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ABSTRACT

Let G be a real reductive group, X a semisimple element of the Lie

algebra g of G. We define the limit cet

}m+te-x = {Y | Y=lim 4 Ad(g) X, & € G, 1, — 0}

The problem considered in this thesis is {o defermine when this
set is the closure of a single G - orbit (necessarily nilpotent).

For complexr groups this probiem has been solved by W. Borho and
H. Kraft [2] . For real groups, a conjecture of D. Barbasch and
D. Vogan (1] states that Iti_r’nootG -X is thé closure of exactly one real
nilpotent orbit where X is an elliptic semisimple element.

In this thesis, we do nol solve the above problem in general, bui
we prove a resull which provides a reduction fo certain Levi
subalgebras. This reduction leads to s complete solution in some

special cases. In particular, for compler groups we recover a resull

of W. Borho and H. Krafi.
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CHAPTER 1. PARABOLIC SUBALGEBRAS AND LIMIT ORBITS
IN REAL REDUCTIVE LIE ALGEBRAS

§1.1 PRELIMINARIES AND DEFINITIONS

First of all, we give some well- known definitions and notations [22] . Let zi
be a linear transformation of a real vector space V. We say that 4 is
a) semisimple if A is diagonalizable over C (i.e. on the complexification V).
b) elliptic if A is diagonalizable over C with imaginary ecigenvalues.
¢) hyperbolic if A is diagonalizable over C with real eigenvalues.

d) nilpotent if A has only the zero as eigenvalues (i.e. A¥ = 0 for some
positive integer k) .

Any‘: semisimple A can be uniquely written in the form A = Ag 4 Ap with

Ape elliptic, A hyperbolic, and
Ag-Ap=Ap-Ae,

Let GL(n, C) denote the group of all invertible elements of n x n matrices
M, (C) over C, fi, ..., f,, be complex polynomials on M_(C) such that each
f; is real valued on M, (R) and such that the set of simultancous zeros of the f;
in GL(n, C) is a subgroup Gg of GL(n, C). Then Gg is called an affine
algebraic group defined over R. The subgroup

Gr=Gg N GL(n, R)
is called the group of real points. If in addition, ¢* € Gg for g € G (¢ =

7 ), then G iscalled a symmetric subgroup of GL(n, C) . We define an
automorphism # of Gp by

6(9) = (6"
Let Gg be a symmetric subgroup of GL(n, C) with real points Gp .
By real reductive group G we will mean = finite covering of an open subgroup
Gy of Gp. We will identify the Lie algebra g of G with that of Gp, thus

we can define on g an involutive automorphism # given by

o) =-Y,
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This automorphism is usually called a Cartan inveluiion.

Let G be a real reductive group, g be its Lie algebra, a real reductive Lie
algehra .

An element X € g is called semisimple (elliptic, hyperbolic, nilpoient,
ete) i ad(X) is.

Any semisimple clement X € g can be writtenas X = X¢ + Xp, with X,
€ g elliptic, Xp € g hyperbolic, [Xe, X3] = 0. This decomposition is unique

modulo the centre of g.

Lemma 1.1 Let ¢ be a Lie algebra over C (or R), n a nilpoient
subalgebra, and X € g an clement so that

ad(X)n C n
and

ed(X): n—n

is a semisimple, invertible linear transformaiion. Then the map
¢: Y— explad(Y}))- X
is a bijection of n onlo

exp(ed(n))- X =X +n.

Proof. Let g be a linear Lie algebra over C (the real case follows from this) , n
a nilpotent subalgebra. For any integer k£ > 0 let

n* = (n, [n,+[m, n]]
be the ideal spanned by k-fold brackets. There is an integer & > 1, such that ¥
=0, nf~! # 0. Since

ad(X): n—n
is a semisimple, invertible linear transformation, n can be written as a direct sum
of its eigenspaces under ad(X). So we can chose an element Z € n¥l e Z s
in the centre of n, and Z is one of the eigenvectors of ad(X) , Z # 0, such
that
ed(X)-Z # 0, ad(X)-Z € CZ.
Consider the nilpotent algebra n/CZ. The induced map
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ad(X): n/CZ— n/CZ
is also a semisimple linear transformation. We claim that this transformation is
also invertible. If there iz an element
Y=Y+ CZ € n/CZ
such that
ad(X)-Y=0, ie ad(X)-Y € CZ,
then Y € CZ since ad(X) isinvertibleon n and
ed(X)-Z2 € CZ, ad(X)-Z # 0.
So Y=10 and kence ad(X) is also invertible on n/CZ.
By using induction on dim n, we have that
Y — exp(ad(V))- X
is a bijection of n/CZ onto exp(ad(n/CZ))-X .
By induction on dim n, we can choose an element Z as abovein n, so

that assertion holds for n/CZ. Then
exp(ad(n/CZ))- X = X + u/CZ.

Since
ed(X)-Z # 0, ad(X)-Z € CZ,
and
ezp(ad(CZ))- X = X + CZ
we have

ezp(ad{n))- X = X + n.

