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Abstract

A N-paralle! branches maximally decimated filter bank is generally implemented
using the polyphase components implementation, In this case, a N-th band lowpass filter is
designed and its polyphase components are derived to constitute the branch ‘subfilters’.
This approach uses a NxN FFT matrix that will be the source of the complex (numbers)
operations. Obviously, when the number of branches is equal to 2, the computations
remain real.

In a tree structure filter bank, the computations remain real with or without
polyphase implementation. Whn the polyphase implementation is used, the branch signals
at each stage are computed using a set of 2x2 FFT matrices leading to real computations.

In this thesis, 2 new implementation approach based on the tree structured is
proposed. The derivation of the structure is based on the equivalent parallel structure
implementation of the tree stru;:‘tured filter bank. It uses the polyphase components of a
given half-band lowpass filter (real coefficients) followed by a NxN Hadamard matrix. The
computations, as in the original tree structured filter bank, remain real. A simplified
version of the structure is a ‘tree structure’ followed by an NxN Hadamard matrix.

A comparison between this new structure and the N paralle! branch maximally decimated
filter bank is made based on reconstruction error, computation complexity and processing

delay.



| INTRODUCTION

1.1 Introduction

Digital filter banks have been studied in great detail [1]-[3] due to their extensive
use in a number of applications such as speech analysis, radar and sonar processing [4] and
in all applications where the incoming signal is separated into frequency bands prior to
processing [1], so that the branch signals may be processed at a reduced sampling rate.

A typical filter bank comprises 2 major components: the analysis filter bank and
the synthesis filter bank. An N-channel analysis filter bank splits the incoming signal x(n)
into N subband signals y(n), 0< i <N-1. An N-channe! synthesis filter bank recombines
the N signals components yj(n), forming y(n) which is to approximate as close as possible
the input signal x(n). In all cases, the synthesis filters are derived from the analysis filters.
An N-channel analysis filter bank can be seen as "a single input - N-output system" while
an N-channel synthesis filter bank will be an "N input-single output system". When both
the analysis and the synthesis banks are combined to form a filter bank, the overall system
becomes a "single input single output system"”. Shown in figure 1.1 are the basic clements
of an N-channel filter bank.

The primary concern is to design the analysis/synthesis filter bank to obtain a
perfect, or "very good" reconstruction of the original input signal. Note that a signal can
never be perfectly reconstructed because there will always be an error due to quantization
or an error caused by the introduction of noise or a processing error between the analysis
and synthesis stages. The notion of perfect reconstruction is application dependent: a
reconstructed signal with a mean square error less than 106 can be taken as a perfectly’
reconstructed signal, while in another application, the same signal error may not be

acceptable.



Perfect reconstruction requires that the squared magnitudes of the analysis filters

add to unity over the total bandwidth; this sets the basis for the filter design.

f——— »a(32)
rr———ti x
xC1n) - analysis : > (D
banlk
L —i 3 e (11D
Yo
Y. () —; synthesis
: s> L ()
yN—l(r‘) —]

Fig. 1.1 N-channel filter bank elements: (a) analysis bank (b) synthesis bank

Filter banks differ in the way the center frequencies of the filters are spaced. Thus
we have:
- uniform filter banks: the centér frequencies of the analysis filters (and synthesis filters)
are uniformly spaced (figure 1.2a) and do not depend on whether it is a cosine or
exponentially modulated filter bank.
- non-uniform band filter banks: the class of filter banks in which the center frequencies of
the filters are for example logarithmically spaced (logarithm base 2); they are sometimes
referred to as logarithmic filter banks (figure 1.2b). There is also the class of filter banks
with arbitrary spacing of the center frequencies, an example of such a filter bank will be a

filter bank with rational decimation/interpolation factors.
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Fig. 1.2 Center frequencies spacing: (a) linear (b) logarithmic

The manner in which the frequency responses of the adjacent filters overlap (figure
1.3) in a filter bank depends mainly on the application. If perfect reconstruction is
requirad, the magnitude characteristics of the adjacent filters are to overlap at -3 dB. This
is generally required for filter banks that are used in spectrum analyzers [4].

The filters in a filter bank can be of the infinite impulse response (IIR) or the finite
impulse response (FIR) type. Generally, finite impulse response filters are used because

they are stable and simple to realize.
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Fig. 1.3 Frequency coverage :(a) non-overlapping (ideal filters)
(b) slightly overlapping (practical filters)



1.2 Uniform Filter Banks

In an uniform band filter banks, the number of output branches in the analysis bank
is equal to the overall decimation factor. This family of filter banks comprises the N

paralle! branches maximally decimated filter banks and the tree structured filter bank.

1.2.1 Uniform Parallel Structure Fiiter Bank

In the uniform parallel structure filter banks, the number of channels at the analysis
filter bank output and thus the number of branches at the synthesis filter bank input, is

equal to the decimation factor. In this case, the filter bank is said to be maximally

decimated.

(™ O-{Go@)
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Fig. 1.4 N-parallel channel maximally decimated filter bank
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PROCESSING

1.2.2 Uniform Tree Structured Filter Bank

The tree uniform structured filter bank is a maximally decimated filter bank
because the overall decimation factor is equal to the number of channels at the analysis
filter bank output while the decimation factor per branch and per stage is 2. This structure
gives rise to a successive lowpass-highpass splitting of the input. A 3-stage or 8 channel

tree structured filter bank is illustrated in figure 1.5.
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Fig. 1.5 3-level tree structure filter bank: analysis bank
In the above figure, if all the pairs of lowpass/highpass filters are identical in the analysis
and synthesis filter banks, respectively, then the representation can be simplified by using

the block representation as shown below.
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Fig. 1.6 Block representation of figure 1.5



1.3 Non-Uniform Filter Banks

In non-uniform filter banks, the decimation factors in the branches are different.
They can be integer or fractional. Examples of non-uniform filter banks are shown in
figure 1.7. The structure in figure 1.7 is mainly used for multiresolution analysis: the
output of the lowpass filter at a given stage is further decomposed into a finer and coarser
resolution. This structure (figure 1.7b) is similar to a tree structured filter bank, except
that at a given stage, not all channels continue to the next processing filter set.

Multiresolution analysis using the structures shown in figure 1.7 is found in [18-21].

Note that both structures shown in figure 1.7 are 'equivalent’, i.e. if the decimation factors
in figure 1.7b are moved to the output of the analysis bank, the resulting frequency band

divisions of both analysis filter banks will be the identical.

x(n) Yo(n)
(1) v, {n)
G D—yan)
$2)— yim)
(¥2— yun)
FD— y(m)
—2
{h) x(n) YS(n)
[11,@) 32 ¥a(n)

Fig. 1.7 Examples of non uniform filter banks: (a) parallel structure (b) wavelet-type
structure

In the non-uniform parallel structure (example in figure 1.8), it is also possible to

use non-integer decimation factors in the branches [22,29]. It is clear that in this case the



implementation of the system is going to be as straightforward as in the general case. One
important condition that the decimation factors should satisfy is that the sum ol their
inverses should equal unity (in order for the filter frequency responses to cover the whole
frequency axis). This condition is inherently satisfied for uniform filter banks which are

maximally decimated.

25= (1)

]

Note that (1.1) refers to the decimation factors and not the interpolation factors.
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Fig. 1.8 Rational decimation factor analysis filter bank

PROCESSING

1.4 Motivation and Organization of the Thesis

In this thesis, two filter bank structures are studied and compared: the tree
structure fiiter bank and the N-parallel branch filter bank. Note that both structures are of
the maximally decimated type and will be implemented using the polyphase components

decomposition approach as outlined in section 2.2.3. An equivalent tree structure



implementation of the tree structure filier bank using the polyphase components and the
Hadamard matrix is developed.

Based on the proposed structure, the performance (internal delay, computation
complexity, case of realization, speed of processing Vs signal bandwidth and
reconstruction error) of the tree structure filter bank is compared with that of the parallel
structure filter bank using the polyphase components and FFT matrix (figure 1.9).
Wideband signals (pulse or pulse train) will be considered as input signal although any

signal can be accommodated.

FILTER

Fig. 1.9 Structure for ¢omparison: increasing bandwidth input signal

The organization of the thesis is as follows. In chapter 1I, an overview of the
uniform band filter bank is given. The polyphase components implementation or simply
polyphase implementation of the filter banks including the DFT matrix is reviewed. The
relation between the polyphase components and the structural subband components is
outlined.

In chapter 111, a new equivalent tree structure of the tree structured filter bank
implemecnted with the polyphase components followed by the Hadamard matrix is
presented. As only real filter coefficients are required in the lowpass and highpass filter
branches of the tree structure, it can be shown that the Hadamard matrix, with real
clements also, replaces the DFT matrix. A comparison based on filter length, input
structure (serial or parallel input), computation complexity (number of computations per

sample time), speed of operation and overall input/output delay between the new structure



and the N-parallel branch maximally decimated filter bank for a given decimation factor (a
power of 2) is made. '

In chapter 1V, the overall reconstruction error performance of the paraliel
structure and the new developed structure for a given input signal is considered based on
the simulation results. The advantages of the tree structured fiiter bank are shown, which
are; the use of real coefficients only and ability to accommodate wider band signals (i.c.
increased processing speed) than possible with the N-parallel branch filters.

