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STATEMENT OF ORIGINALITY

. In chapter II the work of Hone (H60) is extended (the results
are combined with those of Bailyn (B60)). A unified approach is given
to the derivation of the "proton-electron" dielectric fuﬁction, with
simplifications achieved by the removal of certain unnecessary trans-
formations.

In chapter III new derivations are given for the exchange and
correlation terms obtained by several authors namely Toya (T58),

Hubbard (H57), Geldart-Vosko (G65), Kleinman (K67) and Takahashi (T68).
We then describe electron—elecéron screening in a more accurate way, and
using a factorization procedure, new expressions for the exchange and
correlation term. are obtained. )

In chapter IV the experimentally derived Gg(Q) and g(Q) for
rubidium are presented for the first time and the corresponding inter-
atomic potential is calculated. Furthermore, a systematic study of model
and empirical pseudopotentials is made with various expressions for the

exchange and correlation term (some of them our own) .
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ABSTRACT

The contents of'the present thesis can be described as follows.
In chapter II the work of Hone (H60) is extended and the results are com-
bined with those.of Bailyn (B60). A unified épproach is given to the de-
rivation of the "proton-electron" dielcctric function, with simplifica~
tions achieved by the removal of certain unnecessary transf;rmations. A
discussion of electron-electron screening shows why many of the results
derived from Bailyn's and Hone's work are similar. In chapter III new
de;ivations are given for the exchange and correlation terms obtained by
several authors, namely Toya (T58), Hubbard (H57), Geldart-Vosko (G65) ,

Kleinman (K67), and Takahashi (T68). We then show that electron-electron

screening can be described in a more accurate way, and using a factoriza-

tion procedure (introduced in chapter II), nev expressions for the ex-
change and correlation térm afe obtained. In chapter IV we present the
lattice dynamics of sodium, potassium and rubidium. Cochran's (C63) meth-
od of obtaining empirical effective potentials from the dispersion curves
is discussed to obtain some insight into the problem. Then the method of'
Cowley et al (C66)»is applied; a choice of the dielectric function is made,
the pseudopotentials are determined and compared to those obtained by least
squares fitting of different models.. Finally, the dispersion curves are

calculated and the interatomic potentials are also obtained.
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CHAPTER I

’

INTRODUCTION

The crystal dynamics of alkali metals has received considerable
experimental and theoretical attention during the last few years. A large
amount of‘experimental information on dispersion relations of frequepcy
versus wave-vector has been obtained on sodium, potassium an? more recent-
ly on rubidium and jithium. This has stimulated a number of theoretical
studies. The main complexity in the problem originates from the interac-
tion of conduction electrons with the ioms that constitute the lattice.

The subject of lattice dynamics has been reviewed in recent years
by de Launay (D56), Cochran (C63a) and by Joshi and Rajagopal (J68) ;
standard reférence works En the field are due to Born and Huang (B54) and
by Maradudin, Montroll and Weiss (463) .

The theoretical models which have been used to investigate the

lattice dynamics of alkali metals can be broadly classified in four cate-

gories.

(a) Born — von Karman Force Constant Models. The theory of such

models is given in standard texts (B54, M63) and we shall not discuss them

here.

(b) Phenomenological Models. Several authors have tried to take

into account the effect of the electron gas in an approximate way.

In the phenomenological models of de Launay (D53, D54, D56),
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Bhatia (B55a, B55b) and Sharma and Joshi (L63; S63b, S64). 'it is assumed
that the conduction electrons behave like an orﬂinary gas, supporting a
compressional but not a shearing stress. However, all of these models

violate space group symmetry requirements (L65). Recently Krebs (K64,

. K65) has proposed a model in which the contributions of the ions to the

elements of the dynamical matrix are the same as in a central force Born-
von Karmaﬁ model. The electronic contribution is calculated from a
scfeened Coulomb interaction of the metal ions; the symmetry requirements
are taken into account by including Umklapp processes. The theoretical
dispersion curves for sodium are in good agreement with experiment. This
model, however, suffers from a weakness: the derivative .of the screened
Coulomb interaction energy is not zero at equilibrium as it is for the
Born-von Karman tefm. This result  implies that external forces must be
applied to maintain the system in equilibrium (Cochran C65a).

Recently Cheveau (C68a) has proposed a model which satisfies the
requirement of tramslational invariance and is in equilibrium without re-

course to external forces.

(¢) First Principle Calculations. Toya was the first to perform

a satisfactory calculation for tﬂe phonon frequencies in Na, taking into
account the influence of the conduction electrons. He used the classic
solution of the electron-phonon problem given by Bardeen (B37) in 1937,
which was essentially based on the Wigner-Seitz ﬁodel (W33) of the elec-
tron in a metal.

As is well known the frequencies of a monatomic lattice are ob-

tained from the solutions of the secular equation
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where m is the mass of an ion.
Toya (T58a, T58) expressed the dynamical matrix ny(a) as a ‘sum

of terms due to three different types of interactions

Dyy (@) = €, (@) + Rey(@) + Eyy (D)
where ny(a) is the confribution from electrostatic forces between ions
regérded as point charges, ny(a) is the contribution from direct over-
lap or exchange repulsions be£wecp ion cores; and Exy(a) is the contri-
bution of the conduction electrons, representing the effective ion-electron-
ion interaction. Expressions for 'ny(a) have been obtained by Keilermann

(K40). These are summarized in Appendix E. For the core overlap interac-

tion Toya assumed the Born-Mayer form:
Vp(r) = A exp(-r/p)

where A and p are parameters. Then the expression for (a) is
P y

¢

3) = - - -1 -1, -1 _ 1
Ry @ = /o) T U {8, L w7l 2Dy (2 900} [1mex (13- D)]

Subsequently it was pointed out by Vosko (V64) that the contribution

ny using the values of A and p as given by Born and Mayer, is ﬁrobably too
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big by a factor of about forty to one hundred.
For the contribution from the ion-electron~jon interaction, Toya

derived the following expression

4“@2 Z (qx""'['x) (qy'*"['v

A T2

. ) _
By @) = - 62 W F (£ (w)

> . . . )
where T is a reciprocal lattice vector.

. . b2 . ' ‘ ‘. PR
Toya has included the ter@ fne’l 5xy in Exy’ we have included it in ny.

3v

G(u) =11 + (V(rg) - Ey) 3ul{ g(2kyr u)
. BEp :
Do 2 y2 + (1 - Bu2)f(u)  for Bu? < 1
D B .
% (u) =
D ' .
EQ-% u? for Bu® 3 1
4 . 2
fu) o1, 31-u 1l +u
(W 2 + 4u In l-u

g(2kFrsu) = g(x) = 3(sin x - x cos x)/x3

e’k it
B = —FE Eg = —E is the Fermi energy
'n‘EF 3 2m'

V(rs) is the Hartree-Fock potential energy at the surface of the

atomic sphere of radius r D and D, are the densities of states with and

s®

without exchange and correlation energies taken into account, B is a con-

.
-7 N
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stant introduced to take»into account the effect of exéhaﬁge and correlation
interaction on the screening field.

Toya has usea his method to calculate the dispersion curves (T58, )
T59) qnd thermal expansion (T61) of alkali metals. Toya's model has been
used by Srivastava and Srivastava (S63a) to calculate the specific heat of
sodium and potassium, and by Nutkins (N65) to caiculatg the effective calo-
—éimetric Debve. temperature of sodium. Dayal ;nd Srivastava (D64a) tried
to improve the agreement of the results from Toya's theory with experiment
for Na by multiplying the argument of the'g function in the electron-ion
term with a constant g nearly equal to unity. For sodium ¢ was taken to be
1.04 (D64a) and for potassium 1.07 (S64a).

Toya used Slater's simplification (S51) for the exchange potential
and made subsequent corrections to account for the reduction of density of
states at the Fermi surface and for some other second order effects. To
eliminate these somewhat uncertain corrections, Dayal and Srivastava (D65,
S65a) have used Bailyn's (B60) matrix element for the electron-phonon inter-
action in place of foya’s in the Toya model. It was found that for sodium
(D65) the resulting dispersion-curves were close to those obtained by Dayal
and Srivastava (D64a) and were in good.agreement with tﬁe experimeﬁtal va-
lues.

| Vosko, Taylor and Keech (V65) have treated the electron-ion term by"
the many body perturbation theory, the electron wave functions being aéprox—
imated. by éingle orthogonélized plane waves.. Following Vosko (V64), the
contribution due to the ion overlap was neglected. For a first principle

calculation, the results for the dispersion curves of sodium obtained by

these authors are quite reasonable.
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(d) Method of Pscudopotentials. The method of pseudopotentials

given by Phillips and Kleinmann (P59) and by Antoncik (A59) for the calcu-
lation of the band structure of metals has been employed in -recent years
to calculaté the phonon frequencies in metals. The pseudopotential for-

malism and its applications have been reviewed by Sham and Ziman (563)»

Ziman (Z64a) and by Harrison (H66). Sham (S@Sb) has developed the pseudﬁ—

-potential formalism for calculating the phonon frequencies in metals and

has applied it to sodium. The pseudopotential, which arises from the or-
thogonalization of the wave functions of the conduction elec;rons to those
of the core electrons has the effect of cancelling the Hartree-Fock poten-
tial near the ions; Sham showed that the resulting effective potential
may be regarded as moving rigidly with the ions in the course of the lat-
tice vibrations and within certain limits can be used to calculate the ma-
trix element for the electron-phonon interaction, with the electrons repre-
sented by simple plane waves. The screening effects due to the interaction
between electrons were considered in the Hartree-Fock approximationlwith a
screencd exchange potential. The results for the phonon dispersion cufves
wére close to those obtained by Toya.

Cochran (C63) has analyzed the experimental .results of Woods et al
(W62) on the phonon dispersion relations in sodium and has found that the
results are consistent with the concept of an effective potential. Cochran
(C63) has also deduced this effective potential empirically and has found
it to have qualitatively the form expected.

Cowley, Woods gnd Dolling (C66) have deduced this potential in a more
rigorous way for sodium and potassium.

More recently Schneider and Stoll (S66, S66a), Animalu, Bonsignori

’
N
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and Bortolani (A66), Ho (167, H68), Shyu and Gaspari (867; S68) and
Ashcroft (A68) have investigated the lattice dynamics of alkali metals,
using different pseudopotentials. '

) The:contents of the present thesis will now be discussed. In chap-
ter II the work.of ane (1160) is extended and the results are combined
with those of Bailyn (B60). A unified approach is éiven to the deriva-
tion of the "proton—electron"‘dielectric function, with simplifications
achiéved by the removal of certain unnecessary transfbrmatioqs. A dis-
cussion of electron-electron screening shows why many of the results de-
rived from Bailyn's and Hone's work are similar. In chapter III new de-
rivations are given for the exchange and correlation terms obtained by
several authors, namely Toya (T58), Hubbard (H57), Geldart-Vosko (G65),
Kieinman (K67), and Takahashi (T68). We then show that electron-electron
screening can be described in a more accurate way, and using a factoriza-
tion procedure (introduced in chapter II), new expressions for the exchange
and correlation term are obtained. In chapter IV we present the lattice
dynamics of sodium, potassium and rubidium. Cochran's (C63) method of
obtaining empirical effective potentials from the dispersion curves is
discussed to obtain some insight into the problem. Then the method of
Cowley et al (C66) is applied; a choice of the dielectric function is
made, the pseudopotentials are determined and compared to those obtained
by least squares fitting of different models. Finally, the dispersion

curves are calculated and the interatomic potentials are also obtained.




CHAPTER II

Exchange and Correlation in Alkali Metals

1. Screened Impurities

We begin by considering ghe problem of electron screening in a
gas of free electrons (Cochran, C65, p6). On introducing a small "im-
posed" chérge +e, the electrons will pile up there in such a way that
the field of the imposed charge is completely screened at large dis-

tance.

fig.(2.1)

To a first approximation the resulting potential is a screened Coulomb
potential, which falls off exponentially with distance (Ziman, Z64,

pi3l)

o2
Vs(r) = 5 exp(—ksr) (2.1)




‘where k  is the screening parameter, l/ksithe screening "length'. The

Fourier transform of ‘this potential can be written in such a way that
the screening of the bare Coulomb potential is described by means of a
dielectric constant €(Q), where 3 is a general vector in reciprocal

space. 5o let us write this result in the dielectric formulation.

2
The Coulomb potential Vi(r) =-%- . -

*
4Te 2

Q2 - -

has the Fourier transform Vi(Q) =

We note the singularity at Q — 0 which corresponds to the infinite
"range" of the Coulomb potential. The Fourier transform of the

screened potential is

» 2
V_(Q) = ATe” ~
s Q%+ kg? | ' - (2.2)
which may be written as ) .
Vi (Q) ) :
VS(Q) ) (2.3)

where €{(Q) =1 + kSZ/Q2 is the dielectric constant. Thus, the
screened potential is the Coulomb potential divided by the dielectric
constant. The singularity in e€(Q) as Q -+ 0 cancels out the singu-
larity in Vi(Q), removing thellong—range part of the Coulomb inter-

action.

