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Abstract

In this work we investigate rateless coding and modulation for wireless communication
systems. In particular we are interested in channels in which only the transmitter has
channel knowledge. For this setting, we show that rateless codes have properties that
make them well suited for wireless systems. We advance the theory of rateless codes by
proving the existence of rateless codes which are “good” for all possible realizations of
fading channels simultaneously.

To complement rateless coding, we introduce a novel modulation scheme called p-
PAM modulation. We show that typical M-ary modulation schemes are not always well
suited for the channels considered in this work, and that 4-PAM modulation has benefits
relative to standard M-ary PAM. A simple demodulation scheme is presented and its
performance is analyzed and simulated.

Applications using rateless codes over wireless channels are considered. We examine
the behavior of a streaming application with delay constraints over fading channels,
comparing rateless codes with other traditional systems. Benefits of the rateless approach
are presented, and theoretical guarantees on probability of outage are developed.

Finally, the use of rateless codes for relay networks are explored and we demonstrate
theoretic limits on the rate of communication for the proposed relaying strategy. Simu-
lations validate the performance of the strategy.
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Chapter 1

Introduction

Digital mobile communications systems have reshaped the way people interact and com-
municate with each other. From cellular and satellite phones enabling person to person
calling from virtually anywhere in the world, to myriad portable devices allowing reliable
Internet access while on the move, these mobile systems are unquestionably a technolog-
ical, if not social, success.

This success comes despite a number of fundamental challenges associated with wire-
less mobility. One such challenge is the dynamic, time-varying nature of the signal
propagation conditions through the air. Impairments caused by movement of the trans-
mitter or receiver, reflections of the signal, and interference from other sources must all
be handled in a reliable and efficient manner. For the past several decades research has
been focused on developing solutions to the problems caused by these impairments and
a large number of successful solutions have been implemented.

One of the fundamental tools used in this venue is channel coding; the use of struc-
tured redundancy in order to detect and correct errors induced by the channel. Coupled
with modulation techniques, adaptive receiver designs and link-layer protocols, many
wireless systems are able to achieve acceptable levels of reliability or efficiency. One need
only to look at current cellular systems such as GSM/GPRS/EDGE [74] and UMTS [76],
wireless LAN systems such as WiFi [77] and WiMAX (78], or short-range bluetooth sys-
tems [73] to witness the ubiquity and utility of coding.

Despite these advances, it remains a difficult challenge for current wireless systems
to simultaneously maintain efficiency and reliability over dynamic channels. The instan-
taneous capacity of the channel, often a time-varying value, usually can not be tracked

by the transmitter without sophisticated methods. As a result, measures of performance



such as throughput or probability of outage remain less than theoretically achievable.
Current systems offer acceptable performance at the expense of signaling overhead and
limited data rates.

A type of channel code, fountain codes have been developed for use over erasure
channels. In this work we explore the possibility of using fountain coding principles for
wireless channels. Specifically, we investigate the generalization of fountain codes which
are referred to as rateless codes. We will show that the properties of rateless codes can
help with some of the limitations of current wireless systems, resulting in improvements

in throughput and outage.

1.1 Fountain Coding

A typical digital communication system may be broken down into the components shown
in Figure 1.1. We wish to send a message source consisting of some binary sequence to
the message sink at the other end of the system. We assume for the purposes of this
work that the source sequence has been compressed and therefore we can assume that
the source is an independent and identically distributed (i.i.d) random binary sequence
with an equal probability of a one or a zero.

The source sequence is first mapped by the encoder to a codeword. This is the channel
encoder which adds structured redundancy to the source sequence to provide resiliency
to errors induced by the channel. The output of the encoder is fed into a modulator
which maps the codeword to a channel-compatible form.

The channel introduces possible errors into the modulated message in a probabilistic
manner. The role of the demodulator is to undo the mapping done by the modulator
and to output estimates of the bits comprising the transmitted codeword. Finally, the
decoder produces an estimate of the original source sequence given the input codeword
estimate in an attempt to fix any errors that were induced by the channel.

We focus for a moment on the coding/decoding portions of Figure 1.1, whose com-
bined purpose is to allow errors induced by the channel to be detected and/or corrected.
Typically this operates in a block-based manner; some number k of information bits are
mapped to some number n > k of coded bits, where both k and n are fixed a priori. It is
possible to create codes for which n is not fixed, but rather is an outcome based on the
conditions of the channel and the code design. Codes of this type are often collectively
referred to as rateless codes, and this nomenclature is adopted for this paper.

A specific class of rateless codes called fountain codes have received a great deal of
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Figure 1.1: Digital communication system model

attention in the past few years. They not only have low computational complexity but
also have capacity-achieving or capacity-approaching performance for certain classes of
channel models. The term fountain is meant to invoke the sense of an infinite stream of
information being communicated, much as a fountain continuously streams water.

The first fountain codes which are called Luby Transform (LT) codes were introduced
by Luby in [48]. These codes were shown to achieve the capacity of the binary erasure
channel (BEC) without any knowledge of the erasure probability at the encoder. How-
ever, LT codes are prone to significant performance degradation for small values of k.
Raptor codes, the successor to LT codes, were introduced by Shokrollahi in [66] and
use LT codes as an inner code with a high-rate low density parity check (LDPC) outer
code. Raptor codes were shown also to be capacity achieving for the BEC, and with the
beneficial properties of little or no error floor for smaller block lengths and a linear-time
encoding and decoding computational complexity.

These codes have proven successful for Internet-based content distribution applica-
tions, and the company Digital Fountain [18], founded by Luby and Shokrollahi and
holding many patents on these codes, is in the process of commercializing these ap-
plications. Other applications which may be served by fountain codes and are being
commercialized include mobile communications and ad-hoc, mesh or sensor networks.
However, these products are built on the assumption that the channel being used is an
erasure channel of some type. That is, the channel is always modeled as an erasure
channel, which is often either inefficient or not applicable for the application. We will
show in this work that fountain codes can also be well suited to fading channels.

Unlike traditional fixed-rate codes which map k information bits to n coded bits,

a fountain code operates on k information bits, generating coded bits individually in a



consecutive, sequential manner. The generation of a coded bit is a two-step process. The
first step requires the encoder to draw a pseudo-random number d with some predeter-
mined distribution. The encoder then pseudo-randomly chooses d distinct information
bits with equal likelihood. These selected bits are combined together using the “exclusive
OR” (XOR) operation, and the result is transmitted over the channel.

This process may be repeated an unlimited number of times, thereby generating code-
words of essentially infinite length. In practice, the decoder, whose operation is described
below, acknowledges the encoder when it has decoded and recovered the original k in-
formation bits through a feedback channel. In this way, the rate that is achieved by the
system depends on both the channel and the code construction and implementation.

