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Abstract

A high-pressure pulsed waterjet actuated by a high-frequency oscillating probe is

studied numerically. A compressible hyperbolic flow model is derived from the

Saurel model [27] for the numerical simulation of multiphase flows with phase

transition and uses the discontinuous-Galerkin-Hancock method. The model uses

the mixture Euler equations and the Noble-Abel stiffened-gas equation of state as

a thermodynamic closure. The phase change is driven by a difference in Gibbs free

energies in the phases, leading to a stiff relaxation term representing the cavitation

rate. Each phase is compressible and evolves, sharing a single pressure, velocity,

and temperature. Numerical studies were carried out to analyse cavitating flows

in venturi geometries, which agree with experimental data to illustrate the flow

model’s applicability.

This thesis presents a comprehensive study of the pulsed waterjet with and

without the oscillating probe. In the first scenario, the pulsed waterjet is with-

out the oscillating probe. The nozzle produces a jet of water with a maximum

velocity of 440m/s. When the jet collides with the wall, a pronounced water

hammer effect produces a peak pressure of 82.6MPa. The jet exhibits improved

performance in the second scenario with the oscillating probe. The flow of the jet

of water changes physically, producing mushroom-like packets due to alternating

high and low-pressure waves induced by the probe. The maximum velocity is also

faster at 470m/s. When the jet collides with the wall, the effect of the water ham-

mer produces a maximum pressure of 110.0MPa, which is 23% higher than the

standard jet. The minimum pressure produced is 60.0MPa. The numerical simu-
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lations found no cavitation produced by the water jet outside the nozzle. These

predicted results offer insight into the complex behaviours of the pulsed waterjet.
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Chapter 1

Introduction

Surface engineering is a subset of mechanical engineering that is concerned with

the fabrication of functional coatings. A functional coating is a surface coating

that provides a specific function or adds a desired property to a surface. It is

extensively used in the aerospace, automotive, power generation, biomedical and

petrochemical sectors to extend components’ useful life and performance. Func-

tional coatings require surface preparation to expel surface contaminants and im-

part physical anchor points that promote the mechanical adhesion of a coating to a

substrate. VLN Advanced Technologies manufactures water jets for surface prepa-

ration. VLN is exploring the possible modification of its Pulsed Waterjet (PWJ)

for green surface preparation. VLN is interested in understanding the underlying

process physics to allow the optimisation of the PWJ for surface preparation.

The main goal of this thesis is to elucidate the process physics of the PWJ,

which uses a high-frequency high-pressure water jet to modify the target sur-

faces. The PWJ differs from a continuous plain water jet in that it contains an

ultrasonic generator that produces ultra high-frequency mechanical core oscilla-

tions within the jet. The geometry, operating frequency, operating pressure, and

nozzle-substrate distance of the nozzle affect the water slug formation process and

the shape and size of the droplets. The flow is generated inside a nozzle with a

solid inner probe moving at a high frequency. The modulated water flow results
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CHAPTER 1. INTRODUCTION 2

in discrete packets of water, which degenerate into tiny droplets. The impact of

small droplets results in material delamination or removal, depending on the pro-

cess. The process does not use any chemicals, and because water can be recycled

and reused, the process is environmentally friendly. Cold spray, in particular, is

a possible application that could greatly benefit from PWJ surface preparation.

Cold spray is a method of surface deposition that uses a supersonic gas jet to

launch the surface coating on the substrate. The PWJ can be used to roughen

the surface, which increases coating adhesion[26].

Surface damage, consistent with cavitation damage, has been observed on the

forward tip of the nozzle’s oscillating probe. Cavitation bubbles could be gen-

erated during the repeated high-speed retreat of the nozzle probe. It has been

theorised that such cavitation bubbles may survive through the nozzle exit and

could enhance surface erosion through bubble collapse and microscopic liquid jet

generation, causing impact surface erosivity. The dynamics of the formation of

the water jet leaving the nozzle, as well as its breakup into a spray of particles, is

paramount to the erosive quality of the jet.

1.1 Pulsed Waterjet

The pulsed waterjet was first developed by Vijay et al. [35], who outlined im-

proving high-speed water jets by adding ultrasonic modulation to create a pulsed

jet. Works on improving this method were done by Foldyna [10], who studied

the pulsed waterjet. The PWJ is extremely powerful and can cut metal at low

pressure. For example, if one were to cut cast iron with a thickness of 6mm with

a standard jet, it would need pressures over 200MPa, while the PWJ typically

require to operate at a lower pressure of 69MPa [36].

Vijay and Foldyna outlined the four regions of the water jet flow:

1. A continuous segment zone.

2. A transition zone where the modulation starts to form water packets.
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Figure 1.1: The jet of the PWJ with modulation taken from VLN [31].

3. A zone of pulses, which are also called slugs.

4. Disintegration of the pulses into water droplets.

Vijay and Lai noted that the jet with the oscillating probe produced mushroom-

like pulses [36], which can be seen in Figure 1.1. This is due to the surface tension,

inertial forces, and aerodynamic drag [36]. Before Vijay et al. [35], Nebeker and

Rodriguez studied the forced modulation of a continuous jet [20, 21]. Nebeker and

Rodriguez explained that the effectiveness is also due to the water hammer effect

and the size of the impact being larger than a normal jet[21]. The water hammer

effect is the pressure surge due to the impact of water against a surface.

1.2 Objective of this study

The main objectives of this study are to verify and validate a suitable model for

the PWJ. The partial differential equations (PDEs) describing the model are nu-

merically solved using the discontinuous-Galerkin-Hancock method. The physics

within the PWJ requires a model that can accurately simulate the high-speed and

high-pressures associated with the PWJ. The model should also be able to rep-

resent multiphase flow, which should include water, vapour, and air. Suspected

damage from cavitation bubbles has been observed on the ultrasonic probe. Cavi-
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tation bubbles are caused by a drop in pressure, inducing a phase transition from

water to vapour. To thermodynamically close the model, an equation of state for

both liquid and gas flows must be chosen. As shown, an appropriate model is

essential to find due to the complex physics within the PWJ. The chosen model is

described by Saurel [27]. The Saurel model uses the multiphase Euler PDEs, and

the model is thermodynamically closed by the Noble-Abel stiffened-gas (NASG)

equation of state (EOS). The NASG EOS accurately models both liquid and gas

flows while maintaining the property of compressibility within each phase. To de-

scribe the phase change, the model has a stiff source term driven by the difference

in Gibbs free energies. The discontinuous Galerkin-Hancock method is employed

to solve the PDEs. The discontinuous Galerkin-Hancock method, which is third-

order accurate, can also solve the stiff source term outlined in Saurel’s model [27].

These models are evaluated and validated. After assessing the model, simulations

of the PWJ ultimately reveal the complex dynamics within its nozzle.

1.3 Scope of this study

The thesis covers the validation of multiphase models for the simulation of the

pulsed waterjet. In Chapter 2 of this thesis, several multiphase models are in-

vestigated from the literature, and their applicability is assessed. The chosen

multiphase model is described by Saurel [27]. Saurel’s model uses the mixture

Euler equation and has a stiff source term used to drive the phase change. These

PDEs require an equation of state to thermodynamically close them. Moreover,

various equations of state are assessed, and the Noble-Abel stiffened gas equation

of state is ultimately chosen to close the PDEs. Following this, in Chapter 3,

the discontinuous-Galerkin-Hancock method is discussed. It is a third-order ac-

curate numerical scheme. Each time step in the discontinuous-Galerkin-Hancock

method requires the solution of two coupled, highly non-linear equations. New-

ton’s method is employed to solve these equations numerically. Finally, in Chap-
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ter 4, the numerical results for the validation of the PDEs and equation of state

are shown along with the validation of the multiphase model. Initial validation of

PDEs and verification of the current implementation is shown by solving classical

Riemann problems. An investigation of the flow through a venturi nozzle is con-

ducted and compared to experiments. This venturi nozzle exhibits quasi-periodic

cavitation shedding and validates the phase transition model through comparison

with the experimental results. Finally, a time-accurate computation of the flow

through the PWJ is investigated. An oscillating boundary condition is used to

model the prescribed oscillatory motion of the nozzle probe. A detailed mesh re-

finement study is carried out to ensure the reliability of numerical solutions. The

goal of this study is to determine how the oscillating probe affects the properties

of the jet.

Another question this thesis seeks to answer is: to what degree does cavitation

play an important role within the nozzle, if any? Numerical simulations enhance

the fundamental understanding of the PWJ process and allow for future study of

process parameters of the PWJ without expensive experimental tests.



Chapter 2

A Compressible Liquid-Gas

Model with Phase Change

Multiphase flow is the flow of two or more distinct fluids within a single system.

These fluids can be any combination of liquids, gases, or solids. Multiphase flow

occurs in various industrial and natural processes ranging from nuclear reactors to

volcanic eruptions. The physical properties of the multiphase flow are more com-

plex than those of the single-phase flow because of the interaction of the different

phases and their physical properties, such as differences in density and surface ten-

sion. The flow from the PWJ shows signs of cavitation; therefore, a multiphase

model with phase change is needed. Cavitation is the phenomenon of a phase

change from a liquid to a vapour through a pressure drop driven by fast acous-

tic pressure waves. The liquid pressure drops lower than the saturation pressure,

and the liquid then transitions to vapour. The transition allows the formation

and subsequent collapse of vapour bubbles. The collapse of these bubbles causes

intense pressure waves, which often damage turbo-machinery. Damage that may

be the result of cavitation bubbles has been found within the PWJ nozzle on the

ultrasonic oscillating probe.

The transition from a liquid to vapour or vapour to liquid occurs under the

vapour dome. The vapour dome is a graphical representation of the liquid-vapour

6
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mixture of water in a phase diagram such as the pressure-enthalpy graph. The

vapour dome is where the equality of Gibbs free energies is achieved between liquid

and vapour phases. Most of the multiphase models explored for this work focus

on cavitation. Cavitation is often assumed to be isothermal. In the literature,

most cavitation models rely on two-phase mixtures that transition at a uniform

temperature [2]. In these models, energy conservation and the second law of

thermodynamics are omitted. The equation of state of these models imitates

the physicality of two-phase flows. In these models, the mixture sound speeds

increase non-monotonically as a function of the vapour fraction. Other isothermal

models, such as the homogeneous equilibrium model [7] and the homogeneous

relaxation model [3], use three and four equation models, respectively. Cahn-

Hilliard [5] model boiling flows using capillary fluids where energy conservation is

respected, but contrary to cavitation models, the square sound speed may result in

negative values. The van der Waals equation of state, a cubic equation of state, is

sometimes used. However, the van der Waals sound speed is undefined in certain

thermodynamic regions. Many other issues arise through these models, such as

enlarging interfaces to allow for more accurate computations. The Saurel model

[27] is a more unified approach. The model outlined by Saurel is a hyperbolic set of

partial differential equations with a stiff local source term driven by differences in

the Gibbs free energy. The equation of state used is the Noble-Abel stiffened-gas

equation of state, which can accurately model liquids, vapours, and mixtures.

