ALTS), and we saw a version
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of such ALTS models where we added an equivalence on transitions (ALTSE). The
ALTS in question allowed a form of quotienting on their underlying concurrent al-
phabet, and it was possible to provide a functor from A (the category of ALTS) to
M that associated a Mazurkiewicz trace monoid as a labelling monoid to any given
ALTS. Then, with our new concept of ALTSE, we laid out the foundations necessary
to evoke spatially induced independence within presheaves of LTS. In particular, we
provided a form of equivalence on runs in these ALTSE and we made two conjectures

about how this equivalence behaved rather well within these systems.

We then tackled formally the subject of presheaves of LTS in Chapter [d In this
chapter, we investigated d-gluing for actions and we saw how such gluing is sys-
tematically present with T-valued sheaves. We understood that imposing a certain
amount of J-gluing for actions, with respect to regions where actions vanish, was
what made it possible to express containment of dependencies and effects for such
actions. These concepts relating to action containment were at the heart of rendering
SI-independence within T-valued presheaves. Thus, we proposed to impose an axiom
of well-contained actions (WCA) on T-valued presheaves, that forced j-complements
of e-regions to contain actions. This gave us T-adapted presheaves (along with the
states presheaf as a sheaf and the labelling presheaf as a separated presheaf) and

Sl-independence arose naturally within these presheaves.

The T-adapted presheaves in question where studied in Chapter 5} We empha-
sized the theory of Sl-independence there, but we made a conjecture that T-adapted
presheaves inherited the constructions of T-valued presheaves that would make them
bicomplete (it would certainly be good thing to work out this result in the future).
We saw two kinds of SI-independence relations on T-adapted presheaves on complete
Heyting algebra, Z and Z%, where the former uses e-regions of actions in order to
be realized, whereas the latter uses transparent regions. For Z, and given a com-
plete Heyting algebra H, the Theorem of Spatially Induced Independence provided
a functor from the category of T-adapted presheaves on H to the category of A™~-

valued presheaves on H. This was certainly an advantage of Z over Z*. However,
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we showed that Z% provides finer Sl-independence relations than Z, as the former
distinguishes between containment of dependencies and containment of effects for ac-
tions. In particular, we saw that Z* was useful in the context of T-adapted presheaves
on complete Boolean algebras. We also saw that for such T-adapted presheaves on
complete Boolean algebras, we were able to give a convenient expression to the inde-

pendence relations of Z as spatial disjointness of the proper region of actions.

In Chapter [6] that followed, we investigated localized relational structures (LRS)
and how we could associate T-adapted presheaves to the latter (in Section . We
provided LRS for Petri Nets in particular, and we studied examples of T-adapted
presheaves with a Kings and Rooks LRS (in Section and a concurrent URM
programs LRS (in Section . We were able to clearly see the difference between
Z and Z" at that point, and we were also able to evoke a form of unidirectional
Sl-independence Z7 in LRS systems through the URM example. The theory behind
this unidirectional independence has not been worked on in this thesis and it would

certainly be interesting to see how it develops in general for T-adapted presheaves.

There are definitely aspects of SI-independence on which we would like to know
more and on which further research is possible. The most important would be to
connect the subject of SI-independence with formal methods such as those presented
for coalgebras (there are correspondences between coalgebras and LTS) in the work
of Goguen [HAg], [HHTh], [HCoC| and Cirstea [SLAC|, [CSHA|]. For applications
to partial order reduction methods, we would also need to connect the subject of
Sl-independence with the work of Peled [POMC], [AOOA] and Lomuscio, Penczek,
Qu [PMAS]|. The latter have essentially studied the effect of independence relations
on LTS within the context of interpreted system logics, and its applications to partial

order reductions methods.

We also mentioned in Section that there were set-valued presheaf models of
processes that were investigated by Winskel and Cattani in [ProfOB], and these could
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act as a substitute for the representation of processes as pointed LTS H Thus, it would
definitely be interesting to investigate presheaves that take values into a category of
such set-valued presheaves, as opposed to using presheaves of LTS like we did in this

thesis.

Finally, presheaves of LTS certainly have an ability to represent dynamical systems
in physics as we saw. Our hope however, is that more refined representations of
such systems with these spatial presheaves of LTS would allow the subject of SI-
independence to have an applications in physics. Whether an analogy can be made

at that level or not is left as an open line of investigation.

9There is a form of adjunction, between LTS with functional simulations and set-valued

presheaves, and it uses the Yoneda embedding.



Appendix A

Proofs for Section 1.2

Proposition A.0.1 . (—)*: Set. — Mon is indeed a functor.

Proof. For any labelling set L in Set,, it is clear that L* is a monoid. Consider any
labelling morphism A : Ly —. L. We have that \*(A) = A by definition, so the neu-
tral element of L{, is mapped to the neutral element of L*. Consider any wy, w; € Lg.
If wg = A or w; = A, then it is clear that \*(wow;) = A*(wo) X" (wy). If wy # A and
wy; # A, then we can write wg = ay...a, and w; = by...b,, for some a;,b; € Ly.
We get that A (wowy) = AN*(a1...a,b1...by) = XN(a1) ... X (an) A (b1) .. . N (bp) =
A (ay...an)N (b ... by) = AN (wo)A\*(wy). This proves that A\* is a monoid morphism
from Lj to L*.

Consider the identity 1, : L —. L on the labelling set L in Set.. We have that for
any aj ...a, € L* where a; € L for each i, 11(a;) = a; # ¢, and thus 15 (a;) = 1.(a;) =
a;. But then, 15 (ay...a,) = 15 (a1)...15(an) = 1p(a1) ... 1(a,) = a1 ... a,. Also,

15 (A) = A. Thus, 13 is the identity on L* in Mon.

Finally, consider any labelling morphisms A\ : Lo —. Ly and Ay : L1 —. Ly in
Set.. We have that (A5 o AT)(A) = A5(AT(A)) = A5(A) = A = (A2 0 A)*(A). For any

ai...a, € L where the a; are in Ly. Consider any i € {1,...,n}.

o If \i(a;) = ¢, then (Mg 0 A1)(a;) = A2(Ai(a;)) = €, and we get (Ag o A\j)*(a;) =

224
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A=A (A) = A3(Ai(ai)) = (A5 0 AT) (@)

o If A\i(a;) # € and (Ao Aj)(a;) = Aa(Ai(a;)) = €, then (Ao A\)*(a;) = A =
/\30\1(%)) = )‘S(X{(ai)) = (/\3 © /\T)(az‘)'

o If A\i(a;) # ¢ and (A2 0 A1)(a;) = Aa(M(a;)) # &, then (Mg o A\)*(a;) = (Ayo
A)(ai) = Ao(Ai(a@i) = As(Ai(ai)) = A5 (A (@) = (A5 0 AT) (@)

But then, we have that

M2 o M) (a1 .. an) = oo M) (@) ... (A2 o \1)"(ay)
= (AaeA)(@) - (A2 0 Ap)(an)
= A(Ai(a1)) - Az (At (an))
= X(Ai(ar) . At(an))
=N (N(ar ... an))
= (NeN)(ar...ay)

ThUS, ()\2 o )\1)* = )\; ° )\T

This proves that (—)* is a functor.

Proposition A.0.2 . G,,. : Mon — Set, is indeed a functor.

Proof. For any monoid M, we have that G,,.(M) = M\ {e} C M, which is assumed
to not contain the distinguished symbol ¢, so G,,,.(M) is a labelling set in Set..

Consider any monoid morphism f : My — M with ey and e as the neutral ele-
ments of My and M respectively. We have that G,..(f)(¢) = ¢ as required. Consider
any b € My. If f(b) = e, then G,(f)(b) = ¢ € (M\{e})U{e}. If f(b) # e,
then G.(f)(b) = f(b) € (M \{e}) C (M \{e})U{e}. Thus, G,..(f) is a labelling
morphism from Mo\ {eg} to M \ {e}.
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Consider the identity monoid morphism 1,; : M — M in Mon with e as the neu-
tral element of M. We get that G,,,c(1y)(e) = €. Also, for any b € M\ {e}, we have
(1p)(b) = b # e, and 80 Gpe(1ar)(b) = 1p(b) = b. This proves that G,,.(15) is the
identity on the labelling set M \ {e} in Set..

Finally, consider any monoid morphisms f; : My — M; and f5 : My — M; and let

€o, €1, and es be the neutral elements of My, My, and M, respectively. We have that

Gme(fao f1)(e) = € = Gme(f2)(€) = Gre(f2)(Gme(f1)(€)) = (Gme(f2) © Gme(f1))(€).

Consider any m € M.

1, then (fao fi)(m) = fa(fi(m)) = €3, and we get Gie(f20 f1)(m) =

o If fi(m) # er and (fao f1)(m) = fo(fi(m)) = €2, then Gue(fa o fi)(m) =€ =
Gme(f2)(f1(m)) = Gre(f2)(Grme(f1) (M) = (Ge(f2) © Gme(f1))(m).

o If fi(m) # e1 and (fyo f1)(m) = fo(fi(m)) # ez, then Gpc(fao fi)(m) =
e = (fao fi)(m) = fo(fr(m)) = Gue(fo)(fr(m)) = Gume(f2)(Gme(f1)(m)) =
Gme(f2) © Ge(f1))(m).

Thus, Gm5<f2 o f1) = Gms(f2) °© Gms(fl)

This proves that G,,. is a functor. O

Proposition A.0.3 . (—)* is the left adjoint of G ..

Proof. We demonstrate that for any labelling set Ly and any monoid (M, -, e), there
is a bijective correspondence between Homwmon(Lg, M) and Homse (Lo, M \ {e}). We
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define a map 6, ar : Hommon(Lg, M) — Homser. (Lo, M \ {e}) that sends a monoid
morphism A : L§ — M to the labelling morphism 607, ps () : Lo — (M \ {e}) defined
by :

Oroni(N)(€) =€

Ab) i A(D) e

€ otherwise

O (A)(b) = {

for any b € Ly.

We verify that 6, a(A) is a labelling morphism in Set.. We have 01, y/(A)(e) = ¢
as required. Also, for any b € Ly, if A\(b) # e, then 01, a(A)(b) = A(b) € (M \ {e}) U
{e}, and if A\(b) = e, then O, y(N)(b) = € € (M \ {e}) U{e}. This proves that
0r,.0(A) is a labelling morphism from Ly to M \ {e}.

