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Abstract

Turbo Codes have so far shown to outperform all known codes with comparable
size and decoding complexity. These powerful codes, which can be constructed from
simple component codes, have achieved a large coding gain closed to the theoretical limit
set forth in Shannon’s Theory. Because of their superior performance, Turbo Codes have
spontaneously captured worldwide interests and have been a subject of many works and

publications.

Most of the existing published research works on Turbo Codes are centered on the design
and analysis of high rate Turbo Codes, i.e. whose overall code rates equal to 1/3 and
higher. Furthermore, these research works mainly focus on analyzing and explaining the
performance of Turbo Codes achievable with different component codes and decoding

algorithms.

This thesis investigates the performance and a possible area of improvement to the
original low rate Turbo Codes in the region of low SNR, and studies some potential
variants for addressing such weakness. The thesis begins with examining the design and
performance of the current low rate Turbo Codes, i.e., with code rate equal to 1/3 and
below, and then determining the code rate which yields optimum performance at low
SNR. In particular, it attempts to demonstrate through simulations that for a power
limited transmission and low SNR, rate 1/3 Turbo Codes generally achieve the best
performance, while reducing the code rate degrades rather than improves the
performance. Theoretical explanation is then provided to shed some light on such
performance degradation. Next, the thesis highlights a weakness of the original rate 1/3
Turbo Codes, and investigate some possible variants for addressing this weakness.
Simulations are conducted to compare the performances of these variants with the current
rate 1/3 Turbo Codes. Finally, the thesis concludes with a formulation of some
important characteristics that concatenated codes should have in order to outperform the

current rate 1/3 Turbo Codes.
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Chapter 1

Introduction

1.1 Background

In digital communications, information is often transmitted over a noisy channel
which can introduce errors to the received data. To increase the reliability of the received
data, controlled redundancy is added to the transmitted data stream, allowing the receiver
to detect and possibly correct errors. Such technique is known as error control coding or

channel coding.

The field of error control coding began with the second Shannon’s paper published in
1948 [46]. In that paper, Shannon introduced the concept of channel capacity which can
be associated with every channel. He then showed that as long as the information stream
is transmitted at a rate below the channel capacity, there exist error control codes such
that information stream can be transmitted and received at an arbitrarily low bit error rate.

He did not however specify what these codes are or how to derive them.

From 1948 to 1993, a large number of error control codes have been developed for deep
space communications, yet none of which has performance close to that set forth in
Shannon’s theory. It is well known since the early days of Shannon theory that
increasing the codeword length N would yield better performance. As such, large codes
were developed in an attempt to increase the performance. Unfortunately, the decoding
complexity of such codes also increases with NV up to a level where decoding becomes

physically unrealizable [12].



The way one understands coding and resolves decoding problems have completely been
revolutionized with the advent of Turbo Codes. Introduced in 1993 by Berrou, Glavieux
and Thitimajshima [1], Turbo Codes have surprisingly achieved a BER performance
close to the Shannon’s promise. So far, Turbo Codes have a strength unmatched by any
known code in the sense that they can provide highly reliable data transmission with
moderate decoding complexity at low signal to noise ratios. The outstanding BER
performance of Turbo Codes can be attributed to the revolutionized and powerful
iterative decoding, and the application of the soft decoding algorithm introduced by Bahl,

Cocke, Jelinek and Raviv in 1972 [4] to iteratively reduce the decoding bit error rate.

1.2 Motivation

A Turbo Code (TC) codeword generally comprises one systematic and several
parity segments. Obviously, the larger the number of the parity segments, the lower the
corresponding TC code rate and the less transmitted power available per coded bit. As
TC are particularly designed to work in the region of low SNR, it would be interesting to
find out the optimum code rate which yields the best BER performance at low SNR. This
is one of the several motivations of the thesis. Another motivation is related to the
observation that the high performance of TC is achieved by iteratively decoding and
improving the reliability of the systematic segment of the received codeword. However,
the parity segments which are used to improve the systematic segment are not protected
against the channel noise, and as such the overall TC performance can be adversely
affected by the low reliability of the parity segments. This view leads to the following

postulation which is investigated throughout the thesis.

“ The BER performance of a TC can be improved if the reliability values
of the corresponding individual parity segments are enhanced without
actually decreasing the reliability values of the systematic segment or/

and parity diversity .”



1.3 Contributions

This thesis attempts to make contributions to the field of error control coding,
specifically Turbo Codes, by conducting a detailed study on the behaviors of the low rate
Turbo Codes whose constituent codes are rate 1/2 recursive systematic convolutional
(RSC) codes. The study includes simulating and reporting different impacts of critical
parameters such as code rate, puncturing, decoding delay and complexity on the overall
BER performance in the region of low SNR. Furthermore, it suggests some changes to
improve the reliability of the parity bits of the original Turbo Codes, and investigates the
BER performances of the modified Turbo Codes referred to as TC variants.

The BER performances of these TC variants were simulated and compared to those of the
original rate 1/3, 1/4 and 1/5 Turbo Codes. As part of the simulations, a modified SOVA
was also developed to decode one of the proposed TC variants. Finally, the simulation
results obtained and the conclusions drawn from these TC variants are used to
conceptually highlight or formalize the characteristics of a new class of concatenated
codes which could be viewed as a superset of the original Turbo Codes and which have

the potential to outperform the original Turbo Codes across the entire range of SNR.



1.4 Thesis Outline

The remaining of the thesis is organized in three chapters and one appendix.
Chapter 2 begins with a detailed coverage on the design and analysis of Turbo Codes
from the theoretical stand point. Emphasis is on the analysis of Turbo Codes with low
rates, particularly the rate 1/3, 1/4 and 1/5. The analysis covers the overall Turbo Codes
encoding and decoding operations, the roles of the basic elements forming the Turbo
Codes such as component codes and interleavers. "The theoretical bounds on the BER is
loosely derived to predict the overall performance versus the code rate for a given range
of signal to noise ratio. The performances of various Turbo Codes are simulated to
illustrate the BER as a function of several independent parameters such as the TC code
rate, the interleaver length, the generator polynomaials of the constituent codes and the

number of decoding iterations.

Chapter 3 represents the most important contributiom of the thesis. It discusses a possible
area of improvement for the original Turbo Codes, introduces some potential TC variants
and investigates their BER performances. As part of the investigation, we propose and
develop a modified SOVA which independently minimizes the BER of the individual
inputs of a rate 2/3 convolutional codes. The findings from the study of the proposed TC
variants are then used to describe the characteristics of superior concatenated codes

which can outperform the current rate 1/3 TC.

Chapter 4 concludes the thesis with a summary of findings, and a postulation or
formulation of the characteristics of superior concatenated codes which can outperform
the current rate 1/3 TC across the entire range of SNR. The detailed development of

these superior codes is however left to the future research works.



The appendix provides an introduction to concatenated codes. Various concatenating
schemes including serial and parallel concatenations are highlighted. Initial emphasis is
on the overview of different concatenated codes, followed by a detailed discussion of
serial concatenated codes. Parallel concatenated codes is briefly discussed in the generic
context in order to draw some comparison with the serial concatenated codes. The
appendix is completed with an introduction to the principle of iterative decoding which is

essential to the understanding of the Turbo Codes.



Chapter 2

Turbo Codes

2.1 Introduction

Turbo Codes were introduced by Berrou, Glavieux and Thitimajshima in a 1993
conference paper entitled “Near Shannon Limit Error Correcting Coding and Decoding:
Turbo Codes™ [1]. These codes can be viewed as a very successful application of two
important coding ideas — concatenated coding scheme proposed by Forney in 1966 [6],
and replication decoding proposed by Battail in 1979 [5]. Constructed from two simple
convolutional codes and an interleaver, Turbo Codes can achieve a performance
unmatched by any previously known codes at a moderate decoding complexity. This
stunning performance has caused many coding theorists to review their understanding of

efficient codes and to consider a new approach to solving decoding problems.

This chapter provides a comprehensive study of Turbo Codes with an emphasis on both
theoretical analysis and simulations. The theoretical analysis begins with a brief
introduction to the important characteristics or components of Turbo Codes (TC) as well
as the architectures of the associated encoder and decoder from the overall design view
point. It then proceeds to carry out an in depth analysis on the encoding and decoding
operations to establish some performance optimization criterion and performance bounds.
Several simulations are performed to illustrate the BER performance of low rate TC as a
function of several independent parameters including the interleaver length, the generator
polynomial of the associated constituent codes, decoding iterations and the TC code rate.

The results of these simulations are then discussed in detail.



2.2 Turbo Encoding and Decoding Principle

Turbo Codes (TC) represent a sub-group of parallel concatenated codes (PCC),
namely the parallel concatenated convolutional codes (PCCC). For instance, a rate 1/3
TC basically contains two recursive systematic convolutional codes, RSC1 and RSC2,
concatenated in parallel. A typical rate 1/3 TC encoder is depicted in figure 2.1 It is
constructed from two identical recursive systematic convolutional (RSC) encoders, ENC1
and ENC2, linked by an interleaver. This particular TC encoder can be viewed as a (3N,
K) linear encoder in which a stream of K information bits u = () w2 us... uy) is first
padded by (N-K) tail bits and then encoded by the two convolutional encoders ENC1 and
ENC2. The (N-K) tails bits are required for the trellis termination, i.e. forcing the two
encoders back to the all-zeros state. In practice, it is very difficult to force both encoders
back to all-zeros state with (NV-K) tail bits, and as such only the encoder ENCL1 is usually
forced back to all-zeros state. The overall code rate for the TC encoder is R = K/3N,
where in practice K is often very large compared to the number of tail bits (N-K),
therefore the code rate R can conveniently be approximated to R ~ 1/3. For clarity, it
should be pointed out that two encoders, ENC1 and ENC2, only output the parity
sequences of the corresponding RSC1 and RSC2 which constitute the rate 1/3 TC.

The overall code rate of the TC encoder can be increased, up to unity, through
puncturing, a technique which periodically removes the parity bits from ENC1 and ENC2
encoders. Puncturing has some useful applications in telecommunication systems where
unequal error protection is required. For instance, during data transmission,
synchronization frames require more protection than other frames. As such, puncturing is
disabled for the synchronization frames to provide adequate error protection but enabled
for other frames to increase the overall code rate. Likewise, as the channel becomes
noisier, the encoder can stop puncturing to provide more protection to the transmitted

data. In this thesis, only non-punctured Turbo Codes whose rates are 1/3 and lower are

considered.



ENC 1 —> X,

o

| Interleaver ENC2 e x2 &

!

Figure 2.1: A typical rate 1/3 Turbo Codes encoder

As far as encoding is concerned, the TC encoder of figure 2.1 encodes a data block of K
= (N — m ) bits where m denotes the number of tail bits into a codeword consisting of
three distinct components of N bits each, namely one systematic component which is the
replica of the input block and two parity sequences. In that context, an information
sequence or input block u = (u;, wo, us,-.., ux ,...un ) is encoded twice by the two
identical recursive systematic convolutional encoders ENCI1 and ENC2, where the second
encoding takes place only after interleaving the input block. There is an important reason
for using identical ENC encoders to construct a TC encoder. That reason will become
relevant later: for the moment one may consider that a coincidental advantage of using
identical constituent encoders is low implementation complexity for the TC encoder and
decoder. Furthermore, since both ENC1 and ENC2 are systematic encoders, only one

systematic sequence needs to be transmitted, hence reducing the system bandwidth.



Suppose that the systematic component # = (u1, Uz, U3,-.., Uk ,...Uy ), and the two parity

components X1 = (X;;,X; 25X;35--: X4 0o X ) from ENCI and x2 = (x,;,%55,%5 55,
Xy 4 2---2 X5 ) from ENC2 are multiplexed and then transmitted over an AWGN channel

using bipolar waveforms. Assume that the triplet (&, x1, x2) is corrupted and received as

(v, y1, ¥2), where v = (vi, v2, V3, o0, Vi, ooy W), Y1 = L1 V1,25 Y135 -+ -5 Yiks ---» YiN) @and

so on. Expressing v and y; in bipolar forms, one obtains

i = (2ux—1) + ng 2.1
Yie = e -1) + ng (2.2)

where ni and njy (j = 1, 2) are independent noise samples having the same variance o
Using eq. (A.21) and (A.22) of Appendix A, the channel output, or soft value associated

with the received vi, can be expressed as [14]:

vi-Lc = In PQ |1, =+D
_P(Vk Iuk =—1)J
1 1[v, —1]2
expl ——
o2 2L o
= In — >
1 1{v, +1}’
exp| ——
o271 2L o
2
= P Vi 2.3)
Similarly, it can be shown
2
Yik-Lc = 57 Yk 24



The received codeword (v, y1, y2) can be iteratively decoded using a two-stage feedback
decoder as depicted in figure 2.2. The decoder contains a demultiplexer, two
interleavers, two de-interleavers and two identical soft decision decoders (DEC1 and
DEC?2) serially cascaded. The two interleavers are identical to the one used in the
encoder of figure 2.1. The de-interleavers perform the inverse operations of the
interleavers. The two soft decision decoders (SDD) are symbol-by-symbol maximum a
posteriory (MAP) decoders which compute the soft value of each channel output bit using
a soft decision decoding algorithm. The overall decoding process is carried out in an
iterative fashion during which the current extrinsic value produced by one decoder is

shared with the other to improve the next soft decision.

Lg, () Le. ()
De-
Interleaver [*€
> Lg, (%) L (4,)
DEC1 »! Interleaver > DEC2 ‘_¢L2 (iZn )

Vel | Y1k De-
Interleaver

Y2k

rx ——»{Demux L._, (i‘[k )

v Interleaver Y

« v U
n HDD |-

Y

Figure 2.2: A typical rate 1/3 Turbo Codes decoder with feedback.
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It is well understood that Viterbi algorithm (VA) is an optimal decoding algorithm for
convolutional codes. Unfortunately, this algorithm outputs the “hard decisions”, i.e. O or
1, as opposed to the a posteriori probability (APP) or the soft value for each decoded bit.
As such, it is not suitable for the iterative decoding of Turbo Codes. The appropriate
algorithm which produces soft decision for each decoded bit was originally introduced by
Bahl, Cocke, Jelineck and Raviv in 1974 [4], and subsequently modified by Berrou et al.
2] for turbo iterative decoding. This modification is necessary to adapt the (BCJR)

algorithm to the systematic nature of the Turbo Codes.

The main objective of the VA algorithm is to minimize the probability of sequence error
or to select the codeword which minimizes the error probability by finding a ML estimate
of the transmitted sequence. The objective of the BCJR algorithm is however to minimize
the bit error through the APP estimation of the individual bits. Although it produces an
optimal MAP decision for each decoded bit, the BCJR algorithm has not always been the
most attractive because of its computational complexity and large storage requirements.
An alternative to the BCJR algorithm is Soft-Output Viterbi Algorithm (SOVA) which is

sub-optimal but less complex to implement. The mathematical derivations of the SOVA

are provided in next chapter.

Going back to the decoder in figure 2.2, the received codeword r = (v, yy, y2) is iteratively
decoded after multiplied by the channel reliability, Lc. The demultiplexer (Demux)
forwards the two pair of (v, y1) and (v’, y2), where v’ denotes the interleaved v, to DEC1

and DEC2 respectively. The DEC1 computes the extrinsic value, Lgi(i, ), for each
decoded bit #, . The extrinsic sequence Lgi(u) = {Lg1 (i), Lei(it,), ..., Lei (1), ---,
Lg (uy,) } from DECI is interleaved and then input along with (v?, y2) to the DEC2 which
in turn outputs the soft output sequence, L,(#) = {L.(k,), L2(i,),..., L2(i,), ...,
Ly(#y)} and the extrinsic sequence Lp(@#) = {Lg(,), Le2(ity), ..., L (@), ...,
Leg(uy,) }. The latter is de-interleaved and routed to DECI for use in the next iteration.

At the beginning, i.e. the first half iteration, Lg (i) (K=1,2, ..., N) is set to zero. At

11



the end or last iteration, the soft output sequence L, (&) is de-interleaved and forwarded

to the hard decision decoder (HDD) to produce a sequence of hard decoded bits

@, u,, U, ..., u,,...), where &, = sign [L2(@Z,)]. Clearly Lg () is a function of
Ly(@, )l Ceeny * Since the latter depends on the observations of both v and y, L (7)) is

correlated with the observations of both v; and y;x. However, the larger the distance [n -

k| produced by the interleaving is, the less the correlation between Lg(iz,) and the

observations of v and y,x is [2]. In that sense, Lg (i,) can be thought of as a diversity
effect and can be shared with the DECI1 to achieve a better MAP estimation for each

decoded bit. The same logic also holds true for Lg; (i, ) .

The two decoders (DEC1 and DEC2) of figure 2.2 have three inputs namely the
systematic, the parity and the extrinsic. The extrinsic input of DECI is provided by
DEC?2, and vice versa. When performing iterative decoding, it is crucial to ensure that :
(i) the a priori information generated by one DEC does not get circulated back to the same
DEC at subsequent iteration; and (ii) the extrinsic information output by one decoder
remains independent or uncorrelated from the systematic and parity inputs of the other
decoder as much as possible. Such independence or non-correlation is mostly
accomplished through interleaving action as described in the previous paragraph. In the
absence of the interleaving, there is a correlation between the extrinsic information output
by one decoder and the systematic and parity inputs of the other decoder. With such
correlation in place, the iterative decoding does not work in the sense that the BER
remains almost constant regardless of the number of decoding iterations, as will be shown

by simulation later.

An obvious, but nevertheless important, observation can be made with respect to the
iterative decoding of the Turbo Codes decoder (figure 2.2). At the beginning, one has no
knowledge on the statistics of the transmitted data bits ;’s. Assume these data bits are
generated by an equiprobable source, i.e. P(ux = 0) = P(ux =1) = 1/2 or equivalently Lg
(ur) = 0. The first stage decoder (DEC1) decodes the triplet (Lg(#), v, y;) to obtain

L, (&), an estimate of the transmitted data u, which can be expressed as

12



L[ (ﬁ) = LC- v + Lm (ﬁ) + LE (u) (2.5)
Ley(@) =L (@) — Lc -v — Le(w) (2.6)

where Lc denotes the channel reliability. The extrinsic information Lg; (&) is then used
along with (v°, y2), where v’ denotes the interleaved v, at the second decoding stage to

produce

L, (@) = Lc-v' + Lex(@) + Lea(@) 2.7)
Le(u) = Ly(@) — Lc-v’ — L (@) (2.8)

The decoding process can be repeated again with this time using Lg(x) = de-interleaved

Lg; () rather than Lg(e) = 0. Clearly, one can achieve a better %, ’s for every additional

iteration up to a certain value. The minimum achievable BER depends on the strength of
the component codes, i.e. RSC1 and RSC2 generated by ENC1 and ENC2 respectively,
and the reliability of the received codeword r = (v, y;, y2). For the current Turbo Codes,
only the reliability of v is improved during the decoding. On the other hand, the reliability
of y1 and y, remain unchanged. Indeed, the same y; and y; are repeatedly used to improve
v. Since both y; and y, are not error protected, they are likely to contain channel errors,
hence adversely limiting the improvement of v at each decoding stage. In the next
chapter, it will be shown through simulation that increasing the reliability of y; and y, can

lead to a better BER performance.
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2.3 Performance Analysis

The principles of Turbo Codes encoding and decoding were previously discussed.
Although the decoding aspects were discussed in details, the encoding counterparts were
only discussed in general terms. In the following, a detailed analysis on the Turbo Codes
is presented from the encoding point of view. The main objective is to demonstrate that
the remarkable performance of the Turbo Code is not only attributable to the strength of
the iterative decoding, but also to the powerful code structure and parameters which can
be optimized through proper encoding. Furthermore, it is intended to show that Turbo
Codes possess a powerful code structure decomposable into several segments. These
segments can be manipulated independently of each other, hence make it relatively simple
to optimize the dominant design parameters such as the minimum distance and the

number of codewords with minimum distance.