2.1 Multiphase Flows

The flows in the pulsed waterjet are characterized by extremely high pressures and

speeds. The flow inside the nozzle is also driven by a high-frequency piezoelectric

ultrasonic oscillating probe that causes acoustic pressure waves. Incompressible

treatments are unable to represent these effects. The need for a model that in-

corporates acoustic pressure waves is apparent. Furthermore, the possible role
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of cavitation in the PWJ is an important aspect of this work, and a model that

can correctly describe this phenomenon is also needed. After researching available

thermodynamic and multiphase flow models, the model chosen takes the form of

the traditional Euler equations for compressible flow prediction and modifies the

equation of state (which relates the density, pressure, and energy) to accurately

model liquid or gaseous water. The multiphase flow extension adds the volume

fraction of each phase at every location. The governing partial differential equa-

tions (PDEs) can be written in two dimensions as

∂

∂t



ρ

ρux

ρuy

ρE

ρY1

...

ρYn



+
∂

∂x



ρux

ρu2
x + p

ρuxuy

(ρE + p)ux

ρY1ux

...

ρYnux



+
∂

∂y



ρuy

ρuxuy

ρu2
y + p

(ρE + p)uy

ρY1uy

...

ρYnuy



= S . (2.1)

In Eq. (2.1), the first row is mass conservation, the second and third rows are

momentum conservation in the x and y directions, respectively. The fourth row

is energy conservation, and the subsequent n rows are the conservation of each

phase or species within the fluid. Here, ρ is the mixture fluid density, ux is the

velocity in x-direction, uy is the velocity in the y-direction, E is the total specific

energy, p is the pressure, and Y1, Y2, ..., Yn are the mass fractions of the various

phases. The above system can be generalized for any number of phases, n. This

generalization consists of n+4 equations. Therefore, only m+3 of these equations

are independent. However, the sum of all volume fractions must be one. This is

due to the fact that any mass fraction, Yk, can be expressed as a function of the
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other mass fractions as

Yk = 1− Y1 − ...− Yk−1 + Yk+1 − ...− Yn . (2.2)

The independent variables are: ρ, ux, uy, mass fractions Yi, p, E and T . There are

n+4 unknowns and only m+3 independent equations. Therefore, an equation of

state is needed to close the system.

The specific total energy of the mixture is further defined as

E = e+ u2
x/2 + u2

y/2 (2.3)

with e as the mixture specific internal energy, which is defined as

e = Y1e1 + Y2e2 + ...+ Ynen . (2.4)

The total specific internal energy is the sum of the contributions of each phase.

The mixture density, ρ, can also be written as a function of the volume fractions,

α, as

ρ = α1ρ1 + α2ρ2 + ...+ αnρn . (2.5)

Another equation exists for the specific volume, v, in the form:

v = Y1v1 + Y2v2 + ...+ Ynvn . (2.6)

The specific volume is the inverse of the density, v = ρ−1.

The system of equations assumes that each phase has the same temperature

T1 = T2 = .. = Tn and pressure p1 = p2 = ... = pn. The phase change is described

by a local source term that balances the Gibbs free energy of the two phases. For
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equations describing a liquid that can vaporize, the source term is

S = ρν(gvap − gliq) . (2.7)

The stiff relaxation parameter, ν, controls the rate of phase change. The other

terms in Eq. (2.7) is the mixture density, ρ, times the difference in each phase’s

Gibbs free energy of the liquid and vapour phase, gliq and gvap. The phase change

is described by a local source term that is driven by differences in the Gibbs

free energy of the two phases. This model has been shown in the literature to

accurately resolve sharp interfaces between phases and has been successfully used

to predict flows in similar regimes to those encountered [27] .

It should be noted that, as this model is based on the Euler equations, it

neglects the effects of viscosity, turbulence and heat transfer. Flow through the

PWJ is expected to be highly turbulent, leading to very thin boundary layers.

However, the short length of the nozzle gives confidence that viscous losses should

not be a dominant effect. Future models could be improved by the inclusion of

these effects. However, the current model should be accurate enough to make

meaningful predictions.

2.1.1 Pulsed Waterjet Model

The PWJ is modelled with three phases: water, vapour, and air. The PDEs take

the form:

∂

∂t



ρ

ρux

ρuy

ρE

ρYair

ρYliq


+

∂

∂x



ρux

ρu2
x + p

ρuxuy

(ρE + p)ux

ρYairux

ρYliquxF


+

∂

∂y



ρuy

ρuxuy

ρu2
y + p

(ρE + p)uy

ρYairuy

ρYliquy


=



0

0

0

0

0

ρν(gvap − gliq)


. (2.8)
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The vapour fraction, Yvap, is arbitrarily chosen as the dependent variable, which

is given by

Yvap = 1− Yliq − Yair

The v and e equation are as follows:

v = Yairvair(P, T ) + Yliqvliq(P, T ) + Yvapvvap(P, T )

e = Yaireair(P, T ) + Yliqeliq(P, T ) + Yvapevap(P, T )

The fourth equation, which describes the flow of air, can be omitted for situations

when only liquid and gaseous water are present.

Application to Axisymmetric Flows

The PWJ flow does not vary with angular coordinates. This study employs an

axisymmetric treatment to simulate the behaviour of pulsed waterjets accurately.

This approach is important as it simplifies the model from a three-dimensional

problem to a two-dimensional problem while still retaining the physical character-

istics of the jet. The axisymmetric flow condition assumes the pulsed waterjet is

symmetric along its x-axis. This simplification allows for the better allocation of

computational power to other more interesting areas within the simulation.

Axisymmetry changes the form of the PDEs to
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∂

∂t



ρ

ρux

ρur

ρE

ρYair

ρYliq


+

∂

∂x



ρux

ρu2
x + p

ρuxur

(ρE + p)ux

ρYairux

ρYliqux


+

∂

∂r



ρur

ρuxur

ρu2
r + p

(ρE + p)ur

ρYairur

ρYliqur


=



−1
r
ρur

−1
r
ρurux

−1
r
ρu2

r+

−1
r
(ρE + p)ur

−1
r
ρurYair

−1
r
ρurYliq + ρν(gvap − gliq)


.

(2.9)

The new cardinal directions are the x-direction and the r-direction. The source

of the system is now filled with geometric source terms resulting from taking the

fluxes’ divergence in axisymmetric coordinates. These terms do not fundamentally

change the nature of the flow and do not change the algorithm for Newton’s

method solver outlined within this study in Chapter 3.

2.2 Equation of State

This section evaluates various equations of state to ultimately find one best suited

for the physics within the PWJ. The system of equations described in Eq. (2.1)

is not closed. An equation of state that links pressure to density and energy is

needed. Multiphase flows also provide a novel problem of needing an equation of

state that can adequately define all the phases in the system. The ideal gas law

is a potential candidate and can be used to close certain fluid systems. The ideal

gas equation of state is

P =
(γ − 1)e

v
(2.10)

where γ is the ratio of specific heats. The ideal gas equation of state is limited

by the assumption that the mean free path of the gas is disproportionally large

compared to the scale of the molecular interactions, that intermolecular forces

of the system are weak, and the volume of each gas molecule is negligible. The
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ideal gas law cannot accurately model liquids. Other equations of state have

compensated for the deficiencies of the ideal gas equation of state, notably the

Noble-Abel equation of state and the stiffened-gas equation of state. The Noble-

Abel equation of state is defined as

P =
(γ − 1)e

v − b
, (2.11)

where b is a gas constant which defines the volume occupied by the gas molecules

themselves. The constant b is a correction to the assumption that the volume of

the molecule is negligible, which is an assumption that the ideal gas equation of

state holds. The Noble-Abel equation of state is useful in situations with negligi-

ble intermolecular forces. The Noble-Abel equation of state is often used in the

computation fluid modelling of propellant gas in gun chambers or within a context

using combustion [28]. The stiffened-gas equation of state can be expressed as

P =
(γ − 1)e

v
− γP∞ , (2.12)

where γP∞ represents the inter-molecular forces. Ratio of specific heats is denoted

by γ and P∞ is the constant of the stiffened-gas. The stiffened-gas equation of state

can be used for both the liquid and gaseous phases. The stiffened-gas constant,

P∞, is zero for gaseous states, but for a liquid, it mirrors a compressible liquid by

assuming that a large pressure is already acting within the fluid.

The Noble-Abel stiffened-gas equation of state extends the Noble-Abel equa-

tion of state by adding the stiffened-gas constants. This combines the intermolecu-

lar forces, γp∞, of the stiffened-gas equation of state with the Nobel-Abel equation

of state volume correction, b. This allows for an equation in the form,

P =
(γ − 1)(e− q)

v − b
− γP∞. (2.13)

The parameters γ, q, b, and p∞ are all constant coefficients of the fluid that
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have been tuned to match experimental data for a wide range of states. The term

(γ−1)(e−q) represents thermal agitation, while (v−b) represents repulsive short-

distance effects linked to intermolecular motion. The term γp∞ models attractive

effects leading to matter cohesion in condensed states. The Noble-Abel stiffened-

gas equation of state has a similar form to the van der Waals equation of state,

which is of the form,

P =
RT

v − b
− a

v2
. (2.14)

The cubic van der Waals equation differs in the a
v2

inter-molecular forces term.

The van der Waals equation of state correctly predicts the incompressible liquid

phase but has difficulty predicting mixture phases within the vapour dome. The

van der Waals equation of state considers the intermolecular forces within the

phases and extends the ideal gas law. The van der Waals equation of state produces

isotherms that oscillate within the mixture zone; this can be seen in Figure 2.1.

