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ABSTRACT

SYMMETRIZING MATRICES

A symmetrizing mé;rix of an arbitrary n-square matrix M is defined as

an n-square symmetric matrix B such that BM = M'B. Elementary properties

of symmetrizing matrices are established, and an interpretation of a symmetfiz-

ing matrix B of M is given with B as the representation of a scalar-product,
not necessarily positive definite, with respect to which the arbitrary matrix
M, symmetrized by B, represents a seif-adjoint operator.

Some basic concepts of linear algebra are discussed, leading to a
complete derivation of the Jordan canonical form theorem. By considering
an arbitrary square matrix in its Jordan canonical form, a complete solutioq
of the symmetrization problem is given, arriving at the results of M.
Marcus and N. A. Khan [Pacific J. Math., 10 (1960) 1337-13467. TFor the class
of nonderogatory matrices it is shown that the symmetrizing matrices are
congruent to direct sums of persymmetric matrices.

Examples are given of symmetrizing matrices for a companion matrix.
References are provided for the construction of symmetrizing matrices of

arbitrary matrices.
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INTRODUCTION

The concept of symmetrization of linear operators appears to have been
tirst formulated by Marty [18] in the case of linear integral operators;
the text by Zaanen}[Zl] provides references and a detailed development, Later
authors used this concept in the study of the eigenfunctions and eigenvalues
of the integrai equations of classical potential théory [3] and of certain
generalizations of these equations [10]. .

It is reasonable to conjecture that the symmetrization of finite-
dimensional operators may lead to new results or methods in the spectral
theory of matrices, or to new procedures for the numerical evaluation of
matrix eigenvalues and eigenvectors. In particular, two methods for the
evaluation of the zeros of a polynomial as eigenvalues of its symmetrized
companion matrix have been reported ([11] and [121). Procedures for the
evaluation of the eigenvalues of an arbitrary matrix by symmetrization tech~
niques are currently under development ([57] and (14D, oo

This thesis is a self-contained account of the fundamental theory of
symmetrizing matrices, giving the elementary properties and simple geometric
interpretations of such matrices, and a detailed accounting of the number and
nature of such matrices which exist. for a.given matrix., Problems relating
to the practical construction of symmetrizing matrices, or to the signatures

of the related quédratic forms, etc., are not discussed,
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CHAPTER I
ELEMENTARY PROPERTIES -OF SYMMETRIZING MATRICES

This chapter will provide an informal development of the elementary
properties of symmetrizing matrices. The following chapters will attempt

a more rigorous treatment,

‘1. Symmetrizing Matrices . 5
We shéll use A’ to denote the trénspose of the matrix A and say that
B is a symmetrizing matrix of M if B and M are related as follows:
Definition: Given an n~squdre matrix M over a field F, a symmetrizing matrix
of M is an n-square symmetfic matrix B over F such that .
(1) ... BM=M'B,
If B is a symmetrizing matrix of M, we shall say that B symmetrizes M., Two
lemmas follow immediately from the définition, the first of which may be used
to motivate calling B a "symmetrizing' matrix.
Lemma 1: If B is a symmetrizing matrix of M, then BM is a symmetric matrix.
Proof: We have B’ = B and BM = M'B.
Thus (BM) ' = M'B’ = M'B = BM.
qg.e.d.
Lemma 2: 1If B is a symmetrizing matrix of M, then BM is also a symmetrizing
matrix of M. v
Proof: (BM)M = (M'B)M = M’(BM)
: I q.e.d.
Corollary: If B is a symmetrizing matrix of M, then BM, BM2, ...BMk... are
also symmetrizing matrices of M. ‘
Certain classes of matrices are trivially symmetrizable. For instance,‘
if M is a symmetric matrix, then it is symmetrized by the identity matrix I,
and also by M itself, In particular 1if M is a diagonal matrix, every diagonal
matrix symmetrizes M. Examples of symmetrizing matrices for a matrix which
is not symmetric will be given in the final chapter.
In the event M is symmetrized by a nonsingular matrix B, we immediately

obtain from BM = M'B the relation MB-I = B_lM'. Thus we have

e ot




Lemma 3: If M has a nonsingular symmetrizing matrix B, then M’ has a
" -1 .
symmetrizing matrix B .,

Obviously the converse is also true.

2. The Space of Symmetrizing Matrices
If we denote the set of all symmetrizing matrices of M by SM’ and if
A,B are any elements of SM’ then for any scalar ¢, (cA + B)M = c(AM) + BM =
cM’A) + (M'B) = M'(cA + B).. Thus linear comb;nations of elements of SM
belong to SM' _Since. the zero matrix is a symmetrizing matrix of M, it is
clear that SM is a vector space over F, in particular, a subspace of the
space of all n X n symmetric matrices over F. At this point we can only

say of the dimension of Sy that dim Sy = n(n + 1)/2.

3. The Case of Matrices with Simple Characteristic Roots

We will establish a lemma relating the characteristic vector of a matrix

with a symmetrizing matrix.

"Lemma: If M is symmetrized by B and if M has a characteristic value ¢ and

7/ ' . .
vector v, then M' has a characteristic value ¢ and vector Bv.

Proof: Mv = cv

M (Bv) = BMv = c(Bv)

q.e.d.

It is clear that if a matrix M has simplé characteristic values, then
its transpose M’ has the same simple characteristic values. If these
are Cy...c and the associated characteristic véctor; are vy...v o, and, if
C is the diagonal‘matrix with diagonal elements Cpesec and V the matrix with
columns VieesVios then we have the identity M = VCV-l,'as V is necessarily
invertible.
Theorem i: If M has simple characteristic values, then B = (V_]')'CV_l is a
(nonsingular)'symmetrizing matrix of M.

Proof: Clearly B is symmetric, as B is congruent to the diagonal matrix C.
1. Then we have BM = (an)'CZV-l, and
1 .

From the above remark, M= VeV~
M'B = (v 1y ‘cAv
Then BM = M'B, along with B symmetric, establishes the theorem.

1 ’ -

q.e.d.
, Wby -1

Corollary 1: (V-l)'CV- l...(V-l)'CkV eesall symmetrize M,
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Corollary 2: The matrix M and its symmetrizing matrix B are simultaneously

diagonable, M by similarity and B by congruence.

Corollary 3: The matrix M is symmetrized by (V_lj'QkV-l

Q is any diagonal matrix.

for k = 1, 2... where

Corollary 4: The matrix M’ is symmetrized by VQkV' for k = 1, 2... where Q
is any diagonal matrix.
Corollarv 5: The vectors Bvi are characteristic vectors of M belonging to

the characteristic values c,.

i
We will reconsider some of the above results in a different notation.

The Kronecker broduct of an m X m matrix A and an n X n matrix B is an
m'n X m*'n matrix A X B = (aijB)' Elementary properties of Kronecker products
‘are given in [16] p. 5. If v is an n X 1 matrix and u a 1 X n matrix, the
expression v X u will be the n X n matrix v X u = (viu).

Let M be the matrix of Theorem 1, thén M = VeV ! where the columns of
V are the characteristic vectors v, associated with the ¢haracteristic values
¢, of M, the rows of V-l are the characteristic vectors uj of M’ and C is the
. diagonal matrix (cl...cn). Then the matrix B = (V”]')'QV"1 symmetrizes M,
where Q is any diagonal matrix. B

In order to obtain our result, it will be sufficient to consider a
2 X 2 matrix M

H

V11 vlé} S 11 “;;1
M = | |
Var o Vaz | ° 20 Y21 U
i —
“1V11 °zV1;1 {;11 2y
= M i
€1v21 V22| |Y21 2!
—— | N— —
- -
©1Virtir T SVig¥ €1V11%p c2"12“22}
= . ]
i
€1V21%11 T S2Va20Y ©1V91%12 t S2Y22Y01
V1i
Defining the vectors u, = (uil’ uiZ)’ v, = . s, 1i=1,2

21

-




—

eV (up) + vy, (uy)

, |
. X u
272 7 Yy

Lclvﬂ.(ul) MR YY)

=
It

= clvl X uy + c

Thus M vy X u, . For an n—Square matrix M, M = ; e Ve X u, 5 and similarly
—

i=l...n

Lo

A\ 7
ch.u.
ii
i=l...n

For a éymmetrizing matrix B = (V-l)’QV-l

X v{. of M, where Q

is an arbitrary diagonal matrix with elements CORERL the expression is

E'q ul x u, Finally we obtain the result

"i=l...n

Zqic u, ui.

...n

@) ...BM= (Y ’ch

The preceding formulae, along with (2) show that B maps characteristic
vectors of M into arbitrary multiples of characteristic vectors of M',

the

arbitrariness being introduced by the matrix Q.