. ¢ .
A box of unit volume is assumed.
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2. Scattering by a Potential V(1)

We consider an electron scattered by the potential V(r) (for

example the screened potential for an impurity as shown in fig.(2.1)).

'Let ﬁ and ﬁ' be the initial and final wave vectors. In the Born

approximation the rate of transition between the initial state Wk and

the final state VY is proportional to the'square of the matrix ele-

kl
ment (Ziman, Z64, p51).

% > > g
Vi = ?k.(r) VvV (r) Wk(r)d r (2.4)
. > >
We take these to be plane waves Wk = elkr
. 7 > > Oy 5
thus Vi =i/re1(k"k')'rAV(£)d3f A (2.5)
. .- =) —t . g . -
let =% - &' v =/e15 L y@adr (2.6)

This illustrates how the Fourier transform of a potential occurs na-

turally in a matrix element.

3. Scattering by lattice vibrations

Consider a lattice where each atom is displaced from its equi-
librium position. The potential V() is a superposition of atomic po-

‘tentials (264, p54).

10
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- e . .
V@E) = F V(& - Ry (2.7)

-) .
where Rz is the actual position of the atom (or ion) that ought to

have been at the lattice site 2.

re ->
R2 =2 + uz .
o >
=%+ I (U eltT 4 TreiarTy
q q q .

5 :
where Uq is the vector amplitude of the mode and E is the phomnon
wave-vector. The complex conjugate is included to make the displace-~
ment real. The matrix element for the scattering of an electron of

. ->
initial and final wave-vector ¥ and k' is given by (Z64, p57).

v 1 Q-0 vV (2.8
VQ="1Q' q a(Q) (')

11
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where

OF Iy

and

. ->
with 1T a

We see that the Fourier transform of the atomic potential is in-

q
d for a Normal process
5 .
54-T for an Umklapp process

reciprocal lattice vector,

volved in the matrix element.

4, Response of Electrons to Lattice Vibrations

Oy

Y

Normal process

fig.(2.2)

12
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In the case of metals it is often possible to identify a core of elec-
trons that are tightly bound to the nuclei and essentially follow the
nuclei in rigid mdtion. Outside the core there are nearly free elec-
trons which move quite independently of the nuclei. Fig.(2.2) which
is taken from ref. S65 represents a situation in which one ion is dis-
placed from its equilibrium position. This leads to a change of the
electron density around that ion and thus to a screeniné of the per-
turbing potential. Let Vi(Q) be the Fourier transform of the pertur-
bing potential. Then, in the Hartree appfoximation, the Fourier

transform of the screened potential VS(Q) is given by (C65)

v;(Q)
V.(Q = 2 (2.9)
V7 @
2 2 ¢ '>v)
8m k' - - n(k
vhere €(Q) =1 - = ji: ng B 0)_ E S (2.10)
Q k! k'-Q k w
1<
N 1 for k kF .
in which nak")=
- TS
0 for k kF
B2 ,,2 . -
and Ek' = 7ﬁ3k in the parabolic band approximation.
->
The integration over k' can be performed and eq.(2.10) yields
e =1 + PEW (2.11)

2u?
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Fig.(2.3) .The Hartree expression for the dielectric function

and its long wavelength approximation.
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‘ 1
where f(u) = 3 +

= Q/2kg and é ==2/1raokF

This result was obtained by Bardeen (B37). The long wavelength
approximation to eq. (2.11) is obtained by noting that flo) =1

28k 2, .

i

and by introducing the Thomas-Fermi screening parameter k:

we get

e(@ =1+ & /¢ (2.12)
This expression is identical to the one obtained in the simple
theory of screening (eq.(2.3)) where the screened potential is assumed

to fall off exponentially with distance. Both the long wavelength and

the Hartree approximation to £(Q) are plotted in fig.(2.3).

5. The Hartree Result.in Bailyn's Notation

We rewrite the Hartree result in terms of the Bailyn notation
(B60) .

Let véi represent the matrix element for the motion of-the bare
ions and VQ the matrix element for the screened electron lattice in-

teraction. Then Bailyn obtains the Hartree result in the form

v

%e n&'—m-nw)
Q=" 7

Ek' - k’ Q

which he writes as
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solving for v

i
v - YQ (2.13)

or

- VvV,
v - 28 , (2.14)

as before.

Bf (u)
2

: - >
where €(Q) =1 + % A(k,k") =1 +
k! . 2u

In eq.(2.14) €(Q) screens the bare-ion interaction to give the

total matrix element.

6. Bailyn's Hartree Fock Result

The compligation heré introduced is that both the ions énd the
electrons are shieldéd by electron plouds, while in the Hartree approx-
imation only the ions were coﬁsidered as shielded. Bailyn extends
Bardeen's method to take account of the exchange and correlation ef-
fects. He uses the Hartree-Fock equation and obtains a matrix element

»
which is not independent of the initial electron wave-vector k. His

eq. (24) and (25) can be written

16
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which he writes as v

Qk = VQ

The first approximation made is that he assumes

of k', then eq.(2.16) becomes
' i
ok = Vo T Yok

Solving for v we obtain

Qk

i > o
lZ(:'A(k,k )va'

5 AGE,E")
k'

— ' -)'
vhere Eel(Q) =14 ﬁ'A(K,k )

v to be independent

Qk'

(2.17)

(2.18)

(2.19)

(2.20)

When exchange and correlation effects are included one must

distinguish between the "proton-proton" and the "proton-electron"

dielectric constant. We shall explain the difference further on.

What Bailyn derives is the "proton-electron" dielectric constant,

17
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which is the one to be used in conjunction with the scattering matrix
element. We have used the symbol €q1 tO denote it.
The second approximation made is that he averages A(R;ﬁ')

over E, then eq.(2.20) becomes

e @ =14 5 (AR (221

We now give the details for Bailyn's €,7(q). Written out,

eq. (2.20) is

€e1(0) = 1+ 4me®S (A 1 - 1 n(R'")
= )3 e P TE R o T E

2 Eereq 7 Bre
(2.22)
The term —%_ is the Coulomb term yielding the Hartree result,
Q2
whileAthe terms ":‘f%:"‘; and —— L —77 are due to exchange
T - % 1% + % - 4l
effects. The singularity in —~—*;;-— for [ﬁ “&'|> 0 occurs be-
I‘E_ k'|?

cause correlation has not yet been taken into account. Bohm and Pines

(B53) assume that for all wavelengths larger than a certain cutoff the

electrons move in a collective fashion and form a plasma (this is the
so-called long range correlation). They neglect the influence of the

plasma on the electron-ion interaction. If the Coulomb interaction is

Fourier analyzed into two parts

‘18
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(2.23)

I®
o~
=
(1]
NN
]
\
(o)
[11]
.
=
Nre
N1
L]
(1)
}J-
~v
o .
Ay
S

e, ) .
where T ==fl - {2 then only the second part must be kept, i.e. all
modes for which k'« kc are thrown out and there remains the short

range interaction Hsr which is analogous to the screened Coulomb po-

" tential Ei exp(—ksr) of sec.l.
T

iﬁ" ;
v B ) QiK™ .
so ' HSr(r) = 4Tea S , o (2.24)
1
k >kc

which we write

’ ST > R
H _(r) = 4me? E:Lk'—r (2.25)
8T T EI"k"z
where
o for k"< k
c

e - (2.26)

1 for k™ k
. ¢

We will now use this result to introduce correlation into eq.(2.22).

. - ->
~ All modes for which |£ - k'|< kC (the plasma) must be removed. This

is accomplished by writing ___T;JLTI___ instead of — 1» in
ek - k2 Iz - |2

eq.(2.22) which becomes

19
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S 25 (4 1 1 P
E:el(Q) 1+ 4me Z(’L— T E - E!li{ + k' - alz) nlk)

e \o?  e'lk - k' Eproq - Eg!
(2.27)
Bailyn computes the volume averages —-_;-—];T-— and
ek - k'|?/ avk
1 ' > = )
: o % = - over the sphere" lkl - kF.
e'|k + k' - Q|%/ avk
- - -
To do this he uses the transformation k" =k' - Q for the second
average, eq.(2.27) becomes
.1 1
€1 (@ =1+ bre2y (4 - 3G hGD) ) “(ﬁ_)E (2.28)
k'\ Q kF kg k'-Q k!
where
[ £(x) - %, for 0 < x < 1-x
2 2 2
h(x) = i - 1;-9- + 1:{ gn k%, 3% ;1+xn for 1-x < x < lixg
x X X
o
lf(x) . for 1+xo <x <3

v 2
and f(x) =%—+ 1—’; £n x' = k"/kF,' X, = kc/kF-




to Hone's work (H 60). The equations for .Ek'==-—7;E— (p'x? - p'q'x")

will be given later on.
There are two integrals to evaluate (one for h(x) and one for
h(x')). They can be combined into one and the final result is (see

~

~ Appendix A for details).

g; . 1+2u
Eel(O_) =1 + ;é:) ——_16;: f 3h(x)xQ(x,u)dx (2.29)
Y, '

— Ta k —
where B = 2/ a L s y =

o
0 for u > .5
2n li :'3 for x < |2u - 1]
Q(x,u) =
+ for x < 1l -
in M&l‘;—l with for x > [2u - 1]
1-x - for x > 1, ' )

_7. Hone's Extension of Bardeen-Pines' Result

We know that the electrons tend to follow the motion of the
ions with the result that the ions are screened. This is described

by the total dieléctric constant. The correlation effects screen the

21
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electrons and this will be described by the dielectric constant -
e' =1+ kSZ/k"z. Hone extends the Bardeen-Pines (B55) procedure

to obtain the integral equation for the matrix element

Lo i ) 2 1 nk' -9 - n(®")
Vo = V 14 4re? = ) VoK' (2.30)
B0 2;, Q2 |k - k'|? Epreg - Exe o

Correlation has not yet been taken into account, so again we get the

singularity in -

|> ¥f_T;‘ As mentioned, Hone describes correlation
k- % |

as electron-electron screening using the dielectric constant

1+ k 2/[k - |2 . (2.31)

whereas Bailyn used

© for |K - i'] <k -
€' = _ (2.32)
> > .
1 for |k-k'| >k

Eq.(2.30) thus yields

| 1 - 2 1 ; n(ﬁ' ~ 8) - n(ﬁ')
€e1(Q) = 1 - 4me? (—— - — > (2.33)
e zk:' Q2 S'lk - £||2 Ek'—Q - Epr

Hone applies a first transformation to the term multiplying

n(ﬁ' - 6) in equation (2.33), which is

' -»> . _->' .
k __Q > k (2.34)

22
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Using eq.(2.34) and substituting for ' he gets

->
. a1 4 1 1 \_nah
EEI(Q) =1+ l;-n—ez <'_2. - > 2 2 - => > 219 2
%} Q |k - &'[%+ x '|k + k' - §]% ks’/Ek.__Q - Eps
(2.35)
-He then computes the surface averages 1 " and
Iﬁ - §'|2+ k; avk
//4. i — over the sphére |K| = kg and eq.(2.35) be-
\Ik + k' - Q%+ K2/ avk
comes
' 1 Py
€,(Q) = 1+ laﬂezy(’é— ~210) IGD) __nl) (2.36)
el e\ 12 2 2 Ep ~ Ept ) :
k'\Q kF kF k'-0Q k
2, _2
1+ +
where T(x) = %— in ( X) * %o x = k'/kF; Xg = ks/kF.
- (5'q (] - x)2+ xc2> 3

-> R
To perform the integration over k' Hone applies a second transforma-

tion to the energy denominator multiplying the term T(x') of eq.(2.36)
N . .
k" = k' - Q (2.37)

Then Hone makes a mistake in the limits of integration.(in the determi-
nation of the expression for Oc the lower limit of integration for O,
see Appendix B for details). So here we will not follow Hone but

rather proceed as follows.
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gous to that of Bailyn, the only difference being that T(x) replaces

25
The expression vwe are trying to integrate (eq.(2.36)) is analo-

3h(x). Further, the notation brings out more similarities, for example
Bailyn's. transformation o=k - 6 is identical to that of Hone
(eq.(2.37)). So we proceed the same Qay as we did for Bailyn's ex-

pression in Appendix A and obtain

1+2u

e .(@ =1+B8EW B [royxqx,u)ax . | (2.38)
el . 202 4u -
Yo

where Y, and Q(x,u) are defined as in eqdation (2.29) chapter 2 seec.5.

