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- : ABSTRACT .

. .
This thesis begins with an analysis of the motives
conducive to stockpiling 'by the resource extracting firm.
This is followed by an analysis of the neoclassical model of

the deterministic extractive firm under perfect competition,

-

The results_derived are analyéed in light_of various 'modifying
assumptions. Then tﬁe model is amended to’determine tpe

optimal profit-maximizing behavior when there is the option of
stockpiling. It is shown formally that if the market”price of the
resource is variable over time it may be optimal for the firm

to stockpile. This conclusion does not hold when the price is

constant.
ST

_—

. ! L
The analysis of the extractive monopoly and its optimal

r

behavieor is carried out when the parameters of the model are

time-autonomous. It is shown formally that a profit-maximizing ’

'moﬁopoiy‘may consider simultaneous sales and_stoﬁﬁpiling as

part of its optimal behavior;-when this happens the ext}action

path-inc;eases over time- while the raté of sales decreases.‘h
Afterwvards a revigw of the literature on imperfectly

competitive resource mgrkets concludes that it is ﬁbt practical

for firms to gtockpile; this conciusion Tests cruciaIﬁy on-

the assumption that fullJinformation prevails in the market,
Other motives for.stockpiling by the firm under’ certainty

LA

Npii T

%



‘ }f ,
that are examined include stockpiling k;r environmental purposes,
speculative purposeé. or because bf indivisibilities of productioh.

The last chapter provides an ovgrview‘of the potential
decrease in risk through sto&kpiliﬁg available to firms that
operate under uncertainty. Different types of ‘'uncertainty

are reviewed, and the relevant motives for stockpiling are

discussed. - ‘ S ' . .

"\
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CHAPTER I

INTRODUCTION

Much of the analysis of nonrenewable resource markets
has pakén'place under the assumption that‘thefe is no stock-
" piling. This implies a "handjpo—mouth" exigtence for.the
firm, wﬂere at every moment of time it must équate its marginal
revenue from the sale of the resource with the sum of its
marginal cost of extraction and marginal usef cost in order
to survive in the market. Tﬂis leaves the Eirml'little leeway
in choosing its éales strategy. While accepting that there are
some cases where the assumption that no stockpiling éakes
place is justified (for instance, where stockpiling is prohi-
hitively éxpenﬁive or physically impogsible), there are‘instances
when a model of a resource industry might gain in realism from
extending_the option of stockpiling to the firms' actions.
Also, the inclusion of the option of stockpiling among the range
of options available to the firm to attain its profit-maximizing
sales path in a theoretical model of either a firm or an industry

]
increases the relevance of that model in analyzing and predicting

the behavior of real firms in an actual resource market.

1 . . .
Henceforth, a reference to a "firm" implies a resource
extracting firm.

-
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Yet af a more fundamental level it is_relgvant to
examine whether, given an extractive firm's willingness tao
stﬁckpile, it is possible for the firm to do sa. This thesis
examihes the possibility for the individual resource extracting
firm to gtockpile its resource at zero cost on;c it has becen
taken out of the ground. P

The reasons th'this thesis-examines mostly inventorics
that-ari/held at zero stockpiling cost1 are as follows: T[irst
the least holding cost aﬁy good incurs when it is held is the
raté of interest' on the,value of that éood: if a good is
produced today for sale at some point in the future, even if
it is storéd at zero cost the cost of holding that good until
'iﬁ is‘sold is the difference between the good's present value '
today and that when it is sold at some point in thg future.:

This difference in present valué constitutes the "holding

cost". Furthermore, thé deletion of positive costs of maintaini&g

an inventory from the analysis of stockpiling avoids placing

the analysis in a cost-benefit context that involves thé

evaluapion of the sum of stockpiling and holding costs compared

against the price of the good at some moment in t?e future when

the inventory is sold. Rather\ the object of this study is teo

abstract from the potential be:ZEFts of stockpiling-io concentrate

o .
1By "zero stockpiling cost" it is understood that the

firm does not have to make any payment to any firm or entre-

preneur to store its ore anywhere. This convention shall be

adhered to throughout the course of this thesis, except wherd
specifically mentioned otherwise. '




instead on the implications for a firm's optimal sales path

caused by offering the option of stockpiling.

Furthermore, in light of the varjiety of institutiénal
structures and constraints under which a model of a mining
firm or industry may be presented, the choice of the assumptlon
of zoro (osLs of stockpiling is further warranted.

This thesis proceeds as follows to determine the

-

deblbLlLLy of SLOCkplllng an exhaustlble resource under varying

market structures. First, the motives for any type of firm

Lo voluntarily store some of its finished output are examined.

- —these number eight in all. They are: (i) "strategic stock-

piling”™ to prevent entry in the market; (ii) specq&gtive
stockpiling if the future price or output .is uncertain;
(EET)uﬁ?cEdutiohary étockpiling, or the upkeep of a "buffer
stock" to keep the;conmmmr satisfiéd; (iv) stockpiling for
Lraﬁsactions purposés~(where finished—inventories are used to
smooLh out producLlon), (v) the price stabilization motive,
wﬁcre inventories may be used to decrease price fluctuations
on the mquet; {(vi) inventofies maintained for environmental
purposes; (vii) inventories maintained because of indivisibi-
lities of production; (viii) intertemporal price discrimination.
Hence if an individual firm departs from its "hand-to-mouth"
strategy and decides to vary its sales strategy frqm that of
equating its marginal revenue to its’complete marginal costs,

it must build its stockpile in function of what use it shall

put it to.




The third chapter is an analysis of the competitive
neoclassical extractive firm under certainty, After a review
of the assumptions oflthe neoclassical model, the optimal
extractién plans of the neoclassical firm'are analyzed. 'The
Hotelling rule is derived and Limiting.cascs are examined.
Finally, the behavior of the perfectly compectitive exlructive
firm that has the option of stockpiling is examined. 1t is
shown that when the price'of the resource is constant over
time it is never optimal for the firm to selL aside any
part of its extracted resource, However#._if the markel
price of the resource is variable over time it is shown that
when it is not optima] to sell the resource, it is optimal
to extract it and not sell it immediatély, although cxtrucL?on
takes place at a lgsser rate than if the resource were sold
'immediately after extraction. This conclusion goes against
the intuitive belief that in perfect competition Lhere is
no stockpiling by the individual firm.

The fourth chapter analyzes the behavior of the Lime-
autonomous extractive monopoly. The model of the costless
monopoly is derived as well as that with variable costs of
extraction, Afterwards, the limiting cases to Lhe opkimal
extraction path are examined. The necessary condiLio;S Lo have
stockpiling by a monopoly in a deterministic setting a;e élso
analyzed. It is seen that two different conditions are conducive

to stockpiling for purposes of intertemporal price discrimination.



The first condition is a monopoly where the cost function is
changing over time but increasing at a rate greater than that
of interest. This specificatien may lead the producer to "bunch
up" production at one point in time to avoid higher costs at
a later date, If the demand functien is time-dependent as
well as the cost function, thgﬁ‘the rate of increase of the
cost [unction must be greater than that of the demand function.
The second condition conducive to stockpiling is when the- -
ﬁarnmeters of-a time-autonomous monopoly exlibits a U-shaped
average cost curve. The two conditions discussed above may
hold simultaneously; i.e., it is possible that a time-depen-~
dent cost function ;150 exhibit a U-shaped average c&st curve,
Aftegwqrds, the sales and output paths of the time-autonomous
monopoly that has the option to stockpile is examined. It is.‘
seen that if certain conditions hold, not only is it optimal feor
a monopoly to store its extracted resource in order to maximize
its profits, but also exhibits an increasing extractixg path,
Chapter 'V analyzes the structure of impefféc;ly compe-
titive resource markets. As these types of markets'have npt‘
been extensively analyzed in the literature, the chosen approach
was to review existing models, and then examine the possibility
of stockpiling within their respective frameworks. After a
brief section én the relévan&e of dynamic consistency and the

principle of optimality to the analysis of dynamic games, it

is seen that in all of the models surveyed it is impossible to



carry out stockpiling because of the prevalence of perfect

information. Conversely, it is shown that if consumers build

up a stockpile against a cartel or moﬁopdly. that the consumer's
surplus increases. Finally, the conditions necessary for
stockpiling to carry out price discrimination through Lime are
analyied. It is.shawﬁ intuitively that the conditions rhat
make stockpiling desirable in imperfect competition are lcw.

Chapter VI examines stgsziling for purposes
of indivisibilities of production as well as environmental
m;tives. The analysis of stockpiles maintained for environmental’
motives is a corollary of the mechanism whereby a firm may
decouple its salés path from its extraction path, il Lhe
curve depicting average costs of production is U-shaped.
Afterward, stockpiling for reasons of indivisibilities of
production is analyzed. It is seen that this motive for
storage is probably one of the more pragmatic motives for
stockpiling. Finally, the fact that in some cases a monopoly
may set the rate of increase of the resource price greater
than that of interest may represent a motive for speculators
to enter the market and buy.as much as possible of the resource.
This particular motive reflects a relatively minor aspect of
stockpiling, and will be considered only briefly.

The last chapter provides a qualitative discussion of

various types of urncertainty and of how stockpiling migﬁt

decrease the risk to firms of operating in markets characterized



by ﬁncertainty. After an analysis of the behavior of the
exLractive firm under'uncertainty it is seen how, in a specific
case, [utures markets incite firms to base their p;oduction on
a certain future price rather than on 5 random present price.
This is fgzlowed by an analysis of motives for stockpiling
under uncertainty. It is seen that anly stockpiling for
precautiorery or speculative motives hay reduce different
types ol uncertainties, o |

The main findings of this t@‘%is beas reiterating: in
a déterministic partial equilibrium model oﬁ perfect coméetition

it is possible for a firm to store its extracted ore when the }

price of the resource is tiﬁe—dependent. This result is
contrary to the expected result concerning the actions of the
individual firm in perfect competition, namely that there.is
no.stockpiling. Furthermore, the option of stockpiling by a
deterministie extractive monopoly that exhibits time-@utonomous
parameters is an alternative in the detérmination of p;ﬁfit-
maximizing behavior.  If the firmdecides that stockpiling is
optimal its exfraction path is increasing. If on the\gther
hand the firm decides to equate its marginal revenue from
sales to the sum of its mérginal user cost and the cost of
extraction of the resource then the monopoly's behavior is
identical in all respects to‘that of the neoclassical.monopoly
with increasing costs of extraction.

The relevance of these two findings above is significant
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in that it leaves’the analyst considerably more freedom in
cHarting the optimal path of the extractive firm through

time. In the case of a monopoly the finding that stockpiling

may be optimal might induce a monopoly to apgroach o rate of

sales and extraction that is more efficient than that where ot
each instant of time marginal revenue from sales must be equated
to the sum of marginal costs of extraction and marginal user

cost. The implication of this point For approaching a more
efficient scale of operations than would be available wilhout
stockpiling is obvious. Finally the result that a perflectly 'df
competitive firm can contemplate stockpiling is noteworthy in

the sense that the end of extraction is no longer synonymous

with the end of the firm. The obvious corgllary is that the”

firm has mg{g;écope to determine its optimal skles and cxtLraction
path. This has implications for the analysis of the deterministic
extractive firm in general, -under the assumption of monopoly

and perfect competition.



- o CHAPTER II
.
MOTIVES FOR STOCKPILING - -

Introduction

The. issue of stockpiling is often ignored in microecoﬁomic
analysis. However, in resource models it is particularly
relevant to examine this question for the following reasons:
wHereasda good deal of the static microeconomic theory of the
firm deals with ﬁnlihited flows of a good in principle, the
ﬁheory of nonrenewable resources is concernéd with the problem
of maximizing a flow of discounted profits from a limited
flow emanating from a fixed stock of a scarce reéource.

A resource extracting firm's present value stream of
revenﬁe is obtained from a stock, over which it has ownership.

When it contemplates stockpiling the extracted resource, the firm
Is essentially considering moving its stock of the. resource from
undér to‘%bove ground, If the costs of maintaining its stock-
pile are nil then the only reason for the - 'firm to dispose‘of

its accumulated stockpile are the same that compel it to extract
its reserves from the ground at a predetermined optimal rate

(if abstréction is made of the holding and extraction_costs.)
This rate is determined. by tHe maximization of a stream of
present-value profits derived frﬁm t;érsale of the resource,

subject to the .resource availability,

-
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There are two costs associated with maintaining an

inventory: the storage cost, and the holding cést. The

‘

storage cost is the expense necessary to maintain an inventory.

. ™ R
This expense may range from refrigeration facilifies for food-

——

stuffsuto'holding tanks for crude oill. The holding cost is

somewhat‘different: it is the difference in the present value

-

of a good-between the .time when it is produced (or extracted)

and that time when it is taken out of the stockpile to be sold,
i.e., it is the cost represented by not reaping immediately the
benefits of the sale of the good when production costs have bheen

incurred .«

The concept of a "holding cost” merits some explanation.,
Under competitive conditions, the rate of return of a stock of
cépital is made up of two components: the capital gains enjoyed

by that 3tock, and the change in extraction costs due to the

increase in the present value of the extraction costs caused

by the fact that this unit has been stored, not sold. This
second component is equal to the change in present value

between, say, a constant cost "c¢'" at time t=0 and that at time

t=0§92. Hence if the rate of interest is positiyve,

1Storage costs for nonrenewable resources are usually
quite low. The U.S. Federal Energy Administration, for example, -
estimates oil storage costs at about $1/bbl. capital costs
(if salt domes are used) and less than $0.01/bbl. annual
charges. In an analysis of policies with regard to aluminum,
chromium, platinum, and paladium, the U.S5. Department of the
Interior found the storage costs of those materials to be low
enough to justify exclusion from their calculations. A. Nichols
and R. Zeckhauser, "Stockpiling Strategies and Cartel Prices”,
Bell Journal of Economics 8(1) (Spring 1977): 70.

2This holds for a variable-cost function if it is
time—autonomous.
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-rt ~ _r(t+8
cer’>ce "r(+)

IT a unit of the stored resource is taken out of the inventory

!

to be sold at time t+8, the producer will receive the normal
capital gains on that unit, less the present value of the

cost of extraction incurred 6 periods before the sdle, i.e.,

A-(R-de > Re T ce

Clearly there is no benelfit in storing the resource,.

. Hence in'anlindustry characte}ized by certainty, where
the value of the industry's assets are increasing at a rate
edual to that of interest less the cost of extraction (or
production), the producer who stores his resource loses
ﬁoﬁey on every unit he does not sell immediately after extrac-
tion. - This constitutes the holding cost of the inventory.
llence, the holding cost is the depreciation of a factor of
production. But this is_the same cost as that defined by
Keynes in his appendix on user costl.

Therefore at first glance there is no direct‘benefit
derived from holding an inventory in a market where certainﬁ;’
prevails.

But nevertheless inventories are maintained, both by
firms and public organizations. The motives for the upkeep
of stockpiles are diverse, One such motive is for transaction

purposes, i.e,, even in a deterministic context sales can

fluctuate. If there are setup or adjustment costs of produdtion,

lJ.MI Keynes, The General Theory of Employment, Interest,
and Money. {(London: Macmillan,1973): pp. 66-73. Thig point--
is examined in Ch,III below. '
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a firm may decide to maintain inventories to smooth out the
production schedule. Nevertheless this mot4ve is -but one
of the purposes fof éaintaining inventories.

The relevance of each motive for accumulating inven- g
tories will be examined aftef having examined the motives

themselves.

Motives for Stockpiling

The purpose of an inventory is for a firm or an organi-
zation to sell over and aboée the firm's capacity to-respond
.to the market demand, Essentially an inventory is built up
when there is a decoupling of sales and output that the
intertemporal substitutions of discounted marginal revenues
and discounted marginal costs reqhirel. It is déemed profitable
to ‘increase the stockpile whenpthe expected yield of the
stock is positivez. The capital value of an inﬁeﬁtory is the
sum of discounted gains to be won by substitution, and it is

. ' o L3
maximized when the value of the enterprise is maximized™.

WA

There are eight motives for a stockpile to be built:
up voluntarily in any market, given the proper conditions.

These motives are:

1E. Shaw, "Elements of a Theory of Inventory,” Journal
of Political Economy XLVIII(4) (August 1940} 469.

21pid.

3Ibid.

<k

12
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Stratepgic Motive

This motive for hdlding\inventor?es falls within thé
scope of the iiterature on gynamic games with irreversible
commitmcntsl. These models of firms' behavior deal with the
strategic use of product-specific capital by a monopoly to
prevent entry into a market by a second firm. Essentially
these models show how’a firm may ward off potential entrants
by committing themselves-td remaiﬁ in the market. This commit-

+

ment, takes the form of product-specific capital that is sunk

-

in productive capacity. As this sunk capacity is unmoveable

- -

this.confers crgdipility to the incumbent's threat to remain

in the market.  This threat has-;wo components: how..much

sunk capacity the incumbent possesses, and how'lbw the incum-

bent is willing to set the initial price in post-entry equilibrium.
The sgrategic use of inventory may takg'two forms:

inventory may be ;sed to deter entry in.a market, or alter-

N

natively if enL}y is excluded an invéntory may be used to
. -

influence future market equilibrium by building up inventories

in the present. Essentially the use of inventory to deter

entry illustrates how a firm will commit itself to remain in

a market by "sinkinéf-part of its productién costs to..influence

post-entry equilibrium. Alternatively, the "pure" strategic

use of inventories is much closer to the idea of dynamic games

1The seminal papers in, this area are by A.K. Dixit,
"The role of ihvestment in entry deterrence," Economic Journal
90 (1980): 95~106; B.C. Eaton and R.G. Lipsey, "Capital,
commitment, and entry equilibrium,” Bell Journal of Economics
12(3) (Fall 1981): 593-604, '




and how the selection of different strategy spaces by firms
may'lead to diffefent types_of equilibrium.

The use of inventory to deter entry in a market is a
logical extension of the use of capacity to achioeve the
same ends. The buildup of a‘'sales capacity (as opposed to a
productive capacity) is the ideal illustration of investment of

a product-specific capital; a stockpile of a manufacture

good.may'be éa;d in that particular margét, and represents
a good.whose entife costs of production have heen sunk.

Tbe advantages of_holdiﬁg an inventory [or strategic
purposes are twofold: 'tEe.good is immgdiately’available, and
the marginal cost of supglfzng the finished good is nill.

The drawbacks of holding an inventogy for strategic purposes
become appafent in the medium to long run: every unit sold
depletes the inventory by that amountj On the other hand,

a productive capacity may produce the good for as long as
necessafyz. : S )

Hence, whereas an inventery is an immediate threalb to
potential eﬁtrantsd the use of productive capacity to achieve
the same ends is a much more sustainable threat.

\
Two articles examine' the use of inventories for strategic

. 1L. Arvan, "Some examples of dynamic Cournot duopoly
with inventory," Rand Journal of Economics 16(4) (Winter
1685): 570. ‘

* “This remark is contingent on the product-specific
capital not wearing out.

14
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_motives, First, an article by Arvanl examines the use of
inventories by a symmetric, duopoly operating in the first
period L6 affect the outcome of the industry in the second
period. The cehtral point of the article is that in equili-
brium it isn't possible for both firms to inflﬁénce-the market
outcome througﬁ saleé of.their inventory at the same time:
that is, if it is possible to store the output, the market
equilibrium in the second peried will be asymmetricz. The
abscnce of symmeéfic.equilibrium when both firms carry inven-
tory [rom one period to the next is guarenteed by noting thaf
il this were not so both [irms would uée their inventory to
3 N

act as leader

The thrust of this article is the demoéstration that
through the use of inventories it is possible to influence —
the industry outcome of duopoly. This article then is best
viéwed as a complement to the thesis expounded by R. Warea,
namely that a single firm functioning és a monopoly in a
market may signal to potemtial entrants its determination to

remain in the market by buildiné up an inventory. This

constitutes the ideal expression of product-specific capital:

libid.

2Ibid, p. 572. The reason for this is that the abili-
ty to commit inventory during the first period is "tantamount
to acting as a leader in the period two subgame, but only for
some joint inventory vectors". As a result the firms' value
functions are not concave in inventory, and hence are ill-
behaved.

31bid, p. 574

4R. Ware, "Inventory Holding as a Strategic Weapon to
Deter Entry," Economica--52 (1985): 93-101.



an inventory held by a monopoly has no use other than on
that market in particular. Whereas in Dixit's model there are
no inventories in spite of its investments in capacity the firm

may never set the price at a level below the variable cost of

production. A further strength of the argument is as follows:

-

the opportunity cost of a sﬁnk cost is nil. Hence in the
presence of entry in the market by a firm, the opportunity
cost of the ipcumbent's inventory is nil. Thenrthe incumbent
may deplete as much of hisﬁinventory as he deems necessary Lo
drive down the price, even g;;ng below variable cost

so that the entrant's value function be negative.

If the hélding of an inventory is too costly relative
to the benefits attainable through monopoly profits then
entry. may be accommodated with a symmetric equilibrium holding
after entry has occured: However under certain conditions
it may ﬁe optimal for the incumbent to hold inventories.

This is demonstrated as follows: the buildup and holding of
inventories constitutes a holding cost; however after entry
has occured the inyento;jihay be sold off in such a way as to
influence the payoff from the postentry gamel. Which one of
the two effects described- above is greater is uncertain.

In summary, the use of inventories for strategic motives
is a realistic illusfration of the use of inventories for the

purpose of modiffing market equilibrium.

11hid, p. 97.
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épeculative Motive

This motive may take two forms. They are:
(i) In a market structure characterized by uncertainty producers
will-maintain stockpiles for speculative purposes if they expect
the value of the proauctlgo risel, or if there are increaéing
returns to scale, or if increases in input prices are expeéted2.
(ii) In a market structure charactegized by certainty it isl
possible to have speculative stockpiling in the presence of a
monopoly; for example, if the absolute value of elasticity
increases with increasing output (i.e. as quantity increases
the price elasticity of demand decreases) then the supplier

. may set a pricepath increasing faster than the rate of interest.

Because of possible capital gains to Ire made speculators will

wish to hoard the resource 3-

Precautionary Motive
When there is an uncertain demand for a product a firm
may wish to maintain a buffer stock to avoid being caught short
by an abrupt surge in demand., The optimal level of inventory

is determined by the tradeoff between the opportunity cost of

»

lThe question of how expectations are formed is ignored
here. ‘

2rhis point is due to S. Honkapohja and T. Ito, "Inven-
tory Dynamics in a Simple Disequilibrium Macroeconomic Model,"
Scandinavian Journal of Economics 82(2) (1980): 185.

3This example is provided by P. Dasgupta and G. Heal,
Economic Theory and kExhaustible Resources (Cambridge: Cambridge
University Press, 1979), pp. 329-330. The authors also add the
proviso that this case is not very plausible.
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being caught short and the cost of maintaining invemntories.
Defined in this way an inJentory maintained for a precautio-
nary motive is a'"buffef.stpck"l.

&

%; Transactions Motive .

This motive may arise in the context of bhoth certainty
and uncertainty. If .there are either ant{ciputcd or unantici-
gated fluctuations in demand throughout the lile of the firm,
adjustment costs of production may be very expenéive, us well
as setup costs (if another plant is needed)z. When these
fluctuations arise inventories are used to smooth out the
production schedule3. Even perfectly forescen Fluctuutiohs

in demand do not invalidate this motive for stockpiling.

’ o
Intertemporal Price Discrimination
This motive consists of price discrimination in time:
it implies the optimum distribution of a total supply betwecen

markets that are separated in time'. Stockpiling for purposes

Exogeneous buffer stocks in a dynamic oligopoly model
with demand -inertia are analyzed by L. Phlips and J.-F. Richard,
"A Dynamic Oligopoly-Model with Demand Inertia and Inventories,"
CORE Discussion Paper No. 8603 (Université Catholique de Louvain,
Belgique.) Other analyses involving buffer stocks are due to
A. Blinder, "Inventories and Sticky Prices: More on the Micro-
foundations of Macroeconomics," American Economic Review 72
(1982); J. Green and J.~J. Laffont, "Disequilibrium Dynamics
with Inventories and Anticipatory Price-Setting," Europecan
Economic Review 16 (1982).

2Honkapohja and Ito, "Inventory Dynamics,”" p. 185.

A practical example of this may be startup and shut-
down costs for an automobile assembly line.

4Shaw, "A Theory of Inventory", p. 469.



of intertemporal price discrimination constitutes a special
LN .. .

cause of present-value profit-maximization. Normally, when a

firm maximizes a present value flow of revenue over time, it

isg straigﬁtforward to show{that along the optimal sales and

]
¥

production paths the firm should equate its instantaneous
marginal revenue with its instantaneous marginal cost. If
sume”qfrthu model's paramelcrs.are time-dependent then at some
poinﬁ¢it may be optimal to "bunch up" production to avoid higher

costs of production or prepare for a greater demand. This is

a central point in the case Eor stockpiling for purposes of
intertemporal price discrimination1 in a deterministic setting:
the cost and demand functions may shift over time, usually
upwards but sometimes downwardz.- Othefwise there is nothing

ta explain why an optimal sales and production path determined

. . . . s e 3
at the outset might not hold at some point in the firm's life”,

mic model. Smithies states that

lThe discovery of the principle of intertemporal price

‘discrimination goes back to A. Smithies, ("The Maximization of

Profits over Time with Changing Cost and Demand Functions,"
Econometrica 7 [1939]: 312-318) and E. Shaw ("A Theory of
Inventory"). It is relevant to note that Smithies' preoccupa-
tion in discussing intertemporal price discrimination was to go
beyond the standard condition for profit-~maximizing in a dyna-
",..the device..[...]...of
assuming that an entrepreneur equates marginal cost with margi-
nal revenue at every point in time is inadequate since it
assumes that he lives a hand-to-mouth existence, producing at
every point of time the amount that he sells at that time."
(Smithies, "Maximization of Profits over Time", p. 312).

2§Hithies, "Maximization of Profits over Time", p. 314. --

3Smithies states that the demand and cost functions
need not shift only upwards. However, he adds that a decrease
in the cost and demand schedules over time can hardly lead a
producer to stockpile. (Ibid.}



Smithies' contribution has been summarized by Phlips

1. . /
and- proceeds as follows : in a deteérministic setting with

time~dependent cost, demand, and price functions with a constant

rate of interest the problem facing the firm is how-to maximize

the present value of its profit-Function over the firm litespan
subject to the constraint that the total quantity sold must be
equal to that produced over the life of the firmz. The solution

to this problem determines the optimal sales and production

path; it yields the intertemporal discrimination rulea, namely

e'rt[p+%§q] "rt[c+x de] =2

X%

i.e. at all points in time the discounted marginal revenue
from sales must equal the discounted marginal cost [rom produc-~
tion, and is constant.

One more condition necessary to make voluntary inven-
tories possible is that the rate of increase of the demand and

the cost functions be greater than the rate of interest, with

"the rate of increase of the cost function greater than that of

the demand function.

The derivation of a formal solution for Smithies' problenm

This summary is due to L. Phlips, "Intertemporal Price
Discrimination and Sticky Prices," Quarterly Journal of

Economics XCIV(3) (1980), pp. 527-530.

In the presence of a resource availability constraint
this problem is solved in subsequent chapters for certain
industry structures. °

3Smithies, "Maximization of Profits over Time", p. 316.

20
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is carried 'out presently: if the firm must maximize its
discounted flow of profits, defined.as total sales minus

total revenues, subject to inventory and sales non¥n§gativity

constraints, we have : /T(X—Cl)dtz fo)

T

Cert ©
max e P -CcX 6“; s. b 5(0) ; X(‘O) 2 q(O) =
9% / [ A ] S(TL, x(T), gq(T)=0

. where xyﬁ,S denote, production, sales, and inventories respec-
tively, and tiﬁé subscripps have been deleted. The Hamiltgnian
function corresponding to this problem is

H=e“"‘t(pq'-cx)»rf(x—q)+1r(x-q) '
where‘}l is the adjoint variable corresponding to inventories,
and P is a non-negativity constraint.

s v
T . . . , ~
The necessary conditions for a maximumwWield

-t
_g_i'_z r[c+x +JJ+'U’\O

-rt
M- [P*ﬂ%‘?}—w -v €0
J}.(t): A' = ‘U"(T) i.e.,‘/u(t)=?\., some constant, because

the adjoint equation is zero.

In the case where q>0, x>0 and S>0 Smithies' discrimination
rule holds and we have an interior solution., If q>0, x>0, but
S=0 then T >0 and must be added to;\,

In summary, the essential aspect of intertemporal
price discrimination is that the firm set a ctonstant rate at

which to equate marginal revenue and marginal cost, expressed

in present-value terms.



Stockpiling'for Enviéonmental Motives
The extraction of nonrenewable reséurces from the grouhd
and the preservation of tﬁe environment ofteh_donstitute Lwo -
activities that are at odds ‘with one another. 1In an attempt
‘to freconcile these two activities, T. Levis examines the
effect on a firm's sales and extraction path of placing a
fixed cost on a firm that extracts a resourcel

!
the imposition of a fixed cost/in an extractive firm's profit
' /

. Because of

function to céptuge_the valug}of the environmental damage .
caused extractiVe.éctivitie%} there may emerge new optimal
sales and extraction levels that are not necessarily'equal.
The.imposition of a fixed cost results in a U;shaped average
cost curve, which may be conducive to the economic stockpiling
of resources as the optimal rate of extraction may excecd
conéumption in certain periodszh,

The object of the study is to detérmine whether the
imposition of a fixed environmental cost affects resource
consumption relative to the socially optimal rate of consumption.
These results are then contrasted with those obrained when the

possibility of storage is introduced through the U-shaped .

average cost curve’.

T. Lewis, "Energy vs. the Environment," California

Institute of Technology Working Paper No. 126 (1976).

2D. Lee and D, Orr, "The Private Discount Rate and-

Resource 'Conservation'", Canadian Journal of Economics

VIII(3) (1975): 351-363.
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Stockpiling Caused by Indivisibilities of Production
The issue of storage besgyes important bgcauge”of Ehe

residue left from the seéaratioﬁ of the Primary ore from the
composite ore, leaving a residuel. Tt may be argued that
changing. technologies as well as economic growth might make the
residual ore(s) ﬁétentially valuable. An additional question
iS'whéther industry or the government should undertake storage
of "the residugl oré, since there is nothing to guafantee the

industry that there may ever be a demand for the residual

ore.

The Price Stabilization Motivg

This area of analysis of stockpiling is concerned with
attempts to stabilize commodities that are subject to sysge—
matic variability as a result of variability of supply or
deménd, i.e., a movement in price that is due to shifts,
unforeseen or not, in either the demand or supply curves.
The most preyalent example of price variability is the market
for agricultural commodities, the supply of which is subject
to random fluctuations, generally because of incomplete markets.
So as to reduce the loss of consmer and producer surplus inherent
in price variability it has been argued that it is desirable to

stabilize commodity prices. This is done by the:upkeep of

buffer stbcksz. Whether the upkeep of buffer stocks to reduce

1R.S. Pindyck, "Jointly Produced Exhaustible Resources,"”
Journal of Environmental Economics and Manapement 9(4) (1982):
201-303.

2In May 1976 a special meeting of UNCTAD passed a
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; H . 1
\ Pprice variability is desirable or not is a matter of debate”.

5

"
Discussion of Motives

This thesis deals exélusively wiph stockpiling by
resource extracting firms for purposes other_thaﬁ price stabi-
lization. Hence the last motive fo% stockpiling cxamined
above will not be considered.

