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Abstract 

In this work we investigate rateless coding and modulation for wireless communication 

systems. In particular we are interested in channels in which only the transmitter has 

channel knowledge. For this setting, we show that rateless codes have properties that 

make them well suited for wireless systems. We advance the theory of rateless codes by 

proving the existence of rateless codes which are "good" for all possible realizations of 

fading channels simultaneously. 

To complement rateless coding, we introduce a novel modulation scheme called fi-

PAM modulation. We show that typical M-ary modulation schemes are not always well 

suited for the channels considered in this work, and that ^-PAM modulation has benefits 

relative to standard M-ary PAM. A simple demodulation scheme is presented and its 

performance is analyzed and simulated. 

Applications using rateless codes over wireless channels are considered. We examine 

the behavior of a streaming application with delay constraints over fading channels, 

comparing rateless codes with other traditional systems. Benefits of the rateless approach 

are presented, and theoretical guarantees on probability of outage are developed. 

Finally, the use of rateless codes for relay networks are explored and we demonstrate 

theoretic limits on the rate of communication for the proposed relaying strategy. Simu­

lations validate the performance of the strategy. 
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Chapter 1 

Introduction 

Digital mobile communications systems have reshaped the way people interact and com­

municate with each other. From cellular and satellite phones enabling person to person 

calling from virtually anywhere in the world, to myriad portable devices allowing reliable 

Internet access while on the move, these mobile systems are unquestionably a technolog­

ical, if not social, success. 

This success comes despite a number of fundamental challenges associated with wire­

less mobility. One such challenge is the dynamic, time-varying nature of the signal 

propagation conditions through the air. Impairments caused by movement of the trans­

mitter or receiver, reflections of the signal, and interference from other sources must all 

be handled in a reliable and efficient manner. For the past several decades research has 

been focused on developing solutions to the problems caused by these impairments and 

a large number of successful solutions have been implemented. 

One of the fundamental tools used in this venue is channel coding; the use of struc­

tured redundancy in order to detect and correct errors induced by the channel. Coupled 

with modulation techniques, adaptive receiver designs and link-layer protocols, many 

wireless systems are able to achieve acceptable levels of reliability or efficiency. One need 

only to look at current cellular systems such as GSM/GPRS/EDGE [74] and UMTS [76], 

wireless LAN systems such as WiFi [77] and WiMAX [78], or short-range bluetooth sys­

tems [73] to witness the ubiquity and utility of coding. 

Despite these advances, it remains a difficult challenge for current wireless systems 

to simultaneously maintain efficiency and reliability over dynamic channels. The instan­

taneous capacity of the channel, often a time-varying value, usually can not be tracked 

by the transmitter without sophisticated methods. As a result, measures of performance 
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such as throughput or probability of outage remain less than theoretically achievable. 

Current systems offer acceptable performance at the expense of signaling overhead and 

limited data rates. 

A type of channel code, fountain codes have been developed for use over erasure 

channels. In this work we explore the possibility of using fountain coding principles for 

wireless channels. Specifically, we investigate the generalization of fountain codes which 

are referred to as rateless codes. We will show that the properties of rateless codes can 

help with some of the limitations of current wireless systems, resulting in improvements 

in throughput and outage. 

1.1 Fountain Coding 

A typical digital communication system may be broken down into the components shown 

in Figure 1.1. We wish to send a message source consisting of some binary sequence to 

the message sink at the other end of the system. We assume for the purposes of this 

work that the source sequence has been compressed and therefore we can assume that 

the source is an independent and identically distributed (i.i.d) random binary sequence 

with an equal probability of a one or a zero. 

The source sequence is first mapped by the encoder to a codeword. This is the channel 

encoder which adds structured redundancy to the source sequence to provide resiliency 

to errors induced by the channel. The output of the encoder is fed into a modulator 

which maps the codeword to a channel-compatible form. 

The channel introduces possible errors into the modulated message in a probabilistic 

manner. The role of the demodulator is to undo the mapping done by the modulator 

and to output estimates of the bits comprising the transmitted codeword. Finally, the 

decoder produces an estimate of the original source sequence given the input codeword 

estimate in an attempt to fix any errors that were induced by the channel. 

We focus for a moment on the coding/decoding portions of Figure 1.1, whose com­

bined purpose is to allow errors induced by the channel to be detected and/or corrected. 

Typically this operates in a block-based manner; some number k of information bits are 

mapped to some number n > k of coded bits, where both k and n are fixed a priori. It is 

possible to create codes for which n is not fixed, but rather is an outcome based on the 

conditions of the channel and the code design. Codes of this type are often collectively 

referred to as rateless codes, and this nomenclature is adopted for this paper. 

A specific class of rateless codes called fountain codes have received a great deal of 
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Figure 1.1: Digital communication system model 

attention in the past few years. They not only have low computational complexity but 

also have capacity-achieving or capacity-approaching performance for certain classes of 

channel models. The term fountain is meant to invoke the sense of an infinite stream of 

information being communicated, much as a fountain continuously streams water. 

The first fountain codes which are called Luby Transform (LT) codes were introduced 

by Luby in [48]. These codes were shown to achieve the capacity of the binary erasure 

channel (BEC) without any knowledge of the erasure probability at the encoder. How­

ever, LT codes are prone to significant performance degradation for small values of k. 

Raptor codes, the successor to LT codes, were introduced by Shokrollahi in [66] and 

use LT codes as an inner code with a high-rate low density parity check (LDPC) outer 

code. Raptor codes were shown also to be capacity achieving for the BEC, and with the 

beneficial properties of little or no error floor for smaller block lengths and a linear-time 

encoding and decoding computational complexity. 

These codes have proven successful for Internet-based content distribution applica­

tions, and the company Digital Fountain [18], founded by Luby and Shokrollahi and 

holding many patents on these codes, is in the process of commercializing these ap­

plications. Other applications which may be served by fountain codes and are being 

commercialized include mobile communications and ad-hoc, mesh or sensor networks. 

However, these products are built on the assumption that the channel being used is an 

erasure channel of some type. That is, the channel is always modeled as an erasure 

channel, which is often either inefficient or not applicable for the application. We will 

show in this work that fountain codes can also be well suited to fading channels. 

Unlike traditional fixed-rate codes which map k information bits to n coded bits, 

a fountain code operates on k information bits, generating coded bits individually in a 
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consecutive, sequential manner. The generation of a coded bit is a two-step process. The 

first step requires the encoder to draw a pseudo-random number d with some predeter­

mined distribution. The encoder then pseudo-randomly chooses d distinct information 

bits with equal likelihood. These selected bits are combined together using the "exclusive 

OR" (XOR) operation, and the result is transmitted over the channel. 

This process may be repeated an unlimited number of times, thereby generating code­

words of essentially infinite length. In practice, the decoder, whose operation is described 

below, acknowledges the encoder when it has decoded and recovered the original k in­

formation bits through a feedback channel. In this way, the rate that is achieved by the 

system depends on both the channel and the code construction and implementation. 

The decoder is capable of reproducing the identical pseudo-random realization that is 

used to by the encoder. It is then able to assign to each received symbol from the channel 

the list of information bits that were used to generate that bit. Essentially, the decoder 

reproduces the generator matrix that the encoder uses. The decoder also tracks the 

amount of information it has received from the channel. At some point it determines that 

it has sufficient information, and then decodes the codeword. If decoding is successful, 

it uses a feedback channel to notify the encoder. Otherwise, it simply collects more 

information from the channel and attempts decoding again at some future time. 

A remarkable fact of these fountain codes is that, with proper construction, their 

performance is universal over the BEC. This means that, despite not knowing the erasure 

probability of the channel (in fact this probability may even vary during the course of the 

codeword transmission), these codes can achieve the capacity of the channel, regardless of 

what the erasure probability is. This powerful property is a key element to their success, 

and is a major motivation for their use in Internet-based applications. This and other 

useful properties of rateless codes provides further motivation to explore their potential 

over other channels and media, which is explored in the following chapters. 

1.2 Overview and Thesis Contributions 

This work focuses on the encoder/decoder and modulator /demodulator blocks of the 

communication system of Figure 1.1. Given a wireless channel modeled by an appro­

priate probabilistic transfer function, we seek a coding and modulation system that can 

overcome many of the limitations of current wireless systems as discussed above. Mo­

tivated by the properties of fountain codes, the ultimate goal of this work is to study 

and analyze the use of rateless concepts - both coding and modulation - in wireless 
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communication systems. 

The nature of fading channels is investigated in Chapter 2 with a focus on the implica­

tions for rateless systems. Portions of this chapter were published originally in [10,9,14]. 

Over fading channels, achievable rates are random variables that are functions of the 

realizations of the random channel. As such, there will be a distribution of achievable 

rates induced by the channel. We provide an analytical perspective on the limits on 

the rate of reliable communication for fading channels, derived in the context of rateless 

systems. Traditional "fast" and "slow" fading models are considered, as well as fading 

rates that qualify as neither "fast" nor "slow". In the latter case, it is shown that the 

distribution of achievable rates takes a discontinuous form. This form further motivates 

the use of a rateless coding scheme (as opposed to a fixed-rate scheme) for such channels 

and all fading rates. 

To motivate the work in Chapter 2, consider the following scenario. Suppose we wish 

to communicate k bits of information reliably over a fading channel without channel 

knowledge. When is the transmitted message decodable? This classical question has 

been dealt with for many types of fading channels. See, for example, [79] for a survey. 

From a coding-theoretic perspective, this question is logical to ask only in the con­

text of a variable-rate coding scheme. In typical fixed-rate coding schemes, the codeword 

length n is chosen a priori, hence the time of decoding is fixed. This restriction imme­

diately implies that outage events are inevitable, and that the outage probability is 

bounded away from zero. With such a fixed-rate scheme, the only way to reduce outage 

probability is to reduce the communication rate, and the system designer is faced with 

a trade-off between efficiency (i.e., rate) and reliability (i.e, outage). So with fixed-rate 

coding, the question is not a matter of when a message is decodable, but rather whether 

a message is decodable at some rate. 

From a rateless coding perspective, we characterize the distribution of the time of 

earliest successful decoding when only k is fixed a priori. We present a numerical ap­

proach to allow the computation of the distribution of decoding times for arbitrary 

block-independent fading channels. Using this form we show that the decoding time 

distributions are discontinuous. Decoding time distributions are computed for various 

underlying fading distributions, and consequences of these distributions are discussed. 

Having investigated the nature of the channel, the next step is to consider whether 

rateless codes are in fact suited for wireless systems. This is also a subject of Chapter 2, 

where it is shown that these codes have properties that are well suited for wireless envi­

ronments. In particular we define the types of wireless channels considered, provide some 
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measures used to compare the performance of different coding and modulation alterna­

tives and then examine rateless codes. The properties of rateless codes are examined and 

we provide a proof of the existence of good rateless codes for the wireless channels con­

sidered. In this context we show that universally good rateless codes exist; i.e., rateless 

codes can achieve the (realized) capacity of a class of fading channels simultaneously for 

all possible channel realizations. 

Based on this proof, we propose to use rateless codes for communication over fading 

channels when the channel state information is unknown at the transmitter. Our ratio­

nale for using rateless codes to achieve efficiency, reliability and robustness is in fact quite 

intuitive. First, unlike fixed-rate codes in which the rate k/n is a constant and indepen­

dent of channel realizations, rateless codes realize a rate for each codeword depending on 

what channel realization is experienced by the codeword. Since the successful-decoding 

time n depends on the channel realization, a good rateless code may naturally adapt 

to the channel state thereby providing opportunities for the realized rate k/n to closely 

follow the realized capacity of the channel. Second, as suggested in [20], for a large class 

of discrete channels, choosing the codebook size 2k to be sufficiently large may drive 

the outage probability to zero without sacrificing rate. Third, we note that knowledge 

of channel statistics at the transmitter plays no essential role with rateless codes. If a 

rateless code can realize a rate that is close to the realized capacity in every transmission, 

it can then closely follow the average realized capacity regardless of the channel statis­

tics. Thus a rateless code can maintain its efficiency and reliability across all channel 

ensembles. 

Given these promising results we then turn to the problem of modulation in Chapter 

3. Here it is shown that when communicating over channels with unknown state at the 

transmitter, the choice of modulation rate plays an important role in the overall perfor­

mance of the communication system. Focusing on M-ary modulation in one dimension, 

we introduce a new form of modulation called /x-PAM modulation and compare it with 

standard methods such as M-PAM. A portion of this work appeared originally in [11]. 

A novel solution to the problem of modulation for unknown channels is to use an 

adaptive demodulation scheme as described in [5], coupled with a Raptor code. Here, 

the modulation scheme is fixed, but the demodulation scheme is adaptive based on the 

channel state, thereby "compressing" the number of bits output from the demodulator. 

This approach automatically adapts its rate over a range of SNR such that the system 

targets a particular (high) SNR, and gracefully degrades when the SNR falls below this 

value. 
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We seek a modulation system that offers efficient and reliable communication over 

unknown channels with a somewhat different objective. Specifically, we would like a 

system that can perform well in very low SNR conditions, but adaptively increases its 

rate as the SNR increases. 

The proposed strategy for this communications problem is to map some number of 

consecutive rateless-coded output bits to a point in a constellation of non-uniformly 

spaced, real-values. We generalize M-PAM modulation with a fractional-power mod­

ulation scheme called /^-PAM. This modulation scheme is similar to M-PAM, except 

that the symbol constellation no longer has an equal distance between adjacent symbols. 

Instead, the constellation points are generated in a recursive manner, dependent on /i, 

with n G (0,1/2]. 

Since Raptor codes are able to produce a virtually infinite number of output symbols, 

we propose a method in which a large number of consecutive output symbols are mapped 

into a single real value, and this value is transmitted over the unknown channel. This 

process is repeated until the decoder is able to recover the information bits. The mapping 

from output symbols to transmitted symbol may be considered a form of non-uniform 

modulation, providing unequal error protection to the output symbols. 

A simple demodulation technique is introduced which performs nearly as well as max­

imum likelihood detection. The algorithm is complimentary to the modulation structure 

in that it can be viewed as a recursive operation. Using this algorithm, performance 

of the modulation system is analyzed and studied in detail. In particular, we present 

bounds on the achievable rates at which the modulation system can communicate in­

formation, and present an asymptotic analysis of performance as M approaches infinity. 

We show that in many circumstances, this new modulation scheme provides benefits to 

the performance of the overall system, particularly for unknown channels. We compare 

this new modulation scheme with M-PAM and highlight the tradeoffs between the two 

in terms of achievable rates. 

Having investigated theoretical limits of the rate of communication for rateless codes 

and modulation over fading channels, Chapter 4 presents an investigation of the ap­

plication of rateless coding to fading channels when there is a delay constraint on the 

transmission of data. Part of this chapter was originally published in [14]. 

Delay constraints are a common and practical limit that is built into many commu­

nication systems. Their use may be a result of technical limitations, such as a minimum 

acceptable number or retries that a block-based coding system may impose, or may be 

due to quality-of-service guarantees. When a delay constraint is imposed over fading 
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channels with unknown state at the transmitter, it is almost certain that outage proba­

bility will be bounded away from zero. This is clearly true for fixed-rate communication 

schemes, but we will show that when rateless coding is applied, under certain circum­

stances it is possible that long-term outage probability can be driven to zero, even in the 

presence of delay constraints. 

This will be seen in the context of a video streaming application where a delay con­

straint is imposed due to a quality-of-service requirement on the latency of transmission. 

For this application we compare fixed-rate coding schemes, some existing variable-rate 

coding systems, and rateless codes. We show that rateless codes offer the best overall 

performance when comparing the metrics of throughput, probability of outage and mean 

time to decode. 

With such applications in mind, the channels we consider are fading channels with 

unknown states at the transmitter and the presence of a reliable feedback channel. The 

channel state may vary with time and the rate of this variation may result in different 

behaviors that require different communication strategies. For quasi-static fading chan­

nels, in which the channel conditions remain fixed for the duration of a codeword, one 

may use feedback in order to signal the channel state information to the transmitter. 

For fast-fading channels, in which channel conditions vary independently from symbol 

to symbol, one may rely on the law of large numbers and code for the expected case 

thereby achieving the ergodic capacity of the channel. Between these extremes, one may 

consider the block-fading channel with a delay constraint, where there are only a few 

fading blocks during the transmission of a codeword. In this case the above mentioned 

strategies fail to be efficient. 

In this regime, the work in [56] examines the impact of causal feedback on the ca­

pacity of delay-constrained block-fading channels and presents an optimal power-control 

strategy under channel uncertainty. More generally, the work of [32] characterizes the 

capacity region of the delay-constrained multiple access channel, and presents an opti­

mal resource allocation scheme. The works in [58,69,65] present performance analyses 

for variable-rate and rateless coding strategies using LDPC codes and fountain codes, 

demonstrating their applicability over a range of SNR. 

It is worth noting that rateless coding may be considered as a type of Hybrid-ARQ 

scheme or variable-rate strategy, both of which have been used for communication un­

der channel uncertainty. For example, using a block-incremental redundancy strategy, 

the throughput for the Gaussian collision channel is analyzed in [6]. Furthermore, the 

information theoretic analysis in [20] has demonstrated that rateless codes can achieve 
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the mutual information induced over the channel by the choice of input distribution for 

the class of all discrete memoryless channels with no channel state information. 

The main contribution of this chapter is to demonstrate that rateless codes offer ad­

vantages in terms of throughput and outage probability for delay-constrained streaming 

applications over fading channels. Motivated by the video-streaming application, we 

compare rateless and fixed-rate transmission schemes and demonstrate the existence of 

a critical operating point for rateless coding strategies such that beyond this threshold, 

the outage (or frame-jitter) probability can be driven to zero in the long run. This makes 

rateless codes an attractive solution for such applications. 

We provide a theoretical justification for the existence of the critical operating point 

and present a detailed characterization. The critical point depends on three system 

parameters, the SNR, the ratio of the delay constraint to coherence time, and the ratio 

of the information rate to coherence time. We present a number of plots demonstrating 

the impact of modifying these parameters and compare fixed-rate and rateless strategies. 

Comparisons between rateless and fixed-rate systems are also made using mean 

throughput and mean time-to-decode. In both cases we show that rateless systems 

offer advantages. We also apply the yU-PAM modulation presented in Chapter 3, further 

highlighting some of the advantages that this modulation scheme provides when used in 

realistic applications. 

The concepts developed in the early chapters of this work are expanded from a point-

to-point setting to a multi-terminal setting in Chapter 5. Portions of this chapter ap­

peared in [8]. As an extension of the results obtained so far, we present a novel framework 

for coding over relay channels using joint rateless codes and modulation. As far as we 

are aware, we are the first to propose the use of rateless coding for relay channels and 

relay networks. This framework is at the intersection of two active areas of research 

in communications, namely relay networks and rateless coding. We demonstrate that 

there is a very natural and useful fit between these two areas, and describe some design 

challenges and implementation considerations for this framework. 

The use of relays in wireless communication networks provide a new dimension to 

the design space of wireless networks which promises enhancements to both the coverage 

and throughput of the network. In its simplest form, a relay network is a collection of 

terminals which are able to transmit, receive, and possibly assist the reliable delivery 

of information from source terminals to destination terminals. Thus, communication of 

data through a wireless relay network is not required to be direct; it may pass through 

a number of other terminals, though direct communication from source to destination is 



11 

not precluded. In fact, it is possible to simultaneously use single-hop, i.e. direct, and 

multi-hop communications paths. 

Traditional wireless networks have predominantly used direct point-to-point or point-

to-multipoint (e.g. cellular) topologies. The fundamentally different mode of transport, 

possible uncertainty in terminal geographical location, and difficulty in theoretical anal­

ysis of relay networks have kept them mainly to academic realms. However, there has 

been a number of recent theoretical results that may spur the use of relaying techniques 

in practical networks. The key behind these advances are mainly a result of research in 

multiple antenna systems. 

Multiple antenna systems, or multiple-input, multiple-output (MIMO) systems have 

seen remarkable growth in recent years and can deliver significant throughput and cover­

age gains over wireless channels compared with single antenna systems. A fundamental 

observation to make with respect to wireless relay networks is that, with appropriate 

coordination or cooperation, communication between two terminals in the network can 

be viewed as a type of MIMO system. This may be achieved in a number of different 

ways, however all require some level of cooperation within the network. The relaying 

strategy used may impose limits on the similarity to a MIMO system. 

In their two-part paper [63,64], Sendonaris, Erkip and Aazhang introduce and ex­

amine the concept of user cooperation diversity. Here, the authors demonstrate that 

simple cooperation between transmitting users can increase throughput and coverage 

simultaneously. Other strategies are examined for wireless channels in [39]. Dohler et al 

introduce "virtual antenna arrays" in [19]. Here, groups of terminals cooperate to form 

a virtual MIMO system and exploit the spatial diversity that results. This is a similar 

concept to user cooperation, but focuses on different design aspects, such as link budget 

impact. 

A natural extension of the basic implementation described in [63] is to use coded 

cooperation and this is described in [36] by Hunter and Nosratinia with further analy­

sis and implementation details for wireless channels given in [37]. Further approaches 

using coded cooperation are given in [44,43], where the authors propose a decode-and-

forward (DF) scheme with many opportunistically cooperating terminals, and show that 

diversity gains scale in the number of potential relays rather than the actual number of 

participating relays. 

In works that foreshadow the use of rateless codes for relay channels, Caire and 

Tuninetti in [6], and Zhao and Valenti in [89] propose and analyze the use of Hybrid-

ARQ for relay channels. In [6], hybrid-ARQ protocols for the Gaussian collision channel 
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are studied. Notably, the results translate to relay channels. Also foreshadowing the 

application of rateless codes, Mitran, Ochiai and Tarokh present in [51] a two-phase 

communication scheme for wireless devices in a network with the half-duplex constraint 

along with an information-theoretic performance analysis. 

Given these works, the use of rateless codes for wireless relay channels seems to be 

a synergistic match. We present a communication framework over relay channels using 

joint rateless codes and modulation. We first introduce the relay channel model that we 

study, then provide a justification for the framework and cooperation strategy proposed. 

An information-theoretic achievable rate region is presented and we show how the rateless 

framework can automatically attain the optimal achievable rate. 

Building on this theory, we present a simple simulated implementation of the proposed 

framework. We simulate the basic relay channel in which a source wishes to communicate 

information to a destination, with possible assistance from an otherwise idle relay node. 

The Monte Carlo simulation is used to present performance curves of mean achieved 

rate, probability of outage and mean time to decode. It is shown that the diversity order 

of the system approaches that of a 2 x 1 MIMO system as expected. 

The simulations also show that the rateless code is able to naturally and automatically 

adapt to the fluctuation, unknown conditions of the channel between each pair of nodes 

in the network. We use /i-PAM modulation presented in Chapter 3 in the simulation and 

explicitly present the advantages of using this modulation method compared to standard 

M-PAM in many conditions. 

Chapter 6 concludes the thesis with a summary of the contributions made in this 

work. A number of extensions and suggestions for future research are also provided. 

Since the concept of rateless coding and modulation is relatively immature, there are 

a large number of open questions and directions for future work, covering information 

theory, coding theory, modulation design, relay channels and network design. 



Chapter 2 

Rateless Coding for Fading Channels 

Channel coding is the primary means by which reliability is achieved in a communi­

cation system, and as such it has been the focus of intense research for over half of a 

century. Advances in coding theory have led to codes that are practical to implement 

and can communicate reliably within fractions of a decibel of the capacity of an ever­

growing number of channels. Although the capacity of wireless channels are known and 

understood, their dynamic nature and wide range of models have made coding for these 

channel particularly difficult. 

