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Abstract

In this thesis we show how characteristic mode (CM) theory can be used to in the
design of the antennas with the low envelope correlation coefficients preferred for MIMO
antennas. This is due to the fact that the radiated fields of CMs are orthogonal over the
radiation sphere. We show how a handheld device structure can be excited at various
points (which form the multi-antenna ports) to ensure that each port excites a set of CMs
such that the mode indices in each set are different for each antenna. It is this important
result which causes the natural orthogonality properties of the CMs to be transferred to
the overall radiation patterns of the multiple antennas. The CM analysis we have
performed includes the effects of structure losses; it appears to be the first time that the
computation of such modes have been reported. A logical and satisfying methodology for
MIMO antenna design is the result. The methodology is extended to include arbitrary
MIMO scattering environments using polarization sensitive generalized characteristic
modes, which is the first of its kind from both the theory and methodology perspective.
This design approach for MIMO antennas is not restricted to handheld devices, and can
be used in a variety of applications. Lastly we discuss the various port mode theories that
yield far-field orthogonality for perfect scattering environments, the application of which
has already been discussed in the literature. We show succinctly that physical port
symmetry yields frequency insensitive modes, but very minor symmetry breaking yields
very narrow low envelope correlation bandwidth, something that is not discussed in the

literature, but discussed in detail in this thesis.
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Chapter 1
INTRODUCTION

1.1 Introductory Remarks

The need for more capacity in wireless communications has resulted in increasing
interest in multiple-input multiple-output (MIMO) systems to exploit the properties of
multipath channels. The amplified need for capacity is the result of an exponential
increase in the number of wireless users and the demand for the multimedia capabilities
of handhelds.

MIMO systems employ multiple antennas in a scattering rich environment and take
advantage of the multipath fading to yield increased capacity. By modeling the scattering
environment in what is known as the channel matrix, along with the multiple signals
transmitted and received, a MIMO system can utilize a myriad of algorithms to increase
capacity far beyond the theoretical limit of ideal line-of-sight communications found in

single input, single output (SISO) systems.

The principal requirement for MIMO antennas is that the envelope correlation
between the antennas be low. Envelope correlation can be interpreted as a measure of
similarity between the far-field patterns of the individual antennas, with the measurement
taken over the entire sphere, or perhaps over constrained regions of the far-field or
relative to a pre-defined weighting function. In common with any other communications
system we also require the kmaximum effective gain (MEG) to be high. Together these

two figures of merit lead to increased capacity.




The groundwork has been laid for the mathematical framework in which MIMO

resides, but there has been no structured design methodology for high performance

MIMO antennas.

In many handheld communications devices there is little room for the placement of
antennas. This problem is exacerbated when more than one antenna is needed, as is the
case for MIMO systems. It has been stated by many that, especially for handheld devices
where such electrically-small multi-functional antennas will be needed, the packaging
and circuitry will become integral parts of the antennas. It is then useful to be able to

utilize as much of the existing handheld device structure to form the required antennas.

The theory of characteristic modes is ideally suited for analyzing handheld devices, as
it naturally determines resonances for entire structures, not just single radiating element
antennas. In this way, characteristic modes (CM) can be used to develop multiple
antennas on single contiguous structures without having to rely on optimization routines.
For the cases of handheld devices, the chassis, ground plane and various electronic
components all contribute to the overall functionality of handheld radiating structure.
Furthermore, the modes determined using CM analysis have tantalizing properties in the
far-field, namely, the modal fields are orthogonal over the far-field sphere, much the
same as the ubiquitous spherical wave expansion functions. The advantage of these
characteristic modal fields over spherical wave expansion functions is that their physical
source resides on the surface of the conductor being analyzed and often represents an

achievable current distribution via feed mechanisms.

The ability to design multiple antennas on single contiguous structures, the
orthogonality properties of the far-field patterns and the physical realization of the
sources makes characteristic mode analysis ideally suited for high-performance MIMO

antenna design.




1.2 Overview of Thesis

Since we intend to show that characteristic modes have direct application to MIMO
antenna design, we require a software tool in which to compute and analyze the modes of
handheld devices. To date, no commercial software tools are immediately capable of
computing characteristic modes, hence we are required to develop our own code or at
least take advantage of and alter an existing formulation. Fortunately, antenna analysis
can be performed in software development environments such as MATLAB. The
software tool we shall develop consists of a moment method formulation, which is
currently the only numerical method capable of solving explicitly for characteristic
modes. Since the formulation is entirely MATLAB based, we are able to consider every
detail of the code. The general moment method engine was tuned for faster computation,
as well as increased accuracy. The requirements of the characteristic mode software
includes an eigenvalue solver, normalization routines, feeding schemes, and various
computational tools such as measuring envelope correlation (via surface integration) and

S-parameters extraction (to name a few).

It is necessary to understand the theoretical concepts that describe MIMO
communications theory, Characteristic Mode Analysis, and the Method of Moments; all
three of which are discussed in Chapter 2. In chapter 2.2, we discuss MIMO antenna
design requirements, namely envelope correlation and mean effective gain. In chapter
2.3 we consider the various Characteristic modal formulations, their properties and the
methods one can use to compute and analyze these modes. Finally, in chapter 2.4 we
discuss the moment method formulation and how we will use it to compute the

characteristic mode quantities.

The implementation of our Characteristic Mode Analysis software design is outlined
in Chapter 3, as well as an extensix;e software validation in section 3.3. We will consider
the impedance operator symmetry, and ensure that our discrete matrix representations are
symmetric as required by the modal theories. Additionally, we will compare computed

results to known closed-form values. Lastly, we will validate a finite conductivity




formulation by showing the expected asymptotic behaviour of the modes as conductivity

becomes arbitrarily large.

Throughout Chapter 4, we will consider fundamental studies of characteristic modes.
We derive new figures of merit that allow a more satisfying ranking of the characteristic
modes in terms of their ‘modal significance’ including all aspects of antenna

performance.

The most significant contributions of this thesis are developed in Chapters 5, 6 and 7.
In Chapter 5, we will outline a concise design methodology one can use to control and
excite unique sets of characteristic modes at independently operating antenna ports. In
doing so, we maintain far-field orthogonality and thus low envelope correlation between
the antenna ports — a principal requirement in MIMO antenna design. In particular, this
methodology is outlined in section 5.4. Additionally, in section 5.5 and 5.6 we show
methods in which one can ensure excellent impedance bandwidth while still maintaining
the low envelope correlation requirement. We also discuss physical symmetry and
Characteristic Modes, which has a very satisfying tie in to the material in Chapter 7.
Lastly, in section 5.8, we consider a multitude of MIMO antenna design examples using
the developed methodology, with experimentally verified results, showing the design

methodology is sturdy in its approach.

In Chapter 6, we consider an alternative modal formulation known as Generalized
Characteristic Modes (GCM), which define modal currents with far-field orthogonality
relative to a specified weight. We derive a new set of GCMs that include the ability to
specify polarization. One can set this weight equal to a PAS function which describes a
more practical scattering environment. These PAS functions are based on experimentally
measured data found in the l{terature, with few approximations needing to be conceded as
a result. We then apply the same design methodology developed in Chapter 5, only with
the newly distinct GCM currents, and the resulting design is a practical set of MIMO

antennas with low envelope correlation relative to a practical scattering environment,




rather than the idealized perfect scattering environment of full angular spread (i.e. full

sphere orthogonality).

In chapter 7, we show an application of Characteristic Port Mode theory to MIMO
antenna design. This approach is similar to the previous mode theories in that we obtain
orthogonality of antenna far-field patterns. However, what differs in this approach is that
the modal quantities (currents and voltages) exist solely at pre-defined ports, forgoing the
need to analyze the entire surface of the antenna. Moreover, the methodology allows for
commercial codes to be used in the analysis process. Contrary to Chapters 5 and 6, we
no longer have individual antennas, but a set of superimposed antennas, requiring
additional circuitry to act as a ‘modal decomposition network’ or (MDN). In this section
we also show how the physical symmetry of the antenna ports is directly related to the
accessibility and practicality of the CPMs. We conclude the chapter with a comparison
of various similar methodologies, and show under what conditions these formulations are

equivalent, including a comparison between the CMs and CPM theory.

Finally, in chapter 8, we conclude with a list of the major contributions made
throughout this thesis. We will also comment on the future potential of characteristic

mode concepts applied to MIMO antenna design.

10




Chapter 2

OVERVIEW OF THEORY

2.1 — Introduction

In this chapter we will discuss the various theoretical frameworks necessary for the
design of MIMO antennas using Characteristic Mode Concepts. In section 2.2 we will
briefly consider MIMO from the signal’s perspective but focus mainly on the
electromagnetics, namely the design requirements of MIMO antennas. We will show that
there are two important antenna design criteria: envelope correlation and mean effective
gain. In section 2.3, we will consider the theory of characteristic modes, the properties of
these modes and the methods one can use to extract useful information from them. The
modal formulations provide surface currents that exist over the entire analyzed structure
and have enticing far-field propertics. We will consider various formulations, beginning
with the Characteristic Modes (CM), and continuing with the newly defined lossy
characteristic modes (LCM). The CM and LCM formulations yield modes that have
orthogonality over the entire far-field sphere, which is a tantalizing property for MIMO
antenna design. We will also introduce the Generalized Characteristic Modes (GCMs),
and show the CMs are related to the generalized modes GCMs in a simple manner.
These GCM modes have far-field orthogonality relative to a chosen weight function
rather than the entire far-field sphere. Lastly, we consider the Characteristic Port Modes
(CPM) which have the same orthogonality properties as the CMs and LCMs only the
modes exist in the form of currents or voltages solely at a finite number of pre-defined
antenna-ports. Lastly, we conclude in section 2.4 with an overview of moment methods
applied to electromagnetics, and consider a surface patch formulation using RWG basis

functions, which we will use in the computation of both modal and MIMO quantities.
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2.2 - MIMO Systems
2.2.1 — Introduction
In recent years MIMO communications has had an exponential increase in interest as

evident by the eruption of papers published on the topic. A simplified definition for
MIMO is as follows:

MIMO stands for Multiple-Input, Multiple-Output: the use of multiple
transmitters and multiple receivers in a communications environment allows
Jfor a significant increase in noise immunity and thus data throughput, provided

the environment allows for uncorrelated fading of the transmitted signals.

The biggest advantage that MIMO has over other types of communication schemes
(SISO, SIMO, MISO) is the fact that MIMO takes advantage of multipath fading within
the communications link. Fading, in its simplest definition, is any mechanism that
distorts the transmission of electromagnetic energy (i.e. scatterers, diffractions). This is
contrary to previously held beliefs about communications environments, since these types
of obstacles degrade performance by reducing received power (thereby decreasing SNR)
by introducing noise in the form of destructive interference and otherwise making life

miserable for those stuck in the SISO days.

