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ABSTRACT

_ This thesis considers the problem of developing computer oriented
algorithms for the minimization of logic functions. A brief review of some
of the existing techniques for the generation of prime implicants, which is
the first phase of the minimization procedure, is first presented starting
from the sum-of-products or product-of-sums expressions of the functions.
Next a new iterativei procedure for generating the prime implicants by
utilizing a new tabular mode of functional representation called cilause-column
table is described. This procedure generates all the prime implicants, and
can be equally applied to functions given in the sum-of-products or in the
product-of-sums form, both cononical and noncanonical. The procedure
can also be adapted to finding the prime implicants of functions having many
unspecified or don't care terms. The algorithm is programmable on a
éornputer. The total amount of computational time réquired is reduced and
memory requirement is also effectively less than thé previvoilsly existing |
techniques. A review of the techniques for finding the minimal or nonminimal
irredundant solutions of the functions st’artihg from the set of all the prime
implicants is also presented‘. A ﬁw.odification of a recently proposed method

for finding the minixhal solutions of logic functions is finally discussed.



T,

ACKNOWLEDGEMENTS

The author wishes to cxpress his decp and sincere appreciation to
Dr. S.R. Das, of the Electrical Engineering Department, for his advice,
criticism and discussions throughout the course of this work. His assistance
is most gratefully acknowledged in iwriting, and providing ideas for the
joint paper [48 ] , the results of which appear in Chapter 3.

Special thanks are due to Professor P.M. Thompson for providing
financial support for carrying out this research.

Thanks are also due to Dr. Dilip K. Baunerji of Computer Science
Department, for many helpful discussions and suggestions in programnﬁng
the algorithm by using APL.

The author is particularly grateful to Miss Mirelle Gélinas, who
typed the final manuscript, for her patience and understanding.

The financial support of the National Research Council of Canada

9

under Grant No. A-3379 is gratefully acknowledged.



- CONTENTS
Page
ABSTRACT (iii)
ACKNOWLEDGEMENTS (iv)
CHAPTER 1 - INTRODUCTION ---ccmmmm e 1
CHAPTER 2 - GENERATION OF PRIME IMPLICANTS ----=-- 4
2.1 Introduction cemmemccmcc o e 4
2.2 Quine McCluskey Method -c-ccmmccmcmmcmcana-. 5
2.3 Iterated Consensus Method ----emcmmcmmacaao.. 8
2.4 Binary Sieve Method ---cccccm o ae e m 9
2.5 Method of Scheinman ~-e=ececccccmoccmcccmc—am—e 13
2.6 Method due to NelSOn ~=-eoamccccc oo e e ee 16
2.7 Method of Das and Choudhury -----ccencacacoo- 18
2.8 Method of Slagle, Chang and Lee ~=ccrmacmcauao- 21
CHAPTER 3 - CLAUSE-COLUMN TABLE APPROACH FOR
GENERATING ALL THE PRIME IMPLICANTS
OF SWITCHING FUNCTIONS -cccaccacacanan 25
3.1 Introduction —weeecmecmmccmcmcccccm— e ————————— 25
3.2 Some Basic Definitions and Notations -wceeeeu-- 27
3.3 Switching Functions and Clause-Column
Table Representations -~ceccmmccmcmcmccacacaax 28
3.4 Clause-Column Table Representations and
Prime Implicates (Prime Implicants) of
Switching Functions —~----cmcmcmmcccam oo 33
3.5 Prime Implicants of Functions Having a
| Large Number of Unspecified or Don't
Care Terms ~---cmmcoccmcccmcco e e e 45

3.6 Conclusi.on e e e e ——————— 52



-vi-

CONTENTS (Continued)

Page
CHAPTER 4 - FINDING MINIMAL OR NEAR MINIMAL
SOLUTIONS FROM THE SET OF ALL
THE PRIME IMPLICANTS -c-ccmeaooooooo 54
4.1 A Brief Review of Existing Techniques ------- 54
4.2 An Approach for Finding Minimal or
Near Minimal Solutions -eeecmeccmcccccnco oo 56
REFERENCES - -c oo e e e e e 62
COMPUTER PROGRAMS -ccm e e 67

VITA - a2 s 74



Chapter 1

INTRODUCTION

The study of switching theory has been acquiring increasing importance
for the large class of scientists, from the pure logician to the practical
prégrammer. From the point of view of electronic computation, switching
theory has offered the means for studying the functions and the potentialities
of phendmena in depth, from the crude piece of engineering, the computer
becomes an organism whose organizational principles can be discovered
and put to useful purposes. Switching circuits are commonly classified
as combinational or sequential depending upon whether the value of the
output is completely determined by the present inputs or it depends upon
the past values of inputs as well. The research presented in this thesis
is restricted to combinational circuits only. One problem which has
continued to plague both the logic designer and the theorist is the problem
of minimal realization of a switching function. The first step in the
process of minimization of switching function is to turn this problem into
an unambigious mathematical specification and the second step is to convert
the mathematical specification into a hardware realization. The reduction
of network complexity leads to lower cost and greater ease of construction.
Because there exist an infinitely large number of distinct combinational
network structures with the same behavicer, the task comes down to that
of selecting from all these structures the network of minimum complexity.
It is rather difficult to define the minimum complexity for a combinational
network. A network which is minimum in one sense may not be minimum in
another sense. It may be desired to minimize the total number of elements
and interconnections or to simplify the design, layout or wiring pattern.
The prime aim of the present study is to minimize the total number of

circuit elements.



The usual approach for the solution of this simplification problem
of sWwitching functions involves , in general, a consideration of two distinct
phases. In the first phase all the prime implicants of the function are
found, while in the second phase, from this set of all the prime implicants,
a minimal subset of prime implicants is selected such that their disjunction
is equivalent to the function and from which none of the prime implicants
can be dropped without sacrificing equivalence. Many different algorithms
have been formulated for solving both the first and second phase of this
simplification problem [1]- [48].

In the present thesis attempt is made to develop a straightforward
and efficient algorithm for generating all the prime implicants of switching
functions and also to find thier minimal solutions.

In chapter 2 of the thesis a brief review of the existing methods of
finding the prime implicants of switching functions is presented. In the
first part of this chapter, the different techniques for the generation of
prime implicants of switching functions given in the minterm form are
discussed, whereas in the second part of the chapter, the relevant features
of the techniques for the generation of prime implicants starting from the
maxterm form are presented.

Chapter 3 presents an itérative procedure for generating all the prime
implicants of switching functions by utilizing a new tabular mode of functional
representation called clause-column table. The procedure generates all
the prime implicants, and can be applied equally well to functions given
in the sum-of-products or in the product-of-sums forms, both canonical
and noncanonical. The procedure can also be readily adapted to determine
the prime implicants of functions having a large number of unspecified or
don't care terms. |

In éhapter 4 a brief review of the existing important techniques for
finding the minimal or nonminimal irredundant solutions, given all prime

implicants of switching functions is presented. Next an attempt is made to



systematize a procedure recently suggested by Das [22 | for finding the
minimal solutions of switching functions. Finally at the end of the thesis the
computer program of the algorithm along with some worked out examples

is attached.



Chapter 2
GENERATION OF PRIME IMPLICANTS

2.1 Introduction

In this chapter we make a brief review of some of the existing techniques
for the generation of prime implicants of switching functions starting from
their sum- of-products or product-of-sums expressions (canonical or non-
canonical). Quine [2] was the first to propose a method for the generation
of prime implicants of switching functions and one of the basic requirements
of his method was that the functions must be expressed in the developed
normal form (canonical sum-of-products form). Quine's later method [6,9}
eliminated this restriction. McCluskey [7 | adopted the principle of Quine's
first method, systematized the procedure by using the binary notation instead
of algebraic notation and introduced the classification of terms to reduce
the number of comparisons required. McCluskey [21] later on suggested
an ingenious method for determining the prime implicants of functions
having large number of don't care states utilizing only the knowledge of
the specified or S-terms (the input conditions for which the functions are
equal to 1) and the prohibited or P-terms(the input conditions for which
the functions are equal to 06). Hall [_10_| developed a technique for generating
the prime implicants of functions expressed in the standard sum-of-products
form through the action of a hypothetical binary sieve. Scheinman [11]
described a method which enables to obtain prime implicants by a simple
operation on a set of decimal numbers which describe the function. Nelson
[4,5] was the first to éuggest a method for generating the prime implicants
of switching functions starting from their product-of-sums form represented
in algebraic mode. Das and Choudhury [15 ] utilized Nelson's idea to

develop a tabular technique for generating the prime implicants of switching



functions starting from maxterm type expression represented in decimal
mode. Das and Choudhury also extended their tabular method for generating
the prime implicants having many unspecified or don't care terms. Slagle
et al[17] described an algorithm for generating the prime implicants of
switching functions represented in the algebraic mode which works equally
well with either conjunctive or disjunctive (both canonical and noncanonical)
form of the function. The basic approach in this method consists-in first
finding the frequency ordering of different literals in the product or sum
terms and next the expansion-is carried out around different variables in
one or more levels through a series of trees. The relevant features of

the aforementioned techniques for generating the prime implicants of

switching functions are discussed below.

2.2 Quine McCluskey Method

In this section we briefly discuss the basic features of the method first
developed by Quine and later systematized by McCluskey. The given function
is assumed to be expressed in the canonical sum-of-products form. The
method can be described as follows.

| Make a list of all the fundamental product terms of the given function
and extend this list as follows. Whemnever two entries are found in the list

which are related as flxi and f ;i , add their common part f1 as a new entry

. 1 -
in the list. Check those entries flxi and f X which thus generate new

entries, but a check mark is not to be tre;t:ad as disqualifying an entry from
reuse. When the list has been extended as far as possible by the above
process, the prime implicants of the given function F can be read off from
the list thus : they are the entries which bear no check marks.

McCluskey [7] systematized the above method by simplifying the
notation and making the procedure more algorithmic. The notation is
simplified by discarding the expression involving literals and using only

binary characters. The theorem being used to combine terms is stated in

terms of binary characters as follows.



Theorem : If two binary charécte?‘s are identical in all positions
except one and if neither character has a dash in the position in which
they differ, then the two characters can be replaced by a single character
which has a dash in the position in which the original characters differ and
which is identical with the original characters in all other positions.

