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Abstract

In this dissertation, the analysis of spatial data through regression is investigated.
Multiple observations taken from sites are assumed to be spatially dependent. QOur
linear model includes a pure error and a spatial error term whose covariance structure
is given by an unknown linear combination of 2 known covariograms. The pure and
spatial error terms also have separate scale parameters.

Our first concern is with the estimation of the parameters of this model. An
algorithm to estimate these parameters is proposed as well as a consistent estimator
for one of the spatial parameters. Numerical simulations support the use of our
algorithm.

The second main issue is that of asymptotics. To that end, a formula for the
inverse of the variance-covariance matrix of observations is developed. Limits of the
asymptotic variance of the parameter estimates as the number of observations per site
increases are found with this formula. On the other hand, specific sampling schemes
are studied when considering the asymptotics for the number of sites going to infinity.

From the simulation and asymptotic results, some rules for experimental design
are given. Extensions to more general models are made and areas of future research

including possible applications are suggested.
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Chapter 1
Introduction

This chapter provides an overview of spatial statistics and a discussion of recent
developments in this field. The contribution of the thesis is outlined in Section 1.4.

1.1 What is Spatial Statistics?

Spatial statistics has its origins in geostatistics and was pioneered by Matheron (1962).
It was first used in mining applications where problems of determining spatial cor-
relation to predict the quantity of ore in mine deposits typically arise. For example,
mineralization, a process converting organic material into a mineral, within a fixed
finite region may vary spatially due to heat and pressure. Samples from a geological
survey can be analyzed to estimate quantities of minerals at various locations.
Unlike classical experiments, it is not reasonable to assume independence across
different sampling locations. Any statistical procedure based on such data must take
this dependence into account. One underlying assumption is that observations that
are taken far apart are less alike than those taken close together. Generally, the
farther apart the observations, the weaker the dependence between them. This de-
pendence structure can be a function not only of distance but also of direction. As
an illustration, mineralization may occur differently in different directions accord-
ing to the direction of pressures. Spatial models capturing the dependence between

observations at different locations are used extensively in earth and environmental
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sciences. Today, applications include mining, meteorology and air and water quality
studies. Many examples are iliustrated in Cressie (1993) and Davis (1986). More
recently Sampson and Guttorp (1992) and Smith (1996) have developed statistical
spatial techniques to assess environmental monitoring networks. Guttorp (1997) has
analyzed spatial data on carbon dioxide concentrations. Other studies have analyzed
spatial data to assess changes in the environment. The impact of spatial statistics is
expected to grow with the development of Geographical Information Systems (GIS)

such as Arcinfo.

1.2 Tools of the Trade

This section introduces the terminology and objects frequently encountered in spatial
statistics and necessary for this thesis. It is assumed that the reader is familiar with
the theory of classical linear models, see Hocking (1985) or Searle (1971). In addition,
familiarity with basic probability theory is also assumed. A selected summary of
matrix operations and multivariate statistics can be found in the appendices to this
thesis.

There are many aspects and types of data considered in spatial statistics (geo-
statistical data, lattice data, and point processes). Here we will concentrate on geo-
statistical and lattice data. Let s € R? be the spatial location and consider Z(s) a
random variable of observations at location s € D with D a fixed subset of R®. Geo-
statistical data is usually associated with sampling over a continuous region D with
d-dimensional volume. The set D can also be a countable collection of spatial sites
as in the case of lattice data where observations are obtained from a region which
is regularly spaced or defined on a grid. Typically in geostatistics, the random pro-
cess Z(s) is assumed to have a spatially dependent joint normal distribution rather
than independent values for distinct s. This assumption makes theoretical calcula-
tions and prediction possible. The assumption of normality is also widely adopted in
applications outside of geostatistics.

We first discuss methods of characterizing the degree of spatial dependence. The
definitions follow those of Cressie (1993). In spatial statistics, the variogram is a



CHAPTER 1. INTRODUCTION 3

very important tool used to measure the degree of spatial dependence between ob-
servations. It differs from the ordinary variance of a process in that it incorporates
the correlation between observations at different sites. For locations s; and Sy, the

variogram 2v(s;, s¢) is defined by
2v(si, sir) = Var(Z(s;) — Z(sy)).

Here Var(X') denotes the variance of X. The quantity v(s;, s¢) is generally called the
semz-variogram. Let h; = s; — sy. A random process Z(-) is said to be intrinsically

stationary if
E(Z(s:) — Z(si)) =0,

¥(si, 5v) = (i — sir) = y(haw)-
Such a process has constant mean and a variogram which is a function only of the
distance between locations, h;y = s; —sy. A covariogram c(-), is a covariance function
such that
Cov(Z(s:), Z(s)) = c(si — sir) = c(hux). (1)
That is, the covariance depends only on the spatial displacement between two sites.

A random function Z(-) with constant mean satisfying (1) is said to be second-order

stationary. Note that second-order stationarity implies intrinsic stationarity because

of the relation
Var(Z(s;) — Z(s«)) = Var(Z(s;)) + Var(Z(sy)) — 2Cov(Z(s:), Z(si)).
In fact, for a second-order stationary process
7(h) = ¢(0) — c(h).

A process is said to be strictly stationary if it is distributionally invariant under shifts
in the index set. Specifically, the distribution of {Z(s;), Z(s2),- - -, Z(sa)} is identical
to that of {Z(s; + h),Z(s2 + h),...,Z(sn + h)}. The variogram or covariogram is
called isotropic if it is a function only of the norm of the displacement, the distance
[|h]|. The process Z is anisotropic if the dependence between Z(s;) and Z(sy) is a

function of direction as well as distance.
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Variograms and covariograms must possess certain analytic properties. Ideally, the
variogram is an increasing function of distance that eventually levels off to the vari-
ance; y(oo0) = Var(Z(-)). Alternatively, from the underlying assumption of asymptotic
independence, the covariance is a decreasing function of distance so that c¢(oco) = 0.
As a result, y(oo) = ¢(0). In addition, notice that v(h) = v(-h) and +(0) = 0.
Similarly, c(h) = ¢(—h) with ¢(0) = Var(Z(-)). If the semi-variogram is discontinuous
at the origin, that is v(h) — a, as h — 0, then a, > 0 is called the nugget. The
discontinuity can occur because of the scale of observation. Observations are not
available for spatial separations less than min ||s; — s»|| and consequently, a linear
projection of the semi-variogram to the origin may not reflect the true nature of that
curve. The nugget effect will not by considered in this thesis because we will include
a local error in our model. Another property is that the variogram 2v(-) must be
conditionally negative-definite while the covariogram c(-), of a second-order station-
ary process, must be positive-definite (see Appendix A.5 for definitions). One further
property that variogram models must satisfy is 2v(h)/||h||* = 0 as [|R]] = oo.

Some popular isotropic semi-variograms are the exponential, rational quadratic,
spherical and wave models shown in Figure 1. The spherical and wave models are
only valid in R? for d < 3.

exponential v(h) = be{l — exp(—||h||/a.}

rational quadratic (k) = b.{|k[[2/(1 + ||h||*/a,)

spherical h) { b.{1.5(IIAll/as) - 5(IIkll/as)*} 0 < |Al| < a,
b, [IAll = as

wave v(h) = bu{l - awsin({|k|l/aw)/||Rl[}

with b, b, bs, b, > 0 and a., a.,a,, a,, > 0.

Define the sill of a semi-variogram to be the limit of the semi-variogram as ||k|| —
oc. The b coefficients in the above models represent the sill. The range of the
variogram is the distance at which the semi-variogram becomes equal to its sill. This

is infinite for all of the above models except the spherical one.
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Figure 1: Graphs of four semi-variogram curves described on page 4.
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1.3 Recent Developments

Spatial statistics is a relatively young discipline that generates research in several
aspects of spatial data analysis. Many applications arise in earth, environmental and
health sciences. For example, spatial data can be used to predict the amount of pol-
lutant at an unmonitored site from observations at nearby sites or to detect spatial
climatic trends. Spatial data can also be analyzed to create an optimal sampling
design under cost constraints. This involves specifying the number of stations (mon-
itoring sites) and their locations. Prediction, trend estimation and spatial design all
require a good understanding of the spatial dependence structure for the underlying
random process. Hence, the modelling or estimation of the (co)variogram is an active
area of research in spatial statistics. The motivation for developing better estimates
of the (co)variogram is to ultimately ensure better prediction.

A simplified typical application in geostatistics might proceed as follows: F irst,
a theoretical linear model with parameters is chosen on some basis for the random
process Z(s) = a+ bz +e where z, is non-random. Data is then collected, detrended,
and an empirical variogram is calculated. Next, the empirical variogram for Z(s) is
fitted by a completely specified valid variogram and the parameter estimates of a and
b for the model are found using the dependence structure of the fitted variogram.
Finally, predictions relying on the fitted variogram are generated by a method known
as Kriging. Basically, Kriging finds the best linear unbiased estimator of the mean
value for the variable in question over a limited domain. Of course, verification occurs
at many stages. In each phase, there is a variety of techniques at one’s disposal.

Naturally, there now exist several estimates of the variogram. In classical geo-
statistics, the spatial random process is assumed to be stationary and isotropic.
Many estimators of the (co)variogram exist under these assumptions. The tradi-
tional estimate, 29(h) of Matheron (1962), the robust estimate, 2%(h) of Cressie and
Hawkins (1980) and the highly robust estimate, 27(h) of Genton (1998) are just a
few of them. For h € RY, define N(h) = {(si, sir) : i — sy = h}, [N(h)| = cardinality
of N(h), and V;(h) = Z(s; + h) — Z(s;). Then



~!

CHAPTER 1. INTRODUCTION

2¥(h) = iwEy Znw(Z(s:) — Z(se))?, )
23(h) = {whmy S 12(5) — Z(s)IV2} /(457 + i85, (2)
27(h) = (2.2191{|Vi(h) - Vi ()i < i'}m)®,

L ( [N(h){22]+ 1)’

where

and [N (h)/2] denotes the integer part. The k in the estimator 2%(h) refers to the kt*
quantile for the ordered set of absolute differences |V;(h) — Vi.(h)| for i < i'. All of
these empirical variograms try to capture the spatial dependence between locations.
The latter ones attempt to diminish the influence of outliers in the data.

The assumptions of stationarity and isotropy may not always hold, however, due
to factors such as topography, currents, winds, etc. Direction can also play an im-
portant role in capturing variability. Consequently, there is considerable interest in
estimating spatial correlation for nonstationary, anisotropic processes. Sampson and
Guttorp (1992) develop a complex non-parametric estimator in this case. Briefly,
it involves a spatial transformation of the geographic map of sites in a so-called G-
space into an alternative D-space within which the structure becomes stationary and
isotropic. An isotropic Gaussian variogram 7, is fitted in this D-space. Next, a smooth
function fthat maps the G-space into the D-image is found using thin plate splines.
The original G-space dispersion structure can be captured through the relation

v(s1, 52) ="Yo(f(31),f(32))- (3)

Brown, Le and Zidek (1994) use a Bayesian approach to spatial data whereby the
covariance structure has a prior distribution whose covariance structure is in turn
estimated using the techniques of Sampson and Guttorp. Smith (1996) also subscribes
to the idea of spatial deformation but proposes an alternative method of fitting (3)
based on maximum likelihood. One difference here is that fis represented by a linear
combination of radial basis functions and the variogram in D-space is fitted using
a different structure. These techniques were developed mainly to evaluate spatial

networks or to assist in spatial design of experiments.
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Some researchers choose to focus instead on the estimation of parameters of
a specific linear model. The work of Mardia and Marshall (1984) and Cook and
Pocock (1983) lies in this domain. The latter set up a regression model with spatially
correlated errors and use the maximum likelihood approach to estimate parameters.
An exponential form is chosen for the covariance structure and the maximization is
done numerically. Mardia and Marshall (1984) develop theorems for the consistency
and asymptotic normality of estimators attained through maximum likelihood in the
case of normal dependent observations.

We will also consider regression, but for a different class of variance structures than
those discussed in Mardia and Marshall (1984). Our model includes a pure error term
and a spatial error term whose covariance structure is given by an unknown linear
combination of two known covariograms. The pure and spatial error terms also have
a separate scale parameter. The need to determine the spatial covariance structure in
our setting is similar to the questions leading to the previously discussed estimates of
the covariogram. Although maximum likelihood is a natural approach, we find that
it is numerically ineffective, and we develop alternate methods.

1.4 Guide to the Thesis

This thesis will explore estimation problems and experimental design questions when
the experimenter wishes to estimate regression coefficients in the presence of spatially-
correlated data. In particular, the spatial dependence is partially known; the covar-
iogram is an unknown combination of known covariograms. A description of the
contents and highlights of new results for each chapter follows.

Chapter 2 introduces a simple regression model with both regression coefficients
and spatial parameters. An alternative algorithm to maximum likelihood estimation
1s proposed to estimate these parameters in a more reliable fashion. As part of this
algorithm, a consistent estimator is found for one of the spatial parameters. Small
sample simulation investigates these estimates in comparison to simultaneous numeric
maximization of the likelihood function.

In Chapter 3, an inverse for the variance-covariance matrix of observations of
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Chapter 2 is obtained. This formula for the inverse is required for the sequel, and is
a novel contribution of this thesis.

Chapter 4 studies the asymptotics of the parameter estimates as the number of
observations per site and, separately, as the number of sites increases. Theoretical
expressions are obtained when the number of observations goes to infinity. To in-
vestigate the case when the number of sites goes to infinity, however, small sample
simulations are performed on three different sampling schemes. Chapter 5 summarizes
these results into general principles to guide the design of a spatial experiment.

Chapter 6 considers a more general model than that of Chapter 2 for which the
bulk of the results of Chapter 4 still hold. The last section of Chapter 6 looks at future
directions for this research and a possible application incorporating topography.



Chapter 2

Regression with Spatially

Correlated Errors

In this chapter, we pursue a simple model for data whose dependence is captured
through spatially correlated errors. Various techniques are investigated to obtain pa-
rameter estimates. Finally an algorithm is proposed and small sample simulations are
executed to compare its performance with standard global optimization. A technical

results section follows.

2.1 The Simple Model
The spatial dependence of the data will be specified by semi-variograms chosen from
[' = {~: : v: semi-variogram, ¥(0) = 0, v; # a7, if i # r for any real a > 0}.

The last condition above guarantees that one v € I is not a scalar multiple of another.

Assume that for each site 7, 7 = 1,...,n,, there correspond the observations
(si: Yij» T:) where s; is the location of site i; y;; denotes the response of the jth sample
at site ¢, j = 1,...,n, ; and z; is the value of a predictor variable, z, at site 7. This

notation suggests multiple samples at each site with the same number of observations
per site. Allow s; to be d-dimensional. A visual realization of this model is given in

10
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Section 2.1.1. Suppose further that
Yij = Do + B1 Ty + 065, + Opeij (4)

where

e; ~N(0,1),
with the e;; ’s independent of each other and the £s;’s. We interpret ¢,, as spatially
correlated error and e;; as pure (eg. local or measurement) error. Fix v;,v, € I.
In addition, we assume ¢,, is a second-order stationary process with distribution
N (0, Var(e,, )) = N(0, ve(o0)) with

Y€G={vel:y=an +(1-a)y and a € [0,1]}.

Hence, in classical linear models terminology, the model in (4) is a mixed model
with the first two terms forming the fixed effects and the last two terms contributing
to the random effects, while 8, and 3, are the usual regression coefficients and Uf,
and o? are the variance components. As such, there is an analogy to the analysis of
variance components in linear models. The parameter to be estimated in this scenario
is = (8o, B1,02,02,a) .
It is convenient to adopt a multivariate notation at this point. The model (4)
becomes
yv=Xb+o,e,+0p,€e (5)

with fixed matrix Xp,n,x2 and b = (3; $;)' and random nsnp X 1 vectors €; and e. It
is assumed that X is of full rank. In an effort to find the variance of y, note that
o?Var(eg,) +02 i=1,j=75
Cov(yij, yirjr) = { 02 Var(e,,) t=1,5#7J (6)
02Cov(es,,65,) 1#7
A more concise expression can be obtained using Kronecker products as defined in

Appendix A.2. Let ¥ = (Cov(e,i,e,i, ))n'xn' and U be a n, x n, matrix of ones.
Denote A = £ ® U, so that the variance of y can be written as

V = Var(y) = U;‘:In,,,,, +o3(Z®U)
= o2(I+4A). (7)
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with § = 02/02. Then y is normally distributed with expectation Xb and variance V.,

an nsnp X nsn, positive definite matrix. In summary,

Dependent Independent
spatial error pure error

s ~N(0,Z®U) e ~ N(0,1)

\/

independent
model: y = Xb 4+ 0o, ¢, + ope
= v~ N(Xb,V) where V =0o2(I +4A),
6=af/a§ and A=YX®U.
Remark: Recall that the variance of a stationary process is the variogram of that
process evaluated at infinity. In our model, the process €s, has a variogram which in
turn is a linear combination of two known variograms. Therefore, for the set G above,
it is desirable that a linear combination of variograms (covariograms) be a variogram

(covariogram). The following provides this result.

Lemma 2.1 The linear combination of variograms ( covariograms) with positive co-

efficients is a variogram (covariogram).

Proof: See Journel and Huijbregts (1978) p.162. [
It will be convenient to express the Var(e,, ) in terms of covariograms rather than
variograms. For a second order stationary process, the covariogram and variogram

are related through the equations

c(h) = 7(o0) — v(h)
v(h) = ¢(0) — c(h).

Hence from v, € G, an equivalent covariogram expression arises. In fact,
E = 001 + (1 - Q)CQ,

where C; and C, are matrices whose entries are composed from known valid covari-

ogram models.
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Note that if I' were the set of all variograms then o2, 0? and o would not be

unique and the model not identifiable. It is necessary to impose the condition that
our set of variograms, or equivalently covariograms, cannot be scalar multiples of each
other. However, for v, and +, fixed, this is not a problem. There are other possible
scenarios that could arise to make the model not identifiable. For example, suppose
that two covariogram models c; and c; are such that ¢; (0) = ¢,(0) and ¢; (ho) = ca(hy)-

Consider only two sites whose separation is exactly h,. Then the matrices C; and C,

c ( c1(0) ¢ (ho) ) _ ( c2(0)  ca(ho) ) —C
T\ alhe) al0) ca(ho)  €2(0) >

and ¥ is no longer a function of a.

are equal,

It is also possible to standardize the covariogram matrices by writing

ST, = Ca = 3D

=1
where Dy, Dy, ..., D, are such that (D,,D,;,) = 0Vt # m, p; = (Co, D1)/{(Dy, Dy)
and p, = (ST,_,,D)/(Dy, D;) for t = 2,....,r. The D,’s represent the orthogonal

versions of powers of C;, C} obtained by letting
Dg = Ctl - (C‘I,Cl)/(Cl. Cl)Cl.

with D, = C,. However the D,’s are not necessarily covariograms. This represention

can perhaps be used to help numeric convergence of optimization routines.

2.1.1 Example

Small sample simulations throughout this thesis are run using the following example
unless otherwise specified. Suppose there are n,=10 sites with n, observations per site.
The locations of these sites, given in terms of Cartesian coordinates, and the predictor
variables (covariates) are shown in Table 1. Figure 3 shows the 2-dimensional site
locations. The first four sites are depicted by a plus symbol and the remaining six
sites are denoted by triangles. Most simulations throughout this thesis use 10 sites.

When using only 4 sites, the first four are chosen.
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1.0

0.8

covariograms
0.6

04

0.2

0.0

4

Figure 2: Covariograms c; (k) and cy(h)

We have chosen two isotropic covariogram models whose graphs are depicted in

Figure 2.
c1(h) = 1e~(39IM* ¢ Rd

ca(h) = 2e~COVINI
Note that ¢;(h) has a strong local dependence in comparison to cy(k). Figure 4a

graphs the given set of predictors (see Table 1) against given site locations; whereas
Figure 4b plots simulated observations against site coordinates using the model (4)

(8)

with values from Table 1.
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Table 1: Site Locations and Predictor Values. The first four sites are chosen when
only four sites are used.

Site s; | Predictor z;
(-4.,0) 12
(0,3) 100
(2,-2) 435
(5.1) 215
(4,2) 309
(3,6) 400
(-1.1) 72
(1,1) 75
(-2.-3) 59
(-1.6) 17
4 2 0 2 ‘ 6 8
xcoord

Figure 3: Site locations: 2-dimensional coordinate system. The four-site set of the
Example is indicated by a +. The ten-site set comprises all the indicated points.
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7280 1

4242 7

1203 -

~1835 1
~3

b) observations plotted against location coordinates

Figure 4: Example of predictor surface and observations surface. These are smoothed
using a spline fit to the sites given in Table 1.
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2.2 Estimates of ¢

At this point, the techniques of Mardia and Marshall (1984) and Cook and Pocock
(1983) for estimating spatial parameters in linear models, are briefly reviewed. Mar-
dia and Marshall (1984) set up a regression model with spatially correlated errors,
and use the method of maximum likelihood to estimate not only the regression coeffi-
cients but also the set of covariance parameters. They discuss computational aspects
and suggest methods of scoring using updating equations to numerically maximize
the likelihood function. Sufficient conditions for asymptotic normality and weak con-
sistency (see Appendix B.3 for definition) of the covariance parameters are found.
Cook and Pocock (1983) also use a regression model with spatially correlated errors.
An exponentially decreasing function is chosen for the spatial correlation of these
errors. The maximum likelihood estimation is done numerically. They compute the
maximum likelihood estimates by carrying out a grid search. This is feasible since
the variance-covariance matrix of the spatial errors has a particular parametrization
which reduces calculations by simplifying the likelihood function significantly. Our
model differs in that it incorporates both spatial and pure error and a more difficult
covariance structure. The variance-covariance matrix V is a function not only of af,
but also of the two spatial parameters 02 and a. The parameter a is embedded in
the variance matrix of the spatial errors £(a) = aC, + (1 — a)C,. Hence, the matrix
V has a structure which cannot be exploited in the same manner as the variance
matrix of Mardia and Marshall (1984) or Cook and Pocock (1983). It appears that
their maximum likelihood approach cannot successfully estimate the parameters of

our model.