MIMO is not restricted to any physical form of communications link, and the concepts
work just as well for wired approaches (Parallel wired communications, IDE cables) and
wireless approaches using multiple transmit and receive antennas. Wired MIMO yield
incredible advantages over the wireless approach (for reasons that will be explained later)

but has the obvious crippling disadvantage of needing copper.
Consider a single transmit and receive antenna, built for SISO operation in Freespace.

If one were to gauge the performance of the system in a noisy environment, one could

characterize the signal-to-noise ratio by estimating the noise level at the receiver, and the

12




total received power via the Friis transmission formula. By introducing large scattering
objects and other various fading affects, we can critically reduce the received power at

the receiver such that the SNR is no longer acceptable.

Now consider introducing a second Tx and Rx antenna, thus making a 2 x 2 MIMO
system. Place this system in a freespace environment, and depending on the spacing of
the Tx and Rx pairs, one might increase the received power at the Rx terminals, but one
might also destructively interfere with the signals from the antenna terminals and cause a

reduction in received signal level, potentially dropping SNR.

Finally, introduce the scattering environment. With sufficient amounts of fading
(uncorrelated fading to be precise) the signals transmitted can oft be recovered efficiently
at the receiving end, provided information about the fading (i.e. the channel) is known. It
is as though by experiencing unique paths of fading the transmitted information can be
efficiently retrieved. Perhaps one might consider this phenomenon as though each
transmitted signal has taken its own unique path (or set of paths) to the receiver,
independent of others. This is the advantage of MIMO in a scattering rich environment:
the greater the scattering, the greater likelihood the transmitted signals will fade

independently of each other and a higher capacity results.

13




2.2.2 — The MIMO Channel

An important concept to understand in the theory of MIMO communications from the

signal’s perspective is the channel matrix. The basic MIMO architecture is as follows:

. < 1 1 D
TRANSMIT‘T‘ER ’ rrrrrrrrrr < 2 2 D. RECEIVER
M-ANTENNAS s X N-ANTENNAS

Figure 1 —- MIMO Channel Block Diagram

The transmitter has M antennas, and thus is attributed to M signals:

i = [Sl S2 s3 e SM ]T (22"1 )

The channel matrix H describes the environment, including scattering, diffraction,
obstruction, and so forth. Each combination of Tx (m) and Rx (n) have their own transfer
function hy,,, much like the transfer function for a SISO systemn. Together, these

functions form the channel matrix:

hll I”lz T th
[2]= 0 0 (2.2-2)
th th hNM

The receive antennas receive signals X, and is formed into a column vector as such:
T
X= [x, X, oo xN] (2.2-3)
We can also define the channel noise n in a similar manner:
T
n= [nl n, n; - nN] (2.2-4)
The receive vector can be written in terms of the channel matrix, the transmitted

signals and the noise:

x=[H] s+n (2.2-5)




One can state that the channel matrix forms a collection of the complex transfer
functions between every possible Tx-Rx antenna pair. For example:

- hll represents the transfer function between transmitter #1 and receiver #1

- hl2 represents the transfer function between transmitter #1 and receiver #2

- The quantity h11 is not a type of self-transfer function. It is not akin to the

scattering parameter Sy;!

It should be noted that the most important concept to take away from this introduction
that the channel matrix is defined by the combined effect of the environment, transmitter
and receiver antennas. Thus, all electromagnetic effects such as near-field coupling are

present and accounted for in the channel matrix [H].

By analyzing MIMO systems, Foschini and Teletar [1] made ground breaking research
in this fledgling area of communication systems. They showed that with the knowledge
of the channel matrix, one can quickly determine the maximum capacity of said
communications link in the presence of some defined noise level p . Foschini and Teletar
showed that channel capacity is defined by the following formula:

C =log, det[[+£~HH+) (2.2-6)
VlT

where I is the identity matrix, 7, is the number of transmitting antennas and C is the

capacity, a measure of spectral efficiency [bits/s /Hz], H is the channel matrix and the
symbol + is the conjugate transpose. These results are valid for the ideal scenario where
the channel matrix is known, and is in an agreeable form for purposes such as inversion

or eigenanalysis.
In this thesis we are interested in the antenna design requirements for MIMO antennas.

The antenna designer must remain attentive to a multitude of details from the -

electromagnetics perspective, all of which will be discussed in the proceeding sections.
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2.2.3 — Power Angular Spectrum

One classifies environments based on the nature of their scattering and the angular
spread of the incident electromagnetic energy. The causes of this scattering can be

attributed to buildings, terrain and vegetation. This “spread” of incident electromagnetic

energy can be described, in general, as a function of azimuth (¢) and zenith (0) angular

components:

Power Angular Spectrum = P (6,4)

The most general power angular spectrum (PAS) one can consider is the perfectly
scattering environment, described by an equally likely incidence of power from all angles
over the entire sphere. This model is often used to determine potential MIMO
performance of a set of antennas, as though they were in a perfect scattering environment

[2]. In this case, the PAS function would be a constant:

P(8,9) = constant

A more reasonable, but still general PAS is described by the MCS, or Mobile
Communication Scenario. As described by Vaughan [2], MCS is defined in terms of

transverse spherical coordinates as:

P(9,¢)=c0nstant for 60° <6<90° and 0° < ¢ <360°

It is then assumed that incident power is equally likely from within this region, and
zero everywhere outside of it. This is of course a simplification, but serves as refinement
to the full angular spread approach (perfect scattering environment) and an excellent

basis for designing more realistic MIMO antenna systems.

In practice, one finds that different types of environments have different PAS

functions. Typically, one considers the rural, urban and indoor models when discussing
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mobile communications of the mobile variety. As such, extensive experimental
measurements have shown certain mathematical functions describe the PAS of urban and

rural environments quite well.

For both rural, urban and indoor environments, the most common functions quoted to
best represent the incident power distribution are Gaussian [3], Laplacian [4] and Double

Exponential [5]. All three are functionally similar and we shall discuss them below:

The Gaussian, Laplacian and Double Exponential distributions are described as follows:

P(0,4)="P(0) = Aexp(-(0-6,) o, (2.2-7a)
P(6,4)=P(0)=Aexp(-|0-6,|/c,) (2.2-7b)
Aexp(—l@—@o /0'9]) 0<6

(2.2-7¢)

P(9,¢)=P(9)={

Aexp(—l@—@ol/%z) >0,

where:

- @is the azimuth angle and &, the main elevation angle (i.e. the angle where

maximum power is incident)

- 0o, controls the spread of the function.

- A is the normalizing factor.

Notice that the PAS functions described are independent of the azimuth angle ¢ and

are therefore only dependent on the elevationd. We consider plots of these PAS

distributions, for arbitrarily chosen values of 8, and &, in Figure 2.
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Figure 2 — Various PAS Distributions

Notice the Gaussian and Laplacian distributions are symmetric aroundd=6,. In

practice, this symmetry does not exist since the environment will yield far greater
incident power from elevation angles above rather than below ground. A more suitable
PAS is the double exponential found in [5] and shown in Figure 2. Based on experimental

results, the authors determined the scaling factors o, and o,, that best represent
tural/urban environments and foundo,, to be approximately 1.5 times the magnitude of
o, This implies far greater incident power density for less than 90 degree

elevation () , which matches well with Vaughan’s [2] defined MCS region.

We conclude the discussion on PAS distributions by comparing the double
" exponential to the MCS region in Figure 3. We do see good overlap between the double
exponential and the MCS region, implying the MCS region is an excellent approximation

to the incident power distribution one sees in practice.
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Figure 3 — Comparison of MCS to Urban Macrocell Double Exponential PAS

2.2.4 — Envelope Correlation

The term “correlation” can be considered as a measure of similarity between two
quantities. In the strict mathematical sense, correlation is a measure of the strength and
direction of a linear relationship between two random variables, random signals and so
forth [6]. A similar concept arises in MIMO antenna design called envelope correlation

[7]. Ttis a weighted measure of similarity between two antenna far-field patterns.

Envelope correlation is a measure of pattern similarity. The lower the
envelope correlation between antenna patterns, the less chance the

incoming signals will be correlated and the higher the channel capacity.

Most importantly, it connects the concepts of power angular spectrum (PAS) with the
antenna’s patterns and measures the suitability of the antenna patterns for MIMO

operation for a chosen PAS.
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Envelope correlation is by far the most important antenna related quantity for MIMO
antenna design, and will therefore become one of the main focuses of our attention
throughout the thesis. The envelope correlation between any two far-field patterns

relative to a chosen weighting function is expressed as follows:

[P (0.0)[F.(0.9) F; (6.9) a2

j)= : : (2.2-8)
[[P(6.9)|E, (6.9) a[[P(6.9)|F; (6.9)| d2

penv (l’

where:

- F, (9,¢) and I (6?, ¢) are the far-field patterns of the ' and m™ antennas.
- B(@, ¢) is the power angular spectrum or PAS

- The envelope correlation is bound between: 0< p,, (i, j) <

= P (i, j)=1 implies fully correlated beams, i.e. the same far-field pattern.

= P (i-j) =0 implies uncorrelated patterns, i.e. orthogonal relative to S(6,¢)

Various sources in the literature quote maximum acceptable values for the envelope
correlation, ranging from 0.5 to 0.7 [2]. We shall err on the side of caution and consider

the threshold of p, =0.5to be the limit in which MIMO antennas can perform

effectively. As mentioned in section 2.2.3, a PAS of P(9,¢) = constant is often used as a

best-case-scenario measure of MIMO capabilities. Setting the PAS to a constant in

Equation 2.2-8 allows us to write:

[[[£.@9)E (0.4 e
e @of]lE e

Pos (1. J) (2.2-9)

The interpretation of the envelope correlation is always the same, regardless of the

chosen PAS distribution.
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For lossless antennas, we can alternatively compute the full-sphere envelope
correlation using the S-parameters of the N-antenna system. This formula is derived in

[7] and is shown below:

2

N
Z] SitnSn,_j

k=i,j

P (8, J) = (2.2-10)

This relationship is derived from energy conservation relationships between the S-
parameters and far-fields, and hence does not apply when the antenna system is lossy.
The above expression allows designers to quickly measure the envelope correlation

without having to resort to the laborious task of measuring far-field patterns.

2.2.5 — Mean Effective Gain

The second key parameter for MIMO antenna design is the mean effective gain or

MEG. It is defined in the literature [3], with a simplified definition as follows:

MEG is the ratio of the total received power by an AUT to the total received
power of another reference antenna in the same environment. Typically, the

reference antenna is chosen to be a circularly polarized isotropic antenna.