2.3.1 Effective Free Distance

Consider a rate 1/3 Turbo Codes whose encoder is depicted in figure 2.1. Recall
that encoders ENC1 and ENC2 are two identical rate 1/2 RSC encoders which only
output parity bits. For a given input block # = (uyz2 ...1¢ ... uy ), ENC1 generates a

parity sequence x; = (XX, 5..-X;;-..X, ) . Similarly, the encoder ENC2 produces another
parity sequence x2 = (X,,X,5..-X,,...X, ,) from @’, which is the interleaved version of u.

Together, the triplet (%, x, x2) constitutes the three segments of a Turbo Codes codeword.
Let w, dC! and d®¥? denote the respective Hamming weights or distances of the triplet
(u, x1. x3). The total weight, d"C, of the corresponding Turbo Code codeword is given by
[11]

d’¢ = w + 42V 4 gEVC (2.9)

which can be extended to a rate 1/(g+1) Turbo Code as

dT€ = w + dEC L gEVNC? 4 .. + gFNVCGa (2.10)
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where d V7 is the weight of the parity sequence generated by ENC q. Recent works
have indicated that when operating at low SNR regions of an AWGN channel, the Turbo
Codes performances are largely influenced by the minimum weights of their codewords
which are generated by weight-two input sequences [10] [11] [32]. For clarification, all
Turbo Codes codewords generated from weight-two input sequences are referred to as

dI¢ codewords, while the minimum weight of the d;° codewords is referred to as the

effective free distance dJ .., or equivalently d;., . The reason why the Turbo Codes

performance is determined by the minimum weight of the d/° codewords is

straightforward for the following obvious reason. The d° codewords has a very large
weight due to the infinite impulse response (IIR) nature of the RSC encoders, and thus

they can be ignored. On the other hand, the d;‘;;m codewords ( j > 2) tend to have a

decreasingly low probability of occurrences because the weight j input sequences which

produce d’¢. codewords are likely to be permuted by the interleaver. Because of the

J.min

interleaver action, the number of d°.codewords (j > 2) is negligibly small [31]. Thus

J.min

at low and moderate SNR, maximizing the performance of a rate 1/(g+1) Turbo Codes (g

=2, 3, ...) is equivalent to maximizing its effective free distance, d, .., which is given

by

=2 + dBCL 4 gEC? 4 4 dEN (2.1D)

d TC
2,min 2,min 2.min - 2.min

where d2“? corresponds to the minimum weight of the parity sequences generated by

2,min

the encoder ENCq from the weight-two input sequences. Eq. (2.11) clearly suggests that
another way of optimizing the Turbo Codes performance is to minimize the probability
that all elementary encoders ENC1, ENC2, ..., ENC g simultaneously output minimum
weight parity sequences for a weight-two input sequence. This can be accomplished

through clever design of interleavers.
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2.3.2. Evaluation Of Bit Error Probability

Again consider the rate 1/3 Turbo Codes Encoder depicted in figure 2.1, assuming
that the encoders ENC1 and ENC2 are two identical rate 1/2 RSC encoders which only
output parity bits. For an information block N much larger than the memory m of ENCI1,
the performance of the rate 1/3 Turbo Codes is almost identical to that of the equivalent
(BN, N-2m) parallel concatenated block codes whose codewords are codewords of the
Turbo Codes of length 3N which start and end at zero states of both encoders ENC1 and
ENC2 [12]. The performance bounds for the Turbo Codes can be computed using the
weight enumerating function (WEF) as in the case of the serial concatenated codes (SCC)
[10]{11][{12][33][46]. The input-output weight enumerating function (IOWEF) of the
rate 1/2 RSC, denoted by AS (L,W,D), is defined as [33]:

A (LW,D)y= Y INL-W-D* A%, w,d) (2.12)
w | d

where L, W and D are dummy variables, and A (I, w,d) denotes the number of paths of

length /, input weight w and output weight d. These paths start and end at the all-zero
states. The conditional probability, P(d|lw), of producing an ENC1 codeword of length N

and weight d given a random input block of weight w is:

A% (N,w,d)
> A (N, w,d)
d

P(dw) =

_ A% (N,w,d)

)

(2.13)
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where the denominator 2 ASe (N,w,d) is the total number of ENC1 codewords of input
d

dENCI dENCZ

weight w. Suppose that and represent the parity weights produced by the

two encoders ENC1 and ENC2 from a given input of weight w, the probability of

mapping an input sequence of weight w to a Turbo Codes (TC) codeword of weight d’¢

=w+ dN 4 gV s given by:

Pw, dVC, dE¥w) = Pwlw) - P w) - PV Yw)
= P(d®Yw) - P(@®w) (2.14)

For a binary phase shift keying (BPSK) signaling over AWGN channel, the conditional
probability that a maximum-likelihood (ML) decoder will "prefer” a TC codeword having

weight d7¢ = w + d 2 + d ¥ over the all-zeros codeword, or equivalently the
pairwise error probability between an all-zeros codeword and the codeword of weight

dI° , is given by:

Ps(d°) = Q/(2dT°E;IN,)

=Q (sz,{CREB /N, ) (2.15)

where R denotes the TC code rate. Based on our previous assumption that N >> m and
that the TC performance is almost identical to the equivalent linear block code (3N, N-
2m), the codeword error probability, Ps, is upper bounded by [46]:

Ps < ¥ P() 2.16)

=2

Ps()= (/24 ,RE, /N, )
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where Pgs(j) is the pairwise error probability between the all-zeros codeword and the

codeword j of weight d; . Note that d;e (1, 2, ..., ¥ ) and there are A;IC codewords of

weight d; . Grouping all weight d; codewords together and replace d; by d, the codeword

error probability equation can be expressed as:

pPs < ¥ a™.0(/24RE, N, ) @.17)
d=1

Since AI® =0 for d < free distance of the Turbe Codes, eq. (2.17) can be approximated to

ps = S 4. o([24RE, IN,) (2.18)

=q1C
d=dg..

where dI¢, is the free distance of the Turbo Codes and d,,, is the distance d beyond

free

which the erfc Q(.) is negligibly small. Recall that the free distance is the minimum
distance separating an all-zero and a non-zero codewords. For low to moderate SNR and

large N, the TC bit error probability, Pg, can be approximated by [10] [33]:

Ps = (UN"")- Q (\/(ZdzrfnmREb /N,,))

= (N - Q \/(2RE,, /No)[idf’,‘,'g +2J (2.19)

j=1

where is o a constant independent of N, the quantity (1/N*") is commonly referred to as

an interleaver gain, and 429 is the minimum weight of the parity sequences produced by

the encoder ENC j from weight-two input sequences. It is obvious from eq. (2.19) that

the TC bit error probability varies as a function of the interleaver length N and the

ENC

effective free distance 41¢, . In particular, Pg decreases as N and/or d,n. get larger.

2,min *
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The value of N depends on the tolerable decoding delay for each specific application. As
such, it can not be indefinitely large as this can cause indefinite decoding delay. With

respect to the effective free distance, an easy way to augment d,~o is to increase the

memory length m of the corresponding ENCj encoder. Unfortunately, this would also
increase the decoding complexity substantially. @ The decoding complexity of
convolutional codes grows exponentially as m - 2™, and as such, the practical value of m
is often limited to six. Due to this constraint, an optimal design criteria for a rate 1/g TC

often consists of optimizing dZ> for a given m rather than optimizing m. Another

2,min
optimal design criteria is to minimize the occurrences of TC codewords whose weight are

dI¢ . These two criteria can be independently optimized as will be shown below.

2,min *

2.3.3 Constituent Codes Encoder

Constituent codes are referred to as the elementary codes used to construct Turbo
Codes. For rate 1/3 Turbo Codes, the two constituent codes are rate 1/2 RSCs. It was

discussed earlier that in the low to moderate SNR, the BER performance of Turbo Codes

is primarily influenced by its effective free distance, d2<. , which in turn depends on the

2,min?

d2¢ produced by the corresponding convolutional encoders (ENC). The optimization

2.min

criteria for the constituent codes of a Turbo Codes is therefore not the same as the one
used for the stand-alone convolutional codes. The following investigates the
characteristics of the convolutional encoders of memory length m which yield good

performances for the resulting Turbo Codes.

The constituent encoders (ENC) of a given TC encoder can be either systematic
convolutional or non-systematic convolutional (NSC) encoders and do not have to be
identical. However, common practice is to use identical systematic convolutional
encoders for the following reasons: (i) the use of identical constituent encoders generally
simplifies the design of the corresponding TC decoder; (i) the use of systematic

convolutional encoders rather then the non-systematic ones increases the TC code rate
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since only the systematic component from one constituent encoder needs to be
transmitted; and (iii) it is well known that for a given memory m, the NSC code has
generally lower BER than the RSC code at high SNR. At low SNR region, it is the other
way around [2]. As the TC is mainly designed to have optimum performance at low SNR

region, the systematic convolutional code would be the logical choice.

A simple form of the systematic convolutional encoder is the non-recursive systematic
convolutional (non-RSC) encoder. However, the non-RSC encoder is not a good choice
since it yields poor effective free distance for the resulted TC. For instance, any weight-
one input sequence causes all non-RSC encoders to simultaneously output lowest non-
zero weight parity sequences whose concatenation produces a TC codeword with poor
distance. Such undesirable occurrence can be prevented if the RSC encoders are used.
Because of their infinite impulse response behavior, the RSC encoders normally output
large weight parity sequences for a given weight-one input. Consequently, the
concatenation of these large weight parity sequences also produces large weight TC
codewords. The draw back is that it generally requires some computations in order to
properly terminate the trellis of the RSC encoder. A non-RSC encoder with memory m
simply requires a tail of m zeros to bring the encoder back to all-zeros state. However, a
tail of m zeros does not bring the RSC encoder back to all-zeros state due to the presence
of the feedback. To find the tail bits which can bring the RSC back to the all-zeros state,
one needs to solve a state-variable equation at the feedback loop. The following
examines some parameters of good RSC encoders which, when combined with

interleaving, yield high performance for the resulted TC.

Figure 2.3 depicts a typical rate 1/2 NSC encoder with constraint length K and memory
m = K-1. The encoder accepts an input bit u; and delivers two output bits x,, and x, ,,

m

Xox = 2 Uki o Lai (2.20)
=0

Xix = z Ui« 8bi (2'21)
=0



N O D O

Figure 2.3: A typical rate 1/2 non-recursive non-systematic
convolutional encoder (m =2 or K =3)

where g,; and gp; (0< i < m) denote the coefficients of the two polynomial generators G,
and Gj of the encoder. For the rate 1/2 NSC encoder of figure 2.3, G, = [1+ D + DZ] and
Gp= [1+ D?. A recursive systematic convolutional RSC encoder can be obtained from
the corresponding NSC encoder by using a feedback loop and equating one of the output

Xo. (or x,,) to the input w; as depicted in figure 2.4. The generator matrix for the

resulted RSC encoder is given by

G = [1, GbJ (2.22)

U U

\ )

273

+ X1k

Figure 2.4: A typical rate 1/2 RSC encoder (K=3)
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A string of m zeros brings the NSCC encoder back to the all-zero state, i.e. terminates the
trellis. This is however not the case for the RSC encoder due to the presence of the
feedback loop. To terminate the trellis, one needs to solve a state variable equation at the
feedback loop; in particular, one ne=eds to set a; = 0 and solve the equation @, = wx © ax-
1 @ ar; for ug, where @ denotes mnodulo-two addition. This would yield u; = a1 © ag-2,
which is the input required for trellas termination. Another interesting characteristic of the
RSC encoder is that its impulse ressponse is infinite but periodic with a period T £ 2™ -1,
where m is the degree of the primitfive polynomial of the feedback loop, i.e. the degree of

G, , which is 2 for the encoder of figgure 2.4.

In general, different RSC encoders tend to produce different average bit error probability
performances for the resulted TC e=ncoder. Some design guidelines need therefore to be
established and applied in the selecstion of the RSC encoders with a given memory length
m in order to produce a high performmance TC encoder. As an example, consider two rate
173 TC encoders, TC1 and TC2 en~coders, both of which are constructed using identical
interleavers of size N, but differemat RSC encoders. Since both TCl and TC2 use the
same interleavers, let’s ignore the interleaver effects for simplicity and focus on the
effects of the RSC encoders. Suppweose that the encoder TC1 employs two identical RSC

encoders, say ENCo. Similarly, thee TC2 encoder uses two identical RSC encoders, i.e.

ENCB. The generator matrices for ENCa and ENC, denoted by G, and G, are given by

[ n>] [, 1+D+D?

G, = [l’da(D)] =25 ] (2.23)
_ > [ 1D

% = [l’dﬂ(D)J o _1’1+D+D2J @24
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All input sequences of same weight w have different patterns. Some input sequences of
weight w can produce parity sequences of small weight d, some other input sequences of
weight w can produce parity sequences of large weight d” and so on. There are several
weight-two (w = 2) input sequences which cause the encoder ENCa to produce minimum
weight parity sequences. These weight-two input sequences can easily be determined
from the associated generator matrix G, (eq. 2.23). They are in the form of [1 + DA,
which comprises all weight-two sequences in which the two non-zero elements are
separated by one bit position, for instance the sequences (1010...0...0), (0...01010...0)
and (0...0..0101) are three of them. For a given weight-two input sequence of the form [1
+D?], the corresponding parity sequence produced by ENCo can be computed from eq.
2.23, and is found to be in the form of [1+D+D?]. With no interleaving, the resulted TC1

codeword is therefore in the form of [1+D? 14+D+D? 1+D+D?] with effective free

distance, d <.,
7C1 ENC ENC
Aomin = 2 + dz.mma + dZ,mina
= 2 +3+3

where d;-%denotes the minimum weight of the parity sequence produced by ENCo

from an input sequence of the form [1 + D*]. Similarly, the sequence of the form [1+D”],
e.g. (0...010010...0), denotes one of the weight-two input sequences which cause ENC
to output the lowest weight parity sequences. These parity sequences can be computed
from eq. 2.24, and are in the form of {1 + D + D>+ D] with weight d2¥ = 4. The
resulted TC2 codeword is in the form of [1+D3, 1+D+DZ+D3, 1+D+D*+D? ] with effective

free distance djo; = 2 + 4 + 4 = 10, which is larger than d]¢,. TC2 therefore

outperforms TC1 according to eq. (2.19). It is worth noting that for TCI1, the free
distance is coincidentally equal to the effective free distance which is 8. For TC2, the
effective free distance is 10, but the free distance which is equal to the weight of the

output sequence of the form [1+D+D?, 1+D?, 1+D?*] is 7.
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Obviously without interleaving, TC1 would have superior performance to TC2 because it
has larger free distance. However by using a large size interleaver, it would be possible
to minimize the occurrence of the undesired weight-three input sequences [1+D+D?], and
thus making their contributions to BER probability insignificant compared to the weight-
two input sequences [1 + D’]. The performance of the TC2 encoder is determined by the

weight-two rather than the weight-three input sequences as a result of interleaving. The

TC2 encoder has thus better performance than the TC1 encoder since d152, >d, o

From the previous rate 1/3 Turbo Codes TC1 and TC2 examples, it is clear that djre

rather than the free distance of the recursive convolutional codes generated by ENC
should be the optimal parameter for designing Turbo Codes. For a given memory length

m, the larger d, - , the better the performance of the resulting Turbo Codes. Another

2,min
important design parameter to be optimized is the number of the convolutional

codewords, N,n-, associated with the distance d,n. . This is simply because the

2,min *

number N;;. of TC codewords is related to N ., , ie N1, decreases with N2

Obviously, the smaller NI¢, , the less frequent the occurrence of TC codewords with

2,min?

d. ., and thus the lower the TC BER probability. Benedetto and Montorsi [11] have

w,min

shown that for a given rate 1/q RSC encoder (ENC) with a memory m and a generator

matrix

G = [, mD) 7y (D) (2.25)
d, (D) d,(D) d, (D)

it is possible to achieve d ., =(g -1)(2" '+ 2). Forrate 1/2 RSC encoder (ENC) with

a memory m:

(2.26)

Q
il
[

n (D)
"d (D)
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The general guidelines for selecting the rate 1/2 RSC codes for the TC codes are [11]:

1) d(D)is a primitive polynomial of degree m.
ii) For all n(D)’s which yield dﬁ; = (2™"! +2), select the one which

s - ENC ENC - 3
produces good combinations of (d,, ;.. N, =), i.e. few codewords with

small weights and many codewords with large weights, where 2<w =5

for self-terminating input sequences.

2.3.4 Self-Terminating Sequences

In the previous analysis of a rate 1/3 TC, it was shown that the TC performance is

predominantly determined by the effective free distance, ie. d;o,. In the absence of

interleaving, it was observed that the two constituent codes encoders (ENC) output parity

sequences of weight ds for an undesired weight-two input and that the corresponding

2.min

d TC

2,min

is always equal to 2 (1 + d,<). In the following, the full effect of the interleaving

on the TC performance is explored. In particular, it is demonstrated that interleaving the
input sequences prior to encoding by one of the ENC encoders minimizes the probability
that both ENC encoders simultaneously output parity sequences of weight d,. . This is

equivalent to minimizing the number of TC codewords with d; C -

By definition, a self-terminating sequence is referred to as a sequence which can drive the
encoder to the all-zero state without adding tail bits. For instance, the input sequence
(00...01010...0) is considered as a non-self-terminating since it does not drive our rate
172 RSC encoder to all-zero state without adding tail bits. Consider a rate 1/2 RSC
encoder depicted in figure 2.4. Some of its input sequences are self-terminating while
others are non-self-terminating. The corresponding parity sequence produced from this
input sequence is (00...00110101111...) with the accumulation of 1’s until terminated by

tail bits.
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Non-self-terminating sequences have negligible effect on the TC bit error performance
because they produce TC codewords which accumulate large weights until artificially
terminated by tail bits. Self-terminating sequences, however, adversely affect the TC
performance as some of them tend to produce TC codewords with relatively low weights.
Among all self-terminating sequences, weight-two self-terminating sequences constitute
the most important TC design consideration. Higher weight self-terminating sequences
are of successively decreasing importance as there is a large probability that the action of
interleaving would successfully transform them into non-self-terminating sequences. It

should be noted that self-terminating sequences are generally unique for each encoder.

For the previous ENCP whose generator matrix G is defined in eq. (2.24), the sequence
(00...010010...00) is a self-terminating sequence. The corresponding parity sequence
produced by such an encoder from this particular sequence is a weight-four sequence
(0...011110...0), and the weight of the resulted TC2 codeword would be 2 + 4 +4 =10
if there is no interleaving. The sequence (00...010010...00) is not the only weight-two
self-terminating sequence. It is evident that any other weight-two sequence with its [’s
separated by a distance A = 38 bit positions where 8 =1,2,3,... is also a self-terminating
sequence [21].. In general, the weight of the output corresponding to such input is linearly
increased with 8. For example, a self-terminating input sequence (00...010000010...00)
[6 =2 and A = 6] would cause the ENCP encoder to output a weight-six parity sequence
(00...00111011100...00). The total weight of the resulted TC2 codeword would thus be
2 + 6 + 6 = 14, provided that no interleaving is used. Likewise, the sequence
(0...010000000010...0) [8 = 3, A = 9] would cause the same encoder to output a parity
sequence (00...00111011011100...00), hence a total TC2 weight of 2 + 8 + 8 = 18, if
there is no interleaving. For any weight-two sequence in which the two 1’s are separated

by a distance A = 38 bit positions, the total weight of the related rate 1/3 TC2 codeword

with no interleaving is given by
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2
dI°* = d]2 +2 X (6 -1

i=L

=10+4@ -1) 2.27)

where 8 = 1,2,3,4,... . With interleaving, two things can happen: (i) the self-terminating
sequences may become non-self-terminating sequences, in which case their contributions
to the TC2 bit error probability are negligible; (if) the self-terminating sequences may

remain to be self-terminating, but the distances separating the two 1’s are most likely to

change after interleaving, and the overall weight 4] would be equal to

2,min

di? =di +2-[6-1)+ (@ —1)]

=10 + 2-[6=1)+ (& = 1)] (2.28)

where &’ is the distance separating the 1’s after interleaving. Without interleaving, 8 =&,

and 41°? is reduced to our previous d,.., when 8§ = 1. In any case, interleaving certainly

2.min
guarantees a better TC2 performance for a given choices of ENC encoders since there is
a large probability that the resulted TC2 codeword will have a weight greater than 4.,
for a given self-terminating weight-two input sequence whose 1’s are separated by three

bits position.