The decoder is capable of reproducing the identical pseudo-random realization that is
used to by the encoder. It is then able to assign to each received symbol from the channel
the list of information bits that were used to generate that bit. Essentially, the decoder
reproduces the generator matrix that the encoder uses. The decoder also tracks the
amount of information it has received from the channel. At some point it determines that
it has sufficient information, and then decodes the codeword. If decoding is successful,
it uses a feedback channel to notify the encoder. Otherwise, it simply collects more
information from the channel and attempts decoding again at some future time.

A remarkable fact of these fountain codes is that, with proper construction, their
performance is universal over the BEC. This means that, despite not knowing the erasure
probability of the channel (in fact this probability may even vary during the course of the
codeword transmission), these codes can achieve the capacity of the channel, regardless of
what the erasure probability is. This powerful property is a key element to their success,
and is a major motivation for their use in Internet-based applications. This and other
useful properties of rateless codes provides further motivation to explore their potential

over other channels and media, which is explored in the following chapters.

1.2 Overview and Thesis Contributions

This work focuses on the encoder/decoder and modulator/demodulator blocks of the
communication system of Figure 1.1. Given a wireless channel modeled by an appro-
priate probabilistic transfer function, we seek a coding and modulation system that can
overcome many of the limitations of current wireless systems as discussed above. Mo-
tivated by the properties of fountain codes, the ultimate goal of this work is to study

and analyze the use of rateless concepts — both coding and modulation — in wireless



communication systems.

The nature of fading channels is investigated in Chapter 2 with a focus on the implica-
tions for rateless systems. Portions of this chapter were published originally in [10,9,14].
Over fading channels, achievable rates are random variables that are functions of the
realizations of the random channel. As such, there will be a distribution of achievable
rates induced by the channel. We provide an analytical perspective on the limits on
the rate of reliable communication for fading channels, derived in the context of rateless
systems. Traditional “fast” and “slow” fading models are considered, as well as fading
rates that qualify as neither “fast” nor “slow”. In the latter case, it is shown that the
distribution of achievable rates takes a discontinuous form. This form further motivates
the use of a rateless coding scheme (as opposed to a fixed-rate scheme) for such channels
and all fading rates.

To motivate the work in Chapter 2, consider the following scenario. Suppose we wish
to communicate k bits of information reliably over a fading channel without channel
knowledge. When is the transmitted message decodable? This classical question has
been dealt with for many types of fading channels. See, for example, [79] for a survey.

From a coding-theoretic perspective, this question is logical to ask only in the con-
text of a variable-rate coding scheme. In typical fixed-rate coding schemes, the codeword
length n is chosen a priori, hence the time of decoding is fixed. This restriction imme-
diately implies that outage events are inevitable, and that the outage probability is
bounded away from zero. With such a fixed-rate scheme, the only way to reduce outage
probability is to reduce the communication rate, and the system designer is faced with
a trade-off between efficiency (i.e., rate) and reliability (i.e, outage). So with fixed-rate
coding, the question is not a matter of when a message is decodable, but rather whether
a message is decodable at some rate.

From a rateless coding perspective, we characterize the distribution of the time of
earliest successful decoding when only k is fixed a priori. We present a numerical ap-
proach to allow the computation of the distribution of decoding times for arbitrary
block-independent fading channels. Using this form we show that the decoding time
distributions are discontinuous. Decoding time distributions are computed for various
underlying fading distributions, and consequences of these distributions are discussed.

Having investigated the nature of the channel, the next step is to consider whether
rateless codes are in fact suited for wireless systems. This is also a subject of Chapter 2,
where it is shown that these codes have properties that are well suited for wireless envi-

ronments. In particular we define the types of wireless channels considered, provide some



measures used to compare the performance of different coding and modulation alterna-
tives and then examine rateless codes. The properties of rateless codes are examined and
we provide a proof of the existence of good rateless codes for the wireless channels con-
sidered. In this context we show that universally good rateless codes exist; i.e., rateless
codes can achieve the (realized) capacity of a class of fading channels simultaneously for
all possible channel realizations.

Based on this proof, we propose to use rateless codes for communication over fading
channels when the channel state information is unknown at the transmitter. Our ratio-
nale for using rateless codes to achieve efficiency, reliability and robustness is in fact quite
intuitive. First, unlike fixed-rate codes in which the rate k/n is a constant and indepen-
dent of channel realizations, rateless codes realize a rate for each codeword depending on
what channel realization is experienced by the codeword. Since the successful-decoding
time n depends on the channel realization, a good rateless code may naturally adapt
to the channel state thereby providing opportunities for the realized rate k/n to closely
follow the realized capacity of the channel. Second, as suggested in [20], for a large class
of discrete channels, choosing the codebook size 2F to be sufficiently large may drive
the outage probability to zero without sacrificing rate. Third, we note that knowledge
of channel statistics at the transmitter plays no essential role with rateless codes. If a
rateless code can realize a rate that is close to the realized capacity in every transmission,
it can then closely follow the average realized capacity regardless of the channel statis-
tics. Thus a rateless code can maintain its efficiency and reliability across all channel
ensembles.

Given these promising results we then turn to the problem of modulation in Chapter
3. Here it is shown that when communicating over channels with unknown state at the
transmitter, the choice of modulation rate plays an important role in the overall perfor-
mance of the communication system. Focusing on M-ary modulation in one dimension,
we introduce a new form of modulation called u-PAM modulation and compare it with
standard methods such as M-PAM. A portion of this work appeared originally in [11].

A novel solution to the problem of modulation for unknown channels is to use an
adaptive demodulation scheme as described in [5], coupled with a Raptor code. Here,
the modulation scheme is fixed, but the demodulation scheme is adaptive based on the
channel state, thereby “compressing” the number of bits output from the demodulator.
This approach automatically adapts its rate over a range of SNR such that the system
targets a particular (high) SNR, and gracefully degrades when the SNR falls below this

value.



We seek a modulation system that offers efficient and reliable communication over
unknown channels with a somewhat different objective. Specifically, we would like a
system that can perform well in very low SNR conditions, but adaptively increases its
rate as the SNR increases.

The proposed strategy for this communications problem is to map some number of
consecutive rateless-coded output bits to a point in a constellation of non-uniformly
spaced, real-values. We generalize M-PAM modulation with a fractional-power mod-
ulation scheme called y-PAM. This modulation scheme is similar to M-PAM, except
that the symbol constellation no longer has an equal distance between adjacent symbols.
Instead, the constellation points are generated in a recursive manner, dependent on u,
with p € (0,1/2].