The general expression for MEG is as follows:

MEG = P.. by Antenna d"<[P1p0]GB +[Pzp¢]G¢)dQ 2.2-11

P . by Isotropic CP Antenna - j([ﬁp9]+[132p¢:|)d§2
Q . .

where p, and p, are the normalized distributions of incident power in both the theta and

phi polarizations and P; and P, are constants that are simply weights that increase or

decrease the total incident power. G, and G, are the gain patterns for the theta and phi
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polarizations. Note that integration is over the entire sphere. Additionally, one can
define XPR, which is a measure of how strong the theta polarization is relative to the phi

polarization, and is simply equal to: XPR =P,/P;.

Ultimately, we wish to have MEG as high as possible since this would maximize the
received power from the region of interest and thus potentially boost SNR. Additionally,
we want the ratios of MEG between antennas to be approximately equal in order to have
a balanced set of MIMO antennas. If we wish to measure MEG in an environment that
has equal likelihood incidence from all angles over the entire sphere, we find

Po=Dy= 1/47 and setting Py = P, = P, we find P, cancels leaving us with MEG = 0.5,
independent of the antenna gain pattern since the integral L(Gg +G¢)dQ =47 for any

practically realizable antenna. If the antenna were lossy, we would simply find that MEG
is equal to enq¢/2. Changing the incident power distribution to an azimuth and elevation
dependent function makes the antenna gain pattern critical in determining the value for
MEG, and hence greater attention is needed when designing for constrained regions of

incident power such as the MCS region.

2.2.6 — MIMO Antenna Design Basics

It is evident from Equation 2.2-8 that a set of antennas whose far-field patterns are

mutually orthogonal relative to the weighting function P(6,4) are ideal for MIMO

purposes. For the case of equal angular spread (P (6,¢) = constant ) the far-field patterns

must be orthogonal relative to the entire far-field sphere. The same holds true for the
MCS region, as well as the previous defined distributions (e.g. double exponential). It is
not immediately evident how one would go about designing MIMO antennas, aside from
perhaps optimization schemes that could be used to minimize the numerator of Equations
2.2-8 or 2.2-10. However, we wish to develop a fundamental understanding of MIMO

antenna design, something an optimizer inevitably obscures.
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For the cage of full angular spread, we see from 2.2-10 that envelope correlation is
zero when the numerator is zero. That is to say when the S-parameters of the system

satisfy the following condition:

=0 (2.2-12)

In general, a multitude of different combinations of S-parameters can yield an

envelope correlation equal to zero. Of greatest interest is when S-parameters cross terms

of the form S, for i j (mutual coupling) are all equal to zero. For a system without

mutual coupling, the antennas have zero envelope correlation. Therefore, for a lossless
system with no mutual coupling, antenna patterns are orthogonal over the far-field
sphere, and are therefore ideal for MIMO operation in an all angular spread scattering
environment. Alternatively, if we consider different PAS environments, namely the MCS
region or the double exponential distribution, we must abandon the S-parameter method
and use the far-field integration scheme instead. One of the purposes of this thesis is to
investigate methods one can use to design MIMO antennas for these arbitrary

distributions since no structured methodology exists in the literature to do so.

2.2.7 — Summary of MIMO Theory

We have discussed the various concepts of MIMO wireless communications, and
noted two critically important performance metrics for the antenna designer. Firstly, we
considered envelope correlation, a measure of similarity between the different antenna
patterns. This correlation is defined relative to particular regions of the far-field sphere
such as the entire sphere or constrained regions and distributions. If envelope correlation
is low, then channel capacity is maximized. Furthermore, we wish to have as much of
the pattern point into the region of desired orthogonality, with the quantity MEG (mean
effective gain) as a suitable measure of this property. We therefore want the mean
effective gain as high as possible for maximum MIMO capacity. How we optimally

design MIMO antennas for these particular parameters is the primary goal of this thesis.
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2.3 — Theory of Characteristic Modes

2.3.1 — Introduction

The theory of characteristic modes is an invaluable tool for antenna analysis, from
both the scattering and excitation perspective. The theoretical analysis determines an
infinite set of modal currents with corresponding modal fields for any antenna structure.
These currents are independent of excitation and form a basis of surface currents for the
domain represented by the analyzed surface. Any conceivable surface current that can
exist on the surface can be expanded using the basis formed by the modal currents. These
modes have many desirable properties. Firstly, the modal fields ate orthogonal over the
sphere at infinity. Secondly, the modal surface currents share a weighted orthogonality.
These properties give rise to many different applications, including antenna design, far-
field pattern synthesis and feed placement. With such tantalizing properties such as
orthogonality, there are likely many more electromagnetics related areas in which

characteristic modes can be applied.

The theory of characteristic modes was first developed by Garbacz and Turpin [9],
[10]. Their discoveries led to a fundamental, although impractical, theory for generalized
scatterers. While critical in understanding the historical development of CM theory, the
theory proposed by Garbacz will not be discussed as it detracts from the main topics of
this thesis. The current working model for the theory of characteristic modes was
proposed by Harrington and Mautz [11]. What gave Harrington’s approach such an edge
was a clear and concise derivation from straightforward electromagnetics principles with
an accompanying method [12] with which one could use existing electromagnetics
simulation tools to compute the characteristic modes. Using a moment method
formulation and the discretized impedance matrix, one can determine the characteristic
modes of any perfectly conducting structure. The properties of characteristic modes are
what make this type of modal analysis so useful. Due to their orthogonality properties,
and the fact that they form a basis that spans all possible radiation modes of the analyzed

structure, characteristic modes gives fundamental insight into how antennas radiate.
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2.3.2 — The Impedance Operator

Consider an arbitrary conducting surface S , situated within an impressed field E' as

shown in Figure 4.

X

Figure 4 — Arbitrary Conducting Surface in an Impressed Field

On the surface of the conductor, the total tangential electric field must be zero. As
such, the impressed electric field E'must generate surface currents that force this

boundary condition to hold. We define the surface current generated in this way using

the operator relationship:

[L)-E'], =0 (2.3-1)

The operator L acts on the surface current J and produces a tangential electric field on
the surface S that exactly cancels the contribution of the tangential impressed field. The

operator L is defined in the following manner:

L(J) = jod(J)+VO(J) (2.3-2)

1_4(._]_) is the magnetic vector potential, defined by:

4(J)= ﬂ<ﬁJ W (r.7") 2.3-3)
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CD(.[) is the electric scalar potential , defined by:

@(J) =j;¢fV'~J(r')w(r,r')ds' (2.3-4)

We consider r and r’ to be field and source points, with £, x, and k as the permittivity,
permeability and wave number of free space. Furthermore, we consider t//(r,r') being

the Green’s function of Freespace, defined as:

N (2.3-5)
wrr)= drlr—r

The operator in Equation 2.3-2 transforms a current density into an electric field
quantity, and hence has dimension of impedance. As such, we introduce notation for the

tangential operator L:
Z(J)=[L(J)] (2.3-6)
We can write the impedance operator in their real and imaginary parts:
Z=R+jX (2.3-7)
Both R and X are real operators, and are also symmetric due to the symmetry of Z.

Consider the inner product over complex space, defined as the surface integral:

(4.8)= [[4 - Bds (23-8)
§

Consider the complex power balance of a given impressed surface current J on S.

(L. 2)=(L(R+jX)J)=(L . RI)+ j{L . XJ) (2.3-9)

The term <[*,R.[ > represents the radiated power associated with the total surface

current J on S. This quantity cannot be negative as radiated power must be positive, and
is always greater than zero for open structures (since every current radiates some
measurable amount of power, however small). These conditions give rise to a positive
semi-definite operator R. No further properties than real symmetry exist for the operator

X, as reactance can take any value: positive, negative and zero.
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2.3.3 — Generalized Eigenvalue Problem

Suppose we now consider our operator Z in the following generalized eigenvalue

problem:

[2][7.)=v.[M][7,] (2.3-10)

where Z is our impedance operator, J, are the eigenvectors, v, are the eigenvalues and M

is a suitably chosen weighting operator. If M were the identity operator, we would solve

the following eigenvalue problem:
[Z21[7.)=v.[7.] @2.3-11)

The eigenvalues and eigenvectors would in general be complex, and since [Z] is
symmetric, the appropriate orthogonality properties on the surface S defined by [Z] hold.
Alternatively, let us consider the operator R as our weighting function. Our eigenvalue

problem becomes:

[z][7.]=v.[R][.] (2.3-12)

Expanding the operator Z and making the substitution v, =1+ j4

[R+jx][7,]=Q+j4)[R][V.] (2.3-13a)
[RIL. ]+ 7 [x][7, 1= [R][7.]+ A [R][J,] (2.3-13b)

Canceling like terms, we arrive at the weighted eigenvalue problem:
[X])[7,)=2.[R][.] (2.3-13c)

Since X and R are real symmetric operators, the resultant eigenvalues and
eigenvectors will be purely real. We therefore consider the eigenvectors [J,,]to be the

modal currents or eigencurrents for the perfectly conducting surface S defined by the

operator Z. The significance of the eigenvalues will be discussed shortly.

27



2.3.4 — Characteristic Modal Currents and Normalization

Since the operators R and X are real symmetric and hence Hermitian, we recognize the

following orthogonality properties of the eigencurrents with respect to the symmetric and

inner products:
(JsRT,)=(,, R, ) =0 (2.3-14a)
(J,,X7,)=(J;,XJ,)=0 (2.3-14b)
(J,,27,)=(J,,21,)=0 (2.3-14c)

where m #n. Since eigenanalysis yields eigencurrents of indeterminant magnitude we
wish to normalize the eigencurrents such that each modal surface current radiates 1 Watt.

In order to accomplish this, we compute the scaling factor:

n?

scale, =/(J,,RJ,) (2.3-15)

which we divide into each corresponding current. This enforces the following equality:
Pmd’n - <J:’mrm, R]:()Wl) — <J’trm—m)rm /Scalen , RJ;M—”U”” /SCa/en> — 1 (23_] 6)

If the characteristic mode currents are normalized, we can generalize the orthogonality

relationships via:

(J,.R],)=(J.R],}=35, (2.3-17a)
(1, X7, V= (T, XT,} = 4,8, (2.3-17b)
(1,,21,)=(T,,2],) = (1+ jA,)8,, (2.3-17¢)

where ¢, is the Kronecker delta (0 if m#n, 1 if m=n). All subsequent derivations

within this thesis assume normalized current.
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2.3.5 — Characteristic Fields

We can derive the orthogonality properties of the modal fields using the complex
Poynting theorem [13]. If we consider the far-field of the surface, the complex power for

any modal surface current J on S is expressed as:
P=<J*,Z]>=<J*,RJ>+j<J*,XJ>

= [[ExH"-as+ jo [[[(uH B -£E E")av
N e

(2.3-18)

where S” is the sphere at infinity enclosing S and V™ is the volume enclosed by S™. For
our purposes, the far-field of the surface S approximates the sphere at infinity. When
considering the modal currents, we derive a similar expression:

P =(J*

= [|E,xH,-dS+ jo[[[(«H, H,-£E,-E,)dV" (2.3-19)
S v

= (1+j4,)6

mi

RJ )+ (/. XJ,)

which implies the following individual relationships hold:

Radiated Power Net Stored Energy

”Em xH' -dS=0 '[V”( uH,-H,~¢E,-E)dV'= %5 (2.3-20a,b)

mn
S’

If we consider extending our surface of integration to the sphere at infinity, our fields

take the form of purely outward traveling waves, with the form:
E, =nH, xi="22 e E (9,9) @2.3-21)
Axr
We have introduced#, the intrinsic impedance of Freespace, r is the radial distance
from the origin, #is the unit normal to the sphere at infinity and F,(6,4)is the
characteristic pattern or eigenpattern corresponding to the eigencurrents/ . Adding

Equation 2.3-19 to its conjugate with m and n interchanged gives us:
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Cﬁ E -E.dS=§ (2.3-22)

mn
n S0

Similar, replacing E, with 7H_ xn we find:

n ([, H;-dS =5, (2.3-23)
S

|

Both Equations 2.3-22 and 2.3-23 show that the eigenfields are orthogonal over the
sphere at infinity.