Obviously, eq. (2.28) is unique for each choice of ENCB. For a ENCP encoder of
different generator matrix G; would yield different expression for d;°*. The coefficient
2’ in eq. (2.28) is a measure of how fast the parity weight of each ENCf encoder grows
as a function of the distance separating the two 1’s. This coefficient can not be made
larger than 2 for a ENCP encoder with memory m = 2 [32]. However, it can be made
smaller. For instance, by permuting the numerator and denominator of the generator

matrix G, in eq. (2.24), one obtains a different total weight equation as shown below

dI?* =8+ [(6—~1)+ (0 - 1)) (2.29)
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which grows only half as fast as eq. (2.28). Both eq. (2.28) and (2.29) can be used to fine
tune the earlier statement on the selection of the constituent codes for an optimal TC.

Indeed, these two equations suggest that for a given memory length m, one should choose

the constituent codes which maximize not only d,5,, but also the growth rate of 47¢.

The latter is a function of two elements - the coefficient and the summation of the
distances separating the two 1’s, i.e. the sum of &’s values. This summation can be

maximized through the proper choice of interleaver.

2.3.5 TC Weight Distributions

The role and the effect of interleaving within a TC can be conveniently explained
through the observation of the weight distribution of the corresponding TC codewords.
Again, consider the rate 1/3 TC depicted in figure 2.1. For a given input sequence, the
two identical ENC encoders (ENC1 and ENC2) generate different parity sequences as a
result of interleaving prior to the second encoding. The objective of the TC encoding is
to concatenate or to pair a low-weight parity sequence from ENCI1 with a high-weight

parity sequence from ENC2 such that the total weight of the result TC codeword is as

TC
2,min

much higher than d as possible.

The weight distribution of the TC codewords thus depends on how parity sequences from
ENC1 are concatenated with those from ENC2. If the two encoders are identical but non-
RSC encoders, both of them will produce minimum weight codewords for a weight-one
input sequence (00..010..00) whether or not an interleaver is used. However, this is not
the case when ENCI1 and ENC2 are RSC encoders. With their infinite impulse response
characteristic, both encoders produce parity sequences whose weights are only kept finite
due to the finite length of the weight-one input sequences. The input sequences which
cause the two encoders to generate parity sequences with minimum weight are no longer
weight-one, but the weight-three sequences with three consecutive 1’s in the form of
[1+D+D? as shown in the previous section. However, such sequences can easily be

permuted or altered by an interleaver, eliminating the possibility that the two encoders
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output minimum weight sequences simultaneously. As a result, 4.5, would be
substantially larger than 4., and the contributions of the weight-three input sequences

to the TC bit error probability are negligibly small.

The presence of a feedback loop in the encoder does not alter the weight distribution of
the parity sequences produced by that encoder. It simply changes the input-output
mapping relationship. Instead of mapping the weight-one input sequences to the
minimum weight parity sequences, it maps the weight-three input sequences, hence
providing interleavers a "chance" to break up the undesirable pattern of the weight three
input sequences responsible for the occurrence of minimum weight parity sequences. The
feedback loop of the encoder is said to produce a favorable input-output mapping
relationship which makes it possible for the interleaver to improve the weight distribution

of the TC codewords, i.e. more high weight codewords and less low weight codewords.

2.3.6 Interleavers

TC codewords are made up of several segments including the input sequence and
the parity sequences from different ENC encoders. As such, the TC weight distribution is
affected by the way parity sequences from ENC encoders are concatenated. Ideally, it is
desirable to avoid or at least to minimize the probability of concatenating the low weight
parity sequences from one ENC encoder with the low weight parity sequences from other
ENC encoders. Interleavers generally do a very good job in matching the low weight

with high weight parity sequences for most of the time.

From the probabilistic point of view, the interleaver design goal is to effectively combat
or permute the undesired weight-two input sequences. It was shown that weight-two self-

terminating input sequences are the ones having the most influence on the bit error rate,
and that d,° linearly increases with the bit positions separating the two 1’s within these

input sequences. Good interleavers should be able of spreading the distance between the

two 1’s within a weight-two self-terminating sequence as far as possible. They should
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furthermore preserve the distance between the two 1°s in a self-terminating sequence with
large distance between ones. In general, such distance, and hence the TC performance,
increases with the interleave sizes up to a certain value, and large interleavers would yield
better performance for the resulted TC. Unfortunately, large interleaver sizes also imply
long systematic decoding delays which may not be suitable for many real time

applications, hence a trade-off between the BER performance and decoding delay needs

to be made.

It is clear that interleaving has no effect on weight-one input sequences in the sense that
whether or not these sequences are interleaved, all ENC encoders will produce the same
codeword. But since ENC encoders are RSC encoders, they will produce large weight
codewords from the weight one input sequences, and consequently the resulted TC
codewords will also have large weight. Because of the IIR characteristic of the RSC
encoders, one does not need to be concerned about the fact that the interleaving operation

has no effect on weight-one input sequences. Note that this would not be the case if the

ENC encoders are non-recursive.

It should be pointed out that in addition to minimizing the probability of concatenating
the minimum weight parity sequences from the constituent encoders (ENCs) together,
interleavers play a more important role in the iterative decoding of Turbo Codes. In
fact, it is easy to minimize the probability of concatenating the minimum weight parity
sequences together through clever selection of ENCs, i.e. using different ENCs. For
instance, by using the generator matrices defined in eq. 2.23 and 2.24 for ENCI and
ENC?2 respectively, one can minimize the probability of matching together the low weight
parity sequences generated by the two ENCs without using an interleaver. This would

solve the problem of low weight parity sequences in the encoding, but introduce another

problem in the decoding.
Interleavers can be grouped into random and non-random interleavers. It was suggested

that random interleavers yield better performance than the non-random ones. However,

the latter have advantage of terminating the trellis of both constituent encoders (ENCs),
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while using random interleaver, one often terminates only the trellis of one encoder and
leaves the other open or unterminated [21][39]. Designs of some non-random interleavers
based on block interleaving and circular shifting are considered here. It is shown that for
a given choice of identical ENC encoders, increasing the interleaver length results in
noticeable performance improvement over a wide range of the bit error probability. In

particular, using a non-random interleaver, the TC effective free distance grows roughly

as+/2N , where N is the interleaver length or size.

2.3.6.1 Non-Random Block Interleaver

A non-random block interleaver of size N can be thought of as an (n X m) matrix,
where n X m = N. The input sequence is written into the matrix in a row-by-row fashion
from the top to the bottom, and read out in column-by-column fashion from the right to
the left. Two distinct applications can be associated with non-random block interleaver:
intra-block interleaving and inter-block interleaving. The former consists of interleaving
input bits within a single data block whereas the latter involves permuting data bits within
a multiple of data blocks. In general, a non-random block interleaver which is designed

to be optimal for inter-block interleaving may not be optimal for intra-block interleaving.

For inter-block interleaving, a non-random block interleaver is the most effective in the
situation where all 1’s of the low weight input sequence are confined to one row, but the
least effective to permute other patterns of low weight input sequences. Figure 2.5 shows
a pattern which can not be permuted by the block interleaver. A solution to address such
problem is to write to and read from the matrix in a specific order rather than the normal
top-to-bottom and right-to-left order. The modification allows the block interleaver to

permute this particular pattern, although it may fail to permute others.
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For intra-block interleaving, the pattern in figure 2.5 corresponds to a weight-four input
sequence and it is no longer considered as a critical pattem. Recall the TC performance is
determined by weight-two rather than weight-four inputs. As such, the non-random block
interleaver should be designed to permute or break pattern of weight-two inputs where the
two 1’s are confined to one or two consecutive columns as shown in figure 2.6. The
design of non-random block interleaver therefore consists of identifying the most critical
pattern and to specify the writing and reading orders in such a way that the permutation of

that specific pattern can be maximized.

0 000 OO 0O
0 000OOO OO
001 00100
0 0O00O0OOUO OO
0 000O0OTO 0O
001 0O0T1O00O0
000 0O0OTO 0O
0 000 0 O 0 O]

Figure 2.5: An example of inter-block interleaving
where a block interleaver is not effective.
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Figure 2.6: Two examples of intra-block interleaving
where a block interleaver is not effective.

2.3.6.2 Non-Random Circular Shift Interleaver

A non-random circular shift interleaver can be viewed as a mapping device which

maps an element j& [1, N] into another element xe [1, N]. A bit position j at the input of

the interleaver is placed at position u(j) at the output of the interleaver according to the

following mapping relationship [32]:

u@) =(y+p)mod N

(2.30)

where 8 < N is an offset and a < N denotes a step size which is relative prime to N. In

practice, B is often set to zero. As an example, setting N = 32 and o = 7 will yield the

following permutation:

J 0 1

23 4 5 6 7
22 23 24 25 26

16 17 18 19 20 21

L@= 0 7

16 23 30 5

14 21 28 3

12

19

8

9 10

10 17 24 31 6

26

i

8

15 22

11 12
27 28

13 14 15
29 30 31

13 20
29 4

272 9
11 18 25
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With these values of a and W, it is observed that while any two consecutive elements of
J’s is separated by a unit distance, the two consecutive elements of u(y) is separated by a
distance of either 7 or 25 units. This implies that if the two 1’s of a weight-two sequence

is separated by d; = 1 bit position, the same two 1’s will be separated by d| = 7 or 25 bit

positions in the corresponding permuted sequence. Similarly, if dy =2, then d{ = 14 or
18 (50 mod 32) after the sequence has been permuted. Continuing this exercise, it can

be shown that (d; + d]) = 8. The above example can be generalized as following [32]:
if the block size N is half of a perfect square and the step size is selected to be ot = +/2N -

1, then (d; + d{) 22N for all possible combinations of d; and d .

With a non-random circular shifting interleaver, it was demonstrated that it is possible to
increase the minimum (d; + d|) without bound for an unbounded N. However, this does
not imply that one has found an ideal interleaver for a TC encoder. In fact, what has been
shown is an interleaver which can effectively combat the undesired weight-two
sequences. This may not be true for undesired sequences of higher weights. For instance,
this interleaver maps a weight-four sequence (10010100100000000000000000000000) to
(10010000000000000000010010000000). As a result, the weight of the corresponding
TC codeword remains unchanged, whether or not the TC encoder uses the interleaver. In
this case, the interleaver is not effective in the sense that its action does not increase the
weight of the resulted codeword. The design of circular shifting interleaver to combat the
undesired weight-four and higher-weight sequences while preserving its optimality with

respect to the weight-two sequences remains so far an unsolved challenge.

The above analysis on the circular shifting interleaver ignores the edge effects, i.e. it does
not take into account the trellis termination. In order to properly terminate the trellises of
both ENC encoders using m tail bits where m is the memory cells of the ENC encoders,

the mapping function of the interleaver should be in the form of [46]

J mod p = u(j) mod p 23D
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where p = 2"-1 is the period of the ENC encoder. As example, setting N = 34 (including
2 tail bits) and m = 2 yields the following

j: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 1516 17
18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34

H@: 16 29 9 10 14 6 31 8 12 22 17 33 34 23 24 19 32
30 13 2 21 25 26 3 28 2027 7 5 15 4 11 181

This interleaver can not combat all undesirable weight-two sequences. For instance, an
undesirable weight-two sequence (00100100000000...00) will be permuted into another
undesirable weight-two sequence (0000010010000...00). It is clear that there is a major
difference between these two modulo N and the modulo p interleavers. The first one
permutes a self-terminating weight-two sequence into another self-terminating weight-
two sequence while at the same time attempting to optimize the distance separating the
two 1’s in the permuted sequence. The modulo p interleaver, however, tries to optimize
the mapping of the self-terminating weight-two sequences into non-self-terminating

weight-two sequences.

2.3.6.3 Random Interleaver

A random interleaver can be viewed as a device which randomly permutes the bit
positions within a sequence. Random interleavers do a very good job in matching the low
weight with high weight sequences for most of the time. However, a purely random
interleaver is also likely to produce a few undesired weight-two sequences, i.e. there are
several occasions when a purely random interleaver fails to break the undesired weight-
two sequences. It was shown previously that the undesired weight-two sequences can be

effectively combat using a non-random interleaver at the expense of amplifying the bad
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effects of the sequences with weight-four and higher. In principle, it should thus be
possible to design a non-random interleaver to outperform the random one. However,
this is not the case in practice. To date, most of the Turbo Codes constructed with
random interleavers have shown to achieve lower decoded bit error rate than those
constructed using non-random interleavers [32]. A possible explanation as to why the
former tend to yield better BER performance than the latter is as following. The non-
random interleavers can be designed to be more effective than the random ones in terms
of combating specific undesired self-terminating sequences. However, due to its nature
of randomness, it is believed that the random interleavers are more effective than the non-
random ones in term of breaking the correlation between the extrinsic information output

by one decoder (DEC) and the observed bits input to the other decoder.

2.4 Simulation Results

This section presents simulations, plots and discusses the BER performances of
Turbo Codes (T'C) whose component or constituent codes are rate 1/2 RSC codes. These
simulations are conducted to illustrate the typical behavior of the BER performances in
the region of low SNR, i.e. (0.25 — 3.00 dB), versus several important parameters such as
the number of decoding iterations, the interleaver length, the generator polynomial of the
component codes and the number of the constituent codes or the TC code rate. All
simulations are performed using Soft Output Viterbi Algorithm (SOVA) with Monte
Carlo simulations. Given a large number of simulations to be performed, the SOVA
algorithm rather than the BCJR algorithm is used to reduce the simulation times. Recall
that the SOV A algorithm is roughly twice faster than the BCJR algorithm.
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Figure 2.7 shows the BER performance of a rate 1/3 TC constructed with a single random
interleaver of length N = 900 bits, and two identical rate 1/2 RSC constituent codes
whose generator polynomials are given by G = [1, 1+D¥1+D+D?]. It should be pointed
out that these two parameters (N = 900 and G = [1, 1+D*1+D+D?]) are specifically
chosen in order to compare the simulation results with the ones presented in [22] using
the SOVA algorithm. It is observed that at the sixth iteration, the BER curve of figure 2.7
closely agrees with the one obtained in [22], shown in broken line. It should be pointed

out that only the BER at sixth iteration is plotted in [22].

In general, the BER decreases as the number of iterations increases. The BER
improvement over the number of iterations appears to be minimal at very low SNR, but
becomes quite significant as the SNR gets larger. The reason should be obvious. At very
low SNR, received codewords are likely to contain more errors than can be corrected by
the constituent codes, resulting in large probability of decoding errors regardless of the
number of iterations. Also, it is observed that most of the BER reduction is achieved
within the first four to six iterations while there is only slight improvement for additional
iterations once the BER has reached some value or threshold (refer to figure 2.8). This
clearly suggests that there is an error floor associated with each SNR. Such error floor is
strongly affected by the noise immunity of the parity segments of the corresponding TC.
In the next chapter, it will be shown that it is possible to lower such error floor by raising

the noise immunity of the parity segments.
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Figure 2.7: BER performance of a rate 1/3 TC with random
interleaver (N =900, G=[1, 1+ D*/ 1+ D + D?).
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Figure 2.9 and 2.10 depict the BER performances of an unpunctured rate 1/3 TC with G =
[1, 1+ D*/1 + D? + D?] as before, but using a random interleaver of variable length this
time. Specifically, these simulations are intended to demonstrate the crucial role of
interleaving in iterative decoding, and to show the impact of varying the interleaver
length on the BER performance. It was stated earlier that interleavers are essential for
iterative TC decoder to work properly. Without interleavers, there is a correlation
between the extrinsic information provided by one elementary decoder (DEC) and the
observed constituent codewords input to the other elementary decoder (DEC), hence
making iterative decoding ineffective. By using interleaver, such correlation can be
avoided and it has been shown that the Turbo Codes BER can be reduced by increasing
the interleaver length. To put these results in perspective, the performances of
unpunctured rate 1/3 TC were simulated using random interleavers of different lengths,
i.e. NO =0, N1 =100, N2 = 500, N3 = 1000, N4 = 2500, N5 = 5000 and N6 = 10000 bits.
Here, NO =0 indicates no interleaving. This is equivalent to removing the interleaver

from the TC encoder.

Figure 2.9 plots the BER performances for the seven values of N (i.e. NO,...,N6) at SNR
= 1.50 dB over six decoding iterations, whereas figure 2.10 plots the BER performance at
the fifth iteration over the SNR in the range of (0.25 — 2.50 dB). As predicted, these two
figures confirm the general reduction of BER as a function of increasing interleaver
length. Of particular interest is figure 2.9 which clearly shows that without interleaving
(NO = 0), the BER remains almost the same despite a number of decoding iterations
carried out. One may suspect that the absence of the BER improvement over the number
of decoding iteration could be attributed to the increase in the probability or the frequency
of concatenating low weight parity sequences from the two constituent encoders (ENCs)
together. To show that this is not the case, the BER performance of rate 1/3 TC with no
interleaving and two different constituent encoders, i.e. ENC1 #ENC2 to ensure that
they do not output low-weight parity sequences simultaneously, is simulated. The result

is almost the same as in the case where ENC1 and ENC?2 are identical.
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At SNR = 1.50 dB, there is basically no change to the BER at the first iteration as a result
of increasing the interleaver length from N1 to N6. However, BER improvement is
increasingly achieved at subsequent iterations, starting with a small improvement at the
second iteration. Also, for the interleaver of length N1, very slight reduction of BER is
achieved as a function of decoding iterations. For instance, the BER at first iteration is
roughly 5.00x10~2 and 1.50x 10”2 at sixth iteration. As the interleaver length increases,
the reduction of BER as a function of decoding iterations becomes increasingly large. For
example, the interleaver of length N5 yields BER of 4.40 x10™2 and 4.3 x10~° at first
and sixth iterations respectively. Finally by increasing the interleaver from N1 to N6, an
overall BER reduction in the order of (10%) is obtained at sixth iteration. This is one
order higher than the approximated theoretical value. It should be pointed out that the
theoretical expression for the BER is very loose and is expressed only in terms of the
minimum distance, the interleaver length and the SNR, but not the number of decoding

iterations.

The BER performances for the six values of interleaver lengths (N1, N2, ..., N6) at the
fifth decoding iteration and in the low region of SNR are plotted in figure 2.10. Again, it
is observed that changing interleaver lengths have little or no impact on the BER
performance at very low SNR (0.25dB). As the SNR increases, increasing the interleaver
length yields significant BER reduction. Although this makes it possible to reduce BER
by making the interleaver indefinitely large, it is not realizable in practice due to the long
decoding delay and large memory storage. For instance, N5 can have a maximum

decoding delay approximately equal to (50 X time required to decode N1).
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Figure 2.11 and 2.12 depict the simulated BER performances of three unpunctured rate
1/3 Turbo Codes, TCl, TC2 and TC3, which are constructed with identical random
interleavers of length N = 900 bits, but distinct constituent codes. Specifically, the
generator polynomials for the constituent codes of the three Turbo Codes are G1 =[1, 1 +
D*/1+D+D*],G2=[1,1+D+D1+D+D? +D’land G3 =[1,1 +D*/ 1 + D + D?
+ D’ + DY respectively. The constraint lengths associated with the three generator

polynomials are K}, =3, K =4 and K5 = 5.

