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Summary

The generalization ability of artificial neural networks (ANN) is highly dependent on their
architectures and can be critical to solving a given problem. The current best practice uses fixed
architectures determined via a trial-and-error approach. This process can be both computationally
and temporally cumbersome and does not guarantee that an optimal topology will even be found.
Replacing the user’s role in designing topologies with methods that enable a system to manage its
own growth can endow systems with adaptable learning.

Constructive algorithms offer the possibility of compact architectures as an alternative to
the trial-and-error approach. This class of algorithms grows a network’s topology by incrementally
adding units during learning to match task complexity. However, the decision of when to add new
units in constructive algorithms heavily depends on user-defined a priori hyperparameters, which
can be task-specific. Contrary to having a user fine-tune hyperparameters that govern growth, the
intrinsic population dynamics of an ANN could be used to self-govern the growing process.
Theoretically, an ANN or each layer comprising the network can be viewed as a set of populations.
From this perspective, a hidden layer can be considered the environment in which hidden units
exist. In this work, we propose a novel, more self-governed growing algorithm inspired by
population dynamics for determining near-optimal topologies of feedforward ANNSs. This allows
the inclusion of a carrying capacity, the maximum population of hidden units that can be sustained
in a hidden layer. Including this constraint in combination with population dynamics provides a
built-in mechanism for a dynamic growth rate. The proposed approach is used in parallel with
direct performance feedback from the network to modulate the growth rate of the hidden layer,
allowing the network to converge to smaller topologies based on the task's demands. More self-

governed approaches reduce the number of finely-tuned hyperparameters required to decide when



A NOVEL CONSRUCTIVE ALGORITHM Xi

to grow and put more control of the network’s structure and representational capacities in the
algorithms themselves, facilitating the emergence of inherent intelligent behaviour.

Chapter one introduces a dynamic, more self-governed growing algorithm inspired by
population dynamics. Results show that compared to using fixed rules for determining hidden layer
sizes; dynamic growth leads to smaller topologies than predicted while still being capable of
solving the task. In chapter two, we investigate the algorithm's inherent properties to validate the
more self-governed aspect. The results depict that the model’s hyperparameters require less fine-
tuning by the user and adhere more toward self-governance. Finally, in chapter three, we
investigate the effects of growing hidden layers individually in a sequential fashion or
simultaneously in a parallel fashion multilayer context. A modified version of the growing
algorithm capable of growing parallel is proposed. Growing hidden layers in parallel resulted in
comparable or higher performances than sequential approaches. The growing algorithm presented
here offers more self-governed growth, which provides an effective general solution automatically

tailored to the task.
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General Introduction
The Need for Dynamic Architectures

Determining the optimal topology when designing an ANN can be critical to solving a
given problem (Yao, 1999). However, there has yet to be a single agreed-upon method to
accurately determine an optimal topology. This is partly due to most networks being domain-
specific and having different task requirements (Thomas et al., 2016). It becomes increasingly
difficult in the context of multilayered networks that ascertain their name from having one or more
hidden layers comprised of hidden units. Concerning topology, if there are not enough hidden
units, the network may fail to learn a given problem adequately, leading to underfitting.
Underfitting is where the network fails to detect the complete signal in a dataset (Karsoliya, 2012;
Naraan & Tagliarini, 2005). In contrast, if there are too many hidden units in the network, it may
lead to overfitting as a result of too much flexibility and cause poor generalization (Boughrara et
al., 2016; Curteanu & Cartwright, 2011; Kwok & Yeung, 1997a; Liu et al., 2002; Parekh et al.,
2000).

Overfitting is one of the main problems for ANNS. It is when a model fits a dataset with
almost zero error (Bilbao & Bilbao, 2017). Overfitting is problematic as there is a possibility that
input data inherently contains some degree of noise. A consequence of a “perfect” fitting model
will be that it also captures the noise in the data. This leads to poor generalization, or more
specifically, the model “memorizes” noisy aspects of the data rather than “learning” to generalize
(Bilbao & Bilbao, 2017; Thivierge et al., 2003; Ying, 2019). Another way to visualize the concept
of overfitting is to consider curve fitting, in general, using polynomial functions. There is no limit
to the order of a polynomial function that can be applied to a dataset. As such, any n”-order

polynomial function could be used to fit all points in a dataset perfectly. However, a trade-off
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becomes apparent. Higher-order polynomials may fit one particular dataset perfectly but fail to
generalize to a similar novel dataset (Bilbao & Bilbao, 2017; Ma & Khorasani, 2004a).

A parallel exists in machine learning, known as the bias-variance trade-off, which
describes the trade-off between accuracy and consistency (Neal et al., 2018; Ying, 2019).
The bias refers to the associated error when there is a mismatch between the model and the
underlying data distribution, with a high bias causing underfitting. In contrast,
the variance measures sensitivity to fluctuations in the training set (Yang et al., 2020), with a high
variance causing overfitting. There are many ways to try to avoid overfitting, such as validation
techniques, early stopping, regularization, and noise reduction (Bilbao & Bilbao, 2017; Ying,
2019). However, these techniques do not address one of the primary causes of overfitting, using a
sub-optimal network size (Bilbao & Bilbao, 2017).

Determining Architectures

The generalization ability of ANNs is highly dependent on their architectures (Islam et al.,
2009a). Therefore, finding an optimal topology large enough to learn an underlying function in the
data to avoid underfitting while still being small enough to generalize effectively and avoid
overfitting is highly desirable. For the bias-variance trade-off, this is akin to finding the lowest
possible balance between bias and variance. For many years rules of thumb were used to determine
the number of units that should be in the hidden layers. Some of these rules were:

e The number of hidden units should equal as many needed to capture 70-90% of
the variance of the input data set (Boger & Guterman, 1997).
e The size of the hidden layer should be somewhere between the input layer size and

the output layer size (Blum, 1992).
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e The size of the hidden layer should never be more than twice as large as the input
layer (Berry & Linoff, 1997).

However, these rules of thumb only generalize well in some cases. This is imparted mainly
to most of these rules, not considering the size and complexity of the training data, which highly
varies between tasks (Jinchuan & Xinzhe, 2008; Karsoliya, 2012; Thomas et al., 2016; Xu & Chen,
2008). Additionally, Fernandes and Lona (2005) proposed general guidelines for setting
topologies a priori that are divided into three classes of ANNs. By their definition, Class I ANNs
have more input features than outputs. They recommend for this class using a single layer with
between 8-20 hidden units for increased accuracy and reduced training times, with the possibility
of adding a second layer if there are more than four outputs that are dependent. Class II ANNs
have the same number of input features as outputs. For one hidden layer, they recommend 20-40
hidden units; for two layers, they recommend 13-20 hidden units for the first layer and 18-25
hidden units for the second layer. Finally, Class III ANN have more outputs than input features;
they recommend two to three hidden layers with 10-20, 15-20, and 15-20 hidden units for each
layer, respectively. These guidelines will likely give good predictions but not an optimal ANN
topology (Fernandes & Lona, 2005). However, it is essential to note that while these
recommendations might guide a user when setting ANN topologies, they are derived from
experience without reference to documented systematic experimental testing. Even with
guidelines, determining an appropriate topology a priori that will converge and avoid overfitting
is arduous (Boughrara et al., 2016).

Currently, ANN topologies are primarily fixed and manually set by the user a priori, where
only weight connections are permitted to change during learning (Zemouri et al., 2018). However,

many methods have been developed to find the optimal topology of ANNs. They can be divided
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into four general categories: trial-and-error, statistical and empirical, evolutionary, and non-

evolutionary approaches.

Trial-and-error Approach

The current best practice uses fixed architectures determined via a trial-and-error approach.
This approach involves training and evaluating several different ANNs with different topologies
and selecting the “best” for the given problem (Azimi-Sadjadi et al., 1993; Curteanu & Cartwright,
2011; Do Carmo Nicoletti et al., 2009; Fernandes & Lona, 2005). Typically, the selection is made
by comparing each network’s prediction error on the given task, with smaller prediction errors as
indicators of potentially suitable topologies (Curteanu & Cartwright, 2011; Fernandes & Lona,
2005). However, this method has reliability issues as the topologies of the ANNs tested are usually
not guided by anything other than the user’s prior knowledge and intuition. Consequently, this
process can be both computationally and temporally cumbersome and does not guarantee that an
optimal or even near-optimal topology will even be found (Hernandez-Espinosa & Fernandez-
Redondo, 2002; Khaw et al., 1995; Packianather et al., 2000; Parekh et al., 2000; Zemouri et al.,
2018). Despite these drawbacks, this approach is still the most adopted as it is computationally

and conceptually the most straightforward (Curteanu & Cartwright, 2011).

Statistical and Empirical Methods

Another avenue is to utilize statistical and empirical methods for determining ANN
topologies. One approach is to use singular value decomposition (SVD). Psichogios and Ungar
(1994) applied SVD to remove redundant hidden units as a post-learning method automatically.
Similarly, Teoh et al. (2006) used SVD post-learning to estimate the number of hidden units and
add or remove hidden units as needed in a single-layer feedforward network (SLFN).

Alternatively, Cai et al. (2019) applied SVD directly to the training data to estimate the optimal
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number of hidden nodes in a SLFN. Another statistical approach proposed by Rivals and Personnaz
(2000) used least squares estimation to estimate the number of hidden units for a group of candidate
models that were then filtered using Fisher tests to find the most optimal topology. Finally, a
heavily statistics-based approach, known as Taguchi design of experiments (DoE), offers a
systematic approach to determining optimal network structures and parameters for a given problem
(for a review, see Curteanu & Cartwright, 2011). Taguchi DoE is typically used in product
manufacturing as a method of quality control during design stages but has been extended to neural
network optimization (Khaw et al., 1995; Packianather et al., 2000). In this method, measured
network responses, such as accuracy and training time, are considered dependent variables.
Independent variables or controllable variables, include things such as the number of hidden units
per layer or learning rate. Finally, uncontrollable variables represent noise factors that impact
network performance such as the random initialization of weight connections. This allows the user
to examine the main effects and interactions that a controllable variable or combination of variables
has on network performance for an experiment via a signal-to-noise ratio (Khaw et al., 1995;
Packianather et al., 2000). To add to the level of optimization, orthogonal arrays are used to vary
parameters allowing multiple experiments to be run in parallel (Packianather et al., 2000). An
analysis of variance (ANOVA) can then be performed after all the experiments are complete to
determine the best combination of variables (Packianather et al., 2000). While this method can
provide optimal hidden layer sizes while considering other network parameters simultaneously, it

inherently requires an enormous computational burden that must be performed a priori.

Evolutionary Approaches

One widely used ANN topology optimization technique utilizes an evolutionary

approach. Inspired by Darwinism, this approach simulates natural selection and the evolutionary
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process to stochastically search for the optimal ANN topology (Safi & Bouroumi, 2014). These
processes are simulated using population-based algorithms known as evolutionary algorithms
(EA). These algorithms include evolution strategies, evolutionary programming, and genetic
algorithms (Branke, 1995; Yao, 1999). Broadly speaking, the overall process of each variant is
similar. Each begins with a population of possible candidate solutions and undergoes an iterative,
evolutionary process. New generations of candidate solutions are created through genetic
operators, such as mutation and reproduction (Ding et al., 2013; Safi & Bouroumi, 2014). This
evolutionary process is made possible by varying specialized encoded parameter details like the
number of nodes into data structures that mimic chromosomes. The performances of each
candidate can then be calculated and compared using a fitness function that assigns a
corresponding fitness score. Fitness scores dictate the likelihood that the particular candidate will
contribute to future generations of candidates (Curteanu & Cartwright, 2011).

EAs offer an attractive adaptative framework whereby topologies can be dynamically
altered without direct user intervention. This allows near-optimal ANN architectures to be found
automatically (Yao, 1999). A key feature of EAs is that they use population-to-population
searches. This gives EAs a global search ability making them ideal for optimization and fitting an
ANN’s topology to the task (Ding et al., 2011, 2013). EAs have been applied to a myriad of
topology optimizations for ANNs (for reviews, see Castillo et al., 2000; Curteanu & Cartwright,
2011; Ding et al., 2013; Yao, 1993).

For instance, a genetic algorithm was applied to determine the optimal number of hidden
units in a multilayer perceptron (MLP) with a single hidden layer when identifying a 3"“-order
nonlinear system (Arena et al., 1992). In this scenario, the genetic encoding of the chromosome

consisted of a binary string that indicated the presence or absence of a hidden unit in the network,
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with a pre-defined maximum of 16 units. The genetic algorithm began with a population of neural
networks with random binary strings creating different-sized hidden layers. After 2500 trials, each
network's associated error value was used to measure that network’s fitness. A higher error value
resulted in a lower fitness score, and inversely a low error resulted in a high fitness score. Networks
with higher fitness scores and high accuracy during testing were more likely to propagate their
genetic encoding to the next generation through iterative reproduction. This resulted in a new
population of networks with a new number of hidden units that had an increased probability of
solving the task at hand. While a maximum of 16 hidden units was possible, after ten generations,
it was determined that the optimal number of hidden units was 14 for a single hidden layer MLP
for this particular task. Another attempt to find the optimal hidden layer size in a MLP combined
a genetic algorithm with standard back-propagation (Castillo et al., 2000). The G-prop algorithm
used a genetic algorithm to globally search and optimize the number of hidden units and initial
weight settings. Then, back-propagation was used to search locally. The procedure is similar to
the example mentioned above. An initial population of MLPs with random numbers of hidden
units competed, and their fitness was evaluated based on the number of correct classifications on
a breast cancer dataset test set and the number of hidden units. Those given a high fitness score
were more likely to contribute to the next generation through various genetic operators, such as
adding and eliminating hidden units. Overall, G-prop reached a better generalization to novel test
sets than standard back-propagation (Castillo et al., 2000).

Inherent limitations accompanying an evolutionary approach have sparked debate
surrounding their effectiveness for ANN topology optimization. Firstly, these methods can be very
temporally demanding (Islam & Murase, 2001; Kwok & Yeung, 1997a). For example, a larger

population will require more time to train. Additionally, the duration of the evolutionary process
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is highly dependent on the number of generations set. Secondly, EAs typically require many
hyperparameters to be defined that can impact their effectiveness (Islam & Murase, 2001). When
approaching ANN topology optimization, an essential factor is determining the amount of
information that should be encoded a priori into a chromosome. Encoding is divided into direct or
indirect encoding (Ding et al., 2013). With direct encoding, all architecture details are encoded,
like every connection to a unit (Yao, 1999). Direct encoding leads to very long genetic encoding,
making it only feasible for small ANNs (Branke, 1995). The user typically sets the maximum
possible topology to ensure networks do not grow outbound. However, this limits the search space
of possible solutions and can exclude more optimal solutions (Branke, 1995). In contrast, only the
most critical hyperparameters are encoded with indirect encoding, such as the number of units
(Yao, 1999). However, the choice of information to encode by the user can also bias the search to
exclude more optimal solutions (Branke, 1995). Finally, while the stochastic nature of EAs allows

for a broader search of the search space, it also limits their explanatory power.

Non-Evolutionary Approaches

Non-evolutionary approaches can be divided into destructive, constructive, or hybrid
methods for topology optimization in ANNs. The difference between these methodologies is
straightforward. Destructive methods begin with a large initial network where units/connections
are systematically removed. Inversely, constructive methods begin with a small initial network
and systematically add units/connections. Hybrid methods combine constructive and destructive
methods. These approaches use a destructive method either after the constructive method or
simultaneously. Many variants exist within each of these methods; however, the underlying

principle of incremental learning is universal. As the network learns to solve a given problem,
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units/connections are incrementally removed or added to obtain the optimal topology that will
yield the best performance.

Destructive Methods.

Systematically removing units or weight connections is known as network trimming or
pruning. Pruning algorithms start with larger-than-necessary network topologies and trim or
“prune” irrelevant and redundant connections/units. Commencing with a large network topology
allows rapid learning with less sensitivity to initial conditions and increased odds of avoiding local
minima (Augasta & Kathirvalavakumar, 2013; Reed, 1993). By pruning the network, these
algorithms also benefit from smaller network topologies that avoid overfitting the data and obtain
better generalization (Augasta & Kathirvalavakumar, 2013). The pruning process initially causes
a decrease in the network’s accuracy. As a result, after pruning the network, training is continued
to mitigate this loss in a process known as fine-tuning (Blalock et al., 2020). The alternation
between pruning and fine-tuning processes is repeated to reduce the network topology while
minimizing network accuracy loss. Models that have been pruned obtain better generalizations
with smaller topologies than their non-pruned counterparts (Augasta & Kathirvalavakumar, 2013;
Blalock et al., 2020). Many pruning techniques have been proposed and fall into three broad
methodological categories: sensitivity-based, penalty-term-based, and hybrid methods (for a
survey of pruning methods, see Augasta & Kathirvalavakumar, 2013).

The most well-known pruning algorithms are sensitivity based. These algorithms calculate
an estimate of the sensitivity of the cost function (Reed, 1993) to the removal of a unit/connection.
The unit/connection with the most negligible effect on the cost function is subsequently pruned.
The Optimal Brain Damage (Y. LeCun et al., 1990) and Optimal Brain Surgeon (Hassibi & Stork,

1993) methods are the most popular. The Optimal Brain Damage method starts with a larger
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network topology than is needed and trains until a solution is obtained. Next, a measure of saliency
that a unit/connection has in relation to the cost function is calculated by estimating the second
derivative (LeCun et al., 1990). The units/connections with low saliency are pruned, and training
is resumed until a solution is obtained. This process is repeated until a minimal topology is
obtained that can still converge to a solution. Similarly, the Optimal Brain Surgeon method utilizes
second derivatives to compute a measure of saliency. However, it avoids pruning the wrong weight
connections by not assuming a diagonal Hessian matrix. The Hessian matrix provides information
about the second-order derivatives of the loss function with respect to changes in the weight
connections, with low valued elements indicating connections with low importance(Hassibi &
Stork, 1993). Many pruning algorithms have been based on these two methods (Augasta &
Kathirvalavakumar, 2013). Alternatively, a less popular approach is to estimate the sensitivity
based on the output function (Engelbrecht & Cloete, 1996). For instance, Zeng and Yeung (2006)
developed a sensitivity-based method that utilizes a novel sensitivity measure based on a hidden
unit’s output response to input deviations for pruning a MLP. Furthermore, they introduced a
measure of a hidden unit’s relevance and overall contribution to the network. With their novel
technique, they could prune the least relevant hidden units to obtain a minimal MLP topology.

Penalty-term-based pruning methods modify the cost function directly by adding a penalty
term that drives small or irrelevant weights toward zero (Augasta & Kathirvalavakumar, 2013;
Reed, 1993). Setiono (1997) proposed a penalty function and magnitude-based weight elimination
combination. The first part discouraged unnecessary connections, and the second part prevented
weights from taking unnecessary large values. He was able to obtain smaller topologies in a SLFN
successfully.

Constructive Methods.
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Starting with a small network topology and incrementally adding connections, units, or
layers is known as growing or constructing the network. This class of algorithms grows a network’s
topology to match task complexity while simultaneously learning (Bertini & Do Carmo Nicoletti,
2009; Boughrara et al., 2016). Constructive algorithms have been applied successfully to many
recognition problems, including facial expression recognition (Boughrara et al., 2016; Ma &
Khorasani, 2004b) and breast-cancer diagnosis (Zemouri et al., 2018), and many classification
problems (for reviews and examples see, Bertini & Do Carmo Nicoletti, 2009; Do Carmo Nicoletti
et al., 2009; Li et al., 2010; Parekh et al., 2000).

Advantages of Constructive Algorithms.

Using constructive algorithms has several advantages over pruning algorithms, as outlined
by Kwok and Yeung (1997a, 1997b) in their survey on constructive algorithms for feed-forward
ANNS. First, the initialization of the constructive approach is simple, using only a single unit.
Whereas with the pruning approach, a guess must be made on how large the initial network should
be. If the initial network is set too large, it could result in longer training times, as there are more
redundant units and weights, with the possibility of the network converging on a much larger than-
needed topology and possibly overfitting the data. If the initial network is too small, the network
may not have an appropriate topology to adequately learn a given problem and lead to underfitting.

Second, the constructive approach is more computationally economical as it builds smaller
network topologies first as a direct result of using additive incremental learning. The resulting
constructed network topologies are directly related to the complexity of the given problem and the
performance requirements (Ma & Khorasani, 2003). While with pruning, the majority of training

time is spent on network topologies that are larger than required. This leads to potential wasted
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computational effort and time spent removing unnecessary units and weight connections (Ma &
Khorasani, 2003).

Third, constructive algorithms are more efficient in forward computations as they have
fewer weights and other parameters to update initially, require less data for good generalization,
are more easily described, and are more likely to find smaller topology solutions (Kwok & Yeung
1997a, 1997b). Additionally, several parameters used in pruning algorithms are task-specific and
require careful specification to obtain an appropriate topology and good performance (Sharma &
Chandra, 2010a). This task-specific parameter setting limits these algorithms’ applicability to real-
world applications.

Fourth, as previously explained, many pruning algorithms typically estimate the sensitivity
of the error function when an element is removed; this estimate is for computational efficiency
(Reed, 1993). However, only using estimations can introduce significant errors to the network
(Kwok & Yeung 1997a, 1997b).

Finally, aside from Kwok and Yeung's (1997a, 1997b) survey, general advantages of
constructive algorithms have been identified. Since constructive algorithms tend not to have an
upper limit on the size that the network can grow, they can search the entire space of possible
topologies (Curteanu & Cartwright, 2011). This endows these networks with almost guaranteed
success when learning a given problem (Smieja, 1993). Despite not having an upper size limit,
these methods tend to grow near-minimal topologies required to solve given problems (Smieja,

1993).
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Taxonomy of Constructive Algorithms.
To differentiate between the different constructive algorithms in feedforward neural networks,
Kwok and Yeung (1997a, 1997b) proposed a taxonomy based on: the state transition mapping,

the training scheme used, and the given network architecture (see Figure 1).

| Constructive algorithms |

Single-valued Multi-valued

state transition mapping state transition mapping
Training the whole network Traming only the s - - =
(Dyinic niode treation: DNC) new hidden unit Training the whole network | | Training only the new hidden unit
) .Siug}e lﬁflfleﬂ 133"?" Multiple hidden layers
(Projection pursuit regression; PPR) (Cascade correlation; CC)

Figure 1. A taxonomy of constructive algorithms. Adapted and modified from Kwok and Yeung (1997a).

