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ABSTRACT

In 1971, Ganea put forth a conjecture that the LS category of the Cartesian product of a
topological space X with a sphere S™ is always exactly 1 higher than the LS category of X
by itself. Several special cases of this conjecture were proved in the years following, however
the question remained open until 1998 when Iwase produced not just one, but infinitely many
counterexamples. In this thesis, we study the methods implemented by Iwase, culminating in
the construction of his counterexample.
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INTRODUCTION

The subject which we focus on in this study began in 1934, when two mathematicians, Lus-
ternik and Schnirelmann, introduced a new kind of invariant of topological spaces [LS34]. This
invariant, now known as the Lusternik-Schnirelmann category, or LS category for short, was
invented to estimate a lower bound on the number of critical points real-valued functions on a
given manifold M could take on. The LS category was calculated by building coverings of the
manifold consisting of closed sets, each contractible in M. The category of M, according to
them, was the number of sets in the smallest such covering, and was denoted cat M.

Over time, other mathematicians modified this definition to suit their needs. More recently, it
has been more or less agreed upon that the category is to be calculated with open contractible
(in M) sets, rather than closed, and that the category of M would be the smallest integer & for
which there is a covering consisting of k+1 such open sets. Ralph Fox [Fox41] was, in particular,
a large proponent of this definition, and showed that for many spaces on which there was active
study, these two definitions are equivalent, except that the value of newer definition is shifted
down one from the original. Hence contractible spaces have category 0, rather than 1.

An interesting property of the LS category is that, given two spaces, the category of the product
is always less than or equal to the sum of the categories of the two factor spaces. In fact, in
common cases, it was exactly equal. A natural question arose — does equality always hold?

An example was quickly found which showed that equality did not hold in general. However,
this example relied on the manipulation of algebraic properties of spaces rather than taking a
geometric inspiration, as one might wish. This led a Romanian mathematician, Tudor Ganea,
to put forward a conjecture which would perplex a generation of mathematicians. If one of the
factors had to be a sphere, he wondered, would equality then always hold?

In 1998 a Japanese mathematician, Norio Iwase accomplished an extraordinary feat. He sur-
prised topologists around the world by constructing a counterexample [Iwa98] to Ganea’s famous
conjecture set forward nearly thirty years earlier, in 1971 [Gan71] — a conjecture which many
thought to be true, though none hand been able to prove it. To truly understand this conjecture
and its counterexample, we must first go back to the basics.



This thesis consists of two parts. In the first part, we introduce and explore several ideas and
areas which are necessary for the understanding of Ganea’s conjecture and Iwase’s counterex-
ample. In the second part, we apply these results to construct this counterexample from scratch.

First, we talk about the notion of homotopies between maps and the group structure which
they induce on maps from spheres S™ to a given space X, otherwise known as the homotopy
groups of X, m,(X). An important use of homotopy groups is found in Hopf invariants. A
fortunate result from [Cor95] affords us a canonical decomposition of the homotopy groups of
X, in the form

T (S"VS") =, (S") &, (S") B (QS" x QS™),

where QX represents the space of loops in X. We use this decomposition to define the Hopf
invariant. This invariant is of particular importance, as it allows us to see that 73(S5?) is non-
trivial, a result which itself is nontrivial. We construct a particularly special map n : S® — S2.
We call n the Hopf map, or Hopf fibration, after its discoverer. It was the first constructed
example of a map S® — S? which was not homotopically trivial. In fact, 7 is a generator of the
group m3(S5?), which we now know is isomorphic to Z. This map is at the heart of our study,
and is the crux of some of our most important results.

With this map in our pocket, we move on to study the properties of the LS category, as well
as two slightly more modern (but equivalent) definitions of the category of a space, introduced
by Ganea and Whitehead, respectively. We review them here briefly.

Ganea’s view of category involves a series of homotopy pushouts and pullbacks to form new
spaces G"X, known as the Ganea spaces of X. Starting from X, we consider the homotopy
fibre of the inclusion of the basepoint of X, which gives us the loop space 2X. We then look
at the cofibre of the induced map QX — %, which gives ¥QX. This is taken to be G!X and
comes equipped with its own canonical map into X, the evaluation p; : G*'X — X. We then
repeat this process, taking the fibre of the map p;, followed by the cofibre of the new induced
map, giving us G?X and p, : G> — X, and so on in this fashion. Ganea then said that cat X
is the smallest integer k for which p, admits a section.

Whitehead’s definition relies instead on the fat wedge, X[ which is the subspace X™ of all
points at least one of whose coordinates is the basepoint . Whitehead asserts that the category
of X is the smallest integer k such that the diagonal map Ay, : X — X**! can be lifted into
amap h: X — X[+ g0 that the diagram

commutes up to homotopy. We then show that the definitions from Ganea and Whitehead
are equivalent to one another, and indeed equivalent to the original defintion involving open
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coverings. We then introduce some important properties of the LS category, focusing mainly
on how it pertains to CW complexes, including the inequality which lies at the very heart of
this study, that for any spaces X and Y, cat (X x Y) <cat X +catY.

From here we move into the second part of the thesis, in which we focus specifically on Ganea’s
conjecture, its motivation, and its resolution. Now, as mentioned above, an example to attest
to the fact that cat (X x Y') and cat X + cat Y are not, in general, the same, is not so hard to
find. The example presented in this paper comes in the form of Moore spaces. A Moore space,
M(G,n) is a topological space whose n' homology is the abelian group G, and whose other
homology groups are trivial. The spaces, which we construct in the paper, are X = M(Z,,2)
and Y = M(Z,,2), where p and ¢ are any positive coprime integers. Now, due to the in-
teraction of torsion groups with the tensor product, since p and ¢ are coprime, we have an
isomorphism in homology modules H,(X x Y) = H,(X VY'). This also means that there is a
homotopy equivalence X x Y ~ X VY and so the category of the product is the same as the
category of the wedge. This is easily found to be 1, strictly less than the sum of cat X and cat Y.

While this example is valid, it feels thoroughly unsatisfying. This example is motivated purely
by manipulations involving algebra and torsion groups, whereas we, ideally, would like an exam-
ple motivated by geometry and topology. This leads us finally to Ganea’s conjecture. To avoid
such examples as Moore spaces, we restrict one of the factors to simply be a sphere, and ask
whether it is true, given any CW complex X and any sphere S™, that cat (X x S™) = cat X + 1.

This drove many topologists on a search for a conclusion to the issue, trying to prove or disprove
the conjecture. Some great strides were made along the way. The work of Hess [Hes91] and
Jessup [Jes90], for example, proved that in fact for rational spaces, Ganea’s conjecture does
hold. However even with the rational picture figured out, nobody could prove the conjecture’s
validity for general spaces. It was not until 1998 that we found an answer to the problem, when
Iwase [Iwa98] threaded the needle, so to speak. Not only did he find an example to counter
Ganea’s conjecture, but his example was, impressively, a two-cell CW complex. Moreover, he
not only found one such example, but infinitely many — one for each odd prime, in fact. We
conclude this thesis with a detailed analysis of the construction of these examples.

From time to time, there will be remarks that contain vital infomation for the reader. When
such a remark arises, it will be contained in a box like this one.
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Part 1

Basic Homotopy Theory



PRELIMINARY CONCEPTS

0.1 CW Complexes

One of the most prevalent types of topological spaces are manifolds. Manifolds, roughly speak-
ing, are topological spaces which can be constructed by “stitching together” open pieces of
Euclidean space. That is to say, a manifold M is locally homeomorphic to R™ at each point.
The reason we are so interested in manifolds in particular is that these are precisely the type of
spaces which arise in the study of physics, and so they are the spaces with which we are most
naturally familiar. Indeed it is conjectured that the universe itself is a manifold, as described
by Einstein’s general theory of relativity.

Formally, a manifold is a space M together with a collection of pairs (U;, ¢;), where ¢; is
a homeomorphism from U; to some open subspace of R", with the additional condition that
UJU; = M and goigoj_l : R®™ — R" is continuous, where defined, for all ¢ and j. This carries with
it an entire field of study, but for our purposes, it is enough to know that every manifold can
be represented as another very special type of topological space, known as a CW complex.

A CW complex is a space which is built inductively out of closed n—disks, e* = {z € R" |
l|z|| < 1}, also referred to as n—cells. Evidently, 0—cells are points, 1—cells are closed line
segments, 2—cells are disks, and so on. To do this, we take any number of 0—cells, and attach
to them some number of 1—cells via maps known as attaching maps. For illustrative purposes,
let us construct the circle S' as a CW complex. To do this, we take exactly one 0—cell and
exactly one 1—cell, and define an attaching map which sends the end points of e! to the point



0.1. CW COMPLEXES

e, as shown below.

el

o0
Formally, what is happening is that the space we create by ”attaching” the end points to e°
via the map ¢ is the quotient space X = e U, e'. Here, X Uy Y denotes the quotient space

XUY /. where ~ is the equivalence relation generated by  ~ y if f(z) = y (that is, z ~ y
if v =y orif f(z) =y).

In general, the 1—cells are attached to the existing O—cells, the 2—cells are attached to the
existing 1—cells and 0—cells, the 3—cells attached to the existing 0—cells, 1—cells, and 2—cells,
and so on. This collection of 0—cells up to n—cells is called the n—skeleton of the CW complex.
For a CW complex X, its 0—skeleton, denoted Xy, is a collection of points. 1—cells are attached
to X to form the 1—skeleton, and so on, so that n—cells are attached to X,,_; to from the
n—skeleton X,,. We will restrict ourselves to CW complexes of finite type, which means that
in each dimension, we attach only finitely many n—cells to X,,_;. If n is the smallest integer
among all CW decompositions such that X = X,,, then X is said to be n—dimensional. If no
such n exists, it is said to be infinite dimensional. This leads us to the full definition.

Definition 0.1 A space X is a CW complex of finite type if there is a sequence of subspaces
{ X, }n>0 such that

o Xo={e}, -} is a collection of points.

n
Pmn, emn

e X, is the quotient space X,,_1 U, ef U---U
@; : del" = X,_1, and

where each ¢; is a continuous map

e X =JX,.



0.1. CW COMPLEXES

It is worth noting that the CW complex structure of a space is not unique. For example, we
could also build the circle S out of two 0—cells,  and y, and two 1—cells, ¢; and ¢5, like so:

4

| | @ O
ly

For a less trivial example, let us see that the torus, 7', has a CW complex structure.

We can begin by taking a single point, %, and attaching to it two 1—cells, ¢; and /5, creating a
wedge of circles.

&



0.1. CW COMPLEXES

Then we attach a 2—cell, d, viewing it as the square I? and attaching it as seen below.

This leaves us with the torus with which we are familiar.

Now, recall that T = S x S!. Let us place a CW complex structure on each circle, such that
the first consists of a 0—cell, z, and a 1—cell, ¢,, whose boundary is mapped to x, while the
second is a O—cell, y, and a similarly attached 1—cell, £,. It is interesting to see that for each
m—cell in the first circle and n—cell in the second, there is a corresponding m + n—cell in the
product, T'. That is, the O—cell, *, in T', can be viewed as the product of the 0—cells in the
circles, x x y. Similarly, ¢; can be viewed as x x £, while ¢, can be viewed as ¢, X y, and the
2—cell d = ¢, x {,. This leads us to an important theorem from Whitehead ([Whi78, p.50])

Theorem 0.2 Let X and Y be CW complexes with skeleta { X, } and {Y,,} respectively. Then

X x Y is a CW complex with skeleta Z, = |J X; x Y,,_;.

i=0
This follows from a slightly more general version of the theorem, but first we introduce another
idea related to CW complexes that will be of use to us, that of a relative CW complex. A
relative CW complex is similiar to a CW complex, with the exception that we allow it to have
an extra skeleton, X_;, which need not have a cellular decomposition.

5



0.1. CW COMPLEXES

Definition 0.3 A pair (X, A) is a relative CW complex if there is a sequence of subspaces
{X,}n>_1 such that

e AC X isclosed in X,
L A:X—h

o X, =X, 1Uy, efU---U, e where each ¢; : de} — X,,_; is continuous, and

o X =X,

An example of a relative CW complex can be found by taking A to be the Hawaiian earring
A={z eR*| ||z — (£,0)|| = + for some n € N} with the subspace topology inherited from
R2, and attaching two 2—cells to the outermost ring, encasing the earring in a ball. While the
Hawaiian earring does not itself posses a CW complex structure (indeed, CW complexes are
locally contractible, where the Hawaiian earring is clearly not as no neighbourhood of the origin
is contractible), X is formed by attaching cells to A, and so (X, A) does have a relative CW
complex structure.

We now generalize Theorem 0.2.([Whi78, p. 50])
Theorem 0.4 Let (X, A) and (Y, B) be relative CW complexes with skeleta {X,,} and {Y,,}
respectively. Then (X, A) x (Y,B) = (X xY,AXx Y UX x B) is a relative CW complex with

skeleta Z,, = |J X; X Y, ;.
=0

Theorem 0.2 follows as a direct result of Theorem 0.4, as every CW complex can be written as
a relative CW complex with A = 0.



0.2. INTRODUCTION TO HOMOLOGY AND COHOMOLOGY

From here on out, when we talk about a space (or topological space) X, we will be referring to
a CW complex of finite type, unless otherwise stated.

0.2 Introduction to Homology and Cohomology

A powerful tool for studying topological spaces algebraically is found in homology theory. We
will need the use of some results from homology and so we present a brief overview of the topic.
A more complete introduction can be found in [Hat01].

Generally speaking, a homology theory begins with a functor C, : Top — DGM, where DGM
is the category of differential graded modules over some ring R. So, given a space X, we have
a sequence of modules C,,, n € N, with boundary homomorphisms 0,, : C,, — C,,_1

On+1 On 02 O 9o
: » C, o > C > C > 0
n 7 7 1 7 0 7

such that 0,0,11 = 0 for all n. We define two families of submodules, Z,(X) = ker 0,,, which
we call the cycles, and B, (X) = im d,,41, which we call the boundaries. The condition 9> =0
implies that B,(X) C Z,(X) for each n. The n'® homology module of X is then defined to be
the quotient module

Hy(X) = Za(X) /BR(X).

A common definition of homology involves maps from the standard n-simplices into X. A
standard n-simplex, denoted A", is the convex hull of the standard basis of R"™!. Algebraically,
that is A™ = {(zq,...,7,) € R"™ | Y x; = 1 and each z; > 0}, as depicted below for n = 2.

A singular n-simplex is a continuous map o : A" — X. After fixing a ring, R, C, is defined to
be the free R-module generated by the singular n-simplices. In this case, the boundary operator

0, is defined on an n-simplex by

Ono =Y (=1)'¢;

=0



0.2. INTRODUCTION TO HOMOLOGY AND COHOMOLOGY

where 6; is the restriction of o to the subspace {(zg,...,7,) € A" | x; = 0}, called the i'" face
of A", and then extended linearly. It can be shown that this meets the restriction that 9 = 0,
and generates what is known as the singular homology of X.

Now, homology is indeed H, : Top — GM, with GM the category of graded modules. In
this view, for a map f: X — Y, the induced map f, is defined by f,([o]) = [f o o]. It is trivial
to check that (fg). = f.g. and that 1x, = 1y, (x).