The BER performances for the three Turbo Codes after the fifth decoding iteration are
depicted in figure 2.11. It is observed that for SNR < 2.00 dB, increasing the constraint
length of the constituent codes does not yield significant performance improvement for
the resulting Turbo Codes. At SNR = 2.0dB, raising the constraint length from 3 to 5
produces a gain of roughly 0.25 dB. Higher gain is expected at larger SNR. The BER
performances of the three TCs over six decoding iterations at SNR = 2.00 dB is shown in
figure 2.12. Again, it is clear that increasing the constraint length of the constituent codes
can lead to performance improvement. It should be noted however that such
improvement is achieved at a cost of increasing the decoding complexity by a factor F,

which is approximately given by
F~ (R -DR%YK, -1) -2 (K, -1)]

where R denotes the unpunctured TC code rate. The above work factor F is computed
using the assumption that the decoding complexity of convolutional codes grows
exponentially as (K —1)-2%". As a specific example, increasing the constraint length of
the constituent codes of the rate 1/3 TC from K = 3 to K = 5 would increase the TC
decoding complexity by a factor F ~ 112 for each decoding iteration. The simulation
results shown in the last four figures (figure 2.9 — 2.12) suggest that the interleaver length
rather than the constraint length of the constituent codes is the most efficient parameter to

be optimized for minimizing the decoding errors at SNR ~ [ 0.25 — 2.25 dB].
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Figure 2.13 illustrates the BER performances of three Turbo Codes of different rates, i.e.
R = 1/3, 1/4 and 1/5, at the fifth decoding iteration. The three Turbo Codes, TCI1, TC2
and TC3, are constructed with identical constituent codes ( G = [1, 1+D?/ 1+D+D?] ) and
random interleavers of length N = 900. Obviously, the TC2 encoder contains two
interleavers and three rate 1/2 RSC encoders cascaded in parallel, whereas the TC3

encoder has three random interleavers and four rate 1/2 RSC encoders which are also

cascaded in parallel.

The simulation results clearly show that at SNR<2.50 dB, TC1 has the best performance.
However, both TC2 and TC3 start to outperform TC1 at SNR = 2.50 dB and 3.00 dB
respectively. Furthermore, by projecting the TC2(R2=1/4) and TC3(R3=1/5) curves, itis
estimated that the rate 1/5 TC eventually outperform the rate 1/4 TC at SNR 23.50 dB. It
is interesting to observe how fast both TC2 and TC3 are catching up with TC1. For
instance, the TC2 BER begins with a relatively large value at SNR<1.00 dB but rapidly
drops at SNR>1.00 dB. Similarly, the TC3 BER starts with a relatively high value which
decreases very slowly at SNR < 2.00 dB, but sharply drops at SNR = 2.00 dB . Based on
this observation, one can make a general statement on the BER performance of a TC as a

function of its code rate at low SNR, ~ (0.25 — 2.50 dB), as following:

i. The optimum TC code rate is R = 1/3.
ii. Reducing the code rate degrades rather than improves the BER.
iti. The smaller the code rate, the larger the range of SNR in which the TC with

smaller code rate underperforms the one with optimum rate, i.e. R = 1/3.

The fact that TC1 yields the best performance at SNR ~ [0.25 — 2.20 dB] is not a surprise
for a simple and straight forward reason. At the receiving end, the codewords of these
three TCs are first segmented to form several rate 1/2 RSC codewords which are in turn
decoded by identical rate 1/2 RSC decoders. In a power limited system, the transmitted
energy per coded bit for rate 1/3, 1/4 and 1/5 are Ep/3, Ep/4 and Ep/S respectively, where

Ep denotes the energy per information bit. Atlow SNR, the number of bits received in
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errors per rate 1/2 RSC codeword is much beyond the error correction capability of the
rate 1/2 RSC decoder. The situation is much worse for rate 1/4 and 1/5, hence resulting
in larger decoding errors for rate 1/4 and 1/5 than rate 1/3. At moderate SNR, the number
of bit errors per RSC codeword quickly decreases toward the error correction capability
of the rate 1/2 RSC decoder for three TCs, hence resulting in better performance for the
two higher rate TCs. The superior performances of rate 1/4 and 1/5 at moderate SNR are
mainly attributed to the diversity effect of TC. Furthermore, the superior performances of
rate 1/4 and 1/5 are amplified by larger amount of decoding efforts for rate 1/4 and 1/5
TCs than for rate 1/3 TC . For instance, three decoding iterations for rate 1/5 TC would

require as much as efforts as five decoding iterations for rate 1/3 TC.

Based on the three BER performance curves of figure 2.13, an important conclusion can
be made with regard to the impact or the effect of puncturing on the BER performances of
rate 1/q TC. Hagenauer has shown through simulation that puncturing the rate 1/3 TC to
higher rate R (1/3 < R < 1) results in a performance degradation across the entire range of
SNR [22]. Simulation results of figure 2.13 however suggest that puncturing the rate 1/q
TC (g > 3) does not result in a performance degradation across the entire range of SNR.
In fact, it degrades the BER performance at high SNR but improves the BER performance
at low SNR. For instance, puncturing the rate 1/4 TC to punctured rate 1/3 TC with a
puncturing matrix [1110] is equivalent to removing the third parity sequence, x3, from the
unpunctured rate 1/4 TC codewords. The resulting punctured rate 1/3 TC, which is
simply the unpunctured rate 1/3, outperforms the unpunctured rate 1/4 at low SNR as
shown in figure 2.13. The same observation can be extended to the general rate 1/q TC

where ¢ > 3.
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2.5. Conclusion

This chapter provides a comprehensive study of low rates Turbo Codes in the
region of low SNR. It is organized in two parts. The first one begins with a generic
discussion of the encoding and decoding characteristic of the current Turbo Codes,
followed by a detailed analysis of essential properties or parameters such as weight
distribution, effective free distance, interleaver length and RSC constraint length which
affect the BER performance. The second part mainly involves simulating and discussing
the BER performances of several Turbo Codes (TC) with different parameters. The

following summarizes the findings of this chapter:

() The TC BER reduces with the number of iterations. However, it
appears that most of the BER reduction is achieved within the first five or
six iterations. Furthermore, it seems that there is an error floor for each
value of Eb/No. Once such error floor has been reached, additional

decoding iteration would yield negligible or no BER improvement.

(if) For a given value of Eb/No and number of decoding iterations, the TC
BER can be decreased by increasing the constraint length of the associated
RSC encoder and/or the associated interleaver length. It seems, however,
that at low SNR, increasing the interleaver length yields better BER
improvement than that obtained by increasing the constraint length of the

RSC encoder.

(iit) Iterative decoding is a very powerful tool which allows or makes it
possible to iteratively decrease the BER. However, it appears to be
powerless in the absence of interleaving. Indeed, it was shown through
simulation that iterative decoding completely loses its strength when the
interleavers were removed from the rate 1/3 Turbo Codes encoder and
decoder, despite the fact that the weight distribution of the corresponding

rate 1/3 Turbo Codes was maintained relatively unchanged.
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(iv) Unlike the BER performances of other existing codes, the BER
performance of Turbo Codes with iterative decoding is not dominated by
the minimum or free distance. Nor it is dominated by the small number of
codewords with minimum or free distance. It is the effect of interleaving

which is the dominant factor responsible for the outstanding BER

performance.

(v) In the low region of SNR, ~ [0 —2.50 dB], simulation results
indicated that the optimum unpunctured TC code rate, i.e. the one which
yields the lowest BER, is 1/3. For the general unpunctured rate 1/g TC
where g > 3, the larger the g value, the larger the Eb/No value below

which the unpunctured rate 1/q underperformed the unpunctured rate 1/3.

(vi) The unpunctured rate 1/3 TC can be punctured to produce higher code
rate. This is achieved at the expense of the BER performance degradation
across the entire range of SNR [22]. Similarly, the unpunctured rate 1/g
TC where g > 3 can also be punctured to increase the code rate. However,
unlike puncturing the rate 1/3, puncturing the rate 1/gq does not yield
performance degradation across the entire range of SNR. In fact,
puncturing the rate 1/q results in a BER improvement in the region of low

SNR.
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Chapter 3

Variants of Turbo Codes

3.1. Introduction

The parity bits of the rate 1/q Turbo Codes can be punctured to increase the
overall code rate. Hagenauer, Offer and Papke conducted a study on the effect of
puncturing on the BER performance of the rate 1/3 Turbo Codes whereby the parity bits
were punctured to increase the overall code rate from 1/3 to 4/5 [22]. They showed that
puncturing the parity bits of the rate 1/3 Turbo Codes degrades the BER performances
across the entire range of SNR. As such, puncturing is not considered as a mean for

improving the BER performance of the unpunctured rate 1/3 TC.

In the previous chapter, it was shown through simulations that in the low region of SNR,
~ (0.25 — 2.50dB), the current unpunctured rate 1/3 Turbo Codes (TC) produce optimum
BER performance compared to those obtained with lower code rates, for example the
unpunctured rate 1/4 and 1/5. Furthermore, it was briefly argued that in principle, it
would be possible to enhance the performance of the current unpunctured rate 1/3 TC in
the low region of SNR, ~ (0.25 - 2.50dB). This chapter investigates such possibility by
introducing and studying some TC variants which primarily consist of enhancing the
reliability of the parity sequence of the unpunctured rate 1/g Turbo Codes where ¢ = 3. In
particular, it will present the design, simulation results and BER performance
comparisons between the TC variants of rate 1/3, 1/4 and 1/5 and the conventional
unpunctured rate 1/3, 1/4 and 1/5 TC. This study mainly focuses on the rate 1/3, 1/4 and
1/5 TC. However, the extension to the general rate 1/g TC should be straightforward.
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3.2 Parity Enhancement

3.2.1 Overview

For a rate 1/q TC, the information sequence z is independently encoded (g-1)
times by rate 1/2 RSC encoders to produce a codeword containing the original data
sequence u and (g - 1) parity sequences, X1, X2, X3, ..., X417, multiplexed as illustrated in
figure 3.1. The sequence u is error protected by the (g-1) parity sequences in the sense
that some bit errors in # caused by the channel noise can be corrected through iterative
decoding of the codeword pairs (u, x1),(w;,x,),(u;,x;),....(®, ,%,,), where

’

-1 denote different interleaved versions of u#. The parity sequences

u, Fus#..#u

themselves are however not error protected, and as such they are likely to be corrupted by

the channel noise as much as the sequence u is.

up | xu sl B ool I e e B R e R T

Figure 3.1: The bit stream of a rate 1/g TC codeword.

The fact that the (g-1) parity sequences are not error protected, can adversely affects the
decoding performance, the error floor in particular, since the very same corrupted parity
sequences (xi, X2, X3, ..., X4.1) are repeatedly used to decode u. At the beginning, the
decoder is able to correct some of the errors and produce an improved estimate of #. But
as the decoding goes on and the BER reaches a certain level, referred to as an error floor,

further decoding will not yield any improvement.
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The reason why the BER stops to decrease after a certain number of decoding iterations
can be explained as following. Initially, the received u, xi1, X2, X3, ..., X4.1 Which are
equally affected by the noisy communication channel, have roughly the same number of
bits in error, assuming independent and identically distributed noise samples. If the
number of bits in error is relatively small, the decoder is able to correct some errors in the
received u by decoding the codeword pairs (#, x1), (#5,x,), (&3, X3), ... (#,_;,x,_,). The
decoded or estimated sequence # which has normally fewer errors than the received u,
can provide extrinsic information about the transmitted z to further reduce the BER at the
next decoding iteration. While at a code rate below the channel capacity, the BER of the
estimated sequence u is getting smaller after every additional decoding iteration until it
reaches the error floor, the reliability values of the received parity sequences remain
unchanged. As the number of errors in the decoded u# is much smaller than those in the
received parity sequences, the decoding performance for the codewords (u, xp),

(u3,x,), (U5, x3), ..., (u,_,,x, ) are strongly dominated by the number of errors in the

received parity sequences Xi, Xz, X3, ..., Xq-1 rather than the number of errors in estimated
sequence u, thus explaining the absence of the decoding improvement after a number of

decoding iterations.

Based on the above principle or reasoning, it is believed that the BER performance of the
unpunctured rate 1/g TC can be improved by increasing the immunity of the (g - 1) parity
sequences x1, X2, - .., Xq-1 against the channel noise while keeping the noise immunity of «
intact. Two possible but distinct approaches can be used to enhance the noise immunity
of the parity sequences, i.e. increasing their transmitted power or adding new parity bits to
the existing ones. The following studies the applications of these two approaches to the
parity sequences of unpunctured rate 1/3, 1/4 and 1/5 Turbo Codes, and their impacts on
the BER performance of such Turbo Codes. Again, the extension of these applications to

the rate 1/q TC is straightforward.
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3.2.2 Parity Enhancement with Unequal Energy Partitioning

This section investigates and studies the effect of raising the reliability values of
the parity bits of the unpunctured rate 1/3 Turbo Codes on the BER performance. The
results of the study can be extended or applied to all Turbo Codes regardless of their code
rates. Here, unpunctured rate 1/3 Turbo Codes are specifically selected for the study
because of their optimum performances in the low region of SNR compared to the other

unpunctured rates.

A simple way to increase the reliabilities or noise immunity of the parity sequences is to
raise the energy transmitted of the corresponding parity bits. Unfortunately, this approach
also increases the overall average transmitted energy and hence may not be practical for
power limited communications such as satellite transmission which is already operating
at the maximum output power. As such, one needs to consider a different approach
which raises the transmitted energy of the individual parity bits without actually
increasing the overall average transmitted energy. To achieve this, a technique called

unequal energy partitioning is proposed.

Consider a conventional rate 1/qg TC encoder which encodes a single information bit into
q coded bits. To maintain the same information rate, a transmitter must transmit g coded
bits per every information bit interval. If Eg denotes the total transmitted energy available
per information bit interval, the transmitted energy per coded bit, Es, is simply (1/g)Ep.
In conventional rate 1/q TC, all coded bits are treated as of equal importance in the sense
that the available energy Ep is equally divided among the three coded bits: equivalently,
each coded bit is transmitted with the same amount of energy (1/q)Ep. However, the view
taken here is that the parity bits should be of higher importance than the systematic bits
because the same received parity sequences are repeatedly decoded to reduce errors in the
decoded systematic sequence. It would therefore be desirable that the received parity
sequences contain as few errors as possible. Such view leads to the idea or concept of
unequal energy partitioning for rate 1/3 TC as illustrated in figure 3.2. The same concept

can also be applied to the generic rate 1/g TC.
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a) uncoded transmission

b) conventional coded transmission

c) proposed unequal energy partitioning

Figure 3.2: Comparison between various transmission schemes.

Unequal energy partitioning technique can be viewed as an unequal distribution of energy
among coded bits according to their order of importance. Obviously, the more important
coded bits are transmitted with high energy while the less important ones are transmitted
with low energy. For the rate 1/g TC, the (g - 1) parity bit streams are considered as of
equal importance and each corresponding parity bit is transmitted with energy Esp (Esp <
Epg). The systematic sequence is, on the other hand, considered as less important than the
(g —1) parity sequences. As such, each corresponding systematic bit is transmitted with
energy Ess, where Ess < Esp. The following relationships are obtained for the proposed

energy partitioning

Eg = Ess+(q-1)Esp @E.D

The goals of unequal energy partitioning is twofold - to change the error distribution
within the individual TC codewords, and to keep the average number of errors per each
codeword approximately the same as if no energy partitioning is used, i.e. Ess = Esp.
Conceptually, changing the values of Ess and Egp affects the distribution of errors within
the received codewords, i.e. shifting some errors from one segment to the other segment
of codeword. In our case, the number of errors in the parity sequences is kept relatively
low compared to that in the systematic sequence as a result of raising Esp and lowering

Ess. Obviously, the challenge is how to change the error distribution without significantly
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increasing the average number of errors per codeword. If the adjustment of Ess and Esp
values are not done properly, one may end up having less errors in the parity segments but
at the same time significantly more errors per codeword. It is quite obvious that the
larger the number of errors per codeword, the larger the probability of decoding error. As
such, it is essential to maintain an average number of errors per codeword roughly
constant, otherwise the unequal energy partitioning technique will degrade rather than

improve the BER performance as will be shown through simulations later.

So without violating eq. (3-1), the question is how much should one deviate Ess and Esp
from (1/g)Ep, or equivalently what would be the optimum values for Ess and Esp ? The
answer depends on several factors including the range of SNR, the interleaver length and
the error correction capability of the constituent codes. The theoretical evaluation of
optimum Ess and Egp can be very challenging. Instead of computing the exact theoretical
values, several pairs of values for (Ess, Esp) are estimated and simulated to determine the
pair of values which yield better BER performance than the conventional transmission.
Since a SNR change of less than 0.1dB has negligible impact on the BER performance,
one only needs to estimate and simulate a few energy pairs of (Ess, Esp) in order to find a

good one.

As mentioned earlier, the optimum values for (Ess, Esp) depend on several factors which
include the SNR range, the constituent codes and the interleaver length. In the following,
the BER performances of the conventional unpunctured rate 1/3 TC are compared to
those obtained with energy partitioning for a given interleaver length and various energy
pairs of (Ess,Esp). The conventional unpunctured rate 1/3 TC without energy partitioning,
i.e. Ess = Esp = (1/3)Ep, is used as a benchmark for comparison. Finally, the simulations

make use of the following set of values:
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Figure 3.3: BER performances for original rate 1/3 TC and rate 1/3 TC with
unequal energy partitioning at 10" decoding iteration (random interleaver

N =500 and generator G = [1+D¥/1+D+D?)).
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Figure 3.3 plots and compares the performance of the original rate 1/3 TC to those of the
rate 1/3 TC with unequal energy partitioning for N = 500 at tenth decoding iteration. This
figure clearly shows that the rate 1/3 TC with unequal energy partitioning can outperform
the original rate 1/3 TC. At low SNR, i.e. roughly 1.75 dB and below, the rate 1/3 TC
with unequal energy partitioning seems to underperform the original rate 1/3 TC. The
trend is, however, reversed at larger SNR. A possible explanation is that at SNR <
1.75dB, reducing Ess from (1/3) to (1/4)Ep or lower would result in a substantial increase
of the average number of errors per received codeword, hence worsening the decoding
performance. As the SNR increases, unequal energy partitioning would become more
effective in the sense that it would be able to change the error distribution in favor of the
parity bits with minor increase of average errors per received codeword. It is interesting
to note that unequal energy partitioning with the normalized pair (Ess, Esp) = (1/4, 3/8)
yields the best BER performance among the three normalized unequal energy partitioning
pairs. Furthermore, there seems to be a correlation between each Ess value of the
normalized unequal energy partitioning pairs (Ess, Esp), and the SNR value above which
the TC with corresponding unequal energy partitioning outperforms the original TC.
Finally, it was observed during the simulation that the benefit of the unequal energy

partitioning becomes increasingly visible as the number of decoding iteration increases.

Figure 3.4 depicts the BER performance of rate 1/3 TC with different values of SNR and
normalized Ess for N = 500 at fifth decoding iteration. These curves provide a useful
mean to determine the optimum (Ess, Esp) for this particular interleaver length N and an
operating SNR. For instance at SNR = 2.0 dB, the normalized Egs = 1/4 yields the best
BER and the corresponding optimum pair of (Ess, Esp) is (Eg/4, 3Ep/8). For clarity, a
normalized value Ess = 1 corresponds to uncoded transmission, i.e. no parity bit is
transmitted or more precisely, the bit energy Ep is entirely allocated to the systematic bit
(Ess = 1), leaving no energy for the parity bits (Esp = 0). Finally, it is worth mentioning
that the proposed unequal energy partitioning scheme represents an efficient technique for
improving the BER performance of the conventional rate 1/3 TC without actually

increasing the system average output power, system bandwidth and decoder complexity.
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Figure 3.4: BER performances versus normalized Ess for rate 1/3 TC with
energy partitioning at 5™ decoding iteration (N = 500; G= [1+D*1+D+D%;
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3.3 Parity-over-Parity

3.3.1 Full Parity-over-Parity

Section 3.2.2 suggests using unequal energy partitioning as a simple and efficient
mean for increasing the reliability of the received parity bits. In this section, an
alternative approach to the previous unequal energy partitioning scheme is proposed for
study. This alternative scheme is referred to as full parity-over-parity. As implied by its
name, this scheme attempts to improve the reliabilities of the parity bits using the parity-

over-parity encoding.