Going the other way around, we can provide a map 6’;01, o - Homser (Lo, M\{e}) —
Hommon (L, M) that sends a labelling morphism A : Lo —. (M \ {e}) to a monoid
morphism 07 ,,(X) : L — M defined inductively by :

Oraar (N (D) = e

0rl (M) (w) - A(b) i A(D) #£e

010 (M) (w) otherwise

0011 (M) (wh) = {
for any w € Lj and b € L.

We verify that 7 ,,(A) is a monoid morphism from Lj to M. We have that the
neutral element of L is mapped to the neutral element of M with 6’;017 wAN(A) =
e. We prove that for any wy,wy € Lj, we have 6! (A\)(wiws) = 07 1, (X)(wy) -

070 /(M) (w2), and we effectuate a proof by induction on the length of the word
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wiwy € L. If wywe = A, then wy = wy = A, and we get OEOI’M(/\)(wle) =e =
e-e= QZOIM()\)(wl) : QZOIM()\)(”LUQ). If wy # A, then wy = whb for some wh € L and

b € Lo, and then there are two possibilities depending on whether A(b) = & or not.

If A\(b) = ¢, then :

0ot N (wiwz) = 07 3 (M) (wiwyb) = 07 3, (N (wiws) = 07 (A (w1) - 07 3, (A) (w)
by the induction hypothesis. But then,
0o nr(N)(w1) = 07 2 (N (wy) = 0703 (A)(wr) - 077 5, () (w3b)
= Ony (M) (i) - 07 3 (V) (w2)
If \(b) # ¢, then :
Oy s (M) (wiwz) = 07 3 (N (wiwsd) = 077 3, (A\)(wiws) - A(b)
= Opo (M) (wi) - 07y (M) (wy) - A(D)
by the induction hypothesis. But then,
0o e (M) (w1) - 07\ (M) (ws) - Ab) = 075y (N)(wr) - 07 5 (N (w5d)
= 0o (M) (W) - 075 5 (V) (w2)

The proof of 07\, (A)(wiwz) = 07, 1, (A)(w1) - O} 1, (A)(w2) is similar in the case
where wy; # A. Thus, by induction on the length of a word wyw, € Ljj, we get that
QZOI’M()\)(wlwg) = QZOIM()\)(wl) -OZOIM()\)(wg) for any wy,ws € L§. This proves that

0;017 17 (A) is a monoid morphism from L§ to M.

We now verify that 9;01’ u 1s the inverse of 67, a, and we start by showing that
it is a left inverse. Consider any monoid morphism X : Lj — M. We do a proof by
induction on the length of a word w € Lj, that (67, 5, ° 0ry.a)(A))(w) = Aw).

For the base case, we have w = A, and

((Org.ar @ Oraa) M)(A) = 070 s (0o (V) (A) = e = A(A)
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For the inductive step, if w = wyb where wy € L§ and b € Ly, then :
((Org.0r © Oroar) (M) (w) = (07, ar © Oro,00) (V) (wob) = 07 3y (01 ar(N)) (wob)
o If \(b) = e, then 01, s (\)(b) =€, and then :
QZOI,M(HLQ,M()‘))(wob) = QZS,M(GLO,M()\))(IUO) = Mwo)

by the induction hypothesis. But then, A(wy) = A(wp) - e = A wyp) - A(b) =
AMweb) = AMw).

o If A\(b) # e, then 01, p(A)(D) = A(b) # ¢, and then :

01031 (00,00 (X)) (wob) = 07 11 (Ore.00(N))(wo) - Oy ar(A) () = A(wo) - Ore.ar(A) ()

by the induction hypothesis. But then, A(wg) - 0, 1m(N)(b) = A(wp) - A(b) =
Awob) = A(w).

This proves that ((67) ,; © 0o.a)(A))(w) = A(w) in this case. And then, by induc-
tion, we get that ((9;017M o fro.m)(N))(w) = ANw) for any w € L. This proves that
(9;017 ar © Ono.m)(A) = A for any monoid morphism A : L — M. In particular, we get

that 9;01’ v is the left inverse of 07, .

We prove that 6’;01 18 the right inverse of 0, »s. Consider any labelling morphism

At Lo —. (M\{e}) in Set.. We have
((Oronr o 07g ) M))(E) = Oy as (07, 1 (N)(€) = & = Ale)
Now, consider any b € Lo. If A(b) = ¢, then 671, (A)(b) = e, and we have :
((Bror @075 A ) (M) (D) = Oro (07, 1 (N)(b) = € = A(D)
If A(b) # &, then 671, (A)(b) = A(b) # e, and we have :

((Oro.ar @ Oy ) M) (B) = Oroar (01 1, (M) (b) = 01 1, (N)(b) = A(D)
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This proves that (6, © 07, 1,)(A) = A for any labelling morphism
A: Lo = (M \A{e}). In particular, we get that 6, is the right inverse of 0, ar.

This proves 92017 u 1s the inverse of 0r, ps for any labelling set Ly and monoid
(M, -, e), and we get that (—)* is the left adjoint of G,..
O



Appendix B

Proof that T is bicomplete

Theorem B.0.1 . T is bicomplete

Proof. We verify that Definition [2.1.17] has characterized the initial object, termi-
nal object, products, coproducts, equalizers and coequalizer properly. The cases of

the initial object and terminal object are clear. We verify the remaining constructions.

Indexed Products : Given a J-indexed family of LTS T, = (S}, L;,0,), we define
the J-indexed product as :

o ti= (5= ngSj’ Lo=JLt %)

where

° 'HJSj is the J-indexed product in Set with projection maps 7; : HJSj — 5, for
J€ je
7in J, and

° Hi L; is the J-indexed product in Set. with labelling projection maps
j€
pPi - HELJ —e Lz for 7 in J, and
jeJ

[ 5J = {(X,CL,Y) ESJ XLJX SJ ’ Vje J7 ﬂ—j(X) L@)Tj WJ(Y)}

!This includes the case where p;(a) = ¢, in which case, we get m;(X) = m;(Y) with i>Tj: Ag;.

231
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The projections in T are given by the pairs (m;, p;) : 'HJTj — T;.
JE€

We prove that this forms a product in T. Write T); = HJY}.
JE€

Clearly, the (m;, p;) are morphisms. If we take any transition X L>TJ Y in T,
then we get m;(X) Mﬁi mi(Y') € 0; by definition of d;. This includes the case where
pi(a) = e, in which case, we get m;(X) = m;(Y") by definition of the extended relational

diagram (see Equation .

Consider any J-indexed family of LTS morphisms {(o;, ;) : T — T}};es with
T = (S,L,5). Then we have a J-indexed family of functions {o; : S — S;},c; and
a J-indexed family of labelling morphisms {\; : L —. L,};es, which means that the
universal property of the products leTJSj and JTEI‘; L; in Set and Set. respectively give
us :

e a unique function o : S — jleTJSj such that m; c 0 = o0, for each ¢+ € J, and

e a unique labelling morphism A : L —, Hi L; such that p;o A = \; for each 7 € J
Je

We verify that (o,)\) : T — T is a LTS morphism. Consider any X %, Y in
MTZ. oi(Y) in T; since (o, \;) = T — T;
is a LTS morphism (including A;(a) = ¢). In which case, for any i € J, we get
mi(o(X)) M@ mi(o(Y)) in T;. But then, o(X) ﬂTJ o(Y) in Ty, by definition

of 5].

T. Then, for any ¢ € J, we get 0;(X)

If there is any other LTS morphism (¢’, \') : T — T such that (m;, p;) o (¢/,N) =
(0;, ;) for all i € J, then we get m; 00’ = 0; and p; o N = \; for all i € J, and the
uniqueness part of the universal property of ‘HJSj and H; L; yields that ¢/ = ¢ and

je je

X = . This means (¢/,\') = (0, A).

Indexed Coproducts : Given a J-indexed family of LTS T = (S}, L;,0;), we define
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the J-indexed coproduct as :
jIG_IJE = (SJ = jIG_[JSj’ LJ = JITE[JL]', 5])

where

° 'HJS]- is the J-indexed coproduct in Set with inclusion maps ¢; : .S; — 'HJS]- for
JE jE
each ¢ in J, and

) Hi L; is the J-indexed coproduct in Set. with inclusion maps v; : L; — Hi L;
JE JE
for each ¢ in J, and

° 5JZ{(X,(I,Y) €S;xL;xS; |

Ji, Xi, a:,Y;) € 0, 1i(Xi) = X, u(Yi) =Y, via;) = a}.

The injections in T are given by the pairs (¢;, ;) : T; — ‘HJTJ-.
je

We prove that this forms a coproduct in T. Write T); = .HJTj.
je€

First, we show that the (¢;,1;) are LTS morphisms. Given i € J, if we take any
transition X’ iﬁi Y’ in T; with @’ € L;, then v;(a’) # € because v; is an injective map
(see Proof of Coproduct in Appendix [A]), and this means ¢;(X’) € Sy, ;(Y') € Sy,
and v;(a’) € Ly. Thus, ¢;(X’) MTJ t;(Y') in Ty by definition of ¢,.

Consider any J-indexed family of LTS morphisms {(o;,\;) : Tj — T'};es with
T = (S,L,9). Then we have a J-indexed family of functions {0, : S; — S}jes and
a J-indexed family of labelling morphisms {); : L; — L},e;, which means that the
universal property of the coproducts jg]Sj and jI_EI‘; L; in Set and Set, respectively give

us :

e a unique function o : ,HJSJ- — S such that o o¢; = g; for each 7 € J, and
Jje

e a unique labelling morphism A : H; L; —. L such that Aov; = A, for each i € J
jE

We verify that (o,)A) : Ty — T is a LTS morphism. Consider any X —, Y
in T;. Then, there exists ¢« € J and a transition X; &)Ti Y; in T; such that
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(X)) = X, 4;(Y;) =Y, and v;(a;)) = a. We get that o;(X;) MT oi(Y;) in T

since (oy, A;) : T; — T is a LTS morphism. But then, o(¢;(X;)) MT o(1;(Y;)) in

T, and this is o(X) MT a(Y).

If there is any other LTS morphism (¢’, ') : T"— Ty such that (o’, \') o (¢;,v3) =
(04, A;) for all 4 € J, then we get 0’ o1; = 0, and N ov; = A; for all i € J, and the
uniqueness part of the universal property of ngSj and jl_eli L; yields that ¢’ = o and
A= A. This means (o/, \') = (0, A).