The goal of this chapter is to introduce and analyze rateless coding concepts, then 

apply them to wireless channels. Figure 2.1 shows the communication system with the 

encoding and decoding blocks highlighted, which are the focus of this chapter. The 

organization of this chapter is as follows. We introduce the class of channels considered 

in this work in Section 2.1. To achieve our goal, it is important to pose the problem we 

seek to solve clearly. One question we wish to answer as part of this work is "when can 

we decode a message"? This is studied in Section 2.2, where we show that the the time 

it takes to decode a message is a random variable induced by the channel. This result is 

the main motivation for the use of rateless codes. 

Since we cannot know how long it will take to decode a message, we seek a coding 

scheme that can guarantee efficient performance regardless of the state of the channel. 

This is one of the powers of rateless codes, and in Section 2.3 we introduce rateless 

codes formally and provide some background and properties. In Section 2.4 we prove the 

existence of rateless codes which have the exact property that we are looking for; namely 

that there exist rateless codes which can achieve the capacity of a class of fading channels 

no matter what the realization of the channel is. To validate these results, Section 2.5 

13 
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Figure 2.1: Digital communication system model highlighting coding functions 

presents a simulated implementation of a rateless code over fading channels and we show 

that performance is very good across a wide range of channel conditions. We conclude 

the chapter with some discussion and summary in Section 2.6. 

2.1 System Model 

We consider point-to-point, single-antenna communication over fading channels where 

channel state information — the complex channel gain hi — is available only at the 

receiver. The discrete channel model can be expressed as 

Y = hiXi + K (2.1) 

where, at time i, Yi and Xi are the received and transmitted complex symbols respec­

tively, and Ni is complex additive white Gaussian noise. The time-varying characteristic 

of hi is the block-fading model with coherence time Tc. Within each block of Tc chan­

nel uses hi remains constant and between blocks hi is drawn independently from some 

distribution over the set of complex numbers. For wireless fading channels, this distribu­

tion may be assumed to be a circularly-symmetric complex Gaussian distribution of unit 

variance. We impose no restriction on the form of this distribution beyond requiring that 

0 < \hi\ < oo, which is needed for the lemma in section 2.2.1. The model in the limit of 

Tc = oo becomes the quasi-static fading model, which we may refer to subsequently as 

slow-fading. Similarly, at Tc = 1, the channel becomes the fast-fading model. 
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We will denote the sequence (hi, h2, • . •, hn) from time instant 1 to time instant n by 

hn. Then h°°, which we refer to as a channel realization, is characterized by a discrete-

time random process {h°°(£) : £ £ ft}, where we treat h°° as a bijective function on 

some ft and the probability measure on ft induces the probability measure over the set 

of all channel realizations. The one-to-one correspondence between a channel realization 

h°° and £ then allows us to identify a channel realization with a ( € ft. 

Given a channel realization ( and any positive integers ni and n2 (ni < n2), we 

define the realized capacity (also called instantaneous capacity in some works, e.g. [1]) for 

channel realization £ over the discrete-time interval [711,712] as 

1 " 2 

C(m,n2;0--= —.rVlog^l + T l ^ O I 2 ) 
"2 - rn + 1 ̂  ( 2 . 2 ) 

bits/channel use, 

where 7 is the receive SNR. When n\ and n2 are interpreted respectively as the starting 

and ending time of transmitting a codeword, C(ni,n2;Q in (2.2) indicates the average 

"supported rate" over the duration of the codeword. Subsequently we may write C(n; £) 

in place of C(l,n; () for simplicity. For sufficiently large n and when the number of fading 

blocks, n/Tc, approaches infinity, for any £ G ft C(n; £) approaches the deterministic 

ergodic capacity. That is, with probability approaching one, 

C(n; 0 = Eh(\og(l + \h\2j)), (2.3) 

and that coding over a large number of fading blocks allows this capacity to be achieved. 

Note that this is the same capacity as that for the fast-fading channel. When n/Tc —> 0, 

realized capacity is a random variable given by 

C(n; C) = log(l + | / f 7 ) (2.4) 

and is independent of n. This is the classical result for quasi-static fading. 

The fact that both extremes of block-fading in terms of n/Tc result in capacities that 

are independent of n is interesting since between these two asymptotes realized capacities 

do indeed depend on n/Tc. This is explored in more detail in the following section. 

In practice, where certain delay requirements dictate that a codeword cannot be 

transmitted over a large number of fading blocks, the notion of ergodic capacity is no 

longer useful. Such a scenario, under the condition that Tc and n are relatively large, is 

the primary interest of this chapter. 



16 

In this setting, when communicating a codeword of length n over the realized channel 

C, the efficiency of transmitting the codeword may be indicated by how closely the 

communication rate k/n approaches C(n;(), where k is the number of information bits 

carried in the codeword. In addition, when the codeword is decoded incorrectly, an 

outage occurs. Given that C(n;£) is the rate supported by the channel realization £, 

when using a codeword of length n to communicate k bits of information, the theoretical 

lower limit of the outage probability is given by [79] 

Pont)Yim = P[k/n>C^0]- (2-5) 

In practice, the outage probability for a system may be defined as the average prob­

ability of decoding error. The reliability of a communication scheme may then be indi­

cated by how close the outage probability is to the limit in (2.5). The fact that when 

k/n < C(n; £), it is in principlel possible to have arbitrarily small probability of decoding 

error, and that when k/n > C(n; Q, the error probability approaches one asymptotically. 

Since the statistics of wireless channels typically vary with time and space, a com­

munication scheme designed for a particular channel ensemble may become either less 

efficient or less reliable as these statistics vary. A system is said to be robust in this work 

if it is both reliable and efficient across channel statistics. As a limiting case, a system in 

which both efficiency and reliability are independent of the channel realization or statis­

tics would be completely robust, and such a scheme would be considered universal in 

the usual sense over the given class of channels. 

Note that in many wireless systems offering multimedia services, a number of possible 

fixed code rates are available for use, and the choice is dependent on the transmitter's 

estimation of the channel conditions. For example, UMTS systems use a turbo code with 

a number of different puncturing patterns, each of which results in a different actual code 

rate. Thus, depending on the service required and the channel conditions, a desired rate 

is chosen such that, along with power control and other control mechanisms, a certain 

reliability is maintained. 

2.2 Decoding Times over Fading Channels 

Imagine a communication system in which a transmitter desires to communicate k bits 

of information reliably over a fading channel without channel knowledge. We ask the 

1 This however needs the transmitter to select the rate based on channel realization h. 
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question: when is the transmitted message decodable? This classical question has been 

dealt with for many types of fading channels. See, for example, [79] for a survey. 

From a coding-theoretic perspective, this question is logical to ask only in the con­

text of a variable-rate coding scheme. In typical fixed-rate coding schemes, the codeword 

length n is chosen a priori, hence the time of decoding is fixed. This restriction imme­

diately implies that outage events are inevitable, and that the outage probability is 

bounded away from zero. With such a scheme, the only way to reduce outage probabil­

ity is to reduce the communication rate, and the system designer is faced with a trade-off 

between efficiency (i.e., rate) and reliability (i.e, outage). So with fixed-rate coding, the 

question is not a matter of when a message is decodable, but rather whether a message 

is decodable at some rate. 

The reviving interest in feedback strategies [56] and incremental redundancy schemes 

[7], and the recent conceptual generalization of rateless codes from fountain codes [20] 

are now advocating a movement away from a fixed-rate methodology. That is, a message 

should only be decoded at a time when it can be decoded. 

In this section we characterize the distribution of the time of earliest successful de­

coding when only k is fixed a priori. We are particularly interested in the scenario where 

k is of a similar order of magnitude as the channel coherence time, corresponding to 

slow-fading channels, delay-limited applications, or a combination of the two. We also 

demonstrate that these results degenerate to classical results in the limiting cases of 

fast-fading and quasi-static fading. 

The scope of this work falls into the category of communication under channel un­

certainty. Problems in this area are of practical significance, particularly for wireless 

channels. An information theoretic survey is given in [45]. Other researchers have made 

noteworthy contributions following this setting: The authors in [6] consider a non-ergodic 

block-fading model and determine that throughput is a discontinuous function of rate 

for multiple access channels under a hybrid-ARQ scheme. These results provide some 

additional validation of the discontinuous decoding times that will be presented in this 

section. 

By examining the impact of the delay-constraints on block-fading channels, [1] presents 

a novel framework for determining and maximizing throughput for block coding methods. 

The work in [4] presents a graphical outage boundary-region concept which highlights 

the interaction between block coding and delay-constraints over block-fading channel 

models. It appears that this subject continues to attract research attention. 

It is remarkable that even without any reference to feedback schemes or rateless 
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coding, the notion of earliest successful decoding time (referred to as decoding time 

hereafter) is a fundamental concept in its own right. Specifically one can view the 

minimal setup of a communication objective as the transfer of k bits reliably over a 

given channel. The decoding time is an intrinsic aspect of such a setup, indicating the 

intrinsic latency involved in communicating the k bits. This communication latency 

only depends on the channel characteristics and k, independent of whether there is any 

feedback or whether there is a delay, codeword length, or rate constraint. As such, one 

may view decoding time as a generic quantity underlying all communication problems 

with the same channel characteristics and information frame size k. Once decoding 

time is characterized, any performance metric can be derived. For example, one may 

immediately derive the outage probability by computing a (right) tail probability under 

the distribution curve of decoding times. 

It is unfortunate that we see no closed-form expression obtainable for decoding time 

distributions in general. Nevertheless, we are able to characterize the decoding time 

distributions and present a numerical approach to allow the computation for arbitrary 

block-independent fading channels. Using this form we show that the decoding time 

distributions are generally discontinuous. This is the first time this observation is made, 

to the best of our knowledge. Decoding time distributions are computed for various 

underlying fading distributions, and are presented in the figures. 

Examining the capacity equation in (2.2), we consider the impact of different fading 

models. We assume that the receiver can perfectly track the channel realizations. The 

transmitter is not assumed to have any knowledge of the channel realization. When the 

channel gain, h is random but remains constant for all time, then we have a slow fading 

situation where the delay requirement is short compared to the channel coherence time. 

Given some channel gain h, this is an AWGN channel with received SNR of \h\2/y. The 

maximum rate of reliable communication supported by this channel is given by (2.4), a 

random variable. If the transmitter chooses some fixed-rate R to transmit at, regardless 

of how small this rate is, there will be a non-zero probability of outage. An alternative 

perspective is to say that the channel, conditioned on h, supports a rate equal to (2.4), 

and any rate of transmission smaller than this is achievable. Any rate of transmission 

greater than this will almost certainly result in an outage, i.e. it cannot be reliably 

supported. 

Consider now extending this to time-varying fading models. Traditionally when deal­

ing with time-varying fading, if we wish some target probability of outage (possibly zero), 

the length of the codeword must be large enough to average out both the Gaussian noise 
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and the channel gain h. Assuming this is possible, then the ergodic capacity (2.3) is 

achievable. To achieve this, the codeword must average out the fading, and thus must 

span many coherence time periods Tc. Depending on the nature of the fading, this can 

result in extremely long codewords. For applications which have a delay constraint that 

is small relative to the required codeword size, this ergodic capacity is not meaningful 

in practice. This practical issue is examined in greater detail in the following section, 

where the focus is on the number of channel uses - or codeword length - required to 

meet certain reliability criteria. 

2.2.1 Distribution of Decoding Times 

We are interested in characterizing the distribution of decoding times for the block-fading 

channel assuming that both k and Tc are very large and of similar magnitude. Since Tc 

is large then we can treat each block to behave as a quasi-static channel, for which there 

exists a code that can achieve the capacity given in (2.2). A proof for the existence of 

such a code is given in Section 2.4, but for now we will accept this assertion as true. 

Thus under an optimal coding scheme, in Tc channel uses we can transmit C(TC; £)TC 

bits of information. When dealing with the block-fading channel we will use the term 

Ci := C((i — 1)TC + l,iTc; £) to simplify notation. 

After N blocks, we are able to communicate up to 

N 

Y,T<& (2.6) 

bits of information reliably. Alternatively, after (N — 1)TC < n < NTC channel uses, we 

are able to communicate up to 

J V - l 

J2 TcQ + (n - (N - 1)TC)C((N - \)TC + 1, n; C) (2.7) 
i = l 

bits of information reliably, and it is simple to verify that the sum of (2.7) is less than or 

equal to (2.6). If k is less than or equal to the sum in (2.7) then it is possible to reliably 

decode after n channel uses. 

Rewriting this condition, we obtain the inequality 

k N~l 

- < Y^ ̂  + ( £ - (N - l))C((N - l)Te + l,n; C). (2.8) 
C 4 = 1 C 
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We are now in a position to tackle the original question: When can we reliably decode on 

this channel? Putting the question into the context of (2.8), suppose that we are given 

some large k and Tc. Then there exists a minimal n that satisfies (2.8), and since realized 

capacity is a random variable, so is n. Thus the complete answer to our question is the 

characterization of the distribution of n, or equivalently, of n/Tc.
 2 

We now derive the form of the probability density function (pdf) fn/Tc (n/Tc), where 

we use the symbol / here to represent a distribution (probability measure) for continuous, 

discrete or mixed-typed random variables, and the random variable drawn from the 

distribution is labeled as the subscript. 

It is useful at this point to provide some insight into the meaning of k/Tc. One may 

interpret this value in (2.8) as a sum-rate, which is partitioned into iV sub-channels. From 

this perspective, it can then be seen as an achievable rate bound for independent users 

on a multiple access channel. It is the ratio k/Tc that is of importance and fundamental 

in this C£tSGj £IS opposed to either k or Tc considered individually. 

Let a partial sum process Sx be defined as 

X 

Sx:=Y,Cu (2-9) 

with boundary condition So = 0. We make use of the fact that n/Tc can be expressed in 

terms of an integer and fractional component. Specifically, let n/Tc = L — 1 + r, where 

L and r represent the integer and fractional components, respectively. Note that 

. f „ k ] n — (n mod Tc) L = mm lx : Sx > - J = ^ ^ + 1, 

r := n m j f c, and n/Tc may be identified with the pair (L, r). 

Rewriting (2.8) gives 

and shows that the last block will (likely) be used for some fraction of Tc before equality 

2We note that regarding n as the decoding time is valid if Tc is large. For relatively small Tc, n only 

approximates the decoding time. 
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is achieved. The expectation for this equation is 

E < E 
X - l 
y ^ c { (nmodrc) 

J-c 

(n mod Tc) 
i=\ 

= (L-1)E[C\ + E[C] 

(2.10) 

(2.11) 

(2.12) 

where we make use of the fact that n = (L — 1)TC + (n mod Tc). 

The problem now becomes one of finding the distribution for the number of Tc's 

required to transmit k information bits, assuming a reliable communication rate equal 

to the instantaneous capacity. We view the process Sx as a random walk and wish to 

find the time at which the walk exceeds k/Tc. Standard analysis of biased random walks 

with stopping times can be used to find fi(L) in a straightforward manner (see, for 

example [28]). Numerical methods are required, since the pdf of (2.9) can generally not 

be found analytically. In the case of computing fi,,r(L, r), the process is a random walk, 

but one in which the walk is held at a fixed "speed" or "direction" for Tc time steps 

before a new value is chosen. This complicates the evaluation, but it is still possible and 

proceeds as follows. 

The values Si and SL-I denote the partial sums as defined in (2.9) after L and L — 1 

blocks of channels uses respectively. Due to dependence between these random variables, 

we work with joint distributions. Given the joint distribution fL,sL,sL^{L,Si,SL-I) 

induced by the underlying fading process, we have the following lemma. 

Lemma 1 For the block-fading channel given in (2.1) and large, fixed k and Tc, the 

probability density function fL,r(L, r) has the form 

fi,r{L,r) = 

/ |C 'L | /L I 5 L I S L _ 1 ( L, (1 

JC, icL 

. rZ K 

r)CL + —, — VTC 
rC 

(2.13) 

Proof: 

Define Cr :— £— SL-I- This random variable represents the information per channel 

use that remains to be transmitted to the receiver after (L — 1)TC channel uses and is 

used below to simplify the expression for r. Similarly, Ci represents the information per 

channel use which results in the total received information to be greater than or equal 

to k. 
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The joint probability density function fL,cL,cr(L, CL, Cr) can then be computed as a 

transform of fL,sL,sL-!(L, SL, SL-I) following standard pdf transform theorems (see for 

example, [28], Theorem 4.7.4). Thus, 

k k 
fL,cL,cr(L, CL, Cr) = fL,sL,sL-i(L, CL - Cr + —, — - Cr). 

The fractional component r can be rewritten as 

r=c2' 
Now we can find the joint probability / i r ( L , r ) by first transforming the joint pdf 

fL,cL,cr(L,CL,Cr) into fL,cLAL,CL,r) given by 

h,cLAL,cL,r) = \CL\fL,cL,cr(.L,CL,rCL), 

then by marginalizing over Cx, yielding 

hAL'r)= h,cLAL>CL,r). 
JcL 

Finally, since n — Tc(L — l + r) then fn/Tc{n/Tc) is found simply by a look-up o f / ^ ( L , r) . 

This is a consequence of the fact that the domains of these two functions are bijective. 

Thus 
/ n - n modT c n mod T c \ 

fn/Tc{n/Tc) = fLjr I + 1, I 

Simple arithmetic operations result in the form of the lemma. 

• 
Under the channel model given in (2.1), let fa be the pdf of the fading coefficient. 

Let &h be the space of all possible fa. That is, Ĵ X is the set of all functions fa mapping 

the set of complex numbers to the set of non-negative real numbers with 

f fa(h)dh=l. 
Jhec 

It is easy to see that ^h is a n uncountable, convex set. 

Let V be an arbitrary probability measure on Ĵ X satisfying, that for any / € ^X, 

the event {/} under V has probability 0. In other words, V is an arbitrary continuous 

distribution on ^ . 

Given this setup, a consequence of the above Lemma is the following theorem. 
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T h e o r e m 1 For any large, fixed k and Tc, draw fh from V at random. Then fn/Tc (n/Tc) 

is discontinuous at every integer value with probability one. 

Proof: Let C be the random variable from which the i.i.d. sequence C\, C2, • • • is 

drawn. If C is discrete, then the theorem is clearly true. Thus assume C is a continuous 

random variable. Assume the support of / i r ( L , r ) is not limited to L — 1. If this were 

true, then we have a static-fading channel and the theorem does not apply. Similarly, we 

assume that a majority of the probability density exists for finite L. 

Let & be the space of all such /L;T. and g be the mapping from fh to f^^. It is clear 

that & is a continuous, uncountable space. Let Q be the continuous probability measure 

on & induced by V on J?/j. 

The distribution fi,r is continuous if and only if 

lim fLtr(L, r) = lim fL<r(L + 1, r) (2.14) 
r—>1— r—>0+ 

for every integer L in its support. The left-hand side and right-hand side of (2.14) have 

different parametric forms since the left-hand side involves one additional, independent 

random variable. As a result, the set of all f^r G & satisfying (2.14) is a set with zero 

probability measure under Q. The left limit is a function of L+1 random variables, while 

the right limit is a function of the same L + 1 variables and an additional independent 

random variable. As such, the parametric forms of the left and right limits differ, and 

by independence, there is no reason to expect that the two limits are equal. To prove 

this point, let Q be the sample space of all possible £. Only a subspace of Q can induce 

a distribution for C such that there is equality between left and right limits. Since Q, 

is a continuous space, any subspace must have zero "volume" and thus zero probability. 

Therefore f^r(L,r) is almost surely discontinuous at these points. 

• 
Another consequence of Lemma 1 is simply that there exists a computable form for 

fn/Tc(
n/Tc)i i.e. we can readily determine the distribution of n. As such, we can make use 

of the distribution for the optimization of a communication strategy as will be mentioned 

in Section 2.2.2. 

To give a complete recipe of the numerical procedure, we describe how fL,sL,sL^x may 

be computed. For each positive integer /, compute 

* 
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where f|* denotes the convolutional product 3 and fct is the distribution fc of the 

realized capacity over a fading block and independent of i. For each positive integer L, 

compute 
/>oo 

fL(L):= / (fsL(s) ~ fsL(s))ds. 
Jk/Tc 

For each positive real number SL and positive integer L, compute 

fsL\L(SL\L) := fSL(SL) • U(SL - !L)j f8L{SL) • U(SL - ^)ds 

where [/(•) is the unit-step function. Compute 

fsL^sL,L(SL-i\SL,L) := fc(SL - SL--,) • U(± ~ SL^) J fc(s)U(s -SL + j)ds. 

Finally, compute 

fL,SL,SL-i(L, Si, SL-I) •= fL{L)fsL\L{SL\L)fsL-i\SL,L{SL-l\SL,L) 

following the chain rule of probability. We note that the integration arising in the above 

equations may be computed numerically. 

2.2.2 Discussion 

The wireless applications for which the studied channel model might be applicable, e.g. 

high data-rate, frequency-hopped or OFDM systems, may have values of k/Tc that range 

from less than 0.1 to over 10. We present decoding time distributions in Figure 2.2 for 

underlying Rayleigh and low K-factor K = 0.1 Rician fading distributions at k/Tc = 5 

and 7 = 5dB4. Discontinuities are clearly seen at integer values of n/Tc as proved in 

Theorem 1. Also presented in the same figure is the decoding time distribution for a 

uniformly distributed realized capacity with mean (and variance) chosen to be equal to 

the mean capacity (and variance) induced by the Rayleigh fading distribution. This 

distribution was chosen to demonstrate that the discontinuities exist independent of the 

form of the underlying fading distribution. The similarity of this curve to the others 

reaffirms this fact. Figure 2.3 further demonstrates the nature of the decoding time 

distribution for k/Tc = 2 and 7 = 5dB. Here we see the discontinuities more pronounced 

for the smaller value of k/Tc, particularly for the uniform capacity curve. 

3 The convolutional product is defined as the convolution of each of the terms in an analogous manner 

to the multiplicative product. 
4High K-factor Rician distributions are of little interest here as they approach delta functions. 
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An interesting consequence of these discontinuities is that, for example, if a codeword 

has not yet been received after a number of channel uses greater than expected, it is more 

likely that the codeword will be received at the beginning of a subsequent coherence block 

than at the end of the current block. 

The discontinuities are a consequence of the block-fading channel and coding over a 

small, finite number of blocks. One expects that these discontinuities would not appear 

in models with "smoother" fading characteristics, e.g., a Markov-modulated block-fading 

channel. Given this model, however, interesting decoding behavior may be observed. For 

decoding times less than the expected value, it is unlikely that the realized capacity over 

one block of Tc channel uses is sufficient to complete the reception of A:-bits, but if this 

were to occur, it is more likely to require a majority of the Tc channel uses. For times 

greater than expected, it is likely that a small fraction of k bits remain to be received and 

so a small number of channel uses are likely required. If a poor fading state is realized 

for a block, it is more likely that reception will complete shortly after a new fading state 

is realized in the following block. 

Asymptotically, as k/Tc goes to zero, the channel behaves as though it were quasi-

static fading. Then n/Tc will necessarily remain less than unity and the decoding time 

distribution will be precisely the expected result induced by the underlying fading dis­

tribution. A similar observation is made with respect to the limit as k/Tc grows large, 

where one may see the distribution becoming smooth and approaching a delta function 

at the decoding time (rate) corresponding to the ergodic capacity of the channel. This 

then becomes equivalent to a fast-fading model, and demonstrates the validity of Lemma 

1 over a broad range of channel conditions. An example of this behavior is given in 

Figure 2.4, where the distribution is given as a function of n/k (or inverse rate) for an 

underlying Rayleigh fading distribution and varying values of k/Tc. The trend toward a 

smooth, delta function is seen in the figure as k/Tc increases from 1 to 20. 