They consider the problem of constructing an ANN’s architecture during learning as a
search in the state space of all possible architectures (Aran et al., 2009; Kwok & Yeung, 1997a).
Concerning constructive algorithms, state transition mapping maps the current state to the next
state A : §; — S,. The search between states is guided by conservation of the units and connections
from one state to the next, a fundamental property of constructive algorithms, and by defining the
A value. When A is single-valued, there is only one possible next state; if A is multivalued, there
are several possible candidate states. The critical difference is connectivity. When A is single-
valued, the number of incoming connections to each hidden unit is fixed and from the same source.
Conversely, when A is multivalued, the number of incoming connections to each hidden unit is
still fixed, but the source of the incoming connections can vary. The incoming connections can
come from any combination of input or hidden units in the network. This gives rise to many

possible candidate networks and, thus, multiple possible next states. As such, the taxonomy first
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divides constructive algorithms into either single or multivalued state transition mapping (Kwok
& Yeung, 1997a).

The categorization of constructive algorithms with respect to the training scheme is very
straightforward. After adding a new hidden unit, the whole network is wholly trained, or only the
new unit is trained. Originally, Kwok and Yeung (1997a) also included training with memorization
as a possibility. However, they noted that while memorization of input patterns reduces
computations during learning, the resulting growth is linearly related to the size of the training data
set and results in large topologies. As such, this category of training schemes is not considered
here, as the focus is on obtaining minimal topologies.

Each training scheme has its advantages and disadvantages. An advantage of retraining
the whole network is its implementation simplicity (Islam et al., 2009a). One of the most influential
constructive algorithms that use this learning scheme is Dynamic Node Creation (DNC). Proposed
by Ash (1989), this model adds hidden units if the error curve flattens below an a priori set trigger
slope value within an a priori determined time window. After each addition, the entire network is
retrained and repeated until a minimum error is achieved. This simple algorithm takes advantage
of the universal approximation capabilities of SLFN ANNS (Kwok & Yeung, 1997a) to obtain
minimal topologies. Many variants inspired by DNC have been proposed (Azimi-Sadjadi et al.,
1993; Bartlett, 1994; Hirose et al., 1991; Sharma & Chandra, 2010b; Zhang, 1994), however, the
simplicity of this training scheme comes at a cost. The added computational load of retraining
everything can lead to scale-up problems if the network grows very large (Kwok & Yeung, 1997a).
Furthermore, each hidden unit sees a constantly changing environment, known as the moving
target problem (Fahlman & Lebiere, 1990). Conversely, training only the newly added hidden unit

involves fixing all connections into every other hidden unit, a process known as “freezing,” and
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only training the connections of the new hidden unit. This training scheme dramatically reduces
the computational load, achieves faster convergence, and avoids the “moving target problem”
(Aran et al., 2009; Islam et al., 2009a; Kwok & Yeung, 1997a). One of the most influential
constructive algorithms that follow this learning scheme is Cascade Correlation (CC; Fahlman &
Lebiere, 1990). This model adds a hidden unit when there is no significant error reduction over a
predetermined number of training epochs, known as a patience parameter, defined by the user a
priori. When it is decided that a new hidden unit is needed, a new candidate unit is recruited. The
candidate’s input-side connection weights are then trained to maximize the covariance between
residual network error and the candidate’s output. The candidate with the highest covariance
measure is then installed in the network. Aside from establishing connections to all inputs and
outputs, it is also connected to every existing hidden unit in the network, creating a single hidden
unit layer. Once the new unit is installed, its input connection weights are “frozen” to preserve the
hidden unit’s feature detection abilities (Thivierge et al., 2003). While the advantages make the
choice of training scheme seem apparent, it also has several key disadvantages. This training
scheme may result in ANNs with more hidden units than needed (Curteanu & Cartwright, 2011;
Islam et al., 2009a) and fail to obtain optimal weights for the network as a whole (Kwok & Yeung,
1997a). By “freezing” the existing weights, the weight space is confined, limiting possible
solutions (Aran et al., 2009), with new units usually being inefficient feature detectors leading to
more units added and possible overfitting (Curteanu & Cartwright, 2011). There is still much
debate surrounding which training scheme should be used, thus creating the second tier of the
constructive algorithm taxonomy.

Finally, the taxonomy is broken down by the network architecture, which consists of single

hidden layer networks vs. multiple hidden layers. The use of a single hidden layer or multiple
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hidden layers is highly dependent on the given task (Safi & Bouroumi, 2014). Why is the taxonomy
important? While it might seem obvious, to validate a constructive algorithm it should be
compared to other growing methods. By understanding how constructive algorithms are
categorized, appropriate and meaningful comparisons can be made.

Challenges and Limitations of Constructive Algorithms.

There are several limitations and challenges associated with constructive algorithms. One
of the most acknowledged limitations is the possibility that the ANN will become trapped in a
local minimum resulting in longer training times. This is primarily due to the initial small network
being more susceptible to getting trapped (Augasta & Kathirvalavakumar, 2013; Yao, 1999).
Adding new hidden units changes the shape of the weight space helping the training algorithm
escape a local minimum or alternatively using techniques such as weight scaling can help (Liu et
al., 2002). Another well-known limitation of constructive algorithms is their difficulties with noisy
data, which can cause the network to grow too large and overfit the data (Aran & Alpaydin, 2003;
José Luis Subirats et al., 2008). As with all ANN:S, filtering or removing noisy inputs can improve
learning speeds and reduce overfitting. Finally, it has been argued that constructive algorithms
rarely result in a minimal or optimal topology but rather give a sub-minimal/sub-optimal topology
(Kwok & Yeung, 1997a, 1997b; Ma & Khorasani, 2003, 2004b).

Several significant challenges were outlined by Sharma and Chandra (2010) that should be
considered when employing constructive algorithms. These are: how to connect a newly added
hidden unit, the activation function(s), the training scheme (re-train the whole network vs.
“freezing”), which optimization technique should be used, and when to stop adding hidden units.
While these are very important, one fundamental challenge is seldomly considered; when should

a new hidden unit be added? This is because the methods for deciding when to add a new unit are
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standard across many constructive algorithms (Sharma & Chandra, 2010b). The most common is
when the error drops below or stops changing by a pre-set amount, usually over a given number
of trials, a new hidden unit is added, often referred to as a “patience” parameter. Many approaches
use this method, including the popular CC (Fahlman & Lebiere, 1990) and DNC (Ash, 1989). A
similar technique can be found in Projection Pursuit Regression (Friedman & Stuetzle, 1981),
where the user compares a criterion of fit for a smooth representation of residuals to a manually
set threshold value. This adds an additional hyperparameter(s) that requires a priori setting and
may require fine-tuning to meet a given task.

Hybrid Methods.

The combination of growing and pruning methods is known as a hybrid approach. Hybrid
algorithms try to strike a balance between the network’s complexity and computational resources
and take advantage of both methods to obtain a parsimonious near-optimal topology. For example,
Thivierge et al. (2003) introduced a dual-phase technique whereby the network grew by CC and
pruned connection weights using the optimal brain damage technique during the input and output
growing phases. Zemouri et al. (2020) proposed a growing and pruning algorithm for deep learning
neural networks (GP-DLNN). During the growing phase, fully connected hidden units were added
based on a performance degradation threshold. Post-growing, if an excess of units were statistically
determined, the network would undergo a pruning phase which consisted of applying the iterative
pruning algorithm and the statistical stepwise pruning algorithm to remove unnecessary
units/connections. They showed that when both growing and pruning was used, the network had
increased classification accuracy than when just growing alone was applied. Dai et al. (2019)
proposed a more neuroscience approach where adding units/connections was based on the degree

of correlation of pre and post-connections for growing in a convolutional neural network (CNN).
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In the post-learning pruning phase, units/connections were pruned based on the magnitude of the
weights as determined by a predefined threshold (for other examples of hybrid approaches, see
Abd et al., 2021a; Ashfahani & Pratama, 2019; Han et al., 2017; Narasimha et al., 2008b; Pérez-
Sanchez et al., 2018a; Pratama et al., 2020; Puma-Villanueva et al., 2012).
A More Self-Governed Growing Approach

As discussed, determining an appropriate number of hidden units a priori for a given task
is very difficult. The reliance on artificially intelligent systems built “brick by brick” by a human
designer has significantly limited their applicability to only particular tasks (Thoérisson, 2012). To
properly match task complexity, ANN topologies should be updated during learning (Zemouri et
al., 2018). Many methods have been outlined in the previous sections that can effectively update
ANN topologies during learning. The ability of these methods to add units/connections during
learning represents a class of universal learners (Baum, 1989). However, the decision of when to
add new units in constructive algorithms heavily depends on user-defined a priori
hyperparameters. Replacing the user’s role in designing ANN topologies with methods that enable
a system to manage its own growth can endow systems with adaptable learning that can apply to
many tasks across different environments, an artificial general intelligence (Thoérisson, 2012).

Two self-growing learning algorithms were identified in the literature. The first algorithm
based on heuristic terminal Attractor backpropagation, developed by Wang and Hsu (1991), uses
a time-varying gains value incorporated into the weight update rule as a criterion to determine the
number of hidden units in a single hidden layer MLP. The idea is that the next state selected during
the search for topology should increase the system’s energy. To achieve this, new hidden units
need to be added if the error function does not converge to the minimum error. When the error

function flattens, the value of the time-varying gains will become large. If this value surpasses a
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manually set threshold, a new hidden unit can be added depending on the probability of adding a
new unit. After growing, a hidden unit removal rule was incorporated to remove redundant units.
The results showed that the proposed algorithm effectively automatically determined the
appropriate number of hidden units. However, Wang and Hsu (1991) noted that without the hidden
unit removal rule, the algorithm could grow to larger sizes with more redundant units. They suggest
that high set threshold values can reduce the likelihood of this occurrence but can result in longer
training times. While this approach is self-growing, the dependence on manually setting an
appropriate threshold value can impact the size of the topology grown and cause overfitting that
limits generalization. In the second, Huang et al. (2006) prove that SLFNs with randomly
generated nodes are universal approximators. They then move from theory to application by
creating a fully automatic SLFN. In this context, only the target minimum error and the maximum
number of hidden nodes need to be defined by the user a priori. No other hyperparameters require
manual tuning. New nodes are randomly added during learning if the maximum number of nodes
and the minimum error has not been reached. Their results showed that a constructive algorithm
based on randomly adding nodes results in good generalization performance on several
classification datasets. They then extended their algorithm to construct a two-layered feedforward
network. First, the training sample space is divided into subregions. Several SLFNs with additive
nodes are trained on one subregion and share nodes in the second hidden layer. These results show
that a two-layered feedforward network achieved better generalizations and learned faster. While
this approach is self-governed, adding nodes in a stochastic way limits its explanatory power and
can result in larger than necessary topologies resulting in sub-optimal topologies.

Population dynamics refers to a branch of ecology that involves quantifying and modeling

the growth or decline in the size of a biological population and the investigation of the forces that
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are responsible for fluctuations in size (Juliano, 2007). Theoretically, an ANN or each layer
comprising the network can be viewed as a set of populations (Ross et al., 2020). From this
perspective, a hidden layer can be considered the environment in which neuronal units exist.
Contrary to having a user fine-tune hyperparameters that govern growth, the intrinsic population
dynamics of an ANN could be used to self-govern the growing process. It is important to
distinguish this from other methods, such as those outlined in the evolutionary approaches, that
use a population-based approach. In these methods, population-based refers to training a
population of stochastically generated candidate networks where the best-performing candidate is
selected. Conversely, in the context of the proposed usage of population dynamics, only a single
network is trained with a population(s) contained within. As such, to address the issue of self-
growth, we propose a novel more self-governed growing algorithm that is inspired by population
dynamics.
Overview of Chapters

The population dynamics inspired growing algorithm’s properties and applications are
investigated across three chapters. Chapter 1 introduces a novel dynamic more self-governed
growing algorithm inspired by population dynamics. The algorithm is implemented in a single
hidden layer multilayer perceptron (gMLP), whereby the dynamics of the algorithm are explained
and tested on the classic n-Bit Parity problem compared to a fixed hidden layer network (fMLP).
Chapter 2 investigates the algorithm's inherent properties to validate the more self-governed claim.
To achieve this, the algorithm is implemented in the gMLP and tasked with classifying the
complete MNIST data set of handwritten digits. The model is further validated through
comparisons to an fMLP and another constructive algorithm with the same learning scheme,

Dynamic Node Creation (DNC-MLP). Chapter 3 investigates the effects of growing sequentially



A NOVEL CONSRUCTIVE ALGORITHM 21

or in parallel in a multilayer context. A modified version of the growing algorithm capable of
growing in a parallel fashion is proposed. Using benchmark classification tasks, the parallel
version of the algorithm is compared to two sequential approaches in a multilayer context: the

original sequential growing algorithm inspired by population dynamics and DNC.
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Chapter 1
Should I Stay or Should I Grow? A Dynamic Self-Governed Growth for Determining

Hidden Layer Size in a Multilayer Perceptron

22
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Abstract

A novel dynamic self-governed growth algorithm inspired by population dynamics is
introduced in a MLP. This allows the inclusion of a carrying capacity, the maximum population
of hidden units that can be sustained in a single hidden layer. Including this constraint in
combination with population dynamics provides a built-in mechanism for a dynamic growth rate.
The proposed approach is used in parallel with direct performance feedback from the network to
modulate the growth rate of the hidden layer. This algorithm incrementally adds units to the hidden
layer until the complexity of the task no longer requires further addition. The MLP is extended
with the growing algorithm, and its adaptability is tested by subjecting the network to increasing
levels of task complexity for the n-bit problem. Using fixed rules that dictate both the size of a
fixed layer MLP (fMLP) and the upper bound carrying capacity of the growing MLP (gMLP), the
resulting topologies are directly compared on the n-bit problem. In short, the results suggest that
even if a fixed rule sets an upper boundary of the carrying capacity, the growing algorithm can
converge to less than the predicted number of units required for solving the given task, with the
majority of trials growing to the same number of hidden units regardless of the rule used. This

effect is consistent across the specified rules and levels of task complexity for the n-bit problem.
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In multilayered ANNs, deciding the number of hidden units within the architecture can be
crucial for adequately learning and solving a given task. Using too few units can result in
underfitting, whereby the network may not adequately capture the input data, preventing proper
learning or generalization. In contrast, too many units can lead to overfitting, whereby the input
data is not enough to train all the hidden units properly and can therefore increase training time
(Gaurang & Panchal, 2011; Kwok & Yeung, 1997a; Liu et al., 2002; Parekh et al., 2000).
Unfortunately, there is no methodological consensus for determining the number of hidden units
in a hidden layer. There are several rule-of-thumb methods (Gaurang & Panchal, 2011); however,
typically, this number is found by extensive, time-consuming trial and error (Ash, 1989; Parekh et
al., 2000).

This problem is critical when multilayered feedforward networks are used. The most
popular is the multilayered perceptron (MLP) that uses the backpropagation algorithm developed
by Rumelhart et al., (1986). The MLP includes internal hidden units that are not part of the input or
output yet represent important features that capture task-specific regularities. As a result of the
hidden layer extension of the standard perceptron, the MLP is capable of solving non-linearly
separable tasks such as the XOR problem, as well as its higher dimensional extension known as the
n-bit Parity problem (Wilamowski et al., 2003). The n-bit problem is one of the most widely used
problems for testing the efficacy of training algorithms for ANNs (Lu et al., 2012; Setiono, 1997b).
If the number of ones in the vector is even, then the output is 1, and if the number of ones is odd,
then the output is 0 (Lu et al., 2012; Setiono, 1997b). The number of input vectors of an n-bit
problem is given by the dimension parameter m, where m is given by 2", with n € N;being the

number of bits.
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Previous approaches have formulated strict rules on the minimum number of hidden
threshold units required to solve the n-bit Parity problem. For instance, in the case of a single hidden
layer of the MLP, simulation experiments have shown that the minimum number of hidden units
needed is equal to # in order to solve the n-bit problem (Fung & Li, 2001; Minnick, 2009), whereas
others have proposed that the general solution for solving the n-bit problem is n+1 (Hunter et al.,
2012). These formulations require that the architecture of the MLP remains purely feedforward,
with no direct connections between the input and output layers. In contrast, if additional connections
exist between the input and the output layers, as in the Bridged MLP, a generalized solution is 2n+1
(Hunter et al., 2012). Although these rules allow the characterization of the number of hidden units
required in the hidden layer of an MLP, these established rules require a prior specification of the
number of hidden units. They are only applicable if certain conditions are met.

A potential solution is to have the topology grow as the network learns through constructive
algorithms that start with a few units and incrementally add units and connections (for a detailed
review, see Curteanu & Cartwright, 2011; Kwok & Yeung, 1997a). This algorithm class offers
flexible economic topologies that match task complexity (Kwok & Yeung, 1997a). The most
popular among them include CC (Fahlman & Lebiere, 1990) which freezes the existing network
and trains the newly added unit, and DNC (Ash, 1989) which retrains the entire network. Previous
work under the DNC category has shown that the backpropagation algorithm can be used with
varying numbers of hidden units to approach the XOR problem (Hirose et al., 1991). To accomplish
incremental growth, the total error was checked every 100 epochs, and a new hidden unit was added
if the total error remained higher than one percent. As a result, the size of the network increased
outbound and therefore required intervention via removing a hidden unit and retraining until

obtaining a more reasonable number of hidden units (Hirose et al., 1991).
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When should a constructive algorithm add a new unit? Adding units randomly or on a fixed
time schedule could lead to unnecessarily large topologies. If a user defines a maximum capacity
size, it could prevent excessive growth. Nonetheless, added hidden units may not have enough time
to be trained to impact the training error and could still lead to the addition of unnecessary units.
The aforementioned constructive algorithms employ a user-defined hyperparameter whereby if the
average training error drops below or stops changing by a pre-set amount, a new unit will be added
(Ash, 1989; Fahlman & Lebiere, 1990; Hirose et al., 1991). While very effective, this requires some
a priori hyperparameter setting.

We propose an extension of the MLP using a flexible growing algorithm inspired by
population dynamics (Sun, 2016). Theoretically, a neural network or each layer comprising the
network can be viewed as a set of populations. From this perspective, a hidden layer can be
considered the environment in which neuronal units exist. This would endow the hidden layer with
a carrying capacity. Put simply, the carrying capacity is the maximum population size that the
environment can sustain, or in terms of ANNS, it is an upper bound on the possible number of
hidden units. Giving the hidden layer this constraint allows the application of population dynamics
when calculating the growth of the hidden unit population. This provides a built-in self-governed
method for preventing the network from growing too large. In this version, we are only concerned
with the carrying capacity of the hidden layer and no other environmental factors, such as resource
availability (Sun, 2016). As such, we consider this population a “single species” of the neuronal
unit within the hidden layer environment. For a given task, the algorithm allows the network to
incrementally add units in the hidden layer until the complexity of the task no longer requires further

addition in the number of hidden units.
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The adaptability of the growing network (gMLP) is tested using increasing levels of task
complexity for the n-bit problem and compared to an identical MLP network with a fixed hidden
layer size (fMLP). In doing so, we show that fixed rules for the number of hidden units needed to
solve n-bits are not ideal and that dynamic, flexible growth will lead to better-generalized
approximations in size irrespective of the rule used. We do not focus on the total number of training
epochs the network takes, but on the total number of hidden units, the network uses for each rule
across different n-bits.

The remainder of the chapter is divided as follows: Section II introduces the model
describing the network’s architecture, activation function, learning algorithm, and learning
procedure for a standard MLP with a single hidden layer. We then describe the growing algorithm
inspired by population dynamics. Section III describes the results of the n-bit Parity problem using
a standard fixed hidden-layer size (fMLP) and an extended version of the dynamic self-governed
growth algorithm (gMLP). In section IV, we discuss and conclude the overall findings of our work.

Methods

Architecture

The MLP used is a simple feedforward network and is comprised of three layers: an input
layer, a single hidden layer, and output layer containing a single unit (Figure 1.1). If the size of the
hidden layer, s, is fixed then its size is dependent on the input vector dimension, n, and the selected
rule. In this condition all the weight connections are present from the beginning. If the size of the
hidden layer, s, is permitted to change across time as with growing, then new units are added to
the end of the hidden layer. The weight connections associated to the new hidden unit are added

from the input layer to the hidden and from the hidden to the output layer.
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Output
Layer

Input Layer Hidden Layer

Figure 1.1 MLP architecture. In the above architecture x is a bit vector of length n, where n is the number of bits, s

is the current number of hidden units, b the biases, and the dashed lines represent weight connections that are added

during growing.
Activation Function

The activation function used for the MLP is the bipolar sigmoid function (1.1). This function
ranges from -1 to 1, allowing a bipolar representation of the data (Figure 1.2). The derivative (1.2)
is used when calculating the backpropagated error (Fausett, 1994).

2
FO) = o 1 (1.1)

1
F1G) = 5(1+ FCO)(1 = fG) 42

Forward pass of the inputs through the hidden layer of the MLP network is derived

according to:

n
h}n = bO + Z xl'Wl'j (13)
i=1

by = F(1") (14
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Figure 1.2 Bipolar sigmoid activation function.

where x; is the input vector, w;; are the weight connections between the input and the hidden layer,
b, is the bias on the hidden layer, h}" is the activation of the hidden unit j, h; is the output from
the hidden unit, and f the bipolar activation function defined in (1.1).

Once the output from the hidden layer is obtained, this information is passed forward to the

output layer according to:

yiTL = b1 + z hjvjl (15)
j=1
y=fo™ (1.6)

where vj; is the weight connections between the hidden layer and the output unit, b, is the bias on

the output layer, y™ is the activation of the output unit and y the output signal.

Learning Algorithm

The learning for the MLP network is based on standard backpropagation. Once an output
is obtained from the MLP network, the error term (&) is computed according to (1.7) from the

output layer and back-propagated to the hidden layer.

§=0-Nf o™ (1.7)

where f’ is the derivative of the activation function (1.2), and ¢ is the associated target pattern. To

improve convergence, targets were not set at the asymptotes of -1 and +1, but at -0.8 and +0.8
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respectively (Fausett, 1994). The error term from the output layer is then used to calculate the error

term from the hidden layer (6;) according to:

6jin = 617]'1 (18)

where 5}” is the summation of delta inputs from the output.
— sin in
& =&"f'(h") (1.9)
Once the error terms have been calculated, the output unit updates its weight connections

(1.10) and bias (1.11) by adding correction terms according to:

vt = vl + (k) (1.10)
prew = pold 4 p§ (1.11)
where v}’lld is the weight connections from the previous epoch, 1 the learning rate set to 0.1,
new old

V:

;1 represents the updated weight connections, by™® is the bias on the output layer from the

previous epoch, and b1**"is the updated bias term.