Since Raptor codes are able to produce a virtually infinite number of output symbols,
we propose a method in which a large number of consecutive output symbols are mapped
into a single real value, and this value is transmitted over the unknown channel. This
process is repeated until the decoder is able to recover the information bits. The mapping
from output symbols to transmitted symbol may be considered a form of non-uniform
modulation, providing unequal error protection to the output symbols.

A simple demodulation technique is introduced which performs nearly as well as max-
imum likelihood detection. The algorithm is complimentary to the modulation structure
in that it can be viewed as a recursive operation. Using this algorithm, performance
of the modulation system is analyzed and studied in detail. In particular, we present
bounds on the achievable rates at which the modulation system can communicate in-
formation, and present an asymptotic analysis of performance as M approaches infinity.
We show that in many circumstances, this new modulation scheme provides benefits to
the performance of the overall system, particularly for unknown channels. We compare
this new modulation scheme with M-PAM and highlight the tradeoffs between the two
in terms of achievable rates.

Having investigated theoretical limits of the rate of communication for rateless codes
and modulation over fading channels, Chapter 4 presents an investigation of the ap-
plication of rateless coding to fading channels when there is a delay constraint on the
transmission of data. Part of this chapter was originally published in [14].

Delay constraints are a common and practical limit that is built into many commu-
nication systems. Their use may be a result of technical limitations, such as a minimum
acceptable number or retries that a block-based coding system may impose, or may be

due to quality-of-service guarantees. When a delay constraint is imposed over fading



channels with unknown state at the transmitter, it is almost certain that outage proba-
bility will be bounded away from zero. This is clearly true for fixed-rate communication
schemes, but we will show that when rateless coding is applied, under certain circum-
stances it is possible that long-term outage probability can be driven to zero, even in the
presence of delay constraints.

This will be seen in the context of a video streaming application where a delay con-
straint is imposed due to a quality-of-service requirement on the latency of transmission.
For this application we compare fixed-rate coding schemes, some existing variable-rate
coding systems, and rateless codes. We show that rateless codes offer the best overall
performance when comparing the metrics of throughput, probability of outage and mean
time to decode.

With such applications in mind, the channels we consider are fading channels with
unknown states at the transmitter and the presence of a reliable feedback channel. The
channel state may vary with time and the rate of this variation may result in different
behaviors that require different communication strategies. For quasi-static fading chan-
nels, in which the channel conditions remain fixed for the duration of a codeword, one
may use feedback in order to signal the channel state information to the transmitter.
For fast-fading channels, in which channel conditions vary independently from symbol
to symbol, one may rely on the law of large numbers and code for the expected case
thereby achieving the ergodic capacity of the channel. Between these extremes, one may
consider the block-fading channel with a delay constraint, where there are only a few
fading blocks during the transmission of a codeword. In this case the above mentioned
strategies fail to be efficient.

In this regime, the work in [56] examines the impact of causal feedback on the ca-
pacity of delay-constrained block-fading channels and presents an optimal power-control
strategy under channel uncertainty. More generally, the work of [32] characterizes the
capacity region of the delay-constrained multiple access channel, and presents an opti-
mal resource allocation scheme. The works in [58,69,65] present performance analyses
for variable-rate and rateless coding strategies using LDPC codes and fountain codes,
demonstrating their applicability over a range of SNR.

It is worth noting that rateless coding may be considered as a type of Hybrid-ARQ
scheme or variable-rate strategy, both of which have been used for communication un-
der channel uncertainty. For example, using a block-incremental redundancy strategy,
the throughput for the Gaussian collision channel is analyzed in [6]. Furthermore, the
information theoretic analysis in [20] has demonstrated that rateless codes can achieve
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the mutual information induced over the channel by the choice of input distribution for
the class of all discrete memoryless channels with no channel state information.

The main contribution of this chapter is to demonstrate that rateless codes offer ad-
vantages in terms of throughput and outage probability for delay-constrained streaming
applications over fading channels. Motivated by the video-streaming application, we
compare rateless and fixed-rate transmission schemes and demonstrate the existence of
a critical operating point for rateless coding strategies such that beyond this threshold,
the outage (or frame-jitter) probability can be driven to zero in the long run. This makes
rateless codes an attractive solution for such applications.

We provide a theoretical justification for the existence of the critical operating point
and present a detailed characterization. The critical point depends on three system
parameters, the SNR, the ratio of the delay constraint to coherence time, and the ratio
of the information rate to coherence time. We present a number of plots demonstrating
the impact of modifying these parameters and compare fixed-rate and rateless strategies.

Comparisons between rateless and fixed-rate systems are also made using mean
throughput and mean time-to-decode. In both cases we show that rateless systems
offer advantages. We also apply the u-PAM modulation presented in Chapter 3, further
highlighting some of the advantages that this modulation scheme provides when used in
realistic applications.

The concepts developed in the early chapters of this work are expanded from a point-
to-point setting to a multi-terminal setting in Chapter 5. Portions of this chapter ap-
peared in [8]. As an extension of the results obtained so far, we present a novel framework
for coding over relay channels using joint rateless codes and modulation. As far as we
are aware, we are the first to propose the use of rateless coding for relay channels and
relay networks. This framework is at the intersection of two active areas of research
in communications, namely relay networks and rateless coding. We demonstrate that
there is a very natural and useful fit between these two areas, and describe some design
challenges and implementation considerations for this framework.

The use of relays in wireless communication networks provide a new dimension to
the design space of wireless networks which promises enhancements to both the coverage
and throughput of the network. In its simplest form, a relay network is a collection of
terminals which are able to transmit, receive, and possibly assist the reliable delivery
of information from source terminals to destination terminals. Thus, communication of
data through a wireless relay network is not required to be direct; it may pass through

a number of other terminals, though direct communication from source to destination is
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not precluded. In fact, it is possible to simultaneously use single-hop, i.e. direct, and
multi-hop communications paths.

Traditional wireless networks have predominantly used direct point-to-point or point-
to-multipoint (e.g. cellular) topologies. The fundamentally different mode of transport,
possible uncertainty in terminal geographical location, and difficulty in theoretical anal-
ysis of relay networks have kept them mainly to academic realms. However, there has
been a number of recent theoretical results that may spur the use of relaying techniques
in practical networks. The key behind these advances are mainly a result of research in
multiple antenna systems.

Multiple antenna systems, or multiple-input, multiple-output (MIMO) systems have
seen remarkable growth in recent years and can deliver significant throughput and cover-
age gains over wireless channels compared with single antenna systems. A fundamental
observation to make with respect to wireless relay networks is that, with appropriate
coordination or cooperation, communication between two terminals in the network can
be viewed as a type of MIMO system. This may be achieved in a number of different
ways, however all require some level of cooperation within the network. The relaying
strategy used may impose limits on the similarity to a MIMO system.

