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Abstract
Spontaneous parametric down-conversion (SPDC) is a nonlinear optical process in

which an incident field known as the pump interacts with a nonlinear crystal to pro-
duce two output fields known as signal and idler. Due to the conservation of energy
and momentum, these output fields are entangled in the temporal and spatial degrees of
freedom. The gain, which represents the strength of the interaction, increases in direct
proportion to the strength of the pump field. In the low-gain regime, the generated field
is an entangled two-photon state. This regime continues to be routinely employed in
fundamental quantum optics experiments and quantum technologies. In the high-gain
regime, the generated field is a multiphoton entangled state known as a bright squeezed
vacuum. The goal of this thesis is to theoretically and experimentally characterize the
spatial correlations present in high-gain SPDC. In order to characterize the spatial corre-
lations between the generated fields, we utilize the Schmidt decomposition formalism. In
this study, we examine the evolution of the Schmidt modes and spectrum with increasing
pump amplitude. Our work shows that the Schmidt modes expand marginally in size,
and the Schmidt spectrum narrows with respect to increasing gain. The narrowing of
the Schmidt spectrum, as quantified by a decrease in the Schmidt number, indicates a
gradual decrease in spatial entanglement.
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Chapter 1

Introduction

During the early 1900s, the concepts of coherence and correlations became widely used
in the field of optics. Coherence refers to the intrinsic correlations that enable physical
systems to exhibit interference effects. The work of many scientists laid the foundation
for these concepts. One such scientist was Michelson, who, in the 1890s, developed two
interferometric techniques [1, 2, 3]. One was designed to measure energy distribution in
spectral lines, and the other was developed to measure the diameters of stars, and they
both relied on the concept of coherence. In 1938, Frits Zernike [4] introduced the concept
of mutual intensity and degree of coherence as precise measures of spatial coherence in
light fluctuations. His work marked a turning point in the development of coherence
theory. It demonstrated that these quantities could be measured through simple experi-
ments that measured the sharpness of interference fringes in Young’s interference pattern.

Prior to the 1950s, the focus of scientific studies primarily revolved around field cor-
relations. However, a significant turning point occurred during the mid-1950s when Han-
bury Brown and Twiss [5, 6] conducted a series of experiments that revealed the possibil-
ity of observing correlations between intensities. These observations led to the study of
higher-order correlation effects in optical fields. Subsequently, Wolf and coworkers pro-
vided a comprehensive statistical description of the optical field based on the concepts of
stochastic processes [7, 8]. This description is now known as classical coherence theory.
The advancements in describing the field using classical concepts have been followed by
the development of a comprehensive quantum-mechanical formalism by Glauber [9, 10].
Glauber’s works successfully introduced the quantum counterparts of the correlation func-
tions featured in the classical theory.

Coherence is a common feature of both classical and quantum systems. However, there
are correlations in quantum systems that have no known analog in classical systems. In
particular, multiparticle quantum systems can exhibit a unique feature called quantum
entanglement [11, 12, 13]. This property refers to the phenomenon where the physical
state of a system composed of multiple particles cannot be decomposed into independent
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physical states for each individual particle. Due to their inseparability, measurements
on individual particles exhibit strong correlations even when the particles are causally
separated.

Einstein, Podolsky, and Rosen (EPR) investigated the essential consequences of the
nonlocal correlations between entangled quantum states [11]. They proposed that for
any physical theory to be valid, it must meet the requirements of local realism, which
includes two conditions: locality and realism. Locality means that a measurement of one
particle cannot instantaneously affect the state of another particle separated by space,
while realism asserts that if a physical property of a system can be predicted with cer-
tainty without measurement, then it is an element of the reality of the particle. They
demonstrated that entangled states’ existence violates local realism, and therefore, they
concluded that quantum theory could not provide a complete physical description of na-
ture.

In 1964, Bell attempted to test the EPR conclusion that the quantum description
of physical reality is incomplete and used it as a working hypothesis to create the local
hidden variable model [14], which mathematically formalized the concept of local realism.
He also formulated certain inequality relations for the measurement correlations between
parts of any composite physical system, which provided a means to test the EPR as-
sumption of local realism experimentally. Bell’s inequalities demonstrated that any local
realistic theory involving hidden variables would obey these inequalities, but quantum
theory violated them. Numerous experiments have since been conducted to measure the
correlations of entangled systems, all of which have shown a clear violation of Bell’s in-
equalities [15, 16, 17, 18, 19, 20, 21].

The entangled states possess nonlocal correlations that can be utilized for a variety of
information processing tasks, such as teleportation [22], super-dense coding [23], and effi-
cient integer factorization [24]. These tasks are commonly considered unattainable using
classical systems [25]. Consequently, studying and quantifying the correlations present in
entangled quantum states is an active field of research in quantum information theory.
This research has significant implications for both fundamental physics and the develop-
ment of quantum technologies [26].

The most commonly employed method to generate entangled states experimentally
is spontaneous parametric down-conversion (SPDC). SPDC is a second-order nonlinear
optical process in which a pump photon interacts with a nonlinear medium and gets an-
nihilated, producing a pair of photons referred to as signal and idler [27]. Due to the
laws of energy, momentum, and orbital angular momentum conservation, the signal and
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idler photons become entangled in their temporal, spatial, and angular degrees of freedom.

In 1969, Klyshko and Zeldovich [28] conducted a theoretical study on the statistical
properties of the light generated through SPDC. A year later, in 1970, Burnham and
Weinberg [29] carried out experimental investigations to examine the temporal and spa-
tial correlation between pairs of photons produced through SPDC. SPDC has been an
essential process in many quantum optics experiments, such as quantum cryptography
[30, 31, 32], and quantum metrology [33, 34], as well as testing foundations of quantum
theory [35, 36, 37, 38].

Numerous studies have been conducted on spatial correlations in SPDC. Joobeur et
al. [39] explored the general properties of spatial and temporal coherence, and Souto
Ribeiro et al. [40] embarked on a series of experiments employing double-slit apertures
and coincidence detection. Their initial focus was on investigating the spatial coherence
properties of twin photons. Monken et al. [41] demonstrated the ability to control spatial
correlations by shaping the angular spectrum of the pump beam, which opened up a wide
range of applications. These applications encompassed fundamental aspects of quantum
mechanics, including measuring the photonic de Broglie wavelength of a two-photon wave
packet [42, 43] and observing the spatial anti-bunching of photons [44, 45]. Howell et al.
[46] and D’Angelo et al. [47] formally demonstrated the entanglement between the spatial
properties of twin photons.

Most research conducted on SPDC has focused on the low-gain regime [48, 49, 50, 51],
which employs a low-amplitude pump. In this regime, the amplitude of each generated
field is linearly dependent on the pump amplitude. In contrast, in the high-gain regime,
the generated amplitudes grow exponentially with increasing pump amplitude. The low-
gain regime of SPDS has received more attention both theoretically and experimentally
compared to the high-gain regime due to several reasons. First, the low-gain regime is rel-
atively easier to analyze theoretically because the photon-pair generation process can be
described using perturbative approaches. Analytical derivations and modeling techniques
have been developed to understand the characteristics and properties of the two-photon
state produced in the low-gain regime [52, 53, 54]. Second, experimental investigations in
the low-gain regime are more feasible as they require lower pump power levels, making it
easier to control and manipulate the SPDC process. The high-gain regime, on the other
hand, involves stronger pump intensities, which can be technically challenging to generate
and handle experimentally. Additionally, perturbative approaches cannot be applied in
the high-gain regime, and its theoretical characterization is more demanding. As a result,
studying SPDC in the low-gain regime has been favored due to its ease of implementation
both in theoretical models and experimental settings. However, SPDC is more efficient
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in the high gain regime and creates bright states that retain nonclassical properties, such
as squeezing electric field quadratures below the shot-noise level [55]. The utilization of
high-gain SPDC extends beyond the applications of its low-gain counterpart. A notable
example is its utilization in generating squeezed light which can be used to enhance the
sensitivity of measurements [56]. Researchers have begun exploring the high-gain regime
experimentally and making efforts to explain their results.

This thesis aims to study the spatial correlations present in high-gain SPDC as a
function of the pump field’s strength. The approach employs the Schmidt decomposition
method to determine the generated field’s spatial Schmidt modes and Schmidt spectrum.
Law and Eberly established the formalization of Schmidt decomposition [57], and the
Schmidt modes of SPDC have been studied in the context of low gain [48, 49, 50, 51],
and the high-gain regime [58, 59] for a single pump amplitude or gain. However, in this
study, for the first time, we examine the evolution of the spatial Schmidt modes and
Schmidt spectrum with increasing pump amplitudes. Furthermore, we investigate how
the Schmidt number, which is a parameter that quantifies the degree of entanglement
between the signal and idler fields, changes as the gain increases. In addition, we use the
assumptions of quasi-homogeneity and rotational symmetry in our work, which greatly
speeds up our computations compared to previous research [59].

The structure of this thesis is outlined as follows: In Chapter 2, we present an introduc-
tion to the fundamental concepts employed in this research, including optical coherence
theory, entanglement, Schmidt decomposition, and the basics of nonlinear optics, as well
as the SPDC process. In Chapter 3, we describe our theoretical characterization of the
development of spatial correlations with respect to gain. In Chapter 4, we present the
experimental method used to determine the Schmidt modes and spectrum for various
gain values. Finally, in Chapter 5, we summarize our study and suggest some prospects
for future work.
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Chapter 2

Background

In the previous chapter, we discussed the objective of this thesis, which centers around
investigating the spatial correlations exhibited by high-gain SPDC. To achieve this ob-
jective, it is crucial to establish a solid understanding of fundamental concepts. In this
chapter, we introduce the essential concepts required for our investigation. Within this
chapter, we will introduce the classical coherence theory established by Wolf, as well as
its quantum counterpart developed by Glauber. Furthermore, we will explore quantum
entanglement and SPDC and Schmidt decomposition. By the end of this chapter, we
will possess a comprehensive understanding of the key concepts essential to our research,
enabling us to engage in a comprehensive analysis of the spatial correlations associated
with SPDC.

2.1 Introduction to optical coherence

Coherence refers to the correlation between waves that are either temporally or spatially
separated. When knowledge of the wave function of light at one point in space and time
allows for a precise prediction of the wave function at another point in space and time,
the waves are considered coherent [60]. For instance, the output of a laser is typically
a good example of coherent waves. In contrast, most sources of illumination are either
partially coherent or incoherent, meaning that their waves do not exhibit a significant
correlation. The concept of optical coherence was first introduced in optics in connection
with interference and the detection of optical fields [4, 61, 8]. Coherence quantifies the
wave nature of light, i.e., the ability to exhibit interference effects. Interference effects
that arise from the superposition of two light beams originating from the same source
are the most straightforward manifestation of coherence in optical fields [62]. The fa-
mous Young double-slit experiment demonstrates how coherent light creates a distinct
intensity pattern on a screen as it passes through two slits and interferes. As lasers and
other innovative light sources emerged, optical coherence phenomena were systematically
classified, including coherence effects of various orders and a full statistical portrayal of
optical fields. This field of study is known as optical coherence theory, which has been
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formulated using both classical and quantum theoretical frameworks [8, 63].

The statistical portrayal of fluctuations linked with all electromagnetic fields is an
essential aspect of coherence theory. Therefore, when it comes to analyzing light’s co-
herence and polarization properties, a deterministic model of optical fields is inadequate.
Instead, a systematic description of light’s statistical properties necessitates assuming
that the complex electric field vector E(r; t) is random in nature. Decomposing the field
into a Fourier integral allows us to conveniently describe the electric field using a complex
signal, With the observed, real part of the field being [63, 64, 7],

E(r; t) =

∫ ∞

−∞
Ẽ(r;ω)e−iωtdω =

∫ ∞

0
Ẽ(r;ω)e−iωtdω +

∫ 0

−∞
Ẽ(r;ω)e−iωtdω

= E+(r; t) +E−(r; t) = 2Re{E+(r; t)}.
(2.1)

Since E(r; t) is real, the complex amplitude Ẽ(r;ω) follows the symmetry property of
Ẽ(r;ω)∗ = Ẽ(r;−ω) [64], where ω denotes frequency and E−(r; t) and E+(r; t) are
negative-frequency and positive-frequency fields respectively, and they are complex conju-
gate of each other, meaning E+(r; t) = (E−(r; t))∗. The positive-frequency field, E+(r; t)

is called the complex analytic signal associated with the real electric field vector.

As we mentioned before, the nature of E+(r; t) is stochastic. Therefore, each of its
components can be represented by statistical ensembles {E+

i (r; t)}, where i = x, y, z rep-
resents three arbitrary mutually orthogonal directions in space. The first-order coherence
function captures light’s most fundamental or basic correlation properties in the space-
time domain at their simplest or lowest order. In line with Glauber’s convention, this
function is called the first-order coherence function and is denoted as G(1)(r1, r2; t1, t2)

(as opposed to Mandel Wolf’s numbering convention where it would be considered the
second-order coherence function). Its elements are determined as [60]

G
(1)
ij (r1, r2; t1, t2) ≡ ⟨E−

i (r1; t1)E
+
j (r2; t2)⟩. (2.2)

Assuming that the stochastic process is statistically stationary, the components of G(1)
ij (r1, r2; t1, t2)

depend only on the time difference τ = t2 − t1 [7]

G(1)(r1, r2; t1, t2) = G(1)(r1, r2; τ) = ⟨E−(r1; t)E
+(r2; t+ τ)⟩. (2.3)

The average intensity at location r is given by

I(r, t) = ⟨|E(+)(r; t)|2⟩ = G(1)(r, r; 0). (2.4)
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Similarly, higher-order coherence functions can be defined as:

G(k)(r1, r2, ..., rk; t1, t2, ..., tk) =

⟨E−(r1; t1)E
−(r2; t2)...E

−(rk; tk)E
+(r1; t1)E

+(r2; t2)...E
+(rk; tk)⟩, (2.5)

where k indicates the order of coherence function. First and second-order coherence
functions will be discussed in detail in the following sections.