2.3.6 — Modal Excitation

Given some arbitrary excitation, it is possible to determine to what extent each of the
characteristic modes is excited. The excitation can come in the form of feeds or incident

electromagnetic waves.,

Any arbitrary excitation will yield a surface current over S. Since the modal currents

are orthogonal over the surface S, we can expand the currents as follows:

J=>a,l, (2.3-24)
n=0
Recall the operator equation:
[z(2)-E'] =0 (2.3-25)

Substituting in the summation expression for J and taking the inner product of the above

expression with respect to J, we find:’

[Za (J,.27) (JmE)] =0 (2.3-26)

n=0 tan
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By the orthogonality properties of the modal currents, we end with:
(1_'_]/1) < | m> (2.3-27)

where we define the modal excitation coefficient as:

vi={f J, E.dS=(J,.E,) (2.3-28)

tan

And the modal expansion coefficient as:

(o Ew) W (2.3-29)

"

1 a) T (1 A)

This allows us to express any arbitrary surface current and their respective field as

expansions of the modal currents and fields:

Z i (1 A (2.3-30a)

n=0 +.]]’ )

o0

Z 2 (2.3-30b)

n=0 n=0 1+‘]/1

H= ZaH Z(HM) (2.3-30c)
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2.3.7 — Interpretation of Modal Properties

It is key to understand the properties of the modes and what makes their existence
meaningful for antenna design. Recall that the eigenvalue for the generalized eigenvalue
problem can be expressed as:

oW,
A== (2.3-31)

rad .n

where W is the net stored energy by the specified mode ‘n’. This explicitly shows the

n,net

following properties:

- If 4, > 0, the mode can be considered to be an inductive mode since it

predominantly stores magnetic energy.

- If A, < 0, the mode can be considered to be a capacitive mode since it

predominantly stores electrical energy.

- If A =0, the mode has no net stored energy and is called externally resonant

- If 4, = o, the mode has no radiated power and is called infernally resonant

If we are specifically trying to excite individual modes, we would like to excite modes

with 1 ~ Osince these modes will have the lowest possible contribution to net stored

energy and thus input reactance. Let us now consider the general excitation of a surface
S. This will result in the excitation of multiple modes, each of which contributes to the

overall net stored energy of the arbitrary PEC surface:

oW, = <J*,XJ> = <i a:Jn,Xi aan> = ia;an (J,,XJ,)= Zw: |oz”|Z A, (23-32)
“n=0 :

n=0 n=0 n=0

Giving us the expressions for the total net stored energy:

2 (2.3-33)

a)Wnel = Z /In an
n=0
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And the individual contribution of each mode to the net stored energy:

2

oW =]

(04

netn n{“n (23-34)
We can also expand the radiated power in a similar manner:
P"’d = (J*’ R]> = <Z a;Jn’ RZ an‘]"> - Za;an (Jn’ R‘]n> = Z a, ’ (23"35)
n=0 n=0 n=0 \—_1/1""—J n=0
Giving us the expressions for the total radiated power:
= 2
Ijmd,l()tal = Z an (2.3'36)
n=0
And the individual contribution of each mode:
P =l (2.3-37)

rad.n

The aforementioned expression allows us to determine the amount of power radiated
by mode ‘n’. Using these expressions one can determine to what extent a mode is being
excited as well as how detrimental the excitation is for stored energy and hence input

reactance.

If we wish to excite individual modes, we can compute a quantity that will be defined
as the mode excitation efficiency, ’e’. It is simply a measure of how efficient we direct

the power into specific modes of the radiating structure:

2

rad,m

P @
rad total Z

n=0

o= _ o, (2.3-38)
a 2

n

The expression 2.3-38 represents the percentagé of power that is radiated by mode m.
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We can also expand this expression to include multiple modes versus total power:

P la |2+|a |2+ +|a ‘2
rad,m,p.,.q m P q
= = - 2.3-39
Pmd,lotal Z a 2 ( )
n=0

This will be helpful if we wish to excite a set of modes, possibly when using multi-

mode excitation to balance to net stored energy to be near zero.

We can also state something about the significance of the modes based on the
cigenvalue. Recall that surface current (and ficlds) can be expanded in terms of modal

quantities as:

7=y Ll (2.3-40)
= (1+j4,)
1 . . e .
The factor ———— plays an integral role in “weighting” each mode appropriately.

(1+j4,)
Note that for very large A ecigenvalues the factor becomes very small and hence makes

the mode ‘n’ both insignificant and difficult to excite. Conversely, if the eigenvalue 4, is

very small, the expression above approaches 1, and is therefore a very significant mode in
terms of expanding the currents and fields for any given excitation. It is for this reason
that only a small number of modes are required to fully describe the radiation properties
of any given near-resonant or resonant radiator. We will see however that this approach
to determining modal significance is incomplete, and other factors, namely the magnitude

of the normalized currents are important as well.
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2.3.8 — Characteristic Modes of Lossy Conductors

The classical characteristic modes, as defined by Garbacz, Harrington and Mautz,
assume a perfectly conducting surface. One can also define a surface that has finite
conductivity and then consider defining a new set of modal currents for the lossy surface.
Harrington briefly considers resistive loading on conducting surfaces, but continues with
the assumption of purely reactive loading [14]. We shall colloquially call these modes
Lossy Characteristic Modes (LCM).

The nature of the modes, from the surface and far-field perspective, will change due to
the introduction of losses. We shall consider introducing finite conductivity into the
impedance matrix using the methods devised by Johnson [15]. Let the impedance matrix
be known as [Z] and the loading matrix responsible for finite conductivity as [Z;]. Our

eigenvalue problem becomes:

[z+2,][7,]=v,[M][/.] (2.3-41)

We recognize the familiar eigenvalue form from the previous derivation, noting the
additional Z; term. We must first define the operator [Z;] which is responsible for the
lossiness of the surfaces in question. As defined in [16], the entries of the discrete [Z]

operator are defined by:

[Z, ) ={f0n 2. 1) (2.3-42)

where f, and f,, are the moment method expansion functions and Z_ is the surface

m

impedance defined as Z, = (1 + j)you, /20 , where & is the conductivity.

The choice of operator [M] plays an integral role in the nature of the modal currents.
For our purposes, strictly MIMO applications, we wish to maintain far-field orthogonality
of the modal fields. It can be shown that the operator [R] is the ideal weighting function

for this goal, since it is the only operator in which far-field orthogonality is obtained.
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Substituting [M] = [R] andv, =1+ jA:

[Z+2,][7.]=(1+4)[R][.] (2.3-43)

Expanding out the [Z] operator:
[RIL ]+ (X, 1+ (2,17 D= RV, + A LRI (2.3-44)

Canceling like terms:

([x1-JlzDI7]= 4 [R][7,] (2.3-45)

The left hand matrix([X]—j[ZL]) is complex symmetric, but not Hermitian. Since

both sides of the eigenvalue problem are symmetric, the eigencurrents have the same
symmetric product orthogonality as the classical modes, but not necessarily inner product
orthogonality. Ultimately, the ‘lossy modes’ determined by the eigenvalue problem in
Equation 2.3-45 have far-field patterns that are orthogonal over the entire sphere [14].
Using this methodology, we can include lossy structures in our analysis for the design of
MIMO antennas. It would also seem that this is the first time in the literature that lossy
characteristic modes have been calculated and considered for design purposes. The
eigenvalues now have a real and imaginary part, as evident by taking the inner product of

the eigenvalue problem with respect to the m™ modal surface current:

[LAXI[ )= 5170120171 = AL RIV.] (2.3-46)

which can be interpreted as:

[,reac - j‘Poss = ﬂ’ri})md (2'3-47)

. ] — emd

We can therefore consider the eigenvalue equal to: A =1 — where 4,
e

rad

maintains the same meaning as it did in the PEC case, only we now have an additional

term related to radiation efficiency. Note that due to the lack of Hermitian symmetry in
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the eigenvalue problem, the characteristic modes are not orthogonal relative to the power
lost to finite conductivity - the orthogonality only holds for the radiated power. Hence,
we can always expand the far-field radiation patterns in terms of these characteristic
modes but there is cross-coupling amongst the modes in terms of loss. Thus, the
radiation efficiency factor can be thought of as a form of modal radiation efficiency — but

not a general method to expand antenna losses.

2.3.9 — Generalized Characteristic Modes

The classical characteristic modes of the perfectly conducting variety, maintain
orthogonality of far-field patterns over the entire sphere. While this is a useful property
of the modes, it would be prudent to consider modes that are orthogonal over particular

regions of the sphere, or weighted orthogonality relative to some defined function.

As defined by Vaughan [2] and discussed in section 2.2, there is a region of the far-
field that is of particular interest to mobile communications known as the Mobile
Communications Scenario or MCS. In terms of the angular spherical coordinates, it is

defined as the region bounded by:

60" <0 <90” and 0° < ¢ <360°

It is a logically defined region of the far-field, as incident electromagnetic power is

typically confined to this region, with very little power incident directly above or below

the handheld.

An alternative modal theory, similar to characteristic modes, was devised by Inagaki
[17] and further invesﬁgated by Pozar [18] and Liu [19]. Their work defined a new
operator, when used in eigenvalue problems, assured orthogonality over particular

regions of the far-field rather than over the entire sphere. Furthermore, the theory is
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general enough to have the orthogonality relative to a function that isn’t necessarily

constant over a region. This operator is defined as:
[H,1=(W(60.)F,(6.4).W (0. 4)F  (6.9)) (2.3-48)

where W(9,¢)is a weighting function defined over the far-field, with Fl(9,¢) and

F, (49, ¢) as the i™ and jth moment method expansion functions far-field patterns. When

this operator [H] is used in an appropriately defined eigenvalue problem, one finds the

modal far-field are orthogonal with respect to the region or function defined by W (8, 4).