(o1,M1)
Equalizers : Given a pair of LTS morphisms 7' = (S, L,§) = T' = (5",L ), we

(02,22)
can form an equalizer by forming a pair with the equalizer of (01, 02) in Set and the

equalizer of (A1, A2) in Set..

More precisely, consider the subset S, = {X € 5 |o1(X) = 02(X)} C S, the subset
L. ={a € L|X(a)=X(a)} C L, and the subset of transitions . = dN (S, X L. X S,),
and then take the inclusion map o, from S, to S and the inclusion map A, from
L.U{e} to LU {e} (this is a labelling morphism). With the labelled transition sys-
tem T, = (S, L, d.), we show that (0., Ae) : T. — T is the equalizer of the pair of
LTS morphisms (o1, A1) and (02, \2).

We have that T, is a sub-LTS of T' (this is from Definition and Equa-
tion [2.3.1), and we know that the inclusion maps give (o, A¢) as an LTS morphism
from T, to T, clearly.

Furthermore, for any X € S., we get 01(X) = 02(X), and this is o1(0.(X)) =
09(0e(X)) since o.(X) = X. In particular, we get 01 c 0, = 090 0.. Also, for any
a € L., we get \i(a) = Ay(a), and this is A\j(Ac(a)) = A2(Ae(a)) since A(a) = a. In
particular, we get A\j o A, = Ag o \.. This shows (071, A1) o (0e, Ae) = (02, A2) o (Te, Ae).
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Now, consider any labelled transition system 7" = (S’, L', ') and any LTS mor-
phism (o, \) : 7" — T such that (o1, A1) o (0,A) = (02, A2) o (6,\). Then, consider
the LTS morphism (0¢, Ag) : 77 — Tp given as 0¢(X) = o(X) for all X € S” and

Mo(a) = A(a) for all @ € L’. These component maps are well-defined since :

e For any X in 8, we get 01(00(X)) = 01(0(X)) = 02(0(X)) = 02(00(X)), which

means o¢(X) € S, and

e for any a in L', if M(a) # €, then we get A\ (Ao(a)) = AM(A(a)) = Aa(Aa)) =
Aa(Ao(a)) and this means A\g(a) € L.. If A(a) = ¢, then \y(a) = ¢, and this is in
L. U{e}. So, this is a well-defined labelling morphism.

This (09, \g) is a LTS morphism because for any X ——= Y in T, we get

o(X) MT o(Y), and this means oo(X) MTE oo(Y).

Finally, we have (0., Ac)°(00, Ao) = (o, A) since for any X € ', we get 0.(00(X)) =
o.(0(X)) = o(X), and for any a € L', we get A.(Ao(a)) = Ae(A(a)) = A(a). If there
is any other LTS morphism (o(, \y) : 7" — Tp such that (o¢, Ae) © (03, Ay) = (0, A),
then for any X € S, we get 0(X) = 0.(00(X)) = 0(X) = 0.(0((X)) = 0((X). Also,
we get for any a € L' that A\o(a) = Ae(Mo(a)) = Aa) = Ac(Ay(a)) = Aj(a). in other
words, (0¢, Ao) = (0§, Ap)-

(017/\1)
Coequalizers : Given a pair of LTS morphisms 77 = (5", L",§') = T = (5,L,9),
(02,A2)
(o1,A1)
we get a pair of labelling morphisms L/ = L, and we can take the labelling co-
(02,A2)
equalizer (as in Definition [1.2.5) A, : L —, L,.

Let ~, be the smallest equivalence relation on S such that :
VX € S/, Ul(X) ~yq O'Q(X), and

Va€ L, VX,Y € &, [if \j(a) = and X 5, Y, then X ~, Y]
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We form the quotient set S, := S/ ~, of S with respect to ~, and we write
o4 S — Sy for the corresponding quotient map. Finally, define
dq 1= {(0q(X), Ag(a),04(Y)) € Sy x Lg x Sy | (X,a,Y) €6 }.

We have that T, := (S, Ly, 0,) is a LTS and (04, A;) : ' — T} is a LTS morphism
that is the coequalizer of the pair of LTS morphisms (o1, A1) and (o9, A2). We verify
that this is the case.

First of all, we verify that (o4, A;) : T — T is a LTS morphism. Consider any
X 5, Y in T. If \j(a) # ¢, then \,(a) € L, and this means o,(X) ﬁ(—a)—ﬁq a,(Y)
by definition of ¢,. If A\,(a) = ¢, then X ~, Y, and this means ¢,(X) = o,(Y).

We verify that (o4, \g)e(01, A1) = (04, Ag)°(02, A2). We already have A\joA; = AjoXy
since ), is the labelling coequalizer for the pair of labelling morphisms A; and As.
Also, for any X € S, we get 01(X) ~, 02(X), and this means o (01 (X)) = 0,(02(X)).

Thus, o, 01 = 0, ° 0. This proves (o4, Ay) ° (01, A1) = (04, Ay) © (02, Xa).

Consider any labelled transition system Ty = (S, Lo, dp) and LTS morphism
(0,A) : T"— Tj such that (o,) o (01,\1) = (0,A) o (02, A2). Since A, is the co-
equalizer of \; and Ay, and since Ao A\; = X o Ay, then there exists a unique labelling

morphism A, : L, —. Lo such that A\, o A\; = A.

We build a set function o, : S, — Sy by setting o, (0,(X)) = o(X) for any X € S.
We show that this is well-defined. Consider any X,Y € S such that 0,(X) = o,(Y).

This means X ~, Y, and at the basis, we check the following two possible cases :

If there exists Z € S” such that 01(Z) = X and 09(Z) =Y, then 0(X) = o(01(2)) =
0(03(2)) = o(Y).

If X 5, Y and \,(a) = ¢ for some a € L, then A(a) = \,(A\,(a)) = A\u(e) = &, and
this means o(X) = o(Y’) since (o, ) is a LTS morphism.

This property that o(X) = o(Y) extends naturally with symmetry and transitivity
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of ~,, and we get thus, o(X) = o(Y) for all X,Y € S. This shows that o, is well-
defined. We get o, © 0, = o directly.

We verify that (oy, Ay) @ T, — Tp is a LTS morphism. Consider any X' i>Tq Y’
in 7,. Then there exists X,Y € S and a € L such that o,(X) = X', 0,(Y) =Y,

and \;(a) = b (A, is a surjective map (see Proof of Coequalizer in Appendix |Al)) with

X 5. Y. We get that o(X) ﬂTD o(Y) since (o, A) is a LTS morphism. In partic-

ular, we get that o,(o,(X)) MTO ou(0y(Y)), and this is o, (X") )\“—(b)>TO ou(Y").

Finally, if there exists any other (o7, X)) : T, — T} such that (o, X)) © (04, Ay) =

(0,A). Then X, o A, = A, and by uniqueness part of the universal property of A, as a
coequalizer, we get X, = \,. Also, for any o,(X) € S,, we get 0,(0,(X)) = 0(X) =
0,,(04(X)), and this means o], = ¢,,. This shows that (o}, \,) = (o4, Au)-

uru



Appendix C

Proof of adjunction between T and
M

Theorem C.0.1 . There is an adjunction between T and M :

where Fy,, and G, are defined as follows :

1. Define Fy,, : T — M as the functor that sends a labelled transition system
T =(S,L,0) to
Fn(T) = (S, M, -,e,0)

where the set of states is preserved, M = L*, e = A is the empty word of L*

. o A
and - is word concatenation in L*. We define —y, = Ag, and for any
aj...an QAn

ap...an € L"), ——p () 1= —po0...0 s ., and this determines the transi-

tion specifier of Fum(T) that we have designated as .

Given a LTS morphism (o, \) : To — T, we define Fyn (0, A) @ Fyn(To) = Fin(T)

as Fyn(o,\) = (0, \*) where \* is an extension of the labelling morphism X that

238
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is provided by the functor (—)* from Set. to Mon in Definition [1.2.7

2. Define Gy - Ml — T as the functor that sends a monoid labelled transition sys-
tem (S, M, -, e,0) to the labelled transition system (S, L,d") where L = M \ {e}
and 0 = N\ {(X,e,X) | X € S}) (thus G, simply forgets composition in the
labelling monoid, and removes the neutral element so that the latter will not
conflict with € ).

Given a MLTS morphism (o, \) : Ty — T, we define Gpi(o,A) © Ge(To) —
Gmt(T) as Gi(o,N) = (0, Gme(N)) where G is provided as a functor from
Mon to Set. in Definition|1.2.10.

We have that Fy,, is left adjoint to G .

Proof. F,, is a functor :

Consider any labelled transition systems 7' = (S, L, d). We have that (L*,-, A) is
a monoid, clearly. We have that (S, L*, 5) is a well-defined LTS with § C S x L* x S
from the relational diagram specification. Axiom (3) of the MLTS definition is sat-

isfied with L>th(T):: Ag. Finally, consider any m,n € L*. If m = ay...a;, and

mn ai...apby...b b b
n = by...b for some a;,b; € L, then ==, 5 =—"""0 o =—p0...0 —
ay al _ biby ai...ag _n m If — A
O T OO T T T (1) O T R (1) T T B (1) © T By L= A, We get

Fim

mn, m A m n m ..

T B (1) T T B (1) T T (1) © T B (1) T By (1) © P, Ollilarly, we get
e )= =k, 1y © —>p, o for m = A, and we get that Axiom (4) of the MLTS
definition is verified. Thus, Fi,,(T') is a MLTS.

Consider any LTS morphism (o, \) : Ty — T with T' = (Sp, Lo, 6o) and T =
(S,L,6). We get that A* : L§ — L* is a monoid morphism from Proposition m
Consider any m € Lj and any transition X ﬂmm%) Y in F},,,(Ty). If m = A, then
X =Y, and we get 0(X) = o(Y). If m # A, then m = a; ...a, for some a; € Ly.
But then, X M%(Tm Y, and we get (X,Y) E%TD o...0 &TO. This means that
there exists Xg, X1,...,X,, € S such that X = X &TO X1 &TO .. &TO X,=Y,
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and we get o(X;) A—(%T 0(X;41) for all ¢ since (o,\) : To — T is a LTS morphism.