2.2 First-order spatial coherence

Let us focus on the concept of spatial coherence, which refers to the correlation in
phase between different points of the radiation field that are spatially separated. In or-
der to determine the coherence of fields at two distinct spatial points, it is necessary to
interfere the fields. The visibility of fringes generated in Young’s interference experiment
is the simplest illustration of the coherence characteristics of light [62, 60, 7, 65].

Figure 2.1: Schematic representation of spatial interference in Young’s
double-slit interferometer. The two slits are located at r1 and r2, and
their distances from the detection point P(r) are denoted by s1 and s2,
respectively.

Fig 2.1 illustrates a basic configuration for studying spatial interference utilizing
Young’s double-slit arrangement. A quasi-monochromatic source is located at z = 0.
Quasi-monochromatic beam refers to a field whose effective frequency bandwidth ∆ω0
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is small compared to its mean frequency ω0 [7]. The double-slit plane receives the light
at position z. Photons from the source can take two potential pathways to reach the
observation screen: alternative 1 involves passing through the upper slit at position r1,
while alternative 2 involves passing through the lower slit at position r2. As long as the
fields in the two alternatives remain coherent with each other, the interference occurs
when the probability amplitudes of a photon in the two alternatives are combined with
the difference in path lengths to the two slits given by ∆r = r1 − r2.

The field at some point P(r) on the screen is formed by the combination of the fields
propagating from the upper slit and the lower slit:

E(+)(r; t) = k1E
(+)(r1; t− t1) + k2E

(+)(r2; t− t2), (2.6)

where k1 and k2 are two imaginary constants that depend on the dimensions of the
apertures and the geometry of the setup and t1 = s1

c , and t2 = s2
c . We calculate the

instantaneous intensity at point P (r) using (2.4)

I(r, t) = |k1|2I(r1, t1)+ |k2|2I(r2, t1)+ 2Re{k∗1k2E(−)(r1; t− t1)E
(+)(r2; t− t2)}. (2.7)

Consequently, The ensemble average intensity at point P(r) is:

⟨I(r, t)⟩ = |k1|2⟨I(r1, t1)⟩+ |k2|2⟨I(r2, t2)⟩+ 2Re{k∗1k2G(1)(r1, r2; τ)}, (2.8)

where τ = t2 − t1 = (s2 − s1)/c and

G(1)(r1, r2; τ) = ⟨E−(r1; t)E
+(r2; t+ τ)⟩. (2.9)

The first two terms in (2.8) represent the contributions of each of the slits to the total
intensity in the absence of the other. The fringes appear due to the term that contains the
mutual coherence function G(1)(r1, r2; τ). One can normalize the first-order coherence
function as

g(1)(r1, r2; τ) =
G(1)(r1, r2; τ)√

G(1)(r1, r1; 0)G(1)(r2, r2; 0)
=

G(1)(r1, r2; τ)√
I(r1, t)I(r2, t)

, (2.10)

where g(1)(r1, r2; τ) is known as the first-order degree of coherence. Using the
Cauchy-Schwartz inequality, one can prove that

0 ≤ |g(1)(r1, r2; τ)|≤ 1. (2.11)
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As the mutual coherence function G(1)(r1, r2; τ) is in general complex, then one can
write [7]

g(1)(r1, r2; τ) = |g(1)(r1, r2; τ)|eiϕ(r1,r2;τ), (2.12)

where ϕ(r1, r2; τ) = arg{g(1)(r1, r2; τ)}. Using the above equation, the average intensity
(2.8) is written as:

⟨I(r, t)⟩ = |k1|2⟨I(r1, t1)⟩+ |k2|2⟨I(r2, t2)⟩

+ 2|k1||k2|
√
I(r1, t1)I(r2, t2)|g(1)(r1, r2; τ)|cos (ϕ(r1, r2; τ)). (2.13)

As mentioned before, the visibility of fringes is a measure of coherence. The visibility
of the fringes at point P (r) is defined as

V (r) =
Imax − Imin

Imax + Imin
. (2.14)

Using (2.13) we obtain

V (r) =
2|k1||k2|

√
I(r1, t1)I(r2, t2)

|k1|2⟨I(r1, t1)⟩+ |k2|2⟨I(r2, t2)⟩
|g(1)(r1, r2; τ)|. (2.15)

We note that there is a direct proportion between the visibility of the fringes and the
degree of coherence of the superposing fields. If the two fields have equal intensity, the
visibility will have the form

V (r) = |g(1)(r1, r2; τ)|. (2.16)

When g(1)(r1, r2; τ) = 1, the fringes exhibit maximum contrast, and the light is
considered to be fully spatially coherent. On the contrary, when g(1)(r1, r2; τ) = 0, no
interference is observed, and the light is characterized as spatially incoherent. When the
magnitude of g(1)(r1, r2; τ) falls between 0 and 1, the light is considered to be partially
coherent. Figure 2.2 depicts the first-order degree of coherence for fully coherent light
and thermal light. The nature of thermal light will be discussed in detail in section 2.5.

2.3 Coherent mode decomposition of the first-order spatial
coherence function

Mercer’s theorem states that any continuous function that is Hermitian and non-negative
definite can be expressed in the form of Mercer’s expansion [63, 66, 67, 68]. Since the
first-order spatial correlation function satisfies the above conditions, one can write:
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Figure 2.2: First-order degree of coherence function g(1)(r) for fully
coherent light (blue line) and thermal light(orange line) as a function of
r = r1 − r2. The dashed line represents the spatial coherence length L
which is the FWHM of g(1)(r) for thermal light.

G(1)(r1, r2) = G(1)(r1, r2; 0) =
∑
n

λnu
∗
n(r1)un(r2), (2.17)

where λn are the eigenvalues and un(r) are the eigenfunctions of the homogeneous Fred-
holm integral equation of the second kind [69],∫

G(1)(r1, r2)un(r1)dr1 = λnun(r2). (2.18)

The first-order coherence function possesses Hermitian symmetry, i.e.,

G(1)∗(r2, r1) = G(1)(r1, r2). (2.19)

And it is a non-negative definite function, i.e.,∫ ∫
G(1)(r1, r2)f

∗(r1)f(r2)dr1dr2 ≥ 0, (2.20)

where f(r) is any square-integrable function [66]. The first-order coherence function’s
Hermiticity and non-negative definiteness ensure that its eigenvalues are both non-negative
and real, i.e., λn ≥ 0.

When it comes to eigenfunctions and their corresponding eigenvalues, it is impor-
tant to note that any two eigenfunctions associated with different eigenvalues are always
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orthogonal to each other, and if we normalize the eigenfunctions, they satisfy the or-
thonormality condition ∫ ∞

−∞
u∗n(r)um(r)dr = δnm, (2.21)

where δnm is the Kronecker symbol. However, in cases where there is a degeneracy, and
more than one eigenfunction belongs to the same eigenvalue, the eigenfunctions may not
be mutually orthogonal. In such cases, the Gram-Schmidt procedure [70] can be used to
orthogonalize the eigenfunctions. This procedure allows us to form an orthonormal set of
eigenfunctions for integral Equation (2.18).

Equation (2.17) is known as coherent mode representation of the first-order spa-
tial coherence function. In order to clarify the meaning of coherent modes, we start by
writing the equation (2.17) as [66, 67]

G(1)(r1, r2) =
∑
n

λnG
(1)
n (r1, r2), (2.22)

where

G(1)
n (r1, r2) = u∗n(r1)un(r2). (2.23)

Now we write the first-order degree of coherence (2.10) for G
(1)
n (r1, r2; 0) as

g(1)n (r1, r2) =
G

(1)
n (r1, r2)√

G
(1)
n (r1, r1)G

(1)
n (r2, r2)

. (2.24)

According to (2.23), the above relation can be written as

g(1)n (r1, r2) =
u∗n(r1)un(r2)

|un(r1)||un(r2)|
, (2.25)

and therefore

|g(1)n (r1, r2)|= 1. (2.26)

The coherent-mode representation of the field, as given by expansion (2.17), implies that
each mode in the field corresponds to a spatially fully coherent component. In other
words, the first-order coherence function of the field can be expressed as an incoherent
sum of contributions from modes that are entirely coherent in the spatial domains.
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2.4 Second-order spatial coherence

We now shift the discussion to the second-order correlation function. One well-known
experiment that probes the higher-order coherence properties of a field is the Hanbury
Brown-Twiss experiment [71], which is depicted in Figure 2.3. Here, a light beam is split
into two beams and detected by detectors D1 and D2 located at positions r1 and r2 from
the beam splitter, respectively. The beams are then multiplied and averaged in a corre-
lator. Unlike the double-slit experiment, the detection of higher-order interference effects
in this experiment relies on measuring two intensities at different positions rather than
the correlation between two fields [65].

𝑥!

𝑥"

𝑧 = 0 𝑧

Source

𝑟!

𝑟"

𝐷!

𝐷"

Correlator

Figure 2.3: Schematic representation of Hanbury Brown-Twiss interfer-
ometer. The interferometer is similar to Young’s double slit interferometer,
except that two detectors are placed behind the slits for joint-detection of
the intensities at locations r1 and r2, and a correlator is used to multiply
and average the resulting product.

The intensity correlation function, namely the second-order coherence function, has
the form

G(2)(r1, r2; τ) = ⟨I(r1; t)I(r2; t+ τ)⟩ = ⟨E−(r1; t)E
−(r2; t+ τ)E+(r1; t)E

+(r2; t+ τ)⟩.
(2.27)
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As demonstrated, the second-order correlation function displays a fourfold correlation of
the amplitude E(r; t). When the intensity correlation function is normalized, it becomes
possible to express the second-order degree of coherence as

g(2)(r1, r2; τ) =
G(2)(r1, r2; τ)

⟨I(r1; t)⟩⟨I(r2; t+ τ)⟩
. (2.28)

Second-order coherence is attained when the two condition g(2)(r1, r2; τ) = 1 and
g(1)(r1, r2; τ) = 1 hold simultaneously, whereas if g(2)(r1, r2; τ) > 1, the field is con-
sidered less coherent. When g(2)(r1, r2; τ) = 1, the second-order degree of coherence is
factorizable [72], i.e.

G(2)(r1, r2; τ) = ⟨I(r1; t)⟩⟨I(r2; t+ τ)⟩. (2.29)

Factorizable G(2)(r1, r2; τ) indicates that there is no correlation between the two intensi-
ties I(r1; t) and I(r2; t+ τ). It is not possible to set an upper limit for the second-order
correlation function. However, the intensities are always positive, so we have

0 ≤ g(2)(r1, r2; τ) < ∞. (2.30)

For the special case of a single field where, r1 = r2 and τ = 0,

g(2)(r1, r2; τ) ≤ g(2)(r1, r1; 0), (2.31)

which implies that the value of the second-order coherence function can never exceed its
value for zero time delay of a single field.

For a thermal light that has a spectral line with a Gaussian lineshape, g(2)(r1, r2; 0)
is given by

g(2)(r1, r2; 0) = 1 + exp
[
−π(

r1 − r2
L

)2
]
, (2.32)

where L denotes the coherent length. When r1 and r2 are equal, the value of g(2)(r1, r2; 0)
is 2, but as the distance between the two points increases and becomes much larger than
the coherence length, the value of g(2)(r1, r2; 0) decreases to 1. Figure 2.4 depicts the
second-order degree of coherence for fully coherent light and thermal light.

2.5 Relationship between first-order and second-order spa-
tial coherence for thermal fields

Chaotic radiation refers to electromagnetic radiation that exhibits irregular and unpre-
dictable fluctuations in its intensity and phase. This type of radiation is generated by
a wide range of sources, including thermal sources such as blackbodies. Unlike coherent
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Figure 2.4: Second-order degree of coherence function g(1)(r) for fully
coherent light (blue line) and thermal light(orange line) as a function of
r = r1 − r2.

sources, which radiate light with a well-defined phase relationship between its waves, in
the case of a chaotic-thermal source, the atoms emit radiation in an uncorrelated manner,
meaning that the phases of the emitted waves are independent of each other. However,
the statistical properties of chaotic radiation can still be analyzed using correlation func-
tions.

The coherence properties of chaotic-thermal light differ from those of coherent radi-
ation due to the lack of phase correlation between the emitted waves. This results in a
second-order coherence function that cannot be expressed as the product of two inten-
sities (in contrast with equation (2.29)). Consequently, the measured intensities become
dependent on each other, meaning that fluctuations in one intensity correlate with fluc-
tuations in the other. The existence of nontrivial second-order coherence, or correlation
of thermal radiation, was discovered through experiments by Hanbury Brown and Twiss
in 1956. This discovery provided significant insights into the nature of chaotic-thermal
radiation and has played a crucial role in developing modern-day optics and photonics
[72]. One of the key insights provided by the experiment is that the non-factorizable
second-order correlation function of thermal light can be expressed in terms of its first-
order coherence function. This important characteristic of thermal light will be discussed
in detail in this section [73].
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Let us imagine a radiation source that is comprised of numerous independent point
sub-sources. Therefore, the overall electric field at any given point and time is the sum-
mation of the fields produced by individual sub-sources, i.e.

E(r; t) =
∑
i

Ei(r; t). (2.33)

As a result, The radiation fields at two different positions, namely E(r1; t) and E(r1; t+τ),
arise due to the combination or superposition of sub-fields excited by each of the inde-
pendent sub-sources.

Assuming that a chaotic light source consists of N un-correlated radiating atoms. One
can write the second-order coherence function (2.27) as:

G(2)(r1, r2; τ) = ⟨E−(r1; t)E
+(r1; t)E

−(r2; t+ τ)E+(r2; t+ τ)⟩
N∑

i,j,k,l=1

⟨E−
i (r1; t)E

+
j (r1; t)E

−
k (r2; t+ τ)E+

l (r2; t+ τ)⟩
(2.34)

Due to the unpredictable phase differences between the waves originating from various
atoms of a chaotic source, only terms where the field from each atom is multiplied with
its complex conjugate will survive [72, 74]. Therefore, the only surviving terms in the
summation are the following: 1. i = j = k = l; 2. i = j, k = l; 3. i = l, j = k.

