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Abstract

Signals transmitted over the wireless channels are affected by dispersion. In order to 

combat the dispersion, the signal shapes employed must decay very rapidly both in time 

and frequency. In this work, we introduce a novel method for orthonormalizing any given 

function by employing a two dimensional Fourier transform for any given integer lattice 

density. Then, by using this method, we propose pulse shapes that increase the capacity 

of multi-carrier pulse shapes significantly.

In the literature, it is assumed that the best localized orthogonal signal, isotropic or­

thogonal transfer algorithm (IOTA) can be achieved by orthogonalizing the best localized 

nonorthogonal signal, namely the Gaussian signal. We show that by combining Hermite 

functions and orthogonalizing them, an orthogonal signal with better localization than 

the IOTA signal can be achieved.

Multi-carrier schemes employing offset-quadrature-amplitude modulation employ lat­

tice densities of 0.5 due to the Wilson expansions that are employed. In this dissertation, 

we extend the analysis to other density levels providing a trade-off between localization 

and capacity. We also provide a localized pulse shape for unit density lattices.

By employing more than one Weyl-Heisenberg frames that are orthonormal both 

within the frame and in between the frames, the capacity of multi-carrier systems are 

increased. Different lattice diversity scenarios are investigated for capacity enhancement. 

It is shown that by employing this methodology, the capacity of a multi-carrier system 

can be doubled. Additionally, a system level comparison as well as the inter-operability 

of the novel pulse shapes are presented.
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Chapter 1

Introduction and M otivations

Multi-carrier (MC) transmission, in particular orthogonal frequency division multiplexing 

(OFDM), is employed recently in various systems mainly due to its robustness against 

channel distortions [1], These systems are lattice structures formed by time-frequency 

shifts of a prototype function such as rectangular pulse or raised cosine pulse. MC systems 

divide the frequency selective wideband channel into narrow flat fading subchannels [2]. 

Hence, very large bandwidths can be employed easily due to the reduced effect of channel 

dispersions.

There are two types of dispersions in wireless systems. These are the frequency 

dispersion and the time dispersion. Frequency dispersion appears due to the Doppler 

spread and the time dispersion is due to multi-path propagation. In OFDM systems, 

it is straightforward to combat time dispersion by adding a cyclic prefix or suffix to 

the symbols. However under frequency dispersion, OFDM performs poorly due to bad 

frequency localization properties of the pulse shapes used in the system.

In order to get a good localization property, the signal shapes employed in the carriers 

must decay very rapidly both in time and frequency. The localization problem in the

1
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OFDM systems is due to the slow decaying property of the raised cosine pulse or the 

square pulse that is employed. Hence other signal shapes have been considered [3,4].

Although the Gaussian pulse has the best localization property in both time and 

frequency, it does not match the orthogonality criteria required by the OFDM systems. 

The time-frequency shifts of the signals must be orthogonal for the detection process of 

the OFDM signals. Transforming the Gaussian pulse into an orthogonal pulse with a 

slightly worse localization was proposed in [3] and named as the Isotropic Orthogonal 

Transfer Algorithm (IOTA) approach. IOTA has very close localization to Gaussian 

signal, yet it is orthogonalized in time and frequency.

Another approach was to orthogonalize the Gaussian signal by combining it with 

Hermitian signals [4], In [4], five Hermitian signals including the Gaussian signal were 

combined in order to acquire an orthogonal signal. However the results were limited to 

symmetric Hermitian signals and orthogonality is not guaranteed for an arbitrary lattice 

structure.

From frame theory it is well known that for unit density structures, a well localized 

orthogonal set cannot be achieved due to Balian-Low theorem [5,6]. Hence in the litera­

ture many structures employing half lattice density, so called OFDM/QAM approaches 

were proposed [7,8].

In this work, a novel method for orthonormalizing any given function by employing 

a two dimensional Fourier transform for any given integer lattice density is proposed. If 

mother function is defined as the function to be orthonormalized, it is shown that by 

employing a Gaussian pulse as the mother function, the IOTA function can be achieved 

and hence the method shown in [3] is only a special case of the method proposed here. 

It is also shown analytically that the orthonormalization in lattices with a density less 

than one is easier to achieve. In this work, we also show that deviation from optimality

2
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increases significantly for lattice density values higher than 0.5.

Other orthonormalization methods such as [7] also exist in the literature. However the 

proposed methods in [7] employ a matrix inversion, which is not guaranteed to exist for 

any given lattice structure. In this thesis, we propose a more general orthonormalization 

procedure, and present much simpler orthonormalization methods for well known lattices.

All of the above mentioned approaches assume that the best localized orthogonal 

signal can be achieved by orthogonalizing the best localized nonorthogonal signal, namely 

the Gaussian signal. In this work, we prove that this is incorrect. It is shown that 

by combining Hermite functions and orthogonalizing them, an orthogonal signal which 

is better localized than the IOTA signal can be achieved. The proposed method is 

a general case, since the first Hermite function is the Gaussian signal, and the set of 

Hermite functions is an orthogonal set which includes the most localized signals which 

are orthogonal to the Gaussian signal [9] and forms a set of basis functions for L2(Rd).

On the other hand, due to the Balian-Low theorem, Wilson frames of half densities 

are employed. However Balian-Low states well localization as exponentially decaying 

pulses for all frequency band and time durations. On the other hand, for practical 

engineering purposes, the localization is not important after the pulse is decayed to very 

low amplitude values. By using this argument, we propose a novel and centrally well 

localized pulse shape for multi-carrier systems with unit density.

We also propose using multiple Weyl-Heisenberg frames at the time. By doing this, 

we increase the capacity of the multi-carrier systems significantly. We propose multiple 

pulse shapes that are orthonormal to the time-frequency shifts of themselves and shifts 

of others in the group. Therefore, they can be used at the same time without introducing 

interference to one another. We investigate the both half density and unit density cases for 

capacity enhancement. With the introduction of multiple lattice densities, the effective

3
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capacity of multi-carrier systems is doubled.

The proposed pulse shapes are supported by simulation results quantifying the per­

formance gains. We also provide the effects of imperfections such as phase jitter and 

peak to average power ratio to the system performance. The system-level coverage and 

quality analysis for OFDM systems with different pulse shapes are presented.

In addition to those, compatibility of multiple pulse shapes are investigated. Since 

most of the equipment installed will be using rectangular pulse shapes, the transceivers 

with novel pulse shapes are shown to be compatible with the rectangular pulse.

1.1 Outline

This thesis is organized as follows. In Chapter 2, mathematical background and literature 

review is presented. Hilbert spaces and other useful definitions in Hilbert spaces are 

given. Various time-frequency representations are presented. Frame theory including 

Gabor frames is briefly reviewed. Existing orthonormalization methods in the literature 

are given. Also, an introduction to non-orthogonal pulse shapes and offset-QAM systems 

is made.

In Chapter 3, a novel orthonormalization method is derived. In this chapter, an 

orthonormality criteria and a method for orthogonalizing any signal using this criteria 

is given. Ambiguity function is defined according to the given definition. Special lattice 

density cases are investigated.

In Chapter 4, multi carrier systems and different pulse shapes are investigated. Also 

the lattice density and its effect on pulse shapes are investigated. With the application 

of the proposed orthogonalization method, the choice of mother functions and ambiguity 

functions are presented. Some unsuccessful alternatives are reviewed and the effect of

4
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lattice density is given.

In Chapter 5, simulation results are presented. The effect of inter-carrier interference 

and inter-symbol interference are given. OFDM based imperfections and compatibility 

issues are reviewed. Effect of inter-carrier interference for different number of subbands 

is simulated. The sensitivity to jitter and peak to average power ratio with employed 

pulse shapes are given.

In Chapter 6, a system level simulation of a WiMAX system employing different pulse 

shapes is presented. Different system level scenarios including HSDPA and WiMAX at 

different frequencies are considered. The effect of multiple access techniques and smart 

antennae are given. The effect of user velocity under different pulse shaping methods is 

simulated.

In Chapter 7, capacity enhancing pulse shaping is investigated. Multiple frames 

overlapping in both time and frequency are considered. Results are given for different 

lattice densities giving way to significant capacity increases in multi-carrier systems. 

Performance in Gaussian and fading channels are simulated. A system level capacity 

calculation is presented.

In Chapter 8, conclusions and possibilities for future work are given.

1.2 Contributions

• A novel orthonormalization method for multi-carrier systems: In this 

thesis, we propose a novel orthonormalization algorithm which converts any given 

function to another function whose time-frequency shifts are orthogonal to each 

other and resembles the localization properties of the original function. This novel 

method is very fast to apply therefore suitable for computer based optimization

5
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algorithms for finding a suitable original function to serve purposes such as good 

localization.

• A novel very well localized pulse shape: In this thesis, we show that the 

conjecture that states IOTA as the best localized pulse shape is incorrect. The 

IOTA pulse shape approach used only the first Hermite pulse, namely the Gaussian 

pulse, as a mother function and orthonormalized it. However, we show that by using 

a weighted of combination of Gaussian pulse and other pulse shapes, an orthonormal 

pulse set with better localization can be achieved.

• Pulse shape for unit density lattices: Until this study, all the well localized 

pulse shaping work in the literature concentrated on the half density lattices. This 

is due to the Balian-Low theorem stating that well localized pulses does not exist 

for unit density frames. However, for practical purposes, it is sufficient that the 

pulse shape is localized only for the regions that has considerable amplitude. By 

using this idea, we propose a novel pulse shape for unit lattice density, namely 

UDALOP. This novel pulse shape is both much better localized than the raised 

cosine pulse shape, and it does not require the offset-QAM structure, which divides 

the constellations as imaginary and real.

• Analysis on the applicability of the Hermite pulse shapes: We quantify the 

performance gains for the novel pulse shapes under different channel conditions. We 

present the effect of the new pulse shapes to peak-to-average power ratio for the 

first time. Also, we show that, if a rectangular pulse is utilized at one end of the 

communication channel, where as an Hermite pulse on the other end, the system 

still works better than the system that utilizes a rectangular pulse at both ends. 

This result shows that inter-operability would not be a problem with the possible 

new devices using the proposed pulse shapes.

6
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• System level performance gains for the novel pulse shapes: We use the

proposed pulse shapes in system level simulations using real geographical data 

and base station information. We show that the Hermite pulse shape provides 

robustness to a high velocity mobile system.

• Capacity enhancement using superpositioned lattices: Finally, we utilize 

more than one Weyl-Heisenberg frame at the same time such that the all the time- 

frequency shifts in one frame overlap with the time-shifts in the other frame, yet 

do not produce significant interference. By utilizing these superpositioned frames, 

we have shown that the capacity of a multi-carrier system can be doubled.
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Chapter 2

Literature Review

We start by stating mathematical definitions which are used throughout the dissertation. 

In this chapter, definition of Hilbert spaces and the relations within these spaces are 

reviewed. Uncertainty principle is presented. Various time-frequency representations and 

definition for ambiguity function are given. Frame theory, in particular Gabor frames is 

reviewed.

Multi-carrier systems and different orthogonalization methods in these systems are 

investigated. An introduction to non-orthogonal signal shapes and offset-QAM systems 

is made.

2.1 Hilbert Spaces

In order to present the theory of signal shaping in multi-carrier systems, we first present 

the mathematical background of the frame theory behind it, following the notation of [10].

A map:
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A : E\ i—> Ei

between two linear spaces E\ and E^ is called linear if and only if for every x, y G E\ and 

for any two scalars a, b the equation:

A(ax +  by) = aA(x) +  bA(y) (2.1)

is satisfied.

Kernel and Image sets associated with the linear map A  are defined as:

ker{A} = {x E Ei : Ax = 0}, (2.2)

Im {A} = {Ax : x  e  I'd}, (2.3)

which are also linear spaces.

Definition 1 The norm ||x|| for x € E  is a function from E to M with the following 

properties:

1. ||a:|| > 0 and ||x|| =  0 if and only if x — 0

2. ||Ax|| =  |A|||x|| for a scalar A

3. \\x + y\\ < ||x|| +  ||y||.

Definition 2 A normed linear space X  can be defined as a linear space E with a norm

INI : *  = (£, ||-||).

Definition 3 A sequence (xk) in X  is called a Cauchy sequence if and only if Me > 0,

there exists a natural number N  €  N  such that \\xk — x m\\ <  e \ / k ,m  >  N .
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Next, by using the definition of Cauchy sequence, we define the complete spaces and 

Banach spaces.

Definition 4 A normed space X  is a complete space, if and only if every Cauchy se­

quence (xk) in X  converges to an element x of the space X .

Definition 5 A complete normed space (X , || • ||) is called a Banach space.

If a normed space is not complete, a linear mapping can be defined for completion.

Theorem 1 [10] Let X  be a normed linear space, a complete normed space X  and a

linear operator Y  : X  i—> X  exist such that:

(i) ||Tx|| =  ||x|| Vx E X  and

(ii) YX* = X  or in other words, Im Y  is a dense set in X .

X  is called the completion of X.  Prior to defining an Hilbert space, we first need to

define the inner product.

Let B be a linear space over C with a complex valued function of two variables

(m, n) : H x HI i—»• C with the properties:

1. Linearity with respect to first argument:

(ami +  bm2, n) = a(mi,n) + b(m2, n),

for scalars a, b £ C.

2. (m, n)* = (n, m)

3. (m, n) > 0, and (m, m) — 0 if and only if m  =  0.

10
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Such a function is called an inner product or a scalar product. If we consider the function 

u(x) — (x , x )1//2, it can be shown that it is a norm [10] and is be referred to as u(x) =  ||a;|| 

throughout this dissertation.

D efinition 6 H is called a Hilbert space, if H is a complete normed space with the norm 

defined by ||x||.

Hilbert spaces will be utilized in defining the Weyl-Heisenberg frames that constitutes 

an important aspect of multi-carrier lattice structures that will be used throughout the 

thesis. In the following section, these definitions are applied to time-frequency represen­

tation problems.

2.2 Time-Frequency Representation

In order to represent a signal completely, neither the time representation nor the fre­

quency representation of the signal alone is sufficient. Both must be investigated at the 

same time. For this reason, time-frequency representations have been an active research 

area [11].

Due to the inherent nature of the very same problem, the joint representation in time 

and frequency has a few dilemmas. One of these dilemmas is very well presented in the 

important paper by D. Slepian in 1976 [12]. In [12], the definitions of the bandwidth 

and the band-limited signals are discussed in the frequency representation of a signal. 

Consider a copper wire; due to its structure, signals with frequencies that are higher 

than a certain frequency cannot propagate through the wire. If we consider a signal 

transmitted through that copper wire between time t\ and time t^, it certainly is time 

limited. However, if we follow the definition of finite Fourier transform, any bandlimited

11
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signal must be infinite in time. This paradox, like many other is a result from the 

difference between the real world and the modeled world of science.

In particular, this one is due to the granularity in real world: i.e, in theory such 

power as 1CT1000 W may exist, however we have no way of making such observation and 

approximate that to 0. Therefore the definition of band-limited signals is subject to a 

granularity.

One of the first examples of time-frequency representations can be found in the musical 

notes. As shown in Fig. 2.1, the musical notes consists of signs that represent the 

frequency components on certain time intervals.

12
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The problem in a 2D frame representation such as a time-frequency plane is to acquire 

as localized information as possible in one dimension, without broadening the information 

in the other. The naturally rising question is, can we decrease the time intervals such 

that we define those notes indefinitely? In other words, can we increase the density of the 

frequencies (notes) indefinitely in a certain time interval? The questions are addressed 

in the following section.

2.2.1 U ncertainty Principle

The same problem appears in both engineering and physics. The classical uncertainty 

principle, which is known as Heisenberg-Pauli-Weyl inequality can be stated as follows 

[11]:

Theorem 2 I f  u € L2(E) and any m,nGl, then:

(l-oo(x ~ m)2\u(x)\2dx ĵ '  ( / ^ ( w - n ) 2|u(u;)|2du7) '  > ^\\u\\2, 

where u is the Fourier transform of u.

Theorem 2 can be followed by the lemma:

Lemma 1 Let M  and N  be operators on a Hilbert space H. Then for all m ,n  G M : 

\\(M -  m)u\\\\{N -  n)u\\ > \\([M,N]u,u)\.