The use of Lemma 1 allows us to determine when to decode from an information 

theoretic perspective, i.e. assuming ideal coding, and it provides some insight into more 

practical issues such as coding strategies, throughput and outage optimization. 

The support of these decoding time distributions may span many blocks and this 

suggests that fixed-rate coding schemes will suffer when the channel realization is not 

known at the transmitter. In fact, transmitting a codeword when n/Tc is chosen a priori 

will almost surely result in either an outage or an inefficient use of the realized capacity. 

Standard approaches to combat this problem, for example ARQ or block-incremental 

redundancy schemes, while making up for much of the deficiency of fixed-rate schemes, 
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Figure 2.2: Distribution of decoding times, k/Tc = 5 ,7 = 5dB 
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Figure 2.4: Distribution of decoding times for varying k/Tc, Rayleigh fading, 7 = 5dB 
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fail to fully exploit the decoding opportunities in these distributions. This is particularly 

severe for smaller k/Tc as can be seen for example in Figure 2.3. 

Coding strategies which can exploit all decoding opportunities are rateless, e.g., Rap­

tor codes [66], which have been shown to perform well over wide ranges of SNR for 

fading and AWGN channels [59,9], though they are generally not capacity-achieving. 

We address this issue in detail in Section 2.4. 

Since the decoding time distribution is readily computable, it is a simple matter to 

determine the theoretical outage probability that some delay-constraint imposes. When 

the delay-constraint is expressed in terms of channel uses, it is a simple matter to com­

pute the outage probability by determining the amount of probability mass beyond the 

constraint. In a similar manner, these distributions can easily be applied to determine 

throughput of various communications protocols over block-fading channels [14]. This is 

discussed in detail in Chapter 4. 

Reliable communication over unknown channels is a problem of practical concern for 

wireless communications. The notion of transmitting codewords without fixed n a priori 

is a fundamental concept that is gaining attention and we have presented a characteri­

zation of the distribution of decoding times for block-fading channels. Additionally, we 

have demonstrated that these distributions are generally discontinuous and have shown 

that they are computable numerically. 

These characteristics of these distributions suggest that it is advantageous to use 

rateless codes for reliable communications, and computability of the distributions makes 

them a useful tool for the analysis of rateless code performance. Metrics including outage 

probability and throughput can be determined for any channel configuration, from slow 

to fast fading. 

2.3 Rateless Coding 

The previous section provided us with a solid motivation for the use of rateless codes 

for wireless channels. Given the uncertainty in the time or rate at which a codeword 

may be reliably decoded, we seek a coding framework that allows us to adapt to the 

realizations of the channel. Rateless codes provide just such a means, which is now 

formally introduced and studied in detail. 

Rateless codes are codes that encode a finite number of messages but have an infinitely 

long block length and are thus parametrized by a single number k, the length in bits of the 

information block. Comparatively, fixed-rate block codes are parametrized by the pair 
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(k,n), where n defines the codeword length. The transmission of a rateless codeword 

is terminated when the receiver decodes the message and uses a feedback channel to 

communicate an ACK to the transmitter. As indicated by its name, a rateless code does 

not have a fixed rate, but rather the rate is determined "on the fly" by the time at which 

the receiver decodes the message. 

As the first efficient class of rateless codes, fountain codes not only have low com­

plexity but also have capacity-achieving or capacity-approaching performance for several 

classes of channel models. LT Codes, introduced by Luby in [48] were shown to achieve 

capacity for any BEC. In practice, LT codes are prone to have a noticeable error floor 

for small k. Raptor codes were introduced by Shokrollahi in [66] and use LT codes as an 

inner code with a high-rate LDPC outer code. Raptor codes were also shown to be capac­

ity achieving for the BEC, but also to have the beneficial properties of little or no error 

floor for small block lengths, and a linear-time encoding and decoding computational 

complexity. 

Given their many useful properties, Raptor codes and their performance over other 

channels have been investigated, see e.g., [59,23,9]. Very good performance has been 

found for many other channels including the AWGN channel and various types of fading 

channels. 

As described in [66], a Raptor code is defined by parameters (k,C,Ct), where k is an 

information block length, C is a linear code of block-length n! and dimension k acting as 

the outer code, and Q is a degree distribution controlling the LT inner code. The code C 

is called the pre-code of the Raptor Code. The input symbols of a Raptor Code are the 

k symbols used to construct the codeword in C consisting of n' intermediate symbols. 

The output symbols are the symbols generated by the LT-Code from the n' intermediate 

symbols. 

An example of a fountain (LT) code over GF(2) operating over the binary erasure 

channel is described here, with these restrictions chosen for clarity of exposition. The 

transmitter and receiver are assumed to be synchronized in some manner so that the 

receiver is able to correctly reproduce the generator matrix used by the transmitter and 

identify received symbols. This may be as simple as sharing a common clock source. 

Both transmitter and receiver are initialized at time zero. Given some block of fc-bits of 

information, the transmitter consecutively generates codeword symbols, and each symbol 

transmission corresponds to a single time-step. 

The generation of a codeword symbol is a two-step process. The first step requires the 

transmitter to draw a pseudo-random number from some a priori known distribution ft 
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INPUT NODES 

Figure 2.5: Factor graph decoding of a fountain code 

over the positive integers. The receiver also knows this distribution and is assumed to be 

able to independently draw the identical value as the transmitter. Given this value d < k, 

the transmitter pseudo-randomly selects d distinct information bits uniformly. These bits 

are XOR'ed together, and the result is transmitted over the channel. This operation is 

equivalent to pseudo-random, "on-the-fly" generation of the generator matrix G. 

The receiver is capable of reproducing the identical pseudo-random realization that 

is used to generate codeword symbols at the transmitter and in this way is able to 

maintain track of G. The receiver also tracks, in some manner, the amount of information 

it has received. At some point it determines that it may be possible to successfully 

decode, and then attempts to do so. The algorithm used to decode may depend on the 

implementation, though the iterative belief propagation algorithm is often acceptable 

[40]. In the case of the binary erasure channel, belief propagation amounts to a graph 

pruning procedure, which is described in detail in [48]. 

Following the terminology of [48,66], define the factor graph [40] associated with a 

rateless code at time t to consist of k variable nodes called the input nodes, and x check 

nodes called the output nodes. The number of check nodes x is equal to the number 

of non-erased symbols received at the decoder at time t. Each of the x output nodes 

has edges connecting it to every input node that was used to generate it, based on the 

distribution Q. 

An example factor graph for a rateless code is presented in Figure 2.5 for x = 10. For 

the binary erasure channel, decoding attempts to prune the graph to "cover" all of the 

input nodes. An input node that is covered is a node for which there is no uncertainty 
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about the value it must take, and occurs whenever it is connected to a single output 

node. The decoding process operates as follows: Define the set of all degree-one output 

nodes to be the ripple. If this set is empty, terminate decoding. Choose a node from the 

ripple and cover the unique, connected input node with the value of this node. Remove 

both the output node and input node from the graph. If no input nodes remain in the 

graph, decoding has completed successfully and the received message is given by the 

value of each of the covered input nodes. 

If decoding is successful, the decoder sends an ACK to the transmitter using a feedback 

channel to terminate transmission. Otherwise, the decoder will simply collect some 

further number of codeword symbols and attempt decoding again. Using this approach, it 

is almost always possible for the receiver to successfully decode the transmitted codeword. 

The choice of distribution ft is critical to decoding performance. It was shown by 

Luby in [48] that for the binary erasure channel there exists an Q which results in 

a rateless code that achieves the capacity of any erasure rate on the channel. This 

remarkable distribution is termed the soliton distribution for its resemblance to soliton 

pulses. Unfortunately this distribution is only optimal for k —» oo. However, Luby also 

defined the robust-soliton distribution, a slight modification of the soliton distribution 

that works very well for finite k, and can achieve rates arbitrarily close to capacity on 

the binary erasure channel. 

Over other channels, there is no known distribution that is "universal" in the sense 

that the soliton distribution is for the binary erasure channel. In fact, it was shown in [23] 

that there does not exist such a distribution for the AWGN channel. Despite this fact, 

excellent results over large ranges of channel parameters have been shown for rateless 

codes over the AWGN and binary symmetric channel [59,23]. Detailed performance 

results over fading channels are provided in Section 2.5. 

Given these promising results, we wish to investigate the theoretical properties of 

rateless codes. In particular, we explore their properties over fading channels and show 

in the following section that "good" rateless codes exist over fading channels. 

2.4 Rateless Codes for Fading Channels 

The goal of this section is to prove the existence of "good" rateless codes over fading 

channels. By good, we refer to the ability of the rateless code to approach the capacity of 

the unknown channel for all possible channel realizations, simultaneously. This is similar 

in concept to the notion of universality that is used to describe source coding [17], and we 
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use the term universal here to have a loose, but similar meaning; that the performance 

of the code is in essence independent of the channel realization. 

Generalizing the definition of a Raptor code, we say that a rateless code C(k, / , {(f)n : 

n = l , 2 , . . . } ) i s parametrized by an integer number of bits k, an encoding function / and 

a sequence of decoding functions {<pn : n = 1 ,2 , . . .} . The encoder maps each message 

w € {1,2, . . . ,2 f c} to a codeword (xi,x2, • • •) — a semi-infinite sequence of complex 

numbers — using encoding function / and sequentially transmits the codeword symbols 

across the channel. In this way the transmitter acts as a continuous source of codeword 

symbols, invoking the "fountain" terminology commonly used to describe these codes. 

There is usually a prescribed set J\f of time instants at which the decoder may at­

tempt to decode. At some time instant n £ J\f, the decoder may attempt decoding 

using the received complex numbers {yi,y2, • • • ,yn}
 a n d decoding function </>„, comput­

ing the message w := </>n (3/1,2/2, • • • ,Vn)- If the decoder is sufficiently confident that w 

is the transmitted message according to a criterion to be specified, it declares w as the 

transmitted message and sends an ACK to the transmitter to terminate the transmission 

of this codeword. The feedback is assumed reliable and instantaneous. If the decoder 

is not confident, it waits until the next decoding opportunity in AC and may attempt 

to decode again. This process repeats until the decoder can confidently decode. The 

decision whether to attempt decoding or not is entirely up to the decoder. See [21] for 

a treatment of this area. For simplicity we drop / and {4>n} when referring to a rateless 

code, and simply denote it by C(k). 

Assuming the transmission of a codeword begins at time 1, we use Pe(£,n;C(k)) to 

denote the maximal probability of error for rateless code C(k) over channel £ at decoding 

time n, where an error event at time n is the event that the decoder chooses to decode 

and declared message w at time n is not equal to the transmitted message w. The 

maximization is over all w £ {1, 2 . . . , 2fc}. Note that Pe(C, n,C{k)) is well defined even 

for n ^ jV, and generalizes to arbitrary transmission times. 

For any given e > 0, we define the e-error realized rate (or simply realized rate) of 

code C(k) over channel £ as 

^ • { i C ' * » : - i V ( f c , * C ( t ) ) -

where N(k,e;C(k)) is defined to be the smallest n e J\f such that Pe((,n;C(k)) < e. 

Theorem 2 Under the quasi-static fading model, for any e and S > 0, there exists a 

sufficiently large k and rateless code C(k) whose realized rates satisfy R(e,(,;C{k)) > 

C(N(k, e;C(k)); C) — 5 for all channel realizations C € Q, simultaneously. 
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In this theorem, e characterizes a notion of reliability, S characterizes a notion of 

efficiency, and the results that reliability and efficiency can be achieved for all £ G Q 

simultaneously characterizes a notion of "universality". The proof of this theorem is 

given in Appendix 2.A. 

We note that for the quasi-static fading channel, C(n; £) depends only on £. In this 

setting, a natural strategy is to use the feedback channel to signal the channel information 

to the transmitter and then use a fixed-rate block code, achieving C(n;Q. 

The following theorem is a generalization of Theorem 2 to block-fading channels. 

Theorem 3 Under the block-fading model, there exists a T and k such that for all Tc > 

T,k > k, and any e and S > 0, there exists a rateless code C(k) whose realized rates satisfy 

R(e, £; C(k)) > C(N(k, e; C(k)); £) — 5 for all channel realizations ( € Q simultaneously. 

An overview of the proof is provided here. Details of the proof are given in Appendix 

2.A. The receiver in the proof decodes at the time corresponding to the smallest n G M 

such that the realized rate R = - < C(ra;£). Since the decoder has the channel state 

information, it knows the realized capacity up to the end of the current coherence block, 

and whether the codeword rate will be less than this value by the end of the block. If the 

codeword rate is not sufficiently low by the end of the block, it waits for reception of the 

next block. Once it determines that decoding is possible, the decoder treats the entire 

received sequence as a single punctured codeword, where punctured symbols correspond 

to those not yet received. It is shown that successful decoding is always possible under 

standard constraints for all possible channel realizations. 

Although sufficient for proving the existence of a rateless code that is efficient and 

reliable for all £, a limitation of the decoding scheme used in the above proof is that Tc 

must be large for a main ingredient of the proof — the Asymptotic equipartition property 

(AEP) — to hold, particularly in dealing with the last, possibly partially received, block. 

Maximum likelihood decoding can be used to circumvent this limitation [21]. 

Another consequence of Theorem 2 is the existence of good rateless codes for the 

AWGN channel. Fixing the channel gain h to a value of 1 reduces this channel to the 

AWGN channel, and thus Theorem 2 applies directly. 

Having shown the existence of good rateless codes, we turn to the application and 

implementation of these codes over fading channels. 
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2.5 Rateless Code Implementation 

The previous section dealt with the existence of good rateless codes, but the proofs 

are not constructive. Fortunately, there exist implementations of rateless codes such as 

Raptor codes which have been shown to be efficient for the binary erasure channel. We 

are interested in simultaneous efficiency and reliability in this work, and explore in this 

section these aspects for rateless code implementations. 

Although there has been research literature addressing some of the above aspects 

(e.g., see [72,90,49,6]), we are not aware of any theoretical study that considers the 

aspects of efficiency, reliability, and robustness jointly at the physical layer. Commonly, 

these issues have been examined at higher layers. We argue that when channel state 

information is not available at the transmitter, conventional fixed-rate communication 

schemes suffer in all three aspects. 

In typical fixed-rate schemes, the transmitter chooses a fixed code rate k/n and code 

length n based on given channel statistics and delay constraints. First, since the realized 

channel capacity C(n; () is a random variable from the transmitter's perspective, there 

is no hope for the chosen rate k/n to closely follow the realized capacity. Second, for 

any given positive rate k/n, the outage probability is strictly bounded above zero. This 

simply follows from the non-zero probability that k/n > C{n;(/). This phenomenon is 

particularly severe when the delay constraints are such that the number of fading blocks 

n/Tc is relatively small and the codewords experience a limited subset of the possible 

channel behavior. Third, with a fixed-rate scheme, there is an unavoidable tradeoff 

between efficiency and reliability. More specifically, we must pay a penalty in rate in 

order to ensure some desired level of reliability, and conversely, if we wish to transmit at 

a higher rate, we are forced to accept larger outage probability. When channel statistics 

are known at the transmitter, a fixed-rate system may in principle operate at an optimal 

tradeoff point, i.e., at the highest rate subject to a certain outage requirement, but when 

the channel statistics are unknown, inaccurately estimated or varying, this operating 

point is no longer optimal and the system becomes either less efficient or less reliable. 

Inspired by results in Section 2.4, we propose to use rateless codes for communication 

over fading channels when the channel state information is unknown at the transmitter. 

Here we focus on single-antenna systems and the fading channel model expressed by 

(2.1), though generalization of rateless codes to vector-valued codeword symbols (i.e., 

space-time codes) for multiple antenna systems is straightforward. 

Our rationale of using rateless codes to achieve efficiency, reliability and robust-
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ness is in fact quite intuitive. First, unlike fixed-rate codes in which the rate k/n is a 

constant and independent of channel realizations, rateless codes realize a rate for each 

codeword depending on what channel realization is experienced by the codeword. Since 

the successful-decoding time n depends on the channel realization, a good rateless code 

may naturally adapt to the channel state thereby providing opportunities for the realized 

rate k/n to closely follow the realized capacity C(n; £). Second, as suggested in [20], for 

a large class of discrete channels, choosing the codebook size 2k to be sufficiently large 

may drive the outage probability to zero without sacrificing rate. Third, we note that 

knowledge of channel statistics at the transmitter plays no essential role with rateless 

codes. If a rateless code can realize a rate that is close to the realized capacity in every 

transmission, it can then closely follow the average realized capacity regardless of the 

channel statistics. Thus a rateless code can maintain its efficiency and reliability across 

all channel ensembles, i.e. it can be robust. 

2.5.1 Fountain Code Implementation 

We simulate a rateless code for a single antenna system and over the channel described 

earlier. For a proof-of-concept to validate the results of Section 2.4, we choose a Rap­

tor code as presented in [66] and follow the construction given in [59] with k = 9,500 

and QPSK modulation. The fading variable hi is real-valued with variance following 

a Rayleigh distribution. We choose the coherence time Tc to be 1000,5000, and oo 

(quasi-static fading), and simulate various transmit SNR settings. For each transmit­

ted codeword, belief propagation decoding is first attempted after k/2 channel uses, and 

then periodically at intervals of 100 channel uses. Given the value of k, this represents an 

approximate resolution of 0.1% of k which is sufficiently accurate to generate reasonable 

performance metrics. The initial messages for belief propagation are calculated based 

on the received signal and the receiver's (perfect) knowledge of channel gains and noise 

variance. In every decoding attempt, as the passing of messages iterates, the decoder 

keeps examining whether the hard decisions on the messages form the transmitted code­

word; when this is the successful decoding is declared and the transmission of 

this codeword is terminated; when the hard decisions on the messages do not form the 

transmitted codeword within 100 iterations, the current decoding attempt is stopped, 

and the decoder waits until the next decoding attempt to decode again. We note that 

in this rule for stopping a decoding attempt and declaring a decoding success, we essen­

tially assume that the receiver knows whether it decodes correctly. In practice, this may 
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correspond to the case where CRC bits are embedded within the k bits, and we note that 

the rate loss in such an implementation is negligible. Other rules for stopping a decoding 

attempt and for declaring a decoding success, such as those based on the reliability of 

the decoded word, are also possible. A study of this and other practical issues related to 

the decoding of rateless codes are presented in [35,34,15] 

Figure 2.6 presents the curves of averaged realized rate and averaged realized capacity 

(under QPSK input constraint) versus average receive SNR. Here the averaged realized 

rate is defined as the total number of transmitted information bits divided by the total 

number channel uses for transmitting these information bits. Notice that for all three 

choices of coherence time Tc, the averaged realized rate continuously scales with the 

averaged realized capacity over the broad range of SNR, with some loss (about 10 —15%) 

due to code suboptimality. This plot demonstrates the efficiency of this scheme and the 

advantage of rateless codes over fixed-rate codes. We note that this advantage is not 

only in terms of rate, but also in terms of outage — as discussed earlier, there is simply 

no outage event. As the SNR increases, one may observe that the capacity curve reaches 

the asymptote of 2 bits/channel use, which is governed by the limit enforced by the 

QPSK modulation. It is interesting to note that the best performance is observed at 

Tc — 5000. Deserving further investigation, this non-monotonic performance trend with 

respect to Tc may possibly suggest that the design of rateless codes need to take channel 

coherence time into consideration, and that a given rateless code may perform the best 

over a certain range of Tc. 

Although Raptor codes are not universal for fading channels in the strict sense, these 

results suggest a behavior that tracks capacity across the studied range of channel statis­

tics, subject to the constraints of QPSK modulation. Similar results are also observed in 

Figure 2.7, where along with the realized capacity upper limit (dashed lines), the realized 

rate versus realized capacity for each codeword transmission is plotted for an average re­

ceive SNR equal to 0 dB and Tc = 1000 and oo respectively. One should observe a much 

tighter variation in the scattering of rate-capacity pairs for the smaller value of Tc. This 

is because for the same average receive SNR, when Tc is smaller, codewords span a larger 

number of fading blocks, and the realized capacities are more concentrated around the 

ergodic capacity. 

It is instructive to plot a curve of outage probability to make comparison with the 

theoretical limits (2.5). Here for a given communication rate target RT, the natural 

definition of realized outage probability for a rateless code is 

Pout = P[n>k/RT], (2.15) 
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i.e., the probability that a codeword can not be decoded before time k/ RT (or equivalently 

the realized rate k/n is lower than the target rate RT)- In this context, the theoretical 

limit of outage probability in (2.5) becomes 

Pout = P[RT>C(n;C)], (2.16) 

where for a fair comparison with the realized outage probability in a rateless coded 

scheme, £ is interpreted as the realized channel sequence (hi, h2, •. •, hn) experienced 

by a rateless codeword decoded at time n. Figure 2.8 contains the realized outage 

probability curves for the rateless code simulated and the corresponding theoretical limit 

with RT = 0.5. The actual outage probability follows the theoretical curve quite closely 

over the entire SNR range. We note however that this plot does not truly reflect the 

outage behaviors of rateless codes, since after all there are no outage events in rateless 

coding scheme, given a sufficient number of channel uses. A proper interpretation of 

this figure should be from the "user-satisfaction" perspective. That is, suppose the user 

desires to communicate at rate RT subject to certain delay requirement, then these curves 

indicate how often the user is dissatisfied under the optimal fixed-rate coding strategy 

and under the simulated rateless coding strategy. — In terms of the true sense of outage, 

rateless codes always beat the outage limits for fixed-rate codes. This will be explored 

further in Chapter 4. 

2.6 Discussion and Conclusions 

The proposed framework is motivated by practical communication over fading channels. 

Our approach demonstrates advantages in efficiency, reliability and robustness for slow 

fading channels where certain delay constraints disallow coding over a large number of 

blocks. On fast fading channels, we remark that fixed-rate schemes and rateless schemes 

may in principle achieve the same level of efficiency and reliability. However, rateless 

coding still has an advantage in robustness, since rate is not a design parameter and 

need not to be set a priori according to the channel statistics. 

From a complexity perspective, rateless codes are of the same decoding complexity as 

most LDPC codes. However, given that decoding may be attempted many times before 

successful decoding, the total number of computations, assuming independence between 

decoding attempts, can be orders of magnitude greater than a fixed-rate code. Work has 

been done to address this issues, notably [35]. 
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The framework presented above may be generalized to multiple-antenna settings. 

It is well known that under the fast fading model, a fixed-rate system can achieve the 

ergodic capacity of the channel with zero probability of outage. However, fixed-rate codes 

are not robust in this setting since either efficiency or reliability must suffer when the 

transmitter does not know the channel statistics. An important distinction in that case 

is that communication efficiency and reliability should be defined in terms of mutual 

information rather than capacity. In the multiple-antenna setting, rateless codes are 

then expected to have the same advantages over fixed-rate codes as they do in the single-

antenna case. 

It is worth noting that the notion of rateless coding is conceptually similar to Hybrid 

ARQ (see [46] and the references therein). The difference is mainly in code construc­

tion. In a sense, one may view rateless codes as a "continuous" version of Hybrid ARQ 

schemes. It appears that the reviving interest in Hybrid ARQ and the extension to rate­

less coding are leading to new techniques in various areas of wireless communications 

(see, for example, [6,89,8]). We explore this connection more closely in Chapter 4. 