In their two-part paper [63,64], Sendonaris, Erkip and Aazhang introduce and ex-
amine the concept of user cooperation diversity. Here, the authors demonstrate that
simple cooperation between transmitting users can increase throughput and coverage
simultaneously. Other strategies are examined for wireless channels in [39]. Dohler et al
introduce “virtual antenna arrays” in [19]. Here, groups of terminals cooperate to form
a virtual MIMO system and exploit the spatial diversity that results. This is a similar
concept to user cooperation, but focuses on different design aspects, such as link budget
impact.

A natural extension of the basic implementation described in [63] is to use coded
cooperation and this is described in [36] by Hunter and Nosratinia with further analy-
sis and implementation details for wireless channels given in [37]. Further approaches
using coded cooperation are given in [44,43|, where the authors propose a decode-and-
forward (DF) scheme with many opportunistically cooperating terminals, and show that
diversity gains scale in the number of potential relays rather than the actual number of
participating relays.

In works that foreshadow the use of rateless codes for relay channels, Caire and
Tuninetti in [6], and Zhao and Valenti in [89] propose and analyze the use of Hybrid-
ARQ for relay channels. In [6], hybrid-ARQ protocols for the Gaussian collision channel



12

are studied. Notably, the results translate to relay channels. Also foreshadowing the
application of rateless codes, Mitran, Ochiai and Tarokh present in [51] a two-phase
communication scheme for wireless devices in a network with the half-duplex constraint
along with an information-theoretic performance analysis.

Given these works, the use of rateless codes for wireless relay channels seems to be
a synergistic match. We present a communication framework over relay channels using
joint rateless codes and modulation. We first introduce the relay channel model that we
study, then provide a justification for the framework and cooperation strategy proposed.
An information-theoretic achievable rate region is presented and we show how the rateless
framework can automatically attain the optimal achievable rate.

Building on this theory, we present a simple simulated implementation of the proposed
framework. We simulate the basic relay channel in which a source wishes to communicate
information to a destination, with possible assistance from an otherwise idle relay node.
The Monte Carlo simulation is used to present performance curves of mean achieved
rate, probability of outage and mean time to decode. It is shown that the diversity order
of the system approaches that of a 2 x 1 MIMO system as expected.

The simulations also show that the rateless code is able to naturally and automatically
adapt to the fluctuation, unknown conditions of the channel between each pair of nodes
in the network. We use u-PAM modulation presented in Chapter 3 in the simulation and
explicitly present the advantages of using this modulation method compared to standard
M-PAM in many conditions.

Chapter 6 concludes the thesis with a summary of the contributions made in this
work. A number of extensions and suggestions for future research are also provided.
Since the concept of rateless coding and modulation is relatively immature, there are
a large number of open questions and directions for future work, covering information

theory, coding theory, modulation design, relay channels and network design.



Chapter 2
Rateless Coding for Fading Channels

Channel coding is the primary means by which reliability is achieved in a communi-
cation system, and as such it has been the focus of intense research for over half of a
century. Advances in coding theory have led to codes that are practical to implement
and can communicate reliably within fractions of a decibel of the capacity of an ever-
growing number of channels. Although the capacity of wireless channels are known and
understood, their dynamic nature and wide range of models have made coding for these
channel particularly difficult.

The goal of this chapter is to introduce and analyze rateless coding concepts, then
apply them to wireless channels. Figure 2.1 shows the communication system with the
encoding and decoding blocks highlighted, which are the focus of this chapter. The
organization of this chapter is as follows. We introduce the class of channels considered
in this work in Section 2.1. To achieve our goal, it is important to pose the problem we
seek to solve clearly. One question we wish to answer as part of this work is “when can
we decode a message”? This is studied in Section 2.2, where we show that the the time
it takes to decode a message is a random variable induced by the channel. This result is
the main motivation for the use of rateless codes.

Since we cannot know how long it will take to decode a message, we seek a coding
scheme that can guarantee efficient performance regardless of the state of the channel.
This is one of the powers of rateless codes, and in Section 2.3 we introduce rateless
codes formally and provide some background and properties. In Section 2.4 we prove the
existence of rateless codes which have the exact property that we are looking for; namely
that there exist rateless codes which can achieve the capacity of a class of fading channels
no matter what the realization of the channel is. To validate these results, Section 2.5

13
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Figure 2.1: Digital communication system model highlighting coding functions

presents a simulated implementation of a rateless code over fading channels and we show
that performance is very good across a wide range of channel conditions. We conclude
the chapter with some discussion and summary in Section 2.6.

2.1 System Model

We consider point-to-point, single-antenna communication over fading channels where
channel state information — the complex channel gain h; — is available only at the

receiver. The discrete channel model can be expressed as
Yi=hX,+N; (2.1)

where, at time ¢, Y; and X; are the received and transmitted complex symbols respec-
tively, and V; is complex additive white Gaussian noise. The time-varying characteristic
of h; is the block-fading model with coherence time T.. Within each block of T, chan-
nel uses h; remains constant and between blocks h; is drawn independently from some
distribution over the set of complex numbers. For wireless fading channels, this distribu-
tion may be assumed to be a circularly-symmetric complex Gaussian distribution of unit
variance. We impose no restriction on the form of this distribution beyond requiring that
0 < |h;] < 0o, which is needed for the lemma in section 2.2.1. The model in the limit of
T, = oo becomes the quasi-static fading model, which we may refer to subsequently as
slow-fading. Similarly, at T, = 1, the channel becomes the fast-fading model.
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We will denote the sequence (hy, b, ..., hy) from time instant 1 to time instant n by
h™. Then h*, which we refer to as a channel realization, is characterized by a discrete-
time random process {h*((¢) : ( € Q}, where we treat h® as a bijective function on
some {2 and the probability measure on € induces the probability measure over the set
of all channel realizations. The one-to-one correspondence between a channel realization
h* and ¢ then allows us to identify a channel realization with a { € Q.