Equality exists if and only if u is a multiple of TnMmipi(x) =  ei2̂ m{x- n)e-M^-n)2/i for 

m, n e  M. and I > 0, where j  = \ f - i .  By employing Lemma 1, it can be proven 

that translation and modulation doesn’t change the uncertainty. In order words, for the 

equality to hold, u must be multiple of time-frequency shift of a Gaussian pulse. Tn and 

Mm are the translation and modulation operators that are defined as follows.

Definition 7 ( Translation)  Tnu(t) = u(t — n ).

14
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Definition 8 (Modulation) M mu(t) = ej2nmtu (t).

The concept of uncertainty can also be examined in a time-frequency lattice structure. 

We can define a lattice A as:

Hence, if we consider a 2-D lattice A C l 2, with time and frequency as dimensions, the 

problem is to represent any given signal in this lattice. However, due to the uncertainty 

principle, as we increase the resolution in time, we lose resolution in frequency or vice- 

versa. For example, a cosine signal composed of a single frequency is infinitely long 

in time. In other words the localization in time and frequency cannot be increased 

independently from each other indefinitely.

The localization of a function ip(t) and its Fourier transform T (/)  can be defined as 

the multiplication of its localization in time, T), and localization in frequency, Wi, which 

are given by:

where 'F(/) represents the Fourier transform of ip(t). For any signal with unit 

variance such that ||^(t)|| =  1, uncertainty principle implies that:

Definition 9 A lattice A C Md is a discrete subgroup o/Md such that A = A ifi where 

A is defined as an invertible d x d matrix over M. We can also define the volume of a 

lattice as |detA|, the lattice density as 1/volume and we can also define the dual lattice 

as A1 =  (A_1)TZd; where det. represents the determinant of a matrix.

V f 2m n  m , (2.5)

(2.4)

T W  > (2.6)

15
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The equality is again satisfied by the translations and modulations of the Gaussian pulse.

A very crude example explaining how time and frequency observations relate to one 

another can be given as follows. Suppose that a coin gets flipped with a frequency of 2 

flips per second. If we observe the coin for 0.1 seconds, we may as well miss the flip and 

never observe the desired frequency. Even if we see a flip, in order to determine the flip 

rate, we need to see a second one, which is impossible in duration of 0.1 seconds. We 

must observe at least for duration of 0.5 seconds. The term Air comes from the definition 

of the Fourier transform.

2.2.2 Short-Tim e Fourier Transform and Bargm ann Transform

Even though the uncertainty principle states that the exact time and frequency response 

of a signal cannot be given jointly, still there are useful representations for specific ap­

plications that do not require extremely high resolution as in the case of Fig. 2.1. Such 

an example is the short-time Fourier transform, which concentrates to a certain time 

interval with the help of a window function.

The short-time Fourier transform (STFT), Vg, of a function u(x,w) can be given as: 

Vgu(x ,w )=  f  u(t)ip*(t — x)e~i2vtwdt, x ,w  6 Md. (2.7)
J»d

Depending on the characteristics of the window function ip(t) and its complex con­

jugate the STFT can concentrate on different properties of the signal. A signal

can be represented by using translations and modulations on a window function and 

employing STFT for every window function.

A special case of STFT is called the Bargmann transform (BT) [13]. BT utilizes 

the Gaussian function as a window. Due to its unique localization, the BT with time- 

frequency shifts is very important in physics and referred to as coherent states [14].

16
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Considering the Gaussian function in Rd, <p(x) =  2d̂ 4e nx2, the Bargmann transform can 

be written as:

D efinition 10 The BT of u in {Bu  : Ms i—> Cd} such that:

Bu(z) = 2d/4 f  u(t)e2ixtz~*t2-%z2dt, (2 .8 )
JRd

where z — x +  jy

D efinition 11 The Bargmann-Fock space F 2(Cd) is defined as the Hilbert space of all 

functions such that the norm defined below is finite:

I I ^ I I f =  /  \F(z)\2e~*M2dz. (2 .9 )
J c d

Next a theorem that forms the basis for the usage of Hermite functions in this thesis 

is defined [11].

T heorem  3 The collection of all monomials of the form:

1|Ct| \  2
e a ( z )  =  ( ) Za , (2 .1 0 )

where a is a vector of dimension d with non-zero elements, is an orthonormal basis for 

the Bargmann-Fock space.

Since the BT is a unitary operator [11] and is an entire function on Cd, the pre-image 

of the orthonormal basis ea : H„ = B~lea is an orthonormal basis for L2(IRd). The 

functions Ha € L2(Rd) are referred to as Hermite functions and they are a very critical 

set of functions throughout this dissertation with their localization properties and the

17
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fact that due to their orthonormal basis property, any function in L2(Rrf) can be written 

as a linear combination of Hermite functions.

Hermite functions have been utilized in various communication systems including 

ultra-wideband systems (UWB) [15,16] and optical systems [17-19]. In UWB systems 

they are proposed as multiple access methodology for single carrier systems. In this 

dissertation, we extend this analysis to multi-carrier systems in the following chapters. In 

optical systems, they are employed in order to analytically describe the transmitted pulse 

shapes from the lasers. Since they form a basis, any pulse shape in L2(M.d) transmitted 

from the laser can be expressed as a Hermite series [17-19].

2.2 .3  A m biguity Function and W igner D istribution

In signal density analysis, it is crucial to investigate how the energy of a signal is con­

centrated in specific locations of the time-frequency plane. A very common measure is 

the ambiguity function, which is defined as :

D efinition 12 Ambiguity function f)of(j> <E L2(Rd) is defined as:

The ambiguity function is sometimes referred to as Wigner distribution and employed 

widely for signal investigation as an alternative to STFT [20-22].

One important property of the ambiguity function is symmetry [11]:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

( 2 . 11)

A;(t, / )  =  (A+i-t, - /) )*  = A$(t, /) . (2 . 12)
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Also, the ambiguity function is not a one-to-one function and A# determines (j) only 

up to a phase factor. The inverse transform is given by:

(213)

2.3 Frame Theory

In representations over L2(Rd), transforms such as STFT or Wigner distribution provide 

signal representations for infinitely many window function translation and modulations 

(TnMmg). On the other hand, L2{Rd) is a separable Hilbert space, and a lattice structure 

with finite time-frequency shifts suffice for representation of any u G L2(Rd).

In this dissertation, it is shown that the discretization of the continuous time-frequency 

plane corresponds to having multi-carrier system instead of a single carrier system. In 

order to demonstrate this, we start by defining a frame which will be the time-frequency 

shifted version of the pulses in the multi-carrier system.

D efinition 13 The sequence {e* : i G Z} in a Hilbert space is called a frame if for all 

M 6 i ,  there exists some constants K ,N  > 0 such that:

A-WI2 < E l ( “ . e*>l2 s  ^IW !’ (2-W)
i

The two constants K, N  are called frame bounds and {e* : i G Z} is called a tight 

frame if K  =  N. The value K  — N  is a measure of the amount of redundancy in the tight 

frame. If {ej} is an orthogonal basis then it is a tight frame, and if it is orthonormal, 

then K  = N  = 1. Next we define the operators for frames.

D efinition 14 For any subset {ej} in a Hilbert space H, the coefficient (analysis) oper-

19
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ator C  is defined as:

Cu — {(u, e,)}. (2.15)

The synthesis (reconstruction) operator D is defined as:

Dc = ^  Cjej e  H, (2.16)
i

and the frame operator S  on H is defined as:

Su = '^2{u,ei}ei. (2-17)
i

It is important to note that C and D are adjoint to each other, i.e. C =  D* [11].

Corollary 1 //{e*} is a frame with bounds K ,N , then {S'~1ej} is called the dual frame

with bounds N ~l , K ~ l .

2.3.1  Gabor Frames

A frame structure that is of particular interest to this dissertation is the Gabor frames [23]. 

Gabor frames reflect a discrete system built by translation and modulations of a window 

function. We start by defining a Gabor system.

D efinition 15 Let ip € L2(Rd) be a non-zero window function, and a, (3 > 0 be lattice 

constants, the set of time frequency shifts:

G{g, a, fi) =  {TanM0mg \ m , n e  Zd} (2.18)

is called a Gabor system.

D efinition 16 If the Gabor system G is a frame for L2(Md); it is called a Gabor frame 

or a Weyl-Heisenberg frame.

20
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The frame operator for a Gabor frame is:

Su = E E  (u, TamM0rng)TanMfjmg. (2.19)
m  n

One important property for the Gabor frame operator is that the order of modulation 

and translation doesn’t play a major role. Furthermore, there exists a dual window of

g, £ such that G(£,,a,f3) is the dual frame for G(g,a,/3). Hence the reconstruction of a

function in a Hilbert space can be achieved by the dual frames defined as:

» =  E E  (u, TanMpmg)TanM0m£ (2.20)
m n

= E E  rTanMf)rn̂ ')TanMf}mg.
to  n

It is important to note that if the frame is a tight frame formed by an orthonormal 

basis vector (i.e the limits M  — N  — 1), then the reconstruction is achieved with the same 

window since £ = g. Further details and some other useful properties of Weyl-Heisenberg 

frames can be found in [24].

It is also important to note that, in signal analysis, the traditional understanding for 

the lattice constants is that, a/3 < 1 corresponds to oversampling, afi =  1 corresponds 

to critical sampling, and af3 > 1 corresponds to undersampling.

2.3 .2  Balian-Low Theorem  and W ilson Expansions

In time-frequency processing, it is almost always required that the window functions 

converting the Hilbert space to a frame (Gabor frame in particular) must have good lo­

calization properties in time and frequency. For example when signal properties around 

a point in time-frequency plane are to be investigated, we wish to localize at the de­

sired point and avoid all possible interference from points that are far apart from the 

investigation area. Similarly, if those time-frequency shifts in a Gabor frame constitute

21
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different information, it is desired that the information is localized and do not interfere 

with other information carrying points. This property is important in particular when 

trying to achieve pulses that localizes in time and frequency at the same time.

The uncertainty principle requires that a Gabor system G{g,a,(3) is a frame if and 

only if a(3 < 1. If a/3 = 1, then G(g,a,/3) is an orthonormal basis. However for the case 

of a/3 — 1, the Balian-Low theorem states that, there exists no window function g. which 

is well localized in both time and frequency [5].

T heorem  4 (Balian-Low)

If G(g, a, L) is a frame for L2(M), then j t g i t t f d t X f ^  \7g(j)\2dj) =  +°°-

sacrificed and increased in order to have a frame with good localization properties. In [25], 

it is shown that by introducing a window function g with double peak values instead of 

a single peak value [26], well localized, exponentially decaying window functions can be 

achieved.

Equivalently, with the help of trigonometric functions, the Wilson functions can be equiv­

alently represented as:

It can be concluded from the theorem above that the density of the lattice must be

D efinition 17 Given a Gabor system G(g, 1, |)  in L2(R) with redundancy of =  2 

the associated Wilson system W(g) can be defined with the functions:

ifn,o — Tng, n E Z. ( 2 .21)

{m, n} e Z  x N. (2.22)

\/2cos (2imx)g(x 

\/2sin (2nnx)g(x

') if m + n is even 

) if m + n is odd.
(2.23)

22
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With the introduction of the orthogonal trigonometric functions, all the redundancy in 

the Gabor system has been eliminated [26].

In wireless multi-carrier communications, the Wilson bases have led to the introduc­

tion of Off-set quadrature amplitude modulation (OQAM)-OFDM systems. However, 

until now, no orthogonal Wilson basis functions have been known to exist [27] with 

lattice densities higher than 0.5. In this dissertation, we also investigate the effect of 

increased density on the orthogonal basis while a  and (5 takes on values in the range 

0.5 < a(3<  1.

2.4 Multi-carrier System s

With the success of wireless local area networks (WLANs), especially with the imple­

mentation of IEEE 802.11 standards [28], wireless last mile technology is becoming a 

promising candidate for replacing high-cost wired broadband solutions. Wireless sys­

tems provide a more rapidly scalable infrastructure development, cost-effective growth 

and quality of service (QoS) support with respect to wired systems.

Already deployed systems such as EDGE, and IS-95 provide nominal bit rates up to 

384 kbps. However integration of wireless data services over diverse platforms such as 

indoor, micro and macro cellular systems, as well as high spectrum efficiency requirement 

motivates the demand for a multiple access and modulation scheme other than time 

division multiple access (TDMA) and code division multiple access (CDMA).

With its frequency-flat spectrum characteristics and high spectrum efficiency, multi 

carrier systems, specifically OFDM systems have drawn much attention as a possible 

candidate for next generation wireless access systems, commonly referred to as 4G.

Both WLANs, and recently, fixed broadband wireless access systems employ multi-

23
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carrier options in corresponding ETSI and IEEE standards including ETSI-HiperMAN 

[29], IEEE 802.11 [28], IEEE 802.16-2004 [30], regarding fixed broadband wireless ap­

plications. There are two modes of OFDM operation in physical layer requirements of 

IEEE 802.16-2004. Also within the WiMAX [31] framework whose aim is to standard­

ize broadband wireless products in the industry, OFDM is the main modulation and 

multiple-access method that is considered.

In terms of mobile applications, OFDM plays a major role in the mobile extension 

of IEEE 802.16-2004, as the amendment IEEE 802.16e [32]. The mobile broadband 

networks in South Asia with the WiBro standard employ OFDM as well [33].

Although the idea of sending data from multiple frequencies in parallel has been 

around for a while [2], with the application to the broadband wireless applications, OFDM 

systems became subject to countless research activities. The main advantage of OFDM 

systems is the fact that it divides the frequency selective fading broadband spectrum into 

small frequency flat subbands. With the help of this division, frequency selective fading 

effects of the wide band channels are overcome.

A general OFDM system architecture can be represented as shown in Fig. 2.2. The 

modulation of the subbands can be easily achieved by applying inverse discrete Fourier 

transform (IDFT). First the N  data symbols are converted from serial to parallel as:

x(n) = [x0(n),xi(n) ••• xN-i{n)]T. (2.24)

Next Appoint inverse discrete Fourier transform (IDFT) is applied to these symbols, so 

that the subcarriers are modulated as:

1 N
X(n) = — x(k) exp(j2n(k — l)(w — l)/N), 1 < n < N. (2.25)

k = 1

Following the IDFT, a cyclic prefix (CP) is appended to each block before transmis­

sion, where the last P  elements of the OFDM symbol are added to the beginning of the
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symbol in order to avoid intersymbol interference (ISI) among the blocks:

Xcp(n) =  [XN_P(n) • • • Xjv-i(n) X 0(n) X 1(n) • • • X N^{n)]T. (2.26)

The cyclic prefix is chosen such that P > I where I is the maximum delay spread of the 

wireless channel. With the implementation of CP, even if there is multi-path delay spread 

in the channel, the orthogonality of the subcarriers are kept as long as the condition 

P > I is satisfied. Transposing the signal from digital to analog domain, pulse shaping 

is employed. At the receiver, the equalization is accomplished in the frequency domain 

after discrete Fourier transform (DFT) is applied to the matched filtered signal.

Although CP provides the protection against multi-path delay spread or channel 

dispersion in time, OFDM systems are vulnerable to dispersion in frequency, namely the 

Doppler spread. Since the subbands of the OFDM systems are very densely packed, 

with the increasing speed of the receiver and transmitter with respect to each other, 

orthogonality between sub-carriers are disrupted and performance degradation is faced. 

This is one of the major challenges of OFDM systems that are meant for the mobile 

applications. This is also the reason behind the application of OFDM mainly to the 

fixed wireless systems. The mobility issue is also investigated under the frame work of 

the nomadic wireless broadband standard work groups; IEEE 802.16e [32] and IEEE 

802.20 [34]. Both of these standards employ OFDM architecture; hence the increase in 

the mobility of OFDM systems is critical for the future development of 4G networks.

