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Abstract 

Concrete duality is a key tool in the development of modern algebraic geometry. It 

gives general directions, vistas of the subject, as well as concrete machinery (local and 

global techniques). The sort of higher order duality proposed in this thesis reflects still 

more of the close relationship of the associated algebraic and geometric categories. 

By higher order here, we mean duality with respect to n-categorical structure. 

It is significant that all famous dualities (by Stone, Pontryagin, Gelfand-Naimark, 

Grothendieck) can be obtained in a similar categorical fashion. This was proved 

by H.-E. Porst and W. Tholen [P-Th]. Once the structure of concrete duality was 

clarified, people were encouraged to discover new dualities (e.g., see [Luk]). What 

is the practical sense of that? On a basic level, duality gives concrete "functional 

representations" of objects via "functions" on their duals. More precisely, we have a 

duality between geometric and algebraic categories, so that each object is presented 

by a functional space on its dual. For example, in this sense, the solution spaces of 

algebraic or differential equations become visible . On a more abstract level it brings 

sense and often ease of calculation to categorical constructions via their duals (for 

example, complicated algebraic colimits often become clear via geometric limits). 

In this work a concept of higher order concrete duality is introduced and a crite­

rion of existence of natural such dualities is given. One of the aims was to strictly 

prove that the extension of Gelfand-Naimark duality over 2-cells (homotopy classes 

of homotopies) is a 2-duality in a proper categorical sense. For that, a notion of 

infinity category is introduced in the first chapter and developed to cover such usual 

categorical topics as represent ability, the Yoneda lemma, and adjunctions for this 

infinite-dimensional environment. We include a discussion of the distinction between 

n 



weak (up to equivalence) versus strict (up to isomorphism). 

For pointed objects of an infinity category, homotopy-like groups are introduced 

(which coincide in special cases with the usual ones). The advantage of these objects 

is that they are defined more categorically (i.e. internally) and so have more chance 

to be preserved by functors. For example, the usual homotopy groups are very rarely 

preserved by functors. 

In the second chapter a concept of category of manifolds over a Grothendieck site 

is introduced. It is shown that usual manifolds, fibre bundles, and foliations fit into 

this scheme. The construction of such categories makes use of stacks. 

The third and final chapter contains examples of concrete duality of first and sec­

ond order. Some of them are new at least in their categorical formulation (Vinogradov 

duality, duality for differential equations, Gelfand-Naimark 2-duality, Pontryagin-

Lukacs duality). They provide a framework in which each concrete theory has a 

duality which we successfully develop. 

The main results of this work are presented in two papers in the electronic (non 

refereed) website xxx. l a n l . gov. 

m 
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0. Introduction 

"One should jump over not just 

theorems but whole theories as well" 

V.I. Arnold 

This work is an analysis of concepts being used in modern geometry. In particular, it considers 

from a categorical viewpoint manifolds and associated structures. The basic categorical construc­

tion we use is duality. Our viewpoint is that manifolds and structures provide the ontology, while 

duality is the vita vitalis of geometric theories. 

0.1. Why duality is effective. 

Duality is one of the fundamental recurring ideas in all of mathematics, and category theory 

provides the appropriate framework for defining and analyzing the idea that "opposite structures 

can reflect one another". Some of the most famous theorems in mathematics are duality theorems. 

We are thinking in particular of Pontryagin duality, Gelfand -Naimark duality and Stone duality. 

The computational power of such dualities increases since one can choose that side which 

works in the simplest and most effective manner in a given situation. Most mathematicians, when 

they develop practical techniques, use some kind of duality (such as distributions in functional 

analysis or flows in differential topology) which simplifies the main ideas and formulations. It 

would probably not be a sufficient reason for using duality if everything was exactly mirrored. 

Some properties are not preserved under categorical equivalence. This gives rise to an additional 

dimension for those new constructions which are not reducible to either of the opposites. Notions 

such as schemes arise in this way. Historically, the abstract concept of duality was introduced 

much later than numerous (famous) concrete examples. A deep categorical analysis of first order 
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duality was given in [P-Th]. 

0.2. Not everything is preserved under duality. Bifurcation theory. 

As an example, this phenomenon is well-known in the qualitative theory of differential equa­

tions when small changes of parameter cause catastrophes in the solution space (under the general 

duality of differential equations to their solution spaces). This is the subject of bifurcation the­

ory. The same phenomenon holds for algebraic equations and for any type of equations and their 

deformations in the previous sense. 

0.3. Development of Modern Geometry. 

Duality plays a central role in the principal steps of the development of Modern Geometry. It 

is now a standard tool to talk about spaces which are unknown but which are well representable 

by their dual objects. All the development of modern algebraic geometry can be regarded as a 

sequence of extensions of algebraic duals, which can be seen from the following diagram: 

AlgVarop > FinGenComAlg StieSubBnopC > SolSpDiffEqop 

AffSchemesDp > ComAlg c > AntiComALg c > DiffAntiComAlg 

Diffop > FinGenSmoothComAlg NonComALg c > DiffNonComAlg 

SmAfFSchemesop - > SmComAlg NonComSp°PC • SolSpNCDiffEqop 

It is still a compact diagram, some steps are omitted, some extensions are not unique (e.g., 

for algebraic geometry, it is better to regard commutative algebras as anticommutative ones 

concentrated in degree 0. But for algebraic topology it is natural to regard graded commutative 

algebras as graded anticommutative ones with degrees of all elements doubled). One of the key 

ideas of this thesis is that the oo-category setting allows us to expand this diagram in a new 

(homotopical) dimension. So that (monoidal) oo-categories give an appropriate framework for 
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Homotopical Algebraic Geometry. 

0.4. Low-dimensional and oo-dimensional Approaches to Homotopy Theory. 

Higher dimensional functors preserve "homotopy" invariants but not in a canonical way, i.e. 

they usually do not preserve 7r», Ht, H*, etc. This is because these "homotopy" invariants 

are not formulated internally in a category. For example, regard the classifying space functor 

B : wTopGrp —> Top. In wTopGrp (category of weak topological groups) there are two 

(noncomparable in general) 2-categorical structures: when 2-cells are conjugations and when 

they are homotopy classes of homotopies; [the last structure is weaker if we restrict ourselves to 

a subcategory of path connected weak topological groups]. We note: 

Proposition 0.4.1. The classifying space functor B : wTopGrp —* Top is 

• a S-functor with respect to conjugations in wTopGrp, 

• a S-functor and 2-equivalence (not 1-equivalence) with respect to homotopy classes of homo­

topies in wTopGrp. Its quasiinverse is the loop space functor Q : Top —> wTopGrp. • 

One would expect that there are many relations between conjugation invariants and homotopy 

invariants for wTopGrp and Top. Indeed, there are some such, but they are not straightfor­

ward. For example, H*(BG) is a conjugation-invariant commutative anticommutative algebra. 

We would expect that it is a subalgebra (or, maybe a quotient algebra) of AdlnvPol(g) (the 

algebra of polynomials on the Lie algebra g invariant under conjugations) but this is not true in 

general, although AdlnvPol(g) is isomorphic to H*{BG) for compact Lie groups G (Chern-Weil 

homomorphism). The relation between H*{G) and H*(BG) is rather complicated: it is given 

by the Eilenberg-Moore spectral sequence H*(G) <g> H*{BG) —> 0. Why does such a nice equiva­

lence B : wTopGrp —* Top : fi give such complicated relations between homotopy invariants? 

Because these homotopy invariants are not defined internally. 
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The typical definitions of homotopy invariants, such as the functor 7rn(X) = [Sn,X], are 

not invariant under 2 (and higher order)-functors, because the n-spheres Sn are not traditionally 

determined categorically. One of the goals of this thesis is to introduce a new notion of homotopy 

group, which are invariant under higher-order categorical equivalences Our reinterpretation of 

homotopy is as follows: 

Definition 0.4.1. 

• For an co-category C, I 6 ObC, and a point x : I —> X (formal) homotopy groups of X 

are defined as follows if^(X,x) := Aut(e n _ 1 a : ) / ~ (where e n _ 1 is n — 1 times application of 

the identity operation e). 

• When functors Aut(en _ 1(—)) / ~ are representable the representing objects Sn are called 

(formal) spheres (in this case we have w^(X,x) := (Aut(en~1(:r))/ ~ ) —> [Sn,X]). • 

For oo-Top when I — 1 there is a homomorphism of the usual homotopy groups into our formal 

ones TTn(X,x) -> ni(X,x) (induced by the quotient map In/(In-1 x 0) U (J71-1 x 1) -* Sn). For 

a category oo-TopMan t of topological manifolds with boundary and homotopies relative to the 

boundary, formal homotopy groups coincide with the usual ones 7r̂  = 7r„ when 1=1. For 

co-Top, (pointed spaces and maps) TT^(X,X) = [1,X] are trivial for all n although [Sn,X] gives 

the usual homotopy groups. 

Both functors B and Q preserve the homotopy type of 1. So, jr^(G) = n^(BG). But these 

groups are trivial and they give no information (if we change 1 to a more complicated object 

/ € Ob Top then the information can be very nontrivial). 

Proposition 0.4.2. / / F : A —> B is an co-equivalence between full topological subcategories 

of co-TopManj, such that 1 ~ ^(1) then F preserves the usual homotopy groups. • 

0.5. Concrete Duality. 
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The underlying philosophy of our theory of concrete duality is that the world is nonlinear and 

opposites converge rather than diverge. 

Definition 0.5.1. Two n-categories A and B are called concretely dual if there exists a 

"schizophrenic" object D living in both of theses categories such that hom-functors A(—,D) : 

A —> n-Cat and B(—,D) : B —> n-Cat factor through the other category, i.e. 

F 
A—-—>B 

B-^-^A 
and 

B ( - , D ) V 

n-Cat 

u 

v 

n-Cat 

where F, G are equivalences quasiinverse to each other. • 

The higher order the duality is, the more (homotopy) invariants are preserved. 

If A •—» n-Top then the forgetful functor U : A —> n-Cat is usually the composite of inclusion 

and the n-groupoid functor A^ > n-Top '—• n-Cat [by Grothendieck's hypothesis 

oo-Top(l, —) : oo-Top —> oo-Cat is an equivalence with its image]. 

The above factorization (lifting) of hom-functors is frequently initial. For first order categories 

it was proven by Porst and Tholen [P-Th] that initial means maximal and any other concrete 

duality factors through the initial (natural) one; for higher order categories, the analogous state­

ment has not been proven yet. We hope that the structures introduced here will be useful in 

extending this result to the higher order case. 

Proposition 0.5.1. 

F 

• Every (weak) duality (adjunction) A 'T~_Z- & is concrete (over C) if there are representable 
G 

forgetful functors U : A —> C and V : B —> C. The dualizing object D is both FI and GJ in a 

sense to be made precise, where I, J are representing objects for U, V. 

• If A and B have representable forgetful functors over C and a dualizing object D such that the 

corresponding hom-functors A(—,D), B{—,D) satisfy the initial lifting condition (essen-
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tially, the arrow fn : VX —> A(Y, D) is a B-arrow iff the composite VX —> A(Y, D) ——» 

A(I, D) is a B-arrow Vx n ; I —> Y, and similarly for B(—,D)) then there exists a concrete 

dual adjunction between A and B which is natural and strict. 

• Concrete natural duality is a strict adjunction. [Higher order duality need not be an adjunction 

at all] D 

Point 2 of the above proposition is a generalization (for n-categories) of the Porst-Tholen 

theorem about concrete duality for first order categories. 

The main and most interesting interplay for duality is between algebra and geometry. Certain 

complicated colimits in algebraic categories are often easily viewed via duality as geometric limits 

(e.g. the notion of tensor product of algebras is more understandable via the notion of product 

of manifolds). 

Examples of well-known dualities are those between algebraic varieties and finitely-generated 

commutative algebras, between affine schemes and commutative rings (Grothendieck), compact 

abelian groups and abelian groups (Pontryagin), Boolean algebras and Boolean spaces (Stone), 

commutative C*-algebras and compact Hausdorff spaces (Gelfand-Naimark), and others. 

In my thesis several new examples of concrete duality are introduced. These include duality 

for differential equations (introducing anticommutative geometry of solution spaces), Vinogradov 

duality (formalizing the well-known duality between modules of linear differential operators and 

jet modules of sections), Gelfand-Naimark 2-duality (extending the usual one to homotopy classes 

of homotopies), Pontryagin-Lukacs duality (Lukacs' extension of Pontryagin duality to locally 

precompact abelian groups). 