Thus we have a bijection of n onto

ezp(ad(n)})- X = X + n. 8|

Since

Ad(ezp(n))- X = ezp(ad(n))- X

we can write

Adlezp(n)})- X=X 4+ n.

We need a well-known result due te Jacobson-Morozov:
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Theorem 1.2 (Jacobson-Morozov) Let g be a semisimple Lie algebra and X
be a nonzero nilpoten! element of g. Then there ezist elements H, Y € g with

[H,.ﬂ:?){, [H, Y] = -2Y, [X,)q:H. O

In fact, this theorem holds over arhitrary basefields of characteristic 0, and
under some restrictions in characteristic p as well. In particular, it holds for real

Lie algebras. The proof can be found in [7] (page 37) .

§1.2 LIMIT ORBITS IN REAL REDUCTIVE LIE ALGEBRAS
We shall use the notation
g-X = Ad(g)X
for the adjoint action of g€ Gon X €g. Let N denote the set of all ailpotent
elements of g and let R.f denote the positive real numbers. For any X € g,

we define

t{T;JiG-X) ={Yeg | Y:lii_r?wikgk-X, some g, €G, %> 0 with 2, — 0} .

The next lemma will show that the elements in the set lim+(tG-X) are
1+—0

nilpotent elements contained in the set N .

Lemma 1.3 Let G be a real reductive group, g be the Lie algebra of G .

For any element Xeg,

lim (1G-X)=RLG-X) N N.
—ot

Proof. From definition we know that
lim (1G-X) € (REG-X).
1—ot
We show that every element in Iim+(iG +X) is nilpotent. Let f{A) be the
1=

characteristic polynomial of X . Then
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fA) = det(M — X)
=T0-¢
= .
= 3 afEps e E) N
=1

where &, ..., §,, are the eigenvalues of X, and “j(‘flr o &) J=12, ., n, are

the coefficients. Then the characteristic polynomial of 1X is
g(A) = dei(Al — 1X)
n
= H (A—1 j)
iy :
= Z a]-(ifl, . ifn) <N
= :
= _Et“"’aj{fl, v §)° N
=1
By the Cayley-Hamilion theorem, we have
0 = g(1X)
n . .
= 5070ty o £ (X
=1
so we have
0 = ad(g;) - 0 = ad(g;} - g(1X)

n

= g ( 2 a8y o £)- (1)) -

=1
n . .
= _Zli" Ya {8y s §a) - (tad(ge) - XY,
J=
for any sequence {g.} C G.
Nowlet t=1 and # -» 0 where k — oo. For any

Y= fim (- X) € lim (1G-X)
we have
0= fim_g(t,X)
= fim ( 34706y, s &) (o 20)
! B ii—r‘noo( :ziz_j"g(fp SRt X)J + (ikgk-X)“)
n . .
since gz'_f’nooj;ltzﬂa](fl, ey £,)=0 and ﬁfw(tkgk-){}’ = ¥, we have

0= fim g(4,X)
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n-l . .
= ﬁTco( jéaltk_‘?aj(‘f]_: aeey fn)'(ikgk.xy + (ikgk.X) )
= lim (g4~ 2)"
=y
So we have ¥Y*" =10, i.e. Y& N . Thus
Iim+(iG°X) cCN

i—0
and we have

lim (1G-X) C (RF¥G-X) N N.
t—>0+

We have to prove the other inclusion.
If X€ N, then obviously
(RfG-X) C N
and so
RFG-X) N ¥=RFG-X.

By Theorem 1.2, there are H and Y in g such that {X, H, Y} isan sb-
triple. Using the method in [16] , we define elements g, = ezp(kH} in G and
4, = exp(—2k) in R. We have

lim 49, X = fim_cap(=2k)+ {Ad(cap(¥E) - )
= fim_exp(=28)- {caplad(EE)- 1)}
= @mezp(—Qk) - {exp(2k) - X)}
=X.

So X € Iim+(tG-X) and
t~0

lim (1G-X) 2 RfG-X.
1—pot

Since the set lim (i1G-X) 1s closed, we have

1—0 ——
lim (1G-X) 2 R¥G-X
=0t
=RIG-X)NN.

If X ¢ N, then some eigenvalues of X are not zero, that is §; # 0 for

some j. Let
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Y € R¥fG-X.
By definition
Y=£i_r)n°otkgk-X, ngG, >0,

If tim f, # 0, we can passto a subsequence and assume 4 — 15, 1o > 0.
b—oo
Then

det( ~ Y) = Jim _det(Al - 4,X)
o0
T
=fim, DO -1

TL
=1
{or some 7, iOEJ- # 0. Thatis, Y ¢ N. Thusif
Y € REG-X) NN,
we must have

Y=£iﬁzwikgk-X for ¢, > 0 and ¢, — 0,

i.e.