Two eigenvalue problems are defined, first the Inagaki Modes:

[Z°1Z11/,1= A,[H]LJ, ] (2.3-49)
Secondly, we consider the Generalized Characteristic Modes (Liu):
(X1[J,1= 4,[H]J,] (2.3-50)

Both methods yield modal surface currents that radiate far-fields that are orthogonal

over the region defined by W(H, ¢). However, one finds greater utility with the
generalized modes since the eigenvalues have clear physical meaning, that being the ratio
of reactive power to the radiated power into the region W. As an example, if we were to
choose the weighting function to reflect the MCS, we would have:

1 607 £6<90”,0" <¢$<360" -
W(H’¢)={O else &0

The PEC surface would then have a defined set of surface currents whose far-field
patterns would be orthogonal over the MCS. As discussed in section 2.2.4, far-field
patterns that are orthogonal have zero envelope correlation. In Chapter 6 we will show a
derivation that includes polarization sensitivity, and a direct application to MIMO
antenna design for arbitrary PAS distributions yielding zero envelope correlation

antennas.
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2.3.10 — Characteristic Port Modes

As a final consideration, we will discuss Characteristic Port Modes (CPM), devised by
Mautz [20]. All previously defined modal theories compute surface currents that yield
orthogonal far-field patterns without defining a feeding location. When considering
CPMs, one finds port currents or voltages that yield far-field patterns sharing the same
orthogonality properties as the entire surface modes. We begin by considering a generic

PEC surface, with N ports defined as shown in Figure 5.

z

X

Figure 5 — Arbitrary Conducting Surface with Pre-defined Ports

Computing the Y or Z-parameters of the N-ports (self and mutual admittance and
impedance terms) we can perform eigenanalysis on the resulting matrices. For the
particular case, we consider the CPM voltages and compute the eigenvectors and

eigenvalues in a very similar, but far more compact eigenvalue problem:

[B][7.]=m.[G][7.] (2.3-52)

where G and B are the real and imaginary parts of the Y-parameter admittance matrix.

The eigenvectors [Vn] are excitation vectors of length N (where N is the number of ports)

and represent the necessary excitations in order to excite a specific CPM. The eigenvalue

4, will not be used in the design process, and will not be discussed further.
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The orthogonality properties of the CPM far-field patterns are the same as those found
in the regular operator based CM theory:

77 Sen

where E, and E, are the far-field patterns associated with the excitation of the N ports

using eigen-voltage vectors V_and V.

The limitation to using CPM theory is the lack of forming a basis of far-field patterns
over the far-field sphere, as we are clearly limited by the N-Ports. However, in
applications not interested in forming a basis, namely those that are strictly concerned

with orthogonality, CPM finds many uses.

As a final note of interest, the computation of CPM’s is numerical method
independent: all that is required is the Z / Y parameters which can be obtained from
whatever resources are available. This is in contrast with the other modal formulations
(CM and GCM), which as of writing this thesis, require a moment method formulation.
One can use a moment method formulation to compute the CPM’s. In this case, as the
number of ports N approaches the number of moment method expansion functions M, the

CPM’s converge to be equivalent to the classical CM’s.
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2.3.11 — Summary of Characteristic Mode Theory

We have introduced various modal theories, all of which have the critical property of
far-field orthogonality. All formulations can be cast into a moment method formulation,

which will prove useful when analyzing and designing antennas with the modal theory.

In sections 2.3.1 through 2.3.7 we discussed the Characteristic Modes (or CM for
short). Upon analyzing any arbitrary surface, the computed modes had far-field pattern
orthogonality and the ability to expand any surface current on said structure using the
modal currents. The modes are computed by solving a generalized eigenvalue problem.
The eigenvalues form a useful diagnostic quantity that judges modes suitability for
radiation purposes. Moreover, we discussed how one can compute the power radiated
and net energy stored associated with each mode in the CM spectrum. This allows us to

judge how well we distribute power among the modes given an arbitrary excitation.

Continuing with section 2.3.8 we discussed an alternative modal formulation similar to
characteristic modes (CM) that included the effects of finite conductivity known
colloquially as Lossy Characteristic Modes (LCM). We showed that the eigenvalues for
this modal formulation now contain an imaginary part, which represents a quantity

proportional to the modal radiation efficiency.

In section 2.3.9, we discussed another modal formulation known as Generalized
Characteristic Modes (GCM) where we can arbitrarily define a weighted region of

orthogonality rather than defining the entire far-field sphere.
Concluding in section 2.3.10, we considered the Characteristic Port Modes (CPM)

which shares the same far-field orthogonality as the CMs, only we define the currents at a

set of finite ports rather than over the entire surface.

We shall use these modal theories and their orthogonality properties in the design of

MIMO antennas, with the design methodologies discussed in chapters 5, 6 and 7.
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2.4 — Method of Moments

2.4.1 — Brief Overview of the Method of Moments

The method of moments is an invaluable numerical method used predominantly for
antenna design and analysis [21]. The moment method solves an integral equation by
discretizing the domain in which the solvable is defined. As is often the case, the
unknown quantity in the method of moments is surface and/or volume currents. These
currents can be the result of some chosen method of excitation, be it with a source

defined somewhere on the surface or an incident field scattered by the object.

We can begin by defining a typical integral equation, as shown in [22]:

J-f(x')G(x,x')dx' =g(x) where a<x<b (2.4-1)

- f(x') is the unknown function we wish to determine, and typically takes the
form of a surface and/or volume current (but in the 1D case, it is a line current)

- G(x,x) is known as the kernel of the integral equation. In electromagnetics, this
function is almost always a Green’s function that has a hand in describing the
domain in which £ (x') is defined.

- g(x) is known as a source function or driving function. It is considered the

driving force behind the unknown function f (x’)

In order to solve for the unknown f(x'), we expand the function in terms of a set of

. orthogonal expansion functions. This methodology is akin to Fourier expansion, and

other types of orthogonal expansions.

f(x)= ia,,fn (x) (2.4-2)

n=1
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Since we are using finite resources we must discretize the domain and hence use a

finite number of expansion functions N to model the unknown f (x') .

()= a,f,(x) (2.4-3)

This is where the approximation occurs when solving for f(x’) as it is a

mathematical equivalence when using an infinite set, and an approximation (albeit a very

good one!) when using a finite number of expansion function.

Our integral equation after substitution of the approximated unknown then becomes:

[](i“f (x')jG(x, x')dx' ~ g (x) (2.4-8)

Integral operators are linear, and hence we can write:

N h
>a, [£,(x)G(x.x)dx' ~ g (x) (2.4-5)

n=1

We note that currently our only unknown is the coefficienta, , so we are clearly on the

right track to developing a numerical method to solve the integral equation.

Examining the above integral equation, we note that we have effectively discretized
the kernel over x' by expanding the unknown using the expansion functions f, (x'), but
we still have the x portion of the kernel and the continuous function g(x) that have yet

to be discretized. @ We therefore define another set of orthogonal weighting

functions g, (x) in which to expand g(x). We choose these weighting functions to be the

same as the expansion functions, yielding what is known as a Galerkin method. This is a
very important concept for characteristic mode analysis, as a Galerkin method will

produce a symmetric impedance matrix [Z], as required by CM theory [12].

43




We therefore set our weighting functions to be the same as the expansion functions,
multiply and integrate both sides of the integral equation, noting the new set of indices.

i“n bﬁf (x)G (x.x") £,, (x) dx'dx ~ bjg(x) £, (x)dx (2.4-6)

n=l

We still have but one unknown and now have all known functions discretized over the
domain. We can now consider the above expression as a system of linear equations, and

group terms in matrix form as shown below:

N bk h
> a, [[£,(xX)G(xx) £, (x)dxds = [g(x) £, (x)dx (2.4-7)
n=1 aa a
{ - ) - ,
Allowing us to write:
Yaz, <, @4-8)
=1

This expression is of course equivalent to the matrix expression:

Zy, - Zylla "
A : N (2.4-9)
Zyy o Zyy |Lay Vy
where the column vector [al eay ]T is the collection of unknowns to be solved.

We have considered a 1D domain, but the same method can be extended to 2 and 3

dimensions, with newly defined integral equations in which to solve.

The moment method is a general methodology used to solve electromagnetics
problems, and the details change depending on the formulation. The expansion function
can exist over discretized portion over the domain or possibly over the entire domain.
The properties of the expansion functions change depending on the application, and are

especially dependent on the function being approximated.
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Three high level categories can be considered for moment method expansion
functions, namely wire-type, surface-type and volumetric-type. As their names imply,
the expansion functions are application specific. For our purposes, we shall employ

surface-type or triangular patch expansion functions.

2.4.2 — Moment Method Formulation using RWG Elements

Many commercial software tools are available that use a Moment Method formulation,
but access to the details of the formulation, namely the impedance matrix [Z] is typically
restricted. For the purposes of eigenanalysis, we require access to [Z]. An ideal solution
was found using the moment method engine designed by Makarov [23]. With the
Moment Method formulation in hand, we were able to design the additional software
components required for eigenanalysis, as well as further tools used for antenna analysis
and MIMO related performance metrics. The expansion functions used on Makarov’s
formulation are known as RWG edge elements. They were first proposed by Rao, Wilton

and Glisson [24] from which the expansion functions’ name is derived.

An example expansion function is shown below:

Figure 6 - RWG Expansion Function, After [24]
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The surface that defines our antenna is discretized into triangles, with every pair of
triangles sharing a common edge forming an RWG edge element. One can think of each
edge as an equivalent elementary dipole of current, and the Z matrix as the description of
the mutual and self interactions of these dipoles. From this perspective, we can
approximate the current across each edge using these edge elements, and subsequently
determine various quantities such as input impedance, radiation efficiency and far-field
patterns. More importantly, we can compute the characteristic modes of the meshed

structure using the impedance operator [Z], which we shall discuss in Chapter 3.

Another enormous advantage to using the MATLAB formulation devised by Makarov
is the freedom to use many different meshing tools, including FEMLab™, PDETool™

and our own customized meshing software designed with MATLAB™.

We restrict our designs to be infinitesimally thin conducting surfaces, thereby forgoing
the need to design with volumetric RWG elements. That being said, we are not limited to

two dimensions as we can construct 3D objects provided they are hollow.

2.4.3 — Conclusions

In section 2.4 we discussed the moment method formulation used to solve integral
equations. The integral equations that appear in the characteristic mode theory can
ideally be solved using a moment method approach, and in fact was formulated explicitly

for this purpose.