Given a channel realization ¢ and any positive integers n; and na (n; < ng), we
define the realized capacity (also called instantaneous capacity in some works, e.g. [1]) for
channel realization ¢ over the discrete-time interval [ni, no] as

Oy m;€) = ————— 3 logy(1 4 ()

ng—ny+1: (2.2)

bits/channel use,

where 7 is the receive SNR. When n; and no are interpreted respectively as the starting
and ending time of transmitting a codeword, C(nq,ns;¢) in (2.2) indicates the average
“supported rate” over the duration of the codeword. Subsequently we may write C(n; ()
in place of C(1, n; ¢) for simplicity. For sufficiently large n and when the number of fading
blocks, n/T,, approaches infinity, for any ¢ €  C(n;() approaches the deterministic
ergodic capacity. That is, with probability approaching one,

C(n;¢) = En(log(1 + |h]*)), (2.3)

and that coding over a large number of fading blocks allows this capacity to be achieved.
Note that this is the same capacity as that for the fast-fading channel. When n/T, — 0,

realized capacity is a random variable given by
C(n;¢) = log(1 + [Al*v) (2.4)

and is independent of n. This is the classical result for quasi-static fading.

The fact that both extremes of block-fading in terms of n/T, result in capacities that
are independent of n is interesting since between these two asymptotes realized capacities
do indeed depend on n/T,. This is explored in more detail in the following section.

In practice, where certain delay requirements dictate that a codeword cannot be
transmitted over a large number of fading blocks, the notion of ergodic capacity is no
longer useful. Such a scenario, under the condition that T, and n are relatively large, is
the primary interest of this chapter.
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In this setting, when communicating a codeword of length n over the realized channel
¢, the efficiency of transmitting the codeword may be indicated by how closely the
communication rate k/n approaches C(n;(), where k is the number of information bits
carried in the codeword. In addition, when the codeword is decoded incorrectly, an
outage occurs. Given that C(n;() is the rate supported by the channel realization (,
when using a codeword of length n to communicate & bits of information, the theoretical
lower limit of the outage probability is given by [79]

P

out, lim = Plk/n > C(n;Q)]. (2.5)

In practice, the outage probability for a system may be defined as the average prob-
ability of decoding error. The reliability of a communication scheme may then be indi-
cated by how close the outage probability is to the limit in (2.5). The fact that when
k/n < C(n;{), it is in principle ! possible to have arbitrarily small probability of decoding
error, and that when k/n > C(n; (), the error probability approaches one asymptotically.

Since the statistics of wireless channels typically vary with time and space, a com-
munication scheme designed for a particular channel ensemble may become either less
efficient or less reliable as these statistics vary. A system is said to be robust in this work
if it is both reliable and efficient across channel statistics. As a limiting case, a system in
which both efficiency and reliability are independent of the channel realization or statis-
tics would be completely robust, and such a scheme would be considered wuniversal in
the usual sense over the given class of channels.

Note that in many wireless systems offering multimedia services, a number of possible
fixed code rates are available for use, and the choice is dependent on the transmitter’s
estimation of the channel conditions. For example, UMTS systems use a turbo code with
a number of different puncturing patterns, each of which results in a different actual code
rate. Thus, depending on the service required and the channel conditions, a desired rate
is chosen such that, along with power control and other control mechanisms, a certain

reliability is maintained.

2.2 Decoding Times over Fading Channels

Imagine a communication system in which a transmitter desires to communicate k bits

of information reliably over a fading channel without channel knowledge. We ask the

1 This however needs the transmitter to select the rate based on channel realization h.
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question: when is the transmitted message decodable? This classical question has been
dealt with for many types of fading channels. See, for example, [79] for a survey.

From a coding-theoretic perspective, this question is logical to ask only in the con-
text of a variable-rate coding scheme. In typical fixed-rate coding schemes, the codeword
length n is chosen a priori, hence the time of decoding is fixed. This restriction imme-
diately implies that outage events are inevitable, and that the outage probability is
bounded away from zero. With such a scheme, the only way to reduce outage probabil-
ity is to reduce the communication rate, and the system designer is faced with a trade-off
between efficiency (i.e., rate) and reliability (i.e, outage). So with fixed-rate coding, the
question is not a matter of when a message is decodable, but rather whether a message
is decodable at some rate.

The reviving interest in feedback strategies [56] and incremental redundancy schemes
[7], and the recent conceptual generalization of rateless codes from fountain codes [20]
are now advocating a movement away from a fixed-rate methodology. That is, a message
should only be decoded at a time when it can be decoded.

In this section we characterize the distribution of the time of earliest successful de-
coding when only k is fixed a priori. We are particularly interested in the scenario where
k is of a similar order of magnitude as the channel coherence time, corresponding to
slow-fading channels, delay-limited applications, or a combination of the two. We also
demonstrate that these results degenerate to classical results in the limiting cases of
fast-fading and quasi-static fading.

The scope of this work falls into the category of communication under channel un-
certainty. Problems in this area are of practical significance, particularly for wireless
channels. An information theoretic survey is given in [45]. Other researchers have made
noteworthy contributions following this setting: The authors in [6] consider a non-ergodic
block-fading model and determine that throughput is a discontinuous function of rate
for multiple access channels under a hybrid-ARQ scheme. These results provide some
additional validation of the discontinuous decoding times that will be presented in this
section.

By examining the impact of the delay-constraints on block-fading channels, [1] presents
a novel framework for determining and maximizing throughput for block coding methods.
The work in [4] presents a graphical outage boundary-region concept which highlights
the interaction between block coding and delay-constraints over block-fading channel
models. It appears that this subject continues to attract research attention.

It is remarkable that even without any reference to feedback schemes or rateless
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coding, the notion of earliest successful decoding time (referred to as decoding time
hereafter) is a fundamental concept in its own right. Specifically one can view the
minimal setup of a communication objective as the transfer of k bits reliably over a
given channel. The decoding time is an intrinsic aspect of such a setup, indicating the
intrinsic latency involved in communicating the k£ bits. This communication latency
only depends on the channel characteristics and k&, independent of whether there is any
feedback or whether there is a delay, codeword length, or rate constraint. As such, one
may view decoding time as a generic quantity underlying all communication problems
with the same channel characteristics and information frame size k. Once decoding
time is characterized, any performance metric can be derived. For example, one may
immediately derive the outage probability by computing a (right) tail probability under
the distribution curve of decoding times.

It is unfortunate that we see no closed-form expression obtainable for decoding time
distributions in general. Nevertheless, we are able to characterize the decoding time
distributions and present a numerical approach to allow the computation for arbitrary
block-independent fading channels. Using this form we show that the decoding time
distributions are generally discontinuous. This is the first time this observation is made,
to the best of our knowledge. Decoding time distributions are computed for various
underlying fading distributions, and are presented in the figures.

