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ABSTRACT 

The advancement of electromagnetic engineering has been driving the need to develop efficient 

techniques for the transient analysis of transmission, propagation and reception of electromagnetic 

waves in different media. This thesis addresses a new method based on the numerical inversion of 

Laplace transform (NILT), which overcomes the restrictions in previous approaches, leads to good 

accuracy in both late and early time, and has simple algorithms, short calculation time and small 

required memory sizes. To our knowledge, this would be the first time that systematically treats the 

theory of NILT and its application in the transient analysis of electromagnetic waves. In this thesis, 

firstly a literature survey is carried out and the weaknesses and limitations of some current time 

domain techniques are identified. Then Hosono's algorithm for the NILT is treated and developed 

under a strict theoretical framework. Next, this new technique based on NILT is employed to model 

the transient reflection of horizontally and vertically polarized waves from a conductive interface 

with exponentially decaying incident signals. After that, this technique is combined with Prony's 

method and applied to modeling the transient reflection from a conductive interface and propagation 

through a lossy dielectric slab with an arbitrary incident signal for both polarizations. Furthermore, 

this technique is used for the transient analysis of exponentially decaying pulses propagating in 

plasma with a zero and nonzero electron collision frequency for both polarizations. The technique is 

extended and applied to the transient anlysis of horizontally and vertically polarized waves reflected 

from Lorentz, Debye and Cole-Cole half spaces with an arbitrary incident pulse, using the 

convolution of a time domain reflection coefficients and an incident signal. Finally, based on the 

transient anlysis of pulses reflected from a dispersive medium half space, the relationships between 

the waveform parameters of reflected pulses and the properties of dispersive materials as well as the 

incident angles are discussed, and the application of these results to material characterization and 

diagnosis is explored. This thesis highlights how to overcome the restriction that numerical inversion 

of Laplace transform has high demands on image functions, and places the emphasis on how to 
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extend and apply this method to a variety of cases. The correctness and effectiveness of this thesis 

work are validated through the comparisons between our results and those published in the literature. 

Meanwhile, the results that cannot be achieved with the previous approaches are also provided. 

Moreover, this thesis presents some applications of the new technique in diverse engineering fields, 

including ultra wideband technology and material science. 
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CHAPTER 1: INTRODUCTION 

The transient analysis of short duration electromagnetic pulses propagating through a variety of 

media is of interest in diverse technological applications, e.g., wireless communications, geophysical 

probing, material science and biomedical engineering. When an appropriate model has been adopted 

for the medium, one can manage to work out the frequency-domain solution for wave propagation in 

this medium. The main difficulties are encountered when trying to transform from the frequency-

domain to the time-domain. An inverse fast Fourier transform (IFFT) can be employed to yield the 

desired transient result. However, several investigations have shown that a large number of sample 

points are required if one desires to reduce aliasing so that an accurate characterization can be 

obtained. Besides, when a frequency-domain solution has singular behaviors at some frequencies, 

direct use of IFFT is inappropriate and some preprocessing must be done for removing these 

singularities. Furthermore, it is preferable to solve the problems directly in the time-domain under 

certain circumstances, in which time-varying media or nonlinear systems are involved, or a time-

domain response persists very long time. 

Other techniques have their own inherent problems. Numerical integration algorithms are free 

from the problem of aliasing, but the highly oscillatory integrands that are encountered mandate a 

large number of sample points for the integration and correspondingly a relatively large amount of 

computation time. Asymptotic techniques are computationally efficient and provide valuable insight 

into the physical mechanism. However, an asymptotic analysis can be quite cumbersome and the 

resulting asymptotic expressions can be applied only to parameter values that fall within the range of 

applicability for the asymptotic expansion. The finite-difference time-domain (FDTD) technique has 

the advantage that it can be applied to relatively complex, inhomogeneous media, but it also has the 

following disadvantages. Firstly, the FDTD method does not accurately fulfill the boundary 

conditions at material interfaces posed by Maxwell's equations, and can cause high calculation costs 

even in combination with surface impedance boundary conditions for achieving high accuracy under 
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some circumstances. Secondly, when the widths of signal pulses are very narrow and the calculation 

time domain is large, FDTD solutions may become computationally intractable. Thirdly, the standard 

FDTD approach cannot handle simulations of long propagation distances because of finite computer 

memory resources and accumulation of phase errors associated with numerical dispersion. Another 

common drawback of the FDTD technique, fast Fourier transform (FFT) and numerical integration is 

that all the three techniques are purely numerical, and therefore it is difficult to extract the physical 

phenomenology from the numerical data. 

The advancement in various engineering fields has been driving the need to develop efficient 

techniques for transient analyses of electromagnetic pulses. The objective of this thesis research is to 

develop some new technique that is based on the numerical inversion of Laplace transform (NILT) 

for the analysis of transient electromagnetic fields in a variety of media. In this chapter, first of all, 

the previous related investigations, majority of which are not based either on FFT, or on FDTD, or 

on other purely numerical methods, are overviewed, and some limitations of these methods are 

discussed. Then our research aims are addressed. Next, the contributions of this thesis to the 

development of efficient time-domain methods are presented. Lastly, the thesis outline is given. 

1.1 OVERVIEW OF PREVIOUS INVESTIGATIONS 

Theoretical investigations of pulse propagation through different media and interaction with 

objects have been performed since the days of Sommerfeld during the early last century [1]. These 

investigations involved the calculations of the reflected and/or transmitted fields at the interface 

between two different media. The problem involving a time-harmonic plane wave obliquely incident 

on a finite conductive half-space is a classic boundary value problem in electromagnetic theory that 

is thoroughly treated in standard textbooks, for instance, those by Stratton [2] and by Balanis [3]. 

However, due to the mathematical complexity, it is not easy to analytically integrate the required 

inverse Laplace transform. Dudley et al. [4] undertook a thorough investigation of transverse electric 

(TE) and transverse magnetic (TM) reflected waves associated with a double decaying exponential, 
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obliquely incident plane wave. They utilized contour integration techniques to rewrite the inverse 

Fourier transform representation for the reflected fields in terms of a residue term and an integral 

around the branch cut. The contribution of this branch cut was calculated using numerical 

integration. Papazoglou [5] extended the analysis to the treatment of TE and TM transmitted waves. 

He also studied a Debye model which accounted for the frequency dependence in the electrical 

properties of the conductive media. Klaasen [6] showed that the TE transmitted and reflected fields 

associated with a unit-step, obliquely incident plane wave can be represented in terms of convolution 

integrals involving exponential functions and modified Bessel functions. Klassen employed a time 

marching procedure to evaluate the required convolution integrals. The FDTD technique was applied 

to this problem [7-9], but computation costs are high even in combination with surface impedance 

boundary conditions [9]. The approximate form of a frequency-domain reflection coefficient permits 

one analytical expression for the impulse response of a lossy half space [10], but makes the solutions 

inaccurate or even invalid in some cases, e.g., for large incident angles relative to the normal to the 

interface and/or for relative dielectric constants below the order of 10. Pao et al [11] [12] developed 

a method for the analytical evaluation of the inverse Laplace transform representations for transient 

TE and TM plane waves, obliquely incident on a conductive half space. They assumed that the 

permittivity and conductivity of the dispersive half space are independent of frequency. The time-

domain expressions for the reflected and transmitted waves are first represented as inverse Laplace 

transforms. The transient fields are then shown to consist of two canonical integrals that in turn are 

solved analytically, thus leading to the solutions involving incomplete Lipschitz-Hankel integrals 

(ILHI's). Rothwell and Suk introduced a rapidly converging series of the time-domain reflection 

coefficient into the analysis of the transient reflection from a lossy half space, which is valid for all 

the incident angles for the horizontal polarization [13], and for the incident angles less than the 

Brewster angle for the vertical polarization [14]. Few terms provide good accuracy for late time, 

while many more terms may be required to approach acceptable accuracy for early time. Pantoja et al 

[15] compared the method in [13] [14] with that in [10] by changing angles of incidence and 
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constitutive parameters of half-spaces, and presented the accuracy and errors for the direct 

computation of the time-domain plane wave reflection coefficients for TE and TM plane waves 

incident on a lossy half-space. 

Electromagnetic wave propagation through dispersive media has been a subject of interest to 

researchers for many years. The advent of ultra wideband (UWB), short pulse sources has recently 

attracted renewed interest in this aspect. Accurate modeling and improved physical understanding of 

pulse propagation in and scattering from dispersive media is crucial in a number of applications, 

including optical waveguides, UWB radar, ground penetrating radar, UWB biological effects, 

propagation through the ionosphere, stealth technology and remote sensing. Numerous researchers 

have demonstrated that plasma, Lorentz, Debye and Cole-Cole models can be used to accurately 

predict dispersive properties of many media. 

If a simple homogeneous, collisionless, cold plasma model is utilized for the ionosphere, i.e., the 

plasma is characterized by a plasma cutoff frequency and losses are ignored, then the dispersion is 

analogous to that exhibited in a single mode, homogeneously filled waveguide. It has been 

demonstrated that the impulse response for this problem can be expressed in a closed form in terms 

of Bessel functions of the first kind [16-18]. In 1948, Cerillo showed that the transient waveguide 

fields, corresponding to a number of typical source typical source excitations, can be expressed as 

Neumann series expansions which were in the form of Lommel functions of two variables [19]. 

Cerillo noted that the usefulness of the closed form expressions, in terms of Lommel functions of 

two variables, is limited by the slow convergence properties of the Neumann series expansions. He 

also found it difficult to extract the physics from the closed form solutions because of the highly 

oscillatory behavior of the Lommel functions of two variables. Thus he resorted to asymptotic 

techniques to achieve the approximate expressions for the response. Knop [20] used the Neumann 

series expansions to numerically calculate the transient waveguide response of a step modulated 

carrier signal. He noted that the result is also applicable to a lossless, unbound, isotropic plasma 

excited by a pulsed electromagnetic wave. Wait and Spies [21] used the exact Neumann series 
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expansions to numerically validate an approximate transient result involving Fresnel integrals that 

was applied to the earth-ionosphere waveguide. Vogler [22] further extended the analysis by 

achieving Neumann series expansions for arbitrary source distributions. He demonstrated the 

extension through the investigation of the propagation of a double exponential signal in a waveguide. 

Vaisleib and Gan [23] noticed that, in addition to being able to represent the Neumann series 

expansions for waveguide transients in terms of Lommel functions of two variables, it is also 

possible to relate them to incomplete Weber integrals and incomplete Lipschitz-Hankel integrals 

(ILHI's) of the first kind [24]. They used these relationships to directly obtain approximate 

expressions for the early and late time responses. Mohammadian [25] represented the time dependent 

dyadic waveguide Green's function in terms of Lommel functions of two variables, but did not 

perform any numerical calculations. Dvorak [26] employed the contour integration techniques to 

analytically evaluate the inverse Fourier transform representation for the potential associated with a 

continuous wave transient pulse propagating in a waveguide. The obtained closed form expression 

for the potential has the same form as the results of Vaisleib and Gan [23], and involves ILHI's of 

the first kind. With a differential-equation-based technique, Dvorak and Dudley [27] derived a closed 

form expression for a double decaying exponential pulse propagating in a homogeneous, 

collisionless, cold plasma in terms of ILHI's, and evaluated the ILHI's using efficient convergent 

and asymptotic series expansions. Dvorak, Ziolkowski and Dudley [28] also investigated the 

propagation of a double decaying exponential signal through homogeneous, cold plasma that is 

characterized by a nonzero electron collision frequency. Because the high-frequency behavior does 

not depend on the electron collision frequency, an analytical frequency-domain expression, which is 

similar in form to the one encountered for the collisionless, cold plasma and encompasses this high-

frequency behavior, can be subtracted from the exact expression for the plasma with nonzero 

collision frequency. In their treatment, the extracted term was evaluated analytically, and the 

remaining expression was transformed to the time domain through FFT with a modest number of 

sample points. 
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In the seminal work of Sommerfeld [1] and in the subsequent refinements of Oughstun and 

Sherman [29-32], the investigations have focused on the Lorentz material, which is a good model for 

many materials encountered in optics and engineering. The reflection of a short pulse by a Lorentz 

medium has been considered for TE polarization by Gray [33] and for TM polarization by Stanic et 

al [34]. In each of these studies, the authors find the impulse response of the reflected field by 

calculating the inverse transform of the frequency-domain reflection coefficient as an infinite series 

of fractional order Bessel functions. Although this gives a convenient analytical result, the series 

form provides little insight into the behavior of the reflected field waveform. Cossman et al have 

presented a compact form for both TE [35] and TM [36] reflection coefficients, which provide useful 

intuition about the response of a Lorentz medium half space, involve exponential and modified 

Bessel functions and require convolution operation to evaluate. 

The use of short pulses to probe materials has prompted the study of the reflection of transient 

waves from material half space of other types. The Debye model [37] is utilized to describe the 

frequency behavior of the permittivity of many type materials, especially polar liquids. This model 

has been extended to include conductivity [38] and several relaxation components [39], and has been 

used to describe the behavior of such diverse materials as biological tissues [40], building materials 

[41], circuit boards [42] and ceramics [43]. A standard technique for the measurement of material 

parameters is to interrogate the material, either in free space [44] or in a waveguide system [45] with 

an electromagnetic pulse. It is therefore important to have an efficient method analyzing the time-

domain reflection properties of a Debye material. Rothwell [46] worked out the time domain 

reflection coefficients of a Debye half space for both horizontal and vertical polarizations that 

involve exponential and modified Bessel functions and require convolution operations to evaluate. 

Another model commonly used to capture the relaxation-based dispersive properties is the Cole-

Cole model [47] that is more general than the Debye model. For many types of materials including 

biological tissues, the Cole-Cole models provided an excellent fit to experimental data over the 

entire measurement frequency range. However, to our knowledge, the time-domain reflection 
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coefficient of a Cole-Cole half space for any polarization has been not available so far, perhaps due 

to the computational complexity of embedding a Cole-Cole dispersion model into numerical 

methods. 

The reflection of electromagnetic waves from a layered medium is of interest in diverse 

technological applications, e.g., electromagnetic compatibility, geophysical probing, material science 

and biomedical engineering. Based on the results achieved from the studies of pulse propagation in a 

single medium and pulse reflection from a single medium half space, some time-domain analyses of 

wave scattering in a layered, lossy or dispersive material have been pursued. Suk and Rothwell 

analyzed both TE [48] and TM [49] transient reflection from a layered, lossy medium. Oh et al 

presented the natural resonance representations of the transient fields reflected by a conductor-

backed lossy layer [50] and by a conductor-backed layer of Debye material [51]. Perry and Rothwell 

[52] investigated the transient wave reflections from layered, dispersive media. In contrast, a large 

number of achievements have been made in FDTD and other pure numerical modeling of lossy and 

dispersive media, for instance, FDTD analysis of lossy dielectrics [53], FDTD formulation for a 

plasma slab [54], 2-Debye-pole FDTD model [55], FDTD modeling of biological tissue Cole-Cole 

dispersion [56], FDTD and FETD algorithms for modeling complex media [57]. 

1.2 O U R RESEARCH AIMS 

There are four major goals in this thesis work. 

1. Conduct a literature survey and identify the weaknesses and limitations of some current time 

domain techniques, including both purely and non-purely numerical ones. 

2. Discuss and further develop the algorithm for the numerical inversion of Laplace transform 

under a strict theoretical framework. 

3. Extend and apply the approach for the numerical inversion of Laplace transform to transient 

analysis of electromagnetic pulses and other topics of the time domain electromagnetic 

fields. 
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4. Combine other numerical methods with the numerical inversion of Laplace transform to 

develop some hybrid techniques and find the applications of these hybrid techniques in 

electromagnetics. 

1.3 THESIS CONTRIBUTIONS 

The contribution of this thesis is listed as follows. 

1. Hosono's algorithm for the numerical inversion of Laplace transform is treated and 

developed under a strict theoretical framework. 

2. The numerical inversion of Laplace transform is employed to model transient reflection of 

TE- and TM-polarized waves from a conductive interface with an exponentially decaying 

incident signal. 

3. The technique based on the numerical inversion of Laplace transform is combined with 

Prony's method and then is applied to modeling transient reflection of TE- and TM-

polarized waves from a conductive interface with an arbitrary incident signal. 

4. The technique combining the numerical inversion of Laplace transform and Prony's method 

is extended and applied to the characterization of horizontally and vertically polarized waves 

transmitting through a lossy dielectric slab with an arbitrary incident pulse. 

5. The technique based on the numerical inversion of Laplace transform is used for the 

transient analysis of exponentially decaying pulses propagating in plasma with a zero and 

nonzero electron collision frequency for horizontally and vertically polarizations. 

6. The technique based on the numerical inversion of Laplace transform is extended and 

applied to transient analysis of TE- and TM-polarized waves reflected from Lorentz, Debye 

and Cole-Cole half spaces with an arbitrary incident pulse, using the convolution of a time 

domain reflection coefficients and an incident signal. 

7. Based on the transient anlysis of pulses reflected from a dispersive medium half space, the 

relationships between the waveform parameters of reflected pulses and the properties of 
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dispersive material as well as incident angles are discussed, and the application of these 

results to material characterization and diagnosis is explored. Furthermore, using the reduced 

time domain reflection coefficients brings more physical insights and leads to an efficient 

algorithm and a robust scheme for dispersive material diagnosis. 

1.4 THESIS ORGANIZATION 

This thesis consists of this introductory chapter, a literature review chapter, three fundamental 

chapters and a concluding chapter. Each of the three fundamental chapters deals with a topic of this 

thesis research. Following this introductory chapter, our work is presented in the order below. 

Chapter 2 reviews four major analytical methods to model the transient reflection of horizontally 

and vertically polarized wave reflected from lossy and dispersive medium half spaces, summarizes 

the merits and limitations of these methods, and lays a base for this thesis work. 

Chapter 3 treats and develops the algorithm for the numerical inversion of Laplace transform 

under a strict theoretical framework. 

Chapter 4 covers the transient reflection of exponentially decaying and arbitrary signals from a 

conductive interface and propagation of arbitrary signals through a lossy dielectric slab for TE- and 

TM-polarizations. 

Chapter 5 handles transient analysis of exponential pulses propagating in plasma and arbitrary 

pulses reflected from Lorentz, Debye and Cole-Cole half spaces for horizontally and vertically 

polarizations, presents the waveform estimation of reflected pulses, and shows the application of 

transient analysis to material characterization and diagnosis. 

Finally, chapter 6 summaries this thesis research and achievements and proposes the future work 

in this orientation. 
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CHAPTER 2: REVIEW OF MAJOR ANALYTICAL METHODS FOR TRANSIENT 

REFLECTION AND TRANSMISSION 

2.1 BARNES AND TESCHE'S METHOD 

Barnes and Tesche [10] discussed an approach for calculating the electromagnetic field reflected 

from a lossy half space directly in time domain. This approach requires first evaluating the impulse 

response of the half space and then convolving it with the specified incident field waveform. To 

obtain the impulsive reflected field, either for vertical or horizontal polarization, approximations to 

the reflection coefficients in frequency domain are made, thus permitting an analytical expression in 

time domain. 

The reflected electric field spectrum excited by an incident plane wave E'"c (s) impinging on a 

lossy half space is given as 

E'*(s) = R(0,s)EbK(s). (2.1-1) 

In this expression, s is the complex frequency Laplace variable, 9 is the incidence angle relative to 

the normal to the interface, and R(9,s) is the Fresnel reflection coefficient, and is denoted by Rv 

and Rh below for vertical and horizontal polarization, respectively. The frequency domain reflection 

coefficients for a lossy half space with a conductivity a and a relative dielectric constant sr are 

K{^) V s£o J 

cos 9- .\sr-\ sin19 

a 
£r+~r 

V s£o J 

a 
-sin~U 

(2.1-2) 
(7 

cos 6+ \E+ sin 6 

and 

cos 6- \sr+ sin 6 

Rh(0,s) = ^ 5*° (2.1-3) 

cos 0+ le,-\ sin2 9 
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where e0 is the permittivity of free space. 

The transient counterpart of (2.1-1) for the reflected field is given as the convolution of the 

incident field and the inverse Laplace transform of the reflection coefficient R(t) as 

Eref(t) = R(t)*Einc(t). (2.1-4) 

In this way, the transient quantity R(t) is viewed as the impulse response of the lossy half space. 