Dual to this is singular cohomology. For each C,, define C™ to be the linear dual module
CY = Hom(C,,, R). Similarly replace each 9, by its dual homomorphism d,, : C"™* — C" to
obtain what is known as a cochain complex.

do dy do

d dni1
0 » O° y O > s O

Now we have d,,1d,, = 0 for each n, and so we define two new families of submodules, as above
— the cocycles, Z"(X) = kerd,,,1, and the coboundaries, B*(X) = imd,,. The n'* cohomology
module of X is then the quotient

H'(X) = 2"(X) [ pn(x).

From the construction of H,, cohomology may also be viewed as a (this time contravariant)
functor H, : Top — GM.

One of the important features of cohomology is the existence of a natural product of cohomology
classes, known as the cup product. The Kiinneth theorem ([Kiin23]) gives us an injection

H(X)® H(Y) — HY (X xY).

Taking the special case Y = X, we then have a map H*X ® H*X — H*(X x X). All we
require now to have a product in H*X is a map H*(X x X) — H*X. As H* is contravariant,
amap X — X x X induces a map H*(X x X) — H*X, which we are in search of. An obvious
candidate is the diagonal map, A : X — X x X. Indeed, in composing these two maps we get
the cup product

C H'X@HX < H(X x X) 25 H*X.

Proposition 0.5 [Bre93] When endowed with the cup product, the graded module H*X be-
comes a commutative graded algebra.



SECTION 1

HOMOTOPY THEORY

Consider two maps f : R — R? and g : R — R? defined by f(z) = (cosz,sinz) and g(z) =
(2cosx,2sinz). Both im f and im g are circles in R?, as can be seen below.

A 4

/\f\

Now, intuitively, these maps seem very similar — all one needs to do to obtain g from f is to
“stretch” f outward from the origin. This notion is formalized by homotopy theory.

Given two maps f : X — Y and g : X — Y, we define a homotopy between these two
maps to be another map H : X x I — Y such that

e H is continuous,

o H(z,0)= f(z) for all z, and
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o H(z,1) = g(z) for all z.

If such an H exists, f and g are said to be homotopic. This is denoted f ~ g. In the above exam-
ple, we could take, for instance, H : R x I — R? defined by H (z,t) = ((1+¢) cosz, (1+t)sinz).
It is easy to see that this H satisfies the criteria listed above, and so H is a homotopy from f to g.

Suppose that f and g are two maps from X to Y, and H : f ~ g. If there is a subspace
A of X for which H(a,t) = f(a) = g(a) for all t € I and a € A, we say that f is homo-
topic to g relative to A, and we denote this f ~4 ¢g. An important example of this is when
the maps f and g are paths in Y. Consider two paths in R?, p(s) = (cos(rs),sin(rws)) and
q(t) = (cos(—ms),sin(—ms)). Both p,q : [0,1] — R? are paths from (1,0) to (—1,0), taking
opposite directions around the unit circle, like so:

A 4

Formally, a path between two points z and y in a space X is a continuous map p : [0,1] — X
with p(0) = z and p(1) = v.

For each s, let £4(t) be the straight line path from p(s) to q(s), ls(t) = (1 — t)p(s) + tq(s).
Then we can define H : I — R? by H(s,t) = {,(t). Evidently, H is continuous. Further
H(s,0) = p(s), H(s,1) = q(s), so H is a homotopy from p to q. The reason for this example,
though, is that for all ¢, H(0,t) = p(0) = ¢(0) = (1,0), and H(1,t) = p(1) = ¢(1) = (—1,0),
making H a homotopy from p to ¢ relative to {0, 1}.

Consider, however, the same two paths, this time in R? \ {(0,0)}. The same homotopy con-

structed above no longer works, as H(%, %) = (0,0) is not in this space.

In fact, no homotopy exists which takes p to ¢, relative to {0, 1}, in our new codomain. Note
that for each t € I, for a fixed homotopy H (s, t) which takes p to ¢, H simply defines a new

10



SECTION 1. HOMOTOPY THEORY 1.1. HOMOTOPY GROUPS

path p;(s) = H(s,t). Informally, what H does is morph p into ¢ by pushing it from one place
to another in the codomain, as depicted below.

p

q

However to push p along R? \ {(0,0)} to form ¢, one would have to “jump over” the origin,
and thus make our homotopy discontinuous. For a more rigorous proof of this, if p and q
were homotopic, then the integrals [ f(z)dz and [, f(z)dz should give the same result for the

function f : C — C defined by f(z) = 1 by Cauchy’s integral theorem ([Rud00]). However,

1 L .
f(Rldz= [ —dz= | — -ime"™dt =inm

[ers= [Fae= [ - (imea =
) z)dz = = z = = iT)e = —iT.

Thus, homotopies between paths inherently carry information about the structure of spaces
they are in. R? must somehow be fundamentally different from R*\ {(0,0)}.

while

1.1 Homotopy Groups

To measure this precisely, we restrict ourselves to those paths which begin and end at the same
point, which we call loops. For a space X, define Q(X, ) to be the space of loops on X which
begin and end at the point *. In this case we call * the basepoint of X. We can construct a
binary operation on (X, %) by taking two loops a and (3, and constructing a new loop

) a(2s), 0<s<i
&*6(3)_{6(28_1)7 %Ssgi

which traces out the loop «, and then the loop S. This operation is not quite associative, as,
for a third loop v, a small calculation reveals that

a(4s), ogsgi
(axB)xv(s)=qB(4s—1), ;<s<3
7(2s—1), 3<s<1

11



SECTION 1. HOMOTOPY THEORY 1.1. HOMOTOPY GROUPS

while
a(2s), 0<s<i
ax(Bx)(s) = B(4s—2), 5<s<}
Y(4s—3), 2<s<1

so indeed (a* 8) * 7 # a x (6 %) in most cases. However these two loops are homotopic via
the homotopy

a(£%), 0<s<+tt+3
H(s,t) = B4s—t—1), Ht+1l<s<lt4]
VB, i+ <s<l
which is continuous, by the Pasting Lemma ([Hat01]).

Similarly, there are no two loops o 5 = . However, if ¢, is the constant loop at *, c.(s) = xy,
then for all loops «a, a * ¢, is homotopic to «, with the homotopy

2s 1 .
H(S,t):{a(H__l)v O§S§§t+§

(B, +l<s<1

Finally, if we define a path @(s) = a(1 — s), then we see that a x@ homotopic to ¢, as is @ «,

via the homotopies
(

o), 0<s<g3—3it
H(s,t) =S c(250H), -t <s<it+1
(a3, st+3<s<1
and
(@(&), 0<s<i-L
H(s,t) = Qe (251H), +—3t<s<it+3
la(Z2), dt+i<s<d

respectively. So this operation has properties similar to those of a group operation. However we
are held back by the restriction that these properties only work up to homotopy. To work around
this, define a relation ~ on Q(X, %) by saying that a ~ 3 if v is homotopic to f3 relative to {0, 1}.

This relation is reflexive, as for all o, H(s,t) = a(s) is a homotopy H : a ~; a. More-
over, if H : a ~yy 3y 8 for some loops o and j3, then H(s,t) = H(s,1 —t) is a homotopy
H : B ~1y «, so the relation is symmetric. Lastly, if H : o >~y 8 and J : § >~ 1} 7, then G

defined by
H(s,2t 0<t
G(s,t) = (s, 2t), L
H(s,2t —1), 1<t

is a homotopy between « and v, so o ~ . Thus ~ is an equivalence relation.
Define a new set 7 (X, *) to be the set of all equivalence classes of loops in (X, %), and
define [a] % [f] = [a * B]. By the calculations presented above, this operation is well defined,

and 71 (X, *) is a group with the operation x. We call this group the fundamental group or 1%
homotopy group of X with basepoint .

12



SECTION 1. HOMOTOPY THEORY 1.1. HOMOTOPY GROUPS

Remark 1.1 Note that if xg and yy are two points within the same path component of X,
then m1(X, o) = m1 (X, yo). With this in mind, if the space X in question is path connected,
or if the basepoint * is understood, we will write m;(X) and refer simply to the fundamental
group of X.

To extend this idea, let us work in the category of pointed pairs of topological spaces, Tops.
An object here is a pair (X, A), where A is a closed subspace of X with * € A. This is also
sometimes written as a triple (X, A, *). A morphism between two pairs (X, A), and (Y, B) is a
pointed map f : X — Y (that is, f(x) = %), such that f(A) C B).

Note that any loop v in X is simply a morphism in Topj;, (/,{0,1}) — (X,x*). Further,
we can factor  through the pair (S!, %), so that we have a commutative diagram

(1,{0,1})

where the bottom-left map is the quotient map I — 1 / {0,1} = S

In this way, we can

consider loops in X to be pointed maps (S',*) — (X, *). Now that we have this result for
S1, the next step is to generalize it to all spheres. Indeed, we note that for every n, there is a
similar commutative diagram

Nz

where the bottom left arrow is the quotient map I — I" /oI = ~ D" /gn—1 = 8™ In this way,
we can consider maps (I",0I") — (X, %) to be pointed maps S™ — X, and vice versa.

We then construct the nth homotopy group of X out of the homotopy classes of such maps. Of
course, for this to in fact be a group we must have a group operation. The operation in this
case is as follows. For maps f, g € m,(X), define f g € m,(X) by

(fxg)(x) = (fVg)(r)

where ¢ : S™ — S™V S" is the pinch map, which is the quotient map which takes S™ to S™V S"
by collapsing the equator to a point, and rescaling. We can picture this operation, utilizing
the fact that we can think of maps in 7, (X) as a map (I",01") — (X, *). Given a two maps
f,g € m,(X), we consider them as maps (I™,01"), and apply each to a cube I", and attach
these cubes along a side, This has the effect of applying a single, new map to a single cube, as

13



SECTION 1. HOMOTOPY THEORY 1.2. RELATIVE HOMOTOPY GROUPS

shown for n = 2 in the diagrams below, adapted from [Hat01].

Interestingly, this picture allows us to explain why 7, (X) is abelian for n > 1, but not, in
general, for n = 1. Since each map is trivial on the edge of each cube, shown below as solid
black lines, we may contract the image away from the edge, filling the rest of the space with
the trivial map, shown below in gray, and freely move the images as we see fit. Given this, we
can see that fx g and g * f are indeed the same map, up to homotopy.

Similar diagrams show that this operation is associative. Inverse are obtained by switching the
orientation of the sphere. Hence the inverse of f(z) = (fi(z), fo(x), fs(z),..., fu(z)) can be
obtained as f~'(z) = (fa(x), f1(z), f3(),..., fu(z)) (or by switching any pair of coordinates).

1.2 Relative Homotopy Groups

Now, rather than maps of the form (1™, 0I") — (X, %), let us allow ourselves more generality
and consider maps (I",0I") — (X, A). Homotopy classes of these maps, together with the
same operations explored above, make up the relative homotopy groups m,(X, A). Here, we
insist that two maps in the same class be not only homotopic, but homotopic relative to A.

Note that in the case when A = %, m,(X, A) reduces to the regular homotopy group, m,(X).

1.3 Functorial Properties of m,

Categorically speaking, for each n, m, can be viewed as a covariant functor =, : Top; — Grp,
where Grp is the category whose objects are groups, and whose arrows are group homomor-
phisms.

Take amap f: (X, A) — (Y, B). Then for n € N, we define a map m,(f) : m,(X, A) — m.(Y, B)
as follows. For a map ¢ : (I",01") — (X, A), define a map ¢ = fp : (I",0I") — (Y, B), and
set T, ()] = [¥].

14



SECTION 1. HOMOTOPY THEORY 1.4. FEATURES OF TOP;

To see that this is a functor, note that for all ¢ € m,(X), m,(1x)[¢] = [Ix¢] = [¢], so m(1x) =
]

Lr,(x). Further for any map g : Y — Z, ma(9.f)[¢] = [9f¢] = ma(9)[fe] = mulg) [mu(f) []], sO
Tu(9f) = Tulg)Tn(f)-

1.4 Features of Top;

For convenience, when we are talking about the pair (X, %), we will often suppress the basepoint
and simply talk about the space X. Now, as we are concerned with pointed spaces and pointed
maps, some familiar constructions on topological spaces must take on some amount of extra
structure in order to maintain well-defined basepoints. We provide a list of some of these
constructions and a description their analogues in Top; which will be used throughout this
thesis. A more thorough treatment can be found in [Swi75].

Definition 1.2 One of the most commonly used constructions for us will be the wedge sum, or
topological sum. The wedge of the spaces X and Y, denoted X VY, is the subspace of X x Y
consisting of all points which contain the basepoint in at least one coordinate.

The wedge sum offers a form of commutativity and associativity, so that

XvYy=yYvXxX

and
(XVvY)vZ=XV(YVZ).

and so we will often suppress parentheses and refer to X VY V Z, the subspace of X XY x Z
of all points, all but one of whose coordinates are the basepoint.

Definition 1.3 From time to time, we will make use of the smash product. The smash product
of two spaces X and Y, denoted X AY, is the quotient space

XANY =X XY /xyy.

Conveniently, for CW complexes, X, Y, and Z, we again have commutativity and associativity,
so that
XANYZYAX

and
(XAYIYANZ=ZXANYNZD)

and so we will again often suppress parentheses and refer to X AY A Z.

Definition 1.4 The reduced cone of a space X is the quotient

CX:XX[/XX{O}U*XIZXXI/X\/I:X/\[

where [ is the unit interval [0, 1]. When we talk about C'X, we will often simply refer to it as
the cone of X.

An important fact to know about the cone is that for any sphere S™, C'S™ = D"l More-
over, for any space X, its cone C'X is contractible.

15



SECTION 1. HOMOTOPY THEORY 1.5. FIBRATIONS AND COFIBRATIONS

Definition 1.5 The reduced suspension of a space X is

SX = XX T [x s qopusx TUX x {1} = CX [ x (1)

where [ is the unit interval. As with the cone, we will often simply refer to this as the suspen-
sion of X.

Note that for any sphere S™, ¥.S™ = S"tl  Further, we can write X = X A S!, and it
follows that S™ A S™ = Sntm,

Definition 1.6 We will also make use of the reduced join of two spaces, denoted X x Y. This
space is somewhat more involved to construct.

First, let us construct a space
XxYy =XXYxI/

where ~ is the equivalence relation generated by (z,y,0) ~ (x,y’,0) and (z,y,1) ~ (2',y,1) for
all z, 2’ € X and all y,3' € Y. The reduced join is then

X*Y:X*Y/X**U**Y-

As always, we will often refer to the reduced join simply as the join of X and Y. Some properties
of the join which will become uesful for us include

e X %Y 2 COX XY Ugry X x CY,
e X xY =¥(XAY), and consequently

o Sk Gm 2 Griml,

1.5 Fibrations and Cofibrations

Two important types of maps which we will use and study are fibrations and cofibrations.
Roughly speaking, fibrations describe what it means for one space to be parametrized by an-
other. Formally, we have the following.

Definition 1.7 A continuous map p : £ — B is said to satisty the homotopy lifting property
with respect to X if for any homotopy f : X x I — B, and for any map fo : X — E lifting
fo= f‘Xx{O} : X — B through F, there exists a homotopy f : X x I — E making the following

diagram commute.