Examining the capacity equation in (2.2), we consider the impact of different fading
models. We assume that the receiver can perfectly track the channel realizations. The
transmitter is not assumed to have any knowledge of the channel realization. When the
channel gain, A is random but remains constant for all time, then we have a slow fading
situation where the delay requirement is short compared to the channel coherence time.
Given some channel gain h, this is an AWGN channel with received SNR of |h|*y. The
maximum rate of reliable communication supported by this channel is given by (2.4), a
random variable. If the transmitter chooses some fixed-rate R to transmit at, regardless
of how small this rate is, there will be a non-zero probability of outage. An alternative
perspective is to say that the channel, conditioned on h, supports a rate equal to (2.4),
and any rate of transmission smaller than this is achievable. Any rate of transmission
greater than this will almost certainly result in an outage, i.e. it cannot be reliably
supported.

Consider now extending this to time-varying fading models. Traditionally when deal-
ing with time-varying fading, if we wish some target probability of outage (possibly zero),
the length of the codeword must be large enough to average out both the Gaussian noise
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and the channel gain h. Assuming this is possible, then the ergodic capacity (2.3) is
achievable. To achieve this, the codeword must average out the fading, and thus must
span many coherence time periods T,. Depending on the nature of the fading, this can
result in extremely long codewords. For applications which have a delay constraint that
is small relative to the required codeword size, this ergodic capacity is not meaningful
in practice. This practical issue is examined in greater detail in the following section,
where the focus is on the number of channel uses — or codeword length — required to

meet certain reliability criteria.

2.2.1 Distribution of Decoding Times

We are interested in characterizing the distribution of decoding times for the block-fading
channel assuming that both £ and T, are very large and of similar magnitude. Since T,
is large then we can treat each block to behave as a quasi-static channel, for which there
exists a code that can achieve the capacity given in (2.2). A proof for the existence of
such a code is given in Section 2.4, but for now we will accept this assertion as true.
Thus under an optimal coding scheme, in T, channel uses we can transmit C(T¢; ()T,
bits of information. When dealing with the block-fading channel we will use the term
C; = C((t — )T, + 1,iT; ¢) to simplify notation.

After N blocks, we are able to communicate up to

N
Y T.C (2.6)
i=1

bits of information reliably. Alternatively, after (N — 1)T, < n < NT, channel uses, we

are able to communicate up to
N-1
Y T.Ci+ (n~ (N = D)T)C((N = )T + 1,7;¢) (2.7)
i=1
bits of information reliably, and it is simple to verify that the sum of (2.7) is less than or
equal to (2.6). If k is less than or equal to the sum in (2.7) then it is possible to reliably

decode after n channel uses.

Rewriting this condition, we obtain the inequality

§< iCi—i-(;——(N—l))C((N—l)Tc—i-l,n;(). (2.8)
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We are now in a position to tackle the original question: When can we reliably decode on
this channel? Putting the question into the context of (2.8), suppose that we are given
some large k and T.. Then there exists a minimal n that satisfies (2.8), and since realized
capacity is a random variable, so is n. Thus the complete answer to our question is the
characterization of the distribution of n, or equivalently, of n/T,. 2

We now derive the form of the probability density function (pdf) f,./r.(n/T.), where
we use the symbol f here to represent a distribution (probability measure) for continuous,
discrete or mixed-typed random variables, and the random variable drawn from the
distribution is labeled as the subscript.

It is useful at this point to provide some insight into the meaning of k/T,.. One may
interpret this value in (2.8) as a sum-rate, which is partitioned into N sub-channels. From
this perspective, it can then be seen as an achievable rate bound for independent users
on a multiple access channel. It is the ratio k/T, that is of importance and fundamental
in this case, as opposed to either k£ or T, considered individually.

Let a partial sum process S, be defined as

i=1

with boundary condition Sy = 0. We make use of the fact that n/T, can be expressed in
terms of an integer and fractional component. Specifically, let n/T, = L — 1 + r, where

L and r represent the integer and fractional components, respectively. Note that

. k n—(n mod T,)
L= (S, > =\ = 1,
min {x Se > c} T +

r.==a m;f L and n/T, may be identified with the pair (L, 7).
Rewriting (2.8) gives

L-1
k n mod T,
Tc < i:510i+£—7-’c—)CL:SL_1+rCL'

and shows that the last block will (likely) be used for some fraction of T, before equality

2We note that regarding n as the decoding time is valid if 7}, is large. For relatively small T}, n only

approximates the decoding time.
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is achieved. The expectation for this equation is

L—-1

E[%} < E ;Cﬁm—m;cdﬂq (2.10)
- (L—l)E[C]+(”m—;dﬂlE[C] (2.11)
- %E[C] (2.12)

where we make use of the fact that n = (L — 1)T, + (n mod T).

The problem now becomes one of finding the distribution for the number of T,’s
required to transmit k& information bits, assuming a reliable communication rate equal
to the instantaneous capacity. We view the process S, as a random walk and wish to
find the time at which the walk exceeds k/T,. Standard analysis of biased random walks
with stopping times can be used to find fr(L) in a straightforward manner (see, for
example [28]). Numerical methods are required, since the pdf of (2.9) can generally not
be found analytically. In the case of computing fr,.(L,r), the process is a random walk,
but one in which the walk is held at a fixed “speed” or “direction” for T, time steps
before a new value is chosen. This complicates the evaluation, but it is still possible and
proceeds as follows.

The values Sy, and S;_; denote the partial sums as defined in (2.9) after L and L —1
blocks of channels uses respectively. Due to dependence between these random variables,
we work with joint distributions. Given the joint distribution frs, s, ,(L,SL,SL-1)

induced by the underlying fading process, we have the following lemma.

Lemma 1 For the block-fading channel given in (2.1) and large, fized k and T, the
probability density function fr,(L,r) has the form

fL,T(L7 T) =
k > (2.13)

k
/CL |CLl fr.s0.80 1 (L, (1—7)Cp + T rCy,

Proof:

Define C, := T% — Sr_1. This random variable represents the information per channel
use that remains to be transmitted to the receiver after (L — 1)7T, channel uses and is
used below to simplify the expression for r. Similarly, Cf, represents the information per
channel use which results in the total received information to be greater than or equal
to k.
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The joint probability density function fr ¢, ¢, (L, Cr, C,) can then be computed as a
transform of fr s, s, ,(L, S, Sp-1) following standard pdf transform theorems (see for
example, [28], Theorem 4.7.4). Thus,
kb

fL,CL,CT(La CL; CT) = fL,SL,SLfl(IH OL - OT + —

T.'T = ).

[}

The fractional component r can be rewritten as

C,

T'ZC—L.

