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Abstract

Quantum computers have the potential to solve certain problems in minutes that
would otherwise take classical computers thousands of years due to the exponen-
tial speed-up certain quantum algorithms have over classical algorithms. In order
to leverage such quantum algorithms, it is necessary for them to run on quantum
devices. Examples of such devices include, but are not limited to, semiconductor and
superconducting qubits, and semiconductor single and entangled photon emitters.

The conventional method of constructing a semiconductor qubit is to apply gates
on a semiconductor surface to localize electrons, where the electronic spin states are
mapped to a qubit basis. Examples of this include the spin qubit were the spin—%
states of a single electron is the qubit basis and the gated singlet-triplet qubit where
the states of two coupled electrons are mapped to a qubit basis [1,2]. In general,
gated semiconductor spin qubits are subject to decoherence from the environment
which alters the electronic wavefunction by entanglement with the nuclear spins and
phonons in the lattice compromising the stability of the qubit.

Semiconductor nanostructures can also be designed as photon emitters. Self-
assembled quantum dots are an example of such nanostructures and have been shown
to emit single photons through exciton recombination and entangled photons through
biexciton-exciton cascade. The difficulty in designing photon sources using self-
assembled quantum dots is that the size and shape varies from dot to dot implying
that the electronic and magnetic properties also vary.

In this thesis, I present the design of a single photon emitter using an InAsP

quantum dot embedded in an InP nanowire and the design of a singlet-triplet qubit

il
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that is topologically protected from decoherence using an array of such quantum dots
embedded in an InP nanowire. The advantage of using quantum dot nanowires over
self-assembled quantum dots as photon emitters is that the quantum dot thickness,
radius and composition can be controlled deterministically using a technique known as
vapour-liquid-solid epitaxy which allows the emission spectrum to be engineered. Us-
ing a microscopic model, I simulated an InAsP quantum dot embedded in a nanowire
with upwards of millions of atoms and showed that the emission spectrum came in
agreement with the actual InAsP/InP quantum dot nanowires that were fabricated
at the National Research Council of Canada. Moreover, I showed that altering the
distribution of As atoms in the quantum dot can cause dramatic change in the emis-
sion spectrum. For the design of the topologically protected singlet-triplet qubit, I
demonstrated that the ground state of an array of such quantum dots embedded in
an InP nanowire, with four electrons in each dot, is four-fold degenerate and is topo-
logically protected from higher energy states, making the ground state robust against
perturbations. This state is known as the Haldane phase and can be understood in
terms of two spin—% quasiparticles at each edge of the array. Though the spectral
gap in my simulation was of the order of 1 meV, this work provides insight into the
potential design of a room temperature operating Haldane qubit where the spectral

gap is of the order of room temperature.
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DFT Density functional theory
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Chapter 1

Introduction

Quantum computing is about engineering quantum mechanical systems to process
information. There are certain problems that a quantum computer can solve poten-
tially in minutes that a classical computer with the same number of bits would take
thousands of years to solve due to the exponential speed-up quantum algorithms offer.
Examples of such algorithms are Shor’s prime factoring algorithm which is a quan-
tum algorithm that finds the prime factors of a given number and Grover’s search
algorithm which searches for a binary string = such that f(xz) = 1 where f(z) is an
oracle. Quantum computers are necessary for running quantum algorithms such as
the ones aforementioned. An ensamble of many different quantum devices, examples
of which could be semiconductor qubits and photon emitters, are the components
that make up a quantum computer. In order to produce such devices, experimental
methods are necessary for fabrication and computational methods are necessary for
design. This work will focus on the design of quantum devices using InAsP quantum
dots embedded in an InP nanowire and the computational techniques used in the
design. The first device is a single photon emitter made of a single quantum dot in a
nanowire and the second device is a topologically protected singlet-triplet qubit made

of an array of quantum dots filled with electrons in a nanowire.
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1.1 InAsP Quantum Dots in a Nanowire

The InP/InAsP quantum dot nanowire nanostructure shows potential as a quantum
information processing and quantum communication device in part due to the wave-
length of photon emission being in the telecom range at ~1.5 um [3-6]. Fig.1.1(a)
shows a schematic of the quantum dot nanowire. Here, the quantum dot, illus-
trated in blue, is of a hexagonal disc-like structure and is embedded in the centre of
the nanowire which is illustrated in yellow. Fig.1.1(b) shows a TEM picture of the

InP/InAsP quantum dot nanowire, which was fabricated at the National Research

Council of Canada. This TEM photograph was taken from Ref. [3].

(a) (b)

quantum dot

quantum dot
(20% InAsP)

nanowiré_
(InP)

nanowire —

Figure 1.1: (a) Schematic of a semiconductor quantum dot embedded in a nanowire.
Quantum dot is in blue and the nanowire is in yellow. (b) A transmission electron
microscopy (TEM) photo of an InAsP quantum dot in an InP nanowire fabricated in
the National Research Council of Canada. Photo was taken from Ref. [3]

Though there are many different types of semiconductor quantum dots that show
promise as devices for quantum information processing and quantum communication
such as lens shaped self assembled quantum dots and gate confining quantum dots
[7-10], the advantage of InAsP quantum dots embedded in an InP nanowire is that
the radius, height and composition of the quantum dots are well controlled [3,11,12].
This in turn allows for the control of the emission spectrum since the height of the

quantum dot controls the spacing of the conduction band energies due to quantum
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confinement [4], the radius and As concentration controls the band gap [4], and the
distribution of As controls the ordering of the emission lines [3,4]. This level of
control is especially useful in engineering single and entangled photon emitters since
the emission of a single photon comes from the recombination of an exciton and the
emission of entangled photons comes from the biexciton-exciton cascade [11,13,14].
Furthermore, these quantum dot nanowires exhibit the behaviour of single atoms.
As shown in Fig.1.2, the charge distribution of the conduction band states of an
InAsP quantum dot exhibit distinct s and p like shell structure, making these struc-
tures viable candidates for quantum information processing since having well defined
electronic energy levels can provide a means to process quantum information. For
example, a basis comprised of linear combinations of many-electron configurations
on these well defined single electron energy levels could in principle be mapped to a

logical qubit basis.

S

Figure 1.2: Top view of the charge distribution of conduction band levels of InAsP
quantum dot.

In principle, a qubit can be made with an array of quantum dots in a nanowire as

shown in Fig.1.3 [15,16].
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Figure 1.3: Schematic of an array on InAsP quantum dots (blue) in an InP nanowire
(yellow). The red arrows represent spin up and spin down electrons and the black
lines represent the quantum dot orbitals. The translucence of the electrons on the
s shell indicate that those electrons are “frozen” and do not couple to any other
conduction band levels.

Here, 4 electrons are injected into each quantum dot. Two of the electrons reside
in the s shell and do not couple to any other conduction band states leaving the re-
maining two electrons on the p shells to couple ferromagnetically and form a synthetic
spin-1 object. It has been proposed that a synthetic chain of spin-1 objects can be
constructed using an array of these quantum dots [5,15, 16].

Haldane as well as Affleck, Kennedy, Lieb and Tasaki demonstrated that a chain
of spin-1 particles has a four-fold degenerate ground state that is robust to pertur-
bations, i.e. is topologically protected, because of a finite energy gap separating the
ground state from higher energy states [17,18]. The existence of the edge states im-
plies that this state is topologically nontrivial. Due to the stability of the four-fold
degenerate ground state, this system can be made to be a qubit where the qubit basis
consists of the singlet and triplet states. This four-fold degenerate ground state can
be understood in terms of two spin—% quasiparticles at the edges of the chain forming
degenerate singlet and triplet states. In the next section I will discuss how this topo-
logical phase, which is characterized by the existence of edge spin-1/2 quasiparticles
and a spectral gap, arises from a chain of spin-1 particles with nearest neighbour

coupling.
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1.2 Heisenberg Spin-1 Chain and the Haldane Phase

In order to understand the properties of a chain of spin-1 particles, it is important to
understand the spectrum of two Spin—% particles. The Hamiltonian for two coupled

spin-3s is given by
H:Jsl'SQ (11)

where J is the coupling coefficient for two spin-1 particles and s; = § (07X + 07§ + 072)

is the spin—% operator where o is the Pauli spin operator on site i in the o' direction.

1 | | ] L | ] L | ]
I I 1 I I 1 I I 1

Energy /J
|
|

| | |
-1 0 1

SZ

Figure 1.4: Spectrum of two coupled spin—% particles with a constant energy shift of
3

1

As shown in Fig. 1.4, the spectrum consists of a ground state singlet followed by
excited triplet states.
Now consider a chain of spin-1 particles described by the Heisenberg Hamiltonian

given by

L-1

H=1JY S-S (1.2)

=1
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where now, S; is the spin-1 operator. For the case of a chain of 14 spins, the low
energy spectrum also consists of a ground state singlet followed by a first excited state

triplet as shown in Fig. 1.5.

0.8
I I I I I
—— —— 1

Energy /J
| |
| |

o
o
|
|

SZ

Figure 1.5: Spectrum of the Heisenberg Hamiltonian for 14 sites.

Additionally, the low energy spectrum of the spin-1 chain contains quintuplet
states which are higher in energy than the triplet states.

As long as there are an even number of sites, the low energy spectrum will always
consist of a ground state singlet followed by first excited state triplets and second

excited state quintuplets as shown in Fig. 1.6.
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3 | | | |
~0

Energy/J
1
L1

<
W
|

2 4 6 8 10 12 14
Number of Sites

Figure 1.6: Low energy spectrum of the Heisenberg spin-1 chain as a function of chain
length.

For systems with an odd number of sites, the triplet is the ground state and the
first excited state is the singlet while the quintuplet remains the second excited state.
As the chain length increases, the singlet and triplet approach degeneracy while the
gap between the quintuplet and singlet states approaches a finite value of 0.41.J. In
the thermodynamic limit where the singlet and triplet are exactly degenerate and
the spectral gap is 0.41J, the system is in a topological phase known as the Haldane
phase [17,18].

The Haldane phase, which is defined by the singlet-triplet degenerate ground
state and the spectral gap separating the singlet from the quintuplet states, can be
understood in terms of two spin—% quasiparticles at the edges of the spin-1 chain
[17,18].

Although the ground state of a Heisenberg spin-1 chain in the limit of an infinitely
long chain with open boundary conditions exhibits the Haldane phase, a similar sys-
tem described by a Hamiltonian with the additional biquadratic term (S;-S;,1)? also
exhibits the Haldane phase, but with any number of sites, thus a long chain is not
necessary, deeming this system a useful tool in understanding the Heisenberg spin-1

chain. The Hamiltonian for said system, known as the AKLT Hamiltonian, which
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was proposed by Affleck, Kennedy, Lieb and Tasaki [18], is given by

1 2
H=17) (si ‘Sip+5(Si- Sis1)? + g) (1.3)

Similar to the Heisenberg chain, the ground state of the AKLT Hamiltonian also
consists of four-fold degenerate singlet and triplet states except here, the singlet and
triplet states are not only exactly degenerate, but are exactly degenerate for any
number of spin-1 sites.

Affleck, Kennedy, Lieb and Tasaki showed that the ground state of the AKLT
Hamiltonian, and therefore the ground state of the Heisenberg spin-1 chain, can
be understood in terms of two spin—% quasiparticles at the edges of the chain by
projecting each individual spin-1 onto a spin—% subspace [18]. In this representation
of the ground state, the spin—%s between neighbouring sites are singlet bonded as
shown schematically in Fig.1.7, leaving two unbonded spin-% quasiparticles dangling

at each edge of the chain.

+ Edge spin-1/2 .+ Singlet bond

Figure 1.7: Schematic of an antiferromagnetic spin-1 chain where each spin-1 is pro-
jected onto two spin—%s. The up arrow represents a spin-up particle and the down
arrow represents a spin-down particle. The singlet bonds between sites are illustrated
by a dashed red line. The spin—% edge particles are coloured in fuchsia.

The spin-1 chain is a viable candidate for a topologically protected qubit since the
ground state is protected by a finite energy gap from higher energy states [15,16]. In
this system, the qubit basis would be the S* = 0 singlet and S* = 0 triplet states.
Unlike many superconducting [19-21], photonic [22-24] and trapped ion [25,26] qubits
currently in production, such a qubit has the potential to operate at room temperature

if the spectral gap is of that order of magnitude, which is roughly 25 meV.
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In this work, we focus on the design of a single photon emitter and a synthetic
spin-1 chain using an array of InAsP quantum dots embedded in a nanowire. In this
synthetic spin-1 chain, each synthetic spin-1 is formed by injecting electrons so that
the p-shell in each quantum dot is half-filled. Though the spectral gap for a long
chain was computed to be far from room temperature at about 1 meV, this work
outlines the steps necessary in order to realize the Haldane phase in a semiconductor

quantum dot array.

1.3 Thesis Contributions.

Chapters 1 and 2 of this thesis are reviews of well established theory of computational
tools developed and used in this work. The remaining chapters are based on the

publications and manuscripts listed below.

1. Laferriere, P., Yeung, E., Korkusinski, M., Poole, P. J., Williams, R. L., Dalacu,
D., Manalo, J., Cygorek, M., Altintas, A., Hawrylak, P. (2021). Systematic
study of the emission spectra of nanowire quantum dots. Applied Physics Let-

ters, 118(16), 161107.
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In all three papers, I was the lead graduate student theorist and performed all of
the simulations and numerical calculations. Furthermore, in the two papers where
I am lead author, I also generated all of the figures. For the first paper listed, the
experiments and the text and figures pertaining to the experiments were done by the

research group at the National Research Council.
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1.4 Thesis Outline.

The rest of the thesis is organized as follows.

e Chapter 2 presents the different methodologies used in the simulation of the
quantum dot nanowires studied in this thesis. The first part of this chap-
ter discusses the techniques used in the in-house computational tool QNANO
for simulating nanostructures containing upwards of millions of atoms. These
techniques include using a parameterized tight-binding model and configura-
tion interaction. The following section of this chapter discusses a technique for
simulating many-body systems that uses a form of the wavefunction known as
a matrix product state to perform the density matrix renormalization group

algorithm.

e Chapter 3 presents a joint experimental and theory paper on the study of the
emission spectra of an InAsP quantum dot in a nanowire. Using both experi-
mental techniques and theory, the peaks in the emission spectrum are character-
ized. Furthermore, the design of the quantum dot with different concentrations
of As for the purpose of engineering single and entangled photon emitters is

explored. This paper was published in Applied Physics Letters.

e Chapter 4 presents a paper on the electronic and magnetic properties of a single
InAsP quantum dot and two InAsP quantum dots in an InP nanowire. Using
the tight-binding and configuration interaction methods to simulate the quan-
tum dot, we show that when the p-shells of the quantum dots are half-filled,
a single quantum dot behaves like a spin-1 object and that two quantum dots
behave like two coupled spin-1 objects, opening up the possibility of using these
quantum dot nanowires as a synthetic spin-1 chain and hence the possibility of
constructing a topologically protected qubit. We then derive parameters for an
effective multi-orbital Hubbard model in order to compute longer quantum dot

arrays for future calculations. This paper was published in Physical Review B.
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e Chapter 5 presents a paper on the steps enabling the design of a topologi-
cally protected singlet-triplet qubit using an array of InAsP quantum dots in
a nanowire. Using the parameters obtained from microscopic calculations, the
spectrum of a long chain of quantum dots was computed using the multi-orbital
Hubbard model. The behaviour of the system under an applied magnetic field
was studied to determine similarities in behaviour to two spin—% particles at
the edges of the chain, which is an indication of a topologically protected state.
Finally, regions in the multi-orbital Hubbard parameter space in which the topo-
logically protected phase exists were mapped. This paper has been submitted

to arXiv and has been submitted to Physical Review B.

e Chapter 6 discusses the conclusions and future work.



Chapter 2

Methodology

There are several computational techniques that are employed in the simulation
of the quantum dot nanowires in this work. First, a single InAsP quantum dot in an
InP nanowire was modelled microscopically using a tight-binding model, with up to
a million atoms, where the parameters were obtained from density functional theory
(DFT) band structures [4]. Using the basis of single-particle states from the tight-
binding model, the many-body spectrum of both excitonic complexes and N electron
complexes was computed with a technique known as configuration interaction. Essen-
tially, the Hamiltonian was diagonalized in the basis of excitonic configurations using
numerical diagonalization. The techniques used for the microscopic calculations were
also applied to a system of two InAsP quantum dots in an InP nanowire.

To compute the spectra of InAsP quantum dot arrays containing many quantum
dots, an effective multi-orbital Hubbard model was used instead of the microscopic
model. For large enough quantum dot arrays, the number of configurations is so large
that computing the spectra is insurmountable with exact diagonalization. Instead, for
such systems, a technique known as Density Matrix Renormalization Group (DMRG)
was used. The DMRG technique is a variational method of obtaining the ground
state of a many-body system. At the heart of this technique is the expression of each
wavefunction coefficient as a product of tensors, where each tensor corresponds to
the occupation of an orbital. For a system with 10 orbitals, instead of using O(219)

coefficients to describe the ground state, only O(m?10) numbers are needed, where the

12
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dimension of each tensor is m. In order to gain an advantage in saving computational
resources, the dimension of each tensor m must be sufficiently small, but also large
enough that the wavefunction is still an excellent approximation. The wavefunction in

the form where each coefficient is a product of tensors is known as a Matrix Product

State (MPS).

2.1 QNANO: Microscopic computational platform
for the electronic and optical properties of mil-
lion atom semiconductor nanostructures

The microscopic calculations for the nanostructures in this work are done using the
QNANO computational tool which can simulate nanostructures containing up to
millions of atoms [27,28]. First, the nanostructure is defined by the positions of
each atom. FExamples of such nanostructures are CdSe nanocrystals, InAs/GaAs
lens shaped quantum dots and the nanostructure that is the focus of this work,
InAsP quantum dots in a InP nanowire [3,5,28,29]. The total elastic energy of
the system is then minimized to obtain new equilibrium positions. Using a basis of
localized atomic s, p, d and sx orbitals, a tight-binding Hamiltonian is constructed
with tunelling parameters obtained from ab-initio calculations. The single particle
states from this tight-binding Hamiltonian are then used to compute the manybody
spectrum of N electrons or excitonic complexes using configuration interaction (CI).
Using Fermi’s Golden Rule, emission spectra can be computed using the spectra of

excitonic complexes.

2.1.1 Tight-binding Model

The generation of single-particle states which are then used to compute the many-
body spectrum begins with creating an atomistic structure defined by atomic positions

in an ideal wurtzite lattice. First, a nanowire of InP atoms is constructed, and within
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this volume, a quantum dot volume is defined in which random P atoms are replaced
with As atoms at a given concentration. To avoid surface states from going into
the region of energies close to the band gap, the surface is passivated by increasing
the dangling sp® bonds to energies much higher than the band gap. Since we are
dealing with a nanostructure composed of two different materials with different lattice
constants, strain will cause the atoms to relax to new equilibrium positions which are
obtained minimizing the total elastic energy according to the Keating valence force

field model given by [30]

N, nn)
Z{Z 30‘” (R, — Ri)? — (d,)]

nn(z) nn(z)

30
DI fé: [(R; —Ry) - (Rx — Ry) = df 0 cos ]}, (21)

j=1 k<j zj J:k

where N, is the number of atoms, nn(i) denotes the nearest neighbours of atom i, R;
is the position of atom 1, d ;s the unstrained lattice constant, 0; ; ;. is the bond angle
between bonds ¢, j and j, k and the coefficients «; ; and §; ;; are material parameters
known as the Keating parameters.