Further, a map which satisfies the homotopy lifting property with respect to every space is
called a fibration.

16



SECTION 1. HOMOTOPY THEORY 1.5. FIBRATIONS AND COFIBRATIONS

Definition 1.8 Dual to fibrations, a map ¢ : A — X is said to be a cofibration if it satisfies the
homotopy extension property with respect to all spaces Y. The homotopy extension property
can be stated dually to the homotopy lifting property, as follows.

y 0 x

17



SECTION 2

HOMOTOPY COMMUTATIVE DIAGRAMS

2.1 Pushouts and Pullbacks

An essential tool to understand in order to reach our goal is that of homotopy commutative
diagrams. Of particular importance will be homotopy pullbacks and pushouts, introduced
by Mather [Mat76]. Here we borrow definitions from the treatment of this subject given by
Doeraene [Doe98].
Recall that a commutative diagram in a category C'is a collections of objects and morphisms
in C such that all compositions of arrows with the same beginning and end point result in the
same map. For example, the square

P

fi
B

is commutative if ¢'f = f'g. For our purposes, we will not require that the maps be exactly
equal, but merely homotopic to one another. To this end, we say that the above diagram
is homotopy commutative, or that it commutes up to homotopy, if there exists a homotopy

H:gf~fyg.

— A

g/
Jf
L} C
Definition 2.1 P is said to be the pullback of f : A — C and g : B — C if, for any U and

18



SECTION 2. COMMUTATIVE DIAGRAMS 2.1. PUSHOUTS AND PULLBACKS

maps ki : U — A and ks : U — B such that

U

P A
ko
B C
commutes, there exists a unique map k : U — P, referred to as the whisker map, such that the
following diagram also commutes.

—

g

— A

~

Y|
P
B
Definition 2.2 Extending this idea to the language of homotopy commutative diagrams, we
say that a homotopy commutative diagram
A
Jf
C

P
B

equipped with a homotopy H : ¢'f ~ f'g is a homotopy pullback if for any homotopy commu-
tative diagram

C

J

g

gl
—

g

U

N

ko

—
~



SECTION 2. COMMUTATIVE DIAGRAMS 2.1. PUSHOUTS AND PULLBACKS

equipped with its own homotopy G : kif ~ kog, there is a unique (up to homotopy) map
k: U — P and homotopies J : kg’ ~ ky and K : kf’ ~ ko such that the diagram

p_7 34
C

B

1

together with the homotopies H, GG, J, and K above also commutes up to homotopy. That is
to say, G ~ gK « Hk x fJ, where, by gK * Hk x fJ we refer to the homotopy

gK(z,1-3t), 0<t<3
(9K « Hk % fJ)(x,t) = ¢ H(k(z),3t —1), 1<t<?2
fI(x,3t—2), 2<t<1
taking gks to fk;.
Definition 2.3 Similarly, given a diagram
S

C A

B P

equipped with a homotopy H : f¢g' ~ gf’, we say that P is the homotopy pushout of f : C' — A
and g : C'— B if, for any U and maps ¢; : A — U and ¢ : B — U such that the diagram

—_
J(‘/

C—>A

"

is homotopy commutative with the homotopy G : fg; ~ gqo, there exists a unique (again, up
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to homotopy) map ¢ : P — U and homotopies J : ¢f' ~ ¢z and K : q¢' ~ ¢y so that

C A
B P

AN

—
f/

N
N

together with the homotopies H, GG, J, and K commutes, so that G ~ JgxqH ~ K f.

Notation 2.4 If P is the pullback of two maps f: A — C and g : B — C, we will often say
that it is the pullback of the diagram

A

lf

C

A

B

P
J/ |
B
Similarly, if P is the pushout of two maps f: C' —
is the pushout of the diagram

|

g

and denote it by the following.

l

~

]

C
Aand g : C — B, we will often say that it

C%A

i

and denote it diagrammatically as follows.

C
g‘[
B

f

|

|
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Another common convention is to write the pullback of
A

B——C

by P = A xX¢ B, and the pushout of

W——Q

by P = Allc B.

2.2 Comparing Pullbacks and Homotopy Pullbacks

Let us look at an example of a homotopy pullback. Consider the diagram

*
}
* > St

where the arrows 7 : * < S! are the inclusion of the basepoint. Taking inspiration from the
standard construction of the pullback in Top, we might make a first guess and say that the
homotopy pullback of this diagram is P = {(a,b) € * x % | i(x) = i(x)} = . The resulting
diagram, equipped with any homotopy H : I x x — S', is certainly homotopy commutative
(indeed it commutes in the regular sense). Now, however, let us consider for example the

homotopy commutative diagram

st
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equipped with the homotopy G : QS! x I — S defined by G(w,t) = w(t). Then for any map
k:QS! — % and any homotopies J, K : k ~ p, the diagram

does not homotopy commute with the homotopies H, GG, J, and K. To see this, note that the
homotopy H : I x * — S! simply defines a based loop in S*, n(t) = H(x,t), and

(iK(w,1-3t), 0<t<i
(iJ x Hk % iK)(w,t) = ¢ H(k(w),3t —1), $<t<2
L fJ(w,3t —2), 2<t<1

%, 0<t<y

= H(*vt)7 %Stﬁ%

* 2<t<1

\ )

~n(t)
as the only possibilities for J and K are the constant maps. Now, as G(w,t) = w(t) while
(iJx Hkx1K)(w, t) remains fixed as 7(t), if we consider a loop w € 25! in a separate homotopy

class from 7, we see that G and iJ x HkxiK cannot possibly be homotopic, and so this diagram
fails to commute with the required homotopies.

So we have found that the standard pullback construction seen in Top is not sufficient to
construct homotopy pullbacks. We must ask, then, what is sufficient? There is a standard
construction for the homotopy pullback of two maps f: A — C and g : B — C in the form of
([Doe98])

AxeB={(a,7,b) € Ax T x B f(a) = (0) and g(b) = 7(1)}

with the canonical projections A x¢ B — A, Ax¢c B — B, and homotopy H ((a,~,b),t) = ().
So, in the case considered above, we see that the pullback, P of the diagram
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is
P ={a,v,b) € x x (") x x| i(a) = v(0) and i(b) = (1)}
= {(*,7,%) € % x (1) x % [ 7(0) =  and (1) = *}
= {7 € (8" [7(0) =+ and 7(1) = *}
= Qs
Similary, the familiar construction of the pushout in the category Top is insufficient to determine

the homotopy pushout of two maps f: C' — A and g : C' — B. However, a standard construc-
tion parallel to that of the homotopy pushout presented above can be stated as ([Doe98])

Allc B=AU(I xC)UB/_

where ~ is the relation f(c) ~ (¢,0), and g(c) ~ (¢,1). Pictorially, this is the result of gluing
either end of the cylinder of C' to its image in A and B, respectively.

2.3 Replacing Maps in Diagrams

The methods of computing homotopy pushouts and pullbacks above are convenient, but lack ge-
ometric inspiration. Ideally we would like the ability to intuitively find pullbacks and pushouts
motivated by the geometry of the maps and spaces involved.

To accomplish this, we will require the ability to replace maps with maps which are in some
sense equivalent to the original. Our answer to this problem comes by defining the slice category,
Top | Y whose objects are maps f : X — Y, and whose morphisms are triangles

X1—>X2

N, /o
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which commute in Top. One might try to define homotopy in this category by saying that
f1 =~ fs if there is a homotopy equivalence g : X; — X5 with homotopy inverse h : Xo — X,
such that

X1 —) XQ X2 —) X1

NS N

commute in Top. Of course, we would like to relax the condition so that these triangles need
only commute up to homotopy. The problem here is that for a triangle

X1—>X2

N, /o

in Top | Y, we have no guarantee that the corresponding triangle

X2—>X1

N /o

is in Top | Y as well. For example, consider the triangle

w5 X7
X

in Top | X, where ev : X! — X is the evaluation map. Clearly * — X! admits a homotopy
inverse, however the corresponding triangle

X —— %
X

is not in Top | X as it does not commute in Top. The solution to this is to construct weak
equivalences, and work in the resulting quotient category, ho(Top | Y'), as in [Mac98, p. 51].
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Definition 2.5 We will define a weak equivalence between two arrows, X; By and X5 EEN Y,
to be a morphism
X, — 5 X,

AW

for which ¢ is a homotopy equivalence. Further, we will say that X; Iy and X5 2y are
homotopy equivalent in Top | Y if there is a finite sequence of weak equivalences

Z; ———= Zin
Y
such that the diagram
X, ZO\ > 71 s S > 7 3 L. g > 7 X5
S \ / P

commutes in Top, and each of the top arrows is a homotopy equivalence. We refer to such a
diagram as a zigzag. In the interest of making this relation an equivalence relation, we will
allow the top arrows in a zigzag to point in either direction. Then ho(Top | Y) is the quotient
of Top | Y by its weak equivalences. Within this view, * — X is homotopy equivalent to
X% X, and so in ho(Top | X), they are isomorphic as desired.

From this point forward, we will often make use of replacing maps by equivalent maps. When
we say one map is equivalent to another, we mean it in the sense above.

Now, let us try to compute the homotopy pullback of i : x — S* along itself with geometric
inspiration.

Recall that the construction of the pullback from the regular Top category didn’t work because,
since the domain of both maps is a singleton, the homotopy H was restricted to represent a
single loop. To get around this, we consider the space (S1)?, and the map ev : (S')! — St. As
stated above, ev is weakly equivalent to * < S!. That is to say, there is a homotopy equivalence
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g for which the diagram

S/

commutes up to homotopy. Thus we can consider, instead, the diagram

(s

and the pullback, in the traditional sense, of this diagram is

P ={(a,b) € x x (S")" | i(a) = ev(b)}
={(x,7) € x x (SN | * =~(1)}

> {y € (") [7(0) = x and y(1) = %}
S

This is interesting. Although the maps are equivalent, i : * < S! produced an incorrect result
when used in the traditional construction of the pullback, while ev : (S')! — S! performed
perfectly and gave us the correct answer. What is it about ev that differs so much from ¢ that
it gives us the desired space? Could this result be applied more generally so that we can obtain
other pullbacks and pushouts in the traditional sense simply by finding the correct replacement
map?

The answer, here, is that ev is a fibration. By replacing at least one of the maps in ques-
tion by an equivalent fibration, one unifies the homotopy pullback and the pullback in the
familiar sense. Now, however, there is still the question of if we can always do this.

Theorem 2.6 Every map f: X — Y is, up to homotopy, a fibration.

The method to this proof is to actually construct the fibration which is homotopy equiva-
lent to f. Helpfully, doing so also gives us insight into the geometry of the issue.

Our goal here is to replace X by a homotopy equivalent space Py, just as in our example
above we replaced * by a homotopy equivalent space (S)I, and thereby replaced f by a homo-
topic map Py — Y which is a fibration.

Define P; to be the space Py = {(z,a) € X x Y! | f(z) = «(0)}. P; is known as the
mapping path space of f. Less formally, Py is the space of paths in Y which begin in the image
of f. Visually, one can picture this space as the space f(X) with a collection of spaghetti-like
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strings coming off of each point, similar to seaweed in a fish tank, each representing one such
path, like so.

Now, since each line segment has the homotopy type of a single point, it is not hard to see that
P; should, intuitively, be homotopy equivalent to X. We shall show this shortly.

We then define a map known as the mapping path fibration, p : P — Y, by p(z,a) = «o(l).
The desired result follows immediately from the following lemma.

Lemma 2.7 Let f: X — Y. Then for Py and p: Py — Y as defined above,

1. there exists a homotopy equivalence h : Py — X such that the diagram

Py —" X

N/

is homotopy commutative, and
2. the map p: Py — Y is a fibration.

Proof:

Define h(z,a) = z. First we show that h is a homotopy equivalence. To see this, define a
map g : X — Pr by g(x) = (x, ), where, recall, cy(,) is the constant loop at f(z). Then
f9(x) = f(x,crw)) = 2, s0 that fg =1x, and gf(2,a) = g(z) = (v,cp)), s0 gf =~ 1p, via the
homotopy G((z,a),s) = (x, as) where ay is the path as(t) = a(st). So h is indeed a homotopy
equivalence.

To see that the diagram commutes, note that for all (z,a) € Py, fh(z,o) = f(z), while,
p(x,a) = a(l). Define H : Py x I =Y by H((z,a),s) = as(1). Then

H((z,),0) = ap(1) = a(0) = f(x) = fh(z,q)
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while

so that p ~ fh, as required.

It remains to show that p is a fibration. Let Z be a space, let ¢ : Z — Pf,andlet H : Zx1 =Y
be a homotopy such that the following diagram commutes ([Hat01, p. 407]).

7 x {0} —X— P;

N

ZX] ———Y

Here, we identify Z with Z x {0} C Z x I. For z € Z, let us write ¢(z) = (q1(2), 2(2)) € P.
Then due to the commutativity of the diagram, we have that H(z,0) = pq(2) = p(q1(2), ¢2(2)) =
¢2(z)[1]. That is, the starting point of the path H(z, ) is the ending point of g»(2). So then

defining
1

~ IA
|/\I
—_ ®

Az ) = | @ g1+ s)), 0<
| H(z (1+s)t— 1),

IN <

1
1+s

the following diagram commutes.

7 x {0y —X— Ps

X ———Y

Thus p : Py — Y has the homotopy lifting property, and so it is a fibration.
O

There is a similar result, dual to this. We omit the details of the proof, but offer the statement
and explanation of the theorem here.

Theorem 2.8 Every map f: X — Y is, up to homotopy, a cofibration.

The method to this proof is, similarly, to construct the cofibration in question. To do this,
we must first construct the object dual to that of the mapping path space, which we call the
mapping cylinder of f. The mapping cylinder of f is the space My =Y Uy (X x I), where we
identify X with X x {1}. Visually, this the same as taking the image of f in ¥ and extruding
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it upward along the unit interval to form a kind of top hat shape, like so.

It is easy so see that this space is homotopy equivalent to Y. Now, the inclusion k : X — My
is a cofibration.

Now that we have these results, we note that for any diagram
X
lf
Z —5—Y

finding the homotopy pullback becomes a matter of replacing one of the maps (in this example,
f by an equivalent fibration, giving us the diagram

Py
lp
7 — Y

and taking the pullback in the traditional sense. Similarly, given a diagram of the form

;)Y

N(TN
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to find its homotopy pushout, we simply replace f (or g) by an equivalent cofibration, to obtain
the following diagram,

X —r— My
g

Z
and take the traditional pushout.

As a final note, until this point we have been working in the category Topj;, with objects
pointed pairs of CW complexes and morphisms continuous pointed maps between those pairs.
However, knowing now that each map is homotopy equivalent to a fibration and a cofibra-
tion, we can switch over to a new category, which we will call h'Top;, where the objects are
again topological pairs of CW complexes, but the morphisms this time are homotopy classes of
continuous maps. Indeed from now on we will do just that.

—

From this point forward, when we say a diagram commutes we mean that it commutes up to
homotopy. Similarly, when we reference a pullback or pushout, we mean the homotopy pullback
or homotopy pushout, respectively. As always, for convenience, we will often confuse maps with
their homotopy classes and shorten the pair (X, %) to X when no confusion can occur.