2.A Proof of Theorems 2 and 3 

Proof: We follow a very similar development as the proof in [6, Lemma 1]. As 

explicitly noted by the authors of [6], their setup is directly applicable to a block fading 

channel with Gaussian input distribution. As such, we start with our system model given 

by (2.1), with the following generalization: We allow the block length to vary randomly 

from block-to-block. This is done as a mathematical convenience to combine the proofs 

of Theorem 2 and Theorem 3. Let s denote the block index, s € {1, 2 , . . . } , and let 7^ be 

a positive value on (0,1] representing a fraction of the total block size Tc such that for 

this "block" fading setup, the channel remains constant for -ysTc channel uses. In this 

context, one may think of a channel realization as the pair (Hs, j s ) , where the elements 

of this pair are drawn independently from different distributions. The value j s is drawn 

randomly i.i.d. for every s and known at the receiver only. The channel model can then 

be represented by 

Y , = HSXS + N „ 

where s denotes the block number index. To recover the block fading model in (2.1), we 

set the distribution for 7S to be a delta function at 1. To recover quasi-static fading, draw 

H at time zero and hold it constant for the duration of the codeword transmission. The 
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purpose of j s in quasi-static fading context is to prove that rateless codes are good at any 

rate, not just those corresponding to block boundaries, subject to standard constraints. 

Using continuity arguments [26], we deal with the discrete version of this channel, 

with single-letter transition pmf of the channel represented by p8(Y\X). Fix a sequence 

of block length fractions to be 

G := {7, = Is > 0}. 

In the same manner, fix a sequence of channel realizations to be 

V := {ps(Y\X)}. 

Let 

P ( X s , Y s ) , P ( X > n d P ( Y s ) 

be the joint and marginal probability distributions induced by the input distribution 

g(X). We then have the following modified expressions for the weak law of large numbers: 

lim l l o g 2 P ( { X s , Y s } ) -> -^>yMX,Y) (2.17) 
c s 

hm ^ l o g 2 F ( { X s } ) -> -Y,1.H(X) (2.18) 
ic—>oo 1 c '—^ 

s 

lim l l o g a P ( { Y a } ) - -Y,lMY), (2-19) 
S 

where convergence is in probability, and where 

Ha(X,Y) := -Y^Q(x)Ps(y\x)\og2q(x)Ps(y\x) (2.20) 

H(X) := -^2q(x)\og2q{x) (2.21) 
X 

HS(Y) := -Y,^)Ps{yWog2Y,^')Ps{y\x') (2.22) 
x,y x' 

represent the joint, input and output entropies in channel block s. 

Using the standard definition of typicality - as in [6] - we follow the usual steps to 

prove the achievability portion of the channel coding theorem (see Cover and Thomas [17, 

Theorem 8.7.1]). Let 

I(q(x),ps(y\x)) := H(X) + HS(Y) - HS(X, Y). 
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It then follows that any rate less than 

m 

^2—I(q(x),pa(y\x)) 
3 = 1 m 

is e-achievable. In particular, letting m — M and M :— Y2S 7s, then for a given sequence 

of channels V and sequence Q, and for sufficiently large Tc there exists codes Ck of length 

TCM and rate k/TcM with error probability less than e if 

M 

R := k/Tc < 52-YJ(q{x),pa(y\x)). (2.23) 

It remains to be shown that a single code exists satisfying (2.23) which is simultane­

ously good for all V and Q, where "good" denotes the property of having a maximum 

probability of error less than e. Furthermore, it must be shown that such for a code, for 

all 1 < m < M, if 
m 

R< ^2lBI(q(x),pB(y\x)), 
3=1 

then a punctured version of the code using only the first m blocks must also be good. 

Let a codebook be denoted by C, and a decoding error for C be given by <§. The 

strong converse given in [6, Lemma 2] shows that the following limit holds in probability: 

m 

Ec[Pr(g\V,g,C)]-+I[R>J2'YllI(q(x),pa(y\x))] (2.24) 

as Tc —>• oo, where /[•] is the indicator function and EQ denotes expectations taken over 

all codebooks of size k and length TCM. Although M is a random variable not known by 

the transmitter, this has no impact on the existence of a good codebook. The receiver, 

knowing Q, decodes at block boundaries, regardless of where they occur. 

We take expectations of (2.24) over all possible channel sequences V and Q simul­

taneously. For the same reasons stated in [6] - that the integrand is non-negative and 

bounded by one - we swap order of expectations, giving 

Ec[Er[Eg[Pr(c?\P,g,C)}}]^Pi I J2 -ysI(q(x),PkAy\z))<R]- (2-25) 
\s€5fcjM J 

Then there exists a family of codes C* for increasing Tc such that 

Ev[Eg[Pv^\V,g,C*)]] < Pr I J2 %I(q(x),pkAy\x)) < A • (2-26) 
\"GSfc,M / 
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It follows, again from [6], that there must exist Pr(<f \V, G,C*) —> 0 for all V and Q such 

that 

R< Y, 7sI{q(x),Pkt8(y\x)). (2.27) 

It also follows that any sub-sequence with m < M satisfying this equation must also be 

decodable with error approaching zero. This is true even as M —> oo. This can be seen 

by considering the fact that any sub-sequence can be decoded by decoding the mother 

code of block-size M, treating the M — m unused blocks as erasures. Since (2.27) is 

satisfied, such a procedure results in the desired probability of error. 

Let M —> oo so the rate of the code approaches 0. However, assuming that I(q(x),ps(y\x)) > 

0, then certainly there exists some M < M such that 

RI^<\A H ^sI{q{x),pkM^))- (2-28) 

Virtually any rate - subject to the above constraints - is then achievable as M —• oo. 

Therefore, subject to (2.27), it is always possible to decode at a rate arbitrarily close to 

the induced mutual information of the channel, i ^2S JSI(q(%)iPs{y\x))• 

To finish the proofs for both Theorem 2 and Theorem 3, we apply the above result 

to the channels considered. For Quasi-static fading, choose 

v c v,v = {pk,s(y\x) '•s e sk,m,Pk,s(y\x) ^Pk,t(y\x)^s^ e «ss,m}. 

That is, the channel sequence is fixed for the duration of the codeword transmission. 

Since we have shown a code exists which is good for all channel sequences, and over all 

sequences of 7S, then this code is also good for the quasi-static fading channel. Similarly, 

block fading is a special case by setting 7S = 1, s = {1 ,2 , . . . } . Again, since a code exists 

which is good over all sequences of j s , it must be good for this channel as well. 

• 



Chapter 3 

Modulation for Rateless Systems 

The preceding chapter focused on the problem of good rateless codes for digital com­

munication over fading channels. This chapter focuses on modulation, the other major 

component in communication systems. Figure 3.1 highlights the relationship of modula­

tion and demodulation in the digital communication system model. 

This chapter explores both modulation and demodulation when viewed in the rateless 

communication setting. It will be shown that traditional "fixed-rate" modulation meth­

ods limit the efficiency of the system when used over unknown channels such as those 

considered here. Adaptive modulation techniques have been the focus of a great deal of 

research and may be considered as a means of mitigating this limitation. However, the 

goals and results of such works are not easily adapted to the rateless system that is the 

focus of this work. Thus, to address such limitations, we introduce a new baseband mod­

ulation technique that provides some benefits to efficiency. This new approach, called 

/i-PAM modulation, is analyzed and we demonstrate some of the advantages it provides 

relative to pulse amplitude modulation (PAM). 

The remainder of this chapter is organized as follows: Section 3.1 presents the mo­

tivation for this chapter, followed by Section 3.2 which outlines the system we propose 

and describes the proposed modulation scheme. An analysis of the proposed scheme is 

given in Section 3.3. A Monte-Carlo simulation is presented in Section 3.4. We conclude 

the chapter in Section 3.5. 

46 
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Figure 3.1: Digital communication system model highlighting modulation functions 

3.1 Motivation 

In many practical communications systems, it is difficult for the transmitter to know a 

priori the conditions, or state, of the channel it is communicating over. For instance, 

wireless channels often have a fading loss that is random, as well as a propagation loss 

that is not known by the transmitter without feedback from the receiver. As another 

example, to model Internet packet communication, a packet erasure channel with time-

varying and unknown erasure probabilities are commonly used. In cases such as these, 

it is difficult, if not impossible for the transmitter to tune its transmission rate to suit 

the channel. Robust coding systems are required to operate without this knowledge. 

When the unknown channel supports a possibly large range of rates, we show that 

coding and modulation must be considered simultaneously. Coding schemes which are 

efficient for low-rate, low-SNR operation are likely inefficient for high-rate, high-SNR 

operation. As a simple example, consider a channel that may be in one of two states, 

unknown to the transmitter. The channel may be in a "good" state, and support very 

high communication rates, or it may be in a "bad" state and support only a fraction of 

the rate supported by the good state. In such a scenario, modulation may have a large 

impact on the efficiency of the system. 

Rateless coding schemes, which include ARQ-based and incremental redundancy 

methods, are a common means for providing reliability for such unknown channels. As 

demonstrated in Chapter 2, these codes offer robustness over wireless channels when only 

the receiver has channel state information, with the code rate naturally adapting to the 



48 

conditions of the channel. 

Studies of the performance of Raptor codes for different channels [22, 59, 9] have 

mainly been limited to binary-input symmetric channels - whose capacities are limited 

to 1-bit per channel use - where the use of BPSK modulation is not detrimental to 

performance. For channels such as the AWGN channel at SNRs supporting higher rates 

of communication, binary coding and modulation may severely limit efficiency. 

A novel solution to this problem is to use an adaptive demodulation scheme as de­

scribed in [5], coupled with a Raptor code. Here, the modulation scheme is fixed, but 

the demodulation scheme is adaptive based on the channel state, thereby "compressing" 

the number of bits output from the demodulator. This approach automatically adapts 

its rate over a range of SNR such that the system targets a particular (high) SNR, and 

gracefully degrades when the SNR falls below this value. 

We seek a coding and modulation system that offers efficient and reliable communica­

tion over unknown Gaussian channels with a somewhat "reverse" objective. Specifically, 

we would like a system that can perform well in very low SNR conditions, but adaptively 

increases its rate as the SNR increases. To that end, we consider a method of mapping A; 

information bits to a constellation point in a signal space with dimension that increases 

with the number of channel uses. 

Since Raptor codes are able to produce a virtually infinite number of output symbols, 

we propose a method in which a large number of consecutive output symbols are mapped 

into a single real value, and this value is transmitted over the unknown channel. This 

process is repeated until the decoder is able to recover the information bits. The mapping 

from output symbols to transmitted symbol may be considered a form of non-uniform 

modulation, providing unequal error protection to the output symbols. 

Other approaches one may envision include using a schedule of decreasing modulation 

orders. For example, the transmitter and receiver agree upon the use of a high modulation 

order initially, which decreases as the number of channel uses increases to match an 

expected channel state. 

We consider the former option, making use of a non-uniform modulation scheme along 

with rateless codes. We show that the performance of such a system is good over a very 

broad range of SNRs, suggesting their practical use in such environments. 
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3.2 System Model 

We consider the standard discrete-time, real-valued AWGN channel, expressed as 

V% = %i i T^i, 

where Xi and yi are the input and output symbols of the channel at time i respectively, 

and rti is additive zero-mean, white Gaussian noise of variance a2. Only the receiver 

knows the value of a2. 

The reason to consider the AWGN channel rather than the fading channels used in 

the rest of this work is to simplify the problem for the purpose of analyzing modulation 

performance. The fact that the AWGN channel is unknown to the transmitter makes 

this channel essentially equivalent to the quasi-static fading channel for our purposes. 

The capacity of this channel C, in bits per channel use, is well known: 

C = ^ l o g 2 ( l + SNR), 

where SNR is ^ , and P is the average power of the transmitted signal. In order to 

achieve the capacity of the channel, the input distribution must be Gaussian. Any other 

input distribution will incur a loss in capacity. For example, the use of a uniform input 

distribution incurs an asymptotic loss (as SNR increases) of ire/Q (1.53dB) relative to C. 

We neglect this aspect of the design problem in this chapter, though interested readers 

are directed to [24] for a treatment on the subject. 

We are concerned with unknown AWGN channels in this chapter; i.e., we assume that 

the transmitter has no knowledge of the variance of the noise at the receiver. Conse­

quently, there is a large range of possible operating SNRs and supported rates. A survey 

of the information theoretic aspects for communicating reliably over unknown channels 

is given in [45]. We assume in this work that a reliable, rate-limited feedback channel 

exists1. Our goal is a system for reliable communication that is efficient at low SNR and 

is able to automatically adapt to exploit higher rates efficiently. 

3.2.1 Modulation Description 

Consider the problem of modulating a set of M possible messages, where M is a power 

of two. Associate with the integer value 0 < i < M a bit-vector representation of 

1We note that this is not required for the modulation method presented here. It is only required for 
the rateless code component. 
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the value b . Canonical M-ary PAM modulation, or M-PAM for simplicity, maps a 

vector of bits b of length L :— log2 M to a modulation symbol from the finite set 

A := (d0/2){—M + 1, — M + 3 , . . . , , M — 1}, where d0 represents the distance between 

adjacent symbols, and will dictate the average transmit power P of the system. Gray 

mapping from bits to symbols is typically used, such that the Hamming distance between 

the bit-vectors associated with adjacent symbols is equal to one. 

The signal energy required per dimension is denoted by En. For some A^-dimensional 

signal set constructed from points within hypercubes, the rate of communication possible 

in terms of bits per channel use per dimension is bounded by [82] 

p* 
log2e 

1 + 
En 

No 
'1 + 

En 

No 
^log2 (3.1) 

As M-PAM modulation uses a 1-dimensional energy constrained signal set, (3.1) bounds 

the rate at which it may reliably communicate information. It is also notable that 

\C < RQ < C [82]. The discrepancy between R^ and C is due to use of the probability 

of union bound in the computation of RQ. Nonetheless it serves as a meaningful limit on 

performance for our purposes. 

Therefore we know that M-ary PAM, or any PAM-like modulation system is bounded 

by (3.1). Figure 3.2 presents the performance of M-PAM for different values of L for a 

uniform probability of selecting each constellation point. 

We will assume a uniform probability of selecting constellation points, neglecting 

opportunities for shaping gain. This simplifies the analysis, though we are sacrific­

ing potential improvements in achievable rates by neglecting shaping. The use of non­

uniform probabilities have been investigated for many different applications. For coded 

applications, non-uniform QAM constellations were used in [25,57] to provide shaping 

gain. For multicast problems, where different quality-of-service levels are to be provided, 

non-uniform modulation techniques have been explored and found to perform well, see 

e.g. [60,54]. However these approaches are not obviously applicable to the problem 

considered in this chapter. 

The proposed strategy for this communications problem is to map some number of 

consecutive rateless-coded output bits to a point in a constellation of non-uniformly 

spaced, real-values. The number of output bits used to map to a constellation point 

may, in general, depend on a number of factors including the number of previous channel 

uses, but for the purposes of this work we choose a constant number L. That is, every L 

consecutive bits output from a rateless code encoding k information bits is mapped onto 
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Figure 3.2: Achievable rates of M-PAM vs. SNR 

a single constellation point and transmitted over the channel. 

We generalize M-PAM modulation with a fractional-power modulation scheme called 

/^-PAM. This modulation scheme is similar to M-PAM, except that the symbol constel­

lation no longer has an equal distance do between adjacent symbols. Instead, the con­

stellation points are generated in a recursive manner, dependent on /i, with /J, € (0,1/2]. 

Figure 3.3 gives an example of the construction of a //-PAM signal constellation for 

H = 1/3. The constellation begins as a standard BSPK signal set as seen in the top 

panel with L = 1(M = 2). As with BPSK, one bit of information is used to discriminate 

between the two symbols in the constellation. In a recursive manner, additional bits are 

embedded into the current constellation set. Each operation of embedding one bit splits 

the constellation set by splitting each symbol and moving them by ±/xL_1 . 

In the figure, the two BSPK symbols in the upper panel are split and moved by 

i/x1 to generate the middle panel (M = 4) which we say has an embedding depth of 2. 

Similarly, the four symbols in the middle panel (M = 4) are split and moved by ±/i2 to 

generate the lower panel (M = 8) which has an embedding depth of 3. The embedding 
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Figure 3.3: Example signal constellation construction of//-PAM, /J, = 1/3. The top panel 

corresponds to L = 1(M = 2). The panels below show the recursive construction of the 

constellation for each doubling of M. 

operation is continued until some desired number of bits are embedded. The figure shows 

embedding only to M = 8, but there is no limit to the depth that may be used. 

The resulting constellation structure has a self-similar nature that assists in the anal­

ysis of the modulation scheme. Comparing the positive (or negative) half-constellation 

for M = 8 in Figure 3.3 with the entire constellation for M = 4, we see that they 

are equivalent except for a scaling factor of // and an offset. This is true for all values 

of M and, due to the recursive nature in which the constellation is constructed, it is 

straightforward to find similar relationships between any two embedding depths. 

To gain some further insight into this modulation structure, Figure 3.4 shows two 

examples of ^t-PAM modulation for M = 8, and /J, = 1/2 (upper) and // = 1/3 (lower). A 

few remarks are due based on these examples. First, choosing fj, = 1/2 recovers M-PAM 

up to scale. Second, the smaller the value of fi, the greater the non-uniformity, and the 

non-uniformity provides a form of unequal error protection. Note however that this form 

of non-uniformity is not intended to provide shaping gain, as is the case in, e.g., [25]. 
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Figure 3.4: Signal constellations for /x-PAM, M = 8 with \x = l/2(upper) and /i = 

l/3(lower). 

The mapping from a vector of bits b of length L = log2 M to a //-PAM symbol 

s can equivalently be defined as follows. Let b be the vector of bits mapped from 

{0,1} - > { + ! , - ! } . Then 

s(b):='£iiJ.r1]lbj, (3.2) 
i = i 

where bj denotes the j - t h element of the vector b . The above equation results in a 

Gray mapping between bit vectors and constellation symbols. As such, at high SNR 

the average (uncoded) bit error probability will approximately be equal to the average 

symbol error probability divided by L. 

Gray mapping is not optimal for non-uniform constellations such as //-PAM, and 

therefore we will expect some small performance degradation relative to optimal bounds. 

However, Gray mapping allows us to use a relatively simple demodulation technique 

which is described in Section 3.2.2. 

We define the //-PAM constellation - the set of all possible points given values \x and 

L - as 

s(/x,L) := - j>(bi ) , . . . , s (b M )} 

which will be used in the following sections. 
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3.2.2 Demodulation Description 

For demodulation, it is straightforward to derive the log-likelihood ratio (LLR) expres­

sions for each bit after reception of a modulation symbol. Many iterative decoders, such 

as those used by Raptor decoders, operate efficiently with LLRs. The demodulation of 

//-PAM is identical to that of M-PAM. The only difference is the constellation signal 

set used. As a result, the complexity of LLR computation for M-PAM and ^x-PAM are 

identical for identical values of M. 

To compute the log-likelihood ratio, the Euclidean distance from the received symbol 

s to each of the constellation symbols in s(/x, L) is first computed. Then the likelihood of 

each constellation point, given the received symbol and assuming a Gaussian noise model 

of known variance is determined. Finally, for each of the L bits comprising the received 

symbol, the likelihood ratio of the bit is a straightforward computation. Let \{i) be the 

LLR value for the i-th bit. Then the overall computation can be expressed as 

A(,)=log {-n^m) • 
Further details of this procedure may be found in, e.g., [5]. 

3.3 Analysis of ^-PAM 

This modulation scheme essentially allocates power to bits unevenly in the mapping from 

bits to symbols. The first bit is given the largest portion of the power, subsequent bits 

are allocated fractionally smaller amounts, while the last bit is given the least. It is 

possible to allow the modulation order in fi-PAM to grow to infinity2. Thus it is possible 

to pack an essentially infinite number of bits onto a single symbol and, in the absence 

of noise, this is recoverable in an error-free manner. We provide the following theorem 

showing that the transmit power of such a constellation remains bounded. 

Lemma 2 The maximum instantaneous transmit power P* of /i-PAM, as M —> oo is 

given by 

which is bounded for all 0 < // < 1. 

2We note the passing similarity here with Arithmetic source coding. 
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Proof: The proof of this theorem follows simply from convergence properties of 

series. The maximum transmit power of the constellation corresponds to the constellation 

point(s) with maximum amplitude. It is easy to see the all O's bit-vector is such a point. 

From (3.2), the transmit power of this point is 

The expression within the brackets is a geometric series with a limiting value as M —* oo 

o f ^ . 

Since the maximum transmit power of /U-PAM is finite and power is a non-negative 

value, it is clear that the average transmit power is also finite and bounded. • 

The performance of a modulation scheme is characterized by its distance properties, 

particularly the minimum distance of the scheme. The minimum distance of a modulation 

scheme is defined as the smallest Euclidean distance between any pair of points in the 

signal constellation set. Given the unequal protection that yLi-PAM provides to the input 

bits, it is useful to determine an expression of the minimum distance as a function of the 

bit-position in the input vector b. 

Lemma 3 The minimum distance dl • between points in the [i-PAM constellation cor­

responding to the first bit in b is given by 

^J^) := 2 (i - X>*J • 
The proof of this theorem follows directly from the properties of geometric progression 

as used in the proof of Lemma 2. 

We are then able to use yU-PAM with some assurance of the reliability of the system 

at low SNR relative to a BPSK system. Clearly, as M or /i increase, the worst-case 

degradation increases. However, the amount of information that may be communicated 

may in fact increase. This tradeoff is interesting to characterize, and is explored further 

in the next section which presents details of a test of the proposed system for finite M. 

It is possible to generalize the minimum distance bound for Lemma 3 for any bit in 

the vector. Let dl • be the minimum distance between all adjacent symbols for which 

the i-th bit in b differs. 
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Theorem 4 The minimum distance dl • between points in the fi-PAM constellation 

corresponding to the i-th bit in b is given by 

di
min{L^)^2L^-YjA. (3.3) 

Proof: We prove by induction over i. The theorem is true for i = 1 due to Lemma 

3. Suppose that it is true for i = n. By the recursive generation of the constellation set, 

either half - the positive or negative symbols - of the constellation can be viewed as an 

entire constellation set with an appropriate modification of parameters. In particular, 

the subset is shifted by some amount ± 1 , scaled in amplitude by amount \i and has 

depth L — 1. We can then express the minimum distance for i = n + 1 to be 

= ^ + 2 / 1 ^ - ^ 1 
\ 3=n / 

= 2fiL + 2fji (^ - [ / / " + . . . + / / - 1 ] ) 

= 2// + 2 (/in - lnn+l + ... + //]) 
= 2(//>-[//>

+1 + ... + / /-
1]) 

= 2(V- X>) 
\ j=n+l / 

:= dn+} (L,fi). mmv ' ^' 

• 
It is straightforward to express these distances in the limit as L —• oo. This can be 

used to bound the performance of the modulation system asymptotically. 

Corollary 1 The minimum distance dl • between points in the [i-PAM constellation 

corresponding to the i-th bit in b as L —> oo is given by 

2/ /" 1 ( l - 2//) dmin(°°^) ••= l - / x 
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Proof: The proof follows by simply by allowing L —» oo in (3.3) and using the 

geometric sum, 

= 2 U W - M 

1-M 

2^ i ~ 1 ( l -2 /x ) 

1 - M ' 

D 
If we let /j, = 1/2, then in the limit, the minimum distance approaches zero for all 

values of i. For any smaller value of /i, the minimum distance is bounded above zero, 

and the fractal nature of the modulation scheme is seen again; all distances at depth i 

are a factor of // smaller than at the previous depth. 

3.3.1 Simplified Demodulation Method 

Based on the above results, it is possible to find bounds on the probability of error 

and achievable rates of communication that are possible with this modulation technique. 

