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1 Abstract A

» . -

The main results related to the global convergence prqﬁerties of iterations

of rational functions are surveyed, especially those related to the exist-

"ence and properties of attract&,e/cycles.

Suppose integers n > 1 and ¢ » 2 are given, together with n distinct points
. ) AN

e*s, z ) to be the
n

Z., ***, z , in the complex plane.~Define C = C (u; 2z
1 n M M

1’
class of rational functiouns fp q(z) - gp(z)/hq(z) (where g and h are poly-
) ]

nomials of degree p > 1 and q > 1, respectively) such that (1) p+ q + 1 =

M, (2) f when iterated conberges with order o at each zi, {1 =1, ***, n.

Then if M < on, CM is null; 1if M = an, CH contains exactly on elements. For

every M ?» on, all the elements of CH ma} be constructed by expressing, for
each choice of p and q which satisfies p + q + 1 = M, the coefficients of gp
and hq in terms of M - on arbitrarily chosen values. 1In fact, these coeff1-

clents are expressed in terms of generalized Newton sums Si'k = Si’k(zl,

o, zn), 14 j<mn, k? n, which it is shown may be calculated by recursien

from the normal Newton sums Sg’n. Hence, given a .polynomial ¢n(z) with n

distinet (uuknownj Zeros z,, see 2 it is possible. to construct all

n!

fp q(z) which converge to the z, with order o: -in the cage 0 = 2, the
»

-

choice p = n, q = n - 1, yields the Newton-Raphson iteration fn n-1° CZn;
. 1]

the Schroder and Konig iterations are shown to be elemeﬁts of C2(20_3)(n_

1)42 and 02(0—1)(n—1)+2’ respectively. It is shown by examples that there

exist cases in which fn n-1 has an gpdeﬁi;able property (attractive cycles)
.

not shared by other iterating functions in the same class cZn’ ' !

-,

\s
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2 Inttoddction

The advent of the digital computer since 1945 has gréatl& stimulated inter-

est in numerical procedures, or algorithms, of all kiads [KI-K3], including

-

in particular the computational algotithns‘ required for engineering or
scientific calculations [D1-D2] together with-their mathematical foundations
(H1-R2, H4-HS5, Bl]. Of major importance among these computational algo-

rithms are iterations [Tl]. ’ J
s ————— - .

AN

-

.An iteration consists of a more-br-less sinple procedure, -usually express-

able as a function evaluation, applied repeatedly to a given set of initial
values. The purpose of iteration 1is usually to determine the solutions of

some given equation. Normally, then, the function used by the {teration

will be chosen so that, when applied over and over to the initial values, it

results in convergence to the solutions of the given equation. Regrettably,

w

however, convergence to the desired gsolutions does not as a rule take place

h .
from any se%iof initial values: it is usually pecessary to choose initial

. \
values which are in some sense "sufficiently close” to the solution, a pro-

cess which may well be difficult and which often depends heavily on the

particular characteristics of the équations to be solved.

There is motivation, then, in order to avoid such speglal cases and special

methods, for studying the global convergence properties of iterations: to

see what ma} be said in general about the convergence of iterations, and, if

possible, to use this information to devise general methods for the con-

struction of iterating functions with desirable convergence propertieﬁ from

any, or almost any, set of initial values. The foundations of such a study
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*

were in fact laiq, éﬁnp 25 yaar; before the 1nign;1on of th; electronic
digital computer, by two PFrench nathehaﬁiciéhs. ';rking independently, G.
“Julia ([J1] and P. Fat;m, [F1-P3]. ©Useful summaries of their work may be
found in [C1] anh [M1]. Their results were both interesting, from a

- .
theoretical point of view, and encouraging, from a practical point of view.

They found th;t. for iterations of rational functions, convergence was
assured in cases of practical interest from initial values which mighé lie
“alnosf anywhere., in domains of convergence of th§ complex plane.- The:iqin
difficulty turned out to be tﬁat, depending upon the convergence domain of

the .initial value, convergence might take place, not to solutions of the

kiven problem, bur to other sets of points, known as attractive cycles.

From a practical point of view, then, it became important to try to develop
general metﬁods for the conqﬁruction of fterating functions not giving rise
to  attractivé cycles, but in the intervening 60 years there seem to have
been very few papers [B2, S1] which bear directly on this problem.

~ »

;JfIn the present work, Chapters 3-5 review the theoretical results related to

” -
e

the global convergence properties of iterations of rational functions, with
particular emphasis on the role of attractive cycles. Chapter 6. then
develops new results which _show how to arrange all the rational iteratihg
- functions Eonvergent at n given points into -equivalence classes based on the
degree of the fynction Jhd the degree of the iteration's convergence. In
particular; given a polyﬁpmial ¢n{z) whose (distinct) zeros are to be found,
a method is déscribed for the construction of all rational iterating
functions converging to the zeroé with given order of convergence o¢. It is
shown by example that there ;xiat cases in which oneriteratisn in an equi-

valence class has an undesirable property (convergence to attractive cycles)’



not shared by othér iterating functions in the same class. The chapter
closes with a brief discussion of the significance of these results, especi-

ally of possible future avenues of research.



3 ‘Meromorphic Functions

This chapter reviews definitions and fundamental results related to meromor-

phic functions, of which rational func[idns'are of course a special case.

These results will be required in Chapter 5 to establish the main properties

3

‘of iterations of rational functions. The selectidn and use of the results

has been strongly influenced by a recent paper of Burckel ([Bl12] in which
equivalent properties are developed for iterations of holemorphic funect-

ions. . . .

Definition 3.1 A domain is an open arcwige-connected set.

\ a
Definition 3.2 A function f(z) 18 said to be holomorphic at a point z of

the finite plane * - {=} iff it is single-valued and
differentiable at z. It is holomorphic at z = = if f(1/z)

is holomorphic at z = 0. It is holomorphic in a domain D

iff it is holomorphic at every point z ¢ D.-

Any polynomial p(z) is holomorphic in the finite plane. A rational function
£(z) = p(z)/q(z) is holomorphic at = provided the degree of the polynomial p
doas not éxceed that of the polynomial q. The function f(z) = z + 1/z is

holomorphic everywhere in the extended plane ® except at 0 and =,

Definicion 3.3 A function is said to be transcendental entire {or,

- briefly, entire) 1ff it is holomorphic in the finite plane

and not a polynomial.

Common examples of entire functions are sin z, cos z, eZ.



N

Definition 3.4 A function is said to have a singularity at w iff it is not

X

holomorphic at w.

Definition 3.5 A singularity w of f(z) is said to be a pole of f(z) of

order m 1ff there exists a least integer m > 0 Buch that

(z - W)PE(z) is holomorphic at w.

Definition 3.6 A singuférity is said to be an essential singularity 1ff

it 1is not a pole.

{
o -
Definition 3.7 A function is said to be meromorphic in a domain D 1ff ir

has no singularities other than poles in D.

»
We recall [S3, 147] that a function 1is meromorphic in the extended plane if
and only if it is rational. The six standard trigonometric functions and e
[} . L

are meromorphic in the finite plane.

’
In order to discuss certain properties of meromorphic functions, especially’

sequences or families of such functidnas, it is convenient to be able to

- -

speak of neighbourhoods of * and convergence to =, For this reason, the
Riemann sphere ¢ and the corresponding chordal metric x are introduced as in
[A7, 38-44] and [01] for both the domain and the range of meromorphic

functions. This leads to the following definitions [H8, 241-243):

Definition 3.8 A function f(z) defined in a“domain D is said’to be épheri—
I \_/_ _e—

cally continuous at ;\e D iff for each € > 0 there exists §




L

Definition 3.9

Definition 3.10

= §(w, €) such that

z e D

o<l = X[E(2), £D] e _ :

£(z) 1is spherically continuous in D iff it is spherically

continuous at every‘yoint of D.

A family F of functions.defined in a domain D is said to be

spherically equicontinuous at w € D i1iff for each € > 0

there exists § = §(w, €) such that for every f € F

zeD

x(z w)(ﬁ} ===> x[£(z2), £(w)] < €.
’ J' .

F is spherically equicontinous in D 1ff it is spherically

equicontinuous at everﬁ point of D,

A sequence of functions fn(z) defined on a set § is said to

converge spﬁerically uniformly on § 1ff, given any € > 0,

there exists an N = N(E) such that for all integers m, n >

N, X[fm(z). fn(z)] < € for every z € S.

Using these definitions and the properties of the chordal metric x, it 1is a

relatively straightforward matter [H8, 242] to show that equicontinuity in

the complex plane implies sphérical equicontinuity, and that uniform conver-

gence lmplies spherical uniform cbnvergence. In order to state the main

results, two more definitions are necessary.
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Definition 3.11 A set S is said to be compact iff every infinite subset o{
- -~

s #s a limit point in S.

Definition 3.12 .A family F of functions meromorphic in a domain D is said

to be normal in D iff every infinite sequence chosen from F
contains a subsequence which converggs' spherically wuai-
formly on every compact ftbset of D.‘FF is said to be nor=

mal at a point 1iff it is normal in some neighbourhood of

the point.

The term "normal” is due to Montel (M2]. To fix the ideg of normality,

consider two simple sequences [Cl]

n
{z/2 } = {z/2, 2/4, z/8, ~=*}

n
{22} = {zz, za, zB, ses} .

‘Both of these sequences are normal in the open unit disk [zl < 1, since each
of them, and therefore every subsequence of each, convergés to zero uni-

formly, hence spherically uniformly, on every compact subset. The sequence

n
{z/2n} 1s in fact normal in any open disk |z| < R, while the sequence {zz }

is normal In no domain which contains any point of the unit circle |z| = 1.

n
On the other hand, {z/2"} is normal in no neighbourhood of =, while %) 1s

normal in every domain |z| > R > 1. The combined family



. "o {z/2, zz, z/4, zA, ees}

is a1§B normal in the open unit disk, but not in any domain which properly

contains it.

The combined family is however normal in rings defined by

TeRr <lz| <R <=,
1 2

The results required for the development of Chapter‘S may now be stated:

Theorem 3.13

Theorem 3.14

Theorem 3.15

Theorem 3.16

Theorem 3.17

9

Theorem 3.18

[}

(Uniqueness Theorem) If f and g are meromorphic in a'doﬁaip
D, and if f = g in some non-empty open subset of 0}, then f = g
throughout D [S3, 152].

N ‘ -
fppen Map Theorem) The image oé a domain under any ﬁon—pon—

stant meromorphic function is also a domain [S3, 162f.

(Weierstrass) A sequence of functions meromorphic in a domain

D, which converges spherically uniformly on every compact'
\

subset of D, converges to a meromorphic function (08, 243]. 4

A family of functions meromorphic .in a domain D is normal in D.

iff it is equicontinuous in D [HB, 244].