Proof:

The system (1) may be considered as a matrix equation BM - M'B = 0

the' unknown

Theorem 2:

n-parameter’

matrix B; using this approach, we prove

in

An n-square matrix M with simple characteristic values has an

family of symmetrizing matrices.

0.

The coefficient

2
- n of the n

Let B be an n-square matrix such that BM - M'B =
matrix of this linear system is
(3 IXM~-MXTI

2
and it has n~ characteristic values ¢, - ¢

i 3

are the n distinct characteristic values of M ({1

i, J = 1l...n where CieesC
p. 231).
characteristic values of (3) vanish, and (3) has rank n2
P. 13, note 3.11-4).
Thus there are n linearly independent solutions B ([197 p. 54).

It

Thus precisely
- n ([167

We have from

B «eaD
1’ 72’ k
Consider a lirear combination of these matrices

remains to show that these solutions are symmetric.

Corollary 1 of Theorem 1 a set of symmetrizing matrices B

(V ) leV 1

+.. for
M, where B,
;.’




n-1. -1

-1,
alBl +...+‘aan = (V) C(alI +o.t anC W

L)

for any n scalars ai, not all zero. This expression cannot vanish, for
otherwise the minimal polynomial of C would have degree S n - 1, yet it must -
‘have degree n, as C is similar to M and M has simple characteristic values.
Thus Bl"'Bn are linearly independent and they must form a basis for the
solution space which has dimension n. Thus every solution B of BM -~ M'B = 0
is a linéar combination of Bl"'Bn’ hence every such B is symmetric and we

have proven the theorem.

Corollary: The dimension of the space of symmetrizing matrices of M, S

n.

M? is
A study of the symmetrizing matrices of companion matrices has been -

published by Lancaster [15] in which results similar to the above ones are

established. Far more general results will be established in Chapter 1V,

such that many of the results in this chapter will follow as corollaries.

4. Symmetrizing Matrices and Scalar Products
Up to this point we have considered the matrix M and any symmetrizing
matrix B of M merely as n-square arrays of elements of a field F. However,
n-square matrices may be interpreted as something more, namely as repre~-

sentations of linear operators in a given basis for an n-dimensional vector

- space. Relations among linear operators glve rise to matrix equations in

every basis in the space, equations which may be transformed into one

another by the application of the formulae for change of basis. Symmetrizing
matrices may be given a natural operator - theoretic or invariant lnterpre-
tation, and the corresponding rules of coordinate transformation derived.

Given a basis €y...e for V , there exists a basis fl...fn for the

. dual space V of V_ which has the property [e > flj =0 1i# 3, [ei, £ =1

i? j= l...n ([97 p. 92). Corresponding to the transpose matrix M’ of the-
matrix M, and to the basis fi is the linear operator M’ on V which we

shall refer to as the transpose operator, in accordance with L97 pp. 103-105.
The operator M’ is also called the adjoint of M, ([87 p. 79) , but we

shall reserve this term for later use in this section. The transpose operator

M’ is defined by the condition [Mx fl = [K M f] for every x in V and f
in V ([87 p. 78).




Let B be a symmetrizing matrix of the matrix M. Then B is symmetric
and BM = M'B. A natural operator interpretation of this matrix equation is
as follows. With respect to a basis SRR of Vn and its dual fl,..fn of
Vé, B represents a linear transformation from Vn to Vé (we speak of linear
operators when mappings of a space into itself are involved, and linear
transformatioﬁs when mappings of a space into another space are involved).
This interﬁretation‘of B is a valid one, for if B does map Vn into V;, then
for any x in Vn’ Mx is in Vn and Bx is in Vé and the equation BM = M'B means
the elements Mx of Vﬁ and Bx of Vé are mapped into the same element of Vé,

by B and M’ respectively; i.e., B(Mx) = M'(Bx). Schematically,

Given a symmetrizing matrix B of M, then with respect to the basis and

its dual as given above, the linear transformation B of Vn into Vé is defined
by

P

(4)

]
| bjif
Then 1f x =

%1
xkek and .y = ylei are any elements of V ; By = By e; =¥ B

yibJ.fj is in V’ and thus the bilinear form [x, By ='y bJ fJx‘ek =y b x
is & scalar in F. We will denote [x, By] by (x, y)B, and examine it more
closely after the following lemma.

It is well known that the matrix representation of a linear operator M
transforms by similarity when the basis of the space Vn is changed ([8] pp. 84-
85). 1If the linear operator P maps the b351s €pe--€) of Vn into the basis
uy...u of V , then u; = Pe L= p3 i85 and 1 [M1 P = [MTU where the subscript
indicates the basis involved in the representatlon. If B is a symmetrizing
matrix of M, then we claim B will transform by congruence.

Lemma: A similarity transformation of M induces a congruence transformation
on any symmetrizing matrix B of M.

. let x = xru = xind _ .k k 1 :
Proof: Let x = x ug = x piej and y = y W =Y pey be any elements of V .

i .kl 13kl mo_ ko1 g8
Then (X, Y)B =X PieJBy Pkel = (X piy p).()ejbmlf =Yy (pkbjlpl>“ -




pue (x, y)B = ykbikxi in the basis u,. Thus the representation of B under
change of basis changes to PBP/; that is, it transforms by ‘congruence, whereas
M transforms by similarity. '

_ q.e.d.

Note that this lemma is true under more general conditions for the
matrix B; B need not be a symmetrizing matrix of M (see, for example, [9]

p. 288).

We shall introduce the concept of a scalar product on a real or complex
finite dimensional space V . The expression (—, —) is said to be a scalar
product on V ([87 P. 121) if it maps ordered pairs x, y of V into the
field #; (x, y) is a scalar in F such that

}(i) x, y) = (y, x) (the bar denotes complex conjugation)

(ii) (ax + by, z) = a(x, z) + b(y, z)

(iii) (%, x) 20; (x, x) = 0 if and only if x =.O.I

We claim that a symmetrizing matrix B "almost" defines a scalar product
on Vn. Consider the expression (x, y)B = {x, Byl. Condition (ii) is
certainly satisfied and if V is a real vector space, then (i) is also satisfied
as B is a symmetric matrix. The third condition will be satisfied if x b xJ 20
for every x = (xl...xn) in V ; 1f such is the case, B is a positive deflnlte
matrix. However, a symmetrizing matrix B need not be positive definite; hence,
we speak of (x, y)B as a pseudo-scalar product.

In a vector space Vn with a scalar product (—, ——) or a pseudo-scalar
product C——,-——)B, for every linear operator on Vn a unique linear operator
M*, the adjoint of M, may be defined on Vs My, ) = (v, Mx) (087 p. 132).
Note that the adjoint is necessarily assoc1ated w1th a given scclar product.

We may now inquire under what conditions M is self-adjoint with respect to

the pseudo-scalar product (—, ——)

Theorem: A linear operator M on a real vector space is self-adjoint w1th
respect to a pseudo-scalar product if and only if the pseudo~-scalar product

is defined by a symmetrizing matrix B of M.

Proof: Let M be self-adjoint with respect to the scalar product defined by
B. Since the adjoint is defined by (M¥y, x)B = (y, Mx)B, then QM*y, x)B =
ey, Bx1 = [y, (M%) ‘Bx] and (y, Mx), = ly, BMx] give [y, () ‘Bx1 = [y, Bx].

As this is to be true for all vectors x and y, then BM = (M%) ‘B. If M and

e
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M* are to be the same linear operator,

they must have the same transpose M’.
Thus (M*) ' = M’ and so BM = M'B.

Since B represents a scalar product in a

real vector space, B is symmetric. Thus B is a symmetrizing matrix of M.

Conversely, if B.symmetrizes M, it may be used to define a pseudo-

scalar product (—, ——)B, with respect to which thevadjoint M* is given by

(M*y, x)B = (y, Mx)B. As above, we obtain [y, %) ‘Bx] = [y, BMx] or equiva- |

t

lently (%) B = BM. Since B symmetrizes M, BM = M'B = () ', Thus M’ ="(M*) ’,

and so M = M*, i.e., M is self-adjoint with respect to the scalar product‘

defined by the symmetrizing matrix B,
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" Theorem:

Proof:

CHAPTER II
SOME FUNDAMENTAL CONCEPTS OF LINEAR ALGEBRA

In order that symmetrizing matrices may be treated in’'a more rigorous
fashion and that such a treatment be self-contained, this chapter will deal
with those concepts of Linear Algebra that will be fundamental to the work

that follows. The definitions, axioms and theorems that will be taken for

granted may be found in [27, [87, or [9].