0.6. Manifolds. 

Manifolds give an example of geometric objects organized similarly at each neighbourhood 
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without any singularities. They are essentially unions of simple pieces compatible on intersec­

tions. Respectively, dually, they are limits of certain simple "algebras" [such duality theorems 

should be formulated explicitly]. If we study spaces via their dual category, we usually do not 

come to manifolds (singularities always arise). Nevertheless, manifolds are usually regular dense 

pieces of such spaces and singularities are often intersections of them. 

Since different kinds of objects (ordinary manifolds, locally trivial fibre bundles and foliations) 

turn out to be manifold-like structures, an attempt to provide a universal framework and to 

define universal properties of them was undertaken in my thesis. For why do we need to redo the 

same properties in different areas of mathematics if they can be studied in a unifying way? 

E 

Definition 0.6.1. For a given fibration over a Grothendieck site v 

(B,r) 

E-Man 

a (localizable) functor 

F I (from a category bigger than E) is called a category of manifolds over B of type 

(B,r) 
E if objects and morphisms of F locally look like (in a sense to be formulated later) objects and 

morphisms of p. • 

Remark. By the localization property, a maximal such F is unique up to equivalence. Exis­

tence follows from the construction (see further). • 

For example, one can take B = Top, r to be all open coverings, E to be all Euclidean spaces 

with all smooth maps between them, p is forgetful, then E-Man = Diff, F is forgetful. 

Construction of (a nonmaximal) E-Man 

E >l/$ 

dom (objects of 1/$ are like 1. Factor a given functor $ through a free fibration . 

(B, r ) 
charts on objects of B with values in $(E) , but there are more such charts than necessary) 
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E< > 1 / * 

2. Make a stack / from the free fibration (link together compatible charts into 
/ darn 

B 
atlases, but there will be still more objects there than proper manifolds). 

E-Manc • E 

3. Take a full subcategory consisting of objects (B, £) which locally look 

B 
like charts of a certain class M. (i.e. there exists a sieve s € B(—,B) such that V / <E s 

Car t / (£ ) e M) [for usual manifolds M. is a class of topological embeddings of open subspaces]. 

D 

This work has three chapters. In the first chapter, an elementary theory of co-categories is 

introduced (including representability, the Yoneda lemma and adjunction) with applications to 

concrete duality. There are many theories of infinity categories in the literature. We especially cite 

the work of J. Baez and his coauthors [Baezl,Baez2], T. Leinster [Lei], E. Cheng and A. Lauda 

[C-L], and work of Batanin [Bat]. This thesis is not primarily a study of infinity categories; 

rather, we find our version of infinity category to be an appropriate framework for higher-order 

concrete duality. The definition we consider here is appropriate for the concrete applications 

we have in mind. The main result here is a generalization (to oo-categories) of a theorem by 

Porst and Tholen [P-Th] about the existence of natural strict concrete duality under initial lifting 

conditions. 

In the second chapter, notions of (almost) structures and manifolds are analyzed and a con­

struction of the category of manifolds over a Grothendieck site is given via stacks. Such manifolds 

cover all the usual manifolds in mathematics, fiber bundles and foliations. Another result of this 

chapter is an enrichment construction with generalized elements in a presheaf category over a 

category endowed with binary products and a forgetful functor preserving them. That process is 

an abstraction of what is usually meant by continuous families of continuous functions or smooth 

families of smooth functions in appropriate categories; i.e. it allows us to see hom-sets as (almost) 
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objects and transfer to them appropriate techniques (like tangent functors). 

The third chapter is about applications and examples of these newly introduced concepts. New 

examples of first and second order concrete duality are presented (such as duality for differential 

equations, Vinogradov duality, Gelfand-Naimark 2-duality). 

Throughout the work we take as a convention that a displayed diagram asserts its own com-

mutativity if the opposite is not stated explicitly. 

Acknowledgment. The author expresses gratitude for support from his supervisors Prof. P. 

Scott and Prof. R. Blute, and also Profs. W. Tholen, W. Rossman, P. Hofstra and Doctors M. 

Weber and J. Egger. 
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1. oo-categories 

In this chapter a workable notion of (strict) oo-category (over a category of big sets SET) is 

introduced. Our categories are slightly stricter than usual ones [C-L, Lei] by the requirement that 

~ (see definition 1.1.2) is an equivalence relation (which however automatically holds for strict 

n-categories). A version of weak oo-categories (without a coherence principle) is defined as well. 

We do not focus on coherence issues in the weak COISGJ clS it is only introduced as a stepping-stone 

towards oo-category. 

1.1. Categories, functors, natural transformations, modifications. 

Definition 1.1.1. 

• oo-precategory is a (big) set L endowed with 

(1) a grading L = \\ Ln 

n>0 

(2) unary operations d, c : \J Ln —> \J i " i deg(d) = deg(c) = —1, dc = d2, cd = c2 

n > l n>0 

(3) a unary operation e : \\ Ln —> JJ L™, deg(e) = 1, de = 1, ce = 1 
n>0 n>0 

(4) partial binary operations ok, k = 1,2,..., of degree 0. / ô . g is determined iff dk f = ckg 

such that each hom-set L(a,a') := {/ e L \ 3k € N dkf — a, ckf = a'}, deg(a) = deg(a'), 

inherits all properties (l)-(4). 

• Vo, a', a" £ Lm there are maps fj,a,a',a" '• \J Ln(a', a") x Ln(a, a') —> L(a, a") such that if the 
n>0 

bottom composite is determined then 

^U L»(o',o") x L"(a,a') ^••'••" > L ( o > a / / ) 

Ln(a',a") x Ln(a,a') j—^—->L n(a,a") 

Ma,a',a" are called horizontal composites on level deg(a); all composites inside of L(a,a') 

are vertical. • 
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Remarks. 

• Our definition of oo-precategory coincides with what Penon calls a magma; essentially it is 

a reflexive globular set with all possible binary composites [Lei]. 

• If an,(5n e Ln,n > 0, such that dan / df3n or can ^ c/3n, then L{an,f3n) = 0 (because of 

d2 = dc, c2 = cd). So, iAa,a',a" c a n be the empty map 0 : 0 —> 0. 

• It is convenient to use a letter with appropriate superscript, like xm,ak, etc., as an ele­

ment (or sometimes as a variable) with domain Lm,Lh, etc. respectively (or with domain 

Lm(a, b), Lk{x, y), etc.) Also, the grading can be taken to range over Z under the assumption 

that L~m := 0, m > 0. 

• Call elements a 6 L° of degree 0 objects of L, elements fn £ Ln(a, a'), a, a' £ L°, arrows of 

degree n + 1 from a to a'. 

• Denote horizontal composites by * , and extend it over arrows of different degrees by 

the rule * : L(b,c) x L(a,b) -> L(a,c) : (gn,fm) K* Ha,bAemaxim,n)~n9n, emax(-m^-rnfrn) =: 

g»*f™ (fm€Lm(a,b),g"€Ln(b,c)). D 

The following definition of equivalence is given "coinductively" (see [J-R]) 

/ 
Definition 1.1.2. For a, 6 € Ln a ~ 6 iff 3 a ^^jt b such that e(a) ~ golf and f°ig~e(b) 

g 

(it means that there exists an / € L°(a,b), g G L°(b,a) and two infinite sequences of arrows of 

higher order, one in L(a, a) and the other in L(b, 6); all this data we will call arrows representing 

the given equivalence). • 

~ is reflexive and symmetric, but may be not transitive. 

Lemma 1.1.1. If L is an oo-precategory such that 

o1 is weakly associative: f c^ (g o1 h) ~ ( / oj g) oj h (for composable arrows), 

f °l edf ~ / 
oj satisfies the weak unit law: V/ G TJ Ln -, , 

„>i [ ecf o1 f ~ / 
~ is compatible with oj , i.e. (/ ~ g) & (h ~ fc) => ( /o i /i) ~ ({/oj A;) f/or composable arrows), 
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~ is transitive in higher orders: i.e. there exists m > 0 such that i / ~ is transitive for TJ Ln, 
n>m 

then ~ is transitive in all orders. 

f r 
P R O O F . Let a JCZZ2 b '^ZZZt c be the given equivalences, i.e. ea ~ g oi / , e& ~ / oj <?, 

e& ~ g' oj / ' , ec ~ / ' oi g'. Then a j~ZZ-t c is the required equivalence since eo ~ g oj / ~ 

ff °i (eb oj / ) ~ g 0 l ((p' Oi / ' ) ox / ) ~ (p oj g') ox ( / ' oj / ) and similarly ec ~ ( / ' O! f)o1(go1g'). 

a 

Remarks. 

• Transitivity in higher orders trivially holds for n-categories (starting from level n), taking ~ 

as the identity. For proper oo-categories it is better to make the assumption " ~ is transitive 

in all orders" from the beginning. 

• This lemma shows that although transitivity of ~ is not automatic for oo-precategories, it 

is indeed consistent with (weak) associativity, the unit law, and compatibility of ~ with 

composites. • 

Definition 1.1.3. An co-precategory L with relation ~ as above is called a (weak) oo-

category iff 

• ~ is transitive: a ~ / 3 ~ 7 = £ > a ~ 7 , 

• ~ is compatible with all composites: ( / ~ g) & (h ~ k) =>• ( / on h) ~ (g on k) (when they are 

defined), 

• horizontal composites preserve properties (l)-(2) and weakly preserve properties (3)-(4) of 

oo-precategories in the following sense: 

(1) grading de0L(O|O//)(/io,o<,a» (/,#)) = degL ( o- | 0-)(/) = degL^a,){g) 

(2) Ha,a',a"(df,dg) = dMo,a',o"(/,fl), y"a,a',a" ( c / , Cg) = C/ia,a ',a» (/ , g) 

(3) Ha,a',a"(ef,eg) ~ e/io,o>»(/,fl0 
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(4) fta,a',a" ( / °fc f',9°k 91) ~ f*a,a',a"(f,g) °k /"o,a',o"(/',g') ("interchange law") 

• each Ofc, fc € N, is weakly associative: ( / o*. g) ok h ~ / ofc (g ofc ft) (for composable elements), 

• The weak unit law holds: ekckf ok f ~ / , / ofc e
kdkf ~ / (when all operations are defined). 

• 

Remarks. 

I t is instructive to see what goes wrong if we attempt to consider a bicategory as an instance of 

this definition. One would think that we could obtain an example by defining ~ on 1-cells as 

isomorphism of 1-cells and as equality for 2-cells. However, the problem lies in the horizontal 

composition of 2-cells which would be required to be strictly associative, whereas in general 

the horizontal composite of 2-cells is not. In particular, one horizontal composite might be 

/ <8> (g ® h) whereas the other might be ( / <g> g) <g> h. 

• By lemma 1.1.1, for n-categories, the transitivity condition on ~ follows from the others. 

• Hom-sets in an oo-category L are oo-categories themselves, and horizontal composites * : 

L(b,c) x L(a,b) —> L(a,c), are oo-functors. 

• Since strict functors preserve the equivalences ~ for categories in which horizontal composites 

preserve identity and composites strictly, the compatibility condition on ~ with composites 

holds automatically. • 

A category is called strict if the associativity and unit laws hold for elements (not just for ~ -

equivalence classes) and horizontal composites preserve identities and composites strictly. Note 

that ~ still makes sense for strict categories. 

Proposition 1.1.1. In a strict oo-category L, arrows of degree n (i.e., Ln) form a 1-category 

with objects L°, arrows Ln, domain function dn, codomain function cn. Observe that d, c : Ln —> 

Ln~l are 1-functors. • 

Lemma 1.1.2. 
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• In the strict oo-category L ek(f on g) = ekf on+k ekg (when either side is defined). 

• ~ is preserved under ~ , i.e., if a —^—> a' is an equivalence with a' > a , its quasiinverse 

f & 
(i.e. ea ~ g o / ; ea' ~ / o g), and if / ' ~ / itften (/ is quasiinverse of f as well. 

f 
• A quasiinverse is determined up to ~ , i.e. i/ o ^ s & and g' oj / ~ ea ~ g oj / onii 

9' 

/ ox g' ~ eo ~ / oj g iften 3' ~ 3. 