Error events for this modulation scheme will be dominated by errors between the closest 

pairs of symbols. For values of // < 1/2, this will be for the pairs of symbols that differ 

only in the last bit. An upper bound expression for this probability of error is 

/ 

Pa(g)<(M-l)Q 
\ 

(dL • y 
\ mm/ (3.4) 

2N0 

\ ) 

which is simply the worst-case probability of error for an M-PAM modulation scheme. 

Since for // < 1/2 every symbol has exactly one neighbor of minimum distance, this is 

a loose bound. An exact analysis of the probability of error is beyond the scope of this 

work, but interested readers are directed to [24] for a general treatment of the subject. 

However, it is possible to derive some bounds on the error probabilities that are tighter 

than what is given in (3.4). 

To do so, we model the communication channel as a system of parallel, though de­

pendent Gaussian channels. That is, given a yLi-PAM modulation scheme operating with 

some chosen L, decompose the transmission of a single symbol as transmission of indi­

vidual bits over L parallel virtual AWGN channels, depicted in Figure 3.5. We view the 
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Figure 3.5: Decomposition of AWGN channel into L virtual channels 

i-th bit as traveling over the i-th virtual channel. This is an approximate decomposi­

tion, since the parallel channels are most certainly not independent. Additionally, it is 

likely that each virtual channel is not truly Gaussian. However, Monte-Carlo tests were 

run showing empirical distributions for the virtual channels which are extremely close to 

Gaussian. In fact, no visible difference was noticeable beyond what would be expected 

due to the random nature of the Monte-Carlo test. 

A consequence of Corollary 1 is that, for sufficiently large L, the minimum distance 

of the i-th bit is a factor of fi larger than the minimum distance of the (i + l)-th bit. 

From the perspective of the virtual channel, it appears that each subsequent bit passes 

through a channel of SNR which is a factor of \x smaller than the previous bit. There is 

of course dependence between these channels, which makes it difficult to analyze using 

LLR decoding described in Section 3.2.2, particularly for large values of L. 

Instead, we use the following simplified decoding algorithm, in which estimation is 

done on a per-bit basis, in a recursive manner which mirrors the construction of the 

/i-PAM constellation set. Define a decision boundary D, and initialize it to 0. Let the 

received value from the channel be y. Let 6« represent the LLR estimate of the i-th 

bit, conditioned on receiving y. Then we can determine the values of 6, given y using 

the following steps: For each bit starting with the 1-st bit, estimate the transmitted 

value assuming that the transmitted modulator was BPSK with an offset of D and an 

amplitude (relative to D) of \il~x. Then hard decisions or LLR computations for the 

z-th bit are quite simple and involve only two possible transmitted symbols. After each 
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Table 3.1: Simplified decoding procedure; Pseudo-code 

estimation is made, the value of D is incremented by /x*_1 in the direction of the estimated 

bit. Pseudo-code for the decoding procedure is given in Table 3.1. 

It is notable at this time to make a few remarks about the computational complexity of 

this decoding method. Standard Maximum Likelihood (ML) LLR computations as those 

described in Section 3.2.2 have a computational complexity that grows in proportion to 

2L. Every additional bit doubles the number of symbols for which distance computations 

are required. In contrast, this simplified method has a computational complexity that 

is linear with L. Each additional bit requires only one additional LLR computation 

involving a pair of symbols, as well as a few addition and multiplication computations. 

For very large L, the difference in overall complexity of the decoding schemes can be 

quite dramatic. 

As it is to be expected, this simplified decoding method is suboptimal relative to ML 

LLR computations. In addition, this simplified method, though easy to implement, is 

nevertheless difficult to characterize analytically. The dependencies between the virtual 

channels used to model this scheme makes an accurate bounding of probability of error 

non-trivial. Bounds which we found based on minimum distance properties are in fact 

quite loose and therefore not informative in any way. 

As an alternative, a numerical approach is used to determine performance of /i-PAM 

with the simplified demodulation method. The general approach is to make use of the 

virtual channel decomposition model to treat the transmission of each bit in the //-PAM 

modulated symbol as passing over an AWGN channel of known SNR. Taking into account 
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the dependencies between the bits, we can treat the estimation of successive bits to have 

a Markov dependency structure. 

Our goal will be to determine the mutual information between the input symbol b 

and the output symbol bj. This mutual information represents the upper bound on the 

rate at which we can communicate information reliably with this modulation scheme and 

simplified decoding method. 

Formally, denote by Sl the state of the demodulator before demodulation of the i-th 

bit of the received symbol y using the simplified demodulation method. Before the 1-st 

bit is demodulated, there is only one possible state, S1 = 0. Before the 2-nd bit is 

demodulated, S2 G {0,1}, denoting whether the previous bit was estimated to be a 0 

or a 1 respectively. In general, the cardinality of the state Sl is 2 J _ 1 , representing all 

possible bit-sequences of length i — 1. The demodulation of each successive bit induces 

a state transition from Sl —> Sl+1. The transition is probabilistic based on the noise 

realization on the AWGN channel, but the state transition probability matrix Tl~*l+l is 

relatively easy to compute numerically, conditioned on an input symbol x. 

Let x be a fixed modulated symbol which is the /i-PAM mapping from the bit vector 

b of length L. After passing over the AWGN channel, the symbol y is received by the 

simplified demodulator. Let the sequence of states in the Markov chain modeling the 

demodulator be {S1,..., SL}. We model the 1-st bit to pass over the virtual channel 

1 of some SNR1, a function of the (approximately) AWGN noise and d}-. Based on 

standard analysis of BPSK channels, namely that the probability of error is 

P BPSK(^ ) = Q (v / 2SNR I ) , 

we can determine T 1^ 2 . In this case, assuming that that the first bit of x is b\ = 0, then 

Tx^2{Sl = 0, S2 = l|6i = 0) = Q (V2SNR 1 ) 

T1^2(S1 = 0,S2 = 0\b1 = 0) = 1 - Q (V2SNR 1 ) . 

This fully characterizes the probability of error for the 1-st bit in the received sym­

bol given some x. We note again that these equations are approximations due to the 

assumptions of independence between the virtual channels. 

We then proceed, following the same procedure at each step for i = 1 , . . . , L. At each 

step, the state-space increases by a factor of two and the number of non-zero elements of 

the state transition probability matrix also increases by a factor of two. Upon determining 
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all of the state transition probability matrices from 1 to L, they can be combined to form 

a conditional channel probability matrix p(b|b). This is done by determining, for each 

i E {1, • • • ,L}, the overall probability of each of the two possible values (0,1), that b\ 

may take. 

To do this, we marginalize over all state sequences which contain the desired value 

of bi. First, define a path as a particular sequence of states, {S1,..., SL}. For example, 

for L = 3, one path may be {0,0, 2}. Let ^ be the set of all paths which at the i-th 

element have a state which is consistent with bi. Let some path in ^ be denoted by V. 

Identify with a particular element of q € V the following values: Let /(g) be the initial 

depth, l(q) € { 1 , . . . , L}. Let SI(q),SF(q) be the initial and final states associated with 

element q in path V, respectively. 

With these definitions, the conditional probability matrix of the channel is given by 

p(b,|b) = J2 Y[T*M-lto+HSI(q),SF(q)\blM). 

We note that p(b|b) is an L-dimensional matrix of dimension 2 x 2 x . . . x 2. 

Computation of the conditional probability matrix of the channel for all possible 

values of b , along with a distribution p(b) over b is sufficient to define the joint probability 

matrix of the channel given by 

p ( b , b ) = p ( b | b ) p ( b ) . (3.5) 

This joint probability of the channel allows us to compute the mutual information of the 

simplified modulation technique. 

Recall the definition of mutual information [17] 

HX^^o^y)-^ (3.6) 

As is typical for input distributions for binary input modulation schemes, we assume a 

uniform distribution for p(b). It is a simple matter to marginalize the joint probability 

matrix of the channel, and so we have everything required to determine the mutual infor­

mation / ( b ; b). The following section presents the results of the numerical computations. 

3.3.2 Numerical Results 

Equation (3.6) can be used with (3.5) to numerically determine the rates that are achieved 

by /x-PAM with the simplified demodulation method described in Section 3.3.1. For a 
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number of different configurations, this section presents some results and compares with 

theoretical limits for PAM modulation systems. 

Figure 3.6 presents the achievable rates of //-PAM with the simplified demodulation 

scheme as a function of SNR for L = 2,4,6, and // = 1/3. (A detail of the low SNR 

region is given in Figure 3.7). Also presented are some M-PAM achievable rates based 

on Figure 3.2. The uppermost curve is RQ from (3.1). Comparing M-PAM and //-PAM 

for the same value of L, we can see common features. First, performance of M-PAM is 

superior to /x-PAM at high SNR, but is inferior at low SNR. This observation appeals to 

intuition in the following way; we designed //-PAM to be robust over AWGN channels 

with unknown SNR, and as such expect to see a certain robustness at low SNR due to the 

relatively large d1 • compared to M-PAM. The price we pay is performance at higher 

SNR where the relatively small minimum distances of the encoded bits close to the value 

of L. At high SNR then, //-PAM cannot support as high a rate as M-PAM. 

For each value of L we can identify a crossover SNR above which M-PAM provides 

superior results. The following table lists some of these crossover values between //-PAM 

and M-PAM for fi = 1/3. 

L 

2 
4 

6 

Crossover SNR 

6.4 dB 

15.7 dB 
17.9 dB 

Note that the crossover SNR increases with increasing SNR. This is consistent across all 

tested values of // and L. 

Comparing //-PAM for different values of L, we see that there is a tradeoff in per­

formance for different values of L. This is demonstrated in Figure 3.7 where the rates 

achieved for //-PAM are presented for // = 1/3 and L = 2,4,6. At low SNR below l . ldB, 

the best choice is L = 2. Above that L = 4 is provides the best performance until an 

SNR of 6.3dB above which L = 6 gives the best performance. In all cases, however, it 

should be noted that the difference in performance is relatively small. This highlights 

the fact that there is a tradeoff to be made in choice of L in addition to choice of //. 

A common design problem is choosing the best modulation scheme for a given oper­

ating point or SNR. For an AWGN channel with known SNR, it is simply a matter of 

choosing the modulation scheme that achieves the highest rate at that particular SNR. 

An equivalent criterion is choosing the scheme which achieves the highest fraction of 

channel capacity. This form of comparison is often easier to visualize. The fraction of 
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capacity is computed as ^ , the ratio of the achieved rate to the capacity of the AWGN 

channel at a particular SNR. 

Figures 3.8 and 3.9 present the fraction of capacity achieved as a function of SNR for 

some values of L and \i. Figure 3.8 compares M-PAM and /i-PAM for [i — 1/3 and a 

number of values of L. It can be seen that for most SNRs a suitable choice of M-PAM 

performs better than smaller values of //. However of the range of SNR from about 5 to 

15 dB, a /x-PAM scheme with \i — 1/3 outperforms any M-PAM scheme. 

It is interesting to note the peaks when using M-PAM. For a given choice of M, 

there is clearly a small range of SNR for which performance can be said to be the best 

in terms of fraction of capacity achieved. This is not the case with /i = 1/3. Although 

performance is not as good as M-PAM in these 'peak' SNR ranges, there is a much 

broader range of SNRs over which a reasonably large fraction of capacity is achieved. 

This supports the idea that //-PAM may be better suited for channels with unknown 

SNR. 

A similar observation may be made from the results in Figure 3.9 which compares 

M-PAM and />PAM for \x = 1/3 and fi = 2/5. Here we see that the inclusion of // = 2/5 

as a modulation option greatly increases the range over which ji-PAM. is the best choice 

from the design problem perspective, though the value of // is a key design parameter. 

The above design problem assumes a known SNR over the channel. However as we 

are ultimately interested in unknown channels such as those that may be encountered 

in wireless environments we consider the case in which the SNR of the AWGN channel 

is unknown. In this case, the design criterion must be modified to account for the 

uncertainty of the channel SNR. 

We model the channel SNR as a random variable taken from some distribution. In 

this case, a natural metric which can be used to compare performance of different schemes 

is the mean achieved rate. The mean achieved rate, R, is merely the expectation of the 

achieved rate, R, taken over the channel SNR distribution, 

R:=E [R] . (3.7) 

Maximizing this metric is equivalent to optimizing the overall throughput of the system 

from the perspective of the transmitter. 

Figure 3.10 presents a comparison of the mean achieved rate as a function of L for 

M-PAM and /i-PAM assuming that the channel SNR is drawn from an exponential 

distribution with parameter (3. In the figure, three values of (3 are shown; (3 = 35dB, 

(3 = 20dB and (3 = 6dB, representing high, medium and low average SNR conditions 
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respectively. 

For j3 — 35dB, M-PAM is the best choice for all values of L. This is due to the 

performance penalty paid by /z-PAM for robustness at low SNR. In this SNR scenario, 

the performance of //-PAM suffers increasingly as /J, decreases from 1/2. For (3 = 20dB, 

we begin to see /i = 2/5 take over as the best choice for most values of L. At the low 

SNR condition of (3 = 6dB, the best choice depends on L and is either JJL = 1/3 for large 

L or fi = 2/5 for smaller values of L. 

These results are consistent with the previous results; when the SNR is relatively 

small, jU-PAM offers performance advantages compared to M-PAM. However, relatively 

high SNRs are best suited for use with M-PAM. 

This relationship is further investigated in Figure 3.11, where the mean achieved rate 

is presented as a function of // for different values of L and /?. Here, the fading scenarios 

presented are for (3 — 20dB and /3 = 6dB representing a medium and low SNR scenario, 

respectively. In all four curves presented, an optimal value of \i can be found. For 

p = 20dB, the optimal values of yu are 0.5 (M-PAM) for L = 3 and (i » 0.42 for L = 7. 

For f3 = 6dB, the optimal values of /z are ~ 0.45 for L = 3 and fi ~ 0.42 for L — 7. 

In the case of unknown SNR, it can be seen that, depending on the distribution 

from which the SNR is taken, /z-PAM can offer performance benefits over that of M-

PAM. Subsequently we shall explore how /z-PAM can be integrated with Rateless Coding 

presented in Chapter 2. 

3.4 fi-PAM. Modulation and Rateless Codes 

We have explored and analyzed the //-PAM modulation scheme for AWGN channels in 

which the SNR is not known at the transmitter. The purpose for doing this is to find 

a modulation method that is suited for communication over unknown wireless channels, 

and for use with the rateless codes presented in Chapter 2. We describe how //-PAM 

may be used jointly with rateless codes to provide a complete communication system. 

On the transmitter side, the combination of encoding and modulation is quite natural. 

Recall that a rateless code produces a potentially infinite number of coded bits. Sequen­

tial bits in multiples of L output by the encoder are mapped into a single modulated 

symbol and is transmitted on the channel. 

At the decoder, the integration of the demodulator and decoder is only slightly more 

complex. Recall that rateless codes are well suited to handling arbitrary erasures on the 

channel. Since the receiver knows the channel state (SNR in the case of AWGN channels), 
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BPSK 
16-PAM 
16-1/3-PAM 
16-1/4-PAM 

Table 3.2: Configurations for /LI-PAM simulation 

it can choose an appropriate number of bits to decode. For example, if the channel 

supports only 1.3 bits per channel use, there is on average no benefit to demodulating 

more than the first two bits of the received symbol. In this case, the demodulator may 

choose to only decode 2 of L bits and set the remainder of the bits to erasures. This has a 

two-fold benefit. First, demodulated bits which have virtually no information content are 

prevented from being included at the decoding stage, which helps performance. Second, 

the smaller number of non-erased bits at the decoder results in a smaller computational 

requirement to decode. 

This approach differs from previous works in the following ways. First, our focus 

is on the reliable transfer of information over unknown channels. Other work with this 

focus, in particular [5], uses hard-decisions at the demodulator. The //-PAM modulation 

scheme is well suited to providing soft-valued outputs. Other works that use hierarchical 

modulation methods such as [60, 54] make use of non-uniformity to induce non-equal 

error protection for different data streams. Here we note that /x-PAM allows a virtually 

infinite amount of bits to be embedded into a symbol, which makes it well suited for 

rateless communication systems. 

In this section we simulate a joint rateless coding and modulation system to demon­

strate the performance of such a communication scheme and to verify the results pre­

sented in the previous sections. In order to test the proposed system, we perform a 

Monte-Carlo simulation using the Raptor code presented in [66] and following the con­

struction given in [59], with k = 10,000. The LDPC component of the Raptor code has 

rate 0.95, and we use the same degree distributions as those in [66] for the outer (LDPC) 

and inner (LT) components of the Raptor code. The performance of this code has been 

reported in [59] for several lossy channel models including binary-input AWGN channels. 

Belief propagation is used for decoding attempted after a specified set of channel uses. 

This set of channel uses corresponds to rates equal to capacity and all 1% incremental 

reductions thereof. Decoding is successful if the decoder converges to the correct trans-



72 

mitted codeword within 100 iterations of belief propagation. The highest rate at which 

decoding is successful is the achieved rate for that trial. There is no upper limit on the 

number of decoding attempts that may be made by the decoder. 

Four different modulation types were tested which are given in Table 3.2. Note that 

the values of d1 • values are not directly comparable, as each configuration may have a 

different average transmit power. Nevertheless, it serves as a useful estimate of worst-case 

degradation at low SNR. 

Figure 3.12 presents the curves of mean achieved rate R versus SNR for different 

modulation orders and values of \x = {1/3,1/4}. Mean achieved rate for T codeword 

transmissions is computed as 

» . Tk 

where nt is the required number of channel uses by the t-th codeword to successfully 

decode. Note that this is simply the empirical form of (3.7). In all cases the mean 

rate follows the capacity of the channel, with some loss, subject to the constraint of the 

modulation order. For L = 4 (M = 16), we see as a function of [i that there is a tradeoff in 

performance at low and high SNR. The M-PAM results, equivalent to \i — 1/2, performs 

best at high SNR, but worst at low SNR. Conversely, the /J, = 1/4 performs best of the 

L = 4 modulation types at low SNR, but worst at high SNR. As suggested by Theorem 

3, the L = 4 modulation schemes are inferior to BPSK modulation at low SNR. The 

results for [i = 1/3 offers a tradeoff, providing the best performance at moderate SNR 

values, without much loss (relatively) at either high or low SNR. 

This comparison is more clearly seen in Figure 3.13, where the gap to capacity (in dB) 

is plotted as a function of channel SNR. Gap to capacity is used here to be the difference 

(in dB) between the SNR at which C and the implemented mean rate are equal in value. 

The /Lt-PAM modulation scheme with // = 1/3 shows very good performance at low SNR, 

while having a relatively graceful degradation in performance relative to capacity. The 

M = 16 M-PAM results are relatively poor at low SNR, but at relatively high SNR, have 

a fairly constant gap to capacity. This constant gap corresponds to the range of SNR at 

which M-PAM is commonly used for fixed-rate communications schemes. The fact that 

the gap to capacity actually shrinks as the SNR increases from 20dB to 23dB is simply 

reflective of the fact that this particular choice of M is very good in this SNR range. 

Balance between performance at a particular SNR regime and graceful degradation can 

be achieved by judicious choice of M and \x. 
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Gap to Capacity vs SNR 
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Figure 3.13: Gap to capacity for different modulation types vs. SNR 



75 

3.5 Conclusions 

We have presented a modulation system which can be used for reliable communication 

over unknown AWGN channels that performs well over a broad range of channel con­

ditions. Using the //-PAM modulation scheme, a non-uniform reliability across the bits 

comprising a constellation symbol is induced. Coupling this modulation scheme with 

rateless codes allows for good performance in terms of mean achieved rate. Simulations 

were performed showing that the use of this modulation scheme can be configured to 

provide good performance at low SNR, while adapting naturally to allow higher rate 

communication as the SNR increases. Degradation in performance relative to the capac­

ity of the channel was shown to be graceful. 

An extension of this work would be to adapt M automatically as a function of the 

number of channel uses. The use of higher-dimensional modulation, thereby recovering 

some shaping gain may be interesting to investigate. The extension to two dimensions is 

identical to the extension of PAM to QAM. Finally, one may consider that certain bits 

of the modulation symbol may be too unreliable to be used in decoding, and so some 

erasure techniques, possibly similar to that used in [5] may be beneficial. 

As seen in this chapter, joint rateless coding and modulation methods can be used 

which may result in more robust system performance over a broad range of operating 

points. Traditional modulation approaches, which map a fixed number of coded bits 

to modulated symbols, typically have only a relatively small range of SNR over which 

they can closely follow the capacity of the channel. At too high of an SNR, the system is 

limited by the rate of the modulation type. At too low of an SNR, the system performance 

suffers due to the low reliability of the demodulated symbols. 

Indeed, even the results presented above can be said to suffer from some of the 

same limitations. Practically, one would typically put an upper limit on the number 

of modulated symbols. As such, the operating range of the proposed scheme, though 

greater than fixed-modulation techniques, is still limited. Other design options such as 

the extensions discussed above will likely result in larger operational ranges exhibiting 

acceptable performance. 

The joint use of rateless coding and modulation holds promising potential for reli­

able communication over unknown channels. We have shown that the rateless codes 

presented in Chapter 2 and the modulation schemes presented in this chapter are well 

suited for use together. In subsequent chapters we will explore more properties of this 

joint communication system in different environments and applications. 



Chapter 4 

Rateless Coding with Delay 
Constraints 

We have seen in Chapter 2 that rateless codes have properties that make them well 

suited for use over fading channels such as those in wireless systems. In particular when 

the transmitter has no knowledge of the channel we saw that rateless codes are able to 

achieve the realized capacity of the channel. 

We also explored the problem of when a message is decodable over a fading channel 

and saw that the answer is random. We determined the distribution for the decoding 

time, and presented some results of a simulation of a Raptor code over a slow fading 

channel. 

This chapter focuses on the situation in which there is a delay constraint in the 

system. Delay constraints are a common and practical limit that is built into many 

communication systems. Their use may be a result of technical limitations, such as a 

maximum acceptable number of retransmissions that a block-based coding system may 

impose, or may be due to quality-of-service guarantees. For example, a communication 

system may impose a limit on the latency of communication from source to destination. 

When a delay constraint is imposed over fading channels with unknown state at the 

transmitter, it is almost certain that outage probability will be bounded away from zero. 

This is clearly true for fixed-rate communication schemes, but we will show that when 

rateless coding is applied, under certain circumstances it is possible that long-term outage 

probability can be driven to zero, even in the presence of delay constraints. 

This will be seen in the context of a video streaming application where a delay con­

straint is imposed due to a quality-of-service requirement on the latency of transmission. 
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For this application we compare fixed-rate coding schemes, some existing variable-rate 

coding systems, and rateless codes. We show that rateless codes offer the best overall 

performance when comparing the metrics of throughput, probability of outage and mean 

time to decode. 

The remainder of this chapter is organized as follows. Section 4.1 presents some back­

ground of the problem of reliable communication with delay constraints. The framework 

using rateless codes for delay constrained communication is presented in Section 4.2, 

where performance metrics are introduced and some key results are developed. We also 

present some simulation results of the video-streaming application. Section 4.3 expands 

on the results of the investigation using the modulation method presented in Chapter 3. 

We conclude the chapter in Section 4.4. 

4.1 Background 

The development of fountain codes [48,66] inspire us to consider using rateless coding 

ideas for reliable communication over channels with receiver-only state information and 

delay constraints. An overview of communication under channel uncertainty is presented 

in [45]. Some applications in this area include, e.g., the works in [20,71,58]. Here we take 

channel uncertainty to mean that only the receiver is aware of the state of the channel 

(or channel law) and therefore the transmitter is unable to choose an optimal codebook a 

priori. We also assume the existence of a limited-capacity feedback channel. By limiting 

the capacity of the feedback channel, we limit the effectiveness of the strategy in which 

the receiver directly signals an optimal codebook to the transmitter. 