The structure generation and the computation of the relaxed atomic positions are

prerequisite to solving the tight-binding Hamiltonian, which is given by

Nq orb orb Nq nn l orb
T ) ST RS 3) SEVNEIIES 3 o DR INEEIPRCE:
i=1 a=1 i=1 a,f=1 i=1 j=1 a,f=1

where N, is the number of orbitals per atom, o and 3 denote atomic orbital, €;
is the onsite energy at orbital o on atom i, t;, ;s is the tunelling matrix element
between orbital o on atom 7 and orbital 8 on atom j, \; . s describes the spin-orbit
interaction and CZQ (¢i.a) are the creation (annihilation) operators for an electron on
atom i and orbital . Here, spin indices are implicit (i.e. c}:a = czaﬁ + cza, -

The tight-binding parameters in Eq. 2.2 for the unstrained structure are obtained

by fitting the Hamiltonian to band structures obtained from ab-initio calculations

for InP and InAs. With the fitting procedure, detailed in Ref. [4], two sets of tight-
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binding parameters, one for InP and one for InAs are obtained. The parameters used
in this work, which are listed in Ref. [4] are also listed below.
Table 2.1: Tight-binding parameters for InP and InAs in the wurtzite phase.

Tight-binding parameter InP InAs

E° -3.9798 -5.3673
E¢ -1.9268  -0.9905
Ee 2.3067  2.3917
E¢ 6.8862  6.6883
Ee, 2.3389  2.6082
EC, 6.2922  6.0555
E¢ 13.4134 13.7658
E¢ 12.2801 12.5896
B, 19.2302  19.5859
E-, 19.1728  18.3726
A 0.0217  0.1482
AC, 0.1675  0.0645
Vieo -2.6537  -3.5352
vee 3.3428  4.3074
vee 3.3557  3.5224
Voo 3.8437  3.5053
Vo 212305 -1.2792
Ve “1.3517  -2.5597
vee -3.8673  -5.5423
Viegro 43416 -5.7421
vee, 2.6263  2.2262
Ve, 3.1080  3.5650
1% -3.2625  -4.7604
o -2.4241  -2.9015
vee -1.8250  -1.6637
Ve -1.3002  -1.2407
Ve 14239 1.3719
Ve 1.6504  2.2598
vee, -0.7779  -1.2618
Ve -0.6759  -1.1917
Viide -1.8423  -2.3460
Vi 3.2696  2.4663
Vs 205511 -0.9812

Here, E refers to the onsite energy, A refers to the spin-orbit splitting and V' refers
to hopping elements. The superscripts a and ¢ denote anion and cation, which in the
case of InAs or InP are In and As or P respectively. The subscripts denote the orbital,
except for the spin-orbit parameters, where the subscript so refers to “spin-orbit”.

For example, ES is the onsite energy of an electron on the s shell of In. Another
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example would be Vi, which refers to the hopping energy of an electron going from
the p-shell of In to the d-shell of P where 7 indicates a @ bond formed between the p

and d shells.

To incorporate strain, the tight-binding parameters must be adjusted with the re-

-\ N8
laxed atomic positions. The hopping elements t; . j g are rescaled by a factor (j};? )
7

as per Harrison’s law, where d; ; and d?jj are the strained and ideal bond lengths re-

spectively and the power 7,5 is a material dependent parameter [31]. Furthermore,

the onsite energies ¢; , are adjusted using the following formula

(tia,8)* = (thayp)
Eioa = 8?706 + Z Ci i (0 — ot
=1 2

a €ref) + (5275 - Eref)

(2.3)

0

where ¢;, is the unstrained onsite energy, €. is a reference energy set to be 27
meV, 17, . 5 is the unstrained hopping element and C;, ;3 is a material dependent
parameter [32].

With the tight-binding parameters adjusted for strain, the tight-binding Hamilto-
nian in Eq. 2.2 can be diagonalized to obtain single particle states which are of the

form

<I"Z> = Z Z Ci,k,a(ba(r - Rk) (24)

where ¢, (r — Ry) is the local atomic orbital wavefunction for orbital « of atom & at

location Ry. The local atomic orbitals are assumed to be Slater orbitals given by
a(r) = Ar®e™"Y" (0, 9)xo (2.5)

The single particle states are obtained using exact diagonalization. With the single
particle states computed, the many-body spectrum of any electronic or excitonic

complex can be obtained and thus, emission spectra can also be computed.
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2.1.2 Configuration Interaction

The many-body spectra of electronic and excitonic complexes are computed using the
configuration interaction method. Essentially, the spectrum is obtained by diagonal-
izing a many-body Hamiltonian with Coulomb interactions in the basis comprised of
all possible configurations with NN, electrons and N; holes across a truncated set of

single particle states. The many-body Hamiltonian is given by

e 1 -
H = Z EZ( )cchl- + Z Eéh)h;hp + 5 Z (1, 7| Vee k, l}c}c}ckcl (2.6)
i p

7:7j7k:7l

1
T3 Z (9, q|Van|r, s)hL Rl b

p,q,r,s

- Z i, q|VaI|r, 1) — (i, q|VE|I, 7)) c}héhrcl

1,q,m,l

where h,, is the hole operator (defined as h, = c;), E is the energy of the i*" elec-

(2
tronic single particle state and EI(,h)

is the energy of the p'" hole state. Electronic
energies are taken from the conduction band and hole energies are the negative of
the valence band energies. Furthermore, the many-body Hamiltonian contains the
Coulomb interaction terms, which are the electron-electron (V,.), hole-hole (V};) and
direct (V4) and exchange (V%) electron-hole interactions. When computing eigen-
states of electronic complexes, the terms involving the hole operators are ignored.

The general formula for the Coulomb matrix element in the basis of linear com-

binations of atomic orbitals is given by [27]

<Z7]‘V|kl ZZZZ 1,1 ,00 azﬁckag,'ycla4, (27)

a1, az,B a3,y aq,0
e? /d37“ d3 ¢* (1‘1 T a1)¢2(r2 - Ra2)¢v(r2 - Ra3)¢6(r1 - Ra4)
47T ' E(Rm ) Rag)’rl - I'2’

where e is the elementary charge and ¢(R,,, R,,) is the distance dependent dielectric
constant. Since the complexity of the Coulomb matrix element in Eq. 2.8 is N* and
the nanowire structures are of the order of 10 atoms, approximations must be made

in order for the computation to be feasible.
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First, only two-centre integrals are considered, which are integrals that involve at
most scattering between two atoms. Second, each Coulomb matrix element consists

of only long-range and on-site terms

(i, |V Ik, 1) = (i, j]VOIk, 1) + (i, j|[V"R |k, 1). (2.8)

Here, we introduce the following approximation of the distance dependent dielectric

constant given by

€0 if |I'1 - I‘2| =0
E(I‘l, I’Q) = . (29)
€0€LR otherwise

In this approximation, scattering involving orbitals of one atom is unscreened while
the scattering involving orbitals of two atoms is screened by the bulk dielectic constant
€ELR-

The on-site term only consists of integrals where scattering occurs between orbitals

within a single atom.

<Z,]‘Vos|k,l> Z Z i,a,a ]a/BCka'yClaé

aGNa 76’75

/<Z5* r1)95(r2)dy(r2)ds(r1) 4

vy — 1y

47T60

drid’ry (2.10)

The long-range term consists of integrals where scattering occurs between nearest
neighbour atoms. In the long-range approximation, the charge densities are assumed
to be point charges which leads to an orthogonalization condition that results in an
expression that is equivalent to a weighted sum of the classical Coulomb interactions
between two point charges.

To see this more clearly, we begin with the expression for the long-range Coulomb
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term.

VER|E, D) Cra.aCy 5C
<Z ]’ ’ 47T60€LRZZ i,a,a 1 ]bﬁ kb,

y / ¢n(r1 — Ra)da(r1 — Ra)dj(r2 — Ry)gp(ra — Ry)

v — 1y

dPrid®ry

(2.11)

The orthogonalization condition arising from the point charge distributions is shown

below

_ / [95(r1 — Ra)@a(r1 — Ra)] [95(r2 — Re)¢s(ra — Ry)] PBrdry
[ty — 1o
_ / 0%(r1 — Ry)0%(ry — Rb)d3T1d3T2
vy — 1y
1
— m (212)

Substituting Eq. 2.12 into Eq. 2.11 gives the expression for the long-range term as a

sum of weighted classical Coulomb interactions between point charges.

<Z,j|vLR|k l ZZ47TEOELR|R "R, | laaC’laaC’]bﬁC'ka (213)

With the Coulomb matrix elements and single particle states computed, the spectra
of any excitonic complex can be computed. For example, to compute the excitonic
spectrum, a basis of all possible excitonic configurations |i, p) = cjh;\O) is constructed
out of a truncated set of valence band states p and conduction band sates ¢, where |0)
is the semiconductor ground state, which is the configuration with a full valence band
and an empty conduction band. From diagonalization of the many-body Hamiltonian

in the exciton basis, the excitonic states are obtained, which have the form

| Xo) = A2 li,p). (2.14)

4,p

Experimentally, the spectra of excitonic complexes are probed by measuring the



CHAPTER 2. METHODOLOGY 20

emission spectra [3,11,33]. The emission spectrum can be computed using Fermi’s
Golden Rule.
One of the ingredients of implementing Fermi’s Golden Rule is the dipole matrix

element given by

Diyle) = {ilr - lp), (2.15)

where |i) and |p) are single particle electron and hole states respectively and € is the
polarization vector of the external electric field.

Eq. 2.15 is used to define the polarization operator

= Diycihy (2.16)
,p

which removes an electron-hole pair from the system.
The polarization operator is then used in Fermi’s Golden Rule to obtain the emis-

sion spectrum as a function of energy F.
ZI ilP(e)|N)PO(E — (Ef — Ep))ni(1 — ny) (2.17)

Here, i and f denote the initial and final many-body states and n; (ns) denote the
occupation of the initial (final) state.

Since we are interested in the total emission spectrum, all polarizations are in-
cluded. The total emission spectrum is obtained by summing over the polarizations

along the three spatial coordinates.
F(E) = F(B,i) + F(E,}) + F(E,k) (2.18)

In essence, the implementation of configuration interaction that is used in the
computations in this thesis begins with a chosen set of single particle states. With

these single particle states, the Coulomb matrix elements are computed using sev-
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eral approximations. First, only two-centre integrals are computed and second, each
Coulomb matrix element is decomposed into two terms; one on-site term and one long-
range term. The former only includes integrals where electrons are scattered within
an atom and the latter involves an approximation where the charge distributions are
point charges, which turns the integral over d3r,d®r, into an orthonormalization rela-
tion. Once the Coulomb matrix elements are computed, the many-body spectrum of a
given excitonic complex is computed by diagonalizing the many-body Hamiltonian in
the basis of configurations. For optical spectra, Fermi’s Golden Rule is implemented
where the initial and final states are many-body states.

The method of obtaining the manybody spectrum using CI, where the single par-
ticle states are from a parameteried TB Hamiltonian, is an accurate way to compute
electronic properties of nanostructures, but since these simulations tend to involve
millions of atoms, other methods must be employed if one wants to compute much
larger structures. For one, if the system contains an ensemble of smaller systems where
the spectra has already been computed, an effective model can be constructed where
the parameters are obtained from the microscopic calculations. Such an approach
was taken in Chapter 4, where parameters for an effective model describing a chain of
InAsP quantum dots were obtained from microscopic calculations of a single quantum
dot. In some cases, it is possible to still use the configuration interaction method to
obtain the spectrum of the effective model, however these calculations are still limited
to small systems. To obtain the spectrum of large systems that would otherwise be
computationally infeasible with configuration interaction, a method known as Density
Matrix Renormatlization Group may provide exponential savings in computational
resources. The Density Matrix Renormalization Group Algorithm is a variational
method of obtaining the ground state of a large many-body system. The approxima-
tion process that turns the complexity of the wavefunction from exponential in L to

linear in L involves keeping only significant configurations while discarding the rest.
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2.2 The Density Matrix Renormalization Group
Using a Tensor Network

The Hilbert Space of a many-body system grows exponentially with the number of
allowed single-particle states. If the system is large enough, it would be impossible
even for the largest supercomputing clusters to compute the ground state if exact
diagonalization is used. For example, to store the ground state of a Heisenberg chain
of 50 spin-1 particles where the number of configurations is O(3%°) ~ 7 x 10%, it
would require = 1.2 million Exabytes, which is roughly the size of the entire internet.
In practice, the ground state of a many-body system usually only contains relatively
few significant configurations. The density matrix renormalization group (DMRG)
algorithm [34-36] is a method to obtain an approximate ground state using only a
small corner of the Hilbert Space, which allows one to compute the ground state of
spin-1 chains much greater than 50 spins for example. Though this method is not
efficient for every many-body system, it is useful for low entanglement systems such

as 1-dimensional chains with short-range interactions.

2.2.1 Entropy Area Law

A many-body system can be divided into two subsystems A and B where A C B.
The entropy area law states that the entanglement entropy S grows at most linearly

with respect to the size of the boundary between A and B [37].

S x 9A (2.19)

In general, many-body systems do not satisfy the entropy area law, but the systems
that do are ones with short range interactions [38-40]. This can be intuitively under-
stood by the fact that with such systems, only degrees of freedom that are cut by the

boundary 05 are entangled.
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(a)

Sx R

(b)
e
A 0A B

S = Const.

Figure 2.1: Two diagrams of systems with shortrange interactions that are divided
into two subsystems A and B with the boundary 0A labelled. (a) is a two dimensional
system with disc geometry and (b) is a one dimensional system.

Fig. 2.1 shows examples of systems that are divided into subsystems A and B
where shortrange interactions are assumed. In Fig. 2.1 (a), the entanglement entropy
grows proportionally to the size of the radius of disc A. In Fig. 2.1 (b), the boundary
between A and B is a point, thus the entanglement entropy is constant with respect to
the size of A, making such systems ideal candidates for attaining solutions efficiently
using DMRG. Moreover, it has been proven in Ref. [38] that one dimensional gapped
systems obey an entropy area law.

Consider such a one dimensional system that obeys the entropy area law, i.e. a
system where the entanglement entropy is constant with respect to the size of the
partition A. The many-body wavefunction can be expressed in Schmidt form given
by

vy = S AJAYIB), (2.20)

where |A) and |B) are configurations in A and B respectively. This form of the

wavefunction can be obtained using Singular Value Decomposition. It is expected
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that for this system, a majority of the wavefunction coefficients \; are negligible,
which allows for the computation of the approximate ground state to be feasible.
In practice, a threshold for \; can be set and an approximate wavefunction can be
formed where the configurations in which ); is below this threshold are neglected. This
implies that such a system is of low entanglement entropy where the entanglement

entropy is defined as

S==Y Mlogh; (2.21)

In the following section, I will introduce the formalism in which the DMRG algorithm
is carried out. Essentially, to obtain the ground state, a trial wavefunction is con-
structed as a matrix product state (MPS) where each wavefunction coefficient is a
product of orbital dependent tensors. The operator is constructed as a matrix product
operator (MPO) where each matrix element is a product of orbital dependent tensors
analogous to the matrix product state. Finally, an expectation value is constructed
by combining the MPS and MPO to form what is known as a tensor network, which
is a more general object containing many tensors. This tensor network construction
of the expectation value of the Hamiltonian is then minimized with respect to each

individual tensor element using a variational method to obtain the ground state.

2.2.2 Matrix Product States

Consider a many-body Hamiltonian given by

1
H= Z 81'7]'0;[6]' + 5 Z <Z,]|V|k3, Z>C;-[C§C]CCZ (222)
'7]’

i7j7k7l

where 7, j, k and [ refer to single particle states.
The ground state of the Hamiltonian in Eq. 2.22 is given by the following general

many-body electron wavefunction

1,1,.1

|\Ij> - Z wnl?”%manL ni, Ng, ... 7nL> (223)

ni,n,...,nr,=0,0,...0
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where each n; € {0, 1} is an electron occupation quantum number for single particle
state ¢ and L is the total number of single particle states. For now, we will consider
the general case where the number of electrons are not conserved. For many large
systems of interest, it is computationally infeasible to obtain this ground state since
there are 2° configurations. Through the use of singular value decomposition which

we will show in the next section, we can express Eq. 2.23 as a matrix product state

(MPS) given by

w) = > MU Bz Iy oy ) (2.24)
ni,n2,...,nr,=0,0,...0
where each M7k ig a matrix and the maximum dimension of all of the M¥™ matrices

is xmax- In practice, we will drop the superscript [k| since it is implied by the order

in which M™ appears in the product MM AfRInz ... AflEne a5 shown by

L1,..1
|T) = > M™M™ .. M™ |y, ny, ..., ng).
n1,n2,..,n=0,0,...0
We can make an approximation to Eq. 2.24 by setting a maximum dimension m <

xaax. With this approximation, the number of configurations O(2m?L) is linear in

L which greatly reduces the Hilbert space.
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2.2.3 Singular Value Decomposition

Before we get into the details on how MPS and DMRG lead to an approximation
of the ground state that utilizes only a small portion of the total Hilbert space of
the system, it is imperative to show that an arbitrary many-body wavefunction as
shown in Eq. 2.23 can be expressed as an MPS as shown in Eq. 2.24 without any
approximations. The process of obtaining an MPS from a wavefunction involves
expressing the coefficients of the wavefunction as a 2 x 27! tensor and iteratively
applying singular value decomposition until you have a product of L tensors.

The 2 x 257! tensor that describes the coefficients of the wavefunction in Eq. 2.23

is given by

& Yo0..0) Yo0.1) ot Yo (2.25)

Y1000 V0.1 0 Vi)

where the n; is the row index and (ns...ny) with no comma separation between the
quantum numbers is a composite index denoting column.

The matrix ¥ can be decomposed into three matrices as shown below

i Uoi Upp Sip 0 Vio.op =+ Via.n (2.26)
Up Uip 0 Sop Vojo..00 = Vo
= USV (2.27)

where U is a unitary matrix, meaning UTU = 1, S is diagonal and V', also a unitary
matrix, is a matrix pertaining to the orbitals 2,..., L. This method of factoring a
matrix is known as singular value decomposition [41]. To clarify the indices of each
matrix, the matrix element of U is U,, ;,, the matrix element of the diagonal matrix S
is S, i, and the matrix element of V' is V;; (n,. n,). For the next iteration of SVD, the
matrices S and V' are multiplied together, where the corresponding matrix element
is given by (SV)ih(annL), and reshaped into a matrix whose elements are given by

(SV)(i1n2),(ng..np)- SVD is then applied to the reshaped SV matrix.
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To illustrate the process of obtaining an MPS more concretely, the iterative sin-
gular value decomposition will also be applied to a simple many-body system of two
electrons on three orbitals in addition to the general case.

Consider the many-body wavefunction of a three orbital system.

(1,...,1)

‘CI)>: Z ¢n17n2,n3‘nlan27n3> (2'28)

n=(0,0,0)

The tensor of wavefunction coefficients for this system with all possible electron num-
bers is given by

b ®o,00) Po,01) Po,10) Po,11) (2.29)
P1,000) P1,001) P1,(10) P1,(11)

Here, indices in the subscripts are grouped to denote row and column and have no
effect on the actual value of the coefficient itself, i.e. ¢n, (nony) = Pnimams. The
row index corresponds to the occupation of the first orbital, where the first row
contains configurations with the first orbital being empty and the second row contains
configurations where the first orbital is occupied. The column index is a composite
index starting from (00) that is a two digit binary number that corresponds to the
occupations of the second and third orbitals. For example, the index (10), which is
the third column, refers to configurations where the second orbital is occupied and
the third orbital is empty.

Since we will focus on the two electron case, all other coefficients will be set to

zero except for the ones corresponding to two electron configurations. The coefficient

tensor for two electrons is given by

. 0 0 0
6 _ Po,(11) (2.30)

0 1,01 ¢1,000 O

which can be decomposed using singular value decomposition as shown below
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- 10 |01 0
0 1 0 \/|€Z5101|2 + |¢110]?
0 0 0 Po11/|Por1
% 0 101 110 0
Vo112 +Hé1102  /1610112+ ¢1102
=U'S'V' (2.31)

Each matrix element of the general many-body wavefunction tensor W can be

expressed in terms of sums of products of individual matrix elements of U, S and V

X1
wnh(ng...nL) = Z Unl,i1Sil,h‘/ﬁ,(ng...nL)' (232)

i1=1
We can redefine the tensor U as two row vectors A" with entries A7 and multiply

the S and V' matrices together to obtain the following expression

X1

¢n1,(n2...nL) = ZAnlwzl, (n2..np) (233)
=1
Where ¢i17(n2---nL) = Si1,i1‘/il,(n2...nL)'
The same expression applied to the two electrons on three orbitals case is given

by

¢n17(n2n3 Z Anl gbll, n2n3 (234)

i1=1

= An1/1¢1,(n2n3) + Anl/Z(bQ,(ngng,)

where the tensor A™’ is the tensor U’ reshaped in the same way A™ is U reshaped
from the general case. As an example, the expression for ¢ 11y using Eq. 2.34 is

given by

®o,11) = 1 X ¢p11 +0 x 0 (2.35)
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which is trivial given the simplicity of the system.