The evaluation of R(t) directly in time domain requires the analytical inverse Laplace transform of 

the Fresnel reflection coefficient. This is difficult to do without making some approximations. It is 

found that (2.1-2) can be written as 

. . s + x-fiJsis + y) 

5 + x + p ,Js [S + y) 

a Jsr-sm29 ( sin2 9^ 
where x = —, p = - , and y = x 1 

£ Sr COS^ ^ Er J 
. For the cases where E. is on the order of 

10 or more and the angle 9 is small so that « 1 and then y&x. This allows (2.1-5) to be 
£r 

approximated as 

*,(*,*)= f H ^ f . (2.1-6) 
y/S + X + (3 JS 

It is noted that this approximation will limit the applicability of the solution to non-grazing angles of 

incidence. The horizontally polarized reflection coefficient of (2.1-3) has the form 

J t (M- f " '^ - (2-1-7) 

yjs+sr P^s + y 

It is noted again that y«x for a large relative dielectric constant and non-grazing angles of 

incidence, so that (2.1-7) can be approximated as 

, . yjs + x - (er 0) V7 

Rh{e,s)=~ ) L r (2-1_8) 

yJS + X + [£r f3) yJS 
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Both the vertical and horizontal reflection coefficients now have the form 

yjs + 2a -K 4s 
R(9,s) = ± 

y[s + 2a + fcjs 
(2.1-9) 

where a = — and K - (3 for vertical polarization, and K = (sr 0) for horizontal polarization. The 

leading + and - signs are used for vertical and horizontal polarizations, respectively. Thus, the same 

inverse Laplace transform can be utilized to determine the transient reflected field for either 

polarization. 

In order to invert (2.1-9) into the time domain, the Laplace transform pair 

L-l[F(s-a)] = ea'f(t) (2.1-10) 

can be used. Equation (2.1-9) can be written as a function of (s - a) as 

R(s-a) = ± 
-Js + a -/c^Js-a 

yjs + a + K \js -a 

which can be expanded to give 

R(s-a) = ± + • 
1 + K- (l + icf , /~2 2 1 - ^ 

V^"-) s + yjs -a +a 
\ + K 

\ — K I 

Defining K - and S = s + ys2 -a2 , (2.1-12) can be written as 
1 + JC 

R(s-a) = ± ̂  + J^_^(_l)"+1(^fl)"5-« 
1 —*• „=i 

The inverse Laplace transform of (2.13) is given as 

r1[R(s-a)~] = ± KS(t) + ^l±(-iynK»In(at) 

(2.1-11) 

(2.1-12) 

(2.1-13) 

(2.1-14) 

where S(t) is the Dirac function and In (•) is the modified Bessel function of order n. Using (2.1-

10), the impulse response of the lossy half space is then given by 

12 



*(<)=* 
1 — K I „= i n=\ 

(2.1-15) 

This expression is valid for both vertical and horizontal polarization, depending on the values of K 

and K and the ± sign, and contains two terms, with the first being an impulse that is independent of 

the material conductivity and the second being a response term persisting in time. With (2.1-15), the 

transient reflected field can be calculated through (2.1-4). 

2.2 PAO, DVORAK AND DUDLEY'S METHOD 

Pao, Dvorak and Dudley presented a method that allows for the analytical evaluation of the 

inverse Laplace transform representations for transient TE [11] and TM [12] plane waves, obliquely 

incident on a conductive half space. They assumed that the permittivity, permeability and 

conductivity of the lossy half space are independent of frequency, but did not make any 

approximation to the reflection coefficients in frequency domain. The time domain expressions for 

the reflected and transmitted waves are first represented as inverse Laplace transforms. The transient 

fields are then shown to consist of two canonical integrals. The canonical integrals are solved 

analytically in turn, thereby yielding closed form solutions involving incomplete Lipschitz-Hankel 

integrals (ILHI's). The ILHI's are calculated numerically using the algorithms developed by Dvorak 

and Kuester [58]. Only the transmitted fields are discussed for the TE case, while both the 

transmitted and reflected fields are discussed for the TM case, which is more complex than the TE 

case since the TM transmission and reflection coefficients contain second-order poles. 

As shown in Figure 2.2-1, consider a uniform TM plane wave that is obliquely incident with 

angle of incidence 9i on a conductive half space (medium II), and assume that the source of the 

plane wave resides in the air, that the half space is homogeneous and that // , E and a are 

independent of frequency. 

The wave equation in the lossy medium is given by 

13 



, , . d2H(t) dH(t) 
V2Hy(t)-EM a

yy=aM- yKJ 
dtl 

After defining the Laplace transform pair as 

dt 
(2.2-1) 

I (Air) 

* X 

*o>M> 

Figure 2.2-1: Geometry and coordinate system for a transverse magnetic (TM) plane wave incident 

onto a conductive half space. 

">(')= J>"" *> ( ' ) * 
and 

In j ^~'m 

it is found that the wave equation reduce to 

(V2-y2)Hy(x,z,s) = 0 

in the Laplace transform domain. In the above equation 

y = y]s(sfie + M^)=-Js 
' G^ 

s-\— 
V £ J 

Re(f)>0 

(2.2-2) 

(2.2-3) 

(2.2-4) 

(2.2-5) 
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is the complx propagation constant and 

v = -
jUE 

(2.2-6) 

is the phase velocity of light in a lossless medium modeled by ju and £ . 

The general solution for (2.2-4), under the constraint — = 0, can be written as 
dy 

Hy (x,z,s) = H0 (s) exp(+y • f) 

where 

y = yxx + yv 

and 

r= xx + yy + zz 

The incident magnetic field can be written as 

(2.2-7) 

(2.2-8) 

(2.2-9) 

Hy (x,z,s) -//0(s)exp — (xsm9 : +zcos#,) 5 
-I 

v c 
(2.2-10) 

where H0 (s) is the spectrum of the incident waveform and c is the speed of light in free space. 

Likewise, the reflected and transmitted fields are given by 

Hy (x,z,s) = H0(s)R exp —(xsin9 r - zcos9 r ) (2.2-11) 

and 

Hf (x,z,s) = H0 (s) Texp(-(yx x + yz z)) 

where R and T are the reflection and transmission coefficients, respectively. 

After defining the constant 

(2.2-12) 

<T 

a =-2 s cos2 9, 
(2.2-13) 

and the lossless refraction angle 
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cos6>, =A |1—^-sin2^ , 

use the phase matching condition along x at z = 0 to show that 

s s ~ 
yx~ — sin 0,= — sin 0t 

c v 

and 

Yz 
cos#, 

yjs2 +2as 

(2.2-14) 

(2.2-15) 

(2.2-16) 

The corresponding electric fields are given by 

- \ - f s 
E^(x,z,s) = cos0tHo(s)exp —(xsin6> + z c o s ^ ) C£, V c 

Ey (x,z,s) sin0t H0(s)exp — (xs in0 t +zcos0, ) \ , 
CE, 

-R 
Ey (x,z,s) = cos0:Ho(s)exp —(xsintf, - z c o s ^ ) 

CE, \ C 

-R 
Ey(x,z,s) = sm0lHo(s)exp\ — ( x s i n ^ -zcos6>) 

CE, C ) 

T cos# 
E(')(x,z,s) = ^ - ^ Js2 +2as H0(s)exp - -s sin<9, +-cos(9. Js2 +2as ,(2.2-21) 

<j + s£ v V v v v yy 

(2.2-17) 

(2.2-18) 

(2.2-19) 

(2.2-20) 

-Ts sin#, -
^ ' ( x , z , , ) = J " ^ / / 0 ( s ) e x p 

a + s£ c 

X ~ z ~ I 
— 5 sin#( + — cos#, Js2 + 2 
v v 

as (2.2-22) 

After enforcing the boundary conditions (i.e., H and Ex are continuous at z = 0), it is found that 

R 

and 

{s + p)-b^js2 + 2as 

(s + p) + byjs2 +2as 

2(s + p) 

(s + p) + byjs2 +2as 

(2.2-23) 

(2.2-24) 

16 



where 

IE Mo cos#, 
<jue0 cos9t 

(2.2-25) 

and 

P-

Starting with (2.2-12) and (2.2-24), the transmitted magnetic field is given by 

(2.2-26) 

H[;}(x,z,s) = 
2(s + p) 

(s + p) + byjs2 +2as 
H0(s)exp — ssm0l+ — cos0,\ls +2as 

v v 50, V* (2.2-27) 
J J 

Multiply the denominator as well as numerator of (2.2-27) by -{s + p) + b^s2 +2as so that 

X ~ z ~ I 

— s sin6? + — cos#, yjs2 +2as 
-uu ^ 2{s + p)(bjs2+2as-{s + p)) f f 

Hf(x,z,s)= ft2 A \ ( i 2 , -lHo(s)exp 
(b2-l)s2+(ab2-p)s-p2 

The poles of the transmitted magnetic field, which are the roots of the polynomial 

(b2 -l)s2 +(ab2 -p)s-p2 =0 . 

J J 

(2.2-28) 

(2.2-29) 

are given by 

5, = — - — lb2 - 2 c o s 2 0 , - b y j b 2 - s m 2 2 0 t \ 

S, = - J
1—(b2-2 cos2 9,+b yjb2 - sin2 29,) 

6 * 1 . (2.2-30) 

Applying the polynomial factorization technique, the transmitted magnetic field can be rewritten as 

H^^z^^^^^^^^Kx^ ' 
bl-\ (s-Sl)(s-s2) 

X ~ z — I 
— 5 sin#, + —cos#( Js2 +2as 

K \v V 

(2.2-31) 
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It can be shown that the term under the square root in 5, and s2 is always larger than or equal to 

zero. Hence, s, and s2 are always real valued. The special case b = \ needs to be handled separately 

but is not included in [12]. 

Consider the transient transmitted fields associated with a double decaying exponential pulse 

excitation, 

H0(t) = A(e-a'' -e-^')u(t) (2.2-32) 

where A is chosen so that the peak value of the pulse is unity and or,, a2 > 0. Because the pulse 

reaches a maximum at 

In 
a, 

\a2 J (2.2-33) 

it is found that 

A = (e~a^ -e~a^y . (2.2-34) 

The spectral representation of the double exponential pulse is 

H0(s) = A 
v s + or, s + a2 j 

(2.2-35) 

Reference to (2.2-31) shows that the time domain transmitted field is given by the inverse 

Laplace transform representation below 

Hf{x,z,t)-
,2(s + p)b^s2 +2as - 2(s + pf 

7ij(b2-\)\it-J<° (s-Sl)(s-s2) 

r 1 1 ^ ' 
exp s + ax s + a 2 J 

X ~ z I 1 
st- — ssin#, - — cos#, -̂ /.s2 + 2as ds>. (2.2-36) 

Use the partial fraction expansion technique to express the time domain transmitted field in the 

following canonical form 
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H^(x,z,t)^-^-r-[{B2l-Bn)bf{0) + (Bl2-B22)bf{02)-Clbf{jB3) + C2bf(0) 

+ {D21-Dn)e{0) + (Dn-D22)e(0)-E]e(0) + E2e(0)]. (2.2-37) 

The canonical integrals are defined as 

fW'iht 
exp ut' — cos9tJu2 +co2 

\ V V P 

2nj *- ]u2 + (o2 (u + 0) 
du 

v ' 2ni *-J< 

exp ut' — cos9,Ju +co 9,Ju 2 , 2 

•j *-'«> u + 0 

The constants in the above expressions are defined by 

du 

t'=t-

0 = 
02 = 

0 = 
0 = 

- — sin 9t 
V 

-v 
-s2 

- a , 

-a2 

-a 

-a 

-a 

-a 

and 

Bmn ~ 

C_ 

(2a + p-am+sl+s2)sn
2+(2ap-sls2+amsn)sn 

{si-s2)(sn+am) 

(2a + p-am + sl+s2)am
2+(2ap + s, am+s2am) am 

m,n = 1,2. (2.2-41) 

D__ = 

i^+oim)(s2+am) 

(Sn+Pf 
{sl-s2)(sn+am) 

(a
m-pf 

{sl+am){s2+am) 

To calculate the transient fields, an efficient method for calculating the canonical integrals needs 

to be found. FFT techniques can be used to evaluate f(0) and e(0) numerically, however, a large 

number of points are required in the FFT to minimize aliasing and truncation errors. To achieve high 

(2.2-38) 

(2.2-39) 

(2.2-40) 

19 



accuracy, the analytical evaluations of f(P) and e(0) are desirable but difficult because of the 

presence of the branch cut. / ( / ? ) and e(0) can be expressed as 

u\ t'— cosft 
/ ( /?)= \ I / j p ^ m h ^ c o s 4 ^ 2

+ < j + ^ ^ c o s ^ - / ' ^ 2
+ f f l ; j ^ O g o ( a + , C ) 

4^cos<9, +t'^0+cop
2 ]e"-f Je0(a_,^) (2.2-42) 

e(/?) = u(t'~ cos<9, ] |e" /" ' coshf4 cos<9, ̂ p2+a>p
2 ] + — [ ̂ c o s ( 9 , - f ' ^ / ? 2 + fflp

2 )efl*f J e 0 ( a + , ^ ) 

+ 1 -—cos <?,+*'v^ -tf>„ 
2—2 U"-Oeo(a_,0 (2.2-43) 

where 

a± 

-pt'±-cos0tl0-
v v 

2+co2 

(2.2-44) 

and 

C = a>„ J f ' 2 - ^ c o s 2 0 (2.2-45) 

These expressions involve ILHI's of the first kind 

Jen (a±,£) = j V * r x" Jn (x) dx, (2.2-46) 

which is numerically calculated using the algorithms Dvorak and Kuester developed [58]. 

The transient transmitted electric field components are given by 

6 2 - l 

+ {Bn-B2,)f{0) + {B22-BX2)f(02) + CJ{0i)-C2f{Pt)] (2.2-47) 

and 
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E^\x,z,t)^2A^fy^[(Fn-F2l)e(0) + (F22-Fn)be(02) + Iie(0)-I2e(0) 
CE ( f - i ) 

+ (G„-G„)s,bf{P,) + (Gn-G„)Slbf(P1) + c,,H]bf(ps)-a1H1bf(P4)] (2.2-48) 

where 77 is the intrinsic impedance of the medium and the constants are defined as 

F_. =• *„ + ^ « 

A.. = 

(sl-s2)(sn+am) 

(2a + sn)sn 

{si-s2)(s„+am) 

{am-2a) 

( * i + a » ) ( ^ + a « ) 

£ = • 
« m + />«»• 

m,n —1,2. (2.2-49) 

Using the usual relationship between the transmission and reflection coefficients 

R = T-l, 

the following expressions for the transient reflected fields are obtained 

(2.2-50) 

H(;>(x,z,t) = H('> 0,0,* — sin0, +-cos0, 
V c c 

\ f f W 
X z 

t — sin<? + —cos<9 
•exp -«, 

\ \ c J 

+ exp 
f f W 

X Z ' 

t — sinfl + —cos# -a, 
v v J 

E?{x,z,t) = -C-^Hy{x,z,t), 
CE0 

E?{x,z,t) = -^Hy{x,z,t). 

(2.2-51) 

(2.2-52) 

(2.2-53) 
cs0 

X z 
The expression t — sin 0t + — cos0t denotes the retarded time in the free space. 

c c 

As shown in Figure 2.2-2, consider a uniform TE plane wave that is obliquely incident with 

angle of incidence 0t on a conductive half space (medium II), and assume again that the source of 

the plane wave resides in the air, that the half space is homogeneous and that p., s and a are 
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independent of frequency. Following the above procedure, only the transmitted fields for the TE case 

are discussed below. The obliquely incident electric field is defined as 

Ey(x,z,s) = E0exp —(xsin#, +zcos#,) 
V c 

and the boundary conditions are used to show that the transmitted field is given by 

(2.2-54) 

II (Conductive Half Space) 

I (Air) 

* X 

Figure 2.2-2: Geometry and coordinate system for a transverse electric (TE) plane wave incident 

onto a conductive half space. 

Ey(x,z,s) = E0Texp -—Ixssm0t+zcos0ty]s2+2as\\ (2.2-55) 

where the transmission coefficient is given by 

T = -
2s 

(2.2-56) 
s + b ^Js2 +2 a s 

s , c, v, a and b are the same as those in TM case. The phase velocity for the wave propagating in 

medium II is frequency dependent and is given by 
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CO _ 

r 
(2.2-57) 

\ps 
~2~ I CO £ 

V * J 

The corresponding magnetic fields are given by 

Hf{x,z,s) = -E0 
- T cos 0, 

SjU V 
exp •-(x5sin<9,+zcos<9r yjs2 +2as) (2.2-58) 

Y f i 
Hy (x,z,s) = E0 — sin 9t exp 

cp 
-Ix.ssintf, + zcos#, y]s2 +2as 1 (2.2-59) 

Consider the transient transmitted fields associated with a double decaying exponential pulse 

excitation, i.e., E0 (t) has the same waveform as H0 (t) in (2.2-32), the transmitted fields in terms of 

the canonical integrals are given as 

Ef'ix.z.t): 
2Ae~at' \ a0{ax-a2) 

* 2 - l l ( a 0 - a 1 ) ( a r 0 - a 2 ) 
[(0-a)bf(0)-e(0o)] 

and 

+T^^[(0-a)bf(0)-e(0)]--^-—[(02-a)bf(02)-e(0)]\ (2.2-60) 
ycxl cc0j \oc2 OC0J J 

HV\x,z,t) = 
2Acos9,e "'' \(a2 -al)(2a-a0) 

(b2-l)pv \(al-a0)(a2-a0) 
[be(0)-aof(0)] 

+£^[be(0)-aj(0)]-^^[be(0)-a2f(p2)]\ (2.2-61) 

Hl'\x,z,t) = ̂ LE^(x,z,t) (2.2-62) 
pc 

where Bi =ai-a for i-1,2, and all the rest parameters are the same as those in TM case. 

2.3 ROTHWELL AND SUK'S METHOD 

Rothwell and Suk introduced the converging series representations of the time domain TE [13] 

and TM [14] plane wave reflection coefficients. They also assumed that material parameters are 
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frequency independent but did not use any approximation to the reflection coefficients in frequency 

domain. Their analytical expressions of the transient reflection coefficients have the forms similar to 

that in [10]. The first term involves a Dirac 8 function and is the specular reflection coefficient 

identical to the lossless case, while the remainder involves modified Bessel functions and the integral 

of modified Bessel functions and results from the dispersive nature of the conducting medium. Since 

the integral of modified Bessel functions hindered efficiency of computation, it was replaced with an 

infinite sum of modified Bessel functions through mathematical manipulations. Then the infinite sum 

was truncated, resulting in an approximation for the reflection coefficient. 

Consider a plane wave incident from free space onto an interface between free space and a 

conducting material with frequency independent material parameters £-Er£0, p0 and a. If the 

electric field is polarized parallel to the interface (TE polarization) and the incident wave vector 

makes an angle 90 with the normal to the interface, then the frequency domain reflection coefficient 

is 

cos0o- ler-sin 0o-j . a 

T(C0): 
CO£n 

cos0o+ j£r-sin20o- j -
C0£n 

The inverse Fourier transform of this expression is the time domain reflection coefficient given by 

w v 1-4B _, x Be 
Bt 

2D 

I + 4D y[b~(D-i) 
'Bt^ 

y2Dj 
+ /, 

'Bt^ 

K2Dj 
u(t) 

Bt 

D-\ 

Bt 
„? ~S~7 / \ B(\+D)x 

2BeD~' , A B2eD~lu(t) f j ^ 

{D I)(I+4D) W 4D(D-I)2 A 

'Bt^ 

L K2DJ 
+ /, 

f Bt^ 

K2Dj 
dx (2.3-1) 

where u{x) is the unit step function, In (x) is the modified Bessel function of the first kind, and 

E, - sin2 0n 
Z> = -^ 

cos2 0n 
B 

^ c o s 0O 
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The first term in (2.3-1) is the specular reflection coefficient identical to the lossless case, while the 

remainder, designated /?(?), results from the dispersive nature of the conducting medium. 