2.4 Homotopy Fibres and Cofibres

Homotopy fibres and cofibres are specific, but important, example of homotopy pullbacks and
pushouts, respectively. Given a map f : X — Y, we define the homotopy fibre of f, F', to be
the pullback of f along the inclusion of the basepoint i : * — Y.

FJ—> X
|t
* ——— Y
Dual to this, the homotopy cofibre of f is the pushout of f along the constant map j : X — .
Xty
|
-

x —— C

31



SECTION 2. COMMUTATIVE DIAGRAMS 2.4. FIBRES AND COFIBRES

Now, one would hope that, if we are to give these names to these objects, if f is a fibration,
then the homotopy fibre has the homotopy type of the fibre of f (and that a similar statement
holds true for a cofibration).

Proposition 2.9 Let f : X — Y be a fibration. Then the homotopy fibre F and the fibre F
of f have the same homotopy type.

Proof:
The homotopy fibre of f can be written as follows.

F={(z,a,%) € X x Y xx|a(0) = f(z),al) = %}
= {(z,0) € X x V" | a(0) = f(2), a(1) = +}

We require a homotopy equivalence between this space and the fibre F = {z € X | f(z) = *}.
Define h : F — F by h(z) = (a,¢,.,%). As f is a fibration, given (z,a, ) € F, there is a
unique lifting of a to a path &, in X starting at z. Let z, = &,(1). It is clear that z, € F,
as f(z) = f(ax(1)) = [f 0 @u)(1) = a(l) = *, and so we define a second map g : F — F by
g((x,a, %)) = z,. Then for all z € F,

goh(x) = g(h(x)) = h(z, ., %)
(1) = (1)

=T

so that goh = 1. Now define H : F' x I — F by H((z,a,*),t) = (p(t), s, *) where p is a
path in X from z to z,, and o is the path in Y defined by «a;(s) = a(t + s(1 —t)). Then

H((:L‘,Oz, *)70) = (p(0)7a0’ *) = (x,a, *) = ﬂF('r?a?*)

and
H((x,a,%),1) = (p(1), a1, %) = (24, Cx, ) = h(2z) = hog(x, a, *)
so that ho g~ 1p, and F ~ F. A similar result applies to the cofibre and homotopy cofibre of
f.
O

It would be prudent, now to stop and compute a few basic examples of fibres and cofibres, to get
a feel for the tools in use in this section. We have already seen an example of a homotopy fibre
which will become useful later. This is the homotopy fibre of the inclusion of the basepoint,
i : % < X. The homotopy fibre being the pullback of the diagram

*
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we first attempt to replace one of these arrows by an equivalent fibration. The mapping path
space of 7 is

P ={(x,a) €xx X" | a(0) =i(x) = x} 2 {a € X' | a(0) = *}
so we exchange the above diagram for the one below.
P,
J”
* > X
So the homotopy fibre we are seeking is simply the pullback
F={(,(x,a)) € * x P, | pl(x,a) = i(#) = x} = {(x, (+,0)) | a(0) = %, (1) = ¥} = OX.
QX_I—> *
.
A similarly useful example of a cofibre is the pushout of the diagram below.
X —L 5«
|
*

To do this, we replace one copy of j by an equivalent cofibration, this time with the mapping
cylinder,

where C'X represents the cone of X, giving us a new diagram.
X —1 5«

|

CcX
So the homotopy cofibre is then C'= CX U; x = XX

X —1— %

|

« — U X
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A last example of homotopy cofibres that is important to see for the work ahead is that of a
map f: 5" — X for some space X. If we woud like to consider the pushout of

(S

|

*

we, as usual, replace one of maps with a cofibration to the mapping cylinder. While it is valid
to choose either of the maps, we will, for this example, choose j : S™ — x. As above, the
mapping cylinder is M; = C(S™) = D", and so we obtain the following diagram.

S”%X

k[

Dn+1
Doing this we see, interestingly, that the homotopy cofibre of f is X Uy D™™'. Notice how
familiar this looks from our overview on CW complexes. This is exactly the space we get when

we attach an n + 1—cell to X via the attaching map f : S™ — X. This is depicted for the case
when n = 1 here.

=

Whenever we talk about the fibre or cofibre of a map, we will refer to that map’s homotopy fibre
or homotopy cofibre, respectively.
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2.5 The Whitehead Bracket

Similar to the cup product in cohomology, which arises naturally from the geometry of spaces,
there is a product in homotopy which also arises from the geometry of the space. That is, given
f € mu(X) and g € m,(X), we can define a map [f, g] € mpnin_1(X) as follows.

We note that, referring to Theorem 0.2, S™ x S™ is obtained by attaching an m + n—cell
to the wedge S™ V S™. By the last example in the above section, this is the same as saying that
S™ x S™ is the following pushout.

Sm—i—n— 1 Sm V; Sn

|

* —— M xS

We then take the composition S™+"~1 — §my gn EACNS e , where the first map is the attaching
map, and denote it [f, g]. This is known as the Whitehead product or Whitehead bracket. We

will refer to this briefly in our section on the Hopf invariant.

35



SECTION 3

EXACT SEQUENCES

3.1 Exact Sequences of Groups

Definition 3.1 An ezact sequence of groups is a sequence G, n € I C Z, and homomorphisms
on : Gy — Gpyq such that ker g, 11 = im @,.

There are some useful special cases of this. For example, a sequence of the form
0-AL B

is exact if and only if f is injective. Similarly, a sequence of the form
AL B0

is evidently exact if and only if f is surjective.

Putting these together, it becomes apparent that a sequence of the form

O—>Ai>B—>O

is exact if and only if f is an isomorphism.

Definition 3.2 A short exact sequence is an exact sequence of the form
0-A4LBLC =0

In a short exact sequence, therefore, it must be the case that f is injective and g is surjective.

Now, in the case when there is a homomorphism h : C' — B such that gh = 1., the sequence
is called split (or is said to split). In this case, it follows via the splitting lemma ([Hat01]) that
there is an isomorphism B = A & C.

On the other hand, a long exact sequence is simply an exact sequence consisting of infinitely
many groups and homomorphisms.
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3.2 Exact Sequences of Spaces
Definition 3.3 Now, in hTopj, we say a sequence
(X.4) % (V. B) % (2.0)
is ezact if for each (W, D), the sequence induced by the functor [(W, D), —],
fo— o—
(W, D), (X, A)] == [(W, D), (Y, B)] “= [(W, D), (%,0)]

is exact in the category of pointed sets, Set*. Note, we often refer to these maps as f, and g,
respectively. Conversely, such a sequence is coezact if for each (W, D) the induced sequence

—o —of
(2,C), (W, D)] =% [(Y, B), (W, D)] = [(X, A), (W, D)
is exact in Set™. Similarly, we refer to these maps as f* and g*, respectively.

Lemma 3.4 The map gof : (X, A) — (Z,C) is nullhomotopic if and only if g has an extension
h: (YU CX,BUy, CA) = (Z,C).

Proof:
Suppose g o f is nullhomotopic. Let H : X x I — Z be the homotopy taking it to the constant

map, ¢,. Note, then that H(X VI) = H(X x {0}Ux x I) = x, and so H clearly induces a map
hyx : X X1 /x\ [ =CX — Z. Then the map

) g(w), weY
hw) = {hx(m,t), w=(z,t) € CX

is the desired map.

Conversely, suppose g extends to h: (Y Uy CX, B Uy, CA) = (Z,C). Define H : X x I = Z
to be the composition

XxIHXxI/xyyr=CX—>YU,CX2 2z

where ¢ is the quotient map. Then H(z,0) = h(x,0) = * for all . Further, H(z,1) = h(z,1) =
h(f(z)) = g(f(z)) = go f(x), whence g o f is nullhomotopic as required.

0

Theorem 3.5 Every cofibration sequence
(X,A) L (v,B) & (Y U; CX, By, CA)

1s coexact.
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Proof:
Note that since 7 has an extension to Y Uy CX (namely, the identity map 1yy,cx), by Lemma
3.4, io f is nullhomotopic. Thus f*oi* = (io f)* = % is the constant map, and so imi* C ker f*.

Now suppose h € [(Y,B), (W, D)] is in the kernel, ker f* = (f*)"!(x). Then h o f is null-
homotopic. By Lemma 3.4, there is an extension h' of h to (Y Uy CX, B Uy, CA), so that
i*h' = h oi=h. Thus h € im¢*, whence imi* = ker f*, and the sequence is exact, as desired.

O
Dually, we have the following.

Theorem 3.6 Every fibration sequence
f
(Pf7pf|A> — (X7A) - (Y’B)

1s exact.

3.3 The Barratt-Puppe Sequence

Consider a cofibration sequence X Ly L z=vU +CX. We would like to find a space A and
a map 0 : Z — A with which to append this sequence such that each consecutive triplet is a
cofibration. Further, if possible, we would like to find a space B such that the same is true of
the sequence X — Y — Z — A — B. Working in HTop", this is easy enough. Our first guess
would simply be to take A to be the cofibre of i, (Y Uy CX) U; CY, and do the same for B to
get B=(YU;CX)U; CY) Uy C (Y Uy CX). This gives us the desired result, however these
expressions are monstrous and difficult to deal with.

Proposition 3.7 The spaces A and B above can be identified as XX and XY, respectively.

Note that A = (Y Uy CX) U; CY is simply CY Uy CX. Now, CY has the homotopy type
of a point, and so we have that CY Uy CX = CY Uy CX /Cy - Note that this also collapses
Y =Y x {0} to a point, and thus collapses X = X x {0} along with it, and so indeed A = 3 X.
By a similar argument, B = C(Y U; CX)U,; CY = CZU,; CY, and since C'Z has the homotopy
type of a point, B = CZU;,CY = CZU; CY /Cz = XY . Moreover the desired map XX — XY
is simply the suspension X f.
Lemma 3.8 Suppose that X Ly L z=-v Uy CX is a cofibration sequence. Then so is
sx = vy vz,
Proof:
Note that

YZ =YY U CX) =3Y Uy 2CX = XY Uy CXX

and so it follows readily that
X 2 sy 2 07 = %Y Uy, C8X

is a cofibration sequence.
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Theorem 3.9 [Barratt-Puppe] For any f : X — Y, there is a long coexact sequence of the
form

XLy s zooxLyy 552 592X 5o X XY 5 Y7 s e

such that every consecutive triplet is a cofibration sequence.

The proof of this theorem follows immediately from Proposition 3.7 and Lemma 3.8.

Dual to this, we have the following:
Theorem 3.10 [Swi75| For any f : £ — B, there is a long exact sequence of the form
s P "E Q"B B3 QOF 5 QFE QOB+ F > EL B
such that every consecutive triplet is a fibration sequence.
The above can be easily generalized to pairs of spaces so that we have a similar coexact sequence
(X, A) EN (Y,B) = (Z,C) - (¥X,3A) — --- = (¥"X,X"4) — (XY, ¥"B) — (¥"Z,X"C) — - -
and a similar exact sequence
= (FQVF) = (QE,Q"E) — (Q"B,Q"B) —» -+ — (F,F') - (E,E') = (B, B)

of pointed pairs of spaces.

3.4 Long Exact Sequence of a Fibration

Consider a fibration sequence F' — E ENy:3 By the above, we know that we can extend this to
the long exact sequence

P F 5 QE—5 QB 5 PBOF »QE QB —»F 5 ELB

which in turn produces a long exact sequence

o W QUF] > [W.Q"E] — [W, Q"B = - — [W,QB] - [W, F| - [W, E] - [W, B]
for each space W. But this sequence is exactly the sequence

e XMW F = [E'WLE] = "W, B — - — [EW, B] — [W, F],— [W, E] — [W, B|.
Taking the particular case when W = S°, we have

oo [S"F) = [S", E] = [S",B] = --- =[S, B] = [S°, F] = [S°, E] — [S°, B]

which gives us a long exact sequence of pointed sets

o = T (F) = m(E) > m(B) — -+ = m(E) = m(B) = mo(F) — mo(E) — mo(B).
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3.5 Long Exact Sequence of Relative Homotopy Groups
Consider, now, the map f : (5%, 5°) < (D!, 5%). The cofibre of this map is
(D'u; 0S°, 5% U; 0S°) = (D' Uy DY, S° Uy Dy) = (ST, DY) = (S, %),
giving us the cofibration sequence
(5°,5%) L (D', 5%) = (5, %)

and hence, a long exact sequence

(89,8 — (D', 8%) — (S, %) — - — (¥"8%, £S5 — (2"D 250 — (XS, X)) — - -
This is just the sequence

(8°,8% = (D', 8% — (S', %) = -+ = (S",%) = (S",8") = (D", 8") — (S" T %) — - .
Then for a pair of spaces, (X, A), we get the following

[(Sn+17*)7 <X7 A)] — [(Dn+17sn)7 <X7 A)] - [(Sn75m)7 <X7 A)] - [(Sn7*>’ (X7 A)] —
T [(81751)7 (X7 A)] — [(Slu*)? <X7A)] - [(Dlaso)v(Xa A)] — [(SO7SO)7 (X? A)]

Now, note that [(S™, %), (X, A)] = m,(X), [(S™, S™), (X, A)] = 7,(A), and [(D"T,8™), (X, A)] =
Tnt1(X, A). Thus, the above sequence reduces to

e = T (X, A) = m(A) 5 (X)) = (X A) — - = m(A) 5 m(X) = m(X,A) = mo(A)

giving us an exact sequence of pointed sets.
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THE HOPF INVARIANT AND r3(5?)

4.1 Complex Projective Space

With the homology and cohomology modules of every sphere known precisely, it seems natural
to ask whether it is equally simple to compute the homotopy groups of all spheres. One might

make a first guess that
Z, k=n
7Tk<Sn) ==
0, k#n

similar to the homology case, but this guess turns out to be naive. Consider the complex pro-
jective space CP!. This is the space C*\ {0} /~ where ~ is the equivalence relation z ~ w
if and only if there exists a A € C such that z = Aw. Equivalently, since S* C C2?, we can
describe CP! as the space S ’ /~ where ~ is the relation defined by z ~ w if and only if there is
ade{AeC||\ =1} = S!such that z = Aw. Moreover, we know that CP! = S* (|[GHS1]),
so the quotient map S% — S° /., = CP! 2 52 is a map which, for lack of a more rigorous term,
collapses copies of circles on S? to a point in S2.

Moving on to a more rigorous description, define on S?"*1 C C"*! an equivalence relation
2z ~ w if and only if 3N € S! such that 2 = Aw, and denote the resulting quotient map
Sty ST By, (that is, v,(2) = [2], the equivalence class of z). Then S™*' /. = CP"
and we have the following.

SQn-H 'Y_n> S2n+1 /N — C P

Proposition 4.1 CP" can be constructed inductively from the following pushout.

G2n—1 In—1 cprt

|

D* — CP"

That is, 7,1 is the attaching map of the 2n-cell in CP™ (and so CP* = CP" ' U, , e*).
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To see this, we think of D?*" as contained in C"™ and note that the above diagram commutes
when the map D?** — CP™ is the map w = (z1,...,2,) = [\/1 — |w|, 21, ..., 2, and the map
CP" ! — CP" is the inclusion [z1,...,2,] = [0,21,...,2,]. Now suppose we have a space YV’
and maps f: D* — Y and g : CP"! — Y such that the following diagram commutes.