2.2.1 Maximum Likelihood Equations

Consider the model in (5) setting b = (5o, 51) and 0 = (6,,6,,6;) = (02,02, a).
Given that the distribution of y is Ny, n,(Xb, V(8)), the log-likelihood function is

L= =2 1n(2m) - 51n | V(0) | —3(v — Xb) V}(8) (y - Xb). 9)
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Ordinarily, to compute the maximum likelihood estimates of b and 8, the derivatives
of the log-likelihood function with respect these parameters are set equal to zero and

solved. The first partial derivatives are given below.
JL

Ly=2 = -X'VIXb+XVy
oL ] LAV 1 .\
= (v )ty —xpy vt Yyt
(Lo)i = 55 ) ’(V ae,) +5(y — Xb) 56, v —Xb)
for [ =1,2,3.

They give rise to the likelihood equations

(X'V'X)b = X'Vly (10)
(V‘1 BV) = (y-Xb) vl g—;{ V=1 (y — Xb) (11)
for [ =1,2,3.

Exact solutions to equations (10) and (11) cannot in general be obtained, so numeric
techniques must be employed. These methods will depend on the curvature of the
likelihood.

There are some consequences to estimates obtained by the method of maximum
likelihood. Under general conditions (see Appendix B.2), the asymptotic variance
matrix of the maximum likelihood estimates is given by the inverse of the Fisher
information matrix defined by

&*L

I(®) = [-Ee aqﬂ]

The standard errors for the parameter estimates are the square root of the diagonal

elements of the estimated asymptotic variance.

2.2.2 Traditional Approaches

Various methods are needed to estimate the parameters because the likelihood equa-
tions are intractable. Although many approaches are conceivable not all of them work

well. In fact, due to the dependence structure, there are some practical problems.
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Table 2: 100 Simulations of nummaz

Bo B 03 o’ a

Real value 2 15 16 49 .25
Sample mean 1.613 14.999 15.989 16.191 .582
Standard error 3.63 .009 6.96 38.35 .47
Number of
Boundary Estimates 41 78

These are discussed before we outline our preferred procedure. Highlights of simula-
tion results for the various techniques follow while a comparison is reserved until Sec-
tion 2.2.4. Technical results regarding estimation techniques are found in Section 2.3.
For the rest of this chapter and unless otherwise specified, the empirical results are
based on 100 simulations using the example of Section 2.1.1, with n,=10, n,=2, and
observations coming from a A (Xb, V) distribution with & = (2, 15, 16, 49, .23). All
the S-Plus programs used in the simulations are listed in Appendix C.

Numerical Global Maximization

A straight-forward numerical approach maximizing the likelihood of y over all five
parameters simultaneously gives disappointing results. Specifically, 0? and « are
poorly estimated as shown in Table 2. The routine restricts a € [0,1] and imposes
the boundaries .001 < 02 < oo. Simulations yield a number of boundary values for
both o and ¢?. In fact, from 100 repetitions, there are 41 infeasible estimates for o?
and 78 boundary estimates for a. The number of estimates in which both a and o2 are
boundary values is 20. This implies that 99 out of 100 estimates involve infeasible or
boundary estimates for either a or 6. The simulations are generated by the program
nummaz and require an initial guess. The traditional regression estimates are used
for the initial guesses of Gy, 8;, and cf§ while the initial values of 02 and « are 81 and

.1 respectively.
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Numerical Gauss-Seidal Algorithm

Next, notice that by (10), b can be expressed as a function of 6, that is
b= (X'V(8)"'X)~1X'V(6)y.

An approach taken by Chiu, Leonard, and Tsui (1996) can be adapted to our problem.
Their procedure is as follows: First select an initial estimate for 6 to obtain b. Next,
substitute b into (11) and perform a Newton-Raphson-type algorithm to obtain an
updated estimate of §. Use the latter to update the estimate of b and so on. Continue
updating until convergence of 8 is achieved. Mardia and Marshall (1984) use this
techrique with a different updating equation. This technique is sometimes referred
to as a nonlinear Gauss-Seidal algorithm. In our simulations, however, estimates
for 6 are rarely obtained in this manner. In the program GSeidal, the very first
Newton-Raphson step (i.e. the first update) for 8 is never realized because either o;‘,’
or 02 or both parameters fail to converge. Generally, only 8, and 3, are relatively
well estimated. It should be noted that due of the complexity of equation (11), the
Jacobian in the Newton-Raphson step is approximated by the difference quotient with

discretization parameter equal to .01.

Analysis of Variance Technique

Efforts now shift to more accurately estimating the numerically sensitive parameters,
o? and . An analysis of variance technique, such as used in random effects models,
is unsuccessful in capturing ¢2. This method produces estimates for the variance

components o2 and o? as follows. Define
SSE = Y (uy — %)%
LI )
SSA = mnp, Y (% —§.)%
=1

and denote

v = Var(ey,),
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ui = Po+ bz,

and c(h;y) = Cov(s,i,s,i,).

Let rx = rank(X). Equate the expectations

E(SSE) = (n,n, - rx)o?,
E(SSA) = npy (i — )2 + (nenpv —

P
g

ZEC"““'”"? + (ng - 1)02,

_2=
p

to their respective sums of squares and solve for 02 and o?. The estimates
SSE/(nsn, — rx) and
2 _ SSA=mp (i = A~ (ne = 1)53
* NsNpVU — :“f 2 2o c(hi)
are theoretically unbiased (as proved in Lemma 2.2). Nevertheless, simulation results

obtained from the program anovsig suggest a large variance for &2. It is known that
the analysis of variance technique can produce negative estimates for the variance

components. In fact, a large proportion of estimates for o2 here are negative. See

Table 3.

Method of Moments

Equally disappointing is the estimate for o2 obtained by a modified method of mo-
ments technique. From (4), the dependent y;; 's are N(u;,02v + 02). For each site 1,

set
25 Yis
nyp
25 Vs
Np

2 2 2
osv+ 0o, + ;.

Solving for o? suggests an estimate of the variance component associated with the

spatial error at each site of

a3, = (Z Yis"/mp — pf — 0,3) /v
j
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Table 3: 100 Simulations of anovsig and methmom

anovsig methmom
52 a2 g2

Sample mean 275 -3.4x10°| -89 x 10

Sample variance 1279 7.6 x 108 | 2.5 x10°
Number of Negative Estimates. 0 56 59

Put 6?2 = 3,52 /n,. Then

1 3
Var(5?) =

n Ng
i 2o D 2(07e(hin))? + dpsipecle(hr).
=1 r=1
Details of this derivation are shown in Lemma 2.3. Table 3 shows a large variance for
&2 using the program methmom to obtain 100 estimates of 2. Again, a large number
of negative estimates are generated. The simulations of nummaxz, GSeidal, anovsig

and methmom are run using the same data set.

2.2.3 Algorithm

While explicit expressions, however ineffectual, can be obtained for 02, a cannot be
isolated. At this point it seems clear not ocly that a more specialized approach is
needed to estimate o2 and a but also that simultaneous estimation may not work
reliably. We propose the procedure outlined below followed by comments on conver-
gence whenever possible. The procedure estimates 3,, 5; and 03 simultaneously then

a and o? separately using different approaches.

Setup
STEP 1: Select an initial estimate for 02 and a. Use (X'X)~!X'y
and SSE/(n,n, — n,) for the initial guesses of b and
03 respectively. These familiar estimates are borrowed
from standard regression theory.
Gauss-Seidal Procedure
STEP 2: Fix 0? and a. Consider the likelihood of y to be
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a function of b and ag. Numerically maximize this
likelihood to obtain the estimates b and a%.

STEP 3: Fix 02 and use b and o2 from step two.
Consider the likelihood of y to be a function of
a only. Numerically maximize this likelihood
to obtain the estimate ¢.

STEP 4: Substitute the estimates obtained in Steps 2 and 3 to
yield an estimate of o? through regression by defining
a new variable Dy; = ((%i. — p;) — (§r. — ir))?, and
regressing D;, on a difference of covariances of
spatial errors.

Iterative Step
STEP 5: Continue updating the estimates by repeating Steps 2
through 4, until convergence of & and aAf is achieved.

Details for STEP 2 : Here 0? and a are fixed and the likelihood of y is considered
to be a function of 8y, 3; and 0’3 only. The built-in command nlminb in S-plus
minimizes a non-linear function and requires a starting value. The program opt3 uses
this command to minimize the negative log-likelihood numerically. This is equivalent
to maximimizing the likelihood. This seems to be reasonable in view of the good
performance of nlminb in estimating 5y, 3, and a.

Details for STEP 3: Fix all the parameters except a and consider the likelihood
as a function of o only. The program optalpha also uses the function nlminb to
minimize the negative log-likelihood while imposing the bounds on a, i.e. 0 < a < 1.
To analyze the performance of this program alone, suppose all the parameters except
alpha are set to their real values in our 10-site Example 2.1.1. The program optalpha,
which requires an initial guess for a, appears to be insensitive to the starting value
of a and works well even for a small number of sites. Evidence of this is shown in
Table 4.

For each initial guess, optalpha is run 200 times for both n,=10 and ns=4 sites
using Example in Section 2.1.1 and ¢ = (2,15, 16, 49, .25). There were 29 boundary
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Table 4: 200 Simulations of optalpha: This table shows that optalpha is insensitive to
starting values.

n,= 10 n,=4
True Starting | Average Standard | Average Standard
a Value | Estimate Error Estimate Error
.25 1 297652 .2565 2842178 .3299
.25 .3 297652 .2565 2842178 .3299
.25 .75 .297652 .2565 2842178 .3299
.25 1 297652 .2565 2842178 .3299

estimates in the case of n, = 10 for all starting values, and 77 boundary estimates in
the case n, = 4 for all starting values.

Details for STEP 4: Finally, a different approach is used to estimate o? which
exploits the representation ¥ = aC; + (1 — a)C,. Assume all parameters but o?
are known. Recalling the definitions y; = Gy + fiz;, v = Var(e,, ) and c(h;y) =
Cov(es,, €5, ), then yi; = p; + 0,5, + ope;; with y,; ~ N (;, ov + 02). Now define

Dir = (@ — ) = (@r. — )], 4,7 =1,...,n,.

Let R, = 2Var(e,,) — 2Cov(e,, , €5, ) = 2v — 2¢(hyy) and fit D;, — 20%/np, on R; by
least squares with no intercept to obtain an estimate of the slope, 2. This estimate

is both unbiased and consistent by Theorem 2.1 below.
Theorem 2.1 Fori,i,r,v =1,...,n, define
D= (Dir)nfxla R= (Rdr)ngxlv CST = (?,‘T’})n';’xlv

and
g = g(hiir, hip, Brir, Bype) = c(hypr) — c(hip) — c(hyir) + c(hppr).
The estimate c;sz = (R'R)™'R'(D — CST) is unbiased and consistent provided

o1 D pt it doniey 9(0, Pir, Bir, 0)g(0, hirgs, hirgs, 0)g? (hiir, Bipe, Byt hyr)
(325, 3502, 630, hur, hir, )]

as both n, and n; go to infinity.

-0
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Proof: Note that ;. = u; + 0,&,, + 0,&;. and &. ~ N(0, 1/n,). Then
Dy = [o,(es, — €5,) — 0p(&i. — &.)]°. (12)

Upon expanding and taking the expectations, the
2

E(Dy) = 20% - 20%(hs) + 222,
ny
o2
Ny
for ¢ # r since the e;; s are independent of the £s,'s, and zero otherwise. This implies
E(D) = o2?R+CST,
= E(D-CST) = o?R.
Therefore regression estimate 0:2 = (R'R)"'R'(D — CST) is unbiased because
E(RR)"'R'(D - CST)) = (RR)"'R'Ro® = ol

It remains to show that Var(a:?) — 0 as n, and n, both go to infinity. Observe
that the
Var(02) = (R'R)"'R'Var(D)R(R'R)~".
The vector D will contain n, zeros. If fact, Var(D) is an n? x n? matrix whose #it*
rows and columns are zero. It will have 2n? — n? zero entries in total. Expressions
for the elements of Var(D) = (Cov(D;,, Di+)) 2 nz must be found in order to explore

the asymptotic behavior. In fact,

( =0 ifi=1‘
=0 ife =1
= Var(D;,) = 2(c?R;, -+-2t7,:';/77.,,)2 fi=,r=r",1#r

= 03(29° + R+ R:)
Cov(Dir, Dyr) 4 +20203(Rir + R + 29) /1, + 603 /12
—(02Rir + 207 /1,)(02Rip + 202 /1) ifi=1, r#7, i#y
= 03(29® + Riy Ryy)
+2020%(Rir + Rir)/np + 4o} [n2
\  —(92Rir +20%/1,) (02 Ry + 202 [my)  if i # 4

(14)
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The details for these expressions are given below.
First, Var(D;,) represents the non-zero diagonal entries in Var(D). It is calculated

using (13) and the fact that
20212
Np
This expectation can be calculated by brute force or by noting that the distribution of
Dy is (02 Rir + 207 /1p) x} with mean 02R;; +202/n, and variance 2(c2R;, +202/n,)2.
Second, consider the term Cov(D;,, D) = E(D;; Dyy) —E(D;)E(D;,) forr # 1.
Using (12),

DirDir’ = 0:(55‘ - 53,)2(53; - 55,1)2 - 2030';)(53.- - Es,)z(gs.- - 6:,./)(éi- - ér’)
+0305(es — €5,)%(& — &.)% — 2030, (e, — £4,) (& — &) (€5, — €s,,)?
+40520,2,(55‘. — &5 )& — &) (s, — &5, )(Ei. — &)

—~20,05(es, — &5, ) (& — &.)(6i. — €)% + afaz(é}. —-&.)%(es, —€5.)°
—2020, (&5, — €5,)(€:. — &) (& — &) + o (6 — &) (6i. — )2
Recall that the e’s are independent of the ’s. Therefore, the expectations of the 2nd,

4th, 6th and 8th term above are all zero, leaving only

E(DirDir’) = U:E(ES.' - €sr)2(55i - 53,:)2 + afasE(Ese - Es,)z(éi- - ér’)2
+40202E ey, — £4,)(8i. — &) (s, — £4,)(& — &) (15)
+0202E(6; — €.)%(es, — £5.,)% + o E(e. —&,.)%(&. — &.)%

The presence of dependent random variables in (15) complicates matters. To ease

calculations, temporarily define M = &;.—&,.. and N = €. —¢,. so that M ~ N(0,2/n,)

and N ~ N(0,2/n,) with Cov(M, N) = 1/n,. Also define T = &,, —€,,and W =¢,, —

g5, so that T ~ N (0, Rir) and W ~ A(0, R;;) with Cov(T, W) = g(0, hipr, hri, hepr).

Using multivariate normal theory, see Appendix A.4, M|N ~ N(N/2,3/(2n,)) and
TIW ~ N(g(ov h’if’a h'riy hrT')W/Rir5 &r’ - 92(0) h'ir’y hr‘ia h'rr')/R‘i")'

Now write

E(e. —&.)%(é. — &) = E(N*M?)
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= E(N*E(M?|N))=E (N2 (52‘,, * ﬁ:'))
3 1
6

= n—g-

The value of E(N*) is obtained using the well-known fact that the kth moment of
a random variable is equal to the kth derivative of its moment generating function
evaluated at zero. See Appendix B.1 for the derivatives of the moment generating
function of a normal random variable. Similarly,

E(e,, — €5, )%(es, —€5.,)° = E(W?T?) = E(W2E(T*|W))
= 2¢%(0, hipr, Ayis hyt) + Rip Ry

Next,

E(es, —&5,)% (& — &) = EWHEM?) = 2Rir [1p.
E(e, —¢,,)%(& ~&.)° = 2Ry /n,.
Eles, ~ s )(6: — & )(6s, —&5,) (& — &) = E(WNTM)
= E(WT)E(NM)
= g(0, hir, hri, her) [1ap,

by writing E(WT) = E(WE(T|W)) and E(NM) = E(NE(M|N)). Line (15) can
now be expressed as

E(DiyDy) = 03(26%(0, hirr, hyiy her) + Rip Ripr)
+0305(2Rir + 2Rir + 49(0, hips, hri, hyr)) /1y + 65 /n2,

implying

Cov(DirDir) = 03(26%(0, hip, hyiy hepr) + Riy Ripr)
+0205(2Rir + 2Rip + 49(0, hirr, hyi, herr)) /1, + 62 /n?
—(02Rir + 207 /1y) (02 Rirs + 207 /7).
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Lastly, consider Cov(D;,, Dy,) for i # . The calculation mirrors that of the
previous covariance term with slight differences. The value of
E(DiDir) = 0E(e,, — €, )2 (es, —€s5,,)° + 0202E(e,, — €,,)%(8s. — &1.)?
+ 0l05E(&;. — &.)%(e,s, — €5,)° + OAE(&;. — &,.)%(€s. — &), (16)
Each of the expectations in (16) can be calculated as before using multivariate normal

theory. In fact,

E(ey, ~,.)%(es, —€5,)° 292 (s, Rips, hyir, Bpr) + Riy Rirps
E(es, ~&5,)%(&r. — &.)2 = 2Ry/n,

E(es, —&s,) (6. — &) = 2Rup/n,

E(e;. — &.)%(ep. — &) = 4/n2.

|

Thus, for 7 # ¢’ the

Cov(Dir, D) = 02(2g%(hisr, hirs, hrity hepr) + Rip Riry)
+20202(Rir + Ror) [np + 403/17,,2,
~(02Riy + 202 /1p) (02 Riry + 202 /1p).
Consequently, Var(D) is given by (14).
Now notice that R'R = 3~7* 5""* R2 and that R;, can be written in terms of
g- Specifically, R;; = ¢(0, h;,, hiy, 0). Consider
Var(02) = det Var(c2)
= det (R'R)"'det (R'Var(D)R)det (R'R)™!
tr (R'Var(D)R)
[det (R'R)]?
tr (RR'Var(D))
(R'R)? ’
since R'Var(D)R is a 1 x 1. Only the diagonal elements of RR'Var(D) are required

for the trace. A typical diagonal element is characterized by

Z’ z’: Rir Ry Cov(D;p, Dy,+),

i'=1r'=1
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which implies

Ns Ns Ns Ny

tr(RR'Var(D)) =Y 3" NS Ri RirCov(Dyy, Dyrr).

=1 r=1 ¢=1r'=1
Finally, the value of Cov(D;,, Dyy') — 202g?(his, hir, by, heps) as n, — oo. Hence
the Var(t;s?) goes to zero as n, and n, go to infinity provided
z:lél Z:;1 Z::‘:l 2:’-—_—1 9(0, hir1 hi?‘v O)g(ov h‘i'f” hi’r’y 0)92(’1&", hir’r hri’y h‘rr’) - 0.
(3051 3021 9%(0, hig, hir, 0))
(17)

|
Notice that the consistency condition requires that both n, and n, go to infinity. It
is difficult to interpret this condition further without imposing a structure on how

the number of sites grows to infinity. The following discussion assumes a particular

placement of an increasing number of sites.

Transect Example: Suppose the sample area is in the form of a long continuous
strip. Locations are equi-distant, unit spaced say, and sites are being added at the
end of the line. In this scenario, it is possible to simplify some of the expression in
the consistency condition (17). Recall that ¢(0, hq, hir, 0) = 2v — 2¢(h;,). After some
simplification,

ns—1

200 b B ) — N — ()2
ZZg (0, hir, hir, 0) = (4)2n, ;‘1 )@ = e(@)*.
To approximate this sum, let z; = i/n, so that

Z Zg2(o, hir, hir,0) =~ 2n? /(;1(1 - z)(v — ¢(nsx))?%dz.

The covariance structure is such that c¢(h) — 0 as h — oo. Therefore, 3_3 ¢ =
O(n?v?) which implies that the denominator of (17) is of order niv*. Thus, (17) will

hold if the numerator is O(nl).
The consistency condition is checked numerically for other examples introduced

in Section 4.4.1 under the topic of asymptotics.
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Table 5: 100 Simulations of optsigs

Sample Standard Number of
ns np, Trueo? Mean Error Negative Estimates
10 2 49 51.27 42.28 7
10 5 49 53.86 39.11 4
25 2 49 52.06 26.52 0
25 5 49 53 26.54 0

The program optsigs performs STEP 4 of the algorithm. Occasionally, negative
estimates for o2 are obtained. In classical analysis of variance components there exist
well-developed theories to handle this situation. We will not explore them here. To
analyze the performance of this program alone, suppose all the parameters except o2
are set to their real values in Example 2.1.1. Results of the 100 repetitions for each
of the n;, n, combinations are shown in Table 5. While the variance is still quite
large. the mean is well estimated and the number of infeasible estimates for 2 seems

to decrease with increasing n, and n,.