In section 2.4.1 we went through the derivation of a 1D moment method formulation
of an integral equation, showing how one discretizes a domain and then applied
weighting and expansion functions to model the resulting solution. We also pointed out
the need for the weighting functions to be equal to the expansion function in order to
have a Galerkin formulation, which is necessary for characteristic mode computations. In
section 2.4.2 we discussed the details of the surface patch formulation we shall use which

allows us to model surfaces using triangular patch elements of the RWG variety.
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2.5 — Concluding Remarks

In the preceding chapter we discussed the various mathematical formulations

necessary for the design of MIMO antennas using Characteristic Mode concepts.

In section 2.2 we discussed the theoretical underpinnings of the MIMO
communications theory. We did not dwell long on the signal’s perspective and focused
primarily on the electromagnetics, namely the design requirements of MIMO antennas.
We noted two important antenna design criteria: envelope correlation and mean effective

gain, the former we wish to minimize and the latter we wish to maximize.

Throughout section 2.3, we considered the theory of characteristic modes. The modal
formulations yield surface currents that subsist over the entire analyzed structure and
have appealing far-field properties. We considered various formulations, beginning with
the Characteristic Modes (CM), and continuing with the ‘lossy’ modes (LCM). The CM
and LCM formulations produce modes that have orthogonality over the full far-field
sphere, which we showed is a tantalizing property for MIMO antenna design. We also
introduced the Generalized Characteristic Modes (GCMs), and showed a simple
relationship between the CMs and GCMs. These GCM modes have orthogonality in the
far-field relative a chosen weighting function rather than the full far-field sphere. Lastly,
we consider the Characteristic Port Modes (CPM) which have the same orthogonality
properties as the CMs and LCMs. The CPM modes exist in the form of currents or

voltages solely at a finite number of pre-defined ports.

Finally, we concluded with a basic outline of a moment method formulation applied to
electromagnetics, and considered a surface patch formulation involving RWG basis
functions. We will use a moment method framework in the computation of modal and

MIMO quantities, the formulation for which we will discuss in the next chapter.
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Chapter 3

Characteristic Mode Analysis Software

3.1 — Introduction

The main goal of this chapter is to discuss the software formulation we shall use to
compute, analyze and ultimately design with characteristic modes. In section 3.2 we
discuss how a moment method formulation is the ideal formulation to use, since the
required impedance operator is discretized in such formulations. In section 3.3 we
outline the moment method formulation we develop, using RWG function as our basis

functions. This allows us to model surfaces rather than simply wire grids.

In section 3.4 we thoroughly validate the characteristic mode analysis software by
measuring the symmetry of the discrete impedance operator using a novel measurement
technique. We proceed with further validation by comparing the computed characteristic
modes for a perfectly conducting sphere with closed-form values ~ the only known
closed-form quantities one can compare to with characteristic mode theory. We also
consider the characteristic modes of a strip dipole and compare the results to published

work and make logical conclusions based on the results.

Lastly, in section 3.5, we consider the validation of the finite conductivity (or surface
impedance) formulation. We show that our methodology yields radiation efficiencies
that are at all times worse than those predicted by a popular commercial code, giving us a
worst-case result we can use with confidence. Furthermore, we show that as the
conductivity increases to arbitrarily large values the modal formulation for lossy
conductors converges to that of the perfectly conducting modes, showing a self-

consistency within the software formulation.
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3.2 — Characteristic Modes and Method of Moments

When dealing with antenna problems, the integral equation that needs to be solved is
none other than the impedance operator 7 defined by the EFIE (electric field integral

equation) [1]. The operator is defined in the following manner:

Z(J) = jod(J)+VO(J) (3.2-1)

1_4(._/) and dD(l) is the magnetic vector and electric scalar potentials respectively ,

defined by:

uqffJ ds'and ®(.J mcﬁvuJ (r.r')ds  (32-2)

We consider r and r’ to be field and source points, and &, x4, and k to be the
permittivity, permeability and wave number of free space. Furthermore, we consider
y (7,r") as the Green’s function of freespace, defined as:

e Jhlr-r]

l//(l", V’) = m (32-3)

Written out in full, we have the following integral equation:

]a),uiﬁJ (r,r')ds' +Va)8<ﬁV' Yy (r,r')ds' (3.2-4)

We have defined our integral equation in which to solve using the method of
moments, with the unknown being the surface currents on S and the kernel is equal to the

Green’s function of freespace and our domain is 3D-space.

Since the method of moments discretizes the domain in which we solve for the
current, we discretize the impedance operator Z over the surface S [2]. As shown in the
previous section, the discretized impedance operator is then represented by the matrix of

values Zm,. One can then define an excitation that is discretized using appropriate
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expansion functions in the form of the excitation vector Vy,, and the resulting currents can

be solved for via matrix inversion [I] = [Z]'[V].

Alternatively, one can determine source-free currents by performing eigenanalysis on
the operator [Z] (now in discrete form). This eigenvalue problem can be setup in a

multitude of ways, and can yield very useful modal results for antennas in general.

For the purposes of characteristic mode analysis, we are interested in computing the
discrete impedance operator [Z] and recalling [R] and [X] as the real and imaginary parts

of [Z] and setting up the cigenvalue problem:

[xTv,1=14,1R1,] (3.2-5)

N
where: J, = Z Iw,,
i=

Giving us the discrete eigenvalue problem:

N

> [ ]- [ (R L) 32:)

i=l

with [R]=|(w,. & )| and [x]=|(w,.xw,)]

53




3.3 — Characteristic Mode Analysis Software Formulation

3.3.1 —Characteristic Modes of PEC Objects

Using Makarov’s [3] moment method formulation which is based in MATLAB [8],
we have access to the discretized impedance operator, which implies we already have
access to both the R and X operators for the surface that is being analyzed. We
immediately consider computing the eigenvalues and eigenvectors for the problem

[x ][Jn]:[/ln]{R][Jn] using the built-in MATLAB routine ‘eig’. Since the moment

method formulation is approximate we must take care when consider the results of the
eigenvalue solver. Due to the numerical inaccuracies, and the lack of perfect symmetry
in the matrices [R] and [X], not all eigenvalues and eigenvectors are purely real.
However, the nature of eigenvalue solvers allows us to extract the lowest magnitude
eigenvalues and be assured their values are accurate. As we move up in eigenvalue
magnitude (here-after called ‘higher-order’ modes) the accuracy decreases and imaginary

parts begin to appear.

A simple method of determining the limit of the number of accurately computed
modes begins by normalizing the currents as described in section 2.2.4. With the currents
normalized, one can then compute the weighted inner product between modes, relative to
the operator [R]. The properties of characteristic modes states that any two distinct
modal surface currents are weighted orthogonal and hence will result in a zero weighted
inner product. The order of the mode in which this property breaks down is precisely the
point in which the computed modes are no longer valid. By setting some form of
threshold, the collection of valid characteristic modes can be found by limiting access to

the modes that meet the above criteria for inner product.

Clearly, by increasing the segmentation of the surface in question (i.e. increasing the
number of unknowns), a greater number of accurately computed modes will result. Note
that the number of modes is always infinite, but the number of accurately computed

modes is always finite.
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Furthermore, if we wish to feed the structure using the moment method, we compute

the desired excitation matrix [V], which in turn forms the matrix equation:
V1= [ZID] (3:3-1

which we can then use matrix inversion techniques (built-in MATLAB functionality) to
compute the resulting currents [J] on [Z] due to [V]. Note that MATLAB does not
compute the inverse directly, but rather uses much faster computational methods to solve

systems of equations.

We now have the resulting surface current due to excitation, whether by voltage-gap
feed or possibly incident plane wave(s). According to characteristic mode theory, we can
expand this surface current in terms of the characteristic modal currents. We can
compute to what extent each mode is being excited by computing the modal excitation

cocfficient;

Vo =Qf I, EiddS =(J, B ) = [, ]17] (3.3-2)

And subsequently the modal expansion coefficient:

Ew) W (3.3-3)

(t+j4,) (1+j4,)

the latter of which can be used to directly compute the amount of power that is being sent
into each mode, which is an effective means of determining how distinctly we excite
unique sets of characteristic modes as we change the location of excitation. In MATLAB,
this computation is performed in the discrete domain simply by matrix multiplication:

S IV]

o =— -
vy (3.3-4)

where [In] is the n'™ modal current and [V] is our excitation vector.
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We can alternatively write this as:
o = LIZIY] (3.3-5)
"1+ A,
which shows that we can compute the mode expansion factor from the known surface

current. The quantity «, is in general a complex number, with its magnitude squared

equal to the power radiated by the n’th mode.

Furthermore, we can use the results of the modal excitation factors as a guideline in
determine the optimal feed locations, as well as a measure of how well certain designs

perform relative to others.

3.3.3 — Generalized Characteristic Modes

For the generalized characteristic modes, we wish to compute the matrix [H], which is
used to compute surface currents that will yield orthogonal far-field patterns over

constrained regions of the far-field.

By looping through the surface patch edges, we can force the current across the edge
to be unity, and measure the resulting far-field pattern. In doing so, we determine the far-
field patterns of these small elements of currents. These patterns represent the fields of

the moment method expansion functions.

Subsequently, we perform surface integration on a far-field sphere between every pair
of moment method expansion function far-field patterns, both of which are weighted by
the desired region of orthogonality. The surface integration is performed by using a
densely meshed sphere, with points evenly spread around the surface rather than bunched
near the poles. Each meshed triangle has a prescribed area, which we consider to be the
differential element of surface, and the field is averaged over the triangle, multiply the

two and adding over all parts of the sphere gives us the resultant surface integral. If we
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are interested in solid angle integration rather than surface, we simply divide by the

radius squared to get our result.

Each computation results in an entry in the desired [H] matrix, which is then used in
either of the eigenvalue problems: [Z'Z][J,1=A,[H]I[J,] or [X1[J,]1=4,[H]J,].
Either formulation will yield orthogonal far-fields, with the advantages of each

formulation discussed later.

3.3.4 — Surface Integration Used in Performance Index Computations

Using the methodology for surface and solid angle integration described in the

previous section, we can compute the following quantities:

¢ Mean Effective Gain, or MEG

e Envelope Correlation, p,,,

e Power Radiated, and thus Efficiency

e Power Radiated Figure of Merit (% of power radiating into a desired region of the

far-field)

3.3.5 — Meshing Routines

In order to test a wide range of potential handheld chassis designs, we consider various
plate sizes, orientations and physical layouts. The meshing function including with
Makarov’s formulation is capable of meshing a plate of any given dimension to any
chosen segmentation density. However, numerous features were added to give us design
flexibility:

o Rotate plate using Euler transformation coordinates, allowing us to rotate

handheld in more natural ‘talk’ positions
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o Translation using simply Cartesian coordinate displacement allowing us to create
clamshell-type handheld chassis

e The ability to add any number of meshed objects together, which gave us the
flexibility when designing flip phones.

