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Abstract

The trace form gives a connection between the representation ring and the space
of invariant bilinear forms of a Lie algebra L. This thesis reviews the definition
of the trace of an endomorphism of a finitely generated projective module over a
commutative ring R. We then use this to look at the trace form of a finitely generated
projective representation of a Lie algebra L over R and its representation ring. While
doing so, we prove a few trace formulas which are useful in the theory of the Dynkin
index, an invariant introduced by Dynkin in 1952 to study homomorphisms between

simple Lie algebras.
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Introduction

In the theory of finite-dimensional complex semisimple Lie algebras, invariant bilinear
forms play an important role. Perhaps, the most important invariant bilinear form is
the Killing form &, defined by x(x,y) = tr(ad(z)ad(y)). As an example, the Killing
form is used to establish the root space decomposition of a semisimple Lie algebra
over the complex numbers.

The Killing form is a special case of the notion of trace form. It is the trace form
associated to the adjoint representation. More precisely, given a finite-dimensional
representation p of a Lie algebra L, the trace form 7, associated to p is defined by
T,(x,y) = tr(p(z)p(y)). We then see that the trace form establishes a connection
between the representation ring and the space of invariant bilinear forms.

Over a commutative ring R, the trace of an endomorphim of an R-module is in
general not defined. However, one can defined the trace for an endomorphism of a
finitely generated projective R-module using the technique of descent. This can be
found in [KO] and [Alml].

Over a field, the representation ring Z(L) of a Lie algebra L, as an abelian group,
is defined to be the Grothendieck group generated by the finite-dimensional represen-
tations of L where the addition is defined by [V]+[W] := [V W] for [V], [W] € Z(L).
This group has the structure of unital ring with multiplication [V] - [W]:= [V @ W]
for [V, (W] € Z(L).

The analogue over a commutative ring is to consider finitely generated projective
L-modules. In this framework, we can then define trace forms of finitely generated
projective representations and obtain a connection between the corresponding repre-
sentation ring and the corresponding space of invariant bilinear forms.

In order to study representations, using the aforementioned connection, one can

study the space of invariant bilinear forms. We also review this space in the thesis.
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The space of invariant bilinear forms sometimes happens to be free of rank 1. In
this case, the situation becomes much simpler and one can define the Dynkin index
associated to a finitely generated projective representation. More precisely, fix an
invariant bilinear form ~y, 7, = dyn(p)y for some dyn(p) € R. The Dynkin index of
the representation p is defined to be dyn(p).

Dynkin defines the notion of the Dynkin index of a Lie algebra representation
over C in his 1952 paper Semisimple subalgebras of semisimple Lie algebras. A part
of his original aim is to study representations of a complex simple Lie algebra. The
Dynkin index has appeared in various contexts. It has been introduced in the the-
ory of G-bundles over a curve by Faltings [F], Kumar-Narasimhan [KN], Kumar-
Narasimhan-Ramanathan [KNR], Laszlo-Sorger |LS]. It has appeared as an invariant
in the theory of algebraic group, which can be found in Cohomological invariants in
Galois cohomology [GMS] by Garibaldi, Merkujev and Serre. It also appears in the
recent preprint by Garibaldi and Zainoulline [GZ] on the v-filtration and the Rost
invariant.

Let g be a complex simple Lie algebra. There exists a unique invariant bilinear
form ~y such that ~y(hg, hg) = 2 for any long root 6. The Dynkin index of a represen-
tation p then measures the difference between v and the trace form 7,,.

An interesting result is that the Dynkin index of a representation of a complex
simple Lie alebra is an integer ([Dyn, Thm. 2.2] and [KN|, Prop. 4.2 and Rem. 4.3]).
This result leads to the notion of the Dynkin index of a complex simple Lie algebra g,
defined to be the ged of the Dynkin indices of its finite-dimensional representations.

Another very interesting result as well as the original motivation of this thesis
states that there exists a (non-unique) fundamental representation whose Dynkin in-
dex coincides with the Dynkin index of g, see [KN, Prop. 4.7] and [LS, Prop. 2.6].
The only known proof of this fact is a case-by-case direct computation: “Unfortu-
nately, our proof is case by case.”- Kumar [KN| proof of Prop 4.7]. In this thesis,
while we do not have a classification-free and conceptual proof of this result, we have
partial results that allow us to provide a conceptual proof in many cases.

The thesis has two main aims. The first aim is to study the connection given by
trace form between the representation ring and the space of invariant bilinear forms

of a Lie algebra defined over a commutative ring R. The second aim is to generalize
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the Dynkin index in a natural way and to provide a conceptual proof of [KN, Prop.
4.7] in many cases using some trace formulas.

Chapter 1 is simply a review of many concepts that we will need in subsequent
chapters. We review a part of module theory, projective modules, flat modules,
faithfully flat modules. This serves as background since, in later chapters, we want to
talk about finitely generated projective modules of a Lie algebra L over a commutative
ring R.

In Chapter 2, we review the definition and properties of the trace of an endo-
morphism of a finitely generated projective module over a commutative ring. As
references, we use [KOJ and [Alm]. We provide more details than these sources. We
also provide some trace formulas that will give us the Dynkin index of exterior powers
and symmetric powers of a representation in Chapter 5.

Chapter 3 is a review of the representation ring of a Lie algebra over a commutative
ring. We provide some results inspired by [B:Lie, VIII, §7].

Chapter 4 deals with invariant bilinear forms. As reference, we use [NPPS|. Using
the trace form, we establish a map from the representation ring to the space of
invariant bilinear forms. Also, we show that the space of invariant bilinear forms
of simply-connected Chevalley orders is free of rank 1 and exhibit a basis which is
compatible with Dynkin’s choice.

Chapter 5 is about the Dynkin index. We summarize some key results found in
[Dyn] and [KN]. Finally, we apply some of our results in previous chapters (e.g., the
trace formulas from Chapter 2) to give the proof of [KN, Prop. 4.7] in many cases:
simple Lie algebras of type A, B, C, D, Eg, G5. Unfortunately, our approach does

not work on the remaining types.

Here, we give a summary of the new results of this thesis. In §2.2, for f € Endg(P)
where P is a finitely generated projective R-module, we define ™ € Endg(A\"P),
f°" € Sym"™ P and then compute their traces. These results are given in Proposition
2.2.12] Corollary 2.2.13] Proposition [2.2.14] and Proposition [2.2.15] These are later
used in Chapter 5 to determine the Dynkin indices of symmetric and exteriors powers
of representations.

In §4.3.2, we prove that the space of invariant bilinear forms on simply-connected

Chevalley orders is free of rank 1 (as stated in [NPPS]). These results are Theorem
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[4.3.26], Corollary [4.3.27], Corollary [4.3.29] Corollary and Corollary [4.3.33]
In chapter 5, we apply our new results in §2.2 to prove new formulas for Dynkin
indices of symmetric and exterior powers of representations in Proposition In

§5.3, we use our new formulas from Proposition to give the proof of [KN| Prop.
4.7] for Lie algebras of type A, B,C, D, Eg, Gs.



Chapter 1
Background

Throughout this chapter, R denotes a unital associative commutative ring, M denotes
an R-module, Spec R denotes the set of prime ideals of R (also called the prime
spectrum of R), R-alg denotes the category of commutative associative unital R-
algebras. Throughout this thesis, unless stated otherwise, all R-algebras are assumed

to be commutative, associative and unital. By convention, N = {0,1,2,...}.

1.1 Localization of modules

Localization is a technique from commutative algebra. It is often used to reduce
the study to the case of local rings. Here, we present the process of localization of
a module, in particular, the process of localization of a ring. For this section, our
reference is [B:CAl Chap II, §2]. We present some proofs so that the reader can get

a feeling of the material.

Definition 1.1.1. Let R be a commutative ring. A subset U of R is called mul-
tiplicative if all finite products of elements of U belong to U. By convention, the
multiplicative identity 1z, being the empty product, lies in U. We allow U to contain

zero divisors.

Example 1.1.2. Let R be a ring. Then
1. For all » € R, {r" : n € N} is a multiplicative subset.