Carrying inventories for speculative purpoéés in a
market characterized by price uncertainty has never been

o -
analyzed in a resource market. T~

AY
Inventories maintained for strategic purposes consti-

tute a subset of the literature on egtry deterrence and commit~

ments., This field lies beyond the scope of this paper, and

- - -
———

hence will pot be considered here,

The use of buffer stocks to avoid being caught short
by unexpected surges in demand can only be justified in a
context of uncertainty. Furthermore the range of decision

rules available to the firm keeping inventories for precautionary

resolution calling for the establishment of an Integrated Programme
for Commodities in order to stabilize prices of ten "core” commo-~
dities. This resclution was endorsed by the Brandt Commission - -
Report in 1980. (D.M.G. Newbery and J.E. Stiglitz, "Optimal
Commodity Stockpiling Rule§," Oxford Economic Papers 34(3)
[November 1982)]25 403).

lSome analyses done on this subject are by S.J. Turnovsky,
"The Distribution of Welfare Gains from Price Stabilization: A
Survey of Some Theoretical Issues," in Stabilizing World Commodity
Markets, ed. F.G. Adams and S.A, Klein (Lexington, 1978), pp.
119-148; D.M.G. Newbery and .J.E. Stiglitz, The Theory of Commodity
Price Stabilization (Oxford: Clarendon Press, 1981).

e -




motives is quite large; i.e., these rules may vary in scope

from the automatic stockpile of some past period's worth of

sales, to estimations of consumers' expectations with respect
to upcoming sales. For these reasons stockpiling for precau-
'Lionary motives wiil ﬁot be examined here,

Throughout‘the course of this Eﬁgsis we shall avoid
dealing with the transactions motive by .assuming that when
there is extraction, costs of adjustment are nil, )

The thrust of‘this thesis ié placed on the analysis of
stockpiling for purposes of carryigé out intértemporal price
QiscriminaLiOn by a firm under different market Structures,
varying from perfect competition to pu}e monopoly, and to

some extent on ondivisibilities of production and environmental

motives.

25
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CHAPTER ITI e

: THE ANALYSIS OF STOCKPILING AND
N
\ THE COMPETITIVE MINING FIRM

UNDER CERTAINTY

Introduction

The theory of the single competitive mining firm opera-
ting within a competitive industry has been vell-documented in
the resource economics 1iterature, but the issue of staorage in
the same context has received little attentionll The usual
assumption is that no storage takes place.

_;ihis chapter examines the issue of storage in the context
of the competitive extractive firm. The outline is as follows:
the first section examines—the assumptions underlying the clas-
sical competitive model of the mine in general equilibrium., Then
the profit-maximizing behavior and the optimal extraction path
of an extfactive firm in a framework of partial equilibrium is

analyzed. The third section discusses some of the main results

of the preceding section. These include the well-known result

\

1There are two exceptions to this point. First, an article
by D. Lee and D. Orr, "The private discount rate and resource
'conservation'," (Canadian Journal of Economics VIII(3)
R975]; 351-363) analyzes a monopoly that storés a processed
resource above ground. Second, R. Pindyck, in "Jointly Produced
Exhaustible Resources" examines an extractive firm that faces
indivisibilities of production and is obliged to store one or
several of its outputs. (Journal of Environmental Economics and
and Management 9 (1982): 291-303.

>4
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that- at the maréin the user cost of the resource be the fore-

" gone value of future profits resulting from current sales.

The circumstances under which the mine is exhausted.at tﬁe
cxtractive horizon are reviewed, as well as the conditions under
which thé mine will stop extracting. The Liéks between the

net price, the spot price and the r-percent rule is examined.
This is carried over in the kollowing section where the limi-
ting cases to the r-percentrrule are examined.

The last section exaﬁines the beﬁavior of a competitive
firm in a phrtial equilibriqm settiné that ﬁas the option of
storing the resourée at zcro—éost apove grodnd once it has been -
EXEractgd. -The result of the anélysis is that the firm's deci-
sion to store the resource is contingent on present and.future
price. In particular, if the price of the resource is'constant
it 1s not optimal to engage in storage at any'timé. However, if

L3

B I
the price of the resource is a variable it is possible that the

[irm stockpile its output. There is a proviso attached to the
result that storage is possible, namely that the firm cannot

. /'.
engage in selling and stockpiling at the same time. The only

time when storage is possible is when sales are nil. However

when sales are positive they also occur only at the maximum

rate,
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1

N

The Assumptions of the Neoclassical Model

Stocks and Flows in Gengral Equilibfium
In the context of an‘entire economy a deposit of ore
constitutes a capital good for its owner. It is a capital
good in that sense that it provides a flow of'gervices to
society over a period of timé. Hence the value of a deposit
of ore is the present value of future sales of that resource‘1

As the deposit provides servicqf to society it loses
its value. Thus the value of a capital good is realized in
two ways: by selling the capital good or by selling its
services. If the owner chooses notlto exploit it, and if the
market for investment goods is in equilibrium, then the value
of a capital good must increase at a rate equal to that of

%nterest2’3.

If a resource in situ can be extracted costlessly then
no costs of extraction need be appended on top of the intrinsic
value (or the asset value) of the reseource. In such cases, Lhe price

levied in the marketplace (the "spot price") is the same as

1R. Solow, "The Economics of Resources or the Resources
of Economics," American Economic Review, 64 (1974); reprinted
in Economics of the Environment, 2nd ed., ed. R. Dorfman and
N. Dorfman (New York: Norton), p. 356. -

If the value of one asset is increasing at a rate less
than that ¢f interest, its owner can sell it and invest the
proceeds at the rate of interest, '

Were this chapter dealing with uncertainty the value
of a. deposit would increase at the same rate as any other
investment in that particulaY risk ciass. However, because of

'the assumption of certainty, it is sufficient that the value of

the depcosit increase at the rate of interest,
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i(l—lj we find the "Hotelling Rule

the price of the asset (the "net price")1
If the value of an assgt is appreciatiné at a rate equal
to that of interest its owner will be indifferent to selling

his resource today at an undiscounted price or tomorrow at the

same price discounted at the prevailing rate of interest. This

‘.

notion is expressed in the relation
rt
P(t)= P. € . [1-1]

where po'is the endogenebusly—determined net price in the

current time period t=0. Taking the time-rate of change of
2
1 ] )

p(t)_ r o [1-2]
p(t)

whére p(t)=p0ert is the time- pricepath of the resource in
general equilibrium.”

The impertance of equations [1-1] and [1-2] is as
follows: first these equations are a condition for stock
equilibrium; that is, the valﬁe of a deposit must incfease at
a rate equal to that of interest. Hence neé price must increase

. . 3
at the same rate as all other investments in the economy”,

This convention is due td H. Hotelling, who defined
net price as "...the[...]...price received after paying the
cost of extracting and placing it upon the market." (H. Hotel-
ling, "The Economics of Exhaustible Resources," Journal of
Political Economy 39(2) [1931]: 141).

2Hencefoth a dot over a variable will indicate a time-
rate of change. — -

This statement holds given a simple model of the
"Hotelling™ type; this means there are no costs of exploratlon,
the grade of ore is homogeneous, and so on.

29
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If there are positive costs of extraction then it is the
price net of extraction costs that must inbrease.at a rate
equal to that of interesé. Secondly these two equations are a
condition for flow equilibrium: if net pfice is increasing "at

the prevailing rate of interest then owners will be indifferent

v

to extracting or holding the resource dt every moment of Lime,.

This is the condition that permits the ore market Lo clear:

r

at the going price demand is equal to the supply

In the context of flow equilibrium a final implication

"of equations [1-1] and [1-2] is the following: if the rate

of increase of the net price is greater than that of the rate
of interest, owners will want to hold on to their resource and
keep the resource in the ground; conversely , if net price is

increasing slower than the rate of interest owners will wish Lo

dispose of their resource as fast as possiblej.

The stock and flow equilibrium are thus two different
markets explained through the same rule, which create a link with
the theory of capital and resource deposits. Hence a resource

deposit has the characteristics of an investment good, and must

This result holds only in a general equilibrium setting
with a positive rate of interest. Should the rate of interest
be zero then the value of a unit of the resource would be
constant over time. It is admissable to assume that the time-

pricepath of a resource is constant in a context of partial
equilibrium.

Solow, "The Economics of Resources," p. 357.

3Ibid., p. 361. | 2
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be treated as such.

User Cost

‘Tt has been established that a deposit of ore is a
capital good, Thus to use a‘capital good for the purpose of
providing a good or service enfails a decrease in Ehe value
of that capital good. In a very broad sense this constitutes a
"user.cost", i.e., the cost that is incurred when capital
is used to produce outputl.

It is relevant to note that a complete definition of

"user cost" was presented by Keynes in the General Theory.

It is:
.the reduction in the value of the equipment due to

using it as compared with not using it, after allowing

for the cost of the maintenance and improvements which

it would be worth while tg undertake and for purchases

from other entrepreneurs. ’
This definition was derived for the purpose of defining aggre-
gate income of firms>. It is the entrepreneurs' links between

the present and the future. To paraphrase Keynes, the user

cost determines an entrepreneur's rate of production by

1G. Heal and M. Barrow ("The Relationship between inter-
est rates and metal price movements," Review of Economic Studies
XVIT [1980]: p. 161) comment that in particular, if owners of
the resource regard it as a capital asset constituting part of
their portfolio they will hold it only as long as the return it
gives them is no less than that available elsewhere.

ZJ.M. Keynes, The General Theory, p. 70,

3V. Chick, Macroeconomics after Keynes (Cambridge: The

M.I.T. Press, 1984), p. 47.




determining the balance to be struck between using his

equipment now and preserving it for future use.

v

The purpose of allowing for user cost is summarized by

Keynes: "

«..if a ton of copper is used up today it cannot bhe
used tomorrow, and the vabue which the copper would have for
the purposes of tomorrow must clearly be reckoned as part ot

. ) .
the marginal cust."

Hence user cost is a distinguishing feature of a resource
which is exhaustible: it is an opportunity cost over time of
using a resource now as opposed to using it at some date in the
future: the value that a unit of ore would have had tomorrow
must be counted as part of today's marginal cost of production.
This is because in so doing one is sacrificing tomorrow's
revenue for consumption today.

Thus the net price of a resource that has any future
value tomorrow can never be zero today. This reflects the
irreplaceability of the resource,. *

To summarize, then, the intertemporal opportunity cest
of using the resource today is the user cost. Because it is a
tradeoff of present sales for future revenué it is a cost asso-
ciated with the exploitation of a mineral deposit hecause that

deposit is a capital good. -

1J.M. Keynes, The General Theory, pp. 69-70.

21pid., pp. 72-73.



33

Optimal Extraction Plans of the Mine

Assumptions of the Model

This analysis is limited to partial equilibrium. It
is assumed that the industry operates under perfectly compe~
titive conditions. The.assumptions underlying the behavior of
the representative firm include perfect future markets, free
entry and exit, a fixed amount of known reserveé} an ore of
homogeneous quality, and constant conditions over time. The
last assumption includes the condition that the owner knows the
costs of all inputs with certainty, and furthermore that their
prices are constant. In addition the rate of interest faced
by all producers is positive and uniform throughout the ind;é—
try. Finally it is assumed that all capital is perfectly
malleable and shiftable, i.e., the capital stock is perfectly
divisible, and can be transferred tq_ﬁpd from alternative uses
at no costz. ;

The cost function ofthny firm is assumed to be independent
>

1The assumption that the resource extracting industry is
endowed with a fixed resource base is important; some authors
have shown that when a resource base is variable the usual pre-
dictions of the theory of the extractive firm will not hold.
Some authors who have analyzed this phenomenon are R. Pindyck
("The Optimal Exploration and Production of Nonrenewable Res-
ources;” JJournal of Political Economy 86(5) (1978)]); M.
Eswaran and T, Lewis, ("Ultimate Recovery of an Exhaustible
Resource under Different Market Structures," [Journal of Envi-
ronmental Economics and Management 11 (1984)]); R. Gilbert,
("Optimal depletion of an uncertain stock," [Review of Economic
Studies 46 (1979)]1); J.M. Hartwick, ("Learning about and exploi-
ting exhaustible resource deposits of uncertain size," [Cana-
dian Journal of Economics XVI(3)]).

2This assumption allows for a cost function where all
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of any Ievel 6f remaining reserges, time—autonomous, and
either convex or ogive-shapedl'z. It is poésible for fixed
costs to prevail but the& hust be of the type avoidable at the
end of-the production run, e.g. the rent on buildings of cqﬁip—
ment ﬁeed not be paid when pfoduétion has ceasedq

The Hotelling price-rule discussed in the preceding
sections deals with the industry as a whole. Because this
particular analysis is limited to partial equilibrium the
resource's price-path may be\aﬁyphing: what is important is

that it be a known parémeter of the model.

capital costs are associated with variable costs. If the
assumption of capital malleability is relaxed the standard res-
ults of the mine are modified. Some authors who have pursued

34

the line of analysis are T. Puv ("On the Profitability of Exhau-

sting Natural Resources," [Journal of Environmental Economics

and Manapement 4 (1977)1), H. Campbell ("The Effect of Capital
JIntensity on the Optimal Rate of Extraction of a Mineral
Deposit," [Canadian Journal of Ecocnomics XII(2) (1980)]),

G. Gaudet ("Investissement optimal et cofits d'ajustement dans
la théorie économique de la mine," [Canadian Journal of Econo-
mics XVI(l) (1983)]), P.J. Crabbé, ("The effect of

capital intensikty on the optimal rate of extraction of a mine-
ral deposit. A comment,”" [Canadian Journal of Economics XV(3)
(1982)]), T. Lewis ("A note on mining with investment in
capital," [Canadian Journal of Econemics XVIII(3) (1985)]).

1A. Scott, "The Theory of the Mine under Conditions
of Certainty," in Extractive Resources and Taxation, ed. M.
* Gaffney (London: JUniversity of Wisconsin Press, 1967), p. 29.

2H. Burness writes that the existence of an dknterior
minimum requires a '"neoclassical" cost function, exhibiting
first decreasing then increasing marginal costs and/or the
presence of positive fixed costs. (H.S. Burmess, "On the
Taxation of Nonreplenishable Natural Resources," Journal of
Environmental Economics and Management 5 [1978]: p. 291)}.

3Ibid., p. 292.
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The Optimal Extréction Path of the Mine
The owner of a mine seeks to maximize the present value
of his assetl. Accordingly he seeks to maximize the present
value of his profit—fuqction over the lifespan of the mine.

Thercfore the owner's problem may be represented as
: p ‘

T -
-ri
Tnat//‘63 fﬂ:(t)iit [2-1]
o P
where T represents the lifespan of the mine. - The firm's
! '
profit function is _
T -ri €
/ety -c(q)]e ™ dt-
o
where p(t} is the known price-function, e"rt is the continuous-~

time discount term, and C(q(t)) is the cost function twice
, .
djfferentiable and increasing in q(t). Specifically the

-characteristics of C(q{t)) are2

cfo)=o0 ; c(qt)>0; c’(q(ﬂ)?() }Cé(qgﬂ)\%o.[?-—ﬂ

Exhaustibility implies that the firm cannot extract

more than the initial deposit of ore, or

/q(t)dt g R(o) [2-4]

(4]

1Hotelling, "The Economics of Résources," p. 140,

2 csa s . :

The possibility of fixed costs that are avoidable when
production is nil attest to the presence of quasi-fixed costs.
These costs have been mentioned in the preceding section.
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where R(0)=R0 denotes the fixed stock of reserves at the
initial period of extraction. During the extractive phase of

the mine, remaining feserves are denoted by

R(t /o](t ) dt. | [2-40)

The time—rate_of changé of the above is

R(£) = -q(t). s

[y ]
fR—

Thus the time-rate of change of the deposit Ro is equivalent
‘ s
to the amount of ore that is extracted in each period.

Given the producer's profit function and resource

constraint his problem is

. R 3(0) =
. : -rt R(t) = ~q(1)
mc:x/[P(t)q(’r)—c(q(t))]e R THIN oﬁ (2-6]
R(T)> 0

where the horizon "T" is endogeneously determined. The
Hamiltonian function corresponding to the profit-function

=e'”[p(t)q(’c)—c(q(t))]—?L(t)q(f} )

where 7& is the adjoint variable satisfying the state equation,

The necessary conditions for the problem in [2-7] arel -

1The conditions contained here are the application of
Proposition 3 formulated by K.J. Arrow and M. Kurz, Public
Investment, the Rate of Return, and Optimal Fiscal Policy,
Resources for the Future (Baltimore: John Hopkins University
Press, 1970): p. 38,




&

, , ~rt |
.g_.q‘:i(_t_):[P(t)—C(q(‘t)]e —A(t):O ‘ | [2-8a]

dﬁ(t)=0 = A (1) =.3Vt‘ | [2-8b]
STl ‘
eLrT[p(T)q(T)—c(q(T))}—A(’T)q(T)-_-o [2-8c]

H(T)
A(T) >0 A(T)R(T)=0 [2-84]

ﬂssuming an interior solution, [2~8a] is implied by the

maximdm principle, [2-8b] is the adjoint equation, and {[2-8c]
and [2-8d] are the transversal&ty conditions applicable to the

preblem at hand.

Equation [2-8b] implies&itﬁzah Hence [2-8a] may be
- |

[p(f)—C'(q(t))]e“rLEL [2-9]

By virtue of the maximum principle the problem of dynamic

rewritten

optimization has been "decopplgﬂf into a series of static
maximization problems at each instant "t" within the lifespan
of the mine contained in [0,T]. The function H in [2—7]'is
divided in two parts. The first part is the interior of the
objective functional, and gives the maximum instantaneous flow
of dividends, or the profit rate. Hence over time it is the
flow of dividends from a capital stock. The second part is the

state equation: it represents the flow of '

'investment" in
capital, or rather, because of its negative sign, disinvest-

ment. It is an expression of how capital depreciates as a

o



. 1 .
‘result of choices made .  For this flow to be expressed in
value terms it must be multiplied by the "shadow price" of
-A,Z . . .
the resource, . Hence the Hamiltonian function represents.
the instantaneous rate of increase of the value of assels, to

be maximized at each instant of time, The application of the

maximum principle to [2-7] asserts that there is an optimal

depletion rate of the fixed stock of the resource; this
application may be interpreted as the dynamic equivalent of
the static Lagrangian function3.

The necessary conditions contained in equation [2-8ua]
are explained in the follbwing way:  the marginal valuc of a
unit of the resource during any period of time is equal to the
spot price p(t) minus the marginal cost of extraction C'(q{L)),
both expressed in. present va{ﬂg. The adjoint variable é\(t)
represents the value of a marginmal unit of the deposit; if the
amount of the dgposit is reduced by oné unit, the value of the
deposit must decrease by A (t). This implies thatd(t) represents
the value of a marginal unit of the resource: the incoﬁe of a
firm exploiting a resource deposit would grow by that amount

if one additional unit of the resource were placed on the

< .
1R. Dorfman, "An Economic Interpretation. of Optimal
Control Theory,” American Economic Review 59 (1969): 822,
26. Clark, Mathematical Bioeconomics (New York: John
Wiley & Sons, 1976), p. 104.

3This correspondence between the Lagrangian and the
Hamiltonian functions is founded in A. Takayama, Mathematical
Economics (New York: Cambridge University Press, 1985), p.
601. _
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.
market. This imputes'a value - a shadow price or an "imputed
rent" -~ to the deposgit: if the amount of ore in the deposit
is reduced by one unit, the value of the deposit must. also
decrease by the same amount. |
The adjoint equation t2m8b] yields information on the
rate at which a unit of the reséurce depreciates or appre-

ciatés at a moment in time}. According to Dorfman's interpre-
tationz, the magnitude of ;t represents the rate at which "...
its potential contribution to profits becomes its past-contri—
butions."

Still from [2-8b] the adjoint equation represents the
rate at which a unit of capital appreciates. Hence the value
of a resource is appreciating at a constant rate. Therefore
no matter what the price p(t) happens to be at any particular
moment, the imputed value of the rent is constant. Then the
firm produces only if the spot price is at least equal to the
value of Ehe reaPurgé in situ plus the costs of extraction.

If the séot price is insufficient to cover marginal costs of
production plus the future value of the shadow price of the
: \
resource then production is nil,
Depending on the amount of the spot price and the sum

of the marginal cost of extraction plus the rent on the

resource it is conceivable that firms alternate between periods

1Dorfman,"Optimal Control Theeory,™ p. 821,

21pid., p. 821.
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s

of shutdown and production.

Ae-pt)re(qt). o ew

An examination of [2-10] shows how the left-hand-side (LHS)

_Expressing user cost in tern; of future value we have

is interpreted as "user cost': it is a sacrifice of futurec
revenues due to present sales. A unit of ore that is extrac-
ted in the present cannot be retrieved later., Thus the

cost of withdrawing a unit of the stock in the present must be
> N ‘

balanced by the gain accruing from the benefit of the sale

. 1 . . .
.in the future”. Thus exhaustion, even partial, is a cost

that~mu§tabe considered, Furthermore the fact that the

user cost is a future-value formulation indicates that it is an
intertemporal notion; if user cogt is an impdted yalue stemming
from future productivity, it is expected that the value of this
cost be a Function of time.

A final interpretation of [2-10] is called for: still
considering the firm's mineral deposit as a capital asset, the
removal of one unit of that asset for sale depletes the fixed
stock by exactly the amount of the adjoint equation. In so
doing the firm reduces its possibility of selling that unit at
some time in the future. Thus it constitutes the "user cost".

Equation {2-~8¢c] is the transversality condition. The

1Dorfman implicitly recognized this when he wrote
...the firm should choose [extraction] at every moment so that
the marginal immediate gain just equals the marginal long-run
cost.” ("Optimal Control Theory", p. 820).

11



requirement that the.ﬁamiltonian function at the horizon be
zcro is explained as follows: -the.objecfive of [2-7]

has been to maximize the sum of tha present value flow

of profits. Once the fesource deposit has been physically
exhausted there is no purpose in continuing production.
lence we substitute [2-9] into [2-8c]), both evaluated at

time T and find that

ClaM) _ ¢ L
i (q (T)). 12-11]

This signifies that at the terminal time of extraction the
marginal cost of extraction must be equal to the average cost

of extraction. This occurs for the following reasons: over
time the consumption of a present value flow of payments from an
exhaustible deposit imglies two conflicting forces. Given a
U-shaped cost curve and a positive rate of interest a firm will:
want to produce as much as possible in one period to maximize
its one-period profit, and hence avoid receiving a discounted
flow of payments. On the other hand the more a firm increases
the quantity extracted the more its ave}age costs increase (and
its average profits decrease). Hence a firm seeks to produce
(ideally) at the minimum of its average cost curve, thereby
maximizing average profit per unitl. The extent to which a
producer will choose to maximize total profits over minimizing

costs will be dictated by the rate of interest: a high rate of

1There is a limiting case where there are no costs of
extraction and no upper bound on the extraction of the resource
per period. This problem is analyzed later in this chapter
when examining the optimal rate of depletion of a costless
stockpile.
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A

interest indicates that a remote‘stream ofrpayments in the"
future is less attractive; therefore producers will be less
‘concerned with thg future, and production will incrc;se

towards the maximum profit rate. The opposite holds true for

a low rate of interest, all other things being equal,

Much the same phenomena causes the tilt of the extrac-
tion rates of the mine towards the present: the spot price of
the ;ésource is listed in present value terms, Froh [2-9 ]
-it‘is desirable to benefit from the spot price of the resource
as quickly as possible to invest it in something elée. As
time goes by the net price of the resource increases like com-
pound interest and firms slide up on the "stationary" market
demand curve. When this happens firms slide down on their resp-
ective average cost curves until at the horizon they are maxi-
mizing average profit. In the case of a "bell-shaped" average

1,2

profit function this result has been stated formally by

//N. Long for a positive rate of interéstB:‘ he shows that as

the resource stock tends to zero, the quantity produced declines

over time until, at the horizon, the guantity extracted per

1The formalization of the endpoint analysis involving theé
average profit function is due to N. Long, "Resource .Extraction
under the Uncertainty about Possible Nationalization," Journal
of Economic Theory 10 (1975): 42-53.

2The characteristics of this function are found in Long,

"Resource Extraction and Nationalization,™ pp. 47-48.

3Ibid. The author also examines the same problem with
zero interest rates.

.....
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"period is set so as to maximize avergge'prbfit].

The examination of the second transversality condition
[2-8d] requires the determination of the vaiue of 2& y, Speci-
fica]ly whether it is zero or positive. A first explanation is
as follows: from the adjoint equation [2-8b] we know that 21
is a constant. Now we need to establish that it is positive.
Triviaily, from [2-9 1 if Ek=i)than price equals ma}ginal cost

at all moments of extraction. Hence there is no scarcity

. ‘ ' ' /
rent, and the resource is not."exhaustible" any mo;ET’fTTrﬁﬁiﬁzﬁwf“
S

this pitfallé& must be positive. S

A second justification for a positive value of 2\ is
. : R

provided by‘H. Burnessz; he notes that if é& is nil the solving
of the transversality condition in [2;8c] yields a mean;ngless
result: to obtain equation [2-11] it is necessary that A

be poéitive.

It is interesting to consider a final explanation for the
positive value of'EL : the theory of perfect competition
specifies that in shortfrun equilbrium the markeghprice may'gé
greater than mérginal cost. But the optimal p;iée charged for

the resource, as witnessed in [2-9 ], is price equals the

marginal cost plus the present value of the rent. Noticing that

: lThis result is not new. It was demonstrated by Orris
Herfindahl ("Some Fundamentals of Mineral Economics," [Land
Economics XXXI(1955): 132]):; R. Gordon {("A Reinterpretation

of the Pure Theory of Exhaustion," [Journal of Political Fconomy
75 (1967): 277) states that at the horizon the firm produces
nothing or produces the output that maximizes .average profits.

zBurness, "The Taxation of Resources,"” p. 292.
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the transversality condition in {2-11)] warrants ‘that extraction
stop at the point where average cost is equal to marginal cost !

it must be that immediately beforé the terminal ﬁerioh oé
extraction E\'xnust have heen positive, This.;eems to iﬁbly
_that the industry islin short-run equilibrium when extraction
stops. Insofar as the levying of scarcity rents entails keeping
price above marginal cost in the segﬁent of the market considered
this is not a fanciful assumption.to makez.
We now turn to the exémination of the transversality
conditions contéined iﬁ [2-8d]. There are two cases. They
are:
(i) If the constfaint*is not binding then R(T))O,Ai17=0.
This is imposg;ﬁ&ﬁ_in light of the pfecéding discuséion.
(ii) If the “onstraint is binding then R(T)=0, A.(T)),O There
are two posgible subcases. They are: '
) ;
(a) R(T):é;&fT):O. This case is possible but improbable
as it implies thég'tha-déposat is exhausted at the-
- L .
- same ﬁime that the value of the reédﬂf@é is nil.

(b) R(T)=0,A(Tj>0. "This is the only acceptable solution:

the resource is still valuable but the deposits are
! & . . . '

exhausted. This is also the only solution that considers ot

S i

the partial equilibrium context in which'this analysis is

* set,

lUnit average Costs increase when a firm produces at the
left of the minimum of average cost.

2Burness notes that in an entire industry it is not
impossible that we witpess a situation of perpetual short-
run equilibrium. ("The Taxation of Resources", p. 291).
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In conclusion case (b) above is the only acceptable

solution: the resource is exhausted while ‘it is still valuable.

Net Price, Spot Price, and the Rate of Extraction

One of Gordon.'sl characterizZations of equation [2-10]
is that upder thé-asSumﬁtion of perfect competition the user
cost represents marginal profit, i.e., the greater the degree
of competitiveness in the market the more the price tends
towardgﬁmarginal revenue until, under "pure competition" the
spot price is identicq} to marginal revenue.

Rewriting equation [2-10] in terms of'marginal p;ofit,

revenue, and cost, respectively, we have

- . % ‘ t .
M (t) = MR(t) -MC(}) =A e, [3-1]

-

In a non-resource~based conventional competitivé market there
would bé no‘economic profit: the difference between marginal
revenue {the spot price) and ;argfnal cost is nil. Thus marginal
profit is Qero. In a resource industry marginal profit is equél
to exactly the user cost. Hence eqpation [3-1] gives another
dimension to the concept of user cost: it is a reminder that
even under the assumption of perfect combetition/there is an
intesinsic cost in consuming a resource. This cost is an
exponential value of the shadow price of tHe resource ..

To cxamine the link betwéen [3-11 and thée Hotelling rule

we take the time-rate of change of [2-10] and find, after

1Gordon, "A Reinterpretation of Exhaustion," p. 277.



alteration to the cost functionl'2

MHUY=§“)¥W- . ﬁ&ﬂ
Mrr(t)  pl-c .

That is, the percent rate of increase of marginal profit is

equal to that of price minus the constant cost of extraction,
which is equal to the rate of interest. Hence in the case when
the cost of extraction is constant the Hotelling rule is verilfied: —
the percent rate of increase of the spot price of the resource
(minus the cost of extraction) is equal to the rate of inLerest.

If costs of extraction were nil, [3-2] would reduce to

the simplest form of the Hotelling rule3

Bt

A=, fl-2]
p(t) :
A comparison of [1-2] and [3-2] indicates that the rate ol jn-

crease of the spot price without costs of egtraction is less
than that with (Eonstant) cbsts of extraction.

If the form of p(t) is the same in both [1-2] and [3-21,
then obviously [3-2] holds. for a rate of interest that is

smaller than that in [1-2]. When [3-2] is reduced to the

1Equation'[Z--lO] contains two unknowns: p(t) and C{q(t)).
To avoid an indeterminacy in the timepath it is necessary to
set one of these variables equal to & constant. Hence C(q(t))
is equal to some constant "c". :

2Expression [3-2] holds only if the spot price prevailing
at any time in partial equilibrium coincides with that prevailing
in general equilibrium,

If costs of extraction were nil [3-2a] would reduce to
[1-2}. The case where costs are a function of the quality of e
ore is taken up in the next Section.



form of [122] we have

_F_.)._(t_)_—r'[l—_&__.]

p(t) - p(t)

The RHS of [3-2a] is smaller than that in [1-2]. Since we

[3-2a]

cannot assume that interest rates are different, it must be

that the rate of increase of [3-2] is less than that of [1-21].
- o+

Said otherwise, the Hotelling rule is not a strict equality

between percent rate of change ip prices and the interest rate

when there are positive costs of extraction.

Exceptions to the Hotelling Rule

The Hotelling r~percént rule states that the price or
the value qf.a unit of ‘resource rises continuously over time,
so long as the rate of interest is positive. However, empirical
studies of resource pricepaths suggest that exhaustible resource

pricepaths have experienced long secular declinesl.

e

Different theoretical models have been proposed to
account for the seeming discrepancy between the theéoretical
predictions and the empirical results. These models invoke
exﬁlanations ranging-from$the presence of cumulative extra&don,
durabie exhaustible resources, exploratidn, and technological

change.
'

Hotelling's article recognized that if the grade of ore

/

1 A /7

This evidence is to be found in M. Slade, "Trends in
Natural-Resource Commodity Prices: An Analysis of the Time
Domain," Journal of Environmental Economicé and Management
9(2) (1982): 122-127. A more complete spudy is found in
H. Barnett and C. Morse, Scarcity and Growth (Baltimore:
John Hopkins University Press, 1963). \\;\
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is not homogeneous the cost of extraction will be a function of
2

how much has been extracted from a mine up to a particular

1
moment "~ ,

In his ‘discussion oleotelling, Gordon incorporates

. . 2,3 . . .
Hotelling's degradation term '~ .into his profit function.
He finds that upon maximization of- his constrained profiL—

function that "

...nothing like the r-percent rule ‘can be
derived.”" Nevertheless he does state that marginal profit will
be reduceda. This implies that either the user cost will be

°lower; or the spot price higher, or both.

Levhari and Liviatan deai with cumulative extraction
through the introduction of "full marginal cos;"s. Through

the explicit introduction of a degradation term in the cost

function6 they derive an alternative expression for marginal

1Hotelling, "The- Economics of Resources," p. 152.-

2Hotelling's analysis of the problem of degradation"
indicates that he believed ore degradation was continuous, o
not by layers. ) N

3From a chronological point of view it appears that Orris
Herfindahl ("Depletion and Economic Theory," in Extractive
Resources and Taxation, ed. M. Gaffney [London: University of
Wisconsin Press, 1967], pp. 63-90) was the first author after
Hotelling to address the problem of differing grades of ore,.
He ‘found that the best ore will be used first, The same conclu-
sion is derived in Solow ("The Resourge of Economics," p, 358).