Algorithm Simulation

All five steps of the algorithm are combined into one program called optall. Negative
estimates of o2 cause the program to exit the iteration (step 5) immediately. The
maximum number of allowable iterations to convergence is set to 75. The initial
values for 02 and «a are 81 and .1 respectively. This program is run 100 times for
various combinations of n, and n,. In the case of n, = 15 five additional sites are

added with the folowing locations and predictor values:

Site Predictor
sn= (-3,12) | z;; = 89
s12= (1,9) 12 = 505
s13= (6,2) T3 = 33
s13= (2,9) T14 = 185
s15= (0,-5) | z;5 = 250
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Table 6: 100 Simulations of optall

n,=10 n,=2 ns=15 n,=5
Number of Number of

True | Sample Standard Infeasible | Sample Standard Infeasible
® value | Mean Error Estimates Mean Error Estimates
Bo 2 1.6 3.83 1.89 2.78
B 15 15 .01 15 .006
of, 16 15 6.25 16.33 2.94
0'52 49 109 195.4 9 77.45 90.64 1
« .25 .39 .44 60 41 41 29

One simulation did not converge for n, = 10. Simulation results shown in Table 6
suggest adequate estimates for b and 02. The number of infeasible estimates for o2
drops from 9 in the case of n; = 10 and n, = 2 to 1 for n, = 15 and n, = 5. The
number of boundary estimates for a drops from 60 to 29 with increasing n, and ng.
Six estimates of ¢ have boundary values for alpha and negative estimes for o2 when

ns = 10 and n, = 2, comparing to 0 in the case of n, = 15 and np = 5.

2.2.4 Simulation Comparisons

The goal of this section is to compare the estimation procedures outlined in the
previous two subsections. This is done through small sample simulations programmed
in S-plus. Observations y;; coming from a A (Xb, V) distribution are required in order
to estimate the parameter ¢. The realizations are generated by the program simulatey
working with our Example of Section 2.1.1 and setting ® = (2, 15, 16, 49, .25). These
are then used in the simulations.

The results are based on 100 simulations with a small sample size of n,=10 and
ny= 2. All three programs use the same generated set of observations, locations and
predictor variables. The same initial values for § are used in both the programs optall
and nummaz while anovsig runs on the real values for all the known parameters.
The program optall runs our preferred estimation procedure. Nummaz performs a
numerical maximization with the likelihood of the y as a function of all 5 parameters



CHAPTER 2. REGRESSION WITH SPATIALLY CORRELATED ERRORS 32

wheras anovasig applies the analysis of variance technique to obtain estimates of o;‘:
and o2.

From the simulation results with n, = 10 and n, = 2, Table 8 gives a summary
of the number of infeasible estimates for 0> and boundary estimates for . One
advantage of optall is that it yields many more feasible estimates of 02 and fewer
boundary values of o than nummaz. An investigation of Table 7 shows comparable
estimates between optall and nummaz for b and ag. It is interesting to note that
optall and nummaz have approximately the same order of standard deviation for
these estimates. Although nummaz performs somewhat better in the estimation of
o? (among feasible cases) than does optall, the reverse is true for a. We propose the
usage of the optall algorithm rather than the optimization of the likelihood function

based on its greater stability in the estimation of 2 and a.
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Table 7: Simulations Comparisons
a) Using all 99 estimates from optall and all 100 estimates from nummaz

Optall Nummax Anovasig

True Avg Std Avg Std Avg Std
¢ value | estimate error | estimate error | estimate error
Bo 2 1.6 3.8 1.6 3.6
ol 15 15 .01 15 .0089
03 16 15 6.25 16 7 28 11
o? 49 109 195 16 38 -.0034 .00027
a .25 .39 442 .58 47

b) Summary statistics for & involving only feasible estimates for o2 using 90 estimates
from optall and 59 estimates from nummaz.

Optall Nummax

True Avg Std Avg Std
® value | estimate error | estimate error
Bo 2 1.6 3.9 1.5 3.6
By 15 15 .01 15 .0089
03 16 15 6.43 13 5.69
o? 49 122 201 27 46.73
«a .25 42 .446 .93 .25

Table 8: Comparison of Infeasible and Boundary Estimates

optall nummaz
% of infeasible o? 9 41
% of boundary values for o 60 78
% of both infeasible/boundary
values for 02 and 6 20
Average of feasible 02 estimates 122.36  27.44
Standard error of feasible 02 estimates 200.63  46.72
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2.3 Technical Results

Consider the model
Yi; = Bo + Biz; + Os&s, + 0p€y5 ,

fori=1,...,n,and j =1,....n,. Let y; = B, + Biz;, & = 0,€,, and (;; = ope;; so

that
Yij = i + & + Gij, (18)

with independent errors ¢;; ~ N(0,02) and correlated spatial errors & ~ N (0, 02v).
Denote the Cov(¢;, &) = o2c(hiv). Assume further that the £’s are independent of
the (’s. Lemma 2.2 follows the lines of Searle (1971). However, the dependent errors

produce additional terms.
Lemma 2.2 Define SSA=mn,> 72 (5. —§.) and SSE=Y_, > ;i — )% Then
E(SSE) = (n,n, - n,)a?,

E(SS4) = n, Z(p,,- — )2+ |nanpv — nyn 7t ch(h,-,-,)} o2 + (n, — 1)o2.

Proof: From (18), i = i + & + (i, and §. = i + €& + (.. Substituting these
expressions into SSA and SSE gives

SSA = n, Z (i = ) + (& — &) + (G — CI]°,

SSE = Y 3 (G —G)?
LI |
Expanding the square and taking the expectations yields

E(SSA) = n,z (i — B)? + E(& — €)* + E(G. — ()7,

S ST EE)-nE [Z(c}f] :
i g i
since both ¢ and £ have mean zero and are independent of one another. Now
E(& ~£)? olv—202n71 3700 c(hi) + 0 21 2osmt Slhrs),

E((. —C.)? (ns — )n7'n;lo2,
E[C(G)] = nop/np

E(SSE)
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Finally, incorporating these calculations produces the desired results. ]

Lemma 2.3 Given that the dependent vij 's are N (p;, olv+o0?), put 52 = 2.:6% /n,,

where )
521 ijij_u_z_a,z

S, v np t P )

Then n
_ 1 ns s
Var(6?) = i Z Z 2(c2c(hir))? + dpip.o2c(hy,).

s i=1 r=1

Proof:

- 1 - 1 e P
Var(62) = n—§Var(Z 32) = §ZZCOv(afi,ofr).
1 S i=1 r=1

Consider the covariance term alone. Then

-2 - 1
Cov(52,62) = Cov(D_ 92,3 v2)
J J

2,2
vnp

n n
1 P P
= U2n2 Z Z COV(y'—zj’ yrz't)'

P j=1 t=1

Now the

Cov(yj yh) = Cov(€? €2) + 2u,Cov(€? €,)
+ 2u;Cov (€2, &) + 4pip, Cov(&;, €,). (19)

Applying multivariate normal theory gives the conditional distribution of &l& ~
N(c(hri)v™'&;, 020 — 02(c(hir))?v™1) The middle terms of (19) reduce to zero since

Cov(él &) = E(&,&) = E(EE(& )
= c(he)v T E(€}) = 0.
The third moment is calculated by the third derivative of the moment generating
function evaluated at zero. Similarly, the
Cov(&l,&) = E(&,8) — E(€?)E(£?)
= E(&E(£))) - (o2v)?
= 2(0%c(har))?.
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Equation (19) becomes

Cov(y?j, ysz) = 2(‘73c(hir))2 + 4#{#1-0'30(’1#)-

Finally, the

1 n, ng

DY " 2(0%c(hir)? + dpipro2e(har).

=1 r=1

(=2
Var(5<) = g7
S



Chapter 3
An Inverse for V

Recall V = ¢2(I+6A) with A = Z®U from line (7). The matrix V-! = (I+0A)7Y /a2
in this form makes analysis of the asymptotic variance of parameter estimates difficult.
In this chapter we obtain a formula for V~! whose utility will become apparent in

Chapter 4. The formula arises from a consideration of Taylor series expansion.

3.1 Taylor Series Expansion of V!

In an ordinary random effects model the variance-covariance matrix of observations is
block diagonal by construction. That is, the covariance of yi; and yy;» when 7 # i is
usually taken to be zero. Due to the spatial dependence however, our covariance is not
zero as is shown by (6), and the matrix V is not block diagonal. Maximum likelihood
estimation would require the inverse of V, but this form at present is difficult to
manipulate. Mardia and Marshall (1984) acknowledge that the computation time for
calculating V~! increases as the number of sites increase.

Instead, we consider the Taylor series expansion for V~! obtained by applying
Appendix A.3. For V=02l +¢?A with A= ® U,

- a1 & .
V™l = (c2(I+6A)) ! = = D (-sA), (20)
P r=0
with A° = I. Before considering this expression, we must first explore the convergence

37
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of the series. In fact, it converges provided
p(—dA) =dp(A) < 1 (21)

where p(A) is the spectral radius of A. This convergence condition can be expressed
in terms of 03, o2, a and the spectral radius of C, and C;. Denote by A (M), h =
Recall that covariograms C; and C; are positive definite so that for 0 < a < 1,
Y = aC,+(1-a)C; is positive definite. The following inequality holds for the ordered
eigenvalues of the sum of a symmetric matrix and one that is positive definite. See
Theorem A.1.

/\(i)(Z) = /\(i)(aCI +(1- Q)Cz) > /\(,-)(acl) = a/\(,-)(Cl) s
A (E) =21 —a)Ca+aCi) > An((1 —a)C2) = (1—a)ry(Cy) Vi.
Therefore,
/\(,-)(Z) > max(a)‘(,-)(Cl),(l —a)/\(,‘)(C2)) Vi, (22)
= p(X) > max(ap(Cy), (1 — a)p(Cz)). (23)

Line (22) holds for all 7 and, in particular, for the spectral radius since the eigenvalues
of a positive definite matrix are positive. Now the n, eigenvalues of U consist of
(np, — 1) zeros and n,. Thus, according to Theorem A.2, the eigenvalues of A =
£®U are (0,0,...,0, 7,7, (X),..., npAn, (X)). Notice that A is positive semi-definite.
Specifically, there are n,n, — n, zeros and n, values of the form n,A;(X). Combining

these results with the inequalities (21) and (23) yields
énp max(ap(C1), (1 -~ a)p(Cs)) < dnpp(T) = 6p(A) < 1. (24)

Rewriting the convergence condition in terms of 62, 02 and a € [0, 1] gives sufficient
conditions for the Taylor series expansion to converge.
Lemma 3.1 If
<
*  mpmax(ap(Ci), (1 — a)p(Cz))

then the Taylor series expansion in (20) converges.

g
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Proof: Rearranging (24) gives the desired result. |

The convergence condition requires that g2 be much smaller than o2. Since we are
centering about the matrix 0, the Taylor approximation works best for £ close to the
zero matrix, i.e. o2 is very small. The approximation should be better if centered at
B closer to . In an effort to improve this constraint, various centerings for the Taylor
series expansion are investigated. Write V = o2(B + V /o2 — B), for B non-singular.

Now the Taylor expansion centered about B is given by
7—1 1 -1 - -r 1 r
V™ = (B E (-B)™"(V - B)}
Up =0 UP

If B~! commutes with V then the above expression can be written as

- — 1 —_ = - 1 r i 1 - > 1 - r
5V 1=EB >3 [(—B) 1(a—gv —B)] =U—§B lZ:[I—;‘—‘%B V] (26)
r=0 r=0

which converges if and only if p(—~B~'(V/02 — B)) < 1. This condition can be sim-
plified to

0<A(B7'V) <202, h=1,...,n.n,. (27)
There are, of course, many possible choices for B. The following theorem explores

(26) for B of a particular form.

Theorem 3.1 Let V = 02I,,,, + 0%(En, @ U,,) with o2 and o2 known. Suppose B
is such that B™! = I + k(f(X) ® U) where k is a constant and f is a polynomial in
L which commutes with . Then fori = 1,...,n,, gV~! given in (26) converges
provided

o? 1— ko f(A())

2 = T+ rp fO(E))] mpa()
when 1 + kn, f(X;(Z)) > 0.

Proof: It is necessary to show that the convergence condition (27) reduces to that

in the theorem. Using the properties of Kronecker products, express B-!'V as

BV = 02I +02(T ® U) + ka2(f() ® U) + npro(f(£)E @ U)

ol + (ng + ko2 f(Z) + n,,rwff(S)T;) ® U}l.
M
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Then by Lemma A.1 and Theorem A.2, \,(B~1V) = a2+ Xi(M)X\;(U)forj =1....,n,,
i=1,...,n5and t =1,...,n,n, By construction of U and M their eigenvalues are

np—1

/\J(U) = 10,...,0,77.,,)

MN(M) = a2M(E) + ko2 f(M(Z)) + npra f(A(E))M(E).

Therefore the eigenvalues of B~'V consist of o} repeated ny(n,-1) times and n, values
of the form o2 + npA;(M). These must all satisfy (27). Obviously, 0 < o2 < 207 so
we require only that 0 < o} + n,A:(M) < 202,Vi. This reduces to A\;(M) < o2 /nyp.
Substituting the expression for the eigenvalues of M and manipulating algebraically

vields the desired condition. [ ]

Corollary 3.1 Let B =1+ §(I® U). Then the convergence condition for gVt in
(26) becomes 6 < 1/(p(A) — 2n,) .

Proof: For B of the given form, B! = I+ —6/(1+4dn,)(IQU). Set k = —6/(1 +9dn,)
and f(X) = I. Since f()(X)) = 1 Vi the result follows by application of Theorem
3.1. a

The convergence conditions can be rewritten as

Equation (21) : d < 1/(npp(X)),
Condition in Corollary 3.1: 4§ < 1/(n,(p(Z) — 2)).

In this form, it is clear that to use Corollary 3.1, p(X) must be greater than 2 as
0 > 0. These conditions can also be seen as a function of C, and C2 by using
(23). The spectral radius for Example 2.1.1 with n, = 10, n, =2and a = .25 is
p(A) = 3.5194. The convergence conditions become & < .284 and § < —2.081 for the
uncentered and centered Taylor series about B = [ +6(I® U), respectively. Therefore,
it is not possible to use the Taylor series expansion centered about B = I + §(I ® U)

for the inverse of V in this example.
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3.2 Approximating V!

Here we will explore candidates for approximations to V=!. If a good approximation
were found, it could be used in the likelihood function instead of V-! to obtain a
more tractable expression. To find an approximation of V=! we consider truncating
the series in (20). One basic requirement of the approximate inverse is that it be
positive definite. Under what conditions is this so? To answer this question, we again
manipulate eigenvalues.

First consider the first order series expansion Vi! = (I — §A)/ o2. Using Lemma
A.1, the eigenvalues of this matrix are o, % + (=02/05)An(A) where h = 1,...,n,n,.
To ensure positive definiteness, the eigenvalues must be positive and are set greater
than zero. In particular, when setting the eigenvalue oy 24+ (—af/a;)p(A) greater
than zero, the inequality (25) re-emerges. Namely, the positive definite condition for

V1! is identical to the convergence condition for V-!.

Next, look at the second order series expansion vyl = (1 —6A+(6A)2)/0'§.
In this case, the eigenvalues are 0,2 + (—02/0)An(A) + (03/08)An(A) where h =
1....,nsnp. Setting these values greater than zero yields

(An(A)o)? — An(A)o2o? + (02)2 = (Mn(A)o? — 02)% + M(A)olo? > 0, Vh.

This condition is always satisfied for A positive semi-definite. Therefore, V;!is always

positive definite.
Now we investigate the first order Taylor expansion centered about B, denoted

BVI", in the case where B~! and V commute. It is given by
sVil = (.‘ZB‘l - B 31+ 6A)) /aﬁ. (28)

This will be positive definite if and only if the eigenvalues of (28) are positive. Finally,
consider the second order Taylor expansion centered about B, denoted gV;! with

B! and V commuting. The conditions for positive definiteness here require that the

eigenvalues of

gV;' = (3B™' = 3B™*(I1+ 6A) + B~(I + 6A)?) /o? (29)
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be positive.
Now suppose B~! = I + k(f(X) ® U) where « is a constant and the polynomial
f(X) commutes with E. For this choice of B~!, the matrix in (28) is positive definite

if the eigenvalues,
1+ {—npdX; — K202 f3(N) — 26802 f(A) A — K263 2 (M) Ai}

are positive for all 7 = 1,...,n,. Denote \; = \;(X) here for simplicity. Similarly, a

sufficient condition for the matrix in (29) to be positive definite is that the eigenvalues

1+ {=dnp\ + 52n§/\$ + 36ngfc2f2(z\,-))\i + ngn3f3(/\,-)
+20m563 F3 (M) As + 62n3[3k £ (Xi) + 3k2n, f2(N;) + K3n2 f3(X:)] A2}

be positive foralli =1,...,n,.

Example: Consider only the first four locations and predictor variables in the
Example of Section 2.1.1 with 2 observations per site, that is n,=4 and n,=2. Even
for this scenario, V is an 8x8 positive definite matrix, whose inverse as a function of
three parameters is difficult to calculate. The two exponential covariogram models in

(8) were used to generate the following V.

ag-l—- . L & < < o o4

i+ @ ® © © © °
. . o2+ . s s ) s

V = ) . . ol 4. & s s s
o o 2 ] ) s+ . a a
o i~ & & . o2+ a a
< o & a a a o 4 .
© o & & a A . a:+-
with

*x = o(.8a+.2)

é 0%(—.11166a + .1633)

O = 0%(—.1373a + .1447)

O = 02(.1029a — .1029)

& = 0%(—.1295a + .1581)

A = 0%(—.0628a + .1729).
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Using a = .25, 0% = 16, and 02 = 10 and the exponential models in (8), the exact
and approximate inverses for V are calculated and shown in Table 9. The matrix
sV5! is centered about B = [+ 6(IQ U ). These matrices are all positive definite.
The lower triangular entries are given by symmetry. Inspection of Table 9 reveals that
V5! is closer to the true inverse of V than the other approximations, even though

it fails the radius of convergence test.

3.3 A Formula for V!

The asymptotic variance Z~! in Chapter 4 (see expression (32)) involves the inverse
of the matrix V(§) = o2(I+J6A) with A = T® U. In order to investigate this variance
the Taylor series for V~! will now be developed. Line (20) can be expressed as

oAVl = Y (-64)

r=0

= I+ i Y(—6S) U
r=1

= I+ 51_ [f:(—an,,z)' - I,,,J QU

r=0
= I+ % [(I,,, + n,,é)j)"l - I,.,] U
= I+P®U, (30)

with P = t [(In, + npdZ)~! —I,,] . The n, x n, matrix P is symmetric and dependent
on both n, and n,. Certainly, the above argument fails for large ny since dnp,p(X) > 1,
violating (24). The Taylor approximations are limited in that the radius of conver-
gence shrinks to zero. However, the form suggested by (30) makes sense for every ng
and np; and Lemma 3.2 verifies that (30) is indeed the inverse of V. Expression (30)

will be used for ag'\/"1 in Z7!.

Lemma 3.2 Given V = oj(I1+ 6(Z®U)), let 62V~! =1+ (P ® U) where P =
o [(In, + npéE) ™ ~I,,]. Then VV-! =1 = V-1V,
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r—-1
V 2

r—1
B\/z =

(.053 —-.010 -.002
™ 053 —-.002
° ° .053

[ J ® [ J

[ ] ® [ J

[ J ® [ ]

[ ] | J [ ]

\ [ J ® [ J
(.047 -.016 -.005
° 047 —.005

° ° 047

[ J ® [ J

[ ® [ J

® [ ] [

® [ J o

\ [ J ® [ J
( .057 —-.005 .001
° 057  .001
° 'Y 057

[ 4 [ J [ ]

[ J [ ] [ J

@ [ ] [ J

[ J ® [ ]

\ [ J ® [ J
/.052 -.011 -.002
™ 052 —.002

° ° 057

[ J ® [ J

[ ] ® [ J

® ® [ J

® [ J [ J

\ [ J [ J [ ]

—.002

—.002

—-.010
.053

—.005

—.005

—.016
.047

.001
.001
—.005
057

—.002

—.002

—.005
.052

—.002
-.002
—.002
—-.002
.053

®

[

®

—.004
—.004
—.005
—.005
.047

[ ]

)

[ ]

.001
.001
.002
.002

—.001
-.001
—.001
—.001
.052

[ J

[ J

[ ]

—.002
—.002
—.002
—.002
—-.010
.053
®
[ ]

—.004
—.004
—.005
—.005
—.016
.047

—-.001
—.001
-.001
—.001
—.011
.052
[ ]
[ ]

Table 9: V~! and Various Approximations

—-.001 -.001 \
—.001 -.001
—.002 -.002
—-.002 -.002
—.002 —-.002
—.002 -.002
.053 -—-.010
® .053
—.003 —.003
—.003 -.003
—.005 -.005
—.005 -.005
—.006 -—.006
—.006 —.006
047 —-.016
o  .047 }
002 .002 \
002 .002
001 .001
001 .001
.001 .o01
.001 .001
057 —.005
° .057 )
—.001 -.001 \
—.001 -.001
—.001 -.001
—.001 -.001
—.002 -.002
—.002 -.002
.052 -—-.011
e 052 )

44



CHAPTER 3. AN INVERSE FOR V 45

Proof:

VVTl = (I+6EQU)(I1+ (PRU))
= I+PQU+EQU)+IIERU)PRU)
= [+ PQU+ZQU +n,ZPQU
= I+ (P+46E+m,IP)QU

Now using the expression for P, note that

P+65 4 6n,SP = —~(I+6n,5)" — L1465
Np Np

1 L1
+6n, (E(I +6n,T)"! — ;;I)
1 L1
= (D) +mT) " — 1
= 0.
Therefore, VV~! = I. Similarly, for V-1V. |

This chapter has established a compact formula for V=!. The next chapter will
attempt to exploit this formula in the analysis of the likelihood function. To our
knowledge, this formula is new. It can be applied to situations other than those of
this thesis. For example, the £ need not be of the form aC, + (1 — a)C,. This
formula can also be used to accelerate numeric computations in the case of balanced
data. The inverse of V now involves finding the inverse of an n, x n, matrix rather
than an nyn, x n,n, matrix. There is no immediate gain to the work of Mardia and
Marshall (1984) who consider only one observation per site. This formula could be

applied, however, when extending their model in the case of multiple responses.