Writing the integral in (2.3-1) as 

l(.)dx=l(-)dx-[j.)dx. (2.3-2) 

With the help of the integral [59] 

0 £e-"Im(Px)dx = - , 
Ja2-02(a + 4a2-02) 

it is found that the integral over [-oo,0] exactly cancels the third term in (2.3-1), leading to 

(2.3-3) 

R (t) = - f- W . U D~l 
/o 

5x 

v 2 D y 
+/; 

' * x ^ 

v2Z)y 

dx-
5w(f) 

/o 
Bt 

K2D, + /, 
^ 5 ^ 

v 2 D y 

(2.3-4) 
VZ)(£>-1) 

where / , (x) = e~xIn (x) , and polynomial approximations for f0 (x) and f (x) may be found in 

[60]. Using the change of variables u = — and defining Q(x) = f0 (x) + f (x) , (2.3-4) can be 
£>-l 

written as 

, . Bu(t) 
R(t) = —.— v ; I e Q 

Bt D-1 
2D 2D 

r Bt^ 

K2D; 

du, (2.3-5) 

which is conducive to numerical calculation due to the presence of the decaying exponential in the 

integrand. It is also noted that when t is large the term in brackets is a good approximation to the 

derivative of Q(x), and thus R(t) should be proportional to Q' 
r Bt^ 

K2Dj 
. However, for small t this 

approximation is poor and the integral must be calculated with more accuracy. 

If the magnetic field is polarized parallel to the interface (TM polarization) and the incident 

wave vector makes an angle 0O with the normal to the interface, then the frequency domain 

reflection coefficient is 
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r(») = 
£r - sin20o - j cos 0O 

W£n 

£r~J-
COE, o J 

le - sin20o - j + cos 0O 
CO£n 

£r-J~ 
. a 

cos, OS 

Here T is defined as the ratio of the tangential component of the reflected electric field to the 

tangential component of the incident electric field. The inverse Fourier transform of this expression 

is the time domain reflection coefficient given by 

r(0 = 
1-yfD S/A 2p4b~ 24b~ 
l z - , W + ^ ( * 1 + ^ ) . - ^ / ) . W - ^ ^ ( ^ ^ ^ 1 ^ ) » ( ' ) 

+
 2K>P>P-fe'" «(,) I e^»- l(Px)dx SK'P^e'" u(t) [e<*"» I(/)x)<lx (2.3-6) 

where w(x) is the unit step function and / (x) = /0(x) + /,(x) with In(x) the modified Bessel 

function of the first kind. Additional quantities are given by 

D_ g2cos2fl0 

£r - sin2 0n 

B = -

a 
en 

e, - sin 0n 

A = ° 

b = 
2DA-B 

1-D 

E = B-A(I->[D) 

c = -

5 

2~ 

DA2 

D-1 

P^Ub + ̂ b2-4c) P^^b-^-Ac) 

F = A24D 

K,-^-+F 

P ~P 
r \ r2 

K,-P^A 

P -P 
r \ r2 

V K2 

K, 

EP2 

P2-

_ P 2 + 

P2~ 

+ F 

-Pi 

A 

Pi' 
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It is noted that (2.3-6) is valid under the condition that P2 < Py < 0 . This requires D > 1, and thus 

0O < sin ' 
K£r+h 

= 0. 

where 0B is the Brewster angle when a = 0. Like TE polarization, the first term in (2.3-6) is the 

specular reflection coefficient identical to the lossless case, while the remainder, designated R(t), 

results from the dispersive nature of the conducting medium. Equation (2.3-6) is in a form similar to 

(2.3-1) for TE polarization but is considerably more complicated. 

Using (2.3-2) and (2.3-3), (2.3-6) can be finally written as 

*(<) = " 
2p4b~Kiu(t) 

D-1 

r P ' 
pt + ^u Q{0t) 

'i J 

du 

20y[DK4u(t) 

D-1 
Q 

'' 0 P ^ pt +—u -Q(Pt) 
l2 J 

du 

where Q(x) = e xl(x). 

(2.3-7) 

2.4 COSSMANN, ROTHWELL AND KEMPEL'S METHOD 

In the above presentations of the three techniques handling the transient reflection from a lossy 

half space, it is assumed that the the material parameters are independent of frequency. In practice, 

the permittivity, permeability and conductivity show a weak frequency dependence only within some 

frequency ranges, e.g., microwave bands, and so can be approximately treated as frequency 

independence quantities within these frequency ranges. When approaching the visible spectrum, 

permittivity and conductivity began to show a strong frequency dependence and cannot be 

considered frequency independent anymore. Cossmann, Rothwell and Kempel analytically 

determined the time domain reflection coefficients for a TE [35] and TM [36] polarized plane wave 

obliquely incident on a Lorentz medium half space whose permittivity obeys some specific relation 

with frequency. They utilized the inversion of the frequency domain reflection coefficients, and the 
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resulting expressions contain exponential and modified Bessel functions and require convolution 

operation to evaluate. 

Consider a sinusoidal stead-state plane wave of frequency co incident on an interface separating 

free space (region 1) from a homogeneous Lorentz medium (region 2). The angle of incidence 

measured from the normal to the interface is 0, and the electric field is polarized perpendicular to 

the plane of incidence (TE polarization). Region 1 is described by the permittivity s0 and 

permeability p0, while region 2 is described by the permittivity £•(&>) = £0£-r(<y) and permeability 

p0. The reflection coefficient, defined as the ratio of the tangential incident field to reflected electric 

field, is given by 

• • « - ! & ! • 

where the wave impedance of the incident wave is Z0 = TJ0/'COS 0 and the wave impedance of the 

transmitted wave is 

kz(co) 

Here tj0 = (p0 /e0 f2, rj = (p0 /ef2, kz = [k2 - k2 sin2 0) , k0=co(p0e0 f2 and k = co (p0 ef2. 

The relative permittivity of a single resonance Lorentz medium has the form 

* » = ! + - 1
b \ . x- (2"4"3) 

co2-co +2j0)8 

Here a>0 is the resonance frequency, 8 is the damping coefficient, and b is the plasma frequency of 

the medium. Letting the Laplace transform variable be s = ja> and substituting Equation (2.4-3), 

then the Laplace domain reflection coefficient may be written in the form 

(s2 +28s + colV/2 - ( s 2 + 28s + col + B2T 
T{s) = - ^Ti—^ " T7r> (2A-4) 

(s2 +28s + (O2
0)' +(s2 +28s + oj2+B2y 
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where B = b/cos0 . Factoring the quadratic forms under the radicals gives the alternative form 

\'/2 / / x. / \ \ l / 2 

((s-Sl)(s-s2))
 2 +((s-s3)(s-s4))

 2 
(2.4-5) 

where 

s, 2 = - 8 ± \ 

-8±A, X.^-col-B2)12. 

(2.4-6) 

(2.4-7) 

\ and /I, may be either real or imaginary, depending on the values of a>0, 8 and B. 

The reflection coefficient, Equation (2.4-5), may be put into a form amenable to inversion via a 

look-up table by rationalizing the denominator, leading to 

r W - ^ . (2.4-8) 

where 

F(s) = ((s-sl){s-s2)f-((s-s3)(S-s4)) 

Through mathematical manipulation, F(s) can be written as 

(2.4-9) 

P(') = s< 

r \ 
s—s. 

-1 
( \ s-s4 s-s. 

V °i J 
+ s, 

c \ s-s 
-(Sl-s3). (2.4-10) 

Defining the transform pairs 

r \ s-s. 

v 5 s\ J 

r \ s-s. 

yS S3 j 

• i ^ / , (0 = 

i<->/2(0> 

(2.4-11) 

(2.4-12) 

with the differentiation theorem of Laplace transforms, the inversion of F(s) can be written as 
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d 
f(t) = irl(F(s)) = ̂ {f(t)-f2{t))-s1f(t) + s3f2{t)-(sl-si)8{t). (2.4-13) 

Using the transform pair 

f \ 
s-a 

ys~Pj 
1 l l a\ 4 (-°- / ? ) ' 

-1 <-> — {-a + P)e 2 (-a + p)t +I0 -{-a + 0)t u(t), (2.4-14) 

and substituting from Equations, (2.4-6) and (2.4-5) give 

f(t) = \e-s< [/,(A,t) +10(4t)]u(t), (2.4-15) 

f2(t) = Xie-St[l,{Xit) + I0{Xit)]u{t). (2.4-16) 

Here u(t) is the unit step function, and I0 (x) and /, (x) are the modified Bessel functions of orders 

0 and 1, respectively. 

The derivatives required to specify f(t) can be found through direct differentiation. 

df{t) 
dt 

d/*{'). 
dt 

• \ e 

A,e 

-St 

-St 

\l[{\t) + {\-8)1,(^1)-870(V) u{t) + A,8(t), (2.4-17) 

AiIi(A3t) + (A3-8)li(A3t)-8I0(A3t) u(t) +1,8(1). (2.4-18) 

Substituting (2.4-17) and (2.4-18) into (2.4-13) gives 

/ (0 = Ve""k(^0- /o(^0l«(0-Ve""k(^0- /o(^0l"(0- (2-4-19) 

x 

Using the derivative identity 

-71(x) = -/1 ' (x) + /0(x) 

allows Equation (2.4-19) to be simplified to 

/ ( ' ) = 
,2 7 , (40, ^ / . ( V ) 

"A T— + Ai — \ t A,t 
e-Stu(t). 

(2.4-20) 

(2.4-21) 
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The time-domain reflection coefficient, T(t), can be found by computing the inverse transform of 

Equation (2.4-8) and using convolution formula. Substitutig from Equation (2.4-21) for f(t) leads 

to 

-B2r(t) = f(t)*f(t) 

-St "(0 
2 7 I ( V ) + 7 I(V) 

M(^) 

=^'(V/,(0-24242A(0+V/c(0)' (2.4-22) 

The covolutions comprising fA (t) and / c (?) can be written explicitly. Writing fA (t) in integral 

form gives 

JAX) yf*> kt' Kit-A \t' A,(t-t') 

Using the substitution u - \ (t -1') gives 

Il(Alt-u)l,(u)r l A 

JAy' v ' JV It-u u 
1_ 

V 4 / 
fi?W . 

Defining r = \ t allows the integral to be evaluated as follows: 

JAKJ A *> x-u u I I T W 

Hence /^ (f) and / c (t) can be written as 

/ , ( 0 = T ^ ( V ) 

v* y 

/c(0 = T7^^0. 

where 

/„(x) = ^ M ( x ) . 

With these, the time domain reflection coefficient becomes 

(2.4-23) 

(2.4-24) 

(2.4-25) 

(2.4-26) 

(2.4-27) 
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T{t) = -jIe-"'(Al
iI2(Axt) + Ai

3I2(Ait)-Al
2Ai

2Il{Axt)*Il{Ait)). (2.4-28) 

Equation (2.4-28) is general valid. However, when \ or A, is imaginary, the modified Bessel 

functions may be replaced by ordinary Bessel functions according to three possible cases. Case 1 

occurs when co\ > 82, making both \ and ^ be purely imaginary. Defining 

\ = (col ~ $2 T X = (*»o +B2-82 f2 (2.4-29) 

and using 

In(jx) = j"Jn{x) (2.4-30) 

lead to 

^(t) = -J2-^i^M^t) + VMlt)-^%2l{^)*l(\t)), (2.4-31) 

where 

i n ( x ) = ̂ L W M ( ; t ) . (2.4-32) 

Here Jn (x) is the ordinary Bessel function of order n. 

Case 2 occurs when ml+B2 <82, making both \ and A, be purely real, then Equation (2.4-28) 

can be directly used. Case 3 occurs when co\+B2 > S2 and a>l <82. In this case, \ is purely real 

but 4 purely imaginary, leading to 

r ( 0 - - Jr e~s' (A3 h [X 0 + ^ J2 (X 0 " X2V /, (A 0 * ~Ji {X 0) • (2-4-33) 

There are some interesting differences between the results obtained in the TE and TM cases. 

Because of the greater complexity of the TM frequency domain reflection coefficient, a more 

involved process is needed, including the introduction of a term that does not appear in the TE case. 

Interestingly, under some conditions this term is noncausal, although the final expression for the 

impulse response is causal. This is an artifact of the technique used to manipulate the frequency 
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domain expression and does not cause any difficulty in calculation. Also, it is found that when the 

incident angle is equal to 45°, a special form of the reflection coefficient is obtained that does not 

involve the additional term. 

For the case of TM polarization (magnetic field perpendicular to the plane of incidence), the 

originally defined reflection coefficient is still given by (2.4-1), the impedance of a plane wave in the 

free space (ratio of tangential electric field to tangential magnetic field at the interface) is 

Z0 = rj0 cos#, the impedance of a wave in the Lorentz medium is 

, x n(co)k(a>) 
Z(co)= /y ', V ' • (2.4-34) 

The incident angle 0 is measured in the same way as in TE case, 7]0, TJ , kz, k0, and k are the same 

as those for TE polarization, respectively. Letting the Laplace transform variable be s = jco and 

substituting (2.4-3) and (2.4-34) into (2.4-1), the Laplace domain reflection coefficient may be 

written in the form 

Tr)=i(s -s^)(s ~s2)(s ^ss)is -s
6)f

2 ~((s -s3){s -s4)f
2
 =N(s) (2435) 

^^((s-s^s-s^s-s^s-s^f+ds-s^is-s^f^Dis)' 

where 

sh2 = - 8 ± \ K={52- co\ f , (2-4-36) 

s3A = -8±li A3=(82-0)2
O- b2 f2, (2.4-37) 

s56 = -8 ± A5 A5= (82 - col ~ B2 f2 • (2.4-38) 

Here co0, 8, b and B are the same as those for TE polarization, and \ , A, and A5 may be either 

real or imaginary, depending on the values of a>0, 8, b and B. 

The denominator in (2.4-35) is rationalized by the operation 

, , N(s) N(s) T(s) = —H—FT- (2.4-39) 
V ' D(s) N(s) 
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For 0 * 45°, the denominator of (2.4-39) can be written as 

D(s) N (s) = b2 (tan2 0-l)(s-sA)(s-sB), (2.4-40) 

where 

sA,B =-8±AA AA= (S2 - col - *2/(tan2 0 - l)f. (2.4-41) 

The numerator of (2.4-39) can be written as 

(N{s))2=(s-Sl)(s-s2)G(s), (2.4-42) 

where 

G(s) = gl(s) + g2{s)-2b2g3(s) + b4g4(s) + 2b2, (2.4-43) 

gl(s) = (s-sl)(s-s2)-({s-s,)(s-s2)(s-ss)(s-s6)f
2, (2.4-44) 

g2(s) = (s-ss)(s-s6)-((s-sl)(s-s2){s-s5){s-s6)f, (2.4-45) 

(s-ss)(s-s6) 

((s-sl)(s-s2)(s-s5)(s-s6))
l/ *>(*)=„ w

v : A : : — ^ . ^ ^ ^ 

g^5) = 7 vr v (2-4"47) 

Using the convolution theorem of Laplace transforms, the time domain reflection coefficient can 

be written as 

b2 (tan2 0-l)T(t) = c(t)* g(t), (2.4-48) 

where g(t) is the inverse transform of G(s) and is given by 

g(t) = gl(t) + g2(t)-2b2g3(t) + b*gA(t) + 2b2S(t), (2.4-49) 

and c(t) is the inverse transform of 

, N (s-s.)(s-s2) 
C(s) = t w V (2-4"5°) 

(s-sA)(s-sB) 
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The quantity g(t) may be found by taking the inverse transform of each of the terms in (2.4-

43). The terms gx (s) + g2 (s) are identical to the numerator of the reflection coefficient for the TE 

polarization, termed (^(s)) there. Using the inverse transform developed there gives 

gl (t)+g2 (t)=2 esi [ A,72 (4 0« (0+V A (4 0«(0 - 42V (A ( \ 0 " (0) * (A (4 0 u (0)] > (2-4-51) 

where u (?) is the unit step function and 

l{x) = '-*&, (2.4-52) 

with In (x) as the modified Bessel function of the first kind of order n. This definition does not 

include the unit step function and thus differs from the definition in the TE case. 

Using the transform pair 

\l/2 <->e 
-ip+a)'-i 

-(p-cr)- u(t) (2.4-53) 
(s + p) (s + a) 

and employing the differentiation theorem of Laplace transforms, the term g3 (t) can be written as 

ft(0= 
f d2 

n, c. d 2 b 
+ 28— + col + 

2 \ 

dt dt cos26> &(0> (2.4-54) 

where 

g3(t) = e-*>[l0(Ait)u(t)]*[l0(A5t)u(t)]. (2.4-55) 

Using the definition of A5, (2.4-54) can be simplified as 

ft(0= 
( ^ 2 ~\ 

—2-K 
ydt j ft(0- (2.4-56) 

du(i) 
Recalling that — = 8(t) and using the differentiation rule, 

dt 

< [ / W . , w ] = ^ . , ( , ) = / W . < £ G (2.4-57) 
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gives, after some simplification, 

g3{t) = e^'[-A5
2(l0(Alt)u(t))*(ll(Ast)u(t)) + A}Il(Alt)u{t)] + 8(t). 

The fourth term in (2.4-49) may be inverted by using the partial fraction expansion 

(2.4-58) 

g*(') = 

giving 

(s-s,)(s-s2) 2\ 

-St 

1 1 
i 1 0 

(2.4-59) 

g4(t) = —-sinh(Alt)u(t). 
A 

Substituting (2.4-51), (2.4-58) and (2.4-60) into (2.4-49) then gives 

g(?) = 2^'[A,72(A,0"(0 + ̂ 2(40"(0-A242(/1(A0"(0)*( /.(^0"(0) 

+b2A2(l0(Alt)u(t))*(ll(A5t)u(t))-b2AlIl(A,t)u(t) + — Sinh(Alt)u(t) 

(2.4-60) 

(2.4-61) 

There are three possible variants of g(t) . Case 1 occurs when a>l >82, making both A, and A5 

be imaginary. Using (2.4-30) and sinh( jx) = /sin(x) and letting 

A,=(co2
Q-82) 

1/2 A5=(col+B2-82) 
1/2 

(2.4-62) 

give 

g(t) = 2 e~5' T A,3J2 (A, 0 " (0 + 1 ^2 (4 0 " (0 " A242 (A (4 0 " (0) * (^ ( 4 0 u (0) 

b4 

-b2 A2 (j0 (A, 0 " (0) * (-A ( A. 0 " (0) + *2 A J\ (A 0 " (0 + ~=" sin (A 0 M (0 (2.4-63) 

In case 2, a>l <82 -B2, then both A, and A5 are real and Equation (2.4-61) can be directly used. 

Finally, case 3 occurs when 82 -B2 <ct>l <82, then A, is real but As imaginary, and Equation (2.4-

61) becomes 

g(?)-2e-^rA,72(Ai?)M(?) + A5
3J2(A50"(0-A242(A(AOM(0)*(^i(40M(0) 
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+b2A2(l0(A,t)u(t)y(Jl(A5t)u(t))-b2A,Il(A,t)u(t) + — sinh(A,t)u(t) (2.4-64) 

The last step in determining the reflection coefficient is to invert C(s ) . Expanding (2.4-50) in 

partial fractions gives 

b2 

C(s) = l + 
' 1 1 A 

2A 4 ( tan 2 0- l ) V 5 SA S SB J 

(2.4-65) 

The form of the inverse transform of this function depends on the values of sA and sB, with three 

possible cases. Case 1 occurs if 82 +b2/(tan20-i\>a>l >b2/(tan20-l\ . Then the transform 

identity 10s + 0)<r^e p' u(t) can be used to give 

Case 2 occurs if col > 82 + b2/(tan2 0 -1) , for which AA is imaginary. Defining 

sinh(AAt)u(t). (2.4-66) 

<2 \ 

col-82+-
tan26>-l 

1/2 

(2.4-67) 

gives for this case 

b2e-5' 
C{t) = S{t)+AAtan

20-l)SU1^t)>U{t) 
(2.4-68) 

AA(tan20-l) 

Finally, case 3 occurs if col < b2/(tan2 0 -1) . Then AA is real and greater than 8, resulting in 

Re(s^) > 0 . This requires use of the identity 1/(5 -/?)<-» ep' u(-t), giving 

c(0=*(0-
;2 -St 

b e~ \-e^ u(-t)-e^' u(t)) = 8(t)- , * e~_ ^ e ^ . (2.4-69) 
A, (tan2 0 - l ) AA(tan20-l) 

With c(t) determined, the reflection coefficient is found through the convolution described by 

(2.4-48). When col <b2/(tan20-l), then c(t), as given by (2.4-69), is noncausal. However, the 

numerical inversion of (2.4-35) shows that Y(t) is causal under all circumstances. This apparent 
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contradiction is the result of the rationalization process inherent in (2.4-39). Since this process is a 

multiplication by unity, there is no effect on the spectrum, and in the TE case the process leads to no 

difficulties. However, for the TM case, under certain circumstances, the inverse transform of the 

term l/N(s) is noncausal, and so the convolution introduced by multiplication in frequency domain 

must somehow eliminate any noncausal effect. 