Y € lim (1G-X).
t—ot
So we get the result

im (1G-X) 2 RFG-X)ON
1—ot

and

lim (IG-X)=(RFG-X)N N. O
t—oT

§ 1.3 PARABOLIC SUBGROUPS AND PARABOLIC SUBALGEBRAS

We need some further definitions and facts concerning reductive groups ([10],
[22]) . Let G be a real reductive group with Lie algebra g . A subalgebra of a
complex reductive Lie algebra is parabolic if and only if it contains a Borel
subalgebra (maximal solvable subalgebra) .

A subalgebra p of a real reductive Lie algebra is parabolic if and only if p,
(the complexification of p ) is parabolicin g,. In fact, any such p is conjugate

to a unique “standard parabolic subalgebra” in the sense of {22] . Let
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P={g € G| 4d(g)-p C p},
Then P is a parabolic subgroup of G,
Any semisimple element X € g is contained in a Carfan subalgebra h of g.

A nil ideal of a Lie algebra g is an ideal n such that ad(Y} is nilpotent for
all Y€ n . We know that every Lie algebra contains a unique maximal nil ideal
which is called the nilradical .

Let A be the set of simple roots of @, where $, is a set of positive root
of g, A" asubset of A. Define p(A") to be the subalgebra of g generated by
all

gh={Yeg|[H Y)=p(H)-Y forall Hca}, uc Aor pgeA
along with h. Let <A'> denote the subroot system of & generated by A’ and
put

<A>t=<A> N3, .
Then p(A') (standard parabolic subalgebra) has the following properties [10] .
(a) p(A") is a parabolic subalgebra of g containing a Borel subalgebra b.
(8) Every parabolic subalgebra of g containing b is the form p(A") , for some
A CA.
{c) Every parabolic subalgebra of g is conjugate to one of the form p(A") , for
some A" C A.
(d) Let

I=he 3 g,
BE<A>

n= > gh.
p€d \<A>

The subalgebra 1 is called a Levi subalgebra of g and is reductive; n is the
nilradical of p(A"). There is a direct sum decomposition p(A) =1 @& n. Put
Levi subgroup
L={s € G| 4d(s)-1 C 1}
and N denote the connecled subgroup of G with Lie algebra n.
We need another two lemmas to get the main result of this chapter. The proof

of these lemmas can be found in [22] (page51) .
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Lemma 1.4  Lel P=LN be a parabolic subgroep of G. Then ihe map
¢: LxN-—-P, (br)—In

is ¢ surjective diffeomorphism. O

Let Gy be the connected subgroup of G, and let

K={g € Gy | tg=g}.
Then K is a compact subgroup of G and

K =G, N O(n)
where O(n) is the orthogonal group of GL(», R)}.

Lemma l.5 G=KP. ]

From these two lemmas, we get that

G =KLN.
§1.4 LIMIT ORBITS IN LEVI SUBALGEBRAS

Using previous lemmas and proposition we can get a result on limit orbits for a

general real reductive group G by reduction to real reductive group L.

Theorem 1.6 Lel X be a semisimple elernent of g. Suppose p=1+n ise
parabolic subalgebra of g so thet X € 1 and

ed(X): n—n
is invertible. Then

lim (1G-X)=XK-{lim (iL-X)+ n}.
t—0+ t—o+

Proof. From Lemma 1.1 and Lemma 1.3, we get that

K-{th'n;_*_(iL-X) + 0} =K-{(R{L-X N N) + n}

=K {RfL-X+n} N
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=K-{RfL-X+n} N N
CRI’G.XN.
Thus
m (1G-X) D K-{!lim (iL-X) + n}
t—ot t—ot
We have G = KP = KLN , by Lemma 1.4 and Lemma 1.5 Consider a

Ea I
L €L, n; € N. Using Lemma 1.1 and L-n=mn, we have

sequence {gj} in G, for every g € G write 9= Eiln., where k; € K,

gJ.-iJ-X = kj-[j-nj- ;X
= ko §e (45X + Y))
= k(b ;X + ¥})
where }’; . Y;" € n, and t;— 0. Since K is compact and n is closed, we can
choose subsequences of {k;} which converges in K. Then §-1,X + Yj‘converges in
1® 1, hence };- ;X and }'_’,-' converge in 1 and n respectively. Thus we have

fim g4, = lim k- (4 4;X + Yj)

J—eo
€ K-{ Jlglw(lj- 1;X) + x}
c K'{,-Il’l’m(l" t;X) + n} .
Thus we get the other inclusion
lim (1G-X) € K-{ tim (IL-X) + n}.
t—o* -0t
So
im (1G-X)=K-{lim ({L-X)+ n}. o
0t ot

If X isin the centre of 1, thatis

1C GX)={Yegll¥,X]=0)
we have the following simple resuit.