A list is made in a column for the binary equivalents of the decimal
numbers which specify the function. Tﬁese binary numbers are then ordered
so that any number which contain no 1's come first, followed by any number
containing a single 1, and so on. Lines are drawn to divide the columns
into groups of binary numbers which contain a given number of 1's. The
theorem stated above is applied to these binary numbers by comparing each
number of one group with all the numbers of the next lower group. Other
pairs of numbers need not be considered since any two numbers which are
not from adjacent groups must differ in more than one digit. For each
number which has 1's wherever the number with which it is being compared
has 1's, a new character is formed according to the theorem. A check
mark is placéd next to each number which is used in forming a new character.
The new characters are placed in a separate column which is again divided
into groups of characters which has the same number of 1's.

After each number in the first column has been considered, a similar
process is carried out for the characters of colurﬁn two. Two characters
from adjaceﬁt groups can be combined if they both have their dashes in the
same position and if the character from the lower group has 1's whereas
the upper character has 1's. If two characters are combined, the resulting
character is placed in the third column and the column two characters
from which the new characters are formed are checked. The procedure
is repeated and new columns are formed until no further combinations are
possible. The unchecked characters which have not entered into any

combination represent the prime implicants of the function.

EX&I’I’IEIG : F (Xl’XZ’x3’x4) = Z (9’1:2s374’6:7:8:9:11115)



The different columns as formed from the above given function are

as follows :

Column 1 Column IT Column III
4 X3 XZ Xl X4 X3 X2 X]_ X4 X3 X2 Xl
olo o o ov (,1) o . 0o 0 -+(,1,8,9) |- 0 0 -
1o o o 1+ (©2 |0 o0 -’oV(o,‘1,2,3) o 0 - -
>lo o0 1 o~ ©4 {0 - 0 0v(,2,4,6) |0 - - 0
4o 1 o ov @8 |- 00 ol/(1,3,9,11) -0 - 1
gl1 0 0 o0v @,3 o o - 1v 2,3,6,7) {6 - 1 -
3 0 1 1 B9 p- 00 1Ll 11
0 1 1 ov @3 |0 0o 1 ¥
911 0 0 v (2,6) yo - 1 0
“4,6) {0 1 - 0Vv
70 1 1 1V 8,99 11 0 0 -¥
‘11 1 0 1 1V
3,7 (o - 1 1V
15|11 1Y G,y - 0o 1 1Y
6,7 o 1 1 -V
9,11) {1 o - 1V
7,15) |- 1 1 1V
a1, - 1 1Y

The set of prime implicants P(F) of the switching function above
is given by ‘
P(F)= {(0:1’839)3 (0s1’2:3)1 (0:234:6)3 (1:3’9311)’ (2131697),
(3,7,11,15)}
- e v » w = = . = 1 : d
or P(F) = [x2x3, XyXy X %, % Xgr Xy Xy XIXZ ! which are rea

directly from the above column III.
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2.3 Iterated Consensus Technique

Quine ['91 explained a speedy and direct method known as iterated
consensus method that converts a function F given in the sum-of-products
form, canonical or noncanonical, into the disjunction or sum of all its
prime implicants. The generation of prime implicants by iterated consensus
method is particularly attractive if the function is given in the noncanonical
form and if a conversion to a canonical form is impractical due to the large
number of terms of the function. In this method, the prime implicants can
be determined by systematically applying the consensus operation on the
terms of the function, as explained below.

Definition : If fl and f2 are two simple products such that there is

exactly one literal which occurs unnegated in f1 and negated in fZ or vice

versa, then the conjunction or product fl fz with opposing literals and any

duplicate literal deleted is called the consensus of f1 and fz.
ExamEIe : ]5‘(x1 ,xz,x3,x4) = xlx3 x4 + XZX_3X__4: + x1 + -}ilx2x3

In the above example, the consensus of x1x3x4—arid x2x3x4 is x1x2x3,

consensus of ;1 and xlxg_x?)‘is x2x3, consensus of xlx?’x4 and X1X2x3 is

leZf_‘l’ conjensus of x2x3x4 and X1X2x3 is x1X2X4 and the consensus of

X1X3X4 and x1 is x3x4.

If the switching function F is given in the sum-of-products form,

then the following two rules can be applied as long as possible and when
neither is applicable further, then the disjunctive form of all and only the
prime implicants are found.

Rule I: If a product term f. in a given function F subsumed another

1
product term in a given function F, delete the subsumed product term.

Rule II ;: Adjoin, as an additional product term, the consensus of

two product terms fl anc’l»f2 .

* Foot Note : A product (sum) term fl is said to subsume a product (sum)

term fz iff the set of all the literals in f1 are among the set of all the literals

in fz.
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Example : F WX X ,X,, = x % x % x
) P (x1 x2 x3 f4—x5) xlxzm:4x5 + :ﬂ:lxzx5 + xlx3x4 + xl:s‘:4

+x2x3x4 + x2x3x4

Apply ruleII: F = x_x.x = . — -
PRy =2 S B S i S S e T i - B RS e
+ . +
¥ ) Xg¥y Xy O H HEY T XXy XK HH A XX XK X K KX

Apply rule I: F = % %
pply ru x1x2f4 + f1f2x3x5 + f1x2x3x5 + x1x2x5 + x2x4x5 + x3x4

+ x1x2x4 + x1x4 + x2x3x4

Apply ruleII: F = |
pply rule x1x2x4 + X1x2_}_<_5 + xl»XZ_}i3_+ X1x2_+f1X2X3 + xl_:_czx?’x5
+ x1x2x5 + x1x2x3 + x1x2x3x4_+ x2x3x4_)i5 + x1x2x425

B S i ST G S T S S S B S e T o S S
+ §1f2X5 + x2i4x5 + x2x4x5 + x3x4 + x2X4 + x1x2x4 + x2x4

+ »x1x4 + x2x3x4

Appl : F = XX
pply rulel: F x1x2+xlx4l-xx + x x

A H =
pply rule I1 : F xlxz + x2x4 134 2%y 3%y
; B

,,F=x1x2+x2x4+xlx4+x3 4

The rules I and II cannot be applied any further, thus the set of all
the prime implicants P(F) of the given function is :

P(F) = {XIXZ

KKy By Xy K%,

2.4 Binary Sieve Method

Hall {10 purposed a method in which he imagined that a sieve is capable

of shifting out the 1's in any given column of. binary numbers and leaving 0's
at their places. If the sieve is to shift out the 1's in the k-th coiumn and

the number of terms in the binary form are dropped inté the sie;re, then the
terms with a 1 in the k-th column will lose it and change, but the terms that
has a 0 in the k-th will be unchanged. If é multiple shifting is used, that is,
if the terms are shifted for one column and the results immediately shifted
again for one or more other columns, then the general rule for redundant

variables can be applied directly.
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For a function given in the canonical sum-of-products form, its
terms are written in a row designated as "T-row" followed by the 1,2,
4,8,...,2" rows. The entries in the l-row result when the T-row terms
are shifted to remove the 1's in the first column. The entries in the 2-row
result when the T-row terms are shifted to remove the 1's in the second
column. This is continued until there is a row corresponding to each column
of the variables of the function. In each case an entry is made only if the
terms in the T-row have changed in passing through the sieve. If shifted
terms also appear in the T-row, then these terms are encircled and are
designated as "essential shifted terms " .

Example ;

T-row : 0000 0001 0010 0011 0100 0110 0111 1000 1001 1011 1111

l-row : ——'—@ —_ . . 1010 1110
2-row : ———— (0109) 0101 — — (oo 1101
4-row : .
8-row : —

In the decimal form the table is constructed in the same way as in

the above example but the terms are used in the decimal form rather than

in the binary form.

ExamEI e :

T-row: O 2 4 6 8 9 11 15

1 3 7
l1-row: - @ @ - @ - 10 14
2-row : - @ @ @ 5 - - @ 13
4-row : - - - @ @ @ - - - @
8-row : - - - - - = - @ @ @ @

Theorem 1 : In the shifted term array, if 2) different terms identical in
all but j columns can be found in the k-th row, where k-th column is not
one of the j columns, then with the corresponding terms in the T-row they

form ZJ+1 different terms identical in all but j+1 columns.
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Theorem 2 : In the shifted term array, if Zj different terms in the
T-row, identical in all but j columns, have 2j shifted terms in the k-fh TOowW,
where the k-th column is not one of the j columns, then with these shifted
terms they form 2j+1 different terrns. identical in all but j+1 terms.

If the above theorems are appliéd only to the essential shifted terms
and the ordinary shifted terms are ignored, then no term cén enter a
combination unless it is a term of the function. Each time one of these
theorems is applied, the effect is to eliminate another variable and to double
the number of terms in a combination. Any encircled term and its associated
T-row term form a pair. IFor the previous example, each essential shifted
term and its associated T-row term as a pair and the grouping of them by

the row number are given below.

Shiftings
(1) 0-1 (2) 0-2 4) 0-4 (8) 0-8
2-3 1-3 2-6 1-9
6-7 4-6 ’ 3-7 3-11

8-9 9-11 11-15 7-15

The left hand members 6f the above shiftings are essential shifted
terms from various rows, whereas the right hand members are the associated
terms from the T-row. |

Beginning with a first pair in the 1-shiftings, each combination of
terms in that shifting is compared with the left hand members of the
2,4,8, ..., 2" shiftings. Similarly, the combinations in the 2-shiftings
are compared with the left hand members of the 4, 8, ..., 2" shiftings
and so on. The combinations in the last shifting i.e. 2" shifting are examined
only to see whether or not they have appeared in one of the large combinations
generated by the previous comparisons. Each time the terms of combination
are found in the left hand member of another shifting, theorem 1 is applicable.

The associated right hand members of that shifting also become members of
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another shifting, theorem 1 is abplicable. The associated right hand
members of that shifting also become members of the combination. Every ‘
possible combination starting with each pair in the shifting must be tested

in this way with theorem 1. If a combination is generated, all of whose
terms are already members of some other combination, the smaller
combination is deleted. When the above procedure is carried out completely,

it generates the following combinations for the above example.

(1,2) —=* (0,1,2,3)

(1,8) >{0,1,8,9)
(1,4) >(2,3,6,7)
(2,4) ——> (0,2,4,6)
(2,8) >(1,3,9,11)
(4,8) >(3,7,11,15)

A conversion of these combinations to algebraic form is done as follows

(2) Take the smallest number of combination. -

(b) Write it in binary form.

(c) Substitute dashes for the zeros in the columns indicated by the
shifting numbers.

(d) Write the algebraic form from the remaining zeros and ones.

Example : Take a combination of (0,1,8,9)

() © (b) 0000 (c) -00- (d) 2223

The combinations after conversion to algebraic form represent prime
implicants. Thus the set of prime implicants P(F) for the above example is
given by

P(F) = {x

3%y Xy EpE s XXy, X Xg, XX,
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2.5 Method of Scheinman .