8. Recapitulation and Simplification of the Procedure of Bailyn and Hone

The essential equation for €el(Q) is

€e1(Q) = 1 - lmez}_: 2 .. 1 )H(K' - ®- n(" (2.39)
k' Qz gllk - kllz Ek'_Q - Ekv

where : £

1]

Bailyn

1}

and g' =1+ kg/lt - ﬁ'lz Hone

The difference between these two expressions for €' is depicted in

fig.(2.4) where they are plotted as functions of k" = lﬁ - ﬁ'l.
Now we discuss equation(2.39). As mentioned the term g;
. . . Q
yivlds the Hartree result. The term 1 arises from exchange N
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Fig.(2.5) The ion-electron and electronwelectron screening., )
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effects and €' describes the shielding of electrons By one another,
i.e. the ionic potentiﬁl ia not the only thing shielded, but the elec-
trons also shield one another. Thus while ve are trying to derive a
dielectric cﬁnstant Eel(Q) to describe the shielding of an ion, we
need another dielectric function ¢' to describe the electron-electron
shielding. This situation is depicted in fig;(2.5). Hone choge: the
function €' = 1 + k;/k”2 (which is nothing else but the iong wave-
length approximation of the Hartree result) because if was simple enough
to enable him to carry out the integration over k (involved in the
averaging process) and the integration over ﬁ'.

j Before going any further we will simplify the treatment given to

eq.(2.39)., We will show that the transformations

k- 3 > ' (2.40a)
and ¥ - 6 = k" (2.40b)

made by Hone are unnecessary. The first transformation was made to

-3 : .
eliminate the term n(i' -~ Q) 1in eq.(2.39) and gave rise to the term

1

ram—— > in eq.(2.35). Then the second transformation was ap-
€l|k+k'_Q|2 :

: S
plied to evaluate the integral over k' for the term obtained through

: \
the average 1 .
> -> >12
s'lk + k' - QI avk

We now show that these transformations cancel each other. We

write eqs.(2.40a) and (2.40b) as

27
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k 6 kNew (2.41)
and ¥o- Q= kv (2.42)

Substituting ﬁ&ew as given by eq.(2.42) into eq.(2.41) we get

k-% = -@+®
which yields when simplified

ko= kv : (2.43)
Eq.(2.43) shows that these two transformations are "circular" i.e. we
end up at essentially the same point where we started. So'we proceed to

integrate eq.(2.39) as it stands. First we take the average over X to

get

E

’ -> > >
€@ = 1- zmezz<.2_ _ AWx))n(k' = 0)- n(k") (2.48)

kl_Q - Ek'

X! 02 k;

where AV(x) 3h(x) in the case of Bailyn,

T(x) in the case of Hone.

and AV(x)

We then proceed to integrate eq.(2.445 without making any trans-

formations: The details are given in Appendix C, the result is

1+
£ () =1+ BE@) _ B av(x)xQ(x,u)dx (2.45)
. 2u2 4u .

o

- where B, yo, 0(x,u) are defined.as before.
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9. The Procedure of Factorizing out the Slowly Varying'Paft

i
We will now discuss a procedure which will be of general useful-

ness in subsequent derivations. We will use the €el derived from

Hone's approach. Like the other equations for € eq.(2.37) can be

el

conveniently written in the form

€. = 1 + x + E (2.46)

el
here - B 2.47
where X 202 ( )
, . 8 1+2u
and E = - % T(x)xQ(x,u)dx (2.48)
y
o

The part 1 + ¥ gives the Hartree contribution, while E is
the exchange and corre}ation term (which we will call the EC term for
short). We can perform the integration numerically to evaluate the EC
term. Alternatively we can proceed as follows. We note that the inte-
grand consists of two functions: T(x), which is a élowly varying function
of x and xQ(x,u) which is quite rapid and has a singularity at x = 1
(see fig.(2.6)). So we factorize out the slowly Qarying T(x) at the
point 'x = 1 (the singular point of Q(x,u)). This amounts to taking
T(x) as constant and we see from fig.(2.6) that the error made on one
side of the singularity tends to balance the error made on the other
gide. At any rate, most of the contribution to tﬂe integral comes from

the heighbourhood of the singularity. This is why we factorize T(x) at

A
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x = 1. The EC term then becomes

E' = -BT (1)L (u) (2.49)
4 + x?
where T(1) = l-gnl °
A 2
. o
and we have used the result
1+2u . -
fxO_(x,u)dx = 4uf(u) (2.50)
y .

(o]

Iﬁ fig.(2.7) we have plotted~the EC terms E and E' as given by
eq.(2.48) and eq.(2.49) respectively. We see that E' is very close to
E and E' + E for Q + 0. It was found empiriéally that
EY = <-BT(1L + uz/é)f(u) reproduces E almost exactly.

>

The idea of factorizing out the slowl& varying part will be
used later on (in a d%fferent conéext). We ﬁave given the details
here to throw light on the procedure by showing that it gives a result
which is nof very different from the complete integral.

We may note here that similar'procedures have been used in
other fields of physics, e.g., in the evaluation of the electronic
specific heat (S40) and in the calculation.of the impurity scattering
in semiconductors (S61).

We should also note that a very similar approximation Qas made
earlier in the derivation of g,;. Namely in chap.l sec.6 v was

Qk!

assumed to be a slowly varying function of k' and was factorized out

.
A
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of the integral to obtain eq.(2.17). It should also be pointed out
that other approximations have been made (for example the averaging
over k) and our approximation is merely one more approximation, whose

validity we have justified.

;0. Comparison of the Bailyn and Hone Screening Method fér the

Electron-Electron Interaction

We saw that Bailyn and Hone describe correlation through
screening, i.e. electron-electron correlation is described by means

of the dielectric constant g¢'.

o for k" <k
c

Bailyn used ¢' :
1 for k" > kc

n

Hone used £ 1+ k:/k"2

Even though ks and kc come from different concepts, we shall put

ks = kc for the purpose of our discussion. We will examine the dif-
ferences between the screened potentials obtained using these two di-

electric constants. The Fourier transform of the Coulomb potential

. 4'n'e2 * . . . 471'62
is 'E:f— and that of the screened potential is 7 So we have:
€ Ikn
: > >
. 2j;‘ eik" T _ o2
for the unscreened potential 4me“/y ——Eﬁg—-= T (2.51)

1("2

% ‘
for the electron gas in a container of unit volume
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o=

s 2 2
for Bailyn's €' bme? Y eﬂg"zr = & 8i(k,T) (2.52)
. k"sk '
c
A
ik"er 2
for Hone's _s:' lmezz 'e.T—'—z' = -:—— exp (-k 1) (2.53)
-J k + k
kl'; ¢
2 7 )
. 2 [sinx ..
where Si(y) = 1 - Trf_——x dx

_The screened potentials of egs.(2.52) and (2.53) are plotted
(together with fhe Coulomb potential) in fig.(2.8a) (P63). We see that
the Bailyn and Hone results are simiiar. Finer differences are brought
out in fig.(2.8b) where exp(-k.r) and Si(k.r) are plotted (R61). The
oscillations in Si(kcr) are due to the shérp cutoff at wéve vector k,
(see fig.(2.4)).

Since the Bailyn and the Hone screened potentials are similar, we

" would expect that the exchange and correlation term E obtained by both

methods should be of comparable magnitude. Let us invesﬁigate this. We

have found for this exchange term

1+2u v
E=- %—u fAV(x)xQ(x,u)dx (2.54)

Yo

where AV(x) 3h(x) (derived ffom Bailyn's work)

or AV(x) T(x) (derived from Hone's work)

So by the prévious reasoning the functions T(x) and 3h(x)

should be comparable (when kg = kc)’ They are ‘plotted in fig.(2.9)
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We find that they are indeed similar.

The choice of the screening parameter ks (or kc) is very impor-
tant since the variation of the EC term with ks is quite drastic (much
more tﬂan the small differences between T(x) and 3h(x)). To show this
we choose AV(x) = T(x) and plot -E for ks = kF and kg = ZkF in fig.

(2.10).

11. Darby's Treatment of Hone's Result

Darby's starting point (D64) is the equation

Q2 I?—ﬁ'lzﬂﬁ |T€+K'—3|2+k; Ek'-—Q - E

€7(Q) =1 + 41rezz<4_. - 1 _ 1 ) n(k')
k! k'

To obtain an analytical expression he proceeds as follows:

choosing the z axis along E he writes out

B - %2+ k2 k2 + Kk'2 4 k2 - 2kk'cos ©

where O is the angle between k and k'. He then sets y = cos O and

expands the right hand side in Legendre polynomials (of argument cos Q)

1

o
= 20 EgP (W) (2.55)
k2 + k'? + kg - 2kk'y  g=o

:'For example the zeroth-term is (using the formula for the coefficient
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f£ given in Appendix D)

+1
£ = .lf dy (2.56)
2J k2« k' o+ K2 - 2Kk'W
-1
= !;_2 a+ b
26 |a - b

where a = %2 4+ k'2 4 k; and b = 2kk'

Darby retains only the zeroth term (the others being much smaller) and

thus obtains

1 ~ L
5 >
|k - k']2+ k2 2b

-(2.57)

> o
1 he defines ¥ = k - Q

For the second expression
> —>' > 2 2
Ik + k' - Q|+

and expands using ' = cos @' where @' is the anglebbetween Y and

>
k'. He gets

E ~ —ln-——l (2.58)
|k' + r]2+ k2 3 1A B
where A = k'2 + r? + kg and B = -2rk'

We obtain identical results by averaging over k and r ins

stead of doing an expansion. in. Legendre polynomials and retaining the

zeroth term i.e.
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1 \ 1l on

= 2b

>

_a__:r__lz| (2.59)
a-»>

A{-‘-}ll (2.60)

-
n

IH
oz
=}

See appendix D for a proof.

Using eqs. (2.57) and (2.58) we can write the final result

1l
IRNTO N By W78
€01(Q) = 1+ o o AV(x)x n gy dx - (2.61)
o
where AV(x) =1 gn|2t Dbl 41 gq|A*+ B and g = |[X*u
2 “la-b| 28 |A-B o7 |x-u

This result is somewhat similar to those previously obtained. We mnote
> 2 :
one difference: the angular dependence in r = |k - Q] has not been

-
eliminated and Darby had to take some average for the angle between k

and 6.
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CHAPTER IIIX

Derivation of Various Expressions for the Dielectric Function

Apart from Bailyn's and -Hone's work various expressions for the ex-

change and correlation term have been derived to various degrees of approx-

. imation by several authors. Amongst these are: Toya (T58), Hubbard (H57)

(who modified his expression, which was later used by Sham (S65b),Heine-
Abarenkov (H64), Ho et al (167) , Schneider and Stoli (s66, SéGa)), Geldart-
Vosko (G65), Kleinman (K67) and recently Takahashi (T68). These authors
used different techniques than Bailyn and Hone. Notwithstanding this we
will show that the results of the above mentioned authors can be obtained
in a straightforward way from the basic equations of Baiiyn and Hone. We
then continue to show that electron-electron screening can~be described
more accurafely, and using the factorization procedure introduced in chap-
ter II, we obfain new expressions for the exchange and correlation term.
Recently Geldart and Tgylor (G69) haQe proposed a new screening
function. However, their results are given in the form of a numerical

table and we shall not discuss them further here.

1. Derivation of Hubbard's Expression

Our starting point is the equation

) >, > PO
> =1 - 4me? 2 _ 1 )n(k'—Q)— n(k') . 1
) el(Q) e ;(Qz |-1:_..1:' |2+k2 Ek'—Q _ Ek' . (3.1)
s
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We apply the transformation ﬁ'—a »> k' and obtain

>y -)" .I.-)
£.1(Q) = 1 - 4me?5 (2. - 1 n(-k')~ n(-k'+Q)
el 3 Zd Q2 |'l€+izl_'dl2+ ké E_kl - E—l('+Q

k'

We make use of the approximation introduced by Hubbard

K-k +8lay v k2+Q (3.2)

(vhere the subscript av denotes average values). Further we have

> > - <> >
£+ - D3 = (K=& - Dlavk

when averages are taken over the sphere |§| = k. Then using eq.(3.2)
[+ & -2y = K2 +Q T (3.3)

Using approximations (3.3) and also the properties n(Qﬁ') = n(g'),

E—k' = Ek" etc., we obtain

e f2 1 n(k'-0)- n(k")
Ce1(@ =1 - 4me (Q2 Q2+ ki* kz)kz, Bgrq = Ex!
2
=1+]|1- -]2;—-—————02 7 | X(Q) (3.4)
Q™+ kpt k '

ﬁhere x(Q) = Bf (u)/2u?, u = Q/ZkF.



S TP

43

Eq.(3.4) ia identical to Hubbard's improved equation as used by Sham (S65b),

Heine-Abarenkov (1164) and Ho et al (H67).