(Montel) A family of functions meromorphic in a domain D is

normal in_D 1f every function in the family omits the same

»
three fixed values in D [HB, 248-249].

If £ is meromorphic in a domain D, and f'(z) # 0 for all

z ¢ U, then
d
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the inverse function £

(53, 163]-

1

is meromorphic in the

1

Tin £(D)



B 4 Iteration

The study of 1Eeration as a technique.for'khe solution of equations goes
baci at least to Ngwton, whose fa;ﬁus iterating function was, according to
[K&, 381i, first published in 1685 and then improved by Raphson five years
later. Other.early iterating functions include Ealley's, dated sy Traub

[T1] to 1694, and Euler's (mid eighteeﬁth century).
'

This chapter begins with a f%irly broad, though by no means universal,
definition of iteration, illustrates the definition by several examples, and
defines various other ideas of”}mporténce for the analysis of iterations.
It is convenient at this stage to definey iteration in terms ;f_an arbitrary
complete normed linear space (or Banach space) which gives rise in the usual
way to a Baﬁach algebra [H4, 67-71]. The norm of a point or element z' of
the space will as-ig customary be denoted 01zl, As indicated in Chapter 3,
in order to wake use of Theorems 3.13 - 3.18, later work with rationgl
functions will requiré further speclalization: the Banach space will be
assumed to be eitt}er the complex plane ¥ or the Riemann.sphere g, with

corresponding norms | | and x, respectively.

Definition 4.1 Let xm be a Banach space of dimension m 5 0, and suppose

f: X® + X" 15 defined on a point set S € X". Then an

"iteration — more precisely, the sequence of iterates of £

at a point z € S — i given by

B(z) = (£ ()} = {£ (2)|n =0, 1, e 1
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> - whére fo(z) = z and f (z) = f(fn(z)), n=0, 1, -,

n+l
provided fn(z) € S. To represent an iteration everywhere

in S, the shorter form F = {f } may also be used.

f(z) is called an immediaté consequent of z {of céurse unique for single-

valued f) and f_l(z) denotes a.particular immediate antecedent of z (that

is, a point w, if it exists, such that f(w) = z), More generally, fn(z) and

f_n(z) denote an nth consequent and a particular nth antecedent, respective—
& ’

-

ly, of z. The notation {f_n(z)} 1s used to denote an inverse iteration

.-

based on the repeated application of a particular f-l’ and [f_n(z)] will

denote the set (perhaps empty, perhaps uncountable) of all nth antecedents
of z. 1If it is supposed (see below, Axiom 4.8(d)) that every antecedent of

2 € 5 is also a point of S, then.

[y ()] = [£_ (TE_ (2)D].

(In the terminology of general iteration ﬁheory [K5, T&), F(z) is called tﬁe
splinter (f-splinter) of z, and F(z) together with all its antecedents 1s
called the 25222 (f-orb}t) of z. A basié result of this theorz is-that the
polnts of an orbit form an equi;alence class under the relation X~ ¥ (¥

and y have a common consequent).)

Definition 4.2 An accumulation point a of F(z), z € S, is a point in whose

every neighbourhood there exists an infinite number of
- elements of F(z). « is then said to be the (unique) limit

point of some subsequence {f_ ()} < f(z).
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In connection wich this definition, it should be renarkgd that the sequence
F may give rise to limit points even whén it covers only a finite number of
points. For if F is an infinite sequence whose elements take only a finite

number of values, then there exist least integers r > 0 and s > O such that

fr(fs(z)) - fB(z). In this case . '%h%%

?(Z) - {Z, f(Z), e, fs(z), ‘." fr_l(fs(z)). fs(z)ﬂ ...,}

and setting a = fs(z), it follows that the distinct points of F(z) are

{z, £(z), *o, £ _,

(z), a, £(a), ==+, £ (a)}. 1If F(z) were thought of
merely as a set of points, it would thus have no liﬁic point; in accordance
with Definitfon 4.2, however, it possesses limit points a, *<°, fr_l(ﬂ).

From a practical point of view, the most interesting instance of limit

points arises when, from a particular ihitial value z, the entire sequence
of iterates converges to a single limit point a. Usually, therefore, the
iterating function f 1s chosen in such a way that when the entire sequence F

converges to a limit point a, then ¢(a¢) = 0 — that is, a solution of a

™
given equation is determined.

Example 4.3 Suppose soluticons are required to a given equation ¢(z) = 0,
where the variable z represents a point in the complex plane w.
Then, referring to Definition 4.1, W = x* may be identified as
the ﬁanach space of dimension m = 2. Consider the seventeenth-

century iterating functions mentioned at the beginning of this

Kl
chapter. If ¢' and ¢ denote the first and second derivatives,
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respectively, of ¢ at z, then these iterations may be written:

£(z) = z - ¢/¢° ‘ (Newton-Raphson)
£(z) = z - $/[¢' '~ $47/(2¢")] (Ralley's).

.

From certain initial values z, the sequence of iterates gener-

~ated by these functions would, hopefully, determine limit

points a such that ¢(a) = 0. Note that, in each case, when
$(a) = 0, and ¢'(a) * 6, it follows that f(a) = a; that is,
solutions of the given equation ¢(z) = O are (provided they are
not also solutions of ¢'(z) = 0) points z = a at which the
sequence of iterates P(a) reduces to {a, a, +<-}.
w .

Definition ﬂ.l does not restrict f to be single-valued. It
therefore includes iterations such as Laguerre's [Di,v72-741

for determining the roots of a polynomial ¢$(z) of degree k:

f(z) = z - k¢/(¢' /),

where again the Banach space Xz = 7 and H(z) = (k - 1)2(4")2 -
k(k — 1)¢$". Euler's iteration, mentioned at the beginning of
this chapter, 1s the special case k = 2 of Léguerre's. Note
that as in 4.3 when ¢(a) = 0 and ¢'(a) # 0, f(a) = a. Q

)
The Newton-Bairstow method [H6, 116—113] converges to real

values u and v which define a quadratic factor 22 - uz - v,
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extracted from a given polynomial

$(z) = aozk + alzk_l + o0 4 oay

with real coefficients and degree k¥ > 2. First the guantities

bh and ch are I1ntroduced:

h 25 _
hh(u, v) = I aju hj(l + v/uz)
j=0"

Rhi

-~

h ZSh
ch(u, v) = L bju j(1 + v/u
j=0

2R

‘ h =0, ¢+, k, where Shj = (h - j)/2 and th is the integral

part of shj' ‘Then the Newton-Bairstow method is defined by
£(u, v) = [u+ 8(u, v), v + €(u, V)],

where

| : ) _
§Cu, v) = (e 5 = B e /(e o = € Se3)

o 2
eu, v) = (hkck-l - hkck_z)/(ck-z - ck-lck—3)'-

~

As in the abovg examples, this is an iteration in the sense of

‘Definition 4.1, gnd m = 2; but now, instead of ‘the complex

11
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plane, the Banach space 1is Rz, the Cartesian product of the

a

_ reals; and iunstead of_| ], the norm is the Buclidean norm.

Given a set pf‘m real simultaneous equationé Ax = b and an

2

initial eatimate xo‘* (xé, X, **°, xg) of the solution vector,

a better estimate may be achieved by means of a vector itera-

tion [F43 117-127]
1 = {1 - A)xn f b.

In terms of Definition 4.1, this iteration is equivalent to

1

f(x) = (I - A)x+ b,

where the Banach space of the poings x = (xl, s, xm),is;Rm

m
and an appropriate norm might be Ixl = L |xj|.

jmr

]

In terms of the components x”, j = 1, *¢*, m, this iteration

could also be expressed by m simultaneous “iterative” relations
! ‘

in R'¢
m
k k
rj -xj-!:ajx-}-b’ j =1, ***, m,
n+l noa n j
\
ik

where théﬂa represent the elements of the m Xm matrix A;

but these relations would not constitute iterations in the

‘gense-of Definition 4.1, because at each stage xi+l is computed
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v

1. -1 +1 m
not only from xi, but also from Xy 2% xi . xﬂ » "0ty X .

T

The..above examples have shown that the definition of iteration
given above 1is sufficientl&vgeneral to include a varliety of
different cases. That it does not, however, include all
instances of what 1is commonly called “iteration” is shown by
the simple example of the “iterated gine” [T3). Given an 131—

tial real value/%, this iteration may be described by
|

ga(x) - i, gn+1(x) = gin [gn(x)i,

£, (x) = nlg (01

giving rise to the sequence

+
&)

{sinzx, Zsinz(sin x), **°}.

In order to include this sequence in the définition of itera-
;ion, it would be necessary.both to pérmit the iterating func-
tign £ to be a function ‘of n as well as z, and to introduce an
"auxiliary” iterating‘function g. This is an examp{ﬁ of a non-

stationary iteration with memory: by wvirtue of 1its non-—

stationary character, it would fall outside of Traub’s classi-
fication <{T1], but it would be included in the very general
definition of {teration given by Brent et al. [B9]. The BFEﬁE

definitfon however covers only a real, one-dimensional iter-



-8- ;
ate.

On the other hand, it has been remarked [H1l] that the iterated
sine may be imbedded,&u an R3 iteration which does sarisfy
Definition 4.1. Given a point z = (zl, zz, 23) € R3, define £

‘as follows:

f(zl, 22, z3) = (gin zl; zlo z1 . 23, 23 + 1).

~

Then from an initial value zj = (x, 0, 0), the sequence F(Eo)

ylelds the iterated sine as the middle component of fn(zo),

n= 2’ 3' e

In order now to state and prove some very elemenfary properties of itera-

tions, certain restrictions on the iterating function f and the point set S

are introduced. It\ih&ii_f:fm now on be required that the following axioms

be satisfied:

Axioms 4.8 For every z € 5, "

. (e) f£(2) €S

(a) f£(z) is single-valued he

(b) f£(z) is continuous

@ [f_ D).

Based on these axioms (compare with [S2]), some of the fundamental proper—

ties of a sequence of iterates may be established.
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. ]
® .