Scheinman [11] presented a method for simplifying switching functions
given in the decimal form in which all the essential prime implicants are
found and some or all of the nonessential prime implicants not required in
the function of minimal covers are automatically eliminated.

..... , X.) given in the sum-of-

n-1’ 1
products form can be written in the following form :

Any switching function F(x , x
n

, %) =x f (x , X

F 2 y e o s e @
R 1 n'l Tn-1

+ an2 (x

n-1’ *n-2
It is assumed that the variables are assigned binary weights in the order
shown, with x being assigned the highest weight and X, the lowest. Also
it is assumed that the given function F is specified in the canonical sum-of-

products form and in the decimal representation, the gi\(en function F can

be written as

F(Xn’ X y X )=7%]) = an +x R where j is the decimal

nol’ "t 1

equivalent ofﬁhe associated product term, R, is a sum consisting of the

2
decimal numbers which are smaller that the weight of % and R1 is a sum

consisting of the numbers which are greater than the weight of X s from
each of which the weight of X is subtracted. Each of the residues can then
be expanded about x 1 which is the highest weighted variable of the

residues. There are five different possibilities for R1 and RZ as follows :

(a) R, = R, = R, therefore, F(xn, X

..... , = x R=R
] 5 s xl) an+an

n-1
(b) R1 > RZ’ indicating that the decimal numbers representing R2

form a subset of those representing R1 , then R_ = R.2 + R, and

1 b
F(X 2 X1 eene ,x)=x_ (R, +R) +;nR2 =R, +x R
(c) R2 > Rl,’ where R‘2 = R1 + Ra and
FX_, % 10 nee ,X1)=XnR1+;n (R1+Ra):R1+§nRa
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(d) The residues have no number in common, in which case

F(x , x s e e e
n n-1 1 n 1 n 2

(e) Some of the numbers in each residue are the same, in which case

Rlch+Rd andRZ:RC+ Re

Thus F(x , x
n n

>
"

x (R +R)+x (R +R )
n c d n c¢ e

R +x (R +R )+x (R +R)
c n c d n c e
The following algorithm is given to organize and to simplify the procedure

for generating the prime implicants of a switching function.

Algorithm

Step 1 : Arrange the decimal numbers representing the given function
in a column.

S_M : Divide the decimal numbers into two columnar groups, one
headed with ;n and the other with X the column ;n contains the numbers of
the original function which are smaller than the binary weight of X and
the column X contains the numbers which are equal to or greater than the
weight of X s first subtracting the weight of x from each.

Step 3 : Include a third column, headed by a dash to indicate the
redundancy of x and ;n’ containing the numbers which are common to
columns x and x . Check the corresponding numbers in column x and
X to record the fact that they are redundant. If any of the numbers in the
dashed column has been previously checked in both x and x columns, they
should also be checked in the dashed column.

Step 4 : Examine each column. If any column consists of only
checked numbers, eliminate the column entirely.

Step 5 : Repeat steps 2, 3, and 4 for each of the variable of the

function for each column according to the weight ordering till the lowest

weight of the variable is obtained.
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The prime implicants can be found by tracing each successful path

of the. figure.

Example : F(x4,x3,x2,x1) =y (0,1,2,3,4,6,7,8,9,11,15)

The algorithm is applied to the given function F and the prime

implicants are found as follows.

N

0
1
3
3
4
6
7
8
9
11
15
|
v ' 3
o =2 0
17 /1// :
37 3
. a7 7 .
o IR
;f _ =, }{/ 3
1 G
- 3 ‘ '
Z T 5
OO o T
T 2 "
v \ Y 1v" i 0
%, — - |
2 R T SO
T A L
0 o \', *173
J/. 5%

%1
ol

174
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The prime implicants P(F) of the function F(x4, x3, X, Xl) are :

PIF) = {3y 3p%g0 y%g, 3%, )

2.6 Method due to Nelson

Nelson [4,5] discussed a method in which the prime implicants of a
switching function given in the sum-of-products or product-of-sums form,
canonical or noncanonical can be found. In the present section, this method
is presented briefly.

Given a switching function F in the sum-of-products form (product-of-
sums form), the following rules can be applied first to F to reduce it to a
simpler form. .

Rule 1 : If the function F is given in the sum-of-products form
(product-of-sums form), drop the product terms (sum terms) for which the
function F is equal to 0 (1).

Rule 2 : Delete all but one of the product terms (sum terms) with
identical set of literals in the function., |

Rule 3 : Delete the subsumed product (sum) terms from the function.

The procedure for transforming the disjunctive normal form of a

function to a conjunctive normal form or vice versa is now given below.
Procedure

Step 1 : Using the distributive laws, transform a switching function
F1 given in the sum-of-products form into a switching function FZ in the
product-of-sums form or vice versa.

Step 2 : Apply rules 1, 2 and 3 in this order to the result of step 1.

It can be noticed that if the function is given in the product-of-sums form,
the procedure given above is applied once to get the prime implicants of

the given function whereas if the function is given in the sum-of-products form,
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first the above procedure is applied to get all the prime implicates and

then it is applied to get all the prime implicants of the function.

Theorem 1 : If the switching function Fl given in the sum-of-products
form is equivalent to another function F, which is also given in the sum-of-
products form and Fl is transformed by the procedure given above into
another function F3 given in the product-of-sums form, and also Fz.is
transformed into F4 given in the product-of-sums form, then F3 is equal
to F4.

Theorem 2 : If the switching function G1 given in the product-of-sums
form is equivalent to another function GZ which is also given in the product-
of-sums form and G1 is transformed by the procedure given above into
another function G3 given in the sum-of-products form, and also G2 is
is equal

transformed into G, given in the sum-of-products form, then G

. 4
to G4.

3

The following example illustrates the procedure.

Example : F(xl, Xy x3, x4, x5) = x1§~:2x4x5 + x1x2x5 + x1><3x4

+ x1x4 + x2x3x4 + x2x3x4

By applying the distributive laws to the given function F, we find

that the function F is equivalent to Fl where

2+X3+X5) (x1+x2+x4+x5)

x +
)y +xy) G bxy Fxg) () b Xy

F1=(x1+x2+x3) (x1+x2+x4)(xl+x

(;1+x +->Z + x +;5)(x +;

+x)
2 T3 T Fy 17 %4 *s

After applying Step 2 of the procedure to Fl , we see that F_ is equivalent

1
to F2 , where

F2= (xl +X2 +x3) (xl +x4) (x2+x4), or

F‘2 = 1X2X4 +~-x1x4 + xl-xz + X1X2X4 + XKy + ,sz4 + x1x2x3 + x1}§3x4

X |

2%3%4 T ¥3%y

|

+ x
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After applying Step 2 again we see that F_ is equivalent to F3 , Where

2

— —

F.=x x.x
3 x1x4+x1x2+x2x4+x3x4

Thus the set of prime implicants P(F) of the given function F is
given by :
P(F):{xlx X %, XX , XX

2’ 71747 7274 34}

2.7 Method of Das and Choudhury

Das and Choudhury [15 ] proposed a method for generating the prime
implicants of switching functions starting from the maxterm form represented

in decimal mode. In general, any function F(xn, b4 , Xl) specified

o1’
in the maxterm form can be written as

- _ - - i
F(xn’xn-l’ ..... ,xl)—nSi—(xn-i-Fx )“Xn+Fx ) (1) ;
n n A
by expanding the function about the highest weighted variable X 0 FX and
n
F; being each a residual function in maxterm form of the variables
n
(x 1 x RIREREE ) xl). Expression (1) can also be written as
F(X , %X oy enenn. ,x)=xF- +xF +F F— (2)
- n n-1 1 n x n x X x
n n n n
On examination of Expression (2) we see that if FX = F; , then both

the product terms an; and ;an become redundant. ' Thus 1qc&lepending
n n
upon the nature of the residual functions, some of the terms in (2) may be

spotted as redundant or null. By deleting the redundant and null terms, if
any, the remaining product terms can again be expanded about the highest
weighted variable of the remainder function and so on. In general, after
the k-th expansion, the function F is in the form of a sum of partially

expanded products as

F(xn, Xn-l s cee e
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and each {, is a function in the maxterm form over the variables (x y X )
i n-k° n-k-1
ceees xl). Some of these partially expanded products can be deleted as
being redundant in the following way : if .for some (i,j), fi = fj and P; c pj
then pifi become redundant and can be removed from the sum. Also if
for some i, fi turns out to be zero, then pifi become null and can be removed
from the sum.

The redundant and null terms are deleted at each stage of the expansion
and the expansion of the residual functions is carried out until all the variables
of the function are exhausted. This expansion and the elimination of the
redundant and the null terms at each stage of expansion ultimately transforms
the given function specified in the canonical product-of-sums form into a
simple sum-of-products form. KEach of the product terms in this sum-of-
products expression represents a prime implicant of the given switching
function.

The theory as given above can be very well adapted for determining
the prime implicants of a switching function which is given in the decimal
equivalent of the maxterm form. The algorithm given below explains the
proccdure for generating the prime implicants when the function is given in

the decimal equivalent of the maxterms.

Algorithm

Step 1 : If the switching function F is given in the decimal equivalent
of the minterm form, take the complement of the given function in the
equivalent decimal mode.

Step 2 : Subtract each of the decimal numbers present in the comple-
mentary function from (Zn-l), where n represents the number of variables
in the function F. Theése decimal numbers after subtraction represents
the decimal equivalent of the maxterms if the original function was specified
in the maxterm form. |

Step 3 : Arrange the decimal numbers representing the given function
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in a row.

Step 4 : Divide the decimal numbers into two groups, one headed
with ;n and the other with X . The group headed with ;n contains the
decimal numbers representing the function in the maxterm form which are
smaller than the weight of x and the group headed with X contains the
decimal numbers which are equal to or greater than the weight of x first
subtracting the weight of x from each.

Step 5 : Include a third group headed by a dash consisting of the
decimal numbers occuring jointly in the groups headed by x and ;n' '
Check the decimal numbers occuring in each of the three groups to spot
the redundancy and the null terms. Delete the redundant and null terms,
if any.

Step 6 : Repeat steps 4 and 5 for each of the variables of the function
upto the least weighted one.

The prime implicants can be found by tracing the different paths in

the same way as in the method of Scheinman.