Corollary 1.7. In the previous proposition, suppose X is coniained in the cenire
of 1. Then

lim (1G-X) =G n.

t—+0
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Proof. Since X is contained in the centre of 1, L:-X = X . We know that
G=KP and P-n=n. So
lim (1G-X)=XK-{lim (iL-X)+ n}
t—ot 1—ot
=K-{hm (iX)+ n}
i—ot
=K-n
=K-P-n
=G-n. O

In the next chapter we shall analyze this set G -n.
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CHAPTER. 1I. LIMIT ORBITS FOR DIAGONALIZABLE ELEMENTS

Under the conditions in the Corollary 1.7, the conjecture stated in the abstract
says that for an (elliptic) semisimple element X of g the set
lim+(tG +X}=G-n

t—0
is the closure of exactly one real nilpotent orbit. By the results of Theorem 1.6

and Corollary 1.7, the problem can be reduced from the set h'm+(iG-.X) to the
t—0
set K-{ Iim+(tL-X) + n} and theset G-n.
1—0

In this chapter, we will prove the reduction of limit sets for diagonalizable
elements X (i.e. semisimple elements in the complex case, hyperbolic in the real
case). In the complex case we further prove that there is exactly one nilpotent G-
orbit in the Lie algebra g of G meeting t{in;+(iG-X) in an open dense set.
This result has been proved by W.Borho and H. Kraft [2] using algebraic
geometry and invariant theory. Qur proof is quite different.

In the last section of this chapter, we will give some results on limit orbits in

gl(n, C).
§2.1 LIMIT ORBITS AND PARABOLIC SUBALGEBRAS

In this section g will denote a real or complex reductive Lie algebra. We
recall the X € g is diagonalizable if ad(X) is diagonalizable over the ground
fild R or C of g. For a semisimple element X in a real Lie reductive
algebra g which is contained in a Levi factor 1 of a parabolic subalgebra
p=1+n we proved Theorem 1.6 under the condition that

ad(X}): n—n
is invertible and we proved the Corollary 1.7 under the condition that X is
contained in the centre of 1 . In the case of diagonalizable element X these

conditions are satisfied by the next theorem.
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Theorem 2.1 Let X be any diagonalizable element of g . Then there is a
parabolic subalgebre p=1+4+n so tha!
1= CX)={Y e g|[V,X]=0}.
For any such p, the linear iransformation
ad{X}: n—n
is inverlible. Furthermore

lim (IG-X)=G-n.
—0

Proof. Let

g= 2 g
/\ECA

where
gy,={Y €g|adX)-Y=A-Y}
is the decomposition of g into eigenspaces under ad(X). Let A € C be the set
of non-zero eigenvalues of ¢d(X) and put
Ap={A € A | either Re(d) > 0 orelse Re(A)=0 and Im(}) > 0}.
Then we have
A=Ay U(-A4).
If A, ve€ Ay and A+v € Athen A+v € Ayp. Let

h= E g/\’
AGA.;_

l=g,= Cg(X) .
Then p=1+ n is a parabolic subalgebra and by the definition of n and 1, the
linear transformation
ad(X): n—n
is invertible.
Thus, for any diagonalizable element X € g, we can find a parabolic
subalgebra p =1+ n of g so that its Levi factor 1 is the centralizer of this
semisimple element X . So the conditions in Propoesition 1.6 and Corollary 1.7 are

satisfied. Thus we have

lim ({G-X)=G-n. O
1—0F
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Corollary 2.2. If X is a hyperbolic element in a real semisimple Lie algebra, then
there is a parabolic subalgebra p=1I1+n of g so that 1= Cg(X) . For any such

P
lim (1G-X)=G-n.
{—0 -
Proof. This is a restatement of the theorem in the real case. ad

We now turn to the complex case. The following result is well-known [7] , we

briefly outline the proof, because of its importance here.

In the complex case the previous theorem leads to a complete solution of the
problem mentioned in above. The proof is based on the following well-known

result [7] , for which we give only an outline of the proof.

Theorem 2.3. Let G be compler reductive group, g ils Lie algebra, and p=1+n
a parabolic subalgebra of g . Then there is a (necessarily unique and nilpotent)
G-orbit O so that O[)u is open and dense in n . Furthermore,

Gn=0.

Proof. We know that

Gn C N.
Conscquently G-n is a finite union of orbits, at least one of which must have the
same dimension as G-.n itself, and thus be open [7]. Since G-n is irreducible as
variety, it follows that G-.n has a unique orbit O which is also dense. Since any
other orbit meeting G-n lies in the closure of J, this orbit is also the unique
one of its dimension meeting G-n [7]. So we get

G-n=0. 0]

The O in the theorem above is called the nilpotent orbit of g induced from
p=1+n (or from 1), also called Rickerdson orbif. It is sometimes denoted

IndE{0}, where P is the group corresponding to p . More generally, for any
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nilpotent L-orbit O in 1 one can define [7] [14] similarly an induced orbit

O =Ind S{O}
by the condition that O [} (O + n) is open and densein O + n. Then {7] [14]
=G (6 +m).

Using this theorem and Theorem 2.1 above we will obtain the result that
thj::]'i'(tG - X) is the closure of only one nilpotent orbit .
Theorem 2.4 Let G be a complez reductive group, g iis Lie algebra, X € g
any semisimple element. Then there is a parabolic subalgebra p=1+4+n with 1=
Cg(X) ond

fim (1G-X)=G:n
t—ot

is the closure of a single nilpoteni orbit G .