§2n—1 Tn—1 cpr-1

L]

D*» —— CP"

We construct a map k : CP™ — Y as follows: for [z, z1,. .., 2,] € CP", let A € S' such that
20 = Mzo|. Then [z0, 21, .. ., 2a] = [|20], A21, ..., A2z,]. As this is a point in CP" = gzl [~ it
has unit norm, and so

Vol + RaP 4+ Rzl =1 = |zl = /1= (Rarl2 4+ -+ [Real?) = VI— 0P,

where w = (Az1,..., Az,). Then the desired map k is define as k([20, 21, . . ., 2zn]) = f(A21, ..., Azn).
In this case, if ¢ is the map D?* — CP" and p the map CP" ! — CP", then

kq(w) = kq(z1,. .., 2n)
= k([V1=|wl? 2, z0])
=k([1-v/1—|wl?z1,...,24))
=k([v/1— |w|2121,...,12,])
= k([V1=|wl? 2, z0])
= f(z1,--, 2)
and, as the above diagram commutes,
kp([z1, ..., za)) = E([0, 21, . .., 2n])
= k(V1—=12,2,...,2)])
= f(z1,---, 20)
= g([z1;-- -5 z))
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so kg = f and kp = g, thus the following diagram commutes.

SQn—l Tn—1 (CPn—l

So we see that CP™ possesses the universaly property for S?"~! < D?" and ~,_, identifying
CP™ as the pushout of the diagram

G2n—1 In—1 cprt

[

DQn
as required.
O

Consider now the map v; : S — S2. It remains to show that this map is not homotopically
trivial. To do this, we will use a few results from [Bre93]. Note that, if it were, then we would
have CP? ~ S? v §*. To see that this is not true, we look at H*(CP?) and H*(S? v S%)
respectively. While it is true that

Z, m=0,24

H™(CP*) = H™(S*Vv S =
0, else

we can distinguish between the two by means of their respective cup products. If « is a generator
of H*(CP?) and f3 is a generator of H?(S?V S%), a? is a generator of H*(CP?) while 5% = 0.
We can generalize this notion even further.

Definition 4.2 Let f : "' — S". Then f induces a CW complex of the form S™ U; e*".
This will have cohomology modules

Z, m=0,n,2n

0, else

Hm(S” Uf 62n) = {

and so let a be a generator of H"(S™ Uy e*") and let 3 be a generator of H**(S™ U e*"). Since
o? € H*"(S" Uy e?), let k € Z such that o* = k3. We define |k| to be the Hopf invariant of f
and denote it by A(f).
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4.2 Hopf Invariants

While the Hopf invariant had a relatively simple beginning, over time it was expanded and gen-
eralized — from maps S**~! — S™ to maps S” — S™ and then to maps S” — X for any space X.

We have already seen Hopf’s original definition for a map o : S?**~! — S™ in terms of co-
homology. We would now like to take the next step in generalizing the invariant.

We show in section 7.1 the existence of a homotopy equivalence
QX VY)~ QX x QY x Q(QX xQY)
which induces an isomorphism
(X VY)=m(X) @ m(Y)® . (QX % QY)
for r > 1. More specifically, taking X =Y = S™, we have a canonical decomposition
T (S" Vv S") = m.(S") & 7. (S") & m,.(25" x QS™)

which brings us to our generalized definition of the Hopf invariant, and connects it to the
original.

Definition 4.3 Let o : S™ — S™. The Hopf invariant of «, denoted H(«), is the image of «
under the composition

1. (S™) = 1,(S"V S™) = 7, (2™ * Q25"

where the left map is the map p, induced by the pinch map, while the right map is the canonical
projection onto the relevant summand in the above decomposition of m,(S™ v S™).

Now, we will require the following lemma.

Lemma 4.4 A pushout diagram of the form

;)B
[‘J«
— C

%
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induces a homotopy commutative diagram

A—L B

Proof:
Taking the cofibres of the vertical maps of the original diagram, we get the following.

A—L B

~

YA—— D

Now, since D is the result of a pushout

|

*

| ]

C —— D

we can append it to the first pushout diagram to obtain a new diagram.

AL B > %
‘, r l r l
* > C > D
So by the prism lemma ([Doe98)),
A— %
‘, r J/
*x —— D
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is also a pushout, whence D = ¥ A. Now, we extend this diagram further, using the proceeding
arrows of the relevant coexact Puppe sequences, giving us the commutative diagram

A—L B

as required.

O

Theorem 4.5 Let o : S~ ! — S and let 19,1 be a generator of my,_1(S**~!) = Z. Then
H(a) = £h()ton_1.

Proof:

First we must identify g, 1(2S™ * QS™). Let us recall one small fact that will be of use.
Note that for a given space X, X = X A S1. Moreover, the smash product is commutative
and associative, up to homeomorphism. Lastly, the topological join is related to suspension by
X *Y =2 X(X AY). From this, we obtain the following.

XY EN(XAY)2(XAY)AS!
2 XANYASHZXALY
2 (XASHAY 2XIXAY

Next, from [Jamb5] we get a decomposition of Q5™ as a CW complex with one cell in each
dimension which is a multiple of n — 1 so that

—1 2n—2 3n—3
Q8" ~ S U, €22 U, P U -

where ; is the appropriate attaching map of the ni—cell, © > 0. Further, James provides us
with a homotopy equivalence

YOS" ~ \/ Sk(nfl)Jrl
k=1
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which allows us to identify g, _1(Q2S™ % QS™) as follows.

Ton—_1(QS™ % QS™) = 9,1 (2(Q2S? A QS5?))
= Ton_ 1(95%2(953))
= Ton_1(QSP A (S™V §2 1y 5372y L)
= Ton_1 (QSP AL(S™ 1y S22y §3n73 v L.l
— T 1(2983 A (S 1y g2n=2 )
= Ton 1 (B(S" v S22y .. )/\(S”*l\/s2”*2v-~~))
(
(3(
(
(

\g|

:712”12(5'711 SQn 2\/)/\(Sn—1\/52n—2v))
= Ton_1 ) S2n 2 SSn—BvS3n—3vS4n—4 ))
:Wans2n 1\/5371 2\/3371 2\/54713 )

= Topn_1 SQn 1)

As a point of interest, this same argument shows that m,.(QS" * QS") = m,.(S?"!) for all
r<3n-—3.

Now that we know H(a) € ma,_1(S?"71), let C = S™ U, €*" be the cofibre of S?"~1 & §7
and consider the following diagram.

wH ()

g1 > SmV 8"
AN N
s" » » CVC
* >S";S”
\ \
5 Ac >C;(J

Here, w is the attaching map S**~! — S" v S, discussed earlier in the context of the White-
head bracket, p is the pinch map, and ¢ : S™ vV .S" — C V C the inclusion. It is clear for all
but the top face that the faces are commutative. To see the commutativity of the top face,
recall that mo,,_1(S™V S™) = 72, _1(S™) B Ton_1(S™) B ma,_1(S*1). In particular, wH(«) can be
decomposed as (¢, ¢, H(a)), where ¢ is the fundamental class of m,(S™), while ipa is represented
by (o, o, H()), so the difference between wH () and ipa is exactly (o, a,0). However, this
element is trivial in my,—1(C vV C') as « is homotopically trivial in C' by its construction, and so
the top face indeed commutes.
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Now we extend to include the cofibres of the vertical maps, forming the following lattice.

wH ()

§2n-1 » SmV ST
N
s" > » VO
* > S";S"
\ \
E’ Ac ) C;C
g , S A G
\ \
5:;" B CX

To aid with our calculations, we will amend this diagram by factoring each of the horizontal
arrows.

SQn—l H(a) s SQn—l w s Sn v Sn
~ rw r v
* — % S™ x S"
S2n s SQn Sn X Sn
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Note that each of the top squares remains a pushout, and so the result discussed above holds
true. We apply it to our diagram to obtain

H(

S2n—1 @) SZn—l w Sn Y, Sn

(a A

SQn 2 N S2n Sw N Sn—i—l v Sn-l—l

which can in turn be used in tandem with our original diagrams, as well as the > connecting map
C — S of the Puppe sequence of $?"~! — S — (C and the reduced diagonal A¢ : C' — CAC,
to get the following commutative diagram.

c 2 ,onC

L]

S ——— S A ST
SH(x)

Now we apply the cohomology functor to this diagram, and obtain the following.
c l
a2 SO e g p g

Reversing the horizontal direction and localizing to the relevant degrees for ease of reading, we
obtain

@ HC®HIC=HC®H'C — H*(CAC) —— H*C

i+j=2n

H2n<sn A Sn) y H2n52n
SH(a)«

where we append the Kunneth map H"C' ® H"C' 5 H?(C'AC) ([Cor95, p. 170]) to the upper
left corner, so that the composition of maps along the top is the cup product. Lastly, we realize
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SECTION 4. THE HOPF INVARIANT 4.3. HOMOTOPY GROUPS OF 52

that H?"(S?") = 79, (S*") = 79, (25?"71) = m9,,_1 (5?7 1), and add this.

I~ ~A

H'"C @ H'C —=— H™(CAC) —— 5 H>C

2n( Qn n 2n 2n
H (S /\S)T(a)*)H (S )

Wgn(sn VAN Sn) T(a)*> Wgn(SQn)

P

Ton—1 (SQn—l) W Ton—1 (SQn—l)

From here, we simply follow the path of the generator, e, ® e,, of H"C ® H"C through the
diagram to HQn(C’). Following the path along the top, we see that e, ® e, — ¢, — e, =
+ha)ey,, where ey, is a generator of H**C'. On the other hand, if we follow the path through
the bottom map, noting that all maps between H"C'® H"C' and my,,_1(S*"!) are isomorphisms,
we see that e, ®e,, is mapped to a generator of my,_1(S**~1). Without loss of generality, assume
it is mapped to to,_1. Then, as ma, 1(S?"!) = Z, H(«a). takes to, 1 to kis, 1. Following back
up the right side of the diagram, ¢, 1 is again mapped to a generator, so that ki, 1 — kea,.
As the diagram is commutatitve, we have that k = h(«), whence H(a) = £h(a)to,_1.

4.3 Homotopy Groups of S?

Since (52, 5% 7, S1), where n denotes the Hopf map, is a fibre bundle, ([Swi75, p. 87]), the Hopf
map is a fibration by [Whi78, p. 33], and the related fibration sequence

St § 5 52
induces a long exact sequence in homotopy.
s = T (SY) = T(S?) = Ta(S?) = T (ST = - = m(S?) = m(SY) = m(S?) = m(S?)
However, m,(S') = 0 whenever n # 1. Thus, for n > 2, the sequence
(ST = 7, (S?) = 7, (S?) — 71 (Sh)

reduces to
0 — m,(S?) = m,(S?) = 0

from which we get an isomorphism 7, (S?) & 7, (S5?) for n > 3.

In particular, m3(S?) = m3(S®) = Z. Further, as we have already seen, its Hopf invariant is
a generator of m3(Q5% x 25?) = 73(5?), and so 7 itself is a generator of 73(S5?).
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SECTION b

THE LUSTERNIK-SCHNIRELMANN CATEGORY

In 1934, Lazar Lusternik and Lev Schnirelmann introduced the notion of the category of a man-
ifold, M. This definition originally used closed coverings of the manifold, defining the category,
cat M of M to be the smallest integer k such that there was a closed cover consisting of k sets,
each of which was contractible in M. This, of course, extends easily to arbitrary topological
spaces.

In 1941, Ralph Fox proposed a change to this definition, using open contractible sets rather
than closed, which we present here.

Definition 5.1 The Lusternik-Schnirelmann category of a space X (henceforth referred to as
the LS category of X, or simply cat X) is the smallest integer n such that there exist contractible
(in X) open sets Uy, ...,U,11 such that U = {Uy,...,U,41} is an open cover of X. Such an
open cover is called a categorical covering of X.

This definition does not lend itself well to many of the computations in our main line of study.
However it is a convenient one to use for some smaller results along the way. As a first example,
it follows immediately from this definition that cat X = 0 if and only if X is contractible. For
a more interesting example, we have the following.

Proposition 5.2 For any n > 1, cat 5™ = 1.

Proof:

Define subsets U; and Us of S™ by U; = S™\{(1,0,...,0)} and Uy = S™\{(—1,0,...,0)}. Then
it is clear that both U; and U, are homeomorphic to the open n—disk, and thus contractible,
and that U; U Uy = S™ Thus U = {U;,U,} is a categorical open covering of S™, whence
cat S™ < 1. As S™ is not contractible, we are left with cat X = 1.

More recently, different notions of category were introduced by George Whitehead and Tudor

Ganea, respectively. These definitions of the category of a space can be more easily utilized for
our purposes, and so we introduce them here.
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SECTION 5. THE LS CATEGORY 5.1. THE WHITEHEAD CATEGORY

5.1 The Whitehead Category

Definition 5.3 Let X be a topological space, and n be a positive integer. Define a space X[
to be the subspace of X™ consisting of the points at least one of whose coordinates is the base
point, *, of X. That is,

XM = {(xy,...,2,) € X" | z; =  for at least one i}
X[ is called the n-fold fat wedge.

Definition 5.4 Now consider topological pairs (and for our purposes specifically, CW pairs)
(X,A) and (Y,B). Amap f: (X,A) — (Y, B) is said to be compressible if it is homotopic
relative to A to a map of X into B. Such a homotopy is called a compression.

With these definitions, we are ready to bring to light Whitehead’s definition of the LS
category.

Definition 5.5 We say that the category, cat X, of a space X is less than or equal to n (or
that X has category less than or equal to n) if the n + 1-fold diagonal map A, 1 : (X, %) —
(X1, X+ i compressible. That is, there exists a map h : X — X[+ such that the
following diagram commutes (up to homotopy).

X[n+1]

b

X — Xxnft
An+1

Of course we would now like to say that the category of X is equal to the smallest n such that
cat X < n. However, for this to make sense would require that if the category of X is less than
or equal to n, then it is also less than or equal to n + 1 — a statement which is not immediately
obvious.

Lemma 5.6 If cat X < n, then cat X < n+ 1 as well.

Suppose that cat X < n. Then there is a homotopy H : X x I — X"*! taking the n + 1-
fold diagonal map A,.; to a map h : X — XU Now we consider the n + 2-fold diagonal
map. As Ao = (A,41, 1y), define a homotopy G : X x [ — X" by G(x,t) = (H(x,t),z) =
(H(x,t),1x(z)). Then for all ¢, G(x,t) = (H(%,t),%) = (Ap11(x),*%) = Apyo(*), while for
all z € X, G(z,0) = (H(z,0),2) = (Apt1(2),2) = Apio(z), and G(z,1) = (H(z,1),2) =
(h(z),z) € XI"*I Thus G is a compression of A, into X2 whence cat X < n + 1, as
desired.

O

So, finally, we may define the LS-category of X to be the least nonnegative integer n such
that cat X < n. If no such n exists then we shall say that cat X = co. Next we introduce the
definition of category constructed by Ganea.
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SECTION 5. THE LS CATEGORY 5.2. GANEA’S FIBRE-COFIBRE CONSTRUCTION

5.2 Ganea’s Fibre-Cofibre Construction

Take a space X, and consider the homotopy fibre of the inclusion of the basepoint * <— X. As
seen in section 2.4, this is defined by the diagram

P_,—>*
x* —— X

which, as we have seen, gives P = QX the loop space of X. We then take the homotopy cofibre
of the induced map Q2X — *. Again, we have seen in section 2.4 that this is described by the
diagram

QX — %

|

$f — P

giving P = ¥QX. We denote this G! X and refer to it as the 1st Ganea space of X.