The poor performance of OFDM systems under severe frequency dispersion is mainly 

due to bad frequency localization properties of the raised cosine pulse shapes and rect­

angular pulse shapes used in the system. When the pulses are not well-localized, any 

shifts in the spectrum, resulting from imperfect channel conditions, scramble the sub­

bands together. With a well-localized pulse, these shifts would only effect the immediate 

neighboring bands and with less interfering power.
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In order to get a good localization property, the signal shapes employed in the carriers 

must decay very rapidly both in time and frequency. Although the Gaussian pulse has the 

best localization property in both time and frequency, it does not match the orthogonality 

criteria required by the OFDM systems. The time-frequency shifts of the signals must 

be orthogonal for the detection process of the OFDM signals. However finding such 

orthogonal pulses, which are very well localized, is not a straightforward process and 

intuitive solutions are hard to come up with. In the following section, we investigate the 

orthogonalization methods that are proposed in order to produce well localized orthogonal 

Weyl-Heisenberg frames.
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2.5 Orthogonalization M ethods

In order to represent the multi-carrier signal space in frequency and time, we consider 

the rectangular lattice structure in L2(M2) as shown in Fig. 2.3. The carriers are equally 

spaced in time and frequency. If the frequency spacing is given as F  and time spacing is 

given by T, then we can define the density of the lattice as:

A = 1/FT. (2.27)

In this section, we show the criterion to be satisfied by a base (window) function tp(t) in 

L2(IR2) so that its time-frequency shifts in the form of:

<pmn{t) = TnTMmFcp(t) = (f(t -  nT) exp(j2TrmFt).

make up an orthonormal set such that these sets of functions form an OFDM system. 

We begin our discussion without making any assumptions on the lattice shape. The

functions (pmn{t) are also called the coherent states since they are generated by time-

frequency shifts from a single function <p(t) [35].

For such a set of functions y?(f), the orthonormality condition can be written as:

/
OO

iPkli/')lP m n ( t ) d t  — Skmdlni (2.28)
-oo

where 5 is the Kronecker Delta function. Due to lattice translation invariance, with 

respect to the central signal <£>oo(£) we can rewrite (2.28) as:

/
OO

<Poo(t)<Pmn(t)dt = Sm6n. (2.29)
•OO

Base functions must have two main properties in order to be used in an OFDM 

system [4]:

• The orthogonality of the base functions is required in order to have detection that 

is free of inter-symbol interference (ISI) and inter-carrier interference (ICI).
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Frequency

Figure 2.3: Distribution of orthonormal carriers in the time-frequency lattice for rectan­

gular lattice structures.
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• The base functions must have good localization properties, which is necessary to 

avoid interference by energy that leaks to neighboring symbols as a result of the 

dispersive channel.

With the definitions of time and frequency localizations in (2.5), we have stated that for 

any signal ip(t) with unit variance, uncertainty principle implies that:

W j > (2.30)
47T

The Gaussian function is the most localized function in terms of both time localization 

and frequency localization and the localization is given by 1/47T. The Gaussian function 

is represented by:

m  = e~nt\  (2.31)

which has the same frequency response as its time response. In order to compare the 

localization of frequency domain Nyquist impulse functions with different raised cosine 

roll-off factors to Gaussian function, localization of the corresponding functions are sum­

marized in Table 2.1. One must also note that, although the localization of the functions 

get better as the roll-off factor increases, so does the bandwidth requirement of the pulse.

Regardless of its good localization properties, the Gaussian function is not very useful 

for multi-carrier system purposes, since the Weyl-Heisenberg frame formed by the trans­

lations and modulations of the Gaussian function doesn’t form an orthonormal basis set 

for T2(R2). Hence, in the literature several methods have been proposed in order to 

orthogonalize the Gaussian function.

Here we utilize the ambiguity functions defined in (2.11). The importance of the 

ambiguity function lies in the fact that it gives the correlation between time and the 

frequency shifts of This is critical when designing a multi-carrier system where the 

carriers are actually the shifts of </>(£). For a multi-carrier system to work, the ambiguity
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Table 2.1: Comparison of time and frequency localization values of Nyquist impulse 

functions with raised cosine roll-off factors to a Gaussian function.

roll-off factor time localization (Ti) frequency localization (Wi) overall localization (TiWi)

0 0.8486 0.2884 0.2448

0.1 0.7493 0.2921 0.2188

0.5 0.35 0.3812 0.1334

1 0.2487 0.3615 0.0899

Gauss 0.2821 0.2821 0.0796

function is required to be zero at the integer multiples of time separation T  and fre­

quency separation F. In the following section, we investigate different orthogonalization 

methods, which in general make use of the ambiguity function.

2.5.1 Linear C om bination of H erm ite Functions

The method of orthogonalization by linear combination of Hermite functions was first 

proposed in [4], For the procedure given by Haas and Belfiore [4], 0(4) has to be invariant 

when Fourier transform is applied. The following limitation exists for lattice density A: 

According to the Balian Low theorem [35], when the density A = 1, 0(f) must be poorly 

localized either in time or frequency. Therefore Wilson functions defined in (2.23) are 

employed and for the orthogonalization, A =  0.5 is assumed.

In order to establish the orthogonality, the following conditions are set for the ambi-
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guity function:

4(0,0) =  1

A (V 2, 0) = 0

A (V 2, y/2 ) = 0  (2.32)

A(2\ /2, 0) =  0 

A(2y/2, V 2) = 0.

Hence the lattice point at the center must have unit value and the values for the ambiguity 

function must be zero at four neighboring lattice points. Since the basis functions are 

symmetric with respect to the origin, these are necessary and sufficient conditions for the 

basis function to be zero in the closest neighbors. For the other carriers, orthogonality 

is satisfied by the fast decaying pulse shape. This concept can be seen in Fig. 2.4. The 

value of the ambiguity function at the positions which are not marked by either 1 or 0 

become automatically 0.

In order to satisfy the conditions on the ambiguity function, first Q symmetric Hermite 

functions are linearly combined as:

Q-1
4>{t) = Y J DAkH^  (2.33)

k=0

where DAk and represent the weight and the actual 4kth Hermite function respec­

tively. The main motivation behind employing Hermite functions is that the first Hermite 

function is the Gaussian function and the kth Hermite function is the kth best localized 

function that is orthogonal to the Gaussian and other Hermite functions. Furthermore

any 4kth Hermite function has a Fourier transform exactly equal to itself. Hence, the
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Frequency

Figure 2.4: Time-frequency plane demonstration of conditions for orthogonality for linear 

combination of Hermite functions.
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following Hermite functions are considered in [4],

H0(t) = exp(—7rf2)

Hi(t) =  16exp(—7rt2)(47r2t4 — 6nt2 +  0.75)

Hg(t) = 256exp(—7rt2)(167r4t8 — 1127r3t6 + 2107r2t4 

-105yrf2 + 11.67)

Hnit)  = 4096exp(—7rt2)(647r6t12 — 10567r5f10 + 59407r4f8 

-138607r3t6 + 12993.757r2t4 -  38 987rt2162.42 

H16(t) =  65536exp(—7rt2).(2567r8t16 -  7680ttY4 + 873607rY2

-4804807r5t10 + 13513507r4f8 -  18918907r3t6 + 1182431.257r2f4 -  253378. 125th2 + 7918)

(2.34)

In order to find five unknown coefficients D^k, the five ambiguity conditions are em­

ployed to form a system of five equations and five unknowns. The solution gives the 

parameter set:

Dq =  1.1850899

£>4 =  —1.9324881 • 10~3 ■ Do

D8 = —7.3110588 • 10~6 • D0 (2.35)

Du  =  —3.1542096 ■ 10-9 • D0

Z)i6 =  9.6634138 • 10~13 • D0.

By employing these coefficients in (2.33), the window function forming the Weyl-Heisenberg 

frame is defined.
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2.5.2 M atrix Inversion M ethod

Matrix inversion method was proposed in [7], If we consider the kth frequency and Ith time 

shift of the non-orthogonal pulse ip(t) denoted by ipk,i{t), we can form an auto-correlation 

matrix R  such that:

R■k,i,k',i' = <  > • (2.36)

Then, by employing R, the orthogonalized pulse (j)(t) can be achieved by:

0(0 =  R-u ,o.q0 m (O- (2.37)
k,l

The weakness of this method is that R  must be a full rank matrix.

2.5.3  IOTA

Isotropic Orthogonal Transform Algorithm (IOTA) pulse shape was first proposed in [3]. 

It is presented as the pulse shaping part of the coded orthogonal division multiplexing 

(COFDM) system given in [3].

In IOTA method, an orthogonalization operator O is defined to map any pulse shape 

x(u), to an orthogonalized pulse shape y(u) such that x(u), y(u),u € L2(U.d), O : x <—>■ y:

y ( u )  =  =  (2 M )

In [3], it has been shown that if x(u) is chosen as the Gaussian pulse, the result­

ing pulse shape y(u) has very good localization and it also forms an orthogonal Weyl- 

Heisenberg frame. Because of its nearly isotropic properties, the pulse shape formed by 

orthogonalizing the Gaussian pulse is named IOTA.
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The main drawback of this method is that it is limited to time-frequency symmetric 

pulse shape x(u) and square lattice structure, where time-frequency symmetry is defined 

as having the same value (amplitude and phase) for the same points in normalized time 

and normalized frequency plane. The main reason is that the method requires the condi­

tion that orthonormalization of one dimension must be sufficient for orthonormalization 

in both dimensions.

2.5 .4  D iscrete-T im e Zak Transform

Zak transform first introduced in [36], has an important role in different fields of com­

munication particularly in the analysis of Weyl-Heisenberg frames as a valuable tool in 

the calculation of dual frames and frame bounds [37].

The orthogonalization method proposed in [8], employs the discrete-time Zak trans­

form (DZT). The DZT of a pulse x(u) in L2(Z) for u G Z, is defined as:

carriers, u is the time index and 6 is the continuous normalized frequency variable.

In [8], the pulse shapes to be orthonormalized are first transformed by DZT. Then in 

the transformed space, the orthonormalization is defined by:

Then inverse DZT is applied in order to achieve orthogonal pulse shapes. This method 

is actually the generalization of the method described in [3] that resulted in IOTA.

■j2irr6 (2.39)

where L relates to the sampling interval in this particular case. It is also the number of

Zy(u,6) =
2Zx(u, 6)

(2.40)
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2.6 Non-Orthogonal Signal Shapes

The idea of using non-orthogonal signal shapes in OFDM systems was first proposed in 

[38]. The introduction of the notion of non-orthogonality arises from the three limitations 

of the orthogonal pulses presented in the literature.

• Most of the orthogonal signal shaping approaches assumes time-frequency symmet­

ric pulses which are not optimal when time and frequency dispersion of the channel 

are different (which is true for most practical systems).

• The models are limited to the usage of same pulses at the transmitter and receiver.

•  The proposed models suffer as pulse shapes are transferred from analog to digital 

domain, mainly in the cases of [4], This is mainly due to the quantization errors in 

the digital devices.

In [38], non-orthogonal shapes with lattice density A = 0.5 are investigated and 

compared with the method proposed in [4]. The channel is modeled as a doubly dispersive 

channel in both frequency and time. Time dispersion is modeled as exponential decaying 

with decay factor =  0.1 and frequency dispersion is modeled as Jake spectrum with a 

Doppler spread of f o T  =  0.1. Channel characteristics are assumed to be perfectly known 

at the receiver.

Since there are different signal shapes employed in both receiver and transmitter, 

in [38], the cross-ambiguity is defined as:

/ + o o

(u ) M u -  t) exP {j2nfu)du, (2.41)
■OO

where 0t is the pulse shape at the transmitter (modulation) and 4>r is the pulse shape 

at the receiver (demodulation). The ambiguity definition is slightly different from the
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previous version given in Chapter 2. This is due to the difference in notation between 

engineering and mathematics.

Also a wide sense stationary channel dispersion function C h ( t ,  v ) is considered in 

order to represent the dispersion in both time and frequency. The aim is to maximize the 

inner product < Ch, | Ac|2 >. The idea is equivalent to maximizing the cross-ambiguity 

function where considerable channel scattering occurs.

In this method, the transmitted pulse shape is built by maximizing (Ch, |A|2) by 

keeping A  normalized. This is accomplished in a nonlinear way by employing the methods 

described in [39].

Although the performance of the non-orthogonal pulse shapes in the fading channel 

was shown to be superior to the case in [4], the additive white Gaussian noise (AWGN) 

performance of the non-orthogonal pulse shapes was inferior to the orthogonal ones. The 

major drawbacks of the non-orthogonal work of [38] can be summarized as follows:

• A channel dependent non-orthogonal method has been compared to the channel 

independent model of [4], However, there exist channel dependent orthogonal mod­

els [7], which must be taken into consideration.

•  One of the limitations of the orthogonal methods that is pointed out is the time- 

frequency symmetry of the pulses, i.e. the frequency domain representation and the 

time domain representation of the pulse must be identical. This is not necessarily 

the case for this orthonormalization method, as shown in the next chapter.

• The effect on bit error rate is not elaborated, only pulse distortion effect was pre­

sented.
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2.7 Offset-Q A M /O FD M

As afore-mentioned, for lattice density of 1, there cannot be any well localized Weyl- 

Heisenberg frames. However, if we modulate real and imaginary parts of the symbols by 

using different carriers, a very densely packed lattice can be achieved with unit density. 

In order to achieve this, the orthogonal trigonometric Wilson functions in (2.23) are 

employed as real and imaginary signals. These systems are called Offset-QAM/OFDM 

systems [8,40-43]. The OQAM/OFDM system can be modeled as shown in Fig. 2.5.

As it can be seen in Fig. 2.5, although the closest neighboring subcarriers are densely 

packed, they do not affect each other as in the case of classical OFDM. This is due 

to ± 7 t/ 2  phase shifts between the data that modulates a carrier and its closest four 

neighbors on the time-frequency plane. Hence even if the carriers lose orthogonality, the 

symbols may not, resulting in a double robustness against dispersion. This phenomenon 

is presented in Fig. 2.5 by splitting the carriers into two groups; half of them are marked 

with j  indicating the phase difference. The other half are unmarked.

The OQAM/OFDM architectures must employ real and even pulse shapes in their 

corresponding Weyl-Heisenberg frames [8]. The orthogonality conditions are also modi­

fied as given in [8].

39

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Frequency 

, T

Figure 2.5: Offset QAM lattice structure.
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2.8 Conclusions

In this chapter, mathematical definitions related to the thesis are reviewed including 

Hilbert spaces, time-frequency analysis and frame theory. In particular, we have investi­

gated Gabor frames. Uncertainty principle and ambiguity functions are defined.

We have reviewed various methods employed for orthonormalization processes that 

exist in the literature. We have also given an overview of the OFDM system structure 

employed in this thesis. An introduction to non-orthogonal signal shapes and offset-QAM 

systems is made.

Also, the underlying analytic reasoning behind the employment of Hermite functions 

throughout the thesis is given.

Next, employing the models and methodology introduced in this chapter, we present 

a novel orthonormalization method.
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Chapter 3

A Novel Orthonormalization

M ethod

Existing orthonormalization methods in the literature have been reviewed in the previous 

chapter. Initially, we have acquired results on orthonormalization process and system per­

formance using orthonormalized pulses. In this chapter, we introduce a novel orthonor­

malization technique. First, the orthonormality criteria followed by the orthonormaliza­

tion process is detailed. Ambiguity function is also represented using the orthonormality 

definitions given in this chapter.

3.1 Orthonormality Criteria

As stated in the previous chapter in (2.29), the orthonormality criterion is given by:

Applying the discrete two dimensional discrete Fourier transform to both sides of the

/
OO

¥>00 ( t ) < P m n ( t ) d t

•oo
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equation, we obtain the equivalent expression:

/OO

(pQ0(t)ipmn(t)dt =  1. (3-1)

m n 00

When the definition of (pmn(t) is placed in the above equation we get:

/
OO

— n T ) exp(j2nmFt)dt — 1. (3.2)

m n 00

Using the relation

^  exp(j2irmFu) — ~ m /F),
m m

and computing the integral with respect to t gives the orthonormality condition:

EE exp(—j2'KnTv)(p*(T + m/F)(p(r + m / F  — nT) = F, (3.3)
m n

and by employing the lattice density A =  1 /F T , we obtain:

+ mAT)  exp(j2nmATv))* <p(r +  (mA — n)T) exp(j2-7r(mA — n)Tv) =
m n

(3.4)

as the orthonormality criterion. The criterion of (3.4) is the most general case for equal 

time spacing and equal frequency spacing.

In general, we investigate the integer inverse densities, namely A = 1/L density

lattices. For simplicity and without loss of generality, we assume square lattice, i.e.