4Gordon, "A Reinterpfetation of Exhaustion," p. 278.
5

economics of exhaustible rescources,
nomics X(2) (1977): 177-192.

D. Levhari and N. Liviatan, '"Notes on Hotelling's
" Canadian Journal of Eco-

Scla(e), x(£)1; €20
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rc&enuel. In their case it is clear that the full marginal
cost must-incl:he a term that reflects degradation costs:

they interpret this last term as the present value of ali”f_
future additional costs of production caused by the decisisn

to extract the last unit at time t2. By differentiating the
expression for marginal profit with respect to time the ahthors
show that the price-path of a resource to which full marginal
cost has been apblied is shallower than that of resource
models with no cumulative extraction.

This result coincides with the prior results obtained
while discussing the r-percent rule; that is, the_lower are
the costs ok extraction, the closer is the time-price-path to
the rate of interest.

In the context of general equilibrium, where a continuum
of grades of ores is available there is an analysis by Schdlze
worth noting: in a context of general equilibrium, where different
graﬁ%s of ore exist over a continuum of guality and where use
is sequential, the price;;ath of a resoﬁrce will increase at
a rate equal to that of itmerest. That is, within layers the

Hotelling r-percent rule will holda.

lLevhari and Liviatan, "Notes on Hotelling," p. 181.

21hid, .

BNT Schulze, "The Optimal Use of Non-Rengwable Resources:
The Theory of Extraction," Journal of Environmental Economics
and Management 1(1) (1974): 53-74. The author makes several
assumptions for this result to hold; in particular 1t is
important that perfect futures markets exist to coordinate
stocks and flows. .
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The second circumstance iﬁ which the r-percent rule will
not hold is in the case of durable exhaustible resources. In
an effort to explain fhe U-shaped characteristic of an observed
regource price-path, it.is suggestedl that the demand chnrééLe—
ristics of a nondurable resource are different from those of
durable resources. ' Specifically, the demand for a.perfectly
duréble resource is a stock relationship because the good
provides utility as long as it is held; the demand is for a stock
in circulation. Conversely, the demand for a nondurable
fesoﬁrce is a flow, because once it is consumed it no longer
provides utility; this demand is for a flow of production.
Bas;E\Qp this distintntion the authgrs characterize the
demand for the marginal value of services derived from‘a stock
of a durable resource already in circulation; this enables them
to determine the dynamics of demand of resources endowed with
varying- degress of durabili;yz. Postulating a finite stock of
reserves, an increasjing variable cost of extractionB, a

perfectly durable resource and a static (time-autonomous) -

14

1This evidence is referred to.by D. Levhari and R.
Pindyck, "The Pricing of Durable Economic Resources," Quarterly
Journal of Economics XCVI(3) (1981): 365-366.

2The authors examine the dynamics of three models. These
embody, respectively, the following characteristics: perfectly
durable resource, static demand; partially durable resource, .
static demand; partially durable resource, and growth in demand.
An analysis of the three models yields a decreasing pricepath in
‘the first case, and a‘'U-shaped pricepath in the other two cases,.

3If, for a perfectly durable resource the cost of
extraction is constant or nil, then the stock in circulation can
only increase, and eventually the price and the rent will
eventually fall. (Ibid., p. 366).
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demand curve, the authors find that the competitive market
price.falfs as the sﬁock of the resource increases; eventually
the price tends asymptotically towards zéro. However, while
the market price decreases the rent increases at a.rate equal
to that of interest. This occurs because as output falls,
Lhe-@arginal‘cost of production }alls faster than the pricel.
Therefore, the rdte:of decrease depends .on the characteristics
of the function deﬁicting the marginal value of services from
a stock of a durable resource already in circulation and the
level of reserves of&phe resource, If the resource is listed
as being partially durable (i.e., one tht depreciates over
time but at a slowe; rate than a non—~durable) and ‘the demand
function is time-autonomous, the price will fall initially

as the stock in circulation increaseg and later rise as the
depreciation of the stock in circulation sets in2.

This model allows the authors to reconcile the empirically
observed (U-shaped) pricepaths with the rate of increase of the
price of the resource predicted by the theory.

A third insfance when the r-percent rule w%ll not

necessarily hold is when there is simultaneous exploration and

extraction of a resource. Instead of assuming that a producer

1 4

Ibid., p. 372.

2By this explanation, if the demand function increases
with time it is conceivable that the use of the resource be too
strong to increase the stock in circulation. In the case the
resource pricepath would always increase.

o

-



is "endowed" with reserves, it is more economically meaningful

S A
to assume that new discoveries are possible during extraction.

A resource model that uses this assumption is due to Pindyckl.
Specifically, his model embodies two [eatures that the
"neoclassical” model lacks: there is a term denoting cumulative

extraction (i.e., the ore is not of a uniform grade) and as

RN

exploration and discovery proceed over‘time, Lhe quantity of
explofatory effort is subject to decreasing returns. Hence,
as opposed to ;ostless extraction, the equation for the pri;c
dynamics must include .the time-rate of change of the cost
functi;n, cumulative extraction, and the declining returns from
explorationz. The pricepath is increasing over time. Not
;ufprisingly, the horizon and the initial price for the
producer that pursues exploration while producing are, respec-
tivglxi_gérther and lower than a similar producer that does
not:carryﬂén any exploratbry qctivity. This is because the
explqripg producer can count on a larger total resource
ayailability than the producer who doBs not have this option.
The determination of the optimal exploration elfort
presents a problem: on tﬁe one hand there is a willingness
to postpone exploratory efforts (costs) as much as possible;

. on the other hand there is the high cost of extraction caused

by ngariy depleted reserves. The author presents two

1R._Pindyck, "The Optimal Exploration and Production of
Nonrenewable Resources," Journal of Political Economy 86(5)
(1978): 841-861,

21bid., p. 845.
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soluLions; if initial reserves are large then exploration
may be delayed in the future, with the contrary holding true
for small initial reservesl. It is the latter case that
gives rise to a U-shaped pricepath and a bell-shaped extrac-
Ltion pdth: -initially output is low and price ig high. As
n;w'discoveries aré made extraction costs decrease and
extraction increases. Eventually exploration must be subject
to decreasing returmns. This causes less reserves, with a
correspondingly increasing pricepath and a decréééing
extraction path.

« A final explanatioh for U—shaped-pricepaths has been
proposed by M. Sladez; at the heart of the model proﬁosed by
her lies the observation that while resource p;ices have
dropped over at least an B80-year period, the grade of the
ores extracted has been either constant or has declinedS,‘but
‘at the same time there has been at least one significant
technological advancement in the mining of the ore - gradually
introdﬁced over a number of years - that has enabled the price

of the ore to decline over a segment of the time period

examined.

Y1pid., p. 847.

2Slade, "Trends in Resource Commndity{Prices".

grade of copper ore mined was 5 percent per unit, compared
to 0.7 percent today. In spite of this real copper prices
fell from 1900 to 1940.

39lade cites the case of copper. In 1900 the averagf
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"Through the use of a Hotelling-type model modified

to take account of exogeneous techhological change in ﬁining :
technology, Slade derives ag expression for a pricepath that is
equivalent to the rate of change in the marginal costs of oxtrac-—
tion due to changes in technology plus the rate of increase of
the rent that accrues to the resource. If technical change is
zero, the rate of increése of the price is equal to the rate of
increase of the marginal value of the resource in the ground.
Slade'slequatioﬁ depicting the rate of increase of the market
price of the resource is noteworthy because a technical improve- .
ment actually appears in a negative wéy in the equation; if the
rate of technical change is sﬁfficiently fhrge relative to 'the
increase in the value of phe resource,  the pricepath will be
negative.

In order tb e%plain why the pricepath is U-shaped and
not continuously decreasing (as befits a model exhibitiqg
constant improvements in technology), Slade invokes once again
the case of copper; she argues that most of the technologiéal
improvements in the mining of that metal were made in thelfirst
part of this century. Moreoever, a particular characteristic
of the introduction of a new industrial.process is its gradual
introduction over a number of years. Hence the diffusion of a
new process is a gradual phenomenon that occurs at a decreasing

1
rate .

lM. Slade, "Noninformative Trends in NaturalnResource
Commodity Prices: U-Shaped Price Paths Exonerated, Journal

s



55

~F

Finaliy, empirical tests of Slade's theoretical model

demonstrate that for the case of copper in particular, but for

g mineral aggregate in general the specification of a U-
shaped pricepath to explain changes in price over time is
1,2

©.ovalid
In summary, Slade's explanation for a U-shaped bricepath
that is influenced by technological ;hange is supborted byh
ﬂmpirical evidence. This indicates the importance of allowing
for exogeneous technical change in the determination of

resource prices over time.

Storage and .the Perfectly Competitive Firm

Motives for Stockpiling
- @
The motives for stockpiling have been examined in

of Environmental Economics and Management 12(2) (1985): 191,

This article is an answer to a critique levelled at Slade's

article "Trends in Resource Commodity Prices" by M. Mueller and

D. Gorin, "Informative Trends in Natural Resource Commodity Prices:
A Comment on Slade,2 (Journal of Environmental Economics and
Management 12(1) (1985): 89-95).. Speciffically, Mueller and

Gorin contend that Slade's empirical model.is incomplete due

to the neglect of some factors that influence resource prices,

such as monopoly power, political events, tariffs, etc...

1Sl'ade, "U-Shaped Price Paths E%onerated", p. 191.
1

‘2To verify her hypotheses of resource price trends, Slade
uses two types of equations. First, a linear model was used
to estimate resource price paths; estijmated coefficients. were.
significant at the 90Z confidence level in half of the cases
examined. Second, the use of a quadratic model to obtain fitted
trends for the ﬂishaped price paths yielded estimated coefficients

~~that were confident at the 90Z level in all but one of the

twelve cases examined.



Chapter I. Here the perfectly competitive firm is analyzed
under th; assumption of certainty. It is seen that the deci-
sion to engage in stockpiling hiﬂges on the type of parameteré
underlying the model of the fi;m.-

Stockpiling when there a%e no costs of iuventoéy doesn't
imply that the producer's costs of storage are nil: . the costs
of carrying a good through time is the rate of interest. If
there afe positive costs of extraction, depending on the type
of costs, two aspects of barrying inventory through time stand

- .
out: first it is in the producer's interest to delay extraction
as ﬁuch as possible so that he incurs the'digkgunted cost of,
extraction only. ée;ondt if the firm were to store the resource
instead of selling it then it would transcend its role as an
ordinary firm and begin to act as a speculator, i.e., the firm
is setting aside the resource in anticipation that its price

will increase at a rate greater than or equal to the rate of

interest, net of storage costsl. This behavior is perfectly

plausible and even warranted if uncertainty %reVails in the

market: the-firm is stockpiling for pfecautionary or specula~-

.tive purposes. However, in the problem examined in this

sectlion there is ne unggftainty,and the market is perfectly com-

N
petitive. Intuitively this leaves open the question of why

1The basic condition for stockpiling any good is that

its market value net of storage coéts increase at a rate equal
to or greater than the rate of interest.
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such a firm might stockyile, let alone if it will exercise its

optdion to do so. /This questfon is solvéa through the analysis

competitive firm that may stockpile at its

)

discretion any amount of its production, at zero cost.

of the perfect

Through this analysis it is seen that the decision_fof

a firm to exercige itq‘option.to stockpile depends on thé

autonomy or the dependence of the price with respect to time.
,Speqifjcally, when the price is time—autonomous‘iﬁ is clearly

nPn-optimal for a firm:to stockpile its extracted resource.

On the other hand a price that is a function of time leads, to

¢

the conclusion that it is optimal for the firm to stockpile

its ext#f®Ad resource.

— L Assumptions. of the Model

This section examines the behavior-of a perfectly compe-
. . . . _

titive firm identical in all respects to that in equations [2-6]

-

and [2-7) except that it has the option of storing the resource

at zero cost once it has been extracted.

-

The modifying assumptions that are ﬁecessary so that
the perfectly competitive firm examined earlier has the option
of storing the resource are the -following: first it may no

longer be assumed that all the ore extracted is immediately sold.

L

"Hence total revenues in the firm's profit function is the price
p times the quantity sold V(t). Second, the price may be a

constant or a variable. " Third, it is assumed that storage is

available to the firm at zero cost; hence the firm's profit

function is defined over the quantity of ore sold minus the

T ) A . . ' :

A

~a
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quantity of ore extracted. Foﬁn, bearing in mind that if the

N

tirm has stored any mineral“above ground it is for the purpose
of disposing of it after the mine is exhausted, the lifespan of

the mine is distinguished from that of the firm. Then, contrary

to the classical firm examlned in the preceding sections, the

terminal period (T) will denote the terminal time of the
firm. The extractive horizon of the firm is reflerred
to as T€ [0,T]. Therefore the extractive phuse of the mine

takes place during t€ [0,T ], and the pure inventory disposal
problem occurs during the time period t€ [T,T), if applicable.
Throughout rhe extractive phase of the firm the inven-

tory level, S(t), is denoted by

t t L S

e 0 .
i.e., the stock level is determined by all the mineral extrac-
ted minus all sales. So that [4-1] never be negarive we make

the additional assumption!

5(0):0. o [4-2]
Assumption [4-2], the inventory non-negativity rule permits us

to rewrite {4-1] 1n the follow1ng manner:
5(4) /q(t ) dt /v(t)dt yovVielo, 7],

‘That is, at anyatimp during the extractive phase of the life of

T T
%%

Certain models of inventory trading permit inventories
to be negative. This is because the short selling of the
resource is allowed. S. Sethi and G. Thompson, Optimal Control
Theory (Boston: Martinus Nijhoff, 1981), p. 160,




the firm, the total amount of cumulative sales can never be
greater than that of extraction.
To obtain the "inventory flow differential equation"

we Lake ghé time—differential of [#-3] to obtain
S(M=qt)-vit) Vtefo,7],

That "is, throughout the extractive phase of the firm the level
of the inventory may be ‘constant, increasing or decreasing.

If an invengory has been built up during the extrac-
tive phase 'of the firﬁ, before and after the mineral depos%&x
is depleted the firm will seek to dispose of the accumuiate&
stock. Because of the assumption that there are no costs of
'storage, the problem facing the fifm is how to optimize the
timepath of disposing of the mineral inventory. In this case

the inventory time rate of change is

'é(t)-_-_-\/(t)' Vit ([T,T]. | [4-5]

That is, after extraction has ceased the only way the stockpile
can ghange is by decreasing. The terminal condition to [4—§]
is that the lev;l of stockpile be noﬁnegative, or

5(T) o, [4-2a]
The signiflcance of conditions [4-5] and [4-2a] is straightforward:
once extraction has céased the firm faces the problem of the

"pure inventory disposal problem", i.e., over time the firm

Ibid., p. 146, An alternate expression is the "time-
rate of change of the inventory",
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determinés at what rate to disﬁage of its accumulated inven-
tory subject to the condition Lhat it be nonnegative,. |
The presence of costless storage has the following
effect: 4if the market price is below that at which the
producer wishes to sell, he may keep it-in storage before
deciding to dispose-of it on the"market. Regardless ol whether
the costs of carrying inventory are zero. or positive, Lhe
problem of the firm remains that of maximizing a présan value
flow of profits.from'a fixed stock. How this ﬁrob]om is splved
by the producer (if an iﬁventory is built up) is cxamined below.

The Possibility of Storage in Perfect Competition
_when the Price is a Constant

»

The objective function is

' T - _ o
m:.th' g J =/e-rt [th - C(C't)]dt-i- e TW[S(T)] [4~6)
i o R(0)=R, S(0)=0

s.t. R_’._'._qt | é.._.qt ~Ve| 14-71
; V9t Vi, SpRe >0

where W[S(T)] = n;l/ct:x/}:) Vi dt _ [4-8]

T S(T2o0 7.
s.t. Vi 20 [4-9]

55 = —\/t .

Equation [4-6] is the profit-function to be maxinized over the
life of the firm, subject to the constraints in [4-7]. Equation
[4-8] is-the inventory disposal subproblem that is contained

in the W—functidn. Specifically, the w-function (evaluated at

ftimglj-) represents_the sum of prpfits that are derived from the

s
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disposal pf the stockpile, if it has Béen built up.

We note thqt if S(t)>0 during the extractive anse
containcd in t€[0,T], then the state equatioﬁ for inventé;ies
specilied in [4~7} conftrains the inventory flow to be non-
negative, This ensuresrthat there are no sales from inventory
hefore the inventory dispesal phase containe& in t€ ﬁ?;r].

The handling‘of the nonnﬁgativity conditions on the inven-
_ Féry and its flow requires some discussion. From condition
[4=7] we note that invent0§ies may never be negative. In
mathematical terms this corresponds to a pure state variable
inequality constraint. This is handled as foilows: at any
point where S(t)>0 the nonnegativity constraint on inventories
is not binding and can be ignored. If S(t)=0 at any time then
the control corresponding to inventories, é(t), must be cons-
trained so that é(t);O and S(t) remain nonnegative. To handle
this constraint we associate a multiplier e(t) when S(t)=0,

holding with complementary slackness. Therefore, ye muust add

the necessary conditions for complementary slackness to the

N

‘application of the maximum principle: . P
* L™ - "
Ceﬁ—) 2 Y 6(":) S(-t) =0 'eﬁ:) S(t) =0

We now specify the current-value augmented Hamiltonian

function

L= Pv(t) C("It) 2\ t)qt +JJ(t [Glt Vt]+e(f [ﬁt Vt] [4-12-1]

where 2\0’15 the adjoint varlable corresponding to the deposit



-

o UU{t is .the adjoint variable corresponding to the sLockplle

S&), and Q(t) is an auxiliary variable assuring the nonnega-

tlv;ty of the stockpile S(t).

e,

The Lagrangian function must be maximized at each moment

with respect to the control variables q(t) and V(t),.

. A
first~order conditions are -

Iay Iqy

The

Il -_29C _ - A) + ) +6¢) <
. ] [4-12-2]

yla +8) =0
q(- 2 -4 +,a()+9(3

—%—= P -pg) - B0 <
W Vi(p - JJﬁ:)-G(t)) 0

= Vi = bang [0 Gt)) P M) e(tm

The adjoint equations are

A(t) Krdwy  (Ap-r A(t))(Rt) -

P TR (e ryz))( S¢)) = o.

The transversality conditions are

L(7) -r[W(5m)] =

1) > 2W(5G) [}x(y)-—_?_w_[_sg’i]]S(T).—_

25(7) 25
AT»0 ADMRM=

][4-12-3]

[&-12-4]

[4-12-5]

[4-12-6]

[4~12-7]

[4-12-8])"
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Equation [4-12-6] determines the extractive horizon » whereas

conditions [4-12-7] and [4-12-8] together determine the terminal ..

states for the adjoint variables during the extractive phase of

“the mine.

Before proceeding further we must solve the- boundary

conditions contained in [4-12-7]. To do this the "pure inven~

tory disposal problem" contained in equations [4~8] and [4-9]

‘must be solved.

This is done presently. The current-value Hamiltonian

function corresponding to [4-8] and [4-9] is

H = V(1) [p -x(t)], | [4-12-8]

We note that there are two possible types of solution to

[4-12-8]%

(A)

There is an upper bound to extraction at each period of

rtime, namely

O;V(t)gvmax

where Vmax<S(t) and corresponds to tﬁe possibilipy of an
impulse control. The presence of this constraint is to
ensurelthat if it is optimal to sell the resource the
entire stock will not be sold instantaneously.

The necessary conditions for a maximum are
Vit) = bang [O, Vimax jd(t)] [4-12-9a]
X (1) = r «(t) [4~12-9b]
H(T) = pV(T).—'o((T)\/(T):O rée12-9¢]
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L@

x(T) >0 X(T)S(T)=0. [4-12-94]

Ffom [4-12-9a] we have the switching function
o (t) =P — X(t).

0 when o~ <0

Hence V(t)= {
Vmax when g—>0,

A singular control arises when o~ = O,

We now examinehéﬁch solution in tufn:

N
(1) o)< 0 <> p LK),
This i;plies that the price is less than the value ol the
stored resource. By the adjoint equation [#612—9h] this
always remains so becauséé&fIWX(U. This solutioa is impossible
because it implies thatVVLS@ﬂ\unﬂd be identically O,
(i) 0 (t) >0 &= p > X(t)
This imp}ies tbat the price of the resourge is greater
than the value of the stored resource. The producer will
sell the maximum amount until either o (t) reaches p or

S(t) becomes nil.

(ii1) O =0 <= p =)

This implies ﬁ=5<=0 over a time inter;al, and violates
equation [4-12-9b]. Therefore this is only possible

at time T. |

In conclusion, case (ii) is the only possible scenario for
the inventory disposal problem: the price of the resource

is'éreater than its current value} and the producer sells

as much as possible short of using impulse controls.
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(B) There is no uwpper boundrto the amount of ore that can be
removed from the stockpile at any moment. Hence if the
market price is greater than the value of tﬁe invento;y
cverything will be soid instantaneously; we havp an
impulse control.

Wé now return to the extractive problem. From the
solution of the inventory d}3posal Problem as yell as the
terminal conditions1 fo?’the extraction problem we know that

1
when extraction ceases, then

"JLL(T) 2_25‘/\;%'}) =X (7). L~ [4-12-10]

o

We examine the problem of extraction shortly after time t=0.
Because S(0)=0, to begin the problem we éssume that q(t)>0
shortly after time t=0. Then from [4-12-2]
2L+ Aw = p +Bu). :
aqit? -

We examine sales. From [4-~12-3] we have the switchiﬁg function
o (t)=pP - M), a t=0+E€,

This has three possible solutions. We examine each one in
o

turn at time t=0+&€ . They are ' B
(i) P M = Vi) =0 = 5(t) >O,8(t)=0 ) from [4-12~5U4(7)>°<(7)>P_
Butyﬂ-={}1Hence’D§%kth.This solution is impossible, because the

resource can never be sold. This solution was ruled out by the

analysis of the inventory disposal problem.

1The transversality conditions conform to the current-
value formulation of a problem specifying a free-end~point, a
salvage value, and a one-sided constraint on the state variable
.at the horizon. These conditions are listed in Sethi and
Thompson, Optimal Control Theory,.p. 77.
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(i) p> M) = V(t)::q(n , S=0 until M=p
{iidi) PE—'_JJ(t) (T.his is a singghlar control). Hence, P=JJ,.__.0
This violates the adjbint equation in [4-12-5]1. 1lencg this .is

impossible over a time interval.

Therefore thé solution accepted is (ii): the price is
greater tﬁan the value of‘a uéit in storage, and sales occur at
the maximum rate at all ﬁimes if extraction is positive.

This solution is irreversible due to the stationarity of price.

In summary the fact that the price is time-autonomous
ensures that storage is nil at all times.

The‘Possibility of Storage in Perfect Competition

When the Price is Time-Dependent

Here the analysis of the preceding section is repeated,
except that the price of the extracted resource is a function

of time,

The purpose of this exercise is to demonstrate how the
time—depé;dencé of the exogeneous parameters can alter the
behavior of the firm with respect to storage.

It must be noted that the same inventory non-negativity
constraints imposed on the preceding (time-autonomous) model
contained in equation [4-12-1] apply here, as well as the com-
plementary slackness conditions

L3

»* o ¥ F
Oty > 0 6 S =0 O Sty =0,
The current-yalue augmented Hamiltonian function is

L = Py Mt) - <(q8) A Gy o) G-V +Ocv)[ap-W]  15-1)
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3 v
The adjoint variablesé\&)anddu(ﬁ , and the aﬁxiliary variable ?
e(ﬂ correspond to the same state equations as those in the
. preceding seczion.
The Lagrangian function must be maximized at each
" instant with respect to,the.controls q(t) ahd V(t). .The first-

order cond1L10ns are

L __ 96 -Amy+ iy +6t) <

;c)ift [-2¢ )E\(t +/u(t)+9(t)] =0 } el
tht) :

Z__ = pH- My -0 £ O | [5-2-2]

9

FQ .)u&) -] =0
ang O Clt ’ Pt ',}l(t)"’e{ﬂ]

The adj01nt equations are

Asrdo BorraJRi-o e
LT My [ 4 =T )]St -0 [5-2-4]
)J(t)\ M LM /((é

The terminal conditions are

1

Ha) —r [W(S(T))J =0 [5-2-5]
@2 IW[Sw] M@ —IZWES @ S@=0 15-2-6)

U}l 2“5‘7 [ ;755(?) ]

A®> 00 A@R@ =0 [5-2-7]
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The definition; of all the necéésary condi&ions, adjoint equa-
tions, and terminal conditions are the same as in the prece-
ding section and will not be fepeaﬁed here.

The pure invento}y disposal problem with alvuriable price
is easily solved: . the chrrent—value Hamiltonian [unction is

linear in sales, and is written

H = Vo[ pety - 0] s

The necessary conditions for a maximum are

V(t): bdﬂg [0, Vmax jO((t)] .[5—-4—1 ]

E{_ﬂﬂ =T ‘ Sudy =
dt _O((t) | | 4',.“

H(T) = V(M| p(n) - o (T)] C5e4-3)

O((T)}O W(T)S(T)-:O | [S-b-b |

From [5~5—1] we have
V(1) = O when 0’&)‘(0
0 @) = P(t) — Mit) =

There is a singular sclution when

¢ =0

V(t): VmGX When 0_(1)>0

Similarly to the preceding section there are two types of

solutions. They are:
(A) If the maximum amount of sales from the inventory are

constrained so that in any period Vmax<S(t) there are

three possible solutions. They are:
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(j,_;) lp( t)>ex({t) then 'V(t) = Y mox

(i1) plr)<o(t) then Vi) =0

(it}) p(t)gc(&LThis is a singular solution. From the

characterf%tiés of the price function and the adjoint

- equatibp it is a toincidence if this‘reﬁains so-for more

than a brief instant.

Given the variable price function postulateﬂ for this-

model, any sequence of these three phases is possible.
‘(B) If impulse cqntrols are admitted then Vmaxéé(t), and'

the inventory is sold instantaneodsly. ‘} ™

We return to the extractive problem. Frbm the solution of
the pure inventory disposal problem we kno; that when extrac-
tien ceases the price must.be greater than the value of the ‘
stored resource. In addition, from conditions [5~2-6].we

”

~ know that this is also equal toJJ“).- Hence we may write '

M) 2 ;\g/(s)m):x (t) . (52001
' (7 - | :

We now analyze the problem of the firm when there is extraction.
1

To begin the problem we assume that at time t=0+€ q(t)>0.

Then from [5-2-1} 2
JC +A = u+6
Jawy /!

From [5-2-2] we have the switching function

- Vit) = 0 when 675 <0
Gty = Pet) = M) .———>{ "

\((t) = q(t) when o >0



Three cases arise, Thef are:
(i) If p(t)%ﬁd)then V(t)=q(t). Then firm‘se]ls all it
extracts; hence é(t)=0, S(t):O; G(n 20
(ii)IFf p(t)<}uﬂthen’V(t)=0.~436t an>0 since p(t)go.l Then
$(t)>0,7S(£)>0, and Om=o.
From [5-2-4) and {5-2-8] we know that stockpiling wi.ll

take place. The rate ;¥~which stockpiling takes place

o . Mt = /C + Ay
. th

(i1i) If p(t)=Mt) this is a coincidence.

In summary, when the price is higher than the complete
marginal cost, sales occur at the maximum raﬁe of extraction.
If the pr%cé is below the compléte marginal cost, then extrac~
tion for purposes of storage takes placﬁ. The rate at which
this occurs is determined by the amount of thé marginal cost:

L

of extraction.

«Summary and Conclusions 3
The price of a resource is determined endogeneously‘by
the entire resource market. Iﬁs time rate of change is the
same as that of any other capital good, and hence depends on
the rate of interest. This is ﬁhe r-% rule.
: A single competitive firm exploiting a resource deposit

in partial equilibrium seeks to maximize the present value of

a flow of profits, The firm will extract the resource only if

-~
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ég?e Hotelling rule as a criterion to use in the analysis of

rate. .

T

the future -value of the usar cost is at least as great as the

. spot price plus the marginal cost of extraction. This condi-

tion holds for the duration of the life of the mine. If the "
s W Lt ) Y A '
resource industry is to deplete reserves at a socially optimal

rate then the rate of growth of the spot price must be equal

t'o the rate of "interest. This is simultaneously a condition

-

for stock and flow eduilibrium. The r-~%Z rule will not hold if
the costs of extraction depend upon past- extraction, or if the

resource is "durgble", or if the model allows for exploration

during extraction. This 1éads one to gquestion the relevance of

exhaustible resource markets.

The sales and extraction paths of the single competitive
. ) S

firm in partial equilibrium is analyzed when there is the option

of stockpiling. When the price of the resource is a constant

over time it is seen that the firm never takes up its option
. . ¥ -

t'o set aside its extracted resource. Instead, its sales are

identical to extraction, and occur at the maximum rate over the

. ; . T /e
life of the firm. However, when the price of the resoufce is

a time-dependent variable, the conclusion emerges that in some

cases it is economical for the firm to stockpile. When sales

are positive extraction occurs at the maximum rate. When sales

are nil extraction continues at a less—~than~maximum rate.-

’

Th either case - when the price'is constant and when

v
-~

it is a variable - when sales occurgit must be at the maximum

This ensures that when it is optimal to sell the

[P

71



resource it is also optimal to extract it at the maximum rate,

If a stockpile has been built up it may be depleted only when

extraction has ceased.)
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CHAPTER 1V

INVENTORIES AND THE

EXTRACTIVE MONOPOLY

Introduction .

In the framework of 'a dynamic model where a firm maxi-
.mizes the present value of a flow of profits, it is straight-
forward to show that along the optimal sales and extraction !
paths the marginal cost must be equated with.marginal revenue
from sales at Every insfant;" If the firm'is producing an
exhaustible mineral, a provision must be made for the user
cost to be included in the marginal cost. Nevertheless the
samé ﬁrinciple holds.

The application of this Erinciple entails two problems.
First, if some of the paraﬁfs of the model are shiftin‘g
through time (i.e. are time-dependent) it might be optimal to
cause a decoupling of sales and output, i.e., "buqch up”
production in one period in order to sell at some point
in the future, Second, the assﬁmption that a firm alway;

sells all it produces postulates a "hand-to-mouth" existgnce

for a firm. This does not leave the firm much leeway in

planning production over time.

If the firm admits a decoupling of sales and pro-

duction at any momentfwthe picture is entirely different:
- . ,
o .



it may be optimal to carry out a policy of intertemporal

- -
price discrimination.

-

Hence this chapter: proceeds as follows: the fj;st
section discusses lhe o(dinary c95t1ess extractive monopoly,
It is shown that, given certain conditions, the rate ol pro-
duction is less than in a similar competitive industry. Then
it is seen how, if certain conditions hold; the extractive
c;stless monopély will produce more than a similar coppetitive
market. Finally, a monopoly with convex (increasing) costs
of extraction is analyzed.

The next section examines the conditions necessary
for a monopoly‘to have a decoupling of sales and
output: Ia necéssary condtiion for this to occur is thé
presence of an increasing cost function over at least some
range of output. The final section features a model of an
extractive monopoly (where all the parameters are time-
autonomous) but has an option of stockpiling. It is geep
how stockpiling need not necessarily t?ke place only in a
time—dependent‘mod@l. Indeed, this analysis of the extractive
monopoly shows that fhe presence of a U-shaped cost curve.is

-

sufficient to ensure stockpiling in some instances.