Isotherms below the critical state are oscillatory and physically not true, while

isotherms above the critical state are stable. This oscillation produces speeds of

sound that are negative and not real [27]. The Nobel Abel stiffened-gas equation

of state is a convex equation with positive and real sound speeds, unlike the Van

Der Waal Equation of state [18].

Ultimately, the Noble-Abel stiffened-gas equation of state is chosen. The

Noble-Abel stiffened-gas EOS can accurately model compressible multiphase and

multicomponent flows in an inert [12] and reactive context [4]. The Noble-Abel

stiffened-gas equation of state is a reliable equation of state that can accurately

predict the compressibility of fluids in the proper context.¡

2.3 Noble-Abel Stiffened-Gas Equation of State

As stated previously, PDEs describing the chosen multiphase fluid model, Eq. (2.1),

are not closed. An equation of state linking the pressure to the density and energy
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P

V

T < Tc

Tc

T > Tc

Vc

Pc

Figure 2.1: A Pressure vs volume graph of van der Waal isotherms [22].

is needed. The Noble-Abel stiffened-gas equation of state is designed to accurately

model liquids at very high speeds and pressures[18]. The Noble-Abel stiffened-gas

equation of state adds the repulsive effects of the stiffened-gas equation of state to

the Noble-Abel equation of state. The Noble-Abel stiffened-gas equation of state

is a modification of the ideal gas law, and it is particularly well-suited for flows in

which high-speed pressure waves are relevant. The speed of sound for the NASG

EOS can be expressed as

c =

√(
∂P

∂ρ

)
s

=

√
γ
p− p∞
v − b

v2 . (2.15)

This expression agrees with the traditional speed of sound for an ideal gas in

the gaseous regions of the flow. The expression for the Gibbs free energy takes

the form

g = (γCv − q′)T − CvT ln
T γ

(p+ p∞)γ−1
− bp+ q . (2.16)

where Cv is the constant volume specific heat.The expression for the temperature
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can be written as

T =
(p+ p∞)

Cv(γ − 1)
(v − b) . (2.17)

The expression for specific energy is written as

e =
(p+ γp∞)CvT

(p+ p∞)
+ q . (2.18)

The expression for a specific volume is written as

v =
(γ − 1)CvT

p+ p∞
+ b . (2.19)

2.3.1 Mixture Noble-Abel Stiffened-Gas

A mixture equation of state is needed to close the mixture Euler equations. The

current mixture equation of state assumes that each phase has the same temper-

ature T1 = T2 = T and pressure p1 = p2 = p. The mixture temperature equation

can be retrieved by inserting Eq. (2.17) into the equation

v = Y1v1 + Y2v2 . (2.20)

Solving for T gives a mixture temperature,

T = (v − b̄)

(∑
i

YiCvi(γi − 1)

p+ γip∞i

)−1

. (2.21)

The same can be done for the mixture energy equation,

e = Y1e1 + Y2e2 , (2.22)
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which gives another equation for the temperature,

T = (e− q̄)

(∑
i

YiCvi(p+ γip∞i
)

p+ γip∞i

)−1

. (2.23)

Here, q̄ and b̄ are defined as

q̄ = Y1q1 + Y2q2 , (2.24)

v̄ = Y1v1 + Y2v2 . (2.25)

Equating Eq. (2.21) and Eq. (2.23) to eliminate the temperature and isolate for the

pressure, p, produces a polynomial. The degree of the polynomial is equal to the

number of phases. The polynomial is cubic in a scenario with three phases: liquid

water, vapour, and air. In the current scenario with liquid water and vapour, the

polynomial is quadratic in the form of:

a2p
2 + a1p+ a0 = 0 . (2.26)

The constants for a mixture with two phases take the form,

a2 = Y1Cv1 + Y2Cv2 ,

a1 = Y1Cv1(p∞2 + γ1p∞1 − (γ1 − 1)Q)

+ Y2Cv2(p∞1 + γ2p∞2 − (γ2 − 1)Q) ,

a0 = −Q((γ1 − 1)Y1Cv1p∞2 + (γ2 − 1)Y2Cv2P∞1

+ p∞1p∞2(γ1Y1Cv1 + γ2Y2Cv2) ,

(2.27)

where

Q =
e− q̄

v − b̄
. (2.28)
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The equation for pressure is the quadratic equation for two phases in the form

p =
−a1 +

√
a21 − 4a0a2
2a2

. (2.29)

After the pressure is determined, the temperature is calculated from either Eq. (2.21)

or Eq. (2.23). The mixture sound speed can be written as the mechanical equilib-

rium sound speed described as the Wood’s mixture sound speed [37], which obeys

the formula

1

ρc2w
=
∑
k

ak
ρkc2k

, (2.30)

with sound speed, ck , density, ρk, and volume fractions, αk, for each phase. The

wood sound speed is cw.

In the previous chapter, the PDEs and the equation of state were outlined.

The next chapter will focus on methods to solve these models.



Chapter 3

Numerical Methods

Multiphase models are widely used to model cavitating and boiling flows. Most

of these models are solved numerically on a spatial discretization scheme, such

as the finite-volume method, to find the numerical solution. In this work, the

discontinuous-Galerkin Hancock method is preferred for its high-order spatial and

temporal accuracy, as well as its high parallel efficiency. It is specifically designed

to efficiently handle stiff source terms, such as the one described in Saurel’s model

[27], which is used in this thesis.

Reed and Hill introduced the original discontinuous-Galerkin (DG) method to

solve the steady linear neutron transport equation [25]. The degree k DG meth-

ods have a convergence rate of (∆x)k for general triangulation and (∆x)k+1 for

Cartesian grids, which was found by LeSaint and Raviart [19]. The rate of con-

vergence for general triangulation is (∆x)k+
1
2 , which was proven by Johnson and

Pitkaränta [16] and later confirmed by Peterson [23]. One of the most popular

models in the family of DG methods was developed by Cockburn and Shu, called

the Runge-Kutta discontinuous-Galerkin (RKDG) method [6]. The model uses

a piecewise linear DG method for the spatial discretization and an explicit total

variation diminishing (TVD) second-order Runge-Kutta scheme for temporal dis-

cretization. To achieve higher-order accuracy, DG schemes can use higher-order

polynomials and Runge-Kutta methods.

19
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The RKDG schemes use the DG discretization in space only to produce a semi-

discrete model that takes the form of a large set of coupled ordinary differential

equations (ODEs). This technique is also known as the method of lines (MOL),

which is outlined by Schiesser [29]. The technique described by Schiesser has

limitations, such as reduced stability and limited time step size; the DG method for

spatial discretization becomes more restrictive as it increases the order of accuracy.

Fully discrete methods for space-time discretization are used to avoid the set-

backs associated with the MOL approach. For example, the Lax-Wendroff method

is second-order in space and time and employs full discretization in space and time

[17]. The Lax-Wendroff method relates temporal derivatives in terms of spatial

derivatives. Another method that is fully discrete for space-time discretization is

the arbitrarily high order (ADER) method, which was developed by Toro et. al

[32]. Dumbser and Munz combined the DG framework with ADER [8] to cre-

ate the ADER-DG method, which is a one-step method and reduces the use of a

TVD limiter, making it more efficient than the RKDG method. A Fourier anal-

ysis proved that the fully discrete ADER-DG method has an equivalent stability

restriction as RKDG methods [9].

The set of PDEs outlined in Eq. (2.1) are hyperbolic equations with a stiff

relaxation source term. The discontinuous-Galerkin Hancock (DGH) model de-

veloped by Suzuki and Van Leer solves this set of PDEs [30]. The DGH scheme

uses a coupled space-time approach. The DGH method is derived from Huynh’s

upwind moment scheme [15] for hyperbolic conservation equations. The DGH

scheme is third-order accurate in space and time and is well-suited for parallel

computation. This is partilaly due to the fact that it is a single step method, with

an intermediate substep to tn+
1
3 , requiring inter-process messages to be passed

only once per time step.
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3.1 Discontinuous-Galerkin Hancock Method for

Two-Dimensional Equations

3.1.1 Weak Formulation

The DGH method is a coupled space-time method for the solution of hyperbolic

balance equations with stiff local source terms, similar to the model described in

this paper. The DGH method solves the weak solutions to PDEs of the form

∂U

∂t
+

∂Fi

∂xi

= S . (3.1)

The weak solutions are chosen so that the product of the PDEs with a a finite set

of test functions integrated over the space-time domain Ω(t)×T are satisfied. The

time domain is denoted as T and Ω(t) is the space domain. The scalar test function

spans the space of the solution U(xj, t), which is written as v(xj, t) ∈ Ω(t) × T .

Integrating the product of the PDE with an arbitrary test function over the space-

time domain yields the weak solution, which is taken as

∫∫
Ω(t)×T

v(xj, t)
∂U

∂t
dxjdt = −

∫∫
Ω(t)×T

v(xj, t)
∂Fi

∂x
dxjdt+

∫∫
Ω(t)×T

v(xj, t)Sdxjdt

(3.2)

For each time step, the time interval is between [tn, tn+1] ∈ T . The weak formu-

lation requires taking a finite number of test functions v(xj, t) ∈ Ω(t) × T that

satisfy Eq. (3.2).

The spatial domain of integration, Ω(t) can be further simplified as Ωk(t)

because the test functions are chosen to be non-zero in only one cell. Eq. (3.2) is

solved by integration by parts, which removes the derivatives of the solution and

its flux from the space-time integrals,
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∫
T

v(xj, t)
∂U

∂t
dt =

[
Un+1v(xj, t)− Unv(xj, t)

]
−
∫
T

U
∂

∂t
v(xj, t)dt , (3.3)∫

Ωk(t)

v(xj, t)
∂Fi

∂x
dxj =

∫
Γk(t)

v(xj, t)Fi · n̂idΓ−
∫
Ωk(t)

Fi
∂

∂x
v(xj, t)dxj . (3.4)

The boundary of the two-dimensional cell is Γk, and n̂i is the unit vector normal to

the surface of the cell. The test functions are assumed to be constant in time and

are functions of only space, v(xj, t) = v(xj). By subbing Eq. (3.3) and Eq. (3.4)

into Eq. (3.2) and using Fubini’s theorem, which switches the order of integration

in space and time, the weak formulation becomes

∫
Ωk

v(xj)
[
Un+1 − Un

]
dxj = −

∫∫
Γk×T

x(xj)Fi · nidΓdt+

∫∫
Ωk×T

Fi
∂

∂t
v(xj)dxjdt

+

∫∫
Ωk×T

v(xj)Sdxjdt .