• AW n + 1 composites in End(e n a) := L°(ena, ena), n > 0 coincide up to equivalence ~ . 

P R O O F . 

• Assume / , g € L m , m> n. Then f ong = /V"g,c"g,c"/(/, s), which preserves e. 

• e a ~ j o / ~ j o / ' , e a ' ~ / o 5 ~ / ' o f i . 

• 5' = 5' °i e& ~ g' 01 / Oi g ~ a ox / 0 l 5 ~ # oj eb = g. 

• f°n+ig = /io,a,a(/,ff) ~ Va,a,a{f °k en+1a, en+1a ok g) ~ Ha,a,a(f, en+1a) Ok Al a , a , 0 (e n + 1 a , 3) ~ 

/ofcff, 1 < & < n + 1. D 

Definition 1.1.4. An arrow (/ : a —> a') G L°(a,a'), deg(a) = deg{a!) = m > 0, is called 

• monic if Vg, h : z —> a if / oj o ~ / oj ft then g ~ ft 

• epic if Vg', ft' : a' —> w if g' oj / ~ ft' oj / then 5' ~ ft' 

• an equivalence if there exists f : a' —> a such that ed/ ~ / ' oj / and ed/' ~ / oj / ' D 

Proposition 1.1.2. .For composable arrows 

• If fi9 are monies then f 01 g is monic. If f °i g is monic then g is monic 

• If Si9 are epics then f oj g is epic. If f °i g is epic then f is epic 

• If fi9 are equivalences then f 01 g is an equivalence • 

P ropos i t ion 1.1.3. ylW arrows representing equivalence a ~ 6 are equivalences. • 

Definition 1.1.5. An oo-functor F : L —> L' is a function which strictly preserves the 
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following properties (l)-(2) of precategories: 

(1) if a € Ln then F(a) € L'n 

(2) F{da) = dF{a),F(ca) = cF(a) 

and weakly preserves the following properties (3)-(4): 

(3) F(ea) ~ eF(a) 

(4) F(a ok b) ~ F(a) ok F(b) D 

Remark. 

• We do not require the functor F to preserve equivalences ~ because it is not automatic and 

can be too restrictive. However, the functors preserving ~ are very important (e.g., see point 

1.2). 

• The inverse map F' for a bijective weak functor F is not a functor, in general. If F preserves 

~ then to say the inverse map F' is a (weak) functor is equivalent to saying F' preserves ~ . 

The inverse of a strict functor is always a strict functor. • 

Lemma 1.1.3. 

• Strict functors preserve equivalences ~ . 

• If functor F : L —> L' is such that each restriction on hom-sets Fa,b '• I>(a, b) —•> L'(F(a), F(b)), 

a, b € L°, preserves equivalences ~ , then F preserves equivalences ~ . 

• If F : L-* V is an embedding (injective map) such that Ma, b € L° Fa,b '• L(a, b) —> L'(F(a) ,F(b)) 
Fl 

is a strict isomorphism and inverse F1 to codomain restriction of F : L > Irn(F)<-- > L' 

is a functor, then F reflects ~ . 

P R O O F . 

• Each arrow presenting a given equivalence x ~ y is between a domain and a codomain which 

are constructed in a certain way only by composites and identity operations from arrows of 

smaller degree presenting the given equivalence and from elements x and y. A strict functor 
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keeps the structure of the domains and codomains of arrows presenting the equivalence x ~ y. 

So, the image of arrows presenting an equivalence x ~ y will be a family of arrows presenting 

an equivalence F(x) ~ F(y). 
f 

• For arrows of degree > 0 equivalences are preserved by assumption. Let a ^JZ^ b , a, b e L°, 
a 

be an equivalence for objects in L, i.e. ea ~ g o\ f, eb ~ / o\ g. Then there are two 
Hf) 

opposite arrows F(a) F(b) . By assumption, F(ea) ~ F(goi / ) , F(efe) ~ F(foi g). So, 

eF(a) ~ F(ea) ~ F ( s oj / ) ~ F(ff) ox F ( / ) and eF(b) ~ F(e&) ~ F ( / oj fl) ~ F ( / ) ox F(g). 
F(f) 

Therefore, F(a) Z F(b) is an equivalence. 

F(g) 

• The inverse of a strict isomorphism is a strict isomorphism, i.e. preserves equivalences. So, 

F' is a functor which preserves equivalences in all hom-sets and, consequently, preserves all 

equivalences. Preservation of equivalences for F' is exactly reflection of equivalences for F. D 

Lemma 1.1.4. 

• x = y iff ex ~ ey [in particular, = is definable via ~ /. 

• Functors preserving ~ strictly preserve all composites ok, k> 1. 

• Functors weakly preserving e2 strictly preserve e, i.e. e2F(a) ~ F(e2a) => eF(a) = F(ea). 

• Quasiequal functors (i.e. F ( / n ) ~ G(fn) for all fn £ Ln, n>0) are equal. 

P R O O F . 

• x = y => ex = ey =4- ex ~ ey. Conversely, ex ~ ey =$• dex = dey => a; = y. 

• Sufficient to prove eF(f ok g) ~ e(F(f) ok F(g)), but it holds eF(f ok g) ~ F(e(f ofc <?)) ~ 

(F preserves ~) F ( (e / ) ofc+1 (eg)) ~ F(ef) ok+1 F(eg) ~ e F ( / ) ofc+1 eF(<?) - e (F( / ) ok F(g)). 

• e2F(a) ~ F(e2a) => de2F{a) = dF{e2a) => eF(a) = F(ea). 

• Again, it is sufficient to prove e F ( / n ) ~ eG( / n ) . 

e F ( / n ) ~ F{efn) ~ (by assumption) G(e / n ) ~ eG( / n ) . • 

Corollary, co-categories in the sense of definition 1.1.3 are almost strict, namely, with strict 



20 DUALITY, MANIFOLDS, STRUCTURES 

associativity, identity, and interchange laws. 

P R O O F . Strict associativity and strict identity laws hold because, by the axioms, the functors 

L(x,y) xL(y, z) x L(z, t) -> L(x, t) : (fn,gn, hn) h-> (hn*gn)*fn and L(x,y) xL(y,z) x L(z, t) -> 

L(x,t) : (fn,gn,hn) i—> /in * (c?n * / " ) , deg(x) = deg{y) = deg(z) = deg(t), are quasiequal, 

and, respectively, functors L(x,y) —> L(x,y) : f i—» / and L(x,y) —> L(x,y) : f >—> ey * f, 

deg(x) = deg(y) (similarly for the right identity), are quasiequal. The strict interchange law 

holds because the functor L(x,y) x L(y,z) : (f,g) >-> g* f preserves ~ . • 

Definition 1.1.6. For two given functors F,G , an co-natural t r ans fo rmat ion a : F —> G 

is a function a : L° —> L x : a i—> ( F(a) > G(a) ) such that 

MF(a),F(6),G(t)(e*a(6),F(/)) ~ ^ ( a ) , G ( a ) i G ( 6 ) (G( / ) , e ' £ a (a ) ) 

for all / e Lk{a,b), k = 0 ,1 , . . . • 

a 
Definition 1.1.7. For two given functors F , G and two natural transformations F : G 

P 

an oo-modification A : a —> /3 is a function A : L° —> L 2 : a i—> ( a(a) > /3(a) ) such that 

^(<.),F(6),G(t)(e*A(6),F(/))~/iF(„ ),G(o) iG(b)(G(/),e* :A(a)) 

for all / € L fc+1(a,6), fc = 0 ,1 , . . . • 

Analogously, modifications of higher order are introduced. We call modifications 1-modifications, 

natural transformations 0-modifications. 

Definition 1.1.8. Given two functors F, G, two 0-modifications F ' G , 

—i 

two 1-modifications a\ . a§ ,..., two n — 1-modifications a™ 
- 2 • „ n - 2 

oo-n-modification a" :a™ x —» a j * is a function a" : L° —» L n + 1 

a" (a) 
a >-> ( a™ X (a) • a j X (a) ) such that 

VF(a),F(b),G(b)(ekan(b), F(f)) ~ /uF ( a ) ,G ( a ) i G ( i ) )(G(/) , e f c a T » ) 
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forall/GL f c +™(a,6),fc = 0 I l , . . . D 

Corollary. All n-rnodifications in the sense of Definition 1.1.8 are strict, i.e. all naturality 

squares commute strictly. 

P R O O F . By the conditions in Definition 1.1.8, two functors a™(6) * F ( - ) : L-n(a,b) —> 

L'^n(F(a),G(b)) and G{-)*an(a) : l£n{a,b) -> L'^n(F(a),G(b)) are quasiequal and, so, equal. 

D 

Definition 1.1.9. oo-CAT is an oo-category consisting of 

• A graded set C = \J Cn, where C° are categories, C1 functors, C™ (n — 2)-modifications 
n>0 

• if an : a ? " 1 -> a*'1 G C n then dan = a™"1, c a " = a^"1 

• ea™ £ C " + 1 is the map L° - • L ' ( n + 1 ) : a >-> e(an(a)) 

• for given two n-modifications a", a j s u c h that dka\ = ckoQ 

a-n0 an ._ f a -> K ( « ) °* "2 («)) if fc < « + 2 

The first composite works when a", ag £ oo-CAT(L, L'), the second when a" 6 oo-CAT(L', L") 

a f G oo-CAT(L, L'), where L, U, L" are categories. • 

Lemma 1.1.5. In oo-CAT there are two ways of taking horizontal composites (and they are 

equal): an * /?" := anF' on+1 G/3n = G'/3n o n + 1 a " F (Wiere F := dn+1(3n, F' ~ cn+1/3n, 

G := dn+lan, G' := cn+lan). 

GIF{af'S^h'F>{a) 

PROOF follows from the naturality square for an a"(F(a)) a'-(F'(a)) D 

GFia) >GF'(a) 

Proposition 1.1.4. Categories, functors, natural transformations, modifications, etc. form 

the oo-category oo-CAT of oo-categories. • 

PROOF is similar to that for 2-CAT. 
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• Horizontal composites preserve grading (obvious). 

• d, c, e are preserved for a similar reason, e.g., take d: (dan) * (df3n)(a) := (dan)(F'(a)) on 

G(d/T (a)) = d(an(F'(a))) on d(G(/3n(a))) = d(an(F'(a)) o n + 1 G(/3n(a))) = d((an * /3»)(o)) = 

(d(an */3n))(o) (where F ' := c n + 1 /T , G := dn+1an). 
F G 

• (interchange law) L F L' ° L" Qw condition dkSn = 0*7™, dk(3n = ckan, k < n + 2, 

F"> G'" 

all F's and G's are functors) 

03" ofc a") * {Sn ok 7»)(a) := (/?" ofc a " ) ( F ' » ) o n + 1 G((<&" ofc 7«)(a)) = ( /3™(F '» ) ofc 

a"(F'"(a))) o n + 1 (G(<5"(a)) o, G(7»(a))) = 

' ( W » ) o n + 1 G ( < 5 » ) ) o* (a»(F'"(o)) o n + 1 G ( 7 » ) ) = (*) 

( F " » ) o n + 1 (an(F'"(a)) on+l G ( < 5 » ) ) o n + 1 G ( 7 » ) = (**) 

•(*) = ((/3n * 5n) ofc (a™ * 7™))(a) if fc < n + 1 (in this case G=G",G' = G"', F = F", F' = F'") 

.(**) = /T(F'"(a)) o n + 1 (G'(5"(a)) o n + 1 an(F"{a))) o n + 1 G ( 7 » ) = (**) 

(**) = ((/?"* <5n) o„ + 1 (an * 7
n ) ) (a ) if fc = n + 1 (in this case F' = F", G' = G") 

• The associativity law for vertical composites and the identity law hold essentially because 

of the componentwise definition of vertical composites. The associativity law for horizontal 

composites is due to the interchange law and lemma 1.1.5. • 

Definition 1.1.10. A category L is called an oo-n-category if Lj+1 — e(Lj) for j >n. • 

A quotient L/ ~ is not a category in general since ~ is not compatible with e. However, 

if we take the quotient only on a fixed level n and make all higher arrows identities we get 

oo-n-category Lr-n>, n-th approximation of L. Generally there are no functors £,(")<- > L , 

L » L(") (except for the last surjection if L is a weak oo-(n + l)-category and all (n + 1)-
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arrows are isomorphisms's). 