The Classical Monopoly with No Extraction Costs

Consider the monopoly that is the sole owner of a

.

resource that may be extracted at zero cost, with a known
(inverse) stationary market demand curve P=P{Q(t)]. Fur-

thermore the monopolist knows the time—pafh of the price of

s ’



the asset, and owns all available assets of that resocurce.
Finally assume that the assumptions necessary for certainty.
analysis hold in this case. Then the problem of the monopoly

is to maximize the present value of its profit function defined

.
over the life of the mine, i,e., '
r . R(t) = ~q(t) |
maj/P [O(t)]Q(t)e*rtdt s.t. R(O): Re o e-1] g
o : R(T)>0 quw >0,

The current=value Hamiltoﬁkan corresponding to [5-1] is
TN

H = P[Qm]d(t) ~A® Q). [6-2]

The application of the maximum principle yields

JH _ [ZP(Q&))OM . P(O(t))] A K0
Qi JQ) |
2P@0)G0.P(Aw) + Arp)] = O
Gl 2Q() .
Y AmMRmM=0 ALraw [6-3b]

[6-3a]

H(T) =0, (&3¢

Along the optimal sales and extraction path the marginal
revenue from sales must be equal to the current value of the
"user cost of the resource. Alternatively, the Optimél path
must be such that at g;ery instant when extraction oﬁgurs the
value of an additional unit sold must be equal to the oppor-

tunity cost at this time. The adjoint equation [6-3b] implies
-

-

*
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that the user cost of the resource is monotone increasing
throughout the life of the firm. The transversality condition

contained in {6-3c] determines the terminal time, i.e., at

time T, . ‘ : ‘ :

Pla(mam = Q) [d—P@-‘I))+ P(am)],

| dQ(T) |
This is possible only if Q(T)=0. The economic significance of
this result is as follows:' from [G—Ba] andl[6—3h] the monopo-

list adjusts his rate of extraction so that the marginal

revenue grows at a rate equal to that of the user cost. As

maréinal revenue increases sales decrease until at time t=T

the chke point-is attained along the markét demand curve.
> .

It is relevant to note the similarities between monopo-
listic costless extraction and the disposalipf a stockpile
{(maintained at‘zero cost) at an optimal rate: if both bodies
of orelare owned by monopolists then the only criterion that
need to be observed wﬁile disposing of the ore is that marginal
revenue from sales grows at the rate of discount. This is why,
properly speaking, the problem of optimal extraction at zero
cost is known as the "inventory disposal problem": in both
cases a' stock is placed on the market at a predetermined
optimal rate, and both stocks have an e%ement of exhéustibility.
Aside from the fact that the stockéd resource must be sold at
a higher supply price than the o}e in situ (to compensate the
prqducer for the foregone-.value of having extracted'the resource

at a positive cost) there is nothing, strictly speaking, to

: , %
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distinguish a stored resource from an untouched deposit. Both

are subject to the same criteria when placed for sale on the

market.

Limiting Cases to the Optimal Exttraction Path
of the Neoclassical Extractive Monopoly

The results of,the preceding section rest on two assump-
o

tions: that the price elasticity of demand is constant, and

[ .
the costs of extraction are nil or fixed. This permits a

simple extension of equation [6~3a] to obtain the monopolistic

equivalent of the Hotelling rule for the costless monopoly,

namely

MR) _ r,

MR(f)

. : /

In this section will be demonstrated the importance of each

-of the above mentionned factors so that the percent rate of

increase of marginal revenue be equal to the rate of interest.

The result that a monopoly with no costs of extraction

and a constant price elasticity of demand will extract as much
' §

as a competitive market is due to Stiglitzl. Using a simple

model of an extractive monopoly he demonstrated that it 'is

possible for a monopoly to behave in a socially optimal wayz.

lJ. Stiglitz, "Monopoly and the Rate of Extraction of
Exhaustible Resources," American Economic Review 66 (1976):
655-661.

Y,

& 2Dasgupta,and;Heal (Economic Theory and Resourceé, pPp.

326-329) have extended Stiglitz's result when there is ﬁeriable
s‘possible

price elasticity of demand. They demonstrate that it i
for a monopoly to produce more than is socially optimal,
Whether a monopolist will choose to produce under these condi-
tions is another matter. -
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For this to happen the price elasticity of demand must be

constant or greater than unityl'z.

If the price elasticity of demand is, variable through

time then it becomes a function of quantity extractedj’a.
When this is taken into consideration when deriving the

dynamics of price the Hotelling price-—rule_yields5 .
P(Qw) i+ §(Q) _T
PQw) ¥(Q

The sign of all the variables are known with the exception of

XYQ), which may be positive or negative. It is this which
permits the monopoly pricepath to increase or decrease at a
rate different from that of interest, with a correspondinély
slower (faster) rate of depletion than wou}d be the case of

a competitive industry. This result has been extended by

1This point is made by M. Kamien and N. Schwartz,
Journal of Economic Theory 15 (1977): 394-397, and
Dasgupta and Heal, Economic Theory and Resources, p. 326,

2It is shown by Kamien and Schwartz (Ibid., p. 394)

that the necessary and sufficient conditions for monopolistic
and competitive extraction rates to ¢oincide is that the
production function employing the resource be of a,CobixDouglas
type. This result is achieved by demonstrating that the
derived demand for an essential factor will be isoelastic if
and only if the linear homogeneous production function is Cobb-
Douglas. ) J

3Dasgupta and Heal, Economic Theory and Resources, p. 327.

‘%% 4It is assumed that the quantity extracted decreases

over time. This assumption is made possible by assuming that *
so long as the resource lasts the quantity extracted must

decline to ensure a rising marginal revenue,

L]

SThe derivation of this result may be found in Dasgupta

and Heal, Economic Theory and Resources, pp. 325-331.




T, Lewisl by first commenting on the conditions necessary
to bring about a resource depletion path steepér than that of
the result, and then by incorporating into.the model condition;
for the monopoly extraction to be greater than the compétitive
rate., The main requirement fér this to happen is that at some
,poinﬁ on the industry demand curve there he a range.along_ _
which ;he.price elasticity‘of-demand increésez. But Lewis
cautions the reader that it has hot been possible to discover
general conditions that guarantee the monppoliSt will extract
the resource faster, than the competitive industry.

Another circumstance where the reﬁuLxs predicted by
the Hotelling pricepath might not hold is_in the case of
extraction while there is exploration. Specifically it has
been suggeste& that the case illustrated by J. Stigliﬁg3 is

4

the dynamic analog of the static model of the limjtéd-input

monopoly of the Averch-Johnson type. An article analyzing

4

this problem introduces a modification to the Stiglitz model

where exploration is permitted. 'With this modification the

o

'1T. Lewis, "Monopoly Exploitation of an Exhaustible
Resource," Journal of Environmental Economics and Management 3
(1976): 198—2Q4.

21pid., p. 203.

3Stiglitz, "Monopoly and the Rate of Extraction of
Exhaustible Resources,”" p. 659,

4G. Gaudet and P. Lasserre, "On Comparing Monopoly and
Competition in Exhaustible Resource Exploitation,” Cahier de
recherche numéro 86~02 du Groupe de Recherche en Economie de
l'Energie et des Ressources Naturelles, 19?6.

~

i
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.monopolist need not contend with the constraint imposed by thé
limited input. Not surprisingly, with this modification
appended the Stiglitz model yields the result that a monopoly
will produce 1;35 than a competitive industry.

Another way to model exploration is to postulate the
effects of new discoveries of the resource on its pricepth.
There are two ways to model this. One way is‘to postulate an
uncertainty about the date of discovery of additional deposits
and examine the effects on the monopoly ;ate of extractionl.

Another way is to postulate that there exists unlimited

. 2 . : .
potential reserves™ but as depletion ensues further discoveries

3,4

are a decreasing function of effort expended on exploration

1This is the model proposed by J. Stiglicz and P,
Dasgupta, "Market Structure and Resoruce Extraction under
Uncertainty,"” Scandinavian Journal of Economics 83(2) (1981):
318-333. In this article the authors compare the rate of
extraction of a resource when there is uncertainty about the
date of discovery of a new deposit of a resource under varying
market structures. For our purposes we are interested only
in the monopoly rate of extraction. ™ -—

~,
-~ ¢

H%nce the amount of discoveries is a function of effort.
This is the assumption made by R. Pindyck, "The Optimal
Exploration and Production of Nonrenewable Resources,"” Journal
of Political Economy 86(5) (1978): 841-861,

3Pindyck (Ibid., p. 855) then comments that viewed in
this manner many "exhaustible" resources could be better thought
of as inexhaustible but nonrenewable. :

4Recently M. Eswaran and T. Lewis ("Ultimate Recovery
of an Exhaustible Resource under Different Market Structures,"
Journal of Environmental Economics and Management 11 (1984):
55-69) have taken up the question of endogeneously determined
resource deposits for an extractive industry. Their analysis
deals with imperfect competition and will not be dealt with here.
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Spebiffcally Stiglitz and Dasgupta examine the effect-
of a monopoly discovering a new deposit of its-own and e
- monopoly faced with a competitively . owned new deposit. Under
the asshﬁptioﬁﬁ\of their model they find that in.aey case a
monopoly will produce less than is socially optihal% if the
discovery is controlled by Ehe same monopoly that is already
selling the resource.the rate of extraction oflthe resource is

less than if the discovery is controlled by the same monopoly

that is already controlling the resource prior to the invention.
If, the discovery is controlled by a competitive'market the rate
of extractionayill be higher than in the_preceding case.

The study on exploration done by Pindyck addresses the
question of wir discoveries are made~ that is, producers are not
endowed with reserves bue 1nstead must develop them. By
postulating that the producers seek to maximize the sum of
discounted profits the author presents the usual result that
the percent rate of increase of marginal revenue will equal
thaL of interest if there are neither costs of extractlon nor
costs of exploration.

Th; author's model states that when price for the-
resource is high then so 1is exploratoryleffort; the latter

will tend to decrease later on when price decreases, and

increase again when price starts increasing. The gist of

1Ibid., p. 329.



Pindyck's argument is that the price profile:depends on-.the
initial level of reserves and the magnitude and behavior gﬁ
extraction costs. If reserves ar? initialiyvery small the
behavior of the pricepath will be U-shaped,

Given the assumptions of ﬁindyck's model so long as the
féte of production for a monopolist is less than that for a
competitive market the rate of exploration will be larger.
This leads to tﬁe expectatioﬁ that whether initial proved
reserves are small or large it is expected that the monopolist
undértakeliess exploratory activity than the competitive
market at first, but later undertake morel. Th@ introduction
of explératory‘activity has the efféct of reducing the rate
of increase of.the price. This negates the notion that the
percent rate of increase of price is indicative of monopoly
powerz. ' - B

The model developed by Pindyck to explain the U-shaped
pricepath has been criticized on methodological grounds by
Swierzbinski and Mendelsohn3 on the basis that the cost
function that applies when there is no exploration is inapp-

. 4 ' ‘e
ropriate when there is exploration’ . Specifically the

1Pindyck, "Optimal Exploration and Productien of
Resources," p. 848,

2This is measured by the inverse of,tﬁe demand elas-
ticity faced by a monopoly.

. 3J.E. Swierzbinski and R. Mendelsohn, "Cost Reducing
Exploration and Exhaustible Resources: Microfoundations,"
Department of Economics, University of Washington Discussion
Paper No. 85-1 (January 1985). . .

“Tbid. 2 p. 3.
( K

g

-,
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authors argue against éhe use of the cost fuﬁctiﬁﬁ félevant
to the traditional model of the mine - wigh no exploration -
when theré is explorstion. It is this traditional sﬁecification
that Pindyck used to explain the. U-shaped pricepathl.r The

specifiction of a Eraditional~cost function implicitly assumes

a fixed level of reserves; the specifying of a cost function

" -

dependent on cumplative ex;raii;gﬁ\ilong with increasing
cumulative reserves ensures that in some cases the time;
pricepath is decreasing. For this to happen it is crucial_that
the derivative of the cumulative cost function with respect to
reserves be negative for some range;of output. Yet such a
specifica£ion ensures that the cost of production depends on the
éggregaﬁe level of known reserves and not on the individuél cost

of extracting from new depositsz. .

]
As an alternative to Pindyck's formulation, the authors's

W

‘model assﬁﬁes that each deposit has a unit ext}action and
exploration cost3. Whereas the cost of exploration is known
prior to exploration, the coét of extraction becomes known when
the cost of exploration is paida. " This épec%fication ensures

that extraction costs are defined on the basis of costs of

extraction from individual deposits, not aggregate levels of

1Pindyck, "Optimal Exploration and Production of
Resources,” pp. 844-845.

2Swierzbinski and Mendelsohn, "Cost Reducing Explora-
tion and Resources,” p. 20.
i , o

L J1bid., p.11. Ibid., p. 10.
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. . )
deposits. Furthermore, in Swierzbinski and Mendelsohn's

model the entire costs of extraction and exbloration needed
to anélyze the production sequence may be gathered by
ranking deposits in ordéf of their combined'extrnction and
eX@¥3£ation costsl. This procedure ensures that the aggre-
gate cost function includes exploration and extraction costs
based on.individuai deposits. This way tho’timé—priceputh
(p) is the difference between the price and the sum of

-

marginal extraction cost and the marginal discovery cost.

'Finally, this particular pricepath is increagsing at all

. 2 . . - .
times”. This result reconciles exploratory activity with

.

the Hotelling r-7 rule. . - “
& | L

Even if costleég extraction prevails along with no
exploration the basic result that ma;ginal revenue increases
at aJrate equal.to'that of iétéréét has been disputed by
some authors: it is open-to debate whether‘;he'dhrability
of the resource has any effeqt,on‘its demand. Specifically
the d;sh;ped pricepath observed for exhaustible resources has
%een explained by invoking the durability.of some ;xhaustihle

resources, evhari and Pindyck3 distinguish between market

demands as fufetions of flows of productions®or stocks in

Y1pid., p. 11.

2That is, p=rp - C(¢), where ¢' ig the combined
marginal‘cost of extrgetion and exploration.

3D. Levhari and R} Pindyck, "The Pricing of Durable
Exhaustible Resources,”" Quarterly Journal of Economics XCVI(3)
(1981): 365-377.

Pad
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. .1 . - .
circulation”. . Examining a case of a durable exhaustible
o -‘

material--in continuous time with 1ncrea31ng maiglnal and

‘average costs of production they find that the Hotelling rule

c .
‘will hold for a competitive market but not for a monopolyz

The reason invoked is thaE for a durgble resource, demand is

a stock relatioﬁghip. Therefore it is more profitable to
practicegintertemporal price-discrimination, with its
-'gdrrespondihg allocation of rents away from the optimal paﬁh.
expecially if the gtock of the resource ié:;irculatioq at

the beginning of the period of extraction is small.

This result has been criticized on the grounds that

the definition of marginal revenue used by Levhari and Pindyck

is incompleteB.‘ Chilton introdupes Fhe notion that durable
reéources have the char?cteristic thaf a small change in
their production will affect the entire price trajectory.
Bearing this in miﬁg it is possible to redefine Wﬁfginal

revenue by stating thata monopolist is concerned with the

time-path of marginal revenue and how a perturbation in the

v

Thel\uthors define a durable resource as one wheére
their demands' are for stocks in circulaticon rather than for
flows of production, and depend on expected changes in price
as well as the current price level,

2This result has been expanded by Moussavian and’
Samuelson, "On the Extraction of an Exhaustible Resource by
a Monopoly,"™ Journal of Environmental Economics and Management

11 (1984): 139-146. The authors expand on Levhari and
Pindyck's conclusions that the r-% rule doesn't hold for the
monopoly producers of a durable resoirce.

3J. Chilton, "The Pricing of Durable Exhaustible
Resources: Comment," Quarterly Journal of Economics XCIX(3)
.(1984): 629-637.
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production path_around a particular point in time will affect

-
the present value of revenuesl. In this way Chilton is ?

able to make the‘Hoteliing rule hold for durable resources

L) »>

- in the case of monopoly.

The Optimal EktractLOn Path of a Neoclassical
Monopoly with Variable Costs of Extraction

F

1

SlmLJarly to Lhe section with costless extractlon, the
problem of Lhe monopoly is' to maximize the present value of a
flow of profits from a body of ore. The monopoly faces a
convex cost function that is identical to that specified for
the competiLive firm in Chatper1112

The monopolist's problem is

o o ot Rt) «.-Qw)

Q(t/ [Plaag-c@u)}e™ st Re@= R
0

Qo -

The corresponding current-value Hamiltonian function for-

the above problem is

H = [ [Qy,t] Q) C(Q(t):l “AmQw - el

The necessary conditions for an interior maximum are

JH [ d P(Qw) Q)+ P(Qy)) —C,(Q(t))] -ATH S

QQ(t) - d Qet) Coosa]
Qi [ (MR ~claw)e™ ;\(t)} _
"Ibid., p. 630. . .

21n addition, all the other assumptions made in that
Chapter with respect to the quality of ore, the cost function,
etc..., are assumed to hold. .
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&

CA L rA) 5(-('.\-1*2\)R(t)-_?0 - [645;5.}

Hir) = [ P(Qe) Q) *C(Q(Ti)]'e'-rt= AmQ(r) [6-5¢]

From [6-5a] .and [6-5b] we derive the classic profit—mnxim{zing
'result: 1if extraction occurs, marginal revenue should equal
the current value of the resource in situ net of the marginal

cost of extraction. S -

-

The transversalify condition for a current-value '

Hamiltonian function with free endpoints and an unspecificed
T - oL

terminal time is given by [6-5c]. Thqhsoiution to LITE -

|
o

equation yields _— .
Plam] - C@m) = 4P@rHacT)+ P(AT)-c'(Qur)),
Q) d Q(T)

That is, 'the terminal time o0f extraction is determined when

aﬁerage profits are equal to marginal profits.

Necessary Conditions for a Decoupling of .
A Firm's Sales and Extraction Pathss

Heretofore the monopoly's sales and extraction paths
have been identical, and indeed synonomous. This section

examines the effect of a difference between ‘the two paths.

ety

~

A decoupling of sales and extraction may be thewresuLL of

. ] \
two different sets of conditions that hold independently of
one another but produce the same effect. The ffirst set of

\
conditions implies that the cost function be_time-dependent

. ) L1
at an exponential rate, and that it be non-~delreasing .

1In his 1939 article Smithies assumes that both the
cost and demand schedules are shifting upward according to
exponential trends, with the cost function increasing at a

..



be -
1
Because we are operating in a context of certainty it'is
. N . .
possible for ‘the producer to know exactly what the price will
. . . ‘
. v
be in each period, and correspondingly at what rate tC:

»

resource will be dg@le;ed. In order to.maximize'the fllow

of discounted profits the producer-will set up a pricing .

scheme that corresponds to the principle of the inﬁertemporal

,

price discrimination rule as seen in Chapter I: at every
. L]

-

moment of time Cthe discounted value of'marginal revenue is
equal to that of marginal costl. The second set of conditions
implies that if the parameters of the firm are time~autonomous
it maybe optimal to decouple sales and-extréction if the

!
cost function admits falling average production costs over

some range of outputz. Two conditions are necessary for
this to happen. They are: (i) the firm's average cost
must be decreasing over some ranée of its output; (ii) if
.the average cost curve is U-shaped, instﬁﬁtaneous marginal

revenue must equal instantaneous marginal cost at an output’

rate less than the one at which average cost is at a minimum.

’

greater rate thap the demand function. A. Smithies, "The
Maximization of Profits over Time with Changing Cost and
Demand Functions," Econ@métrica 7 (1939): 312-318,

1 A . .

Although Smithies' article does not deal with exhaus-
tible resources it is a triyial matter to show that the
scarcity rent must be added to the marginal cost,.

2L. Arvan and L. Mdses, "Inventory Investment and the
Theory of the Firm," American Economic Review 72(1) (1982):
186-193, , : :

o
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A : - .
Cost " - ‘ )
Revenue

N
>

0 V(O) q(O) q(T) | © e ‘ Cutput, ——

Sales
L4 ’ ) . \
Fig; 1. The minimum of Lhe marginal cost curve occurs
‘at an output lewvel less thahlthét.wheée'the average cost curve
-1s at a minimum.- Specifically, V(0) is the sales levellduring.
the first instant of the life of the firm whereas“q(O) is the
product;on level at the.same instant. Throughout the life of
the firm instantaneocus marginal cost is equated with. instan-
taneoﬁs mérginal revenue, but production begins at q(0) and
attains the minimum of average cost at q(T), T representing the

horizon of the mine.

3
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For output and sales to be decoupled, it is necessary

- R v . . .
that the ma}ginal cost curve Intersect wmarginal revenue

at a point where output is smaller than where average

*
. —_

cost «is’at a minimum. -Erom fig. 1 this means that the firm
( {/~—~\l"—‘-.___\

y A £
sclls the quantity indicatedwat pont (a), but produces the ¥
‘ ¥ AL ] : : ‘

quantity indicated by point~(b), namely the minimum of. the

average cost curve. . ' B V!

- —p—

If the intersection of marginal cost_énd‘marginal
. ~ '

revenue--occurs at a point greater than the minimum of the

average cost curve, the profit-maximizing strategy is to

synchronize sales and output. This is the topic of th$

v
#

preceding section of this chapter. L

It is relevantrtq note that the synchronization of

sales and output can only occur where the marginal cost and

marginal revenue intersect, namely on the decreasing part of

.

the marginal cost curve. TIf the marginal cost and marginal

revenue intersect on the increasing portion of marginal cost

then it is optimal to synchronize sales and extraction at all .
. L

times,
In summary there are two different sets of conditions
necessary for stockpiling to be feasible: if the model's

hparameters are ‘shifting over time, or if the average cost

curve is decreasing ‘over some range of ocutpet.

S



;ﬁf : A Mocdel of the Time-~Autonomous .- )
_ “ Monopoly with. Storage ° - -,

In this model a time-autonomous model of a honopo]y S
with the optidn of‘stofégé is exémined&. The model “is

analogous with that specified for the extractive monopoly with
increasing costs of extraction except that the firm may -

- = . L3 ‘
exerc14e its option of stockpxﬂ&ng any amount of the

extracted resource at zero cost. Hence sales and extraction

horizons are nof necessarily equal. Assuming the firm-exists
during the interval-t¢ [0,T] it will extract during- the time -

interval [0,7:] and sell during the entire lifespaﬁ 10,7,

e ——,
with 7}§T because short sales are excluded,. il

o~

“The type of.resouf&e deposit the '‘firm exploits is
similar to that of the competitive firm in‘Chapger IT:
likewise with that section the stock of inventory depends on
cumulative extraction minus Cumulétive sales. Because the

.

initial stockpile is nil, we may write witth non-negativity constraint

' t
c St -=,/'tQ(t)cl’[ -/ Vit)dt >0 ; 5(0) =0. -

Similarly we may.describe tti’iﬁvgntory difference equation
during the extractive phase by

._5(t) = Q(t) - V(t) Vte[o,'f]. | . .

After extraction has ceased the above may.be rewritten

Sty=-Vey) Vie[r,7]. T

.- hY f
—_ lA similar modef of the time-dependent/Extractive
monopoly has been analyzed by D. Lee and D. Orr, "The private

discount rate and resource 'conservation''", Canadian Journal of

Economics "VIII(3) (1975): 351-363.

- /
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.

Costs of extraction faced by the monopoly are qonvex;‘

‘indepéndenﬁ of past extraction, and otherwise similarlto tﬁét -
specified for-the competitive firm in'Chapter?II. Costs of

slorage are nil.

¥ " \
. ~ Over the life of the firm the inverse demand curve is
P[V(t)], where V(t) represents sales at each inétang_of time.
Hence the revenue received from the sales of the resource is .

a function of the current sales rate at time t.
We assume that the profit function is concave in ’
sales; i.e., net marginal revenue decreases as sales increase.

Hence the markét demand_curve satisfies ;he property1

. A .
- 2Pl ¢ 5., .
NwYy T :

Theréfore the. problem of the, monobdly\ﬁs as follows:

during the €xtractive phase of the mine the firm seeks to
maximize the present value-of its ob}ective profit-function

subject tq its resource availability constraint

-

- Max -rt o -rt )
RN /e P Vo -C(aud e Wsal} (o,
st (R)=Rs Rg)=-Qqt) |
S)=0  St)=Qw) -V(t)
Qt), Viw), 5¢),R() 3 0

7-21

lDasgupta and Heal (Economic Theory and Resources, p. 324)
state that with zero costs of extraction this condition holds
with a strict inequality. Arvan and Moses ("Inventory Invest—
menty p. 191) state that with positive costs of extraction the
sign of the second derivative is non-~positive.

’
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where W(A‘S ('r = Max
' \QU

"rt) . B ,
/e ( t) 3 dt [7-3]
T
o~ . S.At- 4 i ’
' Vv, 5 ) ‘ _
The problem contaimed in [7+1] and [7~2] is the ohjethve

'functional for the mine: when it is ewrractlng and selling

ore-4at the same time howy WIll‘lt maximize a present= vélue
f?gw of profits? Theg subproblgm.contained in [7-3] and "}
[7~4] is in principle identical to the "bufe'inventory'
disposal problem"‘for_the monopoly. Its solution +4s neccssuF?
for the solving of .the more general problem.

The Optimal Sales and Extraction Path
of the Time-Autonomous Monopoly

To solve [7—1] and [7-2] we specify the current-valuc

aygmented Hamiltonian function

93

=P[V(t)]V(t)-"C(O(t))'-Arf)Q )+ ) [Q(t -Vt)]+9(t [Qt)-Vip)] ™ 17-51

" The necessary conditions for the determination of an optimal

d

.sales and extraction path are ) )

2L _
20&) 20@)

Q(t)[ z\(t) + ) H+6p)] =0

?\<t)+y(t)+9(t

[7-6]

-~

2L QP(V(t)) N .
IVe) [ V&) (t)J’P(YfU)J Pm)-0go | 77

Vi) [2Py TP - uy) -08¢t)] =
[QVV+' M) ]
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.a. E A
AL — A -pAl - | 7-
Agrdy) . Ra [Agral=0 . o (78]
.. . "__;-. —'—. . '- .“?_
ATy Sl il =0 o
The transversality cgnditions‘are
'H'_[Rm,S(T),V(;r),P(ﬂ,ﬁ.(ﬂ,}x(r)_ﬂj—PW[S(T)'];O [7-10]
> IW (S @) [7-11)
o - /S0 - |
{ﬂ(f}— QW[S(T)J] S (T)'; 0 [7-12]
L 2sm)
Am»0 A@R@=0 [7-13]
We note that the Haﬁilt;nian in [7-5] is net liﬁear ianales.
The adjoint equations may be interpreted as_phe time- .-

rate of change of, respectively, Ehe value of each unit of ore -

in storage, and each unit of ore in situ..- The terminal U

condition [7-10] determines the terminal time T ; condition
I

[7-11] states that at the'extractive horizon a marginal unit
i

of stored ore must be at least equal to the value to.the

stockpile of adding that -additional unit.
[}
Before proceeding further we solve the boundary problem

contained in [7-3] and [7-4). ‘This is the solution of the
"pure inventory disposal problem". The current-value Hamiltonian
function wh%ch must be maximized with resﬁect to V(t) at each

Y =72

~ . . .
moment of time is : 1
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H.=P.[V(t)]\/¢) —,d(t)V(t) ' [,\'7_11.] _

. . 7
As [7-14] is not linear in sales we find the necessary

-~
N

conditions

Tvn gy T s 17-15)
Zﬁ):r’ C[7-10]

() - )
X(T) =0 ‘0<(T)_ S5(1).=0 i [7-13]

Condition [7-15] states that the current value of the uscr

—

cost musf be equated to éhe marginal revenue from"the sale of
ore in each period. Conditions [7-17] and i?-IB] together
imply that at time T
P[Vin] Vir) = X(m)Vir) =

This holds only if total revenue-is zero or if average revenue, )
is equal to marginal revenue. But from condition’&7—16[ we' know ~—
that at the terminal time &X(T)}>0. 'Hencé at time T the
quantizy sold is nil (implying the choke price is reached) or
the inventory is depleted.

“From conditien [7-15] we know that at the initial Lime
of sélé from the inventory the marginal revenue trom the sale
of one unit must be equal to the value thafﬁthe sale of that

o

unit takes out from the stockpile. This means that o{(y) must

e T
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be at least equal to sthe value of the addition of a marginal
unit to the stockpile,

.\o.<(7).=‘/.4_(7) > 2;/5[-2()7’] - s B .

This is the boundary condition for the end of the extraction

period,

two possible optimal sales and extrac-

————

Hence there are
'Liun paths that constitute a solution to equations to [7-1]

to [7-4]., They are: ‘ | ‘ ‘— —
(i) Production and sales are equ?l at each:instant.. Over the

life of the firm stockpiling is nil. Hence~§(t)=0,_é(t)=0,

aqd GHLQO._ At each point in time p;ofifs are maximized by
maximizing instantaneous profits. The extraction and séleé

paths are identical witﬁ those of the optimal extraction

path ok a neoclassical monOpolydﬁith variable costs of

extraction. The firm shuts down when extraction ceases.

The firm's actions are identical with those of the monopoly

-—

with increasing costs of extraction. . - ¢£

(ii) It is optimal to stockpile. We examine the firm at .a
-

]

moment of time, t=0+&€ and assume that Q{t)>0. Then from

[7-6] : ' . . ;
e + A= piy) and 6)=0, S4)>0, 51>0 L
Q) " .-

Differentiating the above with respect to time-and substituting \

for’ék and‘)l -from [7-8] and_[7~9] we find thé time~rate of

change of the extraction path
. r{ pu+d)
Q = (}526 >0
)Qz
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i.e., extféction increases over time. : ST

-_We now examine marginal re;enue; from [7-7] it shles.
are positiveﬁthen marginal revenue is equal to bhé value of n_. '
unit in storage. That is, . '
| MR = ue. 5 S),5¢4) >0 j 6(t) =0,
Differentiating this with respect to time and substituting
for ' from [7-9] we have -
: Rl P

MR#) = () >0 . , L
The monopolist will set marginall}evenue from sales increasing

at a rate'equai to that of*compound interést. -
P
= The combination of increasing mar%inal revenue from
sales, an ipcreasing éxtraétion path, and a downward-sloping
market demand curve imply that ggies are decreasing.

Similarly to the competitive case, invento;y decumulation
may begin only when extraction has ceased. This ensures that
there is onlyione sequence of extraction, followed by ﬁurg
inventory decumulation. Formally, the extractive horizon T
is determined by condition  [7-10]. The continﬂéfy of the profit-
function ensures that the condition outlined in [7-10] may be
éttained only once over the life of tfie fArm. .

It is relevant to note that the treating of [7-6] and

[7-7] as strict equalities, with 9Hj=o, yields the condition

- 9C s Aw - [2B V. Pl u
ch(t)+ ()-[JVV+ J,,JU().
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At all times the marginal revenue from sales equals the

-marginal cost of extraction plus the user gost, and is equal
to %he current value of a undit in storage. This is gxactlf

Smithies' discrimination rule for intertemporal discrimination
dischssed in Chdptef I.

In summary the scenario of possible stockpiling

indicates that while the cost of extraction, the marginal

revenue, and the time-paths of extraction are increasing, -
sgles are decreasing and therefore the firm is moving up along

the (downward-sloping) industry demand curve.

L
- |
OUTPUT |
|
1
¢ | ——
|
|
SALES !
| .
0 ! L,
' |
PRICE [ |
- ' L]
. I
0 | L.
. | i
INYENTORY | '
|
|
0 Cl >T
EXTRACTION EWDS
Fig. 2. Timepaths of output, sales, price, and inventory

i1f there is stockpiling by the time-autonomous inventory.
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Summary and Conclusions

it has been shown that the costless monopoly sets its
pricepath increasing such that its marginal revenue increases
at the rate of interest. Wﬁen costs of extraction are-nil the
problem of maximizing a present-value flow of profits from a
stock of ore in the ground is identical to the one o[.dispusing

. ‘ ¢
fromta stockpile of the same resource maintained at zero
cost., ) ' - v

Some limiting cases to the monopoly that sets its
pricepath increasing at the rate of interest are then examinedk
'Some of the cases discussed involve varying specifications
for the ﬁarket demand curve, or the cost functions. However,
when the resource-extracting firm is allowed to explore }hcre
is a problem with the proper specification of tEe cost [unction
to explain a U-shaped pricepath.