Lemma 4.9 For every z € S and integers s > t > 0,

(a). £(£,(2)) £ (D) - £ (£, (2))"
() £ (f_ (2))

(e) [£.(E_(2))]

fome (2) e [£_ (£ (z))] -

(£, (2] & [f__(£.(2))]

(@ [ GUE D] = T (gyey (] = LE_(LE_ (N,

EéEEi To prove (a), note firat that by Axiom 258£F) every consequent of z
/exists. Then by Definition 4.1 the first part of (a) 1s true for s =

0. By Definition 4.1 and Axiom 4.8(a) the firat part of (&) is also

true for ; = 1. Then suppose for s > 1, fs_l(ft(z)) = f8_1+t(z).
Applying f to ‘each side of this equality yields, by Definition 4.1

and Axiom 4.8(a), fs(ft(z)) - fs+t(z). 'Hence by induction tﬁe first

part of (a) is true. The same argument with the roles of s and t

reversed shows that the second part of (a) is also true. Then (a)'is

S
true. b ¢

To prove (b), note that by Axiom 4.8(d) every antecedent of z exists.
Then for every w = f_t(z), it follows that ft(w) = z. Since s - t

?» 0, this means by (a) that

(z),

B (F () = £,00) = £ (£ () = £,

. e
so that the first part- of (b)- is true. To prove the second part of

(b), ;bserve that by (a)



£AE,_ () = £ (2),

which makes clear that fs_t(z) is a tth antecedent of fs(z). Hence
. P :

fs-c(z)'P/TfkgiiifZ))]. and (b) 1s true,:

. ‘-
Similar arguments may be employed to establish (¢) and (d). |

Lemma 4,10 For every integer r.> 0, fr satisfies Axioms 4.8.
_— ~,

Proof

) ™
By Definition 4.1 the result is trivially true for r = 1. Suppose it
is true for a specific value r » I. Then by Axiom 4.8(c), fr(z) €S,

from which it follows by Axiom 4.8(c) and Definition 4.1 that fr+1(z)

= f(?r(z)) € §, so that f

+1 satisfies 4.8&;}. Similar arguments

establish that fr+1 satisfies every Axiom 4.8, Then the Lemma

follows by induction. . |
- Y

Lemma 4.11 If for some we S, a = lim fn (w) € 5, then for every integer

Proof

k
r >0, fr(u) = 1im fnk+r(w)' -

-

The result will be proved for r =-1. By induction it will hold then
for ewfry integer r > 0.

By Axiom 4.8(c) f(a)} € S and by Axiom 4.8(b) f is continuous at a.
Then given any real number € > 0, a real number § may always be found

such that, for 'z ¢ 5,



- 21 -

1z = al ¢ § ===> I£(2) - £f(a)¥ < €,

Since a = lim fn (w), it follows that all but a finite number of
Kk .

terms of the subsequence {fnk(w)} are in the neighbourhood M(u; 8).

Then for these terms (that is, for k > K(£)),

If(fn (w)) = f(a)l < €.
k

Now suppose the subsequence {fn (w)} has an accumulation point B #

i k+1
f(a).; But then, if a positive € is chosen such that € < I - f(a)l,

this inequality ensures that all but a finite number of terms

—

fnk+1(w) lie outside some neighbourhood of B, which can therefore not

be an accumulation point of {fn +1(w)}. It may be concluded then
k .

that f(a) is the only accumulation point of {fnk+l(w)}' E

If as in [S2] an Axiom 4.8(e) 1s added, stating that every accumulati(n
point of F(z) is a point of S, it may also, as in Lemma 1 of [S2], be shown
that under the hypothesis of Lemma "4.11 there exists a particular f_r(a)

h S
such that £_(a) = lim £ (w).

nk—r

Lemma 4.12 If for some w € S and some least integer r > 0, o = 1im fnr(w) £

S, then for every integer 0 < s { r,

(a) fs(u) = 1im fnr+s(w)

() £_(E (a)) = £ (o).
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Proof Result (a) 1is a straightforward application of Lemma 4.11. Then,

applying Lemma 4.11 to (a), (b) follows:

4

£_(£ ()

1im fnr+s+r(w)

(n+1)r+s (W)

lim f

1im fnr+s(w)

£, (). B

.

This lehma provides motivation for the following:

Definition 4.13 A pofnt a iijéaid to be a fixpoint of order r of F iff
there exists 2z least integer r > 0 such that fr(u) = qa,
The set of (distinct) points {a, f(a), -, fr_l(a)} is

called a cycle of order r.

Definition 4.13 opens the door to the real difficulties of iteration theory.
The main reason for this is that the behaviour of F(z) for points z in a
neighbourhood of a fixpoint a seems to be connected in a very fundamental
way with the global properties of F. 1In order to formulate definitions oé
this behaviour (especlally in terms of attractive and repulsive fixpoints)
which will be appropriate to the "development of Chapfer 5,' it becomes
convenient at. tﬁis_ point to identify the Banach space with the Riemann
sphere 0 (or its projection onto the extended complex plane 7). Definition
4,14 1s therefore stated in terms of o, and subsequent discussion will be

confined to ¢ or w,

Definition 4.14 A fixpoint a of order r of F 1is sald to be attractive
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(repulsive) iff there exiﬁts a neighbourhood M(a) iﬁ which.
{fnr}({f—nr}) converges spherically uniformly to a, o is
said to be indifferent if no such M(d) exists. Poigts from
which® convergence to a takes place are called attractive
(repSIine) points.

From Definition 4.14 it may be seen that convergence of F(z) to an attrac—
tive fixpoint o 1is assured, proviQed that the initial value z 1is chosen
sufficiently close to a. Iterating functions f are therefore normally con-
structed so as to have the property that every solution of a given equation
$(z) = 0 1s hot just a fixpoint, but in fact an attractive fixpeoint (usually
of order 1), of the iteration sequence F. Note that in the repuls;ve case;
{f nr} is formea by iterating a branch f;r for which f_r(g) - a,

Definition 4.14 will not as far as 1s known be found in the literature. It
has been 1introduced because it is a somewhat weaker definition than those
which are generally employed, because it maintains a certain symmetry bet-
ween attractivé and repulsive fixpoints, and because it seems that the stan-
dard results for iterations of rational functions can still be developed

without recourse to any stronger definition.

For example, Kuczma [K5, 18] defines attractive)répulsive fixpeints a € ® -
{»} of order r in terms of ordinary cgnvergence/divergence, but then also
defines strongly attractivelrépulsive fixpoints on the bdsis of the condi-
tions that for every z # a in some neighbourhood ﬁ(u)

-

Ifr(z) - a] € 08|z - a| (attractive)
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Ifr(z) -al > |z - a|/8 (repulsive)

for some fixed 0 < O < 1. in.this terminology, it would pe important to
Specify conditions on f under which every attractive/repulsive fixpoint is
strongly attractive/repulsive. For functions f holomorphic in M(a),
Kuczma's strongly attractive/repulsive fixpoints are equivalent, as shown
below, to the a;tractive/repulsive fixpoints of - Cremer [Cl] which are’
defined to depend on the sign of |f;(a)| - 1. Targonski [T4, 32-33] gives
much the same definitiod of attractive/repulsive as Kuczma, but does not
mention strongly attractive/repulsive: he contents himself with showing
that ig ]f;(u)| < 1, then a is attractive. Targonski however quotes a
rémark of Kuczma that there 1is not "even a satisfactoiy definition of a
repulsive fixpoint”. Indeed, it 13 perhaps noE too much to say th;t the
definitions neither of repulsive nor of attractive fixpoints are sgatis-
factory. The present attempt has been suggested in part by {[Cl], in which
the pr&ofs in one or two cases require that branches of the inverse itera-
tion should converge to repulsive fixpoints of F; in part by [L2],in which
the existence of attractfve/repulsive regions in neighbourhoods of certain

kinds of indifferent fixpoints is discussed.

To establish the relationship among Definition 4.14 and the definitions of
Cremer and Kuczma, consider an iterating function f which is holomorphic in
M{a'). By Theorem 3.14 fr is also holomorphic in some neighbourhood M'(a)

and may therefore be represented by a Taylor's series there:

- K

%(u) + £'¢a) (z = a) + *o0,
T T T
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or (z # a)

[£_(2) - £.(0))/(z - @) = £1(a) + (z - @) [+*+].

By bringing z close to a, the lefthand side of this equation may be brought

as close as may be desired to f;(u). From this fact it follows that for a

holomorphic function £, the conditiom |f;(u)| <1 (> 1) is equivalent to

Kuczma's condition that a be a étrongly attractive (repﬁlsive) fixpoint.
Further, if Kuczma's condition is satisfied, then fr is a contraction
(expansion) mapping in M'(a), from which the uniform convergence of {fnr}
({f—nr}) follows directly. Then either Kuczma's or Cremgr'é definition

implies Definition 4.14. ' . i\

Definition 4.15 An indiffereat fixpoint a 1is called a ceptre 1iff there
exists a neighbourhood of @ which contains neither attract-

ive nor repulsive points of F.

This definition 1solates a special kind of indifferent fixpoint which
appea;g to arise only in special circumstances. TFor example, if in the

complex plane. @

w
f(z) = w z q,
(z) pZ 4

where p, q » 1 are integers sﬁch that pq = r, and w, stands for the ith Toot

i

of unity, then fr(z) = z everywhere in % -~ that is, every point of 7 is a
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centre of order less than or equal to r. Centres are discussed in [R1l, F2]:
they assume importance in the consideration of circumstances in which F does
not give rise to constant limit functions [S$2].

~

Definition 4.16 A sequence F of iterates in the complex plane 1s said to

have order of convergence 0 at an attractive fixpoint a of

order r if ¢ is the least non-negative integer such that,

in every neighbourhood M(a), there exists z # a such that

£ () - al > |z - o™

If f is assumed to be differentiable in a neighbourhood of a, and if a is
assumed to be a fixpoint in the sense of Cremer, then the condition of
Definition 4.16 may be replaced by the condition that

fik)(u) =0, k=1, *+*, a; If§:0+l)(u)| > 1.

s

Then, since
1 - T - ' . . '
fr(z) f [fr_l(z)] £ [fr_z(z)] fee ot £1(2),
it follows that in the special case z = a,
Y = f! - see =
fr(ﬂ) fr[f(G)] f;[fr_l(ﬂ)].

from which it is seen that the fiprints of a given cycle are -all either



attractive, ot repulsive, or indifferent. Hence one may speak of attrac-
. y - _—
tive, repulsive, and indifferent cycles. Moreover, by the symmetry of

f;(u), hence of fga)(u),

(a) (o)

£ = £ [£(@)] = o = )

£, ()],

s0 that one may speak also of the order of convergence of a cycle.

Example 4.17 From Example 4.3, for the Newton-Raphson iteratioem,

3

£1(z) = $(2)6"(2)/[¢"(2)]1°,

an expression which is zero at a simple root z = a of the
- given equation ¢(z) = 0. Hence such a root a is an attractive

fixpoint with order of convergence o > 2,

As indicated above, the first problem in the construction of iterating fune-
tions 1s to ensure that f(z) has attractivé fixpoints at points z = a which
are solutions of the given problem. But there are other important factprs
as well. Among these, tﬁere has traditionally been heavy emphasis on the
order of convergence ¢, which should of course bg as large as possible, and
on the amount of wotrk to be done at each stage of the iteration to evaluate
the function f, an amount which should be small. Usually the work'increases
with 0. As remarked earlier, one important factor that has traditionally
been neglected 1s the tendency of iterations to converge from certain ini-

tial values to attréctive cycles which are not solutions of the given prob-
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lem.