This process is then repeated by the hidden layer that uses its error term (6;) to create

correction terms to update its own weights (1.12) and bias (1.13) according to:

wii? = Wl-ojld + 1(6;x;) (1.12)

b(r)zew — bgld + 776j (1.13)

where W{’jld is the weight connections from the previous epoch, w

new

ij is the updated weight

connections, b3'? is the bias on the hidden layer from the previous epoch, and b¢¥is the updated

bias term.

The MLPs performance is calculated at the end of each epoch according to:

m
1
MSEZ—Z t, — 2 1.14
mk—1(k Yk) (1.14)
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where m is the input dimension (number of patterns) given by 2", with n € N; being the number

of bits, and MSE is the mean-squared error of the MLP network.

Learning Procedure

Learning for both MLPs is conducted in the same manner whereby during each training

epoch all input vectors are randomly shuffled and presented to the network. The learning is

outlined by the following steps:

1)

2)

3)

4)

5)

6)

7)

Initialization of weight connections at random values between -0.5 and 0.5.

Forward propagation, where the input vector is broadcasted to all hidden units that sum their
weighted input signals according to (1.3) and apply the bipolar activation function (1.1) to
compute each of their respective outputs (1.4).

Continuation of forward propagation where the output unit receives the summation of
weighted input signals according to (1.5), over which the bipolar activation function is
applied (1.1) to compute its output (1.6).

Each output unit receives the associated target patterns for each respective input training
pattern and calculates its error term (&) which is then backpropagated to the hidden layer
(1.7).

The hidden layer uses the backpropagated error and calculates its own error information term
8; according to (1.8) and (1.9).

Weights are then updated according to (1.10) for the output layer and (1.12) for the hidden
layer. Biases are also updated according to (1.11) and (1.13).

Training continues until the maximum number of epochs is reached (set to 10°) or if the MSE

(1.14) falls below a minimum value set at 0.001.
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The only exception between the fMLP and the gMLP learning procedures is the inclusion
of the growing algorithm. The gMLP starts with only a single hidden unit and can only add units
at the end of each epoch after the network has updated its weight connections. When adding a new
unit, its new connections are also initialized at random values between -0.5 and 0.5. They are then

updated along with all the other weight connections during the next epoch.

Growing Algorithm

The growth of the population of hidden units is dictated by the growing algorithm (1.15).
This algorithm is adapted and modified from the Single-species model with the Allee effect
outlined in (Sun, 2016). This algorithm is used during each epoch to calculate the change in the
size of the hidden unit population (i.e., growth rate). Adding a new unit to the hidden layer only
occurs when the growth rate reaches an integer value, as adding a proportion of a single unit is not
plausible. The dynamics of the growing algorithm are characterized by the following:

S

dhs hs
o —MSE*(l—?> (hs —a) (1.15)

where C is the carrying capacity of the hidden layer environment (upper bound) determined by the
fixed rule used, hy is the current size of the hidden unit population, and « is a constant set to 0.2.

As the hidden unit population grows within the hidden layer, it receives direct performance
feedback from the gMLP network through the MSE. The MSE modulates the rate at which the
hidden unit population can grow (Figure 1.3). The MSE is inversely proportional to the growth
rate. In this regard, as the gMLP learns, its performance can slow the hidden layer’s growth rate.
Concerning ANNSs, during the learning process, the error is reduced and should approach zero.
With a gradually declining error, the growth rate is in a state of constant change that is dependent

on the network’s performance. In this context, even though the hidden layer has a maximum
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carrying capacity, the hidden unit population will grow toward the optimal number of hidden units
required to reach an error close to zero. This is reflected in Figure 1.4, where curves: 10, 8, 6, 4,
and 2; depict hypothetical situations where the MSE is initiated at a value of 1 and converges to
0.001 at different numbers of hidden units within the hidden layer. These curves reflect the
fluctuation in growth rate due to error feedback from the network’s performance. Hence, the
minimum error may either be reached at the carrying capacity or at significantly lower hidden
layer sizes, depending on task complexity or the defining characteristics of the network itself, such

as the architecture or learning rule.
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=-==- MSE =0.75
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Figure 1.3. Hidden layer growth rate function with constant error. In the above figure the growth rate of the
hidden unit population is shown with respect to the gMLP network’s MSE. Here the carrying capacity (C) is

fixed at 10 hidden units, and the MSE is held constant at values varied between values of 1 and 0.1.

Simulation: n-Bit Parity Problem

The n-bit parity vectors used in the following simulations were given a bipolar
representation of -1 and 1. This set of simulations tested rules: 2", 2n+1, and n+1; for
determining hidden layer size for parity 2 to 7-bit problems, where # is the number of bits.

These rules were implemented in two identical MLP networks. The fMLP with a fixed number
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of hidden units given by the rules, and the gMLP uses the number of hidden units predicted by

the rules as the carrying capacity.

1.5 1 10

o 1 2 3 4 5 6 7 8 9 10 11
Number of Hidden Units
Figure 1.4. Hidden layer growth rate function with declining error. In the above figure the growth rate of the hidden

unit population is shown with respect to the gMLP network’s MSE. Here the carrying capacity (C) is fixed at 10

hidden units, « is set to 0.

Results

The effectiveness of the fMLP and the gMLP was evaluated for solving the n-bit parity
problem for 2 to 7-bits across 100 trials per bit. To obtain an idea of just how the gMLP compared
to the fMLP, a single trial of the 4-bit problem using the rule 2" is examined in detail. Using the
rule 2", the fMLP is set to 16 units. This means that this network has a total of 65 weight
connections. As shown in Figure 1.5a, the MSE of the fMLP decreases gradually until reaching
the pre-set minimum error of 0.001. In contrast, the gMLP uses the rule 2" to set the carrying
capacity to a value of 16 for the 4-bit problem. This network starts with a single hidden unit and
grows in an ascending step-like fashion before converging at 5 hidden units (see Figure 1.6).
Therefore, this network has a total of only 21 weight connections. As can be seen in Figure. 1.5b,
the MSE of the network decreases in descending step-like fashion until it reaches the pre-set

minimum error of 0.001. The plateaus in this figure indicate that the error is decreasing less and
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less between epochs, and a new unit is needed. The spikes in error seen in Figure 1.5b at the end
of the plateaus co-occur with adding a new unit to the network (see Figure 1.6) and consequently
adding new randomized weight connections. This initial error spike is quickly reduced, allowing
the network to continue to train and further lower the MSE. To summarize, using the same rule,
2", the fMLP uses more hidden units and weight connections than the gMLP but takes fewer

training epochs.
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Figure 1.5. Mean squared error (MSE) across MLP training epochs for a 4-bit trial. a) MSE across fMLP training

epochs when the rule 2" determines a fixed hidden layer of 16 units. b) MSE across gMLP training epochs when the

rule 2” sets the carrying capacity (C) at 16, but the hidden layer only grows to 5 units.
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Figure 1.6. Growth of the hidden layer across epochs for a 4-bit trial. In the above figure the size of the hidden unit

population is shown growing across gMLP training epochs. Here the carrying capacity, depicted by a dashed line,

is determined by the rule 2" to be 16 hidden units.
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To verify that this result was consistent, both networks were subjected to 100 trials of each
bit problem from 2 to 7-bits. This process was repeated across the rules: 2", 2n+1, and n+1; for 18
conditions per MLP network. The results of the fMLP are shown in Table 1.1, and the results of
the gMLP are shown in Table 1.2. The “Pred.” (predicted) column gives the number of units the
rule indicates should be used, and the “Actual” column gives the number of hidden units the
network used across 100 trials. Due to the variability in gMLP performance, the number of hidden
units in the hidden layer varies from trial to trial. As such, a range of hidden units is reported per
bit in Table 1.2 from the least to most hidden units used across the 100 trials. To ensure full
transparency, the frequency (percentage) of each hidden unit size for the 100 trials is reported

across all the bit problems tested (Table 1.3).

Table 1.1

fMLP Hidden Layer Size (Averaged Over 100 Trials)
Rule for Number of Hidden Units

Bit 2 20+l el
Pred.  Actual Epochs Pred.  Actual Epochs Pred.  Actual Epochs

2 4 4 789 5 5 721 3 3 918

3 8 8 315 7 7 334 4 4 434

4 16 16 1174 9 9 1 041 5 5 5358
5 32 32 461 11 11 514 6 6 8596
6 64 64 6693 13 13 3967 7 7 10 535
7 128 128 703 721 15 15 12 917 8 8 140 490

Table 1.2
gMLP Hidden Layer Size (Averaged Over 100 Trials)
. Rule for Number of Hidden Units
Bit
2" 2n+1 n+l
Pred.  Actual Epochs Pred.  Actual Epochs Pred. Actual Epochs

2 4 2-3 2 685 5 2-3 2 463 3 2 7674
3 8 2-3 3173 7 2-3 3276 4 2-3 3 888
4 16 3-13 25 678 9 3-7 14 084 5 3-5 26 056
5 32 4-25 22 941 11 4-10 50334 6 4-5 103 412
6 64 5-63 60 598 13 5-13 93 686 7 5-7 261 749
7 128 7-128 321232 15 6-15 527 059 8 6-8 631 603
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Table 1.3

Frequency of Hidden Unit Sizes in gMLP Across 100 Trials
Rule for Number of Hidden Units

Bit
' 2 2+ ntl
2 2:99%, 3:1% 2:94%, 3:6% 2:100%
3 2:83%, 3:17% 2:89%, 3:11% 2:93%, 3:7%
4 3:14%, 4:57%., 5:25%, 6:3%, 13:1% 3:23%, 4:63%, 5:13%, 7:1% 3:27%,
4:69%, 5:4%
5 4:73%, 5:19%., 6:4%, 7:2%, 11:1%, 4:71%., 5:22%, 6:2%, 7:1%, 4:72%,
25:1% 10:4% 5:28%
6 5:17%, 6:43%, 7:18%, 8:11%, 9:2%, 5:16%, 6:46%, 7:21%, 8:7%, 5:22%,
10:1%, 12:1%, 13:1%, 17:1%, 19:1%, 9:1%, 10:2%, 11:1%, 12:5%, 6:68%,
22:1%, 60:1%, 63:1% 13:1% 7:10%
7 7:38%, 8:16%, 9:2%, 11:2%, 12:3%, 7:42%, 8:10%, 9:1%, 10:1%, 6:3%, 7:50%,
13:4%, 23:1%, 25:1%, 27:1%, 54:1%, 11:3%, 8:47%
82:1%, 119:1%, 125:1%, 126:2%, 14:12%, 15:32%

127:10%, 128:16%

Depending on the rule, the results of the fMLP for both 2 and 3-bit problems use between
3-8 hidden units (Table 1.1). In contrast, the gMLP uses between 2 and 3 hidden units regardless
of the rule (Table 1.2). The percentages of each hidden unit size used across the 100 trials per each
rule are shown in Table 1.3. These results show that 80-100% of the time, only two units are used
for the 2 and 3-bit problems. A visual of the classification quality for a single trial of the 2-bit
problem is shown in Figure 1.7. As can be seen in Figure 1.7a-c, the fMLP has clearly defined
classification across the three rules, with the fMLP using: 4 units for 2", 5 units for 2n+1, and 3
units for n+1. In contrast, the gMLP uses only 2 hidden units for all three rules. However, as seen
in Figure 1.7d-f, the gMLP can still maintain clear distinct classification borders.

Examining the results of the 4-bit problem in depth using the rule 2", the fMLP used 16
hidden units (Table 1.1). While the gMLP varied from 3-13 units across the 100 trials (Table 1.2).
However, examining these numbers closely, 99% of the time, the number of hidden units was

between 3-6, and only 1% of the time was the hidden layer size 13 (Table 1.3). This is reflected in
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Table 1.3 with a mode at 4 hidden units. Continuing to both 2n+1 and n+1 rules, the fMLP used 9
and 5 units, respectively (Table 1.1). The gMLP varied between 3-7 units, but closer examination

reveals that only 1% of the time was 7 units used. Additionally, both distributions have a mode at

4 (Table 1.3).
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Figure 1.7. Classification borders of the MLP networks for a single trial of the 2-bit problem across the three
different rules. a-c) fMLP classification quality across the three different rules for 500 random points. d-f) gMLP

classification quality across the three different rules for 500 random points.

At 5-bit and higher, the number of predicted units shows distinct variation between rules.
At 2" the fMLP used 32 units, 11 units at 2n+1, and 6 units at n+1. Contrary to this, similarity can
be seen across rules for the gMLP with a mode at 4 for all three distributions (Figure 1.8a-c). For
2", 98% of the trials used 7 units or less. Both the 11 and 25 units occur only 1% each. This effect
is seen using the 2n+1 rule, with 96% of the trials using 7 units or less. These results are again
continued with the n+1 rule, where 100% of results occur between 4-5 units. Similar results are

observed for the 6-bit problem. Finally, for the 7-bit problem, the fMLP, dependent on the rule,
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used 128, 15, and 8 hidden units. However, using the rule 2", which leads to using 128 hidden
units, the network cannot converge during learning for many of the 100 trials. The gMLP showed
variation compared to previous results with respect to the rules 2" and 2n+1. For 2" in the gMLP,
65% of trials used between 7 and 13 hidden units; however, 30% of trials used between 119 and
128 hidden units (Table 1.3). Similar results are found using the rule 2n+1, with 56% of trials
between 7 and 12 and 44% of trials using 14 or 15 units. These two rules show evidence of bimodal

distributions. Despite this, a mode of 7 hidden units is still observed across rules (Table 1.3).
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Figure 1.8. Frequency of hidden units needed by the gMLP across 100 trials. a-c) Final number of hidden units

from 100 trials for the 5-bit problem using three different rules to determine the hidden layer’s carrying capacity.

Discussion

In this study, we introduced a novel constructive algorithm inspired by population
dynamics to incrementally add units to a MLP. This algorithm utilizes a carrying capacity
hyperparameter that prevents the network from growing outbound. This endowed the network with
a growth rate that allowed more rapid growth when the hidden layer size was far from capacity
and a slower growth rate when it approached capacity. This carrying capacity was used in parallel
with direct performance feedback from the network in the form of the MSE. The MSE scaled the
growth rate in regards to the performance of the network. This allowed for dynamic self-governed

growth, the rate of which was modulated both by network performance and hidden layer size.
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To test the adaptability of this algorithm, we subjected the gMLP to increasing levels of
task complexity for the n-bit problem and compared our results to an identical fMLP. We aimed
to show that using fixed rules for hidden layer size, flexible, dynamic growth would lead to
generalized approximations in hidden layer size regardless of the rule used. Even if a fixed rule
sets the upper boundary of the carrying capacity, the growing algorithm can converge to several
hidden units, falling within the lower range of units required for solving the given task. This effect
is consistent regardless of the rule used for deciding on the upper boundary of the carrying
capacity.

As illustrated in our results, the gMLP successfully showed a general hidden layer size
regardless of the rule used. This is evident from the distributions for each of the three rules having
the same mode for each bit problem. Additionally, as previously mentioned, only one of these
rules, n+l1, is an actual generalized rule for solving the n-bit problem with a feedforward
architecture. The other two rules, 2" and 2n+1, were chosen to push both MLP networks to larger
hidden layer sizes than the n-bit problem requires. Our results were clear for the fMLP. For the 7-
bit problem, using too many hidden units, such as with the rule 2", caused the network during some
trials to reach the maximum number of epochs set at one million to prevent network convergence.
Contrary to this, the gMLP showed more robust qualities and, overall, across 100 trials, could
converge to smaller topologies while still solving the task.

It was not until the 7-bit problem was reached that the gMLP experienced difficulties, as
evident from the two bimodal distributions for the rules 2" and 2n+1. This problem is not new to
growing methods. One of the limitations of growing methods is that the networks can sometimes
get trapped in local minima (Curteanu & Cartwright, 2011; Narasimha et al., 2008). This, as well

as slow convergence, are particularly pertinent problems with backpropagation. To escape the local
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minima adding more than one unit at a time could solve this issue. To address slow convergence,
using a modified error term (Bi et al., 2005) or avoid using standard backpropagation and use faster
training methods like Quickprop in CC (Fahlman & Lebiere, 1990). Furthermore, for some of our
results, the final hidden layer size is sometimes less than the minimum of #. For instance, with the

4-bit problem, the gMLP uses only 3 hidden units. Previous work using analytical solutions has

shown that the number of hidden units required to solve n-bit problems is governed by (% + 1) if

even and (nTH) if odd (Setiono, 1997b). According to this metric, the 4-bit problem can be solved

by a minimum of 3 hidden units.

Despite the model’s success in solving the n-bit problem, it is important to note the variation
in training times between the fMLP and the gMLP. The gMLP took more training epochs, growing
from a single hidden unit to the amount needed to perform the task. However, as previously
mentioned, optimizing application training times were not this study's objective. Instead, the
primary objective was the proof of concept of a new growing algorithm inspired by population
dynamics and the demonstration of its effectiveness and plausibility. The main novelty includes a
carrying capacity and, by extension, a growth rate. Unlike previous methods, such as with the DNC
(Ash, 1989) that calculates the average error in relation to a user-set minimum slope, the addition
of new units to the hidden layer is not user determined. Instead, it is more self-governed based on
the growth rate, which is directly scaled by the current size of the network in relation to the carrying
capacity and simultaneously by the training performance of the network through the MSE. Even
though a measure of error is used, there is no user-set criterion for how much the error stops
changing by to then introduce a new unit to the network.

A similar mechanism is seen using evolutionary algorithms for growing the network

structure. For instance, the inclusion of a growth probability operator and an accompanying growth
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rate distribution to determine how many units the network grows by (Ang et al., 2008). This has
been shown to exhibit higher growth probabilities at initial stages and lower growth probabilities
at later stages, effectively speeding up the process of finding an optimal solution. Though this
method is self-adaptive, it introduces randomness through mutations, requires an evaluation of
fitness, and takes place across many networks, with only the best-performing ones chosen to
“survive” (Ang et al., 2008). In the present algorithm, the growth rate is being utilized as a self-
governed process without referring to processes governed by evolutionary dynamics. Additionally,
only one network is grown, and the population refers only to the hidden layer size. Therefore, the
current dynamic growth algorithm introduced here can be seen as a hybrid between evolutionary
and constructive approaches.

To validate the observed results, replication with other tasks is needed, such as the Double
Moon classification problem, where data point is distributed into two crescent “moon” shapes. The
challenge is to classify the overlapping and non-linear shapes (Haykin, 2009). In this case, the
gMLP would estimate the number of hidden units required to solve the task. This estimated value
for the number of hidden units would provide an approximation of the general rule required to
solve the Double Moon problem. In the same way that our approach provided approximations
close to the rules mentioned for solving the n-bit Parity problem. If fixed rules that are task-specific
can be generalized to other tasks and still provide accurate results, it would effectively validate the
growing algorithm applied here. Additionally, it would be pertinent to test the generalization
concerning the classification of the growing network to overfitting or underfitting the data. Such a
validation could be achieved using a k-fold validation. Additionally, by combining this dynamic
growth algorithm with more efficient learning approaches like Quickprop, we aim to reduce

training times to allow a more direct comparison between growing and fixed networks. Future
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work aims to refine this algorithm to incorporate neuronal pruning, allowing the algorithm to have
a negative growth rate to decay the neuronal population and obtain an optimal minimal topology.
To govern such a method, one potential avenue would be to re-introduce the possibility of local
extinction as outlined in the original population dynamics model (Sun, 2016). Such a mechanism
could create internal competition, potentially allowing a synergistic effect to reach optimal
topologies. Finally, it would be very interesting to explore how a multilayered network with two
hidden layers could be governed by two of these algorithms, whereby the growth of one layer
could lead to pruning in another depending on the performance and needs of the network.
Conclusion

Dynamic growth inspired by population dynamics introduces a constructive approach that
is self-governed. This approach can circumvent arbitrary trial and error to determine optimal
hidden topologies. Furthermore, it also avoids the problem of growing outbound by converging to
smaller topologies on its own, according to how both the network performance and the hidden
layer size modulate the growth rate—the self-governed dynamics of this growing algorithm merit

further investigation.
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Chapter 2
A Constructive Algorithm for Deciding When to Grow: A Dynamic More Self-Governed

Approach



A NOVEL CONSRUCTIVE ALGORITHM 45

Abstract

When employing constructive algorithms, deciding when to add a new hidden unit is an
important challenge to be considered. The most common method is if the error stops changing by
a pre-set amount over a given number of trials. However, this approach heavily depends on a priori
fine-tuning of hyperparameters which can be task-specific. Alternatively, a dynamic, constructive
growing algorithm inspired by population dynamics offers a more self-governed approach to this
decision process. This approach is investigated to validate the algorithm and its self-governed
properties. The inherent properties of the algorithm are examined in a single hidden layer
multilayer perceptron (gMLP) tasked with classifying the MNIST data set. The number of units
grown by the gMLP is validated and compared directly to identical MLPs, with fixed hidden layer
sizes (fMLP) and another constructive method, Dynamic Node Creation (DNC-MLP). In short,
the results depict that the model’s hyperparameters require less fine-tuning by the user and adhere
more toward self-governance. Furthermore, the number of hidden units grown by the gMLP is
appropriate and consistent with our general benchmark predictions. The gMLP showed slightly
lower performances than the fMLP and similar performances compared to the DNC-MLP. The
distinction of when a new unit is added highlights the advantage of a more self-governed approach.
Dynamic growth inspired by population dynamics offers a more self-governed alternative
automatically tailored to a given task compared to the user finely-tuning hyperparameters for

deciding when to add new hidden units.
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Determining the number of hidden units to use in a multilayered feedforward network can
be critical to solving a given problem. Not enough hidden units in the network may lead to
underfitting and failing to learn a given problem adequately. In contrast, if there are too many
hidden units in the network, it may lead to overfitting as a result of too much flexibility and cause
poor generalization (Boughrara et al., 2016; Curteanu & Cartwright, 2011; Kwok & Yeung, 1997a;
Liu et al.,, 2002; Parekh et al., 2000). Currently, there is no one agreed-upon method for
determining the optimal topology, as it can vary drastically depending on the given problem or the
network used. As such, the current practice is to use fixed architectures that are determined via a
trial-and-error approach. This process is both computationally and temporally cumbersome and
does not guarantee that an optimal topology will even be found (Hernandez-Espinosa &
Fernandez-Redondo, 2002; Parekh et al., 2000; Zemouri et al., 2018). To address the issue of
finding optimal topologies, several approaches have been proposed and can be broadly categorized
into statistical and empirical, evolutionary, and non-evolutionary approaches.