1. Basis of a Vector Space
Let v be a vector space over the field F, and let S .denote the set of

s elements xl...xS of V. A linear combination of the elements of S is a
sum a“x, where al...as are arbitrary scalars in F; thus aixi is in V. 1If

1 s
there are scalars a ...a” not all zero such that aix = 0, then S is said to

be a linearly dependent set; otherwise § is linearly independent. The

set of all possible linear combinations of § over F forms a subspace of V
known as the space spanned by S. If V contains a linearly independent set
S which spans V, then S is called a basis of V. Note that a basis as

defined here i1s a finite set of elements of V; we will emphasize this by
speaking of finite bases of V, if any exist,

2. - Uniqueness of Dimension ,
A vector space V'is said to be finite-dimensional if it has a finite

basis; that is, if it contains a finite set of elements which are linearly’

independent, and which span V.

Every finite basis of a vector space V has fhe‘same number of
elements. '

Let xl...xn and yl...ym be two finité sets of elements of V, where
V has a finite basis. Let XyeeeX
set in V. Thus the first set has one defining property of a basis, while
the second set has the other defining property of a basis.

Since xl...xn span V

R

n SPan V, and YyeeVn be a linearly independent




10.

is a linearly dependent set which spaﬁs V. Thus some element of the’
spanning set XpeooX is a linear combination. of the remainder of the set

(1). This can be chosen to be X s if necessary by a change of indices,

Removing X from the set (1),

YoX1t e Xpo still span V. .
Then the set Yn-1YeX1e* *Xp-1 is a linearly dependent set. That is, there are

scalars a, b, cl'f'cn§1’ not all zero, such that aym_1 + bym + clx1 Feoaot

€he1¥p-1 = 0+ If a =0 and/or b = 0, then some x5 1 = 1...n-1 may be
removed from the set without affecting its spanning. property. If a #0 and
b # 0, then of necessity at least one cy # 0, 1 = 1...n~1; otherwise the pair

Ype1? Yo would be linearly dependent. Thus some xi, say X -1° may be removed’

from the set, leaving ym_lymecl...xn_2 as a set which spans V.
Continuing in this manner, at each step creating a linearly dependent

set by the addition of a new yi, and retaining a spanning set after the

deletion of an Xgs if m > n, we obtain a set of n elements Yies++Yyo k =

m ~ n + 1, which spans V. Yet this is a proper subset of the set of m

elements YyeeoYyo which was assuﬁed linearly independent. Consequently

m < n. If both XyesoX, and Yyeeey, are finite bases of V, then they each '

" have both the above spanning and linear independence properties.

Thenm < n and n < m, thus m = n, which is to say every finite basis of -
V has the same number of elements.

' q.e.d,
The above theorem, whose proof is due to Halmos ([8] pp. 13- ~14), also

([21 p. 169) allows one to associate a unique positive integer to each finite-

dimensional vector space V, the dimension of V, namely the number of elements

of any of the bases of V. The concept of dimension is very important in the

study of vector spaces, if only because it is invariant under changes of basis.

Corollary: If V is a finite-dimensional space, every linearly independent
set in V may be extended to a basis.

Proof: Let XyooeX be a basis for V, and Yyeee¥ys S n be a linearly inde-

pendent set in V. Then proceeding as in the above proof of the theorem, we

obtain a set YyeeeYp Kyeoox o of n elements which spans V. This set must

be linearly‘independent, for otherwise, as in the above proof, the set




| RS

' be subspaces of V; then they are independent if x

Theorem: If V is a finite~-dimensional vector space over the field F, and

11. |

Yyeeo¥y xl...xn._m_.1 would span b. But n-1 elements cannot span a space

of dimension n, for every spanning set must have at least n elements.
Thus the set Y1 Ym XjeeeX = Spans V and is 1inearly independent-'

i.e., we have extended the linearly independent set yl...y into a basis for
V.

q.e.d.

3. Direct Sums '
We shall be using the concept of direct sum extensively in the next
chapter, as this is an effective tool in the study of a finite-dimensional

space V.

Let wl and w2 be subspaces of V. Then by Wl + W2 is meant the set of
all elements vy + v, with W, in Wi, i=1, 2. It is not very difficult to

see that w1 + w2 is a subspace of V. If the elements of wl + w2 can be expressed

as a sum of elements of,W1 and w2 in only one way, then-w1 and W2 are disjoint,

and the sum w1'+ wz is said to be direct, and it is w;itten,wl(:jwz.

In extending the concept of direct sum to more than two subspaces, we

must first introduce the notion of independence among subspaces. Let wl..;wk

1 +"f+ X, = 0,.xi in
wi, implies each x, = b, i = 1l...k. Equivalently, Wl...wk‘are independent

if each element x in the sum Wl +...+ wk may be written as a sum of elements

x =X +...+ xk,,x in Wi, i = 1l...k, in only one way. We observe that

whereas disjointness is a property of a pair of subspaces, independence is

1...Wk

is then called the direct sum of these subspaces, and is written Wlég...fﬁwk.

a property of a set of subspaces. The sum of k independent subspaces W

if Wl.'..wk‘are subspaces of AV, then V = WIQ..@Wk ii:' and only if the union

of the bases for each w is a basis for V.

Proof: Let V=W @...@Wk, and let Si.xl...x (d ‘the dimension of Wi-)
i ]

L
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be a basis for wi’ 1=1,,.k. IfS is the set consisting of all the elements

of each Si, i = 1l...k, then a linear combination of elements of S has the form

d
alyt 3.2 ik » it Lt 21 11
ajx j + azxJ +...t ak*j’ where for instance ayx y = 1 ax, +...+ ay dl.
That is, a linear combination of eleﬁents of S has the form Yy + Y, +oot Yy

11

where for instance4y1 = alxj. Thus every vector in V can be expressed in ..

terms of a linear combination of elements of S, and S spans V. The set

S ie clearly linearly independent, for if Yy +...+ Y = 0, then the independence .

of each wi implies v, = 0, 1= 1...k. Thus S is a basis for V.

The converse follows in much the same manner.

Corollary: If V =W @...@ (> then dim V = dim W) +...+ dim W, .
4. Linear Transformations, Operators and Matrices
Given two vector spaces V and W over the same field F, a rule T which
assigns to each element x in V an element Tx in W such that T(ax + by) =
aTx + bTy for all elements x, y of V and a, b of F, is called a linear
transformation from V into W. It is not very difficult to see that the set '

of all linear .transformations from V into W itself forms a vector space

over F,

We are particularly interested in that set of linear transformations

which maps V into V. Such linear transformations are distinguished by

calling them 1ine§r operators on V. Thus if T 1s a linear operator on V, then:

Ix is in V for every x in V. In particular, if V is an n-dimensional space

with a basis e--€ then Tei = ti j i=1...n. That is, with respect to

the basis e;...e , T determines n? scalars ti, which is called the matrix

representation of T with respect to the basis LSRR Conversely, every

n-square matrix defines a linear operator, given some basis for the n-
dimensional vector space involved. ‘
A linear operator T does not in any manner depend upon the basis undery

consideration; its matrix representation certainly does. If P is the linear

operator which maps the basis epre-e, of V into another basis v RN of V, ‘

1
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:
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Pei = vi,.then P ig known as a néhsingular‘operator, and the inverse operator

P-1 exists and has the property that ?-lvi = e and PP-1 = P-IP = I, the

identity oﬁerator., Then (P.lTP)ei = (P-lT)vi = (P-l)bivji= biej; the

operator P-ITP then has in the basis €yeeee the same matrix representation

as ‘the operator T has in the basis VieesVye Conversely, if the matrix of T

1

in the eye..e basis is (ti), then its matrix in the v ceevy basis 1is P(ti)P- =

1
(bi). The matrix of a linear operdtor 1s said to undergo a similarity

transformation whenever the basis is changed, Thus. similar matrices represént
the same linear operator. . .

We are now in a position to go on to a rigorous devglopment of the
Jordan canonical form fér liﬁear operators on a finite-~-dimensional vector

space, which will provide the key to a complete solution of the matrix
; symmetrization problem.

Y dEtmeIT T LTI




CHAPTER III
THE JORDAN CANONICAL FORM

Given an arbitrary linear operator A on a finite dimensional space V
it will be established that V is the direct sum of subspaces on which A has
a particularly simple form. Thus the study of a general linear operator A
will be reduced to the study of the restrictions of A to the component sub-
spaces of V. The proofs in this chapter are due to Cater (4] pp. 391, 393);
the assumption of an algebraically closed field at the outset yields proofs

which are more elegant than the standard textbook proofs.