2. Derivation of Kleinman's (K67) Exorgssion

Our starting point (B67a) is the equation

_ ‘4 1 1 n(k')
€.(Q =1+ 4me®y (—— - - )
1 . AN - > 5
€ X' Q2 lﬁFﬁ'l2+ k; ]ﬁ+£'~§|%+k§. Epr_ Q__.Ekv

We make use of the approximation introduced by Hubbard

and the approximation introduced in the last section

I -> 2 2

E+k' -0l%y = kp+ 0

Using these two approximations we get

) D)
€, (Q =1+ 41Te2(——4 - 1 - ) n(k")
el 2 2 -
. 02 kF + ks Q + kF + k LEk' E ]

s k!

1] _o? 0?
1 {l - Z[kz + 2 * 2 K2+ kz]}X(Q)
F Kg Q% kp*k

(3.5)

(3.6)

(3.7

where X(Q) is defined as in eq.(3.4). Eq.(3.7) is identical to that of

Kleinman (K67).
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3. Derivation of Tova's (T58) Expression

We start with

s v g2 2 1 n@®'-Q)~ n(k")
e (@ =1 - dme ;(62_ Iic‘—i?'|2> A (3.8)

We do not introduce electron-electron screening but we use the Hubbard

approximation -

->_->‘,2 ~ 2
|k k av F

and substitute into eq.(3.8) which we write in the form

£o1(Q = 1+ [ 1-4 i;] X(Q) | (3.9)
z .

Eq.(3.9) differs from Toya's only in that the factor %-is equal to %-in

‘Toya's case, but this is irrelevant, since he replaces §-b §-and chooses
y 8 7 4

B = 1.21 (T58).

4. Derivation of the Geldart-Vosko (G65, V65) Expression

We start with

: PRRY DY & n(k'-0)- n(k")
€,7(Q = 1 - 4re %}(Qz R k:) B g - B (3.10)

We note that the term ——~ 1

——s—5——% 1s slowly varying as compared to the
[k ' |2+ k_
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Ek'—Q - Ek' *
zation procedure of chapter II sect.9. In fig.(2.6) we plotted the func-

-

singular energy term (This is analogous to the factori-

tions T(x) and xQ(x,u). T(x) is the average of ____1 over Kk and
. D> o> 2
|k—k'|2+ kg
xQ(x,u) results from the integration of ___ 1 oyer the angular va-
Ekl_Q - Ekv
riables.

It was clearly shown that T(x) is slowly varying and could be factorized

out of the integral). So factorizing out _q,qu____; in eq.(3.10) we
|k-k' |2+ k; -
obtain ,

- ; o 2_ 1 n(X'-8)- n(k")
Ch [me?(Qz Q* + ké)z; Be'-q = B!

il

1+ [1 -1__0f

X : .
o sz] @ (3.12)

where we have written k: = gk;. Eq.(3.12) is identical to that of

Geldart and Vosko (G65, V65).

5. Derivation of New Expressions

We start with

> > g
e1=1-bm2p (2 - 1  \n&-®- ad" (3.13)
el o Q2 li;ﬁ,lz Ek'—Q - Eky
We saw that the exchange term —1 __ nust be screened to des-

[k
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i cribe correlation. Hone used the dielectric function g' = l+ks/|k-—k'|2
: and thus the exchange term was changed to »}» . This simple ex-
! : ellk_kvlz «

pression. for €' was chosen to enable him to carry out the averaging over

->
¢ ¥ and the integration over k'. We will proceed in a different way. In-

stead of using this €' to describe correlation, we will use the accurate

dielectric function €,7. This will make the treatment of the equation

we .
more difficult and will recourse to our factorization process to solve it.

£ The exchange term becomes 1 and eq.(3.13) can be written as
. > >
E:ellk"k'Iz
VAN e (Y
e =1-wme?) (L - —L ) Al 20)mn (kD) (3.14)
1|2 E - E
K\ g fkk|?/) Frrq T By .

We see that eq.(3.i4) must be solved self-consistently i.e. the quantity
we are trying to calculate (Eel) appears inside the integral, so we must
first calculate an approximate value for €.y, substitute the>result in
the right hand side, reéalculate €e1> resubstitute and so on. We will

proceed as follows. We first note that 1 is slowly varying as
AR

elI

compared to the singular term 1 . Factorizing out the slowly
Ek'—-Q - Epr :
varying part, eq.(3.14) becomes

>, > >
€e1 1-4ﬂe2(£2__ 1 ) n(&'-8)-n(k"

Q* &y Q%17 Exrg ~ By

L}

1 +[1 - 5%;;] X(@ (3.15)
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To a first approximation eq.(3.15) gives

€a1 = 1+ X(Q . (3.16)

Substituting back into the right hand side of eq.(3.15) we get

€y =1+ [1 - %I—;];X—('@—‘JX(Q) L (3.1

This is a new expression for €e1° The Geldart--Vosko expression appears
as an approximation to this equation when we take the long wavelength

i.e.

limit for the denominator of the term I S
1+ x(Q
2 2
1+XQ = 1+kJ/Q ' (3.18)
Substituting back into eq.(3.17) we get
e.=1+l1-1 -1 %@ (3.19)
el 2 1+k_/Q2 :

which is the Geldart-Vosko equation (eq.(3.12)), written in a slightly

different way.
We have thus found an interesting expression for £.;. This ex-

pression (given by eq.(3.17)) is an approximation to the solution of

eq.(3.15) which we obtain as follows. Multiply both sides by’eel to get

2
Ce1 = Eop *+ [ 5y - /2] X(@
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This is a quadratic in ael‘ Solving it and keeping the root which gives

the correct long waveléngth limit we obtain
€y = %31 + X(Q) +\/1 + X3 (Q) S (3.20)
An alternate solution can be obtained as follows. We rewrite eq.(3.15) as

1 1
€1 = 1 +[l - *f]X(Q)

We have put a circle around the g, appearing within the brackets. Sub-

stituting the value of the other €. into the circle we obtain

Eel =1 + 1 - %’ 1 1 X(Q)

1 +[1 -1 1 Ix
2
Continuing this.process we get

_ 1 x| 1 x| sx | ... (3.21)
€ . =1 - - -
el + X r1+'x ﬁ-{-X ]1+X

where we have abbreviated X(Q) to X-

This expression is a continued fraction. In fact it is the eXpan—
sion of eq.(3.20) and thus the same solution in alternate form. Keeping
terms up to the second minus sign we get the expression of eq.(3.17),

which is thus shown to be an approximation to the solution of eq.(3.15).
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6. Exchange Formulae for a Biquadratic Energy Denominator

We will start by discussing the work of Bailyn (B60) and Hone (HG60)
when the energy function is changed from the parabolic band approximation

to the biquadratic form

h2k? ' . ]
= g (% - pla’x") o (3.22)

We write p' and q' instéad of p and ¢q because we will use the sym-
bol q to represent the phonon wave-vector.

Now before we tackle this problem we must make a digression aﬁd ex-
plain a point of some importance. We go back to the solution of the inte-

gral equation <

IS AR, K')va, (3.23)

v =V

. . >
Bailyn solves this as follows. He assumes va: to be independent of k'
and eliminates the K dependence of A(ﬁ,ﬁ') by averaging over the volume

of the Fermi sphere, thus

i
v

- Q
gy > <A(i€,’1i')>vol
k'

v (3.24)

Then he substitutes this back into eq.(3.23) to get a second approximation

k! (3.25)

14 %:' é(ﬁ’-ﬁ'»vol .
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He then claims to improve the first approximation By averaging
the second approximation over the Fermi surface. The difference between

the two averages in the numerator
IRCEDIEDIRACED),
o > vol o i surf

is described as a significant term. As Hone pointed out this is un-
jusfified, ana if the averages are taken consistently (say thh over fhe
Fermi surface), thén the difference is zero and.this just returns us to
the first approximation. .So we will describe Bailyn's results when both
averages are taken over the volume. This yields a simpler expression

for eel(Q) than the one given by Bailyn.

[

1+2u
Ca(@ = 1+ £ & /Bh(x)x [(1+2q'x2)Q(x,u)+ QRGwldx  (3.26)
u u g
yo

where yo, h(x) and Q(x,u) are defined as before

_1 | 1-ue 1+ 1,243
F(u) == f(u) + 28 on AU+ 20t o+ 2
p' ) »p‘[ A 2 2

8ux for x < l2u~1l

and R(x,u) =
+ for x <1

—1+4u?*4uxtx® where {

for x > |2u—1l
- for x > 1

Hone takes surface averages and the corresponding eel(Q) can be ob-

tained by replacing 3h(x) by T(x) in eq.(3.26)
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We now show how some other formulae should be changed when extended

to the p'q' energy approximation. The first point to notice is that wherever

-

the function f(u) appears, we should change it to F(u). For example the
formula E' = -gT(1)f(u) for the exchaﬁge and correlation term becomes

E' = ~gT(1)F(u). Now consider.the expressions for €e1(Q) derived in this
chapter. fhe function X(Q) = Bf (u)/2u? would become X(Q) = BF(u)/2u?,
Thus the tran;ition to the p'q' energy approximation can fe made quite

easily in most cases. .

7. Derivation of Takahashi's (T68) Expression

Our stgrting point is the equation

€e1(Q) =1 - 4"ezj£:<g—-— ; > s | - (3.27)
A\ e Rk |2) Eetq T R

For the €,; appearing within the brackets of the right hand side of eq.

(3.27) we substitute the first approximation i.e. the Hartree result

1+ Bf(u")

€
2
2u'!

el =

where u' = [? - ﬁ'l/ZkF

We obtain

-1 Y >
' ) -— —
e =1~ ety (L - L [1 , BE(u )] )nék' OEIE (3.28)
. &' \Q u'? 2u'? k'-Q ~ k!
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he writes

This is essentially Takahashi's result. To obtain the final expression

where the Ai 's and the Bi 's are defined by this equation. This

. . > . .
permits him to take the average over k and then perform the integration

>
over k' to obtain

- BF(Q) 8G (u,h) ,
€ =3 + - 2 (3‘29)
. el 2u2 2u2 . -

The p'q' approximation was used for the energy, ?(u) is defined

as before and G(u,h) is defined in Takahashi's paper (T68).

8. Summary for Chapter II and IIT

In chapfers TI and III various formulae have been derived for

gel(Q). We have shown that they stem from the same basic equation and

are of the type

= X D
ael 1+ + E

The choice of &' (to describe electron-electron correlatior) was made to

various degrees of approximation by different authors. For example the

values
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2 > >
(€' = 1+ k/[k-k'|?
{et = 148N /2u'?, v = |K-K/2k,
LI
€ = f

were used. Also, in each case, other types of approximations have been

made, for example

Averaging over ¥ : <: :>avk = %_. dq
11

> > 2 2
Hubbard type approx : Ik—k'lav ~ ke

Factoriéation :fSLOW x SINGULAR = SLOWfSINGULAR

In table (3.1) we show which choice of €' and which approximations

were made in the derivation of various authors' €e1-
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CHAPTER IV

We now turn to the lattice dynamics of sodium, potassium and rubi-
dium. We start by discussing Cochran's method of obtaining empirical ef~-

fective potentials from the dispersion curves. We work this out to obtain

some insight into the problem.  Then the method of Cowley et al is applied;

a choice of eel(Q) is made, the pseudopotentials are determined and com-
pared to those obtained by least squares fitting of differen; models. The

dispersion curves are calculated and the interatomic potentials are also

obtained.

1. Cochran's (C63) Method of Obtaining Effective Potentials

fn the lattice of a metal such as sodium the interactions between
ions can be takenito involve (T58, C63)
i) the exéhange (overlap) potential Vg (shown by Vosko (V64) to be negli~

gible) .

ii) the Coulomb potential V. -
iii) the conduction electron contribution Vg
So, néglecting the overlap, the force acting on any given ion falls into
two parts: the force due to the distorted lattice of bare ions (Coulomb)
and the electrostatic force due to the electronic charge distribution
(The Hellmann—Féynman theorem could be used to calculate this contribu-
tion). The Coulomb potential Vc and the electronic contributién VE must

be subtracted to leave a small interatomic potential
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(Vg
ion under consideration
The equation for the lattice dynamics of the crystal can be
written
> > > ’
m w? Ug(q) = 2 Dyy(Q) Uy(q) (4.1)
y . .

where Dyy = ny +C, v * Exy (4.2)

and m the ionic mass

3 the phonon wave-vector
o s
U(q) the polarization vector

w the (circular) frequencies

As mentioned earlier, Vosko (V64) shows that the term ny (due to

the overlap forces), is negligible in alkalis. The Coulomb term ny is
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calculated using the Ewald @-transformation and the ustal formulae for a
b.c.c. lattice are given in Appendix E. The conduction-electron term Exy

can be written

> ) > - -
By @ = - Tl + 1@y + t)Ve@ + T = 1y Vp @] (4.3)
T +
where T is a reciprocal lattice vector and Vg(Q) is the electronic contri-

bution to the interatomic potential. Vg(Q) can be conveniently written as

VE(Q) = -g%%i Gg (Q) ' » (4.4)
where v is the volume of the unit cell and GE(0)== 1. Cochran describes
a method to find GE(Q). The method can be divided into two parts:

First Part: Analyzing the transverse branches which gives us the
section of Gg within the range .866 < § < 1.35 (Q = Qa/2m).