Consider any i € {1,...,n}. If Ma;) = ¢, then X\*(a;) = A from the way \* is

defined, and we get MFWm:imm(T): Ag :QT:MT. If Ma;) # e,
then A\*(a;) = M(a;) by definition of A\*, and we get M%(T):MT. Thus,
Mﬁmm = A—(%T for all i € {1,...,n}. We derive that o(X;) M%m o(Xii1)

for 2l i7 and we get that (U(X)’U(Y)) S (L(ai)_)th(T) o.,..o0 m>th(T)) this way.
This means that (o(X),0(Y)) € (M)

ﬂ>th(T))7 and we get O.(X) )\*(al ..... an)

This proves that Fy, (o, \) = (0, \*) is a MLTS morphism from Fj,,,(75) to Fy,, (7).

g cr ) (from the contravariance of

£ 0(Y) since A* is a monoid morphism.

Given a labelled transition system 7' = (S, L, ) and the LTS identity morphism
(1g,1,) : T — T, we know from Proposition that 17+ is the identity monoid
morphism on L*, and this means Fy,,(1g,1;) = (1g, 17+) is the MLTS identity mor-

phism on Fj,,(T), and thus F},, preserves identities.

Finally, given LTS morphisms (o1, A1) : Ty — T and (02, A2) : Ty — T», we have
that A5 o X = (Ay o \)* since (—)* is a functor, and get Fj,, (02, A2) o Fin(01, A1) =
(0’2, )\;) © (0’1, )\T) = (0'2 °01, )\; o )\T) = (02 °01, ()\2 o )\1)*) = th(Ug °01q, )\2 o )\1), and

F,,, preserves composition.
This proves that F},, is a functor.
G, 1s a functor :
Consider any monoid labelled transition system (S, M, -, e, d). Set
= 0\ {(X,e,X) | X € S}. By definition, we have that (S, M,d) is a LTS,

and since o' = 0N {(X,e,X) | X € S} = 6N (S x M\ {e} x9), we get that
Gmt(T) = (S, M \ {e},d") is a sub-LTS of (S5, M, ). In particular, it is a LTS.
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Consider any MLTS morphism (o, \) : To — T where Ty = (So, Mo, -0, €0, d0) and
T = (S,M,-,e,0). We saw that G,,.()\) is a labelling morphism from M \ {e} to
M’'\ {¢'} in Set. with Proposition [1.2.11] Now, consider any m € Mo\ {eg} and
any transition X Lcmﬂm Y. We have that &Gmt%):imo, and thus X iﬁo Y.
But then, we get that o(X) MT o(Y) by definition of a MLTS morphism. If
Gme(A)(m) = €, then A(a) = e by definition of G, and we get o(X) = o(Y). If
Gme(A)(m) # g, then G, (A)(m) = X(m) € M\{e}, and we get X Cme ) Gy Y-
This proves that G (0, A) = (0, Gpe(N)) is a LTS morphism from G, (Tp) to G (T).

Given a monoid labelled transition system 7" = (S, M, -, e,§) and the LTS identity
morphism (1g,1y) : T — T, we know from Proposition that Gpe(1a7) is the
identity on the labelling set M \ {e}, and this means G;(1s, 1a7) = (1s, Gme(1ar)) is
the LTS identity morphism on G,(T), and G,,; preserves identities.

Finally, given MLTS morphisms (o1,A;) : Ty — 11 and (09, \s) : T4 — Ty,
we have that Gpe(A2) © Ge(A1) = Gue(A2 0 A\p) since Gy is a functor, and get
Gmt(Uz,/\Q) ° Gmt<o-la)‘1) = (027Gm5<)\2)) ° (UlaGme()\l)) = (02 ° 01, Gms()\2) °

Gme(A1)) = (02001, Ge(A2oA1)) = Gue(020071, Moo A1), and G,y preserves composition.
This proves that G,,; is a functor.

We now demonstrate that for any labelled transition system Ty = (Sy, Lo, d) and
any monoid labelled transition system 7" = (S, M, -, e,d), there is a bijective corre-
spondence between Homy(Fy,,,(To), T') and Homp( Ty, Gpi(T) ), where Fy,(Ty) =
(So, Lt, -, A, 6) and Gou(T) = (S, M\ {e}, 0\ {(X,e,X) | X € S}). We de-
fine a map g, 7 : Homyg(Fi (T0), T) — Homp(Ty, Goue(T)) that sends a MLTS mor-
phism (o,A) : Fi,(To) — T to the LTS morphism (0,0, () @ To — Guue(T)
where 0, 0 (N) @ Lo — M \ {e} is given by a previously established bijection from
Oro. : Hompon (Lg, M) — Homse (Lo, M\ {e}) in Proposition [1.2.12, We will simply

write 0 := 0,y and 0 = 07, v for convenience here.
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We verify that (o,60())) is a LTS morphism from Ty = (Sy, Lo, 6o) to G (T) =
(S, M\ A{e}, 0\ {(X,e,X) | X € S}). Consider any a € Ly. If (\)(a) = ¢, then
A(a) = e by definition of 0, and we get Mgmtm: Ag :ﬂﬁ. If 6(N\)(a) # e,

then 6(\)(a) = A(a) by definition of 0, and we get —>0(>\)(a) Gmt(T):ﬂ)T_

But then, for any transition X L>TO Y in T}, we get that X L>th<T0) Y (since
5 oty =——r1,), and then o(X) ﬂn o(Y) since (o,A) is a MLTS morphism.
Thus, o(X) Mgmtm o(Y) (and this includes the case with (\)(a) = ¢€).

We can provide a map 67! : Homp(Tp, Gou(T)) — Homyg(Eyn(Ty),T) that
sends a LTS morphism (0,)) : Ty — Guu(T) to the LTS morphism (o,071())) :
Fim(To) — T where 67Y(\) : Ly — M is given by a previously established map
6=' : Homse (Lo, M \ {e}) — Hompmon(L§, M) in Proposition (it was shown in

the proof of this proposition that 6~ is the inverse of ).

We verify that (,6~*()\)) is a MLTS morphism from Fy,,(Ty) = (So, L, -, A, do)
toT = (S5, M, -, e ¢). Consider any a...a, € Lj, with each a; € Ly, and any
transition X %, o0 Y in Fy,(Tp). We get that (X,Y) €, o...0 —p,
and this means that there exists Xg, X1,...,X,, € Sy such that X = X, &TO

a an Xaz1) Aaz)
Xq —2>To cee T X, =Y. But then, U(X) = U<X0) —1>Gmt(T) U(Xl) —2>Gmt(T)

Mcmtm 0(X,) =o(Y) since (o, A) is a LTS morphism from T to G (7).

Consider any i € {1,...,n}. If AM(a;) = ¢, then we have 67'()\)(a;) = e by defi-

a; -1 a;
nition of 67!, and we get L)>Gmtm: Ag :wm. If A(a;) # €, then we have
Aai) 0~ (M) (ay)

671 (\)(a;) = AMa;) € M\ {e} by definition of 67!, and we get —=4  7=—"",.

0~ (N)(a1) 0~ (V) (a2) 0~ (N)(an)

This means that o(X) = o(Xj) r 0(X1) ——>, ... ——5;

o(X,) =0(Y), and we get :

0= (M) (an) 0= (A\)(a1) 6=t (N)(a1) ... 71 (N)(an)
(— % 0. 0 — 20 ) = o S

(0(X),0(Y)) €
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It was established that §~1()\) is a monoid morphism in Proposition[1.2.12] There-
fore, o(X) MT o(Y). This proves that (o,67!()\)) is a MLTS morphism

from Fy,,(1Tp) to T

Since 6 and 67! are inverses of each other on the hom-sets
Homser, (Lo, M\ {e}) and Homwen( L, M), it is clear that the maps 67, 7 and é}O{T
as defined above are inverses of each other. We get a bijective correspondence in
between Homyy( Fi,(To), T') and Homp( Ty, Gope(T') ) thus, and this proves that Fi,,
is left adjoint to G,,;.
O



Appendix D

Proofs for Section 4.2

Proposition D.0.1 . Suppose T is a T-valued sheaf on a complete Heyting algebra
H. Then the associated state presheaf S is a set-valued sheaf, and the associated

labelling presheaf L is a Set.-valued sheaf.

Proof. Suppose T is a T-valued sheaf on a complete Heyting algebra H. Let U be

region in H and suppose {V;},c; is a proper cover of U.

(S is a sheaf) : Consider any set S and any J-indexed family of functions

{o; : S — S(V;)}jes, and suppose that resgjwi(aj) = res&;ﬂwi(ai) for all 4,5 in J.
Let 0;: 0 —. £(V;) and 0 : ) —. L(U) be the unique labelling morphisms with their
source in the initial object () in Set.. Consider the LTS (S, L = (), = 0). We have
that (0;,0;) : (S,0,0) — T(V;) are LTS morphisms (they do not need to preserve
any transitions). In particular, (resgwi,pgjwi)(oj,oj) = (resgjwi(aj),ijAVi(Oj)) =
(res%m(a@-),p%ﬁm(oi)) (remark that pngVi(Oj) = p\\;;AVZ_(Oj) since they stem out of
the initial object of Set.). By the gluing property of 7, we get a LTS morphism
(0,A) : (S,0,0) — T(U) such that (resy., pi)(0,A) = (05, 0;) for each j in J. Thus,
Tesgj(a) = o; for each j in J and this means that ¢ : S — S(U) is the gluing
of the o; in question. This shows that S has the gluing property. Furthermore, if
there is any other set function ¢’ : S — S(U) such that resgj(o’ ) = o; for each j
in J, then consider the LTS morphisms (¢’,0), (¢7,0) : (S,0,0) — T(U). We have
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(res ,pgj)(a’, 0) = (0;,0;) = (resgj,pﬁfj)(a, 0), and by the locality of T, we get that

Vi

(¢’,0) = (0,0). In particular, 0 = ¢’, and this proves that S has locality.