When 0 - 45°, the expressions achieved above cannot be used directly due to singularities. 

Since the denominator of (2.4-39) reduces to N(s)D(s) = -b4 when 6> = 45°, from (2.4-42) the 

reflection coefficient is given by 

-b4 T(s) = (s-sl)(s-s2)G(s) = (s2 + 28s + col)G(s). (2.4-70) 

Inverting (2.4-70) with the differentiation theorem gives 

-*4r(0 = d2 d 2 
— j + 28— + co; 

ydt dt j 
*(0. (2.4-71) 

where g(?) is given in (2.4-61). Using the definition of A,, (2.4-71) reduces to 

(d2 

b4T(t) = 2e-Sl — - A , 2 gA(t), 
dt2 

(2.4-72) 

where gA (?) = eSl g(?) . Computing the derivatives of gA (?) gives 

C?:(O=-A3A 
3 -i 3 

'5 i;(Alt)u(t)\*\i;(A5t)u(t)\-^Al
3A5

2i;(Alt)u(t)-^A5
5i;(A5t)u(t) 

+Al
512 (Alt)u(t) + A5

SI2 (Ast)u(t) + b2Al
2A2 l[(A,t)u(t) * 7,'(A5?)«(?) 

-b2A,31"(A,?) w(?) + - b 4 \ sinh(A,i)u(?) (2.4-73) 

where a prime ( ' ) indicates differentiation with respect to argument. Substituting this expression 

into (2.4-72) and using 

In In 
(2.4-74) 
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produces, after some simplification, the reflection coefficient for 0 = 45°, 

r(?) = -^{-A3A3 [ /2(A040]*[ /
2(A0"(0]+^A2V(A2 + V)[A(A0"(0]*[A(^0"(0] 

-A3A,72 (A t) u(?) - A2A72 (A 0 u (0+1A5/4 (A 0 M ( 0 + \ ^ l (A. 0 u(0} (2-4-75) 

When A5 is imaginary or when both A, and A5 are imaginary, then (2.4-75) can be modified as 

was done before. For example, when both A, and A5 are imaginary, (2.4-75) becomes 

r(f) = - ^ j - T C [ J 2 ( A O " ( 0 ] ^ ^ 

-A3A2^(AOM(0-^2^3^(AOM(0+-^5^(^0"(0+-^5^(^0M(Of (2.4-76) 

2.5 CONCLUDING REMARKS 

This chapter reviews some major analytical methods to model transient reflection of horizontally 

and vertically polarized wave reflected from lossy and dispersive medium half spaces, and has 

shown that they are not good enough. The merits and limitations of each method are summarized as 

follows. 

In section 2.1, the approximate form of a frequency-domain reflection coefficient permits one 

analytical expression for the impulse response of a lossy half space, but makes the solutions 

inaccurate or even invalid for large incident angles relative to the normal to the interface and/or for 

relative dielectric constants below the order of 10. 

In section 2.2, the transient TE and TM plane waves obliquely incident on a conductive half 

space are first represented as inverse Laplace transforms, and then shown to consist of two canonical 

integrals that can be solved analytically. However, these inverse Laplace transform representations 

are derived only for the incidence of a double exponential signal. The solutions for the reflected and 

transmitted waves involve incomplete Lipschitz-Hankel integrals for which some specific software is 

needed for rapid calculation. 
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Section 2.3 introduces a rapidly converging series of the time-domain reflection coefficient into 

the analysis of transient reflection from a lossy half space, which is valid for all incident angles with 

the horizontal polarization, but only for incident angles less than the Brewster angle with the vertical 

polarization. Few terms provide good accuracy for late time, while many more terms may be 

required to approach acceptable accuracy for early time, making calculation complicated and time-

consuming. 

Section 2.4 presents the closed form solutions for both TE and TM transient reflection 

coefficients, which provide useful intuition about the response of a Lorentz medium half space. 

However, the mathematical derivations are lengthy and the solutions involve exponential and 

modified Bessel functions and require convolution operation to evaluate. Particularly, because of the 

greater complexity of the TM frequency domain reflection coefficient, a more involved process is 

needed, including the introduction of a term that does not appear in the TE case. Under some 

conditions this term is noncausal, although the final expression for the impulse response is causal. 

Moreover, when the incident angle is equal to 45°, the general expressions cannot be used directly 

due to singularities, and a special form of TM time domain reflection coefficient is separately 

achieved. 

In order to overcome the disadvantages of the above methods, we introduced one method based 

on the numerical inversion of Laplace transform into the transient analysis of electromagnetic waves 

in lossy and dispersive media. In next chapter, the theory on the numerical inversion of Laplace 

transform is discussed and the method is put on a firmer mathematical basis. 
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CHAPTER 3: THEORY ON NUMERICAL INVERSION OF LAPLACE 

TRANSFORM 

All the analytical methods discussed in Chapter 2 for transient reflection and transmission rely 

on the evaluation or computation of inverse Fourier transforms or inverse Laplace transforms. As 

indicated in [61], the most straightforward numerical approach is to use the fast Fourier transform 

algorithm in a direct numerical synthesis of the Fourier integral representation of the dispersive pulse 

propagation problem. Unfortunately, the computational efficiency of this numerical procedure 

decreases rapidly when an attempt is made to calculate the fine high frequency field structure that is 

characteristic of the onset of the Sommerfeld precursor field. It has been found that FFT techniques 

require a large number of sample points for correct modeling of the early time behavior in dispersive 

regions [11] [12] [27] [28]. In fact, this is one of the reasons that some analytical methods like those 

in Chapter 2 are needed to be developed. However, as shown in the last chapter, a process for 

evaluating or calculating inverse transforms is lengthy, some skills in mathematical manipulation are 

often needed, and particularly, the procedure is relative complicated but not generic. For instance, 

the usage of the closed form representation in terms of incomplete Lipschitz-Hankel integrals 

(ILHI's) are more complex than the usage of FFT for the dispersion problems relevant to lossy 

materials in [11] [12] [26] [27], but cannot be directly applied to dispersion problems related to 

Lorentz material because of the complexity of the Lorentz model. 

The inversion of Laplace transforms is a topic of fundamental importance in many fields of 

applied and computational sciences. For a transform with a suitable structure, the inverse function 

can be recovered by using tables of function-transform pairs [59] or by using the Bromwich integral 

and Cauchy integral theorem [67]. For more complicated transforms that are not given in these tables 

and for which the Bromwich integral and Cauchy integral theorem cannot be used, the numerical 

transform inversion would be a viable option. Many methods have been developed for performing 

numerical transform inversion. Davies [62] gives a good summary of the more popular methods. 
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Although no method is universally superior, one that boasts a good combination of accuracy, 

robustness and similicity and is well suited to technological applications is the Fourier series method, 

which is so-called because it involves approximating the inversion integral with an infinite Fourier 

series. The partial sums of a Fourier series thus formed are often slow to converge, so an effective 

convergence acceleration technique needs to be applied. Euler summation [63] is a classical scheme 

for accelerating the convergence of certain sequences. Simon et al [64] were the first to use Euler 

summation for Laplace transform inversion with the Fourier series approach. Hosono [65] [66] 

employed a more flexible Euler summation, made refinements to the basic Fourier series approach, 

and pioneered new areas of application. Since then, however, Hosono's algorithm has only found 

quite limited applications in electromagnetics and seems to have received less attention in the related 

fields over the last thirty years. The aims of this thesis are to further develop Hosono's algorithm and 

to extend and apply the inversion approach to transient analysis of electromagnetic pulses. In this 

chapter, Hosono's algorithm for numerical inversion of Laplace transform is discussed and treated 

under a strict theoretical framework. 

3.1 APPROXIMATION OF EXPONENTIAL FUNCTION 

The Laplace transform (image function in the complex frequency domain) F(s) and the inverse 

Laplace transform (original function in the time domain) f(t) are related by the forward 

transformation 

L(f(t)) = F(s)=[f(t)e-s'dt (3.1-1) 

and the inverse transformation 

L-\F(s)) = f(t) = ̂ iZnsY'ds. (3.1-2) 

The most distinctive feature of this method lies in approximating est with some function, such 

as 
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Eec(st,p) = -, r = e-—-=es'-e-2peis'+e-4pe5s'-- (3.1-3) 
ecK F) 2cosh(p-st) l + e"2^""' 

Hence, 

est = UmE(st,p). (3.1-4) 
p-fco 

es' differs from Eec(st,p) in nature, because e" is an entire function that has an essential 

singularity at infinity but has no finite-plane singularities, while Eec (s ?, p) is a meromorphic 

function that has any number of poles in the finite plane. 

In order to conduct the complex integral, a partial-fraction expansion of Eec (s t, p) which takes 

the form of an infinite series needs to be found. Eec (s t,p) has first-order poles at 

p+ i(n-Q.5)7t 

5 = ^ — ^ '— (3.1-5) 
? 

where n is an integer. According to the Mittag-Leffler theorem [67], Eec (5 t,p) can be expressed by 

Eec{st,p)=Ydpn{st,P) (3.1-6) 

where pn (s t,p) is a single principal part arising from an expansion about each pole, if Eec (s t,p) 

or \cosh(p-st)] is uniformly bounded on a set of curves. The square contours shown in Figure 

3.1-1 can be chosen as the set of curves, on which it is checked whether [cosh(p-st)j is 

uniformly bounded or not. 
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Figure 3.1-1: Contours used in obtaining the partial-fraction expansion of Eec (s t,p). 

With s-x + jy, 

\cosh(p-st^ =\cosh(p - x t - j y ?)| = sinh2 (p - x t) + cos2 (y t). (3.1-7) 

p + n 7i 
On a vertical side x = — (n = ±1, ± 2, • • •), 

\cosh(p-st)\ = sinh2(n 7t) + cos2(y ?)>sinh2{nn)>l. (3.1-8) 

n n On a horizontal side y = (n - ±1, + 2, • • •), 

\cosh (p-s ?) = sinh2 (p-xt) + cos2 (n 7t) = sinh2 (p - x ?) +1 = cosh2 (p - x ?) > 1. (3.1-9) 

Hence, on each contour shown in Figure 3.1-1, 

cosh(p-st) 
<1 (3.1-10) 

which verifies that the conditions of the Mittag-Leffler theorem are satisfied. At each pole, the 

residue of \cosh(p- st)\ is 
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st-(p+ / ' ( M - 0 . 5 ) ; T ) 

lim — v y—y—^- = 
(p+j{n-o.5)x)/t coshyp-st) 

sinh (st — p) 
s->(p+j(n-0.5)ir) /1 

sinh(j (n- 0.5) 7t\ 
j sin n 7t 

71 cos (n 7t) = J(-V (3.1-11) 

so that 

4 ( ^ - P ) = T I 
(-1)0- (3.1-12) 

2 „„„.??-[/?+/(«-0.5) ;r] 

In [65] and [66], (3.1-12) was simply given without the derivation and verification that the 

conditions of the Mittag-Leffler theorem are met. 

3.2 APPROXIMATION OF INVERSION OF LAPLACE TRANSFORM 

The inversion of Laplace transform is approximated by a function fec (t,p) that is defined as 

'-M^n^^M*-2TCJ 
(3.2-1) 

Substituting (3.1-3) into (3.2-1) leads to 

fec(t,p) = f(t)-e-2pf(3t) + e-4»f(5t) — . (3.2-2) 

Thus, 

f(t) = Umfec(t,p). (3.2-3) 

The evaluation of the Bromwich integral for fec(t,p) in (3.2-1) was not strictly treated in [65] 

and [66]. This thesis attempts to present a more strict treatment as follows. The purpose is to transfer 

the Bromwich integral for fec(t,p), under some conditions F(s) satisfies, to an integral that 

encloses all the poles of E^ (s t,p) but does not contains any singularity or branch point of F(s), 

so that fec(t,p) is evaluated as a summation of the residues of F(s)Eec(st,p) at all poles of 

Eec (s t,p). If Eec (s t,p) had a finite number of poles, the transfer could be done straightforwardly. 
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With Eec (s t, p) containing an infinite number of poles now, as indicated in the partial-fraction 

expansion given by (3.1-12), the transfer cannot be done straightforwardly, since the contour of 

integration will pass through singularities of Eec (s t, p) when n —»co . 

Based on the properties of F ( s ) , such a number y0 can always be found that in the region of 

convergence, 0 < / 0 < R e ( 5 ) , 1) F(s) converges absolutely, 2) limF(,s) = 0 , 3) F(s) does not 

have any singularity and branch point, and 4) F L S ' W F * ^ ) where * denotes complex conjugate. 

Meanwhile, a number p in (3.1-3) can also be determined such that y0<— . With the partial-

fraction expansion of the approximating function Eec(st,p) given by (3.1-12), the Bromwich 

integral for fec(t,p) in (3.2-1) can be transferred to the integral around the poles of Eec(st,p) 

when F(s) satisfies the above four conditions. The procedure is justified below. 
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Figure 3.2-1: Bromwich integral path for fec (t,p). 
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As shown in Figure 3.2-1, y0<y< —, a sequence of expanding closed rectangular contours are 

chosen in such a way that no contour passes through any pole of Eec (s ?, p). When n increases to 

2 n 71 
infinity through the positive integers (n —> 00 ), the height and width 2 

fnn ^ 
of the 

rectangular contour go to infinity through discrete values and the closed contour will enclose all the 

poles of Eec (5 t,p). The Bromwich integral for fec (t,p) is evaluated as follows. 

2nj 
-Jrl\±F(s)Eec(st,p)ds = j-^cF(s)Eec(st,p)ds-Il-I2-I3 (3.2-4) 

where 

I n K t \ 

A = -—: f ' F\x + j E(xt + jn 71, p) dx, 
2711* \ t 

1 n n 

2n j *i 
nn 

•+jy 
Eec(nx + jyt>p)dy-, 

h=^—.ljLF\x-j— Eec(xt-jnn,p)dx. 

(3.2-5) 

(3.2-6) 

(3.2-7) 

The goal is to argue that the integrals Ik (k = 1,2,3) vanish as n —» 00 . With the above first 

condition on F(s), such a number e can be found that 

x + j nn <e, y<x< nn (3.2-8) 

Hence, 

7 <• 
1 n 71 

2n* 
F x + j nn \Eec (xt + jn n,p)\ dx < — Jp~ 

cosh(p - xt - j n n) 
dx 

eeH n 71 r dx-
_ 0 n n 1 

eep rr l 
^ * ^sinh2(p-xt) + cos2(nn) 4 ^ ^ cosh(p-xt) V dx 
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eep en* 1 ,_ /_ x E ep „ 
7 i^dx ( x=x? ) = 2 

4 ^ r ? ^ ' cosh(p-x) Ant 
-arctan (*'-)];; 

£ e 

2 

p 

— (arctan (ep~Y') - arctan(ep~n *)). 

With the above second condition on F{s), n —» oo is making £ arbitrarily small and 

i £ e i \ 
I, -> arctanie" yl) - ^ 0 . 

11 2nt v ; 

(3.2-9) 

Then consider 72, 

n* 
1 nn — r , i f+ ,> 

P ." ^ 

\Fec(nn + j yt,p)\dy <—— ['^ 
A \ n K cosh(p -nn - j yt) 

dy 

ft JUL 

Air ll£ !~ 

P J171 

se^ r f 
dy< 'n!!-r— 

Air J ci: 4 ^ , yjsinh2 (p-nn) + cos2 (yt) 4;r ynf\sinh(p-nn\ 
dy 

£eH 
nn 

2 n t \sinh(p-nn)\ 
-»0 («-»oo). (3.2-10) 

Similar to Ix, 

1 nz 

2n* 
„, .nn^ 
F\x-j-^ \Eec(xt-jnn,p)\dx<^-^ 

cosh (p-xt + j nn) 
dx 

E e 
2 

— (arctan(ep'r')-arctan(ep~"'t)\ -> 0 (n -> oo). (3.2-11) 

From (3.2-9), (3.2-10) and (3.2-11), 

limlk=0 (£ = 1,2,3). (3.2-12) 

Applying (3.2-12) to (3.2-4) leads to 

1 r+j 

2nj -JrT^F^E^st^ds=^]iF(<s)E^st^)ds (3.2-13) 

So the Bromwich integral for fec (t,p) is transferred to the integral around the poles of E^ (s t,p) 

with the above three conditions on F(s). From the residue theorem, 
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- ^ rJC°F(s)Eec(st,p)ds = - Y F(s)Eec(st,p)at all poles of Eec(st,p) (3.2-14) 
2nj Jr-J™ re$?ues 

Substituting (3.1-12) into (3.2-14) results in 

00 

= ytY(-T JF ^ - ^ - '— • (3-2-15) 
-^ * n=-oo V y 

Using the above fourth condition on F(s), it can be obtained from (3.2-15) that 

fec(t>P)=^-tFn (3-2-16) 
? n=l 

where 

F „ = ( - l ) " l m F 
/->+ /(«-0.5)^-

? 
(3.2-17) 

Theoretically, fec (t,p) can be evaluated from (3.2-16), which gives a good approximation to f(t) 

when p »1, based on (3.2-2). 

3.3 PRACTICAL COMPUTATION OF INVERSION OF LAPLACE TRANSFORM 

In practice, the infinite series in (3.2-16) has to be truncated after a proper number of terms. 

Since the infinite series is a slowly convergent alternating series, truncating it to a small number of 

terms leads to a significant error and thus is not practical. An effective approach using the Euler 

transformation has been developed, which works under the following conditions [63]: 

a) There exists an integer k > 1 such that the signs of Fn given by (3.2-17) alternate for n>k. 

b)Forn>k,t<\Fn+jF„\<l. 

With the conditions a) and b), (3.2-16) can be truncated with f^"(t,p), which has./V = / + /w 

terms and is given by 
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£"M=(^/0[IF»+2~~T^« . (3-3-D 

where Amn are defined recursively by 

Anm - 1 > Ann-l - 4 « . + 

/ W + 1A 

V " J 

(3.3-2) 

3.4 ERROR ESTIMATION 

In this method, there are three kinds of errors: truncation errors, approximation errors and round­

off errors. The truncation errors increase with ? and decrease with N = 1 + m. For a typical value of 

?, the calculation is repeated by increasing N to determine a proper number of terms in (3.2-16), 

which makes the truncation errors small enough. The upper bound of the truncation errors is given 

by 

«"H=\f^"n(up)-f!cmM\- (3-4-1) 

For the approximation errors, according to (14), the upper bound is given by 

\fecM-f(t)\"Me-2>, (3.4-2) 

if 

| / ( ? ) |<M for all ? > 0 . 

The round-off errors depend on the significant digits used, the complexity of the image function 

F(s), the number of terms in the summation, the order of operations, and so on. Usually, the round­

off errors are so small that they can be neglected if a computer with significant digits of no less than 

nine is used. 

3.5 CONCLUDING REMARKS 

In this chapter, the theory on numerical inversion of Laplace fransform is discussed, and the 

scheme is put on a firmer mathematical basis. The conditions under which the scheme is developed 
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and can be applied in practice are clarified. In next chapter, this scheme is extended and applied to 

modeling pulses reflected from a conductive half space, and is combined with Prony's method to 

characterize pulses propagating through a lossy dielectric slab. 
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CHAPTER 4: PULSE REFLECTION FROM A CONDUCTIVE HALF SPACE AND 

PROPAGATION THROUGH A LOSSY DIELECTRIC SLAB 

The waveform analysis for pulses propagating through and interacting with different media is a 

topic of importance in many technological fields. In this chapter, an efficient time domain technique 

is developed on the basis of the numerical inversion of the Laplace transform discussed in last 

chapter and Prony's method for the analyses of electromagnetic pulses reflected from a conductive 

interface and propagating through a lossy dielectric slab. First, using the numerical inversion of the 

Laplace transform but without using Prony's method, the reflection excited by exponentially 

decaying incident pulses impinging on a conducting half space is analyzed for both horizontal and 

vertical polarizations. Then the technique is directly applied to the case of the vertical polarization 

with an incident angle not smaller than the Brewster angle. For arbitrary incident signals, it is 

clarified that the technique based on the algorithm discussed in Chapter 3 is still usable but needs to 

be combined with Prony's method. Following this clarification, the details on Prony's method and 

some associated practical problems in the combination with Prony's method are discussed. After 

that, the approach combining the numerical inversion of the Laplace transform with Prony's method 

is applied to the analyses of arbitrary pulses reflected from a conductive interface. Our numerical 

results are illustrated and compared with those published in the literature. A good agreement between 

the two validates the correctness and effectiveness of this approach. Based on the studies of pulses 

reflected from a conducting half space, characterization of arbitrary pulses propagating through a 

lossy dielectric slab is pursued. Comparison between the results obtained with this technique and 

previously published results and those obtained using the FDTD technique indicates a good 

agreement. Moreover, the concern on whether the treatment of permittivity and conductivity in this 

chapter accords with the Kramers-Kronig relations is properly addressed. Finally, this approach is 

summarized and the significance of this work is discussed. In Appendix A, a mathematical proof is 

presented, showing that the numerical inversion of the Laplace transform is applicable to the 
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characterization of the reflected pulse due to an incident pulse that is a linear combination of 

exponentially decaying signals and is impinging upon a conductive interface at any incident angle 

for both polarizations. 