We now have the first tensor in the general MPS A™ and the two electron MPS
A"’ To obtain the other A™ tensors where k € {2,..., L}, singular value decom-
position is performed iteratively on ¥, (n,..n,). First, the 2 x 2L=1 matrix Vi (no..mr)
is reshaped into ¥(;ny),(ns..n) Which is a 4 x 2572 matrix. For the two electron case,

the reshaping of ¢;, (nyny) tO @(i1ny)n, s illustrated below

®00),0 P00),1

Po,00) Po,01) Po,10) Po,(11) | reshape | Po1)0 P11 (2.36)

G100 P01 D0 Pran) b0y0 P01

dano P

It is important to note that the first index is 4; which is the row index of S’V and not
the occupation of the first orbital n;. However, in this specific example, the indices
71 and nq happen to be equivalent as a consequence of U’ in the first singular value
decomposition being the identity, which in general is not the case.

The decomposition of ¥ ny),(ns..ny) 18 given by

X2
7p(iﬂlg),(n?,...nL) = Z U(ilng),igsig,ig‘/ig,ng...nL

i9=1

X2
= Z AZ%iQQ/)(iQnS),(nAL‘..nL) (237)

i9=1
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For the two electron case, the decomposition of ¢, n,)n, is given by

®(00),0
®01),0
$(10),0

®a1),0

®(00),1
b1
P10
b1

0

01

\/|<Z5011|2 + |101]?

0 0
o011 0
v/ |#o1112+|p101[2
9101
v/ 10112+ 10112
O ¢110/’¢110’
\/|<Z5011’2 + |p101 |2
0
U’ s

10

30

(2.38)

(2.39)

where the coefficients ¢,,n,n, on the right hand side of the equation with no commas

in the subscript are the original coefficients of |®). Again, U('{ is redefined as
i1n2),i2

. _o/ 17 . . ’
two matrices A"2=% and A™2=!" with entries A2

11,02 °

For this three orbital system,

the iterative singular value decomposition stops here. The final tensor A™’ can be

obtained by reshaping the product S”V”. We have now obtained the MPS for a

system of two electrons on three orbitals, which is given by

(@) = A™A™A™ |y, na, )

where the A™’ tensors are

A== (0 1)
0 0 Po11
Angzl’ _ | VlIpr0112+|#110/?
o101 ’

v/ 11012+ p11012

Am=" = (1 0),

AnQZO/ _

An3:0/ _ 0
|$110]

?

An3:l/ _

V]do1]? + [p110]?
0

0

¢110/|¢110|

(2.40)

For the general case, the singular value decomposition continues to iterate until
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all orbital dependent tensors A™ are obtained. As in the case for two electrons on
three orbitals, Ui n,), is redefined as two matrices A" with entries A}, in the same

way. Likewise as in Eq. 2.33, the S and V' matrices is multiplied and then reshaped

for another singular value decomposition.

reshape
w’iz,(ng...nL) Q/J(igng) (n4..np)
w(22n3 )s(na..np) ZUZQTlg ),(43) Sld 23‘/13, (n4...n) (241)
i3=1
o Z 12 iz ¥ (i3n4),(n5..nL) (242)
i3=1

Substituting Eqns. 2.37 and 2.42 into Eq. 2.33, we get the following expression

for the wavefunction coefficient

X1 X2 X3

Vnyng.ng, = Z Z Z AHIAZQ,QAZS,@;’(# igng),(ns...nr) (2'43)

11=1142=113=1

Through iterative application of the singular value decomposition, we arrive at a

general expression for the matrix product state

X1 XL-1
:ZZ Z Z A ’ Achlll. A?LL1|n1""’nL>
n i1=1 ip=1 i1=1
:ZA”1~--AHL|H1,...,HL> (244)

The form of the MPSs in Eqs. 2.44 and 2.40 is known as left-canonical form. In this
form, each tensor A™ in |¥), as well as A" in |®), has the following normalization

feature

D ATAM =T (2.45)
ng
because the A™ tensors are reshaped unitaries from the SVD. Of course, the right
most tensor A™ does not satisfy this condition, but can be made to if a normalization

constant is factored out.



CHAPTER 2. METHODOLOGY 32

It is important to note that MPS representations are non-unique. For example,
the identity in the form of XX ! = 1 can be inserted between tensors A™ and
A™+1 Jeading to new tensors M™ = A™ X and M™+ = X~1A™+ to be defined.
These types of transformations introduce a gauge degree of freedom. Due to this
non-uniqueness, the wavefunction can be expressed as an MPS that does not assume
any type of canonicalization, i.e. does not assume a normalization condition of the
type in Eq. 2.45. A more general expression of an MPS that is still equivalent to Eq.

2.23 is given by

(W) =Y M™ e M™ny, . n)

XL—-1

X1
=D D0 MM M ) (246)

n i1=1 ’iL_1=1

The advantage of expressing the wavefunction as a product of orbital dependent
tensors, i.e. expressing the wavefunction as an MPS, is that the wavefunction is
encoded in L tensors instead of 2 complex numbers. To show the reduction in com-

plexity using MPS, say a threshold for singular values ¢ is set such that any S;, ;, <e¢

kolk
are discarded. This brings the maximum dimension of all of the M™ tensors, which
we will call m to be much less than the maximum dimension yyax which is the max-
imum without any truncation. The term for this maximum dimension m is the bond
dimension of the MPS. With this approximation, the number of terms in the wave-
function is now O(2m?2L) instead of O(2F) which is linear in the number of orbitals
instead of exponential, greatly reducing the storage required for the wavefunction.

Another ingredient in the DMRG algorithm is to transform a general MPS into
left-canonicalized form and another form that has yet to be introduced, the right-
canonicalized form.

To bring Eq. 2.46 into left-canonicalized form, SVD can be applied iteratively on

each M" starting from the left most tensor and sweeping through to the right as

shown below, starting with the reshaping of row vector M;" into the matrix M, ;.
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wm, T z :Mnlyll 21712 7,2,7,3 co

7417

ng ns3
- E (E Um,h J1,J1 ]1711) le ngig,ig e

Zl7

12, J1

= ZZA J1,12 22,13"'

12,

- Z Z A (Z U(mjl);]é sz,jQ Vj27i2) MZZS T

19,.. J2
= Z Z Z Anl A;l12]2 <Z sz J2V32712Mg313> ’
13, J1 J2 i2
- Z Z Z AnlA?sz 2313 T
13, J1 J2
- A A 247

The result is an MPS in left-canonicalized form, which means that the normal-
ization condition in Eq. 2.45 is satisfied. To obtain the right-canonicalized form, the
process is similar except the SVD sweep goes from right to left as shown below. The

process begins with reshaping the matrix MZ-"L to M;

tL—1,1L "
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_ § : nL—2 nL—1 '
wnlamynL - et MiL737iL72MiL717iL72MlL—17nL

sl —1
_ A{”L 2 nL 1 ‘/
- i1, —3,0L—2 ZL 1,8 —2 ZL 1,JL—1 JL 1,JL—1VJiL—1,mL
celp—1 JL—1
_ E E E nr—1 nr,
- ZL 3’LL 2 MiLfl,iL,QU'LLflv]LflS.]LflaJLfl B]L 1
wslL—2 JL—1 iL—1
= M2 NI B
1L—3,0L—2" 'L—2,JL—1" JL-1
ceslL—2 JL—1
_ vV B
- .- zL 3zL 9 lL 2,JL—2 ]L 2,JL—2Vjr—2,(nL—1jL—1) SL_1
wlL—2 JL—1 JjrL—2

— nrL—2 nr—1 ny,
=2 2D N LB B

weslL—3JL—1JL—2

=D BB, B (2.48)
Eq. 2.48 is the MPS in right-canonicalized form where a normalization condition

similar to Eq. 2.45 is satisfied as shown below
> BB =1 (2.49)

where the complex conjugate is multiplied on the right instead of the left. Again, the
left most tensor B™ can be made to satisfy this condition if a normalization constant
is factored out.

The next part is expressing the Hamiltonian as a matrix product operator (MPO)

just as the wavefunction was expressed as an MPS.
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2.2.4 Matrix Product Operators

A matrix product operator (MPO) is a form of an operator whereby each matrix
element is expressed as a product of orbital dependent tensors in the same way an
MPS is a form of a wavefunction where each coefficient is expressed as a product of
orbital dependent tensors. The matrix element of an MPO is given by

(ny...n7|0|n .. Z Gm’anm’n? LG (2.50)

11,22 1L—1

where each G::“j;;k is a matrix element of a matrix G™ ™ pertaining to the k" orbital.
The G™ " matrices in the MPO matrix element are analogous to the M™ matrices
in the MPS wavefunction coefficients Eq. 2.46.
To begin the derivation of the MPO, we will use a two-body operator in second
quantization as a starting point given by
L L L L
O:ZZZZZﬂOM lccckcl (2.51)

i=1 j=1 k=1 I=1

where ¢, 7, £ and [ denote orbitals and there are L orbitals in total. First, it is
standard practice in the MPO formalism to express each term as a tensor product of
site operators [36,42]. For example, in a bosonic Hamiltonian in the basis of L single

particle states, the term aJ{a4 expressed as a tensor product of site operators is given

by
day=d @I®I®exI® - QT (2.52)

where a' (a) is the bosonic creation (annihilation) operator and I is the identity
operator.
Since we are dealing with fermionic operators, we need to introduce a negative

analogue to the identity, I—, so the anticommutation relations are satisfied. To do
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this, the following definitions are made.

0) and 1) = (2.53)

where |0) and |1) represent an occupied and unoccupied orbital respectively.
This representation of the occupation basis leads to the following representations

of the fermionic operators

c= ¢l = : (2.54)

I~ = . (2.55)

Using these definitions, the fermion operator for site k is given by

C;Sr):I_®"'®I_®C(T)®]®"'®]

_ (@ ]> oM (é [) (2.56)

i=k+1

where ¢ is in the k™ position of the tensor product.
We can now express a term in Eq. 2.51, say 01050406, as a tensor product or site

operators
deees=dlIm ol odocol ®@clo -1 (2.57)

The sum of two MPOs can also be expressed as product of orbital dependent

tensors. For an operator R = A+ B, where A = A1 ® A, ®---® A and B =
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By ® By ® -+ - ® Br, the sum can be expressed as

A2 0 AL—l O AL
Ro (A1 Bl) (2.58)
0 B, 0 Bra By,

where A; (B;) is the orbital dependent tensor for orbital i [42].

To obtain the MPO for Eq. 2.51, we start with the first two terms

T, = (1,1|0|1, 1)l cfec + (1, 1|01, 2)c cfee

= (1,1{0[1,1) (c'cfec®@ T @ I...) + (1,1|0[1,2) (c'clel" @ c® I ...)

o\ (7 0
= <<1,1\O[1,1>c*c*cc <1,1’O|1,2>CTCTC[_)
0 ¢)\0 I
= whwl . wl (2.59)
where
Wit = ((1, 110]1, Detetee (1,1|0|1,2>cTcTcI> ,
I 0
Wi =
0 c
and
g (10
W = for 3<k<L (2.60)
0 c

Since each site specific fermionic operator, as well as the identity, can be represented

as a 2 x 2 matrix in the occupation basis, the matrix element of 77 in the basis of
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configurations is given by
(0| Ty |n) = Wy e e (2.61)

where ny(n},) € {0,1} for 1 < k < L. Note that we have now dropped the superscripts
in the square brackets from Eq. 2.59 since the tensor element W' 7% s defined by
the order in which it appears in the multiplication.

So far, we have obtained an MPO for the first two terms of the Hamiltonian. We
must now deal with the remaining terms. For every two terms, a 7; MPO can be
constructed which would result in % T; MPOs. The same addition process can be
applied, but now for the Ti(l) tensors. The first step would be to construct a Tl(l)
tensor where Tl(l) = Ty + T3, but now, each tensor has a larger bond dimension.
At this stage, the iterative SVD can be applied from left to right, from Tl(l)ml’n/1 to
Tl(l)mL’n/L to lower the bond dimension by discarding negligible singular values in the

exact same way it was done for the MPS in Eq. 2.47. Of course, for every singular

matrices

value S, 4, that is removed, a column and row from the U, (n » and Vg, ;,

NkQk—1),qk

respectively must also be removed. The iterative SVD process for the tensor 7} fl)mL’n/L

is shown below
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(n\T ]n> Z W(l il g (Dinany g (ineny

7’17Z2 1L—1
11,82,

Z ”1W (1); nZJLg - WA(I)V’ZLJZ/L

ni1,t1 11,2 1L—1

- Z Z ( n1 Q1SQ1‘/¢]1,11) Wl(11’22n2,n2 Ce

= Z Z X (Z Sy Var s W™ ”) .
i2.. i

- Z Z thnl (Z (222611)@25‘127(12 ‘/;1272'2) Wz(;,iéns’ng e
i2..

q2

D IPIPIR AL vk (Z Sts:Vanss WSL““) N
12

i3... q1 QG2

DD GRS I A (2.62)

q1,92
q15--,9L—1

This iterative SVD process is applied to all of the Tj(l) V j tensors and then once
again, every two terms are added using the MPO sum method, which would lead to
Tj(2) terms where, for example, T} 1(2) T, ) —|—T and T Tg(l) +T. 4(1). The iterative
SVD is applied once again, but now to the T] tensors. This process of adding MPOs
and then applying iterative SVD to the “chain” of orbitals is iteratated until all of
the terms are added. The final result is an MPO with a complexity much lower than

the full many-body operator, which is given below

0= Z Z GIU G G ) (| (2.63)
where ¥ = (x1,-..,Xxz-1) and xmax = m is the bond dimension. The number of

matrix elements reduces drastically from 2% x 2¥ for the full many-body operator to
O(4m?L) for the final MPO, provided m is relatively small.

So far, we have obtained an MPS approximation of a wavefunction and an MPO
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approximation of a many-body operator. The implementation of the DMRG algo-
rithm to obtain the ground state requires both of these ingredients, which will be

discussed in the next section.

2.2.5 The Tensor Network Formalism of Density Matrix Renor-

malization Group

So far, it has been shown using SVD that an MPS approximation of a wavefunction
scales linearly with system size as O(2m?L). Likewise, it has been shown that an MPO
approximation of an operator also scales linearly with the system size as O(4m?2L).
The density matrix renormalization group (DMRG) algorithm exploits this linear
scaling of the Hilbert space of low-entropy systems in order to obtain the ground
state of large many-body systems variationally.

The aim of the DMRG algorithm is to solve the following equation using the

variational method

(U|H|T) — E(T|T) =0 (2.64)

Before we outline this process, we will introduce the graphical representation of tensor

networks.

2.2.6 Graphical Representation of Tensor Networks

A tensor network is a tensor that is factorized into a product of a network of tensors.
Matrix product states and matrix product operators are both examples of tensor
networks. I will introduce a graphical notation for tensor networks popularized by
Chan and Schollwock [36,43]. The graphical notation helps keep track of which
indices are summed over since tensor network expressions usually contain products of
many tensors and many indices. It is also useful when taking derivatives of a tensor

network. Before we apply the graphical notation to MPS and MPOs, I will go over
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the rules.

First, a single tensor is represented as a node with legs, where each leg represents
an index and hence, the number of legs equals the rank of the tensor as shown in Fig.
2.2. The actual shape and colour of the node and the placement of legs on the node

do not matter.

(2) (b)

Figure 2.2: Graphical representations of tensors of different ranks: A scalar (rank 0)
(a), a vector (rank 1) (b), a matrix (rank 2) (c) and a rank 3 tensor (d). Indices are
labeled.

The multiplication of tensors is represented by the connection of legs. When legs
are connected, the index corresponding to that leg is summed over. The example in

Fig. 2.3 shows the multiplication of two matrices A, ; and B, ;.



CHAPTER 2. METHODOLOGY 42

(@

Figure 2.3: Multiplication and contraction of two matrices. Two matrices A and B
(a). Matrix product AB (b). The contraction of tensors C' = AB (c).

Furthermore, if tensors have a closed connection between them such as in Fig. 2.3
(b), the tensors can be contracted into a single tensor as shown in Fig. 2.3 (c).

We can apply these rules to construct a graphical representations of an MPS and
an MPO as shown in Fig. 2.4.

(a) ny ng

ny nr

Figure 2.4: Graphical representations of tensor networks. Matrix product state (a)
and a matrix product operator (b)

Although the placement of legs does not affect the mathematical expression of
the tensor network, it is convention to have the physical indices, that is the indices
corresponding to quantum numbers, pointing vertically, while the bond indices are

horizontal. The graphical representation helps keep track of which indices are summed
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over, since those indices are represented by connected legs.
It also helps with writing expressions for derivatives of tensor networks. Consider
the example of (U|O|¥). The tensor network representation is obtained by combining

Egs. 2.46 and 2.63 and is given by

n/

(Z M™ M”L|n)>
—ZZZZM’“ PG G MR (2.65)

(T|O|W) = (Z<nf|M”’LT...M"’1T> (Z Gm’vml...amim|m><m'|> X

The derivative of the expectation value of O with respect to a tensor element M,*"

k—1"k
is given by the following expression.
0 oy = ST M AL e g
aMnk % k1 Uholhga L-1
zk 17% n’ 1’ n,j,i
nllvnl n;gvnk nLanL ni nr,
G, G G P M M (2.66)
Here, ' =n' — {n,}, V=1 - {i},_,, i} andj={j, | 1<p<L}.

Since Eq. 2.66 is a long expression with many indices, it is difficult to keep track
of which ones are not summed over. Graphically, taking the derivative is equivalent

to removing a node from the diagram in Fig. 2.5(a) which is shown in Fig. 2.5(b).
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@
(VO]T) =

(b)
O(V|O|¥)

’I’Lk:*
oM k"

7 (A

k—1""k

Figure 2.5: Graphical representations of the expectation value of O (a) and its deriva-
tive with respect to orbital k (b).

So far, we have learned how to create an MPS and MPO using iterative SVD. We
have also learned about the graphical representation of tensor networks and how to
take a derivative of a tensor network with respect to a tensor element. All of these
concepts will be put together in the DMRG algorithm when computing the ground

state.

2.2.7 The DMRG Algorithm

Recall that the variational method of obtaining the ground state consists of minimiz-
ing Eq. 2.64 with respect to tensor elements M mix The goal of the algorithm is

Tk—150k"

obtain a solution to the following system of equations

0

T(<W|H|\P> — E(¥|T)) =0 (2.67)
aMikk—hik
for all tensor elements of {M™ | 1 < k < L}. Doing so will result in an eigen-

value problem that can be solved using a traditional diagonalization routine such as
Lanczos. Before explaining the steps of the algorithm, I will demonstrate how to
reduce Eq. 2.67 to an eigenvalue problem. Recall that the expression for the deriva-

tive of (V|H|U) was already obtained in Eq. 2.66, where the operator O in this
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case is the Hamiltonian H. All of the nodes in this tensor network except for the

node M;* ; can be contracted into a single node which we will call the superblock

n . .
Hamiltonian whose tensor element is H@ i 'z i The graphical representation of
E—1k> )

the %(MHW) is given by

O(¥| H|W) i, i

aM@: 100 H

Figure 2.6: T(W]H]\IJ) in terms of the superblock H and site k.
oM

1

which is equivalent to the following expression

8 n Nk n
—aM”k (UIH[T) =Y Y R (2.68)
Nk Zk: 172k

17,

The expression for the superblock Hamiltonian is given by

FrTV T nf* ”k 1* Mo y1* nlp *
H™, —EEEM . MO M x
b1 g tk— 1,0k < Zk DAL R R 10 YA ‘L—1
i/ l
/
mny,n1 nL,nL ni Nk—1 Nk+1 nr ( )
GOv™ LG LM MM 2.69

where 1 = i — {ix_1,ix} and i = i — {#}_,,i,}. The superblock Hamiltonian is
equivalent to removing the M™ and M"* nodes from the (H) tensor network.