(L is a sheaf) : Consider any labelling set L and any J-indexed family of labelling
morphisms {\; : L —. £(V})};es, and suppose that P\‘Zwi(/\j) = pviav(Ai) for all i, j
inJ. Let 0; : 0 — S(V;) and 0 : ) — S(U) be the unique set function with their source
in the initial object () in Set. Consider the LTS (S = (), L,d = 0)), and this is only a
LTS because we allowed ghost actions. We have that (0;,\;) : (0, L,0) — T(V;) are
LTS morphisms. In particular, (resgAVi,ngi)(Oj)\j) = (res;jAVi(Oj),p“zwi()\j)) =
(Tes“f;wi(()i), P‘v/;wi()\z‘))- By the gluing property of 7, we get a LT'S morphism (o, \) :
(0, L,0) — T(U) such that (resy , py )(0, A) = (05, ;) for each j in J. Thus, py/ (A) =
A; for each j in J and this means that A : L —. L£(U) is the gluing of the Aj
in question. This shows that £ has the gluing property. Furthermore, if there is
any other labelling morphism X : L —. £(U) such that pgj()\') = ), for each j
in J, then consider the LTS morphisms (0, ), (0, X) : (6, L,0) — T(U). We have
(Tesgj, pgj)(O, A) =(0;,\) = (resgj, pgj)(O, X'), and by the locality of T, we get that
(0,A) = (0, \). In particular, A = X, and this proves that £ has locality. ]



Appendix E

Proofs for Section 4.3

Proposition E.0.1 [Equivalences for action containment]. Consider any

T-valued presheaf such that S is a sheaf, and consider any regions V< U and action

b € LU), and any e-region K that j-complements V in U. Then the following

statements are equivalent :

1.

2.

pY®) b , ,
v oresy = resy o —s, (i.e. V containsb)

U(b
For any X' pv—(>)v Y and X" € S(K) such that X'|yrx = X" |vak, there exists
unique X,Y € S(U) such that X 25, Y and Xly =X, Y|k = X|g = X"
and Y|y =Y.

The action b glues its transitions over {V, K} (see Definition
The action b decomposes over {V, K} (see Definition

b u-—l Py (®) U U
—p= (resf "o ——= oresl ) N ~U

Proof. Consider any T-valued presheaf with S as a sheaf, and any regions V' < U and

action b € L(U), and any e-region K that j-complements V in U.

U
(1) = (2)] Suppose (1) holds. Consider any transition X' 'OV—(b)>V Y in V and
state X” € S(K) such that X'|yrx = X"|yak. Since X’ and X" agree as states on a
proper cover {V, K} of U, then the gluing property of S yields an X € S(U) such that
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()

X|y = X" and X|g = X”. Since X|y resy X and X|V v Y’ Proposition |4.3.10
yields a Y € S(U) such that X s, Y and Yy =Y and Y| = X|x = X”. If there
is any other X, Yy € S(U) such that Xo —=, Yy and Xoly = X', Yolx = Xo|x = X"
and Yp|y = Y7, then the locality of S applied to the cover {V, K} of U yields Xy = X
and Yy =Y.

U
[(2) = (3)] Suppose (2) holds. Consider any X' —— i v Y in V and X" pK—(b>)K Y” in

K with X'|yax = X |vax and Y|y ax = Y|y ak. By (2), we get unique X, Y € S(U)
such that X —%, Y and X|y = X', Y|x = X|x = X" and Y| = Y’. Since
p%(b) = €, we have X” = Y" and so Y|k = Y”. This proves b glues its transitions
over {V, K}.

(b)

[(3) < (4)] It suffices to apply Proposition |4.1.18| to the case of {V, K}, i.e. b glues
its transitions over {V, K'} iff b decomposes over {V, K'}.

[(4) = (5)] Suppose (4) holds. Then by definition :

U U
b 1 Pv® -1 Pr®
—y C (resy, o ==y eresy ) N (res, o == oresy)
v—1 pK() U _ v—1 € U _ v—1 U
But res), o "= ores = resy o ——, oresy = resy o Ag) o resy =
v-—l1 — ~U
resy. o res, ==~ and we are done.

[(5) = (1)] Suppose (5) holds. The inclusion from right to left already holds from

the presheaf structure and doesn’t require the assumption of (5) (see the remark

after Definition [4.3.15)). For the inclusion from left to right : Consider any (X,Y’) €

®
(%)V oresy). Then X|y "= adly

to e in VA K (from Proposition 4.3.6). This means that Y'|yrx = (X|v)|vax =
Xlvak = (X|k)|lvak, and the agreement of X|x € S(K) and Y’ € S(V) on the
cover {K,V'} of U allows them to glue to a unique Y € S(U) such that Y|x = X|g

and Y]y = Y. But then, X|v %, Y|y and X|x = Y|x means that (X,Y) ¢

U
(resgy © '0—(>)V oresy ) N ~Y = .. Thus, (X,Y]y) € (resfo —>U), and since

v Y. Since b projects to ¢ in K, then p¥(b) projects

Y’ =Yy, we obtain the inclusion in question. ]




Appendix F

Proofs for Section 5.1

Lemma F.0.1 [Natural Transformations preserve c-Regions and Contain-
ing Regions]. Consider any two T-adapted presheaves T and T on a Heyting algebra
H, and consider any natural transformation {(ow, \w )} twen : T — T in [H,T],
which is a family of LTS morphisms (ow, \w) : T (W) — T'(W) indexed by regions
W in H. Then for any regions V. < U and any action b € L(U) the following

statements hold :

1. If b vanishes in V with respect to U in T, then A\y(b) vanishes in V with respect
toU inT'.

2. If b vanishes is contained in 'V with respect to U in T, then Ay(b) is contained

in V' with respect to U in T.

Proof. Consider any two T-adapted presheaves T = (S, £,0) and 7' = (S, £',9') on
a Heyting algebra H, and any natural transformation {(oy, A\v)}vex : T — T’ in
[H°P, T]. Consider any regions V' < U, and write (res?,p%) : T(U) — T(V) and
((resy), (p%)) : T(U) — T'(V) for the LTS restriction morphisms from U to V' in
T and T respectively.

We can get an immediate sense of why this lemma is true because e-regions can

only get larger when applying LTS morphisms that preserve ¢, and the commutative
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diagrams provided by natural transformations assure that e-regions are preserved

also. Let us see how this is done.

[Proof for (1)] Consider any action b € L(U) and suppose that b vanishes in V' with
respect to U in T, i.e. p¥(b) = €. By definition of a natural transformation in [H°, T,

we have that the following diagram commutes in T :

(ov, Ao)
TU) ——>T'(U)

(resy, pi) ((resy)’ (V))

< (UV7 )\V) ~

TV) ———=T(V))

For the labelling component morphisms, this implies that the following diagram

commutes in Set, :

R R

LV) —=— L'(V))

and we get (p%)' > Ay = Ay p. But then, (o7) (Au(B) = Av(pU(b) = Av(e) ==,
and this means that V' is an e-region of \y(b) in U with respect to 7.

[Proof for (2)] Consider any action b € £(U) and suppose that b is contained in V'
with respect to U in 7. This means that V'V e,(b) = U. By (1) above, we have that
b vanishes in €, (b) with respect to U in T, so A\y(b) vanishes in £,(b) with respect to
Uin T'. With V'V g,(b) = U, we can apply the WCA axiom thus and we get that
Au(b) is contained in V' with respect to U in T". O
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Proposition F.0.2 . For any T-adapted presheaf, the SI-equivalence ~ as defined

above for a region U is an equivalence relation.

Proof. Consider any T-adapted presheaf and a region U.

(Reflexive) : For any (X,b,Y) € 6(U), we have X ~J X and Y ~V Y, and since U
contains b (i.e. UV ey(a) =U), we have that (X,0,Y) ~, (X,0,Y).

(Symmetric) : Suppose that (X,b,Y) ~;, (X', b,Y’) for some transitions
(X,b,Y), (X", b,Y") € 6(U). Then there exists a region V' that contains b such that
X~V X' and Y ~Y Y’ But then X' ~Y X and Y’ ~U Y, so (X',0,Y") ~, (X,b,Y).

(Transitive) : Suppose that (X,0,Y) ~, (X',0,Y'") ~y (X",b,Y") for some
transitions (X,b,Y), (X', b,Y"), (X", b,Y") € 6(U). Then there exists regions V" and
V' that contain b and such that X ~Y X’ and YV ~¥ Y’ and X' ~¥, X" and
Y’ ~U, Y". We have that V' A V'’ contains b by Proposition and both ~¥ and

~Y, are included in ~Y _, (by Proposition 4.1.14)). This implies that X ~Y , X" and

—vav’
Y ~U Y and X' ~U , X" and Y' ~Y , Y”. The transitivity of ~7 . implies
that X ~U , X" and Y ~U , Y” and this provides (X,b,Y) ~, (X",0,Y"). O

Lemma F.0.3 [Natural Transformations preserve SI-Equivalences|. Con-
sider any two T-adapted presheaves T (with Sl-equivalence ~) and T’ (with SI-
equivalence ~') on a Heyting algebra H, and consider any natural transformation
{(ow, \w)}wen : T — T in [H°?,T], which is a family of LTS morphisms (ow, Aw) :
TW) — T'(W) indexed by regions W in H. Then for any regions V. < U and
any transitions (X,0,Y),(X',b,Y") € §(U) such that (X,b,Y) ~, (X',0,Y') and
Au(b) # €, we have that (oy(X), Ay (b),ou(Y)) ~i (ou(X'), Au(b),ou(Y")).

U
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Proof. Consider any two T-adapted presheaves T = (S, L£,0) and T’ = (S',£',¢) on
a Heyting algebra H, and any natural transformation {(oy, A\v)}ver : T — T’ in
[#°P, T]. Consider any regions V < U, and write (res¥,p%) : T(U) — T(V) and
((resb), (pY)) : T'(U) — T'(V) for the LTS restriction morphisms from U to V' in
T and T’ respectively.

Consider any transitions (X,0,Y), (X', b,Y’) € §(U) such that (X,b,Y) ~y
(X',0,Y") and A\y(b) # . We verify that :

(ov(X), Au(b), ou(Y)) ~y (ou(X'), Au(b), ou(Y”))

By definition of ~y, there exists a region V that contains b in U for 7T, and
such that X|y = X'y and Y|y = Y'|y. Also, we have that the following diagram

commutes by definition of § as a natural transformation :

(ov, \v)
TU) ———>T'(U)

(resy, pv) ((resy)’ (V))

And for the states component maps, this implies that the following diagram com-

mutes :

sy —24 4 s()

resy (res?)’

~ ov ~

S(V) --mmateny y S'(V)
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and we get (res¥) ooy = oy oresy.