Proof. By the theorem 2.1 there is a parabolic subalgebra p=1+4+ n with 1=
Cg(X) and by theorem 1.6 and corollary 1.7, we have
Iim_l_(iG-X) =G-n.

t—0
By theorem 2.3 we have
G-n=0.
So
lim (1G-X)=G-n=0
t~0F
is the closure of a single nilpotent orbit. g

§2.2 LIMIT ORBITS IN gl(n, C).

In this section we take G = GL(n, C), g = gl{n, C) . We define the orbit and
the parabolic subalgebra associated to a partition. Then we will give the
relationship between the partition of the limit orbit in the complex Lie algebra

gl(», C) and the parabolic subalgebra mentioned in the last section.

Let X be a semisimple element of g. By Theorem 2.1, there is a parabolic
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subalgebra p = p(X) with Levi decomposition p=1+4 n so that
l=CX)={Y € g| [, X]=0}.
We call p a parabolic subalgebra associated {0 X . We give an explicit

description of this subalgebra.

A partition of n is a finite sequence [d;, d,, ..., d;] of positive integers so
that
dy 4+ dy + ..+ dp=n.
We denote the set of all partitions of n by P(r). For d=[d;, dy, ..., d] in

dy > dp > > dp >0

P(n), let X, be the nilpotent element of g in Jordan normal form:

Xd = a':'ag[.fdl, sz. ey Jdk}
Iy 0

0 Iy

0 0 - Uy

L k]
where
[ 0 1 0 0 0 i
0 ¢ 1 0 0
.= :
0 0 0 0 1
0o 0 0 0 o0
=12 ..,k
is the d; x d; Jordan block. Let
0, =G X,

be the nilpotent orbit of X;. If d # p then O, and Op are digjoint, by the

uniqueness of the Jordan normal form.

The partition d = [d,, d,, ..., d;] is associated to a Young diagram (8]
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— d, boxes in this row

— dy boxes in this row

~— d_; boxes in this row

« d;. boxes in this row

with d; boxes in the ith row. Given a partition & =[d,, d,, ..., d,] € P(n),
define a new partition
d =1d,, dy, ..., d))
called the dual partition (conjugale partition ) of d, by
d={i]d; 27}
and I= d;. The dual partition is obtained by interchanging rows and columns in
the Young diagram of partition d, i.e. reflecting the diagram in the 45°.
Given two different partitions
d=1{dy, &, ..., 4], and p=[py, Py -0y P)]
of n, wesay that d > p, if the following condition holds:

---------

dJ 2 E pj!
1<5<k? T1<T<

for 1 < k¥ < 2., Thisis equivalent to

;< X
1<7<e” T <G
for 1 <k < n.

The element X is conjugate to a diagonal matrix with d; entries A, ,
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dy entries Ay, .-, dp entries A, , where A;, Ay, -+, Ay are the distinct
cigenvalues,  d; , dy , ..., ;. are their multiplicities and we assume

dy > dy > ... 2 d > 0.
We call d =d(X) = [d}, dy, ..., d;] the partition corresponding to X . Thus
X is conjugate to

Bdl 0 e 0 —‘

0 de bl 0

0 0 - By

L E
where
,\J- 0 0 0 i
0 /\J- 0 0 0
B, = : :
7
0 0 0 J\J- 0
0 0 0 0 A
L -
=12, ., k

are dJ- X dJ- matrices.

The parabolic subalgebra p(d) associated to d = [d}, dy, ..., di], is defined as

follows. Let {V;} i=1,2, ..,k betheflagof subspaces of n dimensional
space V= C" with basis {e;, €34 ...y €.} , put Vo= {0} and
V= sé-ic €1
where _
m= 34
=1

i=1,2,..,k. Define

pid) = {Yeg| Y (V)C V,,1<ig#h.

We have
p(d) = 1){d) + n(d)
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where 1(d) and n(d)} are defined as follows.

Mg 00 o 0 ]
0 M 4, g - 0

Elements of 1{d): ¢ 0 M‘LJ - 0

L 0 0 0 - Md-k
where My j=1,2,..,k are d; x d; matrices in GL{d;, f{,)
i

Odl * * s * _1

0 O‘iz * *

Elements of n(d) : 0 0 043 e %
5 0 0o 0 Odk |

where Oy, j=1,2,.., % are the d; x dJ- zero matrices in GL(dJ-, R) .
3
Thus p(d) = i(d} + n(d) consists of elements of the following form:.

M‘il * £ ek T

0 Md2 e %
Elements of p(d): 0 0 Md3 e %

L 0 0 6 - M ¢
Before we give the main result in GL(n, C) , we have to recall two theorems.

Their proofs can be found in [7], [9] .

Lemma 2.5 Let Oy and O be the nilpolent orbits in gl{n, C) associaled 1o the
partitions  and f, respectively, and let X € Oy, Y € 0. Then d > f if
and only if

rank(X*) > rank{( Y')
forell i2 0. a
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Theorem 2.6 Let g=gl(n, C) and let d, f be two partitions with associated
nilpotent orbits Uy, O; in g. Then

Oy > O; ie. Oy D0
ifand only if d> f. 5]

The following result is due to H. Kraft, H. Ozeki and M. Wakimoto {12] [15] .