This problem is of practical concern since many wireless communication systems uti­

lize asymmetric duplexing in which the feedback channel is allocated fewer resources: 

power, bandwidth, etc. Additionally, channel uncertainty is a common characteristic in 

wireless settings due to the time-varying nature of the channel. Finally, many applica­

tions that operate over wireless channels seek to deliver latency-sensitive information, so 

delay constraints naturally exist. 

With such applications in mind, the channels we consider are fading channels with 

unknown states at the transmitter. The channel state may vary with time and the rate 

of this variation may result in different behaviors that require different communication 

strategies. For quasi-static fading channels, in which the channel conditions remain fixed 

for the duration of a codeword, one may use feedback in order to signal the channel state 

information to the transmitter. For fast-fading channels, in which channel conditions vary 
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independently from symbol to symbol, one may rely on the law of large numbers and code 

for the expected case thereby achieving the ergodic capacity of the channel. Between 

these extremes, one may consider the block-fading channel with a delay constraint, where 

there are only a few fading blocks during the transmission of a codeword. In this case 

the above mentioned strategies fail to be efficient. 

In this regime, the work in [56] examines the impact of causal feedback on the ca­

pacity of delay-constrained block-fading channels and presents an optimal power-control 

strategy under channel uncertainty. These results are extended in [7,80] for multiple 

access channels with variable-rate coding strategies. More generally, the work of [32] 

characterizes the capacity region of the delay-constrained multiple access channel, and 

presents an optimal resource allocation scheme. 

The works in [58,69,65] present performance analyses for variable-rate and rateless 

coding strategies using LDPC codes and fountain codes, demonstrating their applicability 

over a range of SNR. It is worth noting that rateless coding may be considered as a 

type of Hybrid-ARQ scheme or variable-rate strategy, both of which have been used 

for communication under channel uncertainty. For example, using a block-incremental 

redundancy strategy, the throughput for the Gaussian collision channel is analyzed in [6]. 

Furthermore, the information theoretic analysis in [20] has demonstrated that rateless 

codes can achieve the mutual information induced over the channel by the choice of 

input distribution for the class of all discrete memoryless channels with no channel state 

information. Similar results are found in [71,67]. 

The main contribution of this work is to demonstrate that rateless codes offer advan­

tages in terms of throughput and outage probability for delay-constrained streaming ap­

plications over fading channels. In particular, we show the existence of a phase-transition 

effect for rateless coding strategies and that beyond the phase-transition threshold, the 

outage (or frame-jitter) probability can be driven to zero. This makes rateless codes an 

attractive solution for such applications. 

4.2 Rateless Codes for Delay-Constrained Commu­

nication 

The problem of reliable streaming of data over the block-fading channel is useful to study 

as it is particularly well matched to streaming data and other delay-sensitive applications 

over wireless channels. We structure the problem in a similar manner to the settings 
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in [80] or [6], where the channel gains follow a Rayleigh distribution. 

Our setting models, e.g., a video-streaming application where the transmitter has an 

infinite buffer of video data to send and the receiver has an infinitely large buffer to store 

the received data. Each video frame consists of k bits and has a playback deadline, which 

requires that at time ID, I G {1 ,2 , . . . } , the Ith frame must be displayed, or otherwise 

used by the application. An outage event S\ is said to occur if the Ith frame is not decoded 

correctly by its playback deadline. This notion of outage corresponds to a 'frame jitter' in 

the video-streaming context, and reduces to the standard notion of outage for fixed-rate 

codes with block length D. 

Since we consider a fixed coherence time Tc, we often express the pair (D, k) as 

(D/Tc, k/Tc) to remove the dependency of coherence time in our analysis. It is useful to 

examine typical values of k/Tc and D/Tc one might find in current wireless systems such 

as UMTS and WiMAX [76,78]. The information data rate for UMTS is typically about 

IMb/s. Using the channel models proposed by UMTS, coherence times for mobility 

devices in the 1.9 to 2.4 GHz range can typically fall in the range of 10ms to 100ms. 

Using these numbers, a value for k/Tc may lie between 0.1 and 10. Similar values can be 

found for WiMAX and other wireless standards based on their suggested channel models, 

despite different channel structures. Typical values for D/Tc are commonly between 0.1 

and 100, depending on the standard. OFDMA based systems such as WiMAX would 

typically have smaller values of D/Tc due to the relatively slow over-the-air OFDM 

symbol rate, whereas direct sequence CDMA based systems such as UMTS would have 

larger values. 

For the streaming application, we study three strategies: a fixed-rate (FR) coding 

strategy and two rateless coding strategies. The rateless strategies are a continuous-

incremental-redundancy (CIR) scheme and a block-incremental-redundancy (BIR) scheme. 

In the fixed-rate coding strategy, each frame of fc-bits is encoded into a codeword of 

length D and frames are transmitted consecutively. In the CIR and BIR schemes, a frame 

is encoded and transmitted in a rateless manner until the receiver decodes or an outage 

occurs. The difference between CIR and BIR is that in CIR, decoding is attempted 

at every channel use, whereas in BIR, decoding is attempted at time instants that are 

integer multiples of Tc. In all three strategies, the Ith frame is transmitted immediately 

after the (I — l ) t h frame is decoded or after the playback deadline for the (I — l ) t h frame 

has passed, whichever occurs earlier. 

Given any of the coding schemes above, let Ai(() be the time at which the last 

(codeword) symbol of the Ith frame is transmitted over channel realization £, and A)(C) '•— 
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0. Let n/(£) be the number of channel uses required to transmit the / th frame over channel 

realization (, assuming no play-back deadline. Then A/(£) := min(/^_i(£) + ni((),lD). 

For the fixed-rate scheme, ni(Q = D for all / due to the deterministic codeword length. 

For the CIR scheme, we take n;(£) as the smallest n such that the capacity C(Aj_i(£) + 

1, v4i_1(C) + n; £) > k/n; and for the BIR scheme, we take n/(C) as the smallest integer 

multiple n of Tc such that C(A-i(C) + 1, A-i(C) + ™; C) > &/"• 

Thus, for the purposes of comparing the three schemes, we assume they are ideal. 

The two rateless schemes are assumed ideal in the sense that the correct decoding occurs 

only when the realized capacity supports the realized rate. The fixed-rate scheme is 

assumed ideal in the same sense, i.e., that an outage event S\ occurs if and only if 

C((l-l)D+l,lD;()<k/D. 

The two rateless schemes allow for the utilization of any left-over channel uses made 

available by early decoding of prior codewords. This can have a dramatic effect on 

the long-term behavior of decoding statistics. For example, if a rateless codeword is 

successfully decoded before its playback deadline, then there exist some extra channel 

uses that the transmitter may opportunistically exploit to begin the transmission of the 

next codeword. This in turn increases the probability that the next codeword will be 

decoded early. Thus there is a compounding effect. As the frame number increases, an 

essentially infinite number of extra channel uses may become available for transmission, 

driving the outage probability to zero. 

For a given rateless scheme as described above, we use Si(() := ID — At(£) to denote 

the time "saved" after the transmission of the Zth frame, compared to the Zth playback 

deadline. We treat Si(Q as a random walk with increments given by ASi(Q := <S/(C) — 

Si-i(() = D- AAi(C), where AAt(C) := A(C) ~ ^i-i(C)- It i s straightforward to show 

that the following property of n;(C) holds: [68]. 

Lemma 4 When treated as a random process, if the support set of ni{(,) is continuous, 

then n^(C) is asymptotically stationary and ergodic in I. 

The proof is given in Appendix 4. A. 

As a consequence, AAi(^) and ASi(£) are both asymptotically stationary and ergodic. 

Then as I approaches infinity, the sequence {nj(C)} of random variables converges to some 

random variable n*(£) in distribution. 

Theorem 5 For the rateless schemes, if E[n*(Q] < D, where expectations are taken 

over channel and noise realizations, then for any 8 > 0 the probability that the number 
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of saved channel uses exceeds any finite M > 0 can be lower bounded as 

PT[SI > M) > 1 - S, (4.1) 

for sufficiently large I. Conversely, if E[n*(Q] > D, then for any 8 > 0, there exists 

some finite M > 0 such that for all I, 

Pr[Sj <M]>l-6. (4.2) 

The proof of this theorem is provided in Appendix 4.B. 

This theorem demonstrates that the outage probability is characterized by a phase 

transition. We define the average outage rate for transmitting L frames as 

L J ' 

which approaches the outage probability as L —• oo, and where /[•] denotes the indicator 

function. 

Corollary 2 For the rateless schemes, if E[n*(Q] > D, then for all L sufficiently large, 

PgUt > oc for some a > 0. If E[n*(()] < D, then for any e > 0, PgUf < e for sufficiently 

large L. 

The proof of this corollary is given in Appendix 4.C. From this corollary we see 

the effect of the phase-transition about the critical point E[n*(C)] = D. As long as 

E[n*(()] < D, the long-term behavior of rateless codes exhibits virtually zero outage 

probability, as if no delay constraint exists. This forms a significant contrast with fixed-

rate codes, for which the outage probability is always bounded away from zero. We note 

that given a rateless coding strategy, E[n*(^)] = f(j,k) for some function / of SNR 7 

and frame size k, where f(j, k) always increases with k and decreases with 7. It follows 

that any two values of the triple (7, k/Tc, D/Tc) define the critical value for the third 

parameter via the equality / ( 7 , k) = D for a given rateless scheme. 

In order to compare the performance of the three coding strategies - fixed-rate, block-

incremental-redundancy and continuous-incremental-redundancy - we numerically ana­

lyze each strategy for the data streaming application assuming L = 100,000 codewords. 

For each strategy and channel configuration, the probability mass function of decoding 

times is readily computable, and this is used as the basis to determine the outage proba­

bility and throughput presented subsequently. We note that in the following figures, the 

PL •= E 
• ' o u t • ^ 
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Figure 4.1: Average probability of outage vs. SNR, k/Tc = 2, D/Tc = 1.5. 
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parameters were chosen to contrast the different coding strategies. In practice, a code 

designer may be able to select a set of parameters that are better suited to a particular 

coding strategy. 

Numerical computations are made to derive all of the figures in this section. The 

channel model used is given by (2.1), with block-fading length of Tc. Random values 

are drawn to derive channel realizations, £, and these are used to determine the perfor­

mance metrics such as probability of outage, etc., assuming that the codes are capacity 

achieving. For FR-based coding, each / ( £ ( maps to a realized capacity, each of which 

are used to attempt to transfer k-bits of information. Assuming an ideal code, the fc-bits 

are received correct if and only if the realized capacity exceeds the code rate, k/D. 

Similar approaches are used for the BIR and CIR strategies. However in this case, 

we keep track of how many channel uses are required before either the transmission is 

completed or the end of a coherence block is reached. This way we can account for 

every channel use. Despite the fact that we use the unrealistic assumption of ideal codes, 

these results serve to provide useful insight into the relative performance of the different 

strategies and their properties. 

Using the described numerical computation, the outage probability as a function of 

SNR (calculated for L = 100,000) is given in Figure 4.1. We see that as SNR increases 

to pass their respective critical points, the outage probability curves for the two rateless 

schemes fall abruptly. For the CIR strategy, this critical point SNR* occurs at about 4dB 

and is about 8dB for the BIR strategy. For all SNRs the outage probabilities for the rate-

less strategies are less than that of the fixed-rate strategy. The CIR scheme also performs 

better in comparison with the BIR scheme, both in terms of the magnitude of outage 

probability and in terms of lower SNR threshold for the phase-transition. Intuitively, this 

follows due to the greater number of opportunities that the CIR has for decoding before 

the playback deadline. Of course, this is achieved at the expense of greater complexity. 

One may verify that the fixed-rate outage probability curve matches the theoretical curve 

of error probability for a block-fading channel with the given parameters. 

The outage probability of the system is presented as a function of k/Tc in Figure 4.2. 

The phase-transition effect is clearly seen for both incremental redundancy strategies, 

with the critical value of k/Tc of about 4.2 for CIR and 2.7 for BIR. The greater value 

allows a greater resolution (or higher data rate) for the same delay. No such behavior is 

seen with the FR strategy, and the outage probability scales as expected as the rate of 

the code decreases with decreasing k/Tc. 

As a function of D/Tc, outage probability is presented in Figure 4.3. For the given 
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Figure 4.2: Average probability of outage vs. k/Tc, SNR=lldB, D/Tc = 1.5. 
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Figure 4.3: Average probability of outage vs. D/Tc, SNR=3dB, k/Tc = 1.5. 
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configuration, a complementary behavior can be seen as compared with the results in 

Figure 4.2. The critical value of D/Tc is about 1.4 for CIR and 2.5 for BIR. Here, 

for fixed k/Tc, a smaller delay is beneficial, though more difficult to achieve. In all of 

the figures presenting outage probability, the benefits of the incremental redundancy 

strategies, particularly CIR, can be seen. These benefits come as a result of the codes' 

ability to naturally adapt rate to the channel realization and the presented figures verify 

the phase-transition effect predicted by Corollary 2. 

We also compare the performance of the three schemes in terms of throughput, where 

the throughput of a given coding strategy refers to the expected number of information 

bits that are correctly received per channel use. More precisely, the throughput VL in 

transmitting L frames is defined as 

uL := Ec 
MO 

(4.3) 

The throughput for the three schemes are computed numerically for L = 100,000. 

Throughput curves as functions of SNR, k/Tc and D/Tc are plotted in Figures 4.4, 4.5 

and 4.6, respectively. 

In Figure 4.4, the advantage of rateless schemes over the fixed-rate scheme can be 

clearly seen. For comparison, we also plot the throughput curve of CIR under the D = oo 

limit. The effect of delay constraints diminish as the SNR increases to pass a threshold, 

which in fact corresponds to the phase-transition point. The BIR curve is bounded away 

from the CIR curve with D = oo since the maximum throughput of the BIR scheme is 

limited by the first decoding attempt at time Tc. For the given parameters, this causes 

the protocol to saturate at a throughput of 2 bits/channel use. 

Figure 4.5 plots the dependence of throughput on k/Tc. Different values of k/Tc 

may correspond to different qualities of video frames, whereas the value of throughput 

indicates a compound effect of user experience in terms of frame-jitter rate (or outage 

events) and video quality. For large values of k/Tc, we see in the figure that the given 

SNR and delay constraint preclude the possibility of achieving high throughput — the 

channel simply cannot support it. 

At low values of k/Tc, corresponding to a low quality video stream, the throughput 

of both the BIR and fixed-rate strategies are limited by the minimum length of their 

codewords. The channel supports much higher rates, so these low values of k/Tc represent 

a poor matching of the coding scheme to channel conditions. However the CIR scheme 

is able to maintain a relatively large throughput, mainly as a consequence of the ability 
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Figure 4.5: Throughput vs. k/Tc, SNR=7dB, D/Tc = 2. 
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to decode before Tc channel uses, but also due to lower outage probability. 

Figure 4.6 presents the throughput of the three coding strategies as a function of 

D/Tc at a fixed SNR and k/Tc. At low values of D/Tc throughput is limited by the large 

outage probability, as the minimum allowed rate is not supported by the channel. At high 

values of D/Tc, the incremental redundancy strategies reach the maximum throughput 

at the rate supported by the channel SNR and k/Tc. The point at which this value is 

reached is determined by the critical value for D/Tc which is about 1.3 for CIR and 5 for 

BIR. The FR strategy suffers at high values of D/Tc due to the inefficient coding rate 

dictated by D/Tc. 

In each of the presented figures the advantages of rateless coding strategies are ap­

parent for the wireless streaming application studied. In terms of both efficiency and 

reliability, the CIR strategy is clearly the best of the three studied strategies, although 

both the CIR and BIR provide benefits compared to the FR strategy. 

Despite their relative benefits, the results of the two rateless coding schemes are 

limited by the way in which feedback is used. Here, feedback is used only to indicate the 

successful decoding of a codeword. However, it is useful to consider the option of feeding 

back channel states to implement power-allocation or rate-allocation policies, and this 

may open up another dimension of the solution space providing additional benefits. This 

dimension is explored in, e.g., [7,56,69,65]. 

4.3 Joint Coding and Modulation 

We now expand upon some of the previous results to include /x-PAM modulation dis­

cussed in Chapter 3. In that chapter we presented results demonstrating that /i-PAM 

offers advantages in terms of mean achieved rate when communicating over unknown 

channels. In the context of communication with delay constraints, mean achieved rate 

is no longer the most meaningful metric. As used in the previous sections, throughput 

and mean decoding times are more applicable. 

Appealing to the results of Theorem 5, recall that the relationship of mean decoding 

time E[n*(C)] with the delay constraint D determines in the long run we if expect the 

streaming application considered in this chapter to have a positive outage probability. 

We see here that the mean decoding time is critical to the overall user experience. 

To that end, we compare results of the mean decoding time achievable for M-PAM 

and /x-PAM for different values of L and JJL. To be consistent with the previous results, 

we consider a block-fading channel with channel gain that is drawn from a Rayleigh 
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distribution with parameter /?, known to the receiver only. The mean decoding time is 

determined using the mutual information bounds given by R from (3.6) and is defined 

as 

E[n*\ = E [ i 

Figure 4.7 presents the normalized mean decoding times in units of channel uses per 

information bit as a function of L for different SNR settings (/?) and different values 

of /J,. In the figure, three values of j3 are shown; /3 = 35dB, /3 = 20dB and /3 = 6dB, 

representing high, medium and low average SNR conditions respectively. It can be seen 

that for the high SNR condition, M-PAM is the best choice, while at low SNR, M-PAM 

provides the largest (worst) mean decoding times. At the medium mean SNR condition, 

f3 = 20dB, the best choice of modulation depends on L, with \i = 1/3 being the best for 

large values of L. 

This relationship is further investigated in Figure 4.8, where the mean decoding time 

is presented as a function of \x for different values of L and /?. Here, the fading scenarios 

presented are for (3 — 20dB and f3 — 6dB representing a medium and low SNR scenario, 

respectively. In all four curves presented, an optimal value of // can be found. For 

/3 = 20dB, the optimal values of /j, are 0.47 for L = 3 and /j, « 0.42 for L = 7. For 

/3 = 6dB, the optimal values of ji are ~ 0.42 for L = 3 and /i sa 0.40 for L = 7. 

These figures demonstrate that integration of /i-PAM and the rateless codes described 

in this chapter can yield performance benefits from the perspective of improved mean 

decoding times. A consequence of this is that critical points representing E[n*(()] = D 

can be found at smaller SNRs than M-PAM for many situations. This is of course 

beneficial to the overall performance of a delay constrained application such as the video 

streaming application considered in this chapter. 

4.4 Conclusions 

We have examined the use of rateless coding concepts for delay-constrained communica­

tion applications over unknown fading channels. Ideal rateless coding schemes have been 

applied to a delay-constrained wireless streaming application, and under the transmis­

sion protocol studied, we demonstrate the existence of a phase-transition in the outage 

probability for rateless codes. Beyond this threshold the protocol essentially guarantees 

zero outage probability. A comparison of rateless codes and fixed-rate codes has demon­

strated the improvements possible in throughput and outage probability when rateless 
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coding is applied. 

We also applied /J.-PAM modulation along with rateless codes to the delay-constrained 

video streaming application. Using mean decoding time as the metric of comparison, we 

showed that fx-PAM modulation, when used with rateless coding, offers further improve­

ments in the critical values needed for outage-free communication. 

The recent revival of research activities on hybrid-ARQ schemes and the new ideas 

of rateless coding, including the work of this chapter, seem to suggest that rateless codes 

can be exploited as a viable solution for wireless communications. In particular, the 

results and analysis presented in this chapter may be potentially incorporated into link-

layer considerations, as in [83,38], to allow rateless codes to be more readily integrated 

into practical communication systems. 

4. A Proof of Lemma 4 

Proof: Consider the vector-valued process containing n/(£): 

ni(C) \ / MO \ f ni(C) \ 
HM0 J ' V HM<) J ' \ HM0 J ' 

This is a Markov process since, given the value of the process at time I, the process 

at time I + 1 is independent of that at time I — 1. Furthermore, since h is drawn i.i.d., 

the transition matrix for this Markov process is time-invariant and thus the process is 

homogeneous. Also, since we assume a continuous support set of nj(£), the process is 

irreducible since all states intercommunicate. Finally, all states are non-null aperiodic 

since all states have a finite mean recurrence time. As a result, by standard theorems of 

Markov chains, this process is ergodic and has an asymptotically stationary distribution. 

Now marginalizing the states of the Markov process over HA^Q leaves only the n/(C) 

variable. This process too has an asymptotically stationary distribution. Therefore ni{Q 

is asymptotically stationary and ergodic. • 

4.B Proof of Theorem 5 

Proof: Define the unbounded version of the random walk Si to be ^?(C) as follows: 

Let the unbounded version of A\ to be M{C) := ^ - i ( C ) + n*(C)j a n d A«e^(£) = nj(£). 
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Then simply, 
i / 

^(o = E(jD - A*KO) = E ( D - n'(0)-
j = l i = l 

It is straightforward to see that 5/(C) > ^z(C) f° r all '• Define 

^:=5KC)-^1(C). 

This difference is strictly non-negative and monotonic non-decreasing. Furthermore, % 

remains constant as a function of I except those values of / for which »S;(C) = 0. 

For the case of £'[«*((')] < D: E[D — A ^ ( £ ) ] > 0 and so by properties of random 

walks, (see, e.g., [31] Theorem II.8.2), , «5^(£) —* co almost surely as I —• oo. Since 

S j«) > «*1(C) t h e n Si(Q ^ oo, and clearly Pr[Si(() >M]>1-S. 

Turning to case of E[n*(C)] > D, E[D — A ^ ( £ ) ] < 0 and so by the same properties, 

, ^i(C) —> —oo almost surely as I —> oo. Furthermore, by other properties of random 

walks (see, e.g., [31] Theorem II. 10.1) , 

m a x ^ ( C ) < M 

for some finite M, i.e., ^ ( C ) is upper bounded by some finite value. 

Since these random walks are memoryless, it is possible to 'reset' the walk at any 

step by setting its value to the initial condition (in this case 0) without affecting the 

long-term behavior of the walk. For every step L = {1, 2,. . . } , generate a 'reset' random 

walk ^ L ( C ) defined for I > L and initial condition J ^ ( C ) = 0. Now it can be seen that 

for each I, 

max ^ ( 0 = 5,(0-
»={l,2,...,i} 

However every walk =^L(C) n a s a finite upper bound since each has the same long-

term behavior as S?i{(,). Therefore 

maxSi(Q < M 

almost surely for some finite M, and thus Pr[Si(Q < M] > 1 — S. 

D 

4.C Proof of Corollary 2 

Proof: For the case of E[n*(()] < D, from Theorem 5 it is clear that for sufficiently 

large I there exists an infinite amount of extra time, and therefore probability of error for 
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any codeword is zero. Averaging over a sufficiently large number of codewords ensures 

the results stated in the corollary. 

For the case of E[n*(()] > D, the extra decoding time remains finite, and no asymp­

totic limits can ensure an arbitrarily small probability of error. Therefore there exists 

some small a > 0 such that PQU^ > a, proving the corollary. 

• 



Chapter 5 

Rateless Coding for Relay Networks 

We have seen that rateless codes and //-PAM modulation offer some benefits when com­

municating over wireless channels with unknown state at the transmitter. In terms of 

time to decode, throughput and probability of outage, we have shown in Chapter 4 that 

rateless systems offer a greater degree of robustness. In wireless systems, robustness 

is often obtained through diversity methods and the application of multiple antenna 

principles, and this is indeed the natural progression for rateless systems for wireless 

communications. Among the myriad diversity strategies that exist for wireless systems, 

relaying remains one which is actively researched and contains many practical advantages 

and so is the focus of this chapter. 