E . = 5)
Example : F(x4,x3,x2,x1) »(0,1,2,3,4,6,7,8,9,11,15)
The complement of the above function is given by

= - - 2
F(X4, X3,}; Xl)—2(5,10,1~,13,14)

2 ’
The equivalent decimal representation of the maxterm type expression

= 4
of F is obtained by subtracting each term of F from 2 -1 = 15, as shown by

F(X y X )=1T(10,593,2s1)

4’ ¥z ¥20 7

Figure 1 given below shows the worked out example given above. The
redundant and the null terms produced in the expansion at each stage are
deleted and the prime implicants of the function are determined by simply
tracing a pat.h back from the end to the start and noting the group headings.
The set of prime implicants P(F) of the function worked out in Fig. 1 is
given by

P(F) = { x3x4l, x,

Xy X XKy XyEg, x1 <3 XIXZ 1



(10, 5, 3,2, 1)
‘.
{
!
\ : \/
= o
x, (L.25375) x, (2) —(1,2,3,5)
J x {3-273) x_. (1) —(1,2,3)
) 2
v N &
N _—f
=3 (2) . f }
. R I ! \ W
‘ i ] \ Voox 1) = ~(0,1)
2 <, S
A v v = —(1) ‘ 01T ]
XX, X, —(0) 2 § J i '
‘ } v . v v
v ) x 1 x &) x A40)
V_ :\: _ _V_ 1 i /l/[’ /l/(
X%, 1 X,%, ! J
| "
v
v -~ %2
¥4
Fig 1 : Example : F(x:}, x3, XZ’F :{l) -y (0,1,2,3,4,56,7,8,9,11,15)
2.8 Method of Slagle, Chang and Lee

In this section an algorithm described by Slagle et al [177 for
S Y 1= o 3
generating all the prime implicants of switching functions is discussed.
If the switching function is given algebraically in the sum-of-products
form or in the product-of-sums form, first the frequency ordering of the
literals in the product or sum terms is found and then a process of expansion
P I
around the diffevent vaviables in one or more levels ig cavried out through

) FR S e
the funciion is

i

a series of trees called the sementic trees. 1

P

nroduct-of-sums form, the algorithm is applied once to get all the prime
by LI ) fadiabe = i

implicants of the function, while if the function is specified in the sum-of-

1
¥

roducts form, the aleovithm is applied first to get all the prime implicates
P > S Pr & t i

'
.._."O
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and then the algorithm is again applied to the set of all the prime implicates

to get all the prime implicants of the giyen function.

Algdrithm

Step 1 : Form a set SF of all the clauses of the switchihg function
given in the sum-of-products or product-of-sums form.

Step 2 : Delete the clauses containing a complementary pair from
S_, if any,and form a set S of the remaining clauses. If Sis empty, Z

F
the product of no literals, is the only prime implicant of the function ¥

1

and terminate the algorithm. If S is not empty, go to step 3.

Step 3 : Let S be the initial node and find the frequency ordering of
the literals of S. Apply the sprouting from S with frequency ordering of
the literals of S and let the nodes sprouted from S be Sl’ SZ’ S3, ..... , S .
If there is any nonterminating node Si’ go to step 4.

Step 4 : Find the frequency ordering of the literals of Si and apply
the sprouting from Si with the frequency ordering of the literals of Si' Let

S.., S

i1 Si20 v , Sii' be the nodes sprouted from Si. Repeat step 4 until

1
no more nonterminating node is left for sprouting, i.e. until each path in
the tree leads to a terminating node. Get the final sementic tree by the
application of above steps.

Step 5 : If there is no success node in 'qhe final sementic tree, Z2
the sum of no literals, is the only prime implicant of function F and the
set of prime implicants P(F) is given by P(F) = {ZZ} ; terminate the
algorithm. Otherwise, for each success node in the final sementic tree,

collect the product of all the literals at the branches on the path from top

down to the node of the final sementic tree and terminate the algorithm.

Example : F(xl, X, Xz, x4) = (x1 + %, + x3) (x1 + X, + x4)

(x1+x2+x3+x4) (x1+x2+x3+x4)
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SteB 1: We form a set SF of all the clauses of F as shown below :

(x1 + X, + x3)

(x1 -{-xz + x4)

+; + x

() %, + X5+ %,

)

L,(xl
Step 2 : From the set SF’ we see that there is no complementary

+x2+x3+x4)

pair; hence S = SF. Since S is not empty, thus Z_is not the only prime

1

implicant of F.

Step 3 : The frequency ordering of the literals in S is given below.

X X_ 2X_ 22X . 22X, 2X. 22X, 2X
X EX, X 2R =X 22X, 2K,

By applying the sprouting from S, the sementic tree is given in Fig. 2.
In this sementic tree, Sl, S

S

27 S3 , S4 are nonterminating nodes whereas

. . des.
5 S6’ S7, SS are all terminating nodes

S3i1

Fig. 2 : The final sementic tree for F(xl, XZ’ X3 x4) = {x, + x, +x.)

X * < x x - +— .
(x1 +x2 +‘x4) (xl + x, +<x3 +x4) (x1 +x2+ xg x4)
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Step 4 : By applying step -’-lc‘to'S1 ) SZ’ S3 and S4 nodes in the sementic

tree, the final sementic tree is found as shown in Fig. 2. It can be noticed -

S . . .
that Sll s 512’ 813, 821 and 311 are the success nodes in the final sementic

tree.

Step 5 : The set of prime implicants P(F) for the given function from
the final sementic tree is given by

X., X.X_., X.X,, X.X_,

P(F) = { 3%, X%, XX, X%, X,%.%, |
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GENERATING ALL THE PRIME IMPLICANTS

or SWITCI—‘(‘ING FPUNCTIONS

3.1 Introduction

One of the important problems of combinational switching theory
research is concerned with obtaining suitable algorithms for the simplification
of switching functions in connection with the general problem of their
economic realization. The usual approach for the solution of this simpli-
fication problem involves, in general, consideration of two distinct phases.

In the first phase all the prime implicants of the function are found, while in
the second phase, from this set of all the prime implicants, a minimal subset
(according to some criterion of minimality) of prime implicants is selected
such that their disjunction is equivalent to the function and from which none

of the prime implicants can be dropped without secrificing equivalence.

Many different algorithms have been formulated for solving both the first

and the second phase of this simplification problem [1] - |487. In this chapter
~only this first phase of the simplification problem, that is, the prob"lbe.in of
finding all the prime implicants of switching functions is considered.

Although there exist a good number of rﬁe'thods for determining the
prime implicants of switching functions, the map methods of Veitch [1 ] and
Karnaugh [27] and the tabular method of McCluskey [77] , [21 | which use the
. minterm form of switching functions, are the ones most popular. Recently
developed methods of prime implicant determination include those of
Scheinman [11 ], Hall [107], Das and Choudhury [15}, and Slagle et al [17].. .
Scheinman developed a tabular technique for the generation of prime
implicants of switching functions starting from the minterm type expression.

In the method of Scheinman all the nrime implicants of the function are not
P
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generated sometime, though the prime implicants necessary for minimal
solutions are al§vays obtained. Further, one of the advantage of this method
is that it is directly applicable for finding the minimal forms of the function
as well. The binary sieve method as developed by Hall generates all the
prime implicants starting from the minterm form of the function. Though
the method is somewhat similar to the method of McCluskey, it differs
considerably in procedure being based on relations disclosed by the action

of a hypothetical sieve capable of shifting out 1's from any given binary
column of a set of numbers. The method is quite suitable for manual
computation with the decimal form of notation. An algebraic approach

based primarily on successive expansion to generate all the prime implicants
of a switching function utilizing the maxterm type expression was first
proposed by Nelson [4}. One disadvantage of this method is that at

every stage in the process of expansion, in general, a large number of
redundant terms are generated which have to be eliminated at each stage by
comparison with all the other terms. This basic idea of Nelson was subse-
quently utilized by Das and Choudhury in developing a tabular method for a
more efficient generation of all the prime implicants of switching functions
starting from the maxterm type expression represented in decimal mode.
Das and Choudhury also extended their tabular method for generating prime
implicanfs of functions having many unspecified or don't care terms. Slagle
et al describe an algorithm for the generation of prime implicants of
switching functions, which does not generate the same prime implicant more
than once, though the algorithm sometimes generates some nonprime impli-
cants, does not need large capacity of memory for implementation on a digital
computer, and works equally well with either the conjunctive or the dis-
junctive (both canonical and noncanonical) form of the function. The function
being specified algebraically in sum-of-products or product-of-sums forms,
the basic approach of the authors consists in first finding the frequency ordering
of the different literals in the product or sum terms and next carrying

out a process of expansion around the different variables in one or more

levels through a series of trees called semantic trees.
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In this chapter a simple iterative procedure for the generation of _
prime implicants is developed which utilizes a new tabular mode of functional
representation called clause-column table. In a clause-column table the set of
literals or clauses defining a product or sum term in the sum-of-products or
product-of-sums form of a function appears in a column, the total numbebr of
columns in the table being equal to the number of such product or sum terms.
This form of representation not only revéals some interesting properties of
switching functions, but also substantially aids in the process of generation of
the prime implicants. Though the basic principle utilized in the procedure is
that of successive expansion around the literals as used in some of the other .
existing methods, the way the expansion is carried out is entirely different and
reduces the generation of redundant terms to a great extent. For a switching
function specified in the product-of-sums form the procedure can be applied once
to get all the prime implicants, while for a function specified in the sum-of-
products form, the procedure is applied first to get all the prime implicates
and is next applied to this set of prime implicates to get the prime implicants {

of the function.

3.2 Some Basic Definitions and Notations

In the present section we include, in brief, some of the basic definitions
as well as the system of notations that will be used in this chapter.

We assume that a switching function F is defined in terms of n
X

independent binary variables (x . ,Xn) .

17 Xpr e
Definition : A variable, either complemented or uncomplemented,

as it occurs in a switching function is called a literal, A simple product

(simple sum) is a product or conjunction (sum or disjunction) of a subset
of m variables, 1 £ m < n, each variable being either complemented or

uncomplemented. A fundamental product or minterm (fundamental sum or

maxterm) is a simple product (simple sum) of all the n distinct variables,

each variable being either complemented or uncomplemented.

- (x . % ) (x
Y= (x, +x ‘+x3)\x + x +x3)(x2+x)_

1 2 1 2

;xlxzx3 + X X, + x Xq

Example : F(x1 VX, 0%, 3

1
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In the example, (;2 + x3) is a simiple sum, whereas (x1+x2+>:3)

is a fundamental sum. Similarly, X%, is a simple product, while X X%

is 2 fundamental product.