Chapter 4
Asymptotics

The aim of this chapter is to find the asymptotic covariance matrix of the maximum
likelihood estimators of the parameters and to determine how it is affected by the
number of samples per site, the number of sites and their spacing, the covariograms,
and the predictor variables. The formula for V~! of Chapter 3 will be used here.
A brief discussion on determining sample sizes based on this chapter is found in

Section 5.2

4.1 The Asymptotic Covariance Matrix

The asymptotic covariance matrix of the estimators can be computed using derivatives
of the likelihood with respect to the parameters. Maintaining a similar notation to
that of Mardia and Marshall (1984), the partial second derivatives of the likelihood

are given by

d°L ,_
Lbb = 5[)—2 = —X’\’ ! X
ov av
th — rxr—1 7—1 _v'y-l1 \/—1 .
Luo({** column) = X'V _60,\ Xb-X'V 30, A\
1 ov av 0%V 1
th P B Y e ARV A AN Vo - -WVHWwW
Lgg((m!)™® column) 3 tr [ \% 60mv 38, + 60,,,301] 5

for I m=1,23.
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where V™ = y-1 [av Vg + GV — 6:2)3,6 ] V-l and W = y — Xb. Denote

the matrix of second deriviatives of the likelihood function by

L@ = [ L Leo ) (31)
Luer Loge

Now define the information matriz I to be the negative of the expected value of (31),
that is 7T = —E(L(?) (see Appendix B.2). When taking the expectation, notice that

ov ov

— IV'—I iR V40 _yry-1 _V_)_ R
E(Lw) = E(X'VTHZ2V=IXb - X V7 Zvoiy)

ov ov

Iv—l _V—l _— Iyy—=1 27 xy—-1
X a9, Xb-X'V aglV Xb
= 0.
Furthermore, E(W'V™W) = ¢tr(V™V), so that
1.8V 8V
E(Lg) = —Etr(V 30mv 39, —).

Under certain conditions, the asymptotic covariance matriz is given by the inverse
of the information matrix as described by Thisted (1988) on page 159. Hence, the
asymptotic covariance matrix of the maximum likelihood estimates of the parameter

 is given by
X'v-1x)~! 0
I—l —-— ( ( ) 2x2 . 1 ) (32)
0 (§t”“) 3x3
with t,,; = tr(V‘1%V‘l%). By the properties of traces, note that t,; = t,.

Furthermore, under reasonable smoothness conditions, the maximum likelihood es-
timators are asymptotically normal. The value [—L®($)]~! is known as the ob-
served Fisher information while (Z(®))~! is the estimated Fisher information. Note
that although the estimate of b = (4,, 5;) is asymptotically independent of that of

6 = (02,02, a) the variances both involve V1.

4.1.1 Numeric Estimation of the Asymptotic Variance

Estimates of the asymptotic variance can be based on either the estimated Fisher in-
formation, [Z(®)]~!, or the observed Fisher information, [—L® (®)]-!. The standard
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errors are the square roots of the diagonal elements in either case. While numeric
estimation is always possible, it offers no insight to experimental design. Some of

these issues are discussed in Chapter 5.

4.1.2 Expanded Expressions of the Asymptotic Variance

In (32), consider first the upper left 2 x 2 submatrix (X'V~!X)~!, whose diagonal
represents the asymptotic behavior of the variance of g, and B, respectively. Using

(30), it becomes
U_§ ( npd T+ N2 Y TiZopiy —np YT — ny 3.3 Tipis ) (33)
F\ -nYzi-nY Y zpe nenp + 1233 pis

with

F = (nmp+nl Z Zpii’)(np Z z;? + n? Z: Z TiTy Diir)
—(ny Z z; + n’ Z Z Zipir )2

The p;;’s are the elements of the matrix

P = —[(I+n,6%)"" - 1], (34)

1
;
where § = 02 /02.

Next consider the lower right 3 x 3 submatrix 2(¢,)~!, whose diagonal represents
the asymptotic variances of &\3, gf and & respectively. The inverse of this symmetric
matrix is given by

t2ataz—t3;  tataa—tiatas  tiatza—tiata
T -T T

tiitaz—~t2 Ly3toz—t12t
2 N+ 3 2123 —°12%013
2 ° T — ,
° ° !11122—1212
T

with T = ¢ tpt33 — £1182; — t2,t33 + 2t10t13t03 — t2,t2o. Furthermore, each t,, can be

expressed in terms of P, given in (34), as follows:

tu = o,%{nn, + 2n,tr(P) + nitr(P2)}
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ta = ‘4{n,,,tr(2) +2n2tr(P"‘) +n3tr(P2"')}

ti3 = {n,,tr(-—)+2n tr(P )+ 3tr(P2——)}

to = p4{n§tr(22) +2n,,tr(§:2P) +n;tr(Psz)} (35)
tog = 020'4{n2tr(22§) + nstr(EP—aE) + n%r(PEQE) + n“tr(Pz:Pg—i)}

tyy = {n2tr((—)2)+2 Str (( )2P)+n4t (P-a—zpa—“)}

The above expressions are found by expanding the trace terms. For example, with
V=01+0?Z®U and o2V-! =1+ P®U, ty, is calculated using the properties of
Kronecker products as follows.

| Y | N .
tr(V 80';‘,’\' ﬁ = o, tr(I+ PRU)(I+PU))
= o 'tr(I+2(P®U) +n,(P*QU))

= o, {n.mn, + 2nptr(P) + nitr(P?).

The expressions in (35) can be further expanded on substituting £ = oC; + (1 —a)C,

and & = C; — C,, but this is not pursued here.

4.2 Letting n, go to Infinity

The asymptotic behaviour of Z-! as n, goes to infinity will be determined by the
leading power of n, in Z=!. In an attempt to retain only the leading coefficients of
the terms with the highest power of n,, Lemma A.2 can be applied to the matrix
P. so that the matrix P is asymptotically like (~1/n,)I, with each p;w = —1/n, for
¢ # 7' and O otherwise. If this approximation were used, the asymptotic variances of
,3,, and Bl would become zero. Similarly, all the ¢,,;’s except t;; would also become
zero. To obtain the constants will require a better asymptotic representation of P
than (—1/n,)I. In fact, to find the limits of the asymptotic variances, all the terms
involving n, must be retained until the very end. This is done using vector notation
and expanding expressions. The next two lemmas establish limits of the asymptotic

variances for all the estimated parameters.
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Expression (33) can be rewritten using vector notation. Let x' = (z,, z,, . . . +Tn,)
and 1; = (1,1,...,1) be an 1 x n, vector of ones. After some simplification, and

since P is symmetric, (33) becomes

(36)

o2 ( npx’ (I + nydT) " 'x —n,,1;1,(1+n,,52)-1x)
7 ’

r
—npln (I+1n08)7'x n,l;, (I4+ nyd%) 11,

with
F =721, (I1+n,65)  [1n,x" — x1, J(I + n,6Z) " 'x.

Lemma 4.1 Assume that 1, ,x — x1;,, #On,. Then as n, — oo,

A o2 xS 1x
V. — =
arfio 1, 7 1,,x" — x1/ ]E-1x
R 2 1/ E—ll
Varf, — Is “n.= -n.

1, 27 1,,x" —x1/ JE-1x

Proof: The condition 1,,x’ — x1! # 0,, insures that not all z; = z;. Using Lemma
5 N, s g

A.2, the entries in (36) are asymptotically equivalent to

(1,1)-entry ~ X'T-1Ix/6 = 0(1),
(2.2)-entry ~ 11,51, /8 - oq), (37)
F ~ 15, Z71,,x - x1, |=7'x/8% = O(1).

Lemma 4.2 As n, goes to infinity, the asymptotic variances (in I~') of 1;;2,, t;_?, and
& are given by
Varc;g — 0
Va.rc;;2 = 2A,058%/(nAy — A)
Varad — 2n,0,8%/(0%(n;A1 — A3))

where Ay = tr(Z719ES18E) and A, = tr(E1E).

Proof: It is necessary to substitute P = ;}; [(In, + npdX)~! —I,,,] into the ¢, expres-
sions in (35). First all the trace terms involving P are expanded using the properties
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of Kronecker products and traces and then Lemma A.2 is applied. Results of these
calculations are shown in Table 10. The Maple program asyvar3.theory, is used at
this point to facilitate the calculation of the asyvmptotic variances, since retaining all
terms involving n, leads to rather large expressions. The program collects the terms

in powers of n, demonstrating that

Varc;g ~ 20} /npyn, -0
Varc;_? - 2520;./\11/(713;\11 - .'\3)

Varé — 2n28%0} /(0}(nAn — A2)),

with Ay; and A4 defined as in Table 10. Letting A, = A;; and A, = A4 gives the
desired result. Here, only the Var(a?,) goes to zero. The other two terms are of order
one. [
So in the case of n, going to infinity, we have a limiting regression experiment with
the spatial errors remaining. Regardless of the number of additional data points taken
at each site, the spatial error at that point remains, and the estimates of Bo and S,

cannot be improved.

4.2.1 Numerical Results for Large n,

Using expression (30) for the inverse of V and several Maple programs, asyvar?,
asyvar3, short2 and short3, we calculate the asymptotic variance for increasingly large
np using Example 2.1.1 with 10 sites. Results for increasing n, are shown in Table 12.
Both the programs asyvar2 and short2 calculate the asymptotic variance of 3, and 3,
but short2 is much quicker. The first program evaluates the variances by taking the
inverse of a product of matrices X’V ~!X directly while the second program evaluates
the derived expressions in (33). Similarly, asyvar3 evaluates the variances of ;3, &:2,
and & by computing the trace terms, t,,; by their definition. The program short3 uses
the trace expansions in terms of P given in (35) and takes significantly less time. Both
sets of programs give almost identical results but in very different amounts of time
as is shown in Table 11. Using the quicker programs, the approximate asymptotic

variance for all five estimated parameters is calculated for increasingly large n, as
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tr(P) ~
tr(P?) ~
tr(PL) ~
tr(P®T) ~

g%
tr (Pa—a) ~

)M
2—— ~
tr (P ™ )

tr(Z2P) ~
tr(PEPE) ~

ox
tr (EPE&') ~

ox

Ay/(6n)) — ng/n,
ng/nl + 2A,/(6n3) + Ao/ (8%n})

n,/(Jnf,) — Asz/n,
Ai/(82np) — 2n,/(6n3) + As/n?

A4/(6n,2,) —_ 4'\5/17.,

As/(8*n8) — 24/ (8n3) + As/n,

A3/(6n3) — Az/ny
ny/(8°n}) — 2A3/(6n3) + Az/n?

As/(6n2) — Ag/my

As/(82nd) — 2A5/(6n3) + Ag/n,

or\?
tr ((%) P) ~ Ag/(8n3) — Aro/my
or oY
: (PG_QP%) At/ (8n8) — 209/(6n3) + Aso/n?
where
Al — tT(E-I) A2 — tr(z—z) A3 = tT(z)

Ag=tr (Z718E) As =tr (&)
Ag =tr (Eg—g)

A7 = tT(Zz)

As =tr (2_2%)
As = tr (Z71(Z)°)

.’&10 =tr ((3—5)2) All =tr (2-1%2—1%5_

Table 10: Trace Expansions
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Table 11: Time Requirements in seconds of CPU unless otherwise specified.
7, 1 5 10 25

asyvar2 | 5.09 | 7.74 19.33 161.2

short2 | 3.02 | 3.28 3.26 3.06

asyvard | 10.77 | 323.71 | 2628.31 | > 1 day

short3 | 7.620 | 7.670 | 7.650 < 1 minute

Table 12: Approximate Asymptotic Variance. Theoretical limits were used in the
case of n, = oo.

n, Var8, | Vars, Vara;? Vara:2 Vara
1 13.64 | .000121 | 357.69 | 7419.44 | .592
5 10.24 | .000056 | 12.67 | 5095.93 | .204
10 9.73 | .000046 5.68 | 4775.89 | .179
15 9.54 | .000043 | 3.65 | 4663.56 | .170
20 9.44 | .000041 2.69 4605.75 | .166
25 9.39 | .000040 2.13 4570.54 | .163
30 9.26 | .000037 1.04 4498.61 | .158
1000 | 9.14 | .000035 .051 4427.68 | .152
5000 | 9.14 | .000035 | .010 | 4424.63 | .152
oC 9.14 | .000035 0 4423.87 | .152

is shown in Table 12. The limits derived in the previous two lemmas are used to
calculate the asymptotic variance in the case n, = co. The variances for Bo, 31, and

& appear to converge quicker than those of 02 and o2.



CHAPTER 4. ASYMPTOTICS 54

4.3 Eigenvalue Representation

Consider the spectral decompostion of the symmetric matrix V-! using (30). Then

nsnp

V-l = Z /\,,(V‘l)ehe'h
h=1

where \,’s are the eigenvalues and e;’s are the normalized eigenvectors of V~!. First,
expressions in terms of eigenvalues can be found for each entry of the 2 x 2 matrix
X'V~!X. Then the asymptotic variance of G and 5, is given by the diagonal entries
of the inverse of this matrix. The (1,1) entry of X'V-!X, denoted X'V-IX[1,1], is
found by multiplying the first row of X’ with V~! and the first column of X. Denote

In,n,to be a n,n, x 1 vector of ones so that

X'v-iX[1,1] = Ln, Vi, (38)
= Inm O MV )ere'sln,n,
h

= Z AV, en€'nln,n, (39)
h

Now the properties of Kronecker products are used to find the eigenvalues and eigen-
vectors of 02V~! = I + P ® U. The eigenvalues of U are np and 0 with multiplicity

np — 1 with corresponding n, x 1 eigenvectors, u, given by

(1\ [—1\ (—1\ (—1\

0 0 1
1 ? O ? E LI | :

SACYACT Y

The n; eigenvalues of P are given by —6X;(X)/(1 + nydA(Z)). Denote the n, eigen-
vectors of P. and hence of ¥, by s;. Thus the eigenvalues of V~'are 1 with multiplicity
nsnp — N, and 1 —ngdAi(Z)/(1+n,0)0:(X)) fori = 1,...,n,. Notice that V-! is in fact
positive definite as required. The eigenvectors of V™! are e, = si®u;. For A(V™1) =1,

expression (39) reduces to zero since 1h,n, times the corresponding eigenvector gives




[é]
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zero. For A;(V™1) =1 —n,d)0(X)/(1 + npdAi(L)) the corresponding eigenvector is
€ = (silv ce -1 811: 882y - -0 Si2y - - - ySingy .- - ’sin.)"

Equation (39) then becomes

-1 = 6/\1'2 S 2
X'VTIX[1,1] = ;”5 (1‘%3%) (Esﬂ)
= X (m) (ZS“) | 0

Normalization of the eigenvectors of V~! forces each eigenvector of ¥ to satisfy

Zt(sit)2 = 1/n,.

Similarly, the same arguments can be applied to find the other entries.

XV = 3 () (Z’”‘S“)
X'VIX[1,2] = an (m) (ths,,) (Zs,-,). (41)

These expressions can now be combined to express the asymptotic variance of 3, and
8y.
1 2 =1 ) )
(X'V-1X)! = 1 > m (3¢ Zesie) P TFnpe A (T) D¢ Tesie Zzt Sit ’
i —¢;7—'1+n, NE) 2ot TSit 2, Sit PD¥ 1+n,3117'7,- vy (¢ sit)

where

¢ (St (£)) (S (2))
[ () (2]

t

If we know how z varies with site and how the eigenvalues and eigenvectors of & vary
with choice of location, these variances can be minimized with respect to choice of

site locations when n, and n, are fixed. This is illustrated in Chapter 5.
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It is also possible to express the asymptotic variances of the remaining three
parameter estimates in terms of eigenvalues and eigenvectors of . As previously
noted, since P is a function of ¥, the eigenvalues of P in terms of £ are —6A;(Z)/(1 +
dnpAi(X)) . In addition, the eigenvectors of £ are the same as those of P. Denote
Ai(¥) = A; and again let s; be the corresponding eigenvectors of £. Lemma 4.3 is
applied to the trace expressions in (35) to give

tr(S) = o7 A tr(P) = =6 0 Ai/(1 + dny);)
tr(E2) = 30 A2 tr(P2) = 6230 A2/(1 + dnyA;)?

tr(S2P) = =6 72, A/(1+8npdi)  tr(P2E) = 62 550 A3 /(1 + dnp;)?
tr(EP) = =6 3702, AZ/(1 + 8npdi)  tr(PEPE) = 82 3% AY/(1 + 6nph;)?

tr(ge) = 210 Sasi) tr(P3Z) = =8 35021 M/ (1 + dnphi) (sl $Es:)
tr(24Z) = z; L Ai(s), 3Esi) tr(P23Z) = 62 o7 A2/(1 + 6nph;)2(s), EEs;)
tr (CP5e )—tr (PE"’”) tr (PL3R) = =8 30121 A/ (1 + bnp)i) (s, §os:)
tr (32)" = i (sl (8)°s0) tr((32)°P) —-62 1 A/ (1 + Snphi)(sy (BE) 7se)
r (PEEPEE) = # SIS W, tr (PEPEE) = 7 30, A1+ dnphi)¥(sl, §Es:)
where

Wi, = Aidr ¢ 9=, g O=

——S,§
(1 +6n,0)(1 + 6nyA, ) ‘Oa’ '6
Now the ¢,,;’s and hence the asymptotic variances of 03 a’f, and & are a function of the
eigenvalues and eigenvectors of . Note that % = C; —C,. While it is impractical to
write down the expressions for the asymptotic variance in full generality, we compute

t22 here as an example.

try = 0 'n? Z[A? 20mp A} /(14 6npA;) + 822/ (1 + 6nphi)?).
i=1
The eigenvalue representations can offer some insight in examining the behavior as
the number of sites increases in a specified fashion. Since site locations affect T, the

above expressions can also also be used to develop experimental designs.
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4.4 Letting n,; go to Infinity

The difficulties in evaluating the asymptotic expressions as n, goes to infinity are
twofold. Firstly, there is the issue of how or where to add more sites. There are two
ways in which n,, the number of sites, can go to infinity. It is possible to increase the
number of sites within a fixed domain thereby increasing the density of sites. This is
known as infill asymptotics. Alternatively, one could increase the number of sites by
enlarging the sampling domain. Secondly, it is not immediate from the asymptotic ex-
pressions derived in the chapter, how the variance is affected even when an increasing
sampling scheme is chosen. For these reasons, this section predominately investigates
the asymptotic behavior of the parameter estimates numerically using various sam-
pling schemes. There is, however, some theory on increasing domain asymptotics for
spatial regression. This will precede and guide our numerical experiments.

Mardia and Marshall (1984) establish sufficient conditions for the asymptotic nor-
mality and weak consistency of ® in the case of one observation per site with n,
sites by adapting Sweeting’s (1980) general result. Denote the information matrix
1 = diag(Mp. Mp) so that My, = X'V~'X and the (m, ) element of My is t,;/2. Also
let X[, q] denote the gth column of X; and let M[p,m] denote the (p, m)th element of
the matrix M. The theorem adapted to our model and notation becomes

Theorem 4.1 If, as ny — oo,

limMJ' =0, limM;' =0,
lim an‘,m,qzl My p, m]M,; g, jtr(VVPIVVI™) =0

lzm an,p:l Ziq:l Mﬂ_l[p‘ m]Mb—l[q’ l](X,[’l jaa\;%vga\z_;lx[’ Q]) = O’

then & ~ N(®,T-1) where

VP = VY (VI + VL

OV 9V 8V 8V &V
36, 36, 06, 96, 06,08,

They go on to find simpler sufficient conditions involving the eigenvalues of V. Let

|[.|| denote the Euclidean matrix norm.

Theorem 4.2 Suppose that as ng — oo
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(2) limmax, Ap(V) = K < oo, limmax, I/\h(%ﬂ = K| < o0,

lim max,, IAh(%)l =Kim <oo foralllm=1,23
_1_,
(it) H%;—:H‘z =0(ns?* ), for somee >0 forl=1,2,3.

(zi2) Vi,m = 1,23, wym = Bm{tmi/(tmmtu)'/?} ezists and U = (wim) is a non-

singular matriz
() Iim(X'X)"t =0,
Then the conditions of Theorem 4.1 hold.