1. An Elementary Developﬁent
Let A be a linear operator on the vector space V of dimension n, over
the algebraically closed field F. For each scalar c of F let V be the set
of all vectors x of V which are annihilated by some power of the operator

(A - c). That'is, the vector x is in V if and only if for some positive

integer k, (A - c) x = 0, If x, y are any vectors of Vc then for any

scalars a, b, ax + by is also in Vc. Thus each Vc is a subspace of V,

in fact, an invariant subspace of V under A, For if x is any vector in Vc’

then for some k, (A - c)kx = 0, But (A - c)k(Ax) = ( (A - c)kA)x =

Al - c)kx = A0 = 0, Thus Ax is also in Vc.

Lemma 1: The subsgpaces Vc.span V.

For any vector x in V there are n + 1 scalars aye.+a nDOt all zero such

that (aiAi)x = 0, for any set of n + 1 vectors in an n-dimensional vector.

space V is linearly dependent. Thus for each x in V, there is at least one
polynomial p with coefficients in F, of degree < m, such that p(A)x = 0.

The polynomial p is determined Jointly by the vector x in question, and the
linear operator A. Let m(x) be the minimal degree of such .polynomials for

the vector x, given a linear operator A, The proof of, this lemma will be
an inductive argument on the degree m(x).




" Lemma 2: The subspaces Vc are linearly independent, i.e., if x, ¢ V

LJ'

Proof of Lemma 1: We wish to show that the subspaces Vc,_c ranging over F,

span V. Let them span W < V. Then, .if for some x in v, m(k) = 1, there are
scalars a, b in F such tﬁat'(bA + a)x = 0; with b # 0. Thus (A.- (-a/b) Jx =0
and x is in v, where ¢ = -a/b, thus in W. _

Assume that m(u) <k - 1 implies that u is in W, and consider an x in
V for which m(x) = k. Then there is a polynomial p of degree k such that
p(A)x = 0. Because F is an algebraically closed field, the polynomial p may
be completely factored into linear factors, that is, there exist k + 1

"scalars €y Cpeeely inF such that p(A) = c(A - cl)(A -c )...(A - ck)

In case all the ¢, are equal, say e, = b, 1= 1,..., k .p(A)x = c(A - b)kx =0

" and x belongs to Vb’ therefore x belongs to W. Otherwise suppose the c, are

i)
not equal. Then for some i and j between 1 and k, 1 ¢ 31, ey #c Consider

3°

the nonzero vectors (A -c )x and (A - ¢ )x. These are annihilated by the

operators (A - cl)...(A - 1_1) (A - ci+1)"°(A - ck) and (A - cl}...

- cj-l) Aa - cj+1)...(A - ck) respectively. Thus in accordance with the

induction hypothesis, the vectors (A - ci)x and (A ~ éj)x belong to W, as

polynomial operators of degree k - 1 have been found which annihilate them.

Since W is a vector space, and it contains A-c )x and (A - ¢))x, it .

] .
must also contain (cJ - ) ( (A - ci)x - (A ~-c¢ ) )x = x. Thus m(u) = k implies

that u is in W, and this completes the Anduction argument,

We have shown that an arbitrary x in V belongs to W. Hence W includes

V. But W is a subspace of V. Therefore W =V and the subspaces Vc span V.

q.e.d,

for
i ¢y

1 <41 <mand cy # ¢y fér all i, j then x, + X, +oout me= 0 implies

1 T 3 m : m
Proof; There exist positive integers m , 1 =1 =m, such that (A =~ ci) 1

mi-l

-0,

but (A ~ ¢

i) X, # 0. For any 1 < JSmand 1 €k € m consider




ST —— -

=lm . m
J#k

1 2

. . mk-lm m
" and, if x +x_+...+xm=0,then(A-c n(c -c)j

=0
3=1 U
9k :

,-1 |
ButTT(c - c) J#O, andxk#O implies that (A-c)mkxk—o
Ji‘k

'Thus x, = 0, and this is true for all 1 <k < m,

16.
. . . ﬂ).k-l . 'mk"l . ’ i
a - c) @A - cj)xk =@A-c) " [(a - edx + (¢ - cj')xk'l
SN ¥ S
=) et ) K (e e n
me-1
I = (A- ck) (ck - cj)’ﬁ(
-1 m -1 m,
Similarly (A = ck)mk @A - °j> Jxk = (A - ck)mk (ck - éj) Jxk
mk- j mk-l m mj
d A - TT(A- ) = (A-c) n(c-c)
anl e o c X % e ¥ %
Jhe . Itk
-l m m, . ~1lm
Thus(A-ckmk TT(A-cJ)j[xl+x2+...+xm]=(A-clnk n(A-c) xk
' =1 _ . J=1
Jk . ik




Corollary: The subspaces Vc are disjoint, | -
Corollary: There are at.most r § n Scalars Cpeeec, for which Vci is nonempty..
These lemmas with their corollaries together give the theorem:

Theorem 1: The finite dimensional vector space V is the direct sum of all

the nonempty subspaces Vc .
i

Corollary: The linear operator A is reduced by the nonempty subspaces V
. o i

Proof: This corollary is evident if one recalls that a linear’operator A on
a vector space V is said to be reduced by a set of subspaces if each subspace

is invariant under A, and if V is the direct sum of these subspaces ([81 P. 72)

2. The Jordan Canonical Form
The Jordan Canonical Form Theorem may be derived from Theorem 1 by a

further subdivision of the nonempty subspaces V , and the choice of appropriate

bases in the subspaces thus defined. In this derivation, the concepts of
nilpotent operator and quotient space occur,

A linear operator A is said to be nilpotent when, for some positive
'integer r, A" = = 0. The least such integer r .is the index of nilpotence of A,
Thus, the operator A - c, restricted to the nonempty subspace V is nilpotent. .

If W 1s a subspace of V, elements X, y of V are said to be congruent
modulo W in case x - y is an element of W. It is easily seen that congruence
is an equivalence relation on V; the associated equivalence classes are called
cosets of W. The collection V/W of all cosets of W is called the quotient
space of V with respect to W and with the‘obvious definitions of the linear
‘operations, may be shown to he a linear vector space over the field F of V.

The immediate objective is the following result:.

Theorem,2 If A is nilpotent operator on V, then there exist vectors xl...x

in Vv such that the nonzero vectors in the collection xi. Ax,, A2x

1 g e

i=1, .r constitute a basis for V.

This theorem may be established by induction on the index q of nilpotence
0of A. The following result gives an upper bound for qv’
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'
t '

Lemma 1: If A is nilpotent of index q on.a épace V'of dimension n, then
an.

Proof: Since A is nilpotent on V, then V = Vc, with ¢ = 0, as each element

of V is annihilated by some power of A. Now A" = 0. For if A" # 0, consider

for any x in V the set of M. + 1 elements of V; x, Ax, Azx, ...Anx. 'This

set must be linearly dependént, since V has dimension n. Thus there are

n + 1 scalars co...cn not all zero such that éox + cle +ooot annx = 0,

Let j be the least index for which.cJ # 0. Then

(1) chjx oo A = 0

Let x be annihilated by Ak; that is, Akulx # 0 and Akx = 0. Apply the linear

operator Ak-J-l to the vector in (1), obtaining chg-lx + (cj+1Akx +.00+
ann+k-j 1 ) =0, or chk 1x = 0, This is contrary to the definition of k.

Thus it must be that An = 0. Since q is the least index for which Aq = 0,‘
it follows that q < n.

q.e.d,
‘If A 1s nilpotent of index q; the null space W of A has nonzero elementa.,

For, by the minimal property of q, there exists at least one x in V such that
A%t

space V/W is different from V, and a linear transformation B may be defined
on V/W by observing that A takes the same value throughout a coset of W. The

inductive proof of Theorem 2 is based upon the following result,

‘Lemma 2: If A is nilpotent of index q, then' B is nilpotent of index q ~- 1.

Proof: For every x in V, APx is in W for some p < q - 1. Thus, for every

X in V/W, BPX = W for some p < q ~ 1. Since there exist x in V for which
P =4q -1, correspondingly there exist X in V/W for which p = q - 1. Thus
B is nilpotent of index q - 1. '

q.e.d.
Finally it is necessary to relate bases in V/W to, bases in V. To thia !