Now we can find the joint probability fr.(L,r) by first transforming the joint pdf
fropc. (L, Cr,Cy) into fr.c, (L, Cr,T) given by

Sy (L, Cr,r) =|CL| frep.c, (L, CrL,rCy),

then by marginalizing over C, yielding

fL,r(Lar) = fL,CL,r(L7CL?T)'
CL
Finally, since n = T,(L—1+7) then f, 1.(n/T.) is found simply by a look-up of fr .(L,7).
This is a consequence of the fact that the domains of these two functions are bijective.

Thus 4T 4T
n—n modT, n mod T,
o0/ = fp (ML g 2 A T

Simple arithmetic operations result in the form of the lemma.
O
Under the channel model given in (2.1), let f5 be the pdf of the fading coefficient.
Let %}, be the space of all possible f;. That is, .%}, is the set of all functions f; mapping

the set of complex numbers to the set of non-negative real numbers with

fu(h)dh = 1.
heC
It is easy to see that .#, is an uncountable, convex set.

Let P be an arbitrary probability measure on % satisfying, that for any f € %},
the event {f} under P has probability 0. In other words, P is an arbitrary continuous
distribution on %.

Given this setup, a consequence of the above Lemma is the following theorem.
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Theorem 1 For any large, fired k and T¢, draw f, from P at random. Then fn 1, (n/T)
is discontinuous at every integer value with probability one.

Proof: Let C be the random variable from which the i.i.d. sequence Ci,C,,... is
drawn. If C is discrete, then the theorem is clearly true. Thus assume C' is a continuous
random variable. Assume the support of fr (L, 7) is not limited to L = 1. If this were
true, then we have a static-fading channel and the theorem does not apply. Similarly, we
assume that a majority of the probability density exists for finite L.

Let % be the space of all such fr, and g be the mapping from fj, to fr,. It is clear
that Z is a continuous, uncountable space. Let @) be the continuous probability measure
on & induced by P on %},

The distribution fr, is continuous if and only if

im fr,.(L,7)= 1iI(I)1+ fo(L+1,7) (2.14)

r—1—

for every integer L in its support. The left-hand side and right-hand side of (2.14) have
different parametric forms since the left-hand side involves one additional, independent
random variable. As a result, the set of all f;,, € & satisfying (2.14) is a set with zero
probability measure under Q. The left limit is a function of L+ 1 random variables, while
the right limit is a function of the same L 4 1 variables and an additional independent
random variable. As such, the parametric forms of the left and right limits differ, and
by independence, there is no reason to expect that the two limits are equal. To prove
this point, let 2 be the sample space of all possible . Only a subspace of 2 can induce
a distribution for C' such that there is equality between left and right limits. Since (2
is a continuous space, any subspace must have zero “volume” and thus zero probability.
Therefore fr,(L,r) is almost surely discontinuous at these points.
O
Another consequence of Lemma 1 is simply that there exists a computable form for
fay1.(n/T5), i.e. we can readily determine the distribution of n. As such, we can make use
of the distribution for the optimization of a communication strategy as will be mentioned
in Section 2.2.2.
To give a complete recipe of the numerical procedure, we describe how fr s, s, , may

be computed. For each positive integer [, compute

sz(S) = H fCi($)7
i=1,...1
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where [[* denotes the convolutional product 3 and f¢, is the distribution fo of the
realized capacity over a fading block and independent of i. For each positive integer L,

compute
)= [ Fsul9) - Fou(s))as.
k/Te

For each positive real number S and positive integer L, compute

k

ForSelL) = fs,(5r) - U(St — %) / fou(S1) - U(S1 = 7)ds

where U(-) is the unit-step function. Compute

fouaisnt(SoalS1, L) = Ju(Sp  S1oa) - Ul = Siet) [ )05 = Sy + 1)

Finally, compute

frose.s0-1(L, S, Sp—1) := fr(L) fs,1.(SLIL) fs,_yis1,0(Sp-1]SL, L)

following the chain rule of probability. We note that the integration arising in the above
equations may be computed numerically.

2.2.2 Discussion

The wireless applications for which the studied channel model might be applicable, e.g.
high data-rate, frequency-hopped or OFDM systems, may have values of k/T, that range
from less than 0.1 to over 10. We present decoding time distributions in Figure 2.2 for
underlying Rayleigh and low K-factor K = 0.1 Rician fading distributions at k/7, = 5
and v = 5dB*. Discontinuities are clearly seen at integer values of n/T, as proved in
Theorem 1. Also presented in the same figure is the decoding time distribution for a
uniformly distributed realized capacity with mean (and variance) chosen to be equal to
the mean capacity (and variance) induced by the Rayleigh fading distribution. This
distribution was chosen to demonstrate that the discontinuities exist independent of the
form of the underlying fading distribution. The similarity of this curve to the others
reaffirms this fact. Figure 2.3 further demonstrates the nature of the decoding time
distribution for /T, = 2 and v = 5dB. Here we see the discontinuities more pronounced

for the smaller value of k/T., particularly for the uniform capacity curve.

3The convolutional product is defined as the convolution of each of the terms in an analogous manner

to the multiplicative product.
4High K-factor Rician distributions are of little interest here as they approach delta functions.
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An interesting consequence of these discontinuities is that, for example, if a codeword
has not yet been received after a number of channel uses greater than expected, it is more
likely that the codeword will be received at the beginning of a subsequent coherence block
than at the end of the current block.

The discontinuities are a consequence of the block-fading channel and coding over a
small, finite number of blocks. One expects that these discontinuities would not appear
in models with “smoother” fading characteristics, e.g., a Markov-modulated block-fading
channel. Given this model, however, interesting decoding behavior may be observed. For
decoding times less than the expected value, it is unlikely that the realized capacity over
one block of T, channel uses is sufficient to complete the reception of k-bits, but if this
were to occur, it is more likely to require a majority of the T, channel uses. For times
greater than expected, it is likely that a small fraction of k¥ bits remain to be received and
so a small number of channel uses are likely required. If a poor fading state is realized
for a block, it is more likely that reception will complete shortly after a new fading state
is realized in the following block.

Asymptotically, as k/T, goes to zero, the channel behaves as though it were quasi-
static fading. Then n/T, will necessarily remain less than unity and the decoding time
distribution will be precisely the expected result induced by the underlying fading dis-
tribution. A similar observation is made with respect to the limit as k/T, grows large,
where one may see the distribution becoming smooth and approaching a delta function
at the decoding time (rate) corresponding to the ergodic capacity of the channel. This
then becomes equivalent to a fast-fading model, and demonstrates the validity of Lemma,
1 over a broad range of channel conditions. An example of this behavior is given in
Figure 2.4, where the distribution is given as a function of n/k (or inverse rate) for an
underlying Rayleigh fading distribution and varying values of k/T,. The trend toward a
smooth, delta function is seen in the figure as k/T, increases from 1 to 20.