In chapter V, the main conclusions of the thesis and suggestions for further

research are discussed.

10



I UNIFORM BAND FILTER BANKS

2.1 Introduction

In this chapter, a review of maximally decimated filter bunks is presented. An
implementation using only the decomposition of the prototype lowpass filter together with
the FFT algorithm is reviewed; this implementation is known as the polyphase
implementation[13,14]. It will be shown that the polyphase implementation achieves some
savings in the overall number of computations per sample time of the system. Also, the
subband decomposition of a single filter (polynomial) and the relation to the polyphase
components are outlined. Unless otherwise specified, all decompositions and computations
will apply only to the finite impulse response filter (FIR) in maximally decimated filter

banks.

2.2 Maximally Decimated Filter Banks

A maximally decimated filter bank is a filter bank in which the number of channels
is equal to the overall decimation factor N; it is also referred to as critically decimated
filter bank. In the following, we will assume that N is a powtr of 2 to match the

requirements for the tree structured filter banks.

2.2.1 Parallel Structure Filter Banks

The filters H;(z) in figure 2.1 represent the filters of the analysis bank while the

filters Gj(z) represent the filters in the synthesis bank.
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Fig. 2.1 N-channel maximally decimated filter bank

As shown in figure 2.1, the incoming signal x(n) is simultancously f{iltered and
decimated (downsampled) in each of the N branches before being processed. The
processing can be of the form of coding which is done at the decimated sampling rate. At
the synthesis bank, the received signals are decoded, interpolated (or upsampled), meaning
that the signal is converted back to the original sampling frequency, and filtered prior to
being added to approximate the original signal, x(#}. If the reconstructed signal X(n} is
equal to x(n), for example in the case where the processing is a direct connection between
the analysis and synthesis ﬁlte.r. banks and the filter bank is well designed, then the
reconstruction is said to be perfect. Again, note that x(n) and ¥(#)will never be
completely equal. Generally, the reconstructed signal will be a delayed, scaled version of

the original signal.
¥(n) =cx(n—-ny) (2.1)

where ¢ and ng are the scaling factor and delay respectively, due to the filtering of the
signal. Another source of reconstruction error is the digital processing performed on the
subband signals in each channel branch.

For the uniform case, with other filters derived from the lowpass filter using
complex modulators, we expect the analysis filters to divide the frequency axis as

illustrated in figure 2.2 for ideal filters. In practice, the filters are designed so that the



overall frequency response in the analysis bank approximates a flat response. This flatness
is the result of the in-band ripple of each filter and the complementary transition bands of

the adjacent filters. The filters will then be designed to satisfy the following equation [3].

2

= (2.2)

)

While there are N distinct filters in the filter bank of figure 2.1, only the lowpass filter is
designed and the other filters are derived from it. The design of bandpass and highpass
filters is done by frequency rotation (multiplication by complex exponential) of the
lowpass filter design; this also is true for cosine modulated filter banks[{28,29]. Another
approach is to rotate the input signal in frequency and to use lowpass filters in all N

branches of the filter bank [6].

N N
= | Hi(@) [Hfz) [ Hy(2) | =

> W
¢ /N 3N 2m

Fig. 2.2 ldeal frequency axis division of an N-parallel channel maximally decimated filter bank.

2.2.1.1 Filter Bank With Rotated Input Signal

The prototype filter is a lowpass filter with cutoff frequency at o=n/N (or f=fg/N)
which remains the same in all N branches. In this implementation, the incoming signal is

shifted in frequency in each branch, by multiplication with a complex exponential, (figure

i3



2.3). The filters in the analysis and synthesis bank respectively are identical (lowpass
filters) [5,6] with real coefficients. This filter bank has equal length filiers and the output
signals of the analysis filters are lowpass signals. It can be shown that this is equivalent to

the N-branch filter bank with rotated filters by modulating the output of the analysis bank,

o g el
e Ho
A TTaCYRIIITE At
% @ s | o

Fig. 2.3 Filter bank with complex modulators

In figure 2.3, the branch signals (prior to the decimators) are

x, ()= [x(n) Wy ]*h(n) (2.3)
where (*) means convolution and W, =¢™**"
In the z-domain, (2.3) becomes

X,(2)= X@W;H) 2.4)

Note in figure 2.3 that the input signal is '‘complex-modulated' in cach of the N branches
prior to filtering. This operation is equivalent to rotating the original signal in the k-th

branch by 2ntk/N as shown in example 2. 1.
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Example 2.1

Let N=4 and the input signal be '

x(n)= 1 + sin(0,2xn) + 4sin(0.57n) + 8sin(0.87n), 0 < n < 40
The branch signals after modulation are then
x(m=x{n)exp(j2rkn/4) or

xg(n)=x(n)

x1(n)=x(n)exp(jnm/2)=( j J"x(n)
xa(n)=x(n)exp(jnr)=(-1)ix(n)
x3(n)=x(n)exp(inm3/2)=(-)"x(n)

The frequency responses are given in figure 2.4, Note the rotation of the signal around f/2
(corresponding to 0.5 on the frequency axis).
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» 150 o 150}
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2 2
€ 100 { ‘E100} ]
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) | " W
0 . 0 )
0 0.5 1 0 0.5 1
normalized frequency normalized frequency

Fig. 2.4 Output of a 4-branch complex-modulator: magnitude of (a) xg{(n), (D)
xy(n), (c) xa(n), () x3(n).
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If the length of the lowpass filter is L in figure 2.3, then the number of complex
computation operations per sample will be 2LN plus N complex operations due the
multiplication by the complex exponentials in the analysis bank. The signals at the filter

output in the structure of figure 2.3 are lowpass signals.

2.2.1.2 Filter Bank With Rotated Lowpass Filter

A commonly used approach [1,2,7] is to derive the  branch filters hy(n), by
complex modulation of a lowpass filter, i.e. by multiplication of the lowpass filter

coefficients with a complex exponential.

h () = hy (MW 1=0,.N-1 (2.5)

where hy(n) is the prototype lowpass filter with cutoff frequency at @/N. This structure
also leads to a filter bank with equal length filters: all the filters will be of the same length
as the lowpass filter, However, the filters, except the lowpass and highpass filters, will
have complex coefficients, processing at lower sampling rate will be allowed with the use
of the polyphase realization.

Note that the difference between this approach and the previous one is that here, instead
of modulating the incoming signal, it is rather the prototype lowpass filter that is
modulated. As in the case of the modulated signal, the modulations by the complex
exponential correspond to the rotation of the lowpass filter to yield the desired bandpass
filters.

In the z-domain

H(2)= H,GW}") (2.6)
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An example of the filters frequency response for N=4 is shown in figure 2.5

(a) (b)
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Fig. 2.5 Example of the frequency response of the analysis filters with N=4:
(a) Hg(2), (b) Hy(z), (c) Ha(z), (d) H3(z)

Note also that the derivation of the branch filters using (2.5) generates filters that
are not symmetric around 7 (or fi/2) on the frequency axis (figure 2.5) except the lowpass
and highpass filters. This is because the exponential modulators shift the lowpass filter
one side only on the frequency axis.

The most important measure of performance of filter banks is how well the signal
is reconstructed, i.e. how close the reconstructed signal is to the original one. Note
however that there will be some aliasing in the branches of the filter bank. So an overall

perfect reconstruction of the original signal will be obtained if the set of synthesis filters is

17



chosen to compensate for that aliasing. The analysis-synthesis filter banks overall transter
function of figure 2.1 will be

T,(2) = H, ()G, (@) (2.7)
The branch signal will be distortion free if the transfer function is a delay, i.e.

T()=cz™ (2.7b)

where ¢ is a scaling factor introduced by the processing,

The function becomes a pure delay by choosing ¢ to be unity. This then gives
H ()G, (e™)= g iom (2.7¢)

One common solution is to choose the synthesis filters to relate to the analysis filters as

follows [1]
g (m=h(L, -1-n), k=01,.N-1 (2.7d)

for the k-th branch, and where L, is the length of h(n) (analysis filters).

In the z-domain
Gl2)=z""H, (™) (2.8)
For equal length analysis filters, as in the case where the analysis filters are all derived

from the same prototype (L is the length of the prototype lowpass filter hy(n)), (2.8)

becomes

18



G,(z)=z""H (") (2.9)
Substituting hy(n) from (2.5) and Hy(z) from (2.6) in (2.8) and (2.9) respectively we have

g )= h(L = 1= mW (2.10a)

G (z)= 2" H (" 'We) (2.10b)
Applying (2.10b) to the structure in figure 2.3, we obtain

Gy(z)=2""Hy (=) (2.11)

2.2.2 Special Case With N=2

The two band perfect reconstruction quadrature mirror filter (QMF) filter bank is a
special case of the N-parallel channel maximally decimated filter bank in which the two
analysis filters (lowpass and highpass filters) can be designed separately as in [7] or
derived by applying (2.5) and (2.7). If the two filters are designed separately, the analysis
filters need to satisfy the following conditions in order to achieve perfect reconstruction:
(a) an overall lincar phase characteristic
(l;) the sum of the lengths of the filters (lowpass and highpass) must be a multiple of 4 and
(c) both filters must be of either odd order and opposite symmetry or even order and
symmetric (in the time domain).