'end it may be noted that a subset Z of V consisting of just one element

chosen arbitrarily from each of the cosets #W of V/W; together with the zero

vector from W, is a vector subspace of V. For, Z is trivially isomorphic

with V/W. Thus, a basis in V/W may be used to construct a basis in Z by

x ¥ 0, and the element At x 18 clearly an element of W. Thus, the quotiené‘
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selecting an element xi of V from each of 'the basis elements in v/w and
defining Z to be the subspace of V spanned by the Xy Then, we may shnw;
Lemma 3: = w@z. -
Proof: Let x be an element of V, and let X be the coset_containing x. Let x’
' be the element of Z selected from X. Then x and x’ are congruent modulo W -
i, x - x' = y 1s an element of Wor x =x’+ y.  Thus every X € V may be
written uniquely as the sum of x’ ¢ Z and y €W,
Suppose that x 1s in both W and Z, Then, since x is inIW, X = W and
x' =0, Also, since x 18 in Z, x = x’ and y = 0. Thus x = x'+y=0so0
that W, Z are disjoint, ‘ ' '
. q.e.d,
Thus, a basis in V/W defines a basis in Z and this may be extended to
a basis in V by adding to it a basis for W

Proof of Theorem 2: Suppose that A is nilpotent of index q on V.

If q =1, then Al = A = 0 annihilates every vector in V, and any basis of V
will suffice, . - ' .

Assume that the conclusion is valid for q=<m-=-1, and let the index of
nilpotence of A be m. Then B is nilpotent of index m - 1 on V/W, and, by

the inductive hypothesis, there exists-a basis of the prescribed form for V/W.
This gives rise immediately to a basis of the prescribed form, say

1
Xy Axl...A x;
X Ax, .. Arzx
2 2°° 2
. ) rs
xs Ax?‘o . nA XB

for a subspace Z of V such that V = v@®z.

r+1 r.+1 r +1

Now, the vectors A Xys A xz...A B_ Xy N

are elements of W - i.e., are congruent to 0 modulo W. The nonzero elements

among these are linearly independent, for if, for some scalars cy
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ri¥1 LT, ‘,‘ré+1 )
ciA Xy +.c2A x, o4t cBA N x = 0

r r r .

then A[clA 1x + c A 2x"+._..+ csAzgx s]‘= 0

1 2 2

. r, T, r
whence c.A "x, + ¢,A “x_ +...+ c A %x 1is in W.
1 1 2 2 8 s ]

But this is imposéible, since the cosets of these eiements are elements of
. ' o B r,+l  r.+1 ré¥l
a basis in V/W. Thus, the nonzero elements among A . X1s A xz...A

form at least a partial basis for W. Upon QOmpleting'thie basis b§ adding
elements_xs+1, Xopo? *ooX, of»W to it, a complete basis‘for W, whence a
complete basis for V is determined.

Thus the basis consisting of the nonzero vectors amoné

4

r r1+1
xl Axl'.oA xl A xl
r,  r.+l
- 2 2
'x2. szo.oA x2 | A° x2 '
. r r
8 s s+l
g Ax -o.A X A ' xs
x +1
8 ’ "'
r

constitutes the required basis for V.

: q.e.d.
An arbitrary linear operator A on a finite-dimensional vector space V

1s not necessarily nilpotent. However by Theorem 1, if V 18 a vector space

over an algebraically closed field F, then there is a positive integer r such
that V is the direct sum of r subspaces ‘
v = vcl@..@vc

r




Let ¢ be any one.of the‘él...cr;'then the opeﬁator (A~-c) is élearly nilpotent
on the suBspace V » and its index of‘nilpotence cannot exceed.the'dimension
of V . Theorem 2 then provides vectors x 1°° %y in V .such that the nonzero

ﬂ vectors of the collection X5 A - c)xi, A - c) Xis oee i=1, ..., k consti-

tute a basis of Vc. Thus there are determined positive integers Q> 1=1

' q
«eey k such that (A - ¢) ixi =0 i=1, ..., k and the following vectors are

a basis of Vc:

2 Coaptt o
X5 A - c)xl, (A - c¢) Xys ees (A= c) Xy
-1

L)
Xy» A - c)xz, (A~ c) xz, see (A - ¢) X,

-
.Q.ll‘Ol'...t.‘.'.l....ll'...l.i....l..-....

ot T q.~1 .
X A - c)xk, A - c)zxk, ee (A - ¢) k X, 5

! - If the basis vectors are labelled Y1s Ypo eee¥y " L '_: .
q;-1

= = '- = - 2 == -
yy = xl’ Y2 A . c)xl» Y3 a | c) xl’ seey yql (A C) ,x]'

q,-1

% (A - ¢) 2 X

Yq#1 = Xgs eee . > Y x

1 4*9,

_ o . qk'l
yp_qk+1 = x](' cee - K ’ Yp = (A -c) xk

where p = qy + 9, *eoot 9’ then we may obtain the matrix representation of

the linear operator Ac induced by the restriction of A to the subspace V ’
in terms of the basis yl...y « For we have




(A - c)yl = y2

(A - C)Y2 = Y3 )

(A'C)}' _1=y
A-c)y =0

@A -

A - c)yp_l =y

@A - c)yp = 0

Let us suppose for a moment that P=q.

forming a basis of V », with (A - c)y1

o.

Vc is a p~square matrix

[Ac) -

Ay) = ey

Ayz =

o O = 0

+y

cy, +y

2

3

Then we héve the vectors yl...y

22,

P

yi"’l, 1= 18 "‘0 P~ 1 and (A - C)y

&

= 0 O
o O

LO

Then the matrix in this basis of the restriction A of A to the eubepace

“.'.':42




ERAAT T

23,

where all the missing entries are zero., Such a matrix can be written as the

sum of two matrices (matrix sum, not a direct sum), [Ab1 = ¢I + U, where

I is a p-square identity metrix, and U is a p-square matrix compoéed of
zeros except for its subdiagonal, which is all ones; U is known as an
auxilliary unit matrix, Any matrix which can be written as a sum cI + U
is called an elementary Jordan matrix.

Returning to the general case in which p # q, 1t is clear that the °
matrix [A 1 will be a direct sum of k elementary Jordan matrices,

[Ac (cI + U)lﬁa...e (cI + v),

"where (cI + U)i indicates that the enclosed matrices are both q;-square. Such

a direct sum of elementary Jordan matrices is called a Jordan canonical form,

Thus we may say that the operator A has been reduced to its Jordan canonical
form on the subspace Vc.

Theorem 1 provides us with a decomposition of the linear operator A into

.a direct sum of the operators A, ...Ac induced on each subspace V ...V

‘ r ! . ‘1 °r
by A. It follows that the matrix representation of A, in the basis consisting

. of the union of the bases of the subspaces Vc as they have been lagbelled

i . .
above, is the direct sum of r Jordan canonical forms [A] = [A 1@52..&5[A ],

where [Ac 1= (eI + U)I@"'@ (cI + U)q « The matrix [A] is known as the
i } i
Jordan canonical form of the linear operator A,

" Since similar mgtrices represent the same linear operator in different
bases, and we have shown that for any. linear operator a basis can be found

in which the representation of the operator is a Jordan canonical form, we

can now state a very lmportant theorem:

Theorem 3: Every square matrix over an algebraically closed field is similar

to a direct sum of Jordan canonical matrices,

. No mention has been made of the uniqueness of the Jordan canonical form
of the matrix representation of an operator, Suffice it to say that if the
integers qy provided by Theorem 2 are ordered so that 9 < q2 ese S q,>

the Jordan canonical form will then be uniquely determined (97 p. 207),




.yls veey (A - c)yql ='Y

- In the choice of the basis fl..,yp for the aubspaceivc, we cou}d just _
R | ' o ST B Cht
ag well have reversed the order of the basis vectors 'so that Y, = (A -2¢) 1 Xy
42 - ' R

Xys ...; Y, .1 = (A - c)xl, yq; = X, Yq1+1 = (A - c) Xys

'= A =
¥y = ¢ f) Tq,-

and 80 on, Then we would obtain the relations A - c)y1 =0 (A - c)y2 =

ql_l, A - c)yq1+1 = 0, and sovon. Then in this basis,

the restriction' of A to the subspace Vc has the representation [Ac1 =

(cI + U')1 +ooot (cI + U')q , where U’ is the transpose of the auxiliary
i

unit matrix U, We may now speak of lower Jordan forms or upper Jordan forms,
according as the auxiliary unit matrices involved have their nonzero elements

below or above the main diagonal,

In connection with the auxiliary unit matrices, we wish to introduce

the cbncept of nilpotent matrix. As for operators; a matrix A is said to

be nilpotent if for some positive integer k, Ak = 0, Clearly any auxiliary
unit matrix U is nilpotent; and if it is mqud;re, then U™ = 0, Thus we

can say that in the above basis, the matrix representation of the restriction
of A to the subspace Vc is the sum of a nonsingular matrix cI and a nilpotent
matrix U, ‘