As an extension of the results obtained so far, we present a framework for coding 

over relay channels using joint rateless codes and modulation. This framework is the 

intersection of two active areas of research in communications, namely relay networks 

and rateless coding. We demonstrate that there is a very natural and useful fit between 

these two areas, and describe some design challenges and implementation considerations 

for this framework. 

The use of relays in wireless communication networks provide a new dimension to 

the design space of wireless networks which promises enhancements to both the coverage 

and throughput of the network. In its simplest form, a relay network is a collection of 

terminals which are able to transmit, receive, and possibly assist the reliable delivery 

of information from source terminals to destination terminals. Thus, communication of 

data through a wireless relay network is not required to be direct; it may pass through 

a number of other terminals, though direct communication from source to destination is 

not precluded. In fact, it is possible to simultaneously use single-hop, i.e. direct, and 
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multi-hop communications paths. 

A question then arises: How does one code for and coordinate the various transmis­

sions that various relays may make? This becomes a particularly difficult challenge when 

channel information is unavailable at the transmitting terminal, as is typically the case 

with time-varying, wireless channels. 

As will be explained in detail in the following sections, the use of rateless codes in 

this setting is a promising strategy; it provides some answers to the question above and 

overcomes many of the problems that typically arise in relay networks. In general, a 

rateless code is a code that has a rate determined by the number of transmitted symbols 

required before the decoder is able to decode. The rate then is not known a priori as 

it is in typical fixed-rate block codes. Existing rateless codes, namely classes of fountain 

codes, exhibit the property of naturally adapting to channel conditions without requiring 

channel knowledge at the transmitter. This alone suggests their usefulness in a relay 

network, and is explored in detail in this chapter. 

The remainder of the chapter is organized as follows: Section 5.1 provides a back­

ground and survey of relay channels and relay networks. Section 5.2 presents the system 

model utilizing rateless codes for relay channels. An achievable rate region for the sys­

tem we consider is provided and analyzed. Section 5.3 provides results of a Monte Carlo 

simulation of a simple relay system, demonstrating that gains in throughput and outage 

probability can be achieved simultaneously. Extensions and practical implementation 

considerations are also discussed. We conclude the chapter in Section 5.4 with some final 

remarks. 

5.1 Background 

5.1.1 Relay Channels and Relay Networks 

Traditional wireless networks have predominantly used direct point-to-point or point-

to-multipoint (e.g. cellular) topologies. The fundamentally different mode of transport, 

possible uncertainty in terminal geographical location, and difficulty in theoretical anal­

ysis of relay networks have kept them mainly to academic realms. Occasional attempts 

by industry to reap the benefits of relaying have been made, such as those by Ricochet 

Networks in the late 1990's, but have met with limited success1. However, there has 

1Riccochet Networks is still providing service based on a relay network topology. Other vendors, such 
as Bel-Air Networks, are also introducing similar relay-based networks. 
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been a number of recent theoretical results that may spur the use of relaying techniques 

in practical networks. The key behind these advances are mainly a result of research in 

multiple antenna systems. 

Multiple antenna systems, or multiple-input, multiple-output (MIMO) systems have 

seen remarkable growth in recent years and can deliver significant throughput and cov­

erage gains over wireless channels compared with single antenna systems. Wireless stan­

dards such as the IEEE 802.16e (WiMAX) [78] and IEEE 802.1 In [75] depend heavily on 

MIMO principles to achieve promised throughput and reliability targets that are being 

demanded in the marketplace. 

These systems, by using multiple antennas at the source and destination nodes, are 

able to achieve spatial diversity in addition to temporal diversity that traditional coding 

provides, as introduced in [72]. It is also possible to exploit the multiplicity of spatial 

channels in MIMO systems to increase the throughput beyond what would be possible 

in single antenna systems. 

A fundamental observation to make with respect to wireless relay networks is that, 

with appropriate coordination or cooperation, communication between two terminals in 

the network can be viewed as a type of MIMO system. This may be achieved in a number 

of different ways, however all require some level of cooperation within the network. The 

relaying strategy used may impose limits on the similarity to a MIMO system. Also, 

constraints on the system - such as the half-duplex constraint, i.e., no terminal may 

receive and transmit simultaneously - may limit the degree to which communication 

through a relay network behaves like a MIMO system. 

There are three "classic" relaying strategies that are commonly considered: amplify-

and-forward (AF), decode-and-forward (DF) and compress-and-forward (CF). In AF, a 

relay is a repeater, amplifying and transmitting the received signal. In DF, the relay 

attempts to decode received signals. If successful, it re-encodes the information and 

transmits it. Finally, CF attempts to generate an estimate of the received signal. This 

is then compressed, encoded and transmitted in the hope that the estimate may assist 

in decoding the original codeword at the destination. 

In their two-part paper [63,64], Sendonaris, Erkip and Aazhang introduce and exam­

ine the concept of user cooperation diversity. Here, the authors demonstrate that simple 

cooperation between transmitting users can increase throughput and coverage simulta­

neously. The implemented strategy uses a pair of transmitting, full-duplex users who 

cooperate in sending independent data from both users to a common destination. This 

is accomplished by a multi-period transmission process. Initially, each user sends its own 
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data, while listening to the other users' transmission. After some time, each user will 

allocate some amount of power to send an estimate of what it received from the other. 

In essence, each user is acting as a relay for the other and using the AF relaying strategy. 

This approach demonstrates some of the gains that may be had through cooperation, 

though it relies on some channel information at the transmitter. 

The DF and CF strategies are thoroughly examined for wireless channels in [39]. 

In addition to providing a thorough survey of relay networks, they show, under certain 

conditions, that the DF strategy is capable of achieving rates up to the ergodic capacity 

of the channel. Furthering these results, Lai, Liu and Gamal in [42] combine the use of 

DF and CF to achieve the same bounds, but with fewer restrictions on the system. 

Dohler et al introduce "virtual antenna arrays" in [19]. Here, groups of terminals 

cooperate to form a virtual MIMO system and exploit the spatial diversity that results. 

This is a similar concept to user cooperation, but focuses on different design aspects, 

such as link budget impact. Further work done in the area of signal design for relay 

networks is by Nabar, Bolcskei and Kneubuhler in [55], where the authors consider code 

design aspects of DF and AF strategies. 

A natural extension of the basic implementation described in [63] is to use coded 

cooperation and this is described in [36] by Hunter and Nosratinia with further analysis 

and implementation details for wireless channels given in [37]. Further approaches using 

coded cooperation are given in [44,43], where the authors propose a DF-based scheme 

with many opportunistically cooperating terminals, and show that diversity gains scale 

in the number of potential relays rather than the actual number of participating relays. 

As the concept of coded cooperation has grown, implementations of the concept have 

begun to appear. In [88], Zhang, Bahceci and Duman present a strategy based on turbo-

codes for communication on relay channels. There, they design the code and iterative 

decoder, and show that the performance can be close to an achievable rate bound. Hu 

and Duman apply a similar concept in [33] using LDPC codes, and these also show very 

efficient performance. 

In works that foreshadow the use of rateless codes for relay channels, Caire and 

Tuninetti in [6], and Zhao and Valenti in [89] propose and analyze the use of Hybrid-

ARQ for relay channels. In [6], hybrid-ARQ protocols for the Gaussian collision channel 

is studied. Notably, the results translate to relay channels. This is noted in [89], where 

the authors propose the use of a hybrid-ARQ-type protocol for relay networks using 

orthogonal signaling slots with the half-duplex constraint. They demonstrate that their 

protocol provides significant improvements in throughput and average transmission delay. 
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Also foreshadowing the application of rateless codes, Mitran, Ochiai and Tarokh 

present in [51] a two-phase communication scheme for wireless devices in a network with 

the half-duplex constraint along with an information-theoretic performance analysis. The 

two phases are the listening phase, in which the source node broadcasts and other nodes 

listen, and the collaboration phase, in which multiple nodes cooperate to transmit to 

the destination. It is assumed that the channel state information is not available at the 

transmitters but is available at the receivers. The results suggest that such a collaborative 

communication scheme can lead to significant diversity enhancement compared to direct 

communication between source and destination. 

From an information theoretic perspective, the work by Cover and El Gamal in [16] 

remains the foundational treatment on the relay channel. There, the authors present 

a number of theorems for this channel under different conditions. Unfortunately, the 

capacity is not solved for the general case; only an achievable rate is provided. Capacity 

results are provided by the authors only for certain degraded channels. A partial converse 

to the general case was communicated in [87], though the full solution to this problem 

remains open. 

As the idea of relay networks attracted attention, researchers began to investigate 

their information theoretic aspects. In particular, determining achievable rate regions 

was investigated under a number of different assumptions. As a fairly general case, Gupta 

and Kumar in [30, 29] present an achievable rate region for arbitrary relay networks. 

Further results are available in [42,84,41,27] under different network assumptions and 

topologies. 

More recently, attention has turned to generalizations of relay networks, particularly 

the MIMO relay network. In this area, Wang et al in [81] present bounds on the capacity 

of MIMO relay channels. This is furthered by Tang et al in [70]. 

As the connections between relay channels and MIMO systems matured, it became 

clear that the fundamental properties of MIMO channels are also applicable to the relay 

case. The well-known diversity-multiplexing trade-off (DMT) presented by Zheng and 

Tse in [90] was extended to the relay case by Yuksel and Erkip in [85]. When constrained 

to half-duplex channels, Azarian, El Gamal and Schniter demonstrated in [3] a novel AF 

scheme that achieves a DMT bound for AF strategies, and provides insight into some of 

the obstacles facing practical relay network implementations. Finally, [86] demonstrates 

that he CF strategy is the only known strategy capable of achieving the full duplex relay 

DMT. 

Given these properties, the use of rateless codes for wireless relay channels seems 
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to be a synergistic match. Building on the ideas developed here which are published 

in [8,13,12], Liu in [47] presents a rateless code based protocol that can achieve even 

better efficiencies combining DF and CF concepts. Another approach, building on the 

work presented in this chapter and published in [8] is described by Molisch, Mehta, 

Yedidia and Zhang in [52,53]. Focusing on multi-relay networks, the authors present 

two protocols utilizing rateless coding for a large numbers of potential relays. The first 

protocol requires some fixed number of relays to receive the source message in the listening 

phase before the collaboration begins. Practical implementation issues relating to the 

coordination of relays are addressed by the authors, and simulations of the proposed 

protocols are presented demonstrating the benefits of the approach, including an analysis 

of the expected transmission energy. 

5.1.2 Motivation for Rateless-coded Relay Networks 

Approaching the communication problem from a coding-theoretic perspective, one seeks 

to design a practical coding framework that effectively implements a collaboration strat­

egy to maximize achievable rate and minimize outage probability. 2 

It appears that no fixed-rate coding system is capable of driving the outage probability 

to zero without channel state information at the source. Also, unless operating at a 

low efficiency (i.e. low rate), no fixed-rate coding system is robust to the variation of 

channel statistics typical in a wireless setting. With the use of a feedback channel it is 

possible to provide channel information to the transmitter and thereby overcome many 

of these limitations. However, for large relay networks this overhead becomes significant 

compared to the small number of bits needed for acknowledgments in a rateless system, 

particularly for time-varying channels or moving terminals. Further analysis comparing 

fixed-rate and rateless approaches in the relay network setting are given in [52]. In 

particular, the benefits of a rateless system for large relay networks are highlighted. 

Usual solutions to this problem have been to utilize ARQ or hybrid-ARQ methods 

such as described in [89]. Like rateless coding, feedback channels are required to signal 

successful reception of codewords at the destination. In fact, rateless coding may be 

considered a form of "continuous incremental redundancy", as described in Chapter 4, 

compared to the block-based incremental redundancy provided by hybrid-ARQ. 

The use of rateless codes for relay networks naturally accounts for communication 

2One may also, depending on the ultimate application, wish to minimize transmission latency, trans­

mit power, etc. 
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Figure 5.1: Three node wireless relay network 

efficiency and system robustness simultaneously. We review some theoretical bounds 

resulting from this framework and show the diversity and throughput gains that may be 

had. We present a simulated implementation of this framework based on fountain codes 

as a tutorial to demonstrate these advantages. Finally, we discuss a number of practical 

issues and limitations of this system, suggesting alternatives, such as those provided 

in [52]. 

5.2 Rateless Relay System Model 

To demonstrate the usefulness of rateless codes in relay networks, we will focus on the 

base system model presented in [51] and extended for rateless codes in [8]. 

Consider the system shown in Figure 5.1 with three wireless devices. This configura­

tion forms the building block for all relay networks and so is useful to first understand 

before considering general networks. The source s wishes to communicate with the desti­

nation d, possibly with the help of the third device, relay r. We consider the half-duplex 

scenario, where the relay does not receive from the source and transmit to the destination 

at the same time. We assume that each transmitted symbol from a source antenna or 

from a relay antenna has the same average energy Es, though in general this need not be 

the case. Let X[i] and U[i] be respectively the symbol vectors at time i transmitted from 

the source antennas and the relay antennas. Consider the quasi-static Rayleigh fading 

model and use Hr, Hs and Hc to denote the channel gain matrices for the source-to-relay 

channel, source-to-destination channel, and the compound channel from the combined 

antennas of source and relay to the antennas of the destination. Let Y[i] and Z[i] be the 
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received signals at time instant i at the relay and destination respectively. During each 

codeword transmission, 

Y[i] = HrX\i] + NY[i], 

Z\i] = Hc[X\i]T U\if]T + Nz[i\, 

where Ny and Nz are zero-mean (vector-valued) white complex Gaussian noise processes 

received at the relay and the destination respectively. We note that Hs is a sub-matrix 

of Hc and if the relay does not assist the source at time instant i, the received signal Z[i] 

reduces to 

Z\i] = HaX[i\ + Nz\i\. 

We assume that the entries of Hr and Hc are drawn i.i.d. respectively from complex 

Gaussian distributions with variances G and 1. This restricts the source-to-destination 

channel and relay-to-destination channel to have the same fading statistics. Such a 

restriction plays no essential role in the applicability of this work, and merely serves as a 

simplification assumption, also making these results comparable with those of [51]. The 

values Hr and Hc are assumed to be known at the respective receivers but unknown at 

each transmitter. The variance of Ny and Nz are both No/2, also known at the receivers. 

It is also assumed that the relay is capable of synchronizing with the source at the symbol 

level. Synchronization issues will be discussed in Section 5.3.4. 

For such a setup, an information-theoretic analysis of block-coded schemes is pre­

sented in [51], which may be summarized as follows. The source selects a rate R to 

transmit a block of fc-bits of information using a block code of length n := k/R. The 

relay, aware of the channel state Hr, decides a number / € (0,1] such that after lis­

tening for n\ := fk/R symbols, the relay is able to decode the information block and 

collaboratively transmits to the destination. 

The case that / = 0 is operationally equivalent to the situation where the relay has 

the knowledge of source codeword non-causally, and therefore equivalent to a MIMO 

system where the antennas of the source and those of the relay jointly form the set of 

transmit antennas. On the other hand, the case that / = 1, is equivalent to the situation 

where the relay is not able to decode before the destination and thus does not collaborate. 

Under this scheme, Theorem 1 of [51] shows that given a channel realization (Hr, Hc), 

and given a choice of / , any rate R satisfying 

R<fC(Ha,>y) + (l-f)C(Hc,i) (5.1) 
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and 

R<fC(Hr7~f) (5.2) 

simultaneously, or satisfying 

R<C{HS)1) (5.3) 

is achievable, where C(H, 7) := log2 det(I + ̂ HHT) is the MIMO capacity formula under 

equal power allocation across antennas, and 7 in our setup equals Es/N0. Since Hr and 

Hc are both random variables, the authors of [51] argue that for any fixed R and any / , 

the outage probability may be defined as the probability that R is outside the interval 

prescribed by (5.1), (5.2) and (5.3), under the channel law for Hr and Hc. Furthermore, 

they show that there exists an optimal choice / of / — in the sense of minimizing the 

outage probability for a fixed rate R. Such a choice can also be seen as improving the 

diversity order, as shown in [3]. 

This fixed-rate strategy is challenged by practical issues. Without channel knowledge, 

as long as the source selects a transmission rate R, there is no opportunity for the relay 

to improve the rate, even when the channel supports much higher rates. The only benefit 

that the relay offers is a decreased outage probability. It is also notable that no matter 

what rate is chosen, the outage probability is bounded above zero for quasi-static or 

slow fading channels. With the use of feedback in the system, it is possible to signal a 

suitable R to the source, though knowledge and coordination of relays remains a difficult 

obstacle. In fact, the optimal choice of rate requires that the source be aware of the 

existence and participation of the relay as well as channel knowledge. Furthermore, such 

a choice is fragile to the variation of channel conditions and relay availability. 

To handle efficiency and robustness simultaneously, rateless codes may be used in 

place of the fixed-rate codes. The source encodes a block of k information bits using 

a rateless code with parameter k and sequentially broadcasts the codeword symbols 

to both the destination and the relay. The relay attempts to decode the information 

until it succeeds. At this time, if the destination has not decoded the information, the 

relay then collaborates with the source by transmitting to the destination using another 

rateless code. Starting from time instant 1, the destination also attempts to decode the 

source information, and whenever it can decode, it sends an ACK back to the source and 

the relay in order to terminate the current transmission. Here we note that the one-

bit feedback for acknowledgment entails little implementation difficulty as long as the 

feedback channel exists. Note that it is straightforward to generalize this rateless coding 

concept to multiple relay, multiple antenna systems and to other channel models. 
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In this strategy, the source does not need to be aware that a relay exists. The rateless 

nature of the coding scheme allows the source to communicate with the destination at 

a rate adapted to the channel conditions, to the availability of the relay, and to the 

collaborating strategy of the relay. Furthermore, although we are dealing with fading 

channels, the outage probability can be made arbitrarily small. This is because the 

successful decoding almost surely occurs at a time corresponding to a rate supported by 

the channel. 

A fundamental question then arises: what rates are achievable with the presented 

scheme? Here, we present an achievable rate result built on the work of [51]. 

Let n be the time needed for the destination to decode a message. Similarly, we 

denote by n\ the time needed for the relay to decode a message. We define the realized 

rate R of a transmission by R := k/n bits/channel use. Notice that both n\ and n 

are random variables depending on channel realization (Hr,Hc) and noise realizations. 

Therefore the realized rate R is also a random variable. We say that a rate R is achievable 

for a given channel realization (Hr,Hc) if there exists a family of rateless codes (each 

parametrized by a different k) such that after k/R channel uses, the decoding error at 

the destination can be made arbitrarily small for sufficiently large k. 

We now present a theorem giving the optimal value of / in the sense of maximizing 

the achievable rate of the relay channel. 

Theorem 6 Let 

f . - j C(Hc,y)+C(HCr%-C(Hsn) if C(HT,y)>C(H3,y) ^ ^ 

1 1 otherwise 

and let 

R := fC(Hs,j) + (1 - f)C(Hc,-y). (5.5) 

Then for any 5 > 0, there exists a block coding scheme at rate R — 5 such that with 

increasing block length, the decoding error probability is driven arbitrarily close to 0. 

Proof: First consider the case when C(Hr,j) < C(H8,j). Then / = 1 and R = 

C(HS). By (5.3) or a standard MIMO capacity argument, rate R — 5 is achievable with 

arbitrarily small decoding error for sufficiently large block length. Now consider the case 

when C(Hr, 7) > C(HS, 7). Referring to Figure 5.2, by noting that C(HC, 7) > C(i7s, 7), 

it can be verified that the supremum R of R is defined by the intersection of boundary of 

constraint (5.1) and that of constraint (5.2). Therefore, we can solve for the intersecting 

point by solving the two linear equations. This gives / and R in the theorem. With 
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Figure 5.2: Sketch of the relationship between (5.1), (5.2) and (5.3) for C(Hr,^) > 

the standard information theoretic argument, for any rate R — 5 and the corresponding 

/ , the decoding error probability at the destination can be made arbitrarily small for 

sufficiently large block length. • 

Some insights may be obtained by distinguishing / with / . Given a rate R, f mini­

mizes outage probability resulting from channel uncertainty, and such minima are strictly 

bounded above zero. However, knowing channel realizations at the source, / maximizes 

the achievable rate dictated by (5.1), (5.2) and (5.3) and allows virtually zero outage 

probability. 

Although this achievable rate is only shown to be valid for block coding schemes and 

for the case in which the channel is known at the transmitters, we demonstrate in the 

following section that rateless codes can also achieve this rate without channel knowledge 

at the transmitter. 

5.3 Rateless Code Implementation 

The presented rateless coding scheme may be implemented with fountain codes. We 

implement such a scheme given in Figure 5.3 for illustrative purposes using a Raptor 

code as an outer code concatenated with a space-time inner code to form a rateless code. 

The presented system makes simplifying assumptions that real systems need to address. 
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These are discussed below in Section 5.3.4. 

This architecture is tested over a simplified channel model, where the source, relay 

and destination each have only one antenna, and are time-synchronized at the symbol 

level. The channel is defined in Section 5.2, which is a quasi-static fading model such 

that, for the duration of the transmission from the source, all channel realizations are 

constant. Each new codeword transmission by the source uses independently drawn 

realizations for each of the three channels. The relative gain between the source to relay 

channel and the source to destination channel is denoted by G, i.e., G = jf. 

A Raptor code with k = 9, 500 is used as the inner code both at the source and 

the relay. The LDPC component code of the Raptor code has rate 0.95. We use the 

degree distributions as in [66] for the inner (LDPC) and outer (LT) components of the 

Raptor code. The performance of Raptor codes with these parameters has been reported 

in [59] for several lossy channel models including the AWGN channel. Consecutive output 

symbols from the Raptor code are then QPSK modulated, chosen for simplicity. 

The rateless code used by the relay is the same Raptor code also with QPSK modu­

lation. When in the collaboration phase, the relay aligns its output symbols in time to 

correspond to the source's output symbols. 

The output symbols of the source and relay are input to the distributed space-time 

inner code. The space-time inner code uses the Alamouti scheme [2] and works as follows. 

During both the listening and collaboration phases, the source acts as the first antenna 

in an Alamouti system. The relay, once in the collaboration phase, acts as the secondary 

antenna in which consecutive pairs of input symbols are transformed according to the 

Alamouti scheme. 

This distributed space-time code is received and decoded at the destination. During 

the listening phase the destination receives symbols only from the source, and during 

the collaboration phase the destination performs standard Alamouti decoding using the 

received symbols from both source and destination. 

For each transmitted codeword, belief propagation decoding is attempted periodically 

at intervals of 100 channel uses. For each attempt, the initial messages for belief propa­

gation are calculated based on the received signal and the receiver's (perfect) knowledge 

of channel gains and noise variance. During each iteration of decoding, the decoder ex­

amines whether hard decisions on the messages form a codeword. When this occurs, the 

transmission of the codeword is terminated. If the hard decisions do not form a code­

word within 100 iterations, the current decoding attempt is stopped and the decoder 

waits for the next decoding attempt. For the purposes of the simulation we assume that 
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Figure 5.3: System diagram for simulated relay framework 

the receiver knows whether it decodes correctly. In practice, this may correspond to the 

case where CRC bits are used in the message. 3 Other rules for stopping a decoding 

attempt and for declaring a decoding success (such as those based on the reliability of 

the decoded word) are also possible. 