Statistical and empirical methods have been used to determine the optimal number of
hidden units and many other optimal network parameters (for a survey, see Curteanu & Cartwright,
2011). Of note is the use of singular value decomposition (SVD) for determining the optimal
number of hidden units in single-layer feedforward networks. SVD has been applied as an ad hoc
technique to automatically remove redundant hidden units (Psichogios & Ungar, 1994) and
estimate the number of hidden units for a given task (Teoh et al., 2006). Recently, SVD has been
applied a priori directly to the training data to estimate the number of hidden units in a single layer
feedforward network for classification tasks (Cai et al., 2019). While this approach is practical, it

is user-dependent and not self-governed.
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Evolutionary approaches simulate natural selection and the evolutionary process to
stochastically search for the optimal neural network topology. Evolutionary approaches offer an
adaptive framework whereby topologies can be dynamically altered without direct user
intervention (for reviews, see: Castillo et al., 2000; Curteanu & Cartwright, 2011; Ding et al., 2013;
Yao, 1993). Conversely, non-evolutionary approaches use specific algorithms to determine
optimal topologies automatically (Do Carmo Nicoletti et al., 2009). These approaches can be
divided into either destructive or constructive methods. Destructive methods begin with a large
initial network where units/connections are systematically pruned (for a survey of pruning
methods, see Augasta & Kathirvalavakumar, 2013). Inversely, constructive methods begin with a
small initial network and systematically add units/connections.

Constructive algorithms have several advantages over their destructive counterparts, as
outlined by Kwok and Yeung (1997a, 1997b):

¢ [Initialization of the constructive approach is simple, typically using only a single
unit, whereas, with pruning, a guess must be made on how large the initial network
should be.

e The constructive approach is more computationally economical as it builds smaller
network topologies first, with the resulting constructed topologies being directly
related to the complexity of the given problem and the performance requirements
(Ma & Khorasani, 2003). Conversely, with pruning, most of the training time is
spent on network topologies that are larger than required. This potentially wastes
computational effort and time removing unnecessary units and weight connections

(Ma & Khorasani, 2003).
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e Constructive algorithms are more efficient in forward computations as they have
less weights and other parameters to update initially, they require less data for good
generalization, are more easily described, and are more likely to find smaller
topology solutions.

e For computational efficiency, pruning algorithms typically estimate the sensitivity
of the error function when an element is removed (Reed, 1993). However, using
only estimations can introduce significant errors to the network (Kwok & Yeung
1997a, 1997b).

Constructive algorithms have been applied successfully to many problems, including facial
expression recognition (Boughrara et al., 2016; Ma & Khorasani, 2004b), medical diagnosis
(Kamruzzaman et al., 2004; Zemouri et al., 2018), modeling psychological development (Shultz,
2012), and even ship design optimization (Besnard et al., 2007). It has been well-documented that
constructive algorithms are suitable for solving classification problems. The most well-known
constructive algorithms are in the context of two-class classification problems (for a detailed
review, see Do Carmo Nicoletti et al., 2009), such as the Tiling (Mézard, 1989), Tower (Gallant,
1990), and Upstart algorithms (Frean, 1990). Many of these algorithms have been extended to
solve multiclass classification as well (for reviews and examples, see Bertini & Do Carmo
Nicoletti, 2009; Do Carmo Nicoletti et al., 2009; Li et al., 2010; Parekh et al., 2000).

These algorithms can be generally classified according to the training scheme they employ.
After a new hidden unit is added to the network, either only the new hidden unit is trained, or the
whole network is completely trained (Kwok & Yeung, 1997a). For training only the newly added
hidden unit, all connections for every other hidden unit are fixed in a process known as “freezing.”

Then only the newly added unit’s connections are trained. This training scheme dramatically
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reduces the computational load and achieves faster convergence (Aran et al., 2009; Islam et al.,
2009a; Kwok & Yeung, 1997a). However, this training scheme may result in networks with more
hidden units than needed (Curteanu & Cartwright, 2011; Islam et al., 2009a) and fail to obtain
optimal weights for the network as a whole (Kwok & Yeung, 1997a). By “freezing” the existing
weights, the weight space is confined, limiting possible solutions (Aran et al., 2009), with new
units usually being inefficient feature detectors leading to more units added and possible
overfitting (Curteanu & Cartwright, 2011). CC is the most popular constructive algorithm that
employs this training scheme (Fahlman & Lebiere, 1990). Conversely, an advantage of retraining
the whole network is its implementation simplicity (Islam et al., 2009a). One of the most influential
constructive algorithms that use this learning scheme is DNC (Ash, 1989). This model adds hidden
units if the error curve flattens below an a priori defined trigger slope value within a pre-
determined time window. After each addition, the entire network is retrained, and the process is
repeated until a minimum error is achieved. Many variants inspired by DNC have been proposed
(Azimi-Sadjadi et al., 1993; Bartlett, 1994; Hirose et al., 1991; Sharma & Chandra, 2010b; Zhang,
1994). However, the simplicity of this training scheme comes at a cost. The added computational
load of retraining everything can lead to scale-up problems if the network grows too large (Kwok
& Yeung, 1997a). Furthermore, each hidden unit sees a constantly changing environment due to
all the weights in the network changing at once; this is known as the “moving target problem” and
can cause slower learning (Fahlman & Lebiere, 1990).

When employing constructive algorithms, Sharma and Chandra (2010) outlined several
challenges that should be considered: how to connect a newly added hidden unit, the activation

function(s), the training scheme (re-train the whole network vs. “freezing”), which optimization
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technique should be used, and when to stop adding hidden units. However, an additional challenge
should also be considered; when should a new hidden unit be added?

This has previously been approached using various methodologies, including statistical
methods. Such as calculating network significance to estimate the network’s generalization power
with respect to bias and variance (Ashfahani & Pratama, 2019; Pratama et al., 2020) or calculating
the weighted sum of non-extensive entropies (Susan & Dwivedi, 2014) and adjusting the hidden
layer size accordingly. Alternatively, hidden units can be added randomly with an upper bound on
the number of hidden units (Huang & Chen, 2008; Huang et al., 2006). Typically, however, the
method for determining when to add a new hidden unit is generally standard across many
constructive algorithms (Sharma & Chandra, 2010b). The most common method is if the error
drops below or stops changing by a pre-set amount, usually over a given number of trials, a new
hidden unit is added, often referred to as a patience parameter. Many approaches use this method,
including the popular CC (Fahlman & Lebiere, 1990), DNC (Ash, 1989), and many of their
variants (Bartlett, 1994; Hirose et al., 1991; Islam & Murase, 2001; Kwok & Yeung, 1993; Zhang,
1994), and others (Barakat et al., 2011; Qiao et al., 2016; Wu et al., 2015). This adds additional
hyperparameter(s) that generally require(s) a priori fine-tuning to meet a given task’s
requirements.

Previously, we introduced a constructive growing algorithm that provides a more self-
governed alternative for deciding when a new unit should be added (Ross et al., 2020). Inspired
by population dynamics (Sun, 2016), this approach considers the hidden units as a population and
the hidden layer as the environment they exist in. This provides the hidden layer with a carrying
capacity, the maximum population the hidden layer environment can sustain, and allows the

application of population dynamics to provide a population growth rate. Combining a carrying
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capacity and direct performance feedback from the network incorporated into the algorithm creates
a built-in dynamic self-governed method for growing the hidden layer, while simultaneously
preventing growing outbound. To test this new approach, we implemented it in a MLP. We tested
its adaptability on the n-bit Parity problem compared to an identical MLP with a fixed hidden layer
size. Known topology rules determined the carrying capacity and fixed layer sizes. With »n equal
to the number of bits, these rules were: n+1 for a single hidden layer MLP (Hunter et al., 2012),
2n+1 for a Bridged MLP that has direct connections from the input layer to the output layer (Hunter
et al., 2012), and 2™ using the same number of hidden units as inputs. The results showed that
regardless of the rule used to predict hidden layer size, dynamic growth leads to smaller topologies
than predicted while still being capable of solving the task. This effect was consistent across
various topology rules and various levels of task complexity. While this showed the initial success
of the new approach, the self-governed dynamics of this growing algorithm still merit further
investigation.

We propose investigating this approach further with three objectives to validate the
efficacy of the technique and its self-governed properties. Within this context, we define more self-
governed as a constructive approach that dictates when new hidden units should be added while
limiting the user’s role in fine-tuning hyperparameters a priori. In order to validate the self-
governed aspect, first, we will examine the inherent properties of the algorithm. Second, we aim
to show that the number of hidden units grown by our algorithm is minimal, appropriate, and
suitable for the task. Finally, we will validate the approach used by the algorithm by comparing it
directly to a fixed network and another constructive method, DNC, where the decision to add

another unit is more dependent on a priori finely-tuned hyperparameters.
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Single hidden layer feedforward networks with additive hidden units have been proven to
be universal approximators (Hornik et al., 1989). These commonly used shallow networks require
less computational resources and time than deeper networks (Tissera & McDonnell, 2016). For
practicality, a simpler neural network is favoured for investigating the proposed growing algorithm
and its inherent properties before examining it in more complex neural structures. To test the
objectives outlined above, the growing algorithm is implemented in a single hidden layer
multilayer perceptron (gMLP) and tasked with the commonly used MNIST (Mixed National
Institute of Standards and Technology) data set of handwritten digits. The readily available MNIST
data set has seen widespread use exhibiting its reliability and suitability for testing and
benchmarking new models (Shamsuddin et al., 2018). The inherent properties of our algorithm are
thus examined in detail using the MNIST data set. To determine if the growing algorithm is
growing the hidden layer to an ideal size for learning the MNIST data set, a general benchmark
hidden layer size is determined using both a fixed topology MLP (fMLP) that is manually set a
priori and SVD. Finally, the classification performance and growing dynamics of the gMLP are
directly compared to the fMLP and another identical MLP whose growth is governed by DNC
(DNC-MLP). The generalized applicability of the gMLP is then considered by comparing the three
approaches on a novel data set.

The remainder of the chapter is divided as follows: Section II introduces the model
describing: the data set, the network’s architecture, the activation function, the optimizer used, the
learning procedure, the loss function, and the growing algorithm. Simulation I investigates
properties of the growing algorithm, specifically the extinction constant, the effect of weight
initialization, the carrying capacity, and the time step of the Euler approximation are examined

using the gMLP. Simulation II establishes a general hidden layer size benchmark using the fMLP
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and SVD. Simulation III compares the performances of the gMLP and fMLP networks in single
trials. Simulation IV outlines the performance and growth dynamics of the DNC-MLP. Simulation
V compares the average performance of all three networks across 25 trials. Simulation VI
compares the average performance of all three networks on a novel data set. In Section III, we
discuss and conclude the study’s overall findings.

Methods

MNIST

The input used in all simulations is the MNIST data set. The MNIST data set consists of
70 000 black and white 28x28 pixel images of handwritten digits (LeCun et al., 1998; see Figure
2.1). The data set is divided into 60 000 images for training and 10 000 for testing the classifier.
The dimensionality of the binary vector for each image totals 784 (n). The target labels for each
image are one-hot encoded into a binary target vector, with each element representing a possible

class. If an element has a value of 1, this indicates the correct associated class, also known as the

ground truth.
Figure 2.1. Sample of handwritten digits from the MNIST data base.
Architecture

A single hidden layer MLP is utilized, with the network architecture illustrated in Figure

2.2. The input and output layer sizes are fixed, while the current size of the hidden layer, s, is either
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fixed or grows. If the hidden layer is fixed, it is manually pre-set, with all weight connections being
present from the beginning. Suppose the size of the hidden layer is permitted to grow across time.
In that case, the hidden layer begins with a single hidden unit and the associated weight
connections from the input layer to the output layer. As learning progresses and growth occurs,

new hidden units are added to the end of the hidden layer with all associated weight connections.
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Figure 2.2. MLP architecture. In the above architecture x is vector of length n, where n, is the length (number of

features) of a single number in the MNIST data set, s is the current number of hidden units, and the dashed lines are

weight connections that are incrementally added during growing.

Activation Function

The activation function used for the hidden layer output of the MLP is the sigmoid
activation function (2.1) (see Figure 2.3). The softmax function (2.2) is then employed to scale the
final output of the network and generate interrelated probabilities for multiclass classification

between 0 and 1.

1
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where h; is the hidden layer output from unit j obtained in the usual way (for details see Ross et

al., 2020) and h}" is its corresponding activation.
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Figure 2.3. Sigmoid activation function.
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where y is the categorical probabilistic output vector that sums to 1 and yiin is the input vector.
The denominator is a normalization term across all classes (N). The derivative of the sigmoid

function (2.3) is then used during backpropagation on the hidden layer activation.
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Optimizer
ADAM (Adaptive Moment Estimation), a method for gradient-based stochastic
optimization, was applied to help with learning the large MNIST data set (full details can be found
in Kingma & Ba, 2015), with the gradients being obtained through backpropagation. ADAM uses
moving averages to estimate the first (2.4) and second (2.5) moments.
mpy = ﬁlm[t—l] +(1- ﬁl)g[t] (2.4)
where m; is the estimate of the first moment, f; is the exponential decay rate set at 0.9, and gy

is the gradient.
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Vi = Bovie-1) + (1 — B2) gy (2.5)

where v is the estimate of the second moment, 8, is the exponential decay rate set at 0.999, and
g[zt] is the current squared gradient.
Since m;) and vy are initialized at zero, the estimates are therefore biased toward zero.

To correct for this, bias-corrected estimates are computed for both the first (2.6) and second (2.7)

moment estimates.

P My¢]
6= 2.6
1-pM (2.6)

where i is the bias corrected first moment estimate.

~  _ Y
Vi = (2.7)
2

where D[4 is the bias corrected second moment estimate.
These bias-corrected estimates are then used to scale the learning rate during weight

updates according to (2.8).

1/ﬁ[t]+€ ( ) )

where wi;_q; 18 the weight connections from the previous epoch, 7 is the learning rate set to 0.01,

Wit) = Wit-1] —

and ¢ a constant set to 1078,

Loss Function

Since the MNIST data set is a multiclass classification problem, a categorical cross entropy

loss function (2.9) was used.

1 N M
N 2.9
J=—M22y§10gyé‘ (2.9)
k=1q=1
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where §F is the k™ scalar value output from the network for an instance of q,y¥ is the

corresponding target value, and N is the total number of classes, and M is the total number of

instances in the data.

Learning

The learning for the MLP networks follows the backpropagation algorithm developed by
Rumelhart et al., (1986) with a slight modification. The output error term (§,) is calculated
according to (2.10) since the derivative of the cross-entropy loss with softmax function simplifies
to (P — yx) (for the complete derivation, see Appendix A). As such, the hidden layer error term
was calculated according to (2.11).

6k = Uk = yi)(hy) (2.10)
where 6y, is the error term for the output layer.

5 = wie (i — yi)f'(h™) o
where §; is the error for the hidden layer and wy, is the weight connections between unit j in the
hidden layer and unit k in the output layer.

Learning was conducted using the ADAM optimizer as outlined by the following steps:
1) Initialization of weight connections at random values from a uniform distribution ranging
from -0.1 to 0.1 and initialization of the biases, gradients, and moment estimates at zero.
2) Forward propagation of the input vectors to the hidden layer with the application of the

sigmoid activation function (2.1).

3) Continuation of forward propagation to the output layer with the application of the softmax
activation function (2.2) to obtain class probabilities.
4) Calculation of the gradients (g[;) through backpropagation using the derivative of sigmoid

activation function (2.3).



A NOVEL CONSRUCTIVE ALGORITHM 58

5) Updating the moving averages of both the first (2.4) and second (2.5) moment estimates
used by the ADAM optimizer.

6) Computation of the first (2.6) and second (2.7) moment bias-corrected estimates used by
the ADAM optimizer.

7) Calculation of the categorical cross entropy (2.9) by comparing the output class
probabilities to the ground truths.

8) Updating of the weights and biases (2.8).

9) Training continuation until one of the following conditions are met: the training categorical
cross entropy falls below a minimum value set at 0.01, or the maximum allowed training
epochs are reached (set at 100 000 epochs).

The only exception occurs when a growing algorithm is used. Adding a new unit is only
permitted at the end of each epoch after the network has updated its respective weight connections.
The newly added hidden unit’s weight connections are initialized at random values from a uniform
distribution ranging from -0.1 to 0.1. They are updated along with all the other weight connections
during the next epoch. The decision of when to add a new hidden unit is outlined below for the

gMLP and in Simulation IV for the DNC-MLP.

Growing Algorithm

The proposed growing algorithm is inspired by single-species model with Allee effect
(Sun, 2016). The original model (2.12) was cubic function with stable fixed points at x, = 0 and
x; = K, and an unstable fixed point at x; = «. This gave rise to the population either reaching the
upper bound set by the carrying capacity or falling below the Allee threshold and decreasing until
reaching extinction. In this model the intrinsic growth rate (7) is a constant representing the growth

rate per capita (Tsoularis & Wallace, 2002).
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%:rx*(l—%) x—a) (2.12)

where K is the carrying capacity, a the Allee threshold, and r the intrinsic growth rate.

The adapted growing algorithm proposed here is a reduced quadratic form of the original
single-species model with Allee effect. In this revised version, the constant intrinsic growth rate is
replaced by time-dependent performance feedback from the network in the form of error.
Consequently, the revised growing algorithm, resembles the classic Verhulst logistic growth
equation (Tsoularis & Wallace, 2002).

Previously, we have shown that including direct performance feedback from the network
in the form of error can be used as a more self-governed method to terminate the growing process
(Ross et al., 2020). Essentially, as the network learns, its performance can slow the growth rate of
the hidden layer, and as the error approaches zero, so too does the growth rate. Therefore, the
growth rate is in a constant state of change directly related to the network’s performance. As a
result of this inherent property, even though the hidden layer has a maximum carrying capacity
(upper bound), the hidden unit population will grow the number of hidden units needed to converge
the error close to zero. This removes the need for the user to manually tune an a priori stopping
condition and creates what we have previously suggested as a more self-governed growing
algorithm. The growth of the hidden layer population in the gMLP is dictated by (2.13).

L= Ex(1-2) (hy— ) (2.13)

where C is the carrying capacity of the hidden layer environment (upper bound), h is the size of
the hidden unit population, E is the current global error of the network according to the categorical
cross entropy loss function (2.9), and «a is the extinction constant (lower bound) set to 0.2.

The roots of (2.13) are the fixed points of the system. When E = 1, the fixed points are:
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T ) =E+(1-7) (-

=1+(1-%) (hs— )
=(1-F) - a)
hs, =aand hy, =C

The stability of the fixed point are determined by computing the derivative of (2.13).
' hs
f(h) =E+(1-%) (hy - )

= |+ (1-%) (s~ 0]

Pull out the constant.

=F *%[(1 =) (hy - )|
Apply the product rule.

= Ex (S [(1-2)] « e — ) + (1= 2) 2 [, - @)

dhg

=E*((i[1]—%*dihs[hs])*(hs—a)+(1—%)*(dihs[hs]+i[—a1))

dhg dhg

=E*((o—1)*(hs—a)+(1—%)*(1+0)>

c

hs—a _ E
=Ex (_ c 1 c)
Simplified to:

_ Ex(2hs—C-q)
- c (2.14)

If the derivative (2.14) at the fixed point is greater than zero, then it is considered unstable.
Conversely, if the derivative at the fixed point is less than zero, then it is considered stable. For

example:
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For hg, = a:

When E =1, C =100, and o = 0:

’ _ Ex(2hs—C-a)
f(a) = —E@c
ey — _ (1)*(2(0)—(100)—(0))
f'(0) = 100)

_ _ —100
T (100)

=1

& F(@If'(0) >0

For hy, = C:

When E =1,C =100, and a = 0:

, __ Ex(2hs—C-a)
fi(€) = - 20
, _ _ (1)%(2(100)—(100)—(0))
f'(100) = (100)
100
(100)
=-1

- £1(0)] £(100) < 0

From this example, h,, = a is an unstable fixed point and h;, = C is a stable fixed point

(for a visualization see Figure 2.4). With C > a and E > 0, the hidden population will grow to
the carrying capacity (C), tlLrg hs[t] =C.

During each learning epoch, this algorithm is applied to calculate the growth rate of the
hidden unit population. Adding a new hidden unit (s + 1) to the hidden layer occurs only when

the growth rate (h;) reaches an integer value. This constraint is applied, as adding a fraction of a

hs

unit is not plausible. Additionally, given that C is asymptotic, when € — s = 1 and h; > ?,

is rounded up to the next integer.
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Figure 2.4. Fixed points of the growing function. With a stable fixed point at by = C and an unstable fixed point at

hs = a,when E = 1.

Simulation I: Inherent Properties of the Growing Algorithm

To validate this approach, the properties and effects of the algorithm’s parameters (which
are learned by the model) and hyperparameters (which are set by the user) need to be examined.
The following simulations examine these effects to show the algorithm’s inherent capabilities and

independence from fine-tuning.

The Effect of the Extinction Constant (Lower Bound)

From the single-species model (Sun, 2016), where the algorithm is adapted, the constant o
is known as the Allee threshold. If the population size falls below this threshold, the population
will decrease and result in local extinction. Translated to applications in artificial neural networks,
this hyperparameter endows the network with the ability to automatically prune units if the number
of hidden units falls below this lower bound. In this context, a hidden layer population could go
locally extinct if the hidden layer size is too small and thus falls below the threshold. To determine
the exact nature of the extinction constant a, several tests were conducted on the effect of o in

relation to hidden layer size initialization while trying to learn the MNIST data set. In these tests,



A NOVEL CONSRUCTIVE ALGORITHM 63

the extinction constant a is held constant at a value of 5, and the initial hidden layer size is varied
to see the effects on the hidden layer population.

In the first test, the initial hidden layer size was set to 5 units, the same as a, and learning
was conducted. This resulted in no change to hidden layer size (Figure 2.5a), a growth rate of zero
throughout the training (Figure 2.5b), and the categorical cross entropy loss function to stop
converging (Figure 2.5¢). Next, the initial hidden layer size was set below a at 1 unit. Initializing
the hidden layer population below the lower bound of 5 units set by the extinction constant results
in immediate automatic pruning of the single hidden unit within 2 epochs (Figure 2.6a). Since the
hidden layer now has a population size of zero, the learning is terminated. As depicted in Figure
2.6b, the growth rate becomes negative and switches to decay. This, in turn, causes the categorical
cross entropy loss function to stop converging (Figure 2.6c¢). For the third and final test, the initial
hidden layer size was set just above the 5-unit extinction constant at 6 units and manually dropped
to 4 hidden units after 25 epochs. Once the hidden layer population fell below a, a gradual pruning
occurred until the hidden layer population reached zero and became locally extinct (Figure 2.7a).
The pruning of a unit coincides with negative growth (decay; Figure 2.7b) and the categorical cross
entropy loss function to stop converging (Figure 2.7c¢).