2. For p € Spec R, the set R\p is multiplicative.

1



3. If U and T are multiplicative subsets, then so is UT := {ut : w € U,t € T'}.

4. An arbitrary intersection of multiplicative subsets of R is clearly a multiplicative
subset of R.

Lemma 1.1.3. Let U be a multiplicative subset of R. We define a relation on M x U
by (m,u) ~ (m/,u') if there ezists v € U such that v(u'm —um') = 0. Then ~ is an
equivalence relation and the set of equivalence classes (M x U)/ ~ has the structure

of an R-module. Denote by m/u the equivalence class of (m,u), the operations of
(M xU)/ ~ are

m/u+m'/u = (um+um’)/mm’ and r-(m/u) = (rm)/u.

Definition 1.1.4. Let U be a multiplicative subset of R. The set of equivalence
classes (M x U)/ ~ with the above structure of an R-module is called the localization
of M at U, denoted by U='M. In particular, U'R is called the localization of the

ring R where R is considered as a left R-module in the obvious way.

Notation 1.1.5. For convenience, we denote the localization of M at {r" : n € N}
by M, and denote the localization of M at R\p by M,.

The localization process is closely related to scalar extension.

Proposition 1.1.6. [B:CA| II, §2.2, Prop. 3|. If U is a multiplicative subset of R
then the map M @rU 'R — U'M, m®ZL — ™ s an isomorphism of R-modules.

Lemma 1.1.7. [B:CA| 11, §2.3, Prop. 7. If M is an R-module, then we have:

(a) If U and T are multiplicative subsets of R, then (UT)*M ~ T'"Y(U~'M) as
R-modules where T" is the image of T under the canonical map R — U™'R,

r
?"'—>1.

(b) Let f,g € R. Then My, = ({f™g" : m,n € N})"*M and My, ~ (My)yn as

R-modules.

Proof. (a). Define the map j : (UT)"'M — T""Y(U'M) by 2 — T/ls. We show

that j is well-defined. Suppose that m/(st) = m’/(s't'). So, there exists uv € UT



such that wv(s't'm — stm’) = 0. We claim that TT/IS = ”Z,///f/. Consider v/1 € T". We
have that
= =0.

uss’

1
Thus, j is well-defined. Next, one has to show that f is indeed R-linear. We have
that

v <t’m tm’) uv(s't'm — stm/)

S s/

, ( m m’) , (rs’t’m+stm’) (rs't'm + stm') /ss’
Jlr—+—n) =17 =

st st ss'tt! tt!
rt’m/s+tm’/8’ rm/s+m’/s’ < m>+ !
= = = rT— _— .
I t/ t v I\s) T e

Hence, j is a well-defined R-linear map. Finally, we show that j is indeed an isomor-
phism. First, we prove injectivity. Let m/(st) € ker(j). So, T/ls = 0. Thus, there ex-
ists v/1 € T" such that ** = 0. So, uvm = 0in M for some u € S. Then m/(st) = 0.
Thus, j is injective. Now, let mT/S e T"H(U*M). Clearly, j(m/(st)) = ™. So, j is

L2
surjective. Therefore, (UT)™'M ~ T""Y(U~'M) as R-modules.

(b). Set S ={(fg)™ :m e N}, T ={f"g" :m,n € N}, F = {f":n € N} and
G ={g™:me N}

Next, S and T satisfy part (c) of [B:CAl II, §2.3, Prop. 8], which is equivalent to
saying that the homomorphism SR — T~'R is an isomorphism.

Next, T = FG. Tt follows from part (a) that G'"'(F'R) ~ T7'R ~ S7'R as
R-modules. Thus, by repeatedly applying Proposition [1.1.6}

STIM~ST'TRIrM~G N F'RY®g M ~G 'RRr F 'Rz M
~G'Rr F'M =G (F'M).

We are done O

Proposition 1.1.8. [B:CAl Ch II, §2.7, Prop 18(i)| Let U be a multiplicative subset
of R. Let M and N be two R-modules. Then the U 'R-modules UM ®r N,
M@rUIN, (UM)®y-1g (U'N) and U (M ®@g N) are canonically isomorphic.

Proposition 1.1.9. Let U,T" be multiplicative subsets of R. Then
Y :U'R®r TR — (UT)"'R, Lo -1
u ot ut

is an isomorphism of rings with inverse ¢ : (UT) 'R — U'RQrT 'R, ~ 5@%

7 ut
As a consequence, (UT) "M ~U M QrT'R~T'M @ U 'R.

3



Proof. We define the map @Z: URx TR, (:7’ f) — == We check that the map is
well-defined, R-balanced and the induced map v is a ring homomorphism. Suppose
that (%, f) = (T',, t,) So, there exists v € U and w € T such that v(u'r — ur’) =0
and that w(t's — ts’) = 0. One has that

w(u't'rs —utr's') = vwu't'rs — vwt’ sur’ + vwt'sur’ — vwutr's'
= vwt's(u'r — ur') + vwur'(t's — ts') = 0.
It follows that @Z is well-defined. Now, for r,7/,s,s' € R, u,v’ € U and t,t' € T, we

have that:
~(r 1 s u'r+ur’ s (u'r +ur')s
V(—F =)=l —— 7 | =
U U uY t uu't

=t e ()

J(%,f—l—s—/) :J<z7t’s+ts) :r(t’s—i-ts’)

u tt’ utt’
rs rs s r s’
~(r 1 rs)r’or 57” r
o) e
u o u uu uu U
Therefore, @Z is R-balanced. Hence, it induces a map ¢ : U 'R@rT 'R — UT 'R
such that 1 = 1 o ®, meaning v (Z,2) =9 (L @3).

u

Next, we check that the map @ from the statement of the Proposition is well-
. Then there is vw € UT so that Uw( "t'r —utr’) = 0.
It follows that %,:”u—/,t We see that 5@; :i®— and that 5 ®t—,:T—t®ﬁ It

tt’

defined. Suppose that = = -7

follows that ¢ is well-defined.
Next, forr,s € R,ue U and t € T,

wo()=v(Zed) =2,
1
t

oo (Ger)=e () =T

It follows that v is a ring isomorphism. Now, by Proposition [1.1.8] one has that

T8
Cu ot

UT)Y*"M =M@z (UT) 'R>M @r U 'RQrT 'R~U"'M @z T 'R.
Moreover, M U 'RRr T 'R~ M Qr T 'R®r U 'R and we are done. O
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Corollary 1.1.10. Let f,g € R. Let M be an R-module. Then M, ~ M; ®r Ry ~
M,®g Ry. In particular, if My is a free R-module then My, is free as an R,-module.

Proof. The first assertion is simply a direct application of Proposition [1.1.9] The

second assertion follows immediately. O

Lemma 1.1.11. Let U,T be multiplicative subsets of R. Let M be an R-module
and let « € Endgr(M). Consider the map ¢ of Proposition m Then the map
Idy @Y : M@rUTRRQrT 'R — M ®g (UT)"'R satisfies

(IdM ®'Lp)71 9] (Oé (24 Id(UT)_lR) e} (IdM ®w) =a® IdU—lR &® IdT—lR .
Proof. One has the following computation:
ro_s rs
(Oé & Id(UT)_lR) @) (IdM ®’Lp) <m & a X Z) = (O{ &® Id(UT)_lR) <m X E) =
= a(m) & % = (IdM ®1p) o} (OA & IdU*1R®IdT*1R> <m (029 % & ;) .
This completes the proof. m

The next proposition relates localization and scalar extension in the case of R-

algebras.

Proposition 1.1.12. [B:CAl II, §2.2, Prop 6]. Let (S, p) € R-alg where p: R — S
15 a ring homomorphism. Let U be a multiplicative subset of R. Then the map

v :UTTR®p S — p(U)7LS induced by U"'R x S — p(U)"1S, (ﬁ,s) > % is a

ring isomorphism with inverse ¢ : p(U)™1S — U 'R ®R S, O 1®s.