(3.5)

Polynomial Representation of solution

Appropriate test functions are needed for the discretization of the weak formu-

lation, Eq. (3.5). The solution Uh(xh, t)|Ωk
within element Ωk is assumed to be

a polynomial function. The Legendre polynomials P , which are piecewise linear

functions, for the degree of k = 1 and two-dimensional problem, xj = [x, y], are

Uh(xj, t)|Ωk
, v(xj)|Ωk

∈ P 1(Ωk) (3.6)

where

P 1(Ωk) = span{θ0(xj), θ1(xj), θ2(xj)}

= span{1, x− xck, y − yck} .
(3.7)
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The constants (xck, yck) are the centroid of the element Ωk and are defined as

xck =

∫∫
Ωk

xdxdy∫∫
Ωk

dxdy
, yck =

∫∫
Ωk

ydxdy∫∫
Ωk

dxdy
. (3.8)

The assumed solutions in cell k is, thus,

Uk = Uk + (∆xU)k(x− xck) + (∆yU)k(y − yck) . (3.9)

Here, Uk is the cell averaged value and [(∆xU)k, (∆yU)k] are the average values

of the solution gradient of each cell in the x and y direction.

Update Formulas for the Degrees of Freedom

Substitution of the solutions assumed the form of Eq. (3.9) into Eq. (3.5) and then

integrating with each test function produces the updated formula for the degrees

of freedom.

U
n+1

k = U
n

k −
1

Ak

∫∫
∂Γk×T

Fi · n̂idΓdt+
1

Ak

∫∫
∂Ωk×T

Sdxjdt , (3.10)

and
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∆xU
n+1

k

∆yU
n+1

k

 =

∆xU
n

k

∆yU
n

k


+Kk

−
∫∫

∂Γk×T

x− xck

y − yck

Fi · n̂idΓdt

+

∫∫
∂Ωk×T

Fx

Fy

 dxjdt

+

∫∫
∂Ωk×T

x− xck

y − yck

Sdxjdt



(3.11)

Here, Ak is the area of the cell, which is defined as

Ak =

∫∫
Ωk

dxdy . (3.12)

Here ∂Γk is the edges of the boundary Γk, and KK is a matrix filled with the area

moments of inertia of the cell, which can be written as

Kk =

Ixx Ixy

Iyx Iyy

 , (3.13)

where

Ixx =

∫∫
Ωk

(x− xck)
2dxj (3.14)

Ixy = Iyx =

∫∫
Ωk

(x− xck)(y − yck)dxj (3.15)

Iyy =

∫∫
Ωk

(y − yck)
2dxj (3.16)

are the area moments of inertia of the cell. Equations. (3.10) and (3.11) contain

several integrands that must be approximated with quadrature rules.
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Interface-Flux Approximation and Surface Integral

Numerical approximations are required for interface fluxes because solutions be-

tween cells are discontinuous in a DG scheme. The interface flux along ∂Γk is

obtained by using an approximate Riemann solver,

Fi · n̂i ≈ F̃ζ . (3.17)

Where F̃ζ is the vector of fluxes normal to the edge of Γk. A non-linear flux

integral is approximated by a quadrature rule. The quadrature for the spatial

integration along the edges must be exact for a polynomial of degree 2k+1 if the

solution is represented in polynomial space P k [6]. The spatial integration is ap-

proximated with a two-point Gaussian quadrature to achieve third-order accuracy.

The quadrature rule is

∫∫
∂Γk×T

Fi · n̂idΓdt ≈
∫
T

∑
ζ

wζF̃ζdt. (3.18)

where wζ is the weight given to the quadrature point ζ. The time integration uses

the midpoint rule, which is evaluated at tn+
1
2 .

∫∫
∂Γk×T

Fi · n̂idΓdt ≈ ∆t
∑
ζ

wζF̃
n+ 1

2
ζ (3.19)

These fluxes are again employed in the slope update, in Eq. (3.11), for approxi-

mating the surface integral.

∫∫
∂Γk×T

x− xck

y − yck

Fi · n̂idΓdt = ∆t

∑ζ wζ(x− xck)F̃
n+ 1

2
ζ∑

ζ wζ(y − yck)F̃
n+ 1

2
ζ

 . (3.20)

Therefore, the surface flux integrals in Eq (3.10) are evaluated using a combination

of two-point Gaussian quadrature on each cell edge in space and midpoint rule in

time, which is illustrated in Figure 3.1. Each cell edge has two quadrature points
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with a total of eight quadrature points for a quadrilateral. At each quadrature

point, a Riemann solver is employed to compute the interfacial flux. The weights of

each Gaussian quadrature point is 1
2
the edge length. The solution is discontinuous

on the edge of a cell; thus, a numerical Riemann solver is used.

Hancock’s Predictor Step

The solution at the half-time steps Uh(xi, t
n+ 1

6 ) and Uh(xi, t
n+ 1

2 ) are required as

inputs for the approximate Riemann solver to complete the approximation of the

surface integral. Hancock’s implicit predictor step is used to find the values of the

solution at the half time-step.

In Figure 3.2, the Hancock predictor technique is illustrated using the one-

dimensional Euler equations as examples, therefore three characteristic lines are

drawn. Wave interactions can be ignored up to the half-time step tn+
1
2 . Hancock

observed that the flow quantities at cell centres evolve over the half-time step

independent of their neighbour cells. The updated formula for the cell-average

value in Eq. (3.10) can be adjusted to remove element-face interactions, which

results in

Ūn+Ψ
k = Ūn

k − 1

Ak

(∫∫
∂Γk×T ′

F̂i · n̂idΓdt+

∫∫
Ωk×T ′

Sdxjdt

)
. (3.21)

The time interval here is T ′ ∈ [tn, tn+Ψ] with values of Ψ = 1
6
or Ψ = 1

2
, and

the flux tensor, F̂i, is computed by employing the Gaussian quadrature points

in Eq. (3.10). The predictor step in Eq. (3.10) can be further approximated by

evaluating the flux integral from time tn to have the form:

Ūn+Ψ
k = Ūn

k +
∆t

Ak

[
−
∫
∂Γk

F̂i(Uh(xj, t
n)) · n̂idΓ +

∫
Ωk

S(Uh(xj, t
n+Ψ))dxj

]
.

(3.22)

After the predicted cell average state at a fractional-time step Un+Ψ
k is computed,
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the solution at any point along ∂Γk can be procured with

Uh(xj, t
n+Ψ) = U

n+Ψ

k + θnk

∆xU
n

k

∆yU
n

k

 ·

x− xck

y − yck

 . (3.23)

where θnk is a vector of slope limiter values. The slope variables are calculated

at time tn. The slope limiter used is the Venkatakrishnan limiter [34], which

is an extension of the one dimensional Van Albada limiter [1]. Minmod is also

implemented as a slope limiter [33]. A slope limiter is used to ensure monotonicity

and avoid oscillations near discontinuities in high-order total variance diminishing

finite-element schemes, which includes the DGH scheme, that use slopes to find

their assumed solution.

The spatial integration of the source term is evaluated at one Gaussian quadra-

ture point at the centroid of the element (xck, t
n+Ψ) Ωk. It takes the form:

∫
Sdxj ≈ AkS(U

n+Ψ
k (xck, t

n+Ψ)) . (3.24)

After inserting the above into Eq (3.22), the state at Uh(xi, t
n+Ψ) can be found as

Ūn+Ψ
k = Ūn

k + θnk

∆xU
n

k

∆yU
n

k

 ·

x− xck

y − yck


−∆t

Ak

∑
∂Γk∈∂Γk

∫
∂Γk

F̂i · n̂idΓ +∆tS(Un+Ψ
k (xck, t

n+Ψ)).

(3.25)

The Hancock predictor step is computed at the start of each time step and the

solutions at the half-time steps are stored.

Area Integral of Flux and Source Term

The stiff local source term in this model is solved implicitly. This method does

not add excessive computation as it is local and does not couple between cells.

Suzuki chose the Radau IIA method for the source-term time integration [30]
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Figure 3.1: Diagram showing the area integral calculated using 2-point Gaussian
quadrature rule in space and midpoint rule in time. The xq1 and xq2 are the
quadrature points. The space-time elements in dashed lines are known or com-
puted. The squares represent the quadrature points used in the integration along
[tn, tn+

1
3 ] and the circles represent the quadrature points used in the integration

along [tn, tn+1].

x

t
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tn + 1
2

tn + 1

xn− 1
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xn+ 1
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Un
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Conserved variables, ∂U
∂t

+ A∂U
∂x

= 0

: Riemann flux

Figure 3.2: Visual representation for Hancock’s technique of predicting values at
the half-time step, tn+

1
2 . The values obtained at the half-time step are used as the

input for the Riemann problems at (xk+ 1
2
, tn+

1
2 ). These values are obtained using

data stored locally within each cell
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adding a required state at time tn+
1
3 . This method is an L-stable, two-step, and a

third-order accurate implicit time-marching scheme in the form

Y n+ 1
3 = Y n+ 1

6 +∆t

[
5

12
(S)n+

1
3 − 1

12
(S)n+1

]
,

Y n+1 = Y n+ 1
2 +∆t

[
3

4
(S)n+

1
3 +

1

4
(S)n+1

]
.

(3.26)

The Radau-IIA method has an additional time step at tn+
1
3 , which results in

increasing the number of quadrature points by two points per edge.

Gaussian quadrature is used for area integration and the quadrature points

can be seen in Figure 3.3. The scheme uses a four-point quadrature rule in a

two-dimensional space. For a two-dimensional reference element in the domain of

[α, β] ∈ [−1, 1]2 a four-point quadrature rule is used . The position for each of

these quadrature points in reference space, ζ(α, β), are

ζ0 =

(
− 1√

3
,− 1√

3

)
, ζ1 =

(
1√
3
,− 1√

3

)
, ζ2 =

(
1√
3
,
1√
3

)
, ζ3 =

(
− 1√

3
,
1√
3

)
.

(3.27)

The quadrilateral cells can be substituted for any convex four-sided polygon. This

is accomplished by shifting to a local coordinate system from a physical domain

in Ω to a computational domain Ω̂. The coordinate transform takes the form

x(α, β) =
1− α

2

1− β

2
x0 +

1 + α

2

1− β

2
x1 +

1 + α

2

1 + β

2
x2 +

1− α

2

1 + β

2
x3 .