If we then repeat this process, we can look at the homotopy fibre of the projection p; : G1X —
X, which we will call the st homotopy fibre of X and denote it as F'X. Thus we have the
pullback diagram

F'X —— G'X

|
x* —— X

and can then construct the 2nd Ganea space in the same way as the first.
F'X —— G'X
l r J«
¥ — G?X

Thus, more generally, we define G'X = *, and define the mth Ganea space of X iteratively as
follows, using what is known as the Ganea fibre-cofibre construction.

FrX — "X F"X — "X
J
r
xf — X * ——— GMHLX
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SECTION 5. THE LS CATEGORY 5.3. BRINGING IT ALL TOGETHER

Putting all of the above together, we obtain the following diagram.

99.¢ F'X F?X FmX
F— s YOX y G2X y G — ..
p1 D2
pm
X

Finally, we say that cat X < m if p,, admits a section (that is, there exists a 0 : X — G™X
such that p,, oo ~ 1x). We further define cat X to be the smallest such integer. If no such
integer exists, we say that cat X = oo.

Remark 5.7 It is shown in [Por66] that F™X is the (m + 1)-fold join of the loop space of X.
That is to say F1X = QX * QX, F2X = QX * QX * QX, and so on in this fashion. We will
denote the map F™X — G™X induced by the pullback in the definition of F™X by h,,. We
will use this in later sections.

5.3 Bringing It All Together

These three notions of category are useful in their own way for our purposes, but we must first
show that they are equivalent in order to use them properly. To that end, we establish the
following.

Lemma 5.8 If a path connected, normal space X has a categorical coveringUd = {Uy, ..., Ups1},
then it has a categorical covering V = {Vi,...,V,41} such that each V; is contractible in X to
the basepoint * of X. Such a covering is called a based categorical covering.

Proof:

Let {Ui,...,U,11} be any categorical covering of X. By normality, we can find for each i
an open set W, such that W; C Wj C U;. Further, we can find a neighbourhood N of *
which is contractible to * relative to *. Relabeling if necessary so that x € U;,i = 1,...,k and
xg U, i=k+1,...,n+1, we use N to construct a new neighbourhood of %, namely

N=NnUN---NUN(X\Wip) N0 (X \ Wiie)

so that for all j > k, N N Wj = . Again by normality, we choose yet another neighbourhood
M of * with M C M C N C Uj for all j < k. We now define V = {V;}74! by

s Jwne\T)y oM, <k
! W;UN, i>k

making V the desired (based) categorical covering.
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SECTION 5. THE LS CATEGORY 5.3. BRINGING IT ALL TOGETHER

O

Lemma 5.9 [Whi78] A space X has a categorical covering consisting of n + 1 sets if and only
if the (n + 1)-fold diagonal map A, is compressible into X"+,

Proof:

Suppose that U = {Uy,...,U,+1} is a categorical covering of X. By the above, we may assume
without loss of generality that U/ is a based categorical covering. Thus, for each i, let H; be
the homotopy such that H;(z,0) = z for all z € X and H;(u,1) = * for all uw € U;. Define a
new homotopy H(z,t): X x [ — X" by H(x,t) = (Hy(z,t), Hy(x,t), ..., Hyyi(z,t)). Then
H(z,0) = A,qq1(x) for all x € X. Further, as U is a covering of X, for all z € X, there is a j
such that x € U;. But then we have

H(z, 1) = (H(x,1),...,Hj(z,1),..., Hyy1(2,1)) = (Hy(2,1), ..., %, ..., Hypr(z,1)) € X+
and so H(x,t) is the desired compression of A, ;.

Now suppose that A, 1 is compressible into X"*1. Let h be the lift of A, ; through X"+
so that A, 1 ~ jh, where j : X[+ < X1 is the inclusion, and let H : X x I — X" be
that compression. Let p; : X" — X be the ith coordinate projection. Take the composition
piH : X x I — X. We have p;H(x,0) =« and p;H(z,1) = p;jh. Take a neighbourhood N of
the basepoint which is contractible to *, and define a set U; = (p;jh) "' (N). As jh(X) C X[+
we have X C (jh)~1(X["*1). Further, we have X"*1 = | Jp; ! (*). Putting these together, we

get

X C (jh)~H(XIHY) = (Upz ) Uwiin) ™ () = UJpiih) ™ UU CX

7

whence U = {Uy,...,U,s1} is an open covering of X. Moreover, if G : N x I — X is the
homotopy contracting N to the basepoint, define a new homotopy J; : U; x I — X by

At = {G(hxu),% _),

1
t<3
t<1

o= O
IA A
IA A

so that J;(u,0) = H(u,0) = u and J;(u, 1) = G(h;(u),1) = %, whence U is indeed a categorical
covering of X as required.

O

Lemma 5.10 The n-fold diagonal map A, : X — X" is compressible into X+ if and
only if the projection p,, : G™X — X of the mth Ganea space onto X admits a section.

Proof:
This proof is less direct than the one above. To see this equivalence, let us first define some
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SECTION 5. THE LS CATEGORY 5.3. BRINGING IT ALL TOGETHER

pullbacks. Let (X, A) and (Y, B) be CW pairs with ¢ : A < X and j : B < Y the inclusions.
Alsolet f:Z — X and g: Z — Y for some space Z. We define the following.

QO —— = O, —— A Q, —— B

Qi—>*
- _I J -
A%)X B‘T>Y ZT>X Z ——Y

More concretely, that is,

Qi = {(a,0) € Ax X' | a(0) = x and a(1) = a}
~f{a e X' | a(0) =* and a(l) € A}

Q; = {(b,8) € B x Y | 3(0) =+ and B(1) = b}
~ {3 ecY!|p(0)=xand (1) € B}

Qir=1{(z,a) € Zx X" | f(2) = a(0), a(l) € A}

Qg ={(z,8) € ZxY" | g(z) = B(0), B(1) € B}

respectively. Now if we have maps i X j: AXx B> X XY, k: AXxYUX x B < X xY, and
(f,9)=(f x9)Az:Z — X x Y, we can similarly define the following.

Qir; = {(a, 8) € X x YT | a(0) = %, 3(0) = x,a(1) € A, 5(1) € B}
=€) x §;
O = {(o, 8) € XT x Y[ (0) = %, 5(0) = *, ((1),5(1)) € Ax Y UX x B}
Qisjirg) = {(z. 0, 8) € Zx XTI x YT f(2) = a(0),9(2) = B(0), (v, B) € Qirs}
Qg = {(z,0,8) € Z x XTI x Y| f(2) = (0),9(2) = B(0), (a, B) € %}

There are very natural projections from €2;,; s, onto ; r and €; 4, which we will call px and
py respectively. These are defined by px(z,a, 8) = (z,«) and py(z, o, 5) = (z, ().

z

Now we claim that €2 (s 4), the pull back of (f,g) : Z = X xY and k: AXYUX xB — X xY,
has the same homotopy type as the pushout of px and py, and so the following diagram com-

mutes.
Qixi(r.g) —— Qg

pYJ/
r ¥

Qg —— Qo py — AXYUX x B
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SECTION 5. THE LS CATEGORY 5.3. BRINGING IT ALL TOGETHER

To see this, we define spaces Wy, Wi, Wo C W = QU (5.4 by

Wo ={(z,,8) € W [ a(0) = f(2), 5(0) = g(2), (1) € A, 5(1) € B} = Qirj(1.9)
Wi ={(z,a,8) e W[ 5(1) € B} D {(2,¢5), 8) € W | B(0) = g(2), 5(1) € B} = Omegay
Wy = {(z,a,8) e W[ a(l) € A} D{(2,a,¢42)) € W[ a(0) = f(2),a(1) € A} = Qy s}

where ¢, is the constant path at z. It is clear then that W = W; U Wy while Wy, = W N Wh.
Now define D : Wy x I — Q;, by D((z, @, 3),t) = (2,4, ) where ay(s) = a(s(1 —t)). Then

e D((z,0,3),0) = (2,00, ) = (2,0, 8) for all (z,a, B) € Wi.
o D(z,,0),1) = (2,01, 8) = (2, ca0), b) € Qj, for all (z,a, ) € Wi, and

o D((z,¢5(2), ), 1) = (z,¢5(2), B) for all (z,cpy, B) € Qjg.

Thus ;4 is a deformation retract of W, and so W ~ Q,,. Similarly, €2; s is a deformation
retract of Wy and Wy >~ Q; ;. So, following our standard construction, the homotopy pushout,
P of the diagram

Qixjrg) ——— Qg

Qj,g
is
P — Ql,f |_| ]Q’in,(f,g) |_| Qj7g /{pX(ZJO{7ﬁ> ~ ((270[,/6), ].) and pY(27a75> ~ <<Z7a7/6)70>}
~ Q,}f pr Qi><j,(f,g) UpY ijg
>~ W1 U W2
=W
= Qi (1.9)

as required. Next, we use this result to establish that for all m € N, the mth Ganea space G™X
is, up to homotopy, the pullback of the following diagram.

X [m+1]

[

X —> Xm+1
m+1

Note that for m = 0, we have

X = XU = {(21) € X' | at least one z; = %} = x
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SECTION 5. THE LS CATEGORY 5.3. BRINGING IT ALL TOGETHER

as well as X" = X! = X and A,,.; = A; = 1x. So we have that

G"X = G'X = x —

X | se— X
showing the result for m = 0. Now, we suppose the result holds true for some m € N. Then,
using the above result, we consider the case Z = X, Y = X" f=1x, g = A1, A= {x},

and B = XI™+1 This gives X x Y = X2 and Ax Y UX x B = {¥} x X" U X x XM+l =
X[m+2 Qo then we have that Qy,(1,9) is given by the following diagram.

Meanwhile, by definition, €2, f.¢), 4 s, and €25, are given by the three diagrams

Qisjirg) — Qis Qi — A Qjy — B
_ _ J
Qg —— 72 Z—— X Z —5—Y

respectively. Now, as A =%, Z =X, f =1y, B= X" Y = X" and g = A1, we can
identify €; ; and Q; ; as

*

X

respectively. Putting these together, we can then identify ;. ) via the diagram

Q5 = g = G"X ——— X [m+1]

* Q

l k | [

X X . xm+l
Am-&-l

"
|
Qisjfg) = "X —— %

|

G"X — X
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to be the mth homotopy fibre of X. Thus € (s, has the homotopy type of the pushout of

FX — x
G"X
which, by definition, is G™*1X. Thus, we have the following diagram,
F"X —— %

‘, row¥

aGmx — Gm+1;|X' - X[m+2]

X — Xm+2

showing the result for m + 1 and thus for all m € N.

Now we finally have the tool essential to proving our lemma. Suppose that A, is compressible
into X™*1 so that there is an h : X — X[+ making the following diagram commute.

X[erl}

.

X —— Xm+1
A'm«&»l

We invoke the universal property of G™X as the pullback of Xm+1 < X™+1 and A,, 1, taking
U=X,k =1x,and ks = h, and obtain the following commutative diagram.

The whisker map, o, is the desired section of p,,.
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SECTION 5. THE LS CATEGORY 5.4. PROPERTIES OF THE LS CATEGORY

Lastly, we suppose that p,, admits a section. Then there is a ¢ : X — G™ X such that

amx — X[m+1]

AN

X=X — -3 xmt!
A1

commutes. If f is the map G™X — X!+ then h = f o o is the desired compression of A,,;1
into X+,

Thus, as required, A,,.; is compressible into X1 if and only if p,, : G™X — X admits
a section.

O

This brings us to the culmination of this section, in the form of the following theorem.

Theorem 5.11 The definitions of LS category introduced by Fox, Whitehead, and Ganea are
equivalent.

Proof:
The proof of this follows immediately from lemmas 5.9 and 5.10 above.

5.4 Properties of the LS Category

Proposition 5.12 If X dominates Y (that is, if there is a function f : X — Y which admits
a section), then cat X > catY.

Proof:

Let f: X — Y and g : Y — X such that f o g >~ 1y, and suppose that cat X = n.
Consider the diagonal map AY,; : (Y,*) — (Y"1, Y[*). As we know the map AX,, :
(X, %) — (X7, X[*+1) is compressible, let H : X x I — X™*! be a compression of it to a
map h : X — X1 Define a homotopy G : Y x I — Y™ by G(y,t) = "1 o H((g(y),1).
Then for all y, G(y,0) = f**'(H(g(y),0)) = AN (g(y)) = A¥4i 0 fog(y) and G(y,1) =
[ oH(g(y),1) = " 'h(g(y)) € Y"1, So G is a compression of f" oA, 109 = A, 10fog
into Y+1,

Now recall that f og ~ 1y, and so there is a homotopy J : f o g ~ 1y. Thus, combining
G and J,
A=A 0ly=Aj 0fog

is compressible, and so catY < n = cat X, as required.
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SECTION 5. THE LS CATEGORY 5.4. PROPERTIES OF THE LS CATEGORY

It follows immediately from this result that if two spaces X and Y are homotopy equivalent,
then cat X = catY asif f: X — Y and g : Y — X are homotopy inverses of one another,
fog=~T1y, whence cat X > catY, while go f >~ 1x, whence catY > cat X. Thus we conclude
that cat X = catY. In particular, this means that the category of a space is a topological
invariant of that space.

Proposition 5.13 Let X and Y be spaces. Then cat (X xY) <cat X +catY.
A proof of this can be found in [Cor95, p. 18].
Proposition 5.14 Let X and Y be spaces. Then cat (X VY') = max{cat X, cat Y}.

Proof:

Let cat X = n, catY = m, and take based categorical covers U = {Ui,...,U, + 1} and
V={Vi,...,V1} of X and Y respectively. As each U; and V; contains the base point, Uj;
and V; are not open in X VY. However the union of any pair U; U V; is open in X VY. As
such, assume without loss of generality that n < m, and define W = {W}.} by

W, — U, U Vg, 1<k<n+1
T UL UV, nbl<k<mo+l

Then each Wy is contractible to % via the contracting map

Hy(w,t), weX,1<k<n+1
Jp(w,t) =< Hy(w,t), we X, k>n+1
Gk(w,t), wey

where Hy, : U, x I — X contracts U, to x in X and G, : Vi, x I — Y contracts V;, to * in
Y. Thus W is a based categorical covering of X VY consisting of m + 1 open sets, and so
cat (X VY) < max{cat X, cat Y'}.

Now define ¢ : X VY — X to be the canonical quotient map collapsing Y to a point. Then ¢
admits a section, namely the canonical inclusion i : X < X VY (indeed, goi = 1x). Then
X VY dominates X and so cat X < cat (X VY). Of course, this same argument applies to
show that catY < cat (X VYY), whence max{cat X,catY} < cat(X VYY), giving the desired
equality cat (X VYY) = max{cat X, cat Y}.

O

Theorem 5.15 [Cor95] Let X be a space. Define the cuplength of X denoted cup X, to be
the maximal wordlength of elements of H*(X). That is, cup X is the largest integer m such
that there are aq,...,a, € H*(X) such that ayas---a,, # 0. Then cup X < cat X.