Example 4.18 Consider the polynomial $(z) = zb - 6:2 =~ 11, which has zeros
- 7 -

z = (3 ¢ 2/5)1/2. The Newton-kaphson'iteration corresponding
to ¢{z) = 0 is
£(z) = (32" - 62% + 1)/ (42> - 122),

which does in fact have attractive fixpoints of order 1 at the
four zeros of ¢. But observe that f(iI) = ¥], so that {+1, -
1} is a cycle of order 2. Moreoﬁer, this cycle 1s attfactive,

.o
because $"(z) = 1222 = 12, which vanishes for z = X1, thereby
causing the exﬁression for £'(z) (see 4.17) to vanish also.
In other words, for stqrting values sufficiently close to *I1,

the iteration converges, not to zeros of $(z), but to *1.

This example 1is due to Turing and Brooker [B2). A recent paper by Ascher

[AL] gives examples of classes of problems giving rise to unwanted repulsive

cycles in the Newton-Raphson iteration, a problem which in practic; is 1es?
serious than that of attractive cycles. As in [S1], Chapter 6 will describe
classes of 1iterating functions which have the property that, while some
functions in the class (particularly the Newton—Raphson iteration) give ri;e
‘ to attraéflﬁilcycles, others in the same class may not. 1In fact, for the

Newton—Raphs iteration f applied to a polynomial ¢ "of degree k, the

expreseion given in 4.17 shows that f' may have 2k -~ 2 zeros (those of ¢

-

together with those of ¢”). Of these, the k - 2 zeros of b méy {or may
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not) give rise to attractive cycles of aggregate order r € k - 2 and order
of convergence ¢ » 2. This exampleiinticipatea the tesult, proved in the
next chapter, that the number of attractive cycles is bounded by the number

of zeros of £'. Note that if ¢ is a quadratic function with distinct.fopts,

f gives rise to no extra attractive cycles.

To conclude this chapter, brief reference is made to some of the work which

has been done to generate classes of iterating functions with desirable

properties. Such efforts date back at least to Schroder, who in 1870 pub-
‘lished results due to himself and Eggers [S4] which yielded iterating func-
tions of arbitrarily high order of convergence ¢ for solution of a given

_equation ¢(z) = 0 with simple roots:
| [o] . o-1_- g=1
£°7(2) =z - b1(2)¢(z) + v + (~1) bu_l(Z)[¢(Z)] »

vhere b, (z) = 1/4'(z), by(2) = b]_ (z)/38"(z), § = 2, **+, 0 - 1. Similar

iterating functions were constructed, also in the nineteenth century, by

Konig [H1, 103-105]:

f[01 (o (0-1).

(2) = 2z + (0 - D[1/62)17 2/ [1/6(2)]

~

\;Bth the.Schr;der and K;nig iterations reduce to the ﬁewton—Raphson itera-
tion in the case 0 = 2. The iterations of Schr;der h;ve recently [H3] been
related to modérn iterations due‘;o Traub [T2] and Jenkins [iz], and these
latter iterations have themselves been generalized by Ford [F5]. Schr;der's

iterations have also recently been generalized to apply to multiple roots by
. .
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Pomentale [Pl]. The Newton~Raphson iteration and the iteration of Halley

(Example 4.3) also emerge as special cases of a finite class of iterations

due to Farmer and Loizou [F6], later developed independently, -using other
methods, by -Noureinr [Ni] as an infinite class of iterations of arbitrarily
high order of convergence. Hansen and Patrick [HIO] exhibit a class of

iterating functions dependent' on a parameter g,
£81(z) =z - (s + Do/lsd’ £ [(41)2 = (s + Do 1V,

which reduces to Halley's iteration (8 + -1), Laguerre's iteration (s =
E-l-_l)’ Euler's iteration (s = 1), and Ostrowski's square root iteration [02]

(s = 0). Balrstow's method {Exanple 4,5) ‘has been displayed by Brodlie

[B10] as a member of a class of iterations. In the present work, Chapter 6
shows how to construct all rational iterating functions which converge with
given order of convergence to the (simple) roots of a given polyncmial:

here a(\jgain the Newton-Raphson, Schroder, and Konig iterations emerge as

special cases.

+
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5 Iteration of Rational Functions

- In this chapter the results of Chapters 3 and 4 are used to develop the
global properties of iterations of rational functions on the Riemann sphere
g, which now becomes thélBaqach space of Chapter 4. As ib'bustomar&, the
rational functions will be assumed to be irreducible (numet;tor and denoﬁin-
aior have no common factor), so that there 1s no possibility of the indeter—

minate form 0/0 arising.

b
r

Let N denote the set of points at which the sequence F of iterates of a

-

rational function f is both infinite and normal. Let E denote the set of

points at which F {is an infinite sequence but not normal. Then

Theorem 5.1 N + E = g,

Proof An immediate consequence of the remark made after Definition 3.7 that

a function is meromorphic in the extended plane if and only if it is

N rational [S3, 147]. |

This result shows that, for rational f, F is always an’infinite sequence.

-

]

Theorem 5.2 N is open (E is closed).

"Proof Consider any point z € N. By the definfition of normality (3.12), F

is normal in some neighbourhood of z. Hence z is an interior point.

]

-

Theorem 5.3 Let S denote (a) N (b) E, In each case Axioms 4.8, hence
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Lemmas 4.9-4.12, hold. . :

of

Since flis rational, it is single-valued and continuous everywhere 1n-

g. Hence Axioms 4.8(a) and 4.8(b§.aré'aatisfied for‘ﬁoth S =Nand S

. )

Before considering 4.8(c) - (d), note that for every point z € o,

f(z) exists since f is rat%onal, and f_l(z) exists by the fundamental

theorem of algebra (everﬁfg;lynomial has a zero).

Now consider any point ; € N. ' Then F(z) = {2z, £(z), **-} 1is normal.
But then so are F(f(z)) = {f(z),.fz(z), see} and F(f_l(z)) -
{(f_l(z), ?, f(z), *°°}, since by Definition 3.12 the addition or
deletion of only a finite number of terms of F(z) cannot affect the
normality property. Hence Axioms &.8(;) and 4.8(d) are satisfied for
"S5-=.N. Then no point of E may have an aﬁtecedeqt or consequent in N,

Hence the axioms hold also for § = E,

Theorem 5.4 The sequence of iterates of each neighbourhood of a point of E

Proof

covers all points in o excepf at most two exceptional points.

This 18 a restatement of Montel's Theorem (3.17).  §

Theorem 5.5 I1f E contains an interior point, then N = ¢,

Proof

Suppose there exists a point z € E such that a neighbourhood



e

M(z) € E. By Theorem 5.4 F(M(z)) covers all points except at most
' ‘w
two exceptional points, and all of these covered points must then by

Axiom 4.8{(c) be points of E. The exceptional points, if they exist, "
cannot by 'I'heo,mw{.z be points of N. Hence N = ¢, 1

./ / .

The case N = ¢ may occur, as is shown by the example of Lattes L1],
£(z) = (22 + D? 7 w(z? - D,

which is the Newton—-Raphson iteration ap‘{:lied to a branch of the function
g(z) = (3z4 - 622 -1 1/3’ The sequence of iterates of £(z) is known to be
normal nowhere in ¢ [Cl]. The following theorem describes what is, in

~

‘practice, the more common case. 4

Theorem 5.6 If N# ¢, E i nowhere ,-'El\ense and E = N - N.

/
N

Proof By hypothesis, N exists. Hence by.Théorem 5.2 N consists only of
interior points, and by Theorem 5.5 E contains no interior points.

Since by Theorem 5.1 E + m is then precisely the boundary set

of N. ' X

-

Another w'eiy of stating Theorem 5.6 is that if N exists, then N = 6. Further

information about E is provided by the .next E@r?j{(ems.
_\"_\_/

Theorem 5.7 'E contains no exceptional points.

Proof Suppose z € E. Then by Axiom 4.8(d) every antecedent f_l(z) € E.
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Then certainly F(f_l(z)) covers z, which -cannot by Theorem 5.4 be

exceptional. _ ! A | |

Theorem 5.8 For z € E, every accumulation point of F(z) is a point of E.

™

Proof Supposé there exists an‘accumulation point a € N of F(z). Then by
Hxiod‘&.B(c) every neighboyrhood of a contains points of E. Hence F

is normal in no neighbourhood of a, contrary to Definition 3.12. E

.

Theorem 5.9 E is a perfect set.

Proof Recall that E is perfect if 1t is closed (every limit point is a

point of E) and dense-in-itself (every point is a limit point of E).
§? Theorem 5.2 only the second property remains to be proved.

Further, it wmay be assumed that E # ¢, for otherwise E would be

perfect.

Suppose therefore that E is not dense-in-itself. Then E contains an

isolated point a. By Theorem 5.4 the sequence of iterates of each
neighbourhood of a covers é%ery point except at most two, which by
Theorem 5.7 are not points of E. Then every point of E, including a

(}tself, is a consequent of a. But this implies that "E must break
d

own into a finite cycle of order r:
E = {G: f(a), -, fr_l(u)}-

Consider then the sequence of iterates {fr}., This is normal wherever

P o N o
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F'is normal. Suppose that {fr}'ia normal also at «a. .Then by “Axiom
4.8(a) it is normal at everyvpoint of E, and so {fr} is normal ‘in
every domain D contai&}ng the points of E; By Theorem 3.14 the
application of {fr} to a dqu}ﬁ D containing the poiﬂts of E will
cover neighbourhoods M(a), M(f(a)), =*=-, M(fr_l(u)), and 1t follows
that every point covered by F in some neighbourhood H'(a)\yill‘be
covered by {fr} in D. Hence'[fr} omits at most two points in D,
contrary to Theorem 3.17. Then {fr} is not normal at any peoint of E.
Hencg by Theorems 5.4 and 5.7 {fr} applied to every ne;ghbourhood
M(a) cannot omit any points of E. But it does omit f(us, -;-,
fr_l(ﬂ). This is possible 051; if r = 1 and E = {al.

Congsider then F(D), where D = N = & - {a}. Since F(M(a) - {al}) omits

only o and at most two exceptional poiﬁts B and Y, F(D) also omits at

most @, B, Y. But £(B) = B or™¥_and £(Y) = 8 or Y, since otherwise

these points could not be exceptional>~Hence F(D) omits only a, in

contradiction to Theorem 3.17. Then E contains no isolated point )
—
and 1is thergﬁore dense-in-itself, This proves the theorem. -1

Theorem 5.10 E contains all the repulsive fixpoints and all the indifferent

fixpoints which are not centres.