F — T  = \[L. So (3.4) can be modified as:

y^(y(r+ ?n \/T ) exp(j’27rm\/Ln))* + (-^ — n)\/rL Sj  exp ^j'27t(^ — n)\TLv  ̂ = \[L
m  n

(3.5)

With a variable change in (3.5) we get the orthonormality criterion for 1/L density lattice: 

£ , - 1E
r=0

( r  + (? + j ) ^ ) expU 2irt/^  +

2

= \TL. (3.6)
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For the unit density, L =  1, this expression simplifies to:

X ] ^ (r  + 9) exp(j2iri/q) =  1.

For the A =  1/2 density lattice, the condition becomes:

(3.7)

<F(T + ky/2) exp(j2nuy/2k) + = V2.

(3.8)

This condition plays a similar role to the well known Nyquist criterion for non inter­

symbol interference in 1 dimension. The | ■ |2 terms in (3.8) are periodic and also their

sum is periodic in time and frequency with a common period 1/ F — 1/T = 1 /x/2.

3.2 Orthonormalization of a M other Function

Other than the trivial functions such as rectangular or sine functions or raised cosine 

filters, it is very difficult to find a set of <pmn ( t )  £ L2(R) in order to satisfy the orthonor­

mality condition given in (3.4). Here, we introduce a novel method to orthonormalize 

any given mother function by combining time-frequency shifts of ip(t) as:

4>(t) =  X ] XZ (3.9)
k I

where

ipki(t) — ip(t -  kT) exp(j2TrlFt), (3.10)

and Ofej are complex coefficients. Therefore, orthonormalizing the mother function reduces 

to finding the appropriate coefficient set {a*,;}. Using this condition directly in (3.4) for 

any irregular spacing leads to analytically intractable solutions. Hence, we again limit 

ourselves to the inverse integer density cases where A =  1/L. If we combine (3.9) with
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the orthonormality condition of (3.6) , we end up with:

E EE akiipki(r + m / F ) exp (j2irmv/F) J
m  \  k  l )

••■EE* qipp,q{T + m / F  — nT) exp(j2i:(m/F — nT)v) =  F. (3.11)
n p,q

If we replace the mother function shifts {tpki} by their expression given in (3.10), we can 

rewrite (3.11) as:

E EE akiipki(T + m / F  — kT) exp (j2Txmu/F) exp (j2nlF(r + m/F))  j
m  \  k  I J

E5>, q*pPlq{T -f m / F  — (n + p)T) exp[j27rqF(r + m / F  — nT)) exp(j2n(m/F — nT)n) =  F.

(3.12)
n p,q

After rearranging the summations and using the density relation F — T  =  \/T, (3.12) 

becomes:

Y  y y  jaki exp ( j 2iT\[L{kv + ^ ) ) J  Y ,  aPl(?exp ( j 2tx\[L{pu + qr
k I p yq

... (ip ( r  +  ( ^  -  fc)x/zj exp ( j ^ C j /  -  k ) S L v ) )
m

... ^ 4> +  (— — n — p)VT<) exp ( j 2'k(^- — n — p)\fLv) =  \/L
n

After changes of variables and factorization, (3.13) can be written as:

(3.13)

E E  aki exp (j2?x\[L{kv + It
k  i

L-l

E
r=0

Y  ip (r  + ( ^  + n)\fl^ exp + n)VLn)

(3.14)

As it can be seen from (3.14), for inverse integer densities, the coefficients aki can be 

obtained by a two dimensional discrete Fourier transform. We can modify (3.14) as:

£  £  a k i e x p  ( j 2 n ^ L ( k ,  +  I t ) )  =  T )

E r= o  E „  ^  (r +  ( r  + n ) ^ )  exP ( / M i  + n)VLn)
(3.15)
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where x (v ,T) is an arbitrary complex unit module function periodic in time and frequency 

with a period of 1 /y/L. For simplicity purposes, we set the function to 1. Re-organizing 

and integrating both sides of (3.15) gives the equation for computing the coefficients aki'.

p L5/4exp f —j 2ir\fL(kv +  It )] dudr
/........... ...r : V —   ' (3.16)
0<U,T<1 Er=o (r + (i + n)y/Lj exp (j'2tt(£ + n)VLv)

aki

By employing the coefficients obtained by using (3.16), any non-orthogonal function can 

be orthonormalized.

In the denominator of (3.16), L different values in the form of |.| are summed. This 

forms a diversity since each term varies independently and hence the sum of the squared 

terms do not fluctuate considerably. As a consequence, the Fourier transform of the 

inverse takes negligible values for the high values of k and /, leading to very well localized 

orthonormalized functions, where aoo =  1 almost and the prototype function is very close 

to the mother function. Hence the prototype function is almost as well localized as the 

mother function. For example, the cases of L — 1 and L = 2 are given in (3.20) and

(3.21) respectively:

f  exp (—j2n(ku  +  It )) dudr
aki=  /  , V - .. =, (3.17)

Y |En V’ (T + n)) exP ( j 2 w ) |2

f  25/4 exp {—j 2 /K \ / 2 { k u  + It ) )  dudr
akl — / / -     —  r • (3.18)

0<i',r<1 V Er=o |£ n  ( t  + (1 +  ti)n/2) exp (j27r(§ +  n)V 2u) I

The summation in the denominator of (3.21) increases the degree of freedom when com­

pared to the case of L — 1 in the course of solving the equation, and helps to orthonor- 

malize the signal while keeping the signal well localized. Next, the effect of diversity is 

further investigated in the light of the Balian - Low theorem.
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The orthogonalization of well localized nonorthogonal signals was proposed in [3,

7]. However, in all of the cases that are present in the literature, the well localized 

nonorthogonal functions, which we refer to as the mother function from this point on, is 

chosen as the Gaussian function. The orthonormalization of Gaussian function results in 

the IOTA function of [3]. In the following section, it is shown that this is not the optimal 

choice for the mother function from a time-frequency localization point of view.

3.3 Am biguity Function

Recalling equation (2.11), for a multi-carrier system to work, we want the ambiguity 

function to be zero at the integer multiples of time separation T  and frequency separation 

F. However, this condition is sufficient only for ideal channel conditions when the effects 

of time or frequency dispersion are not considered.

For a multi-carrier system, in order to become robust against channel impairments, 

the ambiguity function must also have low values near the integer multiples of time 

separation T  and frequency separation F. Furthermore, the ambiguity function must be 

a rapidly decreasing function. This property can be achieved by a fast decaying mother 

function yj(t) and a fast decaying orthonormalized function (j>{t) derived from ip(t).

We can represent the ambiguity function A(t, / )  in terms of ip(t) by employing (3.9) 

and (3.10) as:
/ +oo

ip*{u—kT)ip(u—t—k'T) exp (j27r((t' — l)F + f)u) exp(—j2irl'Ft)du.
■oo

(3.19)

In the following chapter, the choice of the mother function is investigated along with 

the comparison of different ambiguity functions resulting from employing different mother 

functions.
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3.4 Parity Preservation after Orthonormalization

Next, our objective is to show that the previous orthonormalization procedure preserves 

the parity of the mother function ip(t) . Hence, let us assume that ip(t) is of even or odd 

parity, with

= ( - 1  r m  (3 .2 0 )

where p — 0 for even parity and p — 1 for odd parity. Then using (3.9) and (3.10), we

can write as a function of p and as

0 (-f)  =  ( - l ) p (3-21)
k,i

To show that the parity is preserved we should just check whether , = a-k,i or not.

Taking into account the time and frequency periodicity of the function within the integral 

giving the combination coefficients ak,i and using the variables changes n —> — (n + 1) 

and r —* L — r, we thus have

(3.22)

S o L5/ 4exp ( j 2 7 r \ / L ( ^  +  Z r ) j  dvdr

Er=o ^  (r + ( l  + n)> /r) exp + n)VZv)

L5//4 exp (̂ —j2'K\/L{ku  + It ) j  dvdrfa0 < V , T < 7L

Er=o £ „ ( “  W  ( r  -  ( i  + n)y/L^ exp j2tt(£ + ra)vT i/)
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(3.23)

fo<v,r< ^  L5/4exP (-j2ny/L(ki/  +  lr)j  dudr

E r = i  E n (r + ( l  + n ) ^ L )  exP ( j M x  + n)y/Lvj 

Jo<UT<-^- -k5̂ 4 exP (̂ —j ‘2'K'/L(kv + Zr)j dz'dr

E£To E n  $  (r + ( l  +  w )V l) exp (j27T(£ + n)\ZLiEj
®k, l

Hence, the parity of the mother function is preserved by orthonormalization. This 

characteristic is needed when half-density lattice is used as a starting point for the con­

struction of an OFDM-OQAM lattice. In fact these lattices, when based on a half-density 

lattice, need that the orthonormal prototype function be of even or odd parity. Hence, to 

have one of these characteristics suffices to chose the mother function to have the desired 

parity. Also, the result shows the orthonormalization procedure is convergent, since the 

parity is not conserved, if the result is divergent.

3.5 Conclusion

In this chapter, we presented a novel orthonormality criterion for pulse shapes to be 

used in multi-carrier systems. We have derived the special lattice density cases for this 

criterion. We have also presented the ambiguity function in terms of the representations 

given for the orthonormality conditions.

Later, using this orthonormality criterion, we have given an orthonormalization pro­

cedure for any given mother function. In practice, as long as the desired orthogonal set 

is achieved, the way to achieve it is not of particular importance. However, the proposed 

method is utilized in the following chapters where heuristic search algorithms are em-
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ployed and the function is computed many times. In this way, the methodology is fast 

and efficient.
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Chapter 4

Choice of the M other Function

In this chapter, we propose Hermite functions as the choice of mother functions to be 

orthonormalized. We start by presenting popular function families and their feasibility 

in multi-carrier systems. By employing the orthonormalization methods given in the 

previous chapter, Hermite functions are orthonormalized and utilized as pulse shapes in 

multi carrier systems. The coefficients for Hermite functions for a well localized pulse 

shape are calculated. The resulting ambiguity functions are plotted. Furthermore, the 

localizations of various pulse shapes are given.

4.1 Some unsuccessful alternatives

Prior to the investigation of the pulse shape for multi-carrier systems, we investigate 

some well known function families and demonstrate why they are not good candidates 

to be used in OFDM systems.
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4.1.1  W avelets

Just as time-frequency translations and modulation were first introduced in Physics as 

coherent states [44,45], wavelets have been proposed in Physics as ’affine coherent states’ 

[46]. In communication theory, wavelets have been introduced by I. Daubechies in [35]. 

Wavelets, like the Weyl-Heisenberg frames, transform the continuous Hilbert space by the 

use of window functions. However unlike Weyl-Heisenberg frames, the translation and 

modulation operations are not accomplished by uniform time and frequency translations, 

but by position and dilation. The modified window function hmn(x) G L2(R) from the 

source window is given by:

hmn(x) = \m\~l/2h ( -— -) ,  (4.1)m

where h(x) is a square integrable function. In hmn(x), m  is the dilation and n is the 

position parameter. In the time-frequency analysis, dilation affects the frequency; hence 

it is similar to modulation whereas position is similar to translation.

When we compare the lattice structures of wavelets and Weyl-Heisenberg frames, the 

functions hmn are more concentrated in the higher frequencies. The difference is depicted 

in Fig. 4.1 and Fig. 4.2.

As it can be seen in the figures, the wavelets divide the time-frequency plane non- 

uniformly. In multi-carrier communications, this results in non-uniform distribution for 

the sub-carriers resulting in favor of the subcarriers closer to the origin. Therefore, 

wavelet based frames are not suitable in terms of subcarrier location schemes. As a 

result, the application of wavelets in multi carrier systems has been limited to very 

few studies investigating the pulse shaping of MC-CDMA, still using Weyl-Heisenberg 

frame structure [47]. Hence, in this dissertation we limit our analysis to the Weyl- 

Heisenberg frames. An exception to this investigation is non-uniform systems providing 

non-uniform throughput distribution between subcarriers or unequal error protection. It
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Figure 4.1: Time-Frequency distribution of the wavelet functions.
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Figure 4.2: Time-Frequency distribution of the Weyl-Heisenberg functions.
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is also possible to change the time-frequency spacings by modifying the wavelets, however 

for that case, they become equivalent to Weyl-Heisenberg frames.

4 .1 .2  P rolate Spheroidal Functions

Once the lattice structure is set, the second problem is setting the pulse shape to be used 

in the lattice. Prior to the discussion of well localized pulse shapes, we investigate another 

group of pulse shapes namely Prolate functions. Prolate spheroidal (PS) functions are 

initially proposed as solutions of a differential equation resulting from separating the 

variables to solve the Helmholtz equations in prolate spheroidal coordinates [48].

Their introduction to communication theory was done by Slepian in [49]. The im­

portance of the PS functions in pulse shaping results from their spectral localization 

properties. A set of orthogonal PS functions forms the most spectral efficient orthogonal 

set of functions possible. A simple algorithm for generating numerical values of prolate 

functions is given in [50].

Even though the first discrete function converges to a Gaussian which is well localized 

in both time and frequency, the localization property of the PS functions is optimum in a 

single dimension only. Hence in communication systems, the applications of PS functions 

suffer under non-linear channel dispersions [51]. In order to facilitate the localization in 

two dimensions simultaneously, we investigate the choice of mother functions in the next 

section.
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4.2 Choice of M other Functions

The Gaussian function is the most localized function in terms of both time localization 

and frequency localization and the localization is given by 1/47T, The main motivation 

of employing Gaussian functions is that when the Gaussian mother function is orthonor­

malized, the resulting orthonormal function ip(t) also has a localization very close to the 

Gaussian one. If we employ the Gaussian signal as:

m  = e -nt\  (4.2)

and orthonormalize for the half density lattice, 1/L — FT  =  2, the resulting orthonor­

malized signal 4>{t) is the IOTA function.

As a more general approach, we propose to combine Hermite functions for designing 

the mother function. This novel mother function can then be orthonormalized by any 

method proposed in the literature.

We form the mother function <f>(t) by:
OO

= (4-3)
k—0

where Hk(t) is the kth Hermite function. The main motivation behind employing Hermite 

functions is that the first Hermite function is the Gaussian function given by (4.2) and the 

kth Hermite function is the kth best localized function that is orthogonal to the Gaussian 

and other Hermite functions. Hermite functions generate all square integrable functions 

that is, they form a base of L2(R), hence any arbitrary choice for the mother function 

can be obtained as a combination of these Hermite functions.

A  g o o d  c o m b in a tio n  o f  H e rm ite  fu n c tio n s  m u s t  u se  v e ry  sm all c o m b in a tio n  coeffi­

cients for large indices. The reason behind this is the decreasing localizations of Hermite

functions with increased index values.
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In this work, these coefficients are optimized by brute force approach, using exhaustive 

search in order to maximize the localization. There are three main results that are 

obtained from the simulations:

• The coefficients {a*,} decrease exponentially with increasing k, hence only 5 coeffi­

cients are satisfactory for convergence.

• Only the Hermite functions whose frequency transforms are the same as them­

selves, hence time-frequency symmetric Hermite functions give good localization 

performance. These Hermite functions are the ones where k = 0 (mod4).

•  The first coefficient do can be set to 1 without loss of generality for normalized 

pulses. When we set do — 1, all other coefficients d*. must be real. In general all 

complex coefficients must have the same phase for optimum localization with the 

exception of a tt/2 degree phase shift.

Keeping these conditions in mind, the Hermite functions that are employed are given as:

H0(t) = exp( —7it2)

Hi(t) = 16exp(—7rt2)(47r2t4 — 67rt2 +  0.75)

Ha(t) = 256exp(-7rt2)(167r4t8 -  lUirH6 + 2107T2t4 

-1057rt2 + 11.67)

Hn (t) = 4096exp(—7rf2)(647r6f12 -  10567r5f10 +  59407r4f8 

-138607r3t6 + 12993.75tr2f4 -  38987rf2162.42 

Hie(t) = 65536exp(-7rt2).(2567r8t16 -  7680ttY4 + 873607tY2

-4804807rY° + 13513507tY  -  18918907rY + 1182431.257r2t4 -  253378. 125tY  + 7918)

( 4 .4 )

Various Hermite functions are depicted from Fig. 4.3 to Fig. 4.6.