Recall that in our model V = 02/ + 0?(£ ® U). Using the fact that the Euclidean
matrix norm is equal to the square root of the trace norm (see Hoffman (1975) p18-19),

conditions (z) and (iz) reduce to

() limmax A;(X) < oo, limmax |A;(4E)| < oo, limmax [A(ZE)| < oo

~l_¢

(i') 1/tr(£?) = O(n:%_(), and 1/tr($2)2 = O(n, >"") for some € > 0.

Mardia and Marshall (1984) establish that an intrinsically stationary process in
R? sampled from a regular d-dimensional lattice with fixed spacings and increasing
domain, satisfies the conditions of Theorem 4.2. Therefore we consider this design in

our numerical analysis.

4.4.1 Results Concerning n; for Specific Designs

We will consider three sampling schemes. Example A and C deal with increasing
domain asymptotics while Example B explores infill asymptotics. S-Plus programs

generate the results.

Example A: Increasing Domain Sampling Scheme

Consider locations on a unit spaced square lattice originating at the origin. A n xn
lattice has n? sites with locations coordinates (z,y) Vz,y = 0,...,n — 1. Further-
more, regressors are chosen deterministically in such a way that (iv) of Theorem 4.2
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holds. Consider linearly increasing the covariates as the y-coordinate increases. That
1s, covariates for locations on the same horizontal level in the plane have the same
value, and the value increases linearly the higher the level. This approach satisfies
(X'X)™' — 0 empirically for the finite series n = 22,32, ..., 122, Therefore, the
asvmptotic variance of the maximum likelihood estimates for this sampling scheme,
is normal with variance Z=! according to Mardia and Marshall (1984). Of special
interest is the asvmptotic variance of c;g and &;2. Our estimation procedure for all 5
parameters as described in Section 2.2.3 is run 100 times for a 4 x 4 size grid for a
total of 16 sites with 2 observations per site. Two simulations did not converge after
75 iterations. The distributions of estimates for Example A with asymptotic normal
density curves are shown in Figure 5. Only the simulations containing nonnegative
estimates of o? are used in these plots. From 98 simulations, the algorithm yielded

43 feasible estimates.

Example B: Infill Sampling Scheme

The domain for this example is the unit square with the left-lower corner at the
origin. Here the sampling domain is fixed and sites are added systematically inside
the unit square. The unit square is equally partitioned for each n. The regressors
are determined as before so that (X’X)~! — 0 empirically for the finite series . =
22,32, ...,12% Once again, our estimation procedure for all the parameters is run 100
times for a 4 x 4 size grid with 16 sites and 2 observations per site. One simulation
failed to converge. The distributions of estimates for Example B with asymptotic
normal density curves are shown in Figure 6. Although the results of Mardia and
Marshall (1984) do not apply in the case of infill asymptotics, Figure 6 might suggest
some normal distributions. Only the simulations containing nonnegative estimates
of o2 are used in these plots. From 99 simulations, the algorithm yielded 45 feasible

estimates.
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Figure 5: Distributions of estimates for Example A with asymptotic normal density
curves. Histogram scaled as a probability density. The sum of the bar height times
the bar width equals one.
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Figure 6: Distributions of estimates for Example B with asymptotic normal density
curves. Histogram scaled as a probability density. The sum of the bar height times
the bar width equals one.
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Example C: Modified Increasing Domain Sampling Scheme

Here the sampling domain is increasing but at a different rate than in Example A. The
four corners of the n x n lattice have coordinates (0,0), (v/n,0), (0, v/2) and (\/1, /7).
The other locations are filled in to create grids of equal size. Our estimation procedure
is run 100 times on this sampling scheme. The distributions of estimates for Example
C with asymptotic normal density curves are shown in Figure 7. Again, only the
simulations containing nonnegative estimates of o2 are used in these plots. From 100

simulations 1 did not converge and 45 negative estimates of o2 are generated.
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Figure 7: Distributions of estimates for Example C with asymptotic normal density
curves. Histogram scaled as a probability density. The sum of the bar height times
the bar width equals one.
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Remark

While running the estimation procedure for the three examples, o? in particular, is
estimated. The consistency condition for c;f in Theorem 2.1 on page 24 is calculated
for n; = 4,9,16,25. Results are shown in Table 13. It appears that the estimate for

o? in Example A and more slowly in Example C. may be consistent as the number of
sites increases.

Table 13: Consistency Condition for &:2

ns | Example A Example B Example C
4 481 481 .462
9 417 477 436
16 .346 478 420
25 284 479 407

Table 14: Asymptotic Variances of aAg and c;f: Calculating T=! with n, =1

ns | Example A | Example B Example C
4 599 294489 | 599 294489 [ 735 100943
9 99 25384 | 87 88447 | 94 30838
16 | 48 13882 | 40 54398 | 42 21555
25 29 9689 23 40946 | 25 17576
36 | 19 7541 16 34369 | 16 15089
144 | 4.5 2803 3.6 24420 | 3.8 9029

Table 14 shows the asymptotic variance of the maximum likelihood estimate of aﬁ
and o? for all three sampling schemes. Values are obtained by calculating Z=! with
np = 1 using the programs erampleA, ezampleB, and ezampleC. It appears Example
A yields a smaller asymptotic variance for ;3 than the other two examples. The
variance of the spatial error is not greatly improved for infill asymptotics. The rate

at which the domain is increasing seems to have an effect on the variances of o and
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(;Z as is demonstrated by comparing the values for Example A and Example C in
Table 14.

4.5 Technical Results

Lemma 4.3 Let \; and ¢; be the eigenvalues and corresponding n, x 1 normalized
eigenvectors of M fori = 1,....n,. Let M and N be symmetric matrices. Then the

following equations hold for integer k > 0 .

tr(M*) = Y b
=1

tr(M*N) = ZAfW’i',N“/’i)

=1

Simazlarly,
tr(N¥) = Z/\? (i, N¥4;)
=1

tr(N*M) = tr(MN) = }:,\ (W, N*a;)

ns n,

tr(MNMN) = 33 A\u,/ N/ N,

=1 r=1

The operation ( ,) denotes the familiar dot product.
Proof: Consider the spectral decomposition M = Z:i/\iz,/;,-w,-'. such that I =
S, fori=1,...,n, Then
M = Z Afyiy
= M*N = Y Mya'N
= tr(M*N) = > Mtr(g'N)
= Z A, Ny;)  since N = N,
Since the k'* power of a symmetric matrix is symmetric, the above argument can be
applied to tr(NMF*) to give
tr(N*M) = tr(MN*) = Y A(w!, N¥y).
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Next,

Finally,

tr(N*) = tr(N*I) = ¢r(N* Z: Yityi')

tr(MNMN)

= Ztr(NkT/’i'l/)i')
= > tr(v/Nryy)
= D AW, NEy).

> itr(yap NMN)

i Aitr (M Ny N)

ZA ZA tr (et N’ N)
Z Z Adrtr () N v, Nuy)
Z Z XAt Ny, Ny



Chapter 5
Experimental Design

In this chapter we develop some rules for experimental design regarding site locations
and comment on the number of sites and observations per site required. This is

largely based on asymptotics and simulations.

5.1 Location of Sites

Let the number of sites and observations per site be fixed and known. Recall the

asymptotic variance of parameter estimates

I-1 = M0
0 M;' )’

where My = (X'V™1X)oxo and My = (tmu/2)3x3. Suppose a researcher has some
knowledge of the parameter values of our model and wishes to construct a sampling
scheme which minimizes this variance in some way.

Consider the trace norm of a symmetric matrix T, ||T||? = tr(TT") = tr(T?). Now

for 71,

NZ7H? = r(Z7?)

M2 0
= tr
0 M;?

= tr(M;?) +tr(M;?)

66
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= [IMHP + Mg

Specifically, we can minimize this sum. That is,
M7 = tr(M M) = tr(M;?)
= Z/\h(Mb_z)
h
= D AZ2(M,).
h

Similarly,

IMGHP = D A7%(M).
h

The eigenvalues of M, and M, involve their entries which can in turn be written
in terms of the eigenvalues and eigenvectors of ¥ as is demonstrated in Section 4.3.
Formulas for the eigenvalues of a 2 x 2 and 3 x 3 symmetric matrix are found in

Appendix A. In fact, the eigenvalues of M, are

_ M[1,1) + My[2,2] + /(M[T, 1] — My[2, 2))2 + AMZ[1, 2]
— . ,

where M,[1, 1], M,[2, 2] and M,[1,2] are given by (40) and (41). Those of Mj are the

roots of the characteristic equation

A (42)

A3 + (—tu — l33 — t22)A2 -+ (—t%z + L1tz + t11t33 + tootzy — t%s - t%s)/\

(43)
+(—tiitagtas + titag + t3ytaz + ti1td; — 2t19ti3tss).

where each t,; can be expressed in terms of eigenvalues and eigenvectors of £. Al-
though complex, the sums of (42) and (43) can be minimized numerically, thus cre-
ating an ‘optimal’ sampling scheme for a fixed number of sites and observations per

site.
One useful application involves determining the location of one additional site to
existing sites. This experiment is applied to our example first with 4 sites and n, = 1.
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Figure 8: Surface of the norm of the asymptotic variance when adding a 5th site.
Norm in thousands.

The problem is to determine the location of the 5th site while minimizing the norm
of Z!. Let (d,,d>) be the coordinates of the 5th site somewhere on a predetermined
grid. The matrices M, and My are now a function of d; and d,. The regressor for the
5th site is also a function of d; and d, from a fitted quadratic surface to the existing

site locations. A numerical grid search in the S-Plus program ezperiment finds the

minimum Euclidean norm of Z=!. The norm surface is plotted in Figure 8. From

these results, the 5th site should be placed approximately at (—4, —1) to minimize
the asymptotic variance. At this location, the norm is 11,667 and

2191 -.053 O 0 0
—.053 .0003 0 0 0
It= 0 0 552 —1430 1.53
0 0 —1430 11477 -49
0 0 1.53  —49 .496

The choice of grid size and separation influences results.

The experiment is now repeated with 10 sites. The problem is to determine the
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location of the 11th site so as to minimize the norm of the asymptotic variance. Here
a quadratic surface is fitted to the existing 10 sites to obtain an expresssion for the
11th regressor as a function of d; and d,. The norm surface for the chosen grid is
shown in Figure 9. It is difficult to see from this graph that the minimum occurs
at (-2,16). Figure 10 magnifies the view in the neighborhood of this point. At this
optimal location of the 11th site, the asymptotic norm is 5209 and

814 —-.00199 O 0 0
—.002 .00005 0 0 0
I l= 0 0 404 -318 -—7.37
0 0 -318 5173 -24
0 0 -7.37 -24 426

Another idea is to use this this approach iteratively to place one site after another.
That is, we start with 4 sites and add the 5th one optimally. Next, we use these 5
sites to add a 6th one optimally and so on, each time fitting the quadratic surface of
the regressors. Due to time constraints, grid size and spacing varies for each iterative

step. The 6 added sites have coordinates
(—41 —1)1 (107 2)v (14’ 6) (20, 8)~ (211 13)~ (23' 15)‘

Results of this procedure are compared to Example 2.1.1 with n, = 10 and n, = 1.
The norm of the asymptotic variance matrix obtained by the iterative technique
is 5591 while the norm for Example 2.1.1 works out to be 7170. The asymptotic
variances of the parameters are given in Table 15. Thus, it appears that this approach
vields not only a smaller norm than that with the haphazard choice of 6 additional

sites, but also smaller variances for most of the parameters.

Table 15: Asymptotic variance for two sets of site locations

Bo B q,? Uf a
with 10 sites of Example 2.1.1 13.8 .0001 453 7156 .62
with 10 sites- 6 of which are
added using the iterative approach | 9.2  .000003 523 5502 .44
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Figure 9: Surface of the norm of the asymptotic variance matrix when adding an 11th

site

Figure 10: Neighborhood of the minimum of Figure 9. A grid step size of 1 is used

for this figure.
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5.2 Determining n, and n,

This discussion is largely based on the asymptotic results and simulations for specific
designs presented in Chapter 4.

The theoretical resuits of Section 4.2.1 suggest that only the Var(c;g) goes to zero
as the number of observations per site, n,, goes to infinity. From Table 12 it appears
that a rather large number of observations per site is required to bring the variance
of c;f to within its asvmptotic limit. The limits for &y, 5, and & are attained with
fewer observations per site.

Equally as disappointing is the number of sites required to obtain an acceptable
variance of &;2 and o:%. Although we can only comment on the sampling schemes
described in Section 4.4.1, Table 14 suggests a large number of sites is required even
for such simple schemes. The asymptotic variance of Bo, Bl and & for n, as large as
144 and n, = 1 varies for the three sampling schemes but is not as large as that of gf
or t;g. Example A with n, = 144 yields the best results with the asymptotic variance

for Bo, 51 and & being 12.33, .15, and .095 respectively.



Chapter 6
Comments and Future Directions

Up to this point, only the simple linear model described in (4) is used. In this chapter,
we investigate and comment on how the results from previous chapters apply or can
be adapted to more general models. Whenever possible, modifications are made to
previous results. Models for which existing results cannot be applied suggest areas of

future research.

6.1 A More General Model

In this section, we expand the model in (4) to allow for more general regression and
unbalanced data. The estimation of the parameters and their asymptotic variance
under these schemes are discussed. A richer family of covariograms is also considered.
A likelihood ratio test statistic is developed to test the hypothesis H, : a; = 0 when
the covariogram matrix £ = 3}, &,C, with }~,a, = 1.

Except for specific examples and corresponding conclusions drawn from them, the
theoretical results in this thesis are valid for both isotropic and anisotropic covar-
iogram models. The results require only that the spatial process be second-order

stationary and that c(hiy) = c(hyy).
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Regression with Varying z;

In Chapter 2, although there are multiple observations yi; at each site, the z; is
constant at each site. Here, there is a regressor z;; for each observation j at site i.

Therefore, the model becomes
Yij = Bo + B1 Zij + 0,5, + Opey;

with2=1,...,n,,5 =1,...,n, and the random variables s, and e;; as before. This
implies that only the matrix X in the model y = Xb + o,¢, + ope changes. Therefore,
the variance-covariance matrix V, which does not involve X, remains exactly the
same.

Estimation: The estimation procedure for the parameters §,, B1, ag and a, is
unaffected by the current regression scheme since these parameters are maximized
numerically. The estimation procedure of o2 can be applied with a slight modification.

Here define p;; = 8, + Biz;; and
Dir = (g — B:) = (@ — )],

so that D;, ~ (202/n, + 02R;;)x? as before, and Theorem 2.1 still holds.
Asymptotics: Firstly, we consider the case where np goes to infinity in the asymp-
totic variance of the parameter estimates. The matrix XV~!X is

( nsnp + 03 3000 301 pir PP DS TR L PO DD PUEND oy N )
PADIESE DIAD AP IS SENED DD DAE TS Dicd DAE D pod Pid ey i
The entries now involve sums from 1 to n,, and it is not evident how these sums
behave when letting n, go to infinity. Therefore, Lemma 4.1 no longer applies for
b= (Bo, 31)- Fortunately, results pertaining to the asymptotic variance of c;;%, c;s? and
& are unchanged since they involve only V and its partial derivatives. Hence, Lemma
4.2 holds.

In the case of n, going to infinity, Theorem 4.2, due to Mardia and Marshall (1984),
requires that (X'X)~! — 0. All the other conditions of this theorem are unaffected

by the modification.
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Multiple Regression

Next, we consider a multiple regression scheme where there are several regressors for

each observation at each site. The model is
Yi; = Bo + Brzrij + BoToij + ...+ BpTpij + 055, + Op€ij -

The matrix X and column vector b are now

1 zyp -+ zpn 5
1
X = b= )
1 z R
1nemp PreTte nsnp X (p+1) ﬁP

(p+1)x1

Estimation: Again the estimation procedure for the parameters is unaffected by
the multiple regression scheme. The construction of the estimate of o? requires a
slight change. In Theorem 2.1 define uij = Bo + Bizyi; + BaZoij + ... + BpZpi;. With
this adjustment, Theorem 2.1 holds.

Asymptotics: The variance matrix V is unchanged since it is not a function of X nor
b. Therefore, the asymptotic results of Lemma 4.2 regarding c;;, ;3 and & for n, going
to infinity still hold. Lemma 4.1, however, cannot be used to deduce the asymptotic
variance of b. Again, the entries in X'V~!X involve sums from J=1,...,n, whose
behavior is not known as n, goes to infinity.

Results from Mardia and Marshall (1984) regarding asymptotic behavior of pa-
rameter estimates as n, goes to infinity still require (X'X)~! — 0 for this design

matrix X.

Unbalanced Data

In the case of unbalanced data, the number of observations per site can vary. Let k;

be the number of observations at site i. The regression model of Chapter 2 becomes
Yij = Bo + B1 Ti + 0se5, + Op€ij

fori=1,...,nand j=1,... k. Letd = 5", ki and denote the k; x k, matrix of ones
by Ug,k.. Then the d x d covariance matrix of the observations YyijisV = af,Id +02Q
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where
c(h1)Ukik,  c(hi2)Ugik, -+ c(hin,) Uik,
0= ¢(h21)Ukk,  c(ho2)Ukpk, -+ c(hon,) Ui,
c(ha1)Ukn by c(hn2)Uky,k, - -- c(hn,n,)Uk,, k., dxd

The matrix Q cannot be expressed as a Kronecker product since the U’s are all of

different dimensions.
Estimation: The estimation prodecure for all the parameters except o2 remains

unchanged. Theorem 2.1 is appropriately modified. Recall that R;, = 2v — 2¢c(hyy)
and Dy, = [o,(e,, — €5,) — 0p(&;. ~ é,.)]z.

Theorem 6.1 (Unbalanced case of Theorem 2.1) Fori,i',r,r' =1... n,, define D =
(Dir) , R = (Rir) and g = g(higt, hips, hpir, hyps) as in Theorem 2.1. Let

( 1/ky +1/k;
1/k; + 1/k,

CST = )
1/ky + 1/ky,

\ 1/kn, + 1/kn, }nfxl

Then the estimate c;f = (R'R)™'R'(D—02CST) is unbiased with the same consistency

condition as in Theorem 2.1 as ny, — oo and k; — oo Vi.

Proof: The proof parallels that of Theorem 2.1. Here the pure errors are het-
eroskedastic so that &. ~ N(0,1/k;). The expressions involving the spatial errors
remain unchanged. Now N = &, — &,. ~ N(0, 1/k; + 1/k.), so that for i # r,

E(Dy) = 0%Ri +02(1/ki+1/k,)
= E(D) = o?R+ 02CST,

and unbiasedness of &\3 follows.
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Now expressions for the entries of Var(D) = (Cov(D;r, Dir))n2xnz Which lead to

the consistency condition, are found. The
Cov(Dsy,Dip) =0 ifi=rori =r".
The distribution of D;, is a (62 Rir + 02(1/ki + 1/k,))x? with variance

Var(D,,) = Cov(D;,,D;,)
= 2(0%Riy +02(1/ki + 1/K.))? ifi#r

Muiltivariate normal theory is again applied to find the components of Cov(D;,, D;,)

for r # r'. After much algebraic manipulation

2 = (1/ki + 1/ke) (1 ki + 1/k,) + 2/K2,

E(&. —&.)%(&. — &)
> = 2¢%0, hir, Bri, her) + Rip Rir,
)
)

E(es, ‘“55r) (€si — Esp
E(ES( - Es,-)2(éi- €rr. 2 = &r(l/kz + l/kr’)y
E(es, —Es,) (6;. ~&.)2 = Riyp(1/ki +1/k;),

E(ES, - ESr)(éi' - é‘r-)(e.ﬁ - Es,.l)(é‘i- - ér‘) = g(01 h’if'v hria h"")/kt-

Using the equation (15) when r # 7', the covariance term Cov(D;y, D;) — 20%g? as
ki, k., k- all go to infinity.
Finally, the following terms are used to evaluate Cov(D;,, D) for i # .

E(es, —&5,)%(es, — €5..)° = 29%(hiir, Rit, iy hypt) + Rir Rirys,
E(es, — €, )*(&v. — &+.)> = Ri(1/ks +1/k.),

E(es, —€5.)%(8 —&.)> = Ruop(1/ki + 1/kr),

E(e;. — &.)%(éx. — &+.)° = (1/ki+ 1/k,)(1/ki + 1/ks).

So using (16), the Cov(D;y, Dy ) — 20%g? as the k’s all go to infinity.
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The rest of the proof follows and the consistency condition is the same as that
found in Theorem 2.1. a8
Asymptotics: Since much of the theory involving n, going to infinity in this thesis
requires that V, and consequently V'=!, be written in terms of Kronecker products, it
not possible to extend any results in this case. For n; going to infinity, the conditions

of Theorem 4.2 remain unchanged for unbalanced data.

Likelihood Ratio Test Statistic

Suppose the matrix ¥ can now be written as a linear combination of several covar-
lograms, i.e. £ = > a,C, where C, is a matrix of covariogram models c¢,(k) and
>_¢a: = 1. We can formulate a likelihood ratio test statistic (LRT) to test the hy-
pothesis H, : ap = 0. Let a = (o, ay, ...,0p,) and G, represent the vector with
the restriction for a, given in H,. Denote the unrestricted maximum likelihood es-
timate by & = (,30, ﬁl,%,gf,d) and the resticted maximum likelihood estimate by
P, = (50,51,;3,0%,do)- Then the LRT is
Aly) = H®oly).