Suppose @ 1s a fixpoint of order r which is neither attractive nor a

centre. Then by Definitions 4.14 and 4.15 there exists a repulsive

‘point 1in every neighbourhood of a, Choose such a poiht w, and

>

observe that by Definition 4.14 every neighbourhood of a contains an

o
antecedent f nr(w) of w.,
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‘Suppose a € N. Then by Theorem 3.16 {fnr} is equicontinuous at a:
given € > 0, it is possible to ensure that _

XU (2, £ (D] = XI£, (2), a] <%

for all n simply by choosing x(z, a) < §. But if ¢ ¢ x(w, @), this

condition cannot be satisfied for any choice of §, no matter how

small. Hence {f } is not equicontinuous at a and therefore, by
nr

Theorem 3.16, a ¢ N. : . L
The following four theorems provide further information about N,

Theorem 5.1l N contains all the attractive fixpoints and all the centres.

Proof Suppose @ is an attractive fixpoint of order r. Then there exists a
neighbourhqod P(a) such that for any € > 0, x[fnr(z),‘a] < €& for all
n > N(e) and every z € P(a). Then consider M(a) = f(N+l)r(P(a)). By
Theorem 3.14 M(a) is a domain containing a« and z € M(a) implies

x[f (2), a)} < €. By choosing € small enough it ﬁay be ensured,
r

tifﬂgdghe spherical continuity of £, that £f(M(a)), °°°,'fr_l(H(a))
;re disjoint and in factAthat every consequent of a point of M(a)
lies arbitrarily near one of the r fixpoints a, f(a), ===, fr—l(u).
Then F omits more than three.points in M(a), and by Theorem 3.17 F is

normal in M{(a)., Hence a € N,

Suppogse a 1s a centre of order r. Then by Definition 4.15 there
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exists a neighbourhood of M(a) which contains no repulsive points.
Then there exist no points in M(a) - {a} whose antecedents accumulate

at a. Then by Theorem 5.4 a ¢ E, L |

Theorem 5.12 If a is an attractive fixpoint of order r in a domain DE N,

then {fnr] converges to @ everywhere in D.

By Definition 4.14 there exists M{(a) € D in which {fnr} converges
uniformly to a limit function g(z) = lim fnr(z) = a., By Definition

312 {fnr} contains a subsequence {fgg(r)} which converges uniformly

on every compact subset of D. By Theorem 3.15 the limit functién h

of {fn (r)} 1s a meromorphic function., But for z € M(a), it must be
k

true that h(z) = g(z) = a, so that by Theorem 3.13 h(z) = a every-

where in D, Then by Lemma 4.1]1 a = lim £ everywhere in D.
nk(r)+r

Suppose then that there exists B # a and a subsequence {fm }

j(r)

{fnr} such that B = lim fmj(r)(wl_for some pe}nt w € D. Then given

“an arbitrary € > 0 an integer J(€) may:be found such that for every

3 > J(e), xlf
1

equicontinuity at & (Theorem 3.16) § = &(e) may be found such that

(r)(w), 8] < €. Choose € < x(a, B) and recall that by

for every z € M'(a, §) and every integer n > 0,
x[fnr(Z). fnr(a)] = x[fnr(Z), a] < €.

By the convergence of«fn (r)(w) to a, an integer K = K(§) may be
k
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found such. that an(r)(w) € M'(a, §). Then

XIfnr[an(r)(w)]’ al. = X[f%(r)-mr(w)' al <€

. . .
for every integer n > 0. Since {an(r)+nr} includes all but a finite
number of terms of {Em‘ (r)}’ this statement conflicts with the con-
. Ty hE
vergence of (f (r)] to 8. This proves the theorem. B

3

As a consequence.of Theorem 5.12, whenever an attractive fixpoint a € D C N,

D is called the immediate domain of convergence of «.

Theorem 5.13 If D is the immediate domain of convergence of a fixpoint of

order r, then £ : D + D,
r
Proof This 1is an immediate consequence of the Open Map Theorem (3.14). .|

Theorem 5.14 The union of the immediate domains of convergence of the fix-
polints of an attractive cyc¥e contains at least one point w

such that f'(w) = 0.

Proof Let a € D be‘an attractive fixpoint of order r. Denote by f__a
branch of the inverse function such that f_r(a) = a, Suppose that
z € D implies £.(z) # 0. Then by Theorem 3.18 f__ is meromorphic in .
fr(D)’ which by Theorem 3.14 is a domain and by Theorem 5.13 con-

tained in D, In fact the sequence {f—nr] is even normal in fr(D)‘

\_/'
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since it omits wmore than three points there (for example, all points
of E)})., Hence by Theorems 5.10 aﬁd 5.11 & 1is either a centre or an
attractive fixpoint of {f—nr}' But since a 15 an attractive fixpoint
of F, there exists a neigpbourhdod M(a) containing only attractive
points of {fnr}' so that by Definitions 4.14 and 4.15 a c§; be
neither a centre nor an attractive fixpoint of {f_ . }. Hence there

exists w € D for which f;(w) = 0. But as noted in connection with

Definition 4.16, this means that
' = ' . ' - . ' -
fr(w) f [fr_l(w)] f [fr—ZFw)] cee ®» £'{w) = 0,

from which it follows that f;(w) = 0 1f and only if at least one of

fr(w), E'(E(w)), *=-, f'(fr_l(w)) is zero. Since by Theorem 3.14
1

every point fs(w), 8 = (0, #**, r - 1, is contained in the immediate

domain of'codbergence of fs(a), the result 1is proved. B

Since for a rational function f, f' is also rational and therefore possesses
a finite number of zeros, it follows that the number of attractive cycles of
a rati?nal iterating function is finite. More precigely, if f = gp/hq,
where g, h are polynomials of degree p, q respectively, then

2
£' = (g'h_ - g h')/h°,
‘- (Bghq = Ephg)/By

so that F.gives rise to at most p + ¢ - 1 attractive cycles.

Theorems 5.1 - 5.14 constitute the basis of the global theory of rational

[ ] .
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iterating fuucﬂg_fg) and their convergence properties. To complete the
theory, it would of course be desirable to show that in cases of practical
interest (E # g, E # ¢) the sequence of iterates converges everywhere in N
to a constant limit function. Although this result has been proved for
holomorphic functions (see the elegant summary by Burckel fBlZ]), it has not
been proved in general, despite considerable wqrk in the area by Baker [B3-
B8] and a recent attempt, unfortunately intorrect, by Smyth [S2]. 1In the
context of our present discussion, proof of a constant limit theorem amounts
to showing that Definitions 4,14 and 4.15 account for all possible cases of
convergence; in particu}ar, not only that non—constant limit functions may
not exist, but also that other forms of constant limit function are excluded
~ (for example, centres), in cases of pracgical interest. There is reéson to
conjecture, if not believe, that both centres and non-constant limit fu?c-

L ]
tions are associated only with the case E = ¢ [S2, Bl2]). For example, the

iterating function f(z) = wpzmq discussed in connection with Definition 4.15
. glves rise E? centres fr(z) = z and a non-constant limit function g(z) = z
ét every point z € ¢ = N. The equation fr(z) = z wag studied by Babbage
[B11], who recognized that if f(z) was a solution of it, then so was f*(z) -
h_l{th(z)]} for any homeomorphism h. No non-trivial example of a rational
or'even merom;;phic function which gives rise to a non-constant limit funct-
ion has been found. An example due to échr;der [S5] has been shown to be

incorrect [$2]. A recent article by Rice et al. [R2] also bears on this

question.

The development given in Chapters 3-5 has been strongly influenced by [Cl]

and, especlally, by [Bl2]. A number of new proofs have however been used,

\

A



with thé intention of avoiding any dependence on the special properties of
rational functions. A paper by R;dstr;m [R1] separates meromorphic funct-
ions f into four classes based on the properties of the set U of essential
siug&iarities of £ and their antecedents; this classification can be used to
prdve the reSults of this chapter, slightly moéified, for general mercmor-
phic functions as’ well. An excellent summary by Brolin [Bl3] has been

brought to the author's attention too late for incorporation in this work.
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6 Rational Iterating Functions Without Attractive Cycles

-

The preceding three chapters have set forth the grounds for supposing that,
in cases of practical interest, iterations of rational functions converge
almost everywhere in the complex plane to attractive cycles. Examples 4.17

and 4.18 have shown however that these attractive cycles may sometimes be

undesirable: they may be points which are not solutions of the problem

which the iteration has been designed to solve.

It is therefore an ultimate aim of this research to find a means of con-
structing rational iterating functions which do not glve rise to attractive
cycles or superfluous attractive fixpoints, and which, therefore, converge
globally — that 1is, almost everywhere in the complex plane — to solutions
of the given.problem $(z) = 0. In this chapterha step is taken toward this
goal by showing how to construct all the rational] iterating functions f =
fp q which converge with given order of convergence ¢ to n given distinct

points Z:s i =1, **+, n; in particular, how to construct all the f which

converge with order 0 to the diétinct (but unknown) zeros z; of_a given

-polynomial ¢u(z). Denote by

Cyq = Gyo5 2y, ===, 2))

the class of rational functions f such that (1) p+q + 1 = M (2) the

P,

sequence of iterates of fp q converges with order ¢ at each z,3
?

construction techhique will open up the new possibility of {nspecting the

then the

iterating functions of each CM to determine which give rise to attractive

cycles, and which do not —— or, indeed, to determine which may or may not
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have other desirable or undesirable properties. No techniqueg are proposed
here for inspection of the elements of CM; but it is shown, by an examplg
.derived from Brooker's, that, even though the Newton-Raphson iteration

n,n—le C2n gives ‘rise to attractive cyclesy there may nevertheless exist

other functions in the same clags which have no such cycles.

6.1 - Rational Iterating Functions with n Given Fixpoints

Consider

h|
£ (z) =g (z)/h(z) = T a,z7/ L Bz,

where p > 0, q » 0, ap # 0, Bq # 0, and the polynomials g and h have no

common factor. 1In this section the coefficients (a Bk) will be chosen to

jl

satisfy n given conditions

(1 £ (z) =z, 1i=1, =+, n,

where 1 # {' =ma) z, # Zih- That 1is, (uj, Bk) are to be found such that
(2) ‘ g(z)) - z,W(z,) = 0;

in' other words, such that
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- X — P - p"-l
&) ay + (a, - Bz, + + (ap Bp_l)z1 + (0 Bp)z1

sse ' - q+1 -
+ + (0 Bq)zi 0

for each 2. where if q < p, then Bk 0, k =q + [, **+, p.