A matrix may always be partitioned into blocks. In the event that it
may be partitioned so that the blocks which do not include diagonal elements
are all zero, the matrix is called quasi-diagonal, We observe that a Jordan
matrix is a quasi-diagonal matrix, and that every mafrix is similar to a

quési-diagonal matrix, according to Theorem 3,

3. Characteristic Values and Vectors

The Jordan canonical form of a linear operator is usually arrived at by
considerations involving characteristic values and vectors; see for instance
f%? PP. 132-163. We will reformulate the results of the preceding section
in terms of these new concepts, '

A scalar ¢ is said to be a characteristic value of a linear operator A
1f there is a nonzero vector x such that (A = ¢)x = 0, The vector x is then
called a characteristic vector associated with the characteristic value ¢ of

A. If there is a nonzero vector y such that (A - c)ky = 0 for some positive
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integer k, then y is a principal vector associated with the characteristic

value ¢ of A, Then a characteristic vector x is simply a principal vector '
for which k = 1,

In the discussion leading to Theorem 3, we had .a basis yl.._.yP of V;

such that (A - c)yi =Y for i =1l...p=-1, i ¢ 95 9 + Qos =++2 P = Qk

and (A - c)yj =0 for j = 995 9 + Ags +++5 P = G, P. Thus the basis vectors
are all principal vectors associated with the characteristic value ¢ gf A,

Nt
as some positive integer ki may be found for each i such that (A - ¢) ¥y = 0.

The subset y , y

© 5 «.., ¥y of the basis vectors are all characteristic
ql ql + q2 P ' . .

of c, as for these vectors__ki =.1 for i = 9> 9 + 99, ---P-

We may speak of the characteristic values and vectors of a square‘matrix'
just.as we have done for a linear operator. In that case, the characteristic
values of the matrix A are the solutions of the determinantal equation S
IA - cIl =0. A polynom;al of degree n, f(c), is defined by f(c) = IA - cIj,

It may be shown that the zeros of the polynomial f(c) are simply the charac-
teristic values of A, and that similar matrices have the seme characteristic
polynomial ({97 p, 165), It is clear then that the characteristic values

of A are the same set of scalars, whether A is being considered as a linear
operator, or any matrix representation of the linear operator A, The
characteristic vectors of the maerix A may be similarly defined as the nontrivial
solutions of the matrix equation (A - c¢I)x = 0, where x 1s an n X 1 column
matrix. For IA - cI| 1s zero only when ¢ is a characteristic value of A,

Then the only nontrivial solutions of (A = cIDx =0 are the characteristic
vectors assoclated with the characteristic values of A ([97 p. 23),

In general the n zeros of a polynomial of degree n are not all distinct,

If the r distinct zeros of the characteristic polynomial of A are CpeeeCls

. m
then each zero ey has a multiplicity m,, such that f(c) = m(cy - c) 1 and

i=1,.,.r
o .
L0y T 0. The m, are often referred to as the algebraic multiplicities
i=l..er

of the ¢y to prevent their confusion with the geometric multiplicities of s

which refer to the dimensions of the subspace spanned by all the characteristic

e T




vectors of c, ([81 PP.. 104-105).

If we examine the Jordan canonical form of a 1inear operator A and
restrict our attention to the i-th block of .the direct sum decomposition,
denoted by Ai’ then the diagonal elements of A are the characteristic

value ci’ and ci ‘appears only in the block Ai.' If the algebraic multiplicity
of ey is mi,v;hen Ai is a m,-square matrix, The square matrix may in turn

be decomposed into a direct sum. If we required that the direct sum decomposi-
tion of Ai be in terms of elementary Jordan matrices, then clearly the

decomposition is unique., Then A1 is the direct sum of r, elementary Jordan "“'

matriees, each ~square, such that sy = m,, and r, is the geometric
4,578 A>3 = my» and r,
' j=1..ori v

multiplicity of Cye o o : ‘

As the n-dimensional vector space V is the direct  sum of r subspaces

vc » we may then reformulate Theorem 3 as
i

Theorem 4: If A is a linear operator on a finite dimensional vector space V
over an algebraically closed field F, then there exist positive integers r,

Myeeom and scalars cl...c in F such that Cyeesc are the r distinct
characteristic values of A, respectivelyvof multiplicities Myeeem ; V i8 the
direct sum of r subspaces Vc ...Vc » each subspace Vc ‘reduces A and the

1 r i
. operator (A -.ci) is nilpotent on-Vc., i1=1,..r, Furthermore, the integers
. M . 1 . N

‘T, W eeem  and scalars»cl...cr are uniquely determined by A, V and F,

We will be referring to nonderogatory matrices in the next chapter.,

+
'

In this connection, the polynomial e ﬁc) = (c - ¢ ) j’i 1s called an elementary

divisor of multiplicity qJ 4 @ssociated with the eharactcriscic value eJ of

A, one such elementary divisor is associated with each elementary Jordan

matrix in the Jordan canonical form of A, If the multiplicity of an elementary
divisor is one, it is said to be simple (or linear); if all the elementary
divisors of A are simple, A is said to be simple, The characteristic polynomial
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of A can easily be seeh to be the product of all the élementary divisors of
A, and according to the Cayley-Hamilton Theorem ([9] p. 166), A satisfies
-its own characteristic equation. The polynomial which is the product of the

elementary divisors of maximal multiplicity for each ¢y is called the minimal

polynomial of A, for it is the polynomial in A of minimal degree which vanishes -

identically ([97 p. 168), This of course implies that the minimal polynomial
of A always divides the characteristic polynomial of A, In the event that

the minimal and characteristic polynomials of A are identical, A is said to
* be nonderogatory. '




f and’ a complete solution has been found. However their basic approach involves

.M, symmetrizing matrices congruent to X,

_ CHAPTER IV L o
SYMMETRIZING MATRICES =~
In order to determine how many independent syemetrizing matrices X a
given matrix M may have, we wili first find matrices X, not necessarily
symmetric, which satisfy the matrix equation _ ) oo
i(l)XMMX.. : -
This equation has been studied by Marcus and Khan [171 in great detail

the use of Kronecker products and their properties; a much simpler development
will be given, adapted from [6] pp. 215-220, ' S

1. Basic Results
Applying Theorem.4 of the preceding chaptef,'M may be transformed to

its Jordan canonical form Ml; thus there is a nonsingular matrix P such that
M= PMlP-l. Using this expression in (1) we obtain (P'XP)M1 = M{(P’XP).

We observe once again that a similarity transformation of M induces a congruence
transformation on any symmetrizing matrix of M. Since congruence transforma-
tions preserve symmetry, let us consider (1) as the equation relating a

Jordan canonical form M with an unknown matrix X. It will then be possible,

if a symmetric solution X is found, to generate, for all matrices similar to

We may write

2) '

/ ' I

= (c,I+U) @.D(C1I+1u’)
1 Py k Py

where the subscript Py in&icates the matrices contained in the parentheses
are P;-square, and Up are p,-square lower auxiliary unit matrices, i = 1,,.k.
i

Let X be partitioned conformally with M, X = (Xij)’-xij a pi X pj submatrix

\

of X,‘i, J = 1l...k., Por example, if

- '
[ 0i 0 o ERGEa
[}
1 atr 0 0 % ki Kl % T .
M= |-=-u% it » then X = |===== 171 "], since p, =2, p, = p, = 1,
0 ol alo L Y 1 2 © Py |
. 00 0ib PR
- - aad J
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Ve

The Jordan canonical form being'; quasi-diagonal matrix;‘ée recall the rules

for multiplication of partitioned and quasi-diagonal matrices; when a

‘partitioned matrix is multiplied on the left (6n'the right) by a quasi-.

diagonal matrix, then the rows (the columns) are multiplied on the left .

" (on the right) by the corresponding diagonal blocks of the quasi-diagonal

 equations (ciI +U) X

matrix ([6] pp. 42-43). The equation XM = M'X then breaks up into K2

= Xy (e T+ ﬁ’)p 4, 3= 1...%, or equivalently,

Py 1] i Py

)X

3) (Ci - 1 =‘XijUpj - Upixij 1,‘j = 1.,.k.

3

Let us fix 1 and and set ¢c = ¢, - ¢ = U w=u’ ' and Y = X _;
u 3, i | j’ \' ) pi’ pj! n _ ij’

'Y is then a Py X pj rectangular matrix. Then (3) becomes cY = YW - VY,

. which will be the subject of the following two lemmas. ' o
Lemma 1: The only solution of cY = YW - VY, c # 0, is the zero matrix Y.