L(®ly)
The numerator is the value that maximizes the likelihood (or log-likelihood) function
under the parameter restriction and the denominator is the unrestricted maximum
of the likelihood function. In practice, —2logA is generally calculated. Recall that
6 = (0:2,, gf, @). Using the log-likelihood equation (9), and simplifying gives

- , . 1 -, . . -
=2logh = (n[V(8)! — InV(@,)| + = {(y - XB)[(P(c,) - P(&)) ® Ul(y — Xb)}.
o
P
Using expression (34) for P, it is possible to simplify the LRT further to

—2logA = In|V ()| - In|V(d,)|
1 {=xby [+ (@) - a+ 52(@) ™) @ U] (w— XB)}.

o2
o2np

-+

It is difficult to identify the distribution of this LRT. Numerical methods may be
used to to estimate its distribution with the rejection region of {y : —2logA > K}, for
0<k<oc.
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6.2 Incorporating Topography

To increase the applicability of the model given in (4), it is possible to incorporate to-
pography either through the regressors, the choice of anisotropic covariogram models
or both. One possible area of future research is to study the effect of incorporating
topography in this fashion.

In certain situations is it reasonable to generate predictor variables from topo-
graphic maps. This is facilitated by GIS software which can display and query data
with relative ease. The following is an application which incorporates topography.

Consider a mountain range formed by layers of varying sedimentary strata. The
mineralization of rock may have occured differently throughout the horizontal layers
(as a result of pressure) perhaps requiring the use of anisotropic covariogram models.
Furthermore, the regressors can be a function of strata so that topography enters into
the model in two ways.

One possible model is the following. For example, consider an anisotropic covari-
ogram for the spatial error. Since the strata are horizontal, the spatial dependence in
the east-west direction is very different than the one in the north-south direction. The
covariogram, therefore, is a function of direction as well as distance. The matrix &
can be an unknown linear combination of two such anisotropic covariogram matrices.
Of course, this requires that the observations be classified according to strata and
that the topography be fairly well understood.

Another possibility is to take a linear combination of a different kind. Let c =
ci(|lh]l1). This isotropic covariogram reflects the covariance of the spatial error simply
as a function of distance. Suppose another covariogram, ¢, = c,(||k|]2), reflects the
covariance as a function of sedimentary layer distance only. Then ¥ can be seen as a

linear combination of these two covariograms.



Appendix A

Algebra and Matrix Theory

This appendix gives selected results from various references. The general references
for eigenvalues and Kronecker products are Schott (1997) and Harville (1997). The
section on matrix series convergence takes results from Graham (1987). The condi-
tional multivariate normal and definitions of quadratic forms can be found in Johnson
and Wichern (1988).

A.1 Eigenvalues

Notation: Denote A\, (M), h =1,...,m to be the eigenvalues of an m x m matrix
M and Ax) (M) to be the ordered eigenvalues.

Definition A.1 Let A be an m x m matriz with eigenvalues A, Ay,...,A\m. The
spectral radius of A, denoted p(A) is defined to be

p(A) = Bax | Anl-
Lemma A.1 If the m x m matriz A has etgenvalues A}, Ay, ..., A\, then the matriz

(A + 1) has eigenvalues Ay + v, Mg +7,..., Am + 7.

Theorem A.1 Let A be an m x m symmetric matriz and B be an m x m positive

definite matriz. Then the following inequality holds for the ordered eigenvalues.

A(h)(A+B)>/\(h)(A) for h=1,...,m.
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Results for a 2 x 2 symmetric matrix

b
Let A= ( : ) Then the eigenvalues of A are given by
c

_ (@a+c)x\/(a—c)?+ 4b2

A
2

Results for a 3 x 3 symmetric matrix

tin tiz ti
Let T = | ¢t5 ty3 tos |- Then the eigenvalues of T are the roots of the character-

t13 l23 ta3
istic equation

A%+ (=t — taa — 122) A2 + (—t2, + tinter + tiitas + tootas — t3; — 125) A
+(—titaatss + t35tan + 3,833 + 1,82, — 2t12t13t03).

A.2 Kronecker Products

Let A be an m x n matrix and B be a p x ¢ matrix. The Kronecker product of A and

B, denoted A ® B is the mp x ng matrix

[ anB apB .- a1,B ]
ang 0223 e agnB
| @m1B am:B - amnB ]

Properties of Kronecker Products

Let A,B and C be any matrices a and 3 be any two scalars. Then

l.L.a®@A=A®a=aA,

S

. (¢A) ® (BB) = af(A® B),

3. (A®B)®C =A® (B®C).
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4. (A+B)®C =(A®C)+(B®C) if A and B are of the same size,

- A®(B+C)=(A®B)+(A®C) if B and C are of the same size,

[ ]}

6. (1®B) =A'® B,

\'

. (A®B)"'=A4"'®@ B!,
8. (A® B)(C® D) = AC ® BD.
9. tr(A ® B) = tr(A)tr(B).

Theorem A.2 Let A be an m x m matriz with eigenvalues A\, A2, . .., Am and let B
be a p X p matriz with eigenvalues vy, vs, ..., Vp. Then the set of mp eigenvalues of
A®B s given by {Mvy : h = 1,...,m; t = 1,...,p}. Furthermore, suppose A is
an eigenvalue of A with corresponding eigenvector z,; and v is an eigenvalue of B
with corresponding eigenvector y. Then £ @ y is the eigenvector corresponding to the

eigenvalue A\v.

A.3 Matrix Series Convergence

Theorem A.3 Let A be an m x m matriz. Setting A° =1, [[— A]"! = 3% A"
converges if and only if p(A) < 1.

Definition A.2 Two matrices A(k) and B(k), are asymptotically equivalent if A~'B

goes to a constant matriz as k goes to infinity.

Lemma A.2 For matrices A and B and scalar k, the matriz (A + kB)~! is asymp-
totically equivalent to (kB)~!.

Proof: Using the definition of asymptotically equivalent matrices,

((A+kB)™) ' (kB)™* = (A+kB)k'B!
= k'AB 41

— I
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A.4 Conditional Multivariate Normal

Let X ~ M(u,X) with T nonsingular. Assume the partition
x=( ),
X2
X Sy =
1 ~ N Hi , 11 12 )) .
X2 H2 Yo Za

Then the conditional distribution of X, given X, denoted X 1| X2, is normal with

so that

E(X1|X3) = w+Z12Z50(Xe — p2),
Var(X,|X3) = %, - 2122521221-

A.5 Quadratic Forms

Let z be an m x 1 real vector and 4 = (a;;) an m x m symmetric matrix. Then
I. A is positive definite if 2'Az = Y7 a;5z:x; > 0V # 0,
1i. A is positive semi-definite if Az > 0 Vz # 0, and z’Az = 0 for some z # 0,
1ii. A is negative definite if ' Az < 0 Vz # 0,
iv. A is negative semi-definite if ’Az < 0 Vz # 0, and z’Az = 0 for some = # 0,

v. A is conditional negative definite if z’Az < 0, with z satisfying Y.zi=0.



Appendix B

Other Tools

A reference for probability theory results in this appendix is Billingsley (1986). The
reference for Section B.2 is Bickel and Doksum (1977).

B.1 Moment Generating Function (MGF)

Let X be a random variable with moment generating function M (t).

k" Moments

The k** moment of a random variable X is the k% derivative of it’s moment generating
function evaluated at zero. Symbolically,
dk

E(X*) = M®(0) =

M(t)

t=0
Derivatives of the Normal MGF

Let X be a normal random variable with mean y and variance o2. Then

M) = eHt+o?t? /2
MM = (u+ o?t) eht+o2t?/2
MA(t) = [0+ (p+ o?t)?] ert*o’t/2
MG (t) = [302(ﬂ + azt) + (# + 0’2t)3] eut+a2t2/2
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MW(t) = [3(c%)? +60%(u + 0%t)? + (1 + o%t)4] et +o't/2

B.2 Fisher Information Matrix

Let p(z.0) be a density function and assume the following two regularity conditions
on the family of distributions {FP; : 8 € 6}.
I. The set 4 = {z : p(z,0) > 0} does not depend on 4. For all z € 4, 8 € O,

0/060 logp(z,H) exists and is finite.
II. If T is any statistic such that F(|T|) < oo for all # € ©, then the operations of
integration and differentiation by 6 can be interchanged in [%_--- [* T(z)p(z,6)dz.

Then the Fisher information number is given by

10)=E ((% log p(z, 0)) 2

Furthermore, if the second partial derivative satisfies conditions (I) and (II) then

1) = —E (é% log p(z, 0)) .

For the vector parameter case where § = (6,,...,6,), the information matrix is
&2 logp(z,6)
) = |- .

B.3 Miscellaneous Definitions

Definition B.1 The statistic 6, is a consistent estimator of the parameter 6 if and
only if for each ¢ > 0

lim P(|§ — 6] <c)=1.

n—oo
Theorem B.1 If 6 is an unbiased estimator of the parameter 0 and Var(d) — 0 as

n — 0o, then @ is a consistent estimator of 6.
Definition B.2 The estimates 0, is weakly consistent for 0 if

O, = 0 + 0,(1),

where 0,(1) denotes a random variable that is o(1) in probability.



Appendix C
Splus programs

S-Plus is a package of statistical tools produced by Mathsoft, Inc. These programs
were written using S-Plus version 3.4, release 1, on an IBM model 355 RS/6000

computer.
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,ﬂ'ogram Name

Function

Optall, section 2.2.3
— Opt3
— Optalpha
— Optsigs

Nummax, section 2.2.2

GSeidal, section 2.2.2

Anovsig, section 2.2.2
Methmom, section 2.2.2

Optimization procedure for all 5 parameters

Optimizes 5o, 81, and o2

Optimizes alpha

Optimizes o2
Maximizes the log-likelihood of all 5 parameters simula-
taneously
Solves likelihood equations using a Gauss-Seidal Ap-
proach
Estimates o2 using an analysis of variance approach
Calculates the method of moments estimator for o2

Simulatey

— covexp.prog
Initvalues

Produces observations y from a A (Xb, ®#) where & =
(2,15, 16,49, .25)

Produces exponential covariogram model
Finds initial values for Gy, 8, and af,

ExampleA, section 4.4.1

— Predictor.latticeA

ExampleB, section 4.4.1

Example C , section 4.4.1

— Consistency

Calculates the theoretical asymptotic variance of lattice
data for an increasing domain sampling scheme

Creates regressors such that those in the same row of the
lattice will have the same value

Calculates the theoretical asymptotic variance of lattice
data for an infill sampling scheme

Calculates the theoretical asymptotic variance of lattice
data for a modified increasing domain sampling scheme
Calculates the consistency condition (17) for the asymp-
totic variance of E? in all three examples

Experiment, section 5.1

Finds an optimal location when adding one more site.

Optall

#this program combines all the other optimization programs
#to give a final estimate of all 5 parameters

library(Matrix)

cat("the random seed is",

for (loop in 1:100){
source("simulatey")
source("initvalues")

.Random.seed , "\n")

#initial estimate of (betal,betal,sigp~2,sigs~2,alpha)

initial<-c(guess,81,.1)

beta0<-initial[1]
betal<-initial[2]
sigp2<-initial[3]
sigs2<-initiall[4]
alpha<-initial[5]
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source("opt3")
beta0<-ans$parameters([1]
betal<-ans$parameters[2]
sigp2<-ans$parameters[3]
it<-1
told4<-1
tolS<-1

vhile (tol4 > .01 | tol5 >.001 ) {
source("optalpha")
tolS<-abs(alpha-ans5$parameters)
alpha<-ansS$parameters
source("optsigs")
tol4<-abs(sigs2 -ans4$coefficients)
if (ans4$coefficients < 0) {si§s2<-ans4$coefficients
tol4<-0
tol5<-0} else { sigs2<-ans4$coefficients}
update<- round(c(beta0,betal,sigp2,sigs2,alpha),5)
#cat(it,update,”" ", round(tol4,8), round(tol5,8), "\n")
it<-it+]
if (it>99) {tol4<-0
tol5<-0}

}
if (it>99) {finalest<-"Did NOT Converge"} else
{finalest<- round(c(betal,betal,sigp2,sigs2,alpha),3)}
cat(finalest, " ", it-1, "\n")

Opt3

#this program maximizes the log-likelihood of S parameters

#it requires an initial guess for all the parameters

#the program is written in terms of sigma p and sigma s SQUARED.

# we will only use the estimates for beta0, betal, and sigmap~2

yob<-matrix(c(TAB1) ,ncol=1)

one<-matrix(rep(1,n*k),ncol=1)

nooftimes<-rep(k,n)

colofx<-matrix(rep(xi,nooftimes) ,ncol=1)

X<-cbind(one,colofx)

phi<-function(estl,est2,est3,est4,est5){c(estl,est2,est3,estd,est5)}

pl<-function(phi){as.vector(t(phi)¥%s%c(1,0,0,0,0))}

p2<-function(phi){as.vector (t(phi)¥%#*%c(0,1,0,0,

p3<-function(phi){as.vector(t(phi)¥%*%c(0,0,1,0,

p4<-function(phi)<{as.vector(t(phi)¥%s*%c(0,0,0,1,

pS<-function(phi){as.vector (t(phi)%=*%c(0,0,0,0,

detm<-function(M){prod(eigen(M)$values)}

b<-function(phi){matrix(c(p1(phi),p2(phi)),ncol=1)

SIG<-function(phi){p5(phi)=ccl + (1-pS(phi))=cc2}

U<-matrix(rep(1,k~2),ncol=k)

A<-function(phi){kronecker(SIG(phi),U)}

V<-function(phi){p3(phi) = diag(n=*k) + p4(phi)=A(phi)}

IV<-function(phi){solve.Matrix(V(phi)) }

L<-function(phi) {n*k=log(2#pi) + log(detm(V(phi))) + t(yob - X%=%b(phi))

%% IV(phi) %s% (yob - X %s% b(phi))}

ans<-nlminb(start = initial ,obj=L,lower = c(NA, NA, .0001, .0001,0),
upper = c(NA, NA, NA, NA, 1))

}

W NN
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Optalpha

#everything is known except alpha
tr<-function(M){sum(diag(M))}

detM<-function(M) {prod(eigen(M)$values)}

yob<-matrix(c(TAB1) ,ncol=1)

cen<-X%#*/cbind (c( beta0,betal))

TS<-yob-cen

U<-matrix(rep(1,k~2),ncol=k)

RIG<-function(alp){ alp*ccl + (1-alp)scc2 }

RA<-function(alp){ kronecker(RIG(alp),U) }
#IRIG<-function(alp){solve(RIG(alp))}

RV<-function(alp) {(sigp2) sdiag(n*k) + (sigs2) =RA(alp)}
IRV<-function(alp){solve(RV(alp)) }

DRV<-sigs2+* (kronecker((ccl-cc2),U))

L<-function(alp){ -log(detM(RV(alp))) - t(TS)%=*%IRV(alp) %s%TS}
DL<-function(alp) {-tr(IRV(alp)%s%DRV) + t(TS)%%IRV(alp)¥%=%DRV%=%IRV (alp)%e%TS}
ML<-function(alp){~-L(alp)}

MDL<-function(alp){-DL(alp)}
ans5<-nlminb(start=alpha,obj=ML,gradient=MDL,lower=0,upper=1)

Optsigs

#regression technique for estimating sigs2

#alpha,beta0,betal,and sigp2 are known

#source("simulatey")

SIG<-alpha*ccl + (1-alpha)=cc2

v<-SIG[1]

#recall TABl1 is a table of response(rows) by site(col) created in simulatey

yidot<-as.vector(apply(TAB1,2,mean))

mui<-betaQ + betalsxi

tidot<-yidot-mui

dotdif<-0

for ( i in 1:n) { for (r in 1:n) { dir<-tidot[i]-tidot[r]
dotdif<-append(dotdif,dir)}

}
dotdif<- dotdif[-1]
Dir<-dotdif~2
Newir<-Dir - 2*sigp2/k
#used if taking i not equal to r (will get same answer)
#sir<-seq(1,n"2,by=n+1)
#Cir<- c(SIG[-c(sir)])
Cir<-c(SIG)
Rir<-2=v - 2=Cir
ans4<-1lm(Newir -1 + Rir)

Nummax

#this program maximizes the log-likelihood of S parameters

#it requires an initial guess for all the parameters

#the program is written in terms of sigma p and sigma s SQUARED.
library(Matrix)

cat("the random seed is", .Random.seed , "\n")

for (loop in 1:100) {

source("simulatey")

source("initvalues")

#initial estimate of (beta0, betal,sigp,sigs,alpha)
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initial<-c(guess,81,.1)

yob<-matrix(c(TAB1) ,ncol=1)
one<-matrix(rep(1l,n=k),ncol=1)

nooftimes<-rep(k,n)
colofx<-matrix(rep(xi,nooftimes),ncol=1)
X<-cbind(one,colofx)
phi<-function(est1,est2,est3,est4,est5){c(est1,est2,est3,est4,est5)}
pil<-function(phi){as.vector(t(phi)¥%*%c(1,0,0,0,0))}
p2<-function(phi){as.vector(t(phi)¥%*%c(0,1,0,0,0))}
p3<-function(phi){as.vector (t (phi)¥%*%c(0,0,1,0,0))}
p4<-function(phi){as.vector(t(phi)¥%*%c(0,0,0,1,0))}
p5<-function(phi){as.vector(t(phi)¥%s%c(0,0,0,0,1))}
detm<-function(M) {prod(eigen(M)$values)}
b<-function(phi){matrix(c(p1(phi),p2(phi)),ncol=1)}
SIG<-function(phi) {p5(phi)*ccl + (1-pS(phi))=*cc2}
U<-matrix(rep(1,k~2),ncol=k)
A<-function(phi){kronecker(SIG(phi),U)}
V<-function(phi) {p3(phi) * diag(n*k) + p4(phi)=A(phi)}
IV<-function(phi){solve.Matrix(V(phi)) }

L<-function(phi){n=k*log(2spi) + log(detm(V(phi))) + t(yob - X%s%b(phi))

%s% IV(phi) %s% (yob - X %s% b(phi))}
ans<-nlminb(start = initial ,obj=L,lower = c(NA, NA, .0001, .0001,0),
upper = c(NA, NA, NA, NA, 1))
cat (round (ans$parameters,4),"\n")

GSeidal

#this program solves the maximum likelihood equations(2)
#using a Gauss-Sedal approach
#this is written in terms of sigma p squared and sigma s squared
library(Matrix)
cat("the random seed is", .Random.seed , "\n")
for (loop in 1:100){
source("simulatey")
source("initvalues")
#need only the guess for sigma p squared
initial<-c(guess(3],81,.1)
yob<-matrix(c(TAB1),ncol=1)
one<-matrix(rep(1,n*k),ncol=1)
nooftimes<-rep(k,n)
colofx<-matrix(rep(xi,nooftimes),ncol=1)
X<-cbind(one,colofx)
XTR<-t(X)
tr<-function(M) {sum(diag(M))}
theta<-function(est3,est4,est5){c{est3,estd,est5)}
pl<-function(theta){as.vector(t (theta)¥%s%c(1,0,0))}
p2<-function(theta){as.vector(t (theta)¥%s%c(0,1,0))}
p3<-function(theta){as.vector(t (theta)¥%s%c(0,0,1))}

SIG<-function(theta){p3(theta)*cci + (1-p3(theta) )=cc2}
U<-matrix(rep(1,k~2),ncol=k)

A<-function(theta) {kronecker(SIG(theta),U)}
V<-function(theta){pil(theta) = diag(n*k) + p2(theta)=A(theta)}
IV<-function(theta){solve.Matrix(V(theta))}
DV3<-function(theta){ p2(theta)= kronecker({ccl-cc2),U) }
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B<-function(theta){ solve(XTR%=*%IV(theta)%s¥X) %s% XTR%=%IV(theta) %s% yob }
b<-B(initial)
anslist<-c(b,initial,NA,NA)
R<-yob-X%=%b
#the newton-raphson equations to solve
fi<-function(theta){ tr(IV(theta)) - t(R)%=%IV(theta)%s%IV(theta)%s% R }
f2<-function(theta){ tr(IV(theta)%*%A(theta)) - t(R)%s%IV(theta)
%*%, A(theta)¥s%IV(theta)¥s% R }
f3<-function(theta){ tr(IV(theta)%*%DV3(theta)) - t(R) %*%IV(theta)
%*%DV3(theta)’*’IV(theta)¥s% R }
FF<-function(theta){t(c(f1(theta),f2(theta),f3(theta)))}
TFF<-function(theta){t (FF(theta))}
delta<-.01
el<-c(1,0,0)
e2<-c(0,1,0)
e3<-¢c(0,0,1)
#fake partials

Jii<-function(theta){( fi(theta + deltasel) - fi(theta) )/delta }
J12<-function(theta){( fi1(theta + deltase2) - fi(theta) )/delta }
Ji3<-function(theta){( fi(theta + deltase3) - fi(theta) )/delta }
J21<-function(theta){( f2(theta + deltasel) - f2(theta) )/delta }
J22<-function(theta){( f2(theta + deltase2) - f2(theta) )/delta }
J23<-function(theta){( f2(theta + deltase3) - f2(theta) )/delta }
J31<-function(theta){( f3(theta + deltasel) - f3(theta) )/delta }
J32<-function(theta){( f3(theta + deltase2) - f3(theta) )/delta }
J33<-function(theta){( f3(theta + deltase3) - f3(theta) )/delta ;}

jacob<-function(theta){matrix(c(Jil(theta),J12(theta),J13(theta),
J21(theta),J22(theta),J23(theta),J31(theta).J32(theta),J33(theta))
,acol=3, byrow=T)}
tol<-5
TOL<-5 L.
theta<-initial
ans<-c(b,theta,tol,TOL)
cat(initial,"\n")
while ( TOL>.1){
#nevton-raphson for estimating theta
repeat { sln<-solve(jacob(theta),-TFF(theta))
theta<-theta + sln
tol<-max(abs(sln))
if (tol<.001){ break } }
b<-B(theta)
TOL<-max(abs(ans[3:5] - theta))
ans<-c(b,theta,tol,TOL)
cat(round(ans,3),"\n")
anslist<-append(anslist,ans)

}
}
Anovsig
#this program solves for sigma s squared using the analysis of variance method
cat("the random number is", .Random.seed , "\n")

cat("sigma p~2","sigma s~2", "\n")
for (loop in 1:100){
source("simulatey")

source("initvalues")
#uses the guess for sigp~2 =mse

yob<-matrix(c(TAB1) ,ncol=1)
one<-matrix(rep(1,n),ncol=1)
xs<-cbind(one,xi)
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b<-matrix(c(betal,betal),ncol=1)

nu<-xs¥=%b

f<-function(r){r-2}

SSMU<-sum(f (mu-mean(mu)))

ybardd<-mean (yob)

yidot<-0

index<-1

for(h in 1:n){ yidots<-sum(yob[index: (hsk)])
yidot<-append(yidot,yidots)
index<-h*k + 1 }

yidot<-yidot[-1]

yidotbar<-yidot/k

SSA<-k*sum(f (yidotbar - mean(yob)))

v<-SIG[1]

#recall that guess{3] is calculated in initvalues

est3<- guess[3]

est4<- ( SSA- k*SSMU - (n-1)sest3 ) / ( nsksv - (k/n)s*(sum(SIG)) )

cat(round(est3,3),round(est4,3),"\n")

Methmom

#this is a method of moments estimator of sigs~2.
#sigp~2 is known (the real value is used)
cat("the random seed is ", .Random.seed ,"\n")
for (loop in 1:100){
source("simulatey")
yob<-matrix(c(TAB1), ncol=1)
v<-SIG([1]
mu<-beta0 + betal=sxi
f<-function(xr){r-2}
R<-0
index<-1
for (h in 1:n){ momi<- (1/k)=*sum(f(yob[index: (h*k)]))
R<- append(R,momi)
index<- hsk + 1 }
R<-R[-1]
estimi<~ (1/v)*=( R - f(mu) - sigp~2)
estim<-mean(estimi)
cat(round(estim,3), "\n")

Simulatey

#this program generates the random variables yij

#one observation per site at each iteration

#for i=1,..n and j=1,..k. vhere n=number of sites and k=number of observations
#d=dimension of location vector

#the variance of esi=var(esi’)= the variogram at infinity =covariogram at 0
#choose your covariogram models and their corresponding parameters.