To summarize, if the size of the hidden unit population is above the extinction constant (o),
growth will occur as expected. If the hidden population size is on par with a, the growth rate will
stay at zero, resulting in no change to the hidden layer size. Finally, if the hidden unit population
is below a, local extinction will occur through gradual prunning until the hidden layer population

reaches zero. In conclusion for growth to occur a€ R| 0 < a < hg N a < C.
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Figure 2.5. The effect of extinction (lower bound) on network hidden layer growth while learning the MNIST data
set. Where C, the carrying capacity (upper bound) is set at 25, and both o (lower bound) and the initial hidden layer
size are set to 5. a) Growth of the hidden layer across training epochs. b) The growth rate of the hidden layer across

training epochs. ¢) Categorical cross entropy across training epochs.
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Figure 2.6. The effect of extinction (lower bound) on network hidden layer growth while learning the MNIST data
set. Where C, the carrying capacity (upper bound) is set at 25, a (lower bound) is set at 5, and the initial hidden layer
size is set to 1. a) Growth of the hidden layer across training epochs. b) The growth rate of the hidden layer across

training epochs. ¢) Categorical cross entropy across training epochs.
The Effect of Weight Initialization

It is generally known that weight initialization has an impact on learning. However, the
effect of weight initialization on growth is seldom examined. To determine the effect of weight

initialization on the number of hidden units grown to solve the MNIST problem, various weight

initializations drawn from different normal and uniform distributions were tested, and results were
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averaged across 5 trials (see Table 2.1). Across all initialization methods tested, the training and
testing accuracies remained high and similar. A noticeable difference can be observed in the
average number of hidden units grown during learning. Specifically, smaller weight initializations
lead to smaller topologies grown and fewer epochs needed. As such, weights were initialized using
a uniform distribution ranging from -0.1 to 0.1, as it leads to the smallest topology with the least

number of epochs needed on average.
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Figure 2.7. The effect of extinction (lower bound) on network hidden layer growth while learning the MNIST data
set. Where C, the carrying capacity (upper bound) is set at 25, a (lower bound) is set at 5, and the initial hidden layer
size is set to 6 and manually dropped to 4 after 25 epochs. a) Growth of the hidden layer across training epochs. b)

The growth rate of the hidden layer across training epochs. c) Categorical cross entropy across training epochs.

To establish growth consistency by the growing algorithm while learning the MNIST data
set, three trials were conducted with the random initialization of weight connections made
deterministic through seeding. The network consistently grew to a final hidden layer size of 15
units in the same number of epochs (18 140) and reached the same training and testing accuracies
of 94.15% and 88.35% across all three trials. These trials establish that any variability in the
number of hidden units grown by the growing algorithm is due to the stochastic nature of the

weight initialization.
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Table 2.1

Average Results of the gMLP Using Varied Weight Initializations

Hidden layer Training Testing Epochs taken
Weight initialization method size grown accuracy (%)*  accuracy (%)*
Normal distribution (mean 0, std. dev. 1) 17.6 £0.99 93.03 87.45 17 661.8 £1837
Normal distribution (mean 0, std. dev. 0.5) 16.6 £0.78 94.30 88.51 19 572.2 £3663
Normal distribution (mean 0, std. dev. 0.1) 16.0 +£0.62 93.91 88.11 17 337.4 £2789
Uniform (-1,1) 15.8 +£1.14 94.11 88.27 19 216.4 £4235
Uniform (-0.5,0.5) 16.0 £0.62 94.58 88.50 19 929.6 £2583
Uniform (-0.1,0.1) 15.4 £0.48 93.91 88.06 17 509.6 +1714

Note: Averages were calculated across 5 trials with 95% confidence intervals. ® When rounded to two decimals places,
the 95% confidence interval was always 0.00, and as such were omitted.

Carrying Capacity (Upper Bound)

The carrying capacity (C) is the maximum hidden unit population the hidden layer can
sustain (upper bound). Independent of the error feedback from the network, the carrying capacity
has an expansive or compressive effect on the growth rate during learning that always converges
the hidden layer size to the carrying capacity (Figure 2.8a). A lower carrying capacity results in a
compressive effect on the growth rate, while in contrast, a larger carrying capacity results in an
expansive effect on the growth rate. With error feedback from the network considered, a
compressive effect is consistently observed. This leads to a distinct phenomenon whereby the
network grows to similar final hidden layer sizes regardless of the carrying capacity used (Figure
2.8b). The average hidden layer size grown across 25 trials per carrying capacity is depicted in
Figure 2.9. Within trials for each carrying capacity, it can be seen by the 95% confidence intervals
that the variation of hidden layer size grown is approximately 1 unit. From this, it can be concluded
that with the same carrying capacity, the network grows consistently to the same approximate
hidden layer size. Furthermore, Figure 2.9 contains overlapping intervals when larger carrying
capacities are used, showing that the network grows approximately to the same hidden layer size.

Taken together, the carrying capacity hyperparameter does not require fine-tuning, but rather
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setting it at an arbitrarily high value will result in approximately the same final hidden layer size.

As such the carrying capacity is defined as C € N, | C < oo.
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Figure 2.8. The effect of carrying capacity on the hidden unit growth rate. a) The effect of varied carrying capacities
on the growth rate of hidden units when independent of error feedback from the network. b) The effect of varied

carrying capacities on the growth rate of hidden units when dependent on error feedback from the network.
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Figure 29. Average hidden layer sizes at varied carrying capacities. Averages were calculated across 25 trials per

carrying capacity tested with 95% confidence interval bars depicted.

Euler Approximation - The Effect of dt

As the growing algorithm is a differential equation, a Euler approximation was applied.
The Euler method employs step-wise calculations based on tangents that estimate the differential
equation. This is accomplished using a time step hyperparameter (d¢), the setting of which affects

the accuracy of the estimation and the duration the model takes to run (Johnson & Chartier, 2017).
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In the current estimation of the growing algorithm, the setting of this precision hyperparameter
directly impacts the hidden layer size grown and the duration of training. Three d¢ values were
tested to examine the impact of the Euler approximation on the growing algorithm while learning
the MNIST data set.

An average of 25 trials for each df tested are examined with a carrying capacity (C) of 100.
A large df of 0.1 leads to rapid growth during learning that saturates close to the carrying capacity
(upper bound) with an average of 98 +0.00 hidden units using 363.52 £3.47 epochs. While the
growth of the hidden layer size appears instantaneous, as depicted by a vertical line on this scale
(see Figure 2.10), it is, in fact, a step-like function. Next, a df of 0.01 was tested. This d¢ resulted
in steady growth across an average of approximately 1 592 +16.36 epochs with an average hidden
layer size of 24.52 £0.20 units. Finally, a dz of 0.001 leads to slow growth across 17 197 £382.10
epochs, growing to an average of 15.36 £0.25 hidden units. The effect of dz becomes clear; a
smaller df will lead the network to grow closer to the minimum number of hidden units it needs to
solve a given task, in this case, the MNIST data set. In comparison, larger d¢ values result in rapid
growth toward the maximum number of hidden units permitted by the carrying capacity.
Therefore, when smaller steps are used by the Euler approximation, more accurate estimates of the
growing algorithm are obtained.
Simulation II: Fixed MLP Establishing a Benchmark

In order to determine if the growing algorithm is growing the hidden layer to an ideal size
for learning the MNIST data set, a proper benchmark needs to be established. To establish a proper
benchmark, an MLP was tested with various fixed hidden layer sizes (fMLP). The fMLP was
tested with fixed hidden layer sizes set at intervals of 10 and averaged across 25 trials (Figure

2.11). The main point of interest is the difference in epochs needed to learn the data set between
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intervals. These differences establish a trade-off between the drop in training epochs from adding
more hidden units. The objective is to establish when the network obtains the most significant drop

in training epochs while being as conservative with hidden units as possible.
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Figure 2.9. The effect of dt on the Euler approximation of the growing algorithm for a single trial. The carrying

capacity (C) was set to 100 for each dt.

Instead of getting an approximation of the ideal hidden layer size from the curve alone, we
attempt to establish a metric to measure this trade-off. The percent decrease in epochs taken from
the start to the end of the intervals is calculated according to (2.15). This metric indicates at which
interval the most significant decrease in epochs can be observed (Table 2.2). These values are then
divided by the number of epochs at the start of the interval and multiplied by 100 to determine

each range’s overall contribution to the curve.

tstart — tena
Pdecrease = ( : a; = > X100 (2.15)
start

where pgecrease 15 the percent decrease in epochs, g4+ 15 the average epochs taken to learn the
MNIST at the start of the interval, and t,,4 is the average epochs taken to learn the MNIST at the

end of the interval.
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Figure 3. Average epochs taken using hidden layer size from 0-100 by intervals of 10. Averages were calculated

across 25 trials for each interval tested, with 95% confidence interval bars depicted.

Table 2.2

Decrease in Epochs for Hidden Layer Size Ranges

Hidden layer size ~ Percent decrease in Overall
ranges epochs taken (%) contribution (%)
10-20 87.34 30.73
20-30 83.27 29.30
30-40 35.40 12.46
40-50 22.78 8.01
50-60 17.15 6.03
60-70 12.86 4.53
70-80 8.81 3.10
80-90 10.07 3.56
90-100 6.48 2.28

The most significant drop in epochs is observable from 10 to 20 hidden units (Figure 2.11;
Table 2.2). The overall contribution values refer to the percent decrease in epochs taken across all
intervals for the curve in general. According to these values, 30.73% of all decrease in epochs
occur when going from 10 to 20 hidden units. As such, we expect the best trade-off for units added
and learning epoch decrease to occur in the range of 10-20 hidden units.

In addition to our attempt to establish a general benchmark on the number of hidden units
needed, we replicate the work of Cai et al., which utilized SVD to estimate the number of hidden

units needed by a single hidden layer feedforward neural network for the MNIST data set. SVD is
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applied directly to the input data set, and the main eigenvalues are used as the number of units in
the hidden layer. Then the eigenvalue ratio is calculated according to (2.16) to indicate how much
variance is explained by the number of eigenvalues selected (for full details, see Cai et al., 2019).
Compared to our benchmark based on the decrease in epochs, according to SVD, using 10-20

hidden units should explain 69-78% of the variance in the MNIST data set (see Table 2.3).

8 = =x (2.16)

where A is the main Eigenvalues

Table 2.3

Number of Different Main Eigenvalues and Associated Ratios - MNIST Data Set

Ratio 43% 69% T70% T4% T5% T6% T7%
Number of eigenvalues 1 10 11 15 16 17 18
Ratio 78% 80% 83% 85% 90% 95% 99%

Number of eigenvalues 20 23 29 34 53 103 281

Simulation III: Growing vs. Fixed- Single Trial Comparisons

To test if the established general benchmark gave a good approximation, a single trial was
conducted using the gMLP with seeded weights. Based on the previous simulations, the carrying
capacity (C) was set to a high value of 100, the initial hidden layer size was set to 1 unit, and the
a hyperparameter was set to less than the initial hidden layer size at 0.2 to remove the possibility
of extinction and promote growth.

As shown in Figure 2.12a, the hidden layer size grew gradually in a step-like fashion across
18 140 epochs, eventually growing to 15 hidden units (see Table 2.4). The observed steps in hidden
layer size coincide with peaks in the network growth rate (Figure 2.12b) that drive a new unit’s
addition. Specifically, early during training, the growth rate is high, promoting rapid growth when
the entropy is high to reduce this error rapidly. This is followed by a gradual downward slope of

the growth rate with occasional spikes to drive the addition of new units to the network when
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needed. Additionally, these steps coincide with almost “micro” spikes observable in the entropy
loss function (Figure 2.13a). These “micro” spikes are expected and directly result from the added
randomness to the network from the randomly initialized weight connections when a new hidden
unit is added. Overall, the gMLP reached a training accuracy of 94.15% and a testing accuracy of
88.35% on the MNIST data set. To further assess the results of the single trial of the growing
algorithm, the network was compared to single trials using a fMLP with the same seed for weights.
The fMLP was tested using fixed hidden layer sizes of 100, 50, 25, and 15 units. The fMLP
successfully learned the MNIST data minimizing the entropy loss function in all cases except using
15 hidden units (Figure 2.13b). Using 15 hidden units, the fMLP was just short of reaching the
minimum entropy of 0.01 and reached the maximum number of training epochs. The results of the
fixed trials can be found in Table 2.4.

From the initial prediction using the overall contribution metric of percent epoch decrease
on fixed hidden layer intervals (see Simulation II), it was expected that the hidden layer should
grow in the range of 10-20 hidden units to successfully learn the MNIST data set while
accommodating the trade-off between units added and epochs taken and explaining 69-78% of the
variance in the data set. The gMLP successfully grew to 15 hidden units, in line with our prediction.
As indicated by the results in Table 2.4, the fMLP took fewer epochs to learn and reached higher

training and testing accuracies.

Table 2.4

Comparison of Single Trial Results Between Fixed and Growing Hidden Layers

Network Hidden layer size Training accuracy Testing accuracy Epochs taken
(%) (%)
fMLP 15 99.14 90.08 100 000
fMLP 25 98.46 94.15 3049
fMLP 50 97.83 95.44 1043
fMLP 100 97.47 95.93 584

gMLP 15 94.15 88.35 18 140
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Figure 4.11. Single trial of the gMLP on the MNIST data set. a) The size of the hidden layer across training epochs.

b) The overall growth rate across training epochs.
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Figure 5.12. Categorical cross entropy across training epochs. a) Categorical cross entropy across training epochs for
a single trial of the gMLP. b) Categorical cross entropy across training epochs for single trials with fixed hidden layers

sizes of 15, 25, 50, and 100 units in the fMLP.

Simulation IV: Dynamic Node Creation (DNC)- Single Trials

The population dynamics inspired growing algorithm explored here is classified in the
taxonomy of constructive algorithms as a single-valued state transition mapping that updates all
weights after the addition of a new unit training scheme, the same as DNC. As such, the population
dynamics inspired growing algorithm draws many parallels from DNC. With DNC, the network

is initialized with a single hidden unit. New units are added iteratively when the error curve flattens
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within a specific time frame (i.e., window width; Ash, 1989). The whole network is then retrained
after the addition of a new unit. This requires an a priori finely-tuned trigger slope, which measures
the error curve's flatness, whereby a new unit is added if the error falls below this value.
Additionally, the user must finely tune the window width, the number of epochs over which the
flatness of the error curve is compared to the trigger slope. According to these finely-tuned
hyperparameters, a new unit can only be added to the network if the error has flattened and a
minimum number of epochs have passed. While both DNC and our growing approach share
fundamental similarities, it is the method whereby the decision of when to add a new unit that sets
them apart. The growing algorithm tested here employs population dynamics to govern growth,
while the DNC method employs systematic growth dictated by hyperparameters that require fine-
tuning. As such, a comparison between fundamentally similar growing approaches that differ by
methods that govern growth is explored.

To provide a better comparison, the original DNC approach was adapted to better suit the
learning of the MNIST data set. This was primarily done to accommodate the shift to categorical
cross entropy as a global error measure. The conditions that govern adding a new unit remain the
same as the original (Ash, 1989). A new unit is added to the hidden layer if the categorical cross
entropy loss curve flattens out below the trigger slope (A7) and if enough epochs have passed since
the last addition, determined by (2.17) and (2.18), respectively. The critical difference is
determining when to cease adding new units to the network. The only way to terminate the iterative
growing process is if one of the following conditions are met: the error falls below the desired
cross entropy cut-off (2.19), or the maximum number of epochs set at 100 000 is reached. With
this adaptation, the DNC approach was integrated into a single hidden layer MLP (DNC-MLP)

and tasked with classifying the MNIST data set.
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where py; is the average entropy at time ¢ across all output units, z is the window width in epochs

over which the slope is determined, Ay is the trigger slope.

t—z 2>t (2.18)
where ¢, is the time in epochs when the last unit was added to the hidden layer.
Pt < Cp (2.19)

where ¢, is the desired cut-off for categorical cross entropy set at 0.01.

Since the hyperparameters for the trigger slope and window width require fine-tuning, any
inappropriate values could lead to growing larger than the minimal number of units needed or
prevent the network from growing beyond the minimal amount (Ash, 1989). As such, different
trigger slopes and window widths were tested using the same random seed for weight initialization
to determine appropriate values for these hyperparameters for the MNIST classification problem.
The trigger slope (A7) was set to either 0.05 or 0.01, and the window width (z) was set to either:
50, 100, 500, or 1000. The effects of window width on the number of hidden units grown for each
trigger slope are depicted in Figure 2.14a and Figure 2.14b for a single trial, respectively. As can

be seen by the results in Table 2.5, not many differences can be distinguished from a single trial.
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Figure 6.13. Changes in hidden layer size across training epochs using varied window widths for DNC in a MLP on
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the MNIST data set. a) Changes in hidden layer size across training epochs using different window widths with a
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trigger slope of 0.05. b) Changes in hidden layer size across training epochs using different window widths with a

trigger slope of 0.01.

Simulation V: ALL Avg (25 trials)

To ensure that the previous single trial simulations were consistent, an average of 25 trials
was taken for the gMLP, fMLP, and DNC-MLP (see Table 2.6). Overall, the same conclusion as
with the single trials can be drawn when comparing the average results of the gMLP compared to
the fMLP. The fMLP took fewer epochs to learn, reaching higher training and testing accuracies.
The only exception was with 15 hidden units, where the fMLP was just short of reaching the
minimum entropy of 0.01 and reached the maximum number of training epochs. However, the
hidden layer size used in the fMLP was still decided via a trial-and-error approach. Alternatively,
the comparison of the gMLP to the DNC-MLP yields interesting results. The comparison of the
two methods shows higher training and testing accuracies for the gMLP across all DNC runs. More
notable is that the gMLP can grow a smaller topology than the DNC-MLP. Only afterward, when
the window width was set to 3000 for a trigger slope of 0.01, did the DNC-MLP grow close to the
gMLP at 16 hidden units. This highlights the reliance on fine-tuning hyperparameters with the
DNC method. However, as shown, there are no clear methods other than a trial-and-error approach
for tuning these hyperparameters that will maximize performance while growing to a minimal
topology.

Simulation VI: Novel Data Set

To verify the conclusions drawn across the MLP models tested, a novel data set was
introduced. Contrary to the multiclass classification of the MNIST data set, the Skin Segmentation
data set represents a binary classification problem. The data set uses only three input features of

RGB samples from face images to classify them as skin or non-skin samples. This significant



A NOVEL CONSRUCTIVE ALGORITHM

77

reduction of input features and class outputs compared to the MNIST should result in considerably

smaller required topologies. A random subsample of 50 000 RGB samples with equal amounts of

skin and non-skin classes was selected, with 40 000 samples used for training and 10 000 for

testing. Aside from a novel data set, a decrease in the number of output units to two, and adjusted

hidden layer sizes for the fMLP, no changes were made to any MLP or growing method.

Table 2.5

Results of Using DNC with Different Hyperparameters

Measures
Network Window Hidden Training Testing Epochs
width layer size accuracy (%) accuracy (%) taken
DNC-MLP (A= 0.05) 50 22 88.34 84.71 2 588
DNC-MLP (Ar=0.05) 100 20 88.06 84.45 3 905
DNC-MLP (A;=0.05) 500 19 90.98 86.04 16 127
DNC-MLP (A= 0.05) 1000 20 87.59 83.11 24333
DNC-MLP (A= 0.01) 50 21 89.98 85.67 6164
DNC-MLP (A= 0.01) 100 19 91.11 86.18 9671
DNC-MLP (A= 0.01) 500 18 85.47 81.60 20 837
DNC-MLP (A;=0.01) 1000 20 87.41 82.85 34 201
Table 2.6
Average Results of the gMLP, fMLP, and DNC-MLP-MNIST Data Set
Measures
Network Window Hidden layer Training Testing Epochs taken
width size accuracy (%)* accuracy (%)*
gMLP - 15.4 £0.22 94.06 88.30 17 898.8 £657
fMLP - 100 97.42 95.84 582.2 7
fMLP - 50 97.82 95.43 1 055.4 +8
fMLP - 25 98.47 94.09 3 146.0 £72
fMLP - 15 99.24 90.60 100 0000
DNC-MLP (A;= 0.05) 50 21.72 £0.26 88.15 84.65 2 580.5 £21
DNC-MLP (A;= 0.05) 100 19.04 £0.21 88.78 84.78 4227.7 £59
DNC-MLP (A= 0.05) 500 19.36 £0.45 89.07 84.54 14 521.7 £330
DNC-MLP (A= 0.05) 1000 18.88 £0.42 88.84 84.27 25 326.0 £650
DNC-MLP (Ar=0.01) 50 19.16 £0.50 89.77 85.35 6 194.4 £143
DNC-MLP (Ar=0.01) 100 19.76 £0.70 89.51 84.96 9 626.6 +320
DNC-MLP (A;=0.01) 500 19.44 +0.55 86.26 82.10 21 547.6 £557
DNC-MLP (Az=0.01) 1000 18.68 +0.53 86.10 82.04 32 680.4 £712

Note: Averages were calculated across 25 trials with 95% confidence intervals. * When rounded to two decimals

places, the 95% confidence interval was always 0.00, and as such were omitted.

As can be seen by comparing the average trial results of Table 2.7 using the Skin

Segmentation data set and the results in Table 2.6 using the MNIST data set, there is not much
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difference regarding the overall conclusion. The hidden layer size of fMLP was still determined
by a trial-and-error approach, and concerning the DNC-MLP, larger window widths resulted in
smaller topologies. However, a window width of 500 now achieves the same minimal size as a
window with 1000 epochs. This highlights that a switch in the task could require re-tuning these

hyperparameters.

Table 2.7

Average Results of the gMLP, fMLP, and DNC-MLP- Skin Segmentation Data Set

Measures
Network Window  Hidden layer Training Testing Epochs taken
width size accuracy (%)* accuracy (%)*

gMLP - 3 +0.00 97.63 97.65 13 237.6 +6
fMLP - 5 98.06 98.08 3431.8 £53
fMLP - 4 98.08 98.10 3 652.7 +49
fMLP - 3 98.06 98.07 3 908.7 £52
DNC-MLP (Az=0.05) 50 8.8 £0.66 97.03 97.12 1701.6 £35
DNC-MLP (Az=0.05) 100 5+0.00 97.02 97.13 1996.5 £22
DNC-MLP (Az=0.05) 500 3 +0.00 97.51 97.62 3434.1 £22
DNC-MLP (Az=0.05) 1000 3 +0.00 97.42 97.55 4393.1 £11
DNC-MLP (A= 0.01) 50 4 +0.00 97.10 96.99 2 236.9 £21
DNC-MLP (A= 0.01) 100 3.28 £0.18 97.60 97.50 3138.8 13
DNC-MLP (A= 0.01) 500 3 +0.00 97.31 97.18 4508.8 £21
DNC-MLP (A= 0.01) 1000 3 +0.00 97.23 97.09 6 061.0 +40

Note: Averages were calculated across 25 trials with 95% confidence intervals. ® When rounded to two decimals
places, the 95% confidence interval was always 0.00, and as such were omitted.