The aﬁalysis of the profit-maximizing monopoly with no
exploration but increasing costs of extrac;ion yields the expected
result that the rate of increase of marginal revenue is mono-
tone increasing, and extraction ceases when marginal profiﬁ is
equal to average profit,. | i

Finally, ﬁhe conditions necessary to have decoupling
sales and output are examined. There are two sets of conditions
that can produce this result. In a time-autonomous determi-

nistic model it is possible and sometimes optimal to "bunch up"

production during some periods of production. The two conditions
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necessary to have a decoupling of sales and output in a time~

autonomous model are analyzed. When these conditions are

present, stockpiling occurs. To what extent stockpiling does,

in fact; take place depends in large mesure on the parameters

of the model.

ke



¥ CHAPTER V

IMPERFECT COMPETITION

Introduction

It has been seen that under certain circumstances it
is profitable for a firm to engage in stockpiling for purposes
of price discrimination through time. Under the assumption

that there are few but less than many Cirms in thé markel

this chapter examines how equilibrium is recached in the market,

and how stockpiling is feasible.
- Following Friedman's definition we shall define

"oligopoly theory" as the partial equjlihrium'study of .markets

in whlch the demand side is competltlve, whlle the suppty
side is neither monopolized nor competitive.' nl It muist be noted
at the outset that the analysii(}h this chapter is limiled

to noncooperative equilibrium.

Unlike perfect competition, "imperfect competition”
leaves firms in the market with a considerable amount of dis-
cretion in deciding how to formulate their output and pricing
policies. Hence it is necessary to examine some notions of

!

game theory to understand some of the firms' limitations

1J. Friedman, "Oligopoly Theory,”" in Handbook of

Mathematical Economics, ed., K. Arrow and M. Intriligator,
vol, 2 (New York: North-Holland}, p. 491.

101
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when operating in dynamic.imperfectly compeﬁitive markets.

A good deal of the resource economics literaturé dealing with
impcrfect‘cpmpetition considers a frinée/cartel type of market
_ structure, The common |ink petween all_of these market structures is the
fact that all players have at all times.perfeéﬁ_information.'
This is the key to understand;pg'why stockpiling is little used
in these marketsl. This is not to rule out that building
inventéries for purposes of price discrimination is rulked
Qut here;.but instead the wealth of different models and
operating éssumptions available to explain the behavior of
firms)in imperfect competition precludes any systematic ana- -

. { )
lysis of how/firms might react to one another. Instead,

y oo
what this chapter ‘intends to do is"briefly discuss the decision

rule for a firm engaging in intertemporal price discripination.

Afterward 'there will be a discussion on the modelling of

dynamic imperfectly competitive markets, The purpose of this

section is to give the reader an insight into the difficulties

L

inherent in modelling dynamic imperfectly competitive markets.

This will be followed by a review of the existing literature
on resource-extracting, cartels as well as of imperfectly

- ' .
competitive resource firms. One of the purposes of this section

is to give the reader a perception of why, given the behavioral

assumptions of-the models just examined, it is impossible to

1The exception is made by the analysis of Ware, "Inven-
tory Holding as a Strategic Weapon to Deter Entry," Econgmica
52 (1985): 93-101.
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have any stockpiling. -
One last model reviewed deals with a reversal of

roles: instead of the producer stockpiling it is the \

B ) . .
consumers~wlfo build up a stockpile to (ostensibly) reduce the

producers' surplus.

This chapter concludes with a section on how stockpiling °
. 7 ‘

might be feasible under assumptions of imperfect competition.
N - _
It appears that the most logical reason for building up Yo

inventories is for strategic motives.

. Problems Inherent in Modelling Imperfect Competition

Introduction

]

The study of noncoopérative equilibria of‘imperfect
competition poses specific problems, Abstracting from all

the problemé inherent in modelling classic {(that is, "static")
imperfect ﬁﬁmpetition, one problem inherent to dynamic éodels
-is edeciding how a‘firm will react over time; to use classical
game terminology fhis implies the question of how are players':

strategy spaces to be formulated, i.e., the .assumptions that

are made concerning the players' strategic behavior often

influence the nature of the concluéionl. Specifically, the
choice of strategy spaces decides if the equilibrium is

dynamically consiszstent, this being the decisive factor in

1J. Reinganum and N. Stokey ("Oligopoly Extraction of
a Common Property Natural Resource," International Economic
Review 26(1) [1985]: 162) write that "... the choice
...[of strategy spaces]... should not be made casually since
it can dictate to a very large degree the nature of - the
conclusions."”




deciding whether or not the equilibrium respects the principle
of optimality.,

Therefore this discussion on modelling dynémic impef—
fect competition shall .be followed by an- analysis of open-
and-clogsed-loop dynamic games, leading in turn to an examina-

tion" of dynamic consistency and -the principle.of optimality,

The relevance of a;}'the above factors will become apparent

3

when making the link with Nash-Cournot and Statkleberg equi-

Libria, respectively.

Open and Closed-Loop Dynamic Games

In a, dynamic setting, an "open—ioop" solution assiumes
that an agent must de;ide‘on all hig future actions at the
outset; he is not allowed to regct to previogsﬂdecisions of -
other agents. A "closed-lpop solution" (or a "feedback'
strategy model”) allows an agen£ to decide during each instant
of time (or in every period, if in a discrete-time setting)

what his profit-maximizing (or welfare-maximizingm, as .the

case may be) behavior will bel'z. If his‘decision variable

1D, Gottwald and W. Guth, "Allocation of exhaustible,

resources in oligopolistic markets," Energy Economics, October
1980, p. 208.

bt

2J. Reinganum and N. Stokey state that in dynamic games
there are two strategy spaces commonly used, corresponding to
two assumptions about the period of commitment. There are
"path strategies", where the period of commitment is the same
as the planning horizon, and "decision rule strategies'", where
firms observe the values of relevant state variables and
respond to theh immediately in choosing their current actions.
In this text "path strategies". correspond to open-loop games,
and "decision rule strategies" to closed-loop games. How—

(£
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) |

is price, then that agent will decide at each instant what

price to set,.and likewise if the agent's decision variable
is output,

The advantage of using an open-loop strategy when
analyzing imperfect competition-is the greater analytic tryc-
tabilityl.. That is,‘at the beginning of the game horizon
each player announces a'price—and-extf%ction path to which he
commits himself. 1In this case the resulting initial equili=- °
brium is identical to that of a static ﬁodbl, and the players
commit themselves to maintaining their initial positions
throughout the course of the game.

In contrast to .an open-loop strategy itwis obvious that-

a- model that allows each player to adjust his aATtions at
N .

: -
each moment of time on the basis of the best réspopég—z}\tho
obségggd state of the world is much more realisticz. However

relatively few models of dynamic games make use of feedback
. ™

Strétegies because of the difficulties inherent in modelling

-

- —

these two types of strategy spaces affect equilibria will

. become apparent during the discussion on dynamic consistency

(Reinganum and Stokey, "Common Property Resource," p. 460).
1M. Eswaran and T. Lewis,j"Exhaustible resources and

alternative equilibrium concepts,” Canadian Journal of Economics

XVIII(3) (1985): 460.
A

‘M. Eswaran and T. Lewis state that an gdditional require-
ment for a game that is allowed feedback strategies is that
future actions be incorporated in present decision-making; the
decision rule for the current period embodies the equilibrium
responses for future periods. This implies perfect foresight
on the part of the players. (Ibid., p. 460). -

0"



players' reactions. i . o
Therefore the inherent strength of the open-loop formu-
lﬂtionbis somevhat diminished by ghe implicit aésumpﬁion of
the sgemipé‘lack of ratibnality on the part of the playersl.
Finally the apparént drawback of the open-lcop form has
becn partly corrécted by the demonstration that in certain
specific cases the open—an&—closedlloop equilibria are

. . .2 . . .
identical™. The relevance gf this conclusion will become

apparent later in this chapter.
<

. Dynamic Consistency and the Principle of Optimality
Regardless of the market structure éssumedhhgpe problem
of the firm remains to maiiﬂize‘its present discounted profits
given a stock of reserves and varying‘constraints. LThe-tech—

’

nique of dynamic programming used to solve the problem through

the application of the maximum prinéiple_finds an optimal

extraction path to be followed throughout the 1ife of the

1That 1s, the following of an annotnced extraction-and-
price-path throughout the length of the firm's extraction
horizon, regardless of the evolution of the observed state of
the world, might not appear to be entirely rational at first

sight. This can be explained by the fact that in following its

announced extraction path a firm is binding itself to its
delivery contracts. -

2This conclusion is due to- M. Eswaran and T. Lewis
("Alternative Equilibrium Concepts," p. 461). The particular
conditions necessary for this conclusion to be valid is that
the resource be privately owned, that the demand curve facing
the oligopolistic extractive industry be isoelastic,  and that
extraction costs be zero. The authors continue on to say that
even when the two equilibria do not coincide the qualitatjive
differences between the two equilibria are small.

— -
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mine. This yields an optimal podlicy. This optimal policy

is guarantfeed by the principle of optimality, which states
i

"An optimal pelicy has the property that, \
"whatever the initial state and dECLSIOH,

the remaining decisions must constitute

an coptimal policy startlng from the state
resultlng from the first decision."

\ , :

That is, dynamic®programming assumes that future values don't’

affect the current decision., To do otherwise is dynamically
rr— .

inconsistentz. Hence we may define a policy to be consistent

if that policy satisfies the principle of optimality3 as well

.as the maximum principle of control theory.

qumally speakinga,,let.a dynamic system be_.defined
by a st;te xl(t), xz(t);:.., xs(t), and the corresponding
controls chosen through the application of the maximun .
principle be denoted by some variables vl(t), vz(t),..., vn(t)
following.the solving‘of some maximization problem, épbjtct
to an ipitial condition xi(0)=;i(0)’ a constant term gt time

t=0. Then the general form of the dynamic programming problem

max U [ x5 (1), v, 0, ]

e

is

. lR: Bellman, Dynamic Programming (Princeton: Princeton
University Press, 1957), p. 28, cited in Sethi and Thompson,

Qptimal Control Theory, p. 16, ' (

2D.,M.G. Newbery, "0il Prices, Cartels, and the Problem

of Dynamic Inconsistency,” Economic Journal 91 (1981): 634.

3L. Karp, "Optimality and Consistency in a Differential
Game with Non-Renewable Resources," Journal of Economic Dyna-
mics and Control 8(1) (1984) 75. -

This epr51tlon is due to Arrow and Kurz, Public .

Investment, pp. 27-29.
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subject to the initial state condition along with a state

time-differene operator. If v?(t) is tﬁz,contrdl that maxi-'

mizes the above intégral, then those functions (the v?'s) arg

the opt{mal path strategy (or open—loop-cqntrol)..An optimal

feedback control solvingmfhe above would be of' the form |

'v?(t)=v?[5*(t),t] where\x*gt) corgesponds-to the optimal rate

2f, change of the state variable. .
/

Inguitijely speaking, the maximum principle is obvious,
for if It did not define an optimal path from the first period
onward there would have been a better path to choose in the
first place.

For an optimal policy to be dynamically consistent
throuéhout the lifespan of the mine 1t is necessary that at
every moment Quring the extractive pha;é the firmlignbfé its
sell-interest and.inétead remain committed to its original
contréct; that is, after the initial period of extraction a
firm will ignore its.shorf—run self-interest as it ar;sés,
given the firm's market power and its expectations of futu;e
opportunitiesl.

3

Hence a solution path is intertemporally consistent

if a player whose expectations about the other players' (or

country's) actions are realized while carrying out the initial

1Hence the open-loop equilibrium described is also the
"binding-contracts equilibrium”. If firms renege ‘on their
conttacts and instead seek to pursue their expectations of
greater future opportunities, then the resulting equilibrium

is the rational expectations equilibrium. XD,M.G. Newbery,.
"0il Prices, Cartels and the Problem of Dynamic Inconsistency,"

Economic Journal 91 (1981): 618}

o~
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part of the equilibrium path will not wish to depart from

the remainder of the pﬂthl.

’ ~
Al 0
iy

1

In summary a binding contract equilibrium is dyﬁamicnlly

consistent; -a rational expectations equilibrium need not be.

—

Dynamic consistency works on the assumption that suppliers

respect the contracts they have signedz.

-

Cournot-Nash and Stackleberg Equilibria
A fion-cooperative equilibrium is a Nash equilibr.ium'}'4

In a dynamic setting a set of path strategies constitute a

p

Nash equilibrium if for each player the following condition

-t

is satisfied: the path to which a player commits himself must

be an optimal fesponse\to the paths to which the other players

. o 5 C
have committed themselves™. From the above definition, and

’

defining a Cournot equilibrium as one where players take each

other's actions as given, and a Stackleberg equilibrium as one

1Vincent Crawford, Joel Sobel, and Ichiro Takahashi,
"Bargaining, Strategic Reserves, and International Trade in
Exhaustible Resources," American Journal of Agricultural
Economics 66(4) (1984): 479,

2Newbery, "0il and Dynamic Consistency," p. 617.

3E. Malinvaud, Lectures on Microeconomic Theor}. trans. by
A. Silvey, 4th ed., (New York: N%fth—ﬂolland, 1985): p. 150,

' _ .

4Alternatively, "if a feasible vector of acts cannot be
upset by any single-membered coalition it is said to be a
Nash equilibrium." (P. Dasgupta and G. Heal, Economic Theory
and Exhaustible Resources [Oxford: Cambridge University
Press, 1979], p. 13).

Reinganum and Stokey, "Common Property Resource,"
p. 163.

=
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where each player's reactions-are taken as given, it is
casily estahlished that a Cournot or a Stacklebefé eduilibrium
is also a Nash equilib'rium1 .

As has becen established in tﬁe p-eceding section,
whether or not players are operating in a cloéedwloap game
context does not rule ouf the ?act that allﬁ%layers have
decis?on-}hle strdtégies: in an open-loop“gaée the strategy
will be decided once and for all whereas in a closed-loop
game the strategy will be continuously modified.

i

An open-loop Nash equilibrium exists when the path to

which a player commits himself is an optimal (initial) response

to the paths to which other players afe commitﬂa{z. A Nash

equilibrium states only that a player's decision rule must

be an optimal response when viewed from the initial (date, \\

state) pair; the continuation of his decision rulelneed not
be an ogtimal°resp%nse whgn viewed from any (date, state)
pair. Furthermore, a Nash equilibrium is subgame perfect if
the continuation of the given decision rules constitutes a
Nash equilibrium when vie;ed from any intermediate pair
(date, state)B. Therefore subgame perfect Nash equilibria

‘satisfyfthe principle of optimality throﬁghoﬁt'the game;

imperfect Nash equilibrium s&rategies don't.

-

@
lH. Varian, Microeconomic Theory, 2nd ed. (New York:
Norton), p. 10O1. -

2Reinganum and Stokey, "Common Property Resource,”
p. 163.

3

Ibid..
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A further distinction is warranted here: a game is

v, - r

dynamically consistent only if the equilibriu& represents the
co;;inuation of Nash equilibrium strategies. A game admits
subgame peffectiQn only if théaagovg property holds for everf
~equilibrium poinﬁ .

In suﬁﬁary, a non-cooperativé open-loop solution to a
_determinist}g dynamic game yields a dournot—Nash solution;
Vsuch a solution to this type of game is obtained by considering
the problem at hand as one of a Elassical optimal control
problem for one player with respect to the others while
considering the control variables fixed over the horizonz.
fhis_constitutes a binding contract equilibrium, and hénce

i
is dynamically consistentB.

Conversely, in a closed-loop equilibrium players are

¢ontinuoysly Treacting to their opponents’' chosen optimal

output paths; this implies that the agent can react to previous

decisions of other agents&. Hence the most notable feature

Y1bid, p. 164.

2J. Lévine et J. Thépot, "Open Loop and Closed Loop
Equilibria in a Dynamical Duopoly,”" in Optimal Control Theory
and Economic Analysis, ed. Gustav Feichtinger, (New York:
North-Holland, 1982), p. 145,

ﬁ}namig inconsistency arises as follows: the maximum
principle finds an optimal price and extraction path which,
when viewed from the present, maximizes the present discounted
profit, on the assumption that that price-path will be followed.
(Newbery, "0il and Dynamic Consistency," p. 617).

4Gott:wald and Guth ("Allocation of resources,"” p. 208)
write that this is analyzing the "subgame perfect equilibrium
behavior of dynamic market games."



of closed—loop|solutions is that a producer may observe his
opponent's output and price straéegies, and react to them at
any point to maximize his obhjective profit—functionl.

. Given the above, a rational expectations equilibrium
must be a closed-loop solution,

A closed-loop equilibriumneed not be dynamically con-

sistent. Finally, if one is to allow for rationality in a
Stackleberg game, it must be remembered that the rationality

of the follower implies that the closed-loop policy does not,

in general, satisfy the principle of optimality.

Cartels in Exhaustible Resource Markets

Introduction
The first article dealing with a cartel-fringe type
of market structure for én exhaustible resource is due to
Salantz.‘ Using a simplified market structure he derives
a noncooperative Cournot-Nash equilibfium for a cartel and a
competitive fringe, In particular the equilibrium price-
path derived by Salant for the entire industry is between thatr

of a competitive and a a monopolistic price-paths, respectively,

predicted by Hotelling3 for these industry structures. To

lKarp, "Optimality with Non-Renewable Resources," p. 75.

28. Salant, "Exhaustible Resources and Industrial
Structure: A Nash-Cournot Approach to the World 0il Market,"
Journal of Political Economy 84(5) (1976): 1078-1003.

3This point is due to;T. Lewis and R. Schmalensee,
"Cartel deception in nonrenewable resource markets," Bell
Journal of Economics 13(1) (1982): 263.

L

112

)



2 | | _ - 113

-
LA

what extent this aspeck‘of cartel behavior as well as others
modified when some of the assumptiong defining the model are
relaxed will be examined in the subsequent sections.
The Basic Model of a Cartel in an ImperfecLl&
Competitive Resource Market

Salantl postulates that the structuré of the world oil
market is neither perfectly competitive nor perfectly mono-
polistic. Hence he analyzes the structure of a modificd model "~
of the 0il market that comprises a dominant cartel and a
competitive\fringe.

Before a cartel is formed there is. .a s;ecifiéd number
of 'firms in the market that extract a nonrenewable resource from
&eposits of the resource of identical size at the same consiant
marginal cost. A cartel is formed when two or more deposits of
the resource come under the control of the same managementz.

If the' costs of extraction are constant across the industry,
then the feature that distinguishes the cartel from the fringe
is that the cartel owns more reserves3. In addition, Salant's
model assumes fixed reserves, comp;ete freedom of enLr} and

exita, a well-defined stationary consumer demand curve, and

1Salanl:, "Resources and Industrial Structure".

°Ibid., p. 1080.
'4/_“‘-"":_ . .
4 Another advantage accrues to the cartel when costs of

extraction are constant; this point is examined below.

4The author also adds that if the amount of available
reserves is fixed, entry into the industry is difficult.

1



perfect i.nformation1 on all participants' prices, costs,
reserves, and outputs,

If, in addition to the "cartel" made up of at least two
firms, iL is assumed that the rest of the world is divided equally
among a éufficiehtiy large number of small firms, then a dominapﬁ
firm model. resultsz. In such a2 model each small firm takes the "
cartel's price path as given, and sets its price and éxtraction
path so as—to naximize the sum of discounted brofits. The
cartel also seeks to maximize its sum of discounted profits

with respect to its own reserves and the fringe's output.
This situation —swhere each sector accepts as given the other's
optimal strategy - is a Nash—Cournot‘equilibrium3

One last simplifying assumption that is made for the
sake‘of clearly demonstrating the advantage of the cartel
owning more c¢il than the component memberslof the fringe is
as follows: all participaﬂﬁé in the market may e;tract the
resource at zero marginal costa.

The cartel's problem is to piFk a price and output

path, given the fringe's sales path and the cartel's own stock

of resources, To derive the demand curve on the basis of which

lLéwis and Schmalensee ("Cartel Deceptian', p. 134)
note that under the assumption of perfect information all
expectations must be realized.

2Salant, "Resources and Industrial Structure", p. 1080.
31pid., p. 1080.

“Tbid., p. 1081. o :



itfforms.its sales decision, the carte! deducts the [ringe's
sales from the statiohary demand curve to form a sequence of
excess demand curves. Each one of these curves iandicates -Lhe
amount of the resource demand ata given price, in excess of
wvhat the fringe sells at. that instantll [t is on the bhasis
of these excess demand curves, subject to its resource avai-
lability, that the cartel pieks its sales path over Lime.
| The cartel's optimal strategy is to equate the discounted

'Qalue of the marginal.xévenue‘from the sale of the resource at
each instant of time,. 'Furthermore, whcn the cartel ends iLs
sales, the discouﬁted marginal revenue [rom sales must never
exceed that obtained during a period of positive sulés. These
two condftions ensure that profits are maximized,

The competitivg sector chooses its sales paLh so as
to maximizé the sum of discounfed profits, given the price path
that prevails at that moment.A Hence it acts like an ordinary
competitive sector, where each firm takes the price path as
given. Finally, speculators are allowed to operate in the
mérket: the only limit imposed on their behavior is that they
enter the market with no holdings of the resource beforchand,

The characterization of the equilibfium between Lhe cartel
and the fringe is as follows: as long as the fringe has positive
reserﬁes, both the marginal revenue and the price increascat

the rate of interest; eventually both sectors exhaust their

“1pid.
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reserves. This cha{acte;ization of the equilibrium suégests that
Lhe-cartel will always adjhst its ﬁgle; path to have positive:
respr#es when the fringe's reserves are exhausted. This ;sA
.dcmonstraLed in the following way: if the cartel’'s reserves
were exhauéted before those of the fringe, after the cartel's
exhaustion Lhe fringe qould continue éelling the resource
like an ordinary perfectly compétiti;e industry. Compare this
scenario with two moments, namely when the cartel is selling,
and when ‘the cartel's sales are nil. If the cartel has positive
sales its marginal revenue is less than price; when the cartel's,
sales are nil its marginal revenue is equal tolb}ice. Since
‘both the price and the marginal revenue aré growing at the
rate of interest, this suégesfs that marginal revenue has grown
by more than the rate ﬁf interest to reach the level of the
price{ For the rate of increase of marginal revenue to take a
leap of this sort is indicative of the faﬁt that the cartel's
strategy is not‘Optimal. -

Hence in equilibrium the fringe must exhaust its
reserves before the cartel exhausts its ownz.

The sufficiency condition for the existence of ‘an

equiiibrium between the cartel and the fringe is that the

consumer demand curve have a single point of unit elasticity,

——

Yrbid., p. 1083.

2This result is consistent with the principle of
optimality, namely that the optimal policy determined by the
application of the maximum remain valid for the duration of
the life of the system,
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and that the elasticity along the consumer demand curve increase

strictly with pricel. ' ’ ’

In ordq; to maintain_ the distribution of market shares
W '

+

chosen in the initial period of extraction, the price and
marginal revenue must remain in the same proportions as that
set initially.This occurs if the elasticity of excess demand is

the same at every point chosen by the cartel along its excess
n

demand curve, If the consumer demand curve satisfies thoe

sufficiency condition noted above, then the point elasticity

3

of a given excess demand curve incteases as the price increases.
Therefore the sales of the competitive fringe must fall as the

price rises to shift the excess demand curve té restore the
) 2

.

elasticity of excess demand to its prEVLOUS.ﬁﬂmand

The effect of a cartel on a competitive fringe are,well-

/

known: the initial price of a cartel-fringe industry is set

higher than that of § competitive i?dustry, and the price

expansion paths of the cartel and F%e fringe must cross only

3

once. Furthermore, the existence Lf a cartel makes all suppliers
]
. 3
of the resource in the market bet{er off, in the aggregate™.

'Tbid., pp. 1084-1085, and pp. 1090-1091. Salant adds
that all linear or concave demand curves and many convex
curves satisfy this COﬂdlthﬂ.

2Ibid., p. 1085.

3In addition, the proéits of every firm in the fringe jump
by an even larger percentage than the cartel's. This is because
fringe firms get the benefit of higher prifes without having to
contort their sales to obtain these higheN prices. (Ibid., p.
1086). This point is-stated also by T. Lewis and R. Schmalense,
"Cartels and Oligopoly Pricing of «onreplenishable Natural
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It is possible for a single firm to.break rénks with
cartel discipline and dispose of its entire resource stock
at the same rate as the rest of the fringe; by virtue of the
jeint assumptions of pgrfect inf;rmation and noﬂcooperative
NasH-Coufnot equilibrium, the bfeaking away from the ranks of
other firms in the cartel causes an adjustmént an adjustment
dqwnward.of the entire pricepath. [If all members imitate the
"chiseller" to act on their own, then the entire industry
structure is identical to that of perfect competition.

Ali of the preceding discussion has been based on the
assumptiqn of zero tosts of extraction. The incldsion of
cbnstant marginal costs qf extraction changes the ;esults
trivially. However, the inclusion of variable cests of
extraction changes Eheﬂgtructure of the model, because the
cartel's'advaﬁtage over the fringe.is enhanced by the fact

that it is able to’extract as muéh aé any other-firm at a
lover cost'. This increases the cahtel}s market power. In
the absence of the formation of a ca;tel the industry behaves
as an ordinary profit-maximizer. Although Salant doesn™t prove

>
. cm ey e 2 . . .
the existence of equilibrium”™ he assumes it exists to show that

Resources,”" in Dynamic QOptimization and Mathematical Economics,
ed. Pan-Tai Liu (New York: Plenum Press, 1980), p. 1l4l.

,1Salant, "Resources and Industrial Structure;" p. 1088.

2 T - .

To the knowledge oI the author, no proof of existence
exists for a cartel~fringe market structure endowed with
increasing marginal costs of extraction.
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the équilibrium has the same basic propérties as the structure

of the model with constant marginal costg. QSbecifically, the
cartel will still ;emain in thg market after the‘fr{nge is
exhausted, the real pfice of the resource is monotone incnea;ing,
and finally the fdrmatiqn of a cartel raises the fringe's
discounted profits by an even greater percentage than those

of the cartell. )

In summary, then, Salant's model embodies five main
features. They are: (i) all firms are initially of the same
size and possess resérves.og\}gfftical size; {ii) ;ll firms
have the same constant or v;riabig costs of extraction; (iii)'
all firms in the market have perfect information at all times
on all possible parameters affecting the industry; (iv) all
agents accept the announced price and sales paths of the other
participants in the industfy; furthermore they consider
their announced own sales and extraction paths gs binding;

(v) the inverse demand curve must be increasing with price,

comprising one point of unit elasticity.

Why S%ockpiling is Unfeasible
in the Basic Model of 'an Imperfectly
Competitive Resource Market

- It is relevant to discuss the possibility for either

1Salant, "Resources and Industrial Structure," pp.
1088—1039. -
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the cartel or the fringe of storing the resource above ground
once- it is extracted: all firms in the industry have perfect

-

‘information on all parameters, and possess identical reserves.
.It is nol likely that ﬁhedfringe will store the resource above
ground because of the assumption that it acts as a perfectly
Competitive'industryl, On the other hand, if the cartel

sets aside‘a portion of its broduction for a stockﬁile, the
‘fringe will interpret the move as a decrease in the cartel's
sales rate, with a change in its cost parameters. If sales
rates decline then so will the time—price~péfh. The fringe
‘will react.by increasiag its sales rate, wikh a corresponding
increase in its time-price-path. In essence, the fringe

will take Jp_the slack caused by a decrease in the cartel's
sales rate. But thé’fringe acts as a profit-maximizer, and

hence chooses the best pricepath available given the circum-

stances. However we are postulating a noncooperative Nash-

Cournot open-loop equilibrium: the fringe takes as given

the cartel's pricepath, which in turn maximizes discounted
profits based on the fringe's pricepath. It is doubtful that
this type of equilibrium is feasible for two reasons: first,

the cartel would be deliberately setting a time-price-path

1 . - S .
If costs of extraction are constant it is cptimal for
the -firm to delay extraction as much as possible.
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lower than it might have in ordinary circumstance;. This
indicate's a suboptimal behavior. Second, ahd more importantly

such a behavior by the cartel violates the dynamic consistency

of the sales path, which has defined an optimal extraction

‘and sales policy for the cartel. A deviation from this path
is not consistent with the principle of the maximization of a
\

stream of discounted profits over the life of the lirm (or

the cartel) .
In conclusion, any deviatipn from the cartel's prede-
termined, sales and extraction path implies a suboptimal

*

behavior.

Variants of the Basic Model of a Cartel
and Results Obtained

Unequal costs and reserves among
the firms in the. industry -

13

A variant of Salant"s model is presented by Ulph and
.1 . . . .““‘
Folie” . The model is roughly the same as Salant's® but firms' *
costs and sizes of reserves vary across the industry. The
. . - N ;o

authors find that in such a case the- formation of a cartel
decreases the value of fringe reserves. This result holds
for the case of linear demand and constant marginal costs.

The purpose of the last two assumptions is to ensure that any

change of profits before and after the formation of the cartel

1 - ' .
A. Ulph and G. Folie, "Exhaustible resources and cartels:

an intertemporal Nash-Cournot model," Canadian Journal of
Economics XIII(4) (1980): 645-658,

Salant, "Resources and Industrial Structure ".

A



is due exclusively to a change on the resource rents. If
convex costs of extraction are assumed it is still possible
to draw conclusions‘abbut the outcome of equilibrium, but no
precise statements can be made regarding the magnitude of the

changé of the profits (rents) of the fringel.

l The cartel's excess gvéragé revenue curve2 is derived
from-subt;acting at each instant.of time the given level of
fringe output. While res;;cting the rules of a NashjCournot
market structure, this also allows the cartel to acp.like a
monopolist in maximizing its time profilerof discounted
profits,

In a market structure under analysis théfe are five
different possible patterns of producticon between the cartel
and the EringeB. The type of cost advantage given to the
cartel4 is such that only Ehree of these five possible equili-
bria can occur. But the-robustness of.the result that carte-

lization decreases the value of the fringe is such that the

authors find that they need not give the cartel such a cost

1Ulph and Folie note that an immediate consequence of
this result is that contrary to Salant, who concludes that __
“cartel profits decrease only consumer prices, if fringe .rents
fall then the formation of a cartelng%g%gég both consumers and
producers, - -
.2U1ph and Folie, "Resources and Cartels," p. 649.

-~

3Ibid., p. 656.

AAn implication of the assumption that the cartel has
a cost advantage is that at the time the cartel .is formed
the fringe is not producing. (Ulph and Folie, Ibid., pp. 646-
647). -
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advantage. Indeed they find that even if the cartel has a
small cost advantage (i.e.,kthe-cartel's costs are only,
"slightly lower") relative to‘thé fringe the latter will lose
out because of cartelization.

Introducing well-behaved convex cost functions in the
analysis leads to slightly different_results: as expected,
there can be only one segment of time in the life of the
industry when cartel and fringe are producing at the same
time. If the cartel has in principle a significant cost
advantage of the type suggested above then the cartel wili )

begin and finish production with the fringe producing at some

time in between. —

Within the industry just considered the difficulty with
engaging ig stockpiling is the same as when costs and reserves
are_tonstant: perfect information prevails, on the basis of
which firms compute their optimal extraction and sales pathé.
The presence of a stationary (inverse) deﬁan curve ensures
that the p}inciple of dynamic consistency on which is based
the optimal sales and extraction paths need be followed in
each periodp Hence the mode;'s parameters remain unchanging,
and the open-loop Nash-Cournot (noncooperative) equilibrium ~
remains valid for the duration of the industry. Then, any

deviation from this path is likely to be suboptimal.
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The Generalization of the Basic .
Model of a Cartel in an Imperfectly
Competitive Resource Industry

-

B Salant's specification for a demand curve- insists on -
the fact that it be'detreasing in elasticity. Lewls and
Schmalensee1 extend the analysis so that.both co%stént and
increasing—elasticit& de“mand_curves2 be included in the
analysis of and in the proof bf existence of equilibriumn in
addition fo the decreasing elasticity case with which Salant
carries out his analysis. 1In addition, Lewis and Schmalensee
also prove the existence of equilibrium for the two additional
types of demand curves that they consider, and characterize
these equilibria,

Probably ppeir most important contribution in their

extension of the analysis of Salant's analy5153 is that they

carry out the comparative statics of cartel equilibrium.

lLewis and Sehmalensee, "Cartels and Oligopoly Pricing
of Resources,'": 133-156. "

2The constant elasticity demand curve specification is
fairly common and~merits no comment here. The increasing
elasticity specification refers to a demand schedule where
elasticity increases with consumption. In their article, Lewis
and Schmalensee justify this specification in referring to the
demand for a product for which demand might be quite inelastic
for small quantities, but as the price decreases the type of
market for this good has close substitutes with other goods.
This particular specification has been used in an earlier
paper by T. Lewis,_,S. Matthews, and H. Burness, "Monopoly and
the Rate of Extraction of Exhaustible Resources: Note,™
American Economic Review 69(1) (1679): 227-230.-

3 .
Salant, "Resoyrces and Industrial Structure."”
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They confirm the fact that total discounted cartel profits

. L S DR

increase the greater are initial reserves ol the cartel
_ . 3

and the fringe.