Proof:
Suppose cat X = n and let A = {Aq,..., A,11} be a categorical covering of X. Recall that for
each 7, we have a long exact sequences of cohomology modules, as follows,

s HRTU(A) —— HMX,AY) T HE(X) s HE(A) —— HMYU(X A —— -

61
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where j is the map induced by j; : A; — X and ¢} is the map induced by ¢; : X — (X, 4;).
As the inclusion j; is homotopically trivial for each i, j7 = 0. So, by exactness, ¢/ is surjective.
Now for i € {1,...,n + 1}, choose a; € H*(X), and for each a; let b; € H*(X, A;) such that

Q;(bi) = Qy.

Recall that for by € H*(X, As) and by € H*(X, A;), the product bsb; is defined in H*(X, A;UA;).
Moreover ¢*(bsb;) = ¢ (bs)q; (br). The product by - - byyq lies in H*(X,|JA;) = H (X, X) =0,
whence by - - - b, 1 = 0. Finally, this gives

ai - Qpy1 = q’f(bl) . .q;+1(bn+1) = C]*(bl oo bn+1> = q*(()) = 0

from which we see that for any product a; - - - a,, of elements in H*(X), if m > cat X, ay - - - a,, =
0, whence cup X < cat X.

Example 5.16 To put this to use, let us calculate the LS category of the torus. Since

T = S' x S, we have by the above that catT < catS! + catS! = 1 +1 = 2. Moreover,

we have that H*T = H*S' ® H*S' = A(a,b), with |a] = |b] = 1, where A(a,b) is the exterior

algebra on the generators a and b. Since both a and b are of odd degree, a®> = b?> = 0, so

the longest word we can produce in H*T' is ab with wordlength 2. Thus cup7T = 2, and so
=cupT < catT < cat S* + cat S' = 2, whence cat T = 2.

More generally, for the n-dimensional torus 7™, as it is the product of n copies of S, we
have that
catT" < catSl—l—~-+catS£:n.

Vv
n times

Similarly, H*T" = H*S' ® ---® H*S' = A(as, ..., a,) with |a;| = 1 for all 4, so again we have

TV
n times

a? = 0 for all 4, meaning the longest word we can form is a;as - - - a,, giving cup 7™ = n, whence
cat ™ = n.

Proposition 5.17 Let X be a space with cat X <n, and let f:S" — X. Let Y = X Uy e" !
be the cofibre of f. Then catY <n + 1.

Proof:
Note that, if ¢ is the vertex of the cone C(S”) = ¢"*! then Y \ {¢} ~ X, and so cat Y \ {c} =

cat X < n. As such, let {Uy,...,U,} be a categorical covering of Y \ {c¢}. Now define
n+1

Upi1 = C(S™)\S" = e\ S". Clearly U, is open and contractible in Y. Moreover |J U; =Y.
i=0

Thus {Uy, ...,U,,U,s1} is a categorical covering of Y, and catY < n + 1.

This result can be generalized further. That is, if A is any space and f : A — X, then if
Y = X Uy C(A), catY <n+1 by the same argument presented above.

Lastly, the LS category has an interesting interaction with the Hopf invariant that we will
need to use. We have the following from [BH60].
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Theorem 5.18 Let X be a (¢—1)—connected CW complex with cat X < n. Let Y = X Uge"™!
forr >¢>2. If dim X < (n+ 1)g — 2, then catY < n if and only if H(5) = 0.

As a particular case of this, we have the following.

Corollary 5.19 Let 8 : S" — S9. If r > g > 2, then cat (S? Uz ") < 1 if and only if
H(a) = 0.
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Part 11

Ganea’s Conjecure
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SECTION 6

GANEA’S CONJECTURE

We saw above that for abitrary spaces X and Y, cat (X x V) < cat X + catY. A natural
question then arises — when does equality hold?

Constructing an example where equality does not hold, it turns out, is not particularly dif-
ficult. Consider the Moore space, denoted M (G, n), whose n'* homology group is the group
G and whose other homology groups are trivial. Recall we can construct the Moore space
M (Zy,,n) as the cofibre of a degree m map f,, : S™ — S", as follows.

gn ___dm  gn

|

x —— S"Uy, et

m

Now, recall that for a space X, and for k > 1, Hy1(XX) = Hy(X). Thus we have the following
relation between Moore spaces.

SM(G,n) = M(G,n + 1)

Note that the map f,, : S' — S* defined by z — 2™ is a degree m map, and so S* Uy, e* =
M (Z,1). Thus, as a simply connected Moore space is completely characterized by its homology,
M(Zy,,2) = XM (Z,,1). Since M(Z,,,2) is a suspension, its LS category is 1.

Consider, for instance, M (Zs,2) and M (Zs,2). As above, these are each of category 1. Further,
we can identify the homology of their product as follows.

Zo®Ls, k=2
Hy(M(Z5,2) x M(Z3,2)) = @D Hi(M(Z2,2)) ® Hy(M(Z3,2)) = { Zo ® L3, k=4

itj=k 0, else
Note, however, that Z, ® Z3 = 0, as
1®2=1®(2-1)=2®1=01=0
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and

I®1=1®(12-2)=22=02=0
implying that
Zo®Zs k=2

Hy(M(Zs,2) x M(Z3,2)) = {0 else

leading to the interesting observation that the inclusion & : M(Zy,2)V M (Z3,2) — M(Zs,2) X
M (Zs3,2) induces an isomorphism r, : H, (M (Zy,2) V M (Zs,2)) — H,(M(Zs,2) x M(Zs,2)).

Recall, as a consequence of Whitehead’s theorem and Hurewicz’s theorem, that for simply con-
nected CW complexes X and Y, if amap f : X — Y induces an isomorphism in homology, then
f is a homotopy equivalence. Thus, by the above, M(Zs,2) x M(Zs3,3) ~ M(Zs,2)V M(Z3,3),
and we have:

cat (M (Zs,2) x M(Z3,2)) = cat (M(Z2,2) V M(Z3,2))
= max{cat M (Zy,2), cat M (Z3,2)}
= max{1, 1}
=1
<2
= cat M (Zs,2) + cat M(Z3,2)

giving an example of strict inequality. What’s more, this method does not produce just one
such example. Note that the above arguments work for any coprime numbers p and ¢, building
the Moore spaces M(Z,,2) and M(Z,,2).

However this is not a very satisfying solution to the problem, being derived from algebraic
calculations, rather than being inspired geometrically.

This led Ganea to produce his famous conjecture. What would happen if one of the pieces in
the product were not allowed to have only torsion in its homology? Perhaps, more simply, if we
restricted to the case of spheres, would the LS category then behave as expected? This question
leads us to the heart of this thesis.

Ganea’s Conjecture

For any CW complex X, and for any sphere S™, cat (X x S™) = cat X + 1.

6.1 The Rational Case — The Hess-Jessup Theorem

Definition 6.1 Define a rational space to be a simply connected CW complex, X, whose
homotopy groups are all vector spaces over the rational numbers, or, equivalently, if the homo-
morphism 1. x) ® Q : m,(X) — m,(X) ® Q defined by w — w ® 1 is an isomorphism for all
n.
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For any simply connected space X, there is a rational space, denoted Xy, and a map X — X
which induces an isomorphism m,(Xy) = 7.(X) ® Q. Moreover, this space is unique up to
homotopy equivalence. The space X is called the rationalization of X.

Definition 6.2 Let X be a simply connected space. We define the rational LS category of X,
denoted caty X, by
catg(X) = cat (Xp).

The work of Jessup [Jes90] and Hess [Hes91] showed
Theorem 6.3 Let X be a simply connected space. Then for all n > 1,
cato(X x S™) = catpX + 1.

This is a (very) brief overview of this topic. A more full treatment can be found in [FHT95].
However, it is interesting to see this result, as it gives a bit of historical context for the problem.
With results like this one pointing to the veracity of Ganea’s conjecture, the discovery of a
family of counterexamples came as quite a surprise.
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IN SEARCH OF AN ATTACHING MAP

7.1 A Small Miracle

In his 1998 article, Iwase constructed not just one counter example to Ganea’s conjecture, but
one for each odd prime p. We replicate his construction with the the help of a result from
[Cor95, p. 300] we used earlier, during the construction of the Hopf invariant.

Definition 7.1 An H-group is a topological space X together with a map p: X x X x X such
that

e the diagrams

H i s Hx H
R /
H
H s Hx H
R /
H

commute up to homotopy, where i;(z) = (x,*) and is(z) = (x, z),

and

e the diagram
Xx X xX 2 ¥ X

XXX — X

commutes up to homotopy, and
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e for each x € X, there is a y € X such that u(x,y) = * = u(y, z).

Proposition 7.2 Let F 2 E 2 B be afibre sequence such that £ and B are H-groups, and
p is an H-group homomorphism. If p admits a section, s, so that pos ~ 1g, then £ ~ B x F.

Proof:
We show this by direct verification. Define a map i +s: B x F — FE by (s-i)(b, f) = s(b) - f.
It is readily verified that this is a homotopy equivalence with homotopy inverse ¢ : E — B x F’

defined by o(e) = (p(e), (sop(e))™t -e).
O

Corollary 7.3 Let X and Y be spaces. There is a homotopy equivalence

QX VY) ~ QX x QY x Q(QX *QY).
To see this, consider the fibre sequence F' L XVvY L X xY. Then
QF B X vY) QX xY) = QX x QY
is also a fibre sequence. Now, Q(X VYY) and Q(X xY') are H-groups. We simply need to observe
that Q(ix)-Qiy) : QX x QY — Q(X VYY) is a homotopy section of 2 : Q(XVY) — Q(X xY),

where iy : X - X VY and iy : Y — X VY are the canonical inclusions. So Proposition 7.2
gives us a homotopy equivalence

QXVY) =2 QX xY)x QF ~ QX x QY x QF.

Lastly, we have from [Por66] that the fibre of the inclusion X VY — X x Y is QX % QY.
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This implies the decomposition of the homotopy groups of X VY used in the construction of
the Hopf invariant, as for all » > 1, we get the following.

(X VY)=7m_1(2X VY))
=7_1(2X x QY x Q(QX «QY))
=m_1(QX) & 11 (QY) & 7,1 (QOQX *QY))
=m(X)@m(Y)® 7 (QX xQY)

To build our first candidate for an attaching map, we begin by selecting a generator, a of
m9(S?) = Z3 (Table 9). Next, we define 3 : S¥ — S? by 8 = noa, where n : S — S? is the
Hopf fibration.

Proposition 7.4 The Hopf invariant of « is 0.

Proof:
Since H(a) € mo(Q253 xQS?), we begin by finding a more familiar expression for mg(£2.9% x Q.53).
To do this, we refer to [Jamb5], whose results about reduced product spaces give us a homotopy

equivalence
(o ¢]

EQSTL"Fl ~ \/ Skn-i—l.

k=1

So,

(5% * QS?%) = 7y
mo(025% A £0S?)
o(QSEA(SPV SV STVSIv..)
o(QSP A (SP Vv S° v STV SY)

(= (QS3 A 953))
(
(
(
= mo(QS* A (E(S? Vv StV SO v SP)))
(
(
(
Ty (
(S

|
3

|
3

= mo(BNQS* A (S Vv StV SO v SP))
o((B(S? Vv S*V SOV S A (S?v Sty SOy S%))
m@%ﬁ%(ﬁA#)QﬁAﬁwuwmﬁAﬁm
SPv STV STV SIvSiv Sy

v STV STy SYv Sty SY).

=

= Ty
9

9

To identity this group further, we must make use of Corollary 7.3. Note that for an n-connected
space X and an m-connected space Y, QX % QY is (m + n)-connected, as

conn X % QY = conn L(QX A QY)
=conn X ANQY +1
> conn QX + conn QY + 2
=connX —1+connY —1+42

=connX + connY.
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Now, X = S5V STV STV 59V SY is 4-connected, while Y = S? is 8-connected, so that Q(QXxQY)
is 11-connected. Thus, (X * QY) = 0, and by Corollary 7.3,

To(Q29% % QS3) = m(S° vV STV STV SV STV SY) =m(SP v STV STV SV SY) @ m(SY).

We repeat this process, noting that S° Vv S”V 87V S? is 4-connected and S? is 8-connected, so
that

mo(S°V STV STV S?V SN @ my(S?) = m(S°V STV STV SY) B me(SY) @ me(SY).
Carrying on this way, we get
7T9(55 vV 57 vV 57 V Sg V Sg V Sg) = 7T9(S5 V S7> D 7Tg<57) D 7T9(Sg) D 7T9(Sg) D 7T9(S9)

and, by some small miracle, S® is 4-connected while S7 is 6-connected, so that 5% x Q57 is
10-connected, just barely highly connected enough so that

To(Q25% % QS3) = 19(S%) @ m(ST) @ e (ST) © my(S?) ® my(S?) B me(S?).
We now refer to the table in Section 9 to see that
T9(QS** QS =72 0 Zy ©Zy O LS L B Z,

and therefore has no element of order 3. Thus, as ‘H is a homomorphism, it becomes apparent
that H(a) = 0, as claimed.

O

Proposition 7.5 Let h be the composition S” ERFEEN SP such that H(f) = 0. Then
H(h) =H(g)o [.

This follows directly from Corollary 6.23 in [Cor95].
Now, by Proposition 7.5, since H(a) = 0,
H(B)=H(noa)=H(n)oa=1goa=a#0.
However, referring again to our table we see that m1(5°%) = Z, has no element of order 3. Thus,

S2H(B) = 0.

7.2 The Hilton Milnor Theorem

While we were able to replicate Iwase’s steps in the low dimensional case when p = 3, we were
not able to do it in the general case. However, while we cannot follow his steps exactly, we were
able to reproduce his findings of the existence of a counter example to Ganea’s conjecture for
each odd prime. We present an alternative argument here.

We have from [Ser53] that for each odd prime p, m4,_3(5) = Z,. Let o, € my_3(S”) be a
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generator.

In [Hil55], Hilton showed that the loop space on a wedge of spheres is homotopy equivalent
to some product of loop space of spheres. This result was generalized by Milnor in [Mil56] to
the loop spaces of wedges of suspensions. We use a special case of this result here.

Theorem 7.6 Let Xi,..., X, be finite, connected CW complexes. Then there is a homotopy
equivalence

QEX; V.- VEX,) ~ [[ o5y,

where each Y; = /\(X{“), . ,Xﬁf”)) is the smash product of i; copies of X;, 1 < j < n, for
some n-tuple (iy,...,1,).

Proposition 7.7 For each p, H(«,) = 0.

Proof:
Recall that H(ap) lives in my, 3(Q25% x QS5). By arguments similar to those above, we can
express my,—3(25% * Q53) as follows.

Tap3(QS9% % Q%) = my, 3(QS° A XOS?)

= map-3 ((AS?) A (B(S*V STV SOvV--)))
(Z(S*vsStvisty ))/\(S2vS4vS6v-~-))
S((S?vStvSive)A (S2vs4v56\/---)))
2(54\/S6v56\/58\/58\/58 )
B (S*V SOV SOy v 5T

(
= Tap— 3(
= T4p— 3(
= T4p— 3(

(

= T4p—3

From Theorem 7.6, this is simply the infinite sum € 74,3 (XY;), where each Y; is given by
i=1

Y= /\ ((Snl)(i1)> (Sm)(iz)’ Tty (Snm)(im))

— Silm A Si2n2 A A Simnm
— Si1n1+"'+imnm.