Thus, we get O'U(X)|V = Jv(X’\/) = Uv(X/|V) = O'U(X,)lv and O'U(Y)‘V =
ov(Ylv) =ov(Y'|ly) = ou(Y’)|v. This means that oy (X) ~Y oy (X’) and oy (V) ~Y

oy (Y’). Now, since V' contains b with respect to U in 7T, we have by Lemma |5.1.13
that V' contains Ay (b) with respect to U in T’. This gives us :

(ou(X), Ao (b), ou(Y)) ~y (ou(X'), Au(b), ou(Y7))
as desired. [

Proposition F.0.4 . In a T-adapted presheaf, if V is a region that contains an action

b in a region U, we have :

Proof. Consider a T-adapted presheaf, regions V' < U and an action b € L(U). Sup-

pose that V' is a region that contains an action b in a region U.

(For C) : Consider any (X',Y) ey, 0 ~U. Thus there exists X € S(U) such that
X'~V X and X Ly, Y. This means X'lv =Xy and X|.,) = Y|ep ). We get :

(X'epo)levmnv = X'lep v = Xlewoav =Yewonv = Y ) lewmav

And since V'V e,(b) = U, we get a proper cover {V,e,(b)} of U on which X'|., ) €
S(ey(b)) and Y|y € S(V) agree on the overlap. Thus, we can apply the gluing
property of S to obtain Y’ € S(U) where Y’ X'y and Y'|yy = Y|y (this

|€U(b)

establishes Y ~Y Y in particular).

But then X'|,, = X|V Y|V =Y'ly and X'|., ) = Y|, (v, which means :
X/ Y/ 1 pU(b) ~U
(X" Y") € ((rest)to ==, ores’) N @

Since V contains b, we know that ((res?)=* pv_()>v resy) N =0 ) = — -5, by Propo-

sition [4.3.27] and this means X’ —=», Y. In particular, (X,Y) € (=Yo L>U)
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(For D) : Consider any (X,Y’) e~V o 24, Thus, there exists Y € S(U) such that
X -5, Y and Y ~Y Y’. This means X|.,4) = Y., and Y|y = Y|y We get :

Yo o)leomnv =Y comnv =Yooy = Xleomav = (X)) eomyav

And since V' V e,(b) = U, we get a proper cover {V,e,(b)} of U on which Y|, €
S(ey(b)) and X|y € S(V) agree on the overlap. Thus, we can apply the gluing
property of S to obtain X’ € S(U) where X'|., ) = Y'|., ) and X',y = Xy (this

establishes X’ ~U X in particular).

/ pg(b) !/ / !/ 3
But then X'|y = X|y '=— Y|y = Y'|y and X'|. ) = Y|, ), which means
that X' —2s, Y' (see argument for C above). In particular, (X,Y”) ey 0 ~U,

]

Lemma F.0.5 [Natural Transformations preserve SI-Independence Rela-
tions]. Consider any two T-adapted presheaves T = (S, L, ) with Sl-independence
relation T and T' = (S, L', ") with SI-independence relation I' (both presheaves on a
Heyting algebra H) . Consider any natural transformation {(ow, A\w)}wen : T — T’
in [H°P, T, which is a family of LTS morphisms (ow,Aw) : T(W) — T'(W) indexed
by regions W in H. Then for any actions b,c € L(U), if b Z(U) ¢ and Ay (b), A\y(c) # €
, then Ay (b) Z'(U) Ay(c).

Proof. Consider any two T-adapted presheaf T = (S, L£,d) and 7' = (§',L',4") on
a Heyting algebra H, and any natural transformation {(oy, A\v)}vex : T — T’ in
[HP, T.

Consider any regions V' < U and actions b,c € L(U). Suppose that b Z(U) ¢
and suppose that A\y(b) and A\y(c) are not €. Write €}, (Ay(b)) and €}, (Ay(c)) to char-
acterize the largest e-regions of Ay (b) and Ay (c) respectively (in U) with respect to 7.

This means that {e,(b),e,(c)} forms a proper cover of U by Proposition [5.1.29]
Also, Proposition [5.1.13| establishes that ¢,(b) is an e-region of AU(b) in U with
respect to 7. This means that ¢,(b) < e,(Ay(D)).
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Similarly, we can show that £,(c) < &/ (Ay(c)).
We then get :

U =eyb) Vel <e(Au(d) Ve, (hulc) <U

and so g, (Ay (b)) Ve, (Ay(c)) = U. Thus, {&},(Av(b)),e,(Av(c))} is a proper cover of
U, and by Proposition [5.1.29| again, we get that Ay (b) Z'(U) Ay (c).

This proves that the Sl-independence relation is preserved by Ay. O



Appendix G

Proofs for Section 5.4

Proposition G.0.1 . Given a LRS presheaf and a region U, and an action b € L(U),
we have that the following hold :

1. ¢y (b) as given in Definition is indeed a proper region of b with respect to
U in the sense of Definition [4.5.15

2. F(b) as given in Definition is a region that contains the effects of b with
respect to U in the sense of Definition [{.3.1]

3. 15 (b) as given in Definition is a region that contains the dependencies of
b with respect to U in the sense of Definition [{.3.7

Proof. Consider a LRS presheaf, a region U, and an action b € L(U).

(1) We have by Proposition that €,(b) = U \ ¢,(b), and since we have a
T-adapted presheaf, this means v, (b) is the proper region of b with respect to U.

(2) For any transition X s, Y, we have X|U\¢$(b) = Y\U\%(b) by defini-

tion of i>U. This means U \ 1/ (b) is a transparent region of b in U. But then,
(UN (b)) Vb (b) = U, so this means that ;7 (b) contains the effects of b.

255
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(3) Let V=1 (b) and W = 1),(b). We have V' Vit (b) = W, so W\ (b) CV,

and we have that res” is well-defined. Set the following relation :

WAp i (b)
- + ~ )\ -
R= ((Tesg%(b)) o reszﬁz; obyo (resy Y1) N ((resxwg(b)) Lo Tes;’[,w;}(b))

According to Definition [£.3.7], it suffices to verify that :
b
Rores) = res), o —y

We start by proving that Reres! C resi, o %4, Consider any (X,Y)) € (Roresy).
We get X|y  Yp, and thus there exists (X', Y”’) € (b) such that :

YT (b) \—1 , <b> ] reswi(b) , (resW+ )1
Xy (resv 7 X y! ey |w$(b) I IOMES A (3)
and
res://v\w+(b) Tesx\ij(b) -1
Xlv v YO|W\wg(b) v Yo (4)

Consider Y € S(U) that is the gluing of Y and X |y on the cover {W,U\NW} of
U. This means in particular that {W\ ¢k (b), UNW} = {W\ ¢t (), (UNW)\t(b)}
is a proper cover of U\ i (b). We get X|pw = Y|oaw, and we also get X|W\w$(b) =
(X[v) gt ) = Yolwrys ) from Equation . This means that Xy .+ ) = Yyt o)
by locality of S.

Furthermore, from Equation (3| we derive X’ |w5(b) = (X |V)|w[}(b) =X |¢E(b) and

: b »
Y'yewy = Yolyray = Ylyzp)- This means that X —, Y by definition. But fi-
nally, we get Y|y = Yo, so (X,Yy) € (res, o i>U) This proves that R o res! C

v b
resy, o —y.

We now prove that R o res], DO resy, o 24, Consider any
(X, Yp) € (rest, o i>U) We get a state € S(U) such that X s, Y and Yiw =Y,
and we need to show that X|y  Yj. By definition of X LU Y, we have X|U\¢{;(b) =
Y|yt vy and there exists (X', Y”) € (b) such that X', = Xyewy = X|¢5(b) =Xy
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Y| v vy and then the following holds :

_ B + b)
(reswi(b)) 1 ;b , restr( , (
Xy e X Wy ey .

w —1
TeSwJUF(b)) Y,

Furthermore, with W\¢F(b) C U\ (b), we get Xlwwre = Yl o) = Yolwt o)
(since Y|w = Yp), and this means that :

v (

TGSW\Q/ﬂL(b) )1
Xlv 0 Yolwyt o)

T‘GSW 4
WAy (5) Y,

By definition of R, we get (X|v,Yy) € R. Thus, (X,Yy) € (R o res), and this proves
the inclusion R o res|, D resy, o s, Tt follows that R o res; = resy, o 2y, and

this proves that V' contains the dependencies of b with respect to U. O

Example G.0.2 [LRS for Petri Nets]. Given a Petri Net (P, T, F, My, W), we
can define a localized relational structure I' = (P, L, ¢~ , %", S, (—)) where :

e The set of places P are matched in both structures;

e The labelling set L is the set of Petri Net transitions 7' (not to be confused with
LTS transitions);

e = =" = where ¢ : T — P(P) is a map that was previously defined for
Petri Nets as ¢(t) ={x e P| 3t e T, (z,t) € For (t,z) € F' } forany t € L

(this is the set of places to which ¢ connects with an arc);

e S is given by the states sheaf of the Petri Net’s associated presheaf as we saw
in Definition 4.1.11) (S(U) = NY for each U C P, and the state restriction maps

are function restrictions);

e For an action ¢ € L, and any X', Y’ € S(¢(t)) we set (X', Y’) € (¢) if and only
if Vo € 9(t), the following hold :

(1) (z,t) e F = X'(x) > W(z,t)
(2) (z,t) € Fand (t,z) ¢ F = Y'(z)=X'(z) — W(x,1)
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(3) (x,t) ¢ Fand (t,z) € F = Y'(x)
(4) (z,t) € Fand (t,z) € F = Y'(x) = X'(x) — W(z,t) + W(t,x)

X'(z)+W(t,x)

This provides a well-defined localized relational structure I'. We now provide a
proof that the presheaf, say T = (S, L, d), associated to the Petri Net (P, T, F, My, W)
as in Definition {4.1.11| corresponds with the T-adapted presheaf Tr = (Sr, Lr, dr) of

the localized relational structure I' above.

Proof. We know that Sp = S by definition. Also, £ of the Petri Net’s associated
presheaf is defined precisely the same way as Lr. Indeed, for any region U in P(P),
we have L(U) = {t e T | UNy(t) # 0} ={t € L | ¢,(t) # 0} = Lr(U). The

labelling projections are also defined in the same way with :

0 :{ tif (1) £ 0

€ otherwise

for any regions V' C U and action t € L(U).