Under this scheme, the two parity sequences of the conventional unpunctured rate 1/3 TC
are independently encoded by two rate 1/2 RSC encoders (ENC 3 and ENC 4) as
depicted in figure 3.5, and the overall code rate is reduced from 1/3 to 1/5. The five
sequences u, X1, X2, X3 and x4 are multiplexed to form a single bit stream for transmission.
The BER performance of the rate 1/5S parity-over-parity Turbo Codes are simulated and
compared to that of the conventional unpunctured rate 1/5 Turbo Codes. The reason for
comparing this modified rate 1/5 to the conventional rate 1/5 Turbo Codes is mainly
because the reliability values of the received systematic bits are the same for both codes,
while the reliability values of the estimated parity bits of the modified rate 1/5 TC are

larger than those of the conventional rate 1/5 TC as a result of the extra parity encoding.

For simplicity, all constituent encoders (ENCI, ..., ENC4) of figure 3.5 are chosen to be
identical rate 1/2 RSC encoders. It is interesting to observe that the modified rate 1/5 TC
with parity-over-parity encoder of figure 3.5 possesses a structure similar to that of an
encoder for hybrid concatenated codes which encompasses both serial and parallel
concatenations. For instance, the three sequences (u, x;, x3) alone can be viewed as a
serial concatenated coded (SCC) codeword where (u, x;) and (z, x;, x3) correspond to the
inner and outer codes respectively. Likewise, (#’, x2, x4 ) alone can be seen as another

SCC codeword with (#’, x2) and (#’, x2 , x4) representing the associated inner and outer
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codes respectively. The two triplets (#, x1, x3) and (#’, x2 , x4) are multiplexed and

punctured to form a single parallel codeword (#, x1, X2, X3, X4).

» U
ENC 1 T — X1
IN,T ENC 3 > X3
I—’ ENC 2 T > X2
ENC 4 > X4

Figure 3.5: A modified rate 1/5 TC with full parity-over-parity encoder.

At the receiver, the parallel codeword (u, x1, X2, X3, X4) is de-multiplexed and interleaved
to produce the two SCC codewords (u, x1, x3) and (&’, x2, x4), which are in turn decoded
to produce (u,X,) and (&', X,), where u’ denotes the interleaved version of # and X, is
the estimate of x,. Finally, (u,X,)and (w’,X,)are alternately and iteratively decoded
similar to the decoding of the conventional unpunctured rate 1/3 TC. All the encoding
and decoding works to obtain (X,, X,) are carried out such that decoded parity sequences
are likely more reliable than the parity sequences of the conventional rate 1/5 TC. As
such, the modified rate 1/5 could yield better performance than the conventional rate 1/5
at low SNR. At moderate to large SNR region, it is however anticipated that the
conventional rate 1/5 will outperform the modified rate 1/5, just as it outperforms the

conventional unpunctured rate 1/3.

62



Figure 3.7 depicts the simulation results of the conventional rate 1/5 TC, and that of the
modified rate 1/5 TC at fifth iteration. The two TCs are constructed with identical
random interleavers of length N = 900 and rate 1/2 RSC with generator polynomial G =
[1, 1+ D/1+ D + D?]. Figure 3.7 shows that the modified rate 1/5 TC slightly outperforms
the conventional rate 1/5 TC at SNR< 1.75 dB. However, the latter starts to yield better
performance at SNR > 1.75 dB. It is also observed from the graph that the performance
difference between the two TC rapidly widen. At BER roughly 5.0 107, the
conventional rate 1/5 TC is almost 1.5dB better than the modified rate 1/5 TC after five
decoding iterations. The positive or desirable aspect of the modified rate 1/5 TC is its

decoding computations, which is approximately 2/3 of the conventional rate 1/5 TC’s.

Some important remarks or explanations deserves mentioning about the simulation
results obtained in figure 3.6. First, it is noted that the received systematic and parity
sequences of the modified rate 1/5 and those of the conventional rate 1/5 are equally
reliable since they are all transmitted with equal energy through the same noisy channel.
However, the estimated parity sequences ¥, and ¥, of the modified rate 1/5, which are
used to iteratively decode the received systematic sequence u are likely to contain fewer
errors than the received parity sequences of the conventional rate 1/5, hence should favor

the performance of the modified rate 1/5.

At moderate to high SNR, X, and ¥, are also more reliable than the received parity
sequences of the conventional rate 1/5, yet the modified rate 1/5 performs poorly
compare to the conventional rate 1/5. The reason of this inferior performance is possibly
due to the fact that at moderate to high SNR, the reliability gain in the estimated parity
sequences of the modified rate 1/5 is not enough to compensate the lost or reduction of
the diversity provided by the parity sequences. Recall that in the modified rate 1/5, the
received systematic sequence is iteratively decoded with only two (estimated) parity
sequences, whereas in the conventional one, the same received systematic sequence is
iteratively decoded with four parity sequences. Atlow SNR, the systematic and the parity

sequences are strongly corrupted by noise, hence decoding the systematic with two or
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four parity sequences yield little difference. However, at moderate to high SNR, each
decoding with an additional parity sequence produces a significant improvement. As a
summary, the main point to retain in this analysis is that increasing the reliability of the
parity sequences at the expense or reduction of its diversity degrade the overall BER
performance of the rate 1/5 TC at moderate to high SNR. The same result can also be
extended to rate 1/g TC as will be confirmed with the rate 1/4 TC in the next section.

3.3.2 Joint Parity-Over-Parity

The objective of this section is twofold: first to demonstrate that the effect of
parity-over-parity encoding/decoding on the overall BER performance is similar for both
rate 1/4 and 1/5 TCs, hence allowing one to extend the result to the generic rate 1/q TC
with a higher degree of confidence; and second and more importantly to study the
compromise or the effect of varying the parity diversity versus the increase of the
estimated received parity. To accomplish this, we propose a modified rate 1/4 TC in
which the two parity sequences of the conventional rate 1/3 TC are jointly encoded by a
single rate 2/3 RSC encoder (ENC3) to produce a new parity sequence as illustrated in
figure 3.6. The BER performance of this so-called modified rate 1/4 TC will be

simulated and compared to that of the conventional rate 1/4 TC.

ENC 1 ;1 » X1

ENC3 [—» X3

INT —1 ENC2 ‘ > X2

Figure 3.6: A modified rate 1/4 TC with joint parity-over-parity encoder.
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The encoder of figure 3.6 encodes a single information block # into a rate 1/4 codeword
(ux1x2x3). For clarity, ENC1 and ENC2 are two identical rate 1/2 RSC encoders which
only output parity sequences. Similarly, ENC3 is a rate 2/3 RSC encoder which outputs a
single parity-over-parity sequence. At the receiving end, the decoder performs soft

decision decoding on (x1x3x3) to produce X, and ¥, which correspond to the estimate of
x; and x; respectively. The two estimated parity sequences, ¥, and X, , are subsequently
multiplexed with # to produce two rate 1/2 RSC codewords (z X,) and (¢’ X, ), which are

alternatively and iteratively decoded as in the conventional rate 1/3 TC. The challenge is
to perform soft decision decoding on the rate 2/3 RSC codeword (xx>x3) to minimize
the errors in the parity sequences separately rather than jointly, i.e. minimizing the errors
in the individual X, and ¥, rather than in the pair (X,.X,). To achieve this, we

introduced a modified Soft Output Viterbi Algorithm (SOVA) as derived below.

Suppose that an information bit « is transmitted over a noisy channel and received as y.

As shown in appendix A, the soft decoded bit, L(&), produced by a SISO decoder, is

given by
L@) = L)+ y-L. +Le(@) (3.2)
e P(u=1)
L = —_— 33
@ = In [P(u =_1)} (33)
Lc = 4-a-(E,/N,) (3.4)

where a = 1 for AWGN channel, (Es/ Np) is the per bit transmitted energy to noise ratio,

and L¢c and Lg (i) are the channel reliability and the extrinsic information respectively.

The above equation is used for deriving the extrinsic information for the input bits of a

rate 2/3 convolutional code. Consider two input streams (x;, x2) which are "almost”
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statistically independent and which are encoded by a rate 2/3 RSC encoder to produce
three sequences (x, X2, x3). The three sequences are first multiplexed into a single
sequence X, then transmitted over an AWGN channel and received as Y. At the
receiving end, the VA decoder searches for the state sequence S®, or equivalently the

desired input sequences (xl("), xz(")), which maximizes the a posteriory probability over all

possible paths p, i.e.

max P(S® |Y)
P

Since Y is independent of p, this is equivalent to max p(Y|S®) P(§¥’). For clarity, we
P)

denote Y = (Y1, Ya...., ¥i,..., Yx) and S® = (S¢,...,8%) where the index N represents
the number of branches, ¥, = (¥}, Ya,..., Yy and S = (§,5¢,....,8{"). Attime =

k, we have Yr = (1.4, Y24, y34) and

P(S¢) = P(Sk1) - POak, x2k)
= P(Si1) - P(x1x) - P(xag) (3.5)

since x1, and xx are almost statistically independent. Furthermore, assuming that the

channel is memoryless, it follows
I=k
P, |5 = []p |Si2.5) (3.6)
=0
and

P, [S8.5) = p(¥ | X))

3
ol | PIC By 3.7

m=1
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It follows that:

mgXP(Yk,S,ﬁ"’) = max p¥, | S) - P(S{)
P

k-1

= max {P(SE) [[p® [S2.5%)
P 1=0
P(x®)- P(x))- p(¥, | X)) (3.8)

The maximization of eq. (3.8) does not change if we take the logarithm, multiply by two

and three positive constants C;, C, and C3; which are independent of p. Denoting the
logarithm of the first line, right hand side of eq. (3.8) by the metric value M /2 and

substituting the logarithm of the product by the sum of logarithm yields

max e} = max { M + [2log P(x()-C,] + [2log P(x{3)-C;]

3
+ Y [logp(y®) [ x#))-C,] } (3.9)

m=l

For simplicity, all constants are chosen as following

C; =log P(x1x =-1) + log P(x1x = 1) (3.10)
C2=10g P(xz'k=-l)+logP(x2,k =1) (3.11)
Cs =108 pOm« | Xmx = -1) + 108 pOms | Xmic = 1) (3.12)

Therefore,

P x(P) .P p)
[ 2log P(x{?) - C, 1= log () - P(xp’)
. P(x,, =1)-P(x,, =—1)
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x % L(x,)
Similarly, it can be shown

[2log P(xR) - C21 = x$- Lxy,)

3

3
Y Rlog pGE [ x8)-C31 = Y x2- Lo y&)

m=1 m=l

The metric of the path p, M {?’, can be recursively expressed as

3
M /Ep) =M Iﬁfl) + xl(,’i) " L(x,) + xg;) c L(xy,) + fo.."i
=1

L(x,,) if xf'=1
- L(xi,) if xg’=-1

(3.13)
(3.14)
(3.15)
Lo -y (3.16)

It is worth noting that the probability of the path p at time k is related to the metric M *’

by

2V %)

P(path p) = P(Y,,S”) = 10™

Figure 3.8 illustrates a generic trellis for rate 2/3 convolutional

3.17)

codes. There are four

possible trellis branches entering or leaving each trellis node. The VA proceeds with the

computations of metrics for all possible paths using eq. (3.16). At time ¢ = k, the VA has

selected the ML-path with index p,,, i.e. the one with largest metric, and has discarded

the other three paths with indexes p,,, p,, and p,,. The probability that the selected path

decision is correct at time ¢ = k is given by
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P (correct) = P (path p,)
P (pathp,,) + P(pathp,,) + P(pathpy;) + P(pathp,,)

0M£"°-”/2
= ME= 2 MPo2) 2 MES 2 ME 2 (.18)
107 + 107 "°+ 107+ + 107 7
Using the notations

P(correct = 1) = P(correct)

P(correct =-1) = P(wrong)

= 1 — P(correct)
AC;‘ - % M[EPo,l) —max @llgpo,z), M,EPo_;)’ Mlipo,.s)}l (3'19)

the log-likelihood ratio or soft value of the selected path decision is expressed as

P(correct) 1M 12
lOg = log ey o
1 - P(Correct) lOM‘ 12 s 12

+ 1012 4 oM

= (/) MP — log[10¥™ /% + 107772 + 10772 (3.20)
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X 3 k<j<l k+!

j<k y=k k+8 time index j
/ ] =5 .

=0 relative time index [

-

Figure 3.8: Generic trellis of rate 2/3 convolutional codes with constraint length K =3
(For simplicity, the input x, 4 is omitted from the figure.).

Using the approximation (10* + 10” + 10%) = max (10%, 10’, 10%), eq. (3.20) can be

approximated as

P(correct) Por) (
lo = (1/2)\M P — M Fm) 3.21
& l:l—P(correct) :l ( )( . k ) ( )

:A‘;‘

where M= = max {w,ﬁ"u’,M,ﬁ"“’,M,ﬁ"“’}. Along the ML-path p,,, 3(8+1) non-
surviving paths with indexes [ = (0,1,..., 36+2) have been discarded. The difference of

their metric is A}, >0. In our case, the input pairs (x4 , x24) of the rate 2/3 convolutional
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codes are statistically independent due to the random interleaving action. As such their

soft outputs can be computed independently from each other as followed. Suppose that if

the bit x;, son the discarded path is equal to x5, then one has made no bit erxor by

selecting the discarded path. The reliability of this bit decision would thus be infiniky, c.

But, if the two bits differ, the log-likelihood ratio of a bit error ¢;_;is equal to A, ,i.e.

Pel_s =1
L(e; 5) = log [———P (S"‘s_ _z)}
k=5 —

!

I e X1k-8 = X1 x-5

= A r (3.22)
£ XLe-s F Xk

Taking into account all 3(8 +1) discarded paths, the sum of all L(e,'c_s)’s for the bit x4

is approximated by

35+2 35+2
[E<‘*‘> L(e/lc-s)] = [2(‘*‘) Alk]

~ min A (3.23)

where 2(+) is defined as logarithmic summation (see eq. A.27 of appendix A). It
follows that the LLR of the bit decision, or the soft-output of the VA (SOVA), is thes hard

decision x; ., multiplies with the LLR of the total errors, i.e.

L(xieg) = X4, MiD A, (3.24)

=0,...,.38+2

Note that in eq. (3.24) the minimum should only be taken over the indexes [ where the

bits x1 45 and x{,_; differ. Continuing with the same analysis, it can be shown that
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L(x24s) = X5, 5. min A, (3.25)

1=0,...35+2

From eq. (3.21), A, is given by

w28 - mE)
Replacing the metric terms by eq. (3.16), A, becomes
= @2) (a3 a2z ) + (e Lz~ 25 )]
+ U 2)-[Lc SRE I BN yy ASRTeL “’m’)]

m=2

+ (1/ 2)’ I.L(xl.k )-[% e — (=501 + Llxp, ) - [, —(X,,)] J (3.26)

The minimum of {A’k, [=1,2,..., 38+2} would also have the same structure as eq. (3.26).

Substituting eq. (3.26) in eq. (3.24) and (3.25) yields

Lsova(X,,) = Lc-yix+ L(xix) + otherterms (.27

Lsova (Ez.k ) = Lc -y + L(xx) + other terms (3.28)

The "other terms" represent the extrinsic information. Finally, the above two soft-output
Viterbi Algorithm equations for rate 2/3 convolutional codes have similar structure as that
in eq. (3.2). As such, they can be rewritten in term of their respective extrinsic

information as

Lsova(X,,) = Lc-yui+ LOag) + Le(X) (3.29)

Lsova (%,,) = Lc-yea+ Llxap) +Le(X,,) (3.30)
2.k
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With the proposed modified SOVA just derived, the BER performance of the modified
rate 1/4 TC with joint parity-over-parity generated by the encoder shown in figure 3.7 is
simulated. For this particular simulation, following parameters were used: random
interleaver of length N = 900, rate 1/2 RSC encoder with G = [1, 1+D? /1+D+D?] for
ENC 1 and 2, and rate 2/3 RSC encoder with G’ given by

1+D?
1 0 ————
G = 1+D+D (3.31)
o 1 —P
1+ D+ D?
for ENC3.
X1k T > XLk
X2k \ G > Xk
D—

J_-'é . X3k

Figure 3.9: Rate 2/3 RSC encoder with G’ (K=3).
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Figure 3.10 depicts the simulation results of the conventional rate 1/4 TC and that of the
modified rate 1/4 TC at the fifth decoding iteration. As anticipated, figure 3.10 displays
similar characteristics to those of the rate 1/5 TC (refer to figure 3.6) in the sense that the
modified rate 1/4 TC slightly outperforms the conventional rate 1/4 TC at very low SNR
but significantly underperforms the conventional one at moderate to high SNR. Two
interesting observations worth mentioning about figure 3.10 compared to figure 3.6. By
going from rate 1/5 to rate 1/4, the value of SNR below which the modified TC
outperforms the conventional TC reduces from roughly 1.75 dB to 0.75 dB 1/5 TC. The
performance difference between the modified and the conventional TCs also narrows
down from roughly 1.5 to 1.00 dB at the fifth decoding iteration and BER ~ 5.00x107.
The positive or desirable aspect of the modified rate 1/4 TC compared to the conventional
rate 1/4 TC is its decoding computations, which is approximately 4/5 of the conventional

rate 1/4 TC’ s for five decoding iterations.

The possible reasons behind the performance difference between the modified and
conventional rate 1/4 TCs can be explained as in the case of rate 1/5. First, the received
systematic and parity sequences of the modified rate 1/4 and those of the conventional
rate 1/4 are equally reliable since they are all transmitted with equal energy through the
same noisy channel. = However, the estimated parity sequences X, and X, of the
modified rate 1/4, which are used to iteratively decode the received systematic sequence u
are likely more reliable than the received parity sequences of the conventional rate 1/4,
hence favoring the performance of the modified rate 1/4 at SNR < 0.50 dB. At larger
SNR, X, and X, are also more reliable than the received parity sequences of the
conventional rate 1/4, yet the modified rate 1/4 performs poorly compare to the
conventional rate 1/4 because the reliability gain in the estimated parity sequences of

the modified rate 1/4 is
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Average BER

not enough to compensate the lost or reduction of the diversity provided by the parity

sequences. Recall that in the modified rate 1/4, the received systematic sequence is

iteratively decoded with only two (estimated) parity sequences, whereas in the

conventional one, the same received systematic sequence is iteratively decoded with three

parity sequences.

-
o

10

10

10

T T T L R B R T T L e

T T llll”l

Modified Rate 1/4 TC

Coventional Rate 1/4 TC

1 ! ! L i
0.5 1 1.5 2
Eb/No (dB)

Figure 3.10: BER of the conventional rate 1/4 and the modified rate
1/4 TC at the fifth decoding iteration using random interleaver (N=900).
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3.4 Suggested Research Topic

34.1 Motivation

So far, the TC study in this thesis has found out that for a given choice of
constituent codes and interleaver, the unpunctured rate 1/3 TC yields the best BER
performance at SNR < 2.50dB. Furthermore, it was shown that the performance of such
TC can be increased through the enhancement of the corresponding parity sequences. For
the same reliability values of the systematic sequence and the same parity diversity, the
larger the reliability values of the corresponding parity sequences, the lower the decoding
BER. Two different approaches for improving or enhancing the reliability values of the
parity sequences of the conventional TC were proposed and their effects on the associated

decoding BER’ s were also studied.