Discussion

In this study, we sought to validate the efficacy of the self-governed nature of the growing
algorithm inspired by population dynamics. We defined more self-governed as a constructive
technique that dictates when new hidden units should be added while limiting the user’s role in
fine-tuning hyperparameters a priori. We first examined the inherent properties of the algorithm
by conducting a series of simulations to determine the effect that varying hyperparameters had on
the number of hidden units grown in a single hidden layer MLP using the MNIST data set.

The extinction constant, as previously discussed, does not require fine-tuning. This

hyperparameter adds an intrinsic method to remove a population during learning, the value of
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which only matters in relation to the current hidden layer size. If the value is less than the
population size, growth will ensue, while greater than the population will result in population
extinction. Next, it was shown that smaller weight initializations lead to smaller hidden layer
topologies and that any variation in the number of hidden units grown directly results from the
added randomness from the weight connections.

The carrying capacity, which acts as an upper bound on the population size, is the one
hyperparameter that one would assume needs to be carefully tuned to a given problem. However,
it was shown that fine-tuning the carrying capacity is arbitrary, as setting it to a high value will
result in approximately the same number of hidden units grown. This is due to the incorporation
of error feedback from the network that modulates the growth rate causing convergence to similar
final hidden layer sizes regardless of the carrying capacity value. This adds the self-governance
property to the algorithm, with the carrying capacity acting as a failsafe to prevent growing
outbound.

Finally, smaller time steps of the Euler approximation result in smaller topologies. It is
important to note that this time step hyperparameter is for altering the precision of the estimate
made by the Euler approximation and not part of the growing algorithm itself. This value should
be set in accordance with the desired objective but remain consistent across tasks. For instance, if
the objective was to obtain a minimal topology, a smaller time step should be used. If size was no
concern, larger values of df could be used to promote rapid growth and reduce learning time. These
findings suggest that the constructive algorithm applied here limits the user’s role in fine-tuning
hyperparameters a priori and, as such, by our definition can be considered more self-governed.

Next, the efficacy of the growing algorithm was evaluated. First, a general benchmark was

established to determine if the number of hidden units grown was appropriate for classifying the
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MNIST data set. Using the percent decrease in learning epochs derived from changes in hidden
layer size and SVD as estimates, we found that the growing algorithm grew to an appropriate size
of approximately 15 hidden units for solving the MNIST. Secondly, the algorithm’s classification
performance was directly compared to identical MLPs that used fixed topologies and growth
governed by DNC. The growing algorithm had slightly lower performances and took longer than
its fixed topology counterpart. However, no trial-and-error guesswork was required. Compared to
the other constructive approach, the gMLP grew to a smaller topology and reached better
performances. The distinction of when a new hidden unit is added highlights the advantage of a
more self-governed approach. As shown, with DNC, there is still heavy fine-tuning of the
hyperparameters a priori, which can yield different results and ultimately is still task-dependent.

The growing algorithm presented here offers more self-governed growth, which provides
an effective general solution automatically tailored to the task. The benefits of a more self-
governed constructive approach are self-evident. It can automatically grow a feedforward network
to an appropriate size to solve a given task without tedious fine-tuning. Replacing the user’s role
in designing topologies with methods that enable a system to manage its own growth can endow
systems with adaptable learning that can apply to many tasks across different environments, an
artificial general intelligence (Thorisson, 2012).

In the current study, the stopping conditions were strict and limited to reaching a minimum
entropy of 0.01 or reaching the maximum allowed training epochs of 100 000. This was done
purposefully to allow a focused examination of growth. However, typically other methods, such
as early stopping, are implemented to achieve the best performance while avoiding overfitting. In
such a case, the fMLP that used only 15 hidden units would have successfully learned the MNIST

in the allotted number of training epochs. This opens the possibility for the presented growing
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approach to be used as a tool to determine an appropriate fixed topology without the need for
repeated guesswork and trial and error. In this context, rather than perform trial-and-error when
trying to pre-determine hidden layer size for a fixed network, the growing algorithm can be run
once and automatically provide an appropriate number to initialize a fixed hidden layer size. Table
2.6 shows that setting the fMLP to 15 hidden units offers little change to training accuracies
compared to 100, 50, or 25 hidden units. While there is an upward trend in training epochs, an
advantage in conserving computational resources is evident. A drop from 100 units to 15 units
saves 85 units and the 666 400 associated weight connections from the input layer, bias, and going
to the output layer. For a drop from 50 to 15 units, 35 units, and 274 400 associated connections
are conserved. Finally, a drop from 25 to 15 units, 10 units, and 78 400 associated connections are
conserved. The conservation of computational resources could be even greater with other tasks
that have even higher dimensional inputs.

A specific limitation to the self-governing property of the current approach is the reliance
on a measure of global error from the network to mitigate growth rate. The exact nature of using
different measures of global error on the growth rate remains to be investigated. Previously, we
have shown success using mean-squared error (Ross et al., 2020) and categorical cross entropy in
the current study. However, no comparison has yet been made. Furthermore, the use of global error
limits the biological plausibility of the algorithm.

The inherent properties of the growing algorithm were investigated in the well-known
MLP. As discussed previously, the complexity of the network topology was constrained to a single
hidden layer to allow a detailed and controlled investigation. However, deeper neural networks
can utilize more complex functions (Bianchini & Scarselli, 2014), have increased representational

power, and are less prone to getting trapped in local minima (Lecun et al., 2015). An interesting
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future step would be to investigate the extension of the growing algorithm presented here to not
only grow network width but depth as well. This would allow the algorithm to be tested on more
complex data sets and in deeper neural networks.
Conclusion

Dynamic growth inspired by population dynamics offers a more self-governed alternative
to a priori hyperparameters requiring fine-tuning to decide when to add new hidden units. It can
be used independently in a constructive approach or as a tool to estimate the number of hidden
units for a fixed topology and circumvent the need for repeated trial-and-error. The potential
applications of this more self-governed growing algorithm are far-reaching and merit further

investigation.
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Abstract

The decision of when to add a new hidden unit or layer is a fundamental challenge for
constructive algorithms. It becomes even more complex in the context of multiple hidden layers.
Growing both network width and depth offers a robust framework for leveraging the ability to
capture more information from the data and model more complex representations. In the context
of multiple hidden layers, should growing units occur sequentially with hidden units only being
grown in one layer at a time or in parallel with hidden units growing across multiple layers
simultaneously? The effects of growing sequentially or in parallel are investigated using a
population dynamics-inspired growing algorithm in a multilayer context. A modified version of
the constructive growing algorithm capable of growing in parallel is presented. Sequential and
parallel growth methodologies are compared in a three-hidden layer MLP on several benchmark
classification tasks. Several variants of these approaches are developed for a more in-depth
comparison based on the type of hidden layer initialization and the weight update methods
employed. Comparisons are then made to another sequential growing approach, Dynamic Node
Creation. Growing hidden layers in parallel resulted in comparable or higher performances than
sequential approaches. Growing hidden layers in parallel promotes growing narrower deep
architectures tailored to the task. Dynamic growth inspired by population dynamics offers the
potential to grow the width and depth of deeper neural networks in either a sequential or parallel

fashion.
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When deciding the architecture of an ANN, a fundamental question arises; is it better to
use a shallow and wide network or deep and narrow? This problem is commonly known as the
trade-off between width and depth. Where width refers to the number of units in a hidden layer
and depth refers to the number of hidden and output layers (Zhong et al., 2019).

Previously, it was shown that multilayer feedforward networks with a single hidden layer
and a large enough width could approximate any continuous function, making these shallow
networks universal approximators (Funahashi, 1989; Hornik et al., 1989). Despite this, the ability
of deeper architectures to learn more complex, distributed, and sparse representations make them
more powerful than their shallow counterparts (Bianchini & Scarselli, 2014; Eldan & Shamir,
2016; Lecun et al., 2015; Zhong et al., 2019). With the increase in network depth, learning more
abstract and complex representations can occur, allowing the network to discriminate inputs better
(Bengio etal.,2013; Lecun et al., 2015). This brings us back to the trade-off, is depth more valuable
than width? Bianchini and Scarselli (2014) used Betti numbers, a topological measure, to compare
shallow and deep feedforward networks. They showed that a deep neural network with the same
number of hidden units as its shallow counterpart could realize more complex functions. Eldan
and Shamir (2016) demonstrated that for a fully connected feedforward network with a linear-
output unit, “depth-even if increased by 1- can be exponentially more valuable than width for
standard feedforward networks.” With larger data sets and more powerful graphics processing
units (GPUs), the increased representational power and faster training of deep neural networks
have made them valuable tools. Deep neural networks have been applied to many different
problems, including computer vision, object detection, and electroencephalogram (EEQG)
classification, to name a few (for reviews, see Craik et al., 2019; Guo et al., 2016; Lecun et al.,

2015; Zhao et al., 2019).
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A network’s depth and width affect the ANN’s ability to generalize. If the network
architecture is too large, the model may overfit the data and cause poor generalization. Conversely,
if the network architecture is too small, the model may underfit the data and cause over-
generalization. (Curteanu & Cartwright, 2011; Islam et al., 2009b; Kwok & Yeung, 1997; Liu et
al., 2002; Parekh et al., 2000). This reinforces the need to find optimal architectures that match a
given task complexity. Currently, the best practice is to use fixed neural architectures found using
a trial-and-error approach. This is due to its simplicity of implementation. However, this process
can be temporally cumbersome and there is no guarantee that an optimal or near-optimal topology
will be found (Curteanu & Cartwright, 2011; Parekh et al., 2000; Zemouri et al., 2018; Zemouri et
al., 2020).

An alternative to using fixed architectures found by a trial-and-error approach is to use
adaptive neural architectures. With adaptive neural architectures, the idea is to have a dynamic
architecture that is updated during training (Pérez-Sénchez et al., 2018). Several strategies have
been proposed and can be broadly classified into three categories: constructive algorithms, pruning
algorithms, and hybrid methods.

Constructive algorithms involve starting with a small network architecture (typically one
hidden unit) and gradually adding connections, units, or layers during training to match task
complexity (Boughrara et al., 2016; Khan et al., 2020; Pérez-Sanchez et al., 2018). Conversely,
pruning algorithms involve starting with a larger network where connections and units are pruned
(removed) during the learning process to match task complexity (for surveys, see Augasta &
Kathirvalavakumar, 2013; Blalock et al., 2020; Hoefler et al., 2021; Reed, 1993). Hybrid methods
combine constructive and pruning algorithms. These methods typically involve using a

constructive algorithm to grow the neural architecture first, then prune the subsequent architecture,
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or simultaneously grow and prune during the learning process (Sharma & Chandra, 2010a). While
using a hybrid approach is appealing and has had great success (Dai et al., 2019; Han et al., 2017;
S. Mohamed et al., 2021; Narasimha et al., 2008a; Thivierge et al., 2003; Zemouri et al., 2020);
the focus of the present article is on constructive algorithms.

Constructive algorithms offer the possibility of compact architectures as an alternative to
the trial-and-error approach when designing architectures. The focus of constructive algorithms
has primarily been on growing the width of a single hidden layer. Examples of applications with
this focus include regression problems (Sadreddin & Sadaoui, 2021; Sharma & Chandra, 2010b),
classification (Ash, 1989; Bertini & Do Carmo Nicoletti, 2009; Boughrara et al., 2016; Fontes &
Embirugu, 2021; Herndndez-Espinosa & Fernandez-Redondo, 2002; Islam et al., 2009a, 2009b;
Kamruzzaman et al., 2004; Liu et al., 2002; Ma & Khorasani, 2004b; Masmoudi et al., 2011;
Siddiquee et al., 2010; José L Subirats et al., 2010; Susan & Dwivedi, 2014; Wu et al., 2015;
Young & Downs, 1998), and image segmentation (Ma & Khorasani, 2002) to name a few (for a
list of more applications, see Khan et al., 2020). Conversely, approaches based on CC have offered
a constructive approach that focused on growing network depth instead of width. These approaches
use a cascaded architecture where the network grows many hidden layers the width of a single unit
(Besnard et al., 2007; Fahlman & Lebiere, 1990; Qiao et al., 2016; Shultz, 2012; Thivierge et al.,
2003; Wu et al., 2019).

Growing both network width and depth offers a robust framework for leveraging the
ability to capture more information from the data and model more complex representations. There
have been numerous approaches for determining when new hidden units and layers should be
added (Aran & Alpaydin, 2003; Islam & Murase, 2001; Lehtokangas, 1999; Ma & Khorasani,

2003; Parekh et al., 2000; Puma-Villanueva et al., 2012). For instance, a measure of network
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significance to quantify generalization power has been proposed for growing network width in
combination with drift detection for growing depth (Ashfahani & Pratama, 2019; Pratama et al.,
2020). Others have examined whether the error or loss has stopped changing by a predetermined
threshold value. Baluja and Fahlman (1994) proposed a sibling/descendant CC, where once the
error stops changing, candidate units can be added to the same layer (siblings) or a new layer
(descendant). The candidate pool is made of both types of units, and whichever unit reduces the
residual network error the most is added to the network. Zemouri et al., (2020) introduced the GP-
DLNN that uses a penalty term to and compared to a threshold value. If the penalty is smaller than
the threshold, a new unit is added, and a new layer is added if larger. Similarly, the CCG-DLNN,
a constructive approach grounded in CC, also used the same approach to decide if candidate units
should be added to the more recent layer or a new layer (Mohamed et al., 2021). Another approach
is to set the maximum number of hidden units and layers in advance, as with the evolutionary
algorithm for building deep neural networks (Zemouri et al., 2018; Zemouri, 2017). This approach
calculates and compares the error at each step to a threshold value. Growth is complete if the error
converges or the maximum allowed structure is reached. Only if the error convergence is not
reached and the maximum number of hidden units for that layer is reached will a new layer be
added (Zemouri et al., 2018; Zemouri, 2017).
When employing constructive algorithms, serval challenges have been identified and should be
considered (Sharma & Chandra, 2010a; Zemouri et al., 2020):

e What are the criteria for adding a new unit or layer to the network?

e How to connect a newly added hidden unit?

e How should the weights be initialized?

e What training scheme should be used (re-train the whole network vs. freezing)?
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e  When to stop adding hidden units (What are the convergence criteria)?

Here, we focus on the first challenge: the criteria for adding a new unit or layer to the
network. Specifically, we are interested in when a new hidden unit or layer should be added. In
the context of multiple hidden layers, should growing units occur sequentially or in parallel across
hidden layers? With a sequential growth methodology, we refer to only being able to grow hidden
units in one hidden layer at a time. The examples of constructive algorithms that grow both width
and depth mentioned previously fall under this methodology. Contrarily, with a parallel growth
methodology, we refer to being able to grow hidden units across multiple layers simultaneously.
This methodology is scarcely found in the literature, with a modular network approach being the
most evident. Guan and Li (2002) used such an approach. They broke benchmark classification
problems into simpler sub-problems using task decomposition and output parallelism. Modules
were then grown and trained in parallel to solve each sub-problem. The resulting modules that
could solve the sub-problems were merged into a modular network.

Previously, we introduced a constructive growing algorithm that provides a more self-
governed alternative for deciding when a new unit should be added to a single hidden layer
multilayer perceptron (Ross et al., 2020). This approach was inspired by population dynamics
(Sun, 2016) and considered the hidden units as a population and the hidden layer as the
environment they exist in. This endowed the hidden layer with a carrying capacity, the maximum
population the hidden layer environment can sustain (an upper bound on the layer width). This
allowed the application of population dynamics to provide a hidden unit population growth rate
for the hidden layer. Combining the carrying capacity and direct performance feedback from the
network created a built-in dynamic, more self-governed method for growing the hidden layer,

simultaneously preventing growing outbound. A natural extension of this work would be to grow
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both width and depth. Since each hidden layer is treated as having its hidden unit population,
should the growth rate of each population be considered individually in a sequential fashion or
simultaneously in a parallel fashion?

We propose investigating the effects of growing sequentially or in parallel using our
population dynamics inspired growing algorithm in a multilayer context. To achieve this, we create
a modified version of our constructive growing algorithm capable of growing in parallel. We then
test the methodologies of sequential and parallel growth in a three-hidden layer multilayer
perceptron on several benchmark classification tasks. We test several variants of these approaches
for a more intricate comparison based on the hidden layer initialization and the training scheme.
Comparisons are also made to another sequential growing approach, Dynamic Node Creation
(DNC; Ash, 1989), that employs the common methodology of iteratively adding units based on
the error curve flattening within a specific time frame.

The remainder of the chapter is divided as follows: Section II introduces the growing
approaches employed (sequential growth, parallel growth, DNC growth), the network’s
architecture and variants, and the learning procedure. In Section III, we describe the results of
several benchmark classification tasks. Finally, in Sections IV and V, we discuss and conclude the
study’s findings.

Methods

Growing

Sequential Growth.
The dynamics of the sequential growing algorithm are characterized by having only one
hidden layer able to grow at a time. In this context, the network is not able to grow the subsequent

layer (£ + 1) until the current layer (£) has reached the maximum number of hidden units that it
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can sustain as dictated by the carrying capacity (C). A visualization of the sequential growing
method’s effect on growth rate and changes in hidden layer sizes for a three-hidden layer MLP is
depicted in Figure 3.1. Sequential growth of the hidden layers is dictated by (3.1). This algorithm

was inspired by the Single-species model with the Allee effect (Sun, 2016). It is used to calculate
the change in the size of the hidden unit population (i.e., growth rate; d—hts) for each hidden layer

(). Incorporated into the algorithm is the global network error (E) as calculated by the loss
function. This allows the network’s performance to modulate the growth rate of the hidden unit
population during learning. The result is that regardless of what the carrying capacity (C) is set to,
the hidden unit population will grow based on the needs of the network. As such the carrying
capacity is defined as C € N;| C < co. The addition of a new unit to the hidden layer only occurs
when the growth rate reaches an integer value, as adding a proportion of a single unit is not
plausible. The extinction constant (a) acts as a lower bound on the size of the hidden layer
population. The population will go locally extinct and prune units if the population falls below this
threshold value. As this study aims to examine growth, « is set at zero to remove the possibility of

extinction.

dh? 1 1 he
_ 1 _5) e 3.1
dt E+€*(C+1)*E*<1 ¢ ) —® G-D

where C is the carrying capacity of the hidden layer environment (upper bound), € is the hidden

layer number, hy is the growth of the hidden unit population, E is the current global error of the

network, and « is the extinction constant (lower bound) set to 0.

Parallel Growth.
The dynamics of parallel growing algorithm are characterized by having all hidden layers

in the network growing simultaneously. In this context, the network can grow the current layer (£)
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and all subsequent layers (€ ... m) regardless if the carrying capacity (C) has been reached by any
hidden layer. The growth rate of the first hidden layer (h?) is calculated according to (3.1), while
the growth rate of every subsequent layer (k%) is calculated according to (3.2). The growth rate of
the first layer is independent of the size of any other layer, in contrast subsequent hidden layers are
impacted by the size of the hidden layer that proceeds it (h~1). The effect of previous hidden layer
sizes being considered allows for a more staggered growth rate for deeper layers. As the previous
hidden layer increases in size and begins to approach the carrying capacity, where once it reached
it will no longer be able to add any new hidden units, the current layers growth rate is dynamically
increased to compensate for the continued need to add more hidden units to match the tasks
complexity (see Figure 3.2). A visualization of the parallel growing method’s effect on growth

rate and changes in hidden layer sizes for a three-hidden layer MLP is depicted in Figure 3.3.
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Figure 3.1. A sample of sequential growing dynamics for a three-hidden layer MLP. a) Sequential growth rate of
three-hidden layers across training epochs. b) Changes in hidden layer size across three-hidden layers with a carrying

capacity (C) of 100 during training.
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where C is the carrying capacity of the hidden layer environment (upper bound), h? is the growth of the
hidden unit population of the current layer, h{~! is the growth of the hidden unit population of the
previous layer, E is the current global error of the network, and «a is the extinction constant (lower

bound) set to 0.
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Figure 3.2. The effect of hidden layer size on the growth rate of subsequent layers. Where C is the carrying capacity
and « is the extinction constant. a) Initial staggered growth rate of hidden layers, with deeper layers growing at a
slower rate. b) Increase in the second layers growth rate as a response to the first hidden layer almost reaching the

carrying capacity.
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Figure 3.3. A sample of parallel growing dynamics for a three-hidden layer MLP. a) Parallel growth rate of three-
hidden layers across training epochs. b) Changes in hidden layer size across three-hidden layers with a carrying

capacity (C) of 100 during training.
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DNC Growth.

Iteratively adding new units with DNC occurs when the error curve flattens within a
specific time frame (i.e., window width; Ash, 1989). This requires an a priori finely-tuned trigger
slope (A7), which measures the error curve's flatness, whereby a new unit is added if the error falls
below this value. Additionally, the user must finely tune the window width (z), the number of
epochs over which the flatness of the error curve is compared to the trigger slope. If the error curve
flattens out below the trigger slope (A7), and if enough epochs have passed since the last addition,
a new unit is added. This is determined by (3.3) and (3.4). The window width (z) was set to 1000
epochs and the trigger slope (A7) was set to 0.01 to promote the construction of smaller
architectures. To allow a comparison in the context of multiple hidden layers, here, DNC follows
a sequential growth methodology. The network is not able to grow the subsequent layer (£ + 1)
until the current layer (€) has reached the maximum number of hidden units that it can sustain as

dictated by the carrying capacity (C).

Pt] — Plt-z] <A, 53
P [to] )
where ppy) is the average error at time 7 across all output units, z is the window width in epochs

over which the slope is determined, A7 is the trigger slope.

t—z =t (3.4)

where t; 1s the time in epochs when the last unit was added to the hidden layer.