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



0.3

0.2

0.1
oI

- 0.1

- 0.2

10-10 -5 0 5

0.3

0.2

l ”
- 0.1

- 0.2

5 10-10 •5 0
time time

0.3

0.2

0.1

0
- 0.1

- 0.2

-10

1

00 
CM 

1— 
O 

T— 
CM

o
d

d
 

d
o

i 
i

e
H

1

0
time

10 -10 -5 0
time

10

Figure 4.3: First four Hermite functions.
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Figure 4.5: 9th to 12th Hermite functions.
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Table 4.1: Coefficients for Hermite functions for well-localized pulses.
do 1

04 -1.5 x 10-3

as - 3  x 10“6

an - 2  x 10“10

0-16 - 2  x 10-13

The coefficients to these functions are given in Table 4.1. We form our mother function 

by the coefficients given in Table 4.1 and orthogonalize it. The coefficients are calculated 

using a gradient-based optimization technique. The results converge to the coefficient set 

mentioned in the table regardless of the initial starting point. However, the optimization 

process is not linear. The reason is; even though the Hermite pulse shapes are orthogonal 

to each other, their time-frequency orthonormalized versions are not. In other words, the 

orthonormalization process does not conserve the orthogonality between the Hermite 

functions. For this reason, the coefficients were re-calculated each time a new Hermite is 

added to the optimization process.

The resulting orthogonal signal is plotted in Fig.4.7. In this figure, the Gaussian 

signal and the orthogonalized Gaussian signal (IOTA) as well as the raised cosine pulse 

are included. Although the functions are symmetric in time and frequency, we include the 

frequency response of Fig.4.8 for an extended range, in order to get a broader comparison 

between IOTA and our signal.

It is clearly seen in Fig. 4.7 and Fig. 4.8 that the proposed orthogonal signal is 

slightly more localized in both time and frequency when compared to the IOTA function. 

The time localization of the conventional raised cosine signal with 0.1 roll-off factor is 

much worse when compared to the other signals: 0.2188. Whereas, the time-frequency
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Figure 4.7: The proposed Hermite signal vs. the IOTA and the Gaussian in time domain.
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localization of a Gaussian pulse is 1/ 47r =  0.0796, the localization of IOTA is 0.0815 

and the proposed signal has a localization of 0.0811 (In the optimization process, the 

localization changes after each Hermite is given as Ho — 0.0815, 774 — 0.0813, Hg — 0.08114, 

H iq — 0.0811). In Figs. 4.7 and 4.8, it can be seen that the proposed signal has the same 

nulls and smaller sidelobes when compared to IOTA, which makes it more robust the 

time and frequency dispersion effects of the channel.

The main motivation behind using half density is the Balian-Low theorem [5,6]. The 

Balian-Low theorem states that for a unit density lattice (L = 1), it is impossible to 

obtain well localized pulses that are orthonormal both in time and frequency. These 

pulse sets are also referred to as Weyl - Heisenberg bases. As a result, half density 

lattice structures are employed in most of the OFDM/QAM systems proposed in the 

literature [7,8], The proposed cases in the literature can be derived with our method as 

specific cases of (3.4). Hence, the work presented here is the generalized and simplified 

orthonormalization procedure for any signal set, including the OFDM/QAM systems and 

the IOTA.

One must also note that, the orthonormalization method proposed in [3] for the 

IOTA function can only be applied to Gaussian functions, which limits the proposed 

orthonormalization procedure in [3].

Another important point for employing the proposed orthonormalization procedure 

is that the IOTA function has been proved to be a non optimum one as opposed to the 

conjecture in [3] and [7]. Hence by modifying the mother function, a better localized 

orthonormal signal set can be achieved.

We should also note that IOTA is just a special case of the method employed here 

by using only the first Hermite function. In terms of localization gains, the additional 

Hermite functions only provide marginal gains. However, the main advantage of Hermite
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functions is their flexibility with using different coefficients for different combinations. 

From this point on we will exploit this property to develop pulse shapes for unit-density 

cases as well as for overlapping Weyl-Heisenberg frames.

4.3 Am biguity Functions for Different Pulse Shapes

In figures 4.9, 4.10, and 4.11, the ambiguity functions for the square pulse, the IOTA 

and the proposed Hermite functions are given respectively. As it can be observed in the 

figures, the sidelobe levels of the ambiguity function for the square pulse is very high. This 

would result in the leakage of interference power between subcarriers, if there is dispersion 

in the channel in either time or frequency. When we compare the ambiguity functions for 

the IOTA and Hermite, the latter has a marginally faster decaying ambiguity function. 

This results in a slightly better dispersion robustness as shown in the simulations of 

the next chapter. As afore-mentioned, the ambiguity functions present a measure of 

applicability as a pulse shaping methodology for MC systems.

In order to present the difference between the Hermite and IOTA ambiguity functions, 

the difference is plotted in Fig. 4.12. As it is shown in the figure, the ambiguity function 

of IOTA has lower values around the origin but higher values around the neighboring 

regions that may cause inter-symbol-interference or inter-carrier-interference.
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Figure 4.9: Ambiguity Function for Square Pulse.
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Figure 4.11: Ambiguity Function for Hermite.
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Figure 4.12: The difference between the ambiguity functions of Hermite and IOTA.
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4.4 The Effect of Lattice D ensity

Up until this point, we investigated lattices with density of 0.5. However, Balian-Low 

theorem only dictates the localization condition for density, A < 1. In this section, we 

investigate the localization of different pulse shapes in the region ^ =  A < 1. The various 

pulse shapes by orthonormalizing the Gaussian pulse for different lattice density values 

are given in Fig. 4.13.

The resulting densities are depicted in Fig. 4.14. As shown in Fig. 4.14, the local­

izations become worse as the density increases. On the other hand, the localization gain 

introduced by the Hermite functions becomes very significant. Hence for unit density, it 

does not make any sense to try to localize using only the Gaussian function. Also, it can 

be seen in the figure that going below half density lattice doesn’t provide any additional 

localization advantage, since it is very close to the asymptote dictated by the Gaussian 

pulse around 0.0796.

In Fig. 4.15, the pulse shapes for IOTA and Hermite at unit density are compared. 

As can be seen in the figure, the localization of the Hermite based function is far superior. 

The Hermite coefficients employed to build the mother function to be orthonormalized 

are given in Table 4.2. The pulse shapes for Hermite functions are optimized for each 

lattice density and the resulting pulse shapes are plotted in Fig. 4.16.

Even though, for unit density the decrease in the pulse shape is not exponential, the 

decrease in the high amplitude areas are, making the introduced pulse shape an almost 

localized pulse which is from this point on, referred to as unit density axial-localized pulse 

(UDALOP). The importance of UDALOP is that, it can be employed with a unit density 

lattice and therefore 2D constellation diagrams can be employed. Hence, the localization 

advantage can be achieved without the limitations on the constellation shapes, increasing 

the overall capacity of the multi-carrier systems. Finally, in Fig. 4.17, the ambiguity
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Table 4.2: Normalized coefficients for Hermite functions at unit density.
Hermite Coefficient Value

d o 1

a 4 -0.2216

a8 -0.0669

a 12 -0.0429

a i6 -0.0293

a 20 -0.0529

0-24 -0.0263

«28 -0.0034

function for UDALOP is presented. In the following chapter, we investigate the effect of 

localization gains to the system performance.

4.5 Conclusions

In this chapter, we investigated possible pulse shapes to be used as mother functions to 

be orthonormalized. For our purposes, we found that Hermite functions forming Weyl- 

Heisenberg frames are the choice for mother functions.

We computed the optimum coefficients for combining Hermite functions in forming 

the mother function. This is accomplished with both 0.5 density lattices and unit density 

lattices.

We demonstrated that for 0.5 density lattices, the IOTA pulse shape is not optimal 

and a slightly better pulse shape can be achieved.
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For unit density, we showed that orthonormalization of the Gaussian pulse results in 

a pulse shape with very bad localization, whereas when different Hermite functions are 

combined a much better localization is achieved. The novel pulse shape is referred to as 

UDALOP. With the invention of UDALOP, we have provided a localized pulse shape for 

unit density. UDALOP is not localized in the sense of Balian-Low theorem, however it 

is localized for the values with high amplitude, therefore it can be considered localized 

for practical purposes.
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Chapter 5

Applications of Herm ite based Pulse  

Shapes in W ireless Communications

In this chapter, we investigate simulations of the results presented in the previous chapters 

in order to quantify the system performance. We start by investigating the effect of 

inter-carrier-interference. Then, we show the effect of the number of subcarrier to the 

inter-carrier-interference. We also give the effects of OFDM imperfections such as peak- 

to-average power ratio and phase jitter.

We investigate the inter-operability issues for systems that employ different pulse 

shapes in the transmitter and the receiver. We extend the results mentioned above for 

unit density lattices as well. We conclude the chapter by giving the effects of inter- 

symbol-interference.
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5.1 Simulation R esults

In this section, the simulation results of an OFDM system with different pulse shapes 

are presented. An OFDM system with 32 subbands and with a square lattice structure 

is considered. In our simulations, the OFDM system model presented in Chapter 2, 

is employed. Three different pulse shapes are considered. The first one is the well- 

known square pulse whose frequency response has the shape of a sine function. The 

second one is the orthonormalized Gaussian function namely IOTA. The last one is the 

orthonormalized Hermite functions.

First we investigate the frequency spectrum of afore-mentioned OFDM system. In 

Fig. 5.1, the spectrum resulting from the employment of different pulse shapes are 

presented. As can be seen in the figure, both IOTA and Hermite pulse shaped OFDM 

give considerably less interference in the outband region and their powers are mostly 

concentrated on the desired frequency range.

5.1.1 The effect o f Inter-carrier Interference for 32 subbands

Here, the effect of Doppler spread on system performance is investigated. One of the 

weakest points of the OFDM systems is that they are not robust against the frequency 

dispersion that appears due to high mobility. The reason behind this drawback is that 

for high speed users with high Doppler spread, the orthogonality between the subcarriers 

is lost, resulting in inter-channel interference (ICI). However by employing a pulse shape 

which rapidly decays in frequency, the amount of ICI can be reduced significantly.

In our simulation model, a Rayleigh fading channel is employed with a constant 

signal to noise ratio (SNR) of 5 dB. For the moment we neglect the effect of inter-symbol 

interference (ISI) by employing a cyclic prefix or any other means, and concentrate on
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ICI. In the simulations results represent independent run for 106 bits. We define the 

mobility as the product of Doppler frequency (fo)  and symbol time (T ) as foT .  Fig. 5.2 

shows the effect of mobility on the performance of OFDM systems with different pulse 

shapes. As it is depicted in the figure, Hermite and IOTA based OFDM systems are 

much more robust against Doppler frequency shifts, the former being a little more robust 

than the latter.

Finally we look at the effect of the SNR. In this simulation we assume the product 

f o T  =  0.0005. As shown in Fig. 5.3, there exists a considerable performance gain by 

application of Hermite functions.

All of these results demonstrate that the robustness of the OFDM systems to the 

Doppler spread is increased when Hermite pulse shapes are introduced. The performance 

of the OFDM system with Hermite pulse shapes is slightly better than the OFDM systems 

employing IOTA pulse.

5.1 .2  The Effect o f Inter-carrier Interference for 128 subbands

In this section, we investigate the effect of the number of subcarriers on the system 

performance. As the number of subcarriers increases, the robustness of the system to 

dispersion decreases. The mobility effects are shown on the BER vs. normalized Doppler 

spread curves shown in Fig. 5.4. The results show that as the number of subcarriers 

increase, the system loses robustness against mobility. The same performance with the 

32 subcarrier case could be achieved by a 3 dB increase in the SNR. This is an important 

factor for consideration in designing 4G systems, because the OFDM mode of operation 

in IEEE 802.16e standard has 256 subcarriers while OFDMA mode has 2048 subcarriers. 

In practice, 2048-OFDMA with mobility was unsuccessful due to this and applications 

of OFDMA mode consisted of 256-OFDMA proprietary systems and no IEEE standard
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Figure 5.2: The effect of normalized Doppler spread on bit error rate (BER) for 32 

subcarriers.
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Figure 5.3: The effect of SNR on BER for 32 subcarriers (f DT  =  0.0005).
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SNR.
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mobile OFDMA system found widespread application. Hence the introduction of pulse 

shaping is very critical in terms of success for 4G systems.

The effect of intersymbol interference is also investigated for the dissertation. However 

the effect of Doppler is more critical in terms of system performance.
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5.2 Effects of OFDM  based Im perfections

5.2.1 Peak to  Average Power R atio

One of the main problems in OFDM systems is the peak to average power ratio (PAPR) 

problem. In the system model after IFFT, the signal amplitude has a very high dynamic 

range. This causes problems in the amplifier design due to nonlinearities and imperfec­

tions in the amplifier. As a result, many different techniques have been proposed in order 

to combat PAPR problem [52-54],

The signal amplitudes that vary after the IFFT, are a function of the pulse shape 

as well. For a practical pulse shape, associated PAPR must be within acceptable limits. 

When the square pulse, which is the only constant amplitude pulse within the pulse 

interval, is replaced with another pulse, the PAPR increases. In other words, for pulse 

shape 'F(t), which is not a rectangular pulse, there exists a mean power level m  which 

is the same as the mean power of the rectangular pulse shape 'Pn{t), if we assume that 

negligible amount of power is leaked outside the symbol interval. For 'P(f) ^  T/?(4), there 

is a time t\ such that I'F^i)!2 > m, hence increasing the PAPR.

When Fig. 5.5 is investigated, we can see that the PAPR is increased by approximately 

0.5 dB. This extra value must be taken into consideration in the system designs employing 

non-rectangular pulse shapes.
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Figure 5.5: Probability of exceeding certain PAPR levels for different pulse shapes.
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5.2.2 The Effect o f Jitter

Another important problem in OFDM systems is the effect of phase jitter [55]. The 

phase jitter may result from the generation of sinusoidal signals in the system or by any 

other means. If there is a phase jitter in the system, which is usually the case to some 

extent in practical systems, the orthogonality of the carriers is affected. In [55], the 

effect is investigated for a rectangular pulse, where it is shown that the effect of jitter 

is independent from the jitter shape for multi-carrier systems. The degradation Dn is 

defined as loss in the SNR as dB:

where n is the user index, N  is the number of subcarriers, n(t) is the AWGN, and d/n(f)

(5.1)

where a% is the jitter variance,^ is the energy of the transmitted pulse and

i  *2 r<-

Wn(0) = — J^exp(-j'27rn//A) /
* 7_n «/-<

(5.2)

is the pulse shape of the nth user.

Since in (5.2), the normalized pulse shape is multiplied with the additive Gaussian 

noise, it does not change the result. As shown in Fig. 5.6, the distribution of the 

random variable VFn(0) is independent of the pulse shape. Therefore the effect of jitter 

is independent of the pulse shape employed.
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Figure 5.6: Cumulative distribution function of the colored noise as a result of pulse 

shaping.
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5.3 Inter-operability Issues

It is very likely that future systems employing well-localized pulse shapes will have to 

work together with other various pulse shapes, in particular, rectangular pulses. In this 

section we investigate the performance of the system employing different pulse shapes at 

the transmitter and receiver.

In our system, we assume that the receiver has only the rectangular pulse shape 

defined in its hardware settings and there are three base stations employing a rectangular 

pulse, a Hermite pulse and a IOTA pulse respectively. The system model is depicted in 

Fig. 5.7.

We compare the performances of the three base stations under AWGN and fading 

channels. The results are given in Fig. 5.8 and Fig. 5.9 respectively.

When we compare the performances in the AWGN channel, as expected there is a 

performance loss. However, this performance loss occurs after B E R  =  10"2, and for 

an uncoded performance, this is an acceptable degradation after error control coding for 

most of the practical applications. The performance loss is mainly due to unmatched 

filtering affecting the noise performance. However, in fading channel, the performance 

is still better for the IOTA and Hermite cases (even though degraded from the matched 

case) especially in high SNR levels, where the performance limiting factor is fading rather 

than noise.

This is a very important result, since it shows that the existing systems can be used 

together with new pulse shapes and performance gain can be achieved fully from the 

equipments that support the novel pulse shapes and partially from the ones that do not 

support.