Simulation results indicated that increasing the transmitted power is the most efficient
and simplest way for improving the reliability values of the parity sequences and the
overall decoding BER. This approach has the flexibility to increase the reliability values
of the individual parity bits without reducing the overall code rate or the parity diversity.
The weakness of this approach is that it requires some increase of the average transmitted
power in order to yield noticeable BER improvement. An alternative approach to enhance
the reliability of the parity sequences is to add redundancy to the parity bits, i.e. parity-

over-parity.

There are two undesirable effects associated with the parity-over-parity scheme, namely
the reduction of the overall code rate or/and parity diversity. For example, the
introduction of the extra parity-over-parity bits to the conventional rate 1/3 TC changes
the overall code rate from 1/3 to 1/5, hence reducing the available transmitted power per
coded bit which makes the systematic sequence of the rate 1/5 parity-over-parity less
reliable than that of the rate 1/3 TC. Comparing the rate 1/5 TC with parity-over-parity to

the conventional rate 1/5 TC, it is clear that their systematic sequences are equally
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reliable. However, the parity diversity of the former is half as much as that of the latter.
For the rate 1/5 TC with parity-over-parity, only two parity sequences are available for
iterative decoding of the systematic sequence, while the conventional rate 1/5 TC has four
parity sequence available for iterative decoding of the systematic sequence. Simulations
showed that the parity-over-parity approach tends to degrade rather than improve the
BER performance. Such performance degradation is mainly due to fact that the reliability
gain in the parity sequences is not enough to compensate the reliability lost in the

systematic sequence or the lost of the parity diversity.

It appears from the simulation results in this chapter that in order to noticeably improve
the BER performance of the conventional TC, there must be an increase in the reliability
of the received parity sequences without reducing either the reliability of the received
systematic sequence and the parity diversity. Based on these findings, a new class of
concatenated codes with enhanced parity-over-parity is suggested as a research topic.
Such codes would have not only the same code rate, hence same transmitted power per
coded bit, as the conventional unpunctured TC, but also the same parity diversity. The
characteristics of these codes are conceptually outlined and discussed in this section. For

convenience, the discussion begins with the rate 1/3, and extends to the general rate 1/g

where appropriate.
3.4.2 Encoding/Decoding Characteristics

Figure 3.11 and 3.12 depict the encoding relationships among the systematic and
the two parity sequences of the conventional rate 1/3 TC, and those of the so-called rate
1/3 concatenated codes with enhanced parity-over-parity. As can be seen from figure
3.11, the systematic bits of the conventional rate 1/3 TC are independently protected
against the channel noise by the parity bits, while the parity bits themselves have no error
protection. Parity-over-parity bits can be inserted to provide noise protection to the parity
bits. However in doing so, there is a reduction in the available power per coded bits. So

far, the study of this chapter has demonstrated that the insertion of the parity-over-parity
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bits, generated from RSC encoders, has not achieved enough gain in the reliability of the
parity bits to compensate the reduction of the transmitted power per coded bit. It is worth
noting that the parity-over-parity encoding technique studied in this chapter specifically
makes use of only RSC encoders to simplify the overall decoder structure. One can use
encoders other than RSC encoders to encode the parity bits of the conventional rate 1/3
TC. For instance, one may encode them with a Hyper Code encoder. It should be noted
though that the Hyper Codes with iterative coding do not have good coding gain at low
SNR (=2.2dB) [40]. As such, it is anticipated that coding the parity bits of the
conventional rate 1/3 TC with Hyper Codes encoder will not improve the BER

performance of the conventional rate 1/3 TC at low SNR.

Figure 3.12 conceptually illustrates the principle encoding characteristics of the so-called
rate 1/3 concatenated codes with enhanced parity-over-parity. These codes would have
the same code rate (R = 1/3) as the conventional rate 1/3 TC, hence there is no reduction
of the transmitted power per coded bits. An advantage of these codes over the
conventional rate 1/3 Turbo Codes is that each sequence, systematic or parity, is of equal
importance and is error protected by the other two sequences. This is not the case for the
conventional rate 1/3 Turbo Codes where the two parity sequences are treated as
uncorrelated or independent. Because the three sequences of the rate 1/3 concatenated
codes with enhanced parity-over-parity are treated as dependent, an observation or
reception of one sequence can provide some information on the other two and vice versa.
As such, it is possible to decode each sequence alternatively and iteratively with the other
two. This feature provides a mean to iteratively correct some bit errors in the received
parity sequences, and obtain more reliable estimated parity sequences which in turn can

be used to yield a better estimation for the systematic sequence.
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x1 = g(u) x2 = g@’)
u ®
X1 .v

Figure 3.11: The encoding relationships among the systematic
and the two parity sequences of the conventional rate 1/3 TC.

x1 = f(u) u = f" () w=f"(x2)
x2 = f(u’) x2= h(x]) x1= g(x7)
u ® ® .A .A
fi i f
f h g
X2 OY : . .

Figure 3.12: The encoding relationships among the systematic and
the two parity sequences of the rate 1/3 Concatenated Codes with
enhanced parity-over-parity, where f ' and g™ are the inverse of fand g.
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The rate 1/3 concatenated codes with enhanced parity-over-parity can be extended to a
general rate 1/q, where g = 3. The conventional rate 1/q TC and the rate 1/q enhanced
parity-over-parity would have the same parity diversity. Their systematic sequences
would be error protected by (g-1) parity sequences. The main difference between these
two codes is that there is an effort to exploit the correlation between the (g - 1) parity
sequences, while in the conventional rate 1/q TC, the (g - 1) parity sequences are simply

treated as uncorrelated.

The decoding of the rate 1/g concatenated codes with enhanced parity-over-parity is
similar to the decoding of the conventional rate 1/g Turbo Codes. It is however carried
out in two sequential steps. The first step consists of decoding each parity sequence
alternatively and iteratively with the systematic and other parity sequences. The second
step involves decoding the systematic sequence alternatively and iteratively with the (g-1)
estimated or decoded parity sequences obtained during the first step. Because of the
iterative decoding strength, the (g-1) estimated or decoded parity sequences would be
much more reliable than the received parity sequences, hence resulting a low BER for the
estimated systematic sequence. It should be mentioned that every sequence of the
concatenated codes with enhanced parity-over-parity, not just the systematic one, is
iteratively decoded. As such, the decoding of the rate l/g concatenated codes with
enhanced parity-over-parity will require at least g times more computations than decoding

the conventional rate 1/g TC.

3.4.3 The Challenge

The essential characteristics of the concatenated codes with enhanced parity-over-
parity have conceptually been identified. The challenge is to search for or develop a code
which possesses such characteristics. There would probably be a number of different
developmental techniques for obtaining the so-called concatenated codes with enhanced

parity-over-parity. The following describes a technique we have attempted and its

inherent difficulty.
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We first consider that the conventional rate 1/q TC represents a special case or simplified
version of the so-called rate 1/g concatenated codes with enhanced parity-over-parity. In
fact, the former can be viewed as a subset of the latter since the latter possesses all the
characteristics of the former. With this in mind, our approach to the development of the
rate 1/q concatenated codes with enhanced parity-over-parity is to exploit the existing
characteristics of the conventional TC, and to search for additional functions which

establish correlations among the parity sequences as described below.

For simplicity, consider the conventional rate 1/3 TC and the rate 1/3 concatenated codes
of figure 3.11 and 3.12 respectively. It is observed that each codeword of the conventional
rate 1/3 TC contains two elementary rate 1/2 RSC codewords namely (ux;) and (u’x>2),
where u#’ is the interleaved version of #. On the other hand, each codeword of the so-
called concatenated codes with enhanced parity-over-parity is made up of six different
elementary rate 1/2 systematic codewords, four of which are raté 1/2 RSC codewords.
Two of these four rate 1/2 RSC codewords belong to the conventional rate 1/3 TC. The

six elementary codewords of the enhanced parity-over-parity concatenated codes are

{(uxy), (@'x2), (1), (x7x,), (x21’) and (x;x)}.

Four of the six elementary codewords, namely {(zx;), (x1#), (#’x2) and (x2u’)}, are
obtainable directly from the conventional rate 1/3 TC because of the existence of the
inverse generator function or matrix for the RSC encoder. For example, if (ux) is a rate
1/2 RSC codeword generated from a generator matrix f= [1, 1 + D%1 + D + D? ], then
(x1z) is also a rate 1/2 RSC codeword produced from the inverse generator matrix f L
where f!=[1,1+D + D%1 + D*]. Consequently, the challenge in the development of
the rate 1/3 enhanced parity-over-parity concatenated codes is reduced to finding the

generator functions or matrices for the remaining two elementary rate 1/2 systematic

codewords, namely (x;x,) and (x;x,).

82



So far we have not yet been able to overcome the above challenge, i.e. obtaining siingle-
level encoding expressions or functions for both (xx,) and (x;x,), which would zllow
us to derive the required decoding algorithms. The meaning of single-level functiom will
be relevant later. The following illustrates the degree of complexity or difficultcy for
obtaining the single-level encoding functions for (x;x,) and (x;x,). We would liike to

express xj as a single-level function of x» or vice versa, i.e.

x1=g(x3) (3.32)
x2=h (x7) (3.33)

where x{ and x; denote the interleaved versions of x; and x; respectively. It is wvorth
mentioning that £ is not an inverse of g, i.e. & # g "'. From the conventional rate 1/3 TC

(see figure 3.11), we have the following relationship

x1=f(u) (3.34)
w=Ff"(x2) (3.35)

where fis a known parity generator function of a given rate 1/2 RSC, and is f the inwerse
of f. Let I{x} and D{x} denote the interleaving and de-interleaving of x respectively, i.e.

I{x} =x’and D{x’}=x. Substituting eq. (3.35) in eq. (3.34) yields:
x1=f@{f'O{x;HH  (336)

Eqgs. (3.32) and ( 3.36) are equivalent in the sense that x; is expressed in term of x, ©nly.
Furthermore, they state that the observation x2 of can provide information about xx, a
characteristic that was not exploited in the conventional TC. From the encosding
standpoint, eq. (3.36) is easily realizable. Figure 3.14 illustrates a direct realizatiosn of
eq. (3.36). However, from the decoding standpoint, both eq. (3.36) and the associiated

encoder of figure 3.13 are not practical. It should be noted that the main objective he-re is
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to decode the rate 1/2 systematic codeword (x;x;)alone independent of any other
sequence, but there is no known soft decoding algorithm which allows us to decode the
codeword (x;x,)based on eq. (3.36) or the encoder of figure 3.13. An alternative
solution is to reduce the multi-level function of eq. (3.36) to a single-level function of eq.
(3.32), where soft decoding could be carried out in a single-step using existing or
modified algorithm. Figure 3.14 illustrates a single stage encoder which is a direct
realization of eq. (3.2). Both encoders of figures 3.13 and 3.14 are equivalent in the sense
that they generate the same rate 1/2 systematic codeword (x;x,). However, the soft

decoding operations of (x;x,) based on the encoder figure 3.14 would be much simpler

than those based on figure 3.13.

The challenge is then reduced to finding the parity generator function, g( ), of eq. (3.32).
This is quite a complex problem that we have so far been unable to resolve, given the

recursive nature of f( ) and the large size of D{ }.

X X,
__2___’ I{ } >

L D{} l—» 'O —»| D{} }—»] F'O £

Figure 3.13: Multi-stage rate 1/2 systematic encoder.

X— 1 I{} -t

— g( ) X'}

Figure 3.14: Single-stage rate 1/2 systematic encoder.
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3.5. Conclusion

This chapter attempted to demonstrate that the BER performance of the current
Turbo Codes can be improved by increasing the noise immunity of the parity bits alone.
It introduced several modifications to the current Turbo Codes for reducing the number of
error bits in the received parity sequences, and studied the effect of such modifications on
the overall BER performance. Specifically, three distinct modifications to the current

Turbo Codes were studied.

The first modification, referred to as unequal energy partitioning, consisted of raising the
transmitted energy for each parity bit while simultaneously reducing the transmitted
energy for the corresponding systematic bit in order to keep the average transmitted
energy unchanged. Significant increase of the transmitted energy for the individual parity
bits could result in large reduction of the transmitted energy for the corresponding
systematic bits, and lead to the overall BER performance degradation. Simulation results
showed that unequal energy partitioning could improve the BER performance at Eg /Nop
>1.75 dB, and normalized (Ess , Esp) = (1/4, 3/8)Es appears to be the optimal pair.

The second modification attempted to protect the parity bits against the channel noise by
applying a parity-over-parity encoding scheme whereby each parity sequence is encoded
independently. The BER performance of the modified rate 1/5 Turbo Codes with parity-
over parity encoding were simulated and compared with that of the conventional rate 1/5
Turbo Codes. Simulation results showed that the two codes had comparable BER

performances at Eg /Np < 1.75 dB. However, the BER performance of modified rate 1/5

was significantly inferior to that of the conventional rate 1/5 at Eg /Np >1.75 dB.
The third modification is similar to the second one in the sense that it provided error

protection to the parity bits through parity-over-parity encoding. The difference is that

under this scheme, two parity sequences are jointly rather than independently encoded. A
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modified SOVA algorithm was developed to decode the two jointly encoded parity
sequences. The BER performance of the modified rate 1/4 Turbo Codes with joint parity-
over parity encoding were simulated and compared with that of the conventional rate 1/4
Turbo Codes. Simulation results showed that the two codes had comparable BER
performances at Ep/Np < 0.75 dB. However, the modified rate 1/4 Turbo Codes clearly

underperformed the conventional rate 1/4 Turbo Codes at Eg /No > 0.75 dB.

The study of this chapter clearly shows that increasing the reliabilities of the parity bits
results in better BER performance. However, it also shows that the reliabilities of the
parity bits are not the only variable affecting the BER performance. There are other
important variables, namely the reliabilities of the systematic bits and the parity diversity.
These three variables are not independent and changing the value of one variable can
affect the values of others. As such, increasing the reliabilities of the received parity
sequences alone can improve the overall BER performance if the overall reliability gain
in the parity bits is more than enough to compensate the lost of the reliability lost in the

systematic bits or the lost of the parity diversity.

Finally, the study in this chapter suggests that parity-over-parity encoding is not an
effective way to increase the reliabilities of the Turbo Codes parity bits because it reduces
either the reliabilities of the corresponding systematic bits or the parity diversity, causing
serious degradation of the BER performance. These findings were used to lay down
some ground works for the possible development of Turbo Codes with enhanced parity-

over-parity as described in section 3.4.
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Chapter 4

CONCLUSION

4.1 Thesis Summary

This thesis conducted an extensive study on the conventional low rate Turbo
Codes (TC) and some of its potential variants in the region of low signal to noise ratio.
The objectives or goals of the thesis are threefold. The first goal is to study the BER
performances of the conventional low rate TC as a function of some independent
parameters, and to determine the optimum TC code rate which yields minimum BER in
the region of low SNR. The second goal is to highlight a possible area of improvement to
the current TC, and to examine several modifications referred to as TC variants. Finally,
the last goal is to make use of the findings from the study of the conventional low rate TC
and TC variants to formulate the characteristics of new concatenated codes which could

be viewed as a superset of the current TC, and which could achieve lower BER.

The thesis was mainly organized in two parts. The first part began with a comprehensive
analysis of the current TC as introduced by Berrou, Glavieux and Thitimajshima. The
analysis included the evaluation of the TC BER probability expression, and the
discussion of independent and influential parameters affecting the BER probability,
specifically the interleaver length, the polynomial generator of the constituent codes and
the TC code rate. An important parameter — namely the number of decoding iterations —
was not included in the BER probability equation. However, its impact or behavior on
the BER performance at low SNR, ~ [0.25 — 2.50 dB], was studied through numerous
simulations in conjunction with other parameters. The following observations were made

during the simulations:
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® In general, the average BER decreases as the number of decoding iterations
increases. However, it seems that most of the BER reduction is achieved
within the first five or six iterations. Furthermore, there appears to be an
error floor for each value of SNR. After the average BER has reached the
error floor, additional decoding iteration would yield negligible, or no, BER

improvement;

@ The higher the SNR, the larger the BER reduction can be achieved by each

additional decoding iteration before it reaches the error floor;

® At SNR =0.50 dB or less, the average BER of the rate 1/3 TC does not seem
to decrease as a function of the number of decoding iterations. For general
rate 1/q TC, the value of SNR below which the average BER does not depend

significantly on the number of decoding iterations increases as a function of

q,

@ Iterative decoding is effective if and only if it is accompanied by interleaving.
In that sense, the most important role of the interleaving in Turbo Codes is to
decorrelate the extrinsic information output by one decoder and the observed
inputs of the other decoders. The less important role of interleaving is to

increase the corresponding TC effective free distance;

® Unlike the BER performances of other existing codes, the BER performance of
Turbo Codes with iterative decoding is not dominated by the minimum or free
distance. Nor it is dominated by the small number of codewords with
minimum or free distance. It is the effect of interleaving which is the

dominant factor responsible for the outstanding TC BER performance.
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In general, the larger the interleaver length the more effective the iterative
decoding, i.e. the smaller the associated BER. The BER improvement is

however achieved at the increase of the decoding delay;

For a given interleaver of length N, the average BER decreases as the
constraint length K of the constituent codes increases. For a random
interleaver of length N = 900, increasing K yields negligible or no BER
improvement at SNR = 1.00 dB or less;

At SNR ~ [0.50 - 2.50 dB], optimizing the interleaver length appears to
yield better BER improvement than optimizing the constraint length of the
constituent codes. At SNR < 0.50 dB, the choices of these two parameters

seem to have negligible effect on the BER;

At SNR ~ [0.25 - 2.50 dB], TC with code rate 1/3 yields the best performance.
For the generic rate 1/q TC where q > 3, the larger the q value, the larger the
SNR value below which the rate 1/q underperforms the rate 1/3 TC. Also, at
low SNR, the reliability of systematic bits is more important than that of the

parity bits. At moderate to high SNR, the trend is reversed; and

Puncturing has different effect on the TC BER performances. For the rate 1/3
TC, puncturing degrades the performance across the entire range of SNR.
For the generic rate 1/q where q > 3, puncturing improves the performance at

low SNR but has reversed effect at moderate to large SNR.
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The second part of the thesis highlighted a possible area of improvement to the current
TC and predicted that the BER performance of the current TC, specifically the rate 1/3
TC, could be improved by increasing the reliabilities of the corresponding parity
sequences alone. With that view in mind, two different approaches for improving the
reliabilities of the parity sequences were proposed and investigated. Three variations or
modifications to the current TC were introduced, and their performances were simulated

and compared to the current TC’s. The four TC variants are:

) Modified TC with unequal energy partitioning;
@ Modified TC with full parity-over-parity; and
©) Modified TC with joint parity-over-parity.

The first TC variant attempted to increase the noise immunity of the corresponding parity
bits by raising the corresponding transmitted energy without increasing the overall
average transmitted energy. Under this variant, systematic bits are considered as less
important than the parity bits . As such, they are transmitted with less energy than the
parity bits. Simulation showed that for a random interleaver of length N = 500, the
unequal energy partitioning start to outperform the original TC at SNR roughly greater
than 1.75 dB. Furthermore, it is observed that the benefit of the unequal energy

partitioning becomes increasingly visible as the number of decoding iteration increases.