(3.28)
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1
3

tn

t

x

y

Figure 3.3: Diagram of the area integrals using Gaussian quadrature in space
and Radau-IIA in time. Quadrature points that are used for the source-term
integration are shown here as diamonds and points for flux integration are shown
with circles.

Area Integral of the Flux

These four quadrature points are used to approximate the area integral,

∫
Ωk

Fi(U(xj, t))dxj =

∫
Ω̂k

Fi(U(ζj, t))|J(ζj)|dζj ≈
3∑

i=0

wi|J(ζi)|Fi(U(ζj, t)) ,

(3.29)

where wi is the weight of the Gaussian quadrature point i, and |J(ζi)| is the

determinant of the Jacobian

|J(ζi)| =
∂x

∂α

∂y

∂β
− ∂x

∂β

∂y

∂α
. (3.30)

Area integrals for the flux are used in the update formula for the slope quantities.

The time integration is approximated by the Radau-IIA quadrature, as shown

∫∫
Ωk×T

Fidxjdt ≈ ∆t

∫
Ωk

[
3

4
F

n+ 1
3

i +
1

4
F n+1
i

]
. (3.31)
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The area integral can be approximated using the Gaussian quadrature in space as

such,

∫∫
Ωk×T

Fidxjdt ≈ ∆t
∑
i

wi|J(ζi)|
[
3

4
F

n+ 1
3

i +
1

4
F n+1
i

]
. (3.32)

For the time interval T ′ ∈ [tn, tn+
1
3 ] the area integral takes the form

∫∫
Ωk×T ′

Fidxjdt ≈
∆t

3

∑
i

wi|J(ζi)|
[
1

2
F n
i +

1

2
F

n+ 1
3

i

]
. (3.33)

Area Integral of the Source Term

The update formula of the cell-average values includes the area integral of the

source terms with the quadrature points that approximate the integral as seen

in Figure 3.3. A simple linearization is performed to decouple the source term

update from the other update formulas.

S(Uh(xj, t)) ≈ S(Uk(t)) +

(
∂S

∂U

)n


∂xUn

k

∂yU
n

k

 ·

x− xck

y − yck


 (3.34)

∫∫
Ωk×T

Sdxjdt ≈ Ak∆t

[
3

4
S(U

n+ 1
3

k ) +
1

4
S(U

n+1

k )

]
(3.35)

Area Integral of the Moment of the Source Term

The area integral of the moment of the source term is also present in the update

formula of the slope quantities. A linearization is applied to make the update

equation for the cell-averaged values independent of the other update formulas.

The Radau-IIA method is used to approximate the solution in time. The spatial

integration is done analytically.
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∫∫
Ωk×T

x− xck

y − yck

Sdxjdt ≈ ∆t

3
4
( ∂S
∂U

)
n+ 1

3
k (∂xU)

n+ 1
3

k + 1
4
( ∂S
∂U

)n+1
k (∂xU)n+1

k

3
4
( ∂S
∂U

)
n+ 1

3
k (∂yU)

n+ 1
3

k + 1
4
( ∂S
∂U

)n+1
k (∂yU)n+1

k


(3.36)

Discrete Update Formulas

By combining the above quadrature rules, the final update formula for the cell-

averaged value is

Un+ 1
3

k

U
n+1

k

 =

Un

k

U
n

k

− ∆t

Ak

1
3

∑
ζ wζF̃

n+ 1
6∑

ζ wζF̃
n+ 1

2

+∆t

 5
12
I − 1

12

3
4
I 1

4


Sn+ 1

3

S
n+1

 . (3.37)

For complex non-linear source terms, such as the one described in this paper,

Newton’s method is employed to find a solution. The discrete form of the slope
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updates is



∆xU
n+ 1

3
k

∆yU
n+ 1

3

k

∆xU
n+1

k

∆yU
n+1

k


=



∆xU
n

k

∆yU
n

k

∆xU
n

k

∆yU
n

k



+∆tΥ



1
3

∑
ζ wζF̃

n+ 1
6

1
3

∑
ζ wζF̃

n+ 1
6∑

ζ wζF̃
n+ 1

2∑
ζ wζF̃

n+ 1
2



+∆tΥ



1
3

∑
i wi|J(ζj)|

(
1
2
(Fx)

n
i +

1
2
(Fx)

n+ 1
3

i

)
1
3

∑
i wi|J(ζj)|

(
1
2
(Fx)

n
i +

1
2
(Fx)

n+ 1
3

i

)
∑

i wi|J(ζj)|
(

3
4
(Fy)

n+ 1
3

i + 1
4
(Fy)

n+1
i

)
∑

i wi|J(ζj)|
(

3
4
(Fy)

n+ 1
3

i + 1
4
(Fy)

n+1
i

)



+∆t

 5
12
I − 1

12

3
4
I 1

4




∂S
∂U

n+ 1
3
∆xU

n+ 1
3

k

∂S
∂U

n+ 1
3
∆yU

n+ 1
3

k

∂S
∂U

n+1
∆xU

n+1
k

∂S
∂U

n+1
∆yU

n+1
k


.

(3.38)

Where I is the identity matrix and Υ is the matrix

Υ =

Kk 0

0 Kk

 . (3.39)

3.2 Computation of Intercell Fluxes

The DGH scheme requires the computation of intercell fluxes. This brief section

outlines the Riemann problem and HLL approximate Riemann solver.
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λ3 = u+ a
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UR UR∗

Figure 3.4: One-dimensional illustration of the Riemann Problem.

3.2.1 The Riemann Problem

The Riemann problem is an initial-value problem for a set of conservation equa-

tions with piecewise initial conditions. An example of a Riemann problem is seen

in Figure 3.4. The case for a one-dimensional system of conservation laws is given

by

∂U

∂t
+

∂F

∂x
= 0 . (3.40)

The piecewise initial conditions take the form

U(x, 0) =


UL, if x < 0

UR, if x > 0

. (3.41)

with a discontinuity at x = 0. The left state is UL, and UR is the right state.

The HLL approximate Riemann Solver

Harten, Lax and van Leer [14] produced an approximate Riemann solver known as

HLL. The approximate Riemann solver is popular for complex hyperbolic systems

of PDEs, as it only requires knowledge of the fastest left-hand and right-hand

wave speeds. The form of HLL can be found by integrating the Eq. (3.40) along
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space and time into the form:

∫∫
S

[
∂U

∂t
+

∂F

∂x

]
dxdt = 0 (3.42)

Greens theorem transforms the integral in Eq. (3.42) into a path integral along

the surface of the space-time domain into the form

∮
S

(Udx− Fdt) = 0 . (3.43)

As shown in Figure 3.5, the two waves propagate at speeds λ+ and λ− in

opposing directions with a state Um in between each wave. Where λ+ and λ−

are the largest wave speeds within the solution to the Riemann problem. After a

singular time step elapses, the left and right waves will have travelled a distance

of λ+∆t and λ−∆t. Evaluating the path integral in Eq (3.43) gives the following

form

−ULλ
−∆t+ URλ

+∆t− Um(λ
+ − λ−)∆t+ FL∆t− FR∆t = 0 (3.44)

Both the flux vectors, FL and FR, are evaluated at the left and right sides of the

discontinuity. Rearranging for Um produces

Um =
URλ

+ − ULλ
− − (FR − FL)

λ+ − λ− (3.45)

Determining the Flux, Fm, at x = 0 is not as simple as using Fm = F (Um). This

will not satisfy the Rankine-Hugoniot condition, ∆F = λ∆U . A second path

integral can be evaluated on either the left or right side of the discontinuity x = 0.

The right path integral takes the form:

URλ
+∆t− Umλ

+∆t− FR∆t+ Fm∆t = 0. (3.46)
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x

t

λ+λ− Um

Figure 3.5: Two waves propagate in opposite directions with a state Um in between

Rearranging to find Fm gives the result,

Fm = FR + λ+(Um − UR). (3.47)

Finally, substituting Eq (3.45) produces

Fm =
λ+FL − λ−FR + λ+λ−(UR − UL)

λ+ − λ− . (3.48)

The final HLL flux function is

F =


FL, if λ− > 0

Fm, if λ− < 0 and λ+ > 0

FR, if λ+ < 0

. (3.49)

Newton’s Method for Stiff Source Term

The source term in this model is defined by the difference in the Gibbs free energies,

g, between two phases multiplied by the density ρ and a relaxation parameter ν.

The source takes the following form

S = ρν(g2 − g1) . (3.50)
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The relaxation parameter ν is assumed to be infinitely large in Saurel’s original

model [27], thus guaranteeing that the phases reach thermodynamic equilibrium

at the saturation conditions instantaneously. This is justified for cavitating flow

because it is assumed that the fluids contain many nucleation sites. Nucleation

sites are the starting points of phase transition, and the more starting points result

in a faster phase transition. The resulting evaporating interface quickly allows for

large mass and heat exchange, which necessitates a stiff relaxation source term.

When the fluid is pure liquid or gas, the relaxation parameter ν is effectively zero

because no phase change occurs. The solution corresponds to thermodynamic

equilibrium and is obtained considering the mixture mass and mixture energy

definitions:

v =
1

ρ
= Y1v1 + Y2v2 = constant . (3.51)

e = Y1e1 + Y2e2 = constant . (3.52)

This method requires the use of Newton’s method to solve the discrete update

formulas seen in Eq. (3.37). The update formulas for the mass fraction of liquid,

Y1, take the form

Y1
n+ 1

3
k

Y1
n+1
k

 =

Y1
n
k

Y1
n
k

− ∆t

Ak

1
3

∑
ζ wζF̃

n+ 1
6∑

ζ wζF̃
n+ 1

2

+∆t

 5
12
I − 1

12

3
4
I 1

4


ρν(g2 − g1)

n+ 1
3

ρν(g2 − g1)
n+1

 .

(3.53)

This can be further simplified by grouping the solution at the current time step

and the flux into a term called Ŷ1.Y1
n+ 1

3

Y1
n+1

 =

Ŷ1

n+ 1
6

Ŷ1
n+ 1

2

+∆t

 5
12
I − 1

12

3
4
I 1

4


ρν(g2 − g1)

n+ 1
3

ρν(g2 − g1)
n+1

 . (3.54)
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The above equation can be rearranged to produce a function in which the roots

are sought,

fn+ 1
3
(Y1

n+ 1
3 )

fn+1(Y1
n+1)

 =

Ŷ1

n+ 1
6

Ŷ1

n+ 1
2

−

Y1
n+ 1

3

Y1
n+1

+∆t

 5
12
I − 1

12

3
4
I 1

4


ρν(g2 − g1)

n+ 1
3

ρν(g2 − g1)
n+1

 .