The synthesis filters are derived using (2.74).
If we choose to design only the lowpass filter and derive the high pass and the

synthesis filters from it, we must replace the equality sign in (2.2) by an approximation to
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satisfy the linear phase condition. The prototype lowpass filter is then constrained to be off
even order and symmetric [8] so that the highpass filter obtained as

Iy(r)=(=1)"h,(1) (2.12)

is also of even order and symmetric fulfilling conditions (a) and (b) mentioned above.  +
Design examples can be found in [9,10, 11]. Figure 2.6 shows examples of possible

analysis filters magnitude and phase
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0 . 0 .
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5 § T
§ @
£o ] E ¢
[= Q.
5 . 5 .
0 2 4 0 2 4
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. Fig. 2.6 Example overall filters phase:
(a) symmetric, even length prototype lowpass filter
(b) symmetric, odd length prototype lowpass filter

In [12], a different design approach is used: the author relaxes the linear phase constraint
of the analysis filters to design a prototype lowpass filter with an arbitrary phase (most of

the filter design algorithms generate linear phase filters). The analysis highpass filter and
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the synthesis filters are derived such that the overall sysiem becomes linear phase allowing

the input signal to preserve its phase (no phase distortion). The established relations are:

hO)=(-1)""h(L=1-n) (2.13a)
7.(m)=(=1)"h(n) (2.13b)
g,(m=(=1)""h,(m) (2.13¢)

or in frequency domain

Hiz)=z""H(~z") (2.14a)
G, (2)= H\(~2) (2.14b)
G(2)=—-H,(-2) (2.14¢)

where L is the length of hy(n).

Note in (2.12) that h(0) and h(,.(.O) will be the same. In (2.13a), h{(0) and hy(0) may be of
the same or opposite sign depending on the length of hy(n).

For example, if hy(n)=[h0 h1 h2 h3]}, then

hy(n)=[h0 -h1 h2 -h3] with (2.12), and

hy(n)=(-h0 h1 -h2 h3] with (2.13a)

2.2.3 Polyphase Components Decomposition

Maximally decimated filter banks often use the polyphase implementation
approach. The decompusition consists of rewriting the lowpass filter function as sum of
N-power terins.

In general, for any given function (polynomial) H(z), it is always possible to write

[13,14]
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N-
H(z)= Z‘z"‘Ek(z"') (2.15)

where the functions E(z) are called the polyphase components of H(z), which are
composed of N-powered terms of H(z).

For example, if

H@)=h, +hz" +hz? vz v hz™ v he™ v hz™ + iz + b
then

forN=4

H(z) =[h, +h,z™ T B L X a E e L X 27y bz
H(2)= E,z")+z'E(z")+ 2 E, (") + 27 E, (=)
S0

E,(2)=hy +hz" + b2

E(z)=h +hz"

E,(z)=h, +hz™

E(z)=h+hz

In the time domain, the vectors of coefficients will be
eg(n)=[hy by hg)

ey(n)={hy hs]

ex(n)=[hy he]

e3(n)=[h; h7]

or

e,(m=h(nN+k) ,n=0,1,2... (2.10)

Note that the components e,(n) are the time shifted (by k) and decimated (by N) versions
of h{n).
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The advantage of the polyphase decomposition is the saving in computation when it is
used in filter bank implementation. To see this, assume that we have the scheme shown

figure 2.7 filtering followed by a decimation by N,

x(n)— h(n) [ -GN} y(n)

Fig. 2.7 Filtering followed by a decimation

The output Y(z) is given by
P(z) = [X@HE]dx (2.17a)

where [V (z)] {4, means V(z) followed by a decimation by N.

Replacing H(z) by its polyphase components, we have

Y(2) = [X(z)E T E (2N, (2.17b)

and the corresponding implementation of (2.17b) of H(z) is shown figure 2.8. Note the
delay elements on the input side between the channel inputs. An actual serial to parallel
conversion of the input signal can be achieved if the decimation can be moved to the input

side, which is possible for the structure with polyphase components.
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Fig. 2.8 Equivalent polyphase implementation of the filter in fig. 2.7

Let's rewrite (2.17b) with the substitution z = & (i.e. T=1)

R = o e T L R Yl
Pe= 2 X V) B Y (2.17)
k=0

=0

ar

w=2nl L w=2nl

STy S

2 e
NoYe o ¥ T E(e™

e TS e

Note that E,(e*) does not depend on [. It can thus be taken oui of the first summation

W —p2al kw = f2alk

}'(w‘“‘):%z £.e™)Y X('Fe ¥ ) T w (2.17d)
k !

(2.16d) can be written in a short form as

Y(@) =Y E ()2 X(2)]4,, (2.17¢)

This last equation is the derivation of the following noble identities [13] shown in figure

29
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Fig. 2.9 Noble identities: (a) decimation, (b) addition

Figure 2.8 can then be redrawn as in figure 2.10.

The change from figure 2.7 to figure 2.10 is in essence a change from a realization with a
direct serial input to one with parallel inputs derived from a serial input spread over the N
channels. This is essentially a series to parallel input conversion. In figure 2.10, instead of
computing the convolution and then decimating, we first decimate by N and then
convolve, working at a lower sampling rate (f;/N). This conversion (figure 2.10) allows a

processing N times faster than the structure in figure 2.7.

y(n)

Fig. 2.10 Equivalent rcalization of figure 2.8

Now apply the polyphase components implementation to the N-paraliel channel
maximally decimated filter bank shown in figure 2.1. With the branch signals given in

(2.5), we have

f

H,(z)= z(.w,;') W)
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-1V 2NN
where Wy~ =™ ¥ =

SO

N-1
H@)=Y 2" Wy E (V) (2.18)

L

-

for example, if N=4 then

H,y(2) E(z) © 0 o [t 111
(Y ]
H\(2) =[1 7 g7 g7 0 £(z7) 0 0 11 l. J
H,(2) 0 0 EEH) 0 |11 /1
Hy(2) 0 0 0 EEHII 11
and the outputs of the analysis bank are
1 N« ‘N-IH_V Y,
V(== E,cW > z MW X(NIy) (2.19a)
N j=0 =0
or simply
N-I ]
Y (2)=[X(2) Y WL, E,(2) (2.19b)
i=0

Note that Wik is the j-th row, k-th column element of the NxN discrete Fourier transform
(DFT) matrix, W. The computations of y,(n) can thus be carried out via an N-point FFT
algorithm: for N being a power of 2, faster computation is achieved.

The implementation of (2.19b) is shown in figure 2.12.

To achieve perfect reconstruction, we have [13]
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fim=ce(l, ~1-4) (2.20)

where L, is the length of ¢(n).
Equation (2.20) means that overall perfect reconstruction will be achieved if the signal in

each branch is perfectly reconstructed as mentioned earlier. And this applies to any N.

F(z)=2""EE™) (2.21)

x) —WE@ H {E(2) |4

“TWEDH F@ -4

PROCESSING

AR P DFT -

JOHEG H T 8 PTTHERS HwT

Z v : o} : 5 A -
'-@)— En(#)— ISR I F (%) —@}J— x(n)

Fig. 2.11 N-channel maximally decimated filter bank: potyphasc implementation

We can also apply the polyphase decomposition to the filter bank with complex
modulators (figure 2.3). The difference with the previous implementation will be that here
the derivation has to take into account the modulated braach signals from which we will
obtain the FFT matrix. Extra modulators will then be added at the analysis bank output as
shown in figure 2.12. The following illustration is actually to show how we can modify the
structure in figure 2.3 in order to use the polyphase implementation.

Consider figures 2.12 aand b
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Fig. 2.12 Equivalence: (a) modulated filter, (b) ‘doubly’ modulated signal

The time domain equations of the outputs are
¥, () = x{(m)* [h(n)W;"] ' (2.22a)

y2n) =[x (2.22b)

where (*) means convolution.

Taking the z transform, we obtain

Z[h(n)H{,‘”] = z[h(n)e”’f"“] = Z[h(n)(— Joy "} = Hi-j2)

where Z[v(n)] is the z-transform of v(n)

V()= X(2)H(- jz) (2.22¢)

and

Y, (2) =[X () H () 8(-j2)
= X(2)H(-Jz) (2.22d)
=1 (2)
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Figures (2.12a) and (2.12b) are thus equivalent.

Let's apply the same derivation to the system of figure 2.3,

X (2)= X(zWN'*)gz"IE,(z“') (2.23)

i:0

if we now replace z by zWN"' in (2.23), this means that the signal at the output of the

analysis filter bank is multiplied by a complex exponential, then we have

N-1
X,GW, = X@Y 2 W E W) (2.24)
FEL]
or
‘ N-1 ) . \
X @W )= X)) 2 W E () (2.25)

=0

Note that the branch signals given in the LHS of (2.25) are the frequency-shifted versions

of Xy(z). The RHS of (2.25) is similar to RHS of (2.18) and can thus be implemented the

same way.