G(2)(r1, r2; τ) =

N∑
i=1

⟨E−
i (r1; t)E

−
i (r2; t+ τ)E+

i (r2; t+ τ)E+
i (r1; t)⟩

+
∑
i ̸=j

[⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

j (r2; t+ τ)E+
i (r1; t)⟩

+ ⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

i (r2; t+ τ)E+
j (r1; t)⟩].

(2.35)

We consider that all the atoms have equal contributions and write equation (2.36) as

G(2)(r1, r2; τ) = N⟨E−
i (r1; t)E

−
i (r2; t+ τ)E+

i (r2; t+ τ)E+
i (r1; t)⟩

+N(N − 1)[⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

j (r2; t+ τ)E+
i (r1; t)⟩

+ ⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

i (r2; t+ τ)E+
j (r1; t)⟩].

(2.36)

The factor N(N − 1) in the second term on the right-hand side is the number of possible
permutations between two different atoms without repetition. If the number of atoms N
is very large, the first term on the right-hand side of the above equation can be neglected
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[74].

G(2)(r1, r2; τ) = N2[⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

j (r2; t+ τ)E+
i (r1; t)⟩

+ ⟨E−
i (r1; t)E

−
j (r2; t+ τ)E+

i (r2; t+ τ)E+
j (r1; t)⟩].

(2.37)

Using equations (2.9), one can write the above equation in the familiar form of

G(2)(r1, r2; τ) = G(1)(r1, r1; 0)G
(1)(r2, r2; 0) + |G(1)(r1, r2; τ)|2. (2.38)

Hence the above equation can be written in the form of:

G(2)(r1, r2; τ) = ⟨I(r1; t)⟩⟨I(r2; t+ τ)⟩+ |G(1)(r1, r2; τ)|2. (2.39)

As a result, the second-order degree of coherence can be written as:

g(2)(r1, r2; τ) = 1 + |g(1)(r1, r2; τ)|2. (2.40)

The above relation relates the first and second-order degree of coherence for chaotic-
thermal light and is known as Siegert relation [73, 75]. The Siegert relation can be
applied to chaotic light, like the kind that is generated by numerous unconnected scat-
terers, or in a broader sense, to light whose electric field can be considered as a random
variable with a Gaussian probability distribution. However, it should be noted that the
Siegert relation is not always applicable. This is particularly evident in the case of laser
light, which has a uniform and uncorrelated intensity correlation function. In the case
of laser light, the intensity fluctuations are solely caused by shot noise, and the Siegert
relation is not a suitable method for analyzing these phenomena [76, 77].

2.6 From classical to quantum optics

Up until now, our focus has been on exploring the principles of coherence theory within
the framework of classical physics. Now we take a step forward to introduce its quantum
counterpart. The discovery of quantum theory completely transformed our understanding
of light, leading to a significant change in how we perceive its nature and behavior. The
understanding of light and its properties has a long and fascinating history shaped by
various debates and discussions. In the past, there were conflicting views on whether light
was a wave or a particle. However, the advent of quantum theory provided a solution by
suggesting that light possesses both wave-like and particle-like characteristics. This dual-
ity is best observed in optics through experiments using beam splitters that highlight the
fundamental properties of photons. While classical optics can explain many phenomena,
it falls short of fully describing the behavior of light, making quantum optics essential in
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interpreting those phenomena that cannot be explained classically, such as wave-particle
duality of light[74, 78, 79, 80] and quantum entanglement [11].

In the transition from classical to quantum optics, the concept of the electric field is
replaced by the concept of the wave function. Let us go back to the double slit experiment
pictured in figure 2.1. For a single photon, equation (2.6) will be written as

Ψ(r; t) = k1Ψ(r1; t− t1) + k2Ψ(r2; t− t2), (2.41)

where Ψ(r; t) is the wave function at position r and time t, and k1 and k2 are two
imaginary constants that depend on the dimensions of the apertures and the geometry of
the setup. The probability amplitude at location r is then

|Ψ(r; t)|2= |k1|2|Ψ(r1; t− t1)|2+|k2|2|Ψ(r2; t− t2)|2

+ 2Re{k∗1k2Ψ∗(r1; t− t1)Ψ(r2; t− t2)}. (2.42)

In practice, the state of a physical system is often not perfectly determined. We may
only know that the system is in a state taken from an ensemble, denoted as

{|Ψ1⟩, |Ψ2⟩, . . . , |Ψn⟩}, (2.43)

Each state |Ψi⟩ has a probability pi of occurring, subject to the condition that the prob-
abilities sum to unity,

∑
i pi = 1. We refer to this ensemble as a statistical mixture or

mixed state, with the individual |Ψi⟩ being pure states. It is worth noting that the
pure states need not be mutually orthogonal [81, 82].

The density operator ρ is a useful construct in this context. When the state is pure,
it can be represented by a state vector |Ψ⟩, and we define the corresponding density
operator (also known as density matrix) as

ρ = |Ψ⟩⟨Ψ|. (2.44)

For a mixed state, we have a set of states |Ψl⟩ without any specific restrictions. In this
case, the density operator is given by

ρ ≡
∑
l

pl|Ψl⟩⟨Ψl|. (2.45)

Here, the density operator models the uncertainty regarding which of the states |Ψl⟩ the
system is in, with each |Ψl⟩ assigned a weight pl in the mixture represented by ρ.
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Furthermore, the density matrix satisfies the following properties:
1. ρ is Hermitian; i.e. ρ† = ρ

2. ρ has trace equal to one: Tr(ρ) = 1

3. ρ is a non-negative operator; that is, for any vector |Ψ⟩ in the Hilbert space H, we
have ⟨Ψ|ρ|Ψ⟩ ≥ 0.
The trace of the density matrix of a mixed quantum state can be computed by sum-
ming up the weights assigned to each sub-state, denoted by pl, such that Tr(ρ) =

∑
l pl.

Condition 3 demands that all these weights are positive, hence 0 ≤ pl ≤ 1, with pl = 1

indicating a pure state. Consequently, for a mixed state, the value of Tr(ρ2) is less than
1, while for a pure state, it is equal to 1. This straightforward criterion can be used to
ascertain whether a given state is pure or mixed.

The reduced density matrix is one of the most profound applications of the density
matrix [25]. It serves as a descriptive tool for subsystems of a composite quantum system,
which is a system made up of two or more subsystems. Assuming we have two physical
systems, A and B, whose state is characterized by a density operator ρAB. The reduced
density operator for subsystem A is defined by

ρA ≡ trB(ρAB), (2.46)

where trB is a map of operators referred to as the partial trace over the system B [25].
Assume |a1⟩ and |a2⟩ are any two vectors in the state space of A, and |b1⟩ and |b2⟩ are
any two vectors in the state space of B; then the partial trace over the system B is defined
as

trB(|a1⟩⟨a2|⊗|b1⟩⟨b2|) ≡ |a1⟩⟨a2|tr(|b1⟩⟨b2|). (2.47)

As a simple example, suppose that a quantum state is in a bipartite state ρAB = ρA⊗ρB

where ρA is the density operator for the system A and ρB is the density operator for the
system B. Then:

ρA = trB(ρ
A ⊗ ρB) = ρAtrB(ρ

B) = ρA. (2.48)

Now that we have introduced the density matrix framework as a tool for analyz-
ing quantum systems, in the next section, we use this framework to study one of the
mysterious properties of quantum mechanics, known as quantum entanglement.

2.7 Entanglement

Quantum entanglement is a phenomenon in quantum mechanics where the state of two
or more particles becomes interconnected in such a way that the state of one particle is
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dependent on the state of the other particle, regardless of the distance between them.
Entangled states are interesting due to the presence of correlations that do not have a
classical counterpart. This phenomenon is one of the most fascinating and mysterious
concepts in the field of quantum mechanics.

We say a composite pure state |Ψ⟩AB is entangled if and only if it cannot be written
as a separable product of each state.

|Ψ⟩AB ̸= |Ψ⟩A ⊗ |Ψ⟩B. (2.49)

Mixed states are more commonly encountered in practice than pure states. In contrast
to pure states, the entanglement of mixed states is no longer equivalent to non-product
states. In fact, a mixed state of two systems is considered non-seperable if its density
operator cannot be expressed as a sum of products of density operators corresponding to
the subsystems [26, 83]; i.e.

ρ ̸=
∑
i

piρ
A
i ⊗ ρBi . (2.50)

Bell states, also known as EPR pairs, are a particular type of entangled quantum
states that have important implications in quantum information and quantum comput-
ing. John S. Bell first introduced these states in the 1960s as a way to test for the violation
of local realism in quantum mechanics, As explained in the previous chapter [14].

The state |Φ+⟩ = |00⟩+|11⟩√
2

is the most well-known Bell state and is often used as a
starting point for discussions about entanglement. It is formed by the two qubits being
in the state |00〉 + |11〉, which means that both qubits are in a superposition of 0 or 1
and are in the same state. The density operator for the Bell state has the form

ρAB =

(
|00⟩+ |11⟩√

2

)(
⟨00|+⟨11|√

2

)
=

|00⟩⟨00|+|11⟩⟨00|+|00⟩⟨11|+|11⟩⟨11|
2

,

(2.51)

where this is a pure state as Tr(ρ2AB) = 1.

The reduced density matrix of the first qubit is found by performing a partial trace
over the second qubit
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ρA = trB(ρAB)

=
|0⟩⟨0|⟨0|0⟩+ |1⟩⟨0|⟨0|1⟩+ |0⟩⟨1|⟨1|0⟩+ |1⟩⟨1|⟨1|1⟩

2

=
|0⟩⟨0|+|1⟩⟨1|

2

=
I

2
.

(2.52)

The reduced density matrix shows a mixed state since Tr( I2)
2 < 1. The combined state of

two qubits is pure, indicating that we possess complete information about it. Nonetheless,
the first qubit is in a mixed state, meaning we lack maximum knowledge about it. This
unique attribute, where the joint state of a system is completely known, but a subsys-
tem remains in mixed states, is a noteworthy characteristic of quantum entanglement [25].

A Bell state is known as a maximally entangled state. "Maximally entangled" means
that the state of each qubit is maximally mixed, which indicates that the reduced density
operator is a multiple of the identity operator [84]. A common way to check whether a
pure state is separable or entangled and quantify the degree of entanglement is Schmidt
decomposition, which is the subject of the next section.

2.8 Schmidt decomposition

Exploring composite quantum systems, which are fundamental to quantum computation
and quantum information, involves using a broad spectrum of valuable techniques that go
beyond density operators and partial trace, including the Schmidt decomposition. The
Schmidt decomposition allows us to represent any pure state of a bipartite system as a
linear combination of product states with non-negative coefficients, where each product
state consists of a state from each subsystem [25, 26, 83, 84, 85].

Suppose |Ψ⟩AB is a pure state of a composite system, A and B, whose Hilbert spaces
have dimensions of m and n. Let |j⟩A and |k⟩B be any fixed orthonormal bases for systems
A and B, respectively. Then |Ψ⟩AB can be written

|Ψ⟩AB =
m∑
j=1

n∑
k=1

cjk|j⟩A|k⟩B, (2.53)

for some matrix of complex numbers cjk that satisfy
∑

jk|cjk|2= 1 [25, 86]. We consider
a general case where the Hilbert spaces of systems A and B have different dimensions.
Assuming that n < m and using the singular value decomposition, one can write
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|Ψ⟩AB =
m∑
j=1

n∑
i=1

n∑
k=1

ujidiivik|j⟩A|k⟩B, (2.54)

where d is a diagonal matrix with non-negative elements, and u and v are unitary matrices.
Defining |i⟩A =

∑m
j=1 uji|j⟩A , |i⟩B =

∑n
k=1 vik|k⟩B and

√
λi = dii to find

|Ψ⟩AB =
∑
i

√
λi|i⟩A|i⟩B. (2.55)

Equation (2.55) is called the Schmidt decomposition of the state |Ψ⟩AB. Also,
√
λi

are non-negative real numbers known as Schmidt coefficients satisfying the relation∑
i λi = 1. The set of basis vectors |i⟩A and |i⟩B constitute the Schmidt bases for

A and B, respectively, and form an orthonormal basis [81, 82, 82, 84, 57, 87, 88]. The
effective number of non-zero terms in equation (2.55) is called the Schmidt number
for the state |Ψ⟩AB. The Schmidt number is a significant attribute of a composite quan-
tum system, which quantifies the degree of entanglement between subsystems A and B.
When a state is separable, it can be expressed as |Ψ⟩AB = |i⟩A|i⟩B. Thus, the Schmidt
decomposition yields only one term, resulting in a Schmidt number of one. Therefore, a
bipartite pure state is entangled if and only if its Schmidt number exceeds one [81, 84].

The density matrix of the pure state |Ψ⟩AB is written as [87, 88]

ρAB =
∑
i

λi|i⟩A|i⟩BB⟨i|A⟨i|. (2.56)

From (2.56) we find the reduced density matrix for the mixed subsystems A and B as
ρA =

∑
i λi|i⟩AA⟨i| and ρB =

∑
i λi|i⟩BB⟨i|. As shown, the eigenvalues of the two sub-

systems are the same, and the Schmidt basis is the eigenvectors of the reduced density
matrix [57, 87, 88].

Now that we have established a formalism to describe an entangled quantum state,
we next explore how such states can be generated by nonlinear optics. In the following
section, we will provide an overview of nonlinear processes and examine the features of
nonlinear optical materials that enable the creation of entangled quantum states.

2.9 Basic introduction to nonlinear optics

Nonlinear optics is concerned with the study of the interaction between light and materials
that exhibit nonlinear response to the electric field of light [27]. We will first explore the
relationship between the electric field strength E(t) of an applied optical field and the
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dipole moment per unit volume, or polarization P (t), of a material system. When the
electric field is weak, polarization P (t) grows linearly with respect to the electric field
strength, i.e.