Definition An implicant p (implicate s) of a switching function F is
a simple product (simple sum) that can be found in any sum—df-products
( product-of-sums) form of F. Obviously then, p implies F (F implies - s)

An implicant P; (implicate si) is a prime implicant (prime implicate) of a

switching function F if and only if. P; implies F (F implies s.), and no other
: i
implicant pj (implicate s.) of F exists such that p, implies p, (s, implies s i.
j i i

cammnle - (X, ,NL,X.) = N, A XN Y = (% o4x o dx ) (e 4o )
kxammnle : I“\xl,:\z,};?)) = .\1 + }‘1'\2“3 = (x1+x2»4. ,\3) (:\1 + kz) .
IJn the above example, X NNy is an implicant of F, while :1 is a
prime implicant of F. Likewise, (S?1+f\72+x,)) is an implicate of F, whe reas
-
(x1 + XZ) i1s a prime implicate of F.
Definition : A clause 1is a set of literals that occur in a simple

product (simple sum) in any sum-of-products (product-of-sums) form of a

switching function.

3.3 Switching Functions and Clause-Column Table Representations

. . . e ps ) T TS AT Tt
For a switching function specified algebraically in the sum-of -products

or product-of-sums form, canonical or noncanonical, the basic information

can be conveniently portrayed in an alternative form of representation called

clause-column table, as defined below,

Definition :  Given a switching function ¥ of n independent variables

{(x,,%X ,... ,xn) in the sum-of-products (product-of-sums) form, canonical

1" 2
" or noncanonical, a table can be readily made in the following manner,

Designate the different simple product (simple sum) terms in the sum-of-produc:es
(product-of-sums) form of F as Qys Qoseverd s where m represents the
total number of simple product (simple sum) terms in F. Write all the simple

i SHERI q a 1 v.cach of the
product (simple sum) terms ai,az, oo ,uln in a row, and below. eac



-29 -

product (sum) terms make an entry of the set of literals or clause it
consists of, in a columnar form. Each of the columns headed by a specific
‘product (sum) term then gives a collection of literals included in that product

(sum) term. Such a table is called a clause-column table. This table contains

.the complete information as contained in the original sum-of-products {product-

of-sums) form of the function, in a readily recognizable manner.

Example : F(xi,xz,x3,x4) = (X1 +x2+x3) (:\:1+x2 +x4)

(x1+x3+x4) (x 1+x‘2+x3 +x4) .

The clause - column table representation of the function is given

in Table 1.

Table I. Clause-column table

1 2 3 4
* % 3 *y
*2 *2 x5 *2
3 4 * 4 3
*4
Theorem 1 : In the clause-column table representation of a switching

function there cannot exist a column with repeated occurrences of the same
literal. | |

Proof : The theorem readily foiloxx;s,v since the literals that occur
in a column of the clause-column table correspond to those that appear
cither in a simple product (when the function is given in the sum-of-products
form) or in a simple sum (when the function is given in the product-of-sums

form) term of the function that have all their literals distinct,

Theorem 2 : In the clause-column table representation of a switching
function there cannot exist a column that contains the same variable in both

complemented and uncomplemented forms.,
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Proof : The sect of literals that occur in a simple product or in
a simple sum term cannot contain, b:y definition, the same variable in both
complemented and uncomplemented forms, and accordingly no variablé
can appear in a column of the clause-column table in both of these forms.

When a switching function is not specified in the canonical sum-of-product:
or product-of-sums form, then in the clause-column table representation
of the function we may have, in general, 1) some of the columns consisting
of only single literals; 2) some of the columns with identical sets of literals;

3) some of the colurmns with literals included in the sets of (i.e. forming proper
subsets of) literals appearing in some other columﬁs; 4) columns having
some or none of the literals common beéween them.

Theorem 3: If in the clause-column table representation of a switching
function specified in the sum-of- p.roducts (product-of-sums) form there
appears a single literal in any column, then that literal is an essential literzl
and must appear in all the primec implicates (prime implicants) of the function.

Proof : A literal that appears alone in a column of the clause-column
table can be considered as a product (sum) term consisting of a single
literal in the given sum-of-products (product-of-sums) form of the function
and thus must necessarily appear in all the prime implicates (prime implicants)

of the function.

.

Definition : If some of the columns in a clause-column table have
literals that are included in the sets of (i.e. forrnirig proper subsects of)
literals appearing in some other columns then the phenomenon of colunin
dominance occurs, where the columns with lesser numbers of literals

dominate the columns with larger numbers of literals (73.

Theorem 4 : If in the clause-column table representation of a
switching function there are columns with essential literals, columns with
iden tical sets of literals, and columns with literals included in the scts of
literals appearing in some other columns giving rise to column dominance,
then the size of the clause-column table can be reduced by selecting the

essential literals and deleting the column's in which these essential literals
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are present, all but one of the columns having identical sets of literals,
and colummns with 1§1rgcer numbers of literals (dominated columns) in the
case of column dominance. '

Proof : Once the essential literals are selected, all the columns
in which the essential literals occur can evidently be deleted. Similarly,
all but one of the columns with identical sets of literals and the dominated
columns can be deleted from thé clause-column table because these.columns

contain redundant information.

1t may be noted that in the clause-column table representation of a
switching function specified in the canonical sum-of-products or product-of-
sums form, obviously there cannot be columns with e¢ssential literals, or
columns with identical sets of literals, or columns with literals included in
the sets of literals appearing in some other columns giving rise to column
dominance., |

Definition : Given a clause-column table, if some of its columns are

delcted, the resulting table is called a reduced clausc-celumn table,

X, b %, +x,) (%, 5, +%)

Example : F(xl, X5 x3, x4) = Xi( { > 4

+ x4+ x,) (;1+x2+§3+x4) (%, +x ).
The clause-column table representation of the function is shown in
Table II.

Table I, Clause-column table

g 2 3 4 5 6
, *4 *4 *y x xy *3 ‘
*2 %5 * *2 ¥4
: x4 554 x4 ;&—3
*4

An obgervation of the clause-column table shows that the literal };1



-32 -,

is an essential literal, and the column a4 dominates the column a_ in the
. D .

table. By deleting the columns of the clause-column table in which the

essential literal .\:1 occurs and also the dominated column, the reduced

clause-column table is obtained, as shown in Table III.

Table 111, Reduced clause-column table
%4 %4
' x1 x3.
x 3 .X4.
T4

b 1

Definition :  For any two distinct literals x. and x. (where the
—eshion i ]

asterisk * indicates cither complemented or uncomplemented forms of the

variables) appearing in a clausc-column table, if the literal x. appears in
. i

more coluwmns in the {able than the literal x_, then an ordering of the literals
J

can be made as x, » x.. If both the literals x. and x. appear in the
1 J 1 -3

same number of columns in the clause-column table, the ordering can be
S BN ES i .

made either as x, » x, or as x, = x, . This kind of ordering ( x)
i j J 1

that can be cstablished amongst different literals in a clause-column table

is called the frequency ordering of the literals [177 .

Example : Consider the clause-column table as given in Table IV,

Table IV. Clause-column table

g 2 3 4
*q %y fi *4
x, 23 §2 x,
*4 4 x'3 *3

x



To {ind the frequency ordering of the literals x, , X,

’ 1 2’ 3 4
the clause-colurnn table, we note that the literal x, appears in three
columns ai, QZ, and c4, the literal xz appears in two columns a1 and u4,
whereas the literal X, appears in only cne column a,: and the literal —\_}

also appears in only one column a,. Thus the frequency ordering of the
literals xi, XZ’ x3, x4 can be made as

3.4 Clause-Column Table Representations and Prime Immplicates

(Prime Imnlicants) of Switching Functions

Given a switching function in the sum-of-products (product-of-sums)
form, canonical or noncanonical, all its prime implicates (prime implicants)

can be fpound readily by forming the clause-ceolumn table representation

of the function and carrying out a process of successive expansion around the
different literals according to the laws of Boolean algebra, But this proccdure

of direct expansion has the disadvantage of generating many redundant as

well as null terms at every phase of the process. The generation of redundant
terms may be reduced to some extent by frequency ordering of the literals
and starting the initial expansions around literals which appear in maximum

number of columns of the table.

Example : Consider the clause~-column table as given in Table 1,

From an inspection of this table we see that each of the literals Mo Xy

x_, x_, X, appears in two differ ent columns of the table, whereas the

2’ 73 T4
remaining literals XZ’ X5, X, appear each in only one column, So the

frequency ordering of the different literals in the table can be obtained as

2X22X32X42X22;32X4f

% |

X, 2

1 1

On the basis of this frequency ordering of the literals we may next search
for a (,olurnn of the ’Ldbjc that contains a maximun number of those literals

that occur in maximum numbcr of col\mm.s each. We see that Loth the
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columns oy and a, contain literals all of which appear in two different

columns of the table each. We choose column @y and expand the table

around literals x,, x., x‘3, which gives

1* 72
1) 3 a, a4
O ”
1 { '
%2 *2
X4 X3
x .
i 4"
2) a, a,
XZ X1 X1
X3 XZ
*4 *3
L. x4 .
3) a, a3‘
*3 *q %4 .
* *3
T4 4

Each of the three reduced tables in the above can again be similarly
expanded in turn, Considering the first one of the three tables, for example,
we sce that the different literals in the table have a frequency ordering

given by
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On the basis of the frequency ordering, selecting the column a, {though

5 |
both the columns a, and o, have equal preference asfar as the
frequency ordering of literals is concerned, it is desirable to select

the column a, since it contains lesser numbexr of literals) and expanding

the table around literals : 3

1 2,x4, we get
a) };1.x1 ,
P
4
b) Xy e %, - ,
1
*2
>
3
x
L4
c) X, . X .
i 4

"Of these total of six terms, three terms are null and one term ic redundant
as can be seen readily,

The above example serves to illustrate how the frequency ordering
of literals can be used to somewhat reducc the number of redundancies
generated in the process of expansion of a clause-colwnn table, though
null terms may still be generated. An altogether different scheme of
expansion in conjunction with fre(iuency ordering of literals can drastically
reduce the number of redundant terms generated and can completely avoid
generation of null terms. The following.theorems discuss this procedure

of expansion,

‘Theorem 5 : Let xl‘ be a literal appearing in a column a in the
clause-column table representation of a switching function F given in the
product-of;sums form. Let f1 be the function representing the reduced ‘
clause-column table obtained by deleting all the columns containing the literal >::

and by deleting the literal ;:—1' , if any, from all the remaining columns, and
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let fz be the function representing the reduced clause-column table