X(ll) ________ ey —— “.—.-X“ L) W Vu z
q\e Hz) (2) $.+ Q‘i)_ ()
T_.__.. Hyz)] HX,(Z)—G;)—-,‘.—-@*V.(Z)

Q- Qt

—®H(2) | XD~ V(@)
\;/ Q\“_ z _ Q\'} TN
it Ho(Z) X 0(2) —Q')-“—Gf)'_'vn.l(z)

Fig. 2.13 Complex modulated analysis filter bank with extra modulators

Example of the analysis filter bank output is shown in example 2.2



Example 2.2

Let the input signal be as in example 2.1, i.e.

x(n)= 1 + sin(0.271tn) + 4sin(0.57tn) + 8sin(0.87nn), 0 <1 <40

and also let N=4. The outputs of the analysis filter bank (figurc 2.13) and the outputs of

the equivalent polyphase implementation are shown in figurc 2.14
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Fig. 2.14 Branch signals: (a) with extra modulator
(b) with polyphase implementation

Consider the filter bank of figure 2.1. If we assume that all the filters are derived
using (2.5), then to compute the N outputs, approximately 2LN (L is the length of the
prototype lowpass filter )} complex operations are required per output. This number is
further reduced with the polyphase implementation of figure 2.11: 2L real operations +
1.5N logyN (due to FFT) complex operations .

The major problem with the N-parallel branch filter bank is that the design of the
prototype lowpass filter becomes more and more difficult as the number of branches
increases (smaller passband). This increase in the number of branches also leads to larger
filter length and thus more computations. An alternative solution could be to use a

multistage implementation [13,15,16].
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Example 2.3

Assume that we want to decompose and reconstruct a pulse train of 6 pulses (no
processing) using figure 2.11 with N=2 and N=4. Also assume that the RMS value of
error should be less or equal to 10”. The idea here is to give a feeling of the diflerence in
length of both filters.

Using the FIR1 function with the Hamming window in the MATLAB program, we enter
the values 0.2506m (N=4) and 0.5238x (N=2) as cut off frequencics. The filter lengths that
allow us to achieve an error less than 10 are 212 for N=4 and 34 for N=2 with 4.72x10"

and 8.27x10” as RMS errors respectively.

2.2.4 Tree Structured Filter Banks

A tree structured filter bank is a cascade of blocks of the N-parallel branch filter
bank with N=2 in each block. The overall decimation in each branch is determined by the
total number of stages in the tree. A 2-level tree structured filter bank is shown in figure

2.15.
When we apply (2.6) to the QMF tree structured filter bank shown in figure 2.1 5, in which

Ho(z) and H1(z) are related as follows,

H\(z)= H(-z) (2.26)

we obtain the following equation and equivalent implementations:

H,(2) =[1 z'l] E,z') 0 [1 1
f,(z) 0o E@EHf -l
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Fig 2.15 2-level tree structured filter bank and its block diagram implementation

2.3 Subband Decomposition

As in the case of the polyphase components decomposition, any FIR filter function

V(z) can be written as [23]
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(2)= Z TR ") (2.27)

where ri(n)'s are the subfilters (if v(n) is of course a filter) and Ti(2) is derived from the

rows of the NxN Hadamard matrix; i.e. for N=4, the 4x4 Hadamard matrix is

and the functions Tj(z) are

T@E)=1+z" +27 +27

T(2)=1-2z"+z7% -z

T(z)=1+z" =27 =27

T(2)=1-z" =272 +2"
or

T(z)=[1 2z 27 27]J, (2.28)
note in (2.28) that ./, is used instead of the transpose. This is because the matrix J4 and its

transpose are related by 1/4.

The functions r;(n) are given by
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r(n) v(nuN)

r(ny| v(nN +1) (2.29)

1
L
ry v(inN + N - 1)

Note that (2.29) gives also the relationship between the polyphase components ej(n) and

the subfilters rj(n) of v(n). The two alternate implementations of a single filter are shown

below (figure 2.16). The structure in figure 2.16b is appropriate for adaptive filtering [24]

x(n) T (z) Rl(zN)

[ T@ HRED —— v

-

{ Ty.(2) H_BN-I(ZN)

wm—— HEE

] Ry (2")

R

y(n)

Fig. 2.16 Subband implementations of a filter
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il TREE STRUCTURED FILTER BANKS AND THE EQUIVALENT
PARALLEL STRUCTURE

3.1 Introduction

A tree structured filter bank contains sets of 2-parallel branch filter banks in which
the highpass filter is the mirror image of the lowpass filter (figure 3.1). The highpass filter

is derived to satisfy the power complementary condition (2.2), i.c.

Z!Hi (“’W)l: =1 (3.a)

20 T T T

-20

d8
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-80

100 X ! ! 1
0 0.1 0.2 0.3 0.4 0.5

normalized frequency

Fig. 3.1 A lowpass filter characteristic and its mirror image

The highpass filter hy(n) is obtained by inverting the sign of every odd index of the

lowpass filter hy(n) , i.e.

h(ny=(=1)"h(n) (3.1)
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or in the frequency domain
H\(2)= Hy(-2) (3.2)

The design of the filters is always limited to the design of an half-band lowpass filter
regardless of the number of stages. The main difference will reside in the ripples (passband
and stopband ripples) imposed on Hy(z): the ripples imposed on the lowpass filter
designed for one stage tree structured fiiter bank may be different from the ripples on a
lowpass filter designed for four stages tree structured filter bank. In the worst case, if 8,
(lincar) is the ripple on the one-stage lowpass filter, then the ripples on the four-stage
lowpass filter will have be 5./4 to the first degree approximation for the passband. The
ripple in the stopband at the fourth stage however, will be decrease. It will be equal to the
ripple of the first stage to the power 4, i.e. if is 8, (linear) the ripples on the one-stage
lowpass filter, then the ripples or'l‘the four-stage lowpass filter will be 8%, For the lowpass-

highpass filters pair, we must always have

-
-

|Ho (e[ +|H ™) =1 (3.3)

Note that condition (3.3) will not be easily satisfied in most cases. There will be some
tradeofls:

-Achieving (3.3) means that the prototype lowpass filter must have a sharp transition
region and small ripples in the passband and stopband regions. The direct consequence
will be an increase in the filter length.

-Recall that perfect reconstruction means that the reconstructed signal is a delayed and
scaled version of the original signal. In order to satisfy the perfect reconstruction condition
(2.1), the analysis and synthesis filters should be designed such that an overall (input-

output) linear phase is achieved. The possible design choices are: relax (3.3) as shown in
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(3.4) to allow analysis filters with linear phase or maintain (3.3) as it is and design analysis

filters with minimal phase distortion,

[Hole™)| +[H, ) =1 (34

Equations (3.3) and (3.4) show that the frequency responses of the filters hy(n) and hy{n)

overlap. Thus, one should expect that decimation by 2 will cause aliasing,

Example 3.1

A sinusoid is to be reconstructed using a two level tree structured filter bank (or 4 parallel
branches maximally decimated filter bank) with polyphase implementation.
x(n)=sin(0.2rn), n=0,1, ..., 40.

Using the Hamming windowing method, two prototype lowpass filters are designed such
(3.4) is satisfied. The filters and the overall ripples are shown below. The filter lengths
are 34 taps and 22 taps. The reconstruction error is illustrated in figure 3.2. Note that the
filter with 22 taps has a transition region larger than the filter with 34 taps; but as can be
seen, the reconstruction errors in both cases are within the same range. The reason for the

similar reconstruction errors (X(#7) - x(#7)) is that the energy of the signal in both cases is

outside the transition region.

st—{2-Eg) e -Po(z)_@k
Z_{@E.(z)«E = Hra Ko
(@)
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Fig. 3.2 Example of reconstruction (a) filter bank, (b) set of filters, (c) reconstruction
Crrors

3.2 Tree Structure Filter Bank and its Equivalent Polyphase Implementation

3.2.1 Parallel Conversion

In the general N-channel maximally decimated filter banks (MDFB), we have the
choice of designing each analysis filter separately and obtain a structure with real
computations for real-value filters coefficients (this design procedure becomes difficult for
filter banks with large number of branches and is thus not generally used) or design only
one prototype filter (lowpass filter) and use (2.5) to derive the remaining filters. In the
second method (the commonly used one), the computations always require complex

operations inherent to the derivation (use of the FFT or DFT matrix). When the tree

39



structure approach is used, the computations remain real (for real-value filter cocflicients)
because the elements of the FFT matrix are real. The prototype lowpass filter, which is a
half-band lowpass filter, is also easy to design.

Real computations can also be achieved in the case of a maximally decimated filter
bank of N parallel channels if the prototype lowpass filter H(z) is designed such that it can
be written as in (3.5), i.e. if the overall lowpass filter is derived from a hall-band lowpass:

this is equivalent to deriving the equivalent lowpass filter (analysis) in a tree structure

5=
H(z) = [1Hy(z") 3.9

where H,(z) is a half-band lowpass filter and s is an integer related to N by
s=log, N . (3.0)

For s to be an integer, it is required that N be a power of 2. This condition, as will be
shown, will allow an implementation using the Hadamard matrix .

Equation (3.5) implies that the designed lowpass filler H(z) can be written as a
product of a half-band lowpass filter and its interpolated (upsampled) versions. If the
equivalent lowpass filter H(z) is designed such that (3.5) is satisfied, then instcad of
obtaining the remaining analysis filters using (2.5) or (2.6), we can use the derivation
given later in this section. Note that filters satisfying (3.5) for N>-2 will not be designed
directly. These filters will rather be derived from a given half-band lowpass filter. An
example of a filter given by (3.5) is the equivalent analysis lowpass filter of an s-stage tree
structure filter bank [6].