P (t) = ϵ0χ
(1)E(t), (2.57)

where χ(1) is the linear susceptibility of the medium and ϵ0 is the permittivity of free space.

For the case of a sufficiently strong electric field, we must write the relation between
polarization and the electric field strength as a power series

P (t) = ϵ0χ
(1)E(t) + ϵ0χ

(2)E2(t) + ϵ0χ
(3)E3(t) + ...

= P (1)(t) + P (2)(t) + P (3)(t) + ...,
(2.58)

where χ(2) and χ(3) are the second and third-order susceptibility of the medium and
P (2)(t) = ϵ0χ

(2)E2(t) and P (3)(t) = ϵ0χ
(3)E3(t) are the second and third order polar-

ization. For simplicity, we represented the fields P (t) and E(t) as scalar quantities in
equation (2.58). However, it should be noted that if we were to treat the fields as vectors,
then the susceptibility χ(1) would become a second-rank tensor, while χ(2) would become
a third-rank tensor, and so on.

Nonlinear optics provides mechanisms to produce photons in entangled quantum
states. One such mechanism is parametric down-conversion, which will be explained
in the following section. However, it is essential to discuss the properties of nonlinear
optical materials first, as they determine which nonlinear processes will be observed and
how. Second-order nonlinear optical interactions can only occur in Non-centrosymmetric
crystals, which are crystals that lack inversion symmetry. All the even-ordered nonlinear
susceptibilities vanish for the materials that display inversion symmetry (such as liquids,
gases, amorphous solids, and many crystals). To demonstrate this fact, we assume a
centrosymmetric medium with the nonlinear polarization

P (t) = ϵ0χ
(2)E2(t), (2.59)

where the applied field is

E(t) = Ecos(ωt). (2.60)

For a medium that possesses inversion symmetry, if we change the sign of the applied
electric field E(t), the sign of the induced polarization P (t) also changes. Therefore,
equation (2.59) will have the form
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−P (t) = ϵ0χ
(2)[−E(t)]2, (2.61)

which means that

−P (t) = ϵ0χ
(2)E2(t). (2.62)

By comparing equation (2.59) and (2.62), we conclude that P (t) = −P (t), which only
happens if P (t) = 0. As a result, in a centrosymmetric medium

χ(2) = 0. (2.63)

When crystals have anisotropy, their reaction to electromagnetic fields can vary de-
pending on the direction and polarization in which the fields are propagating. If a material
exhibits a different refractive index for distinct polarizations of light propagating in a par-
ticular direction, the material is referred to as birefringent. Uniaxial birefringence, the
simplest type of birefringence, refers to materials in which only one direction governs op-
tical anisotropy, known as the optic axis. In this case, all other directions perpendicular
or at a certain angle to the optic axis are optically equivalent. When the material is
rotated around this axis, its optical behavior remains unchanged.

Uniaxial birefringent materials possess two refractive indices for every wavelength,
which are known as ordinary and extraordinary. The ordinary ray corresponds to light
that is polarized perpendicular to the optic axis and undergoes the ordinary refractive
index. On the other hand, the extraordinary ray is governed by the extraordinary refrac-
tive index when it is polarized either partially or fully collinear with the optic axis. The
effective refractive index of the extraordinary ray depends on the direction of propagation
or the wavevector.

In the next section, we will introduce parametric down-conversion, a nonlinear op-
tical process that we can use to generate entangled quantum states of light. Since
SPDC is a second-order nonlinear optical process, the nonlinear material must be a non-
centrosymmetric crystal. Furthermore, its uniaxial birefringence must be considered in
the model of the material.

2.10 Spontaneous parametric down conversion

Presently, the most commonly utilized experimental method for generating entangled
states is spontaneous parametric down-conversion (SPDC) [28, 29]. SPDC is a process
in which a photon field of a high-energy light source, known as the pump interacts with
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Figure 2.5: Schematic of spontaneous parametric down-conversion in a
second-order nonlinear crystal.

a nonlinear medium and splits into two fields of lower energy, referred to as signal and
idler. This phenomenon occurs in non-centrosymmetric crystals when they are illumi-
nated by a high-intensity laser beam. The pump laser operates at a frequency of ωp,
which is typically in the UV or ultraviolet region, whereas the down-converted signal
and idler fields have frequencies ωs and ωi respectively, that are usually in the visible or
near infra-red region of the electromagnetic spectrum. "Down-conversion" is a term used
to describe the phenomenon where the frequencies of the idler and signal photons are
reduced relative to the frequency of the pump photon [27].

The word "Parametric" refers to the fact that the system’s quantum mechanical states
remain unchanged from the beginning to the end of the process. Consequently, energy
is always conserved in parametric processes, whereas it need not be conserved in non-
parametric processes as it can be transferred to the crystal medium.

Conservation of momentum, referred to as phase matching condition, is another im-
portant principle in SPDC. It refers to the condition where constructive interference of
generated waves is achieved in a way that leads to maximum efficiency of the process. Per-
fect phase-matching is achieved when the wavevector of the incident photon field matches
the sum of the wavevectors of the two generated photon fields.

∆k = |kp − ks − ki|= 0, (2.64)

where kα for α = p, s, and i, refers to the wavevectors of the pump, signal, and idler
fields, respectively. Due to energy, momentum, and orbital angular momentum conser-
vation principles, the signal and idler photons become entangled across their temporal,
spatial, and angular degrees of freedom.
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Figure 2.6: (a) Energy-level diagrams describing parametric down-
conversion. In SPDC, a pump photon of higher frequency ωp annihilates
and produces two photons of lower frequencies known as the signal and
idler with frequencies of ωs and ωi, respectively. (b) Momentum conserva-
tion or phase matching condition in SPDC. The wavevector of the incident
photon field kp matches the sum of the wavevectors of the two generated
photon fields ks and ki.

The use of birefringent crystals is common in nonlinear optical applications to achieve
phase matching, and the Beta Barium Borate (BBO) crystal, a uniaxial birefringent crys-
tal with high nonlinearity, is a popular choice for generating SPDC. When the signal and
idler photons have the same polarization, the SPDC process is referred to as type-1, while
it is known as type-2 if their polarizations are perpendicular [72].

For one specific orientation of the crystal, the emitted signal and idler photons will
travel in the same direction as the original pump photon. This phenomenon is referred to
as collinear emission. However, when the crystal orientation is altered, the signal and
idler photons are emitted in different directions as the pump photon due to changes in the
phase-matching conditions. This type of emission is known as non-collinear emission
[72].

The gain, which represents the strength of the interaction, increases in direct propor-
tion to the strength of the pump field. The generation of fields in SPDC sources can be
characterized by two regimes: the low-gain regime and the high-gain regime. In the low-
gain regime, the growth of the generated fields is approximately linear with respect to the
pump amplitude, and the output state is a two-photon entangled state. By contrast, the
high-gain regime is characterized by the exponential growth of the generated fields with
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Figure 2.7: Generated amplitude as a function of pump amplitude for
low and high-gain regimes. In the low-gain regime, the generated fields
grow linearly with respect to the pump amplitude, whereas in the high-
gain regime, the growth of the generated fields is exponential with respect
to the pump amplitude.

respect to the pump amplitude (Fig 2.7), and the output state is a bright, multi-photon
entangled state. So far, most research in the field of SPDC has been devoted to studying
the low-gain regime. This is mainly because the low gain regime is relatively easy to im-
plement in theoretical models and experimental settings. This emphasis on the low-gain
regime has led to significant advancements in our understanding of the phenomenon in
this regime [89, 90].

SPDC sources are extensively utilized in fundamental quantum optics experiments
such as the violation of Bell’s inequality [19, 91], Hong–Ou–Mandel interferometry [92, 93]
and quantum technologies such as quantum teleportation [22], quantum cryptography
[94], quantum imaging [95], and sub-shot noise imaging [96, 97].

2.11 Spatial correlations in SPDC

It is important to accurately determine the correlations of entangled states produced by
SPDC as they continue to be the most commonly employed source of entangled states
in diverse quantum applications. Over the last few decades, several studies have inves-
tigated various temporal and spatial interference effects using the entangled two-photon
field generated by SPDC [98, 99, 100, 101], and signal-idler correlation in the spatial do-
main has been investigated [101, 102, 103, 104, 105].
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In the regime of low gain, scientists have extensively investigated the exact form of
the two-photon state generated by a general pump profile [106, 54, 53], as well as the
Schmidt modes associated with it. The longitudinal phase matching function within the
two-photon amplitude is represented by a sinc function [48]. This sinc function gives rise
to a distinctive ringed pattern in the far field or momentum space of the two-photon am-
plitude. Perfect phase matching (∆kz = 0) produces a bright central spot with secondary
rings surrounding it. The majority of the field’s intensity is concentrated within the cen-
tral region, and it is possible to approximate the phase matching function with a Gaussian
function in the case of perfect phase matching [51, 57, 41]. This Gaussian approximation
enables an exact Schmidt decomposition using Hermite-Gaussian or Laguerre-Gaussian
eigenmodes [49, 51, 57, 50].

The process of generating signal-idler pairs is commonly represented by employing
the initial term of a Taylor series. However, when the nonlinear interaction becomes
strong, a more complex theoretical approach is necessary. Specifically, the reliability of
the Taylor-like series diminishes beyond a few orders because the interaction Hamiltonian
does not commute with itself at different times [107, 108]. Therefore, studying SPDC in
the high-gain regime has become challenging due to these issues, and high-gain SPDC
remains an active and ongoing research area.

Despite extensive research, the influence of pump amplitude on the spatial character-
istics of the entangled two-photon state produced in SPDC remains ambiguous. Although
some studies suggest the existence of gain-independent Schmidt modes [109, 110], they
fail to predict experimentally observed phenomena such as the widening of the angular
spectrum of the SPDC field with increasing gain [111, 112].

This thesis aims to theoretically model and experimentally characterize the spatial
correlations of entangled fields produced by high-gain SPDC, particularly as a function
of input pump amplitude. The spatial correlations will be classified by spatial Schmidt
modes, and the resulting Schmidt mode spectrum and Schmidt number will quantify the
degree of entanglement between the two fields. Our primary aim is to address the question:
How do the Spatial Schmidt modes and their spectrum evolve with respect to increasing
gain? In Chapter 3 of this thesis, we outline the theoretical methodology employed for
characterizing the spatial Schmidt modes of high gain SPDC as a function of gain. In
Chapter 4, we discuss the experimental approach adopted for this study. And finally, in
Chapter 5, we will summarize our results and suggest possible avenues for future research.
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2.12 Summary of the chapter

The current chapter provides an overview of the key concepts used in this work. In sec-
tion 2.1, we introduced the optical coherence theory, then defined the first-order spatial
coherence function in section 2.2. In section 2.3, we discussed the decomposition of the
first-order coherence function into coherent modes. We then proceed to introduce the
second-order coherence function in section 2.4, which quantifies the correlation between
the intensities of two different points in the field. In section 2.5, we explained the Siegert
relation, which relates the first and second-order coherence functions for a thermal field.

In section 2.6, we discussed the transition from classical to quantum optics, intro-
duced the necessary formalism to describe the quantum states of light, and highlighted
the significance of the density matrix in explaining quantum states that a wave function
cannot describe. We introduced the concept of entanglement in section 2.7, which refers
to quantum nonlocal correlations with no classical counterpart. In section 2.8, we ex-
plained the Schmidt decomposition technique, which is a way of describing an entangled
quantum state, and introduced Schmidt modes, spectrum, and Schmidt number, which
is a parameter that quantifies the degree of entanglement.

In addition, in section 2.9, we provided an introduction to nonlinear optics, followed
by section 2.10, in which we introduced the concept of spontaneous parametric down-
conversion (SPDC), a nonlinear process through which entangled states are generated.
Finally, in section 2.11, we posed the specific research question that this thesis attempts
to address, which is: How do the spatial Schmidt modes and their spectrum evolve as a
function of gain in high-gain SPDC?
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Chapter 3

Theoretical characterization

In the previous chapter, we overviewed the key concepts central to this study. In this
chapter, we will explore spatial correlations in high-gain SPDC and use these concepts
to characterize them theoretically. We will begin by exploring the theory and methods
for expressing squeezed light generated in the SPDC process. Squeezed states of light
are characterized by reduced noise below the shot noise limit in one quadrature but at
the expense of increased noise in the other quadrature, [55]. Squeezed states have been
used in various applications, such as imaging [113, 114, 97] and nonlinear interferometry
[115, 116]. One of the most famous applications of squeezed light is in improving the
measurement sensitivity of LIGO, a laser interferometer built for detecting gravitational
waves [56].

In our analysis, we assume that the signal field is quasi-homogeneous and rotationally
symmetric, which allows us to significantly speed up our simulations compared to previ-
ous studies. We then perform a coherent mode decomposition on the first-order spatial
coherence function to determine the spatial Schmidt modes and Schmidt spectrum. Fi-
nally, we track the evolution of the modes and the spectrum as the gain increases. In
addition, we quantify the change in the Schmidt number, which represents the degree
of entanglement, as a function of gain. Overall, this chapter will provide a theoretical
characterization of SPDC in the high-gain regime.

3.1 Introduction to squeezed states of light

The quantization of the electromagnetic field is a fundamental principle in quantum elec-
trodynamics, which was proposed by Albert Einstein in 1905 in his explanation of the
photoelectric effect [117]. Later, in 1927, Dirac further developed the theory by expanding
the electromagnetic field in terms of normal modes. He showed that each mode behaves
similarly to a quantum harmonic oscillator with discrete energy levels, where each level
corresponds to a specific amount of energy associated with a photon. The energy of a
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photon can be determined by the equation E = h̄ω, where h̄ is Planck’s constant and ω

represents the frequency of the mode [118].