The use of Lemma 1 allows us to determine when to decode from an information
theoretic perspective, i.e. assuming ideal coding, and it provides some insight into more
practical issues such as coding strategies, throughput and outage optimization.

The support of these decoding time distributions may span many blocks and this
suggests that fixed-rate coding schemes will suffer when the channel realization is not
known at the transmitter. In fact, transmitting a codeword when n/T, is chosen a priori
will almost surely result in either an outage or an inefficient use of the realized capacity.
Standard approaches to combat this problem, for example ARQ or block-incremental

redundancy schemes, while making up for much of the deficiency of fixed-rate schemes,
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fail to fully exploit the decoding opportunities in these distributions. This is particularly
severe for smaller k/T, as can be seen for example in Figure 2.3.

Coding strategies which can exploit all decoding opportunities are rateless, e.g., Rap-
tor codes [66], which have been shown to perform well over wide ranges of SNR for
fading and AWGN channels [59, 9], though they are generally not capacity-achieving.
We address this issue in detail in Section 2.4.

Since the decoding time distribution is readily computable, it is a simple matter to
determine the theoretical outage probability that some delay-constraint imposes. When
the delay-constraint is expressed in terms of channel uses, it is a simple matter to com-
pute the outage probability by determining the amount of probability mass beyond the
constraint. In a similar manner, these distributions can easily be applied to determine
throughput of various communications protocols over block-fading channels [14]. This is
discussed in detail in Chapter 4.

Reliable communication over unknown channels is a problem of practical concern for
wireless communications. The notion of transmitting codewords without fixed n a priori
is a fundamental concept that is gaining attention and we have presented a characteri-
zation of the distribution of decoding times for block-fading channels. Additionally, we
have demonstrated that these distributions are generally discontinuous and have shown
that they are computable numerically.

These characteristics of these distributions suggest that it is advantageous to use
rateless codes for reliable communications, and computability of the distributions makes
them a useful tool for the analysis of rateless code performance. Metrics including outage
probability and throughput can be determined for any channel configuration, from slow
to fast fading.

2.3 Rateless Coding

The previous section provided us with a solid motivation for the use of rateless codes
for wireless channels. Given the uncertainty in the time or rate at which a codeword
may be reliably decoded, we seek a coding framework that allows us to adapt to the
realizations of the channel. Rateless codes provide just such a means, which is now
formally introduced and studied in detail.

Rateless codes are codes that encode a finite number of messages but have an infinitely
long block length and are thus parametrized by a single number k, the length in bits of the

information block. Comparatively, fixed-rate block codes are parametrized by the pair
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(k,n), where n defines the codeword length. The transmission of a rateless codeword
is terminated when the receiver decodes the message and uses a feedback channel to
communicate an ACK to the transmitter. As indicated by its name, a rateless code does
not have a fixed rate, but rather the rate is determined “on the fly” by the time at which
the receiver decodes the message.

As the first efficient class of rateless codes, fountain codes not only have low com-
plexity but also have capacity-achieving or capacity-approaching performance for several
classes of channel models. LT Codes, introduced by Luby in [48] were shown to achieve
capacity for any BEC. In practice, LT codes are prone to have a noticeable error floor
for small k. Raptor codes were introduced by Shokrollahi in [66] and use LT codes as an
inner code with a high-rate LDPC outer code. Raptor codes were also shown to be capac-
ity achieving for the BEC, but also to have the beneficial properties of little or no error
floor for small block lengths, and a linear-time encoding and decoding computational
complexity.

Given their many useful properties, Raptor codes and their performance over other
channels have been investigated, see e.g., [59,23,9]. Very good performance has been
found for many other channels including the AWGN channel and various types of fading
channels.

As described in [66], a Raptor code is defined by parameters (k,C,$2), where k is an
information block length, C is a linear code of block-length n’ and dimension k acting as
the outer code, and (2 is a degree distribution controlling the LT inner code. The code C
is called the pre-code of the Raptor Code. The input symbols of a Raptor Code are the
k symbols used to construct the codeword in C consisting of n' intermediate symbols.
The output symbols are the symbols generated by the LT-Code from the n’ intermediate
symbols.

An example of a fountain (LT) code over GF(2) operating over the binary erasure
channel is described here, with these restrictions chosen for clarity of exposition. The
transmitter and receiver are assumed to be synchronized in some manner so that the
receiver is able to correctly reproduce the generator matrix used by the transmitter and
identify received symbols. This may be as simple as sharing a common clock source.
Both transmitter and receiver are initialized at time zero. Given some block of k-bits of
information, the transmitter consecutively generates codeword symbols, and each symbol
transmission corresponds to a single time-step.

The generation of a codeword symbol is a two-step process. The first step requires the

transmitter to draw a pseudo-random number from some a priori known distribution (2
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Figure 2.5: Factor graph decoding of a fountain code

over the positive integers. The receiver also knows this distribution and is assumed to be
able to independently draw the identical value as the transmitter. Given this value d < k,
the transmitter pseudo-randomly selects d distinct information bits uniformly. These bits
are XOR’ed together, and the result is transmitted over the channel. This operation is
equivalent to pseudo-random, “on-the-fly” generation of the generator matrix G.

The receiver is capable of reproducing the identical pseudo-random realization that
is used to generate codeword symbols at the transmitter and in this way is able to
maintain track of G. The receiver also tracks, in some manner, the amount of information
it has received. At some point it determines that it may be possible to successfully
decode, and then attempts to do so. The algorithm used to decode may depend on the
implementation, though the iterative belief propagation algorithm is often acceptable
[40]. In the case of the binary erasure channel, belief propagation amounts to a graph
pruning procedure, which is described in detail in [48].

Following the terminology of [48,66], define the factor graph [40] associated with a
rateless code at time £ to consist of k variable nodes called the input nodes, and = check
nodes called the output nodes. The number of check nodes x is equal to the number
of non-erased symbols received at the decoder at time ¢. Each of the x output nodes
has edges connecting it to every input node that was used to generate it, based on the
distribution 2.

An example factor graph for a rateless code is presented in Figure 2.5 for x = 10. For
the binary erasure channel, decoding attempts to prune the graph to “cover” all of the

input nodes. An input node that is covered is a node for which there is no uncertainty
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about the value it must take, and occurs whenever it is connected to a single output
node. The decoding process operates as follows: Define the set of all degree-one output
nodes to be the ripple. If this set is empty, terminate decoding. Choose a node from the
ripple and cover the unique, connected input node with the value of this node. Remove
both the output node and input node from the graph. If no input nodes remain in the
graph, decoding has completed successfully and the received message is given by the
value o