Proof. We define a map A : UT'R x § — p(U)7'S, by (£,s) £z - \We show

p(u)
that A is well-defined and R-balanced. Suppose that r/u = r’/u’. Then there exists

u” € U such that u”(u'r — ur’) = 0. Then p(u”)p(u'r — ur')s = 0. It follows that
p(r)s _ p(r')s

u u

Next, one has that

u o u p(uu’)/ p(uu') pguu’) / u’
AL+ s) = Mf;;ﬁ fgg"%; P ALy (Bs).
\ (% ) _ p(?";‘)s _ ,0(7")(2(7“)8) ) £®p(r,)s>



Thus, A is R-balanced. Thus, it induces an R-linear map ¢ : U 'R®pS — p(U)~1S
such that A\ =9 o® where ® : U 'R x S — U 'R®z S, (5,5) = =@ s. We claim

that 1 is moreover a ring homomorphism. It is enough to check this on generators.

#(Goo) (For)) = s = s — o) v (7o)

Thus, ¢ is a ring homomorphism. Next, we check that the map ¢ is well-defined.

!

Suppose that ﬁ = ﬁ. Thus, there exists u” € U such that p(u”)(p(u')s—p(u)s’) =
0. Then
0 — 1 " / no__ 1 , N 1 1 ,
= —— @ W) (p(u)s — plw)s') = — @ (p(u)s — p(w)s) = ~@s — — @

Hence, ¢ is well-defined. Now, it is left to check that ¢ and ¢ are mutually inverses.

We have that
s 1 s
ve (o) = (hee) = s

@¢<£®8>=@(2((12;> =1®p(7’)3:£®3.

This completes the proof. O

The next result provides us a way to extract global properties from local properties

of a ring.

Proposition 1.1.13. [B:CAl Ch II, §3.2, Cor 2 of Thm. 1]. Let R be a ring and let
M be an R-module. For a mazximal ideal m of R, let Ay, : M — My, be the canonical
homomorphism. Then the homomorphism M — [[cvanmy M: ¢ = (Aa()), s

injective, where Max(R) is the set of mazimal ideals of R .

1.2 Flat and faithfully flat modules

Definition 1.2.1. An R-module is M is called flat if whenever N’ % N B N s

exact, the sequence N' @ M Bl N Qr M ANy N ®pr M is also exact.

Example 1.2.2. We give several examples of flat modules.

1. [B:CA| 11, §3.4, Prop. 13]. If R is a ring and U is a multiplicative subset of R,
then U1 R is a flat R-module.



2. [B:CAl I, §2.3, Prop 2]. Let (M;)ic; be a family of R-modules. Then &p,.; M;
is flat if and only if each M; is flat.

Proposition 1.2.3. [B:CAl I, §3.1, Prop 1]. For an R-module M, the following are
equivalent:

(a) NN & N By N s exact if and only if N' ®r M “CL N@p M EEEN N ®r M

15 exact.
(b) M is flat and, for all R-module N, if N @ M = 0, then N = 0.
(c) M is flat and if N' % N is such that o ® 1 is injective, then o is injective.
(d) M is flat and if N' = N is such that a ® 1 =0, then a = 0.
(e) M is flat and if M # 0, then mM # M for all mazimal ideal m of R.

Definition 1.2.4. An R-module M is called faithfully flat if it satisfies one of the
equivalent conditions of Proposition [1.2.3]

Definition 1.2.5. An R-algebra (S, p) is called flat (resp. faithfully flat) if it is flat
(resp. faithfully flat) as an R-module.

Remark 1.2.6. (i) Faithfully flat modules are flat. However, the converse is not
true. Q is flat (and faithful) but not faithfully flat as a Z-module.

(i) Dyespec(zy Ly s faithfully flat as a Z-module. However, each of its summands
is flat but not faithfully flat as Z-module.

Proposition 1.2.7. [B:CAl I, §3.2, Prop 4]. Let R be a commutative ring. Let M
and N be R-modules. Assume that M is faithfully flat. Then N s faithfully flat if
and only if M @r N s a faithfully flat R-module.

1.3 Brief facts from faithfully flat descent theory

In this section, we consider a faithfully flat extension S/R, i.e., S is an associative,
commutative R-algebra which is faithfully flat as R-module. We present several
important facts that we will use later on to define the trace of an endomorphism of a

finitely generated projective R-module. Our reference is [KO, Ch. II].
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Remark 1.3.1. Given a ring extension S/R, one has two natural homomorphism

€:5 — S®gS, S s® 1,
€:5 — S®grS, s> 1®s.

For faithfully flat extension, these two homomorphisms will help us understand the

process of descent.

Proposition 1.3.2. [KO| II, §2, Prop. 2.1]. Let S/R be a faithfully flat ring ex-
tension. Let N be an R-module. Consider the maps Idy ®1 : N — N ®g S and
Idy®€; : N®gS — N ®r S ®rS. Then Idy ®1 is injective and im(Idy ®1) =
ker(Idy ®€; — Idy ®e3).

The above proposition tells how we can recover an R-module N by knowing N ®gS
for a faithfully flat extension S/R. Essentially, this is the key to “faithfully flat
descent”. In section 2, we will use faithfully flat descent to define the trace of an
endomorphism of a finitely generated projective module (which will be introduced

later).

1.4 Zariski topology and covering

In this section, we introduce the concept of a covering of a ring. For this, our references
are [KO, Chap I, §5] and [B:CAl II]. Let Spec(R) be the prime spectrum of R. For
a subset E of R, denote by V' (FE) the set of elements of Spec R that contain £. We
note that if I = (F) is the ideal generated by E, then V() = V(E).

Proposition 1.4.1. [B:CAl II, §4.3]. The set Spec(R) has the structure of a topo-
logical space, where the closed sets are the V(E) for some E C R.

Definition 1.4.2. The above topology on Spec(R) is called the Zariski topology. For
r € R, the complement of V(r) = V({r}), denoted U,, is called a distinguished open
set of Spec(R). Thus, U, = {p € Spec(R) : r ¢ p}. Note that the distinguished open
sets form a base of the (Zariski) topology.

Remark 1.4.3. The process of localization is able to tell us some information about

the prime spectrum. Namely,



1. Let r € R. Consider the map A : R — R,, s — s/1. Then the maps
U, — Spec(R,), p — A(p), and Spec(R,) — U,, q — A~'q are mutually

inverse bijections.

2. A family {U,, }ier covers Spec(R) if and only if (r; : i € I) = (1) = R.

Proof. Suppose that (r; : i € I) = R. Let p € Spec(R). Since p is prime,
there exists ¢ such that r; ¢ p. It follows that p € U,,. Thus, the sets U, cover
Spec(R). Conversely, suppose that I = (r; : i € I) is a proper ideal of R. Thus,
I C m for some maximal ideal m of R. It follows that r; € m for all :. Hence,
m ¢ U,, for all i. Thus, |J, U,, C Spec(R). O

Definition 1.4.4. For a finite covering {U,, : i = 1,...,n} of Spec(R), the ring
S =11, R, is called a Zariski covering of R.

Lemma 1.4.5. [B:CAl II, §5.1, Prop 3]. Let R be a commutative ring and let S =
[1;-, Ry, be a Zariski covering of R. Then S/R is a faithfully flat ring extension.

Proof. Since S is a finite product of localizations, it is flat by Example [1.2.2] Now,
let m be a maximal ideal of R. Since R = (fi, ..., f,), there exists i such that f; ¢ m.
Suppose that mR;, = Ry,. Then x% =1 for some z € m, y € R and s € N. Thus,
there exists f! such that f{(xy — f7) = 0. Tt follows that flzy = ff. If s+t =0,
then x € R* Nm, a contradiction. If s +¢ # 0, then since flzy € m, we see that
fi € m, a contradiction. It follows that mS # S. Therefore, by Proposition [1.2.3(e),

S/R is indeed a faithfully flat ring extension. O
Next, we define a more general concept of covering for a ring.

Definition 1.4.6. A faithfully flat covering of R is a finite family R,,..., R, where
R; € R-alg such that @] | R; is a faithfully flat R-module.

In particular, note that a Zariski covering is a faithfully flat covering.



1.5 Projective modules

1.5.1 Basic definitions

In this part, we will introduce the notion of projective modules, which is a general-
ization of the notion of free modules. For more details/proofs, the reader can consult
[KOL 1].

Proposition 1.5.1. [KO| I, Lem 1.1]. Let P be an R-module. The following are

equivalent:
(a) P is a direct summand of a free module.