Architecture: A formal description

A multilayer perceptron (MLP) with m hidden layers is described by the number of units

and the number of weight connections (see Figure 3.4). Let the size of layer £ at training epoch ¢
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be denoted by S ﬁ], with the size of the all the layers in the network at training epoch t be defined
by vector ¥y;. The architecture of the network is thus represented as Yy = (S[Ot], S[lt], S[Zt],

= Sigp S ['ﬁ“). With m being the total number of hidden layers, S [Ot] being the size of the input
layer (d), and S[T]“ the size of the output layer (k). The weights for each layer are defined by

tensor @. With @ = (Wl, w2, wm... W(m“)). Wherein each component W? of this tensor

is a weight connection matrix:
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where Wf;- is the weight connection between the i" unit of the layer £ and the jt* unit of layer
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Figure 3.4. MLP architecture. In the above architecture x is vector of length d, where d, is the dimension the input
vector, s is the current number of hidden units in that layer, b the biases, and the dashed lines and dashed circles

are weight connections and hidden units that are incrementally added during growing.

The size of the input layer (d) and output layer (k) are fixed and dependent on the given

task. In contrast, the width and depth of the hidden layers (1[4) are permitted to grow. For all
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variants the maximum number of hidden layers is defined by Max, and the maximum number of
hidden units per hidden layer is dictated by the carrying capacity (C). To simplify comparisons,
Max, was fixed to three hidden layers, and C was fixed at 100 hidden units. The initialization

condition gives rise to different network variants.

e In the first condition, the network is only initialized with one hidden layer with a
single hidden unit (First-Init variant), ;o) = (Shy, Sjo) Sfoy) = (d, 1, k), fora
visualization see Figure 3.5a.

e Alternatively, the second condition initializes all three hidden layers with a single
hidden unit (All-Init variant), Yo = (S, Siop Sfop Siyp Sioy) = (d, 1, 1, 1,
k), for a visualization see Figure 3.5b.

a) b)

Input 1% Hidden Output Input 1¥* Hidden 2% Hidden 3" Hidden Output
Layer Layer Layer Layer Layer Layer Layer Layer

Figure 3.5. Network initialization conditions. a) Only one hidden layer initialized with a single hidden unit. b) All

three hidden layers initialized with a single hidden unit.

When adding a new unit with any of the growing conditions (sequential, parallel, or DNC),
the new unit is added to the end of the hidden layer with all associated incoming and outgoing
weight connections in a fully connected fashion. These weight connections are randomly
initialized. During learning, the weights are updated via batch stochastic gradient descent with

momentum by two possible conditions:
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e All weights in the network are updated at each training epoch t (UAW variant), for
a visualization see Figure 3.6a.
e Only the incoming weights to the layer that is actively growing are updated and all

other weights in the network are frozen (F variant), for a visualization see Figure

a)
Input 1 Hidden Output Input 1* Hidden 2" Hidden  Output
Layer Layer Layer Layer Layer Layer Layer
b)

©
A\ @
O

© ®
ol &

- R}
Input 1 Hidden Output Input 1I**Hidden 2 Hidden  Output
Layer Layer Layer Layer Layer Layer Layer

Figure 3.6. Weight update conditions. a) All network weights can be updated as the network grows (solid black lines).
b) Only the incoming weights to the layer that is actively growing can be updated (solid black lines), all other weights
in the network are frozen (light grey lines). In this example, initially the first hidden layer is active, then second hidden

layer grows a new unit and becomes the active layer.

Learning

The following section outlines the learning process and the algorithms for each of the

growing approaches. To measure network performance, the categorical cross entropy loss function
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(3.5) is calculated at the end of each epoch as a measure of error with the addition of a weight

penalty from L, regularization (ridge regression).

1 N M /1 d
_ RPN | 2 (3.5)
Ey = _MZ Z Y logy, |+ (ﬁz Wiy )

where y,? is the k" scalar value output from the network for example g, y,? is the corresponding
target value, and N is the total number of classes, and M is the total number of instances in the

data, d is the number of input features, and A the regularization parameter tuned to 0.001.

At each training epoch t, R batch iterations of batch stochastic gradient descent with
momentum are computed to update the weights W¥. At each batch iteration iter (iter = 1 to R),

momentum, the exponential moving average, is calculated according to (3.6).

My = fmpe_1) + (1 = B (3.6)

where my; is the velocity vector, f is the momentum term (friction coefficient) set at 0.9, and gy

is the gradient at time ¢.

The weights are then updated according to (3.7).

. _ yt
Wi = Wiy — U(m[t]) (3.7)
where 7 is the learning rate set to 0.01.
The sigmoid activation function (3.8) is used, with the softmax function (3.9) being used

to scale the final output of the network and generate interrelated probabilities for multiclass

classification between 0 and 1.

W= ———— (3.8)
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where hf is the hidden layer output from unit j for layer € obtained in the usual way (for details,

see Ross et al., 2020) and hf I is its corresponding activation.
(3.9)

where § is the categorical probabilistic output vector that sums to 1 and y* is the input vector.
The denominator is a normalization term across all classes (N).

With all approaches, training continues until one of the following conditions are met:

1) The maximum number of training epochs is reached, Max, = 100,000.
2) The training categorical cross entropy falls below the convergence threshold, Miny =

0.01.
3) The difference in testing accuracy over a 1000 epoch window is less than the testing

accuracy threshold, 8 = 0.01.
The algorithms are described as follows:

1) Parallel Growth.

Part 1a Initialization: All Init-Variant

//Initialize all hidden layers.

t = 0, Starting epoch.

Max, = 3, Maximum number of hidden layers.

Init, = 3, Initial number of hidden layers.

C = 100, Maximum number of hidden units that a layer can sustain.

if F-Variant//Only the incoming weights to active layer are updated and others frozen:
Activ, = 1, Initial active layer.

//nitialization of the network topology:

Wiey = (S + Sjoy + Sfoy + Sioy + Siey) = (4.1, 1, 1, y)

//Random initialization of the weights from a uniform distribution ranging from -0.1 to 0.1:

d=W+Ww2+w3+w?

// Initialization of the growth rate for the hidden layers:

o1 = (hig) + hZjo) + hife) = (0, 0, 0)
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Part 1b Initialization: First Init-Variant

//Initialize only the first hidden layer.

t = 0, Starting epoch.

Max, = 3, Maximum number of hidden layers.

Init, = 1, Initial number of hidden layers.

C = 100, Maximum number of hidden units that a layer can sustain.

if F-Variant//Only the incoming weights to active layer are updated and others frozen:
Activ, = 1 Initial active layer.

//Initialization of the network topology:

Y = (Sjoy + Spoy + Sfoy) = (& 1, )

//Random initialization of the weights from a uniform distribution ranging from -0.1 to 0.1:

& =Wt+w?

// Initialization of the growth rate for the hidden layers:

o1e) = (hspo) + héjo) + h3e) = (0, 0, 0)

Part 2a Learning and Parallel Growing: UAW-Variant
//Update all weights.
done = false
While t < Max; and done = false
foriter =1toR
calculate mpy = pmy_q;+ (1 = Blgpy
calculate Wi, = Wi_y; —n(my)
end iter
calculate loss

1 N M 1 n
~ i 2
B = | =57 ), 2, 4 1os54 +(WZW[?1 )
k=1q=1 i=1

calculate accuracy TrainAccpy and TestAccyy

calculate growth rate
for{=1tom

ift=1
P £
Bt Gr)re (-0t
else

dnf 1 1 he\ .,
w e (et t) e (1o w0
//Update the growth rate
. . dh
hs[t] = hs[t—l] + dr
//Determine if a new unit is grown and has not reached the carrying
capacity.
if hég — héje—y =1 and hiy < C
// A new hidden unit has been grown.
Sty =St +1
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//Random initialization of the new unit’s weights.
if Ejyy < Ming ort = Max; or (TestAcc[t] - TestAcc[t_looo]) <0
done = true
else

t=t+1

Part 2b Learning and Parallel Growing: F-Variant

//Only the incoming weights to active layer are updated and others frozen.
done = false
While t < Max; and done = false
foriter =1toR
calculate mpy = pmy_q;+ (1 = Blgpy
//Only the incoming weights to the active layer are updated.
Activ Actw
calculate Wi ¢ = Wi la ‘- (m[t])
end iter
calculate loss

1 N M 2 n

. ; 2
o=\ =3, Z vilogFs |+ <wz Wi )
calculate accuracy TramAcc and TestAccp
calculate growth rate

for{=1tom
ift=1

e Ger) e (-0

else
dhg ! ! +1)+Ex*(1 hs ht
_—= * *x B % - — —
dt E+¢ \C—-hi? ¢ s~ @)

//Update the growth rate
dh

hs = hspe-n + =

// A new hzdden unit has been grown.
? _ ot
//Random initialization of the new unit’s weights.

if £ + Activ,
Activy, = £ //Update which is the active layer.
if Epp < Ming or t = Max; or (TestAcc[t] - TestAcc[t_looo]) <6
done = true
else

t=t+1

//Determme lf a new unit is grown and has not reached the carrying capacity.

// Has the new unit been grown in a different layer than the active layer?
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2) Sequential Growth and DNC Growth.

Part 1a Initialization: All Init-Variant
//Initialize all hidden layers.
t = 0, Starting epoch.
Max, = 3, Maximum number of hidden layers.
Init, = 3, Initial number of hidden layers.
Current, = 1, Starting layer for sequential growth.
C = 100, Maximum number of hidden units that a layer can sustain.
//nitialization of the network topology:
Wie = (S + Sfoy + Sfoy + Sioy + Sjop) = (4.1, 1, 1, y)
//Random initialization of the weights from a uniform distribution ranging from -0.1 to 0.1:
d=W+w2+w3+w?
if Sequential:
// Initialization of the growth rate for the hidden layers:
o1e) = (hspo) + héjo) + h3e) = (0, 0, 0)

Part 1b Initialization: First Init-Variant
//Initialize only the first hidden layer.
t = 0, Starting epoch.
Max, = 3, Maximum number of hidden layers.
Init, = 1, Initial number of hidden layers.
Current, = 1, Starting layer for sequential growth.
C = 100, Maximum number of hidden units that a layer can sustain.
//Initialization of the network topology:
iy = (Sjoy + Sioy + Sioy) = (. 1, )
//Random initialization of the weights from a uniform distribution ranging from -0.1 to 0.1:
& =Wt+w?)
if Sequential growth:
// Initialization of the growth rate for the hidden layers:

o1 = (Rl + hZop + h3) = (0, 0, 0)

Sequential Growth.

Part 2a Learning and Sequential Growing: UAW-Variant
//Update all weights.
done = false
While t < Max, and done = false
foriter =1toR
calculate m[t] = ﬁm[t_l] + (1 - ﬁ)g[t]
calculate W = Wi_y) — n(my)
end iter
calculate loss
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1~ ;2
By =\-9 qu log 3y |+ WZWM
i=1

calculate accuracy TramAcc[t] and TestAccyy

calculate growth rate
for € = Current,

B (ten)ese(1-H) a0

//Update the growth rate
dht

¢ _ e
hsre) = hspe—11 + G

//Determine if a new unit is grown.
if hﬁ[t] - hﬁ[t—l] =1
// Determine if the layer has reached the carrying capacity.
if hgg < C
// A new hidden unit has been grown.
Sy = Sfe—1 + 1
//Random initialization of the new unit’s weights.
elif hiy =C
Current,=Current, + 1 //Switch to the next layer.

Sﬁl 1 //Add the new unit to the next layer.

if Epyp < Ming or t = Max; or (TestAcc[t] — TestAcc[t_looo]) <0
done = true

else
t=t+1

Part 2b Learning and Sequential Growing: F-Variant
//Only the incoming weights to active layer are updated and others frozen.
done = false
While t < Max; and done = false
foriter =1toR
calculate mpy = fmp_q; + (1 = Bgpy
//Only the incoming weights to active layer are updated.

C urrenty _ C urrenty

calculate W Wil n(m)

end iter
calculate loss

1 N M /1 n
~ . 2
Bl = ‘MZZ%?‘ log g +(mzwfﬂ )

calculate accuracy TramAcc and TestAccy

calculate growth rate
for € = Current,
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T A N T

//Update the growth rate
P dht
hgie) = Rgpe—17 + A

//Determine if a new unit is grown.
if Ry — hepe—ny = 1
// Determine if the layer has reached the carrying capacity.
if hgg < C
// A new hidden unit has been grown.
Sig) = Sfe—1) + 1
//Random initialization of the new unit’s weights.
elif hiy =C
Current,=Current, + 1 //Switch to the next layer (active layer).
S[{Hl = 1 //Add the new unit to the next layer.
if Epyp < Ming or t = Max; or (TestAcc[t] — TestAcc[t_looo]) <0
done = true
else

t=t+1

DNC Growth.

Part 2a Learning and DNC Growing: UAW-Variant
//Update all weights.

done = false
to = 0 //Time in epochs when the last unit was added.

While t < Max, and done = false
foriter =1toR
calculate mt[f] = ET[t_l] + (1 -B)gq
calculate Wyg = Wjt_qy — n(myy)
end iter

calculate loss
1 N M 1 n
. )
Ey=|- Yq logdq |+ (WZ WM )
k=1g=1 i=1
calculate accuracy TrainAccpy and TestAccyy
//Determine if enough time has passed and the error has stopped changing.

if(t—z)ZthndM<AT

p[to]
// Determine if the layer has reached the carrying capacity.
if Sfp<C
// A new hidden unit is added.
L _ ot
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//Random initialization of the new unit’s weights.
ool
el{f S[t] =C
Current,=Current, + 1 //Switch to the next layer.
S[ﬁl = 1 //Add the new unit to the next layer.
to =t
if Epp < Ming or t = Max, or (TestAccpy — TestAccr_10007) < 0
done = true

else
t=t+1

Part 2b Learning and DNC Growing: F-Variant
//Only the incoming weights to active layer are updated and others frozen.
to = 0 //Time in epochs when the last unit was added.
While t < Max, and done = false
foriter =1toR
calculate mp = ﬂm[t_l] + (1 - ﬂ)g[t]

//Only the incoming weights to active layer are updated.
Currentp __ WCurrentg

calculate W[t] =W,_q - U(m[t])

end iter
calculate loss

1 N M 1 n
Eg=| -1 Z vq log9q |+ (WZ W[it]z)
k=1q=1 i=1
calculate accuracy TrainAccpy and TestAccyy
//Determine if enough time has passed and the error has stopped changing.
if (t—z)=>t,and 292 < A,

Pty
// Determine if th; layer has reached the carrying capacity.
if Sip<C
//' A new hidden unit is added.
Sit) = Sje-1y + 1
//Random initialization of the new unit’s weights.
elif Sfy=C
Current,=Current, + 1 //Switch to the next layer (active layer).
S[ﬁ1 = 1 //Add the new unit to the next layer.
to =t
if Ej < Ming or t = Max; or (TestAcc[t] - TestAcc[t_looo]) <0
done = true
else

t=t+1
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Experiments and Results

The proposed parallel growing algorithm was compared to the sequential version of our
growing algorithm as well as DNC in the MLP on three benchmark classification data sets: the
Breast Cancer Wisconsin (Diagnostic, BCW) data set (Wolberg et al., 1995), the Wine data set
(Aeberhard & Forina, 1991), and the Fashion MNIST data set (Xiao et al., 2017). These data sets
vary in the number of features, classes, and instances (see Table 3.1). For a more detailed
comparison, four variants for each approach (Parallel, Sequential, and DNC) were considered.
These variants were based on the number of layers pre-initialized; one (First Init) or all (All Init),
and the type of weight update; updating all weights (UAW) or just the incoming connections to

the active layer and freezing the others (F).

Table 3.1
Data Sets
Data set Number of features Number of classes Number of instances
BCW 30 2 569
Wine 13 3 178
Fashion MNIST 784 10 70,000

The results of the binary classification of the BCW data set are shown in Table 3.2. With
the All Init-UAW variant, all approaches had similar training and testing performances. Slight
variations in network size were observed, with the DNC approach growing fewer units than the
parallel. With the First Init-UAW variant, all approaches were almost identical in size,
performance, and training epochs. Since only one hidden layer was initialized and the task was
easier for the network, fewer hidden units were required; the parallel approach behaved like the
sequential one with no additional hidden layers grown. All approaches had similar training and

testing performances for the First Init-F variant, with DNC having smaller variations. However,
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the parallel approach grew three layers and about 21 hidden units. Conversely, the sequential and
DNC approaches required only one hidden layer and about 5 units. Here the sequential approach
also took considerably fewer training epochs with a smaller standard deviation. Finally, for the All
Init-F variant, the parallel approach notably outperformed both the sequential and DNC
approaches—reaching near-perfect training and testing performances, compared to about 60% and
50% for the sequential and DNC approaches. Additionally, both the sequential and DNC
approaches reached the maximum number of training epochs, while the parallel approach required
much less. The parallel approach, on average, grew smaller (three layers and about 140.6 units)
than the sequential (three layers and about 292.9 units) but grew larger than DNC (three layers and
about 102.0 units). However, since the window width for DNC is set at 1000 epochs and the
maximum number of hidden units is set at 100 per layer; DNC could not grow units past the First

layer.

The three-class Wine data set showed similar results to the BCW (see Table 3.3). For the
All Init-UAW variant, all the approaches had similar average accuracies. However, the sequential
approach had a large standard deviation of about 6%. Regarding the average size, DNC was the
smallest (24 units), then parallel (74.9 units), followed by sequential (101.7 units). Despite not
being the smallest, the parallel approach took noticeably fewer training epochs with less variation.
All approaches were almost identical in size for the First Init-UAW variant, with around one
hidden unit. Like the BCW, since only one hidden layer is initialized and the task is easier for the
network requiring fewer hidden units, the parallel approach behaves like the sequential one with
no additional hidden layers grown. All approaches were also similar in performance, with DNC
having a larger std. dev. of about 4 %. Of note is the difference in epochs taken. The parallel

approach, on average, needed 110 training epochs, while the other approaches needed over 2,000.
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For the First Init-F variant, the parallel approach grew larger (three hidden layers with an average
of 166.8 hidden units) compared to the other approaches that only used one hidden layer
(sequential: 23.2 hidden units, and DNC: 5.8 hidden units). While the parallel approach had, on
average, 2% higher accuracies, it took more than double the training epochs. The parallel and
sequential approaches had similar performances for the final variant, the All Init-F variant.
Nevertheless, the sequential method grew to the maximum of 100 units per layer (300 units total)
and reached, on average, over 90,000 training epochs. Comparatively, the parallel approach
utilized only 248.3 units with an average of 18,7171 epochs. DNC encountered the same limitation
and could not grow past the first layer. This resulted in poor performances and reaching the
maximum number of training epochs.

The most challenging data set was the ten-class Fashion MNIST (see Table 3.4). The
sequential approach had a better average performance accuracy for the All Init-UAW variant than
the parallel, of about 5% for training and about 2.5% for testing. Regardless of the better
performance, the parallel approach grew on average much smaller (22.6 hidden units) compared
to the other approaches (sequential: 218.1 hidden units; DNC 57 hidden units) and took only 5,893
epochs to train (about 36,000-61,000 epochs less). For the First Init-UAW variant, both the parallel
and sequential approaches had similar sizes, performances, and training epochs on average.
Conversely, DNC grew smaller (about three fewer hidden units), had a lower training accuracy
(about 5% less), but took significantly more epochs. The parallel approach had the highest
performance for the First Init-F variant. However, on average, the parallel approach also grew
significantly larger (three hidden layers with 215 hidden units) compared to the other two
approaches (sequential: 51.6 hidden units; DNC 24.8 hidden units). The parallel approach vastly

outperformed the other approaches for the final variant, the All Init-F. The parallel approach

Table 3.2
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Average Results of the Parallel, Sequential, and DNC Variants - Breast Cancer Wisconsin
Measures
Approach Hidden Units Training Acc. (%) Testing Acc. (%) Epochs taken
All Init-UAW
Parallel 7.1+3.75 99.80+0.00 94.79+0.00 6,105.1+£1,221.88
3.2+1.17
2.4+0.66
Sequential 12.5+6.89 99.80+0.00 93.90+0.00 7,406.4+1,801.80
1.0+0.00
1.0+0.00
DNC 6.7+2.56 99.80+0.00 96.50=0.00 8,807.8+2,524.43
1.0+0.00
1.0+0.00
First Init-UAW
Parallel 1.0+0.00 99.30+0.00 98.20+0.00 2,001.0+0.00
Sequential 1.0+0.00 98.70+0.00 100.00+0.00 2,001.0+0.00
DNC 1.0+0.00 99.10+0.00 96.50+0.00 2,001.0+0.00
First Init-F
Parallel 17.0+£27.49 92.33+4.32 91.31+4.36 6,605.6+5,262.63
3.0+9.0
0.6+1.8
Sequential 5.7+1.55 92.19+4.61 92.91+£3.24 4,003.0+1,266.18
DNC 4.60+2.37 93.29+1.77 92.80+1.75 7,206.2+3,519.19
All Init-F
Parallel 86.0+4.02 98.11+0.23 96.68+0.38 16,015.0+£895.32
38.0+5.87
16.6+2.33
Sequential 100.0£0.00 63.30+0.00 60.50+0.00 100,000.0+0.00
100.0£0.00
92.9+0.54
DNC 100.0+£0.00 47.64+12.19 46.66+17.25 100,000.0+0.00
1.0+0.00
1.0+0.00

Note: Averages were calculated across 10 trials with the std. dev. reported.

achieved approximately 40% higher training and testing accuracies than the sequential approach.

It also took fewer training epochs and grew much smaller (170 vs. 300 hidden units). It should be

noted that the sequential approach reached the maximum hidden layer size of 100 as set by the

carrying capacity. The argument could be made that if this value was larger, it might be possible

for the sequential approach to reach higher training and testing accuracies. However, the sequential
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approach did approach the 100,000-training epoch limit. If it were permitted to continue to grow,
it would have been stopped by this limit. The DNC approach encountered the same limitation as
with other variants, and could not grow past the first layer. This resulted in abysmal performances

and reaching the maximum number of training epochs.