To compute the overlap derivative f(‘l!\\m the tensors left of the M™ node
oM , -/
i1t

are contracted to a tensor L and the tensors right of said node to a tensor R as shown

graphically in Fig. 2.7.
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o(¥|W¥)
’I’L, >k p—
aM-/k /
'k—1"k

Figure 2.7: Derivative of the overlap. The tensors to the left of M™ are contracted
to a tensor L and the ones to the right are contracted to a tensor R.

The expression of the overlap derivative in terms of L and R is given by

d n
T \IJ|\I/ Z L’k 1ok 1Mlkk12kRi2»ik (2'70)
aMzk 1,7,k Uo—1,0k

where Ly ;,_, is given by

n1* q rni N * N ( )
Li o= >, > > MMM MR 2.71

MLy —1 Uyl —2 1] ,08)

and Ry ;, 1s given by

_ nk+1* ’ﬂk+1 nr* n
Zk’lk - Z Z Z Mzk ot q lk 2,0k—1 " MlLLlMlLL1 (272)
Mgt 1seesNL Thyeeny 8L —1 zk, ,zL_l
Let us assume that the tensors in L are all left-normalized as in Eq. 2.45 and the
tensors in R are right-normalized as in Eq. 2.48. Then both L and R become identity

matrices. The proof of L = I is given below. Because the M tensors in L are
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left-normalized, they are replaced with A tensors.

) ) _ nikx Ani no* ng N —1% NE—1
LZL_IJk—l - § : § : E : E :Az’l Ail A21 z2A21ﬂ2 ) "Ai;_Q,i;ﬂ_lAikf%ikfl

ST—1 U1yl —2 4] i) n1

— 5 ATLQ* An2 Ank—l* Ank—l
ihin Ay it Migan Ayt Th—2,ik—1
1142 ) k—2"k—1 ’
na 77,

SM—1 11,5l —2 4 ..

— no* no 7L3>|< ns N 1% MNk—1
o Z Z Z Z An 12A11 2 A AlQﬂd e 'Ai;€72,i;€71Aik—27ik—1

M3 yeeeyMp—1 12500y l—2 150 o \P2,%1

. n3>k ns3 NEk—1% Nk—1
= E E E 51271214 Azg i3t Aik_Q,ik_lAikf%ikfl
ns3

SMk—1 12,5yl —2 1), 0)

— n3*x ns3 T4* ns N 1% Np—1
o Z Z Z Z Azz szlzﬂs A13,14A13,14 e 'A’i%_Q,i;ﬂ_lAikfmik—l
n4

SMk—1 1350yl —2 if,...,0) n3,iz

_ A”k 2* A”k—2 Ank—l* Ank—l
- i i ik—3,0k—2 i Th—2,lk—1
k=3t 2 ) k—20tk—1 ’

Mg—1 1) _o tk—2 \Mk—2,ik—3

_ A”k 1% nkfl
2 :z : T — Q,Zk 1 Zk—2ﬂk—1

Ng—1 Th—2

=y

lk_lvik'—l

(2.73)

The proof for R = I is similar except the process begins with contracting Mt ML
to the identity starting from the right of the tensor network instead of the left and
utilizing the right-normalization condition instead of the left-normalization condition.

The M tensors in R are replaced with B matrices.
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_ Np41% nr—1 nr* nr
Ryw= 2 2. 2. BBl | LBSBIE )

k4150 TL— 11k+1, g Tkl —1 nL

— Bnk+1* B”L72 B"L 1% anl
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With the contraction of the L and R tensors to identity matrices, the expression

for the overlap derivative simply becomes the M tensor for orbital k.

0 n
_— \IJ|\IJ> - Z 5i;€71,ik71Mikil,ik6i;€7ik

aMzkk i Ik—1,0k
=M (2.75)

Substituting Eqgs. 2.68 and 2.75 into Eq. 2.67, the minimization problem becomes
Tk n . n/
Z Z H’Lk;k 171k7"k lylkMikljik—l EM'ka l’ik (276)
Nk Zk—luzk

By constructing composite indices o« = (n},7},_1},) and S = (ngig_1ix), the superblock
Hamiltonian is reshaped into a matrix (rank-2 tensor) and M tensor is reshaped into

a row vector, resulting in Eq. 2.76 turning into the following eigenvalue problem.

> HapMs = EM, (2.77)
B
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As mentioned before, the ground state can be obtained by solving the eigenvalue
problem above (Eq. 2.77) for all tensor elements {M;* ;, | 1 <k < L}. Since
Eq. 2.77 pertains to the tensor elements of a single MPS tensor M™ obtaining all
MPS tensors requires obtaining a solution for all eigenvalue problems simultaneously
in a self consistent way since the solution to one eigenvalue problem is used as input
for another eigenvalue problem. The DMRG algorithm is a systematic way of solving
the large number of eigenvalue problems by solving a specific eigenvalue problem
pertaining to a tensor M™ while keeping the other tensor elements belonging to
other sites constant and then moving to the next tensor M™+! and repeating the

process, sweeping back and forth through the chain until the new tensors are equal

to the tensors of the previous iteration. The algorithm is as follows.

1. Generate a random MPS and set the bond dimension m to a value small
enough for computational feasibility. Apply iterative SVD until the MPS is

right-normalized, i.e. consists of all B tensors.

2. Starting from site k = 1, construct the superblock Hamiltonian, reshape it and

then diagonalize using an iterative method such as Lanczos diagonalization.

3. Using SVD, left-normalize the tensor M™ that was obtained from the diago-

nalization. Multiply the S and V matrices to the tensor to the right, which is
M "EA+1

4. Repeat steps 2 and 3 until £ = L — 1. This process is known as the right sweep.

5. Starting from site £ = L, construct the superblock Hamiltonian, reshape it and

then diagonalize.

6. Using SVD, right-normalize the tensor M™ that was obtained from the diag-
onalization. Multiply the S and V' matrices to the tensor on the left, which is

M1,

7. Repeat steps 5 and 6 until £ = 2. This process is known as the left sweep.
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8. Repeat steps 2-7 until convergence is reached.

As mentioned before, the number of configurations in the ground state MPS ob-
tained with this method is O(2m?L), which is linear in L instead of exponential
if one were to solve the many-body Hamiltonian using exact diagonalization. This
computational advantage is what allows large low entropy many-body systems to be
solved.

In practice, even with this reduction in complexity, the Hilbert space is usually
reduced even further by imposing the conservation of quantum numbers. In this dis-
cussion so far, the physical indices only contained fermion occupation number ny, but
in principle other quantum numbers can be physical indices, say local z-component
of spin of. For this discussion, we will restrict ourselves to the conservation of total
electron number N = ), ny, but the following method for imposing quantum num-
ber conservation works for any quantum number provided the quantum number arises
from U(1) symmetry. Conserving quantum numbers that arise from SU(2) symme-
try such as S? is more complicated since the non-commutativity of the generators
representing the SU(2) group has to be taken into account.

Conserving total electron number is done by treating the physical and bond indices
as a type of “charge”. Incoming and outgoing indices can be defined where the
outgoing indices equals the sum of the incoming indices. Tensor elements with indices
that satisfy this conservation of charge are the only non-zero elements. In Fig. 2.8, the
incoming indices are indicated by an arrow going into a node and outgoing indices are
indicated by arrows leaving a node. The dotted arrow lines indicate dummy bonds,

labelled m and m + N.

ny nr

— e m N

Figure 2.8: MPS with incoming and outgoing indices.

Imposing quantum number conservation is much like conservation of charge in

circuit diagrams [36]. Consider a 3-pronged “T” junction where incoming current is
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flowing through two prongs and outgoing current is flowing through one, the outgoing
current must equal the sum of the incoming currents. Similarly, the outgoing index
for a node k in Fig. 2.8 must equal the sum of the incoming indices, i.e. i), = ng+ip_1.
The global condition that must be satisfied for m + N to be conserved, where m + N
in this case is total particle number, is 25:1 ng + Zf;ll iy, = m + N where m + N
can be set arbitrarily [36].

Thus far, I have shown how the DMRG algorithm can be used to solve the ground
state of a many-body system by using SVD to reduce the Hilbert space to O(2m?2L)
configurations. To determine electronic and magnetic properties of the system, often
it is useful to obtain a few excited states. The DMRG algorithm can also be used to
obtain low lying excited states. There are several different methods to do this. One
method is to impose a quantum number conservation, such as total S*, to the trial
MPS so that the ground state in this symmetry sector of the Hamiltonian is the first
excited state of the system. Another method is to compute the ground state first,
and then apply an energy penalty to the ground state so that the DMRG algorithm
will minimize the energy to the excited state instead. Also, adding a term such as
a Zeeman term can cause the triplet to be the ground state in a system where, for
example, the singlet state would be the ground state. In the next section, these three

methods for obtaining excited states will be discussed.

2.2.8 Excited States

There are three methods for obtaining excited states using DMRG that will be dis-
cussed in this section. The first method that will be discussed is the use of quantum
number conservation. If the structure of the low energy spectrum is known, for ex-
ample, if the ground state is a singlet and the first excited state is a triplet, one can
set the total S* = 1 for the trial MPS. The DMRG algorithm will then look for the
lowest energy state in this symmetry sector, which in this case will be the triplet.
Another method is to add a term to the Hamiltonian that penalizes the ground state

energetically. Finally, a term can be added to the Hamiltonian that acts as a sort
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of chemical potential. Examples include an actual chemical potential term, or a uS?
term. One can set p that would minimize the energy of certain configurations.

To find the excited state using the conservation of a quantum number, consider
the example of conserving total S*. In this example, the physical bond indices ny
of the MPS defined in Eq. 2.24 will no longer just refer to occupation number, but
will include a spin degree of freedom. This new definition of n; for this example is
ni € {|0),| 1), | ), | T4)}. To a state of S = 2, the outgoing index in Fig. 2.8 is set
m + S%. Using the same condition that >, i, + >, S = S?, then only the tensor
elements M;* ; that satisfy this condition will be nonzero. Even if the true ground
state of the system is a singlet, the DMRG algorithm will look for the lowest energy
state that contains S* = 2. The advantage of this method is that the excited state is
treated exactly as if it were a ground state, thus there is no added complexity to this
process. However, the states that can be accessed using this method are limited by
the quantum numbers that are encoded in the physical indices. For example, in the
case of a spin-1 Heisenberg chain with an even number of spins, it would be impossible
to find a triplet state with S* = 0 using this method since the lowest energy state
with this S* value would be a singlet.

The next method for obtaining excited states would be to penalize the ground
state. First, DMRG 1is used to obtain the ground state |GS) of the many-body
Hamiltonian H. Once the ground state has been found, the Hamiltonian is modified
to H' = H 4+ w|GS)(GS| where w is the energy penalty for the ground state. If w
is large enough, then the ground state of H becomes the highest energy eigenstate
of H', leaving the ground state of H’ to be the first excited state of H. This pro-
cess can be repeated to find higher energy states. The advantage of this method in
principle is that one can find states that cannot be found using the previous method.
In the example of a Heisenberg spin-1 chain with an even number of spins, if the
first excited state happens to be a triplet with S* = 0 and given that if the ground
state is a singlet, this method would allow one to find such an excited state. Unfor-

tunately, computing ground states using DMRG are computationally expensive, thus
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the amount of resources needed to compute the n' eigenstate scales as O(n?) [44].
An alternative to the previously mentioned methods is to add a term that acts as
a chemical potential or magnetic field. If for example one wants to compute a state
with total S? = 0, a term ;S? can be added which will penalize any nonzero S? state
if 1 is large and positive. Another example would be to add a Zeeman term —BS*?
where B > 0. Varying B can cause different states of S* to be the ground state.
The advantage of this method is that a state with a specific property can be isolated.
However, adding a term like this increases the bond dimension of the MPO which in
turn increases the number of tensor elements with a scaling of N2, ..
These are several approaches to obtain excited states using DMRG. There has been
work done on other methods such as imposing SU(2) symmetry which is outside the
scope of this work [45]. The methods that were used to compute excited states in

this work were the first and third methods, which are imposing U(1) symmetry and

adding Zeeman-like terms.



Chapter 3

Systematic Study of the Emission
Spectra of Nanowire Quantum

Dots

My Contribution

This work was done in collaboration with the National Research Council of Canada.
As the lead University of Ottawa-based graduate student under the supervision of
Pawel Hawrylak, I designed and simulated the InAsP quantum dot nanowires with
both uniform As distributions and gradient distributions. Using the parameterized
tight-binding model, I computed the emission spectra of the quantum dots. Further-
more, | wrote the entire theory portion of the paper and constructed Figures 3.1(d)
and 3.5. The National Research Council research group fabricated the nanowire

quantum dots and performed photoluminescence and correlation measurements.
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Abstract

A systematic study of the emission spectra of single InAsP nanowire quantum dots
in position-controlled InP photonic nanowire waveguides is presented. Using exci-
tation power-dependent photoluminescence and correlation measurements, we distin-
guish between the different excitonic complexes responsible for s-shell emission. From
measurements of over 40 nominally identical devices, we obtain standard deviations
of ~ 5meV in the emission energy of exciton, biexciton and charged exciton pho-
tons. Mean biexciton binding energies were 1.9meV with a standard deviation of
~ 0.8meV. The experimental spectra are understood using atomistic multi-million
atom theory of neutral and charged multi-exciton complexes implemented in the de-
sign tool QNANO.

In semiconductor quantum dots the photon emission spectrum depends on the
number of photo-excited carriers [46]. Hence a single photon can be spectrally iden-
tified as a recombination from a single exciton. Similarly, entangled photons can
be generated by multi-exciton cascades [13,14,47,48]. The difficulty in generating
entangled photons by the bi-exciton (XX)-exciton (X) cascade is due to the exciton
fine structure [49-53]. This difficulty is overcome by using symmetric quantum dot
systems in which fine structure splittings are negligible [54-56]. Alternatively, entan-
gled photon generation can be facilitated using quantum dots where the XX photon
emission energy is degenerate with that of the X photon. The biexciton-exciton cas-
cade in such a system is predicted to be less susceptible to deterioration of the degree
of entanglement of the emitted photon due to electron-phonon interactions [57]. A
vanishing biexciton binding energy can be achieved, for example, by gating [58—60]

but may also occur naturally for specific structural parameters [33,61].
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Nanowires have shown promise as efficient sources of non-classical light [62-65].
To investigate the possibility of creating a system having the desired excitonic energy
configuration for high fidelity entanglement generation, we study InAsP quantum dots
incorporated in bottom-up InP nanowire structures. This system is ideally suited for
engineering single and entangled photon sources as their diameter, height and com-
position is well controlled. In particular, we combine selective-area (SA) epitaxy and
vapour-liquid-solid (VLS) epitaxy [66] to grow position-controlled devices consisting
of a single quantum dot with a precisely defined geometry optimally located within
a photonic nanowire waveguide [67].

Producing high optical quality quantum dots using VLS epitaxy necessitates
avoiding some of the typical epitaxial techniques employed when growing heterostruc-
tures. For example, (7) the crystal structure of VLS nanowires depends on the growth
rate [68] and (i7) the steady-state alloy composition of the metal catalyst is dependent
on the group V element resulting in growth rate transients when switching precur-
sors [69]. These two effects necessitate avoiding growth interrupts (i.e. pumping out
the Group III species for a short period of time) in order to grow pure single phase
heterostructures (i.e. with no stacking faults that can lead to significant spectral
fluctuations [66]). Without the use of growth interrupts, which are typically required
to obtain abrupt interfaces separating sections having well-defined compositions [70],
ternary InAsP quantum dots are produced containing a significant fraction of phos-
phorus atoms carried over from the growth of the InP barrier.

The dilute nature of the quantum dot composition produces dots with different
optical properties even if they are nominally the same size and have the same to-
tal composition; a consequence of strong local fluctuations in confining potentials
and strain fields [54]. In order to gain a better understanding of the role of the
distribution of the As and P atoms within the quantum dot we have performed a
systematic experimental and theoretical study of the emission spectra observed in
nominally identical dots. The different excitonic complexes are identified using ex-

citation power-dependent measurements and comparison with results of atomistic
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Figure 3.1: (a) Transmission electron microscopy image of an InAsP nanowire quan-
tum dot. (b) Characteristic s-shell emission spectrum of a dot. (c¢) Cross-section of
the InAsP dot used in the calculated emission spectrum shown in (d). with the blue
dots indicating the position of As atoms

many-body calculations.

The nanowire quantum dots studied were grown in the InAs/InP material sys-
tem using chemical beam epitaxy and the SA-VLS growth technique described in
Ref. 66. This technique allows for the growth of InAs,P;_, quantum dots embedded
in position-controlled InP photonic nanowires having a wurtzite crystal phase free of
stacking faults [64]. The quantum dots are incorporated in an InP nanowire core,
~ 1 pm above the base, and have diameters Dgyos ~ 20nm, heights Hgy ~ 4nm and
compositions z ~ 20%. A cross-sectional transmission electron microscopy image of
a dot in a wurtzite InP nanowire core is shown in Figure 3.1(a). The core is clad
with an InP shell to produce a photonic nanowire having a geometry optimized for
collection of dot emission around A = 950 nm with a base diameter of 250 nm tapered
to 20nm over a length of ~ 10 um.

Optical measurements were carried out at 4 K in a closed-cycle helium cryostat.
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Individual nanowires were excited above-band using continuous-wave excitation at
A = 780nm (for photoluminescence measurements) or A = 633nm (for correlation
measurements) focused to a few microns by a 100X objective with a numerical aper-
ture of 0.81. Photoluminescence from the dot was collected through the same ob-
jective and spectrally-resolved using a grating spectrometer with a Si CCD array
detector. For autocorrelation measurements, individual lines were selected using a
fibre-based tunable filter with a 0.075 nm bandpass and the filtered emission was sent
to two fibre-coupled avalanche photodiodes (APDs) via a 50:50 fibre beam-splitter.
For cross-correlation measurements, two filters were used, one placed on each output
arm of the splitter. The selected lines from each filter were sent to either the ‘start’
or the ‘stop” APD.

Figure 3.1 (b) shows a characteristic emission spectrum of a nanowire quantum dot
at low excitation power. At the lowest excitation power, we observe an emission line at
high energy identified as the neutral exciton X and one at low energy identified as the
charged exciton X~. The fine structure splitting of the neutral exciton is typically
a few peV [71] and is not resolved in the spectrum. With increasing pump power
the biexciton XX appears in between these two lines. The assignment of emission
lines is based on the excitation power dependent-photoluminescence and correlation
experiments discussed below.

In Figure 3.1 (d) we show the results of atomistic calculations of the emission
from multi-exciton complexes in a quantum dot with specifications similar to the dot
shown in Figure 3.1 (a): arsenic composition x = 20%, diameter Dy, = 18.2nm and
a height Hyor = 4.1nm. The calculations are performed for the specific distribution
of As atoms in the hexagonal InP nanowire shown in Figure 3.1 (¢). The computed
transition energies reproduce the ordering of levels observed experimentally, shifted
by 9meV. They also predict similar values for the binding energies of the biexciton
(difference in X and XX photon energies, Eg = Ex — Exx) and charged exciton
(difference in X and X~ photon energies, Fc = Ex — Fx-). The calculations confirm

that the lowest energy peak corresponds to the negatively charged exciton whilst the
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emission from the positively charged exciton (not observed experimentally) appears
between XX and X. We note the calculated energy splitting of the intermediate exciton
state due to fine structure is too small to be observed on this energy scale.