Define, for each 4, an integer k; such that XY; = SamtFimnmtl — Gki  Then we have
Tap—3 (QS3 * QS3) == @W4p_3 (S

It is important to note that each k; is an odd integer with k; > 5, since each n; is even. Thus,
we apply the following result from Serre.
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Proposition 7.8 [Ser53] Let £ > 3 be an odd integer, and p # 2 be a prime. Then the
p-primary summand of ,(S¥) is as follows.

0, r<k+2p-—3
. (S*p) =2, r=k+2p-3
0, k+2p—-3<r<k+4p—6
In particular, taking r = 4p — 3, 74, 3(S*;p) = 0 as long as

dp—3<k+4p—-6 = k>3

and
dp—-3#k+2p—3 = k#2p

which is exactly the case. Thus, 74,3 (25® * 5%) has no element of order p, whence H(a,) = 0.
Now, referring to Proposition 7.5, the map 3, = n o o, has a Hopf invariant

H(By) =H(noa,) =H(n) oo, =1lgoa,=aq,

which is clearly nonzero. However, we have from [Tod62] that 7y, 1(5°) has no p-torsion, and
so clearly Y2H(f,) = 0.

O

— ey

In his article, Iwase seems to decompose the group 4, 3(S°V S7V STV ...V §%73) by replacing
wedge sums of spaces by direct sums of homotopy groups, a much stronger statement than the
one we have used above. Note, it is true that this group will be the direct product of some
number of (4p — 3)-homotopy groups of spheres of odd dimension between 5 and 4p — 3, by
Hilton. However I was unable to replicate the result that the configuration of spheres remains
the same as the configuration of the wedge.

This statement happens to be true for exactly the case p = 3, however it seems to have
been a happy accident due to the fact that the connectivity of Q25 *QS7 is at least 10 — just high
enough to have a trivial homotopy group in degree 9. However, we were unable to reproduce
this result, even for p = 5, as for all other odd primes, 4p — 3 > conn 25° x QS7.
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LS CATEGORY OF @, x 5"

Now that we have our spaces, Q, = S? Ug, e*=2 it remains to calculate their categories, and
the categories of @, x S™.

Proposition 8.1 The category of the space ), is 2, for any odd prime p.

Proof:

By Proposition 5.17, cat Q, < cat S + 1 = 2. Further S? is a 1-connected CW complex with
cat S? < 1, and dim S? = 2 < (1 + 1)(2) — 2 = 2. Thus, by corollary 5.19, cat @, < 1 if and
only if H(S,) = 0. However, as we have just shown, H(8,) = o, # 0. Thus cat @, > 1, whence
cat )y = 2.

O
We now calculate the category of @), x S™. We will need a few results to aid in this.

Lemma 8.2 The following diagram commutes up to homotopy.

g3 o ) 52 ¢ l’ ' Qy
Ap
Sl % Sl YQiXj
(2:xQ1) (5%75)
< hrl;)p ~ p?p
QQ, * QQ, > 20Q, > Qp
2
G2Q,

Here, i : S? — @, is the canonical inclusion, j : S' — STUS?2US*U--- ~ Q5% is the inclusion
of the bottom cell, and A : QX * QX = F1X — ¥QX = G' X is the attaching map of C(F'X)
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onto G'X to form G2X. Further, p¥ is the canonical projection map of G!X onto X, i the
canonical inclusion of G' X in G2X, and e the canonical inclusion of G*X into G*X ~ X.

In order to help avoid getting bogged down by cumbersome notation, note that (£2i % Qi)(j * j) :
Stx St — QQ, * QQ, and LQi%j : S? — XQQ, are simply inclusions.

Proof:
The commutativity of the right half of the diagram is clear. To see the commutativity of the
leftmost square, consider the following diagram from [Gan67].

Sty Sl — 2 5 §2v 82— 5 62x 5?2

|
(Qi*Qi)(j*j)l Vi ixi
l

Qp
QQ, *QQ, ——— Q,VQ, — Q, x Q,
where ¢ is the map induced by the pullback

QX*QJXLXVX
— vy X x X

and w is the attaching map w : S* — S? v S? forming S? x S2.

From [Whi78, p. 494], we have p?n ~ (n Vv n)u® + w, where u* is the pinch map on S*,
ph o S* — S*v Sk So then u?B, = u?na, ~ (nV n)pa, +wa,. Since a,, is a co-Hopf map, we
then get that p28, ~ (nay, V nay,) =2 + way, ~ (B8, V B,)u**~3 + wa,, and finally that

(i Vv i);ﬂﬂp ~ (i, V i,Bp),u4p_3 + (i V 1)way, ~ g (Qi * Qi) (5 * 7)oy

as (83, VifB,)u** =3 is the trivial element in 7y, 3(Q,VQ,). We have seen already that cat S* = 1
for all k, so that there exists a map represented by the dashed line making the following pullback
diagram commute.
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Thus, (i Vi)u? = (i V i)WSQEj = % ¥0iYj, and so, putting all of the above together,
T NN B, = (i Vi) 2B, = q9 (i Qi) (j * j)ay.
p p P

For clarity, a a visual aid, we add a layer to the above diagram, raising it into @), via the
inclusion 7 : S% — Q,.

Now note that we have the following commutative diagram.

QQ, * QQ, ———= QQ, * QQ),

h?p qQP

g ~

w@p
G'Q, ——— Q,VQ,

Q
plp

~ ~

A
Qp — Qp X Qp
From this we see that ¢%» = 7% th”, giving us the identity
T TN B, = ¢ (i % Q) (j * )y, = 7R (Qi % Q) (j * ).
Moreover, we also have that
Qi B, = ip} DjB, = ilgB, =
Dy iXj By = ipy Yjbp = tls2, = *

and
p?”h?’J(Qi * Q) (] * j)oy, = *
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as

Qp QP
0Q, * QQ, s ¥0Q, 2 Q,

is a fibration sequence so that p?p h({?” is trivial. Thus, we have the identity
PPEQITjB, = % = PR (Q + Qi) (5 * §)ay,
as well.

Now that we have the equations
p?”EQiZjﬁp = p?ph?p(Qz' * Q) (7 * J)ay,
T Y0IYB, = ﬂQph({?”(Qi * (20)(7 * J)ay,

let us consider the pullback diagram defining the space G'Q,.

n®p
G'Q, ——— Q,VQ,

F

QPLQPXQP

The above equations together say that in the extended diagram

S4p73 “p y 83 Sl * Sl
Bp QQP % QQP [ —] QQP k QQZJ
h?? qQP
- £Oi; N #Qp N
G2 > GlQp > Qp \% Qp
I
~+ A ~
Qp : r Qp X @
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all paths in the diagram from S*~2 to Q, V Q, commute, as do all paths from S*~3 to Q,
commute. That is, more poignantly, the diagram

S4p73

P (QixQ) (j*j)ap

-

QPL)QPXQP

7OP B0% ) Bp

commutes without the dashed arrow. Invoking the universal property of G'@Q, as a pullback,
then, there exists a map, o, unique up to homotopy, which makes this diagram commute.
However our equations suggest that both h?”(Qi %) (4% j)ay, and £Qi¥j 6, are suitable choices
for 0. Thus, we must have by uniqueness that

SQi%jB, = h* (i + Qi)(j * j)y,

whereby we obtain the commutativity of the original diagram, which we show again here for
the reader’s convenience.

B .
4p—3 P s Q2 v N
S > S Q)
Qp
Sl * Sl >Qixg
(92ixQ1) (5%35)
4 higp + plQp
0Q, * QQ, > $OQ, ' Q,
N A
2
G*Q,

—

Here we have again deviated from Iwase’s prescription. Iwase used the fact that ¢®» induces a
split monomorphism in homotopy to show that ¥Qi¥j3, = h?” (Qi % Q)(j * j)ay,. However, we
are aware of no result which gives this implication, and so elected to find an alternate argument
to show commutativity.
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Now, let H : S#73 x I — G'Q, be the homotopy deforming 3Q:%j, to hEr (Qi% Qi) (j *J)ay, =

thp}Sl*Slap, and x : (C(QQ, * Q,),QQ, x QQ,) = (G*Q,, G'Q,) the characteristic map of the

mapping cylinder G*Q, = G'Q, U, e, C(QQ, * QQ,). Then )Z!C(Sl*sl)C(ap) : D2 o DY
1

G*Q, in combination with h?’J ‘51*510419 defines for us a map A : Q, = G*Q,.

Now, let n > 2. Note that (Q,,S?) and (S™, ) are relative CW complexes, so by Theorem
0.4, so is (@, x S™, @, x * US? x §"), and moreover (), X S™ can be obtained by attaching
the (4p — 2 + n)-cell C(S%73 % S"71) to Q, x * U S? x S" via the map ¢ : S¥73 x 5"l =
D=2 x Sy 8473 x D" — @, x * U S% x S™ defined by the equations

¢|D4p72xsn71 =X X%
()0’5‘4p73><Dn = /6 X XTL

where x is the characteristic map y : (D*7% S%73) — (Q,, S?) of the top cell of Q,, and
Xn @ (D", S"71) — (S™, %) is the relative homeomorphism. Similarly, (G?Q,, G'@,) is a relative
CW complex and so G*Q, x S™ can be constructed as the mapping cylinder of the map

¥ (QQ,xQQ,) x S" = C(QQ, *QQ,) x S" U (QQ, *QQ,) x D" — G*Q, x *xUG'Q, x 5"

which is similarly defined by the equations

w‘C(QQp*QQp)*Snfl =X X *,
¢|(QQP*QQP)><DW - h?p X Xn
where, this time, Y is the characteristic map x : (C(QQ, * QQ,), QQ, * QQ,) — (G*Q,, G'Q,).
Then we define a new map @, x S™ — G2Qp X S™ by
A X kU (X02i87) X Lgn.

This, with the map ¢ defined above, tells us that the following diagram, without the dashed
arrow, commutes.

Ap—3 —1 ¥ 2
S5 % ST —)QPX*US XS”%QPXS”
\\\\\\\
ap*lgn_1 \\\\\
\\\\
~ \\\\\
(St % S1) xSt Ax#U(SQi55) x Lgn AxLgn S
\\\\\\\
(Qi*ﬂi)(j*j)*‘ﬂsnfl \\\\\
\\\\
~ - SN

(QQ, +QQ,) * 5" 1 %5 G2Q, x xUG'Q, x S" — G2Q, x S"

Now we will need to make use of the following result from [Cor95, pp. 178-179].
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Lemma 8.3 Let S* 5 X &V = X Ug e be a cofibration and let p : Z — Y be a map such
that m,,1(p) is surjective. Let ¢ : X — Z be a map such that ¢ o @ = 0, and the following
diagram, without the dashed arrow, commutes.

Sn B>X P Ly
v
A

Then there exists a map o : Y — Z, represented by the dashed arrow, such that o o p = ¢ and
poog = 1ly.

Now, a, * Lgn-1 = £3(ap A Lgn-1) = £5(5" 'ay) = £X"q,. Thus, for n > 2, o, x Lgnr =
+X"a, = 0. Now we consider a subdiagram of the above.

G4p=3 4 Gn-1 4 > Qp X *US?x S« >y Q, x S”

4

)\X*U(ZQ’izj)Xﬂsn egpxﬂsn

G*Q, x S™

G2Q, x * UG1Q, x S"

By the commutativity of the larger diagram as well as the fact that a, * Lgn-1 = 0, we indeed
have that (A x U (2i35) x Lgn ) = 1 (2 * Qi) (j * 7)) * Lgn-1) (ap * Lgn-1) = 0. Moreover,
S4P=3 5 G-l = §4=3+n g0 we rewrite our diagram as follows.

SAp=3tn d » Qp X xUS%x S < >y Qp x S"

AxxU(EQi%5) x 1 gn eI x1gn

G2Q, x S"

G*Q, x xUG'Q, x S"
Now, consider that the map
Qp X ¥ — G2Q, x * UG'Q, x S" — G2Q, x S" — Q, x S"

induces a surjection on 7,(Q,), while the map

S?x 8" = GoQ, X * UG'Q, x 8™ = G2Q, x S™ = Q, x 5"
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induces a surjection on 7,(S™). Thus, the inclusion k : G*Q, X * U G'Q, x S™ — G*Q,, x S"
induces a surjection in homotopy, and we apply Lemma 8.3 to obtain a map o : @, X S" —
G*Q, x * UG'Q, x S™ such that the diagram

SAp=s+n z > Qp X *US%x S > Qp x S™

4 ~

~
N

AX*U(EQE)) xLgn e;gpx]ls’r\b\\
\

\
1
G*Q, x S™ o
1
y I

v
L

G*Q, x xUG*Q, x S"
commutes and <€2Qp X Ign)k oo = 1g,xsn. Thus, G*Q, x *UG'Q, x S™ dominates @, x S".
Since cat (G*Q, X *) < cat G*Q,, + cat x = 2, cat (G*Q, x S™) < cat G'Q, +cat S* =2, x C S",
and G'Q, C G*Q,,
2 = cat Q, < cat (Q, x S") < cat (G*Q, x * UG'Q, x S") <2

proving

For all n > 2, and for all odd primes p, cat (), x S™) = cat Q, = 2.

8.1 Rational Category of Q, X S"

A good question to ask at this point is where exactly this example fails in the rational case.
This turns out to be a fairly simple exercise. Note that mo(S5) = m9(S?) @ Q = Z3 ® Q = 0.
Thus, the attaching map (3, is rationally trivial, and if we were to repeat this process rationally,
we would obtain

Qp — 5«2 U, 64p—2 — S2 v S4p—2

so that cat(Q,) = 1, while cat(Q, x S™) = 2 = cat¢(Q),) + 1, in compliance with Ganea’s
conjecture for rational spaces.
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TABLE OF HOMOTOPY GROUPS OF SPHERES

St | s? S3 S4 S5 S S7 | s
w™ |Z |0 0 0 0 0 0 0
wy |0 |Z 0 0 0 0 0 0
w3 |0 |Z 7z 0 0 0 0 0
wa |0 | Zs Lo Z 0 0 0 0
YLY; 0 ZQ ZQ ZQ 7z 0 0 0
Te 0 Zlg Zlg ZQ ZQ 7z 0 0
wr |0 | Zs Zig 7o X 7o Zig Zig 7 0
Uy} 0 ZQ Z2 Z% Z24 ZQ ZQ Z
e |0 |Zs Zs Zg Lo Loy Zio Zio
10 | 0 | Zis Ly Ligy X 1 Ly 0 Ligy | Lo
711 |0 | Zy Ly Ly Ly Z 0 yon
T12 0 Z% Z% ZQ Zgo ZQ 0 0
713 0 Zlg X Zg Zlg X ZQ Zg ZQ ZGO ZQ 0
714 |0 | Zgy ¥ Z% Ligy X Z% Lo X Lo X Lo Z% Doy X Ly | Lyag | Zio
15 | O Z% Z% Ligq X Z‘;’ Liny X Zin Zg’ Z% Z. X Ziyog
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