We include an outline of the proof.

Theorem 2.7 Let G =GL(n, C), g=gl(n, C). Let X € g be any
semisimple element, p =1+ n a parabolic subalgebra with 1= Cg(X) . Let d=
[dyy--y d] be the partition p(d) associaled to X . Then

lim (1G-X)=G.n=0,
t—'-o'*'( ) d

where d s the dual partition of 4.

Proof. Let p=p(d), n=n(d) and V; be defined as above. By definition,
n={Yeg| Y (V)C Vip, 1 Si<Hi.
So we get that for any element Y € n,
Y(V) = Vo = {0},
Hence we have
rank(Y') < n — dim(V;)

1
=R—Edj_
=1

We claim that there is an element Y, € n such that equality in the

inequation above holds for all i. Let

LN
1

i
W, = @& Ce. where s;= > d, if j > 0 and s5=0.
Then V is the direct sum of the W, and we have dim(W;) =d; = d;,, =
dim(W,,,). Hence, we can construct a nilpotent matrix Y, €n sending W) to 0

and embedding each W, with ¢ > 0 into W, ;. Thus we have
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. i
rank(Yy) = n — 3 dj,
. =1
so this proves the claim.

By Lemma 2.5 and Theorem 2.6, the orbit OYD through Y, strictly
dominates any other nilpotent orbit meeting n, i.e. every orbit in G.n is

contained in the the orbit O Y, So OYO must be the Richardson orbit in G-n

and we have

By the formula '
rank()’é) =n- i dj ,

=1
we know that the kernel of Yg has dimension equal to the sum of the first ¢
parts of the dual partition d =[d,, :-+, d;], i.e.
. i
dim(Ker(Yp)) = J';jdj .
It also has the same dimension as that of the i power of any nilpotent matrix
with partition d =[d}, d}, ..., d}] , so the partition of Oyo must be d [7].
Since G-n has a unique orbit which is dense as in Theorem 2.3, we have
lim+(iG-X) =G-n =-(');

— e t—0
where Od‘ = OYD . 0
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CHAPTER III. SOME RESULTS FOR REAL REDUCTIVE ALGEBRAS

In this chapter, we will return to the real case. We will prove a reduction result

on limit orbits I:'m+(tG - X} for any semisimple element X in the Lie algebra g
-0

of G. For G=GL(n,R) we will describe explicitly the parabolic subalgebras

entering into this reduction,

§3.1 A REDUCTION RESULT FOR LIMIT ORBITS IN A REAL
REDUCTIVE ALGEBRA

Let g denote a real reductive Lie algebra, G denote the real reductive group
corresponding to g . In chapter II, we proved that

lim (1G-X})=G-n
t—ot
if X is any hyperbolic semisimple element in a real reductive Lie algebra g . If
g=gl(n, C) and X is any semisimple element in gl(n, C) with associated
partition of d, we proved that
lim (1G-X)=G-2=0
1—ot
where G = GL(n, C) and d is the dual partition of d . For a general

d’

semisimple element we shall prove the theorem which in some cases permits a
reduction to the simple case.
We shall need more notation and further facts about real reductive groups,

which can be found in [22]. For Y, Z€g, let

B(Y, 2) = t(YZ),
For Yeg let

HY)=-Y c¢g
and

(Y, Z) = ~B(Y, 6(2) .

Then B is non-degenerate and {.,-} is a positive definite inner product on g.
Set k equal to the 41 eigenspace for & in g and set s equal to the —1
eigenspace of § in g Then the decomposition g =% @ s is called the Carlan

decomposition of g . One has that % is the Lie algebra of a compact subgroup
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of G and [k, 8]Cs, [s8]Ck.

Let a be a subspace of s that is maximal subject to the condition that it is
an abelian subalgebra of g. If H€a then H is diagonalizable since H is scif-
adjoint. Thus ad(H) is also diagonalizable. If p€a® weset

gh={Yeg|[H Yi=p(H)-Y forall H € a}.
Set

&=d(ga)={s € a | u#0andgh#0}.
Let m®=k N g®. Clearly a=s (1 g°, g =m® +a, and

g:moe)a. g#) .

(24
Let #

a={HealpH #0, pec &g a)}-
Fix Hy € a', put

¢+ = (D-{-(g’ a)={p € ¥(g, a) | u(Hy) > 0},
and set

= 5 #, =4 .
%N%g fig = &(ng)

Then n, and T are subalgebras of g and we have
g=T105 @ m’ ®aon,.
The following decomposition of g is called the Jwasawa decomposition:
g=k ®adn.
Let ®(g . h) be the root system of g , relative to a Cartan subalgebra h where
h O a. It is obvious that

(g, a) = (I)(gc’l h) | a_ {0} .
Let k' be a maximal sbelian subalgebra of m® . Since the elements of
‘b(gc, h) are real valued on a and take pure imaginary value on k', it follows
that
hR"_“ (ikr + a) ﬂ [gC‘ gg] .