Although we obtained good agreement between theory and experiment for this
particular dot, previous measurements on the same quantum dot system have demon-
strated a wide range of biexciton binding energies, including both positive and nega-
tive values [33]. This variation was attributed, at least in part, to the random distribu-
tion of arsenic atoms in the dilute quantum dot [54]. To better quantify the statistical
distribution of emission energies in the nanowire quantum dot system, we performed
a systematic study of 42 nominally identical nanowire quantum dots having similar
emission spectra. The different emission lines were identified using power-dependent
photoluminescence and correlation measurements as described below.

In Figure 3.2 we show power-dependent emission spectra from three representative
dots in terms of the power at which the X emission peak saturates, Py,;. At the lowest
excitation power shown, the spectrum from each dot consists of two dominant emission
lines around 1.3 eV separated by ~ 6 meV. A third weaker emission line is also evident,
spectrally located in between the two dominant peaks, which becomes proportionately
brighter as the excitation power is increased. At the highest power shown we observe
additional peaks appearing around 1.3 eV as well as a new set of peaks around 1.35eV.
We associate the peaks around 1.3eV with radiative recombination of electron-hole
pairs from the s-shell of the quantum dot whilst those around 1.35eV with p-shell
recombination. As mentioned above, the typical s-shell emission in this quantum dot
system for above-band excitation [72] consists of photons from radiative recombination
of excitons (X) biexcitons (XX) and negatively charged excitons (X7). One can
readily distinguish between photons originating from excitonic complexes with only
one possible decay pathway (e.g. X, X7) and those with two possible pathways (e.g.
XX) from the power dependence of the count rate. In Figure 3.2 (d)-(f) we plot the
count rate as a function of pump power for the three dominant peaks for each of the

three representative quantum dots. In each case, XX can be distinguished from X and
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X~ by the stronger dependence of the count rate on pump power (exponent n ~ 2)
as well as the later onset of emission with pump power.

Using the count rate power dependence to distinguish between X and X~ is not
completely reliable and may lead to incorrect peak identification. For example, two
of the peaks in Dot C in Figure 3.2 show a very similar power dependence. One can
instead use the presence of the anisotropic exchange interaction induced fine structure
splitting of the neutral exciton X that is absent in the charged exciton X~. However,
the high symmetry of the wurtzite nanowire quantum dot system [54,55] results in
extremely small splittings [65] which are difficult to resolve with a typical grating
spectrometer.

Alternatively, correlation measurements can provide additional information on the
nature of the excitonic complex from which the photons are produced. In Figure 3.3
we show the second-order autocorrelation measurements, ¢‘®(7), of the three peaks
observed in a characteristic dot. Biexciton photons are readily identified from the
bunching observed at short time delays when pumping weakly [73], shown in Fig-
ure 3.3(a). Right after the detection of a biexciton photon, the dot is populated with
one electron-hole pair which may then decay to the ground state or capture a second
pair to form a new biexciton. As the excitation power is decreased, reducing the
capture rate of electron-hole pairs, it becomes comparatively more likely to form a
new biexciton at short delays when the dot already contains one electron-hole pair
relative to long delays when the dot will typically be empty and requires the capture
of two electron-hole pairs. Hence the decay of the bunching corresponds to the X
lifetime.

Distinguishing between X and X~ using autocorrelations measurements is less
trivial. In Figures 3.3 (b) and (c) we show the autocorrelation for the high and low
energy peaks, respectively, at excitation powers of ~ Py, /5 and ~ Py /2. In (b) the
curve shows the behaviour expected from a two-level system consisting of the vacuum
and the excitonic state, for which ¢ (7) = 1 — e" "+l where R is the pump rate

and I is the excitonic radiative lifetime. In both cases, the spectra display a strong
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Figure 3.3: Power-dependent second-order autocorrelation measurements of (a) ex-
citon, (b) biexciton and (c) charged exciton photons of a characteristic dot. Power-
dependent cross-correlation between (d) XX-X, (e) XX-X~ and (f) X7-X of a char-

acteristic dot.

antibunching dip down to ¢ (7 = 0) ~ 0.05 with a width that reflects the exciton
lifetime when R << I' whilst for R >> I', the width is limited by the excitation
rate. In the case shown in Figure 3.3(c), we also observe bunching at short delays
that decays to average coincidence counts over an excitation power-dependent time
scale that is longer than that expected from radiative recombination. The degree of
bunching and the associated time scales vary from dot to dot and we associate this
behaviour with changes in the charge configuration of the dot (e.g. blinking) that has

been previously observed in different quantum dot systems [74-76].
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To distinguish between X and X~ we measured the cross-correlations [73,75-78]
between the three dominant peaks. In Figure 3.3(d) we show the cross-correlation
between the central peak (XX) and the high energy peak measured for excitation
powers of Py, /2 and Pi, /5. We send XX to the start APD and the high energy
emission peak to the stop APD. The observed asymmetric bunching behaviour indi-
cates a cascaded emission process typical of a XX — X cascade (i.e. XX photons are
emitted first followed by X photons). We thus identify the high energy peak for this
dot as originating from X recombination.

Figure 3.3(e) shows the cross-correlation between the low energy peak, identified as
X7, and XX for a characteristic dot. The correlation spectra show strong antibunching
at 7 = 0 and bunching at both positive and negative delays with a higher degree of
bunching at positive delays and at lower excitation. In the limit of low excitation,
the average number of carriers in the dot tends to zero. At short positive delays,
having just detected an XX photon, the dot is necessarily occupied with two carriers
(one electron and one hole). To put the dot in the X~ state then requires the capture
of just a single electron. The probability of capturing a single carrier is more likely
than capturing three carriers (two electrons and a hole) which is required at longer
delays when the dot is typically empty (for low excitation rates). This produces the
observed bunching at short positive delays. Similarly, at short negative delays, having
just detected an X~ photon, the dot is left occupied with a single electron. To put
the dot in the XX state requires capturing three additional carriers (one electron and
two holes) which is more likely than the four carrier required (two electrons and two
holes) if the dot were empty. This produces the observed bunching at short negative
delays.

Finally we look at the cross-correlation between X~ and X (Figure 3.3(f)) which
shows an antibunching dip at 7 = 0 and short delay bunching, but only for 7 > 0.
As above, at short positive delays, having just detected an X~ photon, the dot is
left occupied with a single electron. To create the neutral exciton, a single hole is

required which is more likely than the requirement of capturing of two carriers (one
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Table 3.1: Emission energies and spacings and their standard deviations from fits to
the data in Figure 3.4.

Emission Energy o Energy Spacing o
(meV) (meV) (meV) (meV)
X 1301 5.0 — —
X~ 1296 5.6 5.92 0.32
XX 1300 4.3 1.90 0.77

electron and one hole) into an empty dot and thus bunching is observed at positive
delays. No bunching is observed at negative delays as the dot is empty, having just
detecting an X photon.

The results of applying the above optical characterization methodology to 42
quantum dots to extract emission energies Fx, Fxx and Fx- as well as energy spacings
Ep and E¢ are summarized in Figure 3.4 and Table 3.1. In the table we have included
the standard deviations from gaussian fits to the histograms in Figure 3.4.

In order to gain a microscopic understanding and evaluate the ability to engineer
the emission spectra of nanowire quantum dots we use the atomistic million-atom
many-body theory of multi-exciton complexes implemented in the code QNANO [54,
79,80]. The simulations are targeted to provide insight into the observed distribution
of biexcitonic binding energies, with the specific aim of identifying the structural
parameter required to achieve coincidences between X and XX emission lines.

The starting point of QNANO are the atomic positions of In and P in a hexagonal
nanowire. Next, we replace 20% of the P atoms with As in the volume of a hexagonal
quantum dot as shown in Figure 3.1(c). Because InAs and InP lattice constants
differ, such a replacement causes strain and displacement of the As atoms from the
P positions. In the case of the InAsP quantum dot, this mismatch is about 3% and
is accounted for in the model [54]. We hence find the actual atomic positions of all
the atoms by minimizing the total elastic energy.

With the atomic positions of all the atoms defined, we obtain the single particle
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Figure 3.4: (a) Energy distribution of the different complexes extracted from the
measurements on 42 nanowire quantum dots. (b) Histograms of the energy difference
between the X-XX emission lines, Eg (red) and the X-X~ emission lines, E¢ (black).
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states from the strain parameterized tight-binding Hamiltonian:

orb orb
HTB - E E 5wzc7,acwc + E E /\zaﬁczacz,@
i=1 a=1 i=1 o,/=1

Nq nn 7’ Norb

+Z Z Z tm]gcmc]ﬁ (31)

i=1 j=1 a,f=1

where the Roman indices denote atomic positions and the Greek indices denote atomic
orbitals. The parameters ¢, ¢ and A representing the on-site energy, tunneling ma-
trix elements and spin-orbit coupling, respectively, are obtained by fitting (3.1) to
a density functional theory (DFT) bandstructure of the (strained) bulk materials,
discussed in detail in Ref. [54]. In this model, each atom is described by 20 spds*
orbitals. Using exact diagonalization, the conduction and valence band quantum dot
states for structures with up to millions of atoms are obtained.

In the next step we describe excited electrons and valence holes strongly interact-
ing with each other. The multi-exciton complexes are described by the many-body

Hamiltonian:

Hyp = ZECBCTCZ + = Z ij|V kel c one!

% z]kl
+ZEVBhTh += Z (pa|V|rs)hlhih b
pq"’S
+ > ((ig[VIrl) = (ig|V|ir)) chihnc (3.2)

iqrl

where EZC VB and ¢i(h;) are the conduction (valence) band energies and electron
(hole) annihilation operators respectively. We then construct electron-hole configu-
rations for a given excitonic complex, construct the Hamiltonian matrix in the space
of electron-hole configurations and diagonalize it to obtain the multi-excitonic energy
levels and wavefunctions. Simultaneously, we compute dipole matrix elements and
emission spectra.

One of the difficulties in calculating the many-body states lies in the Coulomb
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Figure 3.5: Emission spectrum of the quantum dot with a gradient distribution of As
atoms. The inset is a cross-section of the quantum dot used in the simulation, the
blue dots corresponding to the position of As atoms.

matrix elements. Since the nanostructure we are dealing with contains hundreds of
thousands of atoms, each with 20 orbitals, necessary approximations are made in order
to maintain computational feasibility. These approximations include only computing
two-centre integrals i.e. integrals that only involve the scattering of electrons on one
or two atoms, distinguishing between on-site and long-range terms, simplifying the
latter by neglecting the overlap of wave functions on distant atoms.

Calculated emission spectra are shown in Figures 3.1 and 3.5. Figure 3.1(c) shows
a cross-section of the simulated InAsP quantum dot having parameters similar to
the grown structures: arsenic composition x = 20%, diameter Dy, = 18.2nm and a
height Hyos = 4.1nm. Since the distribution of As atoms is random, the calculated
emission spectrum differs from experimental spectra (e.g. Figure 3.1(b)) but emission
lines do follow the same order as seen from Figure 3.1(d), with X~ being the lowest
energy line, followed by XX, X* and X lines.

We note that the distribution of XX binding energies shown in Figure 3.4 includes
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samples where the XX and X emission lines coincide. If we repeat our simulations us-
ing randomly generated As atom distributions, we observe a distribution of XX bind-
ing energies with a mean value of 2.4 meV [54], which overestimates the experimental
value of 1.9meV. We also obtain a standard deviation of only 0.72 meV, suggesting an
additional contribution is required in order to reproduce the experimentally observed
negative XX binding energies.

The systematically higher theoretical value of the biexciton binding energy com-
pared to the measurements can be explained by the assumption of a homogeneous
distribution of the As atoms within the dot. We have previously demonstrated [58]
that a lateral displacement between the centres of electron and hole wave functions
results in a decreasing biexciton binding energy. While this was achieved in Ref. [58]
using a lateral electric field, in the case of InAsP nanowire quantum dots, an inho-
mogeneous distribution of As atom can play a similar role. Because of the larger
deformation potential constant as well as the larger effective mass of holes compared
to electrons, the hole wave function tends to be strongly localised in regions with high
As content, while electron wave functions have a more delocalised character spanning
the dot volume more smoothly [54]. As an example, Figure 3.5 depicts the situation
of inhomogeneous As distribution implemented as a linear lateral gradient. We find a
significant reduction of the biexciton binding energy to a value of ~ 200 ueV, corrob-
orating the trend towards a reduction of biexciton binding energies with introducing
inhomogeneities in the As distribution.

While both, electron and hole wave functions depicted in Figure 3.5 are shifted
towards the right-hand side of the quantum dot, where the As density is large, the
effect is stronger for the hole wave function. The net effect is a difference of the centres
of the respective wave function. A similar effect can be expected from clustering of As
atoms that can occur naturally during the growth, driven by a local lattice distortion
of already incorporated As atoms, which may provide an energetic advantage for
the incorporation of further As atoms nearby. Thus, while the overall theoretical

description leads to good estimates of quantities like the biexciton binding energies,
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more detailed investigations of the As incorporation dynamics and the resulting As
distributions would be beneficial for modelling the many-body properties in InAsP
nanowire quantum dots.

Excitation power-dependent photoluminescence and autocorrelation measurements
were used to identify the different excitonic complexes in nanowire quantum dots. The
emission spectra were compared with predictions of the atomistic multi-million atom
design tool QNANO. The observed variation of emission energies are associated with
different distributions of arsenic atoms in the dilute quantum dot system which has
an otherwise well-defined geometry. Our findings summarise the characterization and
atomistic theory of quantum dots in nanowires and are a step toward the full under-

standing of the dot dynamics within nanowire waveguides.
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Abstract

We present here a microscopic theory of electronic complexes in charged InAs, P
quantum dots in InP nanowires with a hexagonal cross section and determine the
potential use of an array of such quantum dots as a synthetic spin chain for the possible
construction of a topological qubit. The single particle energies and wavefunctions
are obtained by diagonalizing a microscopic atomistic tight-binding Hamiltonian of
multiple quantum dots in the basis of sp®d®s* local atomic orbitals for a given random
distribution of arsenic (As) vs phosphorus (P) atoms. The conduction band electronic
states are found grouped into s, p and d quantum dot shells. For a double dot, the
electronic shells can be understood in terms of interdot tunneling despite the random
distribution of As atoms in each quantum dot. The single and double dot structures
were charged with finite number of electrons. The many-body Hamiltonian including
Coulomb electron-electron interactions was constructed using single atomistic particle
states and then diagonalized in the space of many-electron configurations. For a single
dot filled with N, = 1-7 electrons, ground state of half filled p-shell configuration
with N, = 4 was found with total electronic spin S = 1. The low energy spectrum
obtained using exact diagonalization of a Hamiltonian of a charged double dot filled
with N, = 8 electrons, i.e. half-filled p-shells in each dot, was successfully fitted
to the Hubbard-Kanamori and antiferromagnetic Heisenberg spin one Hamiltonians.
The atomistic simulation confirmed the potential of InAsP/InP quantum dots in a

nanowire for the design of synthetic spin chains.

4.1 Introduction

There is currently interest in designing quantum systems for quantum technologies,
including quantum computation and quantum communication. This includes semi-
conductor quantum dots containing single and multi-electron complexes, with quan-
tum information embedded in electron spin or encoded in multi-electron configu-

rations (2,10, 15, 16, 81-91]. The single and double quantum dots have also been
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explored for the generation of single and entangled photon states [12-14], photon
cluster states [48], lasers [92-94] and quantum dot photodetectors [95,96, 96].

Here we focus on designing synthetic spin one chains using many-electron com-
plexes in arrays of quantum dots embedded in semiconductor nanowires [15,97,98].
Many electron complexes in self-assembled [98-102] and etched quantum dots [103,
104] have already been extensively investigated. Here we discuss InAsP quantum
dots in InP nanowires [4,12,71,97,98]. The electronic properties of these quantum
dots can be designed by controlling the position, size, height, and arsenic concen-
tration. The dots have a hexagonal disk geometry and are grown without a wetting
layer using vapour-liquid-solid epitaxy, with a relatively low concentration of arsenic
atoms replacing the phosphorus atoms [3]. As is the case with self-assembled dots,
these dots suffer from intrinsic atomistic disorder. Despite the disorder, the conduc-
tion band states form electronic shells [4] that strongly resemble harmonic oscillator
states observed in self-assembled quantum dots [46,105,106]. The effect of disorder
results in the effective quantum dot lateral anisotropy and plays a role in the removal
of degeneracies of electronic shells. When engineering the total spin of the many
electron complexes, the degeneracies play an important role which leads to maximal
spin at half-filled shells. Here we show that the spin-1 ground state survives atomistic
disorder and that the different realizations of disorder on two vertically coupled quan-
tum dots can be still understood in terms of interdot tunneling and the formation
of bonding and antibonding electronic states. The many-electron complexes corre-
sponding to half-filled p-shells can be understood in terms of Hubbard-Kanamori and
anti-ferromagnetic Heisenberg Hamiltonians for coupled spin-1 particles.

The problem of many-electron complexes in vertically coupled quantum dots has
already been investigated using the effective mass model where atomic disorder was
neglected and the Coulomb interactions were derived microscopically [15,103,107—
109]. The atomistic description of an InAsP quantum dot in InP nanowire and the
many-exciton complexes were previously analyzed by Zielinski [50] and by some of

us [4,27,110,111].
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Here, we use a realistic tight-binding model consisting of millions of atoms with
twenty (spds*) orbitals each to compute the single particle states, with strain, and
the configuration interaction method to compute the many-body states of N, =1—8
electrons in single and double, vertically coupled InAs,P; _ , quantum dots in an InP
nanowire in the wurtzite phase.

We demonstrate that a single quantum dot containing N, = 4 electrons in a
half-filled p-shell configuration corresponds to a spin-1 ground state. Consequently,
a chain of two vertically coupled quantum dots, each with a half-filled p-shell, was
found to have a low energy electronic spectrum that resembles two antiferromagneti-
cally coupled spin-1 particles. The atomistic disorder in the dots leads to a variation
of tunneling matrix elements and spin-spin exchange coupling constants. The micro-
scopic theory was later used to obtain parameters of a simplified Hubbard-Kanamori
and Heisenberg Hamiltonians. The Hubbard-Kanamori parameters obtained from
atomistic calculations enable the description of larger chains and thus the investiga-
tion of a synthetic spin-1 Haldane material.

The paper is organised as follows. First, we briefly discuss the tight-binding and
configuration interaction methods that are used to simulate the electronic proper-
ties of the quantum dots. We then describe the electronic properties of electronic
complexes in a single InAs quantum dot in an InP nanowire, where we discuss the
single particle and many-body electronic states, and determine the spin of the ground
state of the half-filled p-shell to be S = 1. Next, we provide an analysis of the
electronic properties of electrons in two vertically coupled quantum dots. Similar to
the analysis of a single quantum dot, here we determine whether two quantum dots
with half-filled p-shells behave as two coupled spin-1 particles. This is followed by
a description of the effective Hubbard-Kanamori model. Here, we compare the re-
sults of the Hubbard-Kanamori model with the Heisenberg chain and the atomistic
tight-binding plus configuration interaction microscopic models. Finally, we discuss
the results of both the Hubbard-Kanamori and microscopic models in the context of

a synthetic Heisenberg chain.
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4.2 Microscopic theory of charged InAs,P; _ , quan-
tum dots in InP nanowires

The Microscopic theory of charged InAsP quantum dots in InP nanowires begins with
a definition of atomistic structure followed by the computation of strain, construction
of an atomistic tight-binding Hamiltonian from ab-initio methods, and obtaining the
single particle states and energy spectrum. This is followed by the computation of
Coulomb matrix elements constructed with the tight-binding atomistic single particle
states. We next introduce N, additional electrons, construct many-body configura-
tions and their interaction Hamiltonian to obtain a many-body spectrum by exact
diagonalization [4,27,110]. Analysis of the spectrum and electron configurations then
leads to our understanding of the electronic and magnetic properties of these nanos-
tructures.

The single particle states of a single and double InAs,P; _ , quantum dots embed-

ded in an InP nanowire are expanded in terms of local atomic orbitals as

<I"Z> = Z Z Cika¢a(r - Rk) (41)

where ¢,(r — Ry), the orbital o of atom k at location Ry, is assumed to have the

form

¢a(r) = Ar“e’bTYlm(G, ©)Xo- (4.2)

Each atomic orbital has a radial component which is approximated as a Slater
orbital with material dependent parameters a and b, a Spherical Harmonic Y angular
component, spinor component Y, and normalization constant A.