(3.55)

The functions in Eq. (3.55), are functions of the mass fraction of liquid water,

Y1, at time step tn+
1
3 and tn+1. The energy and density terms are assumed to

be constant. The source terms are functions of the gibbs free energy seen in

Eq. (2.16), which is a function of temperature and pressure. The temperature

and pressure are functions of Y1 only because energy and density are assumed to

be constant. Newton’s method is applied to Eq. (3.55) to find the roots of the

function. The method iterates over the mass fraction of the liquid Y1. If Newton’s

method does not produce a physical solution where Eq. (3.55) is sufficiently close

to zero, then the fluid is either a pure liquid or a pure gas.

The form of the function varies depending on the fluid’s phase. For example, in

Figure 3.6, the function spans 0 ≤ Y n+1 ≤ 1 and 0 ≤ Y n+ 1
3 ≤ 1. The grey area

represents the areas in which the function is aphysical. The white line represents

the area where the function is zero. The point where both functions are zero is

the solution to the problem. In a case where the phases are not within the vapour

dome, no intersection occurs, which would mean that the phase is either all liquid

or all gas.

3.3 Parallel Computing and Mesh Refinement

The discontinuous-Galerkin-Hancock method was implemented to solve PDEs nu-

merically on modern supercomputers using a large number of CPUs. The PDEs

are numerically solved on a structured grid composed of blocks. These blocks are

composed of an equal number of cells. Each block is computed on its respective
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Figure 3.6: The span of the functions defined in Eq. (3.55).
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CPU. The CPUs communicate using a message passing interface (MPI). The C++

library MPI defines message-passing routines between CPU processes. Blocks need

to communicate with each other to compute their fluxes and this is facilitated by

using MPI.

Mesh Refinement (MR) is a technique that adjusts the accuracy of the simu-

lation. This method can locally increase or decrease the resolution in the mesh.

MR can improve the resolution by refining a block, which splits the block into four

child blocks. The MR method can reduce the resolution by coarsening the mesh,

which combines child blocks into one parent block. A technique known as load

balancing is used to distribute the blocks onto the CPUs evenly. Thus, one CPU

is not responsible for more computations than any other CPU. All of these blocks

have the same number of cells; therefore, guaranteeing a roughly even amount of

compute time per CPU.

3.4 Validation

Validation of the model and Noble-Abel stiffened-gas equation of state can be

done by computing successive steady-state solutions of the governing PDEs for a

range of states in the liquid regime, gaseous regime, and states under the vapour

dome to verify agreement with the experimental data. The vapour dome is defined

as the range of states for which the vapour quality is neither zero nor one. The

vapour quality is defined as the complement of the mass fraction of liquid, Yliq, as

shown

x = 1− Yliq . (3.56)

The thermodynamic state postulate says that any thermodynamic variable can

be found from two independent state variables. Using Newton’s Method, the

enthalpy-pressure vapour dome can be computed by finding zeroes in the source

term defined in the above model. The resulting vapour dome, shown in Figure 3.7,

has pure liquid, represented in black, and pure vapour, represented in yellow. The
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Figure 3.7: The enthalpy-pressure diagram for water with a vapour dome created
using Saurel’s model.

purple-red spectrum within the vapour dome represents the vapour quality, with

purple representing less vapour and more liquid and red representing more vapour

and less liquid. The green lines are the outline of the experimentally observed

vapour dome. The fit of the Noble-Abel stiffened-gas is not perfect, and near the

critical point, the fit diverges from the true enthalpy-pressure vapour dome. This

is a well-known deficiency of the Noble-Abel stiffened-gas equation of state [18].

However, lower within the vapour dome, agreement is better. This ultimately

validates that the model is suitable to deal with phase transition in the range of

states expected in the present application.



Chapter 4

Results

In this Chapter, the numerical results of various simulations are showcased. In

Section 4.1, the PDEs and equation of state are validated by simulating classical

Riemann problems. In Section 4.2, the discontinuous-Galerkin-Hancock method

implementation is verified by comparing the phase transition of a singular cell

in time. In Section 4.3, the multiphase model is validated by conducting an

investigation of a Venturi nozzle, which exhibits unsteady periodic cavitation. The

phase transition model is validated by demonstrating agreement with experimental

results. Finally, in Section 4.4, a numeric simulation of the PWJ is shown. An

oscillating boundary condition is used to model the motion of the probe, and an

axisymmetric treatment is used. A detailed mesh refinement study is carried out

to ensure the reliability of numerical solutions. The PWJ is modelled with and

without the oscillating probe, and the simulations are compared.

4.1 Verification of Numerical Approximation of

PDEs using the Riemann Problem

Riemann problems are used to understand PDEs, such as the one-dimensional

Euler conservation equations because shocks and rarefaction waves appear as the

characteristics of the solution. This approach allows a comparison between the

42
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simulations and exact solutions of the Riemann problem obtained through the

method of characteristics. In the present study, the aim is to demonstrate two

objectives: that both the Nobel-Abel stiffened-gas equation of state and mixture

conservative Euler equations are correctly implemented in the code. The method-

ology to simulate Riemann problems is discussed. Then, two Riemann problems

using liquid water and water vapour using the DGH scheme are simulated and

compared to the analytic solution found using the method of characteristics.

4.1.1 Determination of Exact Solutions

The NASG equation of state can be used to find the various quantities associated

with compressible flows, such as the isentrope, sound speed, and the other variables

associated with the Riemann problem. Radulescu derived the expressions for the

isentrope, sound speed, isentropic exponent, and other Riemann variables, which

are ultimately used to solve Riemann problems [24]. The shock jump equation for

speed is

u2 − u1

c1
=

(
1− b

v1

)
2(M2

s − 1)

(γ + 1)Ms

, (4.1)

with Ms as the shock Mach number. Subscripts 1 and 2 denote the two regions

separated by the shock wave. The shock jump equation for the difference in

pressure is

p̄2
p̄1

= 1 +
2γ(M2

s − 1)

(γ + 1)
, (4.2)

with p̄ = p+ p∞ and the difference in specific volume is

v̄2
v̄1

=
(γ − 1)M2

s + 2

(γ + 1)M2
s

, (4.3)

with v̄ = v − b.

The characteristic and the polytropic gas relations are used to solve a left or
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Table 4.1: NASG coefficients for liquid water, water vapour, and air in the tem-
perature range [300–500 K].

Coefficients Liquid water Water Vapour Air
γ 1.19 1.47 1.4

P∞ (Pa) 7.028× 108 0 0
b (m3/kg) 6.61× 10−4 0 0
q (J/kg) -1177 788.0 2 077 616.0 0
q′ (J/kg) 0 14 317.0 0

Cp (J/(kgK)) 4285.0 1401.0 1004.7
Cp (J/(kgK)) 3610.0 955.0 717.6

right rarefaction wave. The characteristic equation takes the form of

J± =
√

γ(p+ P∞)(v − b)± u = constant , (4.4)

and the polytropic gas relation is

(p+ P∞)(v − b)γ = constant. (4.5)

Characteristic solutions can be found using the shock-jump equations and a method

outlined by Gottlieb and Groth [13]. The analytic solution found using the Got-

tlieb and Groth method is compared to the fluid simulation using the present

DGH numerical method. The chosen Riemann problems are of RCS form, which

means rarefaction-contact-shock waves. The two mediums are water vapour and

liquid water. The values outlined in Table 4.1 for the constants of the Nobel-Abel

stiffened-gas equation of state are used.

4.1.2 Water Vapour Riemann Problem Comparative Anal-

ysis

The first Riemann problem involves a shock tube of 1.0m in length filled two

media with a constant thermodynamic state separated by a barrier. Both media

are water vapour. When the barrier between the left and right regions, seen in
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ρ = 1
u = 0
p = 1

ρ = 0.125
u = 0
p = 0.1

Figure 4.1: Riemann problem for water vapour. The tube length is 1.0 unit length
with a discontinuity at x = 0.5 unit length.

Figure 4.1, is removed, a shock wave, a contact discontinuity and a rarefaction

wave form. The CFL number used is 0.10. The simulation occurs on a 1000 cell

mesh. It uses the HLL flux function and Venkatakrishnan slope limiter. It is

time-marched to t =0.2



CHAPTER 4. RESULTS 46

Figure 4.2: Riemann-problem solution for water vapour at time t=0.2

The analytic solution and the DGH method are shown in Figure 4.2 with the

pressure, velocity, and density shown. The rarefaction, contact discontinuity and

shockwave are seen in these graphs. The solutions are similar, but the DGH

solution is more diffuse. If the DGH solution had more cells, it would eventually

converge to the analytic solution.

The Nobel-Abel stiffened-gas equation of state acts very similarly to a perfect

gas. This is because the Noble-Abel Stiffened-gas equation of state simplifies to an

equation that takes the form of the perfect gas equation of state when modelling
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ρ = 1150.0 kg/m3

u = 0m/s
p = 1.0× 109 Pa

ρ = 1050.0 kg/m3

u = 0m/s
p = 1.0× 106 Pa

Figure 4.3: Riemann problem for liquid water. The length of the tube is One unit
length with a discontinuity at x = 0.5m.

a fluid that is pure gas, as shown in the following equation:

P = (γ − 1)
e− q

v − b
− γP∞ → P = (γ − 1)

e− q

v
. (4.6)

This is due to the fact that the NASG coefficients for P∞ and b are zero for gaseous

fluids.

4.1.3 Liquid Water Riemann Problem Comparative Anal-

ysis

The same scenario is also studied for liquid water with a shock tube of 1m in

length that contains two regions of differing density and pressure separated by

a barrier, which is removed as can be seen in Figure 4.3. The CFL number

used is 0.10. The simulation occurs on a 1000 cell mesh. It uses the HLL flux

function and Venkatakrishnan slope limiter. It is time-marched to t = 75.0×10−6 s.