# Set choice=1 for 2 exponential cov models

# choice=2 for 2 power-type cov models

k<-2
betaQ<- 2
betal<- 15

sigp<- sqrt(16)
sigs<- sqrt(49)
alpha<-.25
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#sigp2<-sigp~2
#sigs2<-sigs~2
choice<-1

loc<-read.table("/inst_area/cbocci/locations/location10" ,header=T)
locmat<-data.matrix(loc)
n<-dim(locmat) [1]
d<-dim(locmat) [2]
pred<-read.table("/inst_area/cbocci/predictors/predictor10",header=T)
xi<-data.matrix(pred)
if (choice==1) {source("/inst_area/cbocci/covmodels/covexp.prog")}
else {source("/inst_area/cbocci/covmodels/covpow.prog")}
z<-rnorm(n,0,1)
mz<-matrix(z,ncol=1)
SIG <- alpha=®ccl + (l-alpha)=*cc2
w<-chol(SIG)
#recall ccl and cc2 come from covexp.prog
#the matrix w is such that w’w=SIG
#create spatial errors Es
Es<-t (w)%»/mz
#generating yij’s
track<-1
RN<-rnorm(ne*k,0,1)
mydata<-0
for(j im 1:k) {
for(i in 1:n) {
y<-betal + betalsxi[i] + sigs*Es[i] + sigp*RN[track]

track<-track + 1
mydata<-append (mydata,y) }
}

Y<-data.matrix(mydata[-1])

#create a table of response at site i

TABl<-matrix(data=Y,nrow=k,byrow=T, dimnames=list(paste("response",1:k),
paste("site",1:n)))

TAB2<-matrix(data=Y,nrow=n,byrowv=F,dimnames=1ist (paste("site",1:n),
paste("response”,1:k)))

Covexp.prog

#creates two covariograms of the exponential type
#makes C1
covcl<-0
for (i in 1:n){
for (iprime in 1:n) {
if (i<iprime){ h<-dist(locmat[c(i,iprime),1:d],metric="euclidean")
cl<-edalsexp(-(a1-2)=h"2) }
else if (i==iprime) {h<-0
cil<-edal }
else {h<-dist(locmat(c(iprime,i),1:d] ,metric="euclidean")
cl<-edalsexp(-(al~2)sh"2) }
rci<-round(ci,6)
covcl<-append(covcl,rcl) }

ccl<-matrix(covcl[-1],ncol=n, byrow=T)
#makes C2

covc2<~-0
for (i in 1:n){
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for (iprime in 1:n) {
if (i<iprime){h2<-dist(locmat[c(i,iprime),1:d],metric="euclidean")
c2<-eda2=exp(-(a2-2)*h2-2) }
else if (i==iprime) {h2<-0
c2<-eda2 }
else {h2<-dist(locmat[c(iprime,i),1:d], metric="euclidean")
c2<-eda2sexp(-(a2-2)*h2-2)}

rc2<-round(c2,6)
covc2<-append(covc2,rc2) }

cc2<-matrix(covc2(-1],ncol=n, byrow=T)

Initvalues

#this program gives a good guess for the initial values

#of the parameters betaO,betal, and sigma p squared.

yob<-matrix(c(TAB1),ncol=1)

nooftimes<-rep(k,n)

XS<-matrix(rep(xi,nooftimes), ncol=1)

ordinary<-1lm(yob~XS)

guess<- as.vector (c( ordinary$coefficients, deviance(ordinary)/
(ordinary$df)))

#this guess will be an initial estimate for beta0, betal, and sigma p

#squared in that order

ExampleA

%#~/summer99/nasyvar

#This program calculates the true asymptotic variance of
#all S parameters as n grows for a lattice with an
#increasing domain. Example A.

k<-1

#k=number of observations per site

for (cg; in 2:12){

n<-cnt A
#n=total number of sites

sigs2<-49
alpha<-.25
loc<-0
for (j in 1:ent-1){
for (i in 1:cnt-1) {
site<-c(i,j)
loc<-append(loc,site) }
}
locmat<-matrix(loc(-1],nrow=n, byrow=T)
d<-dim(locmat) [2]
source("/inst_area/cbocci/covmodels/covexp.prog")
SIG<-alpha*ccl + (1-alpha)=cc2
U<-matrix(rep(1,k~2),ncol=k)
A<-kronecker (SIG,U)
Id<-diag(n*k)
V<-sigp2*Id + sigs2=A
IV<-solve(V)
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RRUBABBARRRURR asy var of betal0 and betalsssssassss
source("/inst_area/cbocci/predictors/predictor.lattice")
BB<-solve (t (X)%=/IV/*%X)

RA#HRRARARRRRASY var Of last 3 paramters #AESSREN

R<-kronecker (ccl-cec2,U)

tli<-sum(eigen (IV%*%IV)$values)

t12<-sum(eigen (IVY*%IV%*%A)$values)

t13<-sigs2*sum(eigen (IV¥%*%IV%s%R) $values)

t22<-sum(eigen (IVY*YA%*%IV%*%A)$values)
t23<-sigs2*sum(eigen(IV%+%A%*%IVYs%R)$values)
t33<-sigs2”2*sum(eigen (IVY*%R%*%IVY*%R) $values)
TT<-matrix(c(t1l,t12,t13,t12,t22,t23,t13,t23,t33),ncol=3,byrow=T)
ITT<-2*solve(TT)

cat("n:ll, n, Il\nll)

print(BB)

print (ITT)

#84#%u#%check consistency condition for asy var of sigma s 2##Ns8¥s#
source("consistency")

}

ExampleB

#This program calculates the true asymptotic variance of
#all 5 parameters as n grows on a unit square lattice
#for an infill sampling scheme

# Example B

k<-1

#k=number of observations per site

for (cgg in 2:12){

n<-cnt i
#n=total number of sites

sigp2<-16
sigs2<-49
alpha<-.25
deltax<-1/(cnt-1)
regr<-0
loc<-0
for (j in 1:ent-1){
for (i in 1:cnt-1) {
site<-c( i=deltax, j*deltax)
regrr<-site[2]
loc<-append(loc,site)
regr<-append(regr,regrr) }
}
locmat<-matrix(loc[-1] ,nrow=n, byrow=T)
d<-dim(loemat) [2]
xi<-data.matrix(regr(-1])
#check that X’X~{-1} goes to zero.
one<-matrix(rep(1,n=k),ncol=1)
onek<-matrix(rep(1,k),ncol=1)
coll<-kronecker(xi,onek)
X<-cbind(one, coll)
cond<-solve(t(X)%s%X)
source("/inst_area/cbocci/covmodels/covexp.prog")
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SIG<-alpha*ccl + (l-alpha)=*cc2
U<-matrix(rep(1,k~2),ncol=k)

A<-kronecker (SIG,U)

Id<-diag(n=k)

V<-sigp2sId + sigs2=A

IV<-solve(V)

RERARRHARRRRRR asy var of betaQ and betal#ss#ssssss
BB<-solve (t (X)¥%*%IV%s%X)

SRRNRARARARRRASY var of last 3 paramters SERASENS
R<-kronecker(cci-cc2,U)
tli<-sum(eigen(IV¥%=%IV)$values)
t12<-sum(eigen(IV%=*%IV%s%A)$values)
t13<-sigs2=sum(eigen (IVY*)IV/*%R) $values)
t22<-sum(eigen (IVYs%A%*¥%IVY*%A) $values)
t23<-sigs2ssum(eigen (IV%s%A%s%IVY*%R)$values)
t33<-sigs2”~2*sum(eigen (IVY*/R%+%IV’+%R)$values)
TT<-matrix(c(t11,t12,t13,t12,t22,t23,t13,t23,t33) »ncol=3,byrow=T)
ITT<-2*solve(TT)

cat("n=", n,"\n")

print (BB)

print (ITT)

s#n#ss%#check consistency condition for asy var of sigma s 28888888
source("consistency")

}

ExampleC

#This program investigates the asy variance of
#all 5 parameters as n grows for a particular
#lattice. Modified increased sampling scheme
#Example C

k<-1

#k=number of observations per site

edal<-1

sigp2<-16

sigs2<-49

alpha<-.25

for (emt in 2:12){

n<-cnt~2

#n=total number of sites

grow<-cnt-1

loc<-0

for (j in seq(0,sqrt(cnt),by=sqrt(cnt)/grow)) {

for (i in seq(0,sqrt(cnt),by=sqrt(cnt)/grow)) {

site<-c(i,j)
loc<-append(loc,site) }

locmat<-matrix(loc[-1] ,nrow=n, byrow=T)
d<-dim(locmat) [2]
source("/inst_area/cbocci/covmodels/covexp.prog")
SIG<-alpha*ccl + (l-alpha)=cc2
U<-matrix(rep(1,k~2),ncol=k)

A<-kronecker (SIG,U)

Id<-diag(n=k)

V<-sigp2=Id + sigs2=A

IV<-solve(V)
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RRLBRAARAARRRR asy var of betal and betal##s#sssss
source("/inst_area/cbocci/predictors/predictor.lattice")
BB<-solve (t(X)%s%IVY%=sY%X)

RLBRRRANARRANASY var of last 3 paramters SSSSSSEs
R<-kronecker(ccl~cc2,U)

tll<-sum(eigen(IV%s%IV)$values)

t12<-sum(eigen (IV%*%IV%*%A)$values)

t13<-sigs2*sum(eigen (IV/*%IV%*YR)$values)

t22<-sum(eigen (IV/*%A%*%IVY*/A)$values)

t23<-sigs2ssum(eigen (IV%*%A%*%IV%s%R) $values)
t33<-sigs2”~2ssum(eigen (IV%*%R%*%IV%+%R) $values)
TT<—matrix(c(t11,t12,t13,t12,t22,t23,t13,t23,t33),ncol=3,byrov=T)
ITT<-2+solve(TT)

cat (un=n , n, Be=w , k , "\nu)

print(BB)

print(ITT)

#a#susscheck consistency condition for asy var of sigma s”T28R8ss8s
source("consistency")

}

Predictor.latticeA

#creates regressors in a systematic way such that
#X’X"{-1} goes to O as n goes to infinity
#on an increasing domain sampling scheme
#regressors in the same rov of the lattice will have same value
#n,k known
grid<-sqrt(n)
regr<-0
lin<-1
for (1 in 1:grid) {

for (m in 1:grid) {

regr<-append(regr,lin) }

lin<-1in + 1 }
xi<-data.matrix(regr(-1])
#check that X’X~{-1} goes to zero.
one<-matrix(rep(1,n=k) ,ncol=1)
onek<-matrix(rep(1,k),ncol=1)
coll<-kronecker(xi,onek)
X<-cbind(one,coll)
cond<-solve(t(X)%*%X)

Consistency

#this program calculates the condition for consistency
# for the estimate of sigmas~2
f<-function(r){r-2}
v<-SIG[1,1]
gden<-2*(v-SIG)
denom<-f (sum(f (gden)))
numer<-0
for (i in 1:n){
for (r in 1:n){
for (1 in 1:n){
for (m in 1:n){ .

piece<-4=(v-SIG[i,r])=(v-SIG[1,m])*f(SIG[i,1]-SIG[i,m] -SIG[r,1] +SIG[r,m])

#cat(piece,"\n")



APPENDIX C. SPLUS PROGRAMIS 97

numer<-numer + piece }}}}

consist<-numer/denom L ]
cat("for n=", n ,"'consistency condition is ",comsist,"\n")

Experiment

#given (m)locations, optimizes the location
#of the (n+l) by minimizing the asymptotic
# variance of the parameter estimates
library(Matrix)

n<-10

k<-1 .

# number of observations per site

sigp2<-16

sigs2<-49

alpha<-.25

edal<-1
eda2<-.2
al<-.35
a2<-.09

tr<-function(M){sum(diag(M))}
loc<-read.table(“/inst_area/cbocci/locations/locationlO",header=T)
locmat<-data.matrix(loc)
locmat<-locmat([1:n,]
#n<-dim(locmat) [1]
d<-dim(locmat) [2]
pred<-read.table("/inst_area/cbocci/predictors/predictor10", header=T)
xi<-data.matrix(pred)
xi<-xi[1:n,]
source(“/inst_area/cbocci/covmodels/covexp.ptog“)
SIG<-alpha*ccl + (1-alpha)=cc2
v<-SIGI[1,1]
#new site has 2 coordinates
scoord<-function(si1,s2){c(s1,s2)}
di<-function(scoord){as.vector(t(scoord)¥s*%c(1,0))}
d2<-function(scoord){as.vector(t(scoord)¥*%c(0,1))}
#fit for x11 using all ten sites
if (n==10) {addx<-function(scoord){132.164 + 45.568=d1 (scoord)
= 26.309«d2(scoord) -1.527+d1(scoord) 2 + 4.753#d2(scoord) -2
+ 3.166*d1(scoord)*d2(scoord) }}
#fit for x5 using 4 sites
if (n==4){addx<-function(scoord){274.966 + 36.38+d1(scoord)

- 58.32#d2(scoord) - 7.341163%d1(scoord) " 2}}
Xi<-function(scoord) {matrix(c(xi,addx(scoord)))}
one<-matrix(rep(1, (n+1)=k),ncol=1)
nooftimes<-rep(k,n+1)
colofx<-function(scoord) {matrix(rep(Xi(scoord),nooftimes) ,ncol=1)}
X<-function(scoord){cbind(one, colofx(scoord))}
locall<-function(scoord) {rbind (scoord, locmat)}
dsli<-function(scoord){dist(locall(scoord))[1:n]}
ds112<-function(scoord){ds11(scoord) -2}
vecl<-function(scoord){exp(-(.35)~2 = ds112(scoord))}
vec2<-function(scoord){.2«exp(-(.09) "2 *ds112(scoord))}
vec<-function(scoord){alphasvecl(scoord) + (1-alpha)svec2(scoord)}
NEWSIG<-function(scoord){ cbind(rbind(SIG,vec(scoord)),c(vec(scoord),v))}
U<-matrix(rep(1,k"~2),ncol=k)
A<-function(scoord) {kronecker (NEWSIG(scoord),U)}

I<-diag((n+1)=*k)
V<-function(scoord){sigp2+*I + sigs2=A(scoord) }
IV<-function(scoord){solve(V(scoord))}
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Mb<- function(scoord){ t(X(scoord))%s% IV(scoord) %=% X(scoord)}
IMb<-function(scoord){solve(Mb(scoord))}
#NIMb<-function(scoord) {norm.Matrix (IMb(scoord) ,type="F")}
NEwc1<-function(scoord){cbind(rbind(ccl,vecl(scoord)).c(veci(scoord),v)) }
NEWc2<-function(scoord){cbind(rbind(cc2,vec2(scoord)),c(vec2(scoord),v)) }
DVDa<-function(scoord) {sigs2*kronecker( NEWc1(scoord)-NEWc2(scoord) ,U)}
tli<-function(scoord){tr(IV(scoord) %% IV(scoord) )}
t12<-function(scoord){tr(IV(scoord) %s% IV(scoord) ¥%=% A(scoord) )}
t13<-function(scoord){tr(IV(scoord) %s% IV(scoord) %s% DVDa(scoord))}
t22<-function(scoord) {tr(IV(scoord) %=% A(scoord) ¥=% IV(scoord)

%*% A(scoord) )}
t23<-function(scoord){tr(IV(scoord) %s% A(scoord) %s% IV(scoord)

%*% DVDa(scoord) )}
t33<-function(scoord){tr(IV(scoord) %s% DVDa(scoord)¥s%IV(scoord)
%=*% DVDa(scoord) )}
cheta<—function(scoord){.Stmatrix(c(tll(scoord),t12(scoord),t13(scoord).
t12(scoord),t22(scoord).t23(scoord),t13(scoord),t23(scoord),
t33(scoord)),ncol=3)}
IMtheta<-function(scoord) {solve.Matrix(Mtheta(scoord))}

RRZUBRARRAANRERRAR SRR RERNRS A
#Construct asymptotic variance and norm of it

023<-matrix(rep(0,6),ncol=3)
032<-matrix(rep(0,6),ncol=2)

top<-function(scoord){cbind (IMb(scoord),023)}
bot<-function(scoord){cbind (032, IMtheta(scoord))}
asyvar<-function(scoord){rbind(top(scoord) ,bot (scoord))}
normasyvar<-function(scoord){norm.Matrix(asyvar (scoord) ,type="F")}

BREBRERBELRERERRARNRRS
#grid search to find minimum

grid<-seq(-20,20,by=3)
nlist<-0
for (i in grid) {
for (j in grid) { acc<-normasyvar(c(i,j))
cat(acc,"\n")
nlist<-append(nlist,acc)

nlist<-nlist(-1]
VALUES<-matrix(c(mlist),ncol=length(grid) ,byrow=T)
dimnames (VALUES) <-1list(grid,grid)

print (VALUES)

#persp(grid,grid, VALUES)



Appendix D

Maple Programs

Maple is a symbolic mathematics package produced by Waterloo Maple Software and the University
of Waterloo. Programs described here were written using Maple V, release 3, on an IBM model 390
RS /6000 computer.