(b) Ewvery short exact sequence 0 —» M — N 2y P — 0 splits, i.e., there exists
a homomorphism of R-module f : P — N such that go f = Idp.

(¢) For all surjective map f: M — N, the map
Hom(1, f) : Hom(P, M) — Hom(P,N), g~ fog,
is surjective, i.e., the functor Hom(P, —) is right exact.

(d) There is a set {x; :i € I} C P where I is an index set, and a subset {¢; : i € I}
of P* = Hompg(P, R) satisfying

(i) For allx € P, ¢;(x) =0 for all but finitely many i € I,
(ii) Forallz € P, x =3 ., di(x)w;.

Definition 1.5.2. Let P be an R-module. Then P is called projective if P satisfies
one of the equivalent conditions of Proposition [I.5.1] A subset S of P satisfying part
(d) of Proposition is called a projective basis.

Remark 1.5.3. [B:CA| I, §2.4, Ex. 1]. Every projective module is flat.
Example 1.5.4. We list several examples of projective modules:

(i) Any free module is projective. So, the notion of a projective module is a gener-

alization of the notion of a free module.
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Proof. This is clear since a free module is clearly a direct summand of itself. [J

(ii) If M is a projective R-module and S is an R-algebra, then S®pg M is projective

as an S-module. This means that projective modules respect scalar extension.

Proof. Since M is projective, there exists an R-module N and an index set [
such that M & N = @,_; R; where R; = R. Hence,

iel
(S®rM)® (S@rN)~Ser(Ma&N)=SerPR ~PS:
iel i
where S; = S and the last isomorphism comes from the fact that tensor product

commutes with direct sum. O

(iii) [B:Al II, §5.3, after Thm. 2]. If P and N are projective R-modules, then so is
P®gr N.

Non-Example 1.5.5. (Un)fortunately, not all modules are projective. For example:

(i) The abelian group Q is not a projective Z-module.

Proof. Here, we used the fact that a projective module over a principal ideal
domain must be free ([B:Al VII, §3.1, Cor. 3]). We assume for a contradiction
that Q is a projective Z-module, hence free. It follows that Homy(Q, Z) # {0}.
However, we claim that Homy(Q,Z) = 0. Let ¢ : Q — Z be a Z-linear map.
For m,n € Z, one has that mo(1) = ¢(m) = ¢ (Z)n. We assume m and n
to be relatively prime. It follows that n divides ¢(1). Thus, ¢(1) has infinitely

many divisors, so it must be 0. Thus, ¢ = 0. O
(ii) Submodules of a projective module need not be projective.

Proof. The ring 7Z /47, as a module over itself, is free, whence projective. Now,
we have the following: U := {0,2} is a submodule isomorphic to Z/2Z. We
claim that U is not projective. Consider the map ¢ : Z/4Z — 7 /27 given by
x +— z mod 2. This is a surjective homomorphism of Z/4Z-modules. Suppose
that Z/2Z is projective as a Z/4Z-module. Then, by Proposition[L.5.1](b), there

11



exists a Z/4Z-linear map 1) : Z/27Z — Z/4Z such that @) = Idz/oz. Thus, one
has that 1 = ¢(¢(1)) = (1) mod 2. It follows that ¢(1) € {1,3}. Thus, one
has that 0 = ¢)(1+1) = ¥(1)+¢(1) = 2, a contradiction. Therefore, U ~ Z /27
is not a projective Z/47Z-module. O

In analogy to the theory of vector spaces, the modules which are generated by a

finite set of elements are generally more manageable.

Definition 1.5.6. An R-module M is called finitely generated if there exist a free
module Fj of finite rank and an exact sequence Fy — M — 0, and is called finitely
presented if there exist free modules Fy, F7 of finite ranks and an exact sequence

F1—>FOHM—>O.

Remark 1.5.7. We have several relations between the notions of projective modules,

finitely generated modules and finitely presented modules.
(i) If an R-module M is finitely presented, then it is clearly finitely generated.

(il) [KO, 1,82, Ex. 3] If an R-module M is projective and finitely generated, then
it is finitely presented.

Proof. Since M is finitely generated projective, there exist a free module Fj
of finite rank and a submodule N of F, such that 5 = M & N. Thus, we
can consider the projection 7 : Fy — M. Moreover, kerm = N ~ Fy/M,
whence is of finite type. There exists a free module F} of finite rank and a
surjective map F| — N. Thus, this map induces o : F} — Fy. We see that
F, — Fy — M — 0 is exact. Therefore, M is finitely presented. n

Lemma 1.5.8. Suppose that M and N are finitely generated projective R-modules.
Then M ®gr N is aso finitely generated projective.

Proof. There exist m,n and R-modules M’ and N’ such that M & M’ ~ R™ and
N @& N’ ~ R". Then, by distributivity of the tensor product over direct sum, we have
that ™ ~ R™ @pr R" ~ (M ®@r N) @ L where L is the rest of the terms. Therefore,
M ®pr N is finitely generated projective. O

12



Lemma 1.5.9. Let f : M — N be an R-module homomorphism between finitely

generated projective R-modules. Then the following are equivalent:
(i) f is bijective,
(ii) the iduced map fn @ My — Ny is bijective for all maximal ideals m of R,

(iii) the iduced map flm]: M/mM — N/mN is bijective for all mazimal ideals m
of R.

Proof. (i) < (ii) is [B:CAl 11,§3.3, Thm. 1]. We need to show (ii) <= (iii). First,
mR,, is the radical of the local ring Ry, and Ry,/mR,, ~ R/m. Thus,

My /mMy ~ M ® (Ry/mRy) ~ M & R/m ~ M/mM.
We then have the following commutative diagram.

Mm/mMm —>: M/mM

S lf [m]

Nm/mNm —>:, N/mN

Therefore, by [B:CAl 11,§3.2, Cor of Prop 6], for each maximal ideal m, f is
bijective if and only if the induced map f[m] is bijective. O

Next, we quote a result involving the bidual of a module. Recall that there exists
a canonical map ¢y : M — M** for an R-module M, given by m +— (¢ — ©(m))
for p € M*.

Lemma 1.5.10. [B:Al 11, §2.7, Cor. 4]|. Let P be a finitely generated projective

R-module. Then the canonical map cp : P — P** is an isomorphism.

1.5.2 Some nice identities

So far, we have introduced the basic definitions of projective modules, finitely gen-
erated modules and finitely presented modules. Next, we will state several interest-
ing results that we will need. The first proposition generalizes a result on finite-

dimensional vector spaces. From now on, if S € R-alg, we denote Mg = M ®gr S.
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Proposition 1.5.11. [KO| I, Lem 4.3(a)], [B:Al II, §4.2, Cor.]. Let P be a finitely

generated projective R-module. Then the map
0p: P®p P* — Endgr(P), 2z f— (y— f(y)r),
s an isomorphism of R-modules.

Lemma 1.5.12. Let R be a ring. Then the map 5 : Endg(R) — R, f — f(1) is

an isomorphism of R-modules.

Proof. First, we check that £ is R-linear. One has that (f +rg) = (f +rg)(1) =
f(1)+7rg(l) = B(f) +rB(g). Thus, B is R-linear. Now, let f € ker(5). So, f(1) =0.
Thus, f(r) = f(r-1) =rf(1) =0 for all » € R. Thus, f = 0. Hence, § is injective.
It is left to show that it is surjective. Let r € R. Then r - Idg does the job. O]

Proposition 1.5.13. (special case of [B:Al 11, §5.1, Prop 3]). Let R be a ring and let S
be an R-algebra. Let M be an R-module. Then there exists a unique S-homomorphism
w: Msg®g(M*)g — (M®@rM*)g, sending (m®1)@(p®1) to m®p®1. Moreover,

this map p 1s an isomorphism.

Lemma 1.5.14. [B:Al II, §5.1, Prop 2|. Let S and T be R-algebras. The map
v:(M®rS)®s (TOrS) — MRrT RS, (mM®s)®(t®s2) —»mOt® sy8y is

an isomorphism of S-modules.

Lemma 1.5.15. Let N be an R-module. Then the map ay : Homg(R™, N) — N™,
[ (f(e:))i™,, where the e;’s form the canonical basis of R™, is an isomorphism of

R-modules.