Figure 4.2 shows the pressure, velocity, and density plots with the analytic and

DGH solutions. The rarefaction, contact line, and shockwave are seen in these

graphs. The rigidity of liquid water can be seen as the wave speeds are much

faster, with the solution end time at 75.0 × 10−6 s. The solutions of the analytic

and DGH scheme are very similar.
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Figure 4.4: Riemann-problem solution for liquid water at time t = 75.0× 10−6 s.

4.1.4 Conclusion

This study has verified the implementation of the NASG EOS and the mixture

Euler PDEs can numerically solve Riemann problems accurately, as predicted in

the review of the various models of equations of states. The results give confidence

that the code is implemented correctly and can be used to study realistic cases.
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4.2 Verification of the Source Term Implemen-

tation

Another method of validating the phase transition model is to compare the explicit

treatment of the source term, the implicit Euler, and the Radau-IIA method. This

allows for an understanding of how the rate of the phase of transition is affected

by the stiff relaxation parameter, ν, and verification that Newton’s method solver

is correctly implemented for the discontinuous-Galerkin method.

4.2.1 Methodology

The methodology used here is to take a fluid that is in the process of transitioning

from one state to another within the saturation dome. The chosen initial state is

ρ = 1000 kg/m3, Yliq = 0.75 , eliq = 313.90× 103 J, evap = 2475.9× 103 J, and e =

0.9eliq+0.1evap = 530.1×103 J. The energy is at a value normally associated with

a more condensed liquid mixture than the current state of the fluid. Therefore,

there is a mismatch between the mass fraction and the energy, which spurs the

phase transition to a more condensed mixture. The domain is taken to be spatially

homogeneous; thus, there are no flux terms, and the solution evolves based only

on the source term.

The value of ν cannot be considered infinite in computation. Thus, a suffi-

ciently large value for the relaxation parameter of 1.0 × 1040m3/J is used. The

value of ν being a real number allows for plotting the mass fraction against time

because the phase transition is not instantaneous. This allows for a comparison

of the accuracy of the phase-transition rates of each method. The final time is

9× 10−47 s and 1000 time steps are taken where the time step, dt, is 9× 10−50 s.

The explicit source time marching is a simple calculation in the form of

U(tn+1) = U(tn) + ∆tS(U(tn)) . (4.7)
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Figure 4.5: The comparison of the explicit treatment of the source term, the
implicit Euler and the Radau-IIA method outlined in discontinuous-Galerkin-
Hancock method solution.

Where U is the solution vector, and S is the source vector. The Radau-IIA method

is outlined in this thesis, and the implicit Euler is a first-order scheme.

4.2.2 Discussion

Figure 4.5 shows a mixture smoothly beginning to condense. The explicit treat-

ment of the source term, the implicit Euler method and the Radau-IIA method

are all on top of each other in the figure, which means that the discontinuous-

Galerkin-Hancock method is implemented correctly because the solutions agree.

The time scale is also extremely small; thus, it is safe to assume that using a ν of

this value is sufficiently large.
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4.3 Unsteady Cavitation in a Venturi Nozzle

This portion of the study examines a 8◦ venturi nozzle, which exhibits unsteady

cavitation. The venturi nozzle has a converging section at 18◦ and a diverging

section at an angle of 8◦. In experimental settings within this converging-diverging

section, a periodic flow is observed with a cavitation pocket appearing and then

shedding a portion of the cavitation pocket that moves along the flow. The venturi

nozzle was built at the LEGI laboratory in Grenoble, France, to study unsteady

cavitation typical of turbomachinery [11].

This study aims to validate the phase transition within Saurel’s model using

this simulation, which has a cavitating region. The 8◦ venturi nozzle is a much

more complex flow than a Riemann problem, which is one-dimensional. This

simulation also allows further validation of the PDEs and further verification of

the numerics and equation of state. The methodology, refinement study, and a

comparison to the experimental venturi are presented in the following section.

4.3.1 Simulation Parameters and Boundary Conditions

The constants used are those in Table 4.1. The geometry of the venturi nozzle

can be seen in Figure 4.6 with the values of each point found in Table 4.2. The

flow moves from the left of the nozzle to the right, creating an unsteady cavitation

bubble. The simulation was time marched for 1.8 s. Saurel also used this case

to validate his model [27]. It should also be noted that Saurel used a low Mach

number preconditioner because of convergence issues at low Mach numbers. This

is due to the compressible Navier-Stokes equations becoming stiff because of a large

speed of sound, but small fluid flow velocities. This preconditioner is unnecessary

to help with convergence when using the DGH scheme because of its third-order

accuracy, and low numerical dissipation..

Initial Fluid Properties: The simulation has both vapour and liquid phases.

The initial density of water is ρliq = 1067.56 kg/m3, and the initial density of
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Figure 4.6: The geometry of the Venturi 8◦ nozzle.

Table 4.2: Vertex coordinates for the venturi nozzle.

Vertex x-coordinate(m) y-coordinate (m)
A 0 0
B 0.1 0
C 0.153 0.0157
D 0.588 -0.0517
E 1.225 -0.114
F 1.233 -0.00845
G 0.271 0.0488
H 0.0 0.0488

vapour is ρvap = 0.387 kg/m3. The initial value of the volume fraction of the liq-

uid is αliq = 0.999

Boundary Conditions

The boundary conditions in this section are detailed, which are the same as Saurel’s

simulation [27].

Inlet: The inlet boundary condition is constant mass flow is ṁ= 7514.917 kg/(m2 s),

and the pressure Pinlet = 51 825Pa.

Outlet: The outlet boundary condition is constant pressure at Poutlet = 72 025.0Pa.

Walls: The walls are the reflection boundary condition.

4.3.2 Refinement Study

A mesh refinement study was conducted to model this flow phenomenon accu-

rately. To compute this unstable flow, a two-dimensional structured mesh was

employed along with the DGH scheme and the HLL approximate Riemann solver

[14]. The slope limiter used was Venkatakrishnan [34]. A visual test is used to
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assess the convergence of the numerical results and, therefore, can only measure

the sensitivity of the solution to mesh refinement through non-objective methods.

As seen in Figure 4.7, the simulation domain is large compared to the area of in-

terest where the cavitation occurs. Therefore, a majority of the refinement occurs

at the choke point C, where the quasi-periodic cavitation shedding occurs. A CFL

number of 0.45 is used. Each mesh tested is composed of blocks, which themselves

are comprised of 50 by 25 quadrilateral cells.

The first mesh, in Figure 4.8, has 42 blocks and a total of 52 500 cells, the

second mesh, in Figure 4.9, has 138 blocks and a total of 172 500 cells, and the

final study, in Figure 4.10, has 330 blocks and a total of 412 500 cells. The void

fraction is used as a way to assess the quality of the mesh.

Coarsest Mesh: In Figure 4.8, this mesh is the coarsest and does not exhibit

quasi-periodic vortex shedding but still has a vapour bubble form.

Refined Mesh: In Figure 4.9, the mesh is further refined in the cavitation region,

and after refinement, it displays a quasi-periodic cavitation bubble.

Most Refined Mesh: In Figure 4.10, the mesh undergoes a last refinement in the

area where it is cavitating. This mesh produces the best quasi-periodic shedding

that is most similar to the cavitation described by Saurel in [27].

4.3.3 Discussion

The periodic flow cycle that is observed within the 8◦ Venturi nozzle has five stages

as can be seen Figure 4.13, which is the simulation, and Figure 4.12, which is the

experimental:

1. A cavitation sheet forms after the diverging section as seen in Figure 4.13a

and reaches a maximum size as seen in Figure 4.13b

2. After reaching a maximum size, the cavitation bubble breaks into two por-

tions, seen in Figure 4.13c.
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(a) The blocks of the venturi nozzle.

(b) Domain

Figure 4.7: The top picture is the venturi nozzle mesh, and the bottom is the void
fraction. As seen above in the bottom image, a majority of the domain is steady.
Only near the throat of the venturi does the quasi-periodic cavitation shedding
occur.

3. The downstream portion is swept down the flow, and the cavitation bubbles

begin to collapse, as seen in Figure 4.13d.

4. The cycle begins again with a quasi-periodic vapour cloud shedding fre-

quency that is 45Hz and an average sheet cavity length of (45.0±0.5)mm. In

the simulation, the maximum length is 54mm, and the minimum is 40mm.

Thus, this would be a (47.0± 0.7)mm. The frequency is close to a range of

40Hz to 45Hz.

As seen in Figure 4.11, the difference in Gibbs free energy is zero within the

vapour bubbles seen in Figure 4.10. The pressure also descends below the vapour

pressure of 2300Pa. This shows that the vapour bubble is formed from the low

pressure, creating an equality in the Gibbs free energies of vapour and liquid. The

Newton’s Method solver finds this equality as described in Chapter 3.



CHAPTER 4. RESULTS 55

(a) The blocks of the venturi nozzle.

(b) Domain

Figure 4.8: This is a fluid simulation that ran on 42 blocks, each composed of
50 by 25 quadrilateral cells. This simulation ran for t = 1.8 s. This possessed a
cavitation bubble but did not have quasi-periodic shedding.
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(a) The blocks of the venturi nozzle.

(b) Domain

Figure 4.9: This is a fluid simulation that ran on 138 blocks, each composed of
50 by 25 quadrilateral cells. This simulation ran for t = 1.8 s. This possessed a
cavitation bubble with quasi-periodic shedding.
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(a) The blocks of the venturi nozzle.

(b) Domain

Figure 4.10: This is a fluid simulation that ran on 330 blocks, each composed of
50 by 25 quadrilateral cells. This simulation ran for t = 1.8 s. This possessed a
cavitation bubble with quasi-periodic shedding
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Figure 4.11: The top image is the difference in Gibbs’s free energy field, and the
second image is the pressure field. Both of these images take the form of a vapour
bubble.
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Figure 4.12: Experimental photographs taken from Saurel [27] of the quasi-
periodic cavitation shedding cycle in the 8◦ Venturi nozzle. A. Cavitation pocket
appears. B. The cavitation pocket extends and separates into two sub-pockets. C.
One vapour packet is transported with the mean flow. D. Another vapour pocket
collapses close to the nozzle [27].

(a) (b)

(c) (d)

Figure 4.13: Simulation of the quasi-periodic cavitation shedding cycle in the 8◦

Venturi nozzle. A. Cavitation pocket appears. B. The cavitation pocket extends
and separates into two sub-pockets. C. One vapour packet is transported with the
mean flow. D. Another vapour pocket collapses close to the nozzle.
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Figure 4.14: The cross-section of the conical PWJ.