~The Basic Model If There is Imperfect
Observability of Reserves
A crucial feature of the‘interactign between the
cartel and theafringe hagmbeen perfect information, available
at no cost to all members of the industry; this has given
rise to a non-cooperative Cournot-Nash equilibrium. Lewis and
—géhmalenseel examine the consequences of the fringe having
imperfect information on the cartel; specffically they assume
that the reserves of the fringe are knowulto all participanté
in the market but those of the cartel only to itself, with
the proviso that the cartel's sales path .be consistent with
its announced inventory levels. This model depends on a static
result derived by Lewis and Schmalengée. namely that, all
things constant, if the reserves of the‘cartel increase, then
the initial price charged by the fringe decreasesz. Because

the fringe is allowed to observe the cartel's sales (but not .

'
Lewis and Schmalensee, "Cartels and Oligopoly Pricing
of Resources."

This result is obtained in Lewis and Schmalensee (Ibid.).
Letting 1" represent the level of the cartel's reserves and P
the initial price charged by the fringe, then 3p«/ 0. The
effect of having a lower initial price is to accelerate the
initial depletion of the resource, hence decreasing the ter-.
minal time of exhaustion. In this way the cartel can enjoy
monopoly profits sooner in. time than if it had truthfully
represented its reserves.

o)
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reserves) it has two chgices. They are:.

(i) Follow the classical profit-maximizing strategy, in which

-

case the fringe immediately perceives the cartel's misrepre-
sentation of inventories and adjusts.its pricepatﬁ accordingly:
(ii) Continue cheatiﬁg; to make the fragd credible the cartel's
sales must be consistent with its announced reserves; hence -
i]:cannot max?nize profits on all of the units it _places

for sale on the market before the iringe is exhausted. This
implies that for Lhe cheatingmgtrategy to be profitable the
loss is less than the gains from a monopoly position for the
cartel. This iIs due to the fact that if demand is linear.
the fringe's output is independent of the cartel'; actual or ~
annoﬁnced resérye holdingsl.' Lewis and Schmalensee state
that ™ this is not 502; furthermore they prove formally that
telling tﬁe truth dominates any strategy invelving stock mis-
representations:to the fringe during the-initial stages

of the game.

In summary, if cheating is carried out by the cartel

it must be such that its sales path is consistent with its

announced inventory levels. Hence when the cartel announces
that its reserves actually are much larger than previously
thought, the_selling price must be readjusted downward. This

behavior is hardly consistent with profit-maximization.

1This point is due to Salant, "Resources and Industrial
St;ucture;" p. 1085,

2Lewis and ‘Schmalensee, "Cartels and Oligopoly Pricing
of Resources," p. 146. M



The Basic Model If There is Covert
Hoarding and Dumping of the Resource

Heretofore the discussion of cartel equilibria has.
assumed the existence of perfect futures markets. As mentioned
_“in the section dealing with dynamic games, complete futures
markets imply perfect [oresight; this allows participaﬁts in
an industry to set a price-and-output path fof the duration
of the extraction period, fully expecting not to have to
revise it, This is a binding contract equilibriﬁm.

"The role of complete information whén a producer is
fixing his future plans is crucial to the determination of a
Nash-Cournot-type of equilibrium. -

In keeping with the reality of resource markets a
more‘rearistic assumption to make regarding total reserves
is that they are. unknown, and hence it is impossible to fix
cutput plans for the duration of the extraction period. The
only complete information available to the producers is the
price charged in the present periodl. Hence the assumption
of an open-loop strategy on which a Nash-Cournot equilibrium
is arrived at is negated; instead the model becomes one of

a Stackleberg price-leadership typez.

Given this possibility of behavior, the cartel has

Any indication of future price is unreliable because
future reserves are indeterminate.

2Lewis and Schmalensee, "Cartel Deception,” p. 265.
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two choices. These are:

(i) In the presence of a profit-maximizing competitive fringe

*

it can announce any pricepath it can affordlto supﬁort given
its reserves. Then for the case of zero costs of extraction
in the fringe and a common rate of interest the Stackelberg
cquilibrium is a Cournot equilibrium: the price must increase
at the rate of interest until thg fringe is depleted, indepen-
dently of the actions of the cartell. Furthermore, given the
‘assumptions made; the authors assert the following Lemma:
"suppose the cartel can announce any pricepath p(t) that it can
support given a profit-maximizing competitive fringe behavior.
This pricepath must bhe followed for all time. Then cartel
wealth ig maximized by announcing the Salant equilibrium
pricepath."2
(ii) If the cartel's ocutput cannot be éﬁsefved it is possible
for the cartel to increase its wealth by announcing a false
pricepath at the beginning of extraction, and revising it at
some time during the production phase.

' L
It is through this second option that suppliers can

engage in covert dumping and hoarding of the resource; the

l’I‘his point is due to R.J. Gilbert, "Dominant firm
pricing policy in a market for an exhaustible resource,"
Bell Journal of Economics 9(2) (1978): 388. In that -
article Gilbert mentions that in the more general cases a
Cournot equilibrium is not a Stackleberg equilibrium.

2Lewis and Schmalensee, "Cartel Deception," p. 266.

.
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essential requirement is that £hey falsify'competitorsi expec-—
"3 L

tations, and voluntaril;rénfprce dynamically inconsistent

production plansl. |

The second option listed above includes two possiﬁi—
lities. These are:

(a) Covert dumping on the part of the cartél. This is an
attempt by the cartel to benefit from the higher price avai-
lable if reserves were smaller than they-éctually are, If

the cartel manages to dispose of its entire inventory before

it has to adjust its pricepath, it is able to increase its
wealth relative to what it would have been il the cartel had sold iLs
production on the basis of the Salant pficepathz. After the
cartel's reserveé are exhausted the price takes a discrete

jump downward to adjust to the reality of the remaining
reserves.

It is possible that when readjustments occur in the
industry's ﬁricepath the cartel has not ygt disposed of its
entire reserves. If this happens the authors demonstrate that
it only changes -the magnitude, not the direction, of the
resultss.

(b) Covert hoarding on the part of the cartel. The cartel

announces a pricepath based on smaller reserves than its

1T. Lewis and R. Schmalensee (Ibid., p. 267) state that
this option is viable only if cartel output cannot be monitored,.
They base their analysis on this assumption.

2Tbid., p. 266.

31pid., p. 268.
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actual reserves. It must—initially sell less of the resource
— s
than is consistent with its profit-maximizing output. However
when the cartel's.deception is revealed the caréel finds itself
with reserves larger than would be the case had it been truthful. ,lg)
accordante with the authors' finding that an initial Salant-
type equilibrium must be Supported for the duration ¢f the
industry, the Nash—bournot—type pricepath is revealed .after
the deception. In this case thelindustry will revert to the
original equilibrium predictedrby Salantl. But according to
the Lemma reproduced earlier,’it is not in the cartel's interest
to support a éifferent equilibrium pricepath after the deception
is discovered. Therefore cartel wealth must be increased
through the hoarding of the resource.
Whereas the purpose of stockpiling is immediately
negated by the activity of covert dumping, covert hoarding is
a form of stockpiling, albeit a secret stockpile, But the
cartel has consistently hidden its Hg%rded resoyr ce; hence when
it does make its stockpile public it finds that the marginal
benefit on each unit of ore is reduced due to the sudden flooding
of the market by the new reserves., Therefore it is decidedly
suboptimal to covertly build a stockpile, for the future price
on each unit will be lower than that presently obtainable,.
Cartel-~Fringe Model of an Extractive Industry
with Stackleberg Equilibria

The difference between Cournot and Stackleberg equilibria

1 .
Salant, "Resources and Industrial Structure"”. --
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has already been examined in the preceding section. In such

models firms' price or output can be strategic variables for

a number of reasons.
. In an analysisl of. a cartel-fringe market structure of
the oil industry where the cartel acts as a Stackleberg leader,
. S
the cartel sets a profit—ﬁaxiﬁizing price-and-extraction path

which the fringe responds to. The fringe then sets ikF own

profit-maximizing output based on its expectations of EETU?E

prices {these future prices are part of expected pasi, yresent,

and future, that the fringe holds with respect to the ca telj.
The mechanism by which the indastry arriJes at an

equilibrium is as followszz assuming both sectors of the indus-

try ;ave perfect information on the stationgry‘inverse demand

curve, the cartel announces™a@ production path based on the

supply response of the fringe. The response of thé fringe,

in turn, erends on its component members' individual costs

of extraction3. Tﬁe_fringe} taking price as given, selects a

profit-maximizing output. This output consists of the.industry

output less the cartel's announced output; this makes up the

\ -

1R.J. Gilbert, "Dominant Firm pricing in a market for

an exhaustible resource," Bell Journal of Economics 9(2)
(1978): 385-395.

\

2Gilbert notes that the existence of an intertemporal
equilibrium doesn't imply that this equilibrium would be
attained in a dynamic economy. (Ibid., p. 386).

31pid., p. 389.

AR
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residual demand functionl.

The condition® which determine whether or not the fringe
will extract are identical to those of other models of resource
extraction: the current rent for reserves in the competitive
'sector is the difference between the price and the marginal
..cost of extractionz. This seémgnce‘of events rests on two
Lactors. These are: . -

(i) The supply response that is chosen by the fringe once the
cartel has anncuncerd its pricepathB; this depends on the

way expectations are formed .

(ii) Pirms in the fringe possess perfect information about the

past, present, and future actions of the cartels.

To simplify Fis model Gilbert makes two assumptions:

L1854., p. 387.

- ?Ibid. _
3A particular assumption. of a Stackleberg equilibrium
is that firms in the fringe are each individually capable of
influencing the price at any date, and hence take the price as
given when determining their supply plans. (Newbery, "0il
and Dynamic Consistency,"” pp. 620-621) o
™ : :
Gilbert states that he doesn't know "how expectations
are formed; if the firms knew‘“this they could use this information in their
pricing policy. (YDominant firm pricing,”" p. 386).
]
5Ibid., p. 386. In additioen, T. Lewis and R. Schmalensee,
state that to assume knowledge of each other's output paths
in advance is a strong assumption, which is close to assuming
complete futures markets. ("On Oligopolistic Markets for
Nonrenewable Natural Resources," Quarterly Journal of Economics
95 (378-81) (1980): 477)~
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that at a high enough%p;ice (the "limit price™) the available
substitutes of the resource are greater than the éresent
recaverable reserves, and at ranges below the limit price thq
elasticity of demand for the resource is;béibw unityl.

Given the stated parameters of the moéel Gilbert
examines two scenarios for st}ategic interaction between _the
cartel and the fringe, namely that the fringe's marginal cost of
extraction is constant’or increasing. The former case corres-
ponds to'a situation where firms are operating at less than
maximum capacity, while the latter case co;rESponds to a
situation where a capaqity constraint is imposed on the fringe;
as it seeks to increase.production, marginal costs of extraction
increase.

In the.first‘case, when the marginal cost of production

is.constant, the equilibrium pricepath has two phases. These

are: : . .

(i) When both sectors are extracting the indust}y’s time-
pricepath must be equallto the rate of interest until the limit
price is attained. Until that happens, the market demand is
determined by the residual demandz. During that period the

cartel can vary the price-level by varying its announced

output level.s But the competitive fringe's pricepath is still
‘;\ngguuuulﬂgy’the arbitrage equation, namely that the percent

1Gilbert, "Dominant firm pricing," p. 386.

2The residual demand has been defined previously.
Specifically it has two functions. They are: (i) it is the
difference of total market demand - less the cartel's announced
demand; (ii) it constitutes the competitive fringe's demand.
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time-rate of change of the pricepath is equal to the fringe's

rate of time—preferencel. That is, _
dPla‘t)+ Q%] dt _pf
PIQ') + Q4] -m¥qf[SF(1)]

where Qf(t)+6z(t) constitutes the sum of the fringe and the

. . -~ £ £ ..f ,
cartel's announced output, respectively, and m g [S (t)] is
the fringe's constant marginal cost. (The analogy with the
Hotelling rule for the constant-cost case is obvious).

(ii) When the limit price is reached all fringe reserves

~
e

earning a positive rent with a marginal cost of extraction

less than the market price will have been recovered. Then

the cartel may maximize profitsz'B. When the fringe's marginal

cost of extraction is constant up to a point, and then increases,

LY

this specification is equivalent to impoesing a constraint on
productive capacity. This can have several effects on the
behavior of the fringe. These are: (a) the production of

the fringe cannot be more than its: zonstraint; (b) the time-

1Gilbert, "Dominant firm pricing," p. 390. The author
notes that this is the same characteristic that governs the
pricepath of a competitive industry in the presence of a
backstop technology. This discussion is contained in P.
Dasgupta and G. Heal, Economic Theory and Resources, pp. 175-
379.

i

2Gilbert, "Dominant firm pricing," p. 390.

3There seems to be a problem with this solution, namely
the determination of the conditions under which producers of a
substitute enter the market once the limit price is reached,
and in so doing how they can coexist alongside the cartel that
extracts a "maximum rate of profit' ‘even though the market
price is marginally below the price of the substitute. (Ibid.)
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rate of change of the fringe prodyction is a decreasing
function of time.
Because the time-path of extraction is a decreasing

function of time, capacity production must always occur before

less-than-capacity productionl. During the time that the price

is less than the limit price the cartel maximizes its profit by
> equating ité.mar inal revenue to its marginal cost (inclusive
of the rent). Bearing in mind.that rents earned on the cartel's
reserves are inversely‘related to the size of the .reserves, as
the size of thé reserves tends to infinity the fhadow price of
the rent decreases so that the cartel's marginal revenue .is
equated to the marginal cost exclusive of the rent on the
resource,
If the fringe capacity is small the cartel might ignore
the effects of its decision by the fringe?, In this case the
response of the fringe is to produce at maximum capacity; this
’is not its optimal response to the cartel's chosen price and
extraction path. Hence there is an incentive for the friage
) to increase capacity. If that happens the industry pricepath

' declines for a short period of time, then increases when

reserves start declining. Eventually the price tends to

the limit price, ‘ —

l1pid., p. 393.

2The author. states that the cartel chooses a production
path, or pricing policy, that maximizes net revenues, and those
revenues depend on the rate of production of the fringe. (Ibid.,
p. 394). -

o



In summary two cases arise in this particular model:
(i) if there is no capacity constraint in the industry then
the cartel's optimal production rate is contingent on the
charactéristics of the fringe, or
(ii) if the fringe has a capacity constraint then the cartel
may act as a classical limit-pricing firml, i.e., the fringe
produces at caﬁacity and the price remains constant Qr ini-

tially decreases.

On the Unfeasibility of Stockpiling In a Cartel-
Fringe Model of an Extractive Industry
with Stackleberg Equilibria

The key features in the Gilbert moael are that the
fringé has perfeck information about the market demand curve,
as well as on all the cartel's actions. ﬁhat is of-~concern
if there is to be stockpiling is the type of cost function
as well as how the industry afrives at an equilibriﬁm. In
this mggel the pricepath is set by the cartel, based on the
suppiy response of‘the fringe;

There are two censiderations that argué against the
cartel stockpiling, should it wish to do so. First, present—
value consideratiens demand that the cost of extracfion be
delayed as far as possible in the future. Second, price is

increasing at a rate equal to that of interest, and there is

no possible future uncertainty. This invalidates the only

'Ivid., p. 386.
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possible motive - future price uncertainty ~ that the cartel

)

EOligopoly in Exhaustible Resource Markets

might have for stockpiling.

Introduction

Heretofore all markets considered are of the cartel-
fringeltype. If cartels are made up of a small n;mber of
firms then any cartel is potentially c¢ligopelistic if{ it breaks
down.

Two types of oligopoly are examined here: open- and
closed-loop. The open-loop oligopoly_ corresponds to a Nﬁsh~ -
Cournot market structure. The closed-loop eqﬁilibrium permits
agents to decidekin every period (or each moﬁent of time)

what they will extact.

-

Open-Loop or Cournot-Nash Oligopoly
By oligopoly is understood here a market structure
where a single firm cannot dominate but any firm's actions
can have an effect on equilibrium.
Following Salant's model of impeffect competition1
Lewis and Schmalensee 2 use the same basic structure to

analyze coligopoly equilibrium, Once more a crucial feature

1Salant, "Resources and Industrial Structure."

2T. Lewis and R. Schmalensee, "Cartel and Oligopoly
Pricing of Nonreplenishable Natural Resoyrces,” in Dynamic
Optimization and Mathematical Economics, ed. Pan-Tai Liu

(New York: Plenum Press, 1980): 133-156.
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of this model is that perfect infofﬁatién prevails in
the markctl. that the market demand curve exhibit decreasing
c¢lasticity of demand, that there are constant marg;nal costs.-
of extraction, and that consumers are all passive price~takers
who follow the continuous and well-known markét demand curve.
Lach firm acﬁs as a Cournot-Nash proﬁit-maximizér, and takes
all other firms' actions as given. Then, if reserves are
equally distributed among.fifms, costs are constant and equal %
: ‘ .
among firms, and}there is a point of unit elgsticity—of demand
along the demand curve it is shown that there exists a noncoop-
erative oligopoiy equilibrium for such a marketz. Furthermore

the rate of increase of the price is less than the rate of

interest; ceteris paribus, if the number of firms increases,

the initial price for the resource increases, the horizon for
the industry decreases, thereby decreasing total profitsB.

These results are taken up again by T. Lewis and

.

R. Schmalensee as a preamble to more general'resultsé. By ,

the same token the authors also give a formal extension of the

Hotelling price rule involving firms between the extremes of

Y1bid., .p. 134,

2Lewis and Schmalensee,"Oligopolistic Markets for
Resources." ;

-

3, . &
Lewis and Schmalensee, "Cartels and Oligopoly Pricing
of Resources," p. 134, , \

These results are reproduced in Lewis and Schmalensee,
"Oligopolistic Markets for Resources," pp. 477-479,
\ o

/
/

: o
~
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.
perfect competition and monopoly.

Thesé\results are contingent on the symmetry of costs
and reserves in the industry. If the assumbtion of equality
of reserves is relaxed then the firms with the greater reserves
will begin production earlier and cease production alter the

1,2

other firms }n addition the extraction horizon is

lengthened,

The presence of dissimilar constant costs in firms
among the industry changes the nature of the analysis.
Stilk assuming constant costs and a homogeneous grade of'oge,
if one firm in the industry has costs that are greater than
other firms' individual costs then there will ensue ineffi-
ciency in equilibrium. It is intuitively plausible that a
low-cost deposit must be exhausted before a higher-cost

reserveB. But an efficient oligopoly equilibrium is

11bid., p. 482.

An examination of a not entirely dissimilar market
structure proposed by Crawford, Sobel, and Takahasﬁ??ttgfr—
gaining ard Strategic Reserves,'" pp. 472-480),. an that~\model
the au%pbrs conclude that the resource-rich entilty will produce
first until the reserves are equal for all parcjcipants (Ibid.,
p. 477). The difference in the conclusions betwg¢en the two models
rests frucially on the fact that Lewis and Schmalensee ("Oligo-
polistiic Markets for Resources™) analyze a partial equilibrium
model, jwhereas Crawford et al analyze a general equilibrium
model of a simplified world economy. Although this seemingly
unfair comparison between two dissimilar models stretches the

. ealm of credulity it is necessary hecause of the resemblance
of the initial problem, i.e., two producers possess unequal

e

reserves of the same resource,
3'I‘his point is formally demconstrated for a constant-
cost industry in J.M. Hartwick, "Exploitation of Many Deposits
of an Exhaustible Resource," Econometrica 46(1) (1978): 201-217.
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imcompatible with thepexploitétio}\nf deposits containing

different grades of ore for the followin&‘reasonsl'z: ‘assume

there are two types of reserves, low grade and high grade, with

Nl firms exploiting the high-grade reserves and N2 firms
cxploiting the low-prade reserves., Then all Ni firms must
ceasc extraction before N2 firms take over and begin extracting
at a higher cost of‘extraétion. Because of thé assumed
continuity of the Firms' rates QE extraction, the indﬁstry
outpult must tend 'to zero as the exhaustion of the first grade
of deposits is nearly completed. As that happens, the price
ﬁuét increase, and decreases shortly after the exploitation of
the new deppsits begins. But this is impossible. Therefore .

in order for a shift of deposits te happen w&thout a discon-

tiwuity in the industry subply, it must be that two types of

firms are operating ah the same time.

L Two aspects of this inefficiency result are worth
noting: first, this is ‘the intertemporal analogy of market
inefgiciency in a Cournot oligbpoly when there is asymmetry in
firms in the industry. Second: there are a number of possible

industry outcomes when costs differ: these’ include the

possibility of a high-cost firm exhausting its reserves before

1 , - . . :

In this context, eficiency implies that no two deposits -
containing ores of different grades are exploited at the same
time. )

, 2This is a paraphrase of a proof offered by Lewis and
Schmalensee, "Oligopolistic Markets for Resources," p. 484,

) &
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the low-cost firml.

If.it" occurs that, in spite of the full information-
.which each firm had access to. when choosing its profit-
maximizing rate 6f.output; the high-cost Ffirm exhnﬁsts
its feserves before the low-cost firm, then this 1eavesopen-
the question of the relevancelof assuming ‘an open-loop
equilibrium in firms' output paths, and thercfore have
productive inefficiency. Thié.Ls not respectful of the dynamic
consistency that should characterize such a model, and leaves
one to doubt whether a producer would ever abide by such a
dynamic inconsistency. . |

In summary, the open-loop olipgopoly equilibrium is
based on the folloﬁing features: there is perfect information,
each firm is a Nash-Cournot profit maximizer, and there is
constant qualityfand equal reserves in Ehe firms across the

industry. Iﬂ this case efficiency conditions argue against
stockpiling for-the'uéual reasons; the marﬁinqquost of '
extraction 1is conétant; therefore it is in the’pgéﬁuﬁer's best
interests to postpone extraction.afFurthermore”the presence

‘

A -
of perfect information ensures that there is no reason to carry

out covert hoarding of the resource, because the time-price-
path is based on a sum of reserves that is well-known through-

~out the,industry. The same reasoning applies to the case of

.
.

rl

1bid., p. 485.
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uncqual reserves, due to the fact that costs of extraction

are still CSHEtdFEf

u

Closed-Loop Oligopoly Equilibrium

In a closed-loop equilibrium producers are free to
choose at any instant in time the output they will place on
the market. An examination of such a market is useful for

the insights it provides in the functioning of closed-loop

~
models,

T An analysis of how pfoducers will react in a simple

two—périod market is offered by D. Gottwald and V. Guthl;

in their analysis of a closed~loop world oil market they
compute the equilibrium solutions for different situations

within the' oil market. .
Fhe assumptions and the parameters underlying the model
are as follows: there is a fixed hompgeneous stock of the

resource, a small number of producers of the same size, a

well-defined market demand that grows at a fixed rate if the

‘real price of o0il is constant through time,' and linear marginal

extraction costs that are identical throughout the industry.

Finally, each firm is assumed to be a profit-maximizer,
The ﬁr0cess of market decision is as follows: at the
beginning of each period each player is -informed about the

stocks of the other players as well as his own. Based on this

information each player makes a salef decision with respect to

-~

'lGottwaid and Guth, "Allocation of resources,'": 208~
222,
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his reserve constraint. Because the "market" (the game) is

~

assumed to be symmetric only symmetrit~ subgames are renchedl.

The authors are particularly concerned tq'show that
within the.parametersuof their model it may be proven that
there is a subgame perfect equilibrium point prescribing the
same strategy for each producerz. But this decision must srill
be made independenfly by each producer.

The natufe of the Sofution arrived at depends crucially
on a definition of gcarcity. i.e., 0il is not scarce if at

least one producer attempts to sell more than he hasj. it 1

that happens, the sale in any period can be isolated from thosc
in other period. Hence different time periods can be treated

as independent periods, where trading only happens in gne of
ro _41

the periods. (If o0il is defined as being "scarceﬂ/fﬁen Lhe

optimal sales paths chosen by producers in e bh period are

still identical from one producer to the nex{ but the induskry

supply will be determined differently if oil not scarce),
The authors' analysis derives two main résults. They
are:

(i) as the rate of interest inreases producers consider the

rate of sales in each period to be equivalent;

Y1pid., p. 209.
21bid., p. 210.
31bid.

b
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(iij despite the paraﬁeters of the game which demands that
producers decide on their level of output in each pefiod,
no producer is myopic, i.e., no producer can ignore the rate
'
of interest when making his output decision in each period.
| The issue of stockpiling in this model is a debatable
point: the purpose of this section has been to give the
rcader an example of closed-loop oligopoly equilibrium. The
type of model presentéd is such that at each moment of time
eaéh firm may choose its level of extraction. All firms
within the industry know the extent of reserves, and the
market demand curve is well-defined. At each moment in time
each player decides on his output, based on his reserve
constraint. The pfesence of positive costs of extraction
as well as perfect information about reserves combine to
make it suboptimal for a producer to consider storing the
extracted resource; instead it is in the producer}s'best
interests to delgy extraction as much as possible. This
negates any motive for stockpiling for purposes of future
- '
price discrimination.
_ 4 ‘
Cartel and Stockpiling by the Consumer

Heretofore stockpiling has been examined with a view
4

to allow a firm to practice intertemporal price discrimination.
v

e / .
It is taken for granted that the consumers alone are responsible
- } ! ‘

for their welfare, and do not respond in an organi;éd manner

!

4 .
N
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“insights into the process of optimal stockpiling.

145

to the actions of the cartel. .-

However, in a multiperiod context, if in additio; to
facing the consumers of the good the‘cartel also has to -
conténd with an autonomous agency that purchases the good for
future use for the benefit of fﬁe consumer, that would change
the results and the motives for_stockpilinglt

.

‘Although the authors also present a multiperiod analysis

-of stockpiling we will limit ourselves to their analysis of Lhe

two-period case, This is for threé reasons:

(i) first we are concerned with exhaustible natural resources:
the authors address the problem in a two-period context,

(ii) the two-period model had greater analytic tractability

than multiperiod models analyzed in the same papegz' .

L}

(iii) in spite of its abstraction, a two-period horizon yields

' +

The goal of the cartel is to maximize its discounted

profits net of its production costs, whereas that of the
consuming nation is to maximize the present value of the
net consumers surplus3. The sequence in each period by which

the market arrives at an equilibrium is as follows: the cartel

1A.L. Nichols and R.J. Zeckhauser, "Stockpiling

strategies and cartel prices," Bell Journal of Economics 8(1)

(1977): 66-96. The participants in the market are the cartel
and the consuming nation.

2This is stated by the authors in Ibid., pp. 69, 74.

31bid., pp. 68-69. : E

v
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sets the price, the consumers purchase what they need for
consumption in that period, and the govérnment agency,\écting
for the consumers, selects a stockpile level, S.
Before postulating Such a sequence the authors note
‘.-' ™
that the government agency that chooses the level of stock-
piling is farsighted, and that in each period it carries out
its.actions in light of future consequencesl.

In view of the fact that the cartel sets the price'in
each period, the model considered here has a resemblance with
the f;rmulation of a Stackleberg model., But there is a
difference with other models of Stackleberg behavior in that
the optimal price chérged'by the cartel in the first period is
a function of its own cbft and output parameters. Similarly,
the purchasing of the good by the consumers ig a collection of
individual acts. Finally, the Yevel of stockpiling that is
selected at the end of each period is a function of demand °
and price parameters relevant to each particular beriod.

Thus the dgcision of who will exercise leadership rests more

on the sequence of actors' market behavior than by any conscious

desire to exercise any strategic advantage.

lNichols and Zeckhauser, "Stockpiling Strategies,"” p.
71. The problem with this assumption is similar to that noted
by Gilbert ("Dominant firm pricing," ) who avoids explaining
how expectations are formed. However, he circumvents this
problem by postulatintg an intertemporal equilibrium. (Ibid.,
p. 394). Furthermore, in a many-period context Nichols and
Zeckhauser's model of market behavior with stockpiling is
intractible analytically and can only be solved for specific
parameter values through numerical analysis. (Nichols and
Zeckhauser, "Stgckpiling strategies," p. 74).

.
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Nichols and Zeckhauser seek to establish that if certain
cond{tiﬁns hold, i.e., «if therg is no quantity constraint on
the prbduction of the rescurce, and no communication between
the producers and consumers other than through the marketplace,
then it may be established that in general the setting Qp of
a stockpilé will benefit the consumef.anq the produccr.1 Given
the parameters;of the authors' model, the derivation of this
result is straiéhtforward: for each period there is a

-
LS

linear demand curve
c:t ::l< - 0(’3t

. corresponding to consumption: "K" is a constant fixed para-
meter, as is "X ", ;:}\pt indicates Che price in each period.
The aggregate demand curves for each period are l:'an-:.f.n-‘2

and of the type

Dy=Cit t5, t=1,2

That is, the aggregate demand in each period is a function of
the amount purchased by consumers Ct'(>0) and the amount of
stockpiling, S, that takes place. Because this is a two-
period model, stockpiles are built up in the first period to

-

be released in the second period. Therefore

D2=C2-S ’

lNichols and Zeckhauser,  "Stockpiling strategies,”" p. 68.

2The reason for such a specification is that given the
multiperiod game context in which the model is set, little
insight could be gained from working with general functions.



The cartel's goal is to maximize-its discounted total revenue

¢ - \I== P’[)[4-P F& E&
where{3 is the discount factor (remember_that production is
assumed to be costless). Based on these factors {and disposing
“of perfect information) the cartel will set a profit-maximizing
price contingent on ' whether or not there is
stockpiling, which determines the maximization of total

revenuel. This price is
l .
if there is no'stockpiling and

Py = (K+S)/x2

if“ stockpiling takes place,

',The value function for the consuming nation,Fr, is
made up of two components: the consumer's surplus (the
triangular area under the demand curve) and the government
agency's revenues (net of purchase costs) from holding the
resource, i.e., R
Ft’= P(Q)dp t p, S

o t
Q _l
The first term above measures the area under the demand curve.

Over two periods the value function is

| F=F|+p/—f e

t

1This is attained as follows: - in each period the
cartel maximizes the expression TR=p_[K-e<p_] with the obvious
extension if there is negative or positive stockpiling.
Maximizing this expression with respect to the price yields the
optimal price.
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In the absence of precise parameters defining the demand
curve it is impossible to make- absolute comparisons between
the stockpiling and no-stockpiling case. However, relative

results base{fon arbitrary values of the demand curve indicate
that with stockpiling the first—perigd pri;e is marginally

- ghigher but the secong;beriod price is much lqﬁerl. Furtherj
more the present value of consumers' surpluslﬁgcreases, as
does the cartel's rev;nues.

The benefits offstockpiling outlined above "depend on
'‘the fact th;t there is no quantity constraint on the resource.
£ a quantity constraint is imposed then potal consumption
takes on the form e .
o T/Cé-éR . [8-1]

‘ ,
where R represents quii reserves, THe quantity constraipt
may not be binding for two reasons: if total reserves are
éxtremely 1érge relative to consﬁmption, or if total reserves
are so small that no stockpiling takes place.