To mathematically describe the quantization of the electromagnetic field, one can
employ creation and annihilation operators. These operators allow for the creation and
destruction of photons in a given mode of the electromagnetic field. They correspond
to raising and lowering operators for the harmonic oscillators associated with each mode
that can increase or decrease the eigenvalue of the modes. The creation operator is
typically denoted by â†, while the annihilation operator is denoted by â. By utilizing
these operators, the electric field operator can be expressed as [9, 52]

Ê(r; t) = Ê+(r; t) + Ê−(r; t)

=
∑
k

i

√
h̄ωk

2ϵ0V
â(k, t)ei(k.r−ωkt) − i

√
h̄ωk

2ϵ0V
â†(k, t)e−i(k.r−ωkt),

(3.1)

where Ê+(r; t) and Ê−(r; t) are positive and negative complex analytic signal operators
of the field, respectively. k and ωk denote wave-vector and frequency of the modes,
respectively and V is the quantization volume. â and â† obey the commutation relation
of

[â, â†] = ââ† − â†â = 1. (3.2)

Quadrature operators are defined in the form [119]

X̂1 =
1

2
(â+ â†), (3.3a)

X̂2 =
1

2i
(â− â†). (3.3b)

By using the above definitions, the field operator can be reformulated as

Ê(r; t) =
∑
k

2i

√
h̄ωk

2ϵ0V
[X̂1cos(ϕ) + X̂2sin(ϕ)], (3.4)

where ϕ = k.r− ωkt. It is clear that X1 and X2 are associated with the field amplitudes
oscillating out of phase by π/2.

The Hermitian operators X1 and X2 correspond to observables, indicating that they
can be measured. They are fundamentally without dimensions and relate to position and
momentum operators as [120]



Chapter 3. Theoretical characterization 31

x̂ =

√
2h̄/mω

2
(â+ â†), (3.5a)

p̂ =

√
2h̄mω

2i
(â− â†). (3.5b)

the commutation relation for the field quadratures can be written as

[X̂1, X̂2] =
i

2
. (3.6)

Therefore, The uncertainty principle for the two amplitudes has the form

∆X̂1∆X̂2 ≥
1

4
. (3.7)

A coherent state is a specific quantum state that is the right eigenvector of the anni-
hilation operator â with eigenvalues α

â|α⟩ = α|α⟩. (3.8)

The vacuum state |0⟩ is a coherent state with the eigenvalue of 0. The coherent state |α⟩
can be expressed as a linear combination of its Fock basis (photon number state) |n⟩ as

|α⟩ =
∞∑
n=0

αn

√
n!
e−|α|2/2|n⟩. (3.9)

The action of creation and annihilation operators on the photon number states are defined
as

â†|n⟩ =
√
n+ 1|n+ 1⟩, (3.10a)

â|n⟩ =
√
n|n− 1⟩, (3.10b)

â|0⟩ = 0. (3.10c)

One of the remarkable characteristics of a coherent state is that it exhibits minimal
uncertainty. This quality results in the equation (3.7) adopting a particular form of
[80, 119]

∆X̂1∆X̂2 =
1

4
, for a coherent state. (3.11)

The state of a system is said to be squeezed if

(∆X̂i)
2 ≤ 1

4
, (3.12)
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for i = 1 or 2. The above relation implies that a squeezed state is a quantum state char-
acterized by reduced uncertainty in one of its quadratures at the expense of increased
uncertainty in the other. To better understand squeezing, one can utilize the Wigner
function, which is the probability distribution of a quantum system in phase space. In
Figure 3.1, the Wigner function is illustrated for the coherent state, vacuum state, and
squeezed state.

𝑋! 𝑋! 𝑋!

𝑋" 𝑋"
𝑋"

(𝒂) (𝒃) (𝒄)

Figure 3.1: Wigner function of (a) coherent, (b) vacuum, and (c)
squeezed vacuum state. State (c) is a vacuum state squeezed in X1 quadra-
ture. As shown by equation (3.5a), the X1 quadrature corresponds to the
position operator; hence the term "position squeezed" is used to describe
the state (c).

To understand how squeezing works, consider the state [55, 121]

|Ψ⟩ = |0⟩ −
√
2s|2⟩, (3.13)

where s is a real positive number and the states |0⟩ and |2⟩ represent photon number
states. ⟨∆X2

1 ⟩ can be calculated as

⟨∆X2
1 ⟩ = ⟨Ψ|(â+ â†)2

4
|Ψ⟩. (3.14)

If we consider s to be a small number, the above equation will have the form

⟨∆X2
1 ⟩ =

1

4
− s. (3.15)
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Hence the first quadrature X1 of the state |Ψ⟩ is squeezed for positive s. Now we repeat
this calculation for the second quadrature

⟨∆X2
2 ⟩ = ⟨Ψ|−(â− â†)2

4
|Ψ⟩; (3.16)

and we will find that

⟨∆X2
1 ⟩ =

1

4
+ s. (3.17)

Therefore, the second quadrature X2 of the state |Ψ⟩ is expanded for positive s.

Squeezed light can be generated through SPDC. The squeezing of a single mode, such
as the aforementioned example, can be achieved through degenerate SPDC, which occurs
when the two photons produced are identical in all their attributes, including direction,
frequency, and polarization. On the other hand, non-degenerate SPDC can be used to
achieve two-mode squeezing [122]. To understand this mechanism, it is necessary to
examine the two-mode state. As an example, consider the state

|Ψ⟩ = |0⟩a ⊗ |0⟩b − 2s|1⟩a ⊗ |1⟩b, (3.18)

where a and b represent signal and idler photons. The squeezing of quantum fluctuations
does not occur in the individual modes but rather in a combination of the two modes
due to the correlations between them. Therefore, we define the superposition quadrature
operators as

X̂1 =
1√
8
(â+ â† + b̂+ b̂†), (3.19a)

X̂2 =
1√
8
(â− â† + b̂− b̂†). (3.19b)

⟨∆X2
1 ⟩ can be calculated as

⟨∆X2
1 ⟩ =

1

8
⟨Ψ|(â+ â† + b̂+ b̂†)2|Ψ⟩. (3.20)

We assume that s is a small number, so the above relation will have the form

⟨∆X2
1 ⟩ =

1

4
− s. (3.21)

The above relation implies that for positive values of s, the two-modes state is squeezed
in the modes’ X1 quadratures.

The squeezed operator is defined as [119, 121]
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Ŝ(ξ) = exp[
1

2
(ξ∗a2 − ξa†2)], (3.22)

where ξ = reiθ is a complex number with modulus r and argument θ. The state of a
two-mode squeezed state is written as [119, 121, 123, 124, 125]

|ξ⟩2 =
1

coshr

∞∑
n=0

(−1)neinθ(tanhr)n|n, n⟩, (3.23)

where |n, n⟩ = |n⟩a ⊗ |n⟩b indicates the two-mode number states. The density matrix for
this state will have the form

ρab = |ξ⟩22⟨ξ|, (3.24)

and the reduced density matrix for each mode separately is found to be

ρa =
∞∑
n=0

tanh2n(r)

cosh2(r)
|n⟩aa⟨n|. (3.25)

One can rewrite the above equation as

ρa =

∞∑
n=0

⟨n⟩n

(1 + ⟨n⟩)n+1
|n⟩aa⟨n|, (3.26)

with ⟨n⟩ = sinh2(r) representing the average photon number. The above equation cor-
responds to the Bose-Einstein distribution, which describes a thermal field [74, 80, 126].
This result implies that the photon statistics of each individual mode in a two-mode
squeezed vacuum is identical to that of a single-mode thermal field [119, 123, 126].

The focus of our work is on the global entangled state of the signal and idler fields gen-
erated through non-degenerate high-gain SPDC, which is a bipartite multimode squeezed
state [122, 127]. For this case, equation (3.26) can be generalized to infer that each of the
twin beams of signal and idler generated through high gain SPDC obey photon statis-
tics equivalent to that of a multimode thermal field [109, 128, 127]. In section 2.5, we
explained that the Siegert relation (equation (2.39)) shows that for a thermal field, the
first and second-order coherence functions are related. Typically, the first-order coherence
function is measured through interferometry, but in our case, we simplify the task by ex-
ploiting the thermal nature of the signal field. We can measure the second-order spatial
coherence function G(2)(q, q′) from the statistics of signal field’s intensity fluctuations
and infer the first-order spatial coherence function G(1)(q, q′) from it and then perform
an eigen-decomposition on G(1)(q, q′) to find the Schmidt modes. In the following sec-
tion, we demonstrate that the coherent modes of the first-order coherence function of the
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signal field are equivalent to the global Schmidt modes of the entangled field.

3.2 Equivalence between global Schmidt modes and local
eigenmodes

One of the main focuses of this thesis is to tackle the challenge of breaking down the
two-photon field |Ψ(qs, qi)⟩ into its corresponding Schmidt modes, uj(qs) and vj(qi)

|Ψ(qs, qi)⟩ =
∑
j

√
λj |uj(qs)⟩|vj(qi)⟩, (3.27)

where qs and qi are the transverse wave vectors of the signal and idler fields. The reduced
density matrix of the individual signal field can be written as

ρs = Tri(|Ψ(qs, qi)⟩⟨Ψ(qs, qi)|) =
∑
j

λj |uj(qs)⟩⟨uj(qs)|, (3.28)

where |uj(qs)⟩ are the spatial Schmidt modes of the signal field. The reduced one-particle
density matrix ρs and the first-order spatial correlation function G(1)(q, q′) ( equation
(2.17)) convey equivalent information [129, 130]. The relationship between the first-order
correlation function and the reduced one-particle density matrix is formally defined as

G(1)(q, q′) = ⟨q|ρs|q′⟩. (3.29)

As discussed in section 2.3, The first-order spatial correlation function admits the coherent
mode representation of

G(1)(q, q′) =
∑
j

λju
∗
j (q)uj(q

′). (3.30)

Equations (3.28) and (3.30 )represent the same physical concept. As a result, one can
construct the spatial Schmidt modes of the two field systems by performing a coherent
mode decomposition on the spatial first-order correlation function of one of the fields
taken separately. Furthermore, the effective number of coherent modes represents the
Schmidt number and can be found by

K =
(
∑

λj)
2∑

λ2
j

, (3.31)

where the numerator is equal to one since the Schmidt coefficients satisfy the relation∑
i λi = 1.
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Having established that the coherent modes of the first-order coherence function of
the signal field are equal to the global Schmidt modes of the entangled field, our focus
now shifts to expressing the first-order coherence function for the high-gain SPDC. In
the following section, we introduce the model that we have adopted to describe high-gain
SPDC and examine the assumptions and conditions underlying it.

3.3 Theoretical Model of SPDC

The interaction Hamiltonian of PDC is [52, 54, 131]

H(t) =
ϵ0
2

∫
V
d3rχ(2)Ep(r, t)Ei(r, t)Es(r, t); (3.32)

where Êj(r, t) for j = p, s, and i represents the electric field of the pump, signal, and idler
fields, respectively, and V is the interaction volume inside the nonlinear crystal. By using
equation (3.1), it is possible to represent Êj(r, t) as a sum of its positive and negative
frequency field operators. This sum involves eight terms corresponding to combinations
of the positive and negative-frequency field operators. However, only the two terms that
conserve energy survive, while the other six terms average out to zero when Ĥ is integrated
over time. Therefore

Ĥ(t) =
ϵ0
2

∫
V
d3rχ(2)Ê(+)

p (r, t)Ê(−)
s (r, t)Ê

(−)
i (r, t) + H.c.; (3.33)

where H.c. represents the Hermitian conjugate of the first term in the above equation.
Ê

(+)
j (r, t) and Ê

(−)
j (r, t) operators can be expanded in plane-wave representation as

Ê(+)
p (r, t) =

∫
Cpd

3kpA(kp)e
i(kp.r−ωpt), (3.34a)

Ê(−)
s (r, t) =

∫
C∗
sd

3ksâ
†
s(ks)e

−i(ks.r−ωst), (3.34b)

Ê
(−)
i (r, t) =

∫
C∗
i d

3kiâ
†
i (ki)e

−i(ki.r−ωit). (3.34c)

The coefficients Cj vary with frequency but change gradually within the frequency range
relevant to most down-conversion experiments. The wavevector kj = (qj , kjz) corre-
sponds to the generated field, with qj and kjz representing the transverse and longitu-
dinal wavevectors, respectively. The position vector r = (ρ, z) specifies the location in
space, where ρ denotes the transverse coordinate within the cross-section of the pump
beam. Furthermore, the Fourier amplitude of the pump, A(kp), is assumed to be strong
enough to be treated classically (Parametric approximation).

Substituting equations (3.34) into equation (3.33)
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Ĥ(t) =
ϵ0χ

(2)CpC
∗
sC

∗
i

2

∫
V
d3r

∫ ∫ ∫
d3kpd

3ksd
3kiA(kp)â

†
i (ki)â

†
s(ks)

ei(kp−ks−ki).re−i(ωp−ωs−ωi).t + H.c. (3.35)

The two-photon field is initially prepared in a vacuum state with no photons in either
the signal or the idler mode at time t = −tint. This state is represented as |Ψ(−tint)⟩ =
|vac⟩s|vac⟩i. At the time t = 0, the state of the two-photon field is to be determined as

|Ψ(0)⟩ = exp(− i

h̄

∫ 0

−tint

dtĤ(t))|0⟩s|0⟩i. (3.36)

If we consider the parametric interaction to be weak, we can use the first two terms of
the perturbative expansion to approximate the above equation.

The first-order spatial correlation function in the low-gain regime can be written as
[90]

G(1)(q, q′) =
karb
kszk′sz

∫
dqi⟨A′(qs + qi)A

′∗(q′s + qi)⟩

× sinc(∆kzL/2)sinc(∆k′zL/2)e
i(∆kz−∆k′z)L/2. (3.37)

The quantity karb is an overall scaling factor, and L is the length of the nonlinear crystal.