The last two TC variants, referred to as parity-over-parity, attempted to enhance the noise
immunity of the parity bits by adding additional or extra parity bits to the exiting parity
bits. Specifically, the third TC variant independently encoded the two parity components
of the conventional rate 1/3 TC to produce a modified rate 1/5 TC. Simulation showed
that the BER performance of the modified rate 1/5 TC is slightly better than that of the
conventional rate 1/5 TC at SNR < 1.75 dB, but worse than the conventional rate 1/5 TC
at SNR > 1.75 dB.
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The third TC variant attempted to enhance the noise immunity of the parity bits by jointly
encoding the two parity components of the conventional rate 1/3 TC with a rate 2/3 RSC
encoder to produce a modified rate 1/4 TC. Again, simulation using a modified SOVA
showed that the BER performance of the modified rate 1/4 TC is slightly better than that
of the conventional rate 1/4 TC at SNR < 0.50 dB, but worse than the conventional rate
1/4 TC at larger value of SNR. The fact that the last two TC variants underperform the
conventional TC of the same code rates does not mean that the same principle applied in
the last two TC variant contradicts the one applied in the first TC variants, or that the
principle is flaw. The poor performances of the modified rate 1/4 and 1/5 TC’ s can be
attributed to the lost of diversity in the modified rate 1/4 and 1/5 TC’s. It is interesting to
observe that the modified rate 1/4 and 1/5 TC’ s also underperform the conventional rate
1/3 TC although they all have the same diversity. This is because their systematic bits
are more vulnerable to the channel noise than those of the conventional rate 1/3 TC. An
important conclusion drawn from the last two TC variant is the following: "Improving the
noise immunity of the parity bits yield better a BER performance for the resulted Turbo
Coded if and only if the reliability gain of the parity bits is larger than the lost of the

parity diversity or/and the lost of the noise immunity of the systematic bits".

It is worth mentioning that only RSC encoders were used to encode the parity bits of the
modified rate 1/4 and 1/5 TC’s. More powerful encoder such as Hyper codes encoder
can also be used. However, it is expected that the results would be the same in the low
region of SNR, i.e. ~ [0.25 - 2.50 dB], since the Hyper codes have high BER at this
range of SNR.

91



4.2 Thesis Contributions

This thesis attempts to make contributions to the field of error control coding by
conducting detailed study on the behaviors of the low rate Turbo Codes whose
constituent codes are rate 1/2 RSC, simulating and reporting different impacts of critical
parameters on the BER performance. Furthermore, it highlights a possible area of
improvement to the original TC and investigates the BER performances of some TC
variants. Finally, the thesis attempt to establish a framework for the search or future
development of a new class of concatenated codes which can be viewed as a superset of

the current TC. Specifically, the thesis contributions include :

e Simulating the optimum TC code rate at low SNR;

e Investigating the impact of puncturing on the low rate TC;

e Pointing out an area of improvement to the current TC;

e Studying the effect of unequal energy partitioning on the BER performance;

e Studying the effect of parity-over-parity encoding/decoding on the BER
performance;

e Evaluating mathematical expressions for implementing soft decision decoding
(SOVA) on the rate 2/3 recursive systematic convolutional codes; and

e Defining the essential characteristics for a new class of concatenated codes,
and attempting to develop such codes by exploiting the properties of the

current TC.
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4.3 Suggestion for further research

The simulation results reported in chapter 3 clearly indicate that improving the
reliability values of the parity sequences alone could lead to better BER performance.
However, the improvement of the parity reliability should not be achieved at the expense
of parity diversity or/and code rate. One way to accomplish this is to make use of the
correlations among the parity sequences, which are not considered under the current
Turbo Codes. This view leads to the postulation of a new class of concatenated codes
whose encoding structures make it possible to decode not only the systematic sequence
but also the parity sequences. The characteristics of this new class of concatenated codes

were pictorially highlighted.

Note that Turbo Code is a special case of this new class of concatenated codes in the
sense that each parity sequence can be expressed as a function of the other. As such, one
way to improve the BER performance over the entire SNR range is to develop a more
efficient decoding algorithm which allows to exploit the correlation among the parity
sequences. The complexity or challenge of this task was discussed in section 3.4. An
alternative is to search for a more sophisticated encoding technique which produces codes
with characteristics shown in figure 3.12, but have less complex decoding algorithm than
the one discussed in section 3.4. The search or development of such encoding technique

is left as a suggestion for further research.
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Appendix A

Concatenated Codes and Iterative Decoding

This annex provides a comprehensive review of concatenated codes with main
emphasis on serial concatenated codes, and an introduction to iterative decoding. The
annex is essentially organized in four small sections. The first section describes different
groups of concatenated codes in the generic framework. The second section provides a
coverage on serial concatenated codes mainly from the encoding point of view. Generic
parallel concatenated codes are briefly exposed in the third section, while the detail of
encoding, decoding and performance of specific parallel concatenated codes such as
Turbo Codes are covered in chapter 1. Finally, the last section discusses the essential

aspects of iterative decoding.
A.1 GENERIC CONCATENATED CODES

The main objective in the field of coding theory primarily involves searching for
codes with efficient structure or properties, which can achieve a performance close to the
limit defined by Shannon, while allowing for encoding and decoding with equipment of
moderate complexity. It was well known in the early days of Shannon theory that the
larger the codes the better the performance. Unfortunately, the complexity of existing
decoding algorithms can rapidly increase with the code size up to a level where decoding
becomes physically unrealizable. To overcome the decoding difficulty, many research
works have been undertaken with the aim of constructing powerful codes which have
performance equivalent to that of a large code, and a decomposable structure which
allows to replace the complex maximum-likelihood (ML) decoding into simpler partial

decoding steps. This leads to the development of concatenated codes.
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Concatenated coding schemes were first introduced by Forney for achieving large coding
gain. The technique essentially consists of combining two or more simple component
codes to form a powerful codes. The resulted concatenated codes can achieve an error
correction capability equivalent to that of a much larger code, and a decomposable

structure which allows for relatively low decoding complexity.

Prior to 1993, most of applications including NASA deep space communication made use
of serial concatenation scheme. That trend changes in 1993 when Berrou, Glavieux and
Thitimajshima introduced a revolutionary concatenated code called Turbo Codes. This
new code can be viewed as a parallel concatenation scheme which exploits the desirable
characteristics of the concatenated codes and the strength of the iterative decoding to
achieve high performance close to the Shannon limit. Constructed with only two simple
component codes and an interleaver, the resulted Turbo Codes have shown to outperform
all previous existing codes. With this iterative decoding technique, simulations for
additive white Gaussian noise (AWGN) channel have reported that Turbo Codes can
approach the Shannon limit within 0.7 dB or better at the bit error rate of 10~. Today,
Turbo Codes concepts and principles have been extended to other concatenated schemes
such as serial and hybrid concatenations. The latter can be thought of as a combination of

serial and parallel concatenations.

In general, concatenated codes are constructed from two or more simple constituent or
component codes (CC). There is no restriction on the composition or selection of CC
component codes in the sense that any CC, be it linear block codes or convolutional
codes, can be concatenated. @ However, studies have suggested some CCs are more
suitable than others in certain applications. Depending on the classifications of the CCs
used and the way they are concatenated, one obtains different families or structures of
concatenated codes as illustrated in figure A.1. Figure A.2 depicts the three possible

concatenation schemes - serial, parallel and hybrid concatenations.
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CONCATENATED CODES
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SCC PCC HCC
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Figure A.1: Family tree for concatenated codes
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Figure A.2: Three concatenating schemes — (a) Serial; (b) Parallel; and (¢) Hybrid.
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A.2 SERIAL CONCATENATED CODES

A serial concatenated code Cscc is basically a cascade of two constituent codes -
an outer code Co and an inner code C; . The outer code Co is referred to the constituent
code which gets encoded first but decoded last, whereas the inner code C; is the one that
gets encoded last but decoded first. The constituent codes (CC) can be either linear block
codes or convolutional codes. If the CC are block codes, the resulting serial concatenated
code is referred to as a serial concatenated block code (SCBC), otherwise it would be

referred to as serial concatenated convolutional code (SCCC).

A.2.1 Encoding and Decoding

A typical serial concatenated code (SCC) encoder is depicted in figure A.2.a. The
outer and the inner code encoders are usually linked by an interleaver whose primary role
is to spread out the error bursts and distribute them evenly within the codewords. A data
block of length k is first encoded by an (no, k) outer coded Cg to form an intermediate
length no codeword which is in turn encoded by an (n, no) inner code C; to form a SCC

codeword of length n; and overall code rate R =k/n; .

As far as the encoding is concerned, the SCC performance is strongly influenced by the
choice of the constituent codes. Some CCs yield good performance for the SCC at low
signal to noise ratio (SNR), while others produce better performance at large SNR. In
deep space communications, a (255, 223) Reed-Solomon code is used as an outer code
while the inner code is the rate 1/2 and constraint length K = 7 convolutional codes. The
search for constituent codes which optimize the performance of the resulted SCC over a

range of SNR remains an active area of research within the coding community.
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The decoding of the SCC is performed in two stages, starting with the decoding of the
inner code C; and followed by that of the outer code Co. Any error burst resulted from
the first stage decoding is de-interleaved prior to the second stage decoding in order to
improve the performance. Although it is theoretically possible to perform single stage
decoding with the SCC, it is more practical to use two stages decoding as the latter has
complexity much lower than that of the alternative single stage decoding. Traditionally,
the SCC is decoded using hard decision decoders. With the advent of Turbo Codes, SCC
decoder is now implemented with elementary soft decision decoders which make it

possible to perform iterative decoding and iteratively decrease the bit error rate.

A.2.2 Performance Analysis

This section focuses on the analysis the SCC performance; In particular, the
analytical bounds for the BER probability for the SCBC are derived and the obtained
results are extended to the SCCC when appropriate. Such bounds are useful for

establishing some design guidelines or criterion for selecting good constituent codes.

Consider a rate (k/n) Cscac, containing an outer code Co and inner code C; linked by an
interleaver of length N. The outer code Co and the inner code Cp are (N, k) and (n, N)
linear block codes, respectively. Since Co and C; are linear, Cscgpc is also linear and thus
subject to the uniform error property in the sense that its BER probability, Pg, can be
computed with the assumption that all-zero codeword was transmitted [24]. In order to
derive an upper bound of the BER probability for Cscge , the concept of uniform
interleaver was introduced by Benedetto and Montorsi in {12]. A uniform interleaver of

length N is simply a probabilistic device which maps a given input sequence of length N

and weight w into all of its ({: )distinct permutations with equal probability p = 1/ (ﬂ,’ )as

shown in figure A.3.
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It should be noted that the uniform interleaver of length N was introduced as an abstract
concept to allow the computation of the SCBC average performance which corresponds
to the mean performance of the SCBCs constructed from same constituent codes but all
possible interleavers of length N. It was proved in [12] that for each value of SNR, there
exists at least a practical interleaver of length N which performs as well as or better than

the uniform interleaver.

0011 (p=1/6)
0101 (p=1/6)
1001 (p=1/6)
Uniform 1010 (p=1/6)
1100 (p=1/6)

Interleaver 0110 (p=1/6)

010l ——>

Figure A.3: Action of a uniform interleaver of length 4 on the sequence 0101.

A.2.2.1. Weight Enumerating Functions

Weight enumerating functions are often used to describe the weight distribution
of a given code, i.e. the number of codewords of weight 0, 1, 2, ...N where N corresponds
to the codeword length. Furthermore, they can be used to derive the performance bounds
for the concatenated codes. For a given SCBC of length N, the corresponding weight

enumerating function (WEF) can be expressed as

N
A% (D)= Y A D* (A1)
d=0
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where Af‘a’c denotes the number of SCBC codewords of Hamming weight d and D is a

dummy variable. The WEF provides no information with regards to the information
blocks associated with codewords. By extending it to include the weights of the input
blocks, we obtain an input-output weight enumerating function (IOWEF) which can be

expressed as

A% (W,D)= Y AS=Ww " D* (A.2)
w,d

where W and D are dummy variables, and AS%* denotes the number of SCBC codewords
of Hamming weight d produced by input blocks of Hamming weight w. By Hamming
weight, we mean the number of binary ones. Unless otherwise stated, all weights are
referred to Hamming weight. The IOWEEF, ASssc (W, D), can be used to derive the
corresponding conditional weight enumerating function (CWEF), A%< (w, D), which

represents the weight distribution of Cscpe codewords of weight d generated by the input
words of weight w. The SCBC CWEEF can be expressed, in term of the IOWEF, as

i\adACscac (W’D)I

dt)  oD* 43

=0

A5 (w, D) = (

Both of the above SCBC CWEF and IOWEF can be computed from the CWEFs of the

corresponding inner and outer code, and the length of the uniform interleaver as shown in
the following. Let A“°(w,L) and A ({,D) denote the CWEFs of the outer code Co

and inner code C; respectively. Recall Co and C; are (n’, k) and (n, n’) linear block codes

respectively. For each input block of length k£ and weight w, the outer encoder delivers an
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outer codeword length »’ and weight I, where 0<I<n’ Through the action of the
length n” uniform interleaver which links the outer encoder tso the inner encoder, the inner
encoder produces (;")distinct codewords of length n and samne weight d, from each outer
codeword length n’ and weight [. Therefore, it follows thatt the CWEF and IOWEEF for

the corresponding Cscpc are given by

a2 ASe x A% (I,D)

ACscac (W, D) = E (n') (A.4)
(=0 I
n’ Co C;
Acsaac (W,D) ___ZA (W,l)(:?f (l,D) (A.S)
I=0 4

where A (W,[) denotes the conditional weight distributiom of the input words which
generate Co codewords of weight [, and A,f‘} corresponds to the number of the outer

codewords of weight / associated with input blocks of weight w. For instance, consider
the (7,3) SCBC constructed using an interleaver of length n° = 4, and a (4,3) parity check
code and a (7,4) Hamming code as outer and inner codes respeectively. The IOWEEF of the

outer and inner codes are given by [15]

A% (W.L) =1 + WL + W2(BLY + WAL
AS (L D) =1 +L@BD? + DY + L*(3D® + 3D%) + L3(D* + 3D + LY(D")

Therefore,
A (W0)=1 A“(0,D)=1
AW, 1)=0 A (1,D)=3D +D*
A% (W2)=3W+3W? A% (2,D)=3D* +3D*
A% (W,3)=0 A% (3.D)=D’+3D*

A (W) =W A @D)=D'
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thus there are eight outer codewords - one with weight 0, six with weight 2 and one with
weight 4. The single codeword of weight O is generated from the input word of weight O,
the six codewords of weight 2 are produced from six input words, three of which have
weight 1 and the other three have weight 2 and so on. Similarly, there are sixteen inner
codewords - one codeword of weight O, seven codewords of weight 3, seven codewords
of weight 4 and one codeword of weight 7. Of the seven inner codewords of weight 4,
one is generated from the outer codeword of weight 1, three are produced from three
outer codewords of weight 2, whereas the remaining three inner codewords of weight 4

are generated from three outer codewords of weight 3. Finally, the corresponding SCBC

IOWEEF can be computed using equ. A.5 as

& A% (W,1)x A% (I, D)

ACSCBC(W,D) =Z <
= )
Ix1 0x@BD*+D*) W3xD’
= + +
1 4 1
N GW +3W2)(3D? +3D*%) N 0x(D? +3D*%)
6 4

= 1+ W(1.5D* + 1.5D* + W2(1.5D? + 1.5D*) + W*D’

A.2.2.2. Bit Error Probability

With the knowledge of the CWEF, one can now compute an upper bound for the
bit error probability. For a given additive white Gaussian noise (AWGN) channel and
maximum likelihood (ML) soft decision decoding (SDD), the upper bound to the bit error

probability of the Cscpc can be expressed in term of the previous CWEF as following

[15]

k
PB < 2(%)ACS€BC (W, D) D=eREB N0 (A'6)
w=l
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where R = k/n and Ep/Ny denote the Cscac code rate and the per bit signal-to-noise ratio
respectively. Although the above analytical bound is derived for SCBC, it is also valid
for SCCC, provided that the input word length is much larger than the memory m of the
corresponding inner and outer convolutional codes. Suppose a data block of length (NV-m1)
is encoded by a rate Rc convolutional encoder of memory m to produce a coded sequence
of length N/Rc which starts and ends at the zero states. It is well known that for N much
larger than m, the ML performance of this convolutional code is almost identical to the
equivalent (N/R¢c, N-m) linear block code whose codewords are the convolutional coded
sequences of length N/R¢c which start and end at the zero states. This principle is equally
valid for serial and parallel concatenated code [11][12][15]. As such, the upper bound of
bit error probability (equ.A.6) derived for the SCBC also holds for the SCCC. The
following discusses the design and analysis of a rate 1/3 SCCC.

Rate 1/2 Outer Interl Rate 2/3 Inner
——tep| Convolutional _=. ?;irgf:ﬁr - Convolutional S
Encoder Encoder

Figure A.4: A typical rate 1/3 SCCC encoder
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In practice, SCCC is often preferred to SCBC because of two main reasons [15]. First,
the maximum a posteriori (MAP) algorithms are much less complex for convolutional
constituent codes than for block constituent codes, and secondly the interleaver gain can
be made larger for convolutional than for block codes. A typical rate 1/3 SCCC encoder
is illustrated in figure A.4. For the interleaver length, N, much larger than the memory of
the outer and inner convolutional encoders, the ML performance of the SCCC is almost
identical to that of the equivalent (3N, N- mo - mp) SCBC, where mo and m; correspond to
the number of bits required to clear the memory cells of the outer and inner convolutional
codes respectively. The upper bound of the bit error probability for this rate 1/3 SCCC
can be expressed using the CWEF of the equivalent SCBC as [15]:

& w scaC
Pes 2 (NRZ ]XAC 2 P

o
wEw,,

d=d,, w=wg

= Nflf 2 |x ASse x g~ HE! o (A7)
NR? . '

where 4,, is the minimum weight of the SCCC codewords; w, corresponds to the
minimum weight of an input word which generates an error event of the outer code. An
error event of a convolutional code can be thought of as a segment which diverges from

the zero state at time ¢ and reemerges back to the zero state at time #+j, j>0. Finally,

Al denotes the CWEF of the equivalent SCBC and can be computed from the

d

corresponding outer and inner CWEFs, i.e. Ac; and A .
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To compute the CWEF of the outer and inner codes, consider a typical rate R¢c = p/q
convolutional code C¢ with memory m, and its equivalent (N/R¢c, N-pm) block code Cg
whose codewords are all Cc codewords of length N/R¢ which start and end at zero states.

Obviously, the Cg codewords are concatenations of j error events of the convolutional
code Cc (see figure A.5). Let A (w,D, j),be the weight enumerating function of the
sequences of the convolutional code Cc that concatenate j error events with a total input

weight w, it follows that

A Ww,D,j) =Y A% D* (A.8)
d

where ASS, ;corresponds to the number of codewords of weight d, input weight w and
number of concatenated error events j. For N much larger than the memory length of the

convolutional encoder, the coefficient A,f;'_‘j, of the equivalent block code Cg can be

approximated as [15]

A% =S (v YA, (A.9)

J=t

where n,s is the maximum number of the error events concatenated within a Cg codeword
of weight d which is produced from an input of weight w. Note that nys varies with 4 and

w and is specific for each encoder. The following describes the computation of the

CWEF, AS%, and the upper bound bit error probability of a generic serial concatenated

block codes, Cscac, using the approximation obtained in eq. (A.9).
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([2 ’hz)

error event 1
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Figure A.5: A Cg codeword of weight h generated by an input sequence
of weight I. The codeword is a concatenation of j error events.