1.1.a. Weak categories, functors, natural transformations, modifications. 

As we saw above, using a weak language (substituting ~ for =) does not give a weak category 

theory. The only advantage was that we could deal with ~ instead of =, which is important 

for the classification problem (that still makes sense for strict oo-categories). All known defini­

tions of weak categories [C-L, Lei, Koc] are nonelementary (at least, they use functors, natural 

transformations, operads, monads just for the very definition). Probably, this is a fundamental 

feature of weak categories. To introduce them we also need the whole universe oo-PreCat of 

oo-precategories. 

Definition l . l . a . l . oo-PreCat consists of 

• oo-precategories (definition 1.1.1) together with ^-relation in each [~ may be not transitive], 

• co-functors (definition is like 1.1.5 for oo-categories), i.e. functions F : L —> L' of degree 0 

preserving d and c strictly, and e and ok, k > 1, weakly, 

• lax oo-n-modifications, n > 0, i.e. total maps an : L —> V (with variable degree on different 

elements, but < n + 1, more precisely, the induced map N —• N : deg(x) >—> (deg(an(x)) — 

deg(x)) is an antimonotone map, decreasing by 1 at each step from n + 1 at deg(x) = 0 to 

1 at deg(x) = n and remaining constant 1 after) being denned for a given sequence of two 

functors F,G : L —> L', two 0-modifications (natural transformations) a\, a§ : F —> G, ..., two 

(n — 1 ̂ modifications a ™ - 1 , ^ - 1 : a™~2 —> a^~2 as a" := 
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' (a"(a;) : af-^x) ~> ^~\x)) e L'n(F{x),G(x)) x € L° 

an{x) := an(en+1-kx) e L'n+1(F{dkx),G{ckx)) x € Lk 

0</c<n+l 

(an(x) : cn"(c"+1x) o n + 1 F{x) -> G(x) o n + 1 a n (d n + 1 x) ) e i £ Ln+1 

E L'n+1(F(dn+1x),G(cn+1x)) 

(a"(x) : an(cx) oj (ean(c"+ 2x) o„+ 2 F(x)) -> i £ L n + 2 

(G(x) o n + 2 ean(dn+2x)) ot an{dx)) e L'"+2(.F(cP+ 2x),G(cn + 2x)) 

a"(x) : an(cx) oj (ean(c2x) o2 (e 2 a n (c n + 3 x) o n + 3 F(x))) -> x € L™+3 

((G(x) o n + 3 e2an(dn+3x)) o2 ean(d2x)) oj an(dx) £ L'n+3{F(dn+3x),G(cn+3x)) 

an(x) : x £ Ln+m 

an(cx) oj • • • om_ 2 (em-2Q™(c" l-1x) om_j (e m - 1 a n (c n + m a ; ) o „ + m F(x) ) . . . ) - > 

m—1 

(.. . (G(x) o n + m e" ' - 1 a"( ( f+ ' " i ) ) o m _! e m - 2 a " ( d m - 1 x ) ) om_ 2 • • • oj an{dx) G 

771 — 1 

S l / n + m ( F ( d n + m a : ) , G(c n + mx)) 

da" := a™-1, ca™ : = a j - 1 [(da")(x) ^ d(a"(x)), (ca")(a;) / c(a"(a;)) if degix) > 0]. D 

Remarks. 

• oo-n-modifications look terrible but they are the weakest form of naturality (infinite sequences 

of naturality squares arising by considering naturality squares given by equations e\ (x) ~ e2 (x) 

which express ^-naturality in x. This leads to an infinite sequence of naturality squares). To 

deal with such entities a kind of operad is needed. 

• To give an n-modification an is the same as to give a map an \ : L° —> L' of degree n + 1 
L° 

and Va,6 € L° a natural transformation i^J : an(b) * F(-) -» G ( - ) * an(a) : L^n(a,b) -> 

L'^n(F(a), G{b)), where F = dn+1an, G = cn+1an. 

• When an(x), deg(x) > 0, are all identities (of the required types) oo-n-modifications are 

called strict. They are the usual modifications and composable as in definition 1.1.9 when 

the universe oo-CAT is strict (in that case strict modifications are weak as well). In a weak 

universe oo-CAT strict modifications need not to be weak (i.e. to be modifications at all). 

• oo-PreCAT is not an oo-precategory itself because there are no identities and composites 
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for weak n-modifications. The problem here with identities and composites is not clear, for 

example if they exist at all without making either naturality condition or oo-categories stricter. 

• In general, these two sides "categories and functors" and "n-modifications" form a strange 

pair. If we weaken one of these sides, the other one becomes stricter (under condition that 

oo-CAT is a (let it be very weak) category). So, the following hypothesis holds: 

There is no oo-CAT with simultaneously weak categories, functors, and n-modification. 

For example, if we want weak modifications and want them to be composable we need to 

introduce several axioms on categories, one of which is like 'Va,6 € L° and V functors F,G : 

L^> V if 3 natural transformations a : / i * - F ( - ) -*G(-)*g1 : L^n{a,b) -> L'^n(F{a),G(b)) 

and/3 : f2*F(-) - > G ( - ) * f f 2 : L^n{a,b) -> L'^n(F(a),G(b)) and n + 1-cells fi, f2 andgug2 

are oj.-composable then 3 a natural transformation (k-composite) 7 : (fi°kf2)*F(—) —> G(—)* 

(ffi °k g2) '• L-n(a,b) —• L -n(F(a),G(b))'. But such axioms make very special categories. 

From the other side, if we want categories to be weak we need to make stricter (maybe, 

strict) n-modifications in order that they would be composable. The problem is in existence 

of composites (and units) for weak n-modifications. 

• Instead of lax n-modifications we could use modifications with an(x) being ~ for deg(x) > 0 

in V. In both cases in order to make horizontal composites (at least, F * an := F OSET <*") 

we need functors preserving composites (or composites and ~ ) , i.e. 'weak modifications' => 

'strict functors'. 

• If the above hypothesis was true it would be nice, e.g. a universe where 00-Top lives would 

contain only strict n-modifications. • 

Definition 1.1.a.2. A weak oo-category L is an oo-precategory (see definition 1.1.1) such 

that all composites below are well-defined. 

• ~ is transitive x^y^z=$-x^z, 
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• horizontal composites * strictly preserve properties (l)-(2) of precategories 

(1) deg{x * y) = deg(x) = deg(y) if deg(x) = deg(y) (interchange law for degree) 

(2) d(x*y) = (dx) * (dy), c(x*y) = (ex) * (cy) if deg{x) = deg(y) (interchange law for domain 

and codomain) 

and weakly preserve properties (3)-(4) of precategories 

(3) e(x * y) ~ [ex) * (ey) if deg(x) = deg(y) (interchange law for identity) 

(4) (x ok y) * (z ok t) ~ (x * z) ok (y * t) if deg(x) = deg(y) = deg(z) = deg(t) (interchange law 

for composites) [ok has smaller 'deepness' k than the given * = on , n > k], 

• (weak associativity) 

Vx,y,z,t € Ln for two functors lx,y,z,t '• L(x,y)xL(y,z)xL(z,t) —> L(x,t) : (f,g, h) \—> (h*g)*f 

and rXiViZit '• L(x,y)xL(y,z)xL(z,t) —» L(x,t) : (f,g,h) >—> h*(g*f) 3 natural transformation 

®-x,y,z,t • ^x,T/,2,i * Tx,y,z,t> 

• (weak unit) 

Vx,y £ Ln and functors v!x : L(x,y) —> L(x,y) : f i—> ey * / and ur
x : L(x,y) —> L(x,y) : 

f i—> f * ea: 3 natural transformations el „ : u l „ —* Id and e!l,, : Id —> i£ ... D 

Remarks. 

• We do not introduce a universe oo-CAT with weak categories, functors and n-modifications 

because there are no (at least, obvious) units and composites for n-modifications (however, 

identity natural transformations exist if only the vertical composites of natural transformations 

are defined, for if F : L —> V is a functor take (eF)(a) := e(F(a)), a £ L° and by the weak unit 

law Va,6 6 L° 3 a natural transformation va<h : e(F(b))*F(-) -> F(-)*e(F(a)) : L-°(a,b) —> 

L'*°(F(a), F(b)), take i/a,b := « ( a ) > F ( 6 ) oi ^ ' ( o ) i F ( 6 ) ) * F := (^a),F(b) °i eF(a),*w) ° S E T ^ 

The problem is what are the weakest conditions on categories, functors and n-modifications 

in order that they form a category. Maybe there are several independent such conditions and, 
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so, several categories oo-CAT with weakest entities. 

• To keep a usual form of (weak) associativity and (weak) unit we could introduce relations ~ 
k 

for elements of images of two functors F,G : L —> L' connected by a natural transformation 

a : F —> G, namely, x ~ y if 3 z e Lk such that x — F(z), y = G(z). These relations are 
k 

not reflexive, symmetric or transitive. Then we could write associativity and unit laws as 

(xoky)okz ~ x ok (y ok z) and ekckx ok x ~ x, x ~ xoke
kdkx. Under assumption that 

k — 1 k — 1 fc—1 

composites and units exist in an oo-CAT we could choose more sensible piece of oo-CAT 

with categories in which ~ = ~ and all ~ are symmetric and transitive by the requirement 
0 k 

that aXtyiZtt, il
x y, eXu are equivalences. D 

Examples 

1. 2-Top is a strict oo-2-category with 2-cells, as homotopy classes of homotopies, and just 

identities in higher order ( ~ on the level of objects means homotopy equivalence of spaces, on 

the level of 1-arrows homotopies of maps, and on the level > 2 coincidence). 2-Cat is similar. 

2. It is widely believed that oo-Top is a (weak) oo-category with homotopies between homotopies 

as higher order cells. It is hoped that this notion of (weak) oo-category (as above) will be useful 

in clarifying this issue. Assuming this, we can give two further examples, as follows. 

3. oo-Diff is an oo-category of differentiable manifolds in the same way as oo-Top. 

4. co-TopALg is an oo-category of topological algebras in the same way as oo-Top where each 

instance of homotopy is a homomorphism of topological algebras. 

5. oo-Compl is an oo-category of (co)chain complexes with (algebraic) homotopies for homo­

topies as higher order cells (see [Lei] ). 

6. For a 1-category A, Aequiv is a strict oo-2-category such that A°uiv = A0, A\quiv = I f € 
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3H • > • 3H 

A f } , A\quiv = jisomorphisms's | V/, g € ^ g u i „ 3! / —^-> S iff / U } 

- > • ->• • 
AequiV contains all equivariant maps / : X —> Y with respect to a group homomorphism 

p : Aut(X) - • Aut (y ) . 

7. The (weak) covariant oo-Hom-functor L(a,—) : L —> oo-CAT : 

b^L(a,b) beL° 

( / : b - 6') -> (L(o, / ) : 5 - Me*/,$)) / € L°(b,V), g € L*(a,6) 

(a : / — » / ' ) i—> (L(a, a) : a: >—> p(a, ea:) a € Ll(b,b'), x € L°(a,b) 

(5:a^a')^ (L(a, S) : x ^ fj,(S, e2x)) S € L2(b, b'), xe L°(a, b) 

(a™ : a(
x

n_1) -> c4"_ 1 )) >-> ( i ( a , a n ) : a; >-> p(an ,ena;)) a n £ Ln(b,b'), x e L°(a,6) 

8. The opposite category Lo p is an oo-category such that 

• [L°P)n = Ln,n>0 

d(an) if n > 2 

c(an) if n = 1 
d°P(an) c°P(an) = 

• e"'' = e 

/?" o°p a" 
/3"o f ca" if a n , / 3 " € L n , fc<n 

c(an) if n > 2 

d(an) if n = 1 

(for composable elements) 
an ok f3

n if an,j3n e L", fc = n 

9. The (weak) contravariant oo-Hom-functor L(—,b) : Lo p —> oo-CAT : 

' a i—> L(a,b) 

(f-.a^a^^iLif^-.g^nig^f)) 
(a : / - > / ' ) i-> (L(a, b) : a; H-> /t(ex, a) 

(5 : a —> a') i-> (L(<5,6) : re i—> /i(e2x, 6)) 

n ( f t - 1 ) (™~1) 

a€L° 

f&L°(a,a'), geLk(a',b) 

a e L ^ a X ) , a; £ L°(a',b) 

6eL2{a,a'), x£L°(a',b) 

an -.aX1'1' - * a ; " " > (L(an,&) : x >-> /x(enx, a")) an £ Ln(a,a'), xeL°(a',b) 

10. The Yoneda embedding Y : L -> oo-CAT'" ' : a .-+ L ( - , a ) , a E L, where L is an 

oo-category. 