It suffices to prove now that 6(U) = op(U) for all regions U. Thus, consider any
region U in P(P) and any action t € L(U). We recall that (X,t,Y) € §(U) if and
only if :

(1) Yo = Xlope and,

(il) Yo € UNy(t) (= 1u(t)), the following hold :

o (1,t)€F = X(z)>Wi(a,t)

o (1) € Fand (t,z) ¢ F = Y(2) = X(2) — W(a,1)

o (1,t)¢ Fand (t,z) € F = Y(z) = X(2)+ W(t,x)

o (1) € Fand (t,z) €F = Y(2) = X(2) — W(a,t) + W(t,z)

and that (X,t,Y) € 6pr(U) if and only if :

(I) YlU\le;(t) = X|U\¢§(t) and,
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We prove that §(U) C or(U).

Consider any (X,t,Y) € §(U). Thus, (i) and (ii) hold above. With (i), we have
that X |+ ) = Xlonew = Ylowpw = Ylong+@), and this verifies condition (I) to get
(X,t,Y) as a transition in op(U). For condition (II), we need to find (X', Y”){t) such

Define X" Y" € S(¢(t)) as follows :
X'ty = Xlww and Y'lppw) = Yluw o
and for x € Y(t)\ U,

1. If (z,t) € Fand (t,z) ¢ F, set X'(z) = W(x,t) and Y’'(x) = 0 (this is equal to

2. If (z,t) ¢ F and (t,x) € F, set X'(x) =0 and Y'(x) = W(t,z) (this is equal to
X'(x) + W(t, z))

3. If (z,t) € F and (t,x) € F, set X'(x) = W(x,t) and Y'(x) = W(t,x) (this is
equal to X'(z) — W(x,t) + W(t, z))

For these specifications, it is not too difficult to see that (1), (2), (3), and (4) hold
for any x € 9(t), i.e. to get (X',Y”') € (). Indeed, if x € 1, (t), then the conditions
hold for X'|y, 1) = Xy and Y|y, @) = Yy, @), by (4) for X and V. If x € ¢ (t)\U
instead, then we get these conditions with the way X’ and Y’ are defined just above.
Thus, (X',Y") € (t), and we also have X'| ) = X'l ) = X,y = Xy, and
Y’|¢l+](t) =Yooy = Yiewwy = Y|¢§(t)- This means (II) is satisfied, and we get
(X,t,Y) € or(U).

Now, consider any (X,¢,Y) € p(U). From (I), we get that X|y+@) = Yo+ @),
and this means X |y = Y|onp), which fulfills condition (i) to get (X,¢,Y) € 6(U).
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With (II), we also get (X',Y”) € () such that X[, = X|[,- and Y[+ =
Y|wf§(t)’ and the conditions (1), (2), (3), and (4) given earlier hold for any = € (t)
with respect to X’ and Y. In particular, these conditions hold for any x € UN(t) =
Yu(t) S ¥(t) with respect to X’ and Y7, and since Xly, ) = X|yo ) = X'|y-() =
X'ypoy and Yy @) = Y|¢§(t) = Y/|w§(t) = Y|y, 1), these conditions hold with re-
spect to X and Y also. These are, in fact, the conditions given in (ii) and we get

(X,t,Y)eo(U).

Thus, we have § = dr, and it follows that 7 = Tr. H



Appendix H

Extension of the Abstract Trace

Equivalences

We now propose a solution to an issue that arises with the spatially induced abstract
trace equivalences within T-adapted presheaves. Mainly, in such presheaves, it is
possible to have an action, say c¢, that represents the “gluing” of two independent
actions by and by. The usual abstract trace equivalence of Mazurkiewicz (as in Defi-
nition identifies the two words b1bs and byby, but it does not identify them with
their combination ¢. We propose an extended equivalence that further identifies the
words biby and beb; with such a ¢ (i.e a word with a single letter), when the latter
exists. We end this appendix with a conjecture that quotienting with respect to this
extended equivalence (a congruence on a freely generated monoid in fact) yields a form
of trace monoid that may be more appropriate to the context of T-adapted presheaves
than the usual trace monoid given by ALTS (with Definition in Chapter |3)).

From the Theorem of Spatially Induced Independence, we know that, for any
T-adapted presheaf (S, L,d) and a region U, we can associate an ALTSE given by
(SU),LU),6(U),Z(U), ~). With respect to such an ALTSE, we obtain an abstract
trace equivalence =7y from Definition for ALTS, and an equivalence on runs
from Definition [3.3.15 Now, recall the Parallel Registers from Example and
consider the set of transitions on a global region A4 = {1,2, 3,4} that is depicted in
Figure [39]

261
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[o]1]o]1]
[o]o]1]o]

(e,incr, e, €) ﬂﬂ 5,5,shift,6)
[o]]o]x]
[o]o]o[1] (g, iner, shzft £) -
ﬂﬂl -

/
€, 8hift e (e,incr, e, ¢€)
ﬂﬂ

Figure 39: A set of transitions in PReg

Now, define a map o : {0,1,2,3} — S(P) as in Figure [40]

a(0) o(1) o(2) a(3)
lo[2foa] | [o]z]o]s] | [o[2]o[2] | [o[1]o][1]
lofofo[s] | [ofo]s]o| | [o]o[s]o] | [o]o]o]1]
[2[ao]s] | [2]a]o]s] | [2]o]s]o] | [1]o]1]e]
lofafa]a] | [os[as] | [of2]a]a] | [o[1]1]a]

Figure 40: The map o : {0,1,2,3} — S(P)

With respect to this set of transitions, we would like to say that the following runs

are equivalent in the global region of PReg :

(g,e,shifte)

(e,incr.ee)

(1) o(0) - - preg O (1) prec 0(2)
e,e,shifte g,incr,e,e

(2) o(0) B2, o(3) LT, (2) , and

e,inc,shift.e
(3) o(0) eI, 6 (2)
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It is not the case that these are equivalent with the current equivalence on runs
that arises from (S, L,0,Z,~). The two runs given in (1) and (2) get matched, but
not the third one. This is basically stemming from the fact that the sequences of ac-
tions (e, ¢, shift, e)(e,incr,e,€) =gw) (€, incr,e,¢)(e, €, shift,e) do not get matched

with (e, inc, shift, e) via =¢w).

Thus, we may get the impression that the current abstract trace equivalence and
the equivalence on runs provide insufficient quotienting with respect to the quoti-
enting potential that T-adapted presheaves offer. The object of this section is to
propose a solution to this insufficient quotienting, by extending the abstract trace
equivalence and the equivalence on runs in consideration of such “middle transitions”
like (0) MPR% 0(2) in Figure We will work this out by using the stan-
dard Sl-independence relations given by Z here. The question of which results in this
section hold for the case of Z is an open problem (and it is certainly a bit more com-

plicated to work out because transparent regions don’t behave as well as e-regions).

Now, we need to understand how certain actions, like (e, inc, shift,e) above, can
arise as combinations of independent actions, like (g, , shift, €) and (e, incr, €, €), and

we propose the following concept to identify such combinations.

Definition H.0.1 [Combination of Independent Actions]. Consider a T-adapted
presheaf on a Heyting algebra, a region U, and any actions b, ¢,d in £L(U). We say

that d is an Z-combination of b and ¢ in U if the following three conditions hold :
1. bZ(U) ¢,
2. ng(b)(d) = ng(b)(C) and ng(c)(d) - ng(c)(b)7

3. d glues its local transitions over {e,(b),e,(c)}.

If d is an Z-combination of two actions, then it is completely determined by the

locality of £ with respect to these actions (this means that if d; and dy are both an
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Z-combination of some actions b and ¢, then d; = ds).

Now, the first thing we should verify is that the transition relation of an Z-
combination is given by the composition of the transition relations of the independent
actions it combines. We need two lemmas to achieve this, and the first one goes as

follows :

Lemma H.0.2 . Consider a T-adapted presheaf on a complete Heyting algebra and
any region U. Consider any actions b,c € L(U) such that b Z(U) c. Then, for any
(X,Z2) € (—y o —b>U), there exists a unique Y € S(U) such that X Y -5y, 2,
and this Y is determined by the equations Y ~0 X and Y ~U . Z on the cover
{ev(b),eu(e)} of U.

Proof. Consider a T-adapted presheaf on a complete Heyting algebra and any region
U. Take b,c € L(U) such that b Z(U) ¢, and consider any (X, Z) € (—= o L>U)
Then, by definition, there exists Y such that X —b>U Y -5, Z. We have X sz(b) Y

and Y ~Y = Z by the transparency of b and c respectively. If there is another

“eylo)
c

Y’ € S(U) such that X s, Y -5, Z, then we also get X ~¢ Y'andY' ~U 7.

ey (b ey (c)

Thus, Y/ ~Y Y and Y’ ~Y Y and by the locality of S on the cover {e,(b),e,(c)}

ey (d) “epyl(o)

of U, we get Y =Y. O]

And we also need to show that the largest e-region of an Z-combination is the

meet of the largest e-regions of the actions it combines.

Lemma H.0.3 . Given a T-adapted presheaf on a complete Heyting algebra and a
region U, if d is an T-combination of b and ¢ in U, then ,(b) A ey(c) = ey(d).

Proof. Consider a T-adapted presheaf on a complete Heyting algebra and a region U,
and consider any action d that is an Z-combination of some actions b and ¢ in U. We
have that :

(b) (b)
ng(b)/\sU(c)(d) = ng(ll:)/\eU(C)(pSUU(b)(d>) = ng(Z)AeU(w(ng(b)(C)) - psUU(b)AsU(c)<C) =

since ¢ vanishes in e,(b) A €,(c). This means e,(d) < e,(b) A ey(c).
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We also have that :

ngEZ;A€U(b)(ng(d)(b)) = ng(d)/\sU(b)<b) = £

since b vanishes in e, (d) A €,(b).