.Setting

’ (1)= - - LN
(l‘) Yj - aj Ej_l! j 0: . b4 m)

where m = max(pq\q + 1), and defining 8_1 0, uj Z0for j=p+1, ***, m,
(3) may be rewritten
ae e (I)
! i SRR [ Yo
. . - . L] - 0.
s m (1)
1 z, z Ym
" Introducing the notation
<
r o+l .8 (1
i S % Tr
ers = . . - , I‘ = » i
n . . . r,s .
r r+l s n
z z LA ] Y
n n n 8

for integers r and 8, 0 € r < 8, this becomes



. o v
(5) | \\‘5} Al N
(1

a set of n homogeneous linear equations in m + ! variables Tj . Observe

o,
that for m + 1 = n, det(zm+:) is simply the Vandermonde determinant

D = b1} (z, -z, ) % 0.
" jeirden + U

Accordingly,'for m { n, the only solution of (5) is T = 0, which implies

0O,m

“j = Bj-l’ j=20, **¢, m, hence that fp’q(z) = z. identically.

However, if m = n, the rank of Zg’m is also n, and, therefore, (5) possesses

a nontrivial solution in the Ygl) which is unique but for multiplication by

a constant factor. Thus the minimum value of m leading to a nontrivial

iterating function f is m = n. Rewriting (5) for m = n produces
0,n-1 n,an (1)
Zn rO,n-]. T T4 n !

which yields the (unique) solution

(0 _

WD L by (0

=y /DY, 4= 0, see, -1,

k
where in general Di' is the determinant obtained by replacing the jth

' k
column of Dn with Zn’k. In Chapter 7 Theorem 7.2 shows that the quantities

-
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-

jom _ _yo-i i, -
s°% = (-1, 1< §<n;

are the familiar Newton sums

Sl'n - zlzz s e zn’ sas s:'_l’n T zizj.', Snln - I zi.
1#1! i<i<n
Then for the case m = n,
(6) v o cprdstthn (D) g g e a oy,
3 n n
(1)
and the Yj are always symmetric functions of the zZy.
More generally, for m » n conditions (1),
O,n-1 n,m
r - =7
(7 zn 0,n-1 zn rn,m’
and it follows that each element of the solution TO n-1 Y be expressed as
4

a linear combination of m -~ n + | arbitrarily chosen values Ygl), see, Y;l).

If corresponding to each K = n, ***, m, these m -— n + 1 values are chosen so

that Yél) * 0, Yill'- 0 for k # K, m - n + 1 linearly independent particular

solutions are derived,

T

(1) 3+1,K
TjK - -(Dn

/DH)YI((I)’ R j - 0! i ¢ B 1!
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(1

each dependent on a single arbitrarily chosen value Yg - A general @olu—

tion of (7) may then be reconstituted by forming a linear combination of

these m - n + 1 particular sclutions. Accordingly, shmming the Ygé) over K
- .

and making use of the generalized Newton sums Si’k defined in Chapter 7, the

general solution of the system (5) may be written

T(1)

( 3o GITLE (D)

n-
= (-I) : ]
n<K<m O K

(8) j=0, ¢»*, n -1,

where the Tél) are arbitrary q)mplex numbers, not all zero. The quantities
j+1,K

n

S are by definition symmetric functions of the Zis and may be calcu-

lated as indicated by Theorem 7.4 and Algorithm 7.5. Hence

Theorem 6.1 In order that a rational function fp (z) satisfy the n condit-

ions (1), it is necessary that m = max(p, q + 1) ? n. fp q(z)
satisfying (1) may be constructed by arbitrarily choosing m — n

+ 1 "combined coefficients” Ygl) as defined in (4), and then

using (8) or an analogous system to find the remaining n com—

bined coefficients, which are then uniquely determined as sym-

wetric functions of the given points z 1 =1, **+, n.

i!

A way has thus been found to generate all rational functions which as iter-

ating functions have fixpoints at n given distinct points.

/

It should be remarked at this point that, despite Theorem 6.1, the construc-—
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tion technique ma} yield ratiomal functions which are not irreducible, in
contradiction to the assumption stated at the begfnning of Chapter 5. The
coﬁstruction process described here is a special case of rational interpola-
tion, which is succinctly described in [Gl]: “the basic problem of rational
interpolation is that of finding a rational fraction which assumes given
values fO’ fl' see fn at . inct points xo, xl, see xn.“ It is possible
however that for aspecific cholces of p, ¢ and fi’ LI i=0, ***, n, there
may be Eé irreducible rational funection which meets the conditions. Hildé—

brand [H12, 499] gives the example

n=4 x=(0, 1, 2, 3)
p=2 f = (2, 3/2, 4/5, 1/2)
q=1

which yields the reducible solution

f q(x) =4 -x)3(2-x)/7 202 - 0).

r

6.2 Rational Iterating Functions with n Given Attractive Fixpoints

-

The conditions now to be satisfied may be expressed as follows:

(%) . f (zi) =z

P,q (z) B 0,

) ]
1* o
for every £ = 1, °°+, n. These are 2n independent simultaneous linear

constralnts on the p+q+ 2 coefficients {a , B

3 k), which may be re-

expressed in the form of {(2):
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(10a) . | g(zi) - z;h(z,) = 0, /
4.

(10b) . g'(zf) - zih'(zi) =0,

From (10b), after some manipulation, a set of equations analogous to (3) is

obtained:
an (¢ + 1) 18,023 =0, 1=1
+ a - z, = 0, = ], **¢ n,
0<{<m-1 j+1 j i
It is convenient to define
(2) _ -0 ese. @~
(12) e De S 3B, §=0, e, m-

analogous to (4). Then (11) simplifies to

2) _

(13) I ziY 0, i1, **+, n, .

{
08jSm-1 ]

a set of n homogeneous linear equations in m unknowns 152) which 1s identi-

cal in form to (5). Proceeding as in’ the previbus section, observe that for

m { n + ] there are only trivial solutions of (13), and that for m = n + 1

N

there is a unique solution

(14) Y;2) . (_l)n—jsg+1,nY§2)’

—~

j-ov "','ﬂ-l,
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&

analogous to (6). Then for m\> n + 1, it may be shown as before that gen-

eral solutions 'Y;z), j =0, ***, n-1, of (10b) may be written
2 n- +1,K (2)
asy P et o ST g e o,

n<RSm—1

idenpﬁcal in form to (8). The solutions (8) and (15) taken together are 2n

linear homégeneous equations 1in p +'qu 2lvariab1es (a

j!
the original 2n equations (9); theyr;iil possess a solution if p +q + 1 2

Bk) equivalent to

2n, a condition in some respects st;icte; than m # n + 1, but which allows
the equations (8) and (15) to be solved in the important “Newton-Raphgon”

case, characterized by n = m = p = q + 1. Then

Theorem 6.2 In order that a rational function fp, (z) satisfy the 2n condi-
tions (9), it is necessary that p + q + 1 > 2n. fp’q(z) satis-
fying (9) may be constructed by ar£itrarily choosing (p + q +
2) - 2n of the coefficients (uj, Bk)’ and then using (4), (8),
(12), and (15) to find the remadning 2n coefficients, which are

then uniquely determined as symmetric functions of the glven

points zi, 1=1, ***, n,

A Qay has thus been found to generate all rational functions which as iter-
ating functions have attractive fixpoints with order of convergence 2 at n

glven distinct points.

Once again it should be noted that in the case p+ q + 1 = 2n, it may occur’

that there exists no irreducible rational function which satisfies the con-
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straints. However, the cases p = 0.and q = 0 will certainly always yield an

h-3
irreducible result. Further, in the Newton-Raphson case (n = p = q + 1), 1if

there exists a polynomial ¢ such that

£ = (z¢' - $)/¢'
P»q N

it follows that the fp q can be reducible only if the zy

(one of them is a multiple root of $). The problem of multiple fixpoints is

are not distinct

discussed in Section 6.5 and the application to polynomials in Section 6.4.
6.3 Rational Iterating Functions of Given Qrder ¢

Evidently, the above results may be generalized. Given n distinct points

zl, ««+«, z , and any integer ¢ > 1, 1t is possible to donstruct rational
n .

fiterating functions fp q with order of convergence o at each of the given

points by finding solutions to the on linear homogeneous equétions

(16) _ ' fp,q(zi) =z,

(s-1)
fp’q (zi) =0, 8 =2, , a9,

© ., (0

L
where 1L = 1, =+*, n. Introducing the notation g h, these

equations may be briefly re—expressed in the form of (10):

-1 -
(17) & g(s )(zi) - zih(s 1)(zi) = 0,
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for s = 1, **+, 0, i = 1, **+, n. 1In accordance with (12), define

(s)

{18) Yj

={j +s5 -1} *=* (§ + Da

Jas—1 ~ G s =D e (DB,

.

for s = 2, *+-, 0, j = 0, ***, m - s + 1, and then rewrite {(17) in the form

{19)

I ij(s) = 0,
i 0€3<mg+1 J

for s = 1, **+, 0, { =1, **+, n, in order, as before, to derive general

solutions

(20)

Y§5) - (-1)0"] L Sj+1’KYé5),
) n<K<m-s+1

s =1, **, g, = 0, ***, n — 1, valid provided p+ g + 1 » ogn. Hence

Theorem 6.3

.

In order that a rational function f (z) satisfy the on condi-

tions (16), it is necessary that p + q + 1 » on. Ep q(z) sat-

i\

isfying (16) may be coﬁstructed by arbitrarily dhoosing (p + gq

+ 2} - dn of the coefficients (aj, Bk), and then using (18) and

(20) to find the remaining on coefficients, which are then

uniquely determined as symmetric functions of the given points

z { =1, ==+, n.

i’

In terms of the iteration classes CH defined at the beginning of this chap-

ter, Theorem 6.3 means that CH is null whenever M ¢ on., Moreover, for M =
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gn, each of the on possible choices of p and q yilelds a single unique iter-

ating function f ;+ in other words, C contains exactly on members. For
P4 ga

M > on, each choice of p and q yields an infinite subclass of iterating

functions with coefficients dependent on the particular choice of the excess

{(p + g +2)Y - oan ‘coefficients. The case M = on is, therefore, of particular
-~
interest, not only because it 1is a wminimum (hence minimizing the time

required for function evaluations, as well as the number of possible attrac-

tive cycles) but also because Con ts finite.

-
-

In this context, recall that the Schroder and Konig iteration classes men—

tioned in Chapter 4 contain one iteration for each order of: convergence ¢G.