In cases where the pump power is high, the above perturbative approach is not ap-
plicable, and comprehensive theoretical characterization of high-gain SPDC remains an
active research area. Analytical expression of the output state has been formulated for
spatial cases such as the plane-wave pump [132, 133]; however, existing theoretical mod-
els are limited in their ability to describe the correlation function for a general pump
field. Here we follow the theoretical description presented in reference [90], which mod-
els SPDC in a classical framework in both low and high-gain regimes for a narrow-band
pump, where the angular and frequency bandwidths of the pump (δqp and δωp) are much
narrower than the corresponding bandwidths of the generated SPDC field (δqs and δωs).

In the high-gain regime, the first-order correlation function for a narrow-band pump
will have the form [90]
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G(1)(qs, qs
′) =

karb
kszk′sz

∫
dρ⟨|Vp(ρ)|2⟩e−i(qs−q′

s)ρ

× sinh[Γ(∆k̄z,ρ)L]

Γ(∆k̄z,ρ)

sinh[Γ(∆k̄′z,ρ)L]

Γ(∆k̄′z,ρ)
ei(∆k̄z−∆k̄′z)L/2, (3.38)

where Vp(ρ) is the pump beam’s spatial profile at the crystal’s input face, and ρ is the
transverse position. In our experiment, the pump field has a Gaussian profile.

Vp(ρ) = ge−|ρ|2/w2
p , (3.39)

where g is a pump amplitude scaling factor and wp indicates the beam-waist of the pump.
Also,

Γ(∆k̄z,ρ) ≡
√
Q2(ρ)− (

∆k̄z
2

)2, (3.40)

in which

Q2(ρ) =
4d2effω

2ω′2

kszk′szc
4
|Vp(ρ)|2, (3.41)

where deff = χ(2)

2 is the nonlinear coupling coefficient of the crystal medium and ω is
the frequency of the generated field. The intensity pattern of the signal field generated
through high-gain SPDC can be found by setting q = q′ in equation (3.38)

Is(q) =
karb
k2sz

∫
dρ⟨|Vp(ρ)|2⟩

[
sinh[Γ(∆k̄z,ρ)L]

Γ(∆k̄z,ρ)

]2
. (3.42)

We are making an assumption of the narrow-band pump, where the angular and
frequency bandwidths (δqp and δωp) of the pump are significantly smaller than the cor-
responding bandwidths (δqs and δωs) of the generated SPDC field. This assumption
implies that the variation of the wavevector δkz with respect to qp (pump wavevector)
and ωs (pump frequency) is much slower compared to the variation of Ap(qp, ωp), which
is typically highly peaked around the central wavevector qp0 = 0 and the central pump
frequency ωp0. Consequently, we can define ∆k̄z as the central value of ∆kz, evaluated
for the conditions qs + qi = 0 and ωs + ωi = ωp0. It is important to note that this
approximation of ∆k̄z ≈ ∆kz holds true only for the specific case of a monochromatic
plane-wave pump.

When the pump power is low in a narrow-band pump, the values of Γ(∆k̄z,ρ) in equa-
tion (3.40) is given by Γ(∆k̄z,ρ) = i(∆k̄z

2 ). Moreover, the first-order correlation function
for the high-gain regime (equation (3.38)) is almost equivalent to the low-gain regime’s
G(1)(q, q′) (equation (3.37)). This equivalence holds precisely for monochromatic waves
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(waves with a single frequency value) where the narrow-band approximation is exactly
true.

Let us focus on the high-gain regime. Phase matching is generally given by

∆k̄z = kpz − kiz − ksz, (3.43)

We are considering a collinear case; therefore, the wave vectors of the pump, signal, and
idler are all in the same direction, and the above relation simplifies to

∆k = kp − ki − ks = ∆k̄z. (3.44)

where
kl = 2π

nlo

λl
, (3.45)

where nlo for l = s, i is the value of the ordinary refractive indices of BBO for the signal
and idler wavelength, respectively. On the other hand, the pump field is extraordinarily
polarized (Type 1 SPDC). As a result, its effective refractive index ηp(θp) depends on the
angle between the pump propagation direction and the optic axis inside the crystal θp.
Therefore, for the pump beam, equation (3.45) will have the form

kp = 2π
ηp(θp)

λp
. (3.46)

Ordinary and extraordinary refractive indices for a particular wavelength can be ob-
tained using the Sellmeier relations [134]

n2
e(λ) = 2.7405 +

0.0184

λ2 − 0.0179
− 0.0155λ2, (3.47a)

n2
o(λ) = 2.3730 +

0.0128

λ2 − 0.0156
− 0.0044λ2. (3.47b)

From equation (3.43), the pump field’s refractive index for collinear emission can be
calculated as

∆k̄z = 0; (3.48)

ηp(θp) = (
nio

λi
+

nso

λs
)λp. (3.49)

Equation (2.3.8) in ref [27] demonstrates the relation between ηp(θp) and the angle θp

1

ηp(θp)2
=

sin2(θp)

n2
pe

+
cos2(θp)

n2
po

, (3.50)
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where npe and npo are the extraordinary and ordinary refractive indices of the pump field,
which can be found from equations (3.47). Substituting sin2(θp) = 1 − cos2(θp) into the
above relation, one can find

sin2(θp) =

1
ηp(θp)2

− 1
n2
po

1
n2
pe

− 1
n2
po

. (3.51)

In our experiment, we are considering a non-degenerate case where the signal and
idler have different frequencies. Setting λs = 700nm, λi = 720nm and λp = 355nm as
the values of signal, idler and pump wavelengths, from equation (3.51 one can find the
corresponding angle to be θp = 32.753◦.

Now that we have an expression for the first-order spatial correlation function G(1)(q, q′),
our next step is to introduce the method employed to determine the spatial Schmidt modes
and spectrum from G(1)(q, q′). This will be further discussed in the following section.

3.4 Numerical computation of the spatial Schmidt modes
and Schmidt spectrum

Figure 3.2: (a) The light beam’s cross-section and selected position vec-
tors ρ and ρ′. (b) A simplified schematic to show how the pixels are
re-labeled. The cross-section is divided into nine pixels and numbered in
row-major order. Here we depicted a simplified version; however, in our
analysis of the data, the figures have the dimensions of 256 × 256 pixels.
As a result, the cross-section is divided into 256× 256× 256× 256 pixels
instead of nine.

In section 3.2, we explained that the spatial Schmidt modes and Schmidt spec-
trum could be obtained by performing an eigen-decomposition on the first-order correla-
tion function. In the context of the high-gain spontaneous parametric down-conversion
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(SPDC) process, the first-order spatial correlation function is given by Equation (3.38).
The function G(1)(q, q′) is a four-dimensional distribution, which provides information
on correlations between complex field amplitude pairs for all points. It depends on four
spatial scalar coordinates, two Cartesian coordinates q = (qx, qy) for each point, as illus-
trated in Fig 3.2(a). Although the values can be organized into four-dimensional arrays,
analyzing correlations in this form is numerically cumbersome. The method outlined in
ref [59] suggests reorganizing the distribution by sequentially numbering transverse-plane
points in Fig 3.2(b) and converting the 4D array into a 2D array.

G(1)(q, q′) =


G(1)(q1, q1) G(1)(q1, q2) · · ·
G(1)(q2, q1) G(1)(q2, q2) · · ·

...
...

. . .

 . (3.52)

The given array comprises rows that correspond to points on the transverse plane and
reveal information about the correlation of the field at each point with the field at all
other points. The first row exhibits the field’s autocorrelation at the first point and its
correlation with the field at each subsequent point. The second row displays the correla-
tion of the field at the second point with the field at the first, second, third, and so on.
In this manner, each row gives a comprehensive account of the correlations between the
field at a particular point and the field at all other points. By restructuring the data in
this manner, a 2D representation of the field correlation data is attained for all points on
the transverse plane.

If we consider the transverse plane to have dimensions of N ×M , the computation of
the first-order correlation function can become extremely demanding due to its resulting
dimension of N × M × N × M . This large dimensionality can pose a significant chal-
lenge in terms of processing power, potentially making the computation of the correlation
function unfeasible. One option is to reduce the image resolution and analyze a smaller
matrix, but this will decrease the precision with which we can track mode evolution as a
function of gain.

In our work, we reduce the computational time by exploiting the symmetries of the
fields. Specifically, we make the assumption that the signal field is quasi-homogeneous,
meaning that the first-order degree of spatial coherence is defined as

g(1)(q, q′) =
G(1)(q, q′)√
I(q)I(q′)

, (3.53)

depends only on the distance between two points q and q′. In addition, the field gen-
erated through SPDC, as depicted in Fig 3.3, exhibits a rotationally symmetric pattern,
meaning that its properties are symmetrical with respect to the propagation axis, and
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Figure 3.3: Simulated normalized average intensity of the signal field
generated from high-gain SPDC.

the correlation between two points on the intensity pattern depends only on their radial
distance. The rotational symmetry of the signal field can also be deduced from Equation
(3.38), taking into account that the pump possesses a Gaussian profile. Moreover, both
the first-order correlation function mentioned in Equation (3.38) and the intensity of the
Signal described in Equation (3.42) only depend on the radial distance ρ. There is no
distinction between different directions in space which implies that the x and y coordi-
nates are independent of each other, and we are allowed to factor the correlation function
in two Cartesian coordinates, g(1)(q, q′) = g(1)(qx, q

′
x)g

(1)(qy, q
′
y). By assuming quasi-

homogeneity and rotational symmetry, we can calculate g(1)(|q−q′|) along one direction,
such as the x-axis (q, q′ = (qx = q, qy = 0; q′x = q′, q′y = 0)), thereby dealing with a smaller
matrix and eliminating the need for computationally intensive eigen-decomposition of the
larger matrix. Our method significantly reduces the computational time compared to pre-
vious studies.

Using the rotational symmetry and quasi-homogeneous conditions from equation (3.53),
one can approximate the first-order correlation function with

G(1)(q, q′) ≈ g(1)(|q − q′|)
√

Is(q)Is(q′), (3.54)

where Is(q), from equation (3.42), is the signal field’s intensity at point q and the cor-
relation function is symmetric as G(1)(q, q′) = G(1)(q′, q). It is worth noting that the
first-order degree of coherence, represented by g(1)(q′, q), takes values within the range of
0 ≤ g(1)(q′, q) ≤ 1, and when q = q′, its value is equal to 1. Consequently, in this case,
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Figure 3.4: First-order spatial correlation function |G(1)(q′, q)| as a func-
tion of transverse wave vector coordinates q′x and qx.

the correlation function is simplified to G(1)(q, q) = Is(q). Using equation (3.54), one can
visualize the correlation function in two dimensions as depicted in Fig 3.4.
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Figure 3.5: The real part of simulated one-dimensional spatial Schmidt
modes of high gain SPDC. The first-order correlation function of high gain
SPDC has been used to compute one-dimensional spatial Schmidt modes.
Each plot in the simulation is labeled with a number corresponding to the
eigenvector it represents. For instance, the plot labeled "0" represents the
0th eigenvector (ν0).

To obtain the Schmidt modes and Schmidt spectrum, as explained in section 3.2,
we carry out coherent mode decomposition on the 2D correlation function G(1)(q, q′)

described in equation (3.54)

G(1)(q, q′) =
∑
j

λjν
∗
j (q)νj(q

′). (3.55)
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We obtain the Schmidt modes by finding the eigenvectors of the correlation matrix.
However, in our calculations, we made the assumption of quasi-homogeneity and ro-
tational symmetry and thus only computed the correlation function along the x-axis
direction. As a consequence, the eigenvalues of the correlation function can only give
us the Schmidt modes along that specific direction, resulting in one-dimensional modes.
The one-dimensional Schmidt modes are illustrated in Figure 3.5. To obtain the two-
dimensional modes, we form the tensor product of the one-dimensional modes along the
x and y directions. The assumptions of quasi-homogeneity and rotational symmetry im-
ply that the correlation function is identical in all spatial directions, including x and y.
Therefore, we reconstructed the two-dimensional Schmidt modes by taking the tensor
product of the one-dimensional eigenvectors along the x direction with each other

uij = νi ⊗ νj . (3.56)

The two-dimensional representation of Schmidt modes is depicted in Fig 3.6. The figure
shows that while the signal field has rotational symmetry, the individual modes do not
exhibit such a pattern. Nevertheless, the combination of the modes, each multiplied by
their respective weights, forms the first-order correlation function, which is rotationally
symmetric.

To determine the weight of a two-dimensional mode, we multiply the eigenvalues
linked to the eigenvectors utilized to form the mode

λij = λi ⊗ λj , (3.57)

where λi and λj are the weights of the ith and jth eigenvalue and λij is the weights of the
mode uij . Additionally, we reconstructed the Schmidt spectrum by plotting the weights
against the mode number, as depicted in Fig 3.7.

3.5 Numerical results

In the previous section, we developed a method to extract the Schmidt modes and Schmidt
numbers from the intensity profile of the signal field. Next, we apply this method to sig-
nal fields generated by various pump strengths. To accomplish this, we utilize our model
presented in section 3.2 to predict the first-order correlation function for different pump
powers. Subsequently, we utilize our numerical computation system introduced in section
3.4 to predict the corresponding Schmidt modes and numbers that would be observed in
an equivalent experiment. To carry out the theoretical characterization, equation (3.38)
is utilized to create the first-order correlation function. For numerical analysis, the values
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Figure 3.6: The absolute value of simulated two-dimensional spatial
Schmidt modes |u(q′x, qx)| for high-gain SPDC as a function of transverse
wave vector coordinates qx and q′x. Each mode is a tensor product of a
pair of eigenvectors of the first-order correlation function, which are one-
dimensional spatial Schmidt modes illustrated in Figure 3.5. The number
on top of each plot represents the number of eigenvectors used to construct
the mode. For instance, "01" signifies that the mode is the tensor product
of the 0th and 1st eigenvectors (ν0 ⊗ ν1). These two-dimensional spatial
Schmidt modes have a resemblance to Hermite-Gaussian modes.
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Figure 3.7: Schmidt spectrum of high gain SPDC. The weights of the
modes λ are normalized to their sum up to the 40th mode (

∑i=40
i λi).

of λs = 700nm, λi = 720nm and λp = 355nm are chosen for the signal, idler, and pump
wavelengths, respectively. The angle between the crystal axis and the pump beam is set
to θp = 32.750◦. The value of θp for the simulations is allowed to have a small deviation
from the collinear emission condition θ

(coll)
p = 32.753◦ because in experiments, θp is set

by hand to approximately satisfy collinear emission. We set L = 3mm and wp = 200µm

corresponding to our experimental parameters.