The analysi; gf stockpiling when the constraint is
binding proceeds as followszz considering the range of
resourc; availabilfiy where the constraint is binding we

substitute the values for consumption for each period in

equation [8~1], and after rearranging we have

1Nichols and Zeckhauser, "Stockpiling strategies,"”
pp. 73~74. |

2Ib‘id., pp. 94-96.
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P, 2 2K-R-«p | | [822]
x g

This constitutes the price-floor in the second period if

there ig stockpiling. Hence during the first period it

§Brves no purpose to stackpile beyond what can drive the

price below what is indicated in [8~2]. The equation fér

the price in [8-2] varies inversely with the price in the first
period: as Py deéreases the price-floor for Py increases

and vice-versa. Based on [8-2] the authors develop optimal
levels for stockpiles and price. The results are: the optimal
level of stockpiling varies proportionately with the resource
constraint; the former increases with the latter, hntil‘the
maximum resource deposit that is necessary for the constraint

to be not binding is reached. When that occurs the optimal
level of stockpile is constanﬁ,-as is the price. The évaila—
bility of the stockpiling option implies that the first-period
price is greater than thq"price without stockpiling over all

the ranges of quantity of reserves considered. Whether or not
this benefits the consumer is determined as befqre by the level
of consumer's and producer's surplus. The results for the
producer's surplus are unambiguous: over most of the range
where the resource ii binding the producer's surplus with stofage
is greater than if there is no storage. Still over the relevant
range of resource availability, the amount of consumer's surplus

declines when there is storage; but as the level of reserves

’
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increases this changes: ;he'amount of consumer's surplus with

storage is greater than if there is no storage. This remains

true as the quantity of reserves tends to infinity. Thus over
ﬁ large segment of the range where the resource availability
constraint is binding there are losses to the consumer if

there is stockpiling.
The authors note that this result is disturbing, because

most of the commodities being considered for stockpiling are

. 1 :
constrained”. | .

In summary the results of stockpiling in the presence

of a resource availability constraint are ambiguous.

——

On the P0581b111ty of Inventory Accumulation
In Imperfect Competition

It has been seen that in soﬁe circumstances {t is
optimal to stockpile in both competitive/and monopolistic
markets. It should stand to reason that in a deterministic
market structure where firms have some amount of market power,
i.e., in imperfectly competitive markets, that firms have some
discretion in setting output, salesk\and price.
A simple framewdrk in which invlgtories are maintained o
in an imperfectly competitive market is given b} Phlipsz-

Assuming a particularly simple model of imperfect competition,

Phlips assumes that there is a fixed number of firms (no entry

1Niéhols'and Zeckhauser, "Stockpiling Strategies," p. 96.

Phlips, "Intertemporal Price Discrimination." pp. 530~
531.



~is permitted) that sell a homogeneous product at an iden-
tical price. Using a modification-of the optimal control
problem that was solved .to verify Smithies' inteftemporal
discriminatkon rule (Chapter I) Phlips finds that the optimal’

K]

pricing policy for a firm is N

L+ ﬂj-.L ::ki
p( : r])

.th .. . . '
where k., represents the i firm's "normalized" marginal

[9-1]

cost, that is, the constant and discounted marginal cost at
which disJounted marginal revenues are equated, at each moment,

q, is the individual firm's outpwt, q is the industry output,

and q is the elasticity of demand for the industry.

It is relevant to note two features of the resule-in

7

[9-1]. These are: (i) equation [9-1] may be a noncooperative

. @ ]
Nash equilibriuml; (ii) the market share of each firm need

not be eqﬁal.
Inside an imperfectly competitive induépry cperating
under certainty, the ideal motive for stockpiling ?s the
strategic motivez; if there are p;sitive costs of extraction,
the firm may wish to completely extract the reso;rce as a
signal to other firms of its determination to remain in the
market. Further, the use of a stockpile may be the perfect
instrument to attempt to undercut a competitor -.real or

imagined -~ in the market. Due to the range of possibilities

open to th analyst this type of motive for holding inventories
b

Ybid., p. 531.

2This motive has been discussed in_.Chapter I.
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in imperfect competition will not be analyzed here.

As in all other types of markets, stockpiling for
speculative purposes is well'suitéa-to imperfect competition.
When the producer builds up a stockpile for a speculative
purpose then in principle this activity resembles that of
hedging: in bogh cases.an actor in theqmarketplace secks
to reduce the risk that price variability in the market
represents for him, and at most seeks to profit from antici-
pated price variability due to incomplete futures markets.

Still within;an i?perfectlf competitive market structure,
an inventory maintagne for precautionary motives is made
redundant by the presence of a known and well-defined market
demand curve, along'dﬁth perfect knowledge of competitors'
actions and poséibilities, and complete futures markets.
yIndeed, only if future demand (and hence price) is uncertain
is there -any purpdse of maintaining inventories for precau- \
tionary motives.

The presence 0f well-defined and continuous cost
functi;;s with no startup costs invalidate the transaction

motive in markets characterized by both certainty and uncer-

tainty.’

¢
)

Heretofore we have seen that stockpiling for purposes
of intertemporal price discrimination hinges on U-shaped cost
curves as well as sufficient market power to the firm (in the

1+

¥
form of a monopoly over the resource) to ensure that it isn't



154

undercut by a potential #ntfant. It is not impossible to

. conceive of a.duopoly/ -both with identical reserves and cost
functions, carryingf/out stockpiling;fqr the purpose of inter-
temporal price disktrimination later on. Whether the resuiting
équilihriﬁm will be codperative or not is a matter to be
determined by the model's sﬁecifications. If a coopefative
ecquilibrium prevailé. then this market is analqgoué to a
monopoly, in which case the preceding chapter's analysis

becomes relevant.

LR . -
¥

Summary and Conclusions
The modfMs/'examined above rest explicitly on the

. assuliption 6f full information for all participants in the
" . N -

“éﬁarket.vlThe only divergence from thi; rule is the scenario
that ‘allows for imperfect ob;ervability.of reserves while
output remains perfectly obsetvable. But an explicit assump-
tion is that alil Eirms follow a Nash-Cournot equilibrium path.
Hence, knowing the rate of interest, the number of firms in
thelmarket, etc..., it 1is eésy to deduce what the sgze of the
firms' reserves are, and for the firm to adjust its output
correspondingly.

Also, the structures of oligopoly that were examined

s

above explicitly dimply the presence of.perfect information.
An attempt by any firm in the market to undertake stockpiling
for strategic purposes is useless because other firms would
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immediately notice this and adjust their price and output
\ ' ’

‘paths accordingly.

The discussion of the feasibility of inventories ﬁndcr
different market structures has demonstrated that the frame-
work of the models examined precludes any inventory buildup
"for purposes of iﬁtertemporal price discrimination; instead,
brohably the most plausible motives for holding inventories
in an imperfectly competitive market are twofold: the.speccu=-
lative motive if the price is uncertqin, and the strategic-
motive otherwise. Whereas the analysis of the latter is a
field.un;p itself, the stﬁdy of the speculative mptive stems
from price unceftainty; There is also the limiting case where
consumers stockpile the resource to undercut the producers'

surplus. However this analysis somewhat detracts from-the
b - ~
main thrust of this thesis, which is to examine the actions
. . o
of the individual firm. '
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A S CHAPTER VI
OTHER MOTIVES FOR STOCKPILING

Introduction

This chapter examings stbckpiling by a firm for purposes

other tﬁgn voluntary intertemporal price discriminationl.

fhe first of these purposes is the "environmental motive"

which is a mechanical extension of stockpiling for intertemporal
price discrimination.r The second motive is that of indivisi-
bilities of production: what are the effects on the firm of
extracting a byprodﬁcp and'storing it for future use? The

third metive examined is that of speculative stockpifing; this
section discusées the role of the elasticity of demand in deter-
mining the monopolist's pricepath over time, and the role of
speculators. ’

o

-

Stockpiling for Environmental Purposes2

The extraction of minerals or energy generally causes

some form of environmental damage. In an effort to examine

lThe question of how a firm should use its inventory
will not be examined here.

2This discussion is based on T. Lewis, "Energy vs.
the Environment," California Institute of Technology Working
Paper no. 126 (May 1976): 22 pages.
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the effects on a firm's sales and extraction path of paying
compensation to society for damage caused to the environment

by the'extractio; of a resource, Lewis examines the elfect of
imposing a fixed cost, independent of the rate of extraction,
while the resource is being extracted. - The effects of Lhe
impodition of this tax are examined in light of two sets of
circumstances; respectively, these are when the optimal extraction and
sales paﬁhs may be rearranged ﬁhrough'the use- of ahovu—gruund‘
storagé, and when any rearrangement of the opt}mal sales and
gxtraction paths is impossible due_to prohibitivel; expensive
storage costs,

»

The model developéh by Lewis is of the neoclassical

type}‘in this case this implies the maximization of a present
;élue stream of profits from a fixed body of ore, along with
a convex variable cost functionl dependent only on the
quantity of ore extraﬁted. The imposition ofla‘fixed tax on
the firm while it extracts the resource results in an average-
cost curve that is U—shapgdz.

In the case where marginal storage costs are cbnsLQnL
and independent of the rate of extraction, Lewis‘shows that the

rate of‘consumption of the resource is not affected by the

imposition of a fixed tax on the extractive firm's operations

1Both the first and second derivatives are positive,

2Lewis, "Energy and the Environment," p. 3. 1In addition,
the author invcockes D. Lee and D. Orp ( "The Private Discount Rate
«and Resource 'Conservation'" [Canadian Journal of Economics
VIIIQB)f(l9]5): 351-363]) to claim that if the urnit extraction

s
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if storage is available at a reasonable‘*cost, as is the

horizon fb; the consumption of the resource. Morecever, &

'Lhe rate of extraction is speeded up due to the imposition of

Lthe fixced taxl. _However; the”horizon for the consumption of

Lhe‘rqsource does not change due to the inclusioﬁ of environ-

- mental costsg, if stofage is available at constant.costsz. © .
The intuitive explanation for the result that a

resourcte on which a fixed cost i’ imposed ph its extraction

will face a shorter extraction period but a consumption horizon

of equal leéngth than if the fixed cgst was not imposgﬁﬂ.is

because whereas éonsumption decisions are made on the basis of

~__—

marginal quantities, the marginal cost qﬁ‘stockpiling‘is ' //f
indehendent of the level of stockpiles. This result is

further developed to demonstrate thgt the consumption of the

resoyrce across time is allocated so as to equate the present

value of marginal returns from the sale of the ore3. This

is an enunciation. of the intertemporal discrimination rule as

— ’ L

cost is.U-shaped ttjmay be economical 'to store extracted
resources if sales and extraction paths differ. The argument
invoked is along the same lines as that seen in Chapter IV for
the decoupling of the sales and extraction path.

A_lFurthermore, the-greater are the constant marginal
costs of storage the shorter are the extraction horizons.

2Formally, the equations describing the sales path and
horizon do not depend exlicitly on the fixed environmental
costs levied, and thus need not affect these paths.

a

3Lewis, "Energy and the Environment,”" p. 10.
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examined*}n Chapter II: that the discounted marginal revenue
from sales must equél the discounted entire marginalAcosL

. . L
from production in time. ~

The ﬁurpose of the analyqis.of stockpiling for environ-
mental purposes is'twofold: in addition to demonstrating
that Ehere may be a social purposé in the utilization of Lhe
intertemporal discrimination rule, it-aléé addresses the

. o »

debate pitting "environmentali;ts" against those who argue
that the conservation of the environment is incompatible
with other social values, such. as full employment. Specifically
it shows that if storage is available at constant marginal

costs, then consumption paths need not difﬁeq because of the

imposition of a fixed cost on the extractive firm's operations.

Indivisibilities of Production

Introduction

It is not uncommon for a deposit of a resource to
contain large'amounts of a second type of ore. For example,
deposits of natural gas and aluminm bauxite méy contain,
respectively, considerable amounts of helium and titanium,
This raises a number of issues. These are:
(i) The effect on the pricepatﬁ of one resource of extracting
a second resource at the same time.

(ii) What measure of scarcity is to be used when evaluafing

the apundance of the rescurce.——-—- -~ - ol



(iii) Whether or, not to incur the storage cost of maintaining
these resources for possible sale in the future. This issue

. is relevant when considering that the present demand for the

reéidu;i oreris small and inelastic,:.with considerable uncer-
tainty over future demand.

Two papers examine the market behavior of resources
that possess such characteristics. The difference of their
models of the industry is apparent through the different
assumptions that are made regarding the dependence of the

marginal cost of extraction on the level of reserves or the

rate of extraction. These models are each examihed in

~

~
turn.

It must be recalled that the survey of the‘%odels is
undertaken with a view to analyzing stockpiling, to the
detriment of the associated issues when efamining jointly.
produced exhaustible resources”.

- - A Model of the Industry When The
Marginal Cost of Production is Independent
of the Rate of Extraction
An industry with these characteristics is analyzed

by Pindyckz. A competitive industry extracts a composite

1Some of these issues include the relevanceé of differing

measures of scarcity when evaluating resource deposits, as

160

well as how to evaluate future demand for the secondary resaource.

2

291-303. ’

R.S. Pindyck, "Jointly Produced Exhaustible Resources,"
Journal of Environmental Economics and Management 9(3) (1982):
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homogeneous ore from a number of deposits. The composite

ore is extracted at an average and marginal cost c(R),
a décreasing fuﬁction of the known (and fixed) reserve
level. i

hJ

Although'the grade of ore of the resource in cach
deposit is homogeneous the cost function must conform to
the peculiarity that the extraction of the composite ores
is distinct from the producinn of a particular ore.

The analy;is of the necessary conditions for a &
competitive equilibrium.yields the nption of a "transfer
price"l, “i.e., the price at which the extracted raw ore
‘_should be sold to the processing firms to separate oul the
individual resources. To the producer of the resource, the
transfer price represents the cost thaF it does not have
to incur to obtain a marginal unit of the unprocessed ore,
if it were not placed on the market by the extractor. If
the -cost of extraction is constant, the transfer pricepath
of the resource is equal to the rate of interest less the
(constant) costs of extraction. Similarly, the stored resouce's

pricepath must satisfy the condition that the percent rate of increase net

Lipid., p. 294.
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® -
of the cost of storage be equal to the rate of interestl:
if there are positive costs of storage then the amount of
capital gains to be had in helding. the resource should just
equal the total cost of holding that unit of ore.

The advantage of stockpiling is apparent when exami-
ning the extent to which the price behavior of one resource
affects the availability of thg other resourcez. This assertion
is illustrated by the example of helium and natural gas: at

Lthe present time the demand for the former is small but

inelastic, and its storage is costly. Then, compared to what

s
o’

_:guld prevail if they were produced independently, produci;g
both résources jointly reduces the current price of the secondary
resource (helium) and ingreases the current price of the primary
resource (natural gas). Therefore the exhaustion of naturalh

gas is delayed and that of helium is speeded up. This effect
depeﬁds on the availability and costliness of storage. If

much cheaper storageﬁﬁecomes'availéble, it is conceivable that
the price of natd%al‘gas will not be affected, and corres-
pondingly‘thére will be little difference in extraction paths.
The advantage of storing the residual resource becomes apparent

when one notices that because of depletion the marginal-cost

function of each resource chanpges:

Yibid., p. 295.

2Ibid. ’
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this affects the point off intersection of each marginal cost
curve wifh the time-autonomous demand function. If the
characteristics of the demand function Qor thé residual "
resource are changed through greater accessibiliﬁy of storage
facilities then the initial price of the residual réséprce
might be higher,jgut its initialdproauction would also be

much higher, and the rise of the initial price of the resource

would be more gradual, as demonstrated in Figure 3,

;

( L |
Phelum ' o

L
! : "y s

qhelium

Fig. 3. q,(p) is the demand curve for helium if storage ‘\
is very costly or unavailable, and qB(p) is the demand curve for
helium if storage is cheap.

'~

Figure 3 is explained as follows: as depletion ensues the
marginal-cost curves move to the left (for purposes of graphi-

../' .
cal illustrations we are assuming discrete time). If there is

-
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an incentive to store helium its demand is. much higher, with
the contrary holding true is there is no storage. It is to
be noted that in both cases helium is extracted, as it is a
byproduct of natural gas. ." ‘

| | The tonclusion.to draw }rom the study of the extrac-
tion of joint resources is thag the pricepath of the composite
ore must follow the Hotelling rule, as must.;haF of the stored
desource. Of course if storage is unavailable the pricepath
of the residu;i resource may not conform to the Hotelling
price rule. ‘

Furthermore it is relevant to note that the result

that the net worth of the stored resource increases at a rate

v . .
equal to that of interest is an appropriate illustration of the

discussion contained in the introduction to Chapter I: that

is, even if an inventory is maintained at zero-cost, it doesn't

explain why a stockpile has been accumulated, for the positive
cost of extraction that has been incurred while extracting the
resource will not be recouped until its sale. Under these
conditions, the presence of indivisibilities of production

is ample grounds for the justification of a stockpile.

A Model of the Industry When Marginal
Costs of Extraction Depend On
The Rate of Extraction

In a model of the industry that examines the effects

L. o1 . .
of joint resource extraction , the firms' cost functions

lS. Thivierge et G. Gaudet, "Produits liés et exploi-
tation optimale de§ ressources non renouvelables," Department
of Economics, Laval Univegsity, April 1985 (Mimeographed).

164
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" resemble thosg of the traditional model of the mine, i.e.,

the marginal cost of extraction is a function of the extraction
rate. Two structures of a competitiv? industry that extract
joint resources are contrasted: one iﬁﬂustry does not have

the option to stockpile its extracted resource, whereas the
other-indﬁstry has-thatlsption, albeit at a cbnstnnt marginal
cost. Otherwise, the parameters defining the two industfies
are identical.

.The determination of a competitive equilibrium for Uhe
industry yields the conditions necpssafy’for each extractive
firm to maximize the present value of a stream of discounted
prdﬁits: in particular, the value of the rent on a marginall
unit of raw ore should grow at a rate equal to that of interest.

The transfer price of the ore is therprice that the '
extractive firm will charge the firm that separates the ores;
the percent rate of increase of the transfer price inélusive
of its costs of extraction is less than the rate ol interestl.

o -
The evolution of the extraction path is determined by the
anticipated evolution of the tranéfer price and the evolution
of the rent on the mineral. Specifically, that the anticipated
time-rate of change of the transfer price path be (greater than,
equal to, or less than) the rate of growth of the rent on the
resource implies that the_gxtraction path is (increasing,

constant, or dsc;&déing)z. This relation is explained in

1Ibid., pp. 11-12.

2Thid., p. 16.



166
¢

the followling wayé: if- the producer anticipates the increase
iﬁ.the-transfer price to be greater than that of the rent on
the ore, this ind}cates that the ore in situ 1is undervalued,
and Lhé‘producer will delay placing it on the market. If,
on’' the contfary, the‘producer anticipates the transfer price
Lo rise by less than the rent, then the ore is overvalued,
and Lhe prodhcer will tilt the extraction path toward thé
present so as to évoid the devaluation of the rent. The
obvicus analogy holds if the producer ang}cipates the raﬁé
of increase of the transféf—priee to be equal to the nkt
price of the ore in situ,

| The analysis of the industry that dispoées of :the
possibility'o[ stockpiling the residual resocurce yields the
standard condition for a storable good in a competitive market:
the percent rate of increas¢ of the stored good is equal to

the rate of interest plus the ‘marginal cost of stockpilingl.

-

kY

This positive cost entails, ceteris paribus, an increase in

the marginal cost of extractior relative to what it would be
without stockpiling. Combined with the extraction cost !
function, this last result entails that exﬁraction at the

horizon by the representative firm with the option of stock~
piling will be higher thaﬁ the representative firm of the

industry that does not have this option3. Taken in

L1pid., p. 24. ' | -

21pid., p. 28. A

3Ibid.



conjunction with the condition examined earlier (namely

that ﬁhe extraction path -depends on Ehe anticipated rate of
"growth of the transfer price with the actual increaée,tu

the rent) thjs last result allows the authors\to compare the
differences in the extraction paths between the industry that
has the option to stockpile and that which does ﬁoLl. Three
cases arise,. ‘They are: . \\‘_ |

(i) If the extraction path is constant (and hence the
anticipated increase in the transfer price of the mineral

is equalﬁto that of the ore in situ) then the amount ecxtracted
during every period will be greater for the stockpiling [irm
than for the firm that does not have th;s option. Furthermore,
tﬁe stockpiling firm's extraction horizon is shorter than that
“which does not "have the option to stockpile.

(ii),If the extraction path is increasing, then the producer
anticipates the increase in the mineral rent teo be inferior

to that of the mineraifg-transfer price. The extraction rate
will be greater at all times and the extractive horizon of the
representative firm that hgé the option of stockpiling will be
shorter than the firm that does not have this option.

(iii) If the extraction path is decreasing (and hence the

anticipated increase in the value of the mineral is greater than

_that of the ﬁ}neral's transfer price) then the amount of ore

&

1It must be recalled that the condition that the extrac-
tion path is decreasing, constant, or increasing in relation to
the anticipated increase in the time path of the transfer price
and rent on the ore in- situ holds regardless of whether or
not the firm stockpiles.

167 -
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cextracted at each moment by the firm that has the option.to
_stoékpile is greater than if thg firm does not have this option
LogsLockpile..!
~T _

In summary, in evefy casé examined, the stockpiling firm
‘cxtracts ﬁore during evéri-period; but.has a shorter-extraction
horizon than tﬂe fi;m'thaE:is not 6ffered this option. 1In light
ol the fact that the only difference between the models is that g%::::;
Lﬁ.pne case all competitive firms are offered Ehe option of - |
sLookpiIing whereas in.the second case this option is not .
bffered Lwo Lhings are intuitiveiy appérent- first, if it is
'oyLLmégbfor one . flrm to btUCkplle, all firms will do so; second,
Lhc use of SLUCkplllng reduces the ettractlon horizon compared o
to a similar flrm that does not stockpile,. Fursggrmore,
when offered thé option of stockpiling, the producers' stratégy
is to rake advanLage of the economlcs oﬁ\scale avallable through
sLockallng and increase the1r level of extractagn Tt is this
Agondltlon that rcsﬁlts in shorter extraction horlzons for the

)
stockpiling firms.

‘ Monopoly Pricepaths and Speculative
@ Stockpiling under Certainty

The Hotelling rule states that in equilibrium the

. . _ ' ) ‘ . 1
pricepath of the resourge must be equal to the rate of interest .

N ) .

A historical note is appropriate here; §S.W. Salant
and D.W. Henderson, in "Market Anticipations of Government
Policies“and the Price of Gold," (Journal of Political Economy
86(4) (1978): 627-648 [p. 631]) note that* the type of con-
straint ‘on monopolistic extractors examined here (i.e., that a

-
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This is a condition for stock and flow equilibrium. Neverthe-
less, there are conditions when a monobolist might wish to

set his pricepath increasing %aster than the rate of interest.
A possible scenario where this might occur is as follows:

if the demand curve facing a monoﬁolist is such that the
elasticity of‘demand decreases as quantity increases (i.e.,
the absolute value of the demand elasticity increases as

output increases)l.then the rate of growth of the equilibrium

pricepath will be greater than the rate of interest., But the
. - Q -
price of the resource is increasing at a greater rate than
P ) .

other investments. MHence if speculators are allowed to.operate
in the market they will step im and buy as much as Rpssibld

of the resource. Although this scenario is\theoreticaliy
plahsible,'two aspects need to be pointed out: (i) it is by

ne means élear that a pricepathfincreasing faster than the - ‘v

rate -of interest can sustain a dynahic equilibrium; (ii) even

if a dynamic equilibrium is sustained it would geﬁerate large

J Lo

monopolist's ability to set a.time-path is limited by the
presence of speculators) is analogous to that examined by A.
Smithies in 1941 ("Monopolistic Price Policy in a Spatial -
Market [Econometrica 9(1) (1941): "63-73]), where he considered
the problem of a monopolist who wishes to discriminate

in the price of one commodity sold in two markets separated

by space. The monopolist knows that heYcan't let the price

of the good diverge by more than the costs of transport because
of arbitrageurs. In the context examined in this thesis,
arbitrageurs are speculatotrs and phy51cal dlstance is replaced
by time.

This point is due to Dasgupta and Heal Economic
Theory and Resoufces, .7 330-331.

If:
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investments in the resuurcel.

Therefore, like all theoretical models its validity
depends on the behavioral assumptions. If such a situétion
prcvagléd in real 'life then pérhﬁps for a short time the
percent, rate of increase of the‘pricepath is greater than the
faLe of interest (i.e., bt/pt>r) until speculatoré‘entér the
market‘and reestablish the pricepath to its proper level.

In a theoretical model the best way to avoid this sort of
situatién is to impose a constraint whereby the percent rate

of increase of the pricepath is less than or equal to the

rate of interesk‘(i.e.; bt/P ér)z.

Summary and Conclusions

The purpose of this chapter has been to examine stock-

piling in a broader context than that seen in preceding

chapters. . It has been seen that stockpiling for environmental

purposes is a mechanical (but nontrivial) extension of the
analysis.of the monopoly with the option of stockpiling as
in Chapter IV. The analysis of the firm that extracts joint
ores reduces to the conditions which determine the amount’
of residual ore that will ?e storeﬁ at a positive cost. The

I,

secltion dealing with speculation in a context of certainty is

lIbid.,'p. 330. The authors claim there is empirical
evidence to indicate that purchases of large speculative

stocks have been curtailed because of lack of investment capital.

21pid., pp. 330-331.

- y )
- RS " ~
: »
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more an examination of a theoretical* possibility than the

analysis of a practical motive for stockpiling.

3
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CHAPTER VII
INVENTORY ANP UNCERTAINTY

Introduction

The analysis of the firm under assumptions of certainty
abstracts from many factors thatﬁbyevail in the marketplace.
Models that assume that certaintj;ﬁrevails must make a number
cof qssumptions,'implicit or otherwise. Some of the more
obvious assumptions made are that all reserves are discovered
and accounted for, that the price function in therw§£kq£, s
not random and is well-known _to all interested parties, that.
informaﬁ}bn is costlessland complete, and so on.

Whjﬁe\the use of the assumption of certainty may unot
result in extremely precise results, the main advantage of
postulating a context of certainty is that these mddels are
more easily analyzed and yield greater analytic tractability
compared to other models that assume that uncertainty prevails,
.J Fbr the purposes of the analysis considered here there
are seven types-qf uncertainty. Thea& uncertaintieé are with
respegt to: (i) total reserth of the resource; (ii) the cost
function; (iij) the demand function; (iv) the price‘ﬁf the
resource; (v) the date of introduction of a substitute for

the resource; (vi) changes in the rate of interest; (vii)

1

-1-72
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uncertaint& as tﬁ the date of nationalization 65 the reSourcc,
or\as.to Qhether there may be new uses or substitutes for
the resourcé, or as to whether there'might be disruptions
in the trade of the resource. a

These uncertginties may be divided into two broad
categories: exogenous, andinstitut}énally induced uncertain-
tiesl. These types of uncertainty and their relevance will
be examined later. |

Once the type of uncertainty facing the: producer is

agreed upon, there is the supplementary question of why a

particular motive for 'stockpiling rather thanranother will

be invoked. Tﬁis question has payticular significance in view
of‘the fact that a firm's stockpiling decision will vary
accordingrto the market structure.

There is also tﬁe question of information to be

. v

addressed: does one agent in the marketplace know more than
another, and if éo did he buy that informatién; is his éxpected
gain from.using the information greater than the price he
paid for the information? This question is disposed of n
assuming that all agents' state of ignorance (or knowledge)
about the market is equal: not one agén; in the marketplace

may dispose of any information which may procurt an advantage

. . 2
with respect to the other agents in the marketplace™,

l1This distinction is due to Dasgupta and Heal; Economic
Theory and Resources, p. 395.

2Insofar as one may observe that in the real warld large
amounts of resources are spent on gathering information with



When it is possible to model the different states of
the world in a number of finite outcomes, the firms' perception
of expected profit determines how rthey will act when . faced with
‘di[ferent types of uncertainty., This may also bear on how a

firm perceives the issue of:stockpiling. -

- Te examine all of thesissues raised above this chapter

will proceed in,the following manner: first the different

types of uncertainties that a firm might encounter will be

+

.

féviewed. Then the behavioral assumptions of the firm(QEEEf\
the assumption of price uncertainty are analyzed. Afterwardg
the behavior of the same type of firm whgn given the possi-
bilify of engaging in hedging is énalyzed. 't is seen that

the main consequence of offering the option of hedging to a

firm is to increase its output with respect to future price.

Finally motives for the individual firm to stockpiie under
different types of uncértainty are reviewed., It is seen that
in response to almost gyery type of uncertainty it is benefi-
ciél, intuitively, for the firm to stockpile.

It may be noted at the outset that this chapter is not

H
intended to provide a systematic review of all types of

’

uncertainties and of firms' behavior toward stockpiling.

Instead, this chapter provides a brief overview of what

the result that large firms are better informed on the state ofA
the world than small firms, then clearly the assumption made

in the text, i.e., that all agents in the marketplace have the.
same amod¥t of information, i1s inadequate. However, insofar as
,one realizes that no one firm ever has sufficient information
to forecast all the possible outcomes then that assumption is
not inadequate.
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study of uncertainty has been made in the resource markoet,

and if and how it is possible to accommodate stogbpiLing in

the analysis.

The Nature of Uncertainties

Includiﬁg exogeneous and institutionally induced
uncertainties Ehere aré éeven types of uncertainties that a
firm in the marketplace may be confronted with. These are:
{i) Uncertainty as to the total reserves of the resou;cc.

This type of uncertainty has two components: (a) there may
exist a fixed amount of undiscovered reserves, the discovery
of which is a function of exploratory effort. This type of .
uncertainty has been examined as part of the conditions which
may Qgsse a divergence from the Hotelling pricepath, and
conseqdently will notbpe examined here; (b) reserve uncertainty

may be modelled by assuming that available reserves increase

P

or decrease according to a stochastic process., This form of
reservelpngertainty, modelled by Pindyckl, is of a type such
i
that reserves in the present are known with certainty, but tpe
1

level of future reserves is subject to a stochastic process

with independent incrementsz; it is of a form such thay future

&+

1 'S. Pindyck, "Uncertainty and Exhaustible Resource
Markets,® Journal of Political Economy 88(6) (1980): 1203-
1225,

2This is the "Ito process," which requires, when used

in optimization, Ito's differentiation rule for functions of
stochastic processes as well as stochastic dynamic programming.
(Ibid., p. 1206). .

x



176

unccrtainty.increases with the time horizon. Hence this form of
uncertainty pertains to future amounts of the reserves,
Furthermore, th%s form of uncertainty entails that resgrvé
levels are continuously being revised upward or downward. 1
Formulated in this way the production process takes on the
form of a dyhamic stochastic opgtimization process.
(ii) Uncertainty as to-the cost function: the cost pérameter
may change because of thgldiscovery of a new technology for
the extraction of thehgesource. If.the deposits of ore
éxhibit decreasing returns up to a cutoff gradé at which point
it becomes economical to produce a substitute, the&discovery
of a new technology of‘extraction may change the parameters
of the industry. In the course of this thesis tﬁe assumption
has been made consistently that the cost’ function is known

t
with certainty, is invariant through time, and technology
is constant through timel.
(iii) Demand uncertainties: two types of uncertainty may
affect demand. These are: (a).discrete’ changes in demand
may occur at some point in the future. These chaﬁges may ig
turn be broken down into two categories: permanent and
transttory changes. In both cases a'random discrete distur-

bance (either multiplicative or additive) may affect the known

lM. Hoel 'has analyzed resource extraction when the true

reserves and the costs of extraction are uncertain in "Resource
extraction, uncertainty, and learning," Bell Journal of

Economics 9(2) (1978): 642-645.
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demand for a'resourcel. Whereas a transitory demand shock
may take on the form of a labor disruption in the industry
consuming the resource, a permanent disruption may take on

\ . ‘ . 2
‘the form of the invention of a substitute for the rescurce

All of these disruptions ére ofra discrete nature, and all
gccur at once whether they‘are of a permanent or témporary
nature; (b) continubus changes may occur gradually in the
parameters defining the resource industry, with the result that
demand may be permanently affected. These changes are
‘usually due to- events sdch as increases in factor prices, ﬁ\\
~changes in technology, environmental considerations halting
the extraction qf a resource, a sudden decrease in the cost

of substitutes for the resource, andiother such matters.