11. Set is simultaneously an object and a full subcategory of oo-CAT. 
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12. A (big) set L^ := ]J L™ , where L™ are defined recursively as L^ := L° and L™ are all equiv-
n>0 

alences from Ln with domain and codomain in L™-1, is a subcategory of L. Similarly, Lk~ '•= 

f Ln n<k 
LI L?, k>0, where L? := I , ~ , 

„>o ' I equivalences from Ln with dom and codom in Lknj n> k 

is a subcategory of L. From this point L^ = Lo~. Such categories are most important for the 

classification problem (up to ~ ) . Sometimes, 'invariants' can be constructed only for L~ (see 

point 1.2.1). 

13. Higher order concepts can simplify proof of first order facts. E.g., each strict 2-functor 

$ : 2-CAT —> 2-CAT, where 2-CAT is the usual strict category of categories, functors, and 
/ f sG o G-q = 1 G 

natural transformations, preserves adjunction indeed, triangle identities < 
\ y Feo-qF =lf 

$(e)*(G)o$(G)$( j j ) = l* ( 0) 
are respected by $ 

results. 

* (F )$ (e )o$ ( j j )* (F ) = l* (F) 
It gives short proofs of the following 

a) Right adjoints preserve limits (left adjoints preserve colimits). 

G1 

A 1 - j • B 1 

/ T \ 
P R O O F . 

where ( - ) 1 = 2-CAT(I, - ) : 2-CAT -> 2-CAT is a hom-2-functor. 

Now, G ' o A = A o G (obvious). Taking right adjoints of both sides completes the proof 

lira o F1 ~ F o lim (for colimits the same argument works F 1 o A = A o F =$• colim o G ' ~ 

Gocolim). D 

b) Each 1-Cat-valued presheaf admits a sheafification (1-Cat is a category of small categories 

and functors between them). 

P R O O F . 1-Cat-valued presheaf on C is the same as an internal category object in S e t c . 

There is an adjoint situation Sh(C)< > Set c°P i n L E X > w n e r e L E X ^ 2-CAT is a 

2-category of finitely complete categories, functors preserving finite limits, and (arbitrary) 
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natural transformations. There is a 2-functor CAT(—) : LEX —> 2-CAT assigning to each 

category in LEX the category of its internal category objects and to each functor and natural 

transformation the induced ones. Then 3 an adjunction CAT(Sh(C)) • C A T ( S e t c P) 

which means that each 1-Cat-valued presheaf can be sheafified by the top curved arrow. • 

We introduce the following intuition to help the reader understand our approach. 

In spite of its complicated structure, each co-category and even oo-CAT itself, has a regular 

structure which is repeated for certain arbitrary small pieces. Such pieces are, of course, the 

hom-sets L(a,b) which inherit all properties (l)-(4), associativity and identity laws, and each 

piece of which still has the same structure. In particular, L{a,b){c,<£) = L(c,d). An oo-functor 

restricted to such a piece is again an oo-functor. Moreover, each oo-category can be regarded as 

a hom-set of a little bit bigger category if we formally attach two distinct elements a,f3 e L~l 

with their identities of higher order en(a), en(f3), n>\ (such that d(L°) = a, c(L°) = /? and 

composites with these identities of other elements hold strictly). Other natural pieces of L which 

inherit all properties and are oo-categories are L-n, L>n(a, b) (elements of degree not lower than 

n). 

1.1.1. Notes on Coherence Principle. 

This principle is an axiom to deal with the equivalence relation ~ . It is not logically necessary 

for higher order category theory itself. There can be categories in which it does not hold. 

Coherence Principle. For a given set of cells {a;}/ and a given set of base equivalences 

{tj{{a,i}i) ~ Sj({ai}i)}j for any two constructions Fi({aj}j) and ^({a*}/) and any two derived 

equivalences ef : F I ( { O J } / ) ~ ^ ( { ^ i } / ) , i = 1,2 there are derived equivalences e^ : e\ ~ e\, 

m £ M1, such that for any two of them ej^ , el
m^ there are derived equivalences e^, : el

mi ~ s ^ , 

m e M2 again such that for any pair of them s2
ni, e^2 there are derived equivalences of higher 

order, etc. • 
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Here constructions mean application of composites, functors, natural transformations,., to 

{ai}j. Derived equivalences mean equivalences obtained from base ones by virtue of the categor­

ical axioms. 

1.2. (m, n)-invariants 

Definition 1.2.1. 

• Equivalence xk ~ yk, xk,yk € Lk, k > 0, is called of degree I, deg(~) := /, I > 0, if all 

arrows representing it (starting from order k + I + 1 and higher) are identities and for I > 0 

there is at least one nonidentity arrow on level k +1. If there is no such I 6 N, deg(~) :— oo. 

Denote ~ of degree / by ~;. 

• A pair of equivalent elements xk ~ yk, k > 0, is called of degree I, deg(xk ~ yk) := I, I > 0, 

if the lowest degree of equivalences existing between xk and yk is I. 

• An co-category L is called of degree 1, deg(L) = I, I > 0, if for any pair of equivalent 

objects a ~ o', a, a' € L°, there exists an equivalence a ~£ a' of degree k < I and there exists 

at least one pair of equivalent objects from L of degree I. 

• A Functor F : L —» L' is called (m,n)-invariant if F preserves equivalences ~ , m = deg(L), 

0 < n < deg(L') and F maps every pair of equivalent objects of degree < m to a pair of 

equivalent objects of degree < n, i.e. deg(a ~ a') < m. => deg(F(a) ~ F(a')) < n, and 

boundary n is actually achieved on a pair of equivalent objects of L. • 

Remarks. 

• (m, n)-invariants are important for the classification problem (up to ~ ) . If n < m an (m, n)-

invariant decreases complexity of the equivalence relation, i.e. partially resolves it. 

• There can be trivial invariants which do not distinguish anything and do not carry any infor­

mation such as constant functors c : L —> L' (although they are (deg(L),0)-invariants). 

• 
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Examples 

1. deg(ea) = 0; deg(f : a > a') = 1; deg(Set) = 1; deg(oo-Top) = 2; deg(oo-CAT) = 
isomorphisms 

oo(?). 

2. Homology and cohomology functors H,,H* : oo-Top —> A b (trivially extended over higher 

order cells) are (2, l)-invariants. 

3. 7r^/~: L{^ —> Grp is an (oo, l)-invariant (see proposition 1.2.1.2). 

4. Let X be a smooth manifold with Lie group action p : G x X -^ X, L b e a category with L°, 

the set of submanifolds of X, Ll{a,b) := {(a,g,b) € L° x G x L°\p(g,a) = b}, Ln := eLn~l 

f o r n > 2, V be a category with L'° :=C°°{X,R) (smooth functions), L!l{f,h) :={{f,g,h) € 

L'° x G x L'° I / o p(p _ 1 , - ) = ft}, L'n := eL'n~l for n > 2. If F : L -^ V is a construction 

(functor) assigning invariant functions to objects from L then F is a (l,0)-invariant. 

5. Each equivalence L —> V is (deg(L), deg(L'))-mvana,nt with deg(L) — deg(L'). 

1.2.1. Homotopy groups associated to oo-categories. 

Let L be an oo-category in which * strictly preserves e and ~ (i.e. * is a strict functor). Denote 

by eqL := {/ G L \ 3g. edf ~ p °i / , edg ~ f °i g} the subset of equivalences of the oo-category 

L. It may not be a category (because it is not closed under d,c, in general). 

Definition 1.2.1.1. Assume, L(I, - ) : L -* oo-CAT, x G L°(I, a). Then 7r^(a, x) : = 

(L°(I,a),x) i fn=0 

A u t i ( , ) 0 ) ( e " - 1 i ) := eqL(I,a)(en-1x,en-1x)n(L(I,a))°(en-lx,en-1x) = 

= eqL(en-1x,en-lx)nLn+1 if n > 0 

are (weak) homotopy groups of object a at point x with representing object I £ L°. • 

7To(a,2:) or Tv^{a,,x)/ ~ are just pointed sets, w^(a,x)/ ~ , n > 0 are strict groups. 

Remarks. 
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• If L = oo-Top, 7 = 1 then n^(X,x) - [/"/(J71-1 x 0) U (J71-1 x 1),X]. The quotient map 

(jn-i x o) u ( J n _ 1 x 1) -» Sn induces a group homomorphism ixn(X,x) —> w„(X,x). 

If L = oo-TopMan6 (the infinity category of topological manifolds with boundary as ob­

jects, and homotopies relative to the boundary as higher order cells), 1 = 1 then TT„(X,X) = 

[In/(In-1 x 0) U (I71-1 x l),X]re\(dIn) = [Sn,X] = irn{X,x) (i.e. formal homotopy groups 

coincide with the usual ones). 

• In the case when functors 7f* are representable (by certain cogroup objects 5") we call the 

representing objects Sf (formal) spheres. It makes sense to define (as usual) 7f* (a) := [S™, a], 

but these two definitions will not always be equivalent. The first one is more internal, and the 

only external parameter is / . 

• Any oo-functor F : L —> L', preserving ~ , induces (weak) group homomorphisms F^a : 

^i(a) ~* ^^{Fa). So, for example, every oo-equivalence between full subcategories of 

oo-TopMan6 , preserving the homotopy type of 1, will preserve the (usual) homotopy groups. 

• 

Definition 1.2.1.2. For a map / : a —> b such that / o x = y, x £ L°(I,a), y £ L°(I,b) 

the induced map /* = ^n(f) '• ^n(o,,x) —> 7r^(b,y) is determined by restriction of the functor 

L(I,f): 

( L°(I,a)-*L°(I,b):x'^>fo1x' if n = 0 

I Aut i ( j ] 0 ) (e r l - 1a;) -» Autalb)(e
n-1y) : g ^ f*i,a,b(eT''Jr> flO i f n > ° 

D 

Remark. To be correctly defined, induced maps fr£(/) for n > 1 need commutativity of * 

with e. The first two "groups" 7fg(a, x),ir[(a,x) always make sense and depend functorially on 

objects. • 

Proposition 1.2.1.1 (homotopy invariance of homotopy groups). If x : I —» o, / ~ 
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/ ' £ L°(a,b) such that f oj x ~ / ' oj x is a trivial equivalence (all arrows for ~ are identities) 

then * £ ( / ) / ~ = 7r i ( / ' ) / ~ = *£(<*, * ) / > *»(&. / ° * ) / ~ • 

PROOF is immediate. D 

Proposition 1.2.1.2. f r^ /~: L*^ —> Grp is an (oo, l)-invariant, where L\^ := ]J £*", 
n>0 

L*™ (pointed objects and maps) n = 0,1 

equivalences from Ln with dom and codom in L\" n > 1 

PROOF. The partial functor 7f£/~: L^TJL* 1 —> Grp is trivially extendable starting from 

equivalences on level 2 (because of proposition 1.2.1.1). • 

Example (Fundamental Group) 

Let 2-Top be the usual Top with homotopy classes of homotopies as 2-cells. Define the 

fundamental groupoid 2-functor as the representable n(—) := Hom2.T0p{i, —) '• 2-Top —> 

2-Cat : 

X —^ H(X) Ob (Il(X)) are its points, Ar (II(X)) are homotopy classes of paths 

x i-» f(x) 

[7] M [ / ° 7 ] 
(X —> Y) 1—»Il(/) transformation of fundamental groupoids, n ( / ) : < 

(/ - ^ / ' ) - U([H]) nat. trans. I1([F]) = {[H]*ix} : Hom2.Top(l, f) - ^ Hom2.Top(l, f) 
x£X 

(where {[H] * ix} = {[H(x, —)]} are homotopy classes of paths between f{x) and f'(x) natural 
x£X X£X 

i n i € X). 

7Ti(X,a:o) := Autmjsn^o) '—* n (X) is the fundamental group of the space X at point XQ € X, 

iri((X,xQ) -A (y,2/0)) := Autn(x)(a;o) > Autn(y)(j/o)-

Proposition 1.2.1.3. 