In the case of a tree structure filter bank, the derivation of (3.5) is straightforward.

In fact, all branch filters will be obtained from the combination of half~band lowpass and
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highpass filters: the corresponding implementation becomes thus the equivalent parailel
structure realization of the s-stage tree structured filter bank [27]. Shown in figure 3.3 are

a 2-stage tree structured filter bank and the equivalent 4-branch parallel structure

implementation .
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Fig. 3.3 (a) 2-level tree structured filter bank (b) equivalent 4-branch paraliel
filter bank (analysis bank)

The filters Fi(z) and Hi(z) in the two analysis banks are related as follows, using the z
variable of the first stage as the overal! z variable
I(2)= Hy()HA(z")
Fi(=)= H(2)H (%)
I5(2)= H\(2)H(z")
F{2)= H(@H, ()

(3.a)

The frequency responses of the above equivalent filters ( F;(z) ) will be as illustrated in
figure 3.4 . Note herc that the obtained filters frequency responses are symmetric around
£/2 (or m ) compared to the frequency response of the filters obtained by the complex

modulation (2.5).
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With this equivalent implementation approach (figure 3.3b), onc notes that if’ the
prototype half-band lowpass filter in the tree structure is of low order, then the equivalent
filter: in the parallel structure filter bank (figure 3.3b) will be of relatively high order
depending on the value of the decimation factor.

Let's rewrite (3.a) using instead the polyphase components of Hy(z),

e I (e 2n g (.S e 24 04 2 2 Ay T3 a2y (W8
10(')'—1‘0(" )]"‘0(" )+" Ll("’ )1‘0(“" )+" I‘o(" )I‘l(" )'{ - I—'I(" )I'l(“ )

N = J7 (w2\J7 (=3 ol 2 Ay 2 20 Gy L3 a2y (a8
F@ = BB + 27 EYE) - 2P ) - 2k e

. = cr2 n 94 —_ -—]' D '!2 D) 4 1-2 B -2 - -94 — ~—3 D -v2 e n4
Fy@)= EyzD)Ey Yy - T E GPIENEY) + R () - 2T E )
. oy = Jo -2 ' 94 - -v-] - 92 N -4 — ~_2 + -—2 A -v4 - --3 " 2 '\ "'4
Fy@) = EgR)EEY) - =7 B @) E(E") - s EEDE ) + 2T EEDEE

SO

F ()= E,(2)E (2 ) £ 27 E (@) E (2" ) 2 22 £ (2 B, (Y 27 E (D) E (') (3T)
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or in matrix form,

F=ZFKM, (3.8)

where

The corresponding implementation is illustrated in figure 3.5

x(n) = =) [ {Bz |1 4 = Yolm)
2"\ L
e By g d —y,
LR Hee rua e
—EZ) B 49— — ya(n)
7z
—E(2) |{Ez) - D — ¥s(n)

Fig. 3.5 Polyphase implementation of figure 3.3b
There are few points to note :

- the matrix Mg with elements + differs from the 4-point FFT matrix (it has no complex

clements).
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- the decimation factor can be distributed by applying the decimation noble identity of
figure 2.9 to obtain the structure of figure 3.6

- the polyphase components are derived from the half-band prototype lowpass filter
instead of the equivalent N-th band lowpass filter.

Note also that by rearranging the output (y;) in the bit reversed order, i.¢. yo(n), ya(m),
y)(n), y3(n), it can be shown that the matrix M4 becomes the 4x4 Hadamard matrix, Hy:
indeed by interchanging the second and third columns in Mg, we obtatn the Hadamard
matrix.

From figure 3.6, one notices that there is a 50% overlap in the branch signals (afler the
first decimation factor), i.e. if a snapshot of the inputs is taken at times ;. and tj , we see
that the inputs at t; contain half of the elements of the inputs at t;_;; this is duc to the fact
that the number of branches (4) at the input is greater than (actually twice) the decimation
factor ( 2 ) [first stage] and also the input value x(k) for k < 0 is 0. For example with N=4,
the output of the first decimator;will look like the following::

Sampling time BranchO Branch 1 Branch2 Branch3

to x(0) 0 0 0
t x(2) x(1) x(0) 0
t2 x(4) x(3) x(2) x(1)
t3 x(6) x(5) x(4) x(3)

An example of input signal and the corresponding decimator outputs is illustrated in figure

3.7.
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Fig. 3.6 Figure 3.5 with distributed decimation and Hadamard matrix

Note in the example above that the signals in branches 3 and 4 are the delayed versions of
the signals in branches | and 2 respectively (see also example in figure 3.7).

Also note that the 'subfilters' in these branches are the same: Eq(z) is in branches I and 3,
and E,(z) is in branches 2 and 4. The first stage can thus be reduced to 2 branches at the

input to yield the implementation shown in figure 3.8,

input

o —
S i g
= =
-1 A . -1 L N
0 10 20 0 10 20
time time
1 1
oy ™
= =
§ 0 § 0
5 8
-1 -1
0 i0 20 0 10 20
time time

Fig. 3.7 Example of input signal and corresponding branch signals with N=4
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Fig. 3.8 Alternate implementation of figure 3.6

3.2.2 Generalization

The idea developed with N=4 can be generalized for any N (power of 2} as
follows:
- Design a prototype half-band -l‘owpass filter suitable for an s-level tree structured filter
bank (s is related to N as in equation 3.6).
- Obtain the 2 polyphase components Ey(z) and E(z) and arrange them in the bit
reversed binary tree manner where 0 and 1 represent Ey(z) and E(z) respectively.
- Precede each subfilter E;(z) by a decimation by 2.
Noting as before that the signals in branches 2k and 2k+1! are the delayed versions of the
signals in branches 0 and 1 respectively, one can further simplify the scheme as done in
the case with N=4. Repeat the simplification at each stage.
Note that the resulting structure is also a tree structure with polyphase components. This

is illustrated by example 3.2.

Example 3.2
Let N=8. We design a half-band LPF suitable for a 3-level tree structured filter bank

i.e. if the desired overall ripple is 8;; then the prototype ripples must be 8y¢¢/3 - From the
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binary combination (000, 001, 010, 011, 100, 101, 110, 111), and thus the reversed binary
tree combination (000, 100, 010, 110, 001, 01, 111), we obtain the structure shown in

figure 3.9

x(n) - 2B @R -G EE e
Yl Eel R -EE GRS e
“ | - EE- - |, e
"l -EE @ D-[E@l— oy
"L Ear@Ear@ES e
T o Eee-EEHO-EB e

— ¥(1)

Fig. 3.9 Equivalent realization of 3-level tree structure: analysis bank

By removing the redundant branches in the first stage, figure 3.9 is re-drawn as shown in

figure 3.10
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Fig. 3.10 Further simplification of figure 3.9
Perfect reconstruction is achieved if the synthesis filters (jolyphase components)

relate to the analysis filters (polyphase components) as mentioned it chapter 2.
pm=e (L, —1-n), k=0,1 (3.9)

where L, is the length of ¢,(7).

Equation 3.9 allows a stage-by-stage perfect reconstruction ol the signal for cach
analysis/synthesis banks pair (for any N).

The inverse of the Hadamard matrix is the same matrix divided by the number of rows or

columns. So,

HY Ay (3.10)
N
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Fig. 3.11 Synthesis filter bank of figure 3.1

‘-..

The differences between the proposed structure and the structure studied in [23] are as
follow:

- a single filter (N-th band filter) is implemented using the Hadamar.| matrix.

- a possible implementation of a filter bank using that structure miglit require the use ofa
combination of FFT and Hadamard matrices. The FFT matrix being introduced by the

derivation of the remaining (N-1) branch filters.

3.3 Parallel Structure Implementation From The Equival:nt Lowpass Filter

Only

Assume that the N-th lowpass filter is derived as given in (3.5) and the remaining
filters as in (2.5). In this case, the N polyphase components are obtuined not from the half-
band lowpass filter but from the equivalent N-th band lowpass filter, i.e. if fo(n) is the

equivalent derived lowpass filter, then the polyphase components bizcome
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e (m= f,(n+iN), k=0,1,.,N-1 (3.11)

From (2.5) and (3.9), we can use the polyphase implementation with the FFT or DFT
matrix. This approach has the follov/ing two disadvantages:
- the computations require complex operations (due to FFT)

- the overall reconstruction error is higher than in the previous case (example 3.3)

Example 3.3
Let N=4 and A,(n)be a half-band lowpass filter. Then the two sets of polyphase

components will be

e, , ()= hy(n+2k), k=0, (3.12)
e, (M= fy(n+4k), k=0,1,2,3 (3.13)

where fy(n) is derived as in (3.5).
Equations 3.12 and 3.13 will then be implemented as shown in figures 3.12a and 3.12b

respectively.
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Fig. 3.12 2 Polyphase implementations: (a) with Hadamard, (b) with FFT
An example of input signal and the reconstructed signal errors using figures 3.12a and

3.12b are shown in figures 3.13b and 3.13c respectively. The error is computed as the

difference between the original and reconstructed signals, i.e. x(n) - x(#) . The prototype

half-band lowpass filter is 12-tap filter (12 tap filter (A) selected from [9]).