Let H, beanclementof a' [} hp. Let H ., H. beabasisof hp. We
order ®(g,, h) lexicographically relative to this basis. Let R denote the
corresponding positive root system of &(g, h) . Let Ry be the set of all
p € B(g, a) such that pu(H,)>0. Then R, is a system of positive roots for

&®(g, a) . Then it is clear that
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Ri, - {0} = R
Let A (resp. Ap) be the corresponding system of simple roots for R (resp.
Ry) . Set
Fo={e € Ala], =0}.
Then
(A= Fy)l,=4g.

Theorem 3.3 Let X be any semisimple element of g. Then there is a parabolic
subalgebra p=14+n of g s0 thet 12 Cg(X) and the cenire z of Cg(X)

consisls of eletnenis which are elliptic in 1. Furlhermore

im (1G-X) = K-{ lim (1L-X)+ n}.
+ t—ot

1—0

Proof. Let X be any semisimple element in g, and let z be the centre of Cg(X) .
Then z has a Cartan decomposition
z=1z & ay,
so that 2z consists of elliptic elementsin g and a; C a. Let
1={Y € g | [¥ a5) =0},

let Ry be the subset of positive roots for ®(g, a) whose restriction to a5 is non-

zero. Seb
n= & gk.
FERzg
Then
p=1l4n

is a parabolic subalgebra of g and 1 2 Cy(X) since ag is contained in the
centre of Cy(X) . Also, the centre z of Cg(X) consists of elements which are
elliptic in 1 since

1={Y e g|[¥af=0},
and

=1z @ ay, az|l=0.
We know that ad(X)-mCn since ad(X)-n.Cn. , where n. is the
complexification of n. So we have a map

ad(X): n—n.
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Since ker(ad(X)) C Gg(X) C 1, and 1) n= {0}, wehave

ker{ad(X)| ) = {0} .
It follows that the map

ad(X): n—n
is invertible. By Theorem 1.6, we have the final result
im (1G-X) = X-{ lim (iL-X) + n}. o
—ot t—ot

§3.2 PARABOLIC SUBALGEBRAS IN gl(n, R)

In this section we give an explicit description of the parabolic subalgebras

introduced in the previous section for the case when G = GL(n, R).

Let X € gl{n, R) be a semisimple element.  After conjugation by
GL{n, R) , we may assume that X is of the type

X = diag{Ryy ey Rps Cyy wony )

Ry =+ 0 0 . 0
0 Ry 0 0
| o 0 G 0
0 0 0 ¢

where R; isa diagonal m; x m; matrix,

R; = diag[ryy+r, 1)) =
0 e T,

, € R, i=1,2,-.-,k, and CJ- is anx 2n; matrix,

¢, = dig] o B @ B;

=B; o -B; o



LIMIT ORBITS IN REDUCTIVE LIE ALGEBRAS 26

- 3 CXJ- 1] 0
0 - 0 CXJ- ﬂJ
i 0 - 0 _ﬁj Q’J- |

o, f; € R, j=1,2,-,1. Wehave
E i
omp 42y n=n
=1 =1

and r; # 1, (o, B8;) # (o ﬁj) if i #75.

2n; ,
We identify the space R " on which C; acts with c" so that C;
acts by multiplication with c;=a;+if;. Thus we write
X = ’"1Im1 X -er X '"klmk X ‘311:;1 X eee X .:',I“‘1
where T, is 1 x ¢ identity matrix, ¢ =m,+e, my, nyyeesy ny, =05+ iﬁj i=
1,-«- L. We have
Cg(X) = gl(my, R} x -+ x gl(my, R} x gl(n;, C) x +»- X gl(n, C) .

Its elements are of the form

Ay 0 0 0

. 0 A, 0 0

diag(Ay, ++, Ap By B) = . o B .
1

L 6 - 0 0 - B

where A; =gl{m, R) i=1,..,k, B, is 2n; x 2n; matrix,

b b
A « B
B;= : : s by =
8 a
bn » bn.n
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e, €R; y=1,..,n,j=1,..,!. Then the centre z of C'g(X) is
z = R-Iml x---xR-I_ xCI x---xC-I

Its elements are of the form

X, 0 0 0

_ 0 X, 0 0

dlag(Xl, reay Xk, Yl’ +eey Yf) = 0 0 Y 0
1

0 0 0 Y,

where X; = R-Iml_ i=1,..,my, Y;is 2n; x 2n; matrix,

i a B 0 0 )
-8 « 0 0
o a B o 311 . . .
Yi"qlag{[uﬁa]’."’[—ﬁa]}_ :
0 0 o Jél
0 0o -p

a,f € R,j=1,..,1. z has the Cartan decomposition
z=1; & ay
The subalgebra t; is
1720 x «++ x 0 x :'R-Iﬂl X .- X ‘R-Iﬂ‘

with elements of the form — -

diag(0, vy 0, Ypy ooy ¥)) =
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where {; is 2n; x 2nj matrix,

0 g 0 0
[ 3 0 0 - 0

_ . ffop o | . . . . .,
if"d’ag{[uﬂﬂ]‘""l_—ﬁo]}_ N
o --- 0 0 B
0 0 - 0

ﬁ ER, j=1:"'1l°

The subalgebra a; is

aZ'ER-Im1 x - x ReY xRI x---xRI

ml_ HI
with elements of the form

diag{R-Ip ooy ReLpy, RoT, oo ReL ).