. / / [H] : f ^ / ' : X -> y is a 2-ce« in 2-Top tfeen 7n(/')([7]) = [H(x0, - ) ] o 7n(/)([7]) o 

[ ^ ( x o , - ) ] - 1 /or aZZ [7] G T T ^ X , ^ ) . 

• /n £/ie case [H] : / — » / ' : (X, £0) —> (y, yo) *« « pointed 2-cell (\H(XQ, —)] = 1/(E0) : /(#o) —> 

/(so) = / ' ( s o ) ; ^ e n Ti( / ) = 7ri(/'). 
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[H(x0,-)] ,. . 
fM ^ ^ I'M 

P R O O F follows from the naturality square n(/)([7]) n(/')(H) 

f(x0) ——• f'(xo) n 

1.3. Representable oo-functors 

Definition 1.3.1. oo-categories L and L' are equivalent if L ~ L' in oo-CAT. D 

F 
If equivalence L ~ L' is given by functors L Z L' then Va £ L° a ~ G o •P1(a)i V6 G L ° 

G 
t ~ F o G(6) naturally in a and 6. 

Definition 1.3.2. oo-functor F : L —> L' is (weakly) 

• faithful if Va,a' 6 L° V / n , 5
n 6 L"(a,a') F ( / n ) ~ F ( 5

n ) =» / n ~ gn, 

• full if Va,a' € L° V/in G L'"(F(a) ,F(a ' ) ) 3/™ G L n (a ,a ' ) such that F(fn) ~ / in , 

• surjective on objects if V6 G L ° 3a G L° such that F(a) ~ 6. D 

Unlike first order equivalence, there is no simple criterion of higher order equivalence. 

Proposition 1.3.1. If the functor L—^—> L' is an equivalence then F is (weakly) faithful, 

full and surjective on objects. 

P R O O F . "=>" Regard the diagram (where G is a quasiinverse of F) 

where: / " G L n (a ,o ' ) , e > a G Ln(a, G(F(a))), en<9a G Ln(G(F(a)),a), n > 0. 

Take / n , 5
n : a - • a' G Ln(a,a') such that F ( / n ) ~ F{gn). Then / " ~ en9a> o„ + 1 

G(F(fn)) o n + 1 e > „ ~ en0o/ o n + 1 G(F(fl™)) o n + 1 e > 0 ~ g", i.e., F is faithful (G is faithful 

by symmetry). 
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Take an : F(a) -> F(o') G Z/"(F(a) ,F(a ' ) ) . Then /J™ := en6a, o n + 1 G(a n ) o n + 1 e > Q : a -> 

a' G Ln(a,a') is such that G(F (/?")) ~ G(an). So, F(/3n) ~ an because G is faithful. Therefore, 

F is full (G is full by symmetry). 

F and G are obviously surjective on objects. • 

R e m a r k . The inverse direction " <=" for the above proposition works only partially. Namely, 
Pb 

for each b G L'0 choose G(b) 6 L° and equivalence 6 ̂ ^ ~ F(G(b)) (which is possi-

eb 

ble since F is surjective on objects), moreover, if b = F(a) choose G(b) = a, pi, = eb, 9b = 

e(F(G(6))) = eb. For each / " : b -» b' G L'n(b,b') choose an element G ( / n ) G Ln(G{b),G(b')) 

such that en/9(,< o n + 1 / n o n + 1 e " ^ ~ F(G(fn)) (which is possible since F is fully faithful). Then 

G : V —> L is obviously a (weak) functor, o = G(F(a)) is natural in a by construction, but 

b ~ F(G(b)) is natural in 6 for only first order arrows /0{,, 0& presenting ~ . So, F should be 

somehow 'naturally surjective on objects' which does not make sense yet when the functor G is 

not defined. • 

Definition 1.3.3. An oo-functor F : L —> V is called 

• an isomorphism if it is a bijection (on sets L,L') and the inverse map is a functor, 

• a quasiisomorphism if there exists a functor G : L' —> L such that Van G Ln G(F(an)) ~ a" 

and V6n G L'n F(G{bn)) ~ 6", n > 0. D 

Proposition 1.3.2. The notions of (functor) isomorphism and quasiisomorphism coincide. 

F 
PROOF. Each isomorphism is a quasiisomorphism. Conversely, if L t . L' is a quasi-

G 

isomorphism then Van G Ln, n > 0, G{F{ean)) ~ ean. So, d(G(F(ea™))) = dean, i.e. 

G(F(dean)) = dea" and G{F(an)) = an (instead of d, c could be used). The same, V6" G Z>, 

n > 0, F(G(6n)) = 6n. D 

Denote (quasi)isomorphism (equivalence) relation by ~ . 
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Examples (isomorphic oo-categories) 

1. Assume, fn—:z—±gn are isomorphic elements of degree n (in a strict category L) then 

L(fn,fn) ~ L(gn,gn) are isomorphic co-categories. Indeed, there is an isomorphism F : 

L(fn,fn) —> L(gn,gn) : x <—> a * (x * a - 1 ) , where * means a horizontal composite. F is a 

functor. Its inverse is G : L{gn,gn) —> L(fn, f'n) : y <-* a^1 *(y*a). [For a just an equivalence, 

it is not true] 

2. oo -CAT(L( - , a ) ,F ) ~ F(a) (see below, the Yoneda Lemma). • 

Definition 1.3.4. Two n-modifications an,/3n : L —> oo-CAT, n > 0, are called quasiequiv-

alent of depth k, 0 < k < n + 1, (denote it by an «* /3n) if their corresponding components 

are quasiequivalent of depth k — 1, i.e. Va 6 L° a n (a ) «fc_i f3n{a). «o means ~ by definition. 

[In other words, a" Rsfc /3n if all their components of components on depth k are equivalent, 

i.e. an !=so /?" if they are equivalent a" ~ /3"; a" « i /3™ if their components are equivalent 

\/a £ L° an(a) ~ Pn(a); a" «2 /?" if components of all components are equivalent; etc.]. If 

an,/3n : L —* L' are proper n-modifications (living in oo-CAT) for them only «o and « i make 

sense. D 

L e m m a 1.3.1. 

• pa*, is an equivalence relation. 

• Wfcj =*• ~fc2 i/fci < A;2. 

• IfanKik/3
n then dan = d/3n, can = c/3n. 

• / / ( L i , WfcJ, (L2,~fc2) ore too oo-categories (not necessarily proper, i.e. living in 00-CATJ 

for which given equivalence relations make sense for all elements, and F : L\ —> Li, G : Li —> 

Li are maps (noi necessarily functors) such that V/i g Li G(F(li)) ft^ ^ and W2 € £2 

F(G(li)) ~fc2 ^2, a n d F, G feoift preserve d (or c) then F,G are bijections inverse to each 

other. 
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• For L,L' € Oft (oo-CAT) and a e L° the map eva : oo-CAT(L,L') -> L' : fn >-> fn(a) is a 

strict functor. [Similar statement holds when L, V are not proper, e.g. oo-CAT, but we need 

to formulate it for a bigger universe containing oo-CAT] 

P R O O F . The first two statements are obvious. The third one follows from the fact x ~ y => 

dx = dy, ex = cy and that d, c are taken componentwise. The fourth statement follows by the 

same argument as in the proof of proposition 1.3.2. The last statement holds because, again, all 

operations in oo-CAT(L, L') are taken componentwise. • 

Remark. For the proof of the Yoneda lemma, a double evaluation functor is needed. For 

two functors F,G : L —> oo-CAT take the restriction of the evaluation functor eva on the hom-

set between F and G, i.e. evaF>G : oo-CAT(L,oo-CAT)(F,G) -> oo-CAT(F(a), G{a)) : fn h-> 

fn(a), where oo-CAT is a bigger (and weaker) universe containing oo-CAT as an object. Now, 

take a second evaluation functor evx : oo-CAT(F(a), G(o)) —> G{a) : gn i—> gn(x), x € (F(a))°. 

Then the double evaluation functor is the composite evxoievaF,G • oo-CAT(L,oo-CAT)(F, G) —> 

G{a) : fn ^> fn(a)(x). It is a strict functor. • 

oo-CAT-valued functors, natural transformations and modifications live now in a bigger uni­

verse oo-CAT, and we do not yet have for them appropriate definitions. 

Definition 1.3.5. oo-CAT-valued functors, natural transformations and modifications are 

introduced in a similar way as the usual ones by changing all occurrences of ~ with (one degree 

weaker relation) ~ i , i.e. 

• a map F : L —> oo-CAT of degree 0 is a functor if F strictly preserves d and c, Fdx = 

dFx, Fax = cFx, and weakly up to f»i preserves e and composites, Fex « j eFx, F(xoky) « ; 

F(x)okF(y), 

• For a given sequence of two functors F,G : L —* oo-CAT, . . . , two (n — 1 ^modifications 

a " _ 1 , a 5 _ 1 : a™~2 —» a^~2 strict (or weak) n-rnodification a" : a""1 —> a j ^ 1 is a map 



1.3. REPRESENTABLE oo-FUNCTORS 39 

an : L° -» oo-CAT n + 1 such that Va,6 e L° an(b) * F ( - ) » ! G ( - ) * an{a) : L^n{a,b) -* 

L -n(F(a), G(b)) (components of values of functors are equivalent). • 

Definition 1.3.6. A covariant (contravariant) functor F : L —> oo-CAT is 

• weakly representable if 3a e L° such that L(a, —) ~ F (L{—,a) ~ F). It means there is 

an equivalence of two oo-categories L(a,b) ~ F(6) (L(b,a) ~ F(b)) natural in 6, 

• strictly representable if there exists a 6 L° such that L(a, —) 2; F (L(—,a) ~ F) , i.e. 

Vo G L° 3 an isomorphism L(o, b) ~ F(&) (L(&, a) ~ F(6)) natural in 6. D 

Lemma 1.3.2. For given representable L(—,a) : Lop —> oo-CAT and functor F : Lop —> 

oo-CAT 

• all natural transformations r ° : L(—,a) —> F ore 0/ t/ie /orm V& 6 ObL i/ie b-component is a 

functor T° : L(b,a) -> F(&), r ° ( / m ) - F(/-)(r a°(eo)) , / m € Lm(&,a), 

• all n-modifications Tn : L( — , a) —* F, n > 1, are of the form V& G ObL the b-component is a 

( n - 1)-modification T£ : L(b,a) -> F(b), rfc"(/°) ~ F(/0)(ro"(ea)), / ° G L°(6,o). 

PROOF : follows from the naturality square /" 

L(a,a) >• F(a) 

L(fm,a) F(D n > 0 D 

L(b,a)—^F(6) 

Lemma 1.3.3. For a given n-cell (3" G (F(a)) n , n > 0, n-modification rn : L(—,a) —» F 

5MC/I i/iai T™(ea) = f3n exists and unique up to «2 • 

P R O O F : . Uniqueness follows from lemma 1.3.2, existence from the definition of n-modification 

Tb(fm) : = F(fm){l3n) (f°r n. > 0, m = 0 only) and the naturality square showing correctness of 

b L{b,a)-^-+F(b) 

the definition L(gk,a) F(.9k) 

L{c, a) — ^ F(c) 
Tc' 

(11 ( frn n^\ • 11 C^rnaxOm,k) — m frn 0rnax(m,k) — k ~k\\ | ] 
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Corollary 1. All n-modifications r n : L(—,a) —> F, n > 0, have strict form r™(/°) = 

F(f0)(T2(ea)),f°eL°(b,a). D 

Corollary 2 (criterion of representability) . A oo-CAT-valued presheaf F : Lop —> 

c»-CAT is 

• strictly representable (with representing object a £ L°) iff there exists an object (3° £ 

(F(a))° such that V 7 " e ( - F » ) n , n > 0, 3! n-arrow ( / " : 6 -> a) £ Ln(b,a) with 7 n = 

F(n(f3°), 

• weakly representable (with representing object a € L°) iff there exists an object f3° 6 

(F(a))° such that VbeObL the functor L(6,a) -* F(b) : fn i-> F(/n)(/3°) is an equivalence 

of categories. 

(Similar statements hold for a covariant presheaf F : L —> oo-CAT) • 

Proposition 1.3.3 (Yoneda Lemma). For the functor F : Lop —> oo-CAT and the object 

a 6 L°, there is a strict isomorphism oo-CAT(L(— ,a), F) cz F(a) natural in a and F. 