Also, we have :

ey (d) ey (e)

psU(d)AEU(c)(ng(d)(b)) = ng(d)/\eU(c)(b> = pamd)AsU(r)(ng(c)(b))
= PEZEZ))AEU<C>(PSU(C>(CZ)) = pf:]U(d)AsU(c)<d> =€

since d vanishes in €, (d) A ey (c). But {e,(d) A €y(b), ey(d) A ey(c) } forms a cover
of ey(d), and by locality of £, we get p” , (b) = e. Thus, e,(c) < ey(a). A similar
proof shows that e,(c) < e,(b), and we derive ,(c) < ey (a) A e,(b). Finally, we get
eu(d) = ey (b) Aey(c). O

These two lemmas can then be used to prove that any transition of an Z-combination
breaks down uniquely in a sequence of transitions for the actions it combines, and

this goes as follows :

Proposition H.0.4 . Consider a T-adapted presheaf on a complete Heyting algebra
and a region U. If d is an Z-combination of b and ¢ in U, then for any X, Z € S(U)
such that X i>U Z, there exists a unique Y such that X i>U Yy =%, Z, and

X and Y ~Y

~0 « £ on the cover

the latter is determined by the equations Y o~
{e0(b),eu(c)} of U.

e (b)

Proof. Suppose that d is an Z-combination of b and ¢ in U, and consider any X, Z €
S(U) such that X —)U Z. We get X\, oneo®) = Xlew@) = Zlep@y = Zlew(@)new®) bY
Lemma and, thus, we can take a state Y € S(U) that is the gluing of X|., @)
and Z|., (¢ on the cover {e,(b),ey(c)} of U.

We get that :

G

Xlepe) =@ Zlewe) =Ylewe and X0 =Yg
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PE (e () .
But, p¥ . (d) = p¥ ,(b) and s0 X|.p) ——cp Ylep(o- This means that
1 Peye® b :
(X,Y) € ((res? )" o ————. 0 orest ) N =L, = —; (the equality

comes from the fact that ,(c) contains b when b Z(U)c). This gives us X Y.

Also, we get that :

Perr (@)
Yieye) = Xlew ) cwm ey and - Yoy = Zley (o)
Pg (b)(C) X
But, p! ,(d) = p () and so Y|.,) ——.pm Zlep@)- This means that
PY 1y (©)
(X,Y) € ((res? o))" o LSU@) o rest ) N =0 . = —=, (the equality

comes from the fact that e, (b) contains ¢ when b Z(U)c ). This gives us X —, Y.

Finally, the uniqueness of Y follows from Lemma since b Z(U) c. O

Given an action d that is an Z-combination of b and ¢, then Proposition
makes the idea of decomposing the word d into the word bc quite convincing. This is
because it tells us that we can split any c-transition in a unique and non-ambiguous
way with b and c transitions fired in a sequence. This will allow us to extend the

usual ALTSE equivalence on runs to take such splitting into account.

Now, whilst Proposition as in fact established i>U C 5, 0 lm, we
should check that i>U D S, 0 i>U also.

Corollary H.0.5 . Consider a T-adapted presheaf on a complete Heyting algebra and

a region U. If d is an Z-combination of b and ¢ in U, then i>U =S5, 0 i>U.

Proof. Consider an action d that is an Z-combination of b and ¢ in U. Proposi-
tion establishes that i>U C 5,0 i>U, and it remains to verify inclusion

the other way around.

Thus, consider any (X, Z) € (—, o L>U) By Lemma [H.0.2| there is a unique
Y € S(U) such that X s, Y -5, Z, and it is given by the gluing of X|., ) and
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Z|e () on the cover {e4(b),ey(c)} of U (since b Z(U) c).
ng(b)(c) IOSUU(C)(b)
We get X|5U(b) = Y|5U(b) — ey ® Z|5U(b) and X|8U(C) TS Y|EU(C) =
Zley(e)- Since pf , (c) = p% ) (d) and p?  (b) = p . (d), it follows that :

e (b) ey (c)

ng(b)(d) pY 0@

u
Xleyr) —epw) Zlepy  and Xy ——cp0 Zleu(e)

Since d glues its transitions over {e,(b),e,(c)}, we get that X’ %y, Z' for some
X', 7" € S(U) such that X'|. ;) = Xy and X'|oy0) = X|ep(o), and 2’| ) =
Zlepwy and Z'|. (o) = Zley()- By the locality of S, we get X' = X and 2/ = Z, i.e.
x5, 7

. b d . b d
This proves that —, e —, C ——, and, in fact, —, 0 —>, = —>,. O

The following shows that the Sl-independence relations behave properly with re-

spect to Z-combinations.

Proposition H.0.6 . Consider a T-adapted presheaf on a Heyting algebra and a
region U. For any actions b,c,d,e € L(U), if d is an Z-combination of b and ¢ in U,
then :

bZWU) e and ¢ Z(U) e <& dZI(U) e

Proof. Suppose that d an Z-combination of b and ¢ in U. Recall that with Lemma[H.0.3]
we have €,(d) = €,(b) A ey(c). Consider any action e € L(U).

Ifb Z(U) eand ¢ Z(U) e, then we get e,(d) V ey(e) = (ey(b) Aey(c)) V ey(e) =
(ex(b) Vey(e)) A (ey(c) Vey(e)) = U v U = U. This proves that d Z(U) e.

HdZ(U) e, then U = e,(d) Vey(e) = (ex(b)Aey(c)) Vey(e) < ey(b) Veyle) <
U. Thus, e,(b) V ey(e) = U. This proves that b Z(U) e. We can show that ¢ Z(U) e

with a similar proof. O

We can extend the abstract trace equivalence =z to the following congruence :
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Definition H.0.7 . Consider a T-adapted presheaf on a complete Heyting algebra
and a region U. We define =, as the smallest congruence relation on £(U)* such

that :

1. =7w) € =), and

2. For any b,c,d € L(U), if d is Z-combination of b and c in U, then ¢ =) ab.
Remark H.0.8 . We write [w]|z @) to denote the equivalence class of w € L£(U)* with

respect to =, ).

We can also extend the equivalence on runs [need to set this notation| ~z ) for a

region U, provided in Definition [3.3.15, and this goes as follows :

Definition H.0.9 . Consider a T-adapted presheaf 7 = (S, L, ) on a Heyting alge-
bra H and a region U in H. We define ~,(y) as the smallest equivalence relation on
runs in 7 (U) such that :

1. %Z(U) g %E(U), and

2. Any T-runs :

Am+2

al ag am—1 am Am+1 an
XO —>TX1 HT“' HTXm—I —>TXm HTXm—O—l —>T oo HTXTL

and

Am+2

XO &TXI %T...am—_;TXm_l —b>TXm+1 HT .o %TXTL
in 7(U) are equivalent if b is an Z-combination of a,, and @, 1 E|
We can see how these T-runs interact in the diagram of Figure [41| below, which

depicts how one T-run can be obtained from the other by a local deformation

where an Z-combination is involved.

'Remark that this forces the state X,,, to be unique as such in the first run.
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/ ijl
ay as am-1 am+2 an

Xo s X, oo ; m1—>Xm+1 ; s X,

Figure 41

We can study behaviour of systems in terms of equivalence classes of runs and it
would be nice to have a functor from [H, T],gap: to [HP, M] that would allow us to
use a monoidal structure on labels like we did before with the Theorem of Spatially
Induced Independence. We simply make a conjecture about this matter however, and

it goes as follows :

Conjecture H.0.10 [Extended Spatial M-Functors|. For any complete Heyting
algebra H, there is a functor F' from [HP, T|agape to [H, M] that sends a T-adapted
presheaf T = (S, L, §) to M = (S, L*] =, dm), where for any region U € H,
(L) =) (U) = (L))" ) =cw)) is given by the quotienting of the freely generated
monoid (L(U))* with the congruence =y, and dp(U) is specified by :

[‘11--~an]£(U) an a
M(U):—>U °o...o° —>U

For any region V< U in H, given the restriction map (rest, p%) from U to 'V in T,
we define the restriction map from U to 'V in M by (res¥, (p¥)m) where :

(Pv)m(lar - anlewy) = T(PV) (a1 an) leer)

Finally, a natural transformation {(oy, A\v) fven : To = Ti in [HP, T)adapt
(i.e. (ou,\v) is a LTS morphism from To(U) to Ti(U)) is sent to the natural trans-
formation { (o', M) Yven : F(To) — F(Ti) with o' = oy and A\ is a monoid
morphism from (Lo(U))'/ Zeaw) o (L(U))"] Zex) given by -

X (fa1 - anle@wy) = [(Ao) (a1 an) |2y

To establish the above, one would probably use a combination of the proofs of

the Theorem of Spatially Induced Independence and of Proposition |3.2.12| where the



270

functor F,,, from A to M is established.

Finally, we claim that the runs

) (e,incree) (e,e,shifte)

(1) a(0 pres O (1) preg 0(2)

e,e,shift,e)

(2) o(0) L=, o(3) LT, o(2) , and

e,inc,shift.e
(3) o(0) LTS, 5(2),

as depicted in in Figure at the beginning of this section, are equivalent runs
in PReg with respect to ~ 4,). In fact, with our concept of Z-combination, we
have that d = (e,inc, shift,e) is indeed an Z-combination of b = (g, ¢, shift,e) and

c = (g,incr,e,e) in Ay :

1. We have b T(Ay4) ¢, since €,4,(b) = {1,2,4} and e4,(c) = {1,3,4}, and we get
that {e4,(b),e4,(c)} forms a proper cover of {1,2,3,4}.

2. We have pff}(c) = = p?f*}(d), p?f}(c) = iner = pff}(d), and p?f}(c) = =
p?f} (d), so p?[j(b)(c) = pfé(b)(d) by locality of L.

Also, pii(c) = e = pii(d), pes(c) = shift = pgi(d), and pig(c) =& = pis(d),
SO Pf{;(c)(c) = pflj‘(C)(d) by locality of L.

3. The fact that (e, incr, shift, ) glues its transitions over {e,,(b),e.,(c)} is pro-

vided by the fact that the presheaf in question for PReg is actually a sheaf, and
we can simply apply Proposition thus.
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And this verifies that d is Z-combination of b and ¢. This means furthermore that

all of the runs :

) (e,incree) (e,e,shifte)

(1) (0
(2) o(0)
(3) o(0)

PReg 0-(1> PReg 0-(2) Y

(e,e,8hift,e) (g,incre,e)

PReg (7<3) PReg U(2> , and

(e,inc,shift,e)

PReg a(2)

are now equivalent with respect to ~, ).

Thus, we are confident that these extended equivalences =, and ~, ) provide

the right idea for quotienting with respect to these combinations of independent

actions within T-adapted presheaves. Of course, there is still some work that needs

to be done with respect to these extended equivalences.

In particular, we would

certainly require more examples that apply them, and we would like proofs for the

stated conjectures. The case of ZT certainly needs to be addressed as well, and this

is left as an open problem.
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