•tz p„£x,ox M2,e2,<J2 

+ X 

Figure 4.1-1: Horizontal, transverse electric (TE) or perpendicular polarization. 

Ml ' ^2 •> ®2 

> X 

Figure 4.1-2: Vertical, transverse magnetic (TM) or parallel polarization. 
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4.1 REFLECTION OF EXPOENTIALLY DECAYING PULSES FROM A CONDUCTING H A L F 

SPACE 

For the convenient discussions in this chapter and in next chapter, the horizontal and vertical 

polarizations, the transverse electric (TE) and transverse magnetic (TM) polarizations, and the 

perpendicular and parallel polarizations are defined firstly. The horizontal polarization is called when 

the electric field is parallel to the interface between two media, which is identical to the transverse 

electric (TE) polarization since the electric field is transverse to the normal of the interface or to the 

wave propagation direction, and is also identical to the perpendicular polarization since the electric 

field is perpendicular to the plane of incidence (xz plane), as shown in Figure 4.1-1. The vertical 

polarization is called when a component of the electric field is perpendicular to the interface, which 

is identical to the transverse magnetic (TM) polarization since the magnetic field is transverse to the 

normal of the interface or to the wave propagation direction, and is also identical to the parallel 

polarization since the electric field is parallel to the plane of incidence, as shown in Figure 4.1-2. 

The plane pulsive wave is incident from free space onto an interface between free space and a 

lossy material with the conductivity a and the relative dielectric constant sr . The reflection 

coefficients in complex frequency domain for vertical and horizontal polarizations are given by (2.1-

2) and (2.1-3), respectively. In order to compare our results with those in [10], the same parameters 

for the conducting half space, e r=10 , cr = 10 mS/m, and the same incident angle # = 45° are 

chosen, and the same Bell Laboratory waveform incident field is used as in [10]. Such an incident 

field is plotted by the dotted line in Figure 4.1-3, and is given by 

Ei"c(t) = A0(e-a'-e-/") (4.1-1) 

with 4, =52.5(kV/m), « = 4xl06(l/s), and /? = 4.76 xl08(l/s). This double decaying exponential 

incident pulse has the spectral representation 

E'"c(s) = A0 

f 1 1 > 

s+a s+P 
(4.1-2) 
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The image functions Fv(0,s) = Rv(0,s)E'"c(s) and Fh(0,s) = Rh(0,s)E'nc (s) not only clearly 

satisfy the four conditions under which equation (3.2-16) holds, but also obey the two conditions in 

section 3.3 under which /J™ (t,p) can be used to approximate fec (t,p), for which a proof is given 

in Appendix A. The following results are obtained with p = 6 and N = 20 (/ = 14, m = 6). 

For problems involving a lossy soil, typical values of a range from 1 to 30 mS/m, although 

conductivities as high as 100 mS/m are sometimes encountered in the literature, while typical values 

of sr range from 10 to 30 [10]. 

The reflected field is calculated when 0 = 45°, a - 10 mS/m and er = 10, 20, 30, and is plotted 

in Figure 4.1-3 and Figure 4.1-4, for vertical and horizontal polarizations, respectively. Both figures 

show that, change of er values only results in a little change of the waveforms of the reflected field 

pulse. The reflected field when 0 = 45°, sr - 10 and a = 1, 10, 30 mS/m is also calculated, and is 

plotted in Figure 4.1-5 and Figure 4.1-6, for vertical and horizontal polarizations, respectively. From 

these two figures, it is seen that, as a becomes larger, the amplitude of the reflected field 

significantly increases in early time, and slightly decreases in late time. This agrees with the fact that, 

with the increase of the conductivity of a medium, the reflected field from this medium increases 

more significantly at high frequencies than at low frequencies, while the early and late time 

responses are associated with the high and low frequency components of the reflected field, 

respectively. 
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Figure 4.1-3: Reflected field for vertical polarization (0 = 45°, cr = 10 mS/m and sr = 10, 20, 30). 
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Figure 4.1-4: Reflected field for horizontal polarization (0 = 45°, cr = 10 mS/m and sr = 10, 20, 30). 
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Figure 4.1-5: Reflected field for vertical polarization (0 = 45°, sr = 10 and a = 1, 10,30 mS/m). 

o 

<D 
0£ 

-5 

-10 

-15 E 
> 
=• -20 

i i "25 

-30 

-35] 

-40 

-45 

-50 

(! 

y /• 
\y / -
i f .... 

-

... 

^y^ 

- - -

o = 1 mmho/m 
0 = 10 mmho/ m 

- a = 30 mmho/ m 
* Actual in [Barnes and Tesche, 1991] 
0 Approximate in [Barnes and Tesche, 1991] 

i i i 

-

-

0.2 0.4 0.6 

T ime (u s) 

0.8 

Figure 4.1-6: Reflected field for horizontal polarization (0 = 45°, sr = 10 and cr - 1, 10, 30 mS/m). 
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Figure 4.1-7: Contour plots of reflected fields for (a) vertical polarization and (b) horizontal 

polarization. 
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The reflected field values for 0 = 45°, £r = 10 and a = 10 mS/m in Figures 4.1-3, 4.1-4, 4.1-5 

and 4.1-6 are closer to the actual values given in Figure 5 of [10] than the approximate values also 

given in Figure 5 of [10]. To show this clearly, the actual and approximate values in Figure 5 of [10] 

are indicated by stars and circles from Figure 4.1 -3 to Figure 4.1 -6, respectively. In order to check 

overall behavior of our approximation to reflected field, a series of calculations are carried out for a 

number of different incident angles and the results are given as contour plots in Figure 4.1-7 (a) and 

(b), for vertical and polarizations, respectively. Comparing Figure 4.1-7 (a) with Figure 6 (a) (b) in 

[10] and Figure 4.1-7 (b) with Figure 7 (a) (b) in [10] confirms that our results are closer to the actual 

values than the approximate values in [10], particularly for small incident angles and late time in the 

case of vertical polarization. 

It is worthwhile to mention that the results obtained with p = 3 andN = 15 (1 = 9, m = 6) and 

with p = 6 andAf = 25 (/ = 14, m = ll) are almost the same as the above results, indicating the 

truncation errors are very small [69]. 

For comparing our results with those in [68], the same parameters for the conducting half space, 

ffr=10, cr = 10 mS/m, and the same incident angles of 0 = 72.45° and 0-85° are chosen, and the 

above incident pulse is used as in [68]. Both incident and reflected fields are plotted in Figure 4.1-8, 

which shows a good agreement between our results and the published ones, and validates the 

correctness and effectiveness of this approach. 

To obtain the general variation trend of the reflected pulse for both polarizations with the 

incident angle, the reflected pulses is calculated for any incident angle with a = 10 mS/m, sr = 10, 

and is plotted for horizontal polarization in Figure 4.1-9 and for vertical polarization in Figure 4.1-

10, respectively. The two figures indicate the following important points. (1) For horizontal 

polarization, the reflected pulse always has negative values for all incident angles, considering that 

the reflection coefficient Rh is negative for all incident angles. (2) For vertical polarization, the 

reflected pulse has positive values for the incident angles that are smaller than some angle denoted 
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by 0B here. On the other hand, the reflected pulse may become negative in some early time for an 

incident angle larger than 0B, and then become positive (it certainly tends to zero eventually). 

0.4 0.6 

Time (^s) 

Figure 4.1-8: Reflected pulse for vertical polarization, <x = 10 mS/m, er= 10, 0 = 72.45° and 

0 = 85°. 

0.4 0.5 0 6 
Time (us) 

Figure 4.1-9: Variation frend of reflected pulse for horizontal polarization with incident angle 0, 

cr = 10 mS/m and sr - 10. 
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Figure 4.1-10: Variation trend of reflected pulse for vertical polarization with incident angle 0, 

a = 10 mS/m and er - 10. 

This phenomenon can be attributed to a pseudo Brewster angle [12] [70]. From (2.1-3), the 

reflection coefficient in frequency domain for vertical polarization is given by 

KH 
er~j-

cos. 

. a cos0- \er-j sin 0 
o J coen 

£r~J-
coe. 

. a cos0+ \er - j sin 0 
0 / coen 

The Brewster angle is defined by Rv = 0, and then can be determined by 

cos#s =-

jer-j + 1 
CO£n 

(4.1-3) 

(4.1-4) 

Although (4.1-4) only has real solution in the limiting cases co-+co or a -> 0, the reflected pulse is 

small when 0>0B if the conduction current is small in comparison with the displacement current, 

i.e., « 1 . 
cos0 
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which shows that the pseudo Brewster angle effect is strongest at high frequencies. In the high 

frequency limit, the reflection coefficient (4.1-3) and the Brewster angle (4.1-4) reduce to the 

lossless case, respectively, 

K^eLcos0-J^^=^ (4.1-5) 

er cos 0 + ^£r - sin20 

and 

c o s 0 s = ^ = L = . (4.1-6) 
^£r+l 

The reflection coefficient R^ in (4.1-5) is positive and negative for an incident angle smaller and 

larger than the Brewster angle respectively, which is 0 = 72.45° for this material parameter and is 

determined through (4.1-6). Since the early time response is associated with high frequency 

components, the early time pulse changes sign when the incident angle passes the Brewster angle. In 

contrast, since the late time response is associated with low frequency components, which experience 

little of the pseudo Brewster angle effect, the late time pulse does not change sign when the incident 

angle passes the Brewster angle. The curve for 0 = 85° in Figure 4.1-8 clearly illustrates this effect. 

4.2 PRONY'S METHOD AND ITS APPLICATION TO DECOMPOSITION OF ARBITRARY 

SIGNALS 

Last section demonstrates the method based on a numerical inversion of the Laplace transform 

has been applied to the transient analysis of the reflected pulse due to a double exponential pulse 

incident on a lossy interface for the horizontal and vertical polarizations. This method eliminates the 

restrictions in [10] on the relative dielectric constant and the incidence angle, leads to good accuracy 

in both late and early times, and has a simple algorithm, short calculation time, and small required 

memory size. However, double exponential pulses are only one kind of electromagnetic signals. 

When the incident pulses are some other kind of signals, e.g., a Gaussian monocycle that has 

popularly been used as a UWB signal recently, numerical inversion of the Laplace transform may 
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not be applied directly to the transient analysis of the reflected pulses for the following three reasons. 

1) Direct use of numerical inversion of the Laplace transform needs an analytical expression of the 

Laplace transform (image function) of the incident signal, which is not available for a number of 

commonly used signals. 2) Even if a signal has an analytical image function, it can be one function 

defined only in some real domain, while the argument of the image function takes a complex value 

in the numerical inversion of the Laplace transform. For instance, the analytical image function of a 

Gaussian monocycle contains the complementary error function erfc{x), which is defined only in 

the real domain. 3) Even though a signal has an analytical image function defined in some complex 

domain, it does not mean that direct application of a numerical inversion of the Laplace transform 

can definitely be carried out. It is required that the final image function, viz., the product of the 

frequency domain reflection coefficient and the image function of an incident signal, obey some 

conditions for numerical inversion of the Laplace transform. Although these conditions are often 

satisfied by the final image function, numerical inversion of the Laplace transform also involves an 

infinite sum of a slowly convergent alternating series. Simply truncating it and retaining only some 

terms leads to a relatively large error and thus is not practical. An effective approach using the Euler 

transformation has to be used, which requires that the final image function meet two additional 

conditions. Hence, numerical inversion of the Laplace transform can be applied directly to the 

transient analysis of the reflected pulses, only if the final image function is defined in some complex 

domain, satisfies some conditions for numerical inversion of the Laplace transform, and two 

additional conditions for the Euler transformation. 

Now an interesting and meaningful question arises: How to overcome the limitations mentioned 

above and be able to apply numerical inversion of the Laplace transform to the transient analysis of 

the reflected pulses with an arbitrary incident signal? It has been shown in Section 4.1 that numerical 

inversion of the Laplace transform can be utilized for the transient analysis of the reflected pulse 

when an incident signal is a linear combination of two real decaying exponential functions. Thus it 
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can be imagined that numerical inversion of the Laplace transform would also work when an 

incident signal is a linear combination of a finite number of complex attenuating exponential 

functions. An arbitrary realistic signal can be approximated by a series of finite attenuating 

exponential functions. Prony's method has been widely used for this purpose [9] [71] [72]. Although 

decomposing a signal into a series of finite attenuating exponential functions will incur numerical 

errors, some criterion can be set and some measures can be adopted to achieve required accuracy. 

A signal can be represented as a superposition of exponential functions, i.e., 

F(t) = ±Cpe-ay (4.2-1) 
P=\ 

where the number of exponential functions, q , can be an infinite or a finite number. Only the case 

where q is finite or can be truncated to a finite number is considered in this work; when ap is 

nonnegative, Cp is a real; when ap is a complex number with a nonnegative real part, Cp is a 

complex number, and the corresponding conjugate term, Cpe~a"', must be included in (4.2-1) in this 

case. Cp and ap can be determined directly from one set of sample values of E(t) . This technique 

is known as Prony's method [71]. Rewrite (4.2-1) as 

£(') = ! W , (4.2-2) 
P=\ 

where yp - e~a" . Assume that values of E(t) are specified at equally spaced points over some time 

range. Then 

E(t0+msA) = ±Cpri}'^AK (4.2-3) 

where ms = 0,1,2,---,M, M is the number of sampling points, t0 is the starting time, and A is the 

time increment. 
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The difficulty in solving (4.2-3) lies in that it is nonlinear in terms of yp . However, this 

difficulty can be minimized as follows. E(t) satisfies the difference equation 

E(to + qA)-0E(to + (q-i)A)—-pqE(to) = ZcPrP'° (rP
A)q - 0(rP

A)q~ — - A 
p=\ 

(4.2-

Let yx , y2 , ..., yQ
& be the roots of the algebraic equation 

4) 

f - Pf-'- 02y
q-z Pq_xy-0=O. (4.2-5) 

If the Pp (p = 1, 2, • • -,q) are known, then (4.2-5) can easily be solved for yp . On the other hand, 

since yk is a root of (4.2-5), (4.2-4) reduces to 

0E(to+(q-l)A) + - + 0E(to) = E(to+qA). (4.2-6) 

By changing q to q + 1, q + 2, ..., q + ms, generalize (4.2-6) to form a set of linear equations of Yp 

as 

fj0pE(to+(q + ms-p)A) = E(to+(q + ms)A), (4.2-7) 
p=i 

where ms = 0,1, 2, • • •, M - q . 

From this set of M -q +1 linear equations, q P's can be determined when M = 2q-1, or can 

be over-determined by applying a least square error algorithm to the entire equation set when 

M >2q . After Pp is determined, y can be found through (4.2-5). Then (4.2-3) becomes linear in 

terms of Cp and can be solved in the same manner as solving (4.2-7). Therefore, Cp and ap are 

completely determined through Prony's method. 

In this work, over-determination of 0p and Cp is adopted, since a large number of numerical 

trials have shown that over-determining 0p and Cp makes computational accuracy much higher 
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than determination of 0P and C . In [9], the number of exponential functions, q = 20, is simply 

chosen. In this work, q is selected through a series of numerical trials to meet some accuracy 

requirement, as shown in next section. The list of yp is sorted and any duplicates will be removed. 

Then the /?'s are determined from this reduced set of linear equations. For a complicated shape of 

an incident pulse, a large number of exponential functions may be needed to meet some accuracy 

requirement. Nevertheless, if the complicated waveform has a very short pulse length, which is the 

case for most UWB pulses, this waveform can still be efficiently expanded into a series of 

exponentials within some short time interval, i.e., reasonable accuracy can be maintained without 

significantly increasing the number of exponential functions. This will be also illustrated in next 

section. 

4.3 REFLECTION OF ARBITRARY PULSES FROM A CONDUCTING HALF SPACE 

A pulse which is a linear combination of a finite number of exponential functions is expressed by 

(4.2-1), and is incident from free space onto an interface between free space and a lossy material 

with conductivity a and relative dielectric constant sr. The reflection coefficients in the frequency 

domain for the vertical and horizontal polarizations are given by (2.1-2) and (2.1-3), respectively. 

The image function of E (t) in (4.2-1) is 

Us+ap 

The final image functions, Fv(0,s) = Rv(0,s)E(s) and Fh(0,s) = Rh(0,s)E(s), obviously satisfy 

conditions 2) - 4) listed in Section 3.2. A proof is given in Appendix A that, for 

s = [p + j(n-0.5)nj It , Fv(0,s) and Fh(0,s) also obey the above two conditions a) and b) 

described in Section 3.3, under which /j™ (t,p) can be used to approximate fec (t,p) • 

4.3.1 Gaussian Monocycle as an Incident Signal 
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In order to compare our results with those in [9], the same Gaussian monocycle pulse as that in 

[9] is used as the incident pulse, which is called the differentiated Gaussian pulse in [9] and is 

expressed as 

r 
E(t) = t—t^-exp 

s 2 \ 

0.5-0.5 t-t. 

V 
V TP J 

(4.3-2) 

where the amplitude has been normalized to unity, xp is the parameter used to control the pulse 

width and is actually the time from the zero crossing to the peak of the pulse, and ts is time shift 

with ts = 4 xp in the calculation. 

Scaled Time (t / 1 ) 
p 

Number of Exponentials 

Figure 4.3-1: (a) Incident pulse (black line) and approximating pulses with 5 (blue line) and 6 (red 

line) exponentials, (b) Error versus number of exponential functions. 

First, a series of numerical trials with Prony's method are carried out for selecting a proper 

number of exponential functions. Figure 4.3-1 (a) plots the incident pulse and two approximations 

with 5 and 6 exponential functions, respectively, versus the scaled time, t/x . It is seen that different 
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approximation errors occur at different instants. A reasonable error measure should reflect the 

cumulative error over the entire time range considered, and can be defined as 

M 

YJ\Ea(t0+mA)-E(t0 + mA)\ 
error = ̂  _ (4.3.3) 

X|£(/0+mA)| 

where Ea (t) is the approximating waveform. Figure 4.3-1 (b) plots the cumulative error versus the 

number of exponential functions, indicating that the error first rapidly decreases with the number of 

exponentials and then does not significantly decrease when the number of exponentials is above 10. 

Thus, at least 10 exponentials should be used for approximating this Gaussian monocycle pulse to 

obtain good computational accuracy. 

Next, the transient analysis of the reflected pulse from a conductive interface is performed with 

the approximating incident pulse and the numerical inversion of the Laplace transform. For an easy 

comparison between our results and those in [9], following the expression of the frequency domain 

reflection coefficients for the horizontal polarization in [9], (2.1-3) is rewritten as 

cos0- \sr \ + ^S- -sin20 
V v STP) 

Rh(s) = \ \ P( (4.3-4) 
cos0+ le. 

f \ 
1 + ^ 

V STPJ 

- sin20 

where p2p is the loss tangent at the peak frequency cos of (4.3-2), p2p = o/coss , and the peak 

frequency cos = l/xp . This representation is used for the final generating function. The incident pulse 

is approximated by a linear combination of 31 exponentials. The reflected field is calculated when 

0 = 45°, £r = 1.0 and p2p - 0.1, 1.0, 10.0, and is plotted versus the scaled time in Figure 4.3-2 and 

Figure 4.3-3, for the horizontal and vertical polarizations, respectively. From these two figures, it is 

seen that, as p2p becomes larger, the peak amplitude of the reflected pulse significantly increases 
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and the reflected pulse goes through less distortion for both polarizations. Figure 4.3-2 compares our 

results with the exact ones in [9] and demonstrates good agreement between the two. 

Exact Value 

«- l ) 

12 
Scaled Time (t / x ) 

P 

Figure 4.3-2: Reflected field for the horizontal polarization (0 = 45°, sr = 1.0 and p2p = 0.1, 1.0, 

10.0). 