Second Part: Using these results to analyze the longitudinal branches.
That gives us Gy within the range 0 < Q < 1.

As an example of the treatment given té the transverse branches

we shall discuss the case when E is parallel to [1,0,0]. We have

o Dy, @ (4.5)

fl

> >
+ E
Cyy (@) + Eyy(a)
Cochran uses the units e2?/v and writes eq.(4.5) as

mw? = (e?/v)N (4. 6)
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where the dimensionless number N can be divided into two contributions

N, and Ny , so eq. (4.6) becomes
272 .
m w'v/e® = N, + Np

Subtracting the known contribution Nc from m w?v/e? we obtain what may
be regarded as empirical values of NE' Using the expression for Exy as
given by eqs;(4.3) and (4.4) we obtain

NE(H) = Ny (-q) = *4ﬂ§:(T¥ = qy)? GE(? - 4.
S

T Gf—-a)z’

Cochran assumes that Gg(Q) falls to a very small value for Q = Qa/2n > /2
(thus the term GE(?) is missing in eq.(4.7)). With this assumption the
only lattice points to be considered in the sum of‘eq.(4.7) are those

shovn in fig.(4.1). Table (4.1) shows how they add up.

(:) a(l,l;O)

/ .
R - B(1,0,-1)
q ;Afiiiii,

i

*§(1,0,1) \\\\z::)

v(1,-1,0)

fig.(4.1) :



Ty Ty~ ay |y 7 ay)
o 1 1 1l
B 0 0 0
Y -1 -1 1
1) 0 0 0
TOTAL 9
Table (4.1)
- A - -
where f =5 (T4 Ty, T,)
> 2 e = =
and q == (x> q,)
So eq. (4.7) becomes
T 81

N (D) —— G (T - 9
B He ©

@ -

(4.8)

Now for the case under consideration C% - %)2 = (1 - 5)2 + 1

where [ = Ex , So that eq.(4.8) yields

y > (-2 +1
G]‘g(’l‘ qQ) = o N

E

@

4.9
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Each transverse branch yields an equation such as this. The set

. of equations yields values of Gy for the range .86 < 6 < 1.35. The re-

sults are unique for sodium but for potassium and rubidiﬁm different
branches give different curve segments. Fig.(4.2) shous the tail portion
of Gy obtained for rubidium (tﬁe scale is much enlarged). Also GE should
be non-negative for all values of Q but we see that this is not the case
for rubidium. These facts show that a larger number of réciprocal lat-
tice-points'should.be used. But before we describe the other metﬁod, we
will show how the remaining portion of Gp is determined. As mentioned
the longitudinal branches are used and we will consider the éase with E

parallel to [1,1,1]. We have
2 - . ’ ~¥> + >
mw* = Dy,(q) 2 ny(q) (4.10)

The corresponding equation for Np can be written as

- 2 - ~
Ng(@) = - 4"24(%—%) :ff‘gz 3 ) Gg (T-0) (4.11)
T

Apart from the point T = 0, only three other points contribute to the

sum. They are shown in fig.(4.3) and table (4.2) shows how they add up.

/ J)Ot(l,l,o).

4 Y(O,i,lz:j“\
. J ”
Y

/

0

.f'

g(1,0,1)
fig.(4.3)
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point| T, | Ty | Tl (Tyrap? 20800 (Ty-ay)
—). — 2
T=0 0 0 0 -z 3z
a 1 1 1-z 3 - 6z + 32
T%0 8 1 0 1-7 1 - 4z + 3¢°
Y 0 1 -C -27 + 372
Total for T # 0 4 - 12¢ + 92

where §
for T =

->
for T #

so that eq.

Np(Q) = 4w [GE(EE) + 7

Table (4.2)

=qy = 9, and we also have
2- ->
0 (T - Q? =32
> 2 -
0 (T - 2 =201 - )2+ ¢?
(4.11) becomes
(2 - 37)?

(1-7%+z?

GE(:I-'> - 3)]

(4.12)

So knowing GE(% - E) from the analysis of the transverse branches

GE(H) can be determined. The procedure is as follows: eq. (4.12) can be

written

G ()

where

->
NE(Q) Gﬁﬁ)
-.‘ 4 - (2 - 3C)2 EZ

g2 = 2(1- )%+ g?

- (4.13)

o
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G(£) is obtained from a smooth curve drawn through the points ob-
tained from the transverse branches. (Lagrange interpolation is used with

a table of vafwes.) The longitudinal branches yield a set of equations

such as (4.13). From these Gg is obtained for the range 0 < Q < 1.

Combining these results with those of the transverse branches GE is speci-

fied over the range considered by Cochran. Fig.(4.4) shous Gp for rubidium.
The area enclosed by a rectangle shows the region determined by the trans-

verse branches. It overlaps with the one of the longitudinal branches.

2. The Method of Cowley et al (C66) for Obtaining the Local Pseudopotential

Cowley, Woods and Dolling (C66) assume a local pseudopotential for
the conduction elecfron—ion interaction. Let VP(Q) be the Fourier trans-—
form of the local pseudopotential and Epr(Q) the "proton-proton'" dielectric

function (see Appendix F), we have
V(@ = _vQ? (1——1—— lv_(@|? (4.13)
4e? \ €pr(Q P :

Vp(Q) can be written as

_bme?
V@ = - F @

where §(Q) is the form factor, one convenient property of the form factor

is that }(0) - 1. The relationship between the previously defined Gg(Q)

gnd &(Q) is

1 ' ;
GE(Q) o= _S.z(Q)(l - €pr(Q)> (4.15).
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or, alternatively

G = L2 -XQ)_ | 4.16
5@ @ 0 (416

vhere epr(Q) and €,7(Q) are the "proton-proton" and the "proton-
electron” dielectric constants respectively (see Appendix F for the re-
lationship between them). For the choice of the dielectric constants we

take our formulae

. i 3
€e1(Q) 1 +[l IR X(Q)] X(Q)

and

€0y (® = %’1 +X(@Q + g}l + XZ(Q)i

We feel that these formulae are better than the others because of

1) a better description of electron-electron correlation ({choice

2) the justification given to the factorization procedure used in their

derivation.

3) they involve no free parameter (no parameter kg which can change the

magnitude of the exchange and correlation term by a factor as large as
three, depending on the choice made (fig.(3.10))).

We now describe how %(Q) is obtained. The general shape is known
from previous work such as Cochran's or Cowley et al's. We know that
.&(Ql) =1 ‘for Q =.0. We chose a Qy such that Gg(Q) is negligible

beyond this limit and set &(QN) = 0. We then specify g at the points
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Q2, Q3, cuny QN—l' Values at intermediate points are found by Lagrange

(cubic) interpolation.

, gfew

This is used as the first stage of a non linear least squares procedure
where %{Qz), %kQ3), cens g(QN—l) are used as the variable parameters
€15 Cys «vns CM of the least squares fit. The problem then reduces to

determining the set of parameter values which minimizes the quantity

‘ >
A = ? [.wexp’i - w(qi: C]_3 C2: evey CM)]Z (4.17)




Na K Rb
=21 LD | q@| f@ |e@]| @ | @
.2 968 | .918 | .962 | .o11 | .967 | .om
b .878 | .703 | .ss4 | .678 | .857 .687
.6 735 | .430 | .689 | .395 | .e73 | .382
.8 539 | .187 | .465 | .151 | .465 | .155
1.0 301 | .043 | .211 | .024 | .213 | .025
1.2 .056 | .001 | -.057 | .001 |-.001 | .000
1.4 | -.130 | .002 | -.281 | .014 |-.183 | .006
3.6 | 195 | .003 | -.402 | .016 |-.267 | .008
1.8 | -2001 | .000 |-.462 | .013 |-.227 | .003
2.0 0 0 |-.435 | .008 |-.196 | .002
2.2 -.399 | .004 0 0

2.4 -.250 | .001
2.6 0 0

table (4.3)

this ﬁable comes from the calculations with the EC term E3 = - —%-l—é—x-
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where Weaxp , 1. is an experimental value and w(zi’ Cl’ CZ’."" CM) a com—
ppted one. The details of the method are given in Appendix G.
The form factors g(Q) thus obtained are plotted in fig.(4.5).

Smooth curves weré drawn through the points obtained from the least squares
fit, they are tabulated in tabie (4.3). Eleven points were used to fit so-
dium, fourteen points for potassium and twelvg points for rubidium. The
number of points used depended on the size of the tail obtained. We see
thaf Na has a small tail in comparison to K and Rb. This difference is re~
flected in the CE(Q) curves which are plotted in fig.(4.6). An enlarged

scale is used for the range Q > 1. The difference between the Gg curve

for K and Rb cannot be seen on the scale used for the range 0 < Q< 1.

Homology

It is interesting to compare the experimental dispersion curves of

Na; K and Rb by computing the reduced frequencies

Wy = w/wp

2
where wp = ﬁ%%— is the plasma frequency of the ions. For example

choosing the point q = 9pax in the [1,0,0] direction we get

for Na w, = .503
for K w. = .554
“for Rb  w, = 544,

There is roughly 97 difference between Na and K, 27 between K and Rb and

7% betweenvNa and Rb.
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In these natural units the Coulomb contribution is the same for Na,

K and Rb and the conduction electron term Exy is given (also in reduced

units) by

- o R S >
Epy(@ = ‘?f“x*‘l_f)_fqv”v)cg(‘1'”) - _T_x;_XGE(T)_
L G’ T

So in these natural units, two sets of dispersion curves coincide
when the corresponding Gy cuxves coincide. Thereforé the dispersion curves
of Na, K and Rb are not hoﬁologous in the ébove sense, since their Gg curves
show different characteristics. The differences will be further brought out
when the interatomic potentials are calculated.

dne can also define homology in the following more general sense. The
rafio wA(ai)/wB(ai) for pairs (A,B) of elements should be gonstant"(withiﬁ
the limits of experimental errors) for the values ai common to both sets of
data. Copley, Brockhouse and Chen (C68) have found that there seems to be

a definite departure from homology (in the above sense) especially for Na.

and Rb.
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(a) Plane wave

(b) Core function

(¢) 0.P.W. = plane wave ~ core function

Fig.(4.7) Synthesis of an orthogonalized plane wave.
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OPW - plane wave

\/ ()

@ B

Fig.(4.8) An 0.P.W. in the true.potential (a) can be replaced by a

simple plané wave in the effective potential (b).
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3. Some Model Pseudopotentials

The concept of the pseudopofential in a metal comes from the fol-
lowing argument (Z62). The wave-function of a conduction electron in a
metal can be represented by orthogonalized plane waves (OPW's). An OPW

> >
is the combination of a plane wave exp(iﬁ'r) with an appropriate mixture

., of states constructed out of the ion core wave-functions, the mixture being

chosen to be exactly orthogonal to these core states. Each OPW is a very
good representation of the sort of wave-function that an electron must
have in a metal. The core wave-functions are compact and vanish outside
the closed éhells of the i;ns. Thus in the interstitial region an OPW
looks very much like a plane wave, but in the core it can have plenty of
oscillations and looks very much like the wave-function for the next a-
tomic state above the closed shell (see fig.(4.7) which is taken from
262). |

The main point is that an OPW in the ionic potential‘kwhich is very
strong with a singularity like =-ze2?/r near the nucleus) is equivalent to
a simple plane wave in a rather weak effective potential (fig.(4.8) taken
from 262), because the orthogonalit& condition can be made to look like a
strong repulsive potential which cancels the singularity in the ionic po-
tential. The net effective potential is thus quite small, this‘is what we

call the pseudopotential Vp. We will now describe some models for the

pseudopotential.

The Heine-Abarenkov (H64) Model

Following Ho (H68) we adopt a simplified version of the Heine-
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Abarenkov model. It is given by

V() = (4.18)

where r, is a measure of the effective core radius and Vo is the core
potential. The assumption that V, is constant implies that the potential

is a local pseudopotential.

Vp ()

The form of this pseudopotential is plausible since we know that

the singularity of the Couleomb potential should be cancelled, leaving a

small effective potential inside the core while the potential outside the

core is essentially unaltered.

Let us first consider the special case Vo, = 0. The Fourier trans-

form of Vp is given by

15

——




bire?

VP(Q) = - y cos (Qr,) A (4.19)

4“e2
= - 2 E_4(Q)
v Q2 & ?