Proof: We have cY = ¥W -~ VY, Multiply both sides by c#0, c2Y = cyw - cVY =

‘Y

(w - VY)W + V(YW - VY) = YW2 + 2VYW + VZY. Repeating this process r = 2

times we obtain o K '

@ <y =) o) vl
Lhm=r
However the matrices V and W are both nilpotent, V of index. Py and W of
index Pj’ i.e., Vp = W j = 0, If in (4) we set r 2 Py + pj - 1, then each
term Vme with 1 + m = r vanishes, For if m < P then 1=r -m 2 pj

and Wl 0, or if 1 < pj, then m=r -12 Py and V" = 0. Thus each term in

- the expansion of the ‘righthand side of (4) vanishes, leaving c 'Y = 0. Since

c # 0, necessarily Y = 0.

, , . » ‘ q.eud. |
If for a fixed 1 and j, ey = cj, then ¢ = 0 and we are lead to consider.

the equation YW = VY; let us set Py=m and pj n. Thus V is m-Square, w '
is n-Squate.

The proofs which follow are from [17] PP. 1340-1344,
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Lemma 2: The solution of Yw VY ia an m X n matrix Y having min(m, n) arbitrary .
parameters. ’

Proof: Let ¥y = col(yli, yéi...y ), 1= 1...n, be the columns of Y. Since,

v is an m-square lower auxiliary unit matrix, it may easily be verified that

Vy1 = col(O, Yige oo ¥ -1, i) i=1,..n =1, Similarly, since W is an

“'vupper auxiliary unit matrix YW = [0,‘y1, y2...yn_11. Selecting and equating

.the element (r, §) of VY and YW, we obtain xr,j-l = Yr-l,j r= 2...m, o

" 3=2,..n and yl i yk 1 =0, i=1l,,n=-1,k=1,,.m - 1. Suppose

n S m and consider the elements Yy . for which i+3j<sn+1; i.e.,

yn-k,k+1 yn-k-l,k+z coe é Y1~ 0 for k‘=.1...n - 1. The j=th column |
of Y may then be.writ:t:enlcol(yl’j yz,j y3’j...ym’j) = col(y1 j yl,j+1 y1’3+2..a

= col(0...

yl,j+m-1) 0 yl,tﬂ-l’ yl,n'i'2’ -aoyl,j_*_m-l) = 001(0...0 x 1, X n+2 ? )

X fim-1) Where X, ., = Y1,3-1 T Y11,y

The m X n matrix Y may thus be partitioned, for n s m, into an n X n
symmetric matrix Yl and an (m'- n) X (m - n) zero matrix 01, such that Y is -

the direct sum of Y and 0 Besides being symmetric, Y1 is also persymmetric, .

as all the elementa in the j~th perpendicular to the main diagonal of Y, are

equal to Xy In the case n < m, Y, and consequently Y has n arbitrary para- B
meters. Similarly it may be shown that in the other case, m < n, Y1 has m,

arbitrary parameters, and is persymmetric, thus Y has m arbitrary parameters.

In any case, Y has min (m, n) arbitrary parameters,

q.e.d.

As an illustrarion of Lémma 2, consider
000 [0 1 0 0}
V=[1 0 0] ,w=]0 0.1 o0 ’
010 0001
0 0-0 .0 :
b -




N

. The solution is Y = 0 0

min(ni,nj) parameters. Assuming i < j, then n, > nj and for one block U

0 -0 0 0 [0 ¥y, ¥y V4

ThenVY"-YW"-‘ Y11 Y12. Y13 Yig | ~ 0 ¥ .)’22 y23 =0

Y21 Va2 Y3 Y24 |0 vy vy 733 |
L . .

5| VRETE ¥y, = ¥p3 = Y3y % Xys Yo, =

5 ¥ Y33 T X5 Y3, T Xge

v

2, Explicit Determination of the Symmetrizing Matrices

Lemma 3: Let M be an n-square matrix with the single characteristic value
- n

c, and let (x - ¢) 1 be an elementary divisor of M of multiplicity s 1=1...p

and n, > n, 2™ np. Then the most general matrix X satisfying XM = M'X has

ZJ(r n, + 2r E;rjhj) arbitrary parameters,
l...p j+i+1...p ’

‘Proof: Without any loss of generality we can assuﬁg that M = W_ +,,.+ Wé where "

1

. W‘ =y Gl..GJU (direct sum of r, terms), and U 1is an n ~-square auxiliary
1 n, ng U : i n i o

i .
uﬁit'matrix, for in the discussion leading to Lemma 1, we observed that in the-

solution of XM = M’X the fundamental equation (3) reduced to one involving '
only the nilpotent.part of M.

Partitioning X conformally with M, the equation' U X, , = X,,U’ determines
n, ij 1] nj

the structure-of any block xij in the partitioning of X. For a block xii assoclated

‘with a pair Un » U; » Lemma 2 gtates Xii will have n, arbitrary parameters.,

i i

,fhere are blocks Uﬁ ,» and ry blocks Ué » thus these blocks will form r2

1 1 1
pairs, each with n, arbitrary parameters, This accounts for rini paraméters.

Any block X corresponding toapair U , U’ withn, # n, will have"’
i3 Sony nJ i 3 »

!

ni-‘




preo oo 7

there are r, blocks Ut;' each conéributing n, parameters, and this will be

32,

i 3 ]
tru‘e for j=1+ 1, 1 + 2,..p. Thus the one block Un is associated with
‘ i
Zr jn j arbitrary parameters, Since each block Un is repeated r, t:imes,
: i
J=itl...p

the number of parameters associated with Un
B !

becomes, r Zrn . Each time
¢ 1 LT3

the equation U_X,, = X,.U’' occurs with 1 < 1, it also occurs with i > i,
: n, i} "ii™m : » o

1

which in effect douhles the number of parameters in the last sum given.
There are p blocks Un » thus the matrix X will have

' i
Z (rin1 + 2:1 ernj) ‘ " arbitrary parameters.
"i=1...p 3=i+1...p

An example may provide a better uhderstanding of Lemma '3. Let M be a
matrix as described in Lemma 3, with p = 2, r, = n, = 2, r, = n, = 1. For

instance, .
[c 0 0 0 0
1 ¢ 0 0 O
M= 0 0co00O ; then most general solution X of XM = M
0 01 ¢ O ‘
0 0 0O cJ
F —
X) %yl %y ox 1 X
Xk, 0! x 0! 0
2
DR o o neonll IR
' | 6 X713 %8 *9i *10 |
x, 0} x 00
YA .E.--g-----.g.---..
X1 0 ' xl2 0 ; x13i

This X has 13 arbitrary parameters XyeesX s which agrees with

qg.e.d.

'x' ‘

‘Z(r"ini + 2ri ernj) +» Note that each block in the partitioning of x isg -

1=1,2 J=1+1,2

persymmetric,




X has

~c1...cp, P =n, and let (x - ci) J, }= 1...n1, e

33,

1

Corollarz Let X be a symmetrizing matrix of the matrix M of Lemma 3. _Then

E,[ 1(r + l)n + Zri z; j] para#ete¥s;
l...p ' J= r+1...p o '

Proof: In the partitioning of X in Lemma 3, there are r, diagonal blocks,

each having n, parameters, and each biock is persymmetric, hence symmetric.,

" The remaining ri -r off-diagonal blocks each have n parameters, For X

to be symetric, these blocks will be equal in pairs; thus the number of

parameters is halved. Thus the square blocks of order n contribute

. 2 : '
xmy + (ri - ri)ni/2, or ri(ri + l)ni/2 parameters.

The remaining off-diagonal rectangular blocks of dimenéion n, X n, con~

L4

tribute T, E: j parameters to a symmetric matrix X.
j-r+1...p _
Thus taking into account the square and. nonsquare blocks in the particion?
ing of X for 1 = 1...p we obtain the result stated in this Corollary.
q.e.d.
In the example preceding this Corollary, if we require that X be
synn'net:ric, then the number of arbitrary parameters is reduced from 13 to 9. ,

We may now establish a theorem for an arbitrary square matrix M,

Theorem 1: Let M be an n-square matrix with distinct characteristic values

e, ,
> >
{1 "o einbe the elementary'
i

. : e .
Jivisors of M, where each (x - ci) 13 has multiplicity r Then the most

ij°
general matrix X satisfying
(5) xM=Mx

ZJ [ z;(rij 1j + zrij 2. Tik€ ik)] arbitrary parameters and the most
i=1 vesP j=1-ooni k='j+1...ni .

general symmetrizing matrix of M has

1/2 E: [ 3-(rij(rij + l)e rij zzrikeik)] arbitrary parameters.,

1=1...p J=l...n, k=_1+1;..ni ) .
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Proof: Let X and M be partitioned according to the reduction-of the n-dimensional

gpace V = v, (ﬁ)...(f)vc of Theorem 1, Chapter III. Then by Lemma 1 above,
1 .