5.3.1 Simulation Results 

We perform a Monte Carlo simulation of the presented rateless code implementation over 

a range of SNR from -5dB to 15dB. For the purpose of analyzing our results, we denote 

for each codeword transmission the decoding times at the relay and destination by n\ 

and n respectively. The realized fraction of time that the relay was listening is denned 

as / := min{ l ,n i /n} . The maximum achievable realized rate for a given realized / is 

defined as 

R* = fC(Ha,>y) + (1 - f)C(Hc,j). (5.6) 

For any given / , R* indicates the maximal achievable rate prescribed by (5.1), (5.2) 

and (5.3). Then the gap between R and R* indicates the suboptimality of realized f 

in comparison to the optimal choice / , for a given channel realization. To an extent, 

this gap also reflects the spectral efficiency limitation associated with the modulation 

3We note that the entailed rate loss is negligible for large k. 
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scheme. The gap between R* and R, the realized rate, indicates the coding loss due to 

the suboptimality of Fountain code. 

Following [51] and since the entries of Hc have unit variance, the average receive SNR 

at the destination can be defined by 

S N R : = ( 2 - E [ / ] ) 7 , (5.7) 

and similarly, the average optimal SNR at the destination associated with the optimal 

choice / can be defined as 

S N R : = ( 2 - E [ / ] ) 7 . (5.8) 

Figure 5.4 presents the curves of R versus SNR, R* versus SNR, and R versus SNR 

averaged over the ensemble of channel realizations, as well as the standard 2 x 1 MIMO 

capacity bound as a function of receive SNR, for G = —5dB. First notice from the figure 

that R* converges with R at low SNR regime, which indicates that the realized / is nearly 

optimal. As SNR increases, the R* curve reaches the asymptote of 2 bits/channel use, 

which is governed by the QPSK modulation scheme. There is an approximately constant 

fraction of rate loss across all SNR when comparing R with R*. This is better visualized 

in Figure 5.5, where the same performance metrics unfold along the G dimension at 

7 = —5dB. Combining these two figures one can conclude that there is only about 10%-

15% rate loss due to code suboptimality. This is in fact consistent with the results of [59] 

for Gaussian channels. Clearly, at high SNR, both R* and R can be increased by using 

higher-order modulations. The 2 x 1 and l x l MIMO capacity values are also given in 

Figure 5.5, and bound R. 

Although outage is not a concern with rateless coding schemes, we still plot a curve 

of outage probability to make comparison with the theoretical limits presented in [51] 

for fixed-rate codes. Here the natural definition of outage probability for the rateless 

code at a given rate a is the relative frequency at which the decoder can not decode the 

message before time k/a. Figure 5.6 contains outage probability curves for our rateless 

code, the theoretical limits of [51], and the standard theoretical limits for 1 x 2 and 

l x l MIMO system for R — 0.5 and some values of G. From these plots, it can be 

seen that our results are only about 1 dB away from the fixed-rate code outage limits 

of [51], achieve the same order of diversity, and significantly improve upon a 1 x 1 MIMO 

system, particularly at high SNR. 
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5.3.2 Modulation Considerations 

The simulation results presented in the previous section used QPSK as the modulation 

scheme and was thus limited to a maximum communication rate of 2 bits per channel 

use. QPSK modulation was chosen for simplicity of simulation. Given the relatively low 

complexity modulation scheme of //-PAM introduced in Chapter 3, we investigate its use 

in the relay setting considered in this chapter. 

To compare the performance of M-PAM and //-PAM we take two approaches. First, 

we build on the results of Chapter 3 and the numerical analysis used there to find 

numerical estimates for the achievable rates of the 3-node relay network. Second, we 

extend the simulation results of the previous section to include /i-PAM. 

To investigate the achievable rates for the relay channel considered in this chapter 

and compare different modulation methods, we assume that there is a capacity achieving 

rateless code in the system. We assume quasi-static fading with coefficients for the three 

channels in the system to be drawn independently from a Rayleigh distribution. The 

mean SNR of the relay-destination and source-destination are set to be equal, and the 

relative gain of the mean SNR of the source-relay channel is denoted by G. As in Chapter 

3 we determine the mean rate by taking the expectation over Rayleigh distribution, 

except here we use R as the function we evaluate. 

Figure 5.7 presents and compares the mean achievable rates as a function of average 

receive SNR for L = 2 (recall L = log2M), M-PAM and fx-PAM with n = 2 /5 ,1 /3 . 

Here G = 15dB, a situation in which it is expected that the relay will be of significant 

benefit on average. Also presented is the no-relay case assuming M-PAM. Clearly the 

presence of the relay in this configuration makes a large difference in performance. With 

the presence of the relay, the three modulation settings achieve similar rates, with the 

best setting depending on the average SNR. Similar to the results of Chapter 3, low SNR 

scenarios are best suited to smaller fi, and here fj, = 1/3 achieves the best performance 

in this regime. At higher SNR either [i = 2/5 or M-PAM yield the best mean rates. 

The same data is presented in Figure 5.8, the only difference being L = 7 instead 

of L = 2. Here we see the same relationships hold as in Figure 5.7, and in fact these 

observations are valid for any valid of L tested. It is notable that at high SNR the no 

relay case actually achieves higher mean rates than the fj, — 1/3 /x-PAM configuration. 

This is due to the fact that for the large value of L and small value of //, very little 

energy is being dedicated to the last of the embedded bits so that, even in a high SNR 

condition, it is difficult to reliably determine their value. 
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To understand the impact of the parameter G, the same results for L = 7 are pre­

sented in Figure 5.9 with G = 5dB. This corresponds to a situation in which, on average, 

the relay is beneficial, but is often unable to cooperate in the message transmission from 

source to destination. In general, compared to Figure 5.8, the relay-enabled rates are 

reduced such that they are not very much larger than the no-relay configuration. 

As argued in Chapter 4, mean decoding times are a often a more meaningful measure 

of performance than mean rates, particularly from the perspective of the destination 

terminal. In the case of the relay channel, the normalized mean decoding time n is 

defined as 

n = E 

and is expressed in channel uses per bit. 

Figure 5.10 presents the mean decoding times of the system for the three modulation 

configurations and L = 2. In a reciprocal manner to Figure 5.7, the results are intu­

itive. Unlike the situation when looking at mean achieved rates, the \x = 1/3 /i-PAM 

modulation scheme provides the best performance or near-to-best performance over the 

entire SNR range studied. This is due to the fact that mean decoding times are typ­

ically dominated by low SNR realizations, resulting in a long decoding time, in which 

li = 1/3 is often the best choice. At low SNR it is notable that there is a dramatic 

difference in mean decoding times between the with-relay and no-relay configurations, 

with a maximum separation of over a factor of two. 

As a comparison to the results of Figure 5.8, Figure 5.11 presents the mean decoding 

times of the system for the three modulation configurations with L = 7. Very similar re­

sults are seen here as with the L = 2 scenario. Here we see that the maximal difference in 

performance at low SNR is greater than a factor of three, suggesting that /i-PAM coupled 

with the rateless coding framework presented here can offer significant improvements. 

With the addition of a Raptor code, we re-perform the simulations of Section 5.3.1 

with /i-PAM modulation. This is done to verify overall system performance for the relay 

channel with both coding and modulation taken into consideration. Since the previous 

simulations used QPSK modulation, taking advantage of both I and Q components of 

a real channel, we apply M-PAM or /i-PAM independently on both I and Q channel 

for these simulations. The mean SNRs have been normalized to account for the extra 

energy in the transmitted, complex, constellations. It is assumed that no distortion takes 

place over the channel, and so the two components can be modulated and demodulated 

independently. 
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Figure 5.12 extends the results presented in Figure 5.4 using M = 7 and /z-PAM 

values of 1/3 and 2/5. In addition, M-PAM results for L — 2 and L — 7 are shown 

for comparison purposes. The results are consistent with the previous figures comparing 

/i-PAM in this section. Given that the simulation was run at a relatively low SNR (-5dB 

to 15dB), the /i-PAM performance numbers are superior over the entire SNR range. In 

fact, fi = 1/3 is the best performing setting for all SNRs. 

In general, the simulation results reinforce the fact that Raptor codes and /x-PAM 

modulation can work well together over the relay channel, and can achieve a large fraction 

of the capacity of the channel, even when the realizations of the channel are not known 

to any of the transmitters. 

5.3.3 Extension to Multiple Relays 

The presented framework may naturally be extended to include an arbitrary number 

of relays, corresponding to the "asynchronous protocol" in [52]. All terminals in the 

network which are neither the source or destination terminal may act as a receiver for 

the codeword transmission from the source and other relays. 

Each relay accumulates information from all other current collaborators. As soon 

as it is able to decode, it begins collaboration with the source and other relays already 

collaborating. This approach can match the achievable rate region for arbitrary relay 

networks found in [29]. 

Intuitively one can think about the flow of information through the network beginning 

at the source and ending at the destination node. As wireless is a broadcast medium, all 

transmissions may be received by any other node in the network subject to availability 

and SNR conditions. As relay nodes decode incoming messages from the source and 

other relays, it "joins the flow" in some coordinated manner, thereby increasing the 

overall rate at which information is flowing. This continues in a cascade manner, with 

more and more relays adding to the information flow rate, until the destination node 

receives the message sent originally from the source node. 

In addition to this approach, other options are detailed in [52]. Specifically, one 

may coordinate relays in the network to not collaborate until a sufficient number have 

successfully decoded the source message. This offers some potential benefits in ensuring 

some minimum level of quality or redundancy in the network. This in turn allows for 

reliability against routing errors or relays dropping out of the network, making it more 

suited to ad-hoc systems. Tradeoffs between these two extensions of the basic framework 
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are discussed in detail in [52]. 

5.3.4 Practical Considerations 

Some aspects of this framework have been idealized or otherwise simplified for the sake of 

convenience. In practical settings, any such collaboration scheme must consider at least 

the coordination and synchronization of relays, and provide an operational feedback 

channel. 

Coordination of relays, and of the system as a whole, is of fundamental importance. 

By coordination, we mean the allocation of unique resources to collaborating relays. For 

example, if using space-time codes for collaboration, how should a relay choose which 

column (in the case of space-time block codes) or component of the code to use? Do 

the source or relays need to be notified of the participation of other relays? It may be 

possible to uniquely identify each relay in a small network, and use brute-force detection 

methods at the receiver, but this in not scalable to larger networks. 

The work in [61] presents one possible option which the authors term as "opportunistic 

large arrays", in which collaborating relays flood the network. The random distribution 

of relays and channel realizations result in both space and time diversity gains. Other 

alternatives utilizing space-time codes may be found in [55,50]. 

A different approach found in [52] uses CDMA spreading codes allocated uniquely 

per relay which, at the expense of bandwidth expansion, provides orthogonality at the 

destination. Of course the scalability of such a scheme is limited by the number of 

orthogonal spreading codes that are available, which is proportional to the degree of 

bandwidth expansion. A Rake receiver is used for recovery of the desired symbols from 

the collaborators. 

The work in [3] suggests the use of an artificial Inter-Symbol Interference (ISI) channel 

instead of an orthogonalization method, which they show can achieve the bounds of the 

DMT. Here, they propose the use of self interference in the form of ISI as a means of 

providing diversity. Despite this interference, the DMT may still be achieved. This is 

due in great part to the fact that the ISI is self induced in a controlled manner and not 

something that is randomly added by the channel. 

In the presented system, it is assumed that symbol-level synchronization is maintained 

between received signals. In relay networks with unknown or variable distances between 

terminals, this may not be simple to achieve, although a number of potential solutions 

may be used. For example, at the expense of bandwidth expansion, OFDM may be 
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applied, effectively reducing the symbol rate (for the same data rate) to a suitable degree. 

Synchronization is not vital for operation of the system, though lack of it may limit 

achievable rates. Many wireless systems operate in an asynchronous manner; the suit­

ability of such a design decision depends on the various tradeoffs that must be made 

between performance and complexity of the implementation. This degree to which syn­

chronization impacts performance is developed in [52] and the some achievable rates are 

presented there. 

Finally, a feedback channel is an essential feature of any rateless system. Practically, 

the feedback channel must exist orthogonally to the forward channel. This requirement 

may have cost or complexity implications for the terminals in the network. Natural 

options are to use either TDD of FDD between forward and feedback channels. 

The amount of feedback required is relatively minimal; a single bit must be fed back 

(broadcast) to the source and any collaborating relays. However, this feedback must be 

reliable. If the feedback channel is noisy, then coding is likely required. This will induce 

some latency into the feedback channel. The effect of this latency is to directly reduce the 

throughput of the system by the amount of the latency. Of course, more sophisticated 

feedback schemes may mitigate this impact. 

5.4 Conclusions 

We have presented a framework for collaboration over wireless relay channels based on 

rateless codes that is simultaneously robust against outage and efficient in rate. In 

particular, we have shown that this system can be implemented using rateless codes and 

is capable of performing at rates approaching theoretical limits across a wide variety of 

channel configurations. 

The proposed framework consists of two phases, the listening and the collaboration 

phase. Assuming that rateless codes are used, we determined the achievable rate region 

for this framework. We showed that there is a maximal achievable rate and that the 

relay naturally begins to collaborate such that this maximal rate can be achieved. 

We demonstrated through simulations that this framework does indeed provide gains 

in terms of throughput and probability of outage. This was shown to hold across a 

large range of SNR, though neither the source or the relay knew the channel they were 

transmitting over. We then made use of //-PAM modulation detailed in Chapter 3 and 

showed that their can provide an overall improvement in performance for many SNR 

ranges. Performance in terms of throughput and mean time to decode was presented. 



125 

The combination of the ideas of rateless codes and wireless relay networks provides 

for a method of increasing the throughput and reliability of wireless networks. Rateless 

codes, with their ability to adapt to the conditions of the channel-without requiring 

channel knowledge at the transmitter-are well suited for the channel conditions that 

wireless relay networks typically operate under. 

A number of extensions were discussed and we provided some ideas on how the 

three-node relay network studied here can be used to build large, practical wireless relay 

network systems based on this framework. Limitations due to the need to coordinate 

the space-time codes of the relays and the need for synchronization were also discussed, 

though each of these issues present no fundamental limitation. 

Relay networks, with their ability to exploit the spatial diversity that physically sep­

arated terminals provide, are capable of providing increased coverage and throughput in 

the system. Together, these two technologies complement each other, and promise to 

help multi-terminal networks to become economically viable means for wireless commu­

nications. 



Chapter 6 

Conclusions 

In this work we have investigated rateless coding and modulation for wireless communica­

tion systems. The communication problem we explored used a rather general block-fading 

model in which we assumed that only the receiver had information about the channel. 

The coherence time (or coherence block size in a digital communication system) of the 

channel was assumed to take values that were of a similar magnitude as the duration (or 

size in discrete time) of the transmitted codeword. It was in this regime, where neither 

of the well known results of quasi-static fading and fast fading were applicable, that we 

focused our attention. 

We argued in Chapter 2 that the time to decode a message of length k was of fun­

damental importance, an we examined the form that this random value over the block-

fading channel. The discontinuous distributions that resulted were shown to be useful 

for measuring other performance metrics of interest such as the probability of outage. 

It was clear that fixed-rate coding schemes could not be robust in such a system; either 

efficiency or reliability must be sacrificed. These observations served as a motivation to 

investigate the use of rateless codes in place of fixed-rate codes for this class of channels. 

We then introduced rateless coding as a viable method for reliable communication 

over fading channels when only the receiver has information about the channel. Rateless 

codes were shown to have some beneficial properties that make them well suited to the 

problem. In particular we proved the existence of good rateless codes, where the term 

good was used to imply simultaneous robustness to all possible channel realizations. 

An implementation of rateless codes in the form of a Raptor code over fading channels 

was presented using basic PAM modulation. Simulation of the Raptor code showed that 

it was able to automatically adapt its rate to the realized capacity of the channel. Overall 
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performance across a broad range of SNRs was simulated and achieved rates across these 

SNRs tracked capacity well, albeit with some implementation loss. 

Reliable digital communication systems require both coding and modulation, and 

we turned our attention to the problem of modulation for rateless systems in Chapter 3. 

Here we argued that typical modulation methods such as M-ary PAM are not well suited 

to communication over unknown channels. The fact that one must choose M a priori 

and the uniform distances between adjacent symbols results in such systems having poor 

performance if the SNR of the channel is not well matched to the choice of M. This 

characteristic makes M-PAM a possibly poor choice for unknown channels. 

To alleviate this problem we introduced / J - P A M modulation, a PAM-based modula­

tion system which allocated bits to symbols in a non-uniform, recursive manner. The 

resulting non-uniform constellation was shown to have scalable minimum distance prop­

erties as a function of the input bits that constitute a symbol. In particular, we showed 

that, due to the recursive nature in which //-PAM is defined, the minimum distance 

between symbols conditioned on a particular bit was equal to the minimum distance of 

the previous bit times a factor of /*. We demonstrated how /t controlled the degree of 

non-uniformity, and in effect, the amount of protection allocated to different bits in a 

symbol. 

A simplified demodulation method was introduced and analyzed for use with /t-PAM 

constellations. Using a numerical method to estimate the mutual information between 

input bits and output estimated bits over an AWGN channel, we presented and com­

pared /t-PAM and M-PAM performance metrics. When the transmitter does not have 

knowledge of the channel, it was shown that //-PAM is often a better choice compared to 

M-PAM due to better performance over a larger range of SNR. This conclusion was also 

borne out by simulations made comparing /i-PAM and M-PAM modulation methods 

across a broad range of SNRs. This was exactly the result we were aiming to achieve for 

integration with rateless codes. 

We then turned our attention in Chapter 4 to the practical problem of communication 

over unknown fading channels with delay constraints. When constrained by a delay limit 

probability of outage can no longer be driven to zero as was shown to be otherwise possible 

with rateless codes in Chapter 2. However, we investigated a streaming communication 

problem with delay constraints, which was practically represented by a video streaming 

application. Given the sequential transmission of codewords, we showed that rateless 

codes offer significant benefits when compared to fixed-rate systems. We also compared 

with block-based incremental redundancy schemes based on Hybrid-ARQ. 
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The probability of outage characteristics were explored for the streaming application, 

and it was found that for rateless systems it is possible to define a critical SNR. At SNRs 

greater than this critical value it was demonstrated that, over sufficiently long periods, 

probability of outage could indeed be driven to zero if a rateless or rate-adaptive system 

was used. Otherwise, we showed that probability of outage was bounded above zero. 

We then presented an analysis and comparison of fixed-rate and rateless coding for 

the video streaming application. Comparisons were made using performance metrics of 

throughput and probability of outage. We identified the critical SNR values and other 

proxies for this critical value in terms of normalized information rate k/Tc and normalized 

delay constraint D/Tc. The results showed that rateless codes were the best choice in all 

scenarios. 

In Chapter 5 we explored the use of a joint rateless coding and modulation system 

for relay networks. We provided a background on the area of relay channels and relay 

networks. We then presented a framework for reliable communication over unknown, 

half-duplex relay channels. This was built upon previous information theoretic results 

using a two-phase communication scheme that did not consider the possibility of rateless 

codes. We extended this work to incorporate the use of rateless codes and presented an 

optimal information theoretic achievable rate region for the relay channel. 

Based on this framework, we simulated an implementation using rateless codes and 

H-PAM modulation with a single relay. The results showed that performance tracked the 

theoretical achievability limits reasonably well, and the implementation loss remained 

reasonably constant relative to these limits. In addition to achievable rates, we also 

argued that mean time to decode is an important metric in this setting, and we showed 

that /i-PAM offered improvements compared to M-PAM. 

We outlined how this framework can be extended to multiple relays in a very natural 

way; each additional relay operates independently and the improvement in diversity is 

proportional to the number of relays. A number of practical issues were also discussed. 

The need for synchronization and coordination between nodes in the network was dis­

cussed and citations to works in this area offering potential solutions were given. 

This work has presented a framework for reliable communication over a class of fading 

channels when the channel is known only at the receiver. The use of rateless codes, 

with their ability to adapt automatically to the dynamic, fluctuating channel state was 

shown offer numerous benefits in terms of throughput, time to decode, and probability of 

outage. Coupled with /i-PAM modulation, the joint communication system was shown 

to be effective to both delay constrained communication systems and relay networks. 
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6.1 Extensions 

The work presented here can be extended in a number of ways, and there are a number 

of challenges that must be solved before the framework proposed in this work can be put 

into practice. This section briefly touches on a few of these. 

The inclusion of Raptor codes or other rateless codes into communications standards 

are potentially hampered by three factors. The first is that practical decoding costs 

are actually quite large. Despite Raptor codes having linear decoding complexity as 

a function of codeword length, the fact that many unsuccessful decoding attempts are 

often made before the realized rate is sufficiently low results in a high overall decoding 

complexity. There are many options to solve this problem, and this is an area of active 

research. Different decoding schedules on the factor graph representation, and the reuse 

of previous decoding estimates such as proposed in [35,34] offer directions toward solving 

this problem. 

Second, the fact that rateless codes may be decoded after any number of channel uses, 

and thus have no a priori rate, is a major change in typical thinking about coding and 

one which does not easily fit within the framework of many communication standards. 

For example, many wireless standards segment communication into deterministic, fixed-

time periods (equivalently fixed symbol lengths). Unfortunately this is not well suited to 

the nature of rateless codes. One may envisage a radio system which behaves somewhat 

more like the rateless codes themselves, transmitting coded symbols until receiving an 

acknowledgment from a receiver. This is similar to the approach used in Ethernet, and 

it seems that the use of rateless codes for fading channels will necessitate similar types 

of physical layer and radio architectures. 

Finally, we have discussed the need for a feedback channel to enable robust rateless 

codes. At this time we have not explored how this feedback channel can be implemented, 

or what the effect of imperfections of this channel will have on the system. It is required 

that it be reliable, so presumably some coding will be needed over this channel in addition 

to the forward channel itself. Foundational work in this area can be found in [62]. 

Practical aspects of the feedback channel; errors, latency, and supported rates will all 

impact the overall performance of the forward channel, and protocols must be developed 

at the link layer or medium-access layer to support the overall robustness of the rateless 

system. 

We introduced //-PAM modulation as a means to better support many of the char­

acteristics that rateless codes offer. In particular /u-PAM offers reasonable performance 
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over a broader range of SNRs than M-ary PAM. However to this point we have only 

explored single dimensional modulation, and have neglected gains that may be had by 

shaping. Thus an area of future research is to explore higher-dimensional modulation 

techniques. Mapping some number of rateless coded bits to a point on a hypersphere 

has the potential to offer many of the same benefits of y t̂-PAM with improved perfor­

mance. Of course higher dimensional mapping will entail a higher complexity for both 

modulation and demodulation. 

The idea of "twisted modulation" as described in [82] may be particularly well suited 

for rateless coding as a very large number of coded bits may be encoded into a single 

symbol, and adaptive demodulation may extract only as many as the channel will sup­

port. Unfortunately the non-linear nature of this modulation scheme makes it potentially 

difficult for practical implementation. 

In the space of relay networks, there are a number of areas which may be investigated 

with respect to rateless coding. Relay networks are really distributed multi-antenna 

systems, so the application of rateless codes to other MIMO and cooperative networks can 

be explored with reasonable hope of success. However, the problem of the coordination 

of relays remains a practical obstacle that must be overcome. Some ideas and current 

research results in this area were discussed in Section 5.3.4, such as the allowance for 

bandwidth expansion to enable unique spreading codes to be used for the relays. Relay 

networks and multi-terminal systems is a very active research area, and new results are 

continuing to reduce the gap between theory and application. 

The use of joint rateless coding and modulation for wireless communications offers 

potentially significant benefits in application. Although obstacles remain before such 

systems are realizable in practice, it appears that there are no fundamental issues which 

will prevent these systems from becoming a reality. The work we have presented we 

hope will help serve as evidence and motivation to continue to explore the use of rateless 

concepts for practical communication schemes. 
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