Scaled Time ( t / t ) 
p 

Figure 4.3-3: Reflected field for the vertical polarization ( # = 45°, sr = 1.0 and p2p = 0.1, 1.0, 

10.0). 
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4.3.2 Gaussian Doublet as an Incident Signal 

For comparing our result with that in [73], the same Gaussian doublet pulse as that in [73] is 

used as the incident pulse, which is the second derivative of a Gaussian pulse and is given by 

E(t) = 1-An 
f \2 

t-t. 

V TP J 
exp -2n 

f ^ t-t 

v TP j 

(4.3-5) 

where the waveform parameter xp = 1.7262 ns and the time shift ts = 0.75 ns in the calculation. 

Since the waveform of a Gaussian doublet is more complicated than that of a Gaussian 

monocycle, more exponential functions would be needed to approximate it with good accuracy. 

However, the Gaussian doublet has a short pulse length and thus can be approximated with good 

accuracy within a short time range without using significantly more exponential functions. Several 

numerical frials are carried out for approximating the Gaussian doublet by a series of exponentials 

within the time interval of 0.3 - 1.2 ns. 

3 

1.5 

1 

0.5 

0 

-0.5 

00 
-i 1 1 1-

^ > N 

.J | 1 | | |_ 
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 

Time (ns) 
(b) 

10 15 20 25 30 35 40 
Number of Exponentials 

Figure 4.3-4: (a) Incident pulse (black line) and approximating pulses with 5 (blue line) and 10 (red 

line) exponentials, (b) Error with number of exponential functions. 
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Figure 4.3-4 (a) plots the incident pulse and two approximating pulses with 5 and 10 exponential 

functions, respectively, while Figure 4.3-4 (b) plots the cumulative error against the number of 

exponential functions, showing the error first decreases rapidly with the number of exponentials and 

then does not significantly decrease if the number of exponentials is above 20. Hence, more than 20 

exponential functions should be used for approximating the Gaussian doublet pulse with good 

accuracy. 

Equations (2.1-2) and (2.1-3) are used for the final generating functions. The incident pulse is 

approximated by a linear combination of 40 exponentials. The reflected field is calculated when 

0 = 45°, £r = 10, 25, 40 and cr = 0.1 mho/m, and is plotted in Figure 4.3-5 and Figure 4.3-6 for the 

horizontal and vertical polarizations, respectively. These two figures illustrate that the reflected pulse 

has less distortion for both polarizations in this case, and the peak amplitude of the reflected pulse 

increases with the increase of sr. Comparison between the two figures indicates that the reflected 

pulse has smaller peak amplitudes for the vertical polarization than for the horizontal polarization. 

Figure 4.3-6 compares our results with those in [73] and shows good agreement. It is worthwhile to 

point out that the result in [73] is accurate in this case where the incident angle is not large and the 

relative electric constant is on the order of 10. 
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Figure 4.3-5: Reflected field for the horizontal polarization (0 = 45°,£r - 10, 25, 40 and a 

mho/m). 
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Figure 4.3-6: Reflected field for the vertical polarization (0 = 45° ,£r = 10, 25, 40 and a 

mho/m). 
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4.4 PROPAGATION OF ARBITRARY PULSES THROUGH A LOSSY DIELECTRIC SLAB 

The transient analysis of pulses propagating through a lossy dielectric slab is of great 

significance in a number of engineering fields, such as material characterization and diagnosis, wall 

penetration radar, and pulse radio. In fact, this kind of analysis can provide valuable insights into the 

appreciation of the capabilities and limitations of UWB communication for indoor and indoor-

outdoor scenarios [74]. As discussed in Section 2.1, the approximation to a frequency-domain 

reflection coefficient permits one analytical expression of the impulse response of a lossy half space 

[10], but makes the solutions inaccurate or even invalid in some cases, e.g., for large incident angles. 

Based on the approximate form in [10], the time domain solutions for pulse transmission through a 

lossy dielectric slab were achieved and some related UWB issues were addressed [73] [75]. These 

solutions contain infinite sums of modified Bessel functions and time domain convolutions, and are 

implemented in three directions, perpendicular polarization, normal and tangential parallel 

polarizations [75] (wrongly written as "normal and tangential perpendicular polarizations" in [75]), 

leading to considerable calculations. 

In this section, based on the discussion in the three sections above, the technique combining 

numerical inversion of Laplace transform with Prony's method is extended to the transient analysis 

of pulses propagating through a lossy dielectric slab. Comparison between our results obtained and 

those obtained using the FDTD technique indicates a good agreement. The waveforms and strengths 

of the transmitted signals are governed by four main parameters, thickness, relative permittivity and 

conductivity of the slab and incident angles. The analysis of transmitted signal waveforms is 

conducted for four different parameters and the results are shown to be comparable to those given by 

[75]. Based on this waveform analysis, the transmission loss is discussed for different parameters 

and the results are shown to be consistent with the previously published results [75]. Our approach 

also yields the results for a large incident angle, these being unavailable using alternative approaches 

[75]. In this investigation, the Gaussian doublet pulse with the same waveform parameter and time 
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shift as in Section 4.3 is used as the incident pulse. Figure 4.4-1 plots the incident pulse and 

approximating pulse with 40 exponential functions, showing a good approximation. 
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Figure 4.4-1: Incident pulse and approximating pulse with 40 exponentials. 

Figure 4.4-2: Pulse is impinging on lossy dielectric slab. 
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Figure 4.4-2 shows that the pulse is impinging on a homogeneous lossy slab at an incident angle 

of 0 . The slab has an thickness of d , permeability of p0, conductivity a and permittivity of 

£ = £0 sr where s0 is the permittivity of vacuum and sr is the relative permittivity of the slab. The 

fransmission through a dielectric layer is governed by the equation [76] 

T = ton tn0 6 , (4.4-1) 

where r and t denote the reflection and fransmission coefficients of the interface, respectively. The 

subscripts On and nO mean that the pulse is incident from air onto the layer and from the layer onto 

air. The quantity cp is the complex frequency dependent electrical length of the layer as seen by the 

wave and is given by 

<p(s) = - - £r -sin2<9 + — (4.4-2) 

where s is the complex frequency and c is the phase velocity of the wave in vacuum. 

With t0„ tn0 - r0n rn0 = 1 and r0n = -rn0 [76], (4.4-1) is written as 

where ^0„(*) is the reflection coefficient in complex frequency domain and is given by (2.1-2) for 

vertical polarization, or by (2.1-3) for horizontal polarization. 

The image function of the approximating pulse is 

i C 
E'nc(s) = Y p—. (4.4-4) 

^xs + ap 

The final image functions is 

F(s) = T(s)E'nc(s). (4.4-5) 
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It satisfies the four conditions specified in Section 3.2 under which f(t) can be approximated 

by fec(t,p). For s = [p + j(n-0.5)n]/t, F(s) does not obey the two conditions in Section 3.3 

under which f'e"(t,p) can be used to approximate fec(t,p). 

The total transmitted field can be decomposed into a series of successive transmitted 

components, 

T = ul+u'2+u'3+--- = t0ntn0e-J<p ^rJe>2« + (rnZe->2^+- (4.4-6) 

Consider the first term modeling two transmissions through two surfaces of the layer, 

u' =t t e~Jip =(l-r 2)e~J<p (4.4-7) 

Fx (s) = u\ (s) Emc (s) still does not satisfy the two conditions for Euler summation due to the phase 

factor e~J<p when s = [p + j(n-0.5) n]/t. 

From (4.4-2), it is observed that, when 5 -> oo , 

s d 
<P{S) -> <P™ (s) = ~- ^rsm20 

J c 
(4.4-8) 

The replacement image function for Fx (s) is defined as 

FrX(s) = u[(s)Emc(s)e]L(s)=Fx(s)eST (4.4-9) 

and satisfies the four conditions listed in Section 3.2 and the two conditions specified in Section 3.3, 

where eJ(Pm^' is the modifying phase factor and the time shift is 

x = -j£r-sin20. (4.4-10) 
c 

Hence, (3.3-1) is applicable to calculate f'™ec(t,p) which approximates frUec(t,p) , the 

original function of F r l(s) . From (4.4-9), the relationship between f'"ec(t,p) and f/"c(t,p) 

which approximates fXec (t,p), the original function of Fx (s) , is given by 

76 



f{:ec(t,P) = f'Zc(t-T,p). (4-4-11) 

Similarly, consider the second term in (4.4-6), which characterizes two transmissions through 

two surfaces and two reflections between two surfaces, 

< =t0ntn0r
2

0 e-^=(l-r0
2)r2

0 e~^. (4.4-12) 

F2 (s) = u2 (s) Emc (s) does not satisfy the second of the two conditions above due to the phase 

factor e~ji(p when s = [p + j(n- 0.5) n] It. The replacement image function for F2(s) is 

Fr2(s) = u'2(s)E'nc(s)ejiL{s)=F2(s)e3sr (4.4-13) 

and meets the four conditions listed in Section 3.2 and the two conditions for Euler summation. 

f'2yec(t,p) can be calculated by using (3.3-1), and is a good approximation to frl,ec{t,p), the 

original function of Fr2(s). From (4.4-13), the relationship between f'r2^ec(t,p) and fl™c(t,p) 

which approximates f2ec (t,p), the original function of F2 (s), is given by 

/ 2 t M = / r t c ( ' - 3 r , / > ) . (4.4-14) 

Following the above procedure, f,'"c(t,p) can be achieved and is a good approximation to 

fi.ec (t>P) > m e original functions of Ft (s) = u[ (s)Emc (s), i = 1,2,3, • • •. 

From 

F = Fx+F2+F3+---, (4.4-15) 

the final original function can be given approximately by 

/(<)* feci*,p) = Aec(t'P) +f2,ec{t>P) +Aeci^P)*-

*fll(t>P) + f2lmec(t>P) + fll{t,p) + - (4-4-16) 

In general, the terms beyond the first term have much weaker impacts than the first one in (4.4-

16), and then only taking the first term f'"ec (t,p) leads to a high accuracy. If a very high accuracy 

is required for some specific purposes, the first several terms in (4.4-16) will be added together. In 
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the following discussion, only the first term in (4.4-16) is taken into account. Figure 4.4-3 plots the 

waveform of the transmitted pulse at the layer's back surface, and shows that our results agree quite 

well with FDTD results. In our calculation, only the first term in (4.4-16) is taken as the transmission 

coefficient. 
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Figure 4.4-3: Waveforms of transmitted signal obtained using this method and using FDTD. (a) 

horizontal polarization; (b) vertical polarization, d = 0.02 m, £r =2 , cr = 0.1 S/m and 0 - 30°. 
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Figures 4.4-4 to 4.4-7 illustrate the waveforms of the fransmitted signal through a slab with 

different thickness, relative permittivity, conductivity and incident angles. With reference to the 

incident pulse shown in Figure 4.4-1, the attenuation, delay and distortion of the transmitted pulse 

can be seen and compared with each other in the different cases. 

Figure 4.4-4 shows that the amplitude of the transmitted signal decreases, the delay increases and 

the distortion becomes larger with the increase of the thickness. In Figure 4.4-5, the amplitude 

becomes a little smaller, the distortion becomes a little larger and it takes longer for the pulse to go 

through the layer as the relative permittivity increases. Figure 4.4-6 illustrates that the amplitude 

decreases, the distortion increases but the delay almost remain the same when the conductivity 

increases. 
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Figure 4.4-4: Waveforms of transmitted signal, (a) horizontal polarization; (b) vertical polarization. 

Varying d , £r = 2 , a = 0.1 S/m and 0 = 30° . 
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Figure 4.4-5: Waveforms of transmitted signal, (a) horizontal polarization; (b) vertical polarization. 

Varying £r, d= 0.02 m, a = 0.1 S/m and 0 = 30°. 
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Figure 4.4-6: Waveforms of transmitted signal, (a) horizontal polarization; (b) vertical polarization. 

Varying a, d = 0.02 m, sr = 2 and 0 = 30°. 
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Figure 4.4-7: Waveforms of fransmitted signal, (a) horizontal polarization; (b) vertical polarization. 

Varying 0, d = 0.02 m, sr = 2 and cr = 0.1 S/m. 
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In the above three cases, the incident angle is fixed and the other three parameters are varying, 

the fransmitted pulse experiences roughly the same variation for both polarizations. On the other 

hand, when the incident angle is varying, the transmitted pulse undergoes different variations for two 

different polarizations. As shown in Figure 4.4-7, when the incident angle increases, the amplitude 

decreases, the delay decreases slightly and the distortion becomes larger. Meanwhile, the transmitted 

pulse undergoes larger variation for horizontal polarization than for vertical polarization. The above 

results accord with those in [75]. Nevertheless, Figure 4.4-7 demonsfrates that the amplitude and 

distortion largely change when the incident angle is close to 90°, This case was not discussed in 

[75]. 

On the basis of the above results, the transmission loss through a layer is discussed for different 

parameters. Figure 4.4-8 (a) illustrates that the transmission loss is basically proportional to the 

thickness and increases with the increase of the conductivity. As the conductivity becomes larger, the 

change rate of the transmission loss with the conductivity becomes larger. Figure 4.4-8 (b) shows 

that the fransmission loss has the minimal value for a normal incidence, and slightly increases as the 

relative permittivity increases. The comparison between Figure 4.4-8 (a) and Figure 4.4-8 (b) 

indicates that the thickness and conductivity have much larger impacts on the transmission loss than 

the other two parameters, the relative permittivity and incident angle. These conclusions are 

consistent with those drawn in [75]. In Figure 4.4-8 (b), it is seen that the transmission loss for the 

incident angle close to 90° is much larger, and increases much faster with the increase of the relative 

permittivity than that for a small incident angle, which is not addressed in [75] and then is added 

here. 
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4.5 ADDITIONAL COMMENTS 

As is well known, the principle of causality stating that the response cannot come before the 

stimulus leads to the Kramers-Kronig relations describing the interdependence of the real and 

imaginary parts of the susceptibility j(ft>) [77] [78]. The Kramers-Kronig relations compose one of 

the most elegant and general theorems in physics, since they depend for their validity only on the 

principle of causality. As applied to wave propagation, the real part of susceptibility describes 

essentially the index of refraction and imaginary part the absorbstion coefficient of a medium. Thus, 

the Kramers-Kronig relations explain in the most fundamental and general terms, completely 

independent of the underlying physical mechanisms, the intimate connection between refraction and 

absorption. Actually, given one, the other follows immediately. The Kramers-Kronig relations are 

given by 

Re[Z(co)] = -P [ lZ\ >}d& (4.5-1) 

r , ... i « Re[^(Q) l 
\m\_x(co ] = --P f lXKJ}dQ. (4.5-2) 

where P stands for principal part. The expressions show that causality requires the real and 

imaginary parts of the dielectric susceptibility (permittivity) or magnetic susceptibility (permeability) 

to depend on each other through the Hilbert transform pair. 

Without losing generality, we focus on isotropic dieletecric materials. For narrowband modeling, 

the complex permittivity £c [co) = e^co) - j —-—- can be determined for a fixed operating frequency. 
co 

For wideband and ultra wideband modeling, the frequency dependence of the permittivity e(co) and 

the conductivity cr(co) should be taken into account to appropriately characterize reflection and 

propagation mechanisms over some specified frequency range. In practice, the permittivity e(co) 

and the loss tangent p(co) are measured for some materials over frequency bands, with the 
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relationship between p(co), e(co) and crico) being p(co) =—V\ > a s specified in Section 4.3.1. 
co s(co) 

Some measured values of E{CO) and p{co) for plywood have been used in modeling path loss of 

UWB signal propagation [79]. 

In Section 4.3.1, p2p is the loss tangent at the peak frequency and varies when maintaining 

£r = 1.0, which seems not to obey the Kramers-Kronig relations but actually can be considered as 

the behaviors of permittivity and conductivity of a good conductor. The free electrons within a 

conductor can be considered as an electron gas that is free to move under the influence of an applied 

field. Since the electrons are not bound to the atoms of the conductor, there is no restoring force 

acting on them. However, there is a damping term associated with electron collisions. Hence a 

conductor can be modeled as a plasma, but with a very high collision frequency. The conductivity 

and permittivity of the plasma are given by [77] 

. . £n CO2 V 

*(«>) = J r J L r <4-5-3) 
CO +v 

and 

e(co) = e0 

f 2 \ 

v a + v J 

(4.5-4) 

respectively, where v is the electron collision frequency, cop is plasma frequency given by 

co2
p= (4.5-5) 

where N represents the number of free elecfrons in a unit volume, m is the mass of an electron, and 

e denotes the charge. The complex permittivity 

ec (co) = e (co) - j —^- = e, 0 
CO 

1 - ' 2 2 

v <° +v J 

/i 

-j ; / n (4.5-6) 
CO (co2+v2) 

obeys the Kramers-Kronig relations. 
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For a good conductor v is very large, then the conductivity and permittivity can be approximated by 

2 2 

a(co) = - = and e(co) = e0, respectively. Therefore, it is reasonable for a good conductor 
m v 

that p(co) or CJ(CO) is independent of frequency and is varied when maintaining er = 1.0. 

In Section 4.1, Section 4.3.2 and Section 4.4, e(co) varies when cr(co) is fixed, and cr(co) 

varies when e(co) is fixed. This seems not to obey the Kramers-Kronig relations either but also can 

be considered as the approximations of permittivity and conductivity of a conductive dielectric at 

low frequencies. The complex permittivity of a dielectric is best described by the resonance model 

[77] 

£c (®) = S(®) + J e"(<°) = S((°) - J — = S0 + X 
e o ® p , 

L?co2
l-co2+jco2Y] 

(4.5-7) 

2 N,e 
where co =—'-— is the plasma frequency of the /'th resonance component, and co, and T, are the 

oscillation frequency and damping coefficient, respectively, of this component. Splitting the 

permittvity into real and imaginary parts we have 

and then 

For low frequencies, 

• (co) = £0 1 + 1 
I.K-"2) 

(co2-co2) +4co2T2 

2coYlco2 

*(«0 = -*o2/ 
'(co2-co2) +4co2T2 

a(co) = -co£"(co) = £0YJ 

2co2T,co2
p, 

(co2-co2) + 4 ^ 2 r ;
2 

2 N 

E(CO)«£0 l + Y^-^T 

V > <°> J 

(4.5-8) 

(4.5-9) 

(4.5-10) 

(4.5-11) 

88 



which is the static permittivity of material. A conductive dielectric has such small values of cot that 

the elecfrons become unbound. At low frequencies, 

CTH**oi;^p-' (4-5-12) 

which is the dc conductivity. Hence, it is not unreasonable for a conductive dielectric at low 

frequencies that £(co) and cx(co) are approximately frequency independent and one of them varies 

when another is fixed. Even for modeling propagation of UWB signals in a typical band from 3 GHz 

to 10 GHz, the permittivity and conductivity of a construction material are still considered as 

constants independent in [80]. In [81], the permittivity (or conductivity) of a lossy dielectric varies 

when the conductivity (or permittivity) is fixed. In [82], one of the permittivity, permeability and 

conductivity of a conductive medium varies when fixing the rest. 

4.6 CONCLUDING REMARKS 

Section 4.1 shows that numerical inversion of Laplace fransform is applied to the transient 

analysis of the reflected pulse for horizontal and vertical polarizations with a double exponential 

pulse incident on a lossy interface at an arbitrary angle [69] [70]. This method gets rid of the 

restrictions in [10] on the relative dielectric constant and the incident angle. 

In Appendix A, it has been mathmaticall proved that numerical inversion of Laplace fransform 

can be utilized for the transient analysis of the reflected pulses when an incident signal is a linear 

combination of finite complex attenuating exponential functions. Section 4.2 demonstrates that an 

arbitrary realistic signal can be approximated by a series of finite attenuating exponential functions 

with Prony's method. In Section 4.3, the approach combining numerical inversion of Laplace 

transform with Prony's method is applied to the analysis of transient reflection of non exponential 

pulses from a conductive interface [83]. This work has led to the following results: 1) the peak 

amplitude of the reflected pulse increases with the increase of the conductivity and/or the dielectric 

constant of the interface. 2) The distortion of the reflected pulse becomes less with the increases of 
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the conductivity and dielectric constant. 3) The reflected pulse has smaller peak amplitudes and is 

subject to more distortion for the vertical polarization than for the horizontal polarization. 

Section 4.4 discusses propagation of non expontial pulses through a lossy dielectric slab [84]. 