V3

obtained from the original table by deleting the literal x. from all the
: i

columns in which it appears. The function F can then be expressed as

3=

als
b

Proof: Assume that the literal x_ occurs in r simple sunms
LR~ i :
in the given product-of-sums form of F as

At \J J,
b sk

X. + 8,) x s ¢4
(e, 4 s 0e Hs,) e (e +s ),

where each s, 1 =1,2,...,r represents a sum term of (n-1) or fewer
i

literals. If we denote the product of these r simple sum terms as f ,

: r

then £ can be written as
r

fr = (x.+si) (x. 4 sz) (Xi-Lsr)
TRy TS Sy
= x 41,
i s
? > = g - e . Si - —>;< ‘s X* L "* .
where fs 5.8, 5. Since F (hi + 1)( i+ SZ) (\.i sr) [s)

where S represents the product of the remaining sum terms of F, we

have
o = * - rs
/ . F ey +£) 1S]
= xqj S+1f S.
i s

Vs e ats
Now in expanding x, S, null terms of the form x, x, will be
i ii

gencrated by the presence of x, in the sum terms in S. To avoid
i

sk

generation of these null terms, we can delete '\—1, if any, from all the sum
terms of S. Let the resultant product-of-sums expression be denoted as

S'. Hence F can be written as

Foo= x S'+IS.
But we have, by definition, §'=f, and { S = f, . Thus

F - X1f1+f2. ‘ .
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Corollary 5.1 : Expand the clause-cclumn table representation

of the function F following the preocedure of theorem 5 until all the
colunmns of the table are deleted. In the final set of terms obtained,
compare the different terms for redundancy and delete redundant terms,
if any. The resultant set corresponds to the terms which are all irre-

dundant products and represents all the prime implicants R_ of F.

Theorem 6 : Let a switching function F~ be given in the sum-
of -products form. Censider the cl'ause.—column table representation of the
function F as that of its dual function FD which is in product-of-sums
form, and expand the table according to the pro.cedure of theorem 5 wuntil
all the colwumns of the table are deleted. In the final set of terms, the.
deletion of all the redundant terms results in a set of irredundant products

whose duals give all the prime implicates R of I.
’ s

Proof : For a switching function F given in the sum-of-products
form, the clause-column table representation of F is the same as that of
its dual function FD which is in product-of-sums form. So if the clause-
column table representation of F is expanded according to the procedure
of theorem 5 and in the resultant set of terms, all the redundant terms
arc deleted, we are left with a set of product terms which represent
all the prime implicants Rp of the dual function F‘D. Now the prime
implicates of F are the complements of.the prime implicants of its
complementary function F , and consequently are the duals of the prime

implicants of its dual function F .

If in the above theorems the choice of the literals selected at
each stage of expansion is arrived at on the basis of the frequency

ordering of the literals, very few redundant terms are in effect genecrated.
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This expansion scheme is a modification of a branching technique often

used in deriving the irredundant solutions from a prime implicant table.

We give below an algorithm to generate all the prime implicants

of switching functions.

Algorithm

Step 1 : Given a switching function in the sum-of-products or -
product-of-sums form, canonical or noncanonical, form the clause-

column table represcentation of the function.

Step 2 : Read the clause-column table. Seclect the essential

literals, if any, and delete all those columns of the table containing tne

essential literals., If x is an essential literal, also delete the literal
J

oty
btY

;j , if any, from all the remaining columns]j and delete all but one of the-
columns with identical sets of literals, and dominated columns, if any.
Form a reduced clause-column table consisting of the remaining literals

of those colummns from which literals are deleted and the rest of the columns,
if any. Repecat step 2 iteratively until either all the columns are deleted,
or there are no columns with essential literals, columns with identical

sets of literals, and dominated columns in the reduced table.

Step 3 : Find the frequency ordering of the literals in the reduced

clause-column table.

] ats
b

Step_ 4 : Select the literal >~.1 that occurs in the maximum number
of columns in the reduced clause-column ‘Eable. If more than one literal

occur in the maximum number of columns of the table, select any one of

ats
-

these iiterals, Xi .
‘ . 7 %
(a) Delete all the columns of the table in which the literal X, appears,

and also delete the literal x ., if any, from all the remaining columns.
: i .

1. See page 53.
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Form a reduced clause-column table-consisting of the remaining literals of
the columns from which xi" is deleted and the rest of the columns, if any.
Go to step 2,

1.

(b) Delete the literal xl from all the columns of the reduced
clause-column table in which it é.ppears, and form a reduced clause-column
table consisting of the remaining literals of these columns and the rest of

the columns, if any, that do not contain :-:,*. Go to step 2.
i

Step 5: Follow steps 2 through 4 iterativcly.xmtil all the columns
of the clause-column table are deleted. In the final set of terms obtained,
compare the different terms for redundancy. If there exist terms 2as A and
AB, where A and B are simple products, then ithe term AR is redundant.

Delete tiie redundant terms, if any.

(a) If the function F 1is given in the productj-of—smns form, the set
of irredundant products that remain represents all the prime implicants R
‘of ¥, Stop.

(b) If the function F is given in the sum-of-products form, the
set of irredundant products that remain répresents all the prime implicants
R of its dual function FD Take duals of these prime implicants and

P :
obtain an expression for F in the product-of-sums form. Go to step 1.

The flow chart of the algorithm is shown in Fig. 1.

Example: }f(xi,xz,x3,x4) = (x1 +x2+x3) (x1+x2+x ) (x1+x2+x3 + xé)

VN

- - o=
(x1+x2+x3.x4).
Step_1: We form the clause-column table representation of the

function as shown in Table V.

Table V. Clause-column table

ay 9 - %3 %4
*y 0 Fy * *q
*2 *2 *2 *2
Xq 5;'4 ?:3 i3

'x4 x4

3
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Form the clause-column

table representation of <

the given function.

4

| Recad the clause-column

[' table . I
Are
there coluimns

vith essential literals;
No (columns with identical sets Yes
of literals, and

dominated
columns ?

3
$s

|
!

Faiio 30 REUSHIAR

Select the essential literals.
and delete all the coiumns

containing the essential

7

Find the frequency literals. If x.is an cssential
literal, then also delete the

ordering of the literals T
literal x., if any, from all

in the table.

the remaining columns, and delzate

all but one of the columns with
identical sets of literals, and
dominated ceclumns.,

@ Form a reduced clause-
column table consisting 5 (\
of the remaining literals 211 the Yes
of those columns from which columns of \ ~
literals are deleted and the the table
rest of the columns, if any. deleted?
’ . ) ' ‘ ) 4\)
’ @ \_/
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2
I : f
e
<

| Dcsignate the

3 Does table as M, .
;5 there exist . '<*———~-—G\z
a single A\ M Mgy }
; /" literal x¥ t
No ral :\i .that Yes i
I \ occurs in the — i
s ..\maximum number 1
‘ \ of columns in .~ ‘
¥._ \ s
: : . the table
7 © Choose one of the ! g
L ! . ' ‘ ]\4 ? ' r— '
- ¢ literals, x77, that i k'
: ; i % \ /
| occur in the maximum [ ‘ Store
: | number of colwumns in T T ¥ $
¢ the table M, . I Mk
S kK
L A -
B o i
r Select the literal x, j
: i i |
delete all the columns of the f
: table M, in which the literal 2
S o k P SR '
| *, appears, and also delecte the !
i — % {
i literal x_, if any, from the
H 1 1
¥ i remaining columns.
33: | 7
_~Are
‘ ] -7 all  the v
4_f_° 7 columns of the ~ €s —
N table M e « .
t ) \ k P - ? Yes
i deleted ? -7 AN
e AN
! \/ | \\
¥ 4 . ) Is N
Form a reduced Pick up the table ‘; X ™
clai;:e—colurnn table M, , dIZlCte the g there any \\\
' k i table left g

consisting of the
remaining literals of
those columns from which .
the literal X is deleted b
1 i
and the rest of the co- !

lumns, if any.

@@_.J

" column table consis-

literal x. {rom
all the columns of
the table in which it
appears, and form
a reduced clause-

N

ting of the remaining

L .in the store ?/

literals of these
columns and the rest

of the columns," %
if any .

(b)

A

SHTALR

< rawitn IO KL
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= )

Collect the different literals

selected, obtain the final cet
of terms, compare the terms
for redundancy, and delete

the redundant terms.

Vas

the given

function I7 \-No
specified in the ———ipy

product-of-sums

Yes

A

form ?

v

Take the duals of

the irredundant product

terms and fcrm a

product-of-sums form

of the function F.

©
(c)

Fig, 1. The flow chart of the algorithm.
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Step 2: From an observation of the clause-column table in Table
V we see that there -do not exist columns with essential literals, columns

with identical sets of literals, and dominated columns in the table.

Step 3= We {ind the frequency ordering of the literals in Table V

as given below.

i 2 2 3 4 i 3 4
SteE 4 . We select the literal x1 that occurs in the maximum

number of columns in the clause-column table.

(a) We delete all the three columns of Table V in which the literal

x, appears, and also delete the literal ;1

We are left with the reduced table shown beclow,

from the remaining column ay -

which gives three product terms : (i) X %y, {ii) X Xa (1ii) x1;4 .

(b) Next we delete the literal x4 from all the three columns of Table V

in which it appears, and form a reduced clause-column table as shown below.

Table VI. Reduced cléuse-column table

0.1 ﬂ,z 0.3 . (14

*2 % 2 fi
%3 x4 3 *2 ;

%4 *3

*4

At this stage we go back to step 2 again.
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Step 2': From an inspection of Table VI we see that the column

a, is dominated by the column a_ of the table. We delete the column a

4 2 4
and form a reduced clause-column table as shown in Table VII,
Table VII. Recduced clause-column table

%1 “2 %3

*2 *2 *2

x3 x4. x3

.

4

Step 3': We find the irequency ordering of the literals in Table VII1

as shown below.

X, 2 X =z X 2 X, =2 X, =z X

2 2 3 3 4 4

Step 4': We select the literal XZ that occurs in the maximum

number of ¢olwumns in Table V1I.

(a) We delete the two columns of the table in which the literal X,
appears, and also delete the literal ;:‘2 from the remaining column a,

We obtain the reduced table

which gives the prodyct term : (iv) X, X,

(b) We next delete the literal X, from all the columns of Table VII
" in which it appears, and form a reduced clause-column table as presented

“in Table VIII .
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Table VIII. Reduced clause-column table
a
1 “2 3
*3 2 %,
x4 x4

We again go back to step 2.