One important issue is that the introduced pulse shapes do not introduce additional

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Rectannulai

Hermite

Figure 5.7: System model scenario for inter-operability.

92

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



IOTA 
-0 -  Hermite 
—  Rectangular

<r
UJ
m

SNR (dB)

Figure 5.8: Performance comparison for Gaussian channel when the receiver uses rect­

angular pulse shapes whereas the transmitter employs Hermite, IOTA and rectangular 

pulse shapes.
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Figure 5.9: Performance comparison for fading channel with f p T  =  0.0005 when the 

receiver uses rectangular pulse shapes whereas the transmitter employs Hermite, IOTA 

and rectangular pulse shapes.

94

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



complexity to the system. The complexity is in the process of finding the pulse shapes. 

After finding the appropriate pulse shapes, they can be stored in the system.
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5.4 Results for Unit D ensity

In the previous Chapter, we have shown that, it is possible to achieve localized pulse 

shapes for unit density lattices. In this section, we compare the performance of these 

pulse shapes against the rectangular pulse shape.

In Fig. 5.10, the results for various user velocities are depicted for SNR= 5 dB. It 

can be seen from the figures that better localization results in better BER performance. 

Also since unit density is employed 2D constellation can be used, therefore increasing the 

capacity. This is especially important for systems employing adaptive modulations.

Next in Figs. 5.11 and 5.12, the BER vs. SNR curves are depicted for fp T  — 0.00005 

and f j jT  = 0.0005 respectively. It is shown that the pulse shape UDALOP, which was 

proposed in the previous chapter, performs better than the classical rectangular pulse 

shape in various fading and noise environments.
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Figure 5.10: Performance comparison for fading channel with SNR= 5 dB for unit density 

lattice.
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Figure 5.11: Performance comparison for fading channel with fp T  =  0.00005 for unit 

density lattice.
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Figure 5.12: Performance comparison for fading channel with fo T  — 0.0005 for unit 

density lattice.
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5.5 Effect of Inter-sym bol Interference

Even though the rectangular pulse has bad frequency localization, it has a fairly good 

time localization. So, in order to make a fair comparison, next we test the performance 

of the pulse shapes under a time-frequency dispersive channel. We set the frequency 

dispersion f p T  =  0.0005, and SNR= 6 dB and vary the delay spread of the channel. The 

channel is modeled as an exponentially decaying channel.

The delay spread ct2 is defined as:

a 2 = r‘2 -  f 2, (5.3)

where
f ° °  TnS H { T)

r~n =  J~Z q , y , (5.4)
J _oo S h (t )

S h ( t ) is the delay spectrum.

We first analyze the performance for L  = 2. 32 subcarriers are employed in a symbol 

time of 2.8/zs. In order to present the effect more clearly, the cyclic prefix has been 

eliminated from the channel. The results are depicted in Fig. 5.13. As shown in the 

figure, time dispersion closes the performance gap between the pulse shapes, the frequency 

dispersion is still the determining factor for the performance and Hermite pulse shape 

outperforms the rectangular pulse shape.

Next we investigate the performance for unit lattice density. The results are depicted 

in Fig. 5.14. The results are similar to the half lattice density case. The performance of 

UDALOP is still better than the rectangular based pulse shape.

The delay spread in wireless channels are typically in the order of 100ns to 10/rs 

[56,57]. Therefore the results contain the worst case scenarios as well. As it can be seen 

in the results, even though the rectangular pulse is more robust to time dispersion, the
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Figure 5.13: Performance of pulse shapes under inter-symbol interference for half density 

lattice, fo T  = 0.0005, and SNR= 6dB.
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performance difference compensates the difference. So regardless of time dispersion level, 

the localized pulses perform better than the square pulse.

5.6 Conclusions

In this chapter, we have presented various simulation results supporting the theoretical 

studies accomplished in previous chapters.

In particular, we have investigated the effect of ICI and number of subbands for 

0.5 and unit density lattices. Results show that, for 0.5 density cases, the performance 

of Hermite based pulse shapes are slightly better than IOTA and much better than 

rectangular pulse. For UDALOP, in the unit density case, the results are much better 

than rectangular and IOTA.

It is shown that rectangular pulse shape is the optimum pulse shape for PAPR levels 

in OFDM. However, the performance reduction is at acceptable levels for most practical 

applications.

When there is also ISI in the system, rectangular pulse provides quite good perfor­

mance. However, simulation results show that it is not sufficient to compensate for the 

performance loss due to possible ICI or inter-subchannel interference (ISCI).

Finally, we have presented an inter-operability analysis for the pulse shapes that are 

presented. Our analysis shows that even if rectangular pulse shapes are employed at one 

end of the communication system and Hermite pulse shapes are used in the other end, 

performance is still better than having rectangular pulse shapes at both ends. This is a 

very important result in terms of the practical applicability of the Hermite based pulse 

shapes.
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Further system level simulation results are presented in the next chapter.
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Chapter 6

A System  Level Evaluation of Pulse 

Shapes for W iM AX

In this chapter, a system level evaluation of the effect of pulse shaping on WiMAX 

systems is presented. WiMAX is an industry collaboration for interoperability of devices 

using IEEE 802.16 standards. WiMAX systems employing OFDM are main competitors 

to high-speed downlink packet access (HSDPA) systems in terms of mobile broadband 

applications. HSDPA is the extension of 3G systems for higher rate data communications.

However, due to the frequency dispersion effects, WiMAX systems lose performance 

when the users are traveling at high velocities. In this chapter, we provide various 

comparisons of the high-speed broadband systems including the effect of pulse shaping 

with Hermite functions, which is proposed in Chapter 4 of this dissertation.

In this chapter, we start by giving overview of the standards related to high speed data 

transmission. Then, we provide the system. The simulations are accomplished by using 

TEMS Planet software [58]. An overview of the signal strength estimation methodology 

is given. The adaptive modulation architecture is presented. The simulation results
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showing the system level effects of multiple access scheme changes, smart antennae, 

carrier frequency are given. Finally, we present the effect of Doppler spread and the 

results of utilization of Hermite based pulse shapes.

6.1 Introduction

The broadband wireless access (BWA) area is currently one of the fastest-growing areas in 

wireless network access. It includes technologies that aim at providing wireless access to 

data networks with high data rates. BWA started as an alternative to digital subscriber 

lines (DSL) in urban areas or as a competitor to DSL technologies in rural areas. It has 

also been proposed as a backhaul application for WiFi networks.

The first BWA standard (IEEE 802.16 in April 2002) covered operations in line-of- 

sight environments ranging from 10 to 66 GHz. The 802.16-2004 (January 2003) standard 

that covered only fixed wireless systems was introduced for operations in non-line-of-sight 

(NLOS) environments between 2 and 11 GHz with a variable channel size. The standard 

includes two OFDM-based physical layers, namely orthogonal frequency division mul­

tiplexing (OFDM) and orthogonal frequency division multiple access (OFDMA). The 

IEEE 802.16-2004 standard was introduced in November 2004 [30] and replaced all other 

drafts. The IEEE 802.16-2004 standard introduced the concept of adaptive modulation. 

Most BWA systems follow the IEEE 802.16 standards as well as ETSI HiperMAN [29]. In 

most applications of both standards, orthogonal frequency division multiplexing (OFDM) 

is used. In late 2005, the standard was extended to cover mobile systems with the IEEE 

802.16-2005 [32]. Also, a joint industry initiative to standardize products using IEEE 

802.16 and HiperMAN standards, namely WiMAX, was initiated in order to support 

technology penetration [31].
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OFDM is a candidate for future wireless broadband communications because of the 

way it effectively handles channels with large delay spreads [1]. OFDM divides the 

frequency selective wideband channel into multiple-frequency, flat fading, narrowband 

channels. In the time domain, this leads to a larger symbol period, which is accompanied 

by a cyclic prefix (CP) to handle the inter-symbol interference (ISI). One main advantage 

of OFDM-based systems, when compared with the CDMA based systems; the OFDM 

based systems are more robust to non-line of sight conditions. This is due to the multiple 

flat fading frequency structure of OFDM.

HSDPA was introduced in Release 5 of the third generation partnership project 

(3GPP) standards, whose aim is to standardize the 3G wireless communication archi­

tectures. With peak data rates of up to 10.8 Mbps [59,60], the standard improves the 

throughput by four to five times during an average downlink packet session when com­

pared with the downlink shared channel (DSCH) standards detailed in Release 99 of the 

3GPP standard. High-speed uplink packet access (HSUPA) is part of Release 7 of the 

3GPP standards while OFDM is a work item of Release 7 of the 3GPP standard. A 

new high speed-downlink shared channel (HS-DSCH) transport channel was introduced 

in Release 5 [61]. HS-DSCH has a spreading factor of 16 and supports adaptive mod­

ulation and coding (AMC) with QPSK/16QAM modulations. The transmission time 

interval (TTI) or interleaving period has been defined as 2 ms (3 slots) to achieve a short 

round-trip delay for the operation between the terminal and the base station (Node B) 

for retransmissions. The HS-DSCH 2-ms TTI is short compared with the 10, 20, 40 or 

80-ms TTI sizes supported in Release 99 [60]. Adding a higher order modulation scheme, 

16 QAM, as well as a lower coding redundancy increased the instantaneous peak data 

rate. The maximum number of codes that can be allocated is 15, but depending on the 

te rm in a l  c a p a b ility , in d iv id u a l te rm in a ls  m a y  rece iv e  a  m a x im u m  o f 5, 10 o r 15 codes.

HS-DSCH does not use fast power control. Data rates change along with changing
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radio conditions and the available transmission power in the Node B. The power assigned 

to HS-DSCH is the power that remains after serving common and dedicated channels [62]. 

Capacity increases with HSDPA by two to three times when compared with the DCH 

systems. This can be attributed to the inclusion of link adaptation, the use of the 

maximum cell power, and the scheduling and use of 16 QAM.

In terms of performance analysis, it is a challenging task to compare the performances 

of OFDM-based WiMAX and CDMA-based HSDPA systems. It is important that this 

comparison be done in various scenarios where both technologies are candidates in data 

communication solutions. The comparison extends to multiple layers of the system. In 

this chapter, however, a system level performance comparison of the CDMA and OFDM 

systems using the parameter settings of HSDPA and WiMAX respectively is undertaken. 

A more general performance comparison of OFDM and CDMA technologies were made 

in [63-65], but did not address specific WiMAX configurations.

Many performance-enhancing features are considered with the deployment of these 

technologies as well. One typical example is the application of smart antennae. Smart 

antennae enhance the capacity and quality of communication systems by reducing the 

total interference [66]. The cost of deploying smart antennae versus the performance 

improvement must be carefully studied. In this work, we also compare the performance 

enhancements of WiMAX and HSDPA systems with the introduction of smart antennae. 

In order to recreate a realistic scenario, the network planning and optimization tool 

TEMS Planet was used. This software was developed by Ericsson TEMS.
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6.2 System  M odel

For our investigation, Vienna, Austria is selected as the simulation area. Dense urban as 

well as sub-urban areas around Vienna are included in the analysis. Vienna is selected 

due to this heterogeneous structure of urban and rural areas. The total area under 

investigation is 53 square kilometers. From the possible IEEE802.16 system profiles, 

OFDM is used unless stated otherwise. The parameters used in the simulations are 

summarized in Table 6.1. The different system level features (OFDMA, smart antennae) 

are included in order to show that the gains that can be achieved by features other than 

pulse shaping will still exist after the pulse shaping is employed.

The area of investigation is given in Fig. 6.1 and the dense urban area within that 

area is depicted in Fig. 6.2.

We will first compare these two technologies under rectangular pulse shaping using 

various combinations. Then, we utilize Hermite pulse shapes and present the improve­

ments in the system performance result. This way, we compare the improvements with 

respect to pulse shape with other improvements in the system such as smart antennae 

and multiple access techniques.
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Figure 6.1: The area of simulation for system level tests throughout Vienna (TEMS 

Planet).
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Figure 6.2: The dense urban area of simulation for system level tests throughout Vienna 

(TEMS Planet).
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Table 6.1: Simulation Settings.

WiMAX HSDPA

Number of BSs 25 25

Number of Sectors/BS 75 75

Carrier Frequencies 2.1 GHz, 2.5 GHz, 3.5 GHz 2.1 GHz

EIRP 53 dBm 53 dBm

Antenna Gain 15 dBi 15 dBi

Electrical Tilt Range 0 1 o 0-6°

Antenna Beamwidth (—3 dB) 60°

OO

Diversity RX,TX RX,TX

Smart Antenna Phased Array Phased Array

Channels 3 x 5MHz 3 x 5MHz

Frequency Reuse 1/3 1/3

CP Duration 1/32 NA

Antenna Noise Temperature 290 K 290 K

Cable Loss 2 dB 2 dB

Filter Loss 1 dB 1 dB

Front-end Amplifier Noise Figure 5 dB 5 dB

Measured Noise Density -196.72 dBW/Hz -196.72 dBW/Hz

Subchannelization Allowed 1/16,1/8,1/4,1/2 NA

Number of subchannels 16 NA

Number of Subcarriers/Subchannel 16 NA

Number of Subcarriers 256 NA

Maximum Phase Jitter Interference 0.5 dB NA

Number of HSDPA codes NA 15

Available Modulations QPSK, 16QAM,64QAM QPSK,16QAM

Mobile Speed Range 3-120 km/h 3-120 km/h
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6.2.1 C R C -Predict

For the signal strength predictions, we used the analytic propagation model CRC-Predict

4.0, which was originally developed at the Canadian Communication Research Center 

(CRC) [67], and later improved upon by Ericsson TEMS.

Some traditional approaches to radio-wave propagation are empirical in nature and 

begin with the collection of real-world measurements. These measurements are then fitted 

to curves and applied to similar geographic areas. The limitation of these approaches 

is that they do not take into account the infinite variety of landscapes that can occur. 

In contrast, CRC-Predict is a deterministic model based on physical optics, a form of 

wave theory. Predictions are based on a detailed simulation of diffraction over terrain 

(including clutter), and include an estimate of local clutter attenuation.

As a result, predictions of coverage gaps and interference areas are based specifically 

on the particular terrain in question and are more likely to be accurate, given that the 

terrain and clutter data are accurate.

6.2.2 A daptive M odulation

Modulations used in both WiMAX and HSDPA systems are adaptive in the sense that 

they change according to channel conditions. However, the available modulation types, 

the requirements and their related throughputs are different for HSDPA and WiMAX.

The available modulations and their corresponding requirements for WiMAX and 

HSDPA are summarized in Table 6.2. From the tables, it can be seen that WiMAX is 

approximately 12% more bandwidth efficient in terms of bits/sec/Hz. In the simulations, 

we used the throughput levels and coverage thresholds listed in the tables.
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Table 6.2: Adaptive Modulation Settings.
5 MHz WiMAX

Modulation Required C/I Required Power Throughput

QPSK-1/2 9.4 dB -86.3 dBm 4 Mbps

QPSK-3/4 11.2 dB -82.5 dBm 6 Mbps

16QAM-1/2 16.4 dB -78.3 dBm 8 Mbps

16QAM-3/4 18.2 dB -76.1 dBm 12 Mbps

64QAM-1/2 22.7 dB -71.6 dBm 16.3 Mbps

64Q AM-3/4 24.4 dB -69.9 dBm 18.4 Mbps

5 MHz HSDPA

Modulation Required Es/Nt Throughput per code Throughput for 15 codes

QPSK-1/4 -3 dB 119 Kbps 1.785 Mbps

QPSK-1/2 0 dB 237 Kbps 3.555 Mbps

QPSK-3/4 4 dB 356 Kbps 5.340 Mbps

16QAM-1/2 6 dB 477 Kbps 7.115 Mbps

16QAM-3/4 12 dB 712 Kbps 10.68 Mbps
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6.3 Simulation Results

In the simulations, we examined an HSDPA system at 2.1 GHz and compared it with 

WiMAX systems in three different scenarios: 2.1 GHz, 2.5 GHz and 3.5 GHz. Frequency 

bands located at 2.5 GHz and at 3.5 GHz are typical WiMAX scenarios, and 2.1 GHz 

is included in order to compare the technologies in the same frequency band. For the 

sake of comparison, the gross physical layer throughput levels are calculated at each 

location on the map. Results are displayed in Fig. 6.3 - Fig. 6.6 and summarized in 

Table 6.3. In this work, we have considered that all the traffic allocated in the HSDPA 

network is data traffic and that there is a 100% power allocation to HSDPA. However, it 

is important to note that in a typical scenario, HSDPA is used with a release 99 (R99) 

carrier for voice data as well. This reduces the power available for data transmission, 

hence the total throughput available for HSDPA. In addition, in a WiMAX system, it 

is possible to include voice over IP (VoIP), or build the system with a voice network 

overlay. However, for the sake of fairness, we assumed an all data network where the 

voice is either non-existent or converted to VoIP.