Next the tight-binding Hamiltonian in the basis of Ny, = 20 sp3d®s* local atomic
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orbitals is constructed as

Ng Norb orb
HTB = E E €zaclaczo¢ + E E Azaﬁczaczﬁ—i_
i=1 a=1 i=1 o,/=1

No nn /L) Norb

Z Z Z twgﬁcmcﬁ ) (4.3)

i=1 j=1 a,f=1

Here €, is the onsite energy, the spin-orbit interaction is A;og and the tunneling matrix
element is ?;,;8, whereby the Roman indices denote atom and Greek indices denote
atomic orbital. The values of these tight-binding parameters for the InAsP qauntum
dot nanowires are taken directly from Ref. [4]. Determination of these parameters
involves fitting (4.3) to an ab-initio DFT based band structure as discussed in detail
in Refs. [4,27,111]. We next introduce N, electrons into our quantum dot.

The behaviour of multi-electron complexes is described by the many-body Hamil-

tonian

ZE cici+ = Z ij|Vkl)el c CCY (4.4)

zgkl

where the indices i refer to single particle states and (ij|V'|kl) are the Coulomb matrix
elements.

Since the nanostructures under investigation contain several millions of atoms, nec-
essary approximations to the Coulomb matrix elements are made in order to maintain
computational feasibility. First, only two centre integrals are computed, i.e. integrals
that only involve scattering of electrons on one or two atoms and second, only on-site
and long-range terms are included, where (ij|V|kl) = (ij|VO5|kl) + (ij|V'®|kl). The

on-site terms, given by

(i51VO5 ki) =

Z Z iaq ]aﬁcka'yclad

a€N, a,3,7,0

/615 r1)05(r2) 0, (r2)ds(r1)

vy — 1o

dmegeos

d37”1d37“2, (45)
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(b)

Figure 4.1: (a) Top and side cross section of the quantum dot nanowire containing
about 380000 atoms. The diameter of the quantum dot is 18.2 nm and the thickness
is 4.1 nm. The diameter of the nanowire is 28.2 nm and the height is 13.5 nm. (b)
Single particle spectrum (left) and charge densities (right). The p, charge density is
located slightly higher than the p, charge density to illustrate that the energy of the
py state is slightly higher than the p, energy.
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only contain integrals corresponding to scattering of orbitals on a single atom a.
Due to the dependence of the dielectric constant on distance [112,113], the on-site
dielectric constant epg is taken to be 1.

The other significant contributions to the total Coulomb matrix element are the

long-range terms, given by

2
VIR D) =— C* % CrpsClan
<1j| | > 47T€0€LR;#ZGOCZB iaa™~ jbB~ kbB™1
1

_ 4.6
“ R, (4.6)

where the electron-electron Coulomb interactions are screened by bulk dielectric con-
stant e r. Since the electrons located at atoms a and b are far apart, they can be
treated as point charges which eliminates the need to compute the integrals explic-
itly. Furthermore, the only terms that survive the orthogonality relation between local
atomic orbitals are terms where the atomic orbital angular momentum is conserved.

With the Coulomb matrix elements in place, the many-body states |v) of N, elec-
trons can be expanded in electronic configurations k as |v) = ), Ay|k). The many-
body configurations, |k) = [, c/|0), are written as Slater determinants constructed
from the finite number of single particle orbitals i. Next, the matrix elements (q|H |k)
of the many-body Hamiltonian are constructed in the space of configurations. The
ground and excited states of the electronic complex are computed by diagonalization

of the many-body Hamiltonian (4.4).
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4.3 Electronic states of a single InAs,P,_, quan-

tum dot in InP nanowire

4.3.1 Single particle levels of a single InAs,P;_, quantum

dot in InP nanowire

Here we discuss the single particle spectrum of a single quantum dot in a nanowire.
We start with InP nanowire and define a quantum dot volume. Within this volume
we randomly replace P atoms with As atoms on the InP lattice, resulting in average
concentration of As of 10%. The resulting strain is obtained by moving As atoms to
minimize the total elastic energy. With the equilibrium position of atoms obtained, we
construct a tight-binding Hamiltonian. Diagonalization of the tight-binding Hamil-
tonian (4.3) gives the single particle spectrum of an InAsgy;Pg9InP quantum dot in
an InP nanowire. Fig. 4.1(a) shows the random distribution of the As atoms in the
quantum dot. Despite this random distribution, the single particle states, shown in
Fig. 4.1(b), are grouped into s, p and d quantum dot electronic shells, which are
not to be confused with the individual atomic orbitals as the quantum dot shells are
localized throughout the whole quantum dot. However, due to the lateral asymmetry
of the dot caused by random distribution of As atoms, the two states of the p shell,
denoted as p, and p,, are not degenerate, but are split by an energy difference of
A = 0.84 meV. The splitting of the p shell is much smaller than the energy separa-
tion of different electronic shells, e.g. s-p and p-d shells with splitting of the order of
30 meV. Hence the p-shell is approximately two-fold degenerate as is the case with

previously investigated effective mass models [16].

4.3.2 Many-electron complexes in a single InAs,P; _, quan-

tum dot in InP nanowire

We now turn to many-electron complexes in an InAs,P; _, quantum dot in an InP

nanowire. The many-body spectrum of an electronic complex is obtained through
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Figure 4.2: (Top) Total spin S for corresponding electronic complexes. (Bottom)
Coulomb blockade spectrum of many-body groundstates as a function of relative
backgate voltage where V; = 1.483 meV is the voltage corresponding to single electron

occupancy in the quantum dot, with chemical potential set at the top of the valence
band.

the diagonalization of the many-body Hamiltonian (4.4) in a basis consisting of all
possible configurations built with a set of single particle states. In this work, we
retain 40 conduction band states. This basis already assured converged results for
multi-exciton states in a similar quantum dot [4]. For example, for N, = 4 electrons
with total spin S = 0, the Hilbert space consists of 85,048 configurations while for
S = 1 we find 85, 325 configurations. The overlap of the triplet configuration shown in
Fig. 4.2 with the numerically obtained ground state is found to be high, with a value
of 0.97. In Fig. 4.2 we show schematically configurations with significant overlap
with the correlated ground state of the electron complexes consisting of N, =1 —8

electrons.

4.3.3 Coulomb Blockade Spectroscopy

The many-body effects manifest themselves in the Coulomb Blockade Spectroscopy
[82,86,97,114,115]. To determine the number of electrons N, in the quantum dot and
the effects of their interactions, source and drain leads can be attached and current
can be measured as a function of back gate voltage V, controlling the number of

electrons in the quantum dot.
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The current flows when the chemical potential of the quantum dot p equals the
chemical potential of the leads resulting in a Coulomb Blockade spectrum [82, 86].
Hence the Coulomb Blockade spectrum as a function of back gate voltage directly

measures the many-body N, and N, — 1 electron ground states, as
eV, = E(N.) — E(N. —1). (4.7)

We have computed the chemical potential of the quantum dot, Coulomb Blockade
spectrum, for different electron numbers N,. As shown in the Coulomb Blockade
spectrum of the single dot in Fig. 4.2, there are large gaps in between the second
and third peaks and between the sixth and seventh peaks [97,99,104,115]. The first
gap is due to the s-p shell energy splitting and the second large gap is due to the p-d
shell energy splitting. The remaining variations in Coulomb Blockade peaks reflect
electronic interactions, both exchange and correlations, in degenerate shells [99].

Also shown in Fig. 4.2 is the total electronic spin S of the groundstate as a function
of V,. The oscillatory behaviour between S = 0 and S = 1 is indicative of Hund’s
rule being satisfied. It is shown in the Coulomb Blockade spectrum (Fig. 4.2) that a
N, = 4 quantum dot with half-filled p-shells generates a spin-1 ground state. Further
analysis of the N, = 4 half-filled p-shell spectrum is necessary in order to understand

the electronic and magnetic properties of the InAsP quantum dot nanowire.

4.4 Electronic and magnetic properties of a half-

filled p-shell

The evolution of the energy spectrum of the N, = 4 complex in a single dot as a
function of increasing number of different electronic configurations is shown in Fig.
4.3. We start with two almost degenerate p,, p, orbitals. We place two electrons,
one with spin up and one with spin down onto the p-shell as shown in Fig. 4.3 (a).

Next, we form a spin triplet configuration with S, = 0, schematically shown here with
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Figure 4.3: (a) Schematic of configurations on the half-filled p-shell. Two electrons
occupy the p, and p, orbitals. (b) Schematic of the low energy spectrum containing
only singly occupied configurations. The ground state is a triplet and the excited
state is a singlet. The splitting is twice the exchange energy V. (c¢) The low energy
spectrum including doubly occupied configurations. (d) The low energy many-body
spectrum from the atomistic simulation. The splitting between the ground state and
first excited state is the Coulomb interaction energy V.

both spins up, and a spin singlet configuration. The exchange interaction V,, is then
turned on. This lowers the energy of spin triplet configuration compared to singlet
configuration by 2V, as shown in Fig. 4.3 (b). Finally, we add two doubly occupied
configurations, where two electrons, spin up and down, occupy either p, or p, orbital
as shown in Fig. 4.3 (c).

We next turn on interaction among all singlet singly and doubly occupied configu-
rations. The anti-symmetric combination of doubly occupied configurations remains
decoupled from other singlet configurations but a symmetric combination of doubly
occupied configurations couples with singly occupied one. This lowers the energy
of mostly doubly occupied configurations and increases the energy of mostly singly
occupied configurations as shown in Fig. 4.3 (d). For the doubly occupied singlet
configuration, the doubly occupied configurations contribute 89% to the total wave-
function and the singly occupied configurations contribute about 6%. The remaining
5% comes from other contributions, such as ones where the d state is occupied. For
the singly occupied singlet, contributions are interchanged, where 6% of the wavefunc-
tion comes from doubly occupied configurations and 89% comes from singly occupied

configurations. So retaining only the singly and doubly occupied configurations on a
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p-shell is a reasonable approximation. Finally, the gap A separating the triplet and
singlet configurations is reduced from A = 2V, to A = V, — § where § represents
correlation contribution. The important conclusion is that the triplet configuration
remains the ground state of the N, = 4 electron complex in accordance with Hund’s
rules. Since the ground state of a single quantum dot is shown to behave as a spin-1,

the next step is to determine whether two quantum dots act as two coupled spin-1s.

4.5 Microscopic theory of two coupled charged InAs, P, _,
quantum dots in InP nanowire

We now turn to two coupled charged InAs quantum dots in InP nanowire. The double
dot system consists of two quantum dots with the same dimensions and concentrations
as the single quantum dot, with diameter of 18.2 nm and the thickness of 4.1 nm.
Cross sections of the two dots in a nanowire with an interdot distance of 5.4 nm
are shown in Fig. 4.4 (a). The lower panel shows the probability densty of the s
and two p-orbitals. The z — y cross section (bottom panel) shows that the p-orbitals
on the two dots form molecular 7 bonds. This is due to the tunneling between the
two dots which gives rise to eigenstates that are a linear combination of the local
quantum dot orbitals [116]. This is seen more clearly if the dots are approximated as
sites containing a local harmonic orbital (LHO) each, with |B) being the bottom dot
orbital and |T') being the top dot orbital. If we assume the on-site energy is the same

for both sites, then the Hamiltonian in the B T basis of p, (p,) orbitals is given by

HZ—site == (48)
—t 0

where t is the tunneling matrix element mixing the two sites. The eigenstates are
then symmetrical |S) = \/Ai (|T) 4+ |B)), and antisymmetric |AS) = \/lﬁ (|T)y —|B))
linear combinations of T" and B orbitals, with energies —t and ¢, respectively. The

symmetric-antisymmetric splitting is thus 2¢.
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For the atomistic double quantum dot in a nanowire, the single particle states
come in symmetric-antisymmetric pairs as well, where each energy level is labelled
with the corresponding orbital [107,117]. As is the case with the single dot nanowire,
the charge probability densities for the double dot exhibit s, p and d symmetry as
seen in Fig. 4.4 (b). The tunneling strength for given orbitals on the two dots, which
is half of the symmetric-antisymmetric energy splitting, decreases exponentially with
respect to interdot distance. The tunneling matrix element for p-shell orbitals as a
function of interdot distance is defined as |t| = E4,, — Es,,. Using the least squares
method, the tunneling matrix element dependence on interdot distance was obtained
from atomistic energy splittings with an error of about x? = 0.06 meV?. The expo-
nential dependence of the tunneling strength on interdot distance allows for tuning
of the tunneling matrix element. In addition to interdot tunneling, electron-electron
interactions between the dots must be taken into account in order to understand the

properties of the half-filled p-shell configuration of the double dot.

4.6 Electronic and magnetic properties of two cou-
pled InAs,P;_, quantum dots with half-filled
p-shell each

We now turn to the analysis of properties of two coupled quantum dots, each with
the half-filled p-shell configuration. To do this we must diagonalize the many-body
Hamiltonian (4.4) for N, = 8 electrons where index i denotes single particle eigen-
states of the double dot tight-binding Hamiltonian (4.3). We construct 76,904, 685
possible N, = 8 electron configurations on N, = 40 single particle states and diago-
nalize the many-body Hamiltonian. The numerically obtained low energy many-body
spectrum F(n) for N, = 8 electrons in a double quantum dot nanowire is shown in
Fig. 4.5

We see that the lowest energy, n = 0, state with energy Ej is non-degenerate and

is the singlet state. The next in energy are the three states F;-FEj3 of almost degenerate
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Figure 4.4: (a)Cross sections of the double dot nanowire structure containing about
435000 atoms. The As atoms are blue and both the In and P atoms are yellow. (b)
Charge densities of the single particle states.
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Figure 4.5: Many-body spectrum of the 8 electron complex for a double quantum dot
nanowire of 14.9 nm interdot distance. The inset shows schematic half-filled p-shell
configurations on top and bottom quantum dots.
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triplet followed by a quintuplet F4-Fg of almost degenerate states. This low energy
spectrum is identical to the spectrum of two spin 1s, S; and Sy, coupled by exchange
interaction and described by the Heisenberg Hamiltonian H = Jy4 FS?l . 572, where Jap
is the interdot Anti-Ferromagnetic exchange constant, which is discussed in further
detail in the following section. The differences between the microscopic spectrum
and that of a Heisenberg chain are due to small contributions from higher energy
configurations, such as doubly occupied configurations and configurations that contain
d shell orbitals and higher. Such contributions are the largest for the quintuplet state.
We now use the numerical spectrum of the N, = 8 complex to obtain parameters for

a simplified microscopic model, the Hubbard-Kanamori model.

4.7 Effective Hubbard-Kanamori Model

Though the many-body Hamiltonian, Eq. (4.4), provides an accurate description of
the electronic complexes in up to 2 quantum dots in a nanowire it cannot be extended
to a larger number of quantum dots with 4 electrons per dot. Hence we discuss the
simplified Hubbard-Kanamori model capturing the essential features that might give
rise to the behaviour of a Heisenberg spin-1 chain. In this model, the s-shell electrons
are frozen and we retain only two orbitals, p, and p_, and two electrons on each

quantum dot.

4.7.1 The Hubbard-Kanamori Hamiltonian

To derive the Hubbard-Kanamori Hamiltonian, we start with the many-body Hamil-
tonian written in the basis of p, and p_ degenerate orbitals localized on each idealized,

disorder free quantum dot. The many-body Hamiltonian in this basis is given by
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HMB = Z Eiozoc.z‘ragciom + Z Z Z tia,jﬁcz'ragcjﬁa

1,000 o i aB

1 o
T 5 Z Z Z <’LO&, ]6|V|]€(57 l’}/)C;rozac;['ﬁg/ck(SU’Clﬂfa (49)

oo’ ijkl aBvyd

where the Roman indices i, 7, k and [ denote quantum dot number, indices «,
B, 0 and v denote quantum dot orbitals p, or p_, and o denotes the electron spin.
Here, the first term describes energies of degenerate p-shell orbitals, the second term
describes interdot tunneling and intradot disorder and the third term describes intra
and inter dot electron-electron interactions. With the first term describing energies
of two degenerate p orbitals, t;,3 describes mixing of p, p_ orbitals on the same dot
¢ by the atomistic disorder, leading to an energy splitting A while ¢;, ;11 describes
tunneling of electron between p, (p_) orbitals on neighboring dots. For two dots, this
tunneling translates to the symmetric (antisymmetric) orbitals and energy splitting.

To simplify (4.9) further, all interdot and intradot tunneling matrix elements are

written as

A
2

(4.10)

tiaa,iﬁa

tiaa,jaa =1 (411)

for all 7, a, § and 0. Moreover, all of the other tunneling matrix elements are zero since
all tunneling, intradot or interdot, conserves spin and interdot tunneling conserves
orbital angular momentum.

In the spirit of the Hubbard-Kanamori model, similar approximations are made

for the electron-electron interaction matrix elements, where the only nonzero matrix
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elements between nearest neighboring dots 1 and 2 are

(1o, 18|V |18, 1a) = (1a, 1a|V|la, la) = U (4.12)
(1a, 18|V|1a, 18) = % (4.13)
(1, 20|V |20, 1a) = V (4.14)
(14,2 —|V|24+,1=) =W (4.15)

Note the last Coulomb matrix element W conserves the total angular momentum of
the electron pair but corresponds to scattering of electron pair from dot 1 to dot 2
with exchange of electrons. With all of these reductions, the many-body Hamiltonian

(4.9) reduces to the Hubbard-Kanamori Hamiltonian for two dots given by

H =Hy(1) + Ho(2)

+ Z(thIangaa + tlQC;agcloAT)

oo

+V(ni4 +n1-)(noy +no_)

+WLTLy + WL L] (4.16)

where Hy(1) is the Hubbard-Kanamori Hamiltonian for a single quantum dot

HO = Z Ea,ana,a + % Z Z CLJCBO'

o a#p

+ Un_Tn_¢ + Un”nﬂ

(U = Dy +n) (g + )

—JS_-S, (4.17)

where a € {+, —} labels the two degenerate orbitals p_,p,, E,, = E are the energies
of the two degenerate orbitals and A describes mixing of p-shell orbitals by microscopic

disorder and lattice effects, ferromagnetic exchange coupling J aligns the spins of two
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p-shell electrons, n; = n; 4 + n,; is the number of electrons on state with quantum
number i, S; = C;roﬁcmu Sia = (ST, 52, =13 <C7JL[aTCiaT - szciai)’ LIr=%, c;rJrUci_g
and L; = (LT

We note that while the tunneling of a single electron from one dot to another
conserves the angular momentum, i.e., tunneling takes place between p, orbital on
one dot to py orbital on neighboring dot, the last term is a bit unusual, it involves
tunneling of two electrons, one electron from p+ orbital on one dot to p_ orbital
on the second dot simultaneous with second electron tunneling from p_ orbital to
p+ orbital on a second dot. Hence the total angular momentum of electron pair
is conserved but electrons change orbitals in a scattering event. We also note the
presence of ferromagnetic Heisenberg coupling J, which is the exchange interaction
between two electrons on the p-shell in the same quantum dot. The coupling of the
two spins on dots 1 and 2 is described by the interdot tunneling and interactions. All

the parameters entering the Hubbard-Kanamori Hamiltonian will be extracted from

a microscopic model below.

4.7.2 Analysis of Hubbard-Kanamori model for a single quan-

tum dot

The Hubbard-Kanamori spectrum of two electrons in a single dot is obtained by
diagonalizing the Hamiltonian, (4.17), in the basis of L., S? and S simultaneous
eigenstates constructed out of singly and doubly occupied two electron configurations,
with the spectrum identical to the one computed microscopically and shown in Fig.
4.3 (d). The eigenvalues of the single dot Hubbard-Kanamori Hamiltonian are E7 =
2F for a three fold degenerate triplet and three singlet states Fg; = 2E + %L(SJ =

T2+ (4A)2), Egy = 2B + £, Egy = 2E + 137 + /T2 + (4A)?)