Step 2" : We select the essential literal Xq from ' Table VIII,
delete the column oy containing the literal Xa and also delete the literal

g from the column a . We get the reduced table

1

;/
o
Q

W

wlo M
NIV
A
g W

N

from which we get

N, X a, |

3 4 2

which results in the product term : (v) ;2 Xy Ky o

(v

Finally compairing all the five product terms that have been
obtained we see that none of them is redundant. Thus all the five product

terms represent the prime implicants of the given function.

3.5 Prime Implicants of Functions Having a Large Number of
Unspecified or Don't Care Terms

The procedure as described above for generating the prime implicants
of switching functions can be readily modified to generate the prime implicants

. of switching functions having a large number of unspecified fundamental

products or don't care terms., The available methods for the generation of |

TeT ATATrY
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prime implicants of switching functions involving don't care states usually
use either the input conditions for which the functions are equal to 1

(called the specified or S-terms) and the input conditions for which the functions
are unspecified (called the don't care or d-terms), or the input conditions
"for which the functions are equal to 0 (called the prohibited or P-terms)
and the d-terms. When the functions involvé a very large number of unspe-
cified fundamental products or d-terms, these methods turn out to be too
laborious, and generate many prime implicants which are formed solely of
d-terms and arc thus of no ilnportancé as far as finding of minimal sums or
products is concerned. A significant contribution in this direction was first
made by McCluskey who sﬁggestcd a very novel approach for ger;erating the
prime implicants of functias involving a large number of unspecified
fundamental products from a knowledge of only the specified and prohibited
terms (S-terms and P-terms) of the functions [147. His method rot only
avoids the generation of prime implicants formed solely of d-terms, but

" oifers the additional advantage of readily spotting the cssential prime
irnplicants of the functions, if any. Subsequently this idea. of McCluskey was
utilized by Das and Choudhury [15] in developing a tabular technique for the
generation of prime implicants of this class of functions starting from the

maxterm type expression of the functions represented in decimal mode.

Let the S-terms and P-terms of the function be given in the form of
matrices called the S-matrix and P-matrix respectively. Now in order that a
prifqe implicant of the function FS- + Fd comprised of S-terms and d-terms
may not be formed solely of d-terms, it is essential that the prime implicant
and the row s. of the S-matrix must have some input combinations in commeoen,
which means that they should have no conflicting entries. Wherever there
will be 2 1 (0) in the S-matrix, there must bealor '-'(0or '-')in the
prime implicant, This idea can be very well incorporatca in the suggested
algorithm to avoid th>e generation of or to spot the prime implicants formed

entirely of d-terms. If we start with the function FP formed of P-terms only,



then taking the complements of these P-terms gives the function F_ +F
a

S
in the canonical product-of-sums form. The function having a large number

of d-terms, the number of P-terms is thus comparatively small, and

accordingly the number of sum terms in the function . F Fd is also small.

S+

In the process of generating the prime implicants by using the aforementioned h

algorithm starting {rom the function Fs + Fd whenever a set of literals is
selected along any branch that corresponds to a combination of variables
conflicting with all the entries of the S-matrix, then further expansion of

the table along that branch can be stopped, because further progress along that
branch will result in the generation of product terms that will correspond to
the prime implicants consisting solely of d-terms. The necessary check for
the conflicts of the combinations of selected variables with the entries of the
S-matrix can be made at the end of step 2 and step 4 (a) of the algorithm.

It is to be noted ihat in using this procedure sometimes we may have to dis-
continue expansion along a branch only after complete expansion along that

branch is done and the final product terms obtained.
Example : Fix,, x,, x_, x,) = £(0,1,3)

+ v . (2,4,5,6,9,10, 11,13, 14,15).
: opt.

Table IX shows the S-matrix and P-matrix of the function.

Table IX. S-matrix and P-matrix

x.'l XZ X3' X4
10 0 0 0]
S = [o 0 0 1
Lo | 0 1 i ]
0 { 1 { ]
P = [1 0 0. 0
11 -1 0- 0
L —

RIS NS Sat
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Taking the complements of the P-terms gives the function

F_ 4 Fd in the canenical product-of-sums form as

S

+x, +x,_+x )'(;1+x

F +F, = F_ = (x
+ I, (x1 5 3T,

s Ya P )

+x, +x
9

2 4

. . -
(xi.‘z-kx3 (—x4).

Step _1: We form the clause -column table representation of the

function as shown in Table X.

Table X. Clause-column table

Q Q ) a

i 2 3
~y *1 !
3:2 X, EZ
2, %, >T3
T4 T4 %y
Step 2 : From an inspection of Table X we see that there do not

exist colunins with essential literals, columns with identical sets of literals,
and dominated columns in the table.
Step 3 : We find the frequency ordering of the literals in Table X

as given below,

X1 2X22X32X4 & X12XZZX32 X4.

Step 4: We select one of the literals, Xy that occluJ: in the

~

maximum number of columns in the clause -column table.

() We delete thé two columns of Table X in which the literal

x, appears, and also delete the literal X, from the remaining column

i

a3 . We are left with the reduced tablc

Xi «0,3
=2

3
x

L 4
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which gives three product terms ¢ (i) x, x i) x. x i) % %
g P uct terms : (i) Xy X5, {i1) { X3 (iii) Y .
of which nene conilicts with the entries of the S-matrix of Table IX,
(b) Next we delete the literal ;1 from all the columns of
Table X in which it appears, and form a reduced clause-column table

as shown in Table XI.

Table XI. Reduced clause—columh table

a, - o, a,
x, ;:2 x,
N X:’? IZ
X, %4 ;:3

;4

Now we go back to step 2.

Step 2' From an observation of Table XI we see that there do not
exist columns with essential literals, columns with identical sets of literals ,
and dominated columns in the table.
| Step 3': We {ind the ffequency ordering of the literals of Table XI

as shown below,

X, 2 X, 22X, 22X, z X, =X, 2 X

2 3 4 i 2 3 4,
Step 4': We select one of the literals, ;Z’ that occur in the maxi-

mum number of cohu.‘nns of Takle XI.

(a) We delete the two columns of the table in which the literal X
occurs, and also delete the literal XZ from the rernvaining column ai.
We obtain the reduced table

’552 a,

*3

s ‘

4
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which gives two product terms : (iv) ;:_2 XS’ (v') ;:2 :-:4, none of
which again conflicts with the entries of the S-matrix ixi Table IX.
(b) We next delcte the literal %, from all the columns cf

Table XI in which it appears, and form a reduced clause-column table

as shown below,

Table XII. Reduced clause-column table

a 1 0.2 0,3
*2 *3 *y
*3 ¥4 ;3
*4 ;4

We again go back to step 2. : i

Stcp_2": From an observation of Table XII we see that the
column a, of the table is dominated by the cclumn a,. We delete the

column ay and the resulting reduced table is shown in Table XIiI.

Table XIII. Reduced claus'e—column table

2 ' 3

%y | %,

Xy §3 :
§4

Ste.E‘ 3" We find the frequency ordering of the literals of

Table XIII as given below.

X X = X 2 X = X, .
= = 4 4

We select one of the literals, x3, that occur in the maximum

Step _4":
number of columns of Table XIII.
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(a) We delete the column a, of the table in which the literal X,

2
appears, and also delete the literal §3 from the remaining column

a, . We get the reduced table

2

4
o

which gives two product terms : {vi) x1x3', {vii) *, ;;_4, both of which
conflict with the entries of the S-matrix, and thus represent prime impli-
cants formed solely of d-terms.

b) Next by deleting the literal x. from the column a_ of Table

X1II in which it appears, we get the reducecd table as shown in Table X1V,

Table XIV, Reduéed clause-column table

(12 03
X4 X1
=3
*4

from which we get

X [of

4 3

which gives two product terms : (viii) XX (ix) §3x4, of which the first

one conflicts with the entries of the S-matrix of Table IX.

Thus the required prime implicants of the function FS + Fd

3) x1x4, 4)x2x3, 5) x2x4,

4l

are : 1) ; X 2) ;;_1‘3,
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3.6 Conclusion

The present chapter describes an iterative procedure for generating
the prime implicants of switching functibns by utilizing a new tabular -
mode of functional representation called. clause-column table. The procedure
can be equally applied to functions given in the sum- of-products or in the
prodﬁct—of— sums form, both canonical and noncanonical, and can be adapted
to determine the prime implicants of functions having a large number of
unspecified fundamental products or don't care terms. Though the procedure
generates all the prime implicants of switching functions, sometimes
product terms corresponding to nonprime implicants may as well be gene-
rated. But usually the number of nonprime implicants that are generated

is very small, if they are generated at all. However, the generation of

null as well as duplicate product terms is completely avoided in the procedure.

The suggested algorithm becomes particularly advantageous when the
switching functions are given in the minterm form with é large number of
specified or S-terms, i.e. with a.comparatively small number of prohibited
or P-terms, or when the functions have a large number of don't care or-
d-terms, in which cases the algorithm can be directly épplied on the
| maxterm form of the functions involving lesser number of sum terms and
thus requiring much less computation. The algorithm has been programmed
on an IBM 360 system by using APL. The computer experience with the
algorithm demonstrates that the algorithm is n.ot only straightforward and
simple, but is also efficient and fapidly converging so that the final result
can usually be obtained even in the case of large tables without too much
iterations. In view of the fact that in the present algorithm each table is
expanded by a selected column in contrast to what is done in some of the
other existing methods, the number of branching becomes substantially
reduced, which in effect reduces the total amount of required computation
time. The total memory requirement is also effectively less because of

the fact that once some of the litarals froin a table are selected, the deleted
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columns of the table no longer have to be preserved in the memory, since

these columns will be of no use in subsequent computations.

1It is assumed that if ‘{J is an essential literal, then the literal x does not

appear alone in any columm, that is, Xj is not an essential literal as well.

0 2.