The simulation results depicted through Fig. 6.3 - Fig. 6.6 show that when WiMAX 

is deployed around 3.5 GHz a severe coverage disadvantage results when compared with 

the 2.1 GHz HSDPA system. This is mainly due to the increased propagation loss that 

results at a higher frequency. There are two different solutions to this problem. The first 

approach is to apply subchannelization in the downlink direction and increase coverage. 

With both OFDM and OFDMA, this increases the coverage although the extended areas 

have low throughput levels. In the case of OFDM, this leads to reduced utilization as well 

because in OFDMA, the subchannels of the same time slot can be shared by different 

users. The second approach is to add more sites. Our analysis shows that 4 (15%) more 

sites are needed in a 3.5 GHz OFDM system in order to compensate for the extra path
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loss.

It can be shown that both approaches could compensate for the excess path loss but 

with different costs. Due to increased spectral efficiency, NLOS advantages, and the 

inclusion of 64 QAM constellations, the average throughput levels of the OFDM and 

OFDMA systems are higher when coverage was satisfied.
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Figure 6.3: Distribution of Throughput Levels (in kbps) around Vienna for HSDPA with 

carrier frequencies in the range of 2.1 GHz.
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Figure 6.4: Distribution of Throughput Levels (in kbps) around Vienna for WiMAX with 

carrier frequencies in the range of 2.1 GHz using OFDM mode of IEEE 802.16.
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w îteii aiaianaifiaieauM

-  Tiff Vjr'L

; v ; / ,  ,
, V  T f l T ' ’# .

% y  *•■ «

„ *x 
fta. .  4,-*l ‘

 ̂ ^  • j; _ 
V ^Y ' . , “A . -

N ,v A ^

.*?. '<«$&

F t *  ' f P

$  DLMaxTtiru_pT|_copm2,5.yd 

□ 0,0000
□  4000.0002

□ 6000.0000 
1  10000.0000
■  15000.0000■ 20000.0000

lu rd ts : User Defined-Hip*

I  [DLMaxThru_prj_capm2.5.»'d .▼}

1

Figure 6.6: Distribution of Throughput Levels (in kbps) around Vienna for WiMAX with 

carrier frequencies in the range of 3.5 GHz using OFDM mode of IEEE 802.16.
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6.3.1 Effect o f O FD M A

OFDMA allows users to share resources in the subcarrier level of the orthogonal frequency 

division multiplexing (OFDM) based modulation. This is accomplished by assigning 

subcarriers to subchannels and assigning subchannels to users depending on the data 

rate and QoS requirements.

Data subcarriers are grouped between pilots, and each subchannel acquires a single 

subcarrier from each group depending on the permutation formula that is given in the 

IEEE 802.16-2004 standard. The assignments are orthogonal within a cell; however, they 

are not orthogonal between different cells. Because of this, there is the occasional collision 

and this impacts the performance especially in the case of 1/1 frequency re-use [68]. 

When network resources were not fully loaded, however, the collision-based architecture 

provided certain interference gains. In order to quantify this effect, we used OFDMA in 

the 3.5 GHz WiMAX system. Results are summarized in Table 6.3. The analysis shows 

that OFDMA significantly improves system performance, mainly due to the decreased 

interference levels that result from using sub-channel hopping mechanisms [32,68]. The 

difference is more visible in dense urban areas, where in most cases interference is the 

limiting factor.

The simulation results for OFDMA for a lightly loaded (30%) system is shown in Fig. 

6.7 for carrier frequency around 3.5 GHz. When we compare this figure with 6.6, it can 

be seen that both the coverage and throughput levels are increased due to the collision 

based architecture of the OFDMA system.
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6.3.2 The Effect o f Smart A ntennae

Wide-scale deployment of smart antennae in cellular networks is generally unheard of; 

in fact, one rarely finds smart antennae used in mobile networks. The main reason for 

this is the lack of necessary gains that can be achieved with respect to implementation 

costs. This is especially true in dense urban environments, where the angular spread is 

in the order of 20° [56] and the gains achieved using smart antennae are marginal. Also, 

the cusping loss that results from overlapping smart antenna beams further reduces 

performance.

However, the introduction of WiMAX and HSDPA systems with adaptive modula­

tions may change this and, as a result, the deployment rate of smart antennae is expected 

to increase. Hence, in order to quantify the effect on the entire network, smart antennae 

are included in the simulations. To simulate a smart antenna, a switched-beam antenna 

pattern with five beams is used.

The combined beam pattern is shown in Fig. 6.8. Depending on the location of the 

user, the beam with the maximum gain was selected. In this way, the coverage pattern 

can be modeled as a combined beam pattern.

When determining the coverage of a sector with a smart antenna, the coverage changes 

to reflect the gains of the smart antenna. When determining the interference from neigh­

boring sectors, the interference from the sectors using the smart antenna was edited 

accordingly. The interference pattern is actually a weighted combination of the beams, 

with the weights corresponding to the underlying traffic of each beam. We must also 

note that, in the simulations, it is assumed that the correct beam is selected and how 

the angle of arrival estimations is performed is not included in the results.

Next, the smart antennae are applied to both 3.5 GHz WiMAX (OFDM and OFDMA) 

and HSDPA systems. The results are depicted in Figs. 6.9 to Fig. 6.11 as well as in
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Table 6.3. All these figures show that when compared to the results without smart 

antennae that are given in Figs. 6.3 to 6.7, both the coverage and the throughput levels 

are increased significantly.

In order to show the differences more clearly, the throughput levels for dense urban 

areas are given in Fig. 6.12 and 6.13 for HSDPA and WiMAX respectively. It can be 

seen from the figures that the coverage of HSDPA when smart antennae are used is very 

high, while the throughput levels of the OFDM and OFDMA systems are much higher 

still.

On average for all technologies, smart antennae increased the network coverage by 

30%. When the throughput levels were considered, HSDPA and OFDM throughputs 

were increased by 130%, whereas for OFDMA, the throughput increased by 30%. The 

relatively low increase is due to the maximum throughput limits dictated by the available 

modulations. For further enhancements, higher order constellations such as 256-QAM 

are required. In dense urban regions, the gains achieved by OFDM and OFDMA tends 

to be relatively high, since in dense urban areas, as the interference levels drop, the 

availability of higher order modulations dominates the performance.
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Figure 6.8: Smart antenna results pattern used for coverage calculations around Vienna.
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Figure 6.10: Throughput results for Vienna for base stations employing smart antennae 

and using WiMAX (OFDM mode) around 3.5 GHz.
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Figure 6.11: Throughput results for Vienna for base stations employing smart antennae 

and using WiMAX (OFDMA mode) around 3.5 GHz.
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Figure 6.12: Throughput results for dense urban Vienna for base stations employing 

smart antennae and using HSDPA around 2.1 GHz.
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Figure 6.13: Throughput results for dense urban Vienna for base stations employing 

smart antennae and using WiMAX (OFDMA mode) around 3.5 GHz.
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6.3.3 T he Effect o f U ser V elocity

In HSDPA, varying radio conditions are dealt with using fast link adaptation, a fast 

hybrid automatic repeat request (HARQ) with soft combining, and fast channel depen­

dent scheduling. The scheduler uses the channel quality indicator (CQI) reports from 

the user equipment (UE) when deciding which UE to schedule [69]. The CQI reports are 

subject to signaling delays so the system performance is sensitive to the UE speed. The 

performance of the system degrades when the speed increases due to a less accurate link 

adaptation and poor packet scheduling. The cell capacity decreases when the UE speed 

increases [69]. The antenna diversity schemes add robustness to the system and account 

for the signaling delays for CQI reports [69], In order to show the effect of velocity in 

HSDPA systems, the system performance degradation curves given in [60] are used.

Although CP provides protection against multi-path delay spread or channel disper­

sion in time, the OFDM systems are vulnerable to dispersion in frequency, namely the 

Doppler spread. Since the subbands of the OFDM systems are very densely packed, with 

the increasing speed of the receiver and transmitter with respect to each other, orthogo­

nality between sub-carriers is disrupted and performance degradation is observed.

This is one of the major challenges of OFDM systems that are geared to mobile 

applications. In this work, we use both a rectangular pulse and a Hermite based pulse 

in order to tackle this problem. The simulations of the previous sections are repeated at 

a user speed of 120 km/h in order to clearly demonstrate the effect of high velocity.

In [70,71], it is shown that, when either low-density parity check codes (LDPC) 

or convolutional codes are used, the uncoded bit error rate (BER) of 0.05 corresponds 

to a coded BER of 0.001. Hence, using the methodology in [72], we investigated the 

performance degradation with respect to inter-subcarrier interference as a result of user 

velocity around 120 km/h.
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Table 6.3: Throughput and coverage results for OFDM and HSDPA.

Technology Frequency Coverage Average Throughput Dense Urban Throughput

Fixed and Pedestrian Environment ( < 3 km/h)

HSDPA 2.1 GHz 69% 3.10 Mbps 3.71 Mbps

OFDM 2.1 GHz 54(69)% 5.26(4.3)Mbps 5.74 Mbps

OFDM 2.5 GHz 51% 4.79 Mbps 5.33 Mbps

OFDM 3.5 GHz 40% 3.03 Mbps 3.32 Mbps

OFDMA 3.5 GHz 59% 5.92 Mbps 6.74 Mbps

Smart antennae

HSDPA-S 2.1 GHz 88% 7.10 Mbps 8.18 Mbps

OFDM-S 3.5 GHz 67% 6.97 Mbps 8.66 Mbps

OFDMA-S 3.5 GHz 77% 7.75 Mbps 10.08 Mbps

High Velocity (120 km/h)

HSDPA-HV 2.1 GHz 55% 2.22 Mbps NA

OFDMA-Sq 3.5 GHz 35% 1.54 Mbps NA

OFDMA-Hm 3.5 GHz 45% 1.97 Mbps NA

The results of the simulations are shown in Table 6.3. It can be seen that due to inter 

sub-channel interference, at high velocities there is a significant performance loss when 

compared with the HSDPA system. But also, the application of a better pulse shape 

helps to increase robustness to velocity, therefore increasing the average throughput. It 

must also be noted that the results reflect the worst-case scenario where all the users are 

t ra v e l in g  a t  120 k m /h .  In  a  re a l n e tw o rk , d e p e n d in g  o n  th e  d is t r ib u t io n  o f  sp e e d , th e  

degradation is expected to be less.
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6.4 Conclusions

In this chapter, we compare the performance of the physical layer of WiMAX and HS­

DPA technologies in various scenarios. Simulation results included detailed hardware 

component characteristics, multiple access issues, propagation characteristics, and de­

tailed geographical information. It is found that maximum performance is achieved in 

a network using OFDMA and smart antennae. The simulation results show that when 

WiMAX and HSDPA networks are compared, the WiMAX network suffered from cov­

erage issues related to the higher carrier frequency even though it provided much higher 

maximum throughput levels.

When OFDMA is used instead of OFDM in networks that are not congested, inter­

ference decreased and as a result both coverage and capacity improved.

Simulation results also showed that, due to the adaptive modulations, smart anten­

nae provided huge gains in both systems. In order to increase the gains in networks 

using smart antennae, it might be very beneficial to include higher order constellation 

modulations such as 256 QAM.

Investigations of user velocity showed that for highly mobile users, there are prob­

lems in both WiMAX and HSDPA. Of the two, however, HSDPA is shown to perform 

better in these cases. Also, pulse shaping in OFDM systems proved to be critical in the 

performance of high velocity OFDM networks.

In deciding which technology to deploy for next generation wireless data networks, the 

work undertaken in this chapter showed that the carrier frequency, available modulations, 

spectral efficiency and degradations with respect to mobility are critical deciding factors. 

W h e n  th e s e  a re  k e p t  in  m in d , fro m  th e  g iv en  a l te rn a tiv e s , O F D M A  a n d  H S D P A  w ith  

smart antennae proved to be the best options for the specific scenario depending on the
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requirements of coverage and capacity. Due to the heterogeneous structure of the area 

studied in this work, similar results are expected in other scenarios as well.
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Chapter 7

Capacity Enhancement in 

M ulti-Carrier System s

In this chapter, we extend our analysis from single lattice structures to multiple lattices. 

By doing this, we intend to use more than one lattice in the same time frequency range. 

However, by minimizing the interference between those frames, the overall capacity of 

the system is doubled.

We start by presenting the problem definition for multiple lattice structures for MC 

communications. We present the required conditions and structure for multiple lattices. 

Then, by using non-linear optimization methods and Hermite functions, we provide the 

lattices for MC systems.

We show the capacity enhancements employing Matlab simulations for AWGN as 

well as fading channels. We extend this analysis to unit lattice density cases and pro­

vide mother functions for lattices as well as simulation results supporting the capacity 

enhancement.
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Finally, we present system level simulation results, depicting the effect of multiple lat­

tices in a simulated WiMAX network. All these results show that by employing multiple 

lattices, very important capacity increases on the order of 100% can be achieved.

7.1 Introduction

In the previous chapters, we have considered a single pulse shape and the Weyl-Heisenberg 

frame formed by its shifts. In this chapter, we extend the analysis to multiple pulse shapes 

employed jointly at the same transmission duration and transmission frequency.

We start our investigation by considering two pulse shapes both of which constitute 

an orthogonal basis and transmitted via the same time-frequency lattice at the same time 

effectively doubling the capacity of the system. Hence we pursue two orthogonal pulse 

shapes which are practically orthogonal to each other as well.

In the previous analysis in Chapter 2, we have also seen that due to the Balian-Low 

theorem, pulses with fast decays do not exist with unit lattice density. Hence in O-QAM 

OFDM systems, Wilson expansions with half density lattices are utilized. As explained 

earlier, the density of these systems is increased to unity by employing phase shifted 

pulses. However, this approach limits the constellation to real valued elements. In this 

chapter, we look into two frames which are structured in a lattice that are offset from 

each other and employ different pulse shapes. By doing this we overcome the reduced 

density effect caused by the Balian-Low theorem.
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7.2 M ultiple Lattice Structures

We start our analysis by considering two lattice structures with pulse shapes ip and £ 

satisfying the following criteria:

poo

mn (t)dt =  Sm(t)5n(t), (7.1)

/ £ooW£mn(t)di = 6m(t)5n(t). (7.2)
J  —OC

On the other hand, in order to double the capacity, it is desired to have:

/OO
= 0, Vm, n e Z . (7.3)

•OO

In other words, any time frequency shift of both pulses must be orthogonal to all frequency 

shifts of both pulses, other than the pulse itself. For practical purposes, the interference 

from one pulse shape to other does not necessarily need to be zero. As a result we need 

to satisfy:

/OO

lPoo(t)£.mn{t)dt ~  0, Vm, n e z .  (7.4)
•OO

Hence, if the interference is negligible enough, then the capacity can be increased without 

introducing significant interference.

In this problem, we again employ Hermite functions since they constitute an orthog­

onal basis for £ 2(M2). As a result any function in L2(M2) can be written as a linear 

combination of Hermite functions.

Hermite functions have been previously employed as orthogonal pulse shapes in the

single carrier literature particularly in ultra-wideband systems [15, 16]. However the

applications in single carrier systems are different than the multi-carrier ones due to two 

reasons. First in a single carrier system, the orthogonal pulses are just an alternative to
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further divide the time or frequency resources. However in a tight multi-carrier lattice, 

this is not an option. Having time and frequency at the maximum density, and another 

dimension is required to further enhance the capacity.

The second reason is that the orthogonalization procedure is a nonlinear transforma­

tion. Hence the orthogonalization transforms of two orthogonal Hermite functions do 

not remain orthogonal. As a result, in this dissertation, we seek the optimal weights for 

two different weighted sums of Hermite functions that are optimal in the sense that they 

minimize the interference between the two lattices in the orthogonal domain.