In this study, we examined the spatial Schmidt modes at various amplitudes of the
pump, and the results are presented in Fig 3.8. The figure shows the absolute values of
four modes, namely 00, 01, 10, and 11, for different gain values of g. As the pump ampli-
tude increases, the modes also increase in angular extent. For example, the first mode,
mode 00, shows an increase in FWHM from 14.92 mrad to 15.26 mrad to 15.60 mrad as
the pump amplitude increases from g = 1.47 to g = 1.56 to g = 1.66 in arbitrary units.
To visualize the growth of these modes more clearly, we plotted the cross-sections of the
2-dimensional modes for three different gains in Fig 3.9.

In Fig 3.10, the Schmidt spectrum is shown for two different gain values. The graph
demonstrates that as the pump strength increases, the spectrum narrows. Equation
(3.31) can be used to compute the Schmidt number, also known as the effective number
of modes. A narrower Schmidt spectrum means that fewer effective terms are included
in the Schmidt decomposition. Based on the findings presented in figure 3.10, it can be
inferred that the spectrum narrows because as the gain increases, the higher-weighted
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Figure 3.8: The absolute values of simulated two-dimensional spatial
Schmidt modes for high gain SPDC, as a function of transverse wave vector
coordinates qx and q′x, across a range of gain values. The modes have
been simulated and plotted to demonstrate their behavior under different
gain conditions. The first mode 00 shows an increase in FWHM from
14.92 mrad to 15.26 mrad to 15.60 mrad as the pump amplitude increases
from g = 1.47 to g = 1.56 to g = 1.66 in arbitrary units.
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Figure 3.9: The cross sections of simulated two-dimensional Spatial
Schmidt modes of high gain SPDC for two different gain values. When
the pump amplitude (in arb units) increases from g = 1.47 to g = 1.56 to
g = 1.66, the full width at half maximum (FWHM) of the mode increases
from 14.92 mrad to 15.26 mrad to 15.60 mrad.
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Figure 3.10: Simulated Schmidt spectrum for two different values of
gain. The spectrum shows a narrowing trend as the pump amplitude
increases. This happens because the higher-weighted modes experience
more amplification than the lower-weighted modes. The Schmidt number
goes from 16.24 to 14.75 when the gain increases from g=1.47 to g=1.66.
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modes experience greater amplification compared to the lower-weighted modes. With
increasing the gain, the number of effective terms decreases, resulting in a lower Schmidt
number. This phenomenon is demonstrated in Figure 3.11. Figure 3.11 demonstrates
that as the pump amplitude increases, the degree of the spatial entanglement between
signal and idler fields decreases.
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Figure 3.11: Evolution of Schmidt number as a function of gain. An
increase in gain leads to a decrease in the effective number of modes. In
Chapter 2, we discussed that a higher Schmidt number reflects a stronger
degree of entanglement between the two fields. In conclusion, the correla-
tions between the two entangled fields weaken as the gain increases.

3.6 Summary of the chapter

In this chapter, we provide a theoretical analysis of SPDC, with a particular focus on the
high-gain regime. To begin, in section 3.1, we define the signal-idler field as a multi-mode
squeezed state and demonstrate that each of the signal and idler fields taken separately
follows thermal statistics. In section 3.2, we explore the local eigenmodes of the first-
order correlation function of one of the fields and establish their equivalence to the global
Schmidt modes of the two-photon state. In section 3.3, we present a theoretical descrip-
tion of the SPDC in the high-gain regime, as well as the expressions for the first-order
correlation function in the adopted model. The following section, 3.4, is devoted to in-
troducing the assumptions of statistical homogeneity and rotational symmetry. By utiliz-
ing these assumptions, we construct the Schmidt modes and spectrum with significantly
greater efficiency than previous methods. In section 3.5, we present numerical results
computed for various gain values, predicting that as the pump amplitude increases, the
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spatial Schmidt modes grow in size while their Schmidt spectrum narrows. As a result,
the effective number of modes, or the Schmidt number, decreases as a function of gain.
In the next chapter, we will do an experimental investigation to validate the accuracy of
our high-gain SPDC model’s predictions regarding the Schmidt modes and spectrum.
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Chapter 4

Experimental characterization of
Schmidt modes in high-gain PDC

In this chapter, we focus on experimentally characterizing high-gain SPDC. Previously,
we presented a theoretical model that described how the spatial correlation of high-gain
SPDC changes as the gain varies. According to our model, increasing gain leads to growth
of the Schmidt modes in size, narrowing of the Schmidt spectrum, and a decrease in the
Schmidt number, which measures entanglement. In the following, we experimentally test
the theoretical predictions derived in the previous chapter. We outline our experimental
setup and describe a method for analyzing the data to determine the spatial Schmidt
modes and spectrum. Additionally, we investigate how the spatial correlations of high-
gain SPDC evolve with increasing gain.

4.1 Introduction

As mentioned in section 3.2, the spatial Schmidt modes and spectrum of high-gain SPDC
correspond to the eigenvectors and eigenvalues of the first-order correlation function, de-
noted as G(1)(q, q′). In order to investigate the spatial correlations of the SPDC field, it
is necessary to measure G(1)(q, q′). In section 2.2, it was explained that the first-order
spatial correlation function, also referred to as the spatial field correlation, which is closely
connected to the phase of the field, is typically measured using interferometry. However,
the second-order correlation function, known as the intensity correlation function, can be
determined solely by analyzing the statistics of intensity fluctuations for different pairs
of points. This can be done using a standard camera capable of capturing images of the
light intensity distribution.

In our previous discussion in section 3.1, we explored that the global entangled state
of the signal and idler fields generated through non-degenerate high-gain SPDC is a
bipartite multimode squeezed state, with each of the individual constituent fields obeying
thermal photon statistics. Another concept we examined in section 2.5 is the Siegert
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relation (equation (2.39)), which relates the first and second-order correlation functions
of a thermal field. Specifically, the Siegert relation states that for a thermal field, the
second-order correlation function can be expressed in terms of the first-order correlation
function as

G(2)(q, q′) = ⟨I(q)⟩⟨I(q′)⟩+ |G(1)(q, q′)|2. (4.1)

Therefore, rather than relying on interferometry to directly measure G(1)(q, q′), we can
instead measure the second-order spatial coherence function and then use the thermal na-
ture of the signal field and the Siegert relation to obtain the first-order spatial coherence
function. Hence, the measurement of G(1)(q, q′) can be achieved through the measure-
ment of the second-order spatial coherence function, which can be obtained from the
statistics of intensity fluctuations. Equation (2.27) provides a definition for the second-
order coherence function, and by substituting this definition in equation (4.1), we find

⟨I(q)I(q′)⟩ = ⟨I(q)⟩⟨I(q′)⟩+ |G(1)(q, q′)|2. (4.2)

The first-order correlation function can be written as

|G(1)(q, q′)| =
√

⟨I(q)I(q′)⟩ − ⟨I(q)⟩⟨I(q′)⟩

=
√

⟨I(q)I(q′)⟩ − ⟨I(q)⟩⟨I(q′)⟩+ ⟨I(q)⟩⟨I(q′)⟩ − ⟨I(q)⟩⟨I(q′)⟩

=
√

⟨(I(q)− ⟨I(q)⟩)(I(q′)− ⟨I(q′)⟩)⟩

=
√
⟨δI(q)δI(q′)⟩,

(4.3)

where δI(q) = I(q) − ⟨I(q)⟩. On the right-hand side, we have the square root of the
covariance matrix:

|G(1)(q, q′)|=
√

Cov(I(q), I(q′)), (4.4)

where Cov(I(q), I(q′)) = ⟨δI(q)δI(q′)⟩ is the covariance matrix. The far-field first-
order correlation function, G(1)(q, q′), and the near-field first-order correlation function,
G

(1)
NF (ρ,ρ

′), are related through a Fourier transform. When a function z(x) exhibits the
symmetry property of z(−x) = z∗(x), its Fourier transform becomes a real function (This
property is discussed in section 4.1.1 of [64]). In the specific case of SPDC, the pump pro-
file adopts a symmetric Gaussian pattern. For the low-gain regime described by equation
(3.37), the phase matching is represented by a sinc function, and its Fourier transform
results in a symmetric rectangular function [135]. Similarly, in the high-gain regime
(equation (3.38)), the phase matching is represented by sinh[QL]

Q , where Q = Γ(∆k̄z,ρ).
The Fourier transform of this function also yields a symmetric outcome, ensuring that the
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far-field correlation function remains real. Consequently, determining its absolute value
proves sufficient for our analysis.

To determine the first-order correlation function, we need to take multiple images of
the signal field’s intensity profile and compute the intensity fluctuation using equation
(4.4). In the following section, we explain the experimental setup used to acquire images
of the signal field’s intensity profile for multiple pump amplitudes.

4.2 Experimental setup and procedure

Pump laser EMCCD

BBOPBSHWPSF DM

DM

BD

BPF

Energy meter

𝐿

NDF

Figure 4.1: Schematic of the experimental setup used for measuring the
far-field intensity profile in high-gain SPDC for increasing pump strengths.
SF: spatial filter, HWP + PBS: half-wave plate + polarizing beam-splitter
combination for pump amplitude control, BBO: β-barium borate nonlinear
crystal, DM: dichroic mirror, NDF: Neutral density filter, BD: beam dump,
L: Lens with a focal length of 125 cm, BPF: Bandpass filter centered at
700 nm and the FWHM bandwidth of 10 nm to select only the signal field
and discard the idler field.

In order to capture the far-field intensity profile in high-gain SPDC with increasing
pump strengths, we utilized the setup illustrated in Figure 4.1. The Nd: YAG laser, EK-
SPLA PL2231, emits 30 ps pulses of vertically-polarized light with a wavelength of 355
nm at a frequency of 50 Hz. The pulses are spatially filtered and then directed towards a
3-mm-long type-I β-barium borate (BBO) crystal positioned at the pump’s waist plane.
The crystal is oriented at an angle for which the emission is roughly collinear. A combina-
tion of a half-wave plate (HWP) and a polarizing beam-splitter (PBS) is used to control
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the amplitude of the pump. Modulating the beam intensity can be achieved by adjusting
the orientation of the half-wave plate, which in turn alters the polarization of the light
that reaches the polarizing beam splitter. Following the crystal, two dichroic mirrors
(DM) are employed to remove the pump beam. After the crystal, the initial dichroic mir-
ror directs the remaining pump beam toward the Coherent EnergyMax USB-J-10MB-HE
energy meter. Before reaching the energy meter, a Neutral-density filter (NDF) is utilized
to reduce the beam’s intensity. The energy meter is used to measure the energy of the
residual pump beam, and from these measurements, the pump amplitude is measured up
to an overall scaling factor. To capture the SPDC far-field, a lens with its focal plane at
the crystal output face (125cm) is placed, and the far-field is directly imaged on an Andor
Ixon-897 EMCCD camera. A band pass filter centered at the signal wavelength of 700nm
and with a bandwidth of 10 nm is positioned at the camera aperture to block the idler field.

We used an EMCCD camera with a pixel size of 16µm×16µm to obtain images of the
size 256× 256 pixels of the spatial intensity distribution of the signal pulses in high-gain
SPDC. The camera had an electron-multiplication gain of 300, and the EMCCD’s 0.1 ms
acquisition time is triggered by the laser to ensure that each acquired image is a recording
of the spatial intensity distribution of only one signal pulse.

4.3 Analysis of the experimental data
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Figure 4.2: (a) Normalized single shot image of the signal beam obtained
from EMCCD camera measurements for a pump amplitude of g = 1.66
(arb units). (b) Normalized average intensity profile of the signal beam
obtained from EMCCD camera measurements for a pump amplitude of
g = 1.66 (arb units). The intensity profile is generated by averaging the
intensity profile of 5 sets of 1000 single-shot images of the signal field’s
intensity profile.
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In order to obtain the far-field mean intensity distribution, we conducted a series
of experiments where we rotated the HWP to different angles to obtain different pump
intensities. To account for the statistical error, we took five sets of 1000 single-shot im-
ages of the signal field for each corresponding pump amplitude. We also used an energy
meter to measure the pulse energy simultaneously. Figure 4.2(a) depicts a normalized
single-shot intensity distribution of the signal field, and figure 4.2 illustrates the average
intensity distribution of 5 sets of 1000 single-shot images. To account for any fluctuations
in pulse-to-pulse power, we normalize each image to the integral intensity.

Figure 4.3: The correlation function G(2)(q, q′) quantifies the intensity
correlations between the points labeled by transverse position vectors q
and q′.

Note from equation (4.4) that we calculate the first-order correlation function using the
intensity of two pixels represented by q and q′ on the intensity distribution, as shown in
Figure 4.3. However, as discussed in section 3.4, due to the two-dimensional nature of the
vectors q and q′, the resulting first-order correlation function is a four-dimensional matrix,
which can be computationally intensive to diagonalize. To simplify the process, similar to
the approach discussed in Chapter 3, we center the intensity profile in the images captured
using the camera and assume that the signal field is quasi-homogeneous and rotationally
symmetric, and calculate the covariance matrix as a function of the distance between the
two pixels G(1)(|q − q′|) for a diametric slice (q, q′ = (qx = q, qy = 0; q′x = q′, q′y = 0))
of the intensity pattern as shown in figure 4.4(a). However, taking a single diametric
slice only uses a small portion of the available data. Since we have assumed rotational
symmetry, any diametric slice should have the same result, so we can take multiple such
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slices and average over them to improve the signal-to-noise ratio (Figure 4.4(b)). This
results in the first-order correlation function being a two-dimensional function.