Proof. First, we show that oy is a homomorphism of R-modules. One has that

an(f +sg) = ((f +s9)(e:)iZs = (f(e:) + sg(e:))ily
= (fle))iZy + s(9(e)iZy = an(f) + san(g).

Given (nq,...,n,) € N™, we can define an R-linear map from the canonical basis
of R™ to N by e; — n;. We know that this map will extend uniquely to a linear map
o ((ny)m,) : R™ — N, e; — n; for all 4. It it sufficient to show that that o’ and
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ay are mutually inverse.

(OzN (OéN(f)))(ej) = <O/V (f(el)):il> (ej) = f(ej),
aN(aN(oung)::(aw«n»gﬂ)@p)::::@wggr

This completes the proof. O

Lemma 1.5.16. [B:Al II, §3.7, Prop 7]. Let S;, i = 1,2, be two R-algebras. Let
N;, @ = 1,2, be S;-modules. Then the map p : N ®@g NJ"* — (N1 ®p Ny)™™m2,

(nﬁl)) ® (n§2)) > (ngl) ® n§2)) is an isomorphism.

Proposition 1.5.17. [KOL I, Lem 4.1], [B:Al 11, §4.4, Prop. 4]. Let R be a ring and
let S;, 1 = 1,2, be R-algebras. Let M; and N; be S;-modules. Then the canonical

R-linear map
vl I’IOHIS1 (Mb Nl) ®R HOHISZ(MQ, Ng) — H0m51®R52(M1 ®R MQ, Nl ®R NQ)

induced by the map (f1, f2) — f1 ® fa, where (fi ® fa)(m1 @ ma) = fi(my) ® fa(ms),

is an isomorphism if each M; is a finitely generated projective S;-module.

Proof. To prove the proposition, we need several steps.

Step 1: v is well-defined. First, we need to show that the map f; ® fs is indeed an
element of Homg, g5, (M; ® Ms, Ny ® Ny). Given f; and fo, we know that the induced
map f1® fo is R-linear. We need to show in addition that f;® fs is also S;®grSs-linear.

Additivity is clear from R-linearity, it is left to show scalar multiplicativity.

(f1 ® f2)((51 @ s52) (M1 @ M2)) = (f1 ® fo)((51m1) ® (522))
= fi(s1m1) @ fa(samz)
s1fi(m1)) @ (s1fa(ma))

= (
= (51 ® 82)(f1 ® fo)(m1 @ ).

It follows that f; ® fo € Homg,gs,(M; @ My, Ny @ N3).

Next, we show that 7 is well-defined, i.e., we have to show that the map

Homg, (M;, N1) ® g Homg, (M, No) — Homg, g ,s,(M1 ®@p Ma, Ny @ Na),
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induced by (f1, f2) — fi1®f2 is R-balanced. Again, additivity is clear from S;-linearity
of f; (i =1,2) and from bilinearity of the tensor product.

((fir) ® f2)(m1 @ ma) = (rfi(m1)) @ fa(ma) = fi(rmi) @ fa(mo)
= (f1® fo)((rm1) @ ma) = (f1 ® fa) (M1 ® (rmy))
= (fi(m1) @ (rfa(mz))) = (f1 @ 7f2)(m1 @ my).

It follows that the map is R-balanced. Therefore, v is a well-defined R-linear map.
Step 2: Special case M; = S;"*. Assume that M; = S]" wherei = 1,2 and m; € N.

We claim that the following diagram is commutative,

I‘IOIHS1 (Sinl, N1> ®R HOIHSQ(S;n2, Ng) —7>Hom51®RSQ((Sl X SQ)mlmQ, N1 ®R Ng)

Ny ®°‘N2l§ Zlo”\ﬁ@RNz

N1m1 Xr N2m2 (Nl ®r N2)7mm2

B

where the a’s are as in Lemma [1.5.15/and g is as in Lemma [1.5.16] Indeed,

(amenna) V(1 @ f2) = (1@ f)(€ © €)= (filef") @ fole]?),
plan, @ any)(fi ® f2) = plan, (fi) ® an,(f2)) = ((fl(el(l))) ® (f2(e§.2)))
= (h(e") @ falef?)).

Thus, the claim is proved. It follows that v = o@}@m Ny (an, ®an,) is an isomorphism.
Step 3: General case. Suppose that M; is a finitely generated projective over S;
(¢ = 1,2). Then one can write M; & M/ = S for some S;-module M/ and some

integer m;. Now, one has the following,

Homg, (M; & M}, N1) ®g Homg, (Ms & My, No) = Homg, (M, N1) ®g Homg, (Ma, N»)
@ Homg, (M, N1) ® g Homg, (M:, N>)
@ Homg, (M7, N1) ®g Homg, (Ms, No)
@® Homg, (M7, N1) ®g Homg, (Mj, Ny),
Homyg, gs,((S1 ® S2)™™2, N1 @r No) = Homg, gs,(M; @ Ms, N @ Ny)
@ Homg, g5, (M; @ My, N1 @ N»)
@ Homg, g, (M; @ Ma, Ny @ Na)
® Homg, gs,(M; @ M, N1 @ N»).
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By definition of v, we see that

C Homg, gs, (M @ Mz, N; @ Ny),
C Homg,es, (M ® M, Ny @ N
C Homg, gs, (M} ® My, Ny ® N,

(M] ® M3, Ny ® Ny

)

Y

—~ o~ o~ o~

( )
) (M3, N> )
M, Ny) ® g Homg, (M, Ny )
M, N1) ®p Homg, (M, Ny ).

Since 7 is an isomorphism by the special case, we see that v|((Homsg, (M;, N1) Qg

Homg, (M, Ng)) is also an isomorphism. O

The following result is a corollary of the previous proposition, together with an

explicit isomorphism.

Proposition 1.5.18. [B:Al II, §5.4, Prop 8]. Let S € R-alg. Let P be a finitely

generated projective R-module. Then the map
v : Homg(P, R) ®p S — Homg(P ®p S, R®r S), p@s— (m®s — o(m)® ss'),

s an isomorphism of S-modules.

1.5.3 The rank of a finitely generated projective module

For free module of finite type over a commutative ring, the notion of rank is well-
defined. It is indeed possible to define a similar notion for finitely generated projective
modules. The following Proposition/Theorem by Kaplansky tells us that the key

point is to look at localizations of our module.

Proposition 1.5.19. [KO. I, Cor. 2.6]. Let R be a local ring. Every finitely generated

projective R-module is free.

The proof of Proposition uses non-obvious results from commutative alge-
bra, e.g., Nakayama’s Lemma (see [KOL I, Cor. 2.3]).

To extend the notion of rank, the idea is that we can localize R and then extend
the scalar to the localization. We can then look at the rank of the corresponding free

module of finite type. This means that we can obtain “local ranks” for our module.

Definition 1.5.20. An R-module M is called locally free if there exists a Zariski
covering [[;_, Ry, such that My, := M ®pg Ry, is free of finite type for all 7.
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Lemma 1.5.21. [KO, I, Lem 5.2]. Let P be an R-module. Then the following are

equivalent:
(a) P is finitely generated projective.

(b) P is finitely presented and, for all q € Spec(R), Py = P ®g Ry is a free Ry-

module.
(c¢) P is finitely presented and, form € Max(R), Py, = PRprRny is a free Ry-module.

(d) For all m € Max(R), there exists f € m such that Py is a free Ry-module of
finite type.

(e) P is locally free of finite rank.

(f) P is finitely generated and, for each p € Spec(R), the R,-module B, is free,
say of rank ry,, the function Spec(R) — Z, p — 1, is locally constant in the
topological space Spec(R).

Definition 1.5.22. Given a finitely generated projective module P over R. For
p € Spec(R), the rank of the free module P ®x R, is called the local rank of P at p.
We denote it by r,. The module P is said to have constant rank if its local ranks are

all equal.

Remark 1.5.23. Even if M is locally free of constant rank, M need not be free.
An example is the the 7 /6Z-algebra Z /27 with the obvious Z/6Z-action and algebra

structure.