When the p-shell splitting is zero, the splitting between the triplets and the doubly
occupied singlets is equal to the intrashell exchange J while the splitting J between 3
triplets and the singly occupied singlet is twice the exchange matrix element. When

p-shell splitting A is nonzero, the degeneracy of the doubly occupied configurations is
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Figure 4.6: Comparison between Hubbard-Kanamori and atomistic spectra

lifted and the singly occupied singlet increases in energy. This is due to the fact that
the p-shell mixing couples one of the doubly occupied configurations to the singly
occupied singlet. The triplet states remain uncoupled because p-shell mixing must
conserve S and S*. With the full energy spectrum expressed in terms of the Hubbard-
Kanamori parameters, fitting the Hubbard-Kanamori spectrum to the atomistic spec-
trum shown in Fig. 4.3 (d) enables the extraction of Hubbard-Kanamori parameters.
We find for the typical InAs,P; _, quantum dots studied here U = 16 meV, J = 5
meV and A = 0.8 meV. For these parameters we show in Fig. 4.6 both the Hubbard-

Kanamori spectrum and the full microscopic spectrum of 4 electrons on a single dot.

The Hubbard-Kanamori and atomistic spectra are in close agreement. The largest
difference of 0.5 meV is in the energy of singly occupied singlet. Just as in the
atomistic spectrum, the ground state is the three fold degenerate triplet, followed
by two doubly occupied singlet states and a singly occupied singlet. As discussed
before, the spin-polarized ground state can be understood in terms of the exchange
coupling between the p-shell electrons as shown in Eq.(4.16). Having shown the
correspondence between the Hubbard-Kanamori and atomistic models for a single
quantum dot, we can now use these single quantum dot parameters in the double
quantum dot Hubbard-Kanamori Hamiltonian to determine the double quantum dot

spectrum for 4 electrons on two p-shells.
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4.7.3 Analysis of Hubbard-Kanamori model for a double quan-

tum dot

Unlike in the single quantum dot, analytically determining the many-body spectrum
for a double quantum dot consisting of 4 p-shell states and 4 active electrons would be
difficult as the Hilbert space of the Hubbard-Kanamori model consists of 70 config-
urations. We hence fit the Hubbard-Kanamori spectrum, Eq.(4.16), to the atomistic
spectra numerically. To better understand the effect of interdot tunneling and inter-
actions on the double dot spectrum we start with a double dot without tunneling and
interactions. Assuming the two quantum dots are identical, we form eigenstates with
2 electrons on each p-shell by forming products of many-body eigenstates between
the two single quantum dots provided S and L are conserved. Examples of these

eigenstates formed in this manner are the ground states of maximal S* given by

St = 0, 8% = 0) =aq(] 1 1) + | 15 1))
+ Bs([ 41510 + [
+ [ LN + 11 1)
|5t =1,5% = 1) = (| 11511 + | 11341)
— [ TH) = [ )
|51 = 2,5% = 2) =ag| 115 11) (4.18)

Here we neglect eigenstates with triple and quadruple occupancy in a quantum
dot. The energies of these configurations would be higher in energy by U. A schematic
for the noninteracting Hubbard-Kanamori spectrum without tunneling and electron-
electron interactions is shown in Fig. 4.7. The left hand side shows the Hubbard-
Kanamori spectrum of two noninteracting quantum dots with 2 electrons each. The
spectrum is the same as an Hubbard-Kanamori spectrum of a single dot but degen-
erate. Hence the lowest energy band consists of 3 triplet states on each dot, with a

total of 9 states.
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Figure 4.7: Schematic energy spectrum of a double quantum dot. On the left is the
double dot spectrum when ¢ = 0 and on the right is the spectrum when |t| > 0. The
bottom insets show the configurations of one of terms of the S* = 0 triplet as well
as the §* = —1 and +1 triplet states configurations. The top inset shows one of the
configurations that contain three electrons in one dot. Blue arrows indicate splittings
of levels due to tunneling. On the right, the green arrows indicate coupling between
states due to tunneling. The red, green and cyan states correspond to the singlet,

triplet and quintuplet states. The double headed red arrows indicate a splitting of
2t2
U+J/2
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The right hand panel shows the energy spectrum of a double dot as interdot tun-
neling is turned on. We see that the singlet, triplet and quintuplet states are no longer
degenerate. This is due to the singlets and triplets coupling to the triply occupied
configurations as shown in Fig. 4.7. The quintuplet states however remain uncoupled
since tunneling conserves S. Most importantly, the singlet, triplet and quintuplet
degeneracies are lifted in a manner that resembles the spectrum of a Heisenberg
chain of spin-1 particles with coupling Jg = U++/;V The reduction of the Hubbard-
Kanamori Hamiltonian (4.16) to the Heisenberg spin-1 chain Hamiltonian is discussed
in further detail in Ref. [118] where interdot tunneling is treated perturbatively. In
essence, the behaviour of coupled spin-1 spins arises when the ferromagnetic intradot
coupling J between electrons on two different p-shell orbitals is much stronger than
the interdot coupling between composite spin-1 particles (i.e. J > Jy). If Jy is
large, then the tunneling is no longer a perturbation and the intradot coupling J is
no longer strong enough to hold two electron spins parallel in a single quantum dot.

The Hubbard-Kanamori parameters for the double quantum dot are obtained in a
similar manner as for the single quantum dot system. First initial guesses are made by
relating the parameters to the atomistic single particle spectrum and Coulomb matrix
elements. However, in the case of the double quantum dot, a genetic algorithm is
used to make adjustments to the parameters to obtain accurate fit to the microscopic
many-body spectrum. The algorithm is as follows. First random parameters are
generated within a small vicinity around the initial guesses in parameter space and
used to compute the low energy many-body spectra. Out of those guesses, another
set of random points is generated, but in a smaller vicinity around the previous set
of parameters that yielded a spectrum closest to the atomistic low energy spectrum.
This process is repeated until the difference between the Hubbard-Kanamori and
atomistic spectra is below a threshold value and the result is a set of fitted Hubbard-
Kanamori parameters. To obtain the fitted parameters, only ¢, V' and W were varied
while the rest of the parameters were held stationary in the genetic algorithm. The

set of parameters for this system are given in Table 4.1.
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Table 4.1:  Fitted Hubbard-Kanamori Parameters for the double quantum dot
nanowire

Fitted HK Parameter | Numerical Value (meV)
U 15.971
z 2.500
A 0.844
t 0.748
Vv 7.734
w 0.000
| | | |
05 TBandCl @ |
HK with fitted parameters
04 Heisenberg chain O |5
03 F s = = A

*¢ & o o
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o1 & & § :
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Energy (meV)

Figure 4.8: Comparison between atomistic, Hubbard-Kanamori and Heisenberg chain
spectra.
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Figure 4.9: Comparison between the overlaps of the Hubbard-Kanamori groundstate
with the Heisenberg S = 1 groundstate and the molecular groundstate.
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Figure 4.10: Hubbard-Kanamori and Heisenberg low energy spectrum as a function
of total spin S
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We then compare atomistic, Hubbard-Kanamori and Heisenberg chain spectra in

Fig. 4.8. Here, the Heisenberg coupling is chosen to be Jy = U+2§27V = 0.104 meV.
2

The agreement between all three spectra indicate that not only is the parametrized
Hubbard-Kanamori model a valid approximation of the atomistic Hamiltonian, but
that the Hubbard-Kanamori model does in fact exhibit properties of the Heisenberg
chain. Though the Heisenberg coupling increases as a function of interdot distance,
there is a limit to the magnitude of Jy. This is shown in Fig. 4.9 with the comparison
between overlaps of the Hubbard-Kanamori groundstate with the groundstates of the

Heisenberg Hamiltonian and the molecular Hamiltonian given by

Hyol = tz CIMCQQU + (c.c.) (4.19)

oo

In the molecular Hamiltonian, the energy spectrum is dominated by interdot
tunneling, with two spin up and down electrons occupying a molecular symmetric
py and p_ orbitals instead of forming spin one states on each dot. The Heisen-
berg triplet groundstate increasingly becomes a more accurate description of the
Hubbard-Kanamori groundstate as the interdot distance increases. Conversely, molec-
ular groundstate is a better description for smaller interdot distances when interdot
tunneling dominates. At an interdot distance of 10 nm, the Heisenberg groundstate
accounts for ~70% of the composition of the Hubbard-Kanamori groundstate. Fur-
thermore, at this interdot distance, the system is adequately described in terms of
coupled spin-1 particles while simultaneously keeping Jy rather large. It is worth
noting that the squared overlaps for a given interdot distance do not sum to unity
due to the fact that the Heisenberg and molecular groundstates are not orthogonal
to each other.

As shown in Fig 4.10, the Hubbard-Kanamori and Heisenberg spectra are in agree-
ment with a x? error of ~0.35 meV. This interdot distance yields an effective maxi-
mum for the magnitude of the Heisenberg coupling, which in this case is Jg = 1.096

meV.



CHAPTER 4. ELECTRONIC AND MAGNETIC PROPERTIES OF ... 96

4.8 Conclusion

We described here electronic properties of multi-electron complexes in InAsP quantum
dots in InP nanowires using a combination of a microscopic many-body Hamiltonian
based on atomistic tight-binding single particle states and Configuration Interaction
approach to electron-electron interactions. We determined the evolution of total spin
of ground state of electronic complexes with electron number and found the syn-
thetic spin one state for N, = 4 electrons in a dot. We related the evolution of
total spin to generalised Hunds rule and discussed detection using Coulomb Blockade
Spectroscopy. We extended the microscopic model to two tunnel coupled quantum
dots in a nanowire. We determined the electronic spectra as a function of interdot
coupling. We computed the N, = 8 electron complex, with 4 electrons per quantum
dot. The low energy spectra of Hubbard-Kanamori and Heisenberg Hamiltonians
were fitted to the low energy spectra of a microscopic Hamiltonian and understood
in terms of antiferromagneticaly coupled two spin one complexes on each dot. The
Hubbard Kanamori parameters and interdot exchange coupling were determined from
microscopic calculations. This analysis has shown that a chain of InAs; _ ,InP, quan-
tum dots in InP nanowire can be used to construct a synthetic Heisenberg spin one
chain described by the Hubbard-Kanamori model. Because of the reduction of the
Hilbert Space, the Hubbard-Kanamori model will allow for microscopic understand-
ing of macroscopic chains which could be used to construct macroscopic quantum

states and topologically protected qubits.
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Abstract

We present here the steps enabling the microscopic design of a topologically protected
singlet-triplet qubit in an InAsP quantum dot array embedded in an InP nanowire.
The qubit is constructed with two Haldane spin—% quasiparticles in a synthetic spin
one chain. The qubit is described by a two-leg multi-orbital Hubbard Kanamori
(HK) model with parameters obtained from the microscopic calculations of up to
eight electrons in a single and double quantum dot. In this HK model describing
long arrays of quantum dots, using both exact diagonalization and matrix product
state (MPS) tools, we demonstrate a four-fold quasidegenerate ground state separated
from excited states by a finite energy gap similar to a Heisenberg spin-1 chain in the
Haldane phase. We demonstrate the existence of spin—% quasiparticles at the edges of
the chain by observing the magnetic field dependence of the low energy spectrum as a
function of applied magnetic field. The applied magnetic field also isolates the singlet
and S% = 0 triplet states from the other triplet components allowing these states to
serve as a qubit basis. Most importantly, the regions in parameter space where the
low energy spectrum of the multi-orbital Hubbard chain yields a Heisenberg spin-1
chain spectrum are mapped out. Due to the finite energy gap, this qubit has the

potential to be protected against perturbations.

5.1 Introduction

The development of solid state quantum information processing devices is currently
a research area of great interest [3,119-122]. At the moment, qubits developed for
commercial use are superconducting [19-21], trapped ion [25,26], electron spin [2,84,

123,124] and photonic qubits [22-24] due to their robustness and scalability [22,23,
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125-127]. However, these qubits suffer from decoherence and a quest for topologically
protected qubits continues [16, 128, 129]. Recently, a qubit constructed with two
Haldane spin-3 quasiparticles [17,18,130] in a synthetic spin one chain [15,16] has
been proposed [10,15,131]. A synthetic spin one chain could be realised using gated
triple quantum dots [131], array of semiconductor quantum dots in a nanowire [5, 15]
and a chain of triangular graphene quantum dots [132-134]. Here, we discuss the
atomistic design of a synthetic spin-1 chain using a semiconductor quantum dot array
in a nanowire to realize a topologically protected singlet-triplet qubit.

Previous effective mass and Heisenberg model based spin calculations suggested
that such a qubit can be realized using a chain of InAsP semiconductor quantum dots
with 4 electrons each in a InP nanowire [5,15,16]. Furthermore, it has been shown
through microscopic calculations that the ground state of a single InAsP quantum
dot in a nanowire is a spin triplet and that the low energy spectrum of an array
of two InAsP quantum dots in an InP nanowire is similar to the spectrum of a
Heisenberg chain of two spin-1 particles [5]. The parameters of this two site Heisenberg
Hamiltonian were used to extend the Heisenber spin-1 chain.

Here, instead of effective Heisenberg Hamiltonian we derive and use an effec-
tive multi-orbital Hubbard model with parameters obtained from microscopic atom-
istic calculations. We determine a set of microscopic parameters for which a long
macroscopic quantum dot chain with 4 electrons each has a four-fold quasi-degenerate
ground state separated from the quintuplet state by a finite energy gap, similar to
a Heisenberg spin-1 chain. We also show that the electrons in a quantum dot array
behave the same way as two coupled spin—% quasi-particles would in a magnetic field.

Furthermore, we show that the length of array controls the singlet-triplet splitting
while the Zeeman splitting of the nonzero spin triplet states allows us to isolate the
quasi-degenerate singlet and triplet states from the quintuplet allowing the isolated
states to serve as a qubit basis. We then demonstrate that the multi-orbital Hubbard
parameters which result in a Heisenberg spin-1 chain model form distinct regions in

parameter space and not sporadic regions. Determining these parameters allows for
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the fine tuning of the spectral gap. The parameters are modified by controlling the
size and As concentration of the InAsP quantum dot as well as interdot distance
and material of the quantum dot array enabling construction of robust topologically
protected singlet-triplet qubits.

The paper is organized as follows. First, we define the multi-orbital Hubbard
model in terms of individual quantum dots and the interaction between them. We
then describe the methodology of the calculations which include exact diagonaliza-
tion and density matrix renormalization group (DMRG) in the formalism of matrix
product states (MPS) [34,35,35,135]. Next, we analyze the low energy spectrum as a
function of array size and show the behaviour of the chain in a magnetic field. Finally,
we map out regions in parameter space where the multi-orbital Hubbard model gives

a low energy spectrum that resembles that of the Heisenberg spin-1 chain.

5.2 InAsP Quantum Dot Array in an InP nanowire

We aim to realize a synthetic spin-1 chain with an array of InAsP quantum dots
embedded in an InP nanowire. The quantum dot array is constructed with a single
InAsP quantum dot shown in Fig. 5.1(a) as a building block. It has been shown
that a synthetic spin-1 object is formed when 4 electrons are injected into the InAsP
quantum dot [5]. With each InAsP quantum dot acting as a spin-1 object, we con-
struct a synthetic spin-1 chain with an array of these InAsP quantum dots as shown
in Fig. 5.2.

The microscopic calculations for one and two InAsP quantum dots embedded
in an InP nanowire serve as the foundation for the effective multi-orbital Hubbard
model that describes the InAsP quantum dot array. Essentially, the microscopic
calculations begin with a tight-binding model [4,5,27,110] where the quantum dot
nanowire is created by first building an InP matrix and defining a hexagonal nanowire
inside as shown in Fig. 5.1(a) where random P atoms are replaced with As atoms at a
concentration of 10%. Fig. 5.1(b) shows the probability densities of the single particle

states obtained from the tight-binding model. Despite the random distribution of As
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Figure 5.1: (a) Hexagonal InAsP quantum dot (blue) in an InP nanowire (yellow).
(b) Charge densities of single particle states.

atoms, the spectrum consists of an s-shell followed by two states of a p-shell.
Furthermore, it was shown that when four electrons were inserted into the quan-

tum dot, two of the electrons filled the s-shell, leaving the other two electrons to form

a triplet state on the p-shell. The many-body calculations of the N electron complex

were done using the configuration interaction method for the Hamiltonian given by

Hyp = ZEic;rci + %Z(iﬂ‘/]kbcjc;ckcl (5.1)
i ijkl
where E; is the energy of single particle state i, ¢! (¢;) is the creation (annihilation)
operator for an electron on state i and (ij|V|kl) is the Coulomb matrix element
where two electrons, one in state ¢ and another in state j scatter to states k and (.
Likewise, the many-body spectrum of two quantum dots, each with four electrons,
resembled the spectrum of two coupled spin-1 particles. The limitation of these
microscopic calculations extended to a long chain of quantum dots is that they are
computationally expensive. Computing such arrays where each quantum dot contains
millions of atoms, with each atom containing 20 spin-up and spin-down orbitals, and
4 electrons per quantum dot is not possible. Since the singlet-triplet qubit requires a
chain of many synthetic spin-1 quasiparticles, it is necessary to use a simplified model

that still captures the physics of a spin-1 chain.
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Figure 5.2: A chain of InAsP quantum dots (blue) embedded in an InP nanowire
(yellow). Red arrows indicate electrons with corresponding spin.

5.3 The Multi-Orbital Hubbard Model

We now turn to the effective multi-orbital Hubbard model to describe the quantum dot
array shown in Fig. 5.2. In this model, each quantum dot is described as a site with
two p orbitals, p_ and p,. Here, s-shell electrons are ignored because the probability
of s electrons scattering to the p-shell is negligible due to the large s-p splitting
in the microscopic single-particle spectrum. Exchange interaction of additional two
electrons half-filling the p-shell can ferromagnetically couple their spins to form a
synthetic spin-1 state as shown schematically in Fig. 5.2.

To retain essential microscopic description of the quantum dot we reduce the
microscopic Hamiltonian in (5.1) to the effective multi-orbital Hubbard Hamiltonian

for a single quantum dot given below

. J
HO(Z) =U; Z Nt M) T (U2 — %)ni_ni+
A
1.
— Jl/gsi_ . SH_ + E Z %Ciaaciga (52)

where a, f € {—,+} denote the orbital indices, o € {1,]} denotes spin and n;, =
> o Niao 1s the number of electrons in orbital @ in quantum dot ¢. This Hamiltonian as

well as the Hamiltonian for a chain of quantum dots is derived from the microscopic



CHAPTER 5. MICROSCOPIC DESIGN OF A TOPOLOGICALLY ... 103

Hamiltonian by employing certain approximations to the Coulomb matrix elements
as described in Ref. [5].

The first term is the Hubbard term, which describes the energy U; required for a
spin-up and spin-down electron to occupy a single orbital. The second term describes
the coupling between electrons on the p_ and p, shells with energy (U, — Jy/2/4).
Here, U, is the direct Coulomb interaction between an electron on p_ and an electron
on py and Jy/; is the exchange between them. In general, U; and U, differ in value,
but for the systems we are interested in, U; = U, = U. The following .J;/, term
describes the Heisenberg ferromagnetic coupling between p_ and p, electrons, which
is not to be confused with the effective Heisenberg spin-1 coupling between quantum
dots, hence the subscript 1/2 in the coupling constant J;/,. This spin—% coupling
arises from the exchange interaction between electrons on different orbitals. Finally,
the last term describes the p-shell splitting due to the broken lateral symmetry of the
quantum dot from the random distribution of As atoms, where the energy splitting
A is the splitting between the p, and p, orbitals which are both linear combinations
of p_ and p,.