51



time

x10?
1 T T T T —— ~T T
EO_ \/—'—\/ﬁ ®
[+ 1)
_1 ] L 1 1 L 1 1
0 5 10 15 20 25 30 35 40
x 107 time
5 1 T 1 1} 1 14 ¥
E OW/—. (C)
[ 1]
6 [ i L 1 1 1 1
0 5 10 15 20 25 30 35 40

time

Fig. 3.13 Reconstruction errors: (a) input signal; (b) error with figure 2.12a
(c) error with figure 2.12b

Note from figure 3.13 that the error in the case with the FFT (fig.3.13b) is rclatively large.
This is due to the fact that in the implementation with the FFT, the counter highpass filter
which is supposed to compensate for the half-band lowpass filter imperfection is not taken
into account. Also the convolution of the lowpass filter by itself (to obtain the fourth-band
lowpass filter) will increase the ripples in the stopband. On the other hand, the
implementation with the Hadamard matrix achieves better performance because it doces
employ the lowpass-highpass pair that allows perfect reconstruction. The sum of the
magnitudes squared of filters in both systems (with FFT and Hadamard matrices) arc

shown in figure 3.14.
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Fig. 3.14 Filters' ripples: (a) lowpass-highpass pair, (b) 4 parallel filters

3.4 Tree Structured Filter Bank Vs N Parallel Structure Fiiter Bank

In this section, we consider the comparison between the equivalent N parallel
structure filter bank with Hadamard matrix of a tree structured filter bank and an N
parallel structure filter bank, i.¢: Given N (power of 2) and the desired reconstruction
error, one can choose 10 design a half-band lowpass filter and use the implementation with
the Hadamard matrix, or one can design an N-band lowpass filter and use the
implementation with the FFT matrix. For simplicity of the notation, we will refer to the

structures as Hadamard and FFT respectively.

3.4.1 Input Structure

In the simplified implementation with the Hadamard matrix (figure 3.12a), the first
stage at the analysis bank has only two branches at the input but all N branches are present
at the input of the synthesis bank. This configuration makes the structure look like a
‘pseudo paraliel' structure filter bank while the structure with the FFT matrix (fig.3.12b)
can be seen as a 'true parallel' structure filter bank because the number of branches

throughout the system remains constant and equal to the decimation factor.
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3.4.2 Filter Length

It is known that the length of a filter depends on parameters such as the desired
ripple amplitude, the decimation factor and the cutofl rate. In the case of a lilter bank
using the equivalent parailel implementation with the Hadamard matrix, the cutof!
frequency is fixed at f/4 (or /2) and does not vary with the decimation factor N. So, only
the desired overall ripples and the transition region affect the length of filter. On the other
hand, in the filter bank with the FFT matrix, the N-th band filter length depends on N: the
cutoff frequency is /2N (or 7/N). It is obvious that in that case, the filter will be longer
than the half-band lowpass filter. Unfortunately, this is not a fair comparison between the
two cases because the implementation with the Hadamard matrix is a multistage
implementation while the implementation with the FFT matrix (in which the filter length
increases rapidly with N) is a single stage implementation. A comparison based on two
different prototype filters (half-band and N-th band lowpass filters) results in the following
filter lengths: seen from the uaalysis bank input with the decimation factor placed after the
filter, the length of the filters in the parallel structure with FF1" matrix and the tree
structure with Hadamard matrix respectively will be approximately equal to Ly (where Ly

I
is the length of the prototype N-th band lowpass filter) and Z, Z 2' ( where Ly is the

Vo

length of the half-band filter und s represents the number of stages) respectively . Note

that these values left in that form do not compare. So let instead derive all the filters from

the same half-band lowpass filter, i.e. the N-th band lowpass filter is derived from the half-

band lowpass filter. In this case, the length of the equivalent filters (Lhe equivalent lowpass
3-1

filters seen from the analysis bank) in both structures will be equal to £, 2'. So even

-0
thus the initial length ( L,) is of lower order, the overall filter length can be large for larger

N and the ripples in the passband and stopband vary (figure 3.15).
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Fig. 3.15 Passband and stopband ripples with a 43-tap lowpass filter
(a) half-band lowpass filter
{b) equivalent fourth-band lowpass

3.4.3 Complexity

In the parallel structured filter bank with the FFT matrix ifigure 2.11), we have
one single stage wquing at {/N. Each polyphase component being of length Ly/N
approximately, we have per branch 2Ly/N real operations plus the FFT penalty. Overall,
there will be Ly real operations plus 1.5NLog,N complex operations (due to the FFT) per

output sample [6]
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In an implementation as the one shown in figure 3.6, we have Nl real operations per

i
stage. The overall computation requires approximately 2NL, »_2' real operations (where
(]

s represents the number of stages) plus 2(N-1) additions duc to the Hadamard matrix per
output sample. The number of operations is reduced when the simplified structure is used
(figure 3.8). Indeed, by reducing the number of branches at each stage, we achieve a

saving in computation: 2L 2% 42N -2 real operations.

i=|

3.4.4 Delay

We have assumed

By ()= 11, (L= 1= 1) (3.14)
or with the polyphase components

p)=e (L ~=1-n) (3.15)
and the overali delay (D) with the N-parallel branches with FFT matrix (figure 2.11) 15

Dy =Ly {3.16)
where Ly is the length of the N-th band lowpass filter
The cascade nature and the distributed decimation by 2 of the system with the Hadamard

matrix cause the delay to double from stage to the next {figure 3.8). The overall delay is

given by
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Dy =(N=1D1L, - (N -2) (3.17)

where L is the length of the half-band lowpass filter.
For example, for N=4, if Ly = 180 and Ly = 40 then the delays will be Dgpr = 180

sampling time units and Dy, = |18 sampling time units

3.5 Summary

In the implementation of a uniform bandwidth filter bank, the tree structure or
parallel structure is used, depending on the particular application. The tree structured filter
bank is limited to values of N being a power of 2, while the N-parallel branch filter bank
can have any number of branches. In either case, the polyphase implementation is
preferred because of the saving in computation that is achieved. But overall, in the case of
N a power of 2, the equivaletit parallel structure with the Hadamard matrix will be
preferred over the N parallel branch with the FFT matrix, because of the computation

savings and reduced processing delay.
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iV Bandwidth Effect: Tree Structure Vs Parallel Structure
Filter Bank

4.1 Introduction

In the previous chapter, an equivalent implementation of the tree structured filter
bank was introduced. This implementation uses the polyphase componenis of the
prototype lowpass filter followed by a Hadamard matrix instcad of an FFT matrix, leading
to an overall computation with real coefficients: the filter coefficients and the elements of
the Hadamard matrix. A comparison (delay, computation complexity, .) with the parallel
structure filter bank constructed of polyphase components was made in chapter 3. Note
that the comparison was strongly influenced by the filter design: the design method, the
fiter order, the design specifications (cutoff frequencies, ripples). In an N branch
maximally decimated filter banl-:“where the prototype filter is an N-th band lowpass lilter,
the filter can be optimized to allow a good reconstruction. In this case, optimizing the
filter coefficients can be very complex for N farge.

In this chapter, given a decimation factor N (which will be a power of 2), two
prototype lowpass filters are designed: one half-band lowpass filter to be used with the
Hadamard matrix (polyphase tree structure) and one N-th band lowpass filier to be used
with the FFT matrix (polyphase parallel structure). Two different approaches will be used.
They are as follow
- Given the input signals, the prototype filters will be designed so that the reconstruction
errors are within a given range. Note that the filter design method is different from the
conventional design approach where the desired cutoff frequencies and ripples are

provided to the algorithm and a filter length estimate is returned (along with the
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coeflicients). Here, the filter length and passband cutoff frequency are provided to the

algorithm.

- Given the prototype filters, signals of different bandwidth will be processed. The

reconstruction errors of both structures will be compared.

4.2 Definitions

Let’s define f;, to be the fractional bandwidth of a given signal as the ratio of the

signal bandwidth B over the bandwidth of the lowpass filter W i.e.

B
— 411

where

W = f,/4 for the half-band lowp;ss filter

W = f,/2N for the N-th band lowpass filter

As mentioned in [26], a signal is narrowband when f,< 0.1

Note that all the bandwidths mentioned here refer to the one-side bandwidths (figure 4.1).
Note also that the bandwidth of the prototype filter in the tree structured filter bank will
always be n/2 or f,/4 (ideally) regardless of the value of N, while in the parallel structure,
the bandwidth varies with N (=t/N or ,/2N). So for a given signal, the fractional bandwidth
will be constant in case of the tree structure while it will vary with N in the case of the

parallel structure.
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Fig. 4.1 Signal and lowpass filter bandwidths

4.3 Prototype Filter Versus Reconstruction Error

In the following sections, different signals will be processed' using an example of a
2-stage polyphase tree structured filter bank with the 4x4 Hadamard matrix and a 4-
paraliel branch maximally decimated filter bank with the 4x4 FFT matrix So the overall
decimation factor will be 4 for both structures. Twao cases will be considered:

- Design different prototype lowpass filters (non optimal)for each structure.