We see that the Fourier transform of Vp is equal to the Fourier

2 .
“transform - 47€7  of the Coulombd potential times the form factor

v Q2
§(Q) = cos(Qrc). Ashcroft (A68) used this potential to calcalate the
phonon spectra of Na and K.

Now the case Vo # 0 yields

Vp(Q) - jgz [:VO SQin(Qrc) + (e? - Vofc)cos (Qrc):l (4.20)

- dme? £ o | _

T vQ? JHo
where gHo(Q) = cos(Qrc) + A ng(Qrc) o . (4.21)
r3v. ’
with A = ;cza and g(x) = 3(sin x - x cos x)/x°®
e .

(since this pscudopotential was used by Ho (H68) we shall refer to the
corresponding form factor as‘gﬂo(Q)). A and r, will be treated as ad-

justable parameters.

i
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The Hellmann (H35, H36) Pseudopotential

The Hellmann pseudopotential can be written

V. (x) = - el .3 exp(-r/r.) (4.22)
P r o c

.

'where r, is a parameter analogous to the effective core radius, the term

-% exp(—r/rc) is the repulsive part of the psecudopotential and the parameter

B controls the degree of cancellation of the Coulomb singularity. We see
that the exponential factor exp(-r/r.) makes Vp essentially a Coulomb po-

tential outside the range of the effective "radius" r..

The best cancellation of the Coulomb singularity occurs for B = el?.

This is plotted below, alongside the case B > e2.

c 2 2
Case B = e Case B > e -

The Fourier transform of Vp is given by

2 ; 2
4T + 418 rC (4.23)

sz ) v 1'+ (Qrc)z

V@ = -




o o BREUSEE

p/ e2.r
'zqz e @

AQ2 : ‘
where 4- Q =1~ ——— (4.24)
gHel 1+ (Qrc)2

2 : .
with A = BXe » A and r{ will be treated as adjustable parameters.
e?

Harrison's (H66) Pseudopotential

Harrison suggested a simple form for Vp

V() = - % 4 B§(x) (4.25)
r

The repulsive part is represented by a § function at the nucleus,

B is the strength of the repulsion and is left as an adjustable parameter.

~ The Fourier transform of Vp is given by

v.(Q = - dme? B (4.26)

We see that for large Q, Vp(Q) approaches a constant, whereas it
should drop to zero. Harrison overcomes the shortcoming of this point

ion model by examining the Austin-Heine-Sham form of the pseudopotential

1 where r_ is

[1+ (2] ¢

where the repulsive part is found to decay as

of the order of the Bohr radius.

- Thus Vp(Q) becomes
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4rre? B/v
V@ = -4 + (4.27)
P vz [1+ (Qrp)?]? -
41[e2.c
==, JHar(Q)
vQ :
where %ﬂar(Q) = 1- AQ 5 ' “(4.28)
[1+ (ero)?] |
with A = -3 __ » A and r, will be treated as adjustable pafametcrs.
4re?y
The Bardeen (B37) Pseudopotential
The Bardeen pseudopotential is given by
3e e?r? ) '
- ==+ U for r <r
(er Zr; © s
Vp(r) =9 (4.29)
2 .
l-'%‘ . o for r > g

vhere r_ is the radius of the Wigner-Seitz sphere.

S

The interpretation of this pseudopotential has been given by

Sham and Ziman (863). It is made up of two contributions,

1) An effective potential to represent the core.

be a square well of radius r_ and strength Ug-

]

2) The Coulomb potential of the valence electron

the neutral atom to make it an ion.

This is taken to

e removed from

This is taken to be the electrostatic{




field of the charge lel spread uniformly over the sphere of radius rg.

Core potential

Coulomb potential

Total pseudopotential

80
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The Fourier transform of the Bardeen psecudopotential is given by

v, Q) = —{ifgé + Uo} £(Qr,) | | o 4.30)

- - 4322 &#ar(Q). “ )
where {,gar@ = (1 +.-'AQ2) g (Qr) | - D)
with A = ﬁa , 8(x) = 3(sin x = x cos x)/x’. & and 1 are treated as

adjustable parameters.

4. Calculation of the Phonon Dispersion Curves

We will now use the model pseudopotentials of the last section in
conjunction with various exchange and correlation (EC) terms, to calculate
the phonon dispersion curves of Na, K and Rb. The form factors will be
written in terms of 6, this will involve a redefinition of the model para-

meters.

$io@ = cos@) + A'Qe@xY

=2

1-_-AQ"
1+ @)?

:():Hel(a)

- 1532
gHar(Q) = 1= A_Q 2
| P.+ <Qrg){]




B

Frar@ = 1+ ATE@EY

2
27 21
1 = £ 1 = (£
L - Yg s A ( > A
and a is the lattice constant.

We will also use empirical pseudopotentials, chosen such that their

form factors reproduce the shape of the empirically derived form factors of

section 2 of this chapter. Some of the form factors tried are listed below.

,g.l(Q) = (1 + (XQZ + BQ‘&) .S_i%Y_Q
§2(Q> (1 + cQ® + 8Q%)

1+ yQ°

(1 + 0Q? + 89" + YQ®)
1+ yQ°

f.@ =

(1 + aQ® + BQMe(YQ)

§4(Q)

To write these form factors in terms of {, change &, B and y to o', B'

and Y'.

Four dielectric constants were used in conjunction with the model

pseudopotentials, they ére given by

€.1(Q = 1+x+E; i=1,...,4

where the EC terms are
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R T 7]
rpeEy

~-BT(L)f (v) derived from Hone's formulation

El =
E. = - ¥;§££El; Geldart-Vosko's
2 ' Gu? + Xo
- _1_X
E3 21+ X ‘
our formulae
- 1 - " + y? }
E4 = 2 {l + X 1 X

The first two EC expressions contain the parameter x, which is treated

as adjustable.

Results

The parameters were determined by fitting the computed frequencies
to the experimental frequencies by the method of non-linear least squaresf
This consists in minimizing expressions such as

2
A = E[“’exp,i - w(ai’ Al, 'r(':)]

L

The results.are listed in tables (4.4), (4.5), (4.6) and (4.7).
The parameter set for any combination of pseudopotential and EC term is
found by looking up the corresponding row and column.

The results for the EC terms containing the parameter Xx, = kS/kF
were considered acceptable when kg stayed within the range ;SkF.é ks.é 2kp-

Values outside this range were considered too far from the physically possi-

1
A Y
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SODIUM
MODEL
™ Harrison | Hellmann | Bardeen “Ho
EC term '
Al -89¢ 879 . 664 .285
. .
gt r, .367 .538 3.60l 1.52,
4u? + x2 x, | 1.40 1.54 .53 1.41
.0 . .
d -015¢ .0143 . 015, 014,
A' -873 .87_/’ -542 .201
1
__% X r .353 .53, 3.567 1.46l
14+ X
d .0157 .014o .0097 .014,
% {—,1 - X |a'] .88 .88, .52, .214
1)
, ‘/;T:f;;1} Tl .358 .542‘ 3.568 1.48,
d .0149 0134 .0088 .013l
table (4.4)

the symbol'ré means rg in the case of Bardeen's model
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POTASSTUM

MODEL
Harrison Hellmann Bardeen Ho
EC term
Al 1.077 l.lOo .757 .145
1
RECy r. .413 .655 3.779 1.514
4u? + xf) X, |1.40 1.43 .80 1.66 -
d .0}43 .0156 .0064 .0095
1
A 1.047 1.062 .557 .143
-1 X e | .39 .62 3.77 1.51
274 ; c 9 4 4 : 3
d .0147 .015¢4 .0083 '0086
%{_1 - x A" [1.03, 1.05, .56 135
- ré .396 .617 3.767 1.504
b d .0153 .0160 .0087 .0092
table (4.5)

the symbol ré mean

s ré in the case of Bardeen's model
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RUBIDIUM
MODEL )
Harrison | Hellmann Bardecn Ho
A' | 1,144 1.20, .52, .52g
~8f (u 30 RN 724 3.754 T
2
bu® + x x, | 1.2 1.17 1.85 41
d 0114 -0124 .007 .007,
t
A 1.054 1.07, .52 40
2 3+ X
d .0154 .016 .007, .010,
A' | 1.06 1.08, .51, 4lg
%3-1— X '
r! 40, .64y 3.76, .69
+V/1 + x? i d .015, .016; .0074 | .010,
table (4.6)
model

the symbol ré

means ré in the case of Bardeen's
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EMPIRICAL PSEUDOPOTENTIALS

MODEL

(1+aq?+pQ")EinYQ
oQ*+q" =l

1.4 oQ? + O

1+ vq®

a' . 324 ~-.764

B! .061 .766
Na ° 4

v 2.541. -0685

d .0103 .005l

o' . 2907 -.902

B! - .0257 .130
K

! 2.678 .0318

d .0064 .0054

ol . 284 -.925

B! - .0445 .152
Rb .

' 2.680 .0283

d .0079 .0087

table (4.7)

the calculations were carried out with the EC term

E = -

3

o 1=

X _
1+X

for the empirical pseudopotentials




o=

i mmraria = sk s
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ble ones, thus the results for the EC term E;.7 -BT(1)f (u)  are not given,

since the parameter X%, converged to unreasonable values.

The number d appearing in the tables is the root mean square of the

frequency deviations

1

where. N' is the number of experimental points used for the }east squares
fit (approximately 35 poinfs in each case).

Some of the calculated dispersion curves éfor Na, K and Rb) are plot-
ted in figs.(4.9) to (4.15). Some of the form factors (for the model and
empirical pseudopotentials) are plotted along with the experimental ones in

figs. (4.16) to (4.18). All the above curves are plotted for the EC term

E3 = - %-1—§—§ . Some of the constants used in the calculations are listed

in table (4.8), they are
the Fermi wave vector kF
the lattice constant a
the constant B = 2/magkp, a, is the Bohr radius

the constant B, = kg a/m, By occurs when we use the

relation

=4
n

Q/ 2kg

QGu/ akg)

Q/B

[¢]

The experimental points for sodium are due to Woods et al (WH2), for potas-

A}

.sium due to Cowley et al (C66), and for rubidium due to Copley et al (CE8).
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* -8
kp x 10 Temp a B B,
em L °k A°
Na . 90 90, 4.237% | 1.337 1.214
K .73 9 5.225b | 1.648 | 1.214
Rb .68 120 5.628% | 1.770 1.218

table (4.8)

- *ref K66 a ref.(G63)
b ref.(P58)
¢ ref.(C68)

5. The Interatomic Potentials

As mentioned previously the potential between two atoms can be di-
vided into two . parts: the Coulomb potential V., and the electronic contribu-
tion Vg. When the electronic contribution is subtracted from the Coulomb
potential, it leaves a comparatively small interatomic potential V. Writing

this in terms of the Fourier transforms we get

V(Q =V (Q) - Vg(Q

= 4me? _
= Vgi V(@)

Thus
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where we have used

4 2
V5@ = 422 6y @

Thus a knowledge of GE(Q) glves us the interatomic potentials.
These were computed using the GE(Q)'S of table (4.3) obtained from the
experimental plionon dispersion curves. The results for Na, K and Rb are

shown in fig.(4.19). The Bardeen model was also used, the results (using

the parameters obtained from the least squares fit) are shown in fig.(4.20).

The above results were computed using the EC term E3 = - 271 § ¥

6. Discussion of the Results

To study the role of the exchange and correlation (EC) term ve must

see to what extent it affects the function

rQ) = _XQ)
€01(Q)

which enters the lattice dynémics through the equation

(@ = oM | 3
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To see this we plot the ratios
R, = Ai/AHarpree i=1, ..., 4

where Ai contains the ILEC term'Ei defined in sec.4 of this chapter, and
AHartree is the same function in the Hartree approximatlon,_that is, with-
out exchange and correlation.

The ratios are plotted in fig.(4.21). We see that R; for the EC term

E, = -Br(1)£(u) dis not in the class of R,, R3 and R;, because it falls to

-zero much more slowly. This is probably'why the EC term Ey did not yield

acceptable results for the non-linear least squares fit; the parameter ko
cohyetged to physically.unreasonable values in most cases.

We now discuss the results for the model pseudopotentials. When we
scan tables (4.4), (4.5) and (4.6), compéring the root mean square of the
frequency deviations and when we éxamine the dispersion curves ﬁlotted in
figs.(4.9) to (4.15), we sce that, of the four model potentiais of section
3, 'the Bardeen model gives the best results. The agreement with experiment
is good for all branches, for Na, K and Rb with the exception of the T3
branch in the_[l,l,O] direction for Na, and the narrow separation of the
Land T branches in fhe [1,0,0] direction for Na.