Table 3.3

Average Results of the Parallel, Sequential, and DNC Variants - Wine

Measures
Approach Hidden Units Training Acc. (%) Testing Acc. (%) Epochs taken
All Init-UAW
Parallel 47.548.35 100.00+0.00 95.24+1.89 8,890.6+640.40
17.943.48
9.5+1.57
Sequential 97.7£2.97 96.91+6.46 96.39+6.13 21,999.945,145.26
3.3+3.20
1.0+£0.00
DNC 22.8+7.70 100.0+0.00 99.44+1.18 25,124.1£7,862.15
1.0+£0.00
1.0+0.00
First Init-UAW
Parallel 1.8+0.40 99.09+0.99 97.20+2.95 110.83+£350.46
Sequential 1.5+0.50 99.02+1.10 97.20+£2.95 2,208.8+£224.04
DNC 1.0+£0.00 95.21+4.21 93.02+4.36 2,101.1£300.3
First Init-F
Parallel 91.0£26.0 94.66+5.01 94.17+£5.14 18,117.1+4,575.13
61.5+24.88
14.3£6.51
Sequential 23.2+12.79 92.48+5.04 91.39+5.91 6,205.2+1,779.42
DNC 5.8+2.52 92.05+6.20 92.49+7 31 8,707.7+4,076.61
All Init-F
Parallel 99.1+0.30 84.93+7.79 86.39+5.14 18,717.7+£318.12
91.3+2.97
57.9+4.99
Sequential 100.0+0.00 86.26+8.97 88.34+9.86 90,659.9+6,462.79
100.0+0.00
100.0+0.00
DNC 100.0+0.00 31.70+3.38 29.76+1.35 100,000.0+0.00
1.0+£0.00
1.0+0.00

Note: Averages were calculated across 10 trials with the std. dev. reported.
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Concerning the variants, initializing only one hidden layer (First Init) led to smaller
topologies, faster training times, and similar performances across all tasks compared to initializing
all the hidden layers (All Init). Similarly, updating all weights (UAW) resulted in smaller

topologies, faster training times, and similar performances across all tasks compared to using a

Table 3.4

Average Results of the Parallel, Sequential, and DNC Variants — Fashion MNIST
Measures
Approach Layers Hidden Units Training Acc. (%) Testing Acc. (%) Epochs

All Init-UAW

Parallel 3 12.9+2.07 89.43+1.43 83.30+0.81 5,893.7+66.91
5.8+1.09
3.9+0.60
Sequential 3 100.0+0.00 94.53+0.47 85.7+0.46 42,374.7+1,523.05
100.0+0.00
18.1+£3.92
DNC 3 55.0+£37.66 11.99+4.20 11.98+4.17 67,763.9+39,695.49
1.0+0.00
1.0+0.00
First Init-UAW
Parallel 1 7.2+0.60 88.40+0.86 82.97+0.59 4,903.9+£300.30
Sequential 1 7.8+1.08 89.04+0.83 83.23+0.28 5,304.3+458.72
DNC 1 4.3+0.71 83.39+4.89 83.39+4.89 19,121.1+4,914.30
First Init-F
Parallel 3 99.5+0.50 93.31+2.85 87.47+2.37 14,613.6+917.43
82.14+9.68
33.4+7.72
Sequential 1 51.6+12.53 85.08+0.70 83.67+0.68 6,305.8+872.65
DNC 1 24.8+5.25 83.82+0.98 81.04+0.91 24.823.84+5,255.01
All Init-F
Parallel 3 82.9+8.43 94.73+3.95 85.98+2.42 9,008.0+775.37
54.9+9.17
32.3+5.83
Sequential 3 100.0+0.00 45.63+11.11 45.46+11.10 89,268.3+£14,322.36
100.0+0.00
100.0+0.00
DNC 3 100.0+0.00 10.00+0.00 10.00+0.00 100,000.0+0.00
1.0+£0.00
1.0+£0.00

Note: Averages were calculated across 10 trials with the std. dev. reported.
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freezing approach where only the active layer’s weights were updated (F). Overall, the parallel
approach rivals its sequential counterpart. With the two and three-class problems, the parallel
approach obtained similar performances with the possibility of using fewer training epochs.
However, the improved training time usually coincided with larger architectures. With the more
challenging 10-class problem, the parallel rivalled or outperformed the sequential approaches.
Only with the First Init-F variant did the parallel approach result in larger structures and longer
training times. For both the All Init variants, the parallel approach grew smaller, had high
accuracies, and took less training epochs. For the First Init-UAW, the parallel approach performed
the same as the sequential approach, as no additional hidden layers were needed to perform the
task.

Multiply and Accumulate (MACs) were computed for the network weights during forward
propagation for a single trial of the All Init UAW variant for the Fashion MNIST to get an idea of
the computational load. MACs are when an addition operation follows a multiplication operation
and gives an idea of the computational complexity of a model (Nahmias et al., 2020). MACs for
each layer during forward propagation while learning the Fashion MNIST are calculated according

to (3.10)
— ¢
MACs = B * R * Sj;y * ¢ (3.10)
Where B is the batch size (set to 256) and R the batch iterations (set to 235) for the Fashion
MINIST, Sﬁ] is the hidden layer size at training epoch t, and ¢ the number of training epochs

corresponding to that hidden layer size.
It is important to note that here MACs need to consider a dynamic hidden layer size that
varies across time for growing networks. As such, ¢ is used instead of just the current training

epoch (t). This is because, for example, in a growing network, one hidden unit may be used for
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the first 500 training epochs, but then two hidden units for the following 300 training epochs. The
results for a single trial of each growing approach are shown in Table 3.5. Results show that the
parallel method uses ten billion fewer MACs for the All Init-UAW variant compared to sequential
and DNC approaches. This is reflected by fewer hidden units being used across all three layers and
fewer training epochs needed. The sequential approach takes approximately three billion fewer
MACs than the DNC approach. While the sequential approach did use noticeably more hidden
units (239 compared to 89), it took nearly half the number of training epochs. These sample results
showcase the computational complexity of these approaches and highlight the economical

computational complexity of growing in parallel.

Table 3.5

Single Trial Results of the Parallel, Sequential, and DNC All Init-UAW Variant — Fashion MNIST

Measures
Approach Layers Hidden Units Training Acc. (%) Testing Acc. (%)  Epochs MACs
Parallel 3 12.0 90.3 83.4 6,005 3,558,464,000
5.0
4.0
Sequential 3 100.0 95.9 86.0 45,044  16,446,901,760
100.0
39.0
DNC 3 87.0 19.9 19.9 100,000 19,677,012,480
1.0
1.0

Discussion

This study focused on the challenge of when a new hidden unit or layer should be added
when using a constructive algorithm. We proposed investigating the effects of growing
sequentially or in parallel in a multilayer context. Sequential growth was characterized by only
growing one hidden layer at a time. In contrast, parallel growth was characterized by growing all

hidden layers simultaneously. To achieve this, we created a modified version of our population
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dynamics inspired growing algorithm capable of growing in parallel. Several variants of these
approaches based on the hidden layer initialization and the training scheme employed were used
to ensure a more comprehensive comparison. The sequential and parallel approaches were tested
on several benchmark classification tasks. Another sequential growing approach, DNC, was also
compared as it used the standard methodology of iteratively adding units based on the error curve
flattening within a specific time frame.

The results highlight two scenarios where parallel growing is more beneficial than
sequential. The first is realized by comparing to the DNC approach, which iteratively adds units
based on the error curve flattening within a specific time frame. The All Init-F variant highlighted
the limitation of a constructive approach heavily reliant on fine-tuning hyperparameters. While a
smaller trigger slope and a larger window width can lead to smaller topologies, it can prevent the
network from sequentially growing multiple layers in a reasonable time frame. In this case, with a
maximum of 100,000 training epochs and a higher maximum hidden units per layer, it is
impossible to grow depth with DNC if the task requires it. If the hyperparameters are not finely-
tuned to the specific task, the resulting architecture can grow larger than the minimal number of
units needed or prevent the network from growing beyond the minimal amount (Ash, 1989).
Secondly, for the more challenging 10-class problem, when multiple hidden layers were initialized,
the parallel growing approach surpassed the sequential approaches. It offered smaller layer widths,
faster training times, and comparable or higher performances.

The possibility of the resulting architecture being larger than required for a given task can
be considered a limitation of growing in parallel. Increasing network complexity beyond what is
required can lead to overfitting (Curteanu & Cartwright, 2011). A possible solution to this problem

is to create a hybrid growing-pruning approach by further developing the population dynamics
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inspired approach to include pruning. Including network pruning offers a way to reduce the
structural complexity of the network systematically. One way to achieve this would be to have a
negative growth rate to decay the neuronal population and obtain an optimal minimal topology.
Including a way to prune the network would allow for comparisons to more state-of-the-art
approaches, as hybrid methods appear to be more suitable in searching for optimal architectures
(Zemouri et al., 2020).

In our population dynamics inspired growing algorithm, the global network error is used
as a measure of performance feedback that modulates the growth rate of the hidden population. As
the error converges toward zero, the growth rate likewise converges toward zero. This property
gives rise to the algorithms’ ability to grow near-optimal architectures based on task complexity.
One potential issue is the notion of the network error not converging to a minimal value due to
noise in the data, resulting in a continuously growing architecture. An alternative might be to use
the network bias and variance as a built-in metric for scaling, growing and pruning, such as by
calculating network significance (Ashfahani & Pratama, 2019; Pratama et al., 2020). Essentially,
this could act as a form of early-stopping for the growing process.

The focus of this study was not to obtain the most optimal performance but to investigate
the comparison between sequential and parallel growing methods. As such, no preprocessing
methods or modifications to the data set were applied. Performing preprocessing techniques or
processes such as data augmentation can introduce confounding variables, making meaningful
comparisons between models challenging (Blalock et al., 2020). However, preprocessing allows
using more real-world datasets and can lead to faster learning and higher classification accuracies
(Asadi & Kareem, 2014). An interesting extension for comparing sequential and parallel growing

would be to implement the constructive algorithm in a CNN to learn larger coloured images, such
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as the CIFAR-10. CNNs are comprised of convolutional and pooling layers that are responsible
for feature extraction, followed by a fully-connected layer that is responsible for classifying the
image (for visualization, see Appendix B Figure B.1). Replacing the pre-designed architecture of
the fully-connected layer with a constructive algorithm gives rise to a more adaptive CNN.
Mohamed et al. (2020) replaced the fully-connected layer in a CNN with their cascade-correlation
growing deep learning neural network algorithm (CCG-DLNN) to successfully classify lung
cancer images. With the success of a sequential growing approach in a CNN, the question arises
could a parallel growing approach be beneficial to reduce time spent growing?
Conclusion

The decision of when to add a new hidden unit or layer is a fundamental challenge for
constructive algorithms. It becomes even more complex in the context of multiple hidden layers.
Dynamic growth inspired by population dynamics offers the potential to grow the width and depth
of deeper neural networks in either a sequential or parallel fashion. Growing hidden layers in
parallel promotes growing narrower deep architectures tailored to the task. The application and

testing of parallel growing methods, in general, merit further investigation.
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General Discussion

Discussion

Constructive algorithms offer an alternative to designing architectures in a “brick by brick”
fashion, allowing the network to tailor its architecture to the task demands. This thesis presented a
dynamic, more self-governed growing algorithm inspired by population dynamics for determining
hidden layer sizes in a feedforward ANN, focusing on addressing the challenge of when to add a
new hidden unit. The proposed algorithm opts for increased self-governance by reducing the
number of finely-tuned hyperparameters required to decide when to grow, putting more control of
the network’s structure and resulting capabilities in the algorithm itself. More self-governed
growth has several advantages over constructive algorithms that rely on hyperparameters. It avoids
manually fine-tuning hyperparameters, which can be time-consuming and susceptible to human
bias. Additionally, as showcased in comparisons with DNC, algorithms that rely on
hyperparameters for deciding when to grow may require re-tuning for different tasks. More self-
governed growth offers a general solution that is less task-dependent. Furthermore, compared to
self-governed stochastic growth, such as proposed by Huang et al. (2006), population dynamics-
inspired growth is interpretable. The non-linear growth of the network is based on the network’s
needs during learning rather than just randomness.
Generalization

The growing algorithm’s versatility extends beyond the confines of a single architecture,
learning rule, or error measure. For example, self-organizing maps could benefit from the
algorithm's capacity to dynamically grow the network topology to contribute to the efficient
emergence of topographical representations. These networks typically comprise of a high-

dimensional input space and a lower-dimensional grid, endowing them with dimension-reduction
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properties and clustering capabilities (Kohonen, 2013; Ross et al.,, 2019). Rather than
backpropagation, Hebbian learning is employed with a neighbourhood function to give rise to
distinct clusters based on the input features. Although the output grid size is conventionally fixed,
integrating growing mechanisms could facilitate the initialization of a small grid that can be
dynamically grown according to the network’s task-related demands. In such a case, the error
could be represented by the quantization error, reflecting the difference in Euclidean distance
between the input and weights at each iteration. Growth would then be modulated as the overall
input representations in the output grid improve (shorter Euclidean distances). The carrying
capacity could be viewed as a maximum grid size or a mechanism to constrain the grid to force
regrouping and more general clustering. A noteworthy application of a more self-governed
growing self-organizing map would be the application of robotic task allocation (Ross et al., 2019),
where adequately setting grid size a priori may be challenging.

The growing algorithm could also be applied with principal component analysis for
dimensionality reduction. In principal component analysis, the primary objective is to distill a
reduced set of features that effectively represents the original dataset in a lower-dimensional
subspace while maximizing the explained variance of the original dataset (Kherif & Latypova,
2020). To achieve this, the original inputs are transformed into linear uncorrelated combinations,
called principal components. Subsequently, the original data is projected orthogonally onto the
lower-dimensional subspace, aligning with the directions defined by the principal components. In
this scenario, the growing algorithm could play a pivotal role by incrementally increasing the
number of principal components, thereby explaining the most variance while minimizing the
dimensionality. Here, the error in the algorithm could be represented by the reciprocal of the total

variance explained, with increased growth corresponding to the extraction of more principal
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components, resulting in more variance explained and modulation of the growing dynamics. The
carrying capacity could aptly be interpreted as the maximum allowable number of principal
components and set to the original dataset's dimensionality. Implementing such a framework could
be realized within a multilayer feedforward ANN utilizing the nonlinear Generalized Hebbian
Algorithm initially proposed by Sanger (1989).
Pruning

An intuitive progression would be to refine the growing algorithm to incorporate neuronal
pruning. By incorporating a negative growth rate, it becomes feasible to reduce the neuronal
population, a concept analogous to population decay. A straightforward way to achieve this would
be to modify the fixed-point attractor at the carrying capacity. By reducing this upper bound value,
it would be possible to introduce decay in a post-growing phase. However, introducing pruning
brings two distinct challenges: Which unit should be pruned and how many?

Regarding the former, the simplest method, both computationally and to implement, would
be to prune the last unit grown. Nevertheless, this approach can potentially harm overall network
performance, as the last added unit might have played a crucial role in solving the task. A possible
remedy would be implementing a sensitivity-based method, such as calculating the Optimal Brain
Damage method to quantify a unit’s importance relative to the cost function (LeCun et al., 1990;
Reed, 1993). Concerning the latter challenge, how much to reduce the carrying capacity value to
induce population decay (i.e., how many units to prune)—an incremental approach proves most
pragmatic. This method entails gradually decreasing the carrying capacity, allowing the network
time to adapt its weights, and subsequently comparing the performance of the pruned network
(new state) with its unpruned counterpart (previous state). If performance remains the same or

improves, the iterative pruning process continues until a diminished performance is observed.
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When a diminished performance is observed, the network will revert to the previous higher-
performing state (Chaber & Lawrynczuk, 2018). The integration of pruning alongside the
presented growing algorithm gives rise to a hybrid strategy, which has been considered more
suitable in the search strategy for the best ANN architecture (Zemouri et al., 2020).
Growth at Different Levels of Topology

In the presented work, we viewed the hidden layer as an environment wherein a hidden
unit population exists. However, this theoretical perspective can be broadened to encompass
additional prospective applications of the growing algorithm. In this broader perspective, each
individual unit can be envisioned as an environment with a population of outgoing connections.
Contrary to growing hidden units, outgoing connections could be grown based on a probabilistic
approach, with higher probabilities favouring growing connections to more proximate units.
Similarly, Dai et al. (2019) showed a successful approach to growing connections based on the
degree of correlation between pre and post-connections in a CNN. Their method began with a
sparsely connected seed architecture, where only 30% of connections were randomly activated.
During the growth phase, dormant weight connections were activated based on the degree of
correlation that reduced the loss quickly. Intriguingly, this growth policy led to higher connection
densities grown at the center of images, corresponding to the placement of digits in the MNIST
dataset. Alternatively, the network at large could be considered as the environment wherein the
layers form the population. Instead of making predefined assumptions about the required number
of layers, layers could be dynamically grown as needed. Furthermore, it is conceivable to apply
the growing algorithm across multiple levels of network topology simultaneously, facilitating the
growth of connections, units, and layers. If the available space was considered, dynamic growth

could play a pivotal role in shaping the resulting architecture by adjusting the carrying capacity at
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each level of the topology. For instance, in scenarios where depth is unconstrained, the network
can grow sparser and deeper architecture solutions by constraining the carrying capacity at the
level of connections and units. Conversely, the network can grow denser, wider architecture
solutions when depth is constrained by constraining the carrying capacity at the layer level.
Lifelong Learning

The real-world environment is dynamic and in constant flux. The inherent flexibility
brought on by constructive algorithms can help a system develop to better adapt to the continuous
stream of information from a dynamic environment. Nevertheless, for a system to thrive in the real
world, it must learn new things without forgetting what it has learned previously. This is known
as continual or lifelong learning (Parisi et al., 2019).

Lifelong learning introduces the stability-plasticity dilemma. The system must be stable
enough to consolidate what has been previously learned while plastic enough to accommodate new
information (Parisi et al., 2019; Thomas et al., 2009). In this regard, ANNs are prone to
“catastrophic forgetting.” Catastrophic forgetting is when the network forgets the previously
learned information when presented with different information (Kowaliw et al., 2014; Ribeiro et
al., 1997). Constructive algorithms incorporate plasticity into ANN architectures to accommodate
new information. However, these methods are still susceptible to catastrophic forgetting. Rusu et
al. (2016) proposed using progressive networks that expand the existing architecture using sub-
networks for new information. Alternatively, rather than changing the existing network
architecture, Kirkpatrick et al. (2017) proposed the elastic weight consolidation algorithm. This
algorithm acts as a synaptic consolidation for ANNs by slowing down the learning on weights that
highly contribute to previously learned information—in essence, making aspects of the network

temporarily less plastic. For a recent review of lifelong learning and methods for avoiding
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catastrophic forgetting, see Parisi et al. (2019). Lifelong learning offers a unique challenge,
showing the need for a cooperative interplay between static and adaptive architectures. While
constructive algorithms offer flexibility that tailors ANN architectures to match task complexity,

they must also strive to incorporate stability to avoid catastrophic forgetting.
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Concluding Statement

This thesis presented a novel approach for determining near-optimal topologies of
feedforward ANNs through a dynamic, more self-governed growing algorithm inspired by
population dynamics. The proposed algorithm leveraged the intrinsic population dynamics of the
ANN to adapt its architecture to match task complexity, offering the potential for more compact
and efficient structures. Specifically, combining a carrying capacity with population dynamics and
network feedback provided a built-in mechanism for dynamic growth, enabling the network to
converge to smaller topologies based on the task's demands.

The experimental results showed the effectiveness of the dynamic, more self-governed
growing algorithm. Chapter One showed that compared to fixed rules for determining hidden layer
sizes, the proposed algorithm leads to smaller topologies while still achieving the desired task
performance. Chapter Two showcased the algorithm’s self-governance capabilities through
systematic investigations and the reduced need for fine-tuning hyperparameters. Furthermore, in
Chapter Three, examining the effects of growing hidden layers individually in a sequential or
parallel fashion in a multilayer context revealed that growing layers in parallel can yield
comparable or even superior performances to growing layers sequentially.

More self-governed growth offers a powerful and efficient solution to grow ANN
architectures tailored to task demands automatically. Reducing hyperparameter fine-tuning a
priori can facilitate the emergence of inherent intelligent behaviour within the network. This
objective holds great promise for enhancing the generalization ability of ANNs, paving the way

for more effective and adaptive problem-solving capabilities in various domains.
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Appendix A
The following derivations were adapted from Dahal (2017) and Perrotta (2020).
The Derivative of the Softmax Activation Function

The softmax function is:

9 = m—m forVj € {1,..,N}

T, e
where a vector (a) of real-valued classification scores with dimension N (the number of classes)
is taken as input and an N-dimensional vector with values squashed between zero and one, that

sum to one, is outputted (§). It maps P(a): RN - RV,

a, V1
a2
y@:| |~ |2
ay v

e
Oy —a
0y X e
aak B aak
. . gx) g'(x)h(x)—g(x)h!(x)
Following the quotient rule for f(x) = Pk f'(x) = )2

In the case of the softmax: h; = Z?’zl e and g; = e%

For h;" with respect to any ay:

N
I _iE
aak d

j=1
N

Za
_6

= %
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While for g;’ there are two cases: g;' is only e®* if i = k, otherwise gy is 0.

Following the quotient rule:

ifi =k,
0t
?]=1 e% e Z?Lleaj — % i
= N
aak (2?:13(11)
ea"(zyﬂ e — eak)
= N
(Zﬁy=1 e®)
ek (Z?,=1 e% — e%)
y:l ea] 9’:1 ea]
=391 -9

since i = k, it can be rewritten as:
= (1 —Pi)
ifi #k,

@
et

Oosy—=a ,
j=1e J 0 — e%%e%i

da ) (2?’:1 eaj)z

—e %k edi

N a; TN a;
j=1€"7 2Zj-1€"/

= VP
The derivative of the softmax is then:

29 _

{}A’k(l — Ik, ifi=k
aak

VeV, ifiFk
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The Derivative of the Cross Entropy Loss Function with Softmax
The cross-entropy loss function provides a measure of distance between the probability
distribution of the softmax output y (predicted classification), and the probability distribution of

the correct classification given by y, a one-hot encoded vector of size N.

N
J.y) =— z Vi logy,
k=1

The derivative of the cross-entropy loss function with respect to the softmax function for

a single output is as follows:

aJ dlogy;
o 5,

aak aak

i

Apply Chain Rule:

:_Z Olog(yi) 9y
Y89, day
1

1 9y;

= — Vi=—"
- LYi day

_ N\ 0%
- yi day

Insert the derivative of the softmax function:
Vi a “ n A
=— Z = 91 = 9) — FiPi]
- Vi
Separate the two cases of the softmax derivative i = k and i # k:

Yi o " Yi oo
= —ZTL.'J’k(l—J’k)‘l'ZTL.'(YkYi)
= Vi Yi

ik

For the case of i = k, y; and yj, are the same.
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=—yi + VI + Zyi Vi
ik

Merge the two cases of the softmax derivative:

= _ykzyi Vi
i

Since y is a one-hot encoded vector, )}; y; all it’s elements are 0, except for one element
that is 1. This means the sum simplifies to:
==Y + 19

Rewritten as:

= Y=Yk



A NOVEL CONSRUCTIVE ALGORITHM 148

Appendix B
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Convolution Layer
Input

Feature Extraction Classification

Figure B.1. Convolutional neural network (CNN) architecture.