After some computation, the Schroder iterations are found to have denomina-

tors of degree (20 - 3)(n - 1) and numerators of degree one greater (they

are ‘Newton-Raphson-like in form). Hence in the new terminology Schroder's

clo]

—-

is one of the infinitely many iterations

£ (20-3) (n-1)%1,(20-3) (n-1) € €2(20-3) (a~1)+2"

and it is clear that f[d] depends upon an implicit arbitrary cholce of 2(2¢

- 3)a - 1)+ 2 -o9gnor (6 - 2)(3n - &) coefficients, As expected, in the

2 :
case O = 2, f[“] = f , the Newton-Raphson iteration.

n,n-1

- o
Similarly, the Konig iteration f[ ], also Newton-Raphson-like, is one of the

infinitely many iterations

fla=D) (n-1)+1,(0-1)(n-1) € C2(0-1)(a=1)+2



r

and depends upon an implicit arbitrary choice of (¢ - 2)}(n - 2) coeffici-

ents.

For ¢ > 2, then, both these iteration classes are probably less than opti-

mal.

6.4 Rational Iterating Functions for Zeros of a Polynomial @n(z)

As mentioned earlier, it is shown in Chapter 7 that the quantities

Sj’k Sj’k (z,, ***, z ) used to compute the coefficients of f may .
n n 1 n P,q

themselves be computed‘from Newton sums. Since the Newton sums may in their

turn be computed from the coefficients only of a polynomial [H9, 453], with-
out direct knowledge of the roots, it is natural to seek to apply the method
to construct rationai iterating functions convergent to the unknown (but_
distinct) ;eros of a given polynomial ¢n(z). As an illustration a polynom

ial suggested by Brooker's example [B2] is used:
$,(2) = PAL 5.

This: polynomial has the property that the Newton-Raphson iteration applied

to it gives rise to an attractive cycle. It has zeros * /5 and *i, and the

Newton sums may be read off from the coefficients:

With these values as the only input data, and making use of Theorem 6.3
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together with Algorithm 7.5 and the other results of Chapter 7, it is

possible to generate all the rational iterating functions f which con-
pP,q

verge with order 0 = 2 to the zeros of ¢4 and which belong to the minimum
[ J

class 08(2; + 75, - /5, + 1, -1). Table 6.1 displays the resultsj obaerve
\ ot
that while f& 37 for example, gives rise to the attractive cycle (+ 7577,

-

- ¥57/7), the iterations f2'5, f6,l' f1,61 and f7,0 converge to some zero of

from each zero of f' . )
$, from ere P.q

TABLE 6.1

4 2
Iterating functions for ¢a(z) = z - 4z - 5 which belong to

minimum class c8(2; +5, /5, + i, -1)

m P q {iterating function fp q additional fixpoints or
’ critical goints cycles reached
{cps) from cps
4 4 31 (32 - 4zl +5)/ezd - 82) £ /273 (+/577, -/5/7)
4 2 N
5 3 4 (Bz3 + 20z)/(z + 4z" + 15) + /15721 (+/71, ~/T1)
5 3 2
5 S 2 (z° - 12z° - 252)/(-8z~ - 20) * (5/76)1 ®
6 2 5 (9222 - an)/(Jz5 - ZOz3 + 109z) t V21872071 4]
6 6 1 (20 - 62" - 3328 + 10)/(-362) t /7751 £y
e
-7 1 6 —1802/(226 - ZIza + 42z - 11%) t V23710 t /5
7 3
7 7 0 (2z - 21:5 + 42z° + 245z)/180 V772 t /5

8 0o 77 —900/(2327 - l74z5 + 3323 + 1130z)

H

Y2267161 (+0.9285, -0.9285)

The roots */5, *{ are critical points of each £f~1 ; that is, points .at

which fb’q = 0. Thus, in each case, two other crEE?cal points remain to
be specified, and these may possibly belong to the immediate domain of

convergence of an attractive cycle, 1if such exist, or of a root. Note
that “convergence” to ™ is possible.
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Table 6.2 displays 5 of the 12 iterating functions in 012(3; +#5, -5, #H,
-1); that is, the minimal class of rational iterating functions which con-
.verge with order ¢ = 3 to the zeros of ¢4.

TABLE 6.2

Iterating functions for ¢4(z) which belong to Ci2(3; +/5, =¥5, +, -1)

m p q iterating functionlfp’

6 6 5 (49z6 - 122"+ 675z2 - 200)/(8725 - 204z° + 6452)

775 6 (1292° + 204z° + 4352)/(82° + 1352° + 1222 + 245)

7 7 4 (827 - 2312° - 2522° - 805z)/(-273z4 + 84z° - 435)

8 4 7 (1443z* = 82202% + 3225)/(492" — S762° + 3363z° — 8900z)
8 8 3 (29z8 - 2802% - 10502" + 4760z% - 2775)/(-2016z3 + 5760z)

The determination of the coefficlents (uj, Bks for this example involved the
solution of the simultaneous equations (20) in accordance with Theorem 6.3.
This solution was facilitated by the fact that .these equations are sparse in
the (aj, Bk); and an estimate of the maximum density of the matrix repre-
senting the equations may, Fherefore, be of‘general interest. (20) repre-
sents on equations in p + g f 2 variables. The left-hand side of {(20)

specifies at most 20n nonzero coefficients (a_, Bk)’ hence represents at

3

most that many matrix positions. The right-hand side specifies at most
1< <U(m -8+ 1 -n+ 1) nonzero coefficients. Maximum nonzero entries in
8

the coefficient matrix are, therefore,

2en + L {m -8 ~-n+ 2) = (¢/2)(2n + 2m - a + 3},
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out of a total on(p + @ + 2) positions. The maximum ratio of non—zero posi-

tions in the trix representation of (20) is, therefore,

(2n + 2m - o + 3)/2n(p + q + 2).

Letting m take its maximum value on, and considering the "minimal” case p +

q+ I = n, this ratio becomes after some manipulation
1/a+ (2n. - o + 1)}/ 2n(on + 1),

which, since ¢ > 2, 1s less than 3/2n. “The system (20) will thus, in

general, be fairly sparse.
6.5 Extension of Results to Multiple Fixpoints

In the preceding deielopment it has most obviously been the definition of
Si’ktin terms of an expression with denominator Dn (vanishing whenever z, =
zyrs 1 # 1') which has precluded consideration of multiple fixpoints. 1In
this section it will be found that the vanishing of D is not in itself a
fundamental problem, but that other difficulties, similar to those encoun-
tered when applying the'Newton—Raphson iteration to a function with multiple

zeros, inhibit full extension of the results to the multiple fixpoint case.

Begin by considering (2), which may be interpreted as expressing the condi-

tion on g(z) - zh(z), a polynomial of degree m, that it have n € m roots 5
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that ia, that

{

[ I Ygl)zj] = g(z) - zh(z)

<3<

o . ; . n—1i i+1,n i
=c(z) B (z-z)=[clx) T -1 s Tz,
1€1{<n 0<i<n
where the Si+1’n are as before simply the Newton sums, Sn 1,n £ 1, and
m-n-1 mn
F(z) = Ca + Ca+1% + + Cp-1% + Cn*® ’ Fm * 0,

is a polynomial with arbitrary coefficients introduced so that the bracketed
polynomials should be of equal degree m. Recall, however, that some of the
left-hand coefficients — to be precise, Yél)’ X = n, ***, m — may also be

arbitrarily chosen; and it follows then that it 1s possible to either

express the Yél) in terms of the ¢ K= n, *¢¢« m, or vice versa, simply by

K’

equating the coefficients of like powers of =z:

(1) _ ,_yynglsm
Y0 (-0 Sn cn

(1) _ _{yn=1s2,n _yy\Nel,n
1) (-1 Sn e, + (-1) Sn c
(A) .o

W .
"l o<k<min(n-1,m-n)

n+l

K+l _n=-X,n
c

Y (-nstT e
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1 - K _n-K+
e o1 DSy e
CKL<min(n,mn)
(8) (1) - citl,n _ n,n_ ¢
Ym-l Sn Cm—n-l + l)Sn crn-n
T(1) - Sn+1,nc
m n mn.

(1)

K’K-n aeae

¥ L]

{B) may first of all be solved for the % in terms of the ¥
m; this may clearly be accomplished by a process of back substitution.
Then, by substituting the resulting expressions for the Cx into (A), it will

be possible to write down solutions which expfess the Ygl), =0, ==,
(1)

n -1 inaferms of the YK s, K= n, oo+ o, and the Newton sums, just as in
the preceding sections, but this time avoiding the use of Vandermonde deter-
minants. It is not necessary actually to carry out this complex calcula-

tion, however, since it is already known, from our previous work, what the

result will be. For distinct zi, it will be found, as before, that =

(1 n-j j+H1,K (1) :
Y = (-1 L S Y » i=0, **+, n-1,
] n<K<m n K

(8)

+
but with the important difference now that the values Si LK are no longer

defined in terms of Vanhdermonde determinants, but may now be regarded as
defined by relation (10) of Chapter 7, which states that for k » n » ! and 1

<j<n

Sjik - T (_l)j'snik_j'-lsj“j'rn'
0<3'<y~1 "



5
Mo -_“‘-:‘ N

-Y(l)

_60_
This relation has the special case

sk p (ot suked=lge e
0<j*<n-1 R n

¥

whi'ch may be used, along with Algorithm 7.5, to recursively determine the

Sz’k, hence the Sg’k, from the Newton sums and S:‘ndl Z l. Based on this
j+1,K
second definition of the Sn , these calculations may now equally be

cafried out for the case of multiple z,3 and they will, by the continuity of

j (zl, "-,'zn), yvield the same result (8). Consequently,

Theorem 6.4 Theorem 6.1 holds also in the case that the n given fixpoints

zi are not necessarily distinct.

-

Difficulties arise, however, with the extension of Theorems 6.2 and 6.3 to
the case of multiple fixpoints. For suppose zi is a fixpoint of exact

multiplicity a » 1. Then

g(z) - zh(z) = (z - zi)aA(z).