Both types of disturbances described in (a) and,

(b) above are random3.

Random fluctuations of this type commonly affect markgts
for agricultural commodities. A review and critique of diffe-
rent types of random fluctuations is provided by S. Turnovsky, -
"The Distribution of Welfare Gains from Price Stabilization: A
Survey of Some Thegretical Issues,"in Stabilizing World Commo-

dity Markets, ed. F.G. Adams ‘and S.A. Klein, (Mas%.: Lexing~
ton Books, 1978): 119-148. ' ~

This point is examined by Dasgupta and Heal, Economic
Thecory and Resources. .

3R. Pindyck (‘Uncertainty and Resource Markets;" pp.
1205-1206) maintains that continuous changes in demand produce
different changes in resource consumption than does a
discrete change in demand.
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(iv) Uncertainty as to the date of invention of a substitute . .

This typé of uncertainty raises two questions: will resource
extraction in a market with no uncertainty over the discovery
date of a substitute resource be faster or slower than in

an identical market where there is no chanqg of a_reéource
substitute being discovered, and secondly, does the type of
market structure have any bearing on the price (and hence the
consumption) of the resource.

(v) Uncertainty as to the futuré price: price uncertainty
occurs when the prevailing price is known to be subjedﬁ'to
random fluctuations due to stochastic components in the
determinants of sﬁpply aﬁd demandz. Two types of price
uncertainty may occur, depending on wvhether the.pricepath’is
set endogeneocusly (i.e., by the competigibe indus&ry) or
exogen?ously (either by a cartel or a monOpbly)3. These

are: (a) for an endogeneopsly set pricepath, random fluctua-~-
tions may bhe modglléd as either of the additive’or the

multiplicative type, with the disturbance term identically

- and indbpendently (i.i.d.) over time, with a specified

1Thi‘s type of uncertainty is similar to that of uncer-
tainty as to the date of discovery of a new resouce.

2J. McCall, "Probabilistic Microeconomics," Bell
Journal of Econpomics 2(2) (1971): 404,

3Whereas a cartel or a munopoly has the freedom to
set the pricepaths of their resource increasing at the rate
of their choice, the same may not be said for markets in
perfect competltlon, where individual firms must accept the

resource industry's rate of increase of its pricepath, as well

as its 1n1tlal level.

L4
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density functionl. Individual firms' beliefs about the
sales price are summarized in a subjective probability
distributionz; (b) there may be uncertaintx concerning a
pricepath that is exogenecously set (e.g;, Hy a cartel or a
monopoly). This uncertainty may affect tﬁe present‘ra;e of
producgion.in two ways: - first, random price {luctuations
lead to variations in demand, with é corresponding movement
along firms' respective cost functions because of a change in
) e

output. This may influence the expected-profit-maximizing
‘output in the presént.. Second, due to the fact that proven
reserves may be represented as an option on future prodd?tion
of the resource, and that the willingness to exércise the option
to extract the resource at a future date ;ariés proportionately _
with its price at that time, it follows that under future price
uncertainty the preater the uncertaintj the'gréa£er is the
incentive to 'hold back ﬁfoduction and keep the option, due
to the fact that under price uncertainty the current “value of

: S

a unit of reserve is larger than the current price net of

the cost of extraction3.

[

s

1T. Lewis, "Attitudes towards Risk and the Optimal
Exploitation of an Exhaustible Resource,”" Journal of Environ- -
mental Economics and Management 4(2) (1977): 113.

A. Sandmo, "On the Thebry of the Competitive Firm under
Price Uncertainty," American Economic Review 61- (1971): 65.

£

3These points are due to R. Pindyck, "The Optimal
Production of an Bxhaustible Resource when Price is Exogeneous
and Stochastic," Scandinavian Journal of Economics 83?2)
(1981): 277-288. '

Al é;l
. .

e ——
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“(vi) Uncertainty as to the future rate of interest: the .

cxpfessing of é flow of revenue in present value terms
discounts the fukure; thié is why extraction of a mineral is
biased towards the present. An.increaSE'inthexﬂtecﬁ hnﬂreébwill
shorten the horizon, and conversely for a decrease in the
rate of interest. In all ofAthe models of the firm discussed
. L -

heretofore an often overlooked assumption is that the rate of’
interest facing the industry is aséumed/fg\FE constént over
the course of the life of the firﬁ: 'this condition is
necessary so¢ that the optimal éxtraction path defined through
the application of the maximum principle hoids over the life
of the firm., Furthermore, the same path defined through the’
application of the maximum principle is based on the a;sumption
of an open-~loop control with no feedback: at all moments of

L]
time during ifs extractive phase the firm follows the price -
and extraction path defined through the maximum principle. To v
take account of an eventual change in the rate of interest is
analogous to diverging from the optimal pafh. However, whereas

. ;

.

it is theoretically possible to have discdntinuifies in the

raLe of interest, they will not be examined here as that -
possibility diverges too far from the theore;ical preoccupations

_at hand. ) , -
(vii) Uncertainfy as to the date of nationalization of the
resource, or as to whether there may be new substitutes for

the resoﬁrce, or whether there might be disruptions in the Yy

trade of the 'esource; all of these uncertainties are

- -

~
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exogeneous (institutionally induced) and therefore may be
eliminated through the use of a "risk-adjusted discount rate".. The

. A [ -
effect of possible natipnalization on the extraction of a

resource has been examingdﬁﬁ} N. Longl. In that articleé the

uncertainty about nationalization is subdivided in Lthree

pgrts: uncertainty about whether the firm will be nationalizcd,

the date of nationalization, and the compensation for the

fiationalization. Uncertainty about the date of nationalization

~

is handleﬁ thrqugh the firm's subjective (ioint) probability
.aboutlits date of nationalization. The solving of the firm's
optiimal ektraction path, given its subjective probability of
nationa?ization, are that the effect.qf uncerﬁainty abouts

' J
nationalization with no compensation are identical to a firm

that faces no uncertainty bptfmust-contend with an (increasing)

profit tax-éver time. L This case is a'péfticular example of a
general proposition, namely when- uncertainty is purely exoge-
'neous stochastic probabilities may be.reblaced'hy a determi-
nistic probiém. . . _
111 of the types of uncertainties discussed'aboveh
overlap to'some aegree; fpr.examplé in a probabilistic
setting there is vi?tdally nothing to_distinguishf$etween
'thereffects of price and demand uncertainty. i :

Wﬁen-discussing uncertainty two topics must be

addressed: first, noting that-as the risk-bearing attitudes
1

181

s -
N. Long, "Resource Extraction under the Uncertainty
about Possible Nationalization," Journal of Economic Theory 10(1)
(1975): 42-53. ' - >

- . ' ' t

-~
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of firms have an influence on the behavior of the firm

under certainty, discussions- of uncertainty must. include

—

some comment on whether the firm is risk~neutral, risk- "
averse, or risk-loving. Second, any discussion of uncer-

tainty must include parallel topics such as insurance markets.
: .
*in general and hed@ing,in particular,

N CA

Due to the size of the body of literature on uncer-

+

taiﬁty, as well as the complexity of the modelling of the

topic of uncertainty,-all that will be done in subsequent

-

sections is to present a comment on the behavior of price

uncertainty and how the problem of stockpiling for different

motives might be handled when dealing under such assumptions.
R .
The Competitive Dynamic Firm under
- 2 - Price Uncertainty

The Competitive Dynamic Firm With
No Resource Constraint

The static maximization problem of the firm's expected

“profi}'under'price uncertainty is well known: depending on

the firm's attitude towards risk it seeks the optimal output

fo maximize its expegted utility-of-profit function¥.

The static theory of the firm under uncertainty is
well known. Prominent articles in the field include S. Lippman’
and J. McCall,{("The Economics of Uncertainty: Selected Topics
and Probabilistic Methods," in Handbook of Mathematical Econo-
mics, ed. K.J. Arrow and M.D. Intriligator, vol. 1 [New York:
North-Holland, 1981]): 211-289)) J. McCall , ("Probabilistic
Microeconomics," (Bell Journal of Economics 2(2) [1971]:
403-438); A. Sandmo,{"On the Theory of the Competitive Firm’
under Uncertainty," (Ameritan Economic Review 61(1) [1971]:
65-73)),
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b

It has -been shown that the static problem of the

. . - .~ - U -

firm under price uncertainty is easily dynamized under fhe

12

assumption of stationary period-utility, where the bhekavior
1,2

of the firm is assumed to be identical in all time periods .

.
Assuming the firm myst maximize its prgsent-value sum of
) . 1

' -

discounted utilities of profit over its (infinite) lifespan:

its problem may be written as

/D;_rt [ﬂ’(t)]dt ” | T L10-1)

— . v
and the solution must satisfy for each period

EU/[p-Ciq] =0, - . ':[10_2].‘.

Eguation [10-2] holds for a risk-neutral firm: this strict

LY

equality is replaced by an inequality depending on whether the

firm is risk-averse or risk-preferring.

1This is done by H.S. Burness, "Price Uncertainty )
and the Exhaustible Firm," Journal of Environmental Economics
and Management 5(2) (1978); 132.

2This problem is analogous to an open-loop dynémic
optimization problem, where the solution for the initial
period must hold for all periods. '

3Slmllarly to the static problem of the mine, the
utility-of-~ proflt function is concave, and the marginal ut111ty
of income is positive; if the firm is risk-neutral this
implies that the optimal (profit-maximizing) output must
equal the utility-maximizing output in all time, periods. The
obvious analogy holds for a risk-averse or risk- 1ov1ng
firm, - _—

-
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The Competitive Extractive Firm Under Price ;
‘ Uncertainty with an Exhausfive - - : '

Resource Constraint -

*

- Risk Neutrality

This analysis is similar.to that of the [irm with no

;esqurce constfaint._excebt that the firm can, only derive
expected utility from alfinite stock of the rggpurce in a
fixed deposit. The firm's utility of profit[function is

£h¢ same as thét of the preceding ééction, as well as the
qonditions dictating the cOndipipnsldictatﬂng the conduct of
‘fhe firm. Neﬁérfheless, there is 5 di$tin;Eion-to bhe ﬁnde with

the precedihg.section: aithougﬁ thé owner is maximizing over
a; infinite period 'of time a sum of utilities stemming L{rom

the sale of an ?xt:acted resource, it must be recalled that the
firm itself will not last that 16ng. Therefore, adopting a
solution proposed by urnessl, we stéte the firm's problem as
maéimizing the sum of discounted utilities over the life of

the mine, i.e., ' ' : \

max.[/;_rf//U'(ﬁ) dl + :-rt. UO dt] [E0=3]

-

///,/

// Although the firm is risk-neutral there are two sotutions to

¥

//5/’5 ﬁ(t):—q(t) i R@:Ro 3 R(T)=0 [ 10-4

e

[10-3]. These are:

L3

Burness, "Price Uncertainty and the Exhaustive Firm,",
p. 133, : :

' o«
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ethU'(.T()[p'- ¢'(q)] A | , [10-3]
0 - U’(H)l{p —c’(q)]r[U(Tc)—Uo] /c’ A )

Condition [10-59 is the profit-maximizing condition: for each

period of production the discouhted maréinal utiiify of préfit
mwst be equal to the user cost, Condition [10-6] ié the
transversality condition: at tgé terminal time marginal utility
of profit from each -init of output must be equal to averagé

utilityl. \

. Risk Aversion

i
»

Risk aversion implies concave utility. Furthermore,
instead of maximizing a sum of pfesent flows of utility as in
[I10-3] a producer will maximize the expected ﬁtility of that
equation,.that is, |

£ T ot | , ’ . .
mm/&! E[U’(It)] df ' [10-7]

a

subject to [10—4]. "Necessary conditions for an optimum
‘ 5 )

a

require that

A = e‘PtE[U’](p-c'(q)) [10-8]
e'ft{ E(U ) -E(U(m)(p-clq)q} =0 ~ 10ss)

bid.

21pid., p. 138.
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From [10-8] the shadow price of -the resource is a constant - ; .

r

‘proportion of the discounted vdalue of the resource times the-

-

expected utility. Condition [10-9] is, the tfansversality:

-

L

cqﬁdition indicating the end of theiextraction period.
Because of the particular formIOE'tpe‘netessary conﬂftionﬁ

it is difficult to infer anything ohn the reiationship between

the e;pected ﬁrice and the marginal cost. However;‘based on

the fisk—bearing attitudes of.the owner, it is pbssible to

obtain some results. In particular, it is possible to esta-

ko

blish that if the goal of the produéer is to maximize the stream
of expected utility, then.the risk-preferring. owners will

deplete the stock of the resource more rapidly than risk-

neutral‘ownersl. On the other hand, if the criterion of maxima-—

zathn1oﬂéxpmn£d profit is used,'thé rate of resource depletion. :
oy

is more rapid for risk-averse fhan risk-neutral firms, whose’

rate of extraction is more rapid- for risk-preferring firmsz. v

The Competitive Firm Under ‘Price
. ~Uncertainty with Hedging

I

“Under price uncertainty a firm can counter price

uncertainty - in two ways: it can hedge through trade in

"o
futures markets or it can hold inventories. When trading on
h] ' . : .

futures markets a firm sells at a certain future price rather

-

1T._Lewis, "Attitudes Towards Risk," pp. 114-115.

2Tbid., p. 117. \
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v i ‘ ‘ ' . '.- -
than maximize jts profit on the basis of an expected .present

. . » . ¢ ' L
price. ’Simiiarly the-purpose of.inventories>when the price is

uncerLaln is elther for spaculative or. precautlonary motives,.

~
-

IWheLher cngag:ng in “hedging or bu1l@ups of inventories,

‘hboth actions‘are ineicqti‘e‘df the-preducer}s actions to

iﬁsere him;elf from price fluctuations. : . i I
In all of the:eases e*amined heretbfofe\iﬁ is seen that

.
.

under uncertainty a risk-averse firm produces less than its

. ‘.

risk-neutral countefﬁbfgl. These results are derived by
making the implicit assumption EheE'the firm has no adeees to

-
k)

futures markets.- Hereé this assumption is relaxed: . there is
an uncertainypresent price and a forward price known with

‘.certainty. This section reviews the. results of how a firm
- ne X )

facing present uncertainty with access td futures markets

reacts, given/its attitude te risk’ ' e
At the 'outset 'it need be stuted rthat hedging is. an
essenpially:dynamic probiém: " faced with a random present

price and a certain future price a firm must maximize during

each period the expected'utility_oﬁ”p;ofits. If the price and °
| T . ! i ' .

- 1Ihis‘same result in a static.context is found in

Sandmo ("The Competitive Firm Under Uncertainty"), Lippman
and McCall ("The Economics of Uncertainty"), and J. Hey * e
(Uncertainty in Microeconomics [Oxford: M! Robertson, 19791).
Hey adds that if uncertainty is removed and the-random price
is replaced by its expected value, the -optimal gutput would
- be .given by C'(q)=Ep, i.e., marginal cost is equal to expected
price. The immediate corollary is that the risk-neutral firm's
_optimal output is the same under uncertainty as it is for -

certainty. This conclusion is repeated again by Lippman and
McCall, Idem., p. 249.-
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cost functlons are time-autonomous and durlng each period’ of

t1me durlng the f1rm s lifespan provision is made [or EYPFESSlng_

. the utility-of-profit function in present value terms; then 7

LA '

fﬁe dynamic-problem is identical to'phe static one: find t“?

optiﬁaiuamounf to hedgﬁ at each moment of time given the \

futu;e price that is known with chtainty. . ; _ ’1

. ] ‘ﬁp analysis of a von Neumann-Morgenstern utiligy-

maximizihg fifm that seeks to reduce .-price uncertainty,through“

hedging has beén-carried out by Hdlthausenl. Contrary to the

usuél resdlts of thetype obtained in equations [10-8] and

[10- 9] Holthausen flnds\that the uLlllty max1mxz1ng flgm w1!1

produce a level of output which depends only on Lhe certain

‘forward price and is independent of the firm's degree of

risk éversion and the probability density functio;—;f pricesz
Thekmodel developed by Holthadsen is defined by a

utility function-defined over profit that the firm seeks to

maximize:

o0 . — .
Max E U(T) = U( &-h+bh—c&»f{)d - [10-10]
iy p(x-h) Mz P/ ap
297 ¢ . "
where x is the quantity of
output v
h is the quantlty of ouLpuL
fedged on the forward market
b is the certain (future) price
o f(p) is the known probability
c density function.

L
1D.M; Holthausen, "Hedging and the Competitive Firm

Under Price Uncertainty," American Economic Review 69(5) (1979);:
989-995,f

a

’Ibid., p. 989.

AN
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The necessary coﬁditiohs for the maximization of [10—10] yield

]

oEe /U(K)P c(x»f(p)dp 0t
QEU /U(n;)(b P)f(P)dP | #10-12]

~

. Equatlon [10- 10] is the same as equatlon [10- 5] except for

Y

Lhe exhaustlble resource coneralnt if a futures market

did not exist, the coud;tlons for a maximum would be the same

as those-examined in [10-5] and which, for a static coatext
would yield the solution that a risk-neutrél firm operaﬁipg
in price uncertainty setssits expected price equal to its
(certain) marg{nal cost. The presgpée of [10-12] changes

the expected result: Holthausen findS‘thgt thé firm's output
level is independent of its dégree of risk avé}sioﬁl; This
result is obtained by adding [10-2] and [10-3] with the

—p———

result that

(b—-c'(x))/i}'(‘ﬂ)f(p:) dp =0, [10-13]

. It can be seen that [10-13] holds only if C'(x)=b. Otherwise,

the assumption underlying U'(JL ) would be violated, implying

that marginal utility is negative. Equation [10-13] implies

‘that the output decision is a function only of the future

prices of the output. This result is interesting for several

reasons. First, a firm exhibits risk-averse behavior because
3

Y1bid., p. 990. __
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of price uncertainty. The futures price being known with
certainty,.uncertainty is removed from the-marketplace, (and

be extension any reason to be risk-averse). Thus a producer

will seek to maximize the utility of his expect;}\profits,

and produce at the point where price is equal to éérgina; cost, .

as in equation [10-2]1. Second, if futﬁres prices are
competitive (as they are éssumed to be)? then they
are expected to be close to the expeéted price Ep. Iﬁ this
case riskééverse firms will producevan ou;put‘close to what

they would produce if the expected price Ep werc replaced by
a certain price. This result is.close to the efficient-markets
hypothesis, for whighhoﬁe of the main requirements is that the

price of a good be equal to its marginél cost,

Motives for Stockpiling Under Uncértainty

.

Most of the diffefent types of uncertainty examined in
the prgceding secgion justify stockpiling as a meagg—g;
reduce uncertainty. We now discuss these uncertainties:
(i) Reserve Uncertainty: contingent on wﬁat degree of
uncertainty prevails with respect to potential reserves,
uncertainty may or may nbt justify stockpiliﬁgrgf the resource.
A reseurce ﬁodel where the only uncertain parameter is the

v .
amount of reserves undiscovered at the present time, but

neverthieless are known to constitute a fixed but as yet

1Mathem_atically, this implies that the producer's
utility function' has a positive continuous first derivative
U'(IT)>0 but that U''(JT)=0. Were the producer risk-averse
Uu'(a)>0, U'"(gt)<0., —- . -

1907
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undiscovered amount of reserves that is contingent only on,
cxploratory effort for their discovery, does not justify stock-

1

“ﬁjling for eipﬁer speculative dr'pfecautionary motives. To be more
pr;cise, stockpiling for precautionary mopives-is net justified,
because the amount of undiscoveréd feser;es as welllas all the
othernparame;ers are known with certainty. Nevertheless,

this statement depends cruciéllg on the notion of undiscovered
reserves constitupihg a-stock. not a flow. If the médef"fé
amended to assume thﬂt there is a limitless amount of resérves,
the discovery of thgh is contingent only on exploratgfy effort,
then whether or not that constitutes an incentive to. stockpile

depends on the structure of the'industry being examined.

However, this form of stockpiling is not carried out for

4

purposes of reducing uncertainty per se. Furthermoré?ﬂﬁncer—
tainty may easily be added to the model by relaxing the
assumption of either’pfice or demand certainty. Immediately
this makes stockpiling for precautionary and.speculative
purposes desi{able. This leaves two quéestions unanswered
first, if there is price ﬁncertainty by what précess does a
-firm go abpout determining i;s subjective price expectation?
Second, assuming that stockpiling‘takes place, how is the ¥.
amount of the optimal stockpile determined?

(ii) Cost Uncertainty: 1if certainty is assumed to hold in the '

r—

“industry, with the the exception of the cost-of-extraction

function which may be either time-dependent and increase at a
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rate greater than .the rate of interest, or subject to a random
r , -

process, then the firm has an-advantage to stockpile for pr5~ £

cautiopary motives, The purpose of this is to stockpile 'when
the cost of extraction is very high, drawving fromdaccumulutcd

stockpiles to satisfy currént demang. .

.

(iii) Demand and Price Uﬂcertainty: in either case stockpiling
may be justified for precautionary and speculative purposes;
building up inventories for precéutionéry motives is relevant
if there is a sudde$-price decrease translating'in a sudden
surge of demand, at which poipt the buffer stocks will be
depleted, whereas stockpiling for sbeculative burpbses is

warranted if the time rate of the pricepath is greater than

the rate of interest. )

(iv) Uncertainty as to the Future Rate of Interest: it has
been discussed in the preceding section how a variable intcrést
rate is incompatible with an open~-loop maxiﬁiéatfon process
that admits no feedback process. To admit the construction of
a stockpile is tantamount to supposing a closed-loop process
with feedback controls.
(v) Uncertainty as to the Date of Nationalization of ghc
Resource: this type of uncertainty may be reducéd to a

v .

certainty~equivalent model, and hence need not be discussed

“here.

. oA

A summary of these motives for stockpiling is presented

below in Table 1.
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: L TABLE 1 ST
MOTIVES FOR STOCKPILING INVOKED BY THE ,
INDIVIDUAL FIRM- IN RESPONSE-TO o
DIFFERENT TYPES OF UNCERTAINTY

—

- i ’

prp———— T

Motive for Stockpiling

T&pc of uncertainty Speculative Precautionéry

Reserve . ) X . - X
Cost . X
Demand ) X, x

Introduction of as
substitute resource™

- -

Price ' CoX X

Future rate of
interest

Date of nationalization
of the resource p

- -

| . .
This type of uncertainty depends on the assumption of a
known date of introduction of a substitute.

o

Summary and Conclusions

The nature of uncertainties has been reviewed. Exogeneous
and institutionally induced uncertainties were included. This
was followed by a review of the behavior of the competitive extrac-
tive firm under price uncertainty. It is seen that for the .

risk-neutral firm the extraction ﬁgth is set so that the
present value of the marginal utility of profit is equal to

the rent of the resource. The analogy for the risk-averse firm
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is examined. .This is followed by an analysis of thevutiliiy-

maximizing firm that has-access to futures markets; It is

seen that thé firm's level of outpuﬁ is a function of the

qertain forward price. This is a way of reducing upcertainty.
Finglly, tﬁe different motives [or stockpiliné to

reduce uncertainty were analyzed. It is détermined,intuitiyelf

P
that "in all cases where reserve, cost, demand, and price

] D)

uncertainty prevail it may be bemeficial to keep on hand a

-

stockpile of the resource.
- As witnessed in the preceding discussion, the scope

and breadth of the study of uncertainty is quite vast. A more

.

exhaustive discussion on varying uncertainties and their

relevance to stockpiling would require that sbecific assum-—

ptions be made on the parameters underlying the models under

analysis in order to attain definitive conclusions on the

question of the pertinence of inventories in models of

uncertainty.
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CHAPTER VIII  _
CONCLUDING- REMARKS

This thesis has been concerned with the availability of

stockpiling at zero storage cost to an-extractive firm under

varying market structures. Of the.elght motives for stock-

_piling examined only the following are relevant in the context

of certainty: intertemporal price discrimination, speculative,

environmental, transaction motives, indivisibilities of

production, and strategic motives. Only the following motives
st

were retained for analysis: stockpiling for environmental

. . £
molives, and indivisibilities of production. The strategic

moLive has been deleted because of its concern with non-strategic

-~ ,
entry deterrence; its analysis requires first that more- fuhda-

mental motives for holding inventories be examined. The
transactions motive has been ignored as well. The motives

for stockpiling for precautionary and speculative purposes ;re
relevant mostly to firms operating under uncerlainty. Due to
the difficulty inherent in modelling uncertainty, a relevant
analysis‘of these motives .may be conducted only inside a
framework embodying specific parameters. Hence the relevance

of these motives for stockpiling within a context of uncertainty

are examined quali%atively only in the last chapter. Finally,

as this thesis examines stockpiling at the level of the

195
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individual firm, stockpiling for reasons of\brice stabilization

—

is not considered. -

—-The second chapEer analyzes the behavior of the firm in
a competitive deterministic framework. The assﬁmptioﬁs of
tﬁe'neoclassical.moggi 6 the mine are reviewed, and the
optimal extraction path of the neoclassical deterministic firm
in partial equilibrium is derived. The results of that analy-
sis are exPlained, and.exceptions to the general results of

. .

the fi;m are considered. In particular some hyﬁotheaes
suggested to egpléin the discrepancy between empirically-.
observed U-shaped price paths, and the Hﬁtelling rule that states

that -the price of the mineral net of extraction costs increascs

.
.

at a rate equal to that Uf_inte}est, are exam{nedﬂ These
hypotheses include the presence of cumulative extr$cLion,
- . #
durable exhau;tible resoufces, the presence‘of technological
change, and the presence of exploration thlg there is
. extraction. Then the traditional model of the competitive
firm is amended to permit stoékpiling at zero cost, Two
situations are considered: one in which the price of tge

resource is constant, and ome in which it is varying. In

. —

_‘Potﬁ—Eéégs it is seen that if it is profitable rto sell the
resource it is optimal to dd so at the maximum rate. When
the- price of the.resource is constant the analysis demonstrates
that it is never optimél to stockpile the resource, because the

inventofy would never be sold. On the other hand, if the price

, of the resource is a time-dependent variable, in some circumstances

-



it is optimal to stockpile it. Furthermore the analysis
yields the conclusion that if it is profitable to sell the
resource. it is optimal to do so atsthe maximum rate, -short of

depleting the stockpile (this islpeqmitted only in one conti-

.

nuous scquence once extraction has ceased). However, when sales

’

arc nil it is optimal to continue extraction at less than full
capacity. This rate is determined by thé difference between
Lhe market price of the ore and the value of a unit of ore in
storage; in tﬁrn, the yalueaof a unit of ore in'stofage 15
determined by the sum of the marginal cost of extraction and
the marginal user cost<of the resource. '

~ . In conclusion, storage of é'resource by a_deterministic
firm occurs under certainty oniy when its market price is a
Ltime-dependent variable. In therparticular model consi&ered,
sales occur at the maximum rate or not at all, whereas inven-
tories can only be built up at a rate less .than fhe‘maximum
raLe of extraction, concurrently with zerogsales, The |
pcrtinehhe of these conclusions to a more general modei of the —
extractive fipm e&bodying features such a; ;uﬁulative extraction
and éxploration represents an interesting area for future
research. - .

After a derivation of the extraction and price paths of

the costless monopoly, some limiting cases to the neoclassical

monopoly are examined. Limiting c?ses to the ordinary monopoly

pricepaths include the examination of the cases where the
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monopoly extracts more {(or less) than the sociﬁ} optimum, and
. .

differences in the expected rate of increase of the pricepath

¥ : T
due to durable exhaustible resources; the debate over the
correct specification of the cost function when the. [irm carries
out exploration i; mentioned as well. Then the model of the
neoclassical extractive firm with variable costs of extraction
is presented, This %s followed by an ﬁnalysis of the condilions

that make it pOSSibie for firms to store their extracted.oufput
. P | |

for the purpose of intertemporal price discrimination, Two

different sets of conditions enable a firm to depoupld‘its

sales and output. The"first set of conditions is that a firm
subject to time-autonomous parameters has a U-shaped average-
cost curve; the second condition is that at. least the cost
function is time-dependent and increasing over tim; at a rate
greater than.that of interest.  The ahalysis of the time~
autonomous extractive monopoly with the option to stockpiiéiis
carried ocut. Two solutions are possibh?: if stockpiiing.is
'not optimal, the price-and-extraction-paths are identical to
those of the exgggctive monopoly with variable costs of
extraction; over the life of the firm sales and the fquantity of
ore extracted decline, and the value of the resource increascs
at an exponential rate., If the second solution holds, i.e., if
stockpiling is optimal, then it is seen that while marginal
revenue is monotone increasing, the extraction of the resource

,is constant or increasing. This striking result contradicts

the accepted wisdom of maximizing a present-value flow of
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revenues, where tﬁerg is usually a bias towards the present

due to a positive rate of discount. Finally the nonnegativiwy

constraint on the inventory, Jyn addition to the continuity of

Y

* .y : ' .
the profit—function, ensurés that extraction may cease only

o

& . L, , .
once over the life of the firm. The extension of this analysis

to conditions including more complex cost functions and time-
~ ’ .,.d’ .
dependent parameters represent an interesting area for further

research,
The analysis of cartels and oligopoly in exhaustible
resource markets shows that the framework in which models of

firms' behavior are set leave little scope for stockpiling for

.

redasons of carrying out price discrimination. This is due

to the time-autonomy of the paraméte;s defining firms' behavior,
] and the presence of perfect information. Hence in the models

examined, and accomodation of stockpiling feor the purpose of

realizing abnormal economit profits would necessitate the

1

modification of some of the underlying parameters. In addition,

the strategic motive for holding invz2ntories represents an
ideal motive for the setting up of a stockpile. Finally,
’

~

the analysis of the strategic motive after suitable modifica-

»

Ltions to the models of imperfect competition shouid be done in
the context of dynamic games and entry deterrence literature.
This is especially true in light of the dtscussion outiining
the possibility of inventory accumulation in imperfect compe-

tition. Furthermore, the discussion of consumers' étockpiling
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.

demonstrates that tangible results can be attained with

simple market structures.

Tﬁe aﬁai}sié of other motives for stockpiling is
contaiped in Chapter VIE? The speculat{ve motive for stockpiling 
under certainty is discussed, as is the environmental motive,
which 'is a direct'coroliary of-stockﬁiling whqﬂtthe firm is
faced with a U-shaped average-cost curve. The Treasons for

. . . o _
building up inventories .in the presence of indivisibilities of

productionlgre reviewved. These motives represent pragnmatic

reasons far maintaining inventories.
-- The discussion of uncertainty distinguishes between

ingtitutional and exogeneously induced uncertainties. This
e -

is followed by a_dfs&ussion of the nature of uncertainties,

and how stockpiling for motives specifically appiied Lto

‘uncertainty can reduce £h£;i1sk inherent to firms operating

- . , RO :

in such markets. _Additiénéf conclusions from this.particular

topic would have to be preﬁeded by a more exhaustive analysis

of the behavior of the ﬁirp under certainty.

The most significagt result of thi; thesis has béen the
establishing of co&ditions that démonstrate the possibility for
a firm in a perfectly competitive resource market Lo stockpile
the resource if the price is time~dependent, while also demon-
strating that it is impossible ;o stockpile the extracted

resource if its price is a constant over time. Similarly, in

the case of -a time-autonomous monopoly the stockpiling of the
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ex;racteﬂ resource above ground (and the correspbndiqg increasing
‘extraction,patﬁ)fis definitely an option to be considered on the

same basis as the more usual "classical” profit-maximizing
behavior, namely that of equatihg marginal revenue f;om.sales

to the sum of the firm's marginal costs of placing the resource

on the market at every inS{gntt It would be worthwhile to ~ .

undertake further research in both of these areas - perfect

competition and mondpoly - to determine whether the conclusion
reached that stockpiling is part of the firm's profit-maximizing
behavior may be derived when more general conditions are

specified, such as the presence of cumulative extraction, .

-~

varying grades of ore, ill-behaved cost functions, and other

like matters.
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