Proposition 1.5.24. [B:CA| II, §5.3, p.142]. Let P and N be finitely generated
projective R-modules. Then, for all p € Spec(R),



1.5.4 Structure of a projective module

Review 1.5.25. We present an important concept that helps us to understand the
structure of a finitely generated projective module. Let P be a finitely generated
projective R-module. We equip Z with the discrete topology and consider the map
rtk : Spec(R) — Z,p — 1k,(P). One can show that rk is continuous. For i € Z,
consider tk~'(i) = {p € Spec(R) : rky(P) = i}. Thus, Spec(R) = Utk '(3).
Moreover, since {i} is both open and closed, so is tk™'(i). Now, since Spec(R) is
quasi-compact, there exists an n € N such that Spec(R) = |JI_,vk ' (i). By [B:CA|
I1, §4.3, Prop 15], there exists a unique family ; € R, i = 1,...,n, such that the ¢,
are orthogonal idempotents and that e; +---+¢, = 1.

Now, one can show that R and P decompose as R = Ry X--- X R,, where R; = ;R
and P= P, &---® P, where P, = ¢, P. Moreover, it can be shown that R; is an ideal
of R, that g; is its multiplicative identity and that P; is finitely generated projective
of constant rank over R; (see [KO, Lem. 6.3]). Moreover, every f € Endg(P) leaves

every P; invariant.

Lemma 1.5.26. Let R= R,y & --- ® R, as in Review [1.5.25 Let p be a prime ideal
of R. Then p is of the form p =1, & --- ® I,, where I; is prime for exactly one i and
Ij:ijO’f’j%Z'.

Proof. First, we show that if I = I; ®--- & [, where I; is prime for exactly one ¢ and
I; = R; for j # 4, then I is a prime ideal. Without loss of generality, assume that
i = 1. Clearly, I is an ideal of R. Now, if (a3 + -+ + an)(by + -+ + b,) € I, then it
follows that a; € I1 or by € I;. Hence, I is a prime ideal.

Conversely, let p be a prime ideal of R. Since p is prime ideal, there exists ¢; such
that e, ¢ p. For all j # 4, since g,6; = 0 € p, €; € p, whence R; C p. Now, as an
R-module, we have that p = (pNR1) & (p & Ry) = (pN R). D, Ry Clearly, pN Ry

is a proper ideal, it is prime since p is a prime ideal. O]

19



1.6 Some facts about symmetric and exterior pow-

ers of free modules

We refer the reader to [FH, Appendix B] and [B:Al III, §6 and §7] for more detailed
treatments of multilinear algebra. We present a brief review of the subject and
mention a few results that we will need later on.

Let M be an R-module. Recall that the tensor algebra of M is T'(M) = @, M’
where M®Y = R and M® = M ®---® M (i times) for i > 0. The symmetric algebra
Sym(M) is defined to be the quotient of T(M) by the 2-sided ideal I generated
by the elements z ® y — y ® x where z,y € M. The ideal I is graded. Then
Sym(M) = @,y Sym'(M) where Sym’(M) = M /(I N M®").

Similarly, the exterior algebra A\(M) is defined to be the quotient of T'(M) by
the 2-sided ideal J generated by the elements z ® x where € M. This ideal J is
graded. Hence, A M = @,y A\’ M where \' M = T(M)/(J N M%). Finally, note
that Sym’ M = R = \° M.

We use the following convention

(Z):O, (?)zl form e Z, m > —1, and (Z)zO if0<a<b.

Proposition 1.6.1. [FH, Appendix B.2, Formula B.2]. Let M and N be free R-
modules of finite rank. Then Sym"(M & N) ~ @,_, (Symk M & Sym"* N) and
N'(M & N) = @ (N'M @ \FN).

Lemma 1.6.2. Let a,n € N. Then >, (7)) = (“*}™).

n

Proof. We use induction on n. For n =0, (g) =1= (agl). Thus, the base case holds.
Induction hypothesis: For some n >0, > (“;rl) = (H}f”).
Inductive step: Consider ?:01 (a;rl). One has that
K fa+l " fa+1 a+n+1 a+1+n a+n+1
2\ )=l ) +1 ) * +1 )
1=0 1=0 n " n
where the second equality follows from induction hypothesis. Now, using the identity

(nfl) + (7:11) = (7), one sees that Z?jol (“;rl) = (‘jif) = ((a+12;(1n+1)). The result

follows by induction. ]
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From Proposition [1.6.1], we can deduce a nice known result.

Lemma 1.6.3. [B:Al III, §6.6, Thm. 1]. Let M be a free R-module of rank r. Then,
forn € N, one has that dim(Sym” M) = ("*71).

n

Proof. We proceed by induction on r. For r = 1, then Sym"(M) ~ Sym™(R) ~ R
since Sym"™(R) only has one vector in the basis. Thus, the base case is proved.

Induction hypothesis: For some 7 > 1, dim(Sym'(R")) = (T_ZHZ) for all [.
Induction step: Consider dim(Sym”(R™™)) = dim(Sym™(R" & R)). By Proposi-

tion [1.6.1, Sym™(R" @ R) = @, Sym'(R") ® Sym™ (R) ~ @;, Sym'(R") ® R. It
follows that

dim(Sym™(R" @ R)) = 3 dimSym'(R") = Y (r - ; + l>

_ (r—;n) _ ((7“4—1):;1—0711)’

where the first equality uses the fact that dimgz(R) = 1, the second equality uses
induction hypothesis and the third equality follows from Lemma The result

now follows by induction. n

The next corollary is a technical result that we will need later on. It is likely

known but we did not find a reference.

Corollary 1.6.4. Let r,n € N be such that n > 2. Then

z”: i\(r+n—i—2\ (r+n-1 _z”: i+1\ (r+n—i-3

£\ 2 n—i S\ n-2 ) < 3 n—i '
=2 1=2

Proof. Let F' be a field. We have the following

~ (i (r+n—i—2 _ ~ -2/ 3\ n—i( pr—1
Z<2>( 0 )—;dlmSym (F7) dim Sym" " (F" )

i=2
n—2
= Z dim Sym*(F3) dim Sym "~ =#(pr-1)
k=0
+n—1
— d n—2 Fr+2 — r )
im Sym"™*( ) ( h— 9
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For the second equality, we have that

Z (’L + ].) <T’ +n — l — 3> _ Z dim Symi—Q(F4) dim Symn—k(FTfQ)
=2

P 3 n—1
n—2
= Z dim Sym*(F*) dim Sym "=~ (Fr-2)
k=0
-1
= dim Sym" *(F"?) = (T o ) . O
n—2

The next few propositions relate these constructions to the scalar extension pro-

Cess.

Proposition 1.6.5. [B:Al III, §6.4, Prop 7|, [B:Al III, §7.5, Prop. 8|. Let R be a
ring, let S be an R-algebra. Let M be an R-module. Then the maps

v (/\NM> ®KpS — /\n(M®RS), (miA-Amy)Rs—= (MQL)A---A(m, ®s),
V' (Sym" M)®@grS — Sym" (M ®gS), (mjo--om,)®s— (m®1)o---0(m,R®s),
are isomorphisms of S-modules.

Notation 1.6.6. Let M and N be R-modules and let f € Hompg(M, N). Recall
that T'(M) and T'(N) are the tensor algebras of M and N respectively. Then f
induces a map from T'(M) to T'(N), sending m; ® «-- @ my, to f(my) ® --- @ f(my).
Let us denote A"(f) : A"M — A"N the corresponding, and similarly the map
Sym"(f) : Sym"(M) — Sym"(N).

We have the following well-known fact.

Proposition 1.6.7. [B:Al 111, §6, §7]. Let R be a ring, let S be an R-algebra. Let M
be an R-module. Let v,V be as in Proposition (1.6.5. Let f € Endgr(M). Then

(a) The following diagram is commutative

(N"M) @ § ——— \"(M ®&r S)

(/\"f ) ®Idsl l/\"(f@lds)

(AN"N)®r S ———— A" (N ®r 5)
where v 1s the canonical map.
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(b) The following diagram is commutative

(Sym"™ M) ®gr g—2 Sym"(M ®g S)
(Sym" ) ®Idsl lSym"(fé@Ids)

where v is the canonical map.