-

for some polynomial A(z) such that A(zi) # 0. Since

g'(z) - zh'(z) = a(z - zi)a—lA(z) + (z - zi)aA'(z) + h(z)

and
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£'(z) = [g'(2) - f(2)n'(2)]/n(2),

o

it may be concluded that if (z - zi)a-1 1s not a factor of h(z),
a~<f'

f'(zi) = 1lim [a(z - zi)a-lA(z) + (z - zi)aA'(z) + hiz) -

z+z
i

(£(z) - Dh'(2)] / h(z)

so that z, cannot be an attractive, but 1s rather an indifferent, fixpoint

of f. 1In this case, then, (10} and (17) are both internally inconsistent,

and a meaningful solution cannot be- expected.
Suppose then that (z - zi)a_1 is a factor of h(z), and that a > !. Then

h(z) = (z - zi)a_lB(z), for some polynomial B(z), and
£(2) = (z - 2% [2B(z) + (z = zDAD) [ (z - 2% 'B(2),

which, since the construction process makes no provision for cancellation of
identical factors in numerator and denominator, is of the form 0/0 at z =
zi. Furthermore, f'(z) 1s of the same form 0/0 at z = zi,-and it appears

therefore that 1in this case also multiple fixpoints introduce internal

inconsistencies into (10) and (17). .

o

It becomes clear then that for multiple fixpoints an improved construction

K4
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process 1is require& which will somehow cancel the terms (z - zi)a-1 to
yield

?(z) =z + (z - zi)A(z)/B(z) and ?'(z)l =1+ A(z )/B(z 3,
z-zi i i

effectively reducing the problem to the case of distinct fixpoints, and

-

permitting soiution of (10) and (17) as before.

It i{s nevertheless interesting to see what happens when the equations (10)
or (17) are applied to a particular example of multiple fixpoints.- The
results of :#ch an application are disp}ayed in Table 6.3. Provided both
gp(z) and hq(z) are of degree sufficiently large to contain a factor (z -
zi)a_l. it seems that the ite;ating function fp,q may be used to solve the
given problem, but with a lower order of convergence at multiple fixpoints
z . The case in which (z - zi)“"-1 does not divide h{(z) apparently does not
occur. The repeated result ?'(1) = 1/2 suggests a possible generalization_

of the well-known fact [H9, 53] that for the Newton-Raphson iteration, at a

fixpoint z, of mltiplicity a,

i
., £'(z) = 1 - 1/a.

6.6 Discussion

In this chapter a method of clasaifying all rational iterating fﬁnctions -—

éspecially those with a prescribed order of convergence — has been

developed. 1In the context of the general theory of the global convergence
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-

properties of iterations of rational functions, this method has been used to

generate classes of rational iterating functions which converge to the

distinct zeros of a given polynomial. The method then becomes a tool for

the empirical investigatiom of iterations which do or do mot give rise to

bl

unwanted attractive cycles.

There are several interesting areas for quhtelresearch.in connection with

these results:

(1

(2}

(3

(4)

- (5)

(6)

. e r
improvement of the construction method to eliminate iterations giving
rise to unwanted attractive cycles;
improvement  of the construction method to recognize and converge to

multiple zeros (perhaps achieved by the approach of Howland [HL1]};

improvement of the jconstruction method to eliminate altogether the:

“ \

possibility of reducible rational functions;

proof of, or a counterexample to, the conjécture‘that the number of
aétractive fixpoints (not cycles)} is at most equal to the number of
critical points of Fhe inverse {teration;

statement and proof of a constant limit theorem for ratioﬁal iterating
functions as discussed at the end of Chapter 5;

extension of the theoretical results of Chapter 5 to mercomorphic func-

tions.

&
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T 7 Appendix — Generalized Newton Sums

T This chapter 1s essentially an appendix to Chapter 6 in which a collection
of results related to Vandermgnde determinants and generalized Newton sums
are proved. These "Tresults generally depend upon elementary, but still

rather difficult, manipulative mathematics.

Given integers n » 1, j, and k, and distinct (real or complex) values z

Bk _ 3k
¢ Sn

i’ t

= ], **+, n, quantities § (zi, see zn) are defined as follows:

s ™ol

, 5 0.
0 D, for 1 € j € n and k 0

= ) otherwise,

where Dn = Dn(zl‘ see zq)‘is the Vandermonde determinant of order n,

n-1
1 zl z1
Loz, e 20
1 2 e zn--l
n n

b ]

1] k
and Di’ is the determinant obtained by replacing the jth column of Dn

-1- k
denoted (ki )}, by the new column (zi). Then, in particular, D1 = 1 and

1,k 1,k k
Sl' - 1’ = z,. Forn > 2, recall that
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(0 D =10D

P I = 1 -
where T 11<i<n—1(zn zi). from which it follows that

(2) o = 1 (z, -z ).
' 1€1'<i<n
Note also that when kK € n - 1, .
- erk-D fori-k*—l‘
n
= 0 ntherwise,
Theorem ?.1' For k 2 n > 2,
M k - .,k'-. i ] '_ k_ l_ 1
S AL ey
1€3"<k-n+1 N<j'<k=-n+!

Proof The result is trivially true for § < ! and for § > n. For j = n,

/ ! s eee n-2 k
1 21 ) ’
D
T)n,k - .

- n L] L] - [ ]

n-2 k
1 z vee 2 z

n n n

Subtracring the nth row of this determinant from each of the*others,

and then extracting the common factor I , it is found thac Dn‘k is
n n
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‘n-1 -1 th
equal to (—l)'1 (-1) Hn times an n - 1 by n - | determinant whose h

column, 1 € h € n - 2, mav be represented

and whose (7 ~ 1)th colum is

16§tk

k-n+2
Then, subtracting z| times the (a - 2)th column from the (n - 1)th

column, and afterwards successivelv subtracting z times the (h - 1)th

column from the hth columm, h = n - 2, === 2
- T - =
1 z s z? 3 L zj zT -1
N<j'<k—n+l
. . . t P I
"n-1 n-1 0K§'<k-n+l "
- -] T ]
. e pmheery
" 0<3'<k-n+1 i

-

from which, in view of (1) and the definition of Sg’k, the result
follows immediately. Similar manipulations establish the theorem in the
case 1 < j < n. : B

k.

Some special cases of Theorem 7.1 may be noted. For j = 1,
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: :k 9-' '
(&) Si - X Si_f . zi )
: : 1€ ' Sk—n+1

and for i_.= n,

’ Wk ~-1,k~§'- !
(5) S0t - L so) : lzi .
i <k-n+!
5
For k = n,
(6) sdom o (ghomml oy gimlnmy, o ginlhenl
n n-] n-] n n-1 -
whence
C.l,n 1,n0-1
(7 Sn Sn-l Zqe
_ n,n n-},n-1
(8) Sn ; -Sn—l + zn,

and the following theorem may easily be proved by induction.

1,

Theorem 7.2 For 1 € J € n the quantities Sn

n(zl, see zn) are the Newton
sums for a polynomial of degree n with distinct zeros Zys i=
1, ***, n; that is, Si’n is the sum of all distinct products of

*
the zy taken n — J + | at a time.

Theorem 7.2 establishes then the important fact that given any polynomial

*Using Theorem 7.1, it may also be shown more generally tth For 1<3<n
and k » n, Sgak is the sum of all distinct products z%,zg *++, where
max(a', b', ***) =k - n+ 1 and a* + b' + *+¢ =k - § + 1.
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j,n

fn(z).of degree n, corresponding quantities Sn

may be coaputed only from

the coefficients of fn. Theorem 7.3 shows that in fact every Si'k may be

1o

computed from the Sn

, hence also from the coefficients of fn.

Theorem 7.3 For k 2 n 2 1"and 1 € § € n,

Ik GImhikel | onnkel

si
n n n .

n

'Y
Proof Using the definition of Si , this result mav easily be verified for

n = 1. Suppose it is known that

. g likml=1,0-1

: ]
9 Sn -1 n-1 n-1

for all k {:‘- 1 1 and 1 € j € n. Then by Theorem 7.1

si'k + sg'l'k‘l - T si;?'j'z"+ L sj:i'k'j"lzj'
163 ' <k-n+1 % 0§ 'kk-n+l " n
T S -l Rk 5 N Do shRiedtd
) 1¢j'<ktn " " 0<y'€k-n " n
: -3 - _— | - ]
‘ - p {sj_l’k 3 sj_i'k 171y,
, 1$§'<k-n+] o n
—_ _— — ]
+ L {s1-k73'-1  §3-2,k"37-2y
n- n-1 n

0<3 '<k-n
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- £ Sn-l,k-']'-l j.n-lzj'

141 <k=n+1 n-1 n-1 n

+ r gn-lik=31'-2.3-1,0-1 3"
0% *<k-n n-1 n-1 n '

by the inductive hypothesis, if } # n; then by (5) and (6),

. . - - 419 ' - - -
Si'k + Sl Lkl L S:_i'k ] "zi {znsi:? L, Si_i'n 1}
0<§'<k-n
- S1,nsn,k—1'
n n
. Lk “lk=j'-1 " ~1,k-1
If § = n, then by (5) S: = L .s:_i ] zi + S:_l
1< "<k-n+l
and
Sn,k + Sn-l,k-—l - I ' Sn:}'k-j'_lzj' + - Sn:}'k-j"zzj'
1$§'<k-n+1 T 0<j'<k-n " n
. n-1.k-4'~ - -1 S k—1 n
- L S0y’ ] l{zn _:_:’“ bas s,
0<§'<k-n
by application of (5) and (8). This completes the proof. E

v

An immediate consequence of Theorem 7.3 is

Theorem 7.4 For k 2 n ?» 1 and ! € j € n,
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(10) Sjrk - T (_l)jtsnak-j'_lsj_j'vn
0<§'<3-1 n n

Theorem 7.4 shows that the determination of the Si‘k may be reduced to the

determination of the Newton sums S;'n, ey, Sl'n together with the quanti-

n,k-1 .. Sn,n+1

ties S_ »ottt, S . But these latter quantities also may be calcu-

lated from the Newton sums, since by rewriting (10} for the special case j =

n,

i Sn,k - T (_1)j Sn,k—j —lsn—j ,n
n<j'<n-1 n n

then successively setting k = n + 1, n + 2, *++ it 1is possible to recur-

sively determine all the S:ik in terms of the Newton sums and Sz,n~l = 1.

This i{s done by the following
n

Algorithm 7.5 Given Newton sums Sl’ , v S:'n stored in SN(1}, <+-°

*

SN(n), respectively, to calculate the values S:’n_ = 1.0,

n,n

3 n,n+|l n,n+¥
L3 n .

= SN(n), Sn y ", Sn’ , and store them in SK(1),

e

rer, SK(K+2).

(1) -SK(1)} + 1.0, SK(2) + SN(n), k + n + 1.

(2) j' « 0, SIGN+ 1.0, a + k - n + 2, SK(a) + 0.0,

(3) SK(a) + SK(a) + SIGN*SN(n-i')*SK(a - 3" - 1).

(4) If k - §' # nand §' #+ n - 1, SIGN « - SIGN, ' + §' +

1, go to (3). <
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(5) If k# XK, k+k+1, goto (2).

.

{6) Exit.

It has recently been suggested [H11] that the use of Waring-Lagrange poly-

nomials may significantly reduce the complexity of the proofs in this chap-

N

ter. This possibility is currently under investigation.
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