The part fransmitted through both interfaces without undergoing any reflection can be taken as the 

major part. Taking the phase difference between both interfaces into account as a factor makes the 

final image function not satisfy two additional conditions for Euler transformation. In order to 

override this obstacle, the original final image function is modified into the so-called replacement 

image function, which is the product of the original final image function and a modifying phase 

factor and satisfies two additional conditions for Euler transformation. In this way, the time domain 

technique on the basis of numerical inversion of Laplace fransform and Prony's method is extended 

to the transient analysis of pulses transmitting through a lossy dielectric slab, with good accuracy and 

low computation costs. 

In Sections 4.3 and 4.4, starting with Prony's method, the number of exponential functions is 

determined based on the compromise between the required accuracy and computational costs. Then, 

the incident pulse is approximated by a linear combination of exponentials. After that, numerical 

inversion of the Laplace transform is applied to the transient analyses of pulses reflected from a 

conductive interface and pulses propagating through a lossy dielectric slab, ending up with 

meaningful results and good agreement between the results achieved using this approach and those 

using the FDTD method and those published in the literature. The significance of this contribution is 

twofold: First, the corresponding results for an incident angle close to 90° can be provided with this 

technique, which can not be generated with the previous approaches. Second, this efficient time 

domain technique can be extended in a straightforward manner to the transient analysis of multiple 

reflections and transmissions in lossy media, and thus provide a powerful tool for electromagnetic 

analysis and design. 
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CHAPTER 5: PULSE PROPAGATION IN A DISPERSIVE MEDIUM AND 

REFLECTION FROM A DISPERSIVE MEDIUM HALF SPACE 

All materials are to some extent dispersive. If a field applied to a material undergoes a sufficient 

rapid change, there is a time lag in the response of the polarization or magnetization of the atoms. It 

has been found that such materials have complex, frequency dependent constitutive parameters. On 

the one hand, the lossy material discussed in last chapter is dispersive since it has a complex, 

frequency dependent permittivity. On the other hand, the Kronig-Kramers relations imply that if the 

constitutive parameters of a material are frequency dependent, they must have both real and 

imaginary parts. Such a material, if isotropic, must be lossy. So dispersive materials are general lossy 

and must have both dissipative and energy storage characteristics. However, many materials have 

frequency range called transparency ranges over which the imaginary parts are smaller compared to 

real parts of constitutive parameters. If we restrict our interest to these ranges, we may approximate 

the material as lossless. 

In this chapter, numerical inversion of Laplace transform is contiuously developed and extended 

to the modeling of pulse propagation in plasma and reflection from Lorentz, Debye and Cole-Cole 

media. All these four dispersive models satisfy the Kronig-Kramers relations required for a causal 

material [77]. Firstly, pulse propagation in plasma with a zero and nonzero electron collision 

frequency is discussed. Next, the time domain reflection coefficients, viz impulse responses, of 

Lorentz, Debye and Cole-Cole half spaces are achieved for both TE and TM cases. Then, the 

transient reflections of an arbitray pulse from these media are determined by convolving the incident 

pulse with the impulse responses of these media, instead of using Prony's method to decompose the 

incident pulse into a series of finite attenuating exponential signals as in last chapter. Based on the 

time domain analysis of reflected pulses from these dispersive half spaces, some waveform 

parameters are estimated and the material diagnosis is carried out. Lastly, the work on transient wave 

propagation in and reflection from dispersive media is summarized with some meaningful 
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conclusions. Our results show excellent agreement with those in the literature, validating the 

correctness and effectiveness of our technique. 

5.1 PULSE PROPAGATION IN PLASMA 

The advancement of radar technology has been driving the need to develop efficient time domain 

techniques for transient analysis of electromagnetic pulses propagating in plasma, which is used to 

represent a simplified model of the atmosphere. A plasma is an ioized gas in which the charged 

particles are free to move under the influence of an applied field and through particle-particle 

interaction. It differs from other materials in that there is no atomic lattice restricting the motion of 

the particles. However, even in a gas the interactions between the particles and the fields give rise to 

a polarization effect, causing the permittivity of the gas to differ from that of free space. In adition, 

exposing the gas to an external field will cause a secondary current to flow as a result of the Lorentz 

force on the particles. As the particles collide with each other, they relinquish their momentum, an 

effect describable in terms of a conductivity. In this section, the problem of plane wave propagation 

through the ionosphere is focused on. Without losing generality, a simple model of the ionosphere is 

employed where it is assumed that the plasma is homogeneous, that is, the number of free elecfrons 

does not depend on the altitude. If the earth's magnetic field is ignored, then a frequency domain, x-

polarized plane wave propagating in the z-direction must satisfy the harmonic differential equation 

[27] [28], 

Ex(z,co) = 0 (5.1-1) 

where 

1 , jcoco2 

k = - \ a > 2 - - p- (5.1-2) 
c\ v + jco 

is the propagation constant, v is the electron collision frequency, and c is the speed of light in a 

vacuum. The plasma cut-off frequency cop is given by 

ri72 
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<= 
Ne2 

msn 

(5.1-3) 

where N represents the number of free elecfrons in a unit volume, m is the mass of an elecfron, and 

e denotes the charge. The general solution for (5.1-1) is 

Ex (z,co) = Ex (0,co) [exp(-jkz) + Fexp(jkz)~\. (5.1-4) 

Let s = jco , specify the incident field on the plane z = 0 (viz. Ex (0,t)) and assume that there are no 

reflected waves (F - 0 ), then 

^^yy-jiZ^8)^ 
r 

, s z i mp 
St

 A
 1 + / x 

ds (5.1-5) 

where 

Ex (0,s) = [ Ex (0,t) exp(-st) dt. (5.1-6) 

The image function 

F(s) = Ex(0,s) exp .11 y^p 
s(s + v) 

(5.1-7) 

satisfies the four conditions specified in Section 3.2 under which f(t) can be approximated by 

fee (t'p) • F° r s = [P + J (n - 0.5)n]/t, F(s) obey the first but does not obey the second of the two 

conditions in Section 3.3 under which fl™ (t,p) can be used to approximate fec (t,p). F(s) can be 

rewritten as 

where 

F(s) = Ex(0,s)exp(-sxF(s)) (5.1-8) 

(*KJ1+- <y„ 

:(s + v) 
(5.1-9) 

As in Section 4.4, a replacement image function for F(s) is defined as 
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Fr(s) = F(s)exp(sx(s)) • (5.1-10) 

and meets the four conditions listed in Section 3.2 and the two conditions for Euler summation, 

where exp (s x(s)) is the modifying phase factor and the time shift is 

x(s) = limxF(s) = - . (5.1-11) 

Hence fl
r™c (t,p) can be calculated by using (3.3-1), and is a good approximation to frec (t,p), the 

original function of Fr (s) . From (5.1-10), the relationship between f'"c (t,p) and f'e™ (t,p) which 

approximates fec (t, p), the original function of F (s), is given by 

fLm(^P) = fLm(t~r,p). (5.1-12) 

In order to compare our results with those in [27], the same plasma parameters, 

cop = 1.0 x 107 sec"1, v = 0 (collisionless plasma), are chosen, and the same incident signal is used as 

in [27]. The incident signal is a double exponential signal given by 

Ex(0,t) = A(e-a'' -e^')u(t), (5.1-13) 

where u (t) is the unit step function, ax = 1.0 x 107, a2 = 1.0 x 108, and A = 1.43 5. 

The same parameters for the collisionless plasma are chosen, and the same incident signal is 

used as in [20]. The incident signal is a step modulated carrier signal expressed by 

Ex(0,t)=u(t)sinco0t. (5.1-14) 

Figure 5.1-1 and Figure 5.1-2 plot the results for the two incident signals given by (5.1-13) and 

(5.1-14), respectively. Both figures demonsfrate a good agreement between our results and those 

published in [27] and [20], verifying that our approach is correct and effective in modeling pulse 

propagation in collisionless plasma. 
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Figure 5.1-1 (a): Transient waveform at z = 100 m in the plasma (cop =1.0x107 sec ' , v = 0) ,dueto 

incidence of a double exponential signal (ax =1.0xl07 , a2 =1.0xl08 , .4 = 1.435). 

x 1 0 " 
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Figure 5.1-1 (b): Early time (above) and late time (below) transient waveform at z = 100 m in the 

plasma, due to incidence of the same double exponential signal as in Figure 5.1-1 (a). 

Solid line: our results; Small circle: ILHI results in [27]. 
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T = C t / L 

Figure 5.1-2: Transient waveform at z = Z in the plasma, due to incidence of a step modulated 

carrier signal (above: co0/co = 1.10, —-— = 0.875; below: co0/co = 0.95 , —-— = 3.58). 
2nc 2nc 

Solid line: our results; Small circle: series results in [20]. 

For comparing our results with those in [28], the same double exponential signal given by (5.1-

13) is used as the incident signal, and the same plasma parameters, cop =1.0x107 sec"1 and 

v = 1.0xl03 Hz, are chosen as in [28]. Figure 5.1-3 illustrates that our results agree well with those 

in [28], which confirms our approach is also correct and effective for characterizing pulse 

propagation in plasma with a nonzero elecfron collision frequency. 
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Figure 5.1-3: Transient waveforms in the plasma with cop = 1.0 x 107 sec"1 and v = 1.0 x 103 Hz at z : 

5 km (a) and z = 500 km (b). Solid line: our results; Small circle: series results in [28]. 
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5.2 PULSE REFLECTION FROM A LORENTZ MEDIUM H A L F SPACE 

In Section 1.1 and Section 2.4, the significance and major analytical method for modeling pulses 

reflected from a Lorentz space have been addressed. In this section, following the formulations given 

in Section 2.4, we present our results achieved with numerical inversion of Laplace fransform first 

for TE polarization and then for TM polarization. 

The image function F(s) given in (2.4-4) clearly satisfies the four conditions specified in 

Section 3.2 under which f(t) can be approximated by fec (t,p) • Through a proof similar to that in 

Appendix A, it can be proved that F(s) meets both two conditions in Section 3.3 under which 

fe™(t,p) can be used to approximate fec(t,p). So the transient reflection coefficient F(t), the 

original function of F(s), can be calculated using numerical inversion of Laplace fransform. To 

compare our results with those in [35], the same incident angle and the same three sets of parameters 

are chosen as in [35], with each set of parameters corresponding to each of the three possible cases. 

The first set of parameters is chosen as co0 =4 .0xl0 1 V 1 , S = 0.2Sxl016s~', b2 =20.0x103V2 , 

corresponding to case 1 for S«co0. In this case, the analytical solution of F(t) is given by (2.4-

31), whose composition involves only the oscillatory ordinary Bessel functions, and so the waveform 

highly oscillates and only lightly damps. This is confirmed by our result plotted in Figure 5.2-1. 
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Figure 5.2-1: Transient reflection coefficient for TE polarization with incident angle 0 = 30° and 

material parameters, co0 =4.0xl016s"', 8 = 0.28xl0165r"1, b2 = 20.0xl032s"2, corresponding to case 

1 for 8 «co0. Solid line - our result; Small circle - result in [35]. 

The next set of parameters is co0 = 2 . 0 x l 0 1 V , J = 0.28xl0165"1 , b2 =20.0xl0 2 V 2 . This 

choice of parameter corresponds to case 2 for 82 >co\+ B2 where equation (2.4-28) is used as the 

analytical solution of F(t). Since the expression of F(t) involves only modified Bessel functions 

that do not have oscillatory behavior of ordinary Bessel functions, the resulting waveform is 

overdamped and has only one single negative peak without any oscillation, which is verified by our 

result shown in Figure 5.2-2. 
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Figure 5.2-2: Transient reflection coefficient for TE polarization with incident angle # = 30° and 

material parameters, co0 =2.0xl01 5s"\ 8 = 0.28xl0165_1, b2 =20.0xl029s"2, corresponding to case 

2 for 82 >co\+B2. Solid line - our result; Small circle - result in [35]. 

The third choice of parameters is co0 =2.0x10'V1 , J = 0.28xl0165"' , b2 =20.0xl0 3 V 2 , 

which corresponds to case 3 for 8 > co0 but 82 <co\+B2. With this set parameters, the analytical 

expression of F(t) given by (2.4-33) has a combination of ordinary and modified Bessel functions, 

so that the waveform has more damping and less oscillation than that in case 1, but has more 

oscillation than that in case 2. This is confirmed well by our result illustrated in Figure 5.2-3. 
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Figure 5.2-3: Transient reflection coefficient for TE polarization with incident angle # = 30° and 

material parameters, co0 = 2.0xl015s"1, ^ = 0.28xl0165_1, b2 =20.0xl032s"2, corresponding to case 

3 for 8 > co0 but 82 <co\+B2. Solid line - our result; Small circle - result in [35]. 

As indicated in Section 2.4, the solution of transient reflection coefficient in TM case is more 

complicated and involved than that in TE case. With the analytical method in Section 2.4, a term that 

does not appear in the TE case needs to be introduced and a special form of the time domain 

reflection coefficient needs to be separately solved when the incident angle is equal to 45° [36], 

which is however not needed with numerical Laplace transform. The image function F(s) given in 

(2.4-35) clearly satisfies the four conditions in Section 3.2. Furthermore, through a process similar to 

Appendix A, it can be proved that F(s) meets both two conditions in Section 3.3. So the time 

domain reflection coefficient F(t) , the original function of F(s), can be calculated using numerical 

inversion of Laplace fransform. To compare our results with those in [36], the same incident angles 

and the same sets of material parameters are chosen as in [36]. 
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The first case uses # = 30° along with the material parameters, co0 =4.0x1016s~] , 

J = 0.28xl0165_1, and b2 =20 .0xl0 3 V 2 , corresponding to case 1 for g(t) given by (2.4-63) and 

case 2 for c(t) given by (2.4-68). Since 8 «co0 and the composition of g(t) involves only the 

oscillatory Bessel functions, the waveform of F(t) is highly oscillatory and only lightly damped, 

which is confirmed by our result plotted in Figure 5.2-4. 

0.2 0.3 0.4 0.5 0.6 0.7 0.8 
Time (femto second) 

Figure 5.2-4: Transient reflection coefficient for TM polarization with incident angle # = 30° and 

material parameters, co0 =4.0xl016s~I, 8 = 0.2Sxl016s~1, b2 = 20.0xl032.s~2, corresponding to case 

1 for g(t) and case 2 for c(t), where 8 «co0. Solid line - our result; Small circle - result in [36]. 

In the second case, the material parameters are chosen as a>0 = 2.0xlOi5sl, 8 = 0.28xl0165_1, 

and b2 =20 .0xl0 2 V 2 , along with # = 30°. This corresponds to case 2 for g(t) given by (2.4-61) 

and case 1 for c(t) given by (2.4-66). For this choice of parameters, 82 >co\+B2, and g(t) is 

overdamped, while c(t) is exponentially damped. Since g(t) only involves modiefied Bessel 
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functions that do not oscillate like ordinary Bessel functions, the waveform of F(t) shows no 

oscillatory behavior and only a single negative peak, which is verified by our result plotted in Figure 

5.2-5. 

1.5 2 2.5 
Time (femto second) 

Figure 5.2-5: Transient reflection coefficient for TM polarization with incident angle # = 30° and 

material parameters, co0 =2.0xlOlss~1, 8 = 0.28xl016s~1, b2 =20.0xl0295 -2 , corresponding to case 

2 for g(t) and case 1 for c(t), where 82 >co2 +B2. Solid line - our result; Small circle - result in 

[36]. 

In the third case, the choice of parameters is co0=2.0xlOi5s~l , 8 = 0.28xl016s~1 , 

b2 = 20.0x lO32*-2, again with # = 30°, which corresponds to case 3 for g(t) expressed by (2.4-64) 

and case 2 for c(t) expressed by (2.4-68). Since 8 > a>0 but 82 <co\+B2, g(t) has a combination 

of ordinary and modified Bessel functions, and so F(t) is more damping and less oscillatory than 

with the first choice of parameters but more oscillatory than with the second choice of parameters. 

This is verified by our result shown in Figure 5.2-6. 
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Figure 5.2-6: Transient reflection coefficient for TM polarization with incident angle # = 30° and 

material parameters, co0 = 2.0x 1015s_1, 8 = 0.28x lO'S"1, b2 = 20.0x 1032s"2, corresponding to case 

3 for g(t) and case 2 for c(t), where 8>co0 but 82 <co\+B2. Solid line - our result; Small circle 

-result in [36]. 

In the fourth case, material parameters are the same as those in the first case, but # = 50° is used, 

corresponding to case 1 for g(t) given by (2.4-63) and case 3 for a noncausal c(t) given by (2.4-

69). However, the convolution of c(t) with g(t) produces a causal result. This is confirmed by our 

result shown in Figure 5.2-7, which is achieved by directly using our approach that does not lead to 

any noncasual term. 

The final case examines the special case of # = 45° with the same choice of material parameters 

as in the first case, which corresponds to the closed form expression of F(t) given by (2.4-76). With 

our approach, this case does not need to be processed separately and can be treated as a general case 
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for any incident angle. This result is illustrated in Figure 5.2-8, and is very similar to that shown in 

Figure 5.2-7, since the incident angle in this case differs by only 5° from that in the fourth case. 

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
Time (femto second) 

Figure 5.2-7: Transient reflection coefficient for TM polarization with incident angle # = 50° and 

material parameters, co0 =4.0xl016s_1, 8 = 0.28xl0165_1, b2 =20.0xl032,s"2, corresponding to case 

1 for g(t) and case 3 for c(t), which results in a noncausal behavior of c(t). Solid line - our 

result; Small circle - result in [36]. 
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Figure 5.2-8: Transient reflection coefficient for TM polarization with incident angle # = 45° and 

material parameters, co0= 4.0xlOl6s~\ <5 = 0.28xl016s_1, b2 =20.0xl032s~2, corresponding to the 

special case in [36]. Solid line - our result; Small circle - result in [36]. 

5.3 PULSE REFLECTION FROM A DEBYE AND COLE—COLE MEDIUM HALF SPACE 

The knowledge of material properties is required in various technological fields, such as 

geophysics, material science and biomedical engineering. The characterization of bulk materials 

would be the most direct way to acquire this knowledge and greatly helpful to understand the 

underlying physics at the microscopic level, which is much more complicated in comparison with the 

existing formulations of the bulk effects. A typical approach to bulk material characterization is to 

examine reflected electromagnetic pulses from the interface between free space and the investigated 

material. Many kinds of materials show the relaxation-based dispersive properties that are commonly 

captured by the Debye [37] and Cole-Cole [47] models. Rothwell [46] worked out the time domain 

reflection coefficients of a Debye half space for both horizontal and vertical polarizations that 

involve exponential and modified Bessel functions and require convolution operations to evaluate. 
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To our knowledge, the time domain reflection coefficient of a Cole-Cole half space for any 

polarization has been not available so far. It is the purpose of this section to develop a new technique 

for transient analysis of pulse reflection from Debye and Cole-Cole media, and apply this technique 

to waveform parameter estimation and material characterization. 

5.3.1 Time Domain Reflection Coefficients 

Without losing generality and for the comparison with the results in [46], the one-order model 

with zero ionic conductivity is utilized in this work. Introduce the Laplace variable s = jco, and 

consider the interface between free space and a dielectric half space with unity permeability and a 

permittivity s(s) = e0 sr (s) described by the following unified equation 

* , ( ' ) = *. + / ' " % . (5-3-1) 
l + (sx) 

where ES and ex are the static and optical dielectric constants (es>ex ), respectively, x is the 

relaxation time, (11) becomes a one-pole Debye equation when a = 0, and is a one-order Cole-Cole 

equation when 0 < a < 1. A nonzero Cole-Cole parameter or is a measure for broadening dispersion, 

which tends to broaden the relaxation spectrum and results from a spread of relaxation times 

centered around x [77]. A unified formulation for a Cole-Cole or Debye half space is given below. 