The degeneracy at q = q . for the [1,0,0] direction is lacking for
the dispersion curves obtained from the Harrison and Hellmann models. This
is due to the prominent tail in the form factors for these two models, in
contrast to the relatively smaller tail for the experimentally derived

form factors. Fig.(4.16) shows this feature clearly. The'prominent tail

‘of the Harrison and Hellmann models extends to relatively large values of

0
hY




6, thus requiring a relatively larger number of reciprocal lattice points
in the summation as compared to the other potentials. Eighty-seven points
were used in our work and we did not considgr it worthwhile to increase
the number of points in view of ‘the poor results from.the Harrison and
Hellmann models for the form %actors (Figs. (4.16), (4.17) and (4.18)).
Harrison (H66) in an application of his model to Aluminiu? also obtained
curves without degeneracies at the points where they weré expected. When
examining the form factors we also see why the Bardeén model gives better
results than the other model potentials; its form factor stays closer to
the experimentally derived one over the whole range. Figs.(é.ié), (4.17)
.and (4.18) depict this clearly.

“Examining tables (4.4) to (4.6) we also note that there is no ad-

in the EC term E, = —BE(u)

2 2
+
4u X,

vantage in having the extra parameter X,

‘since the root mean squares of the frequency deviations are not smaller
than those for the other EC terms.

. For the empirical form factors, the best results were obtained with
2 4
gz(Q) =1*a0Q +GBQ . The dispersion curves plotted for K in fig.(4.12)
1+ yQ

show that the agreement with the experimental data is excellent (they are

even better than the results for the Bardeen pseudopotential). The form
factors for this empirical model are very close to the experimentally de-.
rived ones for Na, K and Rb. - As shown by table (4.7) the r;ot mean square
of the deviations are smaller than those of the modei péeudopotentials (of
section 3) for Na and K. The results for the form factor

‘ 5&(Q) = (l+dQ2+BQ”)§$gXQ are also shown in table (4.7). All the re-

‘'sults for the empirical pseudopotentials were.computed with the EC term




E3 = - %—I_ELX . No results for the form factors :)(“3(Q) = ].+01Q2-I-BQ"+YQG
- 1+vQ°

and §4(Q) = (1+0Q?+BQ")g(YQ) are given because the parameters usually ~

diverged. Other expressions were also tried, but the most useful one was
founa to be {E(Q) as mentionecd above.

We now discuss the interatomic potentials. Fig.(4.19) shows the po-
tentials computed for Na, K and Rb using the-GE(Q)’s obtainea from the ex-
perimental phonon frequencies. The potential computed for Rb is not similar
to those for Na and K. This is probably due to a difference in the shape
of the experimentaily derived form factors. The poﬁential_obtained for K
is similar to tﬁat of Coﬁley et al (C66). The interatomic potentials com—
puted from the Bardeen model areAshown in fig.(4.20). They are similar to
those obtained by Ho (HGS). This terminates the discussion of the system-
atic study of the pscudopotentials, made with various expressions for the

exchange and correlation term.
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Appendix A,

Integration of Bailyn's Equation for £01(Q)

The equation under consideration is

e (@ = 1+ d4me2 Y (% - 3G (e
k'\Q kF kF

)

n(E") O (AD
Ekl_Q = Ept

107

We have two integrations to perform: one involving h{x) and one

involving h(x"). . _

First inteeration (involving h(x)): Fig.(al) shows us the range of
integration as defined by the boundary of the sphere n(ﬁ'). The vari-.

ables ¢, © and k' are defined as shown. Their limits are | ¢ : 0 > 2

G:0>m
k' : 0~ kF
Thus for the first integration
-3
2, = 1 fdak’ -
. k' em?® | .
2T q kp
= 13fdcbfcosOdG k'2dk’
(2m)
o o - o
: g . o1
» [ 2 .
= Z_{%fxdxfdu | (A2)
_ 0 -1
where x = k'/kp and U = cos 0
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Second integration (involving h(x')) There are two cases: the case

Q < kF i.e. ug?g .5 and the case Q> kF i.e. u?> .5,

> -> ->
Case u < .5 We first apply the transformation k" = k' - Q

to the energy denominator of .eq.(Al). This amounts to moving the origin
from O' to O" in fig.(a2). We choose a along the 2z axis. The inte-
gration falls into two parts:

i) the smaller sphere of radius kg—-Q defined by ¢‘ : 0> 27

| 6 : 0=+

n . . -
k" : 0~ kF Q

and ii) the crescent shaped portion defined by [ ¢ : 0 > 2W
06 :10 ->71
c

"o -0 = +
k kF 9 kF Q

where OC is the lower limit of integration for O and is defined in
fig.(a3). (We get the same equation for Gc for the case u < .5 and

u > .5). Using these limits we obtain . -

k3 1-2u +1 1+2u He
}: = 7;.1}% [ fxzdxfdu +f xzdxfdu:] . (A3)
®' -1 1-2u -1 .
Case u > .5 The limits of integration are depicted in fig.(a3),
and are ¢ : 0> 27w
e : Oc > T

" . - x
K"t Q-kp > Orky

so we get for this case




s

k! 42

u
j;‘ ki, 2
/= = x“dx f dp

Combining these integrals into one we obtain

B ) 1+2u
u
€e1(Q) =1+ '—2':5— - %1—1- f3h(x)x fn g dx

1-2u

g, for x < 1l
where g =
g forx>1

1+2u
€,1(Q =1 +-;;5“ gl 3h(x)xQ(x,u)dx
Yo

f3h(x)x n g_ dx]
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kA4)

We now use these results to perform the integration. We give
the details for the case u < .5. Using eq.(A2) for the term involving

h(x) and eq. (A3) for the term involving h(x') we obtain from eq. (A1)

(A5)

: 1 1-2u
, BE(uw)
€01(Q) = 1 + 2u? -~ % 3h(x)x n g, dx _.}f 3h(x)x n g, dx -
o [

1+2u
1-2u

where =Xty and = bu(x * u)
8o “lx - u ne By 1 - x?

(A6)

When the case u < .5 and the case u > .5 are combined we obtain

which is eq.(2.29),’ Y, and 0(x,u) are defined as in eq.(2.29).
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fig. (a3)
-> -> ->
We know that k" =k' -Q
so k' = A a
and k'2 = k"2 + Q% + 2k"Q cos O .

" ->
where 0O is the angle between 6 and k", it has the lower limit O = @c.

So substituting this back into the equation we get

2 - "2 2 ."
ky = K"+ Q.+ 2k"Q cos Oc

Let x = k"/kF, u = Q/ZkF, Y, = cos @c, we solve for u. to obtain

U= (1 - x% - 4u?) [hux
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Appendix B. Correction for some Results in- Hone's Work

Honc makes a mistake in the determination of . and this

affects the subsequent integrals.

: x2 - v2 -1

He gives the expression Yo = "y (B1)
. . 1 - Qz - x2

while the correct expression is Pe = ——~§;;~ - (B2)

where x = k'"/kp and v = Q/kF_

The proof that eq.(B2) is correct can be given as follows.
' 3
The volume enclosed by the big sphere of fig.(a2) is éng and is
made of two parts: the little sphere and the crescent shaped portiom.

The integral for the total volume is given by eq.(A3), which we write

1y v

» fd3iz" = 21rk§,[fx2dx(2) ¥ fx’-dx(uc + 1)] ' (B3)

-© 1-v

The two parts of the volume are written separately. Wnen inte-

grated (using the proper value of uc) eq. (B3) should yield

. 3
fd3-1:" _ kg
3

Substituting Hone's y, into eq. (B3) we get

570 = o3 2 7,533 +1) 2 3_ o3 -1 S_ (1o
fd k" = 2TTLF [E (1-v)°+ —(-‘é—‘;—l 3(1+v) (1-v) f lOv? (1+v) (1 v)si] =

0
A
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= 2k’ !u_—ﬁ '
F 3 5

We see that the higher power terms (for example the terms in

' tark 3
v%) do not cancel and we do not obtain —E—E .

Now substituting our value of u, as given by eq.(B2) we get

f 43k = 21k [—g— (1-v) 3+ %g(lw)?— (1_—v)3§ - -é—v-g(lhl)l'- (1—v)“§ -

Lv2-1) ;(l+v)2— (l—v)zé]
4v

s 12 _ 2 _ 2 y3 203 -] - v2 - y2
27rkF [ 3 2v + 2vZ - 3 v3 + 2v + 3 v 1l-v vZ+ 1

"

4k

which is the correct result.
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Appendix C. Integration of the Equation for €g1(Q)

Our starting point is eq.(2.44) which we write

('~ §)- ak") 1)

L B g
€el(Q) =1 QZ éﬂlo'u 2u éV(h)) Ekl_Q - Epo

kl

There are two cases: the case u < .5 and ;he case u > .5. We
. > > - )
shall treat the case u < .5. The factor n(k'- Q)- n(k') determines
the range of integration; it is the hatched portion shown in fig.(cl).

-3
The term -n(k') gives a minus sign in front of the integral which is

over the lower crescent.

fig.(cl)

' So we have
k. +0 ec

S k (s F
3 = ——L—fdaii' = _1_2[— fk'zdk'fsin 0do +f k'zdk'fsin 0 d e] (C2)

& (2m)? 42,
kF"Q Oc kF o]




e

Oc is a limit of integration for the angle O and is found as

follows: in the triangle shown in fig.(cl) we have

=
[

- Q% + k'* ~ 20k'cos O

thus cos O, (Q2 + k'2 - k%)/ZQk'

(4u? + x% - 1) /bux

which we write as uc

where y_ = cos 0., u= Q/ZkF, X = k'/kF.

In terms of the variables x, u and ¥ eq.(C2) becomes

-1 1+2u

)1_3 = kF[ fzdxfdu+f 2dxfdu] (c3)v

We shall take the cnergy E,, in the parabolic band approximation

k!
thus

Substituting into eq.(Cl) and writing in terms of x, u and p we get

!
—

Bm? Z N n(x-2u)- n(x) | ‘
€ 1(Q)'— - 3.3 '<} ~ 2u AV(X)) = (C4)
e 2u'ky k . | u - XM

where B = 2/waokF. We now use eq.(C3) to get

' -1 1+2u ,
= — + 1—211 AV X))
€e1(0) = 1 o [fx dxfdu fx dxfduji———i——u_xu
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. o . .
B 7 a(~-x% —-x
= 1 + -8-—3fodxj 51_1%:_:\{_%),_ + f xdx, gﬁjﬁ%] (1 - 2u2AV(x))
u
-2u He He .
B 1 y ) 1+2u
.l.
=1 4 -gu—s[ fx n —'—li:(igl +fx 2n ___{____llsulu—i :'(l-ZuZAV(x)).dx
1-2u i 1= )
8 1+2u
=14+ —8—-; fx en g(l - 202AV (%)) dx o (C5)
u
1f2u
g+ for x° < 1 4u(x + U)
where g = . gy = |5
: g_ for x>1 1-x
Finally eq.(C5) becomes
1+2u
€ (@) =1+ §§£%l - & v/~AV(x)x tn g dx (c6)
u
1-2u .

The case u > .5 is treated in a similar manner, and when com-

bined with the case u < .5 gives eq.(2.45).
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Appendix D. Expansions in Legendre Polynomials and Averages

We expand a function S(u) of u =cos O in Legendre poly-

nomials
o

(W) = 25 EgBy () (01)
=0

where the coefficients are given by

»
2%+1
= 221 fp st

-1

A

and SPQ(“) = 1: Pl(“) = U, Pz(“) = %‘(3]-12—1), LI

+1

for 2=0 f_= -lz'-fs(u)du (02)

-1

Now the average over a sphere is given by

2w

27 T
=%F a6 [sin 0 4 ©
o . o]

+1
_ 1
2_[‘“‘
where ¥ =cos O. So if we have a function S(u), the average value

is given by
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+1
S(u)>. = L (sqan (D3)
Ry |

Comparing eq.(D3) with eq,(DZj we see that taking the average

over a sphere gives the same result as expanding in Legendre polyno-

mials and keeping the zeroth term.
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Appendix E

4e? }1 (qx-i-'rx) (qy-}-"cy) exp (- l’(z_,_’,l" 2/4],,2)
v '

Cyey (D
T {q+t]| 2

+

2 > | o 2 . 202
e 2;% exp (iq f) [6xy§ 23 4 vy exp (-n°4 )%

A8 3 '
2% Y308, 6D op(n?0?) + A 292 ‘ :
- p(-n“R%) + exp (-n“2%)
22 z 23 Vg2 /T

2 2
be 3 411e
- n 1) +
K v

2 [ot?
where ¢(z) = 1 - El/;—t dt

[¢)

2
me” 5 in C,. rather than in Exy’

We have 1nclqded the contribution 39 Oxy Xy

n is the parameter to be chosen to make both series converge quickly and

I is a vector of the direct lattice.
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Appendix F. The Difference between the "proton-proton' and the "proton—

electron' Dielectric Functions

In an interacting electron gas the screened potential experienced
by an external test charge (not an glectron) is different from the scréened
potential expericnced by an electron, since the electron ekperiences an ex-
tra field, the effective exchange and correlation field. To describe both
situations one defines a "proton-proton" and a ﬁproton—electron" dielectric
function. )

Ballentine (B67) considers a homogeneous interacting electron gas to
which is applied an exter&al sinusoidal potential-Vext(a) of wave vector 3
(in the case of lattice vibrations Vg, is the perturbing ionic potential).