Consider a serial concatenated convolutional code, Csccc, constructed with a rate Rp =
po/qo outer and R; = py/q; inner convolutional codes of memory mo and m; respectively,
and an interleaver of length N. Obviously, the equivalent block codes for the outer and
inner convolutional codes are (N/Rg, N-pomo) and (N/RoRy, [N/Ro] - pyny). Carrying the

same analysis as described for the previous rate Rc = p/q convolution code Cc, we obtain

- S (e eas, (A-10)
n®=1
AS, - %(:r’mop, Wal (A.11)

ACe 2 "i"i(”""’)X(””‘""')

)
-d, n%=1n'=1

(A.12)

Co G
X Aw.k,no X AL d.n’

where d7 is the minimum free distance of the outer convolutional code Co, i.e. the
minimum weight of error events for the outer code. Using binomial approximation

(,',v) ~(N"/n!), eq. A.12 can be rewritten as
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(A.13)

Substituting eq. A.13 in A.7 yields

Py < A’E’fre—dkEB/No { ﬁ i nﬁ nﬁ (N,,0+n'_k—l)x

d=d,, w=wo k=d$ n®=In'=1

(A% o (ag, )X{ K H (A.14)

nO !nl !(po)llo (pl)nl (Ro )n'+l

Eq. A.14 can be used to derive important design considerations. First it is observed that
the upper bound to the bit error probability is obtained by adding terms of the first
summation with respect to the index 4 which corresponds to the weight of SCC
codewords. Each term of the first summation is associated with a series of coefficients,
i.e. the expression in the square bracket ([]), which depend on several parameters
including the interleaver length N. For large N and each term of the first summation, the

dominating coefficient is the one with the largest exponent of N. It can be shown that the

largest exponent of N is (—d; /2) for even values of d +and [—(d}’ +1) /2] for odd values
of d7. For all terms of the first summation, their associated dominating coefficients

decrease with N, hence always leading to an interieaver gain. Furthermore, for large
value of Ep/Np, the first summation is dominated by the first term, i.e. d = d,. Based on
these observations, Benedetto suggested some important SCCC design considerations for

minimizing the upper bound bit error probability, as quoted below [15]:
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for the values of N and Ep/Ny where the SCCC performance is dominated by

its free distance df“‘c = dn, increasing the interleaver length would result in

better performance;

to increase the interleaver gain, an outer code with large odd d}’ should be

selected;

to improve the performance with Ep/Np, a combination of the outer and inner

codes which yields large d, should be selected;

the inner encoder must be recursive convolutional encoder with large effective

free distance (the notion of effective free distance will become relevant later);

the outer encoder should be non-recursive convolutional encoder whose free

distance codewords are generated from minimum number of input sequences.

for low values of Ep/Ny, the above choice of outer and inner convolutional

encoders should be reversed.
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A.3 PARALLEL CONCATENATED CODES

A parallel concatenated code (PCC) Cpcc is basically constructed from several
constituent codes linked together by interleavers. A typical rate 1/n systematic PCC
encoder contains (n-1) constituent systematic encoders (ENC) interconnected as shown
in figure A.6. To reduce the decoder complexity, these ENC encoders are chosen to be
identical. Each ENC encoder independently and simultaneously encodes the input
sequence to produce two output sequences - one systematic sequence and one parity
sequence. The systematic sequences from individual ENC encoders are identical, but the
parity sequences are not for most of the times and are uncorrelated. As such, only one
systematic sequence needs to be transmitted to increase the overall code rate. A good
PCC encoder minimizes the probability that its constituent encoders simultaneously
output parity sequences with low weight for a given input sequence. This is normally
accomplished by either permuting or interleaving the input sequence prior to encoding by

the ENC encoders .

- -~ - ——— — ——— = —— -

2IE

Figure A.6: A typical rate 1/n PCC encoder.
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Like the serial concatenated codes, there are two sub-groups of parallel concatenated
codes, namely the parallel concatenated block code (PCBC) and the parallel concatenated
convolutional (PCCC). Some literature refers to PCCC as Turbo Codes. Recent works
have indicated that the PCBC can outperform the PCCC at high code rates. For instance
at code rate (0.95 < R < 1), the PCBC can operate at less than 0.45 dB from the
Shannon’s limit [19]. The PCCC, on the other hand, performs quite well at code rate R ~
0.5, but exhibits significant performance degradation at code rate greater than 0.7 [19].
There has been some suggestions with regard to establishing a “threshold rate” for a given
BER. If an application requires that the code rate be greater than the threshold rate, than
the PCBC should be used; else select the PCCC. Some characteristics of PCBC are
briefly pointed out here, while the details of PCCC are studied in depth in chapter 2. The
extension of the PCCC to the PCBC is straight forward.

A parallel concatenated code (PCBC) Cpcpc has slightly larger code rate than the SCBC
Cscac, however the latter has higher coding gain. Suppose two linear block codes (n, ki,
dy) and (n2, k,, dz) are used to constructed a Cpcgc and a Cscge. The (n, &, d) triplet
denotes codeword length, the input block length and the minimum Hamming distance of
the code. The code rates and minimum Hamming distances for the Cpcpc and Cscpe are

given by

Rpcac= [(RiR2)/(Ri + Rz - R1R»)] (A.15)
Rscac= RiR> (A.16)
dpcec= (di+d>- 1) (A.17)
dscec = (d1 d2) (A.18)
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where Rpcpc and dpcpe, and Rscpe and dscpe denote the code rate and Hamming distance
of the PCBC and SCBC respectively. R; and R; are the code rates of the (n;, ki, 4;) and
(n2, k2, d) linear block codes. The asymptotic coding gain of the PCBC and SCBC are

given by Gpcpc and Gpcpc respectively as

Gpcac = 10 log (Rpcac - dpepc) (A.19)
Gscsc = 10 log (Rscsc - dscec) (A.20)

Similar to Cscpc, the Cpepc performance increases as a function of the interleaver length
but decreases as the code rate goes higher. There are two options of interleaving: random
and deterministic (or nonrandom). Past simulations have suggested that there is no
significant performance difference between these interleavers. This is generally not the
case for the PCCC where random interleaver can achieve better performance than the

nonrandom one [19].
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A4 ITERATIVE DECODING

Since the early days of Shannon theory, it has been well known that increasing the
codeword length N of linear block codes would yield better performance. Unfortunately,
increasing N would also cause the complexity of maximum-likelihood decoding (ML)
algorithms to increases up to a level where decoding becomes physically unrealizable.
An alternative solution is to iteratively perform sub-optimal decoding on fragments of the
codeword as opposed to performing the optimum ML decoding on the whole codeword.

Such decoding technique referred to as iterative decoding.

A.4.1 Principles of Iterative Decoding

The concept of iterative decoding, in the context of information theory, began
apparition with the Turbo Codes (TC) development. Essentially, it involves the use of
several soft decision decoders with a feedback loop to repeatedly or iteratively decode
concatenated codewords several times until a predefined stopping criteria is met. Such
stopping criteria can be either the number of iterations which is limited by the maximum
allowable decoding delay, or the cross entropy which can be thought of as a measure of

the BER improvement between two consecutive iterations.

At the end of each iteration, the iterative decoding delivers a sequence of “soft” estimated
bits along with a sequence of extrinsic information which represents an incremental or an
additional information about the transmitted data bits. The extrinsic information obtained
from the current iteration is then used with the same received sequence to improve the
decoding decision of the next iteration. Once the pre-defined stopping criteria has been
met, the iterative decoding produces a hard decision output (O or 1) for each decoded bit

based on its reliability value of the last iteration.
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A typical iterative decoder for a SCC built from two constituent codes is shown in figure
A.7. It is made up of two serially cascaded elementary soft-input/soft-output (SISO)
decoders, an interleaver, a de-interleaver, a feedback loop and a conventional hard
decision decoder. The principle idea behind the SISO decoders and the feedback loop is
to exploit the so-called extrinsic information which is available from the second stage or
inner SISO decoder, and to go back to the first stage or outer SISO decoder and start the
decoding operations over. By using the extrinsic information from the second stage SISO
decoder to update the a priory information of the relevant bits to be decoded, the first
stage SISO decoder is able to improve the decoding decisions which in tum yields a

better performance for the second stage decoding.

] 1
soft input bits 1 SISO Dedi SISO E
———— = ———
: Decoder p—)] De-interleaver Decoder j |
: H
1 1]
: i
H Hard Decision E
E Decoder 1
1 soft extrinsic H
! information H
] [}
E Interleaver [ E
: i
1 ]
r A

hard decoded bits ;

Figure A.7: An example of an SCC iterative decoder.
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A.4.2 Probability and Log-likelihood Algebra

The mathematical tools needed for the binary iterative decoding are presented
below. Let « be a binary random variable in a GF(2) with the two elements {-1,+1}
corresponding to the information bits {0,1}, i.e. -1 is the null element under the modulo-

2 addition, @© . The log-likelihood ratio (LLR) of «, denoted by L(), is defined as:

_ Plu=+1)
L) = In l:—————P(u — "1)} (A.21)

where P(u = +1) is the probability that u = +1. L(u ) is often referred to as the soft or L-
value of u: its sign, sign[L(u)], represents the hard decision whereas its magnitude, |L(x))|,
indicates the reliability of this decision. Using Bayes’ theorem, it can be shown that a

conditional log-likelihood ratio, L(u|v), is given by [22]:

P(u=+1)] . ln,:P(vlu=+l)J

L) =In [P(u . P(v|u=—D)

= L(u) + L(v|u) (A.22)

Using the relationships

P(ul @ Ur= +1) = [P(ul= +1) ] [P(u2= +1)]
+[1 - {Pu=+D} [1 - {P(u=+1)}] (A.23)

e L(u)

+et®

Pu=+1)= N (A.24)

Plu=-1) = 1— Plu=+1)

1

1+et®@
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The LLR of a summation can be approximated as [9]:

Lew) o L)
et™ +e
L®up) = ln[1+eml) -e“"z’]

= (-1) x sign [L(1)] X sign [L(u2)] X min[{L(u1)| , [ La2)]] (A-25)
Defining the summation of log-likelihood, <+>, as

L)<+>Lu)= L;®u) (A.26)
With

L (u)<+>+o0 = —~L(u)
Lw<+>+0 =0

Using eq. (A.25) and eq. (A.26) can be extended to [9] [22]

i=l

N N
Z<+>L(ui)= E@uiJ
i=l

N
=(-1 Hsz'gn[L(u,o])x min(L(,)|) (A.27)

i=l

A.4.3 Channel Reliability

Consider a binary symmetric channel (BSC) with a cross-over probability Pc. The
reliability value of such channel, denoted by Lc, is defined as the LLR of the cross-over
probability, i.e. Lc = In [(1- P¢)/ Pc]. Let the binary random variables u, x and y represent
the information, the transmitted and the received bits of a systematic code respectively. If
one encodes the binary value of # which has a soft value of L(i«), one obtains x whose soft
value is L(x). Using equation (A.22) to compute the soft value of the received bit y

conditioned to the transmission of the bit x, one obtains [3][2][9]1[14][22]:
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L) = In [&11)] +In [P(Y_|=ill]
Plx=-1) P(y|x=-1)

- expl—(Es/ No)(y—a)?]
= L(x) + In expl—(Es/ No)(y+a)*}

= L(x) + y-Lc (A.28)

Lc =4-a-(Ey/Ny)= 2-a- (/6D

Where Es (=RE3) and 6~ denotes the symbol energy and noise variance respectively. For
a Gaussian channel, a =1 while for a fading channel a is the fading amplitude. For a BSC,
Lc is the LLR of the cross-over probability as indicated previously. Of particular interest,
equ. (A.28) can be extended to a statistically independent transmission such as a dual

diversity or repetitive transmission, i.e.

Lixlyr,y2) =y1-Lai+y2-Lez (A.29)

A.4.4. Soft Decision Decoding and Extrinsic Information

Consider an (N,K) systematic code where u = (u;, us, us, ...,ux) and x = (uy, us,
U3, ..., UK, XK+l, XK+2, ..., Xy) represent the information and the coded sequences
respectively. Suppose x is transmitted and received as y = (yy, Y2, V3.---, Y~) Which is
decoded using a soft-in/soft-out decoder shown in figure A.8. This decoder can be
viewed as a symbol-by-symbol maximum a posteriori (MAP) decoder which outputs an

estimate of the soft a posteriori value of each information bit, i.e. L(i),

. _[P@=+1]y
L(i) =L(uy) = In [————P(u - y)} (A.30)
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Lea —_— Soft-In ——-—>L @)
Soft-Out
[ — Decoder L s (@)

L(x) :aprori values for all information bits.
y-Lc : channel output values for all coded bits.
L(#) :aposteriori values for all information bits.

Lg (&) : extrinsic values for all information bits.

Figure A.8: A typical soft-in/soft-out (SISO) decoder.

The above decoder admits the soft a priori values L(x) for all information bits and the soft

channel values (y-L¢) for all coded bits as inputs, and then delivers the soft outputs L (&)
for all information bits along with the associated extrinsic information Lg(#). The
extrinsic information Lg(i;) for the information bit u; can be thought of as additional
information about that information bit gained from decoding all the other bits in the
codeword x. It is not influenced by the L(x;) and (y; -L¢), and is used to update the soft a
priori values L(x;) for the next iteration. The soft outputs produced by the above decoder

is given by
L(@) = L)+ (- L)+ Le(@) (A3D)

Equ. (A.31) clearly suggests that there are three independent estimates for the LLR of the

information bits. They are the soft channel values (y - L¢), the extrinsic values Lg(iZ) and

the soft a priory values L(x). At the beginning of the decoding, i.e. at the first iteration,
one does not know the a priory probability of the information bits. Hence, one assumes
equally likely information bits (i.e. P(0) = P(1) = 1/2), and initializes L(x) = 0. At the
second iteration, one sets L(u) = L(it) obtained at the first iteration. At the (j—f»l)‘h

iteration, one sets L(x) = L (&) obtained from the jLh iteration, and so on.
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A.4.5 Iterative Decoding Applications

To put things into perspective, consider a two-dimensional product code. The
information sequence u# = (u;, Uz, us,...,ux) is arranged in a (k; X k2 = K) matrix and is
encoded twice, row-wise and column-wise. The resulted coded sequence consists of
three distinct components namely: the systematic u, the horizontal parity x, and the
vertical parity x, as shown in figure A.9. Suppose the coded sequence x = (&, xp, Xy) is
transmitted and received as a sequence y. The iterative decoding of the sequence y can be

carried out as following [22]:

i) Set the initial soft a priori information L(x) =0, i.e. P(0) = P(1) = 1/2.
ii) Compute the horizontal extrinsic information using equ. (A.31), i.e.

Lep (@) = L(&) — L(w) — (v "Lo)

iit) Set L(u) = Lgn(&r)
iv) Compute the vertical extrinsic information, i.e.

Lg,(it) = L(#@) — L(w) — (y-Lo)

v) SetL(u) = Lg, (&)
vi) If the stopping criteria is met, go to vii; else go to ii.
vii) Compute soft output decision, i.e.

L@) = (v Lc) + Len(it) + Lgy (@)

Note that systematic code is used as an example to discuss the iterative decoding because
it is the preferred choice in the TC construction. This very same principle can also be

cxtended to the non-systematic codes.
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a) Encoding b) Decoding: L(%;) =yr Lo+ Len (&;) +Lav ()
(ny-k1)
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(k1 X k2) zontal ¥ Le -~
Information bits: | | Parity (=1.2,..., kpxky ) Ly (i)
u bits: xyp
(ny - ky) Vertical
Parity bits: x, Le, ()
¢) Decoder with a Feedback Loop for Iterative Decoding
SISO Decoder SISO Decoder >
For Horizontal For Vertical
yLc Decoding S Decoding L)
L(u;)

Figure A.9: Example of two dimensional product code with iterative decoding.
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A.4.6 An Example of Iterative Decoding

As a practical example of the iterative decoding, consider a two-dimensional
product code constructed from two single parity check (SPC) systematic code (3,2,2).
Each product code codeword x consists of four information bits followed by four parity

check bits, i.e.

x = (uy, Uz, U3, Us, D12, D34, P13, P24)

= (X[, X2, X3, X4, X5, X6, X7, x8)

where
Uy uz P12
wm®u;= p2
1s® us= pas u3 ug P34
w®us= pi3
@ s = poa P13 P24

= U= 1l @ P12 and Uy = us D P13
= Uy = U; @ D12 and Uy = Uy & D24
= u3=u1 ® p;3 and w3= us © p34

= U= U ® D24 and Usg = U3 ® D34

Assume the codeword x = (10101100) is transmitted over an AWGN channel with zero
mean and unit variance, i.e. L¢c = 2, using a bipolar signal sequence, i.e. (+1,-1,+1,-
1,+1,+1,-1,-1). Suppose the transmitted sequence is corrupted and received as y = (yi, y2,
Y3, Y4, Y5, Y6, Y1, ¥8) = (1.00, 0.10, 0.90, 0.15, 0.30, 0.60, -0.30, -0.90). The expressions

and numerical values of the extrinsic information are computed below

Len ()= [(2 Lc) + L(uz)] <+> (ys - L)
=[0.20 + 0] <+> 0.60
=-0.20
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Len(4,) =[0n - Lo) + L(u1)] <+> (s - L)
=[2.0+0] <+ 0.60
=-0.60

Len (43) = [(ya - Lc) + L(ua)] <+> (6 - Lo)
=[0.30+0]<+>0.3
=-0.30

Len(#,) = [(y3 - Lo) + L(us)] <+> (¥ - Lc)
=[1.80+0] <+>1.20

=-1

.20

Lgy(u,) =[5 - Lo) + L(u3)] <+> (y7 - Lo)
=[1.80 - 0.30] <+> (-0.60)
=0.60

Lg, () = [(ya - Lc) + L(us)] <+> (y3 - Lc)
=[0.30 - 1.20 ] <+> (-1.80)
=-0.90

Lg, (u3)= [0 - Lo) + L(u)] <+> (y7 - Lo)
= [2.00 - 0.20] <+> (-0.60)
=0.60

Le, () =[(y2 - Lo) + L(uz)] <+> (yz - L)
= [0.20 - 0.60] <+> (-1.80)
=-040

L&) = On
L@@,) = (2
L@;) = O3
L@,) = (s

“Le) + Lep(iy) + Le, () = 2.40
-Le) + Len(i,) + Lg(@,) =-1.30
“Lc) + Len(i;) + Le (i5) = 2.10

"Lc) + Lep(u,) + Leo(2,) =-1.30
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The above results are rewritten in tabular form

¥i-Lc after first horizontal after first vertical
decoding (Lgy) decoding (Lg,)
200 020 0.60 —0.20 -0.60 060 -0.90
1.80 030 1.20 —-030 -1.20 -060 -0.40
—-0.60 —1.80
after one iteration
2.40 -1.30
2.10 -1.30

Performing the hard decision decoding (HDD) on the soft values of the first iteration, the
received sequence would be decoded as (1010), which corresponds indeed to the
transmitted sequence. It has just been shown how a particular iterative decoding scheme
is used to iteratively decode a product codes. This very same scheme is also used to

decode the current Turbo Codes.

Several interesting remarks can be made to the above iterative decoding scheme. First, it
is noted that only the extrinsic values associated with the received systematic bits are
updated during the iterative process. Secondly, it is observed that the extrinsic values of
the parity bits are not considered during the decoding process, thus no improvement to the
parity components of the received sequence. The same soft values of the horizontal and
vertical parity bits are used repeatedly to update the soft extrinsic values of the received
systematic bits. This is acceptable if all errors are confined to systematic bits and all
parity bits are received correctly. If one of these parity bits is in error, it can adversely

affect every iteration and consequently the overall decoding performance.
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The reason for not being able to compute the extrinsic values of the received parity bits
and use it to update the soft values of the corresponding received parity bits is due to the
inherent encoding structure of these specific product codes. As seen in chapter 2, the
same scenario takes place in the current Turbo Codes. In the previous example, the very
same information sequence is independently coded twice. The information sequence
(u1uauzuy) is first coded by an encoder, say ENCI1, to produce a parity sequence (p12p34),
and then coded again by another encoder, say ENC2, to produce a parity sequence
(P13p24)- As a result, the parity bits from ENCI1 are weakly correlated to the parity bits
from ENC2, and because ENC1 and ENC2 work independently, the reception of (p12p34)
only provides additional information on (u;xsu3us) but not (pispzs). Similarly, the
reception of a parity bits (p;3p24) provides extra information on only (u;uzusu4) but not

(p12p34). Hence it is not possible to compute the extrinsic information for any parity bit.
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