Proof. For (a),let (my A---Am,)®s € AN"M ®gS. One has that

(/\n(f®1ds)oy> ((ml/\.../\mn)@)s):/\n(f(g)lds)((ml@l)/\.../\(mn®3))
= (flm) @) A=+ A (f(ma) @ 1)

and that

(V/O (/\n(f) ®Ids>> (my A Amp) ® 8) =V ((F(m) A~ A f(mg)) @ s)
=(f(m) @A A(f(m,) ®1).

Thus, the diagram of (a) is commutative. The proof for (b) is totally similar. O
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Chapter 2

Trace formulas

2.1 Trace of endomorphisms of free modules and

applications

In this section, we present several results on the trace of endomorphisms on free
modules and related facts. Note that all facts presented in this section are standard.
Unless stated otherwise, R still denotes a commutative ring, M denotes an R-module,
S,T € R-alg.

Lemma 2.1.1. (i) Letv: M — N be an isomorphism of free R-modules of finite
rank, and let f € Endg(N). Then tr(f) = tr(v='fv).

(ii) Let N be a free R-module and let f,g € Endg(N). Then tr(fg) = tr(gf).
This lemma has the following immediate corollary (using Proposition [1.6.7)).

Corollary 2.1.2. Let M be a finitely generated projective R-module. Assume that
M ®g S is free of finite rank as an S-module. Then we have tr ((/\"f) ® IdS) =

tr (A"(f ®1ds)) and tr ((Sym” f) ® Idg ) = tr (Sym"(f ® Idg)).

The next two lemmas are general results that will allow us to use Lemma to
study the trace.
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Lemma 2.1.3. Let f € Endg(M), letv : (MRrS)®s(T@RS) — MQRT®RrS, asin
Lemma [1.5.14], be the canonical isomorphism. Then the following diagram commutes.
(M®RS) Rs (T@RS);)M@)RT@RS
(f®1ds)®IdT®sl lf@IdT ®Idg
(M®@pS)®s (TRrS)———MrT @S
Proof. Let (m® $1) @ (t ® s2) € (M @ S) ®s (T ®g S). One has that
(feldrelds)ov)(m®s;) @ (t®sy)) = (f @Idr®1dg)(m @t ® s159)
= f(m) @t ® s189.
(v o (f ®ldg) @ Idres)((m ® s1) @ (t® s2)) = v((f(m) @ 51) @ (£ 52)
= f(m) @t ® s159. O
Lemma 2.1.4. Let My, ..., M, be R-modules. Let f; € Endgr(M;) fori=1,...,n.

Consider the canonical S-module isomorphism
v:M ®pr-®@p M, ®rS — (M1 ®gS) ®s -+ Qs (M, ®r S),

m - Q@m, s+ s(m 1) - ® (m, ®1)). Then the following diagram

commautes.

My ®p- Qg M, p S ——— (M; ® S) ®s -+ ®s (M, ®r S)
f1®---®fn®1dsl l(f1®lds)®"'®(fn®lds)

M, ®@p- @r M, Qr S ——F—— (M1 ®r S) g -+ ®s (M, ®r S)
Proof. Let m1 @ ---®@m, ®s € M Qgr---Qr M, ®rS. Denote f; s = f; ® Ids. One
has the following
(Frs®-+® fas) ov) (1 @+ -my @ s) = s((film) ©1) &+ ® (flma) ©1) )
(vo(fi® @ fr®Idg))(mi @ @m, @) =v(f(m)®- - ® f(m,) @ s)
=s((Atm)@1) @2 (fim) 1)),
completing the proof. O

Lemma 2.1.5. Let g € Endg(M ®rS). Assume that that M @g S is a free S-module
of finite rank r. Then M Q@grS®grT s a free S®grT-module of finite rank r. Moreover,
tr(g) ® 17 = tr(g ® Idy).
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Proof. By assumption, there exist ny,...,n, € M®pgS such that MQ@pS ~ P._, Sn;
where Sn; >~ S as S-modules. Since the tensor product commutes with direct sum,
one sees that (M ®@gS)®@rT ~ @,_,(Sn;@rT) ~ P,_,(S®rT) as S®p T-modules.
So, (M ®r S) ®r T is a free S @ T-module and n; ® 1, 1 <i < r isan SQr T
basis of (M ®r S) @pr T.

Suppose that g(n;) = Zj ajn; with aj; € S. Hence,

tr(g) ® Ip = <Z aii) ® 1y = Z(aii ® 17).
Now, (9 @ Idr)(n; ® 17) = g(n;) © 17 = <2j Oéjmj) ®1p =Y (0 @ 17)(n; © 17).
It follows that tr(g ® Idy) = >, (a; ® 17). The result follows. O

Notation 2.1.6. Let 7y : M ®@p M* — R, x ® ¢ — ¢(x). Assume that the map
Oy : M @ M* — Endr(M), z® f +— (y — f(y)z) is an isomorphism, e.g. if M is
finitely generated projective. In this case, we denote t); = TMHJT; : Endg(M) — R.

Lemma 2.1.7. Let M be a free R-module of finite rank, let f € Endg(M). Then the
map ty is precisely the trace map, i.e., ty(f) = tr(f).

Proof. Choose a basis {my,...,m,} of M and a dual basis {¢1,...,¢,} so that
¢i(mj) = ;5. So, {m;®¢;} is a basis for M@ M*. Since 0 is an isomorphism, we may
write 071(f) = 32, aij(mi @ ¢;) for a;; € R. Tt follows that f = 37, a;;0(m; ® ¢;).
Next, f(m;) = Z” ai0(m; @ ¢;)(mx) = >, ; aidj(mi)mi = 3, aimy. Hence, only
a;; constibutes to the trace. Therefore, tr(f) = ). ai.

Next, tar(f) = by (f) = 2,5 aimar (mi® ;) = 37, 5 @iy = 3, a5 = tr(f). O

Proposition 2.1.8. Let p be as in Proposition (1.5.13| and v be as in Proposition
1.5.18. Let P be a finitely generated projective R-module. Then the following diagram

of S-modules is commutative:

P®rP*QpS—— (PQrS)®s (P*®r S P®R ) ®s (P ®gr S
0p®Idg \ / ~ |0pg
EndR ®R SW)R@)RS S < Ends P@R

26



Proof. Clearly, the two “outer triangles” in the diagram commute by definition. It is
enough to check commutativity of the middle triangle. Let m®p®s € PQr P*®gS.
Forn®t e P®g S, one has the following:

7ps (Idpy @U)p(m @ ¢ ® s) = Tpy(Idp, @V) (M ® 5) @ (p @ 1))
=Tp,(M®s)@v(p®1))
=v(p®1)(m®s)
=p(m)®s
= (7p @ Idg)(m ® ¢ @ ).
Therefore, the diagram is commutative, as desired. [l

Corollary 2.1.9. Let P be a finitely generated projective R-module and let f be an
element of Endg(P). Then tp(f) ® 1lg = tp,(f ® Ids).

Proof. We know that 0p : P @ P* — Endg(P) is an isomorphism, we may write
f=0p( 22:1 T; ® ¢;). So, f(m) = 22:1 ¢i(m)z;. By commutativity of the diagram

in Proposition [2.1.8],

tp(f) ® 1s =tplp (Z T ® ¢i) ®1s = (1p ® Ids) (Z(% ® ¢; ® 15))

i=1 i=1

!
= tpOps(Idp, @)1t (Z T ® P ® 1S>

i=1

— tpOp, (Z(mi ®1) @ v(d® 1)) .

i=1

It is left to show that fp, (zﬁzl(xi 1) ® v(é ® 1)) — f®Ids. Form®s € PgS,

! !
(f@lds)(m®s)=f(m)®s=~0p (Z@@gm) (m)®s = Zgbi(m)xi@)s,
Ory (Z(fcz ®1) Qv(g:® 1)) (m®s) =Y vig®)(mes)(ne1)
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2.2 Generalization of the definition of the trace

In this section, we define the trace of an endomorphism of a finitely generated projec-
tive R-module P. Our references are [KO] and [Alm]. None of the results are truly
new results, although the existing literature does not provide as many details as are
given here.

The next proposition will help us to define a generalization of the trace.