MATLAB’s PDETool was used for altering the physical layout of the plates, such as
adding slots, removing metallization and generally shaping the handheld into more

reasonable and recognizable shapes.

3.3.6 — Secondary Parameter Computation

Finally, the ability to measure various network related parameters, including Z, Y and

S-parameters were coded to make analysis far simpler.

The simplest approach to compute network parameters using a moment method
formulation begins with computing Y-parameters. Since the default state of all ports in a
moment method formulation is shorted, the condition for measuring Y-parameter is by
default already in place. By shorting all ports but one and exciting the remaining port
using an ideal voltage source, we can compute the desired currents, and hence the desired

Y-parameters.

With the ability to compute currents due to applied voltages, it is possible to excite a
port (an RWG edge) and compute the port current. From this result one can compute
input impedance. Furthermore, using standard conversion formulas [6] one can quickly

convert from the Y-parameters into the more common Z- or S-parameters.
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3.4 — Validation of Characteristic Mode Software

3.4.1 — Symmetry of the Impedance Operator

We can trust implicitly the moment method formulation devised by Makarov since he
performed extensive validation studies [3]. The impedance operator [Z], and all
parameters derived from it including surface currents, far-field patterns, and input
impedance is assumed to be validated. What is not validated is the symmetry of the
operator [Z] and various other characteristic mode dependent properties. Makarov’s
method is Galerkin by definition and will thus produce nearly symmetric impedance
matrices [Z]. However, we must confirm there is enough symmetry for the purposes of

eigenanalysis.

Some authors [2] force the impedance operator to be symmetric by setting the cross-

terms equal to the average of the asymmetric values. This approach is likely valid for
smaller impedance matrices, where the asymmetry rears its ugly head in a more apparent
manner, but for larger matrices (denser meshes) one finds this approach yields no

appreciable benefit in eigenanalysis.

A symmetric matrix A has the property 4=A4". For the case of the impedance
operator Z, we have Z = Z" or more specifically in terms of the real and imaginary parts:
R=R" and X = X" . For the computed matrices, we would like to see these properties

hold true, but due to numerical inaccuracies, the matrices will not be perfectly symmetric.

One way to measure the level of symmetry of X and R, we define two “error” matrices:

r=R—R" and x=X-X" (3.4-1)

Ideally ‘r’ and ‘x’ would be null matrices, with our goal being a measure of the deviation
from this ideal. The problem with this approach is as mesh density increases, the entries
of R and X tend to shrink in size. Clearly some form of normalization is required such

that the measurement of similarity can be achieved regardless of the size of the
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impedance matrix. The solution is found using a correlation measurement, similar in
form to the envelope correlation used for MIMO discussed in Section 2.2. The

correlation measurement we speak of is defined as:

Z;(AU-—Z)(BU—E)
[z30-7 5305

Corr(A,B) = (3.4-2)

where —1<Corr(4,B)<1 with A and B as the means of the matrices A and B.

MATLARB has a built in function “corr2” that computes this exact quantity. Note that if A
and B arc equal (the entries of A are equal to the entries of B) then the value of the
correlation function corr(A,B) is precisely 1. If the A and B are anti-symmetric (skew-
symmetric) the correlation function has value -1. Thus, the correlation function is

normalized and does not depend on the magnitudes of the entries in A or B.

We now consider the correlations and thus the measure of similarity between the
matrices X and R and their transposes. For the case of a half-wavelength squared PEC
plate, we find correlation (i.e. measure of matrix symmetry) in Figure 7 as a function of
mesh density. We see the correlation is extremely high, even in the lower mesh densities.
Note that we are not considering accuracy of the eigenanalysis formulation, just the
measure of symmetry of X and R. We consider an electrically larger plate, 2
wavelengths squared in Figure 8. We see the correlation converges to the ideal value of
1.00, but in contrast to the previous example, the electrically larger plate requires a higher

mesh density to achieve similar high levels of correlation.
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Lastly, we consider a fixed mesh sphere, vary the frequency, and compute the

correlation between the matrices and their transposes, as shown in Figure 9. We clearly

see the correlation between the matrices decreasing with frequency, implying a need for

greater mesh density. However, one finds the drop in matrix symmetry to be quite small

and as such the limiting factor(s) in accurate computation of modal properties does not

rely on the matrix symmetry for our moment method formulation.
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3.4.2 — Characteristic Modes of the Perfectly Conducting Sphere

It is difficult to state whether or not a set of eigenvalues and eigen-currents are indeed
accurately computed, as closed form expressions do not exists for these quantities for
arbitrarily defined surfaces. However, we are fortunate since a closed form expression for

the eigenvalues of the perfectly conducting sphere does exist, and amounts to a simple

ratio of Bessel-type functions [2].

connection between characteristic modes and the spherical wave expansion functions.
Using the characteristic mode analysis software we developed, we can simulate a

perfectly conducting sphere and compute the eigenvalues, comparing them with the

closed-form values in Table 1.

These closed-form expressions exist due to the

Table 1 — Convergence Data: Eigenvalues of the Perfectly Conducting Sphere

Sphere Radius a = 0.2 lambda, Unaltered [Z] matrix

Eigenvalue A

Mode

Exact

Approx L1

Approx L2

Approx L3

% Error for L3

T™O1

-1.082

-1.129

-1.0876

-1.0806

-0.13

TEO1

2.673

2.8849

2.6899

2.6577

-0.57

™12

-11.00

-14.702

-11.4892

-10.95633

-0.42

™22

-11.00

-14.827

-11.5061

-10.9563

-0.40

TEO2

21.60

24.824

21.8566

21.378

-1.03

TE12

21.60

24.843

21.8566

21.378

-1.03

TE22

21.60

24.8434

21.8566

21.378

-1.03

TM03

-284.40

373.131

-313.0159

-284.3753

-0.01

L1 = 80 Triangles, L2 = 320 Triangles,

i o

-

L3 = 1280 Triangles

We can make the following conclusions based on our simulation results:

¢ For low mesh densities, only the very lowest eigenvalues have acceptable error.
e As the mesh density increases the convergence of eigenvalues, including higher-

order modes, converge to the expected value.
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The total surface area of the sphere is approximately: 0.3774> where the mesh
densities used in terms of wavelength are as follows: LI: 80 triangles, or approximately
0.00474%/ triangle. This equates to an approximate linear mesh density of 0.074 /
element. L2: an approximate 0.0351 / triangle and L3: an approximate 0.0171 /

triangle.

The general rule for method of moments mesh density is approximately 0.054 to
0.14 per triangle edge or better. We meet this criterion for the L2 and L3 mesh densities,
with the resulting accuracy apparent in the eigenvalues. We shall therefore ensure mesh
densities on the order of 0.11 to 0.054 or smaller to ensure low error in computation of

characteristic modes.

Other methods were considered for increasing the accuracy of the eigenvalue results,
including pre-conditioners and creating smaller subsets of matrices in which to solve
eigenvalues for, but the increase in accuracy was on the order of 0.01% to 0.1% for the
eigenvalues and is therefore insignificant when considering the substantial increase in

computation time.
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3.4.3 — Characteristic Modes of the Strip Dipole

The ubiquitous antenna is the resonant dipole, and no antenna software validation is
complete without it. We begin by computing the characteristic modes of a 75mm long
strip dipole at various frequencies. This dipole has its first resonance around 2 GHz, with
higher frequency resonances spaced at the usual intervals. Near resonance the dominant
characteristic mode has its eigenvalue near zero, which is the principle reason for near-
zero input reactance at resonance. Furthermore, we plot the corresponding modal
currents on the dipole for select few of the dipole resonances, including the lowest
resonance, as shown in Figure 10. The resulting modal currents agree well with the
results published by Akkerman [7]. We can see that as the frequency increases, the

current oscillates more rapidly, as expected for electrically larger dipoles.

&
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Figure 10 (a) — Selection of Externally Resonant Dipole Modes
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Furthermore, we can consider the eigenvalue behaviour over frequency. We plot the
magnitude of the eigenvalue in logarithm scale in Figure 11 using 1010gm|ﬂn|. We

clearly see the source of the multiple resonances of the dipole as frequency increases. As
if taking turns, each mode’s magnitude drops sharply at evenly spaced frequencies.
These frequencies represent the resonances that occur for dipole electrical lengths that are
integer multiples of half a wavelength. Notice the anti-resonances (occurring at integer

multiples of one wavelength) are not apparent from the cigenvalue behaviour.
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Figure 11 — Frequency Behaviour of the Eigenvalues of a Strip Dipole
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3.5 — Validation of Surface Impedance Formulation

The lossy characteristic mode formulation is very similar to the classical case, with the
exception being appending to the original impedance operator [Z] with a loading operator

[Z1] and a re-interpretation of the eigenvalues, as discussed in Chapter 2.

The lossy surface formulation allows us to compute the loading operator [Z;] by
computing the inner product between the moment method expansion functions, weighting
by defined surface impedance. In our formulation we define the surface impedance to be
constant over the entire structure, but the formulation does not forbid a positional

dependence on the impedance.

Using the simplifications by Johnson [4], as discussed in section 2.2.8, it is possible to
compute the required inner product [Z,],, =(f.,Z, f,) in closed form. Thus, we

compute the matrix [Z;] and compute the eigenvalues, expansion coefficients and far-

field patterns in much the same way as the classical case.

3.5.1 — Computed Radiation Efficiency of a Lossy Dipole Antenna

We begin by computing the radiation efficiency of a strip dipole and compare the

results to a comparable simulation using the commercial electromagnetic simulation
software FEKO [9].

The physical size of the dipole is 100mm long and 1mm wide, with sufficient and
similar meshing in both the modal software and commercial code. The commercial code
has the additional ability to specify the thickness of the coppér material, which certainly

plays a role in the computed value of radiation efficiency.
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We consider three cases of copper thickness (0.02 OZ, 0.1 OZ and 0.5 OZ) chosen
within the FEKO simulation and compare to the results from our simulation code (where

thickness must always be zero) in Figure 12. We see that in all cases the radiation
efficiency predicted by the thesis code is less than the efficiency predicted by FEKO. We
notice similar behavioral trends for the efficiency curves, with the thesis formulation

being a worst-case-scenario lower bound on predicting efficiency.
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Figure 12 — Comparison of Radiation Efficiency Curves for Commercial and Thesis Code
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3.5.2 — Convergence of Lossy Characteristic Modes to the PEC Case

Additionally, we consider the convergence of the characteristic modes of lossy
conductors as the conductivity is increased. One would expect these “lossy” modes
would converge such that the imaginary part would disappear (i.e. 100% radiation
efficiency) and the real part of the eigenvalue would be equal to the characteristic mode
of the perfect conductor counterpart. We consider a quarter wavelength by quarter
wavelength finitely conducting plate and plot the imaginary parts of the first ten modes as
a function of conductivity, as shown in Figure 13. We see in all cases the imaginary part
is negative (as expected from modal theory) and furthermore, the convergence shows a

- distinct trend towards zero imaginary part.