A plane wave is obliquely incident onto a dispersive half space from free space, at an incidence 

angle # relative to the normal to the interface. The reflection coefficients are given by 

, „ cos0-j£r(s)-sin20 

*„(*)= / , ; 2 (5-3-2) 
cos 0 + Jsr (s)- sin 0 

and 

Ji£As)-sin20 -s(s)cos0 
^ ( * ) = ̂ = = = 4 = = _ '±1 (5.3-3) 

Jer (s)- sin20 + £r(s) cos 0 

for horizontal and vertical polarizations, respectively. Substituting sr (s) from (5.3-1) leads to 
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M*): 

and 

Ry(s) = 

Js1-a+s0-KuylsUa+sl 

yls
l-a+s0+KHJsl-a+sx 

^£r (s)- sin20 - £r (s) cos 0 

Jer(s)-sin20 + er(s)cos0 

(5.3-4) 

(5.3-5) 

where 

r i \l~a 

\TJ 
s,= -

\ 1 _ a • 2/ i 
N e. -sin 0 

r 1 V -" 

*) e„ - sin 0 
>s0, 

yj 

KH = 

and 

* „ 

yjea-sin20 

cos# 

£ COS# 

(5.3-6) 

(5.3-7) 

(5.3-8) 
7 ^ - s i n 2 # 

Either i?w (5) or Rv (s) does not satisfy the third one of the four conditions listed in Section 3.2, 

that is, is not asymptotic to zero at high frequency, but instead 

(5.3-9) limRH(s) = R- = 1--^-

and 

HmRv(s) = R™= —J^- (5.3-10) 

So RH (t) and Rv (t) have the impulsive components, R„ (t) and Ry (t), with the amplitudes of R„ 

and Ry , respectively. Subtracting the terms R% and Ry from RH(s) and /?K(.s) respectively gives 

the "reduced" reflection coefficients, 

R„(s) = RH{s)-RZ = 
2KH Js1'" +s0-yls1-" +sx 

l + * „ Jsl-a+s0+KHJya+sx ' 
(5.3-11) 

and 
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- , , / x 2K Js1-a+sJya+sx-(s
1-a+s2) 

Ry(s) = Rv(s)-R; = ̂  / 7 \ 2A-. (5.3-12) 

Both RH(s) and /?F(s) satisfy the four conditions in Section 3.2, under which f(t) can be 

approximated by fec(t,p). It can be proved that, for s = [p + j(n-0.5)nj/1, both RH(s) and 

Rv (s) also obey the two conditions a) and b) in Section 3.3, under which /j™ (t,p) can be used to 

approximate fec (t,p). The proof is similar to that given in Appendix A. Hence, both reduced time 

domain reflection coefficients RH(t) and Rv(t) can be calculated using Equation (3.3-1). The 

required time domain reflection coefficients RH (t) and Rv (t) are obtained by adding R% (t) and 

Ry (t) to RH (t) and Rv (t), respectively. 

Before applying this technique to waveform parameter estimation and material characterization, 

its correctness and effectiveness are verified by comparing the reduced transient reflection 

coefficients with those in [46]. Several different cases are considered, each following the Debye 

model {a = 0) with different values of the parameters e5, ex and r . In the numerical trials, for each 

p value (p = 3, 6, 10 and 20), we set N = 15 (1 = 9, m = 6), 20 (1 = 14, m = 6), 39 (1 = 20, m = 19), 

59 (1 = 29, m = 30), and 99 (1 = 49, m = 50) and achieved almost the same results for / / " (t,p), 

indicating that the truncation errors are small enough. In the following examples, p = 3 and N = 15 

(1 = 9, m = 6). 

Figure 5.3-1 (a) illustrates the reduced reflection coefficients of water (at standard temperature 

and pressure) calculated using our technique, and compares them to the results in [46] with an 

excellent agreement. The reduced reflection coefficients do not include any impulsive component 

with the amplitude of R„ or Ry . The large scale on the vertical axis may be disconcerting at first 

look, but it should be noted that these reflection coefficients will be convolved with incident pulses 

with durations on the order of nanoseconds. 
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Figure 5.3-1: Time domain reduced reflection coefficients of Debye half space for # = 30°. 

(a) water, a = 0, es = 78.3 , ex = 5.0, x = 9.6 x 10~12 s. 

(b) Martian soil simulant, a = 0, es = 3.57, ea = 3.12 , x = 0.041 x 10"9 s. 

(c) ceramic, a = 0, es = 494, ex = 155 , x = 1.39 x 10"9 s. 

Solid line: Our results for horizontal polarization; Plus sign: Results for horizontal polarization in 

[46]; Dashed line: Our results for vertical polarization; Circle: Results for vertical polarization in 

[46]. 

Figure 5.3-1 (b) compares the reduced reflection coefficients of a Martian soil stimulant found 

using our technique to the results in [46]. Our results agree with those in [46] very well. Since the 

static and optical permittivities for the soil are comparable, the relaxation effect is less dramatic than 

that for water while the durations of transient reflection coefficients are longer than that for water 

due to the longer relaxation time. 



Figure 5.3-1 (c) shows the reduced reflection coefficients of a Lanthanum modified PbTi03 

ferroelectric ceramic. There is an excellent agreement between our results and those in [46]. The 

static and optical permittivities are much larger than those in the above two cases, but relaxation time 

is also quite large, making the durations of these reflection coefficients have the order of several 

nanoseconds. 

Consider a Gaussian waveform incident upon a water half-space at # = 30°. The incident field is 

horizontally polarized and has an amplitude of 1 V/m and a pulse width of 1 ps. The reflected 

waveform can be determined using the convolution, 

Er
H(t) = RH(t)*El(t) = RH(t)*E'(t) + R«E'(t), (5.3-13) 

where RH (t) is shown in Figure 5.3-1 and R% is given by (5.3-9). The reflected waveform is plotted 

in Figure 5.3-2, from which it is seen that the incident Gaussian waveform is maintained, but with a 

long tail contributed by the waveform of RH (t) due to the relaxation effect. 

Or 
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Figure 5.3-2: Reflected waveform for a horizontally polarized Gaussian pulse incident on a water 

half space at # = 30°. 
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5.3.2 Waveform Parameter Estimation and Material Characterization 

Based on the above transient analysis, this technique can be utilized for the estimation of 

waveform parameters of reflected pulses. As an example, consider a mixture of water and ethanol 

with a volume fraction vF. Here, vF = 0 corresponds to pure ethanol while vF = 1 corresponds to 

pure water. Bao et al. have shown the permittivity of this mixture is described quite well by the 

Debye model and have measured the Debye parameters for various volume fractions. The parameters 

can be approximated by the following expressions [81]: 

ex = -19.1 v2 +18.5 vF+ 4.8, (5.3-14) 

^ - ^ = 5 3 ^ + 2 2 , (5.3-15) 

r = 0.15xl0- ,27Vfns. (5.3-16) 

For water the Cole-Cole parameter a is only 0.02, indicating that a Debye description is sufficient. 

However, not all polar materials have a permittivity that follows the Debye model as closely as 

water. Some oil has a Cole-Cole parameter a up to 0.23 [77]. In this work, assuming that the 

permittivity of the mixture above is described by the Debye and Cole-Cole equations, waveform 

parameters estimation and material diagnosis are explored, respectively, and the corresponding 

results in two cases are compared with each other. 

One of the most important waveform parameters is the correlation between two waveforms. It 

indicates the degree to which two waveforms resemble and is defined by 

C(t) = 
rsx(t')s2(t + t')dt' 

V 

(5.3-17) 

s„ = max :(£s2(t')dt', ^s2(t')dt'\ (5.3-18) 

Let sx(t) and s2(t) be the incident and reflected waveforms, respectively, and consider the 

Guassian waveform in Section 3 incident upon a mixture half space. The maximum value Cmax of 
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C(t) is plotted versus the volume fraction vF for three values of Cole-Cole parameter a and three 

incident angles in Figure 5.3-3 (left), and versus a for two vF values and three incident angles in 

Figure 5.3-3 (right). It is seen that Cmax increases with the increase of vF, a and 0. 

Figure 5.3-3: Maximum correlation between the incident and reflected waveforms for a mixture 

irradiated by a horizontally polarized Gaussian pulse. 

Left: versus vF for or = 0 (solid lines), 0.1 (dash-dot lines) and 0.23 (dashed lines), and for # = 0° 

(blue lines), 45° (red lines) and 89° (green lines). 

Right: versus a (0<a<0.23) for vF = 0.2 (solid lines) and 0.8 (dashed lines), and for # = 0° (blue 

lines), 30° (red lines) and 60° (green lines). 

Assume that a mixture with a = 0 and vF = 0.7 is desired. Whether this fraction has been 

achieved can be determined by examining the maximum correlation between two reduced reflected 

waveforms for the desired volume fraction and for the mixture to be determined. Cmax = 1 indicates 

that the mixture has the desired volume fraction, while Cmax < 1 means that the mixture has a 

different volume fraction from the desired one. Using a reduced reflected waveform obtained from 

E'H (t) = RH (t) * E' (t) leads to a much higher detection accuracy than using a reflected waveform 
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calculated by Er
H (t) = RH (t)*E'(t). Figure 5.3-4 (right) shows that the desired mixture can be 

easily identified since Cmax calculated using reduced reflected waveforms decreases sharply on two 

sides of the peak. Furthermore, increasing the incident angle even up to 89° (almost grazing 

incidence) will not deteriorate the detection accuracy. In contrast, Figure 5.3-4 (left) shows that it is 

not easy to detect the desired mixture because Cmax calculated using reflected waveforms does not 

decrease quickly in the proximity of the peak. Moreover, increasing the incident angle will 

significantly deteriorate the detection accuracy. The peak nearly cannot be detected for larger 

incident angles. 

Figure 5.3-4: Maximum correlation between two reflected waveforms (left) and between two 

reduced reflected waveforms (right) for the desired volume fraction and for the mixture to be 

determined, with a horizontally polarized Gaussian pulse incident on the mixture at # = 0° (solid 

lines), 45° (dashed lines) and 89° (dash-dot lines), when a = 0 and vF varying. Plus sign: 

Corresponding results in [46]. 

Assume that a mixture with a = 0.1495 and vF=0.6 is desired. Figure 5.3-5 (right) 

demonstrates that the desired mixture can be identified since Cmax calculated using reduced reflected 

waveforms decreases on two sides of the peak. Meanwhile, increasing the incident angle even up to 
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89° will not deteriorate the detection accuracy basically. With the range of Cmax, Figure 5.3-5 (left) 

indicates that it is almost impossible to detect the desired mixture because Cmax calculated using 

reflected waveforms does not significantly decrease on two sides of the peak. In addition, increasing 

the incident angle will further deteriorate the detection accuracy. Comparing Figure 5.3-5 (right) 

with Figure 5.3-4 (right), it is seen that detection of a mixture with a desired a value is much more 

difficult than detection of a mixture with a desired vF value. 

Figure 5.3-5: Maximum correlation between two reflected waveforms (left) or between two reduced 

reflected waveforms (right) for the desired volume fraction and for the mixture to be determined, 

with a horizontally polarized Gaussian pulse incident on the mixture at # = 0° (solid lines), 45° 

(dashed lines) and 89° (green lines), when vF = 6 and a varying. 

5.4 CONCLUDING R E M A R K S 

Section 5.1 discusses pulse propagation in plasma with a zero and nonzero elecfron collision 

frequency. For an excitation like a double exponential signal that has the long tails in both time and 

frequency domains, a large number of sampling points are required to compute the framsient 

response using fast Fourier fransform (FFT). The closed form incomplete Lipschitz-Hankel integrals 

(ELHI) representation is more efficient than FFT but only can be used to model transient wave 
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propagation in plasma with a zero elecfron collision frequency [27]. For the plasma with a nonzero 

elecfron collision frequency, a hybrid method from ILHI representation and FFT can be employed in 

the following way. Because the plasma high-frequency behavior is approximately independent of 

electron collision frequency, an analytical frequency domain expression that is similar in form to the 

one encountered for the collisionless plasma encompasses this high-frequency behavior is 

substracted from the exact expression for the plasma with a nonzero electron collision frequency. 

The extracted term is evaluated analytically. The remaining expression, which can be transformed to 

the time domain with FFT, requires only a modest number of sampling points [28]. Using our 

method based on numerical inversion of Laplace fransform (NILT), we do not need to extract the 

high-frequency behavior from the expression for the plasma with a nonzero electron collision 

frequency, since our method can be directly applied to plasma with a zero and nonzero elecfron 

collision frequency [86]. Furthermore, our approach is not only applicable to a double exponential 

signal but also to other signals. Although the application of our approach is not as wide as that of 

FDTD method, it is more cost effective for basic pulse propagation studies of import to the 

communications and radar communities. FDTD method can in principle be applied to the 

corresponding full three-dimensional vector problem. However, the standard FDTD approach cannot 

handle simulating the desired long propagation distances due to finite computing resources and the 

accumulation of phase errors associated with numerical dispersion. The results we present in this 

chapter can be used as validation cases for FDTD method and other numerical approaches in their 

regions of validity. 

In this thesis research, two approaches are employed to analyze transient reflection and 

propagation. As shown in sections 4.2 and 4.3, one is to approximate an arbitrary incident signal 

with a finite number of attenuating exponential signals using Prony's method and to apply NILT to 

the final image function, which is the product of the frequency domain reflection or tramsimission 

coefficient and the image function of the approximating incident signal. The accuracy of this 

approach is limited by the numerical errors from both NILT and the decomposition of the original 
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incident signal into of a series of finite attenuating exponential signals. As shown in sections 5.2 and 

5.3, another approach is to use NILT for determinating the transient reflection or fransmission 

coefficient and to convolve the incident signal with the time domain reflection or fransmission 

coefficient. The accuracy of this approach depends on both NILT and numerical convolution, which 

normally incurs smaller errors than decomposing an arbitrary signal into a series of finite attenuating 

exponential signals. Section 5.2 presents time domain reflection coefficients for both TE- and TM-

polarized plane waves incident on a Lorentz medium half space using NILT. Three possible cases 

are discussed, each of which is determined by a different relationship between the damping 

coefficient, oscillation and plasma frequencies. The result is an exponentially damped waveform that 

oscillates based on the conditions of each case. 

In section 5.3, the properties of a half space are described in frequency domain by the Debye and 

Cole-Cole models, respectively, which are commonly used to capture the relaxation-based 

dispersive properties. First, transient reflected pulses are analyzed and waveform parameters are 

estimated. Then, based on the estimation, the relationships between the waveform parameters of 

reflected pulses and the properties of dispersive material as well as incident angles are discussed. 

Meanwhile, the results obtained with the Debye model are compared to those obtained with the 

Cole-Cole model. The application of these results to material characterization and diagnosis is 

explored. It is shown that using the reduced time domain reflection coefficients often brings more 

physical insights and leads to an efficient algorithm and a robust scheme for dispersive material 

diagnosis. There is excellent agreement between our results and those in [46], which validates the 

correctness and effectiveness of this work [87] [88]. 
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CHAPTER 6: CONCLUSIONS 

6.1 SUMMARY OF THESIS W O R K 

This thesis addresses several issues regarding the transient analysis of short duration 

electromagnetic pulses propagating through a variety of media and some related subjects. Hosono 

introduced numerical inversion of Laplace transform (NILT) into elecfromagnetics and optics. Since 

then, however, his algorithm has only found quite limited applications in elecfromagnetics and seems 

to have received less attention in the related fields over the last thirty years. First of all, this thesis 

discusses and treats Hosono's algorithm for NILT under a strict theoretical framework. 

The waveform analysis for pulses propagating through and interacting with different media is a 

topic of importance in many technological fields. An efficient time domain technique is developed 

on the basis of the numerical inversion of the Laplace transform and Prony's method for the analyses 

of elecfromagnetic pulses reflected from a conductive interface and propagating through a lossy 

dielectric slab. First, using numerical inversion of the Laplace fransform but without using Prony's 

method, the reflection excited by exponential incident signals impinging on a conducting half space 

is analyzed for both horizontal and vertical polarizations. Then the technique is directly applied to 

the case of vertical polarizations with an incident angle not smaller than the Brewster angle. For non 

exponential incident signals, it is clarified that our technique is still usable but needs to be combined 

with Prony's method. Following this clarification, the details on Prony's method and some 

associated practical problems in the combination with Prony's method are discussed. After that, the 

approach combining a numerical inversion of the Laplace transform with Prony's method is applied 

to the analyses of non exponential pulses reflected from a conductive interface. Numerical results are 

illustrated and compared with those published in the literature. A good agreement between the two 

validates the correctness and effectiveness of this approach. Based on the studies of pulses reflected 

from a conducting half space, characterization of non exponential pulses propagating through a lossy 

dielectric slab is pursued. Comparison between the results obtained with this technique and 
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previously published results and those obtained using the FDTD technique indicates a good 

agreement. Moreover, the concern on whether the treatment of permittivity and conductivity in this 

chapter accords with the Kramers-Kronig relations is properly adressed. Finally, this approach is 

summarized and the significance of this work is discussed. A mathematical proof is presented, 

showing that the numerical inversion of the Laplace fransform is applicable to the characterization of 

the reflected pulse due to an incident pulse that is a linear combination of exponential signals and is 

impinging upon a conductive interface at any incident angle for both polarizations. 

Numerical inversion of Laplace transform is contiuously developed and extended to the 

modeling of pulse propagation in plasma and reflection from Lorentz, Debye and Cole-Cole media. 

All these four dispersive models satisfy the Kronig-Kramers relations required for a causal material. 

Firstly, pulse propagation in plasma with a zero and nonzero electron collision frequency is 

discussed. Next, the time domain reflection coefficients, viz impulse responses, of Lorentz, Debye 

and Cole-Cole half spaces are achieved for both TE and TM cases. Then, the transient reflections of 

an arbitray pulse from these media are determined by convolving the incident pulse with the impulse 

responses of these media, instead of using Prony's method to decompose the incident pulse into a 

series of finite attenuating exponential signals. Based on the time domain analysis of reflected pulses 

from these dispersive half spaces, some waveform parameters are estimated and the material 

diagnosis is carried out. Lastly, the work on transient wave propagation in and reflection from 

dispersive media is summarized with some meaningful conclusions. Our results show excellent 

agreement with those in the literature, validating the correctness and effectiveness of our technique. 

6.2 FUTURE W O R K 

There are over 100 algorithms available for numerical inversion of Laplace fransform (NILT). 

The technique developed in this thesis based on Hosono's algorithm is categorized into the method 

of Fourier series expansion. It is needed to choose some algorithms and compare them with each 

other and choose favorable ones for application to time domain elecfromagnetics. 
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We have extended and applied numerical inversion of Laplace transform to the analysis of 

fransient waves in a stratified medium and achieved some preliminary results [89]. It is worthwhile 

to investigate the possibility to extend and apply numerical inversion of Laplace transform to 

transient analysis of plane waves reflected from and propagating in inhomogeneous media as well as 

non plane wave reflection and propagation. 

A novel computational technique has been proposed very recently for fransient electromagnetic 

scattering problems. This technique is based the combination of the method of moments (MoM) and 

numerical inversion of Laplace transform [90] and opens a door for further studies. 
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APPENDIX A 

In this appendix, it will be proved that, for s = \p + j(n-0.5)nj/t, the final image functions, 

Fv (s) and Fh (s) , satisfy the two conditions a) and b) mentioned in Section 2, under which 

fl™(t,p) can be used to approximate fec(t,p). 

Here only the proof for Fv (s) with ap and Cp being real numbers is given, since the proofs for 

Fv (s) with ap and Cp being complex numbers and for Fh (s) are similar. If we let 

e. +-
se, 

cos 0 = a + jb. 
0 7 

(Al) 

er + sin20 = cx+ jdx, 
sen 

(A2) 

le H sin20 =c + jd, 
S£n 

(A3) 

f pot^ 
£ r + ~ 

B 

(n-0.5)ncrt 
cos0, b = -± - cos0, B 

B 

cx=£r - sin 0 + 2a , POt 

B 
dx = 

B 

p2+(n-0.5) n2 E0, (A4) 

(n-0.5)ncrt 
(A5) 

c = ±. 
\cx + ^c2 + d2 _' dx \jc2+d2 - c , 

d=± (A6) 

If we denote 

then 

UP = 
A 

From Fv(s) = Rv(s)E(s), 

P=I s + a
P P=I 

(p + apt)Cpt _ (n-0.5)nCpt 
VP=-

2 _ 2 , A = (p + apt) + («-0 .5) n 

(A7) 

(A8) 
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then 

rf\ •^(a + Jb)-(c + Jd)( . \ 
F„\S)=S 7 7 7 f ( « + / V )> 

F..(-,ra.(F,(,)).(-ir^p.£{-1»;'«;''*). 
2 7 P=I (a + c) +(b + d) 

where 

g = (a 2
+ Z> 2 ) - (c 2

+ </ 2 ) , 

When « becomes large, 

^-ZR" 
^ ^ , A 

P=I 

c / 
v " * y 

h = 2(bc-ad). 

£r cos 0 - ^£r - sin2 0 

£r cos 0 + yJ£r - sin2 0 

(A9) 

(A10) 

(All) 

Thus, the signs of Fn alternate, and furthermore, |-F„+1|<|.F„| but |FB+1|—>\Fn\, viz., Fv(s) satisfies 

the two conditions a) and b) described in Section 2. 
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