- Design one half-band lowpass filter (optimal and non optimal} for both structures.

The signals are pulse trains (with increasing amplitude) with the number of impulses
varying from 1 to 6. The reason for this choice of signals is because it is easy to vary the

signal bandwidth (by varying the number of pulses). The signals are sampled at | GHz.

4.3.1 Processing With a Filter Bank Using Hadamard Matrix

With the filter bank as shown in figure 4.2 (N=4), we design a prototype lowpass
filter based on the Hamming® windowing method. In this design, note that instead of
computing the filter length based on the desired filter ripples, the passband and 'stopband

cutoff frequencies, the designer has to provide a filter length and a cutofT frequency to the

! Sec Appendix A for program listing
2 This filter is designed using the FIR1 function in MATLAB with the Hamming windowing technique
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algorithm. This design procedure has the advantage of letting the user fix the desired filter
length. In our case, the designed filter is 22-tap lowpass filter with passband cutoff
frequency of 0.5373 (the algorithm given in Appendix B is used to obtain the filter).

The frequency responses of the different input signals (SI, S§2, S3, 54, S5, §6) are
illustrated in figure 4.3. In Table 4.1, the filter length, the mean, standard deviations and

RMS value of the reconstruction error are listed.
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Fig. 4.2 Filter bank with Hadamard matrix

Table 4.17 Tree Structure with Hadamard Matrix{L=22, w=1.5373x)

Error
Input signal | mean std deviation | RMS
Sl <10 <10% <10
S2 -1.03x10°% | 1.46x10% 1.46x10%
S3 4.58x10™" | 1.21x10" 1.09x10™"
4 8.59x10™ | 1.21x10°® 1.35x10™"
S5 7.10x10" |2.37x101  }2.24x10™
56 1.32x10" [2.98x10"  |3.02x10"
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Note from the table that the reconstruction errors (mean, standard deviation and root

mean squared values) increase as the number of pulscs increases.
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Fig. 4.3 Spectra of the input signals with normalized magnitude

4.3.2 Processing With a Filter Bank Using FFT Matrix

For comparison purpose, we chose N to be equal to 4 as in the previous case. The
filter bank is illustrated in figure 4.4. A fourth-band lowpass filter is also designed using
the Hamming windowing technique: the filter is obtaincd using the algorithm given in

Appendix B. As mentioned earlier, this is not an optimal design.
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Fig. 4.4 Filter bank with FFT matrix

The different input signals are illustrated in figure 4.3. In Table 4.2, the mean, standard
deviations and RMS value of the reconstruction error are listed.

Table 4.2a: Parullel Structure with FFT Matrix(L=212, w=0.2506x)

Error
Input signal | mean std 'c.leviation RMS
Si <10 <10% <io®
S2 -1.03x10% | 1.46x10% | 1.46x10%
S3 2.44x10™"" | 2.44x10"" | 3.15x10"
S4 183x10"" |2.34x10" | 2.73x10°"
85 -4.99x10"" | 5.47x10"" | 6.99x10"
$6 -s.80x10™" | 6.01x10"" | 7.99x10°"

Note here also that the reconstruction errors (mean, standard deviation and root mean
squared values) increase as the number of pulses increases.

Let now instead derive the fourth-band lowpass filter from the 22-tap half-band lowpass
filter (from table 4.1), i.e. the half-band lowpass filter is cascaded with its interpolated by 2
version to obtain the fourth-band lowpass filter. The reconstruction errors in this case as

illustrated in table 4.2b
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Table 4.2b: Paraliel Structure with FFT Matrix(L=22, w=0.5373n)

Error
Input signal | mean std deviation | RMS
Sl <10 <10 <10%
S2 <10% <10% <10%
S3 2.76x10"° | 2.76x10"" | 3.60x10™"°
54 -2.07x10"° | 2.64x10™ [ 3.09x10™"
S5 3.7x10"°  |3.74x10"° [ 4.99x10™"°
56 3.81x10"° |3.36x10" | 4.88x10™"

4.3.3 Reconstruction Error Using one Optimal Half-Band Filter

Using the same filter bark structures as illustrated in figures 4.2 and 4.4, the 64-
tap(D) optimal haif-band lowpass is chosen among the filters published in [9] w

reconstruct the same signals (figure 4.3). The results are given in table 4.3

Table 4.32a; Tree Structure with Hadamard Matrix

Error

Input signal | mean std deviation | RMS

S! <10 <10% < 107

S2 <10 <10% <107

S3 2.01x10"°  [533x10"° | 4.79x10°"
S4 3.77x10" [ 530x10"  {5.94x10"
S5 9.74x10"* [ 1.88x10™ | 1.94x10"
§6 L5ax10™ | 2.22x10%  {2.55x10™
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Table 4.3b: Parallel Structure with FFT Matrix

Error

Input signal | mean std deviation | RMS

Sl 107 <10% 10

S2 1.50x10° 7.07x10™ | 1.58x10”
S3 6.97x10" | 2.34x10° | 2.03x10”
54 1.40x10” 2.68x107 | 2.71x10”
S5 2.11x10° | 2.85x10° | 3.31x10”
S6 1.18x10” 2.77x10” | 2.79x10”

4.5 Summary

Note from the tables that:
- the reconstruction errors {mean, standard deviation, root mean squared values) in all
cases increase as the number of impulses increases, i.e. from S1 to S6 where Si means that
the input signal has i impulses.
- the tree structured filter bank with polyphase components and Hadamard matrix allows
real computations just like the ‘original’ tree structured filter bank. The multiplications in
the computations result from the filtering operations only, the Hadamard matrix requiring

additions only. The number of operations will be 2NL + 15N log, N complex operations

per output sample for the parallel structure filter bank and 4L% 2% + 2N-2 real

1=}

operations for the tree structure with the Hadamard matrix.
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- when the same prototype half-band lowpass filter is used in both the tree structured filter
bank with Hadamard matrix and the parallel structure filter bank with FE'T matrix, better
reconstruction error is achieved with the tree structure. In this case, the reconstruction
error decreases rapidly as the signal bandwidth increases, from $3 to S1 for example. For
the same signals, note that the reconstruction error using the parallel structure filter bank
(with FFT) is relatively higher and almost constant.

Another advantage of the tree structured filter bank is that (he same filter can be
used in other filter banks (tree siructure) with different number of stages, i.c. when a good
half-band prototype lowpass filter is designed (small ripples in passband and stopband,
narrow transition region), it can be used in a tree structure filter bank other a two-stage
two stages tree structure filter bank. This shows the flexibility of the structure.

Overall, the tree structured filter bank is preferred over the parallel structure filter

bank for wideband signals processing.
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V Conclusion and Suggestions for Further Re:search

The thesis can be divided in three parts: in chapter I, maxirially decimated filter
banks were reviewed. These filter banks comprise the N-parallel branch maximally
decimated filter banks and the tree structured filter banks. In the case of the parallel
structure, two types were reviewed:

1) filler bank with modulated (exponential modulator) input signl: the filters in the
branches are lowpass filters (same filter in general) while the signal at the input of the
analysis bank is multiplied by an exponential which corresponds to ¢ frequency shift or a
rotation of the signal in the frequency domain.

2) filter bank with modulated filter (exponential modulator): the filters in other branches
are derived from the same lowpass filter by exponential modulation. In this case, emphasis
was put on the polyphase implementation of this filter bank. The relation between the
polyphase components and the general subband components was givea.

In chapter I, the focus was the tree structured filter banks. By expanding the
overall equivalent filter in each branch of the 2-level tree structured filter bank, a new
implementation was derived. This implementation used the 2x2 Hadamard matrix with a
rearrangement of the output signals at the analysis bank. Then the method was extended
to arbitrary N power of 2. It has been noticed that the structire is simple and is
implemented using a low order filter (the prototype lowpass filter it. an half-band filter).
The number of real operations, i.e. multiplications and addition: (the computations

throughout the filter bank remain real) per analysis output sample s 2L 2%+ N-1

i=1
(additions duc the Hadamard matrix) where L is the length of the prototype lowpass filter
and s is the number of stages in the tree. Overall, the required computations using the
proposed structure remain all real (for real input signal and filter with real coefficients) and

less than the computations in the case of MDFB (complex coinputation when the number
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of branches is greater than 2): The computation complexities are 2NL -+ 15N log, N

complex operations per output sample for the parallel structure filter bank compared to

£
4L 2% +2N-2 real operations for the proposed structure per output sample

=l

In chapter 1V, a simulation was run to show the performance of the new structure
compared to the parallel structure filter bank. The simulation showed that:
- the design of the prototype lowpass filter which is a half-band lowpass filter is simple in
the case of tree structured filter bank or its equivalent structure.
- in general, the overall input/output delay of new structure is smaller than that of the
N-parallel maximally decimated filter bank (MDFB)
- the number of operations for the paralle! structure filter bank with N=4 and L=212 will
be 1696 real operations plus 12 complex operations per output sample. With 1.=34 for the
tree structure filter bank with the Hadamard matrix, these numbers will be 1366 real
operations. Note that for this particular case, the hardware realization of the proposed
structure will be ten times faster than the parallel structure. So, by reducing the number of
operations per sampling frequency, signals with larger bandwidth can be allowed.
- better reconstruction error is achieved (proposed structure) for wideband signals.