To compute the spectrum of a chain of quantum dots, we must include the inter-

action between the quantum dots. The total multi-orbital Hubbard Hamiltonian is

given by

H=>" (Ho(i) ) (clopCisiar + h.c.))

oo

+V Z NiMit1 (5.3)

which is the sum of all single quantum dot Hamiltonians in the array and the in-
teractions between nearest neighboring dots. The first term that describes the in-

f

terdot interactions is the tunneling term tc;

Cit1aoc Which describes the process of
an electron hopping from quantum dot ¢ to the nearest neighbor quantum dot 7 + 1
with a hopping energy ¢t. The second term of the interdot interaction portion of the

Hamiltonian describes the electrostatic interaction between electrons on neighboring
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quantum dots. Here, n; € [0,4] is the electron occupation of dot i and V' is the
Coulomb matrix element which is direct with respect to dot index and is defined to
be V = (ia, j5|V |75, ic) where o, 8 € {p1,p_}.

The two most important terms in determining the behaviour of the system as a
spin-1 chain are the intradot exchange term —.J; > ;S - Sit, which describes the
spin-spin coupling between a p_ electron and a p, electron, and the tunneling term
00 e ¢! Cit1a0. The intradot exchange term, which controls the electronic be-
haviour of the quantum dot as a spin-1 object is compromised by the tunneling term,
which breaks the spin-1 apart. Without the interdot tunneling term however, the
singlet, triplet and quintuplet states of the quantum dot array will all be degenerate
which means that there is no finite gap in the spectrum.

The single dot parameters Uy, Us, Ji/2, A and multidot parameters ¢t and V' were
obtained by fitting the spectrum of (5.3) to the microscopic tight-binding spectrum of
a two dot array using a genetic algorithm. This effective multi-orbital Hubbard model
with parameters obtained from microscopic calculations allows us to simulate an array
with many dots so that we can construct the topologically protected singlet-triplet

qubit.

5.4 Methodology

In this work, we compute the many-body spectrum of a large chain of quantum dots
using the multi-orbital Hubbard model and Configuration Interaction and DMRG
tools to demonstrate the similarity to the spectrum of a spin-1 chain with two Haldane
spin—% quasiparticles. Next, we apply a magnetic field to the quantum dot chain to
determine the behaviour of the Haldane spin—% quasiparticles at the edges as well as to
find the magnetic field at which the qubit can operate. Finally, regions in parameter
space, i.e. the parameters in (5.2) and (5.3), where the Hubbard chain produces a
Heisenberg spin-1 chain spectrum are mapped out.

All calculations of spectra of arrays with two quantum dots are done with exact

diagonalization while calculations of spectra of larger arrays are done with the DMRG
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Table 5.1: Multi-orbital Hubbard parameters for the quantum dot chain

Parameter | Value (meV)
U 15.971
12 5.000
A 0.844
t 2.389
V 8.05

algorithm [34,35,35,135]. In this work, we used iTensor and a tool that we developed
called Python MPS (PyMPS) to perform the DMRG calculations [136, 137].

Table 5.1 shows the multi-orbital Hubbard model parameters that were obtained
from microscopic calculations [5]. An important feature of the multi-orbital Hubbard
chain is the similarity of its low energy spectrum and the spectrum of a spin-1 chain.
However, the similarity to the spin-1 chain spectrum is dependent on the choice of
multi-orbital Hubbard parameters. This is evident with the example of a chain of
two quantum dots. The spectrum of the two quantum dot array is shown in Fig.
5.3(a) where the parameters except for J;/» and ¢ are taken from Table 5.1. While
the Heisenberg spin-1 chain spectrum is reproduced with the parameters shown in
Fig. 5.3(a), it is not reproduced when those parameters are changed as shown in
Fig. 5.3(b). The dependence of the spectrum on parameters allows us to define a
criterion for Heisenberg spin-1 chain behaviour. The criterion is such that when the
multi-orbital Hubbard spectrum replicates the spin-1 chain spectrum as shown in
Fig. 5.3(a), the criterion is satisfied, otherwise, as illustrated in Fig. 5.3(b) when
the spectrum of the spin-1 chain is not replicated, the criterion is not satisfied. This
principle applies to long arrays of quantum dots. For L = 50 quantum dots the
S# = 0 Hilbert space of the HK model at half-filling is (15000)2 ~ 10%8. For such a
large Hilbert space we apply MPS-DMRG tools to obtain the low energy spectrum.
Fig. 5.4(a) shows an example where a chain of 50 quantum dots satisfies the spin-1
chain criterion. This criterion applies to any size of quantum dot array and will be
imperative to mapping out regions in parameter space where the system behaves as
a chain of spin-1s.

The low energy spectrum of the long chain shown in Fig. 5.4(a) illustrates the
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behaviour of two uncoupled spin—% quasiparticles. While Fig. 5.3(a) shows that
the two dot array resembles two spin-1s, Fig. 5.4(a) shows that the chain of many
quantum dots resembles a chain of many spin-1 particles, which is understood in
terms of two Haldane Spin-% quasiparticles at the edges. To illustrate the spectral
gap, the spectrum of the multi-orbital Hubbard Hamiltonian as a function of system
size shown in Fig. 5.4(b) was computed and compared with that of the Heisenberg
spin-1 chain.

The spectrum of the Heisenberg spin-1 chain was computed using the Heisenberg

Hamiltonian given by

H=J) Si-Si (5.4)

where J; = 2t?/ (U + % — V) is the effective Heisenberg spin-1 coupling which is
analytically obtained by treating the tunneling term in (5.3) as a perturbation [138].

We then added the term guBS%., to (5.3) to study the behaviour of the quantum
dot array as a function of applied magnetic field. Using a chain of 20 and 50 quantum
dots, we determined the array size required for the singlet-triplet splitting in Figs.
5.5(a) and (b) to be small enough to avoid unwanted level crossings.

Finally, to determine the set of multi-orbital Hubbard parameters where the array
gives a Heisenberg spin-1 chain like spectrum, we set the following criterion; if the
spectrum consists of a singlet ground state, followed by a triplet first excited state,
then followed by a quintuplet second excited state with no other states in between,
then the criterion is satisfied.

Fig. 5.3 shows an example of a spectrum that satisfies the Heisenberg spin-1
criterion and another example that does not. In Fig. 5.3 (a), t = %U , which is still
in the perturbative regime, while in Fig. 5.3 (b), t ~ U thus the spin-1 description is
no longer valid. Unlike the Heisenberg spin-1 chain spectrum, there are intermediate

singlet and triplet states that appear below the quintuplet energy due to the coupling
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Figure 5.3: Low energy spectra of two quantum dots with two different sets of pa-
rameters. The spectrum (a) shows the spin-1 spectrum criterion satisfied, while (b)
is an example where the criterion is not satisfied. All parameters are in meV.

of the ground state singlet and triplet to the higher energy configurations that contain
triple electron occupation in a dot [5]. We then map out the regime in parameter

space where this criterion is satisfied for a 16 quantum dot system.

5.5 Results

One of the ways to determine the spin-1 chain characteristics of the quantum dot
array is to observe a quasidegenerate singlet-triplet ground state with a gap that
separates the ground state from the quintuplet state in the low energy spectrum.
Similar to the multi-orbital Hubbard spectrum for two quantum dots in Fig. 5.3(a),
the spectrum of a chain of many dots in Fig. 5.4(a) also consists of a ground state
singlet followed by triplet states and quintuplet states. The difference is that unlike
the spectrum of two quantum dots, the singlet and triplet states in the spectrum of
the large chain are almost degenerate with a splitting of 0.05 meV and are separated

by a spectral gap from the quintuplet state. The almost degenerate singlet-triplet
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states along with the spectral gap are indications of the existence of Haldane spin-%
quasiparticles at the edges. To demonstrate this point further, we show the energy of
singlet and triplet states as a function of system size in 5.4(b). We see that singlet and
triplet become almost degenerate while the singlet-quintuplet energy gap approaches
a value of about 0.29 meV.

The same behaviour is observed in the spectrum of the Heisenberg spin-1 chain
in Fig. 5.4(b) where the spectral gap is 0.45 meV. This spectral gap is known as the
Haldane gap. Though the spectral gap for the multi-orbital Hubbard model is only
about 65% of the spectral gap in the Heisenberg spin-1 chain spectrum, this level of
agreement is to be expected considering the fact that the ground state of a two dot
multi-orbital Hubbard model given these parameters is in about 70% agreement with
the ground state of a two site Heisenberg spin-1 chain as seen in the overlap integral

which was calculated in Ref. [5].
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Figure 5.4: Parameters used are in Table 5.1. (a) Low energy spectrum of a chain
of 50 quantum dots using the multi-orbital Hubbard model (MOH). (b) Low energy
spectrum of a quantum dot array as a function of array size using various models.
Ep and Eg denote triplet and quintuplet energy respectively. All energies are shifted
so that the singlet energy, which is not shown, is zero. The inset shows an enlarged
section of the plot from L = 48 to 50 dots.

Next, we apply a magnetic field by adding Zeeman energy to demonstrate that
the quantum dot array behaves the same way as two Haldane Spin—% quasiparticles
would in a magnetic field and to also show that the S* = 0 triplet and singlet can be
isolated for use as a qubit basis. The spectra for 20 and 50 quantum dot arrays as a

function of applied magnetic field are shown in Fig. 5.5.
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Figure 5.5: Multi-orbital Hubbard spectra as a function of magnetic field guB for L =
20 (a) and L = 50 (b) quantum dot arrays. The logical qubit states are highlighted
in the dashed square.

In both the L = 20 and L = 50 cases, the Zeeman splitting between the triplet
components increases as a function of magnetic field while the singlet remains unaf-
fected, which is also the case for two coupled spin—% particles. With the inclusion of
the Zeeman splitting of the quintuplet components, this system behaves as a Hesien-
berg spin-1 chain would under a magnetic field.

For qubit operation, it is necessary for the S* = +1 triplet components to split
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away far enough to isolate the S* = 0 triplet and singlet before the S* = —2 quinutplet
crosses the S* = 0 triplet. This does not happen with the L = 20 chain as seen in
Fig. 5.5 (a) where at about guB = 0.24 meV, the S* = —1 triplet begins to cross
below the singlet, but by then the lowest energy quintuplet already crossed below the
S# = 0 triplet. For the L = 50 chain, the singlet-triplet splitting at zero field is small
enough such that isolation of the zero singlet and triplet occurs before any quintuplet
crossing occurs. At about guB = 0.07 meV as seen in Fig. 5.5 (b), the nonzero
triplets isolate the qubit basis before the lowest energy quintuplet crosses even the
S* = +1 triplet. Since it is useful to have a larger spacing between the qubit basis
and the nonzero triplets, we can use a magnetic field of 0.08 meV for qubit operation
where the high energy triplet and the low energy quintuplet begin to cross.

It is also useful to construct a synthetic spin-1 chain with other parameters. These
multi-orbital Hubbard parameters depend on the material, quantum dot As concen-

tration, interdot distance and quantum dot size. Varying these parameters would

t2
J
U+22 v

2

vary the spectral gap since J; o [138], hence it is important to find which
parameters would yield a synthetic spin-1 chain.

We map out regions in parameter space for 2 dot and 16 dot arrays where the
Hamiltonian (5.3) produces a spin-1 chain spectrum, that is, regions where the spec-
trum consists of a singlet ground state, a triplet first excited state and a quintuplet
second excited state. In both Figs. 5.6 and 5.7, there are clear regions in parameter
space where a spin-1 spectrum is produced as opposed to random points sporadically
dispersed. We decided to omit the parameter V' from the diagrams because the term

containing this factor only contributes a constant shift to the low energy spectrum

due to all of the orbitals in these states having single occupation.
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Figure 5.6: Spin-1 chain spectrum criterion as a function of various multi-orbital
Hubbard parameters for an array of two quantum dots. Yellow (or green) region is
where the criterion is satisfied and blue is otherwise. (a) is a diagram of ¢ and J; s,
(b) is a diagram of U/t and Jy 2, (c) shows A versus J /o and (d) shows A versus Ji o
at different values of ¢, where the all values of ¢ are in units of meV.

In Fig. 5.6(a) we see a ¢ varying linearly with .J;» at the boundary. Moreover,
Fig. 5.6(b) shows a ﬁ dependence of U at the boundary, which is expected because
of the linear dependence of t on J;/, at the boundary in Fig. 5.6(a). In Fig. 5.6(c),
we see a linear dependence between A and J at the boundary. Furthermore, varying
t at different cross sections of the A-.J;, plane as shown in Fig. 5.6(d), does not vary
the slope of the boundary. However, the .J; o-intercept increases with ¢.

Since the singlet-triplet qubit requires large chains, we also map out regions in
parameter space where a spin-1 chain spectrum is produced for a 16 dot system in
Fig. 5.7. Similar trends to the 2 dot diagrams are seen in the 16 dot diagrams.
For instance, linear dependence of ¢ on .J; at the boundary where the spin-1 chain
criterion is satisfied is shown in Fig. 5.7(a). The +— dependence in Fig. 5.7(b) is

1/2
also seen as well as the linear dependence of A on .Jy/, in Fig. 5.7(c).
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Spin-1 chain regime diagrams for 16 dots
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Figure 5.7: Spin-1 spectrum criterion as a function of various multi-orbital Hubbard
parameters for an array of 16 quantum dots. Yellow region is where the criterion is
satisfied and blue is otherwise. All parameters are the same as the ones used in Figs.
5.4 and 5.5 except for those that are varied.

The two lowest energy eigenstates for a single quantum dot with two electrons

in the p-shell are a triplet ground state and a singlet first excited state separated by

8J1 /2= /T2y H(40)? 5
1 .

first one, the orbitals in different dots are coupled by the hopping term tc!aciﬂa. We

an energy Fg = If another quantum dot is placed beside the
see the effect of hopping in the spectrum of 4 electrons on two quantum dots in the
splitting of the singlet and triplet double quantum dot states, where in this case, the
singlet is the ground state and the first excited state is a triplet. In the regime where
the hopping term in (5.3) is weak, the singlet triplet splitting is proportional to the
effective Heisenberg spin-1 coupling J; = 22/ (U + Jij2/2 — V). This introduces the
condition J; < F, which can be interpreted as the values of ¢ which conserve the
spin-1 character of each quantum dot in the array. This condition can shed light on
Figs. 5.6 and 5.7.

Increasing J;/, increases the singlet-triplet splitting for a single quantum dot,
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protecting the spin-1 character of each dot against perturbations according to the
analytic expression of Ey. This behavior is observed in Figs. 5.6 and 5.7, where
the Haldane phase is favored whenever Jj/, is increased. On the other hand, an
increase in the hopping energy t mixes the single quantum dot ground and excited
states, destabilizing Haldane phase , which is also observed in Figs. 5.6(a) and 5.7(a).
Similarly, increasing the p-shell splitting A decreases the singlet-triplet gap in a single
quantum dot, eventually producing a ground state that is a singlet instead of a triplet
in the case when E,; < 0, losing the spin-1 behavior of each quantum dot.

In Figs. 5.6(c) and 5.7(d) the competition between J;/, and A terms can be
seen directly. Particularly, in Fig. 5.6(d) the combined effect of varying A with the
hopping term ¢ and .J; 2 is shown. When the hopping energy ¢ is increased, .J; /2 must
also increase even for negligible A in order to stabilize the Haldane phase. This is

the reason behind the increasing of the J; jo-intercept as ¢ increases.

5.6 Conclusion

We presented here the steps enabling the microscopic design of a topologically pro-
tected singlet-triplet qubit in an InAsP quantum dot array embedded in an InP
nanowire. The multi-orbital Hubbard model derived from microscopic calculations is
used to describe the singlet-triplet qubit. A degenerate singlet-triplet ground state
followed by a spectral gap separating the ground state from the quintuplet state
is observed in the low energy spectrum of the multi-orbital Hubbard chain. This
same behaviour which is also observed in the spectrum of a Heisenberg spin-1 chain
indicates the existence of Spin-% quasiparticles at the edges of the chain. Further
indication of the existence of spin—% quasiparticles is the behaviour of the low energy
spectrum as a function of applied magnetic field. Despite the system being a chain of
synthetic spin-1s constructed using an InAsP quantum dot array, the magnetic field
dependence of the spectrum is the same as that of two spin—% quasiparticles. The
external magnetic field also allows the 5% = 0 triplet and singlet states to serve as

the qubit basis by isolating those states from the other S* = 41 components of the
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triplet and the quintuplet states. For the design of the qubit, the regions in parameter
space where the low energy spectrum of the Heisenberg spin-1 chain is reproduced
with the multi-orbital Hubbard model are mapped. The finite spectral gap gives the

qubit potential to be robust against perturbations.
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Chapter 6

Conclusions

Using microscopic computational techniques such as TB and CI, the electronic and
excitonic spectrum of an InAsP nanowire quantum dot embedded in an InP nanowire
was computed. The ordering of the emission lines was found to be consistent with
the measured spectra of actual InAsP quantum dot nanowires. Furthermore, by
introducing inhomogeneity to the As distribution in the quantum dots, we were able
to generate emission spectra of vastly different orderings of excitonic peaks from those
of quantum dots with a uniform random distribution of As, demonstrating the ability
to control the emission spectra by the As composition in the quantum dots. This
control enables the design of single and entangled photon sources since single photons
are generated from exciton recombination and entangled photons are generated from
biexciton-exciton cascade from quantum dots where the exciton and biexciton peaks
are degenerate.

The same computational techniques were then applied to study the electronic
and magnetic properties of one and two InAsP quantum dots embedded in an InP
nanowire to demonstrate the possibility of constructing a synthetic spin-1 chain using
an array of such quantum dots in a nanowire. Through the analysis of the Coulomb
blockade spectrum, it was determined that one quantum dot with a half-filled p-shell
has a spin-1 ground state and that two quantum dots with a half-filled p-shell ex-
hibit the same low energy spectrum as two coupled spin-1 particles. The magnetic

properties of one and two spin-1 particles that were observed in the single and double

116



CHAPTER 6. CONCLUSIONS 117

quantum dot systems respectively allow for the possibility to construct a synthetic
spin-1 chain with an array of these quantum dots and therefore to construct a topo-
logically protected singlet-triplet qubit.

Long arrays of InAsP quantum dots were then simulated using the more abstract
microscopic multi-orbital Hubbard model with parameters obtained from microscopic
calculations. To address the long chain of the multi-orbital Hubbard model, the MPS
DMRG tool was developed. For a long chain, it was shown that the ground state was
separated from a finite energy gap from the excited states, which is indication that
the ground state is topologically protected from the excited states as is the case with
a long chain of spin-1 particles. Furthermore, the behaviour of the quantum dot chain
as a function of an external magnetic field was shown to be the same as two spin-1/2
particles at the edges of the chain, which is further indication that the system is in
a topological phase. The applied magnetic field also isolates the S* = 0 singlet and
triplet states from the rest of the spectrum, allowing for qubit operation. Finally,
the regions in the multi-orbital Hubbard parameter space where such spectra are
reproduced were mapped, allowing for the design and engineering of a topologically
protected singlet-triplet qubit.

Since unexpected clustering of As atoms occurs naturally in the growth process
of these quantum dots, the incorporation of lattice dynamics would provide a better
theoretical understanding of the many-body properties of the quantum dot and hence
more accurate calculations of the excitonic spectra. The effect of lattice vibrations
on the stability of the spin-1 behaviour of the quantum dot is still to be determined.

Another issue with these InAsP quantum dots is that when two of the dots are
close to each other, i.e. for a two dot array, the effective Heisenberg spin-1 coupling
constant is much lower than room temperature at about 1 meV. Improving the cou-
pling constant involves finding a way to increase t with respect to U. Some of the
more obvious ways of attempting this would be to increase the physical parameters
such as the size of each quantum dot and the interdot distance. Another possibility is

to use a different material all together such as an array of Moiré quantum dots from
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twisted layers of transition metal dichalcogenides (TMD) [139].

Though not necessary for the construction of a singlet-triplet qubit, more rig-
orous methods to classify the topological Haldane phase of the quantum dot array
would be beneficial. One such method could be to observe a quantity known as the
spin-string correlation (SZ [}~ exp[irS?)SZ) [140] which unlike the familiar spin cor-
relation (S;S?Z), does not necessarily decay with distance n. In fact, the conjecture
proposed by Girvin and Arovas is that if the spin-string correlation does not decay,
but the spin correlation does, then the system has a finite spectral gap which, for
the synthetic spin-1 chain, would imply that the ground state is in the topological
Haldane phase [140].
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