P
the nondiagonal blocks xij in the partitioning of X are zero, as they are

associated with pairs of blocks in the partitioning of M which belong to

3 with cy #-cj.

Upon partitioning the i-th diagonal block xii of X conformally with the

pairs ci, c

partitioning of M in accordance with the Jordan canonical form.theorem! and
applying Lemma 3, the number of parameters in the diagonal block Xii is

Z(rijeij + 2rij. E:rikeik)' By summing this expression for i = l...p
j=1...ni k=j+1...ni

we obtain the first formuia.

For a symmetric X, the Corollary to Lemma 3 provides, for each diagonal
block in the (second) partitioning of X,

1/2 2 (ry, (rij + l)e +oary, zrikeik)
j= 1...ni . k=j+1...ni

parameters, Summing for i = 1,..p, the second formula is obtained.

g.e.d.
3. Symmetrizing Matrices for a Nonderogatory Matrix
In Chapter I some results were derived concernlng the symmetrizing
matrices of a matrix with simple characteristic values. Such a matrix is
simply a nonderogatory matrix, as its minimal and characteristic polynomials
are equal. We have established a much stronger result for a nonderogatory

matrix M, (see [177 p. 1338).

Theorem 2: Every matrix X satisfying XM = M'X is symmetric if and only if

M is nonderogatory.

Proof: If M is ﬁonderogatory, n, = rij =1 for 1 = 1...ni and j = 1l...p, in
which case the number of parameters in a general matrix X satisfying the above

relation is E.eil ahd for a symmetric X the number of parameters is

i=l...p

.

also the same. Thus every matrix X satisfying XM = M'X is symmetric.

Conversely, if every matrix satisfying XM = M'X,is symmetric, then




.equating the formulae of Theorem' 1 for the number of parameters in a general

and a symmetric X we obtain

| Z [ 2 (ry5(ryy "Deijlz Ty Zfikeik), ]7= 0.

i=l...p J=1...ni k=J+1...ni
Since n, rij and eij are all positive integers, necessarily rij.= 1 for
j= l...hi and n, = 1; i.e., n, = 1 and rij =1 for j =1, both for all i =

l...p. Then there is one and only one elementary divisor corresponding to
each characteristic value of M, and since the minimal polynomial is the productb

of the elementary divisors of maximal multiplicity, clearly M is nonderogatory.

q.e.d.
Theorem 2 has also been proven in a different fashion in [207.
Corollary: The symmetrizing matrices of a nonderogatory matrix M are congruent

to direct sums of persymmetric matrices.

Proof: This follows from the fact that the symmetrizing matrix. of a nonderoga-

tory matrix in Jordan canonical form is a direct sum of persymmetric mQCrices.
q.e.d.

The following example is an illustration of Theorem 2 and its Corollary.
Let M be

fa 0 0 0 0}
1 a 0 0 O )
M= 0 0 b 0 Of Then M is a nonderogatory and
0 0 1 b 0}l p-=3, e T e, = 2, ey = 1,
10 0 0 O QJ
r, = r, = ry = 1 and the most general symmetrizing matr;x X for M should have

1
W
1

5 arbitrary parameters. By a straightforward computation we find

él.. P
A B 0 0 ﬂ
B O OO O
X= 0 0 €C D O|fas the most general symmgtric
v 00D O O matrix satisfying XM = M X.

{

0 0 0 0 E

A B cC D

Note that X is the direct sum of [ 3 0 | [ D o ], [E1, all three being

persymmetric.




CHAPTER V
THE SYMMETRIZING MATRICES OF A COMPANION MATRIX

cn-l
, 1
matrix M, known as the companion matrix of £(c).

With any polynomial f£(c) = - + a +...+ a we can associate a

} — LT
’ &1 82 cee an
1 0 0
{
: M= |0 1 0
o 0 0| g

The companion matrix M of f(c) has f(c) as its characteristic polynomial,
and its minimal polynomial is also f(c) ([2] p. 318). Thus a companion matrix
is a nonderogatory matrix. The following sections will be concerned with

obtaining symmetrizing matrices for a companion matrix.

1. A Specific Example
We have establisﬁed for a nonderogatory n-square matrix M that for any
gymmetrizing matrix B,
(1) B has n arbitrary parameters ‘
(i1) B is congruent to the direct sum of persymmetric matrices,
ﬁsing these facts, let us attempt to find a symmetrizing ma;rix for the

4 X 4 companion matrix M of the polynomial f(c) = -c4 + a,c + a2c2 + a,c + a,>




. da; + £=0, da

d as the last parameter at our disposal, and set d = -1, Then f = a,,

R, v

As a first attempt at obtaining a
be a persymmetric matrix '

oo 8o

e 6 o o !
o a0 o
> a

=~ |

,

The matrix equation BM‘-‘M'B % 0 yields the set of equations

ba1 +.c = aa, +c . ca, + £ = ba3 + f ,
(1) ca; +d-= aa, + Q‘ da2!+ g = ba4
‘dal + £ = aa, ‘da3 + h = ca,

Of the 7 parameters
is greatly simplified if we set a=b = ¢c = 0,

+g=0, d_a3+'h.=

Then (1) reduces to

2

'{g = a, and h = aé. The symmetrizing matrix B is then

o o o -1

0 -1 a

‘B = 1
0 -1 a a2
El a, 82 ai

2

We know that BM, BM , ...BMk, ... are also symmetrizing matriceé of M, -
and that any symmetrizing matrix of M is a linear combination of B, BM, BM

and BMBJ
0 0 -1 0] [0 -1 0] -1
0 -1 a, 0 ~1 a 0
BM = ' ! o | B’ = ‘ 1 , BO =
. -1’ al 82 0 0 -a3 7a4 0
© Lo o 0 -a 0 0 -a, O 0

symmetrizing matrix B for M, let B.

involved, 4 may be set arbitrarily.A The system (1)

0

v_az

083

-34

37.

0. Clearly the best strategy 1s to choose

2

-
0 0
ia -a4
-a4 0
0 0
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Then it is clear that for BM&,

r-a ]
“]a a a, . 0 .
- B = 2 3 4 = aB+aBM+ aB +a B,
4 3 2 1
: a a 0.0 .
3 % B
la, 0 0 0]

The matrix BM? no longer has the simple structure of . the preceding

matrices, i.e., it is not a direct sum of persymmetric matrices,

2 ;) L
a1 + a2 alaz + a3 glas + a4 8184
i a, + a,_ a 2 + : a ' a
- a a a a
e e R B T 2N %
| a + a a.a % a
183 7 4, 223 a3 838,
a.a a,a a a‘ a 2
1
i 4 72 4 374 4 |

The preCeding examples have been published by Lancaster [157 who, however,

does not attempt a generalization of the symmetrizing matrix for other than
companion matrices,

2. A General Solution

If the polynomial f(c) = -c4 + alc3 + azc2 + asc + a, has the distinct

roots p, q, r, and s, then the companion matrix M of f(c) is diagonalised by
the Vandermonde matrix V,

3 3 3 73 4 4 4 47
P q. r 8 P q r 8
V= p2 q2 r2 _ 52 , for MV = p3 q3 r3 53 = VC
P q v p2 q2 2 82
1 1 1
— P q r 8




ey

K Kl
[

where C is the diagonal matrix with the diagonal entries p, qQ, t and 8, The
Vandermonde matrix V is nonsingular whenever the entries p, q, r, and s are
distinct’ ([11 p. 186). Thus M = vev-l is similar to a diagonal matrix.

We can say of any symmetrizing matrix A of M '

(1) © A is a linear combination of B, "BM, BM2 BMB”

(11) A = (Vv ) QV where Q is some diagonal matrix,
and these statements are equivalent. Similar remarks apply to the symmetrizing

-matrices of the transpose M’ of the companion matrix M. In particular, '
. symmetrizing matrices of M’ have the form VQV', which involves the Vandermonde

‘matrix V itself, rather -than its inverse, and thus 1ends itself more readily

to a practical method for the construction of- symmetrizing matrices in :
terms of symmetric functions of the roots, : " ot
We have avoided discussing the construction of symmetrizing matrices of

arbitrary matrices because our development was based upon knowing the Jordan

'canonical form of a given matrix. In practice the Jordan canonical form is

the least and last known property of a given matrix. 'The interested reader

may wish to refer to a paper entitled "The Construction of Matrices Symmetrizing

an Arbitrary Matrix," [131, and also "Matrix Symmetrization Methods for the

Algebraic Eigenproblem" [147,
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