P R O O F . Strict functoriality of the correspondence r n >—> r"(ea) is straightforward (because it 

is a double evaluation functor). The map f3n i-+ F(—)(/3n) is quasiinverse to the first map (with 

respect to ~2 a n d = equivalence relations in oo-CAT(L(—,a),F) and F(a) respectively), and it 

strictly preserves d and c. So, these both maps are strict isomorphisms. 

a F oo-CAT (L(-, a), F)^^F (a) 

Naturality is given by /"* a
k oo-CAT(z,(-,/m),cfc) afe(/m) 

b G oo-CAT(L{-,b),G)—z-+G(b) 
(where ak(fm) := ^F{a)tF{b)iG(b){emax{k'm)'kaf1,e

max(-k'm^~m+lF(fm)), k,m>0) D 

Remark. The Yoneda lemma for oo-categories is similar to the one for first order categories 

with the difference that elements f3n e (F(a))n of degree n now determine higher degree arrows 

(n-modifications) /3n : L(—,a) —> F in a oo-C AT-valued presheaf category. • 
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Proposition 1.3.4 (Yoneda embedding). There is a Yoneda embedding Y : L —> co-CAT L : 

a i—> L(— ,a), a G L, which is an extension of the isomorphisms from the Yoneda lemma deter­

mined on hom-sets L(a,b), a,b £ LP. The Yoneda embedding preserves and reflects equivalences 

P R O O F . By the Yoneda isomorphism for a given / " e Ln(a, b), the corresponding n-modification 

is L(—,b)(fn) : L(—,a) —> L(—,b) which is the same as L(—,/") : L(—,a) —> L(—,b); i.e. the 

functor Y : L —» oo-CATL°": a >—> L(—, a), a G L, locally coincides with isomorphisms from the 

Yoneda lemma. By lemma 1.1.3 this functor preserves and reflects equivalences ~ . • 

Remark. Under the assumption that the category oo-CAT of weak categories, functors and 

n-modifications exists, all the above reasons remain essentially the same, i.e. the Yoneda lemma 

and embedding seem to hold in a weak situation. D 

1.4. (Co)limits 

Definition 1.4.1. An oo-graph is a graded set G = ]J Gn with two unary operations 
n>0 

d, c : JJ Gn -> ]\Gn of degree - 1 such that a? = dc, c2 = cd. • 
n > l n>0 

Definition 1.4.2. An co-diagram D : G —> L from co-graph G to co-category L is a function 

of degree 0 which preserves operations d, c. • 

Proposition 1.4.1. All diagrams from G to L, natural transformations, modifications form 

an oo-category Dgrm G L in the same way as the functor category oo-CAT(L', L). • 

For a given object a e L° the constant diagram to a is A(a) :G^>L:g^> ena if g £ Gn. 

A : L —> Dgrm G L is an co-functor. 

Denote {e}a := {a, ea, e2a,..., ena,...}, a £ L. 

Definition 1.4.3. Diagram D : G —> L has 
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• a limit if the functor Dgrm G i(A(—), D) : L°p —> oo-CAT is representable. 

If v : L(—,a) —̂ —*• DgrmG I , (A(—) ,D) is an equivalence then 

va{{e)ea) C DgrmG L(A(a), .D) is called a limit cone over D, a is its vertex (or diagram 

limit limD), va{ea) are its edges, va(e
ka), k > 1, are identities 

• colimit if functor Dgrm G L(£>, A(—)) : L —» oo-CAT is representable. 

If i> : L(a, - ) > D g r m G L ( D , A ( - ) ) is the equivalence then 

va({e}ea) C Dgrm G L(D, A(a)) is called colimit cocone over D, a is its vertex (or diagram 

colimit colimD), va(ea) are its edges, va(e
ka), k > 1, are identities D 

Remark. The conditions on equivalence v in the above definition can be strengthened. If it 

is a (natural) isomorphism then (co)limits are called strict and as a rule they are different from 

weak ones [Borl]. 

Proposition 1.4.2. For strict (co)limits the following is true 

-4 Dgrm G L 

Strict right adjoints preserve limits (strict left adjoints preserve colimits). 

P R O O F . 

It is immediate from definition 1.4.3 and proposition 1.5.1. 

The argument is the same as for first order categories (see example 13.a, point 1.1) [the essential 

thing is that a strict adjunction is determined by (triangle) identities which are preserved under 

oo-functors]. • 

Examples 

1. (strict binary products in 2-Top and 2-CAT) They coincide with '1-dimensional' products. 



1.5. ADJUNCTION 43 

The mediating 2-cell arrow is given componentwise 

2. ("equalizer" of a 2-cell in 2-CAT) [Borl] For a given 2-cell A ^ J « ^ B in 2-CAT its strict 
G 

limit is a subcategory E «-> A such that F(A) — G{A) and a A = 1F(A) • F(A) —> G(A) (on 

objects), and F(f) = G(f) (on arrows). 

3. (strict and weak pullbacks in 2-CAT) [Borl] Let V be a "2-dimensional" graph 1 A 0 <— 2 

with trivial 2-cells, F : V —> 2-CAT be a 2-functor. Then its limit is a pullback diagram 

F(l)xF{0)F(2)^UF(2) 

in 2-CAT 

F ( l ) 

When the limit is taken strictly F( l ) Xj?(0) 

F(*) 
F(2) coincides with the "1-dimensional" pullback, i.e. F ( l ) Xj?(0) F(2) «-> F ( l ) x F(2) is a 

subcategory consisting of objects (.4,5), A € 06F(1) , 5 <E 06F(2) , F(x)(A) = F(y)(B) 

and arrows (/ ,#), / G A r F ( l ) , p G ArF(2) , F(x)(f) = F(y)(g). When the limit is taken 

•weakly F ( l ) Xpv0) F(2) is not a subcategory of product F ( l ) x F(2). It consists of 5-tuples 

(A,B,C,f,g), A e ObF(l), B € ObF(2), C e ObF(0), f : F(x)(A) ^ C , g: F(y)(B) ^ C 

are isomorphisms, with arrows (a,6,c), a : A —> A', 6 : B —> £?', C : C —> C such that 

c o / = f oF(x)(a), cog = g'oF(y)(b). Projectionspi,p2,P3 are obvious. The pullback square 

commutes up to isomorphisms / : F(x) opi => p3l g : F(y) op2 => p3. D 

1.5. Adjunction 

F 
Definition 1.5.1. The situation L sl-^U (where L,L' are oo-categories, F,G are oo-

G 
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functors) is called 

• weak oo-adjunction if there is an equivalence L(—,G(+)) ~ L'(F(—),+) : L°p x L' —> 

oo-CAT (i.e. L(a,G(6)) ~ L'(F(a),b) natural in a € L°, b e L'°), 

• strict oo-adjunction if there is an isomorphism L(—,G(+)) ~ L'(F{—),+) : Lo p x L' —> 

oo-CAT (i.e. L(a, G(&)) ~ L'(F(o), 6) natural in a e L°, 6 e l / ° ) . D 

Proposition 1.5.1. TTie following are equivalent 

F 

1. L ,L_^L__ L' *s o, strict oo-adjunction 
G 

2. \/b e L° L'(F(—),b) is strictly representable 

3. Va € L° L(a,G(—)) is strictly representable 

P R O O F . 

• l . = > 2 . , 3 . is immediate 

• 2. =*• 1. From the criterion of strict representability (see point 1.3) it follows that V6 G 

L'° there exists a "universal element" (/3° : F(G(b)) -> 6) e L'°(F(G(b)),b) such that 

V ( / n : F(c) -> 6) e L'n(F(c),6) 3 ! n-arrow (gn : c -> G(6)) G Ln{c,G(b)) with / " = 

G(fe) F(G(6)) - ^ 6 

^ F ( c ) , F ( G ( 6 ) ) , 6 ( e n / ? 6 ° , F ( g
n ) ) 3 , f f n | F ( g n ) 

V/" 

c F(c) 

G(6) F(G(b)) - ^ + 6 
-r 

Consequently, V ( /" : b' -> b) e L'"(6', 6) the diagram holds <?(/") I f(G(/")) 

G(fo') F(G(b'))—^b> 
e 0b, 

It shows that assignment ObL' B b H-> G(6) e 06 L is extendable to a functor G : L' —> L (in 

an essentially unique way) and that /J° : FG —> 1L' is a natural transformation (counit £ of 

the adjunction F H G). 
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F(G(b))—^b 

Isomorphism <pCtb : L'(F(c),b) —> L(c,G(b)) such that F(pcb(f
n)) 

F(c 

c € ObL, b 6 ObV because of the naturality square 

c b L'{F{c),b)-^L+L(c,G(b)) 

is natural in 

a r L'(F(g"),fn) L(gnMfn)) 

b' L'{F{d),bf)1^L{d,G{f/)) 

(indeed, Wi" 6 L'n(F(c),b) G(fn) * <pc,b(hn) * 9n ~ fc,v{fn * h" * F(gn)), where * is the 

horizontal composite, since en(3l*F{G(fn)*ipCib{hn)*gn) ~ fn*en/3%*F{tpCtb(h
n))*F(gn) ~ 

fn *hn* F{gn)) 

• 3. ==> 1. is similar to 2. =S> 1. D 

Remark. The analogous statement for a weak co-adjunction is not true. In the above proof 

"universal elements" were used in an essential way. • 

F 
Definition 1.5.2. For a given strict oo-adjunction L <_^__, V 

G 

• universal elements sb : F(G(b)) —> b representing functors L'(F(—), b) {b £ ObL1 is a parame­

ter) form a natural transformation e : FG —> lx,/ which is called the counit of the adjunction, 

• Universal elements rja : a —> G(F(a)) representing functors L(a, G(—)) (a £ 0 6 L is a parame­

ter) form a natural transformation r\ ; \L —> G-P1 which is called the unit of the adjunction. 

D 

Remark. For a weak co-adjunction no useful unit and counit exist. • 

Proposition 1.5.2. 

• For both weak and strict adjunctions: the composition of left adjoints is a left adjoint (the 

composition of right adjoints is a right adjoint). 

• For a weak (strict) adjunction, a right or left adjoint is determined uniquely up to equivalence 

~ (up to isomorphism ~). 
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P R O O F . 

F F' 

• If L ^Z£t L' Z±^ L" t h e n L"(F'Fl,l") ~ L'{Fl, G'l") ~ L(l, GG'l") (composite of natural 
G G' 

equivalences). [For a strict adjunction the same reason works] 

• Assume, L'(a, G'b) ~ L(Fa, b) ~ L'(a, Gb) are natural equivalences then L'(—, G'b) ~ L'(—, G6) 

is a natural transformation (equivalence) natural in b. Then, by the Yoneda embedding, 

G'b ~ Gb naturally in b, i.e. G' ~ G. [Again, changing ~ with ~ still works]. D 

F 

Propos i t ion 1.5.3. For a strict adjunction L * J - _ V the Kan definition and the definition 
G 

via "unit-counit" coincide, i.e. the following are equivalent 

• ipllth : L(a,G(b)) ~ L'(F(a),b) : I/J*6 natural in a e L°, b e L'°, 

• 3 natural transformations n : 1L —> G F and e : F G —•> I/,/ satisfying the triangle identities 

EF OX FT] = lp and Ge oj ??G = 1 G . 

P R O O F . For a strict adjunction, the same proof as for first order categories works. 

• Universal elements r]a,£b for functors L(o,G(—)), L'{F{—),b) mean that they are images of 

1F(«) , 1G(6) under functors <̂>* j ^ , <PG(i>),6 , i-e. FGFa - ^ - > Fa Gb -^-* GFGb 
t / * \ ' 

F»)0 I / f \ ^ I Geh 
I / 1^" *Gb \ , I 

F a Gb 
(strict equalities) 

f V«,fc(/n) == e"(e t) °„+i F(/™), / » G L"(a, G(6)) 
• Denne maps < . 