Proposition 2.2.1. Let M be an R-module, let f € Endg(M) and let (R;)?_, be a
faithfully flat covering (see Definition such that each M; = M Qg R; is free of
finite rank as R;-module. Then there is a unique r € R such that r®1lg, = tr(f@gldg,)
holds for all i, 1 < i < m. Moreover, r € R is independent of the faithfully flat
covering, i.e., if (S;)jL, is another faifully flat covering such that each M ®pg S; is
free of finite rank, then r ® 1, = tr(f ® Idg, ), 1 < j < m.

Proof. Let S = @;_; R;. Recall that we have two linear maps ¢; : S — S ®g S,
s~ s®1lg,and €5 : 5 — S®pr S, s+— 1g ® s. By faithful flatness, we can identify
R={r € S:e(r)=e(s)} Now,since S®rS =P, R ®r Rj, an element (r;);,
of S, r; € Ry, defines an element r € R if and only if r; ® 1, = 1z, @ r; in R; Qg R;.
In this case, r € R is unique by injectivity of the map R — R ®pg S in Proposition
. We let r; = tr(f ® Idg,), which exists since M; is free of finite rank. Then, by

Lemma [2.1.5 and by symmetry in ¢ and 7,
r; X 1Rj = tr(f X IdRJ X 1Rj = tr(f X IdRi®RRg‘) = 1Ri ®tr(f X Ide) = 1Ri X Tj.

Then, there exists r € R such that r ® 1, = tr(f ® Idg,).

Suppose that (S;) is another faithfully flat covering as in the statement of the
proposition. By Proposition [1.2.7, (D}, R;) Qg <@Tz1 Sj> ~ P, ; Ri ®p 5; is faith-
fully flat as an R-module. Hence, the family 7};, T;; = R; ®r S;, is a faithfully flat
covering. By Lemma , M®@rT;; = (M ®gR;) ®rS; is a free T;;-module of finite

rank. Next,

r@lg, = (r®lg)®ls, =tr(f ®1dg,) ® 1g, = tr(f ® Idg,),

where third equality follows from the fact that M ®r R; is a free R;-module and from

Lemma [2.1.5, Hence, by uniqueness, the element of R determined by the covering
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(T;;) is r. Exchanging the role of (R;) and (5;), it follows that r is also given by the
covering (.5;). O

Definition 2.2.2. Let P be a finitely generated projective R-module. Then there
exists a faithfully flat covering (R;) of R such that P ®g R; is free of finite rank. For
any f € Endg(P), we define the trace of f, denoted tr(f), as the unique element of
R determined in Proposition [2.2.1

The next corollary tells us that the trace behaves well under base change, as one

would expect from the free case.

Corollary 2.2.3. [Alm| Prop. 1.3(i)]. Let P be a finitely generated projective R-
module, f € Endg(P), S € R-alg. Then, tr(f) ® 1g = tr(f ® Idg). In particular, as
a direct consequence, tr(f ® Idg,) = tr(f) ® 1g, for all p € Spec(R).

Proof. We fix a faithfully flat covering (R;) of R with M ®g R; free of finite rank
as R;-modules. Then P ®r R; ®r S is a free R; ® g S-module with finite rank. We
consider R; ®p S as an S-algebra; we obtain that @, (R; ®rS) ~ (B, R;) ®r S is
a faithfully flat S-module. Hence, R; ® .S is a faithfully flat covering of S. Moreover,
(P®R®rS)®s (S®r R;)) ~ P®gS g R; is a free S ®r R;-module of finite rank.

By faithfully flat descent of elements in S with respect to the covering (R; ®g S),
we need to show (tr(f) ®g 1ls) ®s (lr,eps) = tr(f @r Ids) ®s 1peus-

By definition of tr(f®@glds), tr(f@rlds)®1g,gs = tr((f@rlds)@sldg,g,s). By
Lemma, under the canonical isomorphism (PRrS)®s(R;®rS) ~ (PRrR;)QrS
as R; ®p S-modules, the map f ® Ids ®p Idg,gs is conjugate to f ®p Idr, ®r Idg.

Hence,

tI‘((f ®R Ids) ®S IdRi®RS) = tr((f ®R IdRz) ®R Ids) = tI‘(f ®R IdRZ) ®R 15
= t1(f) ®r 1g, ®r 1s = (tr(f) ®r 1s) g 1g,
= (tr(f) ®r 1s) ®s 1r,ops,

where the fourth and fifth equalities are true when the modules are viewed as S-

modules. L

Now we have obtained a definition of the trace of endomorphisms of finitely gen-

erated projective module. The next proposition will tell us that this definition gives

29



us the usual trace in the case of a free module of finite rank. Part (a) says that our

definition coincides with Bourbaki’s definition in [B:Al II, §4.3].

Proposition 2.2.4. Let P be a finitely generated projective R-module, f € Endg(P).

(a) tr(f) =tp(f) where tp is defined as in Notation with Tp(M® @) = @(m),
and Op(m @ )(m') = p(m')m.

(b) Let N be an R-module such that P @& N is free of finite rank. FEztend f to
f €Endg(M @ N) by f(m ®n) = f(m). Then tr(f) = tr(f).

Proof. (a) For p € Spec(R), by Corollary and Lemma [2.1.7, we see that tp(f)®
1g, = tp,(f ® Idg,) = tr(f ® Idg,). Since this is true for all p € Spec(R), it follows
from Proposition [1.1.13| that tr(f) = tp(f), as desired.

(b) We have the following commutative diagram.

OrmoN

Endzg(M @ N)¢+—-— (M @& N)® (M ® N)*

m%
R

Next, since (M & N)* ~ M* @ N*, we have that

(MaN)®(MeN) ~(MeM)e(MeN)a(NoM)a (NN,

By construction, one sees that 8.5 (f) =03/ (f) e M@ M* C (M@®&N)® (M & N)*
and Tyen|(M & M*) = 1. Therefore, by part (a),

tr(f) = 7ar 0 031 (f) = Trren © Onfon () = tr(f),
completing the proof. O

Remark 2.2.5. Before going any further, let us note that an equivalent definition
of the trace of an endomorphism of a finitely generated projective module over a

commutative ring was introduced in [Alm|. Consider the canonical isomorphisms
Endp(P*) ——— Homp(P ®p P*, R) ——— Hompg(Endp(P), R)

where, for x € P, a € P*, p € Endg(P*), ¥ € Homg(P ®g P*, R) and f € Endg(P),
() @ a) = p(a)(z) and n(v)(f) = (05 (f)) where Op : P @g P* — Endg(P)

is our usual isomorphism.
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Then the t¢race of an endomorphism f € Endg(P) is defined to be (n€(Idp+))(f).
In fact, we can say that the equality in in Prop [2.2.4(a) is the same as the definition
of the trace in [Alm| and [B:Al IT].

Lemma 2.2.6. Let f € Endg(P). Then, using the notation of Proposition m
tr(f) = (nE(1dp-)) (f)-

Proof. Consider the isomorphism 0p : P®x P* — Endg(P). We may write 05" (f) =
>, m; @ ¢;. Then, by Proposition [2.2.4]

te(f) =tp(f) =707 (f) = 7p <Z mi & ¢i> = Z¢l<ml)

Finally, (n¢(Idp-))(f) = £Idp) (32, mi @ ¢4) = 32, 1dp (93) (i) = 3, di(mi). O

Before studying properties of the trace, we show how the trace interact with the

decomposition of a finitely generated projective R-module into modules of constant

rank (see Review [1.5.25)).

Lemma 2.2.7. Let ¢ € R be an idempotent. Put e9 =1 — €7 and R; = ¢; R, whence
R = R1 & Ry is a direct sum of rings. Let P be a finitely generated projective R-
module with Anng(P) = Ry. We denote by Py the Ri-module obtained by restricting

scalars to Ry. Then
(a) Py is a finitely generated projective Ri-module.
(b) Any f € Endg(P) is Ry-linear and trg,(f) = trr(f).

Proof. (a) Let N be an R-module such that P & N = R". Then N = N; & N, with
N;=¢;N. Now, P& Ny =1P® ey N =& (P® N) =, R" = R}. This shows that
Py is a finitely generated projective R;-module.

(b) Since Anng(P) = Ry, Endg(P) = Endg, (P;) as abelian groups. Next, we
note that trg(f) € Ry. This is true since ¢ trg(f) = trr(e1f