LProgram Name I Function i_J
Inverses, section 3.2 Calculates the inverse and approximate inveTses of V”‘—
Asyvar2, section 4.2.1 Investigates the asymptotic variance of 3,, 3; as n, goes
to infinity

Short2 section 4.2.1 Same as Asyvar2 but uses derived expressions to speed
up calculations

Asyvar3 section 4.2.1 Investigates the asymptotic variance of 02, 67, and « as
n, goes to infinity

Short3 section 4.2.1 Same as Asyvar3 but uses derived expressions to speed
up calculations

Inverses

#This program creates covariograms 1 and 2 of the exponential type.
# n=4 sites k=2 obs/site

#calculates various inverses
#with(linalg):

#with(student):

n:=4;

k:=2;

sitel:=vector([-4,0]):
site2:=vector([0,3]):
site3:=vector([2,-2]):
site4:=vector([(5,1]):
matsite:=stack(sitel,site2,site3,siteq);

edal:=1:
eda2:=.2:
powl:=.35:
pow2:=.09:
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Digits := 4:

for i from 1 to n do
for ipr from 1 to mn do

h(i,ipr):= distance(row(matsite,i),row(matsite,ipr));
covi(i,ipr):= evalf(edal*exp(-(pow1~2)=(h(i,ipr))-2));
od;
od;
cl:=matrix(n,n, (r,s)->covi(r,s));
#print(cl);

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(rov(matsite,i),rov(matsite,ipr));
cov2(i, ipr):= evalf(eda2sexp(-(pow2~2)*(h(i,ipr))-2));
od;

od;

c2:=matrix(n,n, (1,m)->cov2(1l,m));

#print(c2);

alpha:=.25:

sigma:=sqrt(16):

rho:=sqrt(10):

delta:=rtho~2/sigma~2:

Sigma:= evalm(alpha*cl + (1-alpha)=c2);

ident:=band([1] ,n*k):

U:=matrix(k,k, (u,v)->1);

#asesssssusecalculate the direct product manually A=Sigma x U

Z:=?and([0], n*k) :

r:=1:

for ilfrom 1 to n do
£i=0:
for ipr from 1 to n do
if Sigmali,ipr]=0 then
correct:=band ([0] ,k);
A:=copyinto(correct,Z,r,s);

AA(i,ipr) :=evalm(Sigmali,ipr] = U):
A:=copyinto(AA(i,ipr),Z,r,s):

else

fi;
t:=t+1;
s:=txk+1:
od:
wisw+l:
r:=wek+1:
od:
#print(A);

#BnRBANNNRARRNRRCalculate direct product T=IXU
identn:=band([{1] ,n):
Z:=band ({0], n=k):
r:=}:
w:=0;
for.ilfrom 1 to n do
0:
for ipr from 1 to n do
if identn{i,ipr]=0 then
correct:=band ([0] ,k);
T:=copyinto(correct,Z,r,s);
else .
TT(i,ipr) :=evalm(identn[i,ipr] = U):
T:=copyinto(TT(i,ipr),Z,r,s):
fi;
1=t+l;
:=txk+l:

S:
t:

N ot
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vi=w+l:
r:=wsk+1:
od:
#print(T);
LE2 222 22222222222 J8 LIS TYT 222202 2T
inv:=inverse(V);
INV1:=evalm((1/sigma~2)*(ident ~ (rho~2/sigma~2) = A)) ;
INV2:=evalm((1/sigma~2)*(ident - (rho~2/sigma~2) = A
+ (rho~2/sigma~2)"2 * A~2));
INV3:=evalm((1/sigma~2)*(3*IB - 3+IBk*IBks(ident + deltasA)
+ IB&=IBk+IB&*(ident + delta=A)"2));

Asyvar2

#This program investigates the asymptotic variance in k

#0f beta0 and betal .
#using V°{-1}=I + PxU and the numerical example

#n=10, k increasingly large
st:=time():
with(linalg):
with(student):

Digits := 7:
alpha:=.25:

sigp2:=16:

sigs2:=49:
delta:=sigs2/sigp2:
#locations
sitel:=vector([-4,0]):
site2:=vector([0,3]):
site3:=vector([2,-2]):
site4:=vector([5,1]):
site5:=vector([4,2]):
site6:=vector([3,6]):
site7:=vector([-1,1]):
site8:=vector([1,1]):
site9:=vector([-2,-3]):
sitelO:=vector([1,6]):
#predictor variables

x[1]:=12:
x[2]:=100:
x[3] :=435:
x[4]:=215:
x[5] :=309:
x[6] :=400:
x[7]:=72:
x[8] :=75:
x[9]:=59:
x[10]):=17:

matsite:=stack(sitel,site2,site3,site4,site5,site6,site7,site8,site9,sitel0):
pred:=matrix(10,1, (1,m)->x{1]):

n:=10:

#creates covariograms 1 and 2 of the exponential type.
edal:=1:

eda2:=.2:

powl:=.35:

pow2:=.09:

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i),row(matsite,ipr));
covi(i,ipr):= evalf(edal*exp(-(pow1~2)=(h(i,ipr))-2));
od;
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od;
cl:=matrix(m,n, (r,s)->covi(r,s)):

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(rov(matsite,i),rov(matsite,ipr));
cov2(i,ipr):= evalf(eda2sexp(-(pow2~2)*(h(i,ipr))~2));
od;
od;
c2:=matrix(n,n, (1,m)->cov2(l,m)):
Sigma:= evalm(alphascl + (1-alpha)=c2):
VAR:=vector([’k’,’varbo’,’varb1’]):
HARRUBABRRRERBRRARARRERSRBRRARRABARRABRARBRRRBARURER S
for k from 1 to 10 do
#calculate L=pred x one
one:=matrix(k,1,(1,m)->1):
Z:=matrix(n=k,1,(1,m)->0):
:=1:
£:=O:
for i from 1 to n do
if pred(i,1]=0 then
correct:=matrix(k,1,(1,m)->0);
L:=copyinto(correct,Z,r,1);
else
LL:=evalm(pred(i,1] * one);
L:=copyinto(lLL,Z,r,1);
fi;
visw+l;
r:=wsk + 1;
od:
ones:=matrix(nsk,1,(1,m)->1):
X:=augment (ones,L):
#calculate P
ident:=band([1],n):
P:=evalm( (1/k)*( inverse(ident + deltasksSigma) - ident )):
U:=matrix(k,k, (u,v)->1):
#calculate_G=PxU
Z:=band ([0], n=*k):
wi=0:
b 1grom 1 ton do
0:
for ipr from 1 to n do
if P[i,ipr]l=0 then
correct:= band([0],k);
G:=copyinto(correct,Z,r,s);
else
GG:=evalm(P[i,ipr] = U);
G:=copyinto(GG,Z,r,s);
fi;
t:=t + 1:
s:=txk +1:
od:
wi=w+l:
r:=wsk+1:
od:

II:=band([1], (n*k)):

IV:=evalm( (1/sigp2)=(II + G)):
M:=evalm(transpose(X) &= IV &= X):
ASY:=inverse(M):

varbo:=ASY[1,1]:

varbl:=ASY[2,2]:
v:=vector([k,varbo,varb1]):
VAR:=stack(VAR,v):

od:

or 1
s:=
t:=

102



APPENDIX D. MAPLE PROGRAMS 103

print (VAR);
time() - st;

Short2

#This program investigates the asymptotic variance in k

#of beta0 and betal
#using the Taylor Series expansion for a numerical example

#n=10, k increasingly large

st:=time():
with(linalg):
with(student):

Digits := 7:
alpha:=.25:

sigp2:=16:

sigs2:=49:
delta:=sigs2/sigp2:
#locations
sitel:=vector([-4,0]):
site2:=vector({0,3]):
site3:=vector([2,-2]):
site4:=vector({5,1]):
site5:=vector([4,2]):
site6:=vector([3,6]):
site7:=vector([-1,1]):
site8:=vector([1,1]):
site9:=vector([-2,-3]):
sitel0:=vector([1,6]):
#predictor variables

x[1]):=12:
x[2]:=100:
x[3]:=435:
x[4] :=215:
x[5]:=309:
x[6] :=400:
x[7]):=72:
x[8]:=75:
x[9]:=59:
x[10} :=17

mats%te:=stack(site1,site2,site3,site4,sites,site6,site7,sites,siteg,sitelo):
n:=1
#creates covariograms 1 and 2 of the exponential type.

edal:=1:
eda2:=.2:
powl:=.35:
pow2:=.09:

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i) ,rov(matsite,ipr));
cov1(i,ipr):= evalf (edalsexp(~(powl~2)=(h(i,ipr))~2));
od;
od;
cl:=matrix(n,n, (r,s)->covi(r,s)):

for i from 1 _to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i),row(matsite,ipr));
cov2(i,ipr):= evalf (eda2=exp (- (pow2-2)*(h(i,ipr))~2));
od;
od;
c2:=matrix(a,n, (1,m)->cov2(l,m)):
Sigma:= evalm(alphascl + (l-alpha)=c2):
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DSDa:=evalm(cl-c2):
VAR:=vector([’k’, ’varbo’, ’varbl’]):
L2222 22 22 222 222 2222222 2 d 22 It A R e e e ey
for k from 15 to 50 by § do
#calculate P
ident:=band([1],n):
P:=evalm( (1/k)=( inverse(ident + deltask*Sigma) - ident )):
suml:=0:
for 1 from 1 to n do
for r from 1 _to n_do
psi:=x[il=x([r]sP[i,r]:
suml:=suml + psi:
od:
od:

sum2:=0:
for i from 1 to n do
for r from 1_to n do

ps2:=x{i]*P[i,r]:
sum?2:=sum?2 + ps2:
od:
od:
sum3:=0:

for i from 1 to n do
for r from 1 to n do

ps3:=P{i,r]:
sum3:=sum3 + ps3:
od:
od:
sum4:=0:
for i from 1 to n do
ps4:=x[i]"2:
sum4:=sum4 + ps4:
od:
sumS:=0:
for i from 1 to n do
ps5:=x[i]:
sumS:=sumS + psS:
od:

numll:=sigp2*( k*sum4 + k™2 * suml):

num22:=sigp2*(n*k + k~2ssum3):

DEN:=(n*k + k~2*sum3)*(kssumd + k~2*suml) - (kssumS + k~2esum?)"2:
varbo:=num11/DEN:

varbl:=num22/DEN:

v:=vector([k,varbo,varbl]):

VAR:=stack(VAR,v):

od:

print (VAR) :

time() - st;

Asyvar3

#This program investigates the asymptotic variance in k
# of sigp2, sigs2, and alpha

# using the V°{-1}=I + PxU and the numerical example
#n=10, k increasingly large

st:=time():

#gc(0);

#with(linalg):

#with(student):

Digits := 20:

alpha:=.25:

sigp2:=16:

sigs2:=49:
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delta:=sigs2/sigp2:
#locations

sitel:=vector([-4,0]):

site2:=vector([0,3]):

site3:=vector([2,-2]):

sited:=vector([5,1]):

site5:=vector([4,2]):

site6:=vector([3,6]):

site7:=vector([-1,1]):

site8:=vector([1,1]):

site9:=vector([-2,-3]):

sitelQ:=vector([1,6]):
matsite:=stack(site1.site2,site3,site4.site5,siteG,site?,site8,site9,site10):
n:=10;

#creates covariograms 1 and 2 of the exponential type.

edal:=1:
eda2:=.2:
powl:=.35:
pow2:=.09:

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i),row(matsite,ipr));
covi(i,ipr):= evalf(edalsexp(-(pow1~2)«(h(i,ipr))-2));
od;

od;

cl:=matrix(n,n, (r,s)->covi(r,s)):

for i from_ 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i),row(matsite,ipr));
cov2(i,ipr):= evalf(eda2+exp(-(pow2-2)s(h(i,ipr))-2));
od;

od;

c2:=matrix(a,n, (1,m)->cov2(l,m)):

Sigma:= evalm(alphascl + (1-alpha)=c2):

M:=vector(['k’,’t11’,’t12’,°¢13",°¢22’,°¢23’,’t33°'}):

VAR:=vector([’k’,’sigp2’,’sigs2’,’alpha’]):

SRABURURARRRRBRARRRARRERR AR RSB AURER SRR BB LS UL BEURRAARERRS

for k from 1 to 10 do

U:=matrix(k,k, (u,v)->1):

#calculate the direct product manually A=Sigma X U

Z:=?and([0], n=k):

r:=1:

w:=0:
for 1 {{om 1 to n do

s:
t:=0:
for ipr from 1 to n do
if Sigmali,ipr]l=0 then
correct:= band([0] ,k);
A:=copyinto(correct,Z,r,s);
else
AA:=evalm(Sigmaf[i,ipr] = U):
A:=copyinto(AA,Z,r,s):
fi;
t:=t + 1;
s:=t=k+l:
od:
wisw + 1:
r:=wsk+1:

od:

II:=band([1], (n*k)):
V:=evalm(sigp2*II + sigs2=A):
#derivatives needed in tml expressions

#DVD1:= II:
DVD2:=evalm(A):
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DVD3:=evalm(sigs2=* R):
HRARBRARBRABRURBRBUAARBRAURR AR SRR LR AR AR ERERRR NS
#calculate direct product R=DSigma/Dalpha X U
DSDa:=evalm(ci-c2):

Z:=band([0], n=*k):

r:=1:

w:=0;

for'i from 1 to n do

s:=1:
t:=0:

for ipr from 1 to n do
if DSDa[i,ipr]J=0 then
correct:= band([0] ,k);
R:=copyinto(correct,Z,r,s);
else
RR:=evalm(DSDa([i,ipr] = U);
R:=copyinto(RR,Z,r,s);
fi;
t:=t+]1:
s:=tsk + 1:
od: .
wi=w + 1:
r:=usk + 1:
od:
a2 222222222 2 22222 212 2 T2 BT Y PTEEE e e
#calculate P
ident:=band((1],n):
P:=evalm( (1/k)*( inverse(ident + deltasksSigma) - ident )):
#calculate the direct product manually G=P X U
Z:=band([0], n=*k):
r:=1:
w:=0;
for 1 from 1 to n do
5151
" 7 for ipr from 1 to n do
if P[i,ipr]=0 then
correct:= band([0],k);
G:=copyinto(correct,Z,r,s);

else
GG:=evalm(P[i,ipr] = U);
G:=copyinto(GG,Z,r,s);
fi;
t:=t + 1:
s:=t=xk +1:
od:
wi=w+l:
dr:=vtk+1:
od:
##383*#**##‘8"3‘*""C"""'""#ﬂ"'ﬂ"*""C"""*
IV:=evalm( (1/sigp2)=(II + G)):
tll:=trace(IV &* IV):
tl2:=trace(IV &= IV &= DVD2):
t13:=trace(IV &+ IV &= DVD3):
t22:=trace(IV &= DVD2 &= IV &= DVD2):
t23:=trace(IV &+ DVD2 &= IV &= DVD3):
t33:=trace(IV &+ DVD3 &= IV &= DVD3):
m[k] :=vector((k,t11,t12,t13,t22,t23,t33]):
M:=stack(M,m[k]):
linfo:=evalm(matrix (3,3, [t11,t12,t13,t12,t22,t23,t13,t23,t33])):
if cond(linfo)<500000 then
asy:=inverse(linfo);
for i from 1 to 3 do
theta{i] :=2+«asy[i,i];
od;
v[k] :=vector([k,theta[1],theta[2],theta[3]]);
VAR:=stack(VAR,v(k]);

(24
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else
print(k, ‘condition number=¢‘, cond(linfo));
fi;
od:
print(M);
print (VAR) ;
time()-st;

Short3

#This program investigates the asymptotic variance in k
#of sigp2,sigs2, and alpha

#using V-{-1}=I + PxU and the numerical example

#n=10, k increasingly large

st:=time():

#gc(0);

#with(linalg):

#with(student):

Digits := 20:

alpha:=.25:

sigp2:=16:

sigs2:=49:

delta:=sigs2/sigp2:

#locations

sitel:=vector([-4,0]):

site2:=vector([0,3]):

site3:=vector([2,-2]):

site4:=vector([5,1]):

siteS5:=vector([4,2]):

site6:=vector([3,6]):

site7:=vector([-1,1]):

site8:=vector([1,1]):

site9:=vector([-2,-3]):

sitelO:=vector([1,6]):
matsite:=stack(site1,site2,site3,site4.site5,siteG,site?,site8,site9,site10):
n:=10;

#creates covariograms 1 and 2 of the exponential type.
edal:=1:

eda2:=.2:
powl:=.35:
pow2:=.09:

for i from 1 to n do
for ipr from 1 to n do

h(i,ipr):= distance(rov(matsite,i),rov(matsite,ipr));
covi(i,ipr):= evalf(edal*exp(-(pow1~2)=(h(i,ipr))-2));
od;
od;
cl:=matrix(m,n, (r,s)->covi(r,s)):

for i from 1 _to n do
for ipr from 1 to n do

h(i,ipr):= distance(row(matsite,i),rov(matsite,ipr));
cov2(i,ipr):= evalf(eda2+exp(-(pow2~2)*(h(i,ipr))~2));
od;
od;
c2:=matrix(n,n, (1,m)->cov2(1l,m)):
Sigma:= evalm(alpha®cl + (i-alpha)=c2):
MM:=vector([’k’,’t11’,°t12’,7t13’, 't22’,’'t23’,°t33’]):
VARR:=vector([’k’,'sigp2’,’sigs2’,’alpha’]):
HARBARERAARABRUARE LR BB LR R LR SR RERAARRBARERRRRRRELENN
for k from 15 to 50 by 5 do
#calculate P
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ident:=band([1],n):
P:=evalm( (1/k)*( inverse(ident + deltasksSigma) - ident )):
DSDa:=evalm(cl-c2):
ttl1l:=(1/sigp2) ~2s(n*k + 2*kstrace(P) + k=2 = trace(P&=P)):
tt12:=(1/sigp2)~2 = (k=trace(Sigma) + 2sk-2«trace(P&*Sigma)
+ k™ 3strace(P~2&*Sigma)):
tt13:=(1/sigp2)~2 *= sigs2 * (kstrace(DSDa) + 2+k~2 s trace(P&sDSDa)
+ k~3= trace(P~2 &* DSDa)):
tt22:=(1/sigp2)~2 = (k"2 = trace(Sigma~2) + 2%k"3 s trace(Sigma~2 &= P)
+ k"4 = trace(P&sSigma &*P&+*Sigma)):
tt23:=(sigs2/sigp272) * (k"2 * trace(SigmaksDSDa) + k~3strace(Sigmak+Pk=DSDa)
+ k”3*trace(P&*SigmakeDSDa) + k~4=trace(Pk*SigmaksPk*DSDa)) :
tt33:=delta"2 =(k~2strace(DSDaksDSDa) + 2sk-3strace(DSDak+*DSDak*P)
+ k™4strace (P&*DSDak+*P&*DSDa)):
mm[k] :=vector([k,tt11,tt12,tt13,tt22,tt23,tt33]):
MM:=stack(MM,mm[k]) :
DEN:=tt11stt22stt33 - tt11s(tt23)"2 - (tt12) 2stt33 + 2stti2ett13stt23
=~ (tt13)°2 = tt22:
llinfo:=matrix(3,3, [tt11,tt12,tt13,tt12,tt22,tt23,tt13,tt23,tt33]):
check:=cond(llinfo) :
if check<500000 then
varsigp2:=2*(tt22*tt33 - (tt23)"2)/DEN:
varsigs2:=2+(tt11stt33 - (tt13)"~2)/DEN:
varalpha:=2=(tt11stt22 - (tt12)~2)/DEN:
VARR:=stack (VARR, vector ([k,varsigp2,varsigs2,varalpha]l));
else
print(k, ‘condition number=‘,check);
£fi;
od:
print (MM);
print (VARR);
time()-st);

Asyvar3.theory

#This program investigates the asymptotic variance in k
#theoretically by symbolic manipulation

# notation: DSDa represents the partial derivative of Sigma wrt alpha
vith(linalg):

#use the following asymptotic approx

tr(P):=A/(k~2«delta) - n/k;

tr(P"2):=n/k~2 + 2«A/(deltask"3) + B/(k"4sdelta"2);

tr (Sigma) :=C;

tr(PSigma) :=n/(k~2=delta) - C/k;

tr(P"2+Sigma) :=A/(k~4*delta"2) - 2sn/(deltask~3) + C/k"2;
tr(Sigma~2) :=D;

tr(Sigma~2«P) :=C/(k~2%delta) - D/k;

tr(PSigmaPSigma) :=n/(k"4*delta~2) - 2#C/(k-3sdelta) + D/k"2;
tr(DSDa) :=E;

tr(SigmaDSDa) : =F;

tr(PDSDa) :=G/ (deltask~2) - E/k;

tr(P~2sDSDa) :=H/(k~"4#*delta~2) - 2sG/(k~3*delta) + E/k"2;
tr(SigmaPDSDa) : =E/ (k~2+*delta) - F/k;

tr (PSigmaDSDa) :=E/ (k~2+delta) - F/k;

tr (PSigmaPDSDa) :=G/ (k~4*delta~2) - 2sE/(k"~3sdelta) + F/k"2;
tr (DSDaDSDa) : =J;

tr(DSDaDSDaP) :=L/ (k~2+delta) - J/k;

tr (PDSDaPDSDa) : =M/ (k~4sdelta~2) -2sL/(k~3+*delta) + J/k"2;
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#t_ml expressions

til:
t12:

ti13:
t22:
t23:
t33:

den:

=sigma(p]~(-4)*(n*k + 2¢kstr(P) + k™2 = tr(P~2));
=sigma[p]~(-4) = (kstr(Sigma) + 2«k~2str(PSigma)
+ k~3str(P~2+Sigma));
=sigmalp]~(-4) * sigma(s]~2 = (k=tr(DSDa) + 2¢k-2 s tr(PDSDa)
+ k~3= tr(P"2sDSDha));
=sigmalp]~(-4)* (k"2 * tr(Sigma~2) + 2sk~3 = tr(Sigma~2sP)
+ k™4 = tr(PSigmaPSigma));
=sigma(p]~(-4) = sigma[s]-2+*(k~2 = tr(SigmaDSDa) + k~3=tr(SigmaPDSDa)
+ k~3str(PSigmaDSDa) + k~4str(PSigmaPDSDa));
=sigma(p]~(-4)*sigma(s]~4 *(k~2+tr(DSDaDSDa) + 2sk-3str(DSDaDSDaP)
+ k~4=tr(PDSDaPDSDa)) ;
St11st22¢t33 - t11#£2372 - t1272st33 + 2¢t12+t13*t23 - t13-2¢t22:

first:=2+(t22=t33 - t23°2)/den:
second:=2=(t11+t33 - t13-2)/den:
third:=2=(t11st22 - t12-2)/den:
varsigp2:=collect(first,k);
varsigs2:=collect (second, k) ;
varalpha:=collect(third,k);
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