In order to construct the mother functions, we use linear combinations of Hermite 

functions that are symmetric in time and frequency. The mother functions to be orthog- 

onalized are represented by 0i(f), fait) and are evaluated as:

OO
0i (t) =  $ > * * ( * ) .

fc=0
oo

<h{t) = Y , bkH^ -  <7-5)
fc=0

Due to practical reasons, in the optimization process the number of symmetric Her­

mite functions are restricted to 8, hence the mother functions are calculated as:

7

0 1 (t) = y^Qfc^4fc(t),
fc=0 

7

M t )  = (7.6)
fc=0

The Hermite functions are listed below.
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H0(t)

H,(t)

H8(t)

H12(t)

Hie(t)

Hw (t)

H24(t)

Hn(t)

exp( —ixt2)

16exp(—Trt2)(An2t 4 — 6 n t2 +  0.75)

256 exp(—7r£2)(167r4£8 -  112?r3f6 +  210ttV  

-1057rf2 + 11.67)

4096 exp (—7rt2)(647T6i 12 -  10567r5f 10 +  5940tt4£8 

-138607r3t6 +  12993.757r2£4 -  3898tt£2 162.42 

65536exp (—7ri2).(2567rV6 -  7680tt7£14 +  87360ttV 2

-4804807r5f 10 +  13513507r4f8 -  1 8 9 1 8 9 0 r ¥  +  1182431.257r2f4 -  253378. 125tt£2 +  7918) 

1048576 exp (—7r£2)(10247r10f2° -  48640ttV 8

+93024tt8£16 -  9302400yr7i 14 +  52907400tt6£12 -  1745944207r5f 10 +  327364537.5tt4t 8 

-327364537. 5tt3£6 +  153452126.9531257r2f4 -  255753554.49tt£2 +  639383.8625)

16777216exp(-vrt2)(7.72057 x 107 -  3.70587 x 1097rt2 +  2.7176372 x 1010tt2£4

-7.2470324489 x 101(W  +  9.3 1 76 1315 x 10107r4f8

-6 .6258  5 8239 x 10107r5f10 +  2.8109 70162 x 10107r6£12

-7.41354768 x 1 0 W 4 +  1.23559128 x 1 0 W 6 -  1.2921216 x 1 0 W 8

+8.160768 x 1067r10£20 -  2.82624 x 105irn t22 +  4.096 x 103tt12£24)

268435456exp(-7r£2)(1.302845 x 1010 -  7.29592933 x 10H7r£2 

+6.323138 x 1012tt2£4 -  2.023404400791212 x 1013tr ¥

+3.179635486957619 x 1013tt4£8 -  2.826342655073440 x  10137r5£10 

+1.541641448221876 x 1013?r6f12 -  5.421156741 x 1012tt7£14 

+1.2649365729 x 1012tr8£16 -  1.984214232 x 10U7rV8 

+2.08864656 x 10iO7rlo£2° -  1.4466816 x l O V 1*22 

+6.28992 x 1 0 V 2f24 -  1.548288 x 1 0 V ¥ 6 +  1.6384 x 1 0 V 4£28).
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7.2.1 N on-linear O ptim ization M ethods

In order to find a good pair of mother functions <f>i(t), (j>2(t), we employed two optimiza­

tion algorithms. The first one is the Nelder-Mead optimization algorithm [73],

Nelder-Mead algorithm (NMA) was first published in [74] and quickly became popular 

in the field of chemistry, physics and engineering. NMA is a direct search algorithm which 

doesn’t utilize derivative information. In the algorithm, each iteration method begins 

with a simplex, specified by its vertices and the associated function values. One or more 

test points are computed, along with their function values, and the iteration terminates 

by updating vertices with a descent condition. The details of the algorithm can be found 

in [74]. However the algorithm is very sensitive to local minima and the starting position 

is very critical. Hence we first use the second algorithm prior to local fine tuning with 

NMA.

The second algorithm that is used is based on interior-reflective Newton method, 

proposed in [75, 76], At each iteration, the algorithm uses preconditioned conjugate 

gradients in order to approximate the solution of a linear equation set. This approach is 

a subspace trust region method. The idea is to approximate the approximation function, 

with a simpler function so that the simpler function approximates the behavior of the 

original function within a neighborhood of the initial start point, i.e. the trust region. 

More details about trust region methods can be found in [77].
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7.3 Optim ization Results

As the result of the interference minimization accomplished by the algorithms mentioned 

above, the weights of the mother function employed to generate two Weyl-Heisenberg 

frames with low correlation have been found. These coefficients are tabulated in Table

7.1.

Table 7.1: Normalized coefficients for Hermite functions for capacity enhancement.
Hermite Coefficient Pulse-A Hermite Coefficient Pulse-B

do 1 bo 2.4 x 1(T2

a 4 -8 .4  x HT2 b4 1

as -9 .2  x 1(T2 bs -7 .7  x HT1

al2 9.9 x 10"2 bn — 7 x H r 1

a16 -6 .7  x 1CT2 bi6 -1 .5  x 1(T2

&20 1 x 1CT10 b-20 -1.1 x 10"2

&24 -1 .4  x 10"2 b î 5.2 x 1(T2

a28 - 7  x HT1 2̂8 1.5 x 1CT3

The pulse shapes that are built by orthonormalizing the mother function formed by 

Hermite pulses with the weights given in Table 7.1 are given in Fig. 7.1. These pulse 

shapes are symmetric in time and frequency, hence the plots represent pulse shape and 

the spectrum at the same time.

As a result of the correlation, to some extent interference occurs from the pulses 

employed in each and every lattice point in the time frequency plane. However the total 

interference depends on the transmitted symbols on these lattice points as well. Hence the 

total interference is probabilistic and the cumulative distribution function of interference 

is depicted in Fig. 7.2. Mean of this interference distribution is located at —17.1 dB.
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Figure 7.1: Orthonormal pulses with low correlation between each other.
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Figure 7.2: Cumulative distribution function for total interference.
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As can be seen in Fig. 7.2, the interference is less than 10 dB for all of the cases. If 

we consider IEEE 802.16e specifications, even under —10 dB interference, the quality is 

sufficient to have transmission for 16QAM transmission with 3/4 coding rate [32], We 

claim that the interference is very insignificant for most practical applications and in 

the following sections, we support this claim by simulation results in different channels. 

Furthermore, since the interference level is not constant and it is randomly changing with 

the transmitted bits, the system performance can be improved significantly by making 

use of error control coding.

7.3.1 Perform ance in G aussian Channels

We first start by analyzing the performance of the system in additive white Gaussian 

channel. The performance for 32 subcarrier system is depicted in Fig. 7.3. As can be 

seen in the figure, there is very insignificant performance loss due to the interference 

between pulse shapes and it is very close to single carrier BPSK performance. Hence the 

capacity is effectively doubled. Simulation results are also repeated with QPSK, and as 

expected the BER results are the same as the case for BPSK.

7.3.2 Perform ance in Fading Channels

In this section, we investigate the performance in Rayleigh fading channels. For the 

fading channel, the equalization is accomplished at the frequency domain. It is assumed 

that the channel coefficient of each subcarrier is perfectly known to the detector in order 

to exclude the channel estimation performance.

The comparison is depicted in Fig 7.4. There is very insignificant performance loss, 

and the effective capacity is doubled for the fading channel as well. Also in Fig. 7.4, it
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Figure 7.3: Comparison of BER in additive Gaussian channel.
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Figure 7.4: Comparison of BER in Rayleigh fading channel for fo T  = 0.0005.
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can be seen that one of the pulses has better performance in fading channel.

7.4 Employing M ultiple Pulse Shapes for Unit D en­

sity

In this section, we apply the same analysis given in the previous section to the lattice 

density of 1. The optimization methodology introduced in the previous section is em­

ployed. The optimization results for mother function construction are given in Table 7.2

Table 7.2: Normalized coefficients for Hermite functions.
Hermite Coefficient Pulse-A Hermite Coefficient Pulse-B

a0 1 bo 7.2 x 10”2

a4 -4.93 x 1(T2 h 1

a8 2.8 x 1CT4 b& -2 .8  x 1(T3

«12 -5 .4  x 1(T2 bn -2.8 x 1(T2

a 16 -4.1 x lCT3 bm -1.78 x 10“2

020 7.34 x 1(T2 bzo 4.74 x 1CT2

024 1.72 x 1(T2 &24 4.6 x 10~3

«28 1.32 x IQ-2 &28 -7.39 x 10“2

The resulting orthonormalized pulse shapes are given in Fig. 7.5.
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The optimization results show that the correlation between the pulses of the two 

frames is less than 4 x 10-4, resulting in extremely low interference, making the pulses 

practically orthogonal.

We also investigate the performance in fading channel. The results are depicted 

in Fig. 7.6. As expected the pulse shape that employs the Gaussian pulse (Hermite 

function with coefficient 0) with more weight in its mother function performs better in 

fading channel. The Pulse A, which has more weight on fourth Hermite instead of the 

Gaussian pulse, performs poorly compared to the others. The performance of the system 

that uses both pulse shapes at the same time has the performance which is exactly half 

of the performances of the other pulse shapes.

The performance in the Gaussian channel is depicted in Fig. 7.7. The performance of 

the system using combined pulses is the same with the system using the pulses separately. 

Therefore, the capacity is effectively doubled.
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7.4.1 Em ploying M ore Than Two P ulse Shapes

Up to this point, we have investigated the cases, with two overlapping frames. Even 

though it is possible to include more and more frames for further increasing the capacity, 

the approach is only valid for AWGN channels. As the number of distinct frames in 

the channel increase, the weights of the higher order Hermite functions in the mother 

pulses also increase. This results in decreased localization values. The resulting frames 

are badly localized; therefore the systems are more prone to fading, Doppler and phase 

jitter. However for future work, the multiple frame structure for AWGN channels can be 

investigated.

152

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.5 System  Level Simulation of Capacity Enhance­

ment Using M ultiple W eyl-Heisenberg Frames

Using the same system settings in the previous chapter, this time we have replaced the 

pulse shapes used in the base stations and customer premise equipments with different 

pulse shapes that are orthogonal to the ones employed in the other base stations. We have 

chosen the OFDM mode with 3 different carrier frequencies and repeated the simulations 

with additional pulse shapes.

The transmitted bands are divided into two. Hence, instead of three 5 MHz bands, 

six 2.5 MHz bands are employed. On the other hand, for each band, both pulse shapes 

are employed at the same time, therefore increasing the capacity employed per allocated 

frequency band. The results are shown in Fig. 7.8. The increase in throughput is 

significantly visible. The changes in the throughput and coverage levels are given in 

Table 7.3. As it is seen in the table, with the introduction of the orthogonal pulse 

shapes, the interference levels have decreased significantly due to lower frequency re-use 

ratio. The decrease in interference levels resulted in a more than double coverage and 

throughput levels. Hence, for this specific scenario, huge gains have been accomplished 

comparable to the gains experienced when a smart antenna is added to the system.

7.6 Conclusions

In this chapter, we have presented a novel methodology which doubles the effective ca­

pacity of OFDM systems. We have employed two practically orthogonal Weyl-Heisenberg 

frames on top of each other for both 0.5 density and unit density lattices.

The increase in capacity is achieved with the sacrifice of localization for the second
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Figure 7.8: Distribution of Throughput Levels (in kbps) (a) WiMAX 3.5 GHz with double 

orthogonal pulse shapes (b)WiMAX 3.5 GHz with single pulse shape.
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set of Weyl-Heisenberg frame since Gaussian pulses can only be utilized in one of the 

frames. However, for low velocity mobility and fixed applications, the results presented 

are extremely important. In order to identify this importance, system level simulations 

are performed employing the network planning tool TEMS Planet. Results show that the 

throughput and capacity performance can be doubled for a single base station, therefore 

possibly reducing the costs to half.
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Table 7.3: Throughput and coverage comparison.
5MHz WiMAX

Modulation Ratio Coverage Area Throughput

No coverage 60.7% 1704.5 km2 0 Mbps

QPSK-1/2 7.4% 207.7 km2 0.29 Mbps

QPSK-3/4 16.5% 466.29 km2 1 Mbps

16QAM-1/2 4.1% 116.6 km 2 0.33 Mbps

16QAM-3/4 9.8% 275.6 km 2 1.17 Mbps

64QAM-1/2 0.7% 19.4 km2 0.11 Mbps

64Q AM-3/4 0.67% 18.7 km2 0.12 Mbps

Total 100% 2809 km 2 3.037 Mbps

2 x 2.5MHz WiMAX with two pulses

Modulation Ratio Coverage Area Throughput

No coverage 35.6% 1000 km2 0 Mbps

QPSK-1/2 6.5% 182.7 km2 0.26 Mbps

QPSK-3/4 19.4% 545.1 km2 1.16 Mbps

16QAM-1/2 6.19% 174.1 km2 0.49 Mbps

16QAM-3/4 21.6% 607 km 2 2.59 Mbps

64QAM-1/2 2.86% 80 km2 0.46 Mbps

64Q AM-3/4 7.77% 218 km 2 1.43 Mbps

Total 100% 2809 km2 6.41 Mbps
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Chapter 8

Conclusions

Multi-carrier systems are critical for next generation high speed mobile data commu­

nications. In this dissertation, we proposed a novel orthonormality criterion as well as 

a novel orthonormalization methodology for multi-carrier systems. The methodology is 

efficiently used in optimization algorithms. Then by employing this methodology, due to 

the Balian-Low theorem, Wilson frames of half densities are employed for multi-carrier 

systems and a very well localized pulse shape has been proposed which proved to be more 

localized than IOTA for half density and much more localized than IOTA at unit density.

We have evaluated and compared the performance gains associated when using these 

pulses. We also provided the effects of imperfections such as phase jitter and peak to 

average power ratio to the system performance. The system-level coverage and quality 

analysis for OFDM systems with different pulse shapes are presented. We have inves­

tigated the effects of ISI and ICI with simulation results and supported the theoretical 

analysis.

In addition to those, compatibility of multiple pulse shapes have been investigated. 

Since most of the equipments installed will be using rectangular pulse shapes, the transceivers
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with novel pulse shapes are shown to be compatible with the rectangular pulse. It is 

shown that even if at one end of the communication system, a rectangular pulse shape is 

employed and at the other end Hermite based pulse shape is employed, the performance 

is better than the system that employs rectangular pulse shapes at both ends of the 

system. This is due to the fact that the effect of Doppler spread is higher than the effect 

of mismatch between the pulse shapes.

Balian-Low states well localization as exponentially decaying pulses for all frequency 

band and time durations. However for practical engineering purposes, the localization is 

not important after the pulse has decayed to very low amplitude values. By using this 

argument, we proposed a novel and centrally well localized pulse shape for multi-carrier 

systems with unit density. We have named this novel pulse shape as UDALOP.

We also proposed using multiple Weyl-Heisenberg frames at the same time. By doing 

this, we increased the capacity of the multi-carrier systems significantly. We proposed 

multiple pulse shapes that are orthonormal to the time-frequency shifts of themselves 

and shifts of others in the group. Therefore, they can be used at the same time without 

introducing interference to one another. We investigated both half density and unit 

density cases. As a result, we have doubled the effective capacity of multi-carrier systems.

The results are also presented with their system wide effect on a typical wireless 

network deployment on a city wide scale employing real geographical data.

8.1 Future Work

There are various possible future works employing the architecture introduced in this 

thesis. The localized pulses can be employed in many different fields including physics, 

optics and different areas of wireless communication.
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One interesting area is optical communications with intensity modulation. In the 

intensity modulated systems, the pulses must be non-negative. Therefore, the pulse 

shapes introduced in this dissertation are not directly applicable to the optical systems, 

since they include negative values as they are not intensity but voltage. On the other 

hand the methodology introduced can be employed with more constraints for acquiring 

pulse shapes for optical systems.

Another area would be using more than two orthogonal frames at the same time for 

increasing the capacity further. However, as it is mentioned in the dissertation, this 

would lead to a set of worse localized pulses. As a result, these pulse sets would be more 

suitable for systems working with AWGN channels but not fading channels. For these 

channels, more than two Weyl-Heisenberg frames can lead to further increased capacity.
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