4.3.4 Conclusion

These results show that it is possible to use the DGH method along with the Noble-

Abel stiffened-gas equation of state to recreate complex cavitation phenomenon.

4.4 Pulsed Waterjet

In this section, the PWJ simulation is discussed. The main goal is to study the

physics of the process within the PWJ nozzle, the form of the jet in the air,

and its characteristics as it hits the wall. There are two distinct simulations,

one of the nozzles without the oscillating probe and another with the oscillating

probe boundary condition turned on. The emphasis of this study is on how the

oscillating probe alters the flow of the jet. The flow characteristics, such as the

velocity, pressure, and density, are studied.

4.4.1 Domain and Boundary Conditions

The PWJ is axisymmetric, as seen in the cross-section in Figure 4.14. The nozzle

is conical and the probe is placed within it. The high-frequency oscillations of the

probe cause pressure waves to rebound throughout the nozzle.

Boundary Conditions

To simulate the PWJ effectively, the correct boundary conditions need to be used.

The axisymmetric boundary allows the efficient use of computing power. The

boundary is used along the x-axis of the simulation domain, as can be seen in
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Figure 4.15 and Figure 4.16.

Another important boundary is that of the oscillating probe. Its velocity takes

the form of a sinusoid:

u⃗ = 2πAf cos(2πft)n̂ .

Where A is the amplitude of the probe displacement, f is the frequency of the

oscillating probe, n̂ is the velocity direction, and t is the time. The amplitude of

the probe is 75.0 µm, and the frequency is 40 000Hz. Assuming that the boundary

takes the form of a sinusoidal function may not always be the case, as the probe

may not always act smoothly. The oscillating probe boundary can be seen in

Figure 4.16, where the probe fits within the nozzle. In part 1 of the simulation,

the oscillating probe boundary condition is off, and the boundary condition acts

like a reflective wall. For part 2 of the simulation, the boundary condition for the

oscillating probe is used.

The initial conditions of the simulation are set so that the nozzle shoots liquid

water out into the air and hits a reflective wall. The top of the domain is the

constant atmospheric pressure boundary condition, with the left and right walls

being reflective, as shown in Figure 4.15. Air is assumed to act as a perfect gas,

and its properties can be seen in Table 4.1. The inlet condition for the flow

assumes a constant mass flow of 0.0352m3/min of liquid water and a pressure of

1.03× 108 Pa. The nozzle walls are reflective.

Refinement Study

A mesh refinement study was conducted to model the PWJ accurately. The flow

uses a two-dimensional structured grid, the DGH scheme, and the HLL approxi-

mate Riemann solver [14]. The simulation was time marched to 0.003 075 s. Due

to difficulties using the DGH with axisymmetric boundary conditions, the simu-

lation is reduced to first-order accuracy. The difficulties arise by calculating the

source term at the cell edge. The axisymmetric system in Eq. (2.9) has a 1/r term
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Figure 4.15: The domain of the simulation
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Figure 4.16: The boundary conditions of the PWJ.
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in the source term and r = 0 at the edge. This produces a division by zero at the

cell edge, which is impossible.

The convergence of the simulation is assessed using a visual test, and, there-

fore, the sensitivity of the solution to mesh refinement is not wholly accurate.

A CFL number of 0.8 is used. The first mesh, in Figure 4.17, had 77 blocks

and 612 000 cells. In Figure 4.18, the mesh is refined to have 308 blocks and

2 448 000 cells. In Figure 4.19, the final study has 554 blocks and 3 721 500 cells.

To compare the meshes, the velocity of the PWJ is used as a test for the solution’s

accuracy based on the mesh refinement level. The mesh in Figure 4.17 has the

coarsest mesh and produces a less focused jet with a slower velocity. Figure 4.18

and Figure 4.19 both have jets of very similar form and velocity, which might

indicate that for the current simulation, refining the mesh would not produce a

more accurate solution, but the finer mesh in Figure 4.19 is preferred as it is better

suited for modelling the pulses produced by the oscillating probe.

4.4.2 PWJ without the probe

The goal of this simulation is to simulate the PWJ without the probe to show

the difference between the physics in the jet when the oscillating probe is absent

versus when it is present.

Figure 4.20 shows the predicted density field. The density of water at this

temperature and pressure of 1.03 × 108 Pa is 1093.0 kg/m3. Along the jet, as the

liquid water interacts more with the air, it begins to mix with the air, as can be

seen with the density decreasing. The farther the jet is from its axis of rotation, the

more air is entrained within. As the jet’s radius increases, the density decreases.

Continuous interaction with the water jet and the air results in the break-up of

the water jet stream into droplets.

Figure 4.21 shows the pressure field. The PWJ pressure is highest within the

nozzle and slowly decays as it reaches the nozzle exit. The pressure on the wall

jumps due to the sudden impact of the jet against the wall. This is the water



CHAPTER 4. RESULTS 64

(a) The blocks of the jet simulation.

(b) Domain

Figure 4.17: The top image is the mesh of the PWJ, and the bottom is the velocity
field in metres per second. This is a PWJ simulation that ran on 77 blocks.
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(a) The blocks of the jet simulation.

(b) Domain

Figure 4.18: The top image is the mesh of the PWJ, and the bottom is the velocity
field in meters per second. This is a PWJ simulation that ran on 308 blocks.
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(a) The blocks of the jet simulation.

(b) Domain

Figure 4.19: The top image is the mesh of the PWJ, and the bottom is the velocity
field in meters per second. This is a PWJ simulation that ran on 554 blocks.
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Figure 4.20: Predicted density field of the jet without the oscillatory boundary
condition.

hammer effect. The predicted water hammer pressure is 82.6MPa. This shows

that the strength of the jet comes from its speed and the sudden impact against the

wall; in Figure 4.22, the top speed of the water jet is 440m/s. The convergence of

the nozzle produces a sharp increase in velocity. As the radius of the jet increases,

the velocity also decreases. A final note should be made about the void fraction

of vapour, as seen in Figure 4.23; it seems that the geometry of the nozzle causes

a vapour bubble to form within the nozzle, which is a phenomenon not created by

the oscillating probe.
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Figure 4.21: Predicted pressure field of the jet without the oscillatory boundary
condition.
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Figure 4.22: The predicted velocity field of the jet without the oscillatory boundary
condition.
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Figure 4.23: The predicted void fraction of the jet without the oscillatory boundary
condition.

4.4.3 PWJ with the oscillating boundary condition.

This simulation turns The high-frequency oscillating probe on, and time marched

for t = 0.0058s. The goal is to show the complex physics in this simulation and

how they differ from the jet when the probe is turned off. For this reason, the

same mesh used in the PWJ without the probe is used for consistency.

Figure 4.24 shows the density field. The PWJ exhibits the mushroom-like packets

described in Vijay et al. study [36]. These mushroom packets occur because of

the high-pressure and low-pressure waves created by the oscillating probe. Along

the jet, the mushroom packets become larger as the liquid water interacts with

the air.

In Figure 4.25, the pressure field is shown, and the pressure waves in the

domain with regions of low-pressure waves followed by regions with high-pressure

waves can be seen in the water jet. In Figure 4.28, the plot is the water hammer

pressure vs time. This plot spans eight oscillations or pulses produced by the

oscillating probe. The highest peak creates a pressure of 110MPa, 23% higher

than the standard jet without the oscillating probe. The jet’s lowest peak is a
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weaker impact of 60MPa. Therefore, the oscillating probe has more impactful

pressure with a repeating pattern versus the standard jet.

The high-speed water jet is even faster with the oscillating probe. In Figure 4.26,

the top speed of the water jet is 470m/s, which is faster than the velocity of the

standard jet, which is 440m/s.

In Figure 4.27 shows pressure field of the water jet in air. In regions of low

pressure, the jet seems to have no cavitation bubbles within it as the pressure never

comes near the vapour pressure of 2300Pa. It had been theorized that cavitation

forms within the water jet and encourages the creation of discrete water packets

that enable the water hammer effect. However, the numerical results do not

support this theory.

4.4.4 Conclusion

The simulation demonstrates the oscillating probe’s impact on the pulsed wa-

terjet. The PWJ oscillating probe enhances the pressure, velocity, and overall

performance.
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Figure 4.24: The predicted density field of the jet with the oscillating boundary
condition.
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Figure 4.25: The predicted pressure field of the jet with the oscillating boundary
condition.
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Figure 4.26: The predicted Velocity field with the oscillating boundary condition.

Figure 4.27: The predicted pressure field of the jet with the oscillating boundary
condition.
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Figure 4.28: A plot of pressure vs time at the point of impact of the jet against
the wall.



Chapter 5

Conclusion

The current work presents the use of a phase transition model derived from Saurel’s

paper [27] for simulating a cavitating venturi nozzle and the pulsed waterjet. The

simulations and their results are discussed here. Ultimately, the PWJ jet was

successfully simulated with and without the oscillating probe. A suitable phase

transition model worked well with the Discontinuous-Galerkin-Hancock method.

One of the main objectives of verifying a phase transition model and equa-

tion of state using the Discontinuous-Galerkin-Hancock Method was successful.

Classical Riemann problems were solved to verify that the model and numerics

were implemented correctly, creating a foundation to accurately model the com-

plex physics within the venturi nozzle and the pulsed waterjet. The venturi nozzle

exhibits a quasi-periodic shedding that was successfully simulated by the model

and equation of state. This model is also capable of simulating the pulsed water-

jet. The oscillating probe improved the jet’s operating pressure and velocity. In

the simulations, the PWJ jet had cavitation bubbles within the nozzle but had

no cavitation bubbles that travelled through the jet. It was theorized that the jet

had cavitating bubbles, but the current simulation work does not indicate that

this phenomenon occurs.
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5.1 Future Work

Regarding improvements to Saurel’s model, future work could involve running

simulations with varying stiff relaxation parameters, ν. Running the simulations

of the venturi nozzle with different stiff relaxation parameters could offer new

insights into cavitating flows.

For future work involving the PWJ nozzle, a prospective study could include

varying the geometry and operating parameters. This could reveal new insights

about the complex flows of the PWJ but could also lead to improvement in the

PWJ nozzle design. Another study could involve the variation of the frequency

and amplitude parameters of the oscillating probe. This study has shown that the

oscillating probe within the PWJ produces a more effective water jet; therefore,

studying the effects of frequency and amplitude on the flow is worthwhile.
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