(a) (b)

Figure 4.4: (a) In order to optimize the computation, we have decided to
compute the covariance function for a single diametric slice of the intensity
profile. (b) We compute the average of the covariance function across
numerous diametric slices taken at varying angles.

Intensity correlations arise from spatial correlations between photons originating from
the same pulse. We anticipate that photons from distinct pulses would be uncorrelated,
implying that there should be no correlation between pixels from different images. How-
ever, to our surprise, we observed correlations between pixels from different images during
the experiment. These correlations, as explained in references [136, 137, 138], are referred
to as accidental correlation because their nature is purely accidental. To derive the real
spatial correlation between different pixels in each image, we must account for accidental
correlation. The accidental correlation can be estimated by calculating the correlations
between pixels from the kth and k′th images, where k ̸= k′. By subtracting the accidental
correlation from the total correlation, we obtain the real correlation function

|G(1)(q, q′)|= 1

N

N∑
k=1

√
⟨δI(q)(k)δI(q′)(k)⟩ − 1

N

N∑
k,k′,k ̸=k′

√
⟨δI(q)(k)δI(q′)(k′)⟩, (4.5)

where the first term indicates the total correlation and the second term is the accidental
correlation, and N denotes the total number of images. Figure 4.5 illustrates the process
of eliminating the accidental correlation. First, we obtain the single-shot intensity dis-
tributions of the signal field using the EMCCD (4.5(a)). Next, we determine the total
correlation (4.5(b)) by evaluating the first term in equation 4.5. Then, we compute the
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Figure 4.5: (a) Acquired single-shot images of the signal field’s intensity
pattern using EMCCD. N is the total number of images. (b) The total
correlation. (c) The accidental correlation is the correlation between pixels
from different images. (d) The real spatial first-order correlation function
of the field is calculated by subtracting the accidental correlation from the
total correlation.
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accidental correlation (4.5(c)) using the second term in equation (4.5). To calculate the
accidental correlation, we evaluate the correlation between each pair of consecutive im-
ages, denoted as k′ = k + 1. Finally, the real first-order correlation function is obtained
by subtracting the accidental correlation from the total correlation. Figure 4.6 illustrates
the first-order correlation function for a single pump amplitude.
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Figure 4.6: The first-order spatial correlation function |G(1)(q, q′)| as a
function of transverse wave vector coordinates qx and q′x.
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Figure 4.7: The experimentally reconstructed Schmidt spectrum for
pump amplitude of g = 1.66 (arb units). The mode weights are nor-
malized to their sum up to 40th mode.

Now that we evaluated the first-order spatial correlation function from equation (4.5),
as explained in section 3.2, we carry out coherent mode decomposition on it to obtain the
Schmidt modes and Schmidt spectrum
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Figure 4.8: Experimentally constructed Schmidt modes for pump ampli-
tude of g = 1.66 (arb units). The absolute values of the modes are plotted
in this figure as a function of transverse wave vector coordinates qx and
q′x.
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G(1)(q, q′) =
∑
j

λjν
∗
j (q)νj(q

′). (4.6)

The Schmidt modes are obtained by finding the eigenvectors of the correlation matrix,
and the eigenvalues construct the Schmidt spectrum. Our calculations assume rotational
symmetry of the signal field, allowing us to compute the correlation function along the
diametric slices of the intensity pattern. This results in a two-dimensional correlation
function, G(1)(q, q′), whose eigenvalues form the one-dimensional modes. To find two-
dimensional Schmidt modes, we use an approach aligned with the method we proposed in
Chapter 3, wherein we used rotational symmetry to construct the Schmidt spectrum and
two-dimensional Schmidt modes by obtaining the tensor product of the one-dimensional
eigenvalues and eigenvectors correspondingly

λij = λi ⊗ λj , (4.7)

uij = νi ⊗ νj . (4.8)

In Figure 4.7 and Figure 4.8, we depict the Schmidt spectrum and absolute value of the
first 16 Schmidt modes, respectively, for a single pump amplitude.

4.4 Evolution of the spatial correlations as a function of gain

In accordance with the procedure outlined in the previous section, we conducted the pro-
cess for ten distinct pump amplitude values. We analyzed the changes in the Schmidt
modes and Schmidt spectrum as the gain increased. As predicted based on the theoretical
model presented in the previous chapter, we noted a progressive expansion of the spatial
modes as the gain increases. This progression is visualized in Figure 4.9, which depicts
the spatial modes for three different pump amplitude or gain values. In order to enhance
our observation of the modes’ growth, we visualized the one-dimensional cross-section of
the mode 00 for three gain values, as depicted in figure 4.10. The FWHM of the first
mode grows from 11.84 mrad to 12.09 mrad to 12.35 mrad when we increase the gain
from g = 1.47 to g = 1.56 to g = 1.66 in arb units.

Furthermore, we find that the Schmidt spectrum becomes narrower with increasing
gain. This result is in accordance with the predictions of the model stated in the previous
chapter. Figure 4.11 presents the Schmidt spectrum for two gain values, demonstrating
this behavior. In addition, figure 4.12 compares the theoretical and experimental Schmidt
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Figure 4.9: Experimentally constructed Schmidt modes for three differ-
ent values of pump amplitude g. The spatial modes grow in size as the
gain increases. The FWHM of the first mode grows from 11.84 mrad to
12.09 mrad to 12.35 mrad when we increase the gain from g = 1.47 to
g = 1.56 to g = 1.66 in arb units.
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Figure 4.10: The cross sections of experimentally reconstructed two-
dimensional Spatial Schmidt modes of high gain SPDC for two different
gain values. The spatial modes grow in size as the gain increases. The
FWHM of the first mode grows from 11.84 mrad to 12.09 mrad to 12.35
mrad when we increase the gain from g = 1.47 to g = 1.56 to g = 1.66 in
arb units.
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Figure 4.11: Schmidt spectrum for two different values of pump ampli-
tude g. The spectrum narrows as the gain increases resulting in a fewer
effective number of modes.
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spectrum for two different values of gain.

As the gain increases, the spectrum narrows, and the Schmidt number decreases. This
phenomenon has been predicted in the previous chapter, and Figure 4.13 provides quanti-
tative evidence of this trend using both experimental results and theory. As shown in this
figure, our experimental results are in good agreement with our theory, and they both
show a decreasing trend in the Schmidt number as a function of the gain. In Chapter
2, we discussed that a higher Schmidt number signifies a greater level of entanglement
between the two fields. Ultimately, our findings determine that the correlations between
these entangled fields weaken as the gain increases. Additionally, the figure displays the
total intensity of the generated field in relation to the pump amplitude.
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Figure 4.12: Schmidt spectrum constructed using theory (orange bars)
and experiment (black dots) for gain values of (a) 1.47, and (b) 1.66 in
arbitrary units.

Figure 4.13 demonstrates that the theory predicts a smaller change in the Schmidt
number than the experiment. There are some possible explanations for this difference.
Firstly, the numerical simulations assumed the signal, idler, and pump beams to be
monochromatic. However, the experimental setup used a band-pass filter at the camera
aperture to record the signal beam with a bandwidth of 10nm. The model can be improved
by calculating the first-order correlation function for different wavelengths within the
bandwidth of the signal field and taking a weighted average to determine G(1)(q, q′).
Secondly, the finite dimensions of the pixels may cause the experimentally measured
G(1)(q, q′) to be wider than the numerically constructed first-order correlation function,
resulting in a discrepancy between the experimental and theoretical results.
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Figure 4.13: The Schmidt number and the total intensity as a function
of pump amplitude g. There is a decreasing trend in the Schmidt modes as
the gain increases in both experiment and theory. Also, the total intensity
grows exponentially as a function of the gain.

4.5 Summary of the chapter

In this chapter, we experimentally test our model describing the spatial correlations of
entangled light fields generated from high-gain SPDC. Our study characterized the evolu-
tion of the spatial correlations of the field generated through high-gain SPDC as a function
of pump amplitude. Through experimental measurements, we determined their spatial
correlations and gained valuable insights into their behavior under different conditions.
Importantly, our experimental findings aligned with the predictions of our model for the
spatial correlations of high-gain SPDC.

We presented an experimental method that allows us to determine two-dimensional
profiles of the spatial Schmidt modes by directly measuring the intensity of the signal
field and analyzing its spatial fluctuations. Unlike previous research, we assumed that
the signal field is quasi-homogeneous and rotationally symmetric, which significantly sped
up our computations.

Furthermore, we investigated the impact of the increasing gain on the spatial Schmidt
modes and spectrum. Our experimental results confirmed the theoretical findings dis-
cussed in the previous chapter. As the gain increased, we observed a growth in the size
of the spatial Schmidt modes and a narrowing trend in the Schmidt spectrum. Addition-
ally, we noted a decrease in the Schmidt number as the gain increased. In the upcoming
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chapter, we summarize our results and suggest some prospects for future work.
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Chapter 5

Summary and outlook

In this thesis, we theoretically model and experimentally characterize the spatial cor-
relations of entangled light fields generated in high-gain spontaneous parametric down-
conversion (SPDC). The phenomenon of SPDC involves the interaction between a non-
linear medium and a strong pump field, leading to the generation of two entangled fields
referred to as the signal and idler. We apply the Schmidt decomposition technique to
quantify the spatial correlations between these fields. Furthermore, we perform a coherent
mode decomposition on the first-order coherence function of the signal field to determine
the entangled fields’ Schmidt modes and spectrum. Moreover, we measure the degree of
entanglement between the two fields by calculating the Schmidt number, which reflects
the effective number of non-zero terms in the Schmidt decomposition.

The first-order correlation function is often measured through interferometry. How-
ever, in the case of thermal fields, the first and second-order correlation functions are
related, thereby enabling the first-order correlation function to be derived from the second-
order correlation function. As the joint state describing the signal and idler fields is a
bipartite squeezed state, the individual signal and idler fields exhibit thermal statistics.
As a result, it is possible to determine the first-order coherence function indirectly by
first measuring the second-order coherence function from the statistics of intensity fluctu-
ations and then using the Siegert relation to determine the first-order coherence function.
This is an easier task than measuring the first-order correlation function directly us-
ing interferometry. We then construct the Schmidt modes and Schmidt spectrum from
the eigenvectors and eigenvalues of the first-order correlation function, respectively. The
existing procedures for computing the Schmidt modes and Schmidt spectrum were com-
putationally intensive, including performing eigendecomposition on a four-dimensional
correlation function. In contrast with previous studies, we exploit the symmetries of the
correlations and vastly reduce the computation time. We perform our analysis for differ-
ent values of the pump amplitude or, equivalently, the gain. Our findings theoretically
and experimentally describe the change in spatial correlations as a function of the pump
amplitude (gain).
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In Chapter 1, we presented a survey of previous studies on quantum entanglement
and spontaneous parametric down-conversion. In Chapter 2, we introduced the key con-
cepts used in this study. In Chapter 3, we introduced the theoretical framework employed
to illustrate the development of Schmidt modes and Schmidt spectrum with increasing
gain. We obtained the Schmidt modes and spectrum by performing an eigendecomposi-
tion on the measured first-order correlation function based on the theoretical model we
presented. Our method differs from previous techniques in the literature as we exploit
the assumptions of isotropy and quasi-homogeneity of the first-order correlation function
to enhance the computational efficiency of our analysis. Our theoretical study predicts
an enlargement in the size of the spatial Schmidt modes, demonstrated by an increase in
the full width at half maximum (FWHM) of the spatial modes as the gain increases. In
addition, our model suggests that the Schmidt spectrum narrows as the gain increases. As
the Schmidt spectrum narrows with increasing gain, the Schmidt number also decreases.
This decrease in the Schmidt number at higher gains demonstrates that the entanglement
between the signal and idler fields weakens with increasing gain.

In Chapter 4 of this thesis, we test our model’s predictions through experimental
characterization of the spatial correlations. To achieve this, we analyze the statistics of
the signal field’s intensity fluctuations to find the second-order correlation function, and
from there, we determine the first-order coherence function by utilizing the thermal na-
ture of the signal field. Additionally, to reduce computation time, we assume that the
signal field is rotationally symmetric while analyzing the experimental data. We find that
our experimental observations are in good agreement with our model’s predictions. Our
experimental results reveal that the FWHM of the first Schmidt mode changes from 11.84
mrad to 12.35 mrad when the pump amplitude changes by a factor of 1.42. Furthermore,
in accordance with our model’s predictions, the Schmidt spectrum narrows as the gain
increases, causing the Schmidt number to decrease from 8.38 to 17.21 when the pump
amplitude changes by a factor of 1.42.

Our work on characterizing the Schmidt mode and Schmidt spectrum of high-gain
SPDC paves the way for future research. In this thesis, we primarily investigate the
collinear type of SPDC. Nevertheless, one can conduct experiments using the crystal
angle set to generate non-collinear SPDC. Our method can be used to explore if the
spatial high-gain SPDC correlations exhibit the same trend with increasing gain in the
non-collinear emission as in the collinear one.

Furthermore, in the research presented in this thesis, we quantify the correlations of
high-gain SPDC for a pump with a Gaussian profile. As a follow-up research, one can
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investigate the spatial correlations of high-gain SPDC using a structured pump. How-
ever, it is important to note that the assumptions employed in the analysis of this thesis
to improve the calculation’s efficiency are only applicable if the generated SPDC field is
rotationally symmetric.

Our research holds significant potential implications for quantum imaging, particularly
in exploring new avenues for advancing the field. Previous studies on quantum imaging
have primarily focused on the low-gain regime, where the signal-to-noise ratio is relatively
low compared to the high-gain regime. The correlation between signal and idler fields
was exploited to subtract the noise and produce clear images effectively [97]. Conversely,
the high-gain regime offers a substantially higher classical signal-to-noise ratio. However,
our work shows that the correlation between the entangled fields decreases as the gain
increases. Through our investigation into the evolution of spatial correlations with gain,
our work presents a valuable pathway toward optimizing quantum imaging techniques
and deepening our understanding of this fascinating domain.
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