An electrostatic potential VH(G) is set up by the induced electron distri-

bution (fig.(fl)).

< Vxe
external { QO conduction
test charge electron
fig. (£1) fig. (£2)

The resulting screened potentiai experienced by an external test

. Vex c s
charge (not an electron) is «Eh£ and is given by
N pT ,
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£
i

Vext
Vext * Vg = . _ (F1)

PY

vwhere €or is ‘called the "proton-proton” dielectric constant.
Now the resulting potential experienced by a conduction electron

\Y
(fig. (£2)) is _ext and is given by
€el '

v . .
+ V = -ext . . (F2)

\ + Vy xc c
el

ext

where €41 is called the "proton-electron" dielectric constant and ex-—

change and correlation effects are fully taken into account by Ve which
!

. . 0= . P

is a function of the total electron density. Combining eqs. (F1) and (F2)

we get

ext

+ = —
Pr Vxe T €el 2

ext

Ballentine gives for Vi.

. v t
Vye = -E 2931— (¥4)
el

where E is the exchange and correlation term (for example Geldart-Vosko's

= - —
2 Q t gk]q ) )

éubstituting (F4) into (F3) we obtain the relationship between the "“proton-

hY
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proton' and the "proton-electron” dielectric constants.

1 -— '1 4 E . (FS)
pPx el '

We now write it in a form useful for equations encountered in

. lattice dynamics. Eq.(F5) yields

8 — - U
1--L - Eex=l-F (F6)
Epr eel
and Ballentine gives €a1 ~ 1+ x+E so that eq. (F6) becomes
1- X = X ' - (F7)
Epr €el

This is the relationship used for eqs.(4.15) and (4.16)
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Appendix G. Details of the Non-Linear Least Squares Method

We start by discussing Lagrange interpolation for g(Q). Take a

value a fo; which %(a) is to be evaluated’

if Q3 Qg then F(@ =0
if 6 < Qn then three cases present themselvés. Cases a), b)

and c¢) as shown below

b)

c)

Ol == = =
////, o

o

)

i

Case a) Let Qu = Q1> Q = Qu» Q = Q1s Qd = Qo2

(@-0p) (Q-Q0) (Q-Qg) ; (@-Qz) (@-Qp) (Q-Qc)
+ oo + - J‘(Qd)
(Qu-Qp) (Q,-Qc) (Q4-Qy) (Qg-2) (Q4-Qp) (Q4~Qc)

L@y = S




e
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Case b) Let Qa = Ql 5 Qb = Q2 1y QC = Q3

Co Lo @@ p o @A) o @) @
J@ fran @y @aes) T YW ey e T % e e

Case ¢) Let Q_ = Qg o » Q = Q.1 » Qe = QN

g(a) is given by the expression of case b)

We now discuss the non-linecar least squares method (P65). The pro-

blem reduces to finding the minimum of the quantity

- 2
A = Z [wéxp,i - w(éi s Cl ’ C2 3 *ec CM)] . (Gl)
i

with respect to the parameters C; , Cy , ..., Cy- So we take the deriva-

tive with respect to Cp and set it equal to zero.

8A_ - - (. Sw_ _
acy 2Zi[wexp,l w(gz 5> €3 5 Cp s --vs CM)] 5Cy 0

We expand m(ai s €15 Cy s L.., Cy) about the point (El 5 Cyp s wens CM)

where this set 61 5 Co s vens EM' is a first approximation to the solution
0(3. ,Cq,C ¢) = 0@.,C,,C Cy + & pe+ xS ac T (6D
9350120920020y 12012V T 0 L T sey M

R
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Thg next approximation to Cp is given by
¢, = Cp * AC,
The problem is to determine Fh; ACy 's such that successive approxi-

mations will lead us to the minimum for eq.(Gl).

Substituting eq.(G2) into eq.(Gl) we get

< -5 Sw | Sw
Waors & = W5 = Ac = 0 G3
)—;l- exp,i T ¥4 z{ 8Cy, l] 5Cy, (63)
. =Y - - -
where Wy = w(qi, Cl’ Cos «evs CM)
Eq. (G3) can be written as
S Sw S - Sw_
%;%‘SCA ackz &y = jéj [vexp,1 - @] Bep (©4)
Sw
Let Z,; = ?;7: , eq.(G4) becomes

A

2 {'Eizki Zki}ACA\ =20 [YWexp,i ~ @)%~ (69
i

Let Ay, = ? Zyi 2y a4 B =30 [0 5t 0] 2y
_ i

eq. (G5) becomes

Z}\:A}\k 6C, = By (G6)

So the problem reduces to the solution of the linear system of eq.

'
N

(G6) for the variables ACyy -ee, ACM.




read in a\il: wexp.l) s

(\

¥
ey (qN| N wexp,N')

define € = F(Qp)s «evs O 7 &(Qﬂml)

calculate (numerically) the derivatives

Z = 'é'@-“-»)-
ki ACk 4=44

{

k=1, ..., !

Ak, «.., M
Y
Mk T A
solve the system A AC = B \
A
C, = G ACk k=1, ..., M

v
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POST ORAL DISCUSSION

. This section was written after the oral examination to discuss
a number of points made by the examiners during the oral. The examining
board consisted of Dr. R. A. Cowley of Chalk River Nuclear Laboratories,

Dr. C. B. Benson, Dr. R. C. Smith and Dr. R. G. Tross.
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1 (a). Discussion of Bailyn's basic equation;

The Hartree-Fock wavefunction used in deriving Bailyn's basic
equation contains the implicit assumption that the electrons are independent
particles, spin-spin correlation being taken into account only. Later on
dynamical correlation is introduced by screening the electron-electron
interaction by means of a suitable dielectric function. Furthermore, the
Bailyn equation is an approximation to a more complicated éﬂuation derived
in Sham and Ziman (S63). In their notation

>
K denotes the scattering vector,

the dielectric function is defined as the sum
of the series;

e"(ﬁiﬁ?ﬂ =1 "{"%Ah!\({z) + %}Akﬁ(ﬁ\ﬁw,v(ﬁ)\ +---

where

Ak,k' (123 = Mm@ "(ll(?t-ﬁ_)

kre™ LR e i
c‘_cm—mnm{ TE = SRR, R R R

NR*

and

R 2 R ) = tire
N{(p-2)* +kd b

Bailyn (and Hone) approximate e—l to

e eRY = | + Z AR
_ K
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1 (b) The extent to which the Ward-Pitayevski identities are satisfied,

comparison with the results of Gell-Mann and Brueckner. :

We start by introducing certain definitions and relations. Following

Geldart and Taylor (G69) we write the dielectric function in the form

~ P : :
c:l+*..__°';ﬂ ey

Following Geldart and Vosko (G66) we introduce the definition

TT7= bm Lw TV | )

W0 Q>0
The limits being taken in the order shown above. I is known as

the screening-constant. There exists an exact relationship between the

compressibility of the electron gas k and the screening constant m (N63);

-

ji— = :Ij;— = ! (2]

—

Ke TR s

xR
k and T represent the compressibility and the screening constant for the
interacting electron gas.
Ko and H: the corresponding quantities for the non-interacting electron gas.

Lim T, = ke Qe 4)
qutCl

Now
WO
where P N I P V‘M 1ty -/
Ty = 5+ == ol U= Gala
thus T['N = CM[QE - (8
o
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Now let us study Hubbard's dielectric function and determine LH as defined

by eq. (3).
) = +owme™
ST ‘ ax T\_H
where TYH = 1T
|- L Ame ]
LR EERY
and % = | <+ %WTCQ- =
H = 11
F
which we rewrite
g, = |+ 2
where
A= &I d= (#/am)’*=-5al
5 .

(6

(7

(8)

(9)

{

e e
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Now using eqs.

T -
TI‘OO

H

1

EN

We now list various expressions for L as obtained by different

methods and various authors.
Hartree-Fock (P66)

Random Fhaze Approximation (P66)

LTRPA =

Gell-Mann and Brueckner (G67)
LLTGﬂ3 =
Glick (G63)
L+
G
Osaka (062)

lr, =

Os

il
{
>
1
)
>
Pt
Y

U —A/a) A /\/3)
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(3), (5) and (7) we obtain

1+aj (10)
) 1)

L= A —2a*(1- {u2) 7] (12)
ol

— U— kw;ﬂ '/\ x (13)

14
i+2) 1

I Lcmm F 9 } (15)
A A

These estimates of L are plotted as a function %-in Fig. (J1), which is
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LRSS

Fig. (J1) =
b
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reproduced from ref. (G66). We now discuss the modification of the %
parameter in eq. (7) to force the Q -+ O limit of HH to agree with the static
limit implied by the relation between the compressibility and the screening

constant as given by eq. (3). Hubbard's expression may be written as

x . (16)

GH: ‘ + Qz "X
| =
L QR+ ER
where
= Ume?
X= 2=,
Now as Q = 0, X > kz/Q2 so that eq. (16) can be written
% an
eH —> i + 2
| - l:); \2&
S
kz gkp
since ——§-==4A, eq. (17) becomes
k
F

2% (18)
&;.
£

Now the dielectric function € for the non-interacting electron gas is

€Ew > 1 +

Y

‘ _—

- | (19)
&= |+ XK |

So that taking the limit Q -~ O one obtains

“I—T..‘x’:-:-__'__T:;l"~ M (20)
T v

-
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thus yielding
2/ ' ’
f= 0 @
\ e
If we choose LT: \J = _t+2)
H | + )

we obtain e -
g = ;_H=|+l+;1 .

as given by eq. (9). So that we can take any estimate of L and fix

Le{al

such that any curve of Fig. (J1) can be reproduced. For example if we
choose L ==LGB then the expression for HH given by eq. (7) reproduces the
results of Gell-Mann and Brueckner.

We now discuss what must be done to our dielectric function

6(')uns = | + {X (22)

to satisfy the fundamental relations between the compressibility and the

k2

screening constant. To accomplish this, we must treat B =-—%~ —g——- as
k
F

a parameter (in a similar manner as Geldart and Vosko's method of fixing ﬁ)

2
TF

~

Nf

instead of employing its standard value B8 = where kT is the inverse

F

=

2
Thomas-Fermi length. F
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Let us use B' to denote the variable parameter which will be adjusted,

2
i k !
i.e. B! =%— —-;— and reserve the symbol B for the fixed value determined by the
. ) | ;
1 kTF
Thomas-Fermi screening length, namely B =3 - We thus write eq. (22) as
kF
X /
é’.o = ‘ -+ 7
e |-~ L K__ | (23)
21+ X
where :
i !
A' = Ao and M= /gl
24> |
As Q>0
N !
éOuns ' + 2 % : (24)
Now € <> | + UL (25)

where | ’)C — g_{z(u\

*u*

so that TT: L'J — _é_ (26)
Py 2

Ouns

{1

thus . (27)
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Choosing LT =1L g ©d- (23) for ¢ will automatically reproduce the results
h H

G

of Gell-Mann and Brueckner.

ours

~  Eq. (27) can be obtained in a different way. One of the Ward

identities is (L69)

€ —> | + (K/xo) ‘Q;\F /@;1 (28)

which can be written as

c - | + (UN=) ﬁ/aul (29)

Our dielectric function gives

Coms —> | + 21X (30)

which can be written

/
Coms™ | F ﬂ/szul (31)

Identifying eq. (29) with eq. (31) we get

ﬁ;i:: (;L/qu)f%(&_
thus obtaining

' B )
¥ alr
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screening. I realized the difference during the defence (when the question
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2. Why e2-pr screening was used instead of ef-ef screening.

We were not aware that ef-pr screening was different from ef-el
: ¢

-

was raised). Heine and Abarenkov point out (H64) that when exchange and

correlation effects are included, one must distinguish between three different
dielectric functions
i) pr-pr
ii) pr-ef
iii) ef-ef
This makes little difference in the results since

ey~ |+ Kl

is a good approximation to describe ef-el screening. (It is better than the

long’wavelength approximation eezjzil-fki/Qz).

3. The derived potential V(Q) should have 3%%21- =0 for Q = 0.

Two oséible ways of having vQ) =0 for Q =0 are
P 3Q

i) Choosing an analytic form which has zero derivative at Q = 0.

ii) Defining V(Q) at a few negative values of Q in a way symmetric

with the positive values, thus making V(Q) an even function which must have zero

derivative at Q = 0.
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