When both the literals x; and x. become essential at some point along a branch,
: J
then further expansion along that branch is to be discontinued to avoid the -

generation of null terms.
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Chapter 4

FINDING MINIMAL OR NEAR MINIMAL
SOLUTIONS FROM THE SET OF ALL
THE PRIME IMPLICANTS

4.1 A Brief Review of Existing Techniques

In this section we make a brief review of some of the existing
important techniques for findiﬁg the minimal or nonminimal irredundant
solutions of switching functions, assuming the set of all the prime implicants
being given. After all the prime implicants of switching functions are
found, the next problem is usually to find a minimal subset (according to
some criterion of minimality) of prime implicants such that their disjunction
is equivalent to the given function and from which none of the prime implicants
can be dropped without sacrificing equivalence. Of the available methods
for the selection of prime implicants for occurrence in minimal solutions,
the prime implicant table method suggested by McCluskey [_7—1, and the map
methods of Veitch (1_‘ and Karnaugh [3] are widely used. Later methods
Aof selection of prime implicanfs include those of Ghazala [32 ], Mott [337,
Pyne and McCluskey [20], Choudhﬁry and Das [28,4ZJ, Marcovitz and
Shub [43], Das [227] and others. Quine [6] was the first to propose the
idea of a dispensable prime implicant : A given prime implicant is
dispensable or eliminable from the set of all the prime implicants of the
function if it implies the alternation of some of the other prime implicants
of the set. This concept of eliminable prime implicant was subsequently
used by Ghazala, Mott, Choudhury and Das, Chang and Mott [34 | and
finally by Das in finding the irredundant normal forms of switching functions.
The approach of Ghazala consists in first constructing a ratio chart as
follows : Write all the prime implicants of the function in a row and also

in a column and below each of the prime implicants make an entry of the
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ratios of the corresponding prime i;nplicant to the set of all the prime
implicants in a columnar form. This kind of table is called a ratio ch.art.
Nothing should be written along the diagonal entries. The eliminability
conditions of a prime implicant can be found by taking the disjunction of
the entries in a row in the ratio chart, i.e. the corresponding prime
implicant is eliminable if the disjunction of some or all of the entries in

that row is equal to 1. Next the idea of a presence factor was introduced.

A presence factor g; is a binary coefficient, attached to 2 prime implicant
P, such that the presence of P, in a given irredundant normal form of
switching function corresponds to g, = 1, and its absence to g; = 0. From
these presence factors, all the irredundant solutions of a switching function
can be found as follows : If m is the number of all the prime implicants of
a function, the chart yields m equivalences of the form g, + Gi = 1, where

1

G. is a function of the presence factors gj for all values of j except j = 1,
then all the irredundant solutions can be found by

G=m (g +G,)
. 1 1
i=1

Mott described an algebraic. method for determining the irredundaﬁt
normal forms of switching functions in which the eliminability conditions
of prime implicants are expressed by means of certain irredundant implication
relations, where the antecedent of the relation is a single prime implicant
and the éonsequent a disjunction of prime implicants. These irredundant
implication relations specify the eliminability conditions of prime implicants.

' The basic approach of Mott is as follows.

Given the set of all the prime implicants of a switching function, each
prime implicant in the set is tested for consensus with all the other prime
implicants. If there results a consensus which is not a prime implicant
in the set, a new term is added to the end of the set. Testing is continued
in this manner until every term in the set, including added ones, has been
tested for consensus with all the succeeding terms in the set and noﬁe remains

to be tested. The procedure can be represented in a tabular form and the



-56-

implication relations (eliminability conditions) of prime implicants can be

read directly from the table. By letting a conjunction of prime implic'ants

represent each subset of prime implicants whose disjunction is implied

by a prime implicant, we can write an expression in conjunctive form,

one conjuﬁct for each prime implicant. Applicatibn of the distributive

law will then yield an expression in disjunctive form such that every

disjunct that does not subsume another represents an irredundant solution.
Choudhury and Das developed methods for obtaining all the irredundant

or minimal covers of switching functions by utilizing the Connected Cover

Term Matricés*. The basic ai)proach of the authors consists in arranging

the columns of Cover-table [41] of a switching function into a nﬁmber of

matrices. The generation of the redundant solutions are reduced to a great

extent in this method, and the generation of duplicate solutions are completely

avoided.

4.2 An Approach for Finding Minimal or

Near Minimal Solutions

A1l the irredunciant solutions of a switching function can obviously
‘be found by modifying the algor'ithm as given in Chapter 3. Since the prime
implicants do not have their complefnents, the steps to delete the complement
of a literal have to be removed from the algorithm in order to apply it for
finding all the irredundant covers of switching functions. After forming the
Cover table of the switching function, the modified algorithm can be applied

to find all its minimal or nonminimal irredundant solutions.

% Foot Note : Connected Cover Term Matrix is an array of only two rows and
a number of columns obtained by arranging the prime implicants in the sum
terms of the minimizing function such that the element (a single prime
implicant or a group of prime implicants) in its (1,i)th position is identical
with the element in its [2,(1-—1)]th position only for i»2, that is, the element
in its (1,1)th position does not occur in ény other position except in the

[2,(i-1) |th position.



Recently Marcovitz and Shub proposed an improved algorithm for
the simplification of switching functions by utilizing the Karnaugh map,
which was later modified by Das. Das also extended the basic idea of
Marcovitz and Shub in finding minimal or nonminimal irredundant solutions
by using the cover table representation of switching functions instead of
the map. Das discussed how the cover table representation of the function
in conjunction with the eliminability conditions of its prime implicants can
be used with advantage to find whether such simple replacement of the

prime implicants are actually possible, leading to a minimal solution.

Definition : The eliminability conditions of a nonessential prime
implicant P, in a function F are the combinations of other prime implicants
of F that jointly cover all the minterms covered by the prime implicant p;-

The eliminability conditions of any prime implicant p; can be readily
found from the cover table as follows :

1) Remove all the columns that do not contain pi‘ from the cover table
and form a reduced cover table.

2) Delete the prime implicant P, from all the cqlumns of the reduced
cover table. '

3) Apply the algorithm given in Chapter 3 with modifications as

explained previously. This will lead to the eliminability conditions of P, -

Example : Find the eliminability conditions of the prime implicant, E
from Table 1, as given below.

Table 1 : Cover Table Representation of a given function ¥

A B C C C E A B E D R ¥ A B
T S D T S K R E E G R L Q F ¥
G H H I J

L
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Table 1 : Cover Table Representation of a given function F

19 | 20} 23 251 26 27 | 28 29 30| 31
¥ D K A B G D N O] K
I Q M G H H P P P N
J I J I M
M N ©) J L
L O]
M P
N
O]

1) Reduced cover table is given by

Table 2 : Reduced cover table after removing the minterms that are

not covered by E

8 9 10 11
E A B E
R E E G
G H H

L

2) After deleting E from Table 2, we get Table 3 as given below.

Table 3 : After removing E from Table 2

8 9 10 11
R A
G

B
H

-oQ

3) Apply the algorithm given in Chapter 3 with modification to

Table 3. We have the following eliminability conditions of E.

B > RGB + RGH + RAH + RABL

Theorem [227 : -If in 2 nonminimal irredundant cover Ci of a function

F there occurs a combination of prime implicants 9y 9, that
represents the eliminability condition of a group of prime implicants

PPy p., i< m, not in the cover, then the combination of prime
i
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implicants L PERREE q  can be replaced by the group of prime implicants
PyPye-e e Py in Ci with a subsequent reduction in the number of prime implicants,
if and only if the set of minterms being uncovered due to the withdrawal of
Qydye- e QU from Ci is covered uniqﬁely by the group of replaced prime
implicants PPy P;- } N
Given any nonminimal irredundant cover Ci of a function, we can
readily find 2 minimal or near minimal solution by using the following
procedure.
Find the eliminability conditions of those prime implicants that do not
appear in Ci' Next check the given nonminimal irredundant cover Ci to
see if it contains combinations of prime implicants that represent the
eliminability conditions of the prime implicants not contained in it. If the
eliminability condition of some prime implicant is found to occur in Ci’ check
if that prime implicant can be substituted for its eliminability condition,
satisfying the conditions of the above theorem. Proceed this way as long
as any substitution is possible and the process ultimately leads to either
a minimal or near minimal solution of the function.
To check if the minterms of the function being uncovered due to the
withdrawal of the prime implicants PR 9 from the cover Ci are
" uniquely covered by the introduction of the prime implicants PPy P.:
the following procedure can be used.
If the eliminability condition of some prime implicant, say Py not in
the cover Ci is a set of prime implicants, say qlqz ..... 9. delete the prime
implicants qlq‘2 ..... 9. from the cover Ci' Let the remaining prime implicants
of the cover be designated as Cj. Next put check marks on the minterms
in the cover table which are covered by Cj' Note now the minterms in the
cover table that are unchecked and see if these minterms can be covered by
the prime implicant Py Under this condition we can replace CIEPRRREE q
by the prime implicant Py in the cover Ci' This process is continued until
either the prime implicants PR a4 in the cover Ci can be replaced by

the prime implicant P, °F all the eliminability conditions are checked by the

above mentioned method.



-60-~

Example : Consider the function whose cover table is given in Table 4.

Table 4 : Cover Table of a given function

3 5 7 11 131 27 | 29 31

A C A B D E F G
B D C E F G H H

All the nonminimal or minimal irredundant solutions of the above
given function can be found from the cover table by applying the modified
algorithm as explained before. One of the nonminimal irredundant solution
Ci is given by

Ci = ABDFG

The eliminability conditions of C, E and H are given by

CcC—> AD

E—> BG

H—> FG

It can be noticed that all the eliminability conditions have prime implicants
that are in the cover Ci’ thus none of the product terms of the prime implicants
can be deleted. _

To check if BG can be replaced by E in the cover Ci- by the above
procedure, we have,

C., = ADF

jl :
The cover C.. covers minterms 3,5,7,13,29 and check marks are

made in the coverJtlable as shown in Table 5. The unchecked minterms in
Table 5 are 11,27,31 and the prime implicant E only covers the minterms
11,27. The minterm 31 is not covered by either le or by the prime implicant
E. Thus the prime implicants BG in the cover Ci cannot be replaced by
the prime implicant E.

Similarly we can show that the prime implicants FG cannot be replaced

by the prime implicant H.
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Table 5 : Cover Table of a given function for checking the substitution

of E in Ci

3 5 7 11 13 27 | 29 31

Al c{a|B |D|E|F| G
Bl p|l c|E|F| G |H]| H

To check if the prime implicants AD can be replaced by the prime

implicant C in cover Ci' we have
Cjz = BFG

"The cover Cjz covers minterms 3,11,13,27,29,31 and check marks

are made in the cover table as sho“./n in Table 6. The unchecked minterms
in Table 6 are 5,7 and these minterms are covered by the prime implicant
C. Thus the prime implicants AD can be replaced in the cover Ci by the
prime implicant C, leading to a minimal solution Mi as

Mi = BCFG

Table 6 : Cover Table of a given function for checking the substitution

of C in the cover Ci

v | [ v
3 5 7 11 13| 27 | 29} 31

A C A B D E F G
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