Table 5.1: Summary table

Tree Structured Filter Bank

With Hadamard Matrix

Parallel Branch Filter Bank

With FFT Matrix

Ease of prototype design [ yes decimation factor dependent
Processing delay (N-1)L;-(N-2) Ly
Computation real complex

Computations/output sample

4Li 2% +2N-2

2NL + 15N log, N

Wideband signal processing

yes

not fully
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The research in the thesis can be extended by determining the real processing
delay based on knowledge of the of the speed of the devices to be used for the
implementation of the filter banks. Also, implementation of filter bank for multiresolution

analysis using one analysis and one synthesis matrices can be investigated.
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APPENDIX A

function z = addvec(x,y)

% written by Akpa M.

%

% z = addvec(x,y), where x and y vectors, adds the two vectors
% by first padding the shorter vector with zeros .

% example: z = addvec({1 23),[34))=123]+[340]={4 03]
Lx = length(x);

Ly = length{y);

h = max(Lx,Ly);

y = [y,zeros(l,h-Ly)].

x = [x,zeros(1,h-Lx}];

z=Xxt1Yy,

function v = combined(w,x,y,z}

% written by Akpa M.

%

% combine4 is similar to combine2 except that it uses 4 vectors

% make sure you enter the arguments starting with the most delayed one
% example: combined(x1,x2,x3;x4) will delay x1 by 3, x2 by 2, x3 by 1.
% see also COMBINEZ2 and COMBINES

w = delay(w,3);

x = delay(x,2),

y = delay(y,1);

Ix = length{x);

ly = tength(y),

iz = length(z),

Iw = length(w);
h=[lwlxlylz];

m = max(h);

w = [w,zeros(1,m-Iw)};
x = [x,zeros(1,m-Ix)];
y = [y,zeros(1,m-ly)};
z = [z,zeros(1,m-lz)];
v=w+x+y+tz

70



function y - decim(x,S}

% written by Akpa M

Ya

% y = decim(x,$) decimates the vector x by S where S is an integer
% example: x =[123 4 56)], y = decim(x,2) =1 3 5}

% for decimation by a non-integer see DECIM2

L = length(x);
y = x(1:S:L),

function y = delay(x,S)

% written by Akpa M.

%

% y = delay(x,S) delays the vector x by S where S is an integer
% example: y = delay([123 4),2)=[00123 4]

y = [zeros(1,8),x],

function |e,el]=equlengd(e0,el)

% Written by Akpa M.

% ..

%Returns the set of 2 vectors with the same length
%by padding the shorter vector with zeros
%Example: if ¢0=[1 2 3 4] and el=[5 6] then
%[e0,e1]=equleng2(e0,el) returns

%e0=[1 23 4] and el=[5600]

%o

%see also EQULENG4 and EQULENGS

10=length(e0);l1=length(el),
I=max([10 11]);
e0=zeropad(e0,1-10);
¢l=zeropad(el 1-11);
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function [¢0,e],e2,e3]=equlengd(cO.el,e2,e3)

% Written by Akpa M.

%

%Returns the set of 4 vectors with the same length
%

%see also EQULENG4 and EQULENGS

10=length(e0);l1=length(e1);i2=lengih{e2);13=length(e3),
I=max([10 11 12 13]),
e0=zeropad(c0,1-10);
el=zeropad(el,I-11};
e2=zeropad(e2,!-12),
e3=zeropad(e3,l-I3),

function y=paral4(x,h)

%Written by Akpa M.

%

%Returns the output of the 4-parallel branch
%maximally decimated filterbank using the
%polyphase implementation

Y%syntax: y=paral4(x,h) where x is the input
%signal to be processed and h a, forth-band
%lowpass filter.

%

%see also APARAL4

(e0,el,e2,e3]=polphasd(h);
x0=decim(x,4);
x1=decim{delay(x,1),4);
x2=decim(delay(x,2),4),
x3=decim(delay(x,3),4),
vO=conv(x0,e0);
vi=conv(xl,el);
v2=conv(x2,e2);
v3=conv(x3,e3);
[vO,v1,v2,v3]=equlengd(vO,v1,v2,v3},
L 1=length(v0},
fori=1:L1,

fi=fR([vO(i) v1(i) v2(i) v3(i)],4);

yo()=f(l),

y1()=h(2),

y2(i)=(3);

y3(i)=ft(4);
end
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fori=1:L1,

A=iM([y0(i) y1G) y20) y3()1.4);

vOG)=R(1);

vI(i)=f(2);

v2(i)=R(3),

v3(i)=f(4),
end
{U=c0(length(e0):-1:1),
f1=c1(length(el):-1:1),
f2=c2(length(e2):-1:1),
f3=e3(length(e3):-1:1),
x0=conv(f0,v0),
x1=conv(fl,vl},
x2=conv(f2,v2),
x3=conv([3,v3),
x0=upsam{x0,4);
x1=upsam(x1,4);
x2=upsam(x2,4),
x3=upsam(x3,4),
yO=addvec(delay(x0,1).x1),
yl=addvec(delay(y0,1),x2},
y=addvec(delay(yl,1).x3);
y=real(y)*max(x)/max(real(y)). ..
I=length(h),
y=y(l:I+length(x)-1),

function [¢0.e1] = polphas2(h)

% Written by Akpa M.

%

%Returns the 2 polyphase components of a given vector h;
%Example: [e0,e1]=polphas2([1 2 3 4 5 6 7]) returns
%e0=[13 5§ 7] and el=[2 4 6],

%

%see also POLPHAS4 and POLPHASS

I=length(h);
c0=h(1:2:1);
cl=h(2:2:1),



function [e0,el,e2,e3]=polphasd(h)

% Written by M. Akpa

%

%Returns the 4 polyphase components of a given vector h;
%

%see also POLPHAS2 and POLPHASS

I=length(h);
e0=h(1:4:1);
el=h(2:4:1);
e2=h(3:4:1);
e3=h(4:4:1},

function y=tree2(x,h)

%Written by Akpa M.

%

%Returns the output of the two-stage tree
Y%structure filterbank specified by the input
%signal x and the half-band lowpass filter h.

% "

%see also ATREEL, ATREE2, STREEI, STREE2

x0=decim(x,2); x1=decim(delay(x,1),2);
x2=decim(delay(x,2},2); x3=decim(delay(x,3),2),
[e0,el]=poiphas2(h);
v0=decim{conv(x0,0),2); vl=decim{conv(x1,e!),2),
v2=decim(conv(x2,e0),2); v3=decim(conv(x3,el),2),
wO=conv(v0,e0); wi=conv(vl,e0); w2=conv{v2.el};, wl=conv(v3,cl),
h4=hadamard(4);
[w0,wl,w2,w3]=equlengd(wl,wl, w2, w3),
Im=length(w0);
for i=1:im,

yy={wO(i) wl(i) w2(i) w3(i)]*h4,

go(i)=yy(l); y1()=yy(2), y2()=yy(3); y3(i)=yy(4),
en
for i=1:Im,

yy=[y0(i) y1(i) y2(i) y3()]*h4/4;

(\ivO(i)=yy(l); wl(i)=yy(2), w2(i)=yy(3), w3(i)=yy(4);
en
g0=e0(length(e0):-1:1); gl=el(length(el).-1:1),
vO=upsam(conv(g0,w0),2}; vi=upsam(conv(g0,w1),2);
v2=upsam(conv{gl,w2),2); vi=upsam(conv(gl,w3),2},
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x0=upsam(conv(0,v0),2); xI=upsam(conv{gl,v1),2);
x2=upsam(conv(g0,v2),2); x3=upsam(conv(g1,v3),2);
x01=addvec(delay(x0,1),x1);

x 12=addvec(delay(x01,1),x2),
y=addvec(delay(x12,1),x3),

y=y*max{x)/max(y).

I=length(h)*3 - 2;

y=y(l:]+iength(x)-1);

function y = upsam(x,S)

% written by CSB

% .

% y = upsam(x,S) interpolates the vector x by S where S is an integer
% example: x = [1 2 3], y = upsam(x,3) ={1 00200 3]

L = length(x),

y(:) = [x;zeros(S-1,L)), y = y.h
y = y(1:S*L-1),
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APPENDIX B

TREE STRUCTURE

X= /fenter the input signal
for N=19:99 {/ 102p for the filter length
for W=0.5:0.0001:0.56 // loop for the cutofT frequency

h=fri(N,W),  // design of the prototype filter
y=tree2(x,h);  // reconstructed signal
el=x-y; {/ error
e=max(abs(el)),
ife<=10°%  //test for maximum error

N /f estimate of filter length
w // estimate of filter cutoff frequency
end
end
end
PARALLEL STRUCTURE
X= fenter the input signal
for N=21:4:299 /! loop for the filter length

for W=0.25:0.0001:0.26 // loop for the cutoft {requency
h=firl(N,W);  // design of the prototype filter
y=parald(x,h);  // reconstructed signal

el=x-y, // error
=max(abs(el)),
ife<=10"  //test for maximum error
N /1 estimate of filter length
W // estimate of filter cutoff frequency
end
end

end
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