The parabolic subalgebra p =1+ n of Theorem 3.3 is therefore

L = ke K

0 I * *
p:

0 0 fl *

g .. 0 a .- l’;

where L, =gl(m;,R) 1=1,..,%, {f:gl(?nj,R), i=1,..,1.

The Levi subalgebra 1 of p is the centralizer in g of az, ie.
1= gl(m,, R) x---x gl(m, R)xgl(2n,, R) x---x gl(2n;, R} .
Theorem 3.3 provides a description of ‘ligl-l_ (1G- X) in terms of . li5n+ (IL- X),

hence a certain reduction from G to L, which is a strictly smaller group unless

k,1€{0,1}, i.e. X has only one eigenvalue. However, this reduction by itself
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does not provide information on the relation between the orbits of G and of L
in these limit sets, and hence does not provide a complete solution of the

conjecture of Barbasch and Vogan in [1}.
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APPENDIX. AN EXAMPLE: LIMIT ORBITS IN sk2, R)

We will give an example to illustrate the conjecture mentioned at the end of the
last chapter for the Lie algebra
K2, R) = {X € MR) | tr(X)=0}.
The corresponding group is
SL(2, R)={ g € My(R) | det(g) =1}.
Let E,, FE, Ej; bethe basis for s{2, R} defined by

Dcfine a bilinear form on sf2, R) by
(XJ }’) = 611?1 + £2q2 - f_g’?_g
where
X= 51E1 + 52E2 + ESES
Y=mnE +n,E, +n,E;.
Then we have
X X)=6+6-6
= —det(X)

= %ﬁl‘(xz) .
The complement of the cone {X, X} =0 in s¥2, R) is the disjoint union of

the following three connected sets.

(1) (X, X) >0
(9) (X, X) <0, (X,E)> 0
() (X, X) < 0, (X,Ep) < 0.

Consider SL(2, R) acting on si2, R) by the adjoint representation. We know

that the following conditions are equivalent.
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(a) ¢ maps each of the three sets in (1), (2}, (3) into itself.
(F) ¢ maps the set in (2} into itself.

(c) {Ad(g)- B3, E3) < 0.

Let g=sK2, R), G = SL(2, R), put
S={X=¢E+ €2E2-§- §,Ey € sK2, R)[det(X) = (X, X)=0, and £, > 0}.
So S is the upper cone of &f + 53 - fg =0. Let

0 —
1
Xy = =—E, + Ey) .
0 0 0 2( 2 3

We claim that

lim (1G-E)=S= G Xg.
—ot

First we prove Iim+(tG-E3) C 5. Let Y= E; + n,E, + nyb3 be an
1—0 ©
element of lim (iG:Eg), say
t—ot
Y= Mmgk-ik.ﬁ'_g

where 1, — 0%, Then we have

det{ Y} = dei( ngk- (L Eg) = }.{f-ﬂlooik. dei(Eg) =0
and by the property (¢) above

—Ng= (Y' ES) = E?m(gk' tkE.?’ ES) <0
sowehave Y € § and lim+(tG-E_,) cSs.
{—0
Second we prove 5 C G-X,;. We know that every non-zero clement Y in

s2, R) for which def(Y) = 0 is conjugate to the element

0F1
ionl:OO]

under SL(2, R), and every element in S is conjugate to Xy . So we have
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S\{O} g G'XD aﬂd S g G'XD.

At last we prove G-X, C lim (fG Eg) . It is enough to prove that X,
t—ot

belongs to lim+(iG -Eg). Let g = exp(kE;). Since
t—0
ad(E,)- Eg= —2E,, ad(E;) - E,=—2Eg,
we have

9, Eg = Ad(ezp(kE,)) Eg = ezp(ad(kE,)}- Eg

E )" o (ad(kE,))*"H
B L

( qk)zﬂ oo (_Qk)2n+1

— —r F A ___F
=o (@n) st z:0 @n1)l 2

_R @ et
‘,E—;:U (2n)! By “,Ec. (@n+1)! Ey

Ma i;:ms

= cosh(2k)Ey — sinh(2k)E,

Let t, = exp(—2k), then
ﬁf}mgk' $Eg= i@werp(—ﬁk) - Ad{ezp(kE,)}- Eq

So X; € Iim+(fG-E3) and G-X, C lim (tG Eg) . Thus we proved the
t—0 t—ot

claim
lim (IG-Eg)=8= G-X;.
(=t

It follows that the set I:'m_]_(tG - Eg) is the closure of exactly one real nilpotent

i—0



orbit G- Xj.
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