We conclude the validation of the finite conductivity formulation by considering the
percentage difference between the real part of the eigenvalue for the finite conductivity
case versus the eigenvalue of the PEC case in Figure 14. We see the percentage
difference is quite low to begin with, and drops even lower (below 0.01%) as the
conductivity increases. We therefore conclude that as the conductivity increases, the
finite conductivity modal formulation converges to the perfectly conducting modal

formulation, which in turn was properly validated.
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3.6 — Concluding Remarks

In the preceding chapter we discussed the software formulation we intend to us in the
computation, analysis and ultimately MIMO antenna design with characteristic modes.
In section 3.2 we discussed how moment method formulations are the ideal formulations
to use, since the required impedance operator is inherently discretized in such
formulations, allowing us to cast the required eigenvalue problem. In section 3.3 we
outlined the details of moment method formulation where we used RWG basis function

to solve for the necessary surface currents.

Throughout section 3.4 we thoroughly validated the characteristic . mode analysis
software. The first step was to measure the symmetry of the discrete impedance operator
using a novel measurement technique involving matrix correlations. We proceeded with
further validation by comparing the simulated characteristic modes of a perfectly
conducting sphere with closed-form parameters — the only known closed-form quantities
one can compare with characteristic mode theory. We also considered the characteristic
modes of a dipole and compared the results with published work, showing good

agreement.

Concluding in section 3.5, we considered the validation of the finite conductivity (or
surface impedance) formulation. We showed that our methodology yields radiation
efficiencies that are at all times worse than those predicted by popular commercial codes,
giving us a worst-case result we can quote with confidence since it will never be an over-
estimate. Lastly (and most importantly), we show that as conductivity increases to
arbitrarily large values, the modal formulation for lossy conductors converges to that of
the perfectly conducting modes, showing the necessary self-consistency within the

software formulation.
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Chapter 4

Fundamental Studies of

Characteristic Mode Properties

4.1 — Introduction

In order to use the characteristic modes to their full potential it is a good idea to get a
better understanding of their properties. In Chapter 2, we summarized the theory
regarding characteristic modes [1] that is already well known in the literature. An
exception to this is the consideration of the lossy characteristic modes, which we shall

discuss in a later section.

Most importantly, we must investigate what signiticance the modes have in describing
antenna performance. A claim found in the literature [2] is the eigenvalue A, obtained
through eigenanalysis is the determining quantity in modal significance. We will show

that this claim is not true and in fact, can be very misleading in classifying modes as

either significant or insignificant.
Lastly, we will compute and analyze the characteristic modes of various common PEC

scatterers, and show that the modes confirm already well-known properties and

phenomena, and that new phenomena can be derived as well.
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4.2 — Useful Figures of Merit for Characteristic Modes

The typical approach using characteristic mode analysis involves ranking the modes

based on their eigenvalue (with the smallest magnitude implying ‘modal dominance’). In

particular, there is the proposed notion that the factor 1/(1+j4,) can be considered to be

a form of measured “modal significance” for the n’th mode. The argument is that since

the modal excitation «, = <J E’) / (I+j4,) contains the term ]/ (1+ j4,), all excitation

n?

factors are scaled by this quantity.

However, this is an incomplete interpretation of characteristic modes, since the modal
currents and their corresponding normalized magnitudes play an important role in modal

significance. The numerator for the expression o, contains the normalized surface

current J, which can be quite large in some instances. Even for large A , a large J can

n? ¥

balance the scale factor 1/ (1+ jln) yielding a significant excitation of a particular mode.

Here we shall consider figures of merit that will take in account all facets of the
characteristic mode: both eigenvalue and eigencurrent. Recall that the complex power
associated with an arbitrary excitation can always be written in terms of the characteristic

modes as:

S=P+jQ=ﬁ (14 j4,) (4.2-1)

n=l

aﬂ

where

a,=(J,.E)[(1+j4,) (4.2-2)

For the case of excitation via a single port, the impressed electric field E’can be

thought of as the port voltage. In this case, the inner product in the numerator of «,

becomes a multiplication of the excitation £’ , now denoted ¥7*"” and the modal current
at that port, denoted: J#* ™. This concept can easily be extended to include excitation via

multiple ports, but the single port excitation will suffice for our purposes.
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For an arbitrary excitation at port m, we can express the magnitude squared excitation

coefficient as:

(Jporl /anort " )2
n

2
a| = 4.2-3
] 1+ A2 (#.2-9)
Allowing us to express the complex power in terms of the characteristic modes:
2
N J port mV port m
S=2( i — ) (1+j4,) (4.2-4)

n=}

For a surface that is meshed with triangles yielding N edges, there are N ports in
which to excite. Each port m when excited with magnitude V" routes both real and

imaginary power into various modes. Since we are exciting the structure at a single port,

this allows us to remove the excitation from the summation:

” 2
N (Jpor m

S =(Vl’ur1 m )2 3 1n+ /12) (1+j4,) (4.2-5)

n=l

If we normalize the port excitation to be ¥7”” =1 at all ports, we can then compare
the complex power associated with every port. We could also just consider that the

magnitude of the port voltage scales all modal excitation equally.

Considering Equation 4.2-5 we can state that the port having maximum modal current
will invariably yield the highest magnitude real and imaginary parts of complex power.

We therefore consider two important figures of merit. The first being:

FIGrociation max. V’J” (7)!2

(4.2-6)
" 1+ A2

This figure of merit considers modes that contribute significantly to radiated power.
This quantity can be calculated for each mode, normalized relative to the maximum value

and then ranked in order of magnitude. The modes with the largest figures of merit
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contributed the most to radiated power. A cut-off can be stated with modes having

figures of merit below this cutoff consider insignificant in terms of radiated power.

. max, V), (74 (4.2-7)
FI :eac‘nve - >
1+ 4,

This figure of merit is similar to the quantity previously defined; only this quantity
considers reactive power. The same normalization, cut-off and judgment on whether a
mode is significant holds for this figure of merit as well. In order to remain consistent, we

notice the following ratio:

max; V|7, (7F)f |4,
FIGr“™ _ L+4, =|4,| o
G e
1+ A

This result shows that the eigenvalue 4

.. irrespective of the chosen port and modal
current magnitude, can be used to judge whether a mode will radiate significant power or
rather store significant energy. However, it cannot be used to judge whether a mode will
be insignificant in terms of antenna performance, since a highly reactive mode is
undesirable, and will clearly be a detriment to antenna performance in the form of very

large reactive impedances.

We can further combine these quantities together in a single figure of merit since the

total complex power attributed to a mode for a given port can be written as:

s _(y ‘i () (4.2-9)
T+ A

o+ A

which has a magnitude of:

2 2
port m )2

e T e T e
Sl= 1+ A HA 1+ | 1+A T+ = [+ 22

(4.2-10)
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Thus, for an arbitrary radiating structure, we can consider the maximum surface

current as yielding our figure of merit associated with mode n:

FI rotal __ max? v J” (’7)'2 (42'1 ])

! \ﬁ+ Al

This figure of merit combines both the radiative and reactive parts of the complex
power. This quantity is the most useful of the three newly defined quantities, since it can
be used to rank modes in terms of both radiative and reactive properties simultaneously.
Modes that have figures of merit below a defined cutoff using this measurement quantity
are insignificant from all aspects of antenna performance, and do not contribute to either
radiated power or net stored energy and are therefore contribute negligibly to input

resistance and input reactance.

The goal of this newly defined quantity is to point out that modal significance in terms
of antenna performance cannot be solely judged by the modes’ eigenvalue, and one must

additionally consider the modal current magnitude before any conclusions can be made.

These results do not change the fact that mainly low magnitude eigenvalue modes
contribute to radiated power — this fact still holds true as evident in Expression 4.2-6.
That being said, an antenna’s performance is very much dependent on input reactance,

something which the eigenvalue alone cannot predict.

We shall denote this quantity FIG™ as another accurate measure of modal

significance, denoted as:

|2
_max, v|J, () (4.2-12)

1=
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4.3 — Figure of Merit for Typical Antenna and Scattering Structures

4.3.1 — Modal Significance of the Resonant Dipole

We consider computing these figures of merit for a resonant dipole. The first two
figures of merit we consider are the radiative and reactive measurements defined by
Equations 4.2-6 and 4.2-7 and computed as shown in Figure 15. Not surprisingly, we find
the first mode of the dipole to be the only dominant mode for radiation. This is because
the eigenvalue is such a low eigenvalue mode, while the remaining modes (for n > 1) all

have large magnitude eigenvalues.

What is of interest is the modal significance in terms of reactive power (or net stored
energy). Clearly, the dominant mode n = 1 has negligent reactive modal significance
since the eigenvalue is approximately zero. However, some of the higher order modes
have significant contributions to reactive power. These modes are the source of input

reactance when one feeds a dipole off-center.

Notice also some further insight into the dipole behaviour: only mode 1 is significant
for radiation, and only modes 2, 3 and 6 arc significant for stored energy. One can
conclude that the dipole’s behaviour can be solely described by these four modes,
regardless of the chosen location of excitation. This is an interesting result since it has
been shown in the literature that CMs can serve as basis functions for increasing the
computational efficiency of some antenna related calculations [3]. These figures of merit
should allow these approaches to further reduce the number of necessary modes utilized

by the computational procedures.

Previous approaches in defining modal significance fail to take into account the effects
of the normalized modal currents. By including these effects, we can show that modes
that would otherwise be deemed insignificant are in fact important to fully describe an

antenna’s performance.
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Next we consider the two figures of merit. The previously quoted modal significance:

1

— (4.3-1)

FIG =

The newly defined modal significance:

_ max, V|J, @l (4.3-2)

x(n) J1+ A2

We then compute and plot this new modal significance as shown in Figure 16.

We can clearly see mode 2, 3 and 6 becoming significant in terms of their normalized

figure of merit. The original approach would not consider these modes as important, but
the newly defined figure of merit, ;((n) is able to determine these modes of significance.
It should be noted that even with our newly defined figure of merit, these higher order

modes are low in magnitude relative to the dominant mode. This is evidence of

simplistic nature of the dipole antenna.
Some further investigations find that more complicated antenna structures yield

drastically different results depending on which figure of merit one uses, lending

credence to the newly defined approach.
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Figure 15 — Radiative and Reactive Modal Significances for a Dipole Antenna
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Figure 16 — Comparison between Incomplete and Newly Defined Modal Significance, Dipole Antenna
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4.3.2 — Modal Significance of a Loop An