I <b(9n) •= G(g") o n + 1 e"(r?a), f e l n(F(a),b) 

™ , . / ^ , 6 : = £ b * F ( - ) : L ( a , G ( 6 ) ) ^ L ' ( F ( a ) , 6 ) 
1 hey are functors < „ , , , , , „ , , , and inverses to each other: 

I Kb := G H * ̂  : ^'(^(o), b) - L(a, G(b)) 

<b(Va,fc(/")) = <6(en£fc " n i l F ( / " ) ) = G(eneb o n + 1 F ( / " ) ) o n + 1 e"r7a = enG(efc) o n + 1 

( G F ( / n ) o„ + 1 enna) = enG(eb) o n + 1 (ent?G(fc) o n + 1 / " ) = en+1G(b) o n + 1 / » = / » , and similar, 

¥>a,fc«k(0n)) = 5n-

L ( a , G ( 6 ) ) - ^ ^ L ' ( F ( a ) , 6 ) 

Naturality (e.g., of ¥>a,6) follows from the square L(xm,G(y
m)) L'(F(xm),ym) 

L(a',G(b'))-->L'(F(a>),b>; 
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(<Pa',v(L{xm,G(ym)){fn)) = <pa>,v(G(ym) * fn * xm) = £b> * FG{ym) * F(fn) * F(xm) = 

ym*£h* F{fn) * F(xm) = L'(F(xm),ym)(tpa,b(f
n)), where n = 0 or m - 0). D 

Examples of higher order adjunctions 

1. Every usual 1-adjunction A ^ i B is an oo-1-adjunction for trivial oo-extensions of A and 

B, 

2. Gelfand-Naimark dual 1-adjunction C*Alg°p
 J ± CHTop is extendable to oo-2-adjunction 

(see chapter 3). 

3. Quillen theorem [Mac]. Let A be a category of finite linearly ordered sets, Set the category 

of simplicial sets, Ho(Top) := (2-Top)(1), Ho(SetA°") := (2-SetA°")(1). Then 

a 

4 Top 

Ho{SetA )—j—>ffo(Top) 

So, the top adjunction is actually a 2-adjunction (or oo-2-adjunction). 

All the above adjunctions are strict. 

1.6. Concrete duality for oo-categories 

Duality preserves all categorical properties. It is significant that concrete duality for oo-

categories behaves the same as for 1-categories. 

Definition 1.6.1. 

• Duality is an equivalence Lop ~ L'. 
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• A Concrete duality over B «-> oo-CAT is a duality Lop Z V such that there exist 
F 

(faithful) forgetful functors U : L -> B, V : V -> B and objects A £ L°, B € L'° such that 

. U(A) ~ V(B), 

• V o 1 G ~ L ( - , i ) , C / O J F O P ^ L ' C - . B ) 

L o p _ i i _ > L / 

L(-,A) 

L ° P > L 

L'(-,B) 

Representing objects A G L°, B £ L° are called dualizing or schizophrenic objects for 

the given concrete duality [P-Th]. 

[for a concrete dual adjunction the definition is similar] n 

Proposition 1.6.1 (representable forgetfuls => concrete dual adjunction). Let (L, U), 
G 

(L1, V) be (weakly) dually adjoint oo-categories Lop "Tj^J- L' w^h representable forgetful functors 
F 

U ~ L(A0, - ) : L -+ B, V ~ L'(B0, - ) : L' -» B (where B ^ oo-CAT is a subcategory). Then 

this adjunction is concrete over B uiii/i dualizing object (A,B), where A := F(Bo), B := G(Ao), 

L°P • V 

L(-,A) 

pop 

I oP > L 

L'(-,B) 

• U(A) ~ V(B) 

• V olG~L{-,A), UO-LFOP ~L'{-,B) 

P R O O F . 

• U{A) = UF(B0) ~ L(A0,FB0) ~ L ' ( J 3 0 , G ^ O ) ~ ^Gylo = ^ 5 

• VG(-) ~ L'(B0,G(-)) ~ L(-,FB0) = L(-,A) (and similar, t / F ( - ) ~ L'(-,B)) D 

Remarks. 

Concrete duality as above should be called weak. Strict variants of definition 1.6.1 and 

proposition 1.6.1 also exist (by changing ~ to isomorphism ~ and weak dual adjunction to 
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the strict one). 

• (Weak or strict) concrete duality (dual adjunction) is given essentially by hom-functors which 

admit lifting along forgetful functors (to obtain proper values). Representing objects of these 

functors have equivalent (or isomorphic) underlying objects. 

• For the usual 1-dimensional categories B = Set <—> oo-CAT (oo-1-subcategory). For dimension 

n, as a rule, B = n-Cat •—» oo-CAT (oo-n-subcategory of small (n — l)-categories). D 

1.6.1. Natural and non natural duality. 

Definition 1.6.1.1. 

• For hom-set L(A,A) and element (x : AQ —> A) G L°(AQ,A) the evaluation functor at the 

point x is evA,x •= L(x,A) : L(A,A) -> L(A0, A) (evA,x G B1 -̂> oo-CAT1). 

Similarly, the evaluation (n — l)-modification evA,xn, n = 1 ,2 , . . . , for x" G Ln(Ao, A) is 

L(xn,A)eBn(L(A,A),L(Ao,A)). 

• For a forgetful functor V : V -> B an arrow / " : V(Y) -> V(Y') G Bn(V{Y), V(Y')) is called 

an L'-arrow if 3 $ n : Y -> Y' € L'n(Y, Y') such that V($ n ) = / " . 

• A lifting of hom-functor V o G ~ L ( - , A) is called initial [A-H-S] if VA e L° \/Y G L'° V/" : 

V(Y) -^ L(A,A) G Wl(V(Y),L{A,A)) fn is an L'-arrow iff \/{xn : A0 -* A) G Ln(A0,A) 

evA^ o»+i / " : V{Y) -> L(A0,A) G Bn(V(Y), L(A0, A)) is an L'-arrow. 

• If liftings of hom-functors VoG ~ L(—, A), UoF ~ L'(—,B) are both initial, then the concrete 

G 
dual adjunction L°v ~Tj\t L' i if it exists, is called natural [Hof, P-Th], and otherwise, non-

F 

natural. • 

Even if UA ~ VB and V^ e L°,B e L'° B-objects L(A,A), L'(B,B) can be lifted to L',L, 

the hom-functors L(—,A), L'(—,B) need not (which happens only if lifting of the assignments 

A I—> L(A, i4), L? I—> L'(B, B) can be extended functorially over all cells). 

We introduce the following concept. The initial lifting condition for the evaluation 
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cones 

{evA,xn e M"(L(A,A),L(A0,A))}Zn%N
Ln(AotA),{evB,yn e Wl(L'(B,B),L'(B0,B))};n%l'-(B„,B) 

consists of the following requirements: 

• hom-categories of the form L(A, A), L'(B, B) e Ob (B) can be lifted to L', L 

• evaluation cones 

{evA,xneM"(L(Aj),L(A0,A))}^LHAotA), {evB,yn € B"{L'(B,B), L'(B0, S ) ) } s " 4 ^ „ ( B o i B ) 

can be lifted to {evA>x~ 6 L'"(G(A), B)} ™ , ^ „ ( A O ^ ) , {evBtV» G L"(F(J3), A)} ;4£ , „ ( B b i B ) in 

L' ,L 

• V/™ e r ( V I , L ( i , i ) ) / " i s L'-arrowiffVa;nGLn(Ao,yl) ^ ( e ^ , ^ . , / " ) e l n ( T / X , L ( A 0 , i ) ) 

is L'-arrow (and, symmetrically, Vff" G B n ( t / F , L ' ( 5 , 5 ) ) fl™ is an L-arrow iff \/yn eL'n(B0,B) 

fj,(evB)yn,g
n)£En(UY,L'(B0,B)) is an L-arrow) • 

In the following proof, we denote lifted evaluation maps by evAiX (or something similar) and 

underlying evaluation maps in B by le i i^ l -

Proposition 1.6.1.1. / / two strict oo-categories L,L' concrete over B <—» oo-CAT with 

representable (strictly faithful) forgetful functors U = L(Ag, —), V = L'(B0,—) have objects 

Ae L°, B e L'° such that 

• UA~VB 

• the hom-functors L(—,A) : Lop —> B, L'(—,B) : L op —> B satisfy the initial lifting condi­

tion for evaluat ion cones 

G 
then there exists a natural strict concrete dual adjunction L°v ,T L' L(A,FB) nat. isomorphisms 

t 

G , Fop 

L°P > L' L°P > L 
L'(B,GA) 

L(-,A) 
u with (A, B) its schizophrenic object. 

L'(-,B) 
B 

P R O O F . 

L(A,A), L'(B,B) are lifted to L',L by the assumed condition. 
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• Let fn G Ln(A,A'), then L(fn,A) : L(A',A) -> L(A,A) is an L'-arrow since evA>an o n + 1 

L(fn,A) := L(an,A) o„ + 1 L(fn,A) = L ( / n o„ + 1 a " , i ) =: e ^ / ^ ^ n , which is liftable 

Va" G Ln(Ao,^4). Therefore, L(fn,A) is an L'-arrow, and similarly, L'(gn,B) is an L-arrow, 

G 
i.e., there exist maps L°p . L' , which are obviously functorial. 

F 

Why do they give an adjunction? 

• (unit and counit) l-arrow (unit) TJB '• B —> GFB is given by \T)B\ ='• Vrjs '• \B\ —> \GFB\ : 

b -> [evB,b : FB -» A], b e \B\ = L'(B0,B), \GFB\ = L(FB,A), \evB>b\ : \FB\ - | i | , 

| F 5 | = L'(B,B), \A\ = L{A0,A) ~ L'(B0,B). Why can M be lifted to £,'? Take the 

composite with evaluation maps |er>i?B|C| oj |?js|(6) = levps^KevB,;,) = le^s^Kc) = \c\(b), 

where c G |FB|° = L'°(B,B) = L°(A0,FB), b G | B | n . So, \evFB,c\ 0 l |r?B| = |c| is an 

L'-arrow. Therefore, |JJB| is an L'-arrow. The counit is given symmetrically eA —> FGA, 

M : |A| - \FGA\ : a _• [evA<a : GA -> S] , \A\ = L(A0,A), \FGA\ = L'(GA,B), |ewA,ffl| : 

|GA| -> \B\, \GA\ = L{A,A), \B\ = L'{BQ,B) ~ L(A0 ,A). By the same argument |eA | is an 

L-arrow. 

• (triangle identities) GeA oj ??GJ4 = 1 G A, Fr\B °i £ F B = I F B - It is sufficient to prove them for 

underlying maps. Since forgetful functors are faithful this follows. 

\GeA\ o! \VGA\ = \1GA\, where \VGA\ : \GA\ -> \GFGA\, \GA\ = L(y l , i ) , \GFGA\ = 

L{FGA,A), eA:A^ FGA, \GeA\ : \GFGA\ -» |GA|. 

Take ( / " : A -> i ) G |G^ | = L " ( A , i ) , am G |A| = L m ( A 0 , 4 ) . Two cases are possible 

(a) (fn,n> 0) & (a0) : \\GeA\ o, \r]GA\(n\(a°) = \L(eA,A)(evGAJn)\(a°) = \evGAJnon+1 

(b) (/") & (an,n > 0) : | |GeA | ox \VaA\(f°)\(an) = \L{eA,A){evGAJ0)\{an) = H G A , / O 0 I 

f » e"e^|(a°) = |ei;GA, /»| o n + 1 e"|eA |(a°) = |euGA,.H(evA,e»a°) = \evA,ena0\(f
n) = | /" |(o°) 

1(b) eA |fan) = | e« G wo|o 1 | £ A|(a n ) = |euGA,/o|(e*,Ai0n) = \evA^\{f) = | /° |(o") 
i » = : n0,A,A(fn,enad) = | | l G A | ( / n ) | ( a° ) 

U 6 ) = : ^ „ , A , A ( e " / ° ' a " ) = HlGA|(/°)|(an) 

The second triangle identity holds similarly. 

• (naturality of T]B,SA) Again, it is sufficient to prove naturality for underlying maps 
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\B\-^U\GFB\ 
I 

| / | \GFf\ = L{Ff,A) 

\B'\ > \GFB'\ 
\VB'\ 

(a) 

(b) 

Two cases are 

|GF/0 |=L(F/°,A) 

\B\ f ^ \ \GFB\ 

I/'"I 

IB' 

\GFfn\=L(Ff",A) 

-> |GFB'[ 
e l»7B'l 

(a) ( 6 " e \B\n,n>0) & (f° € L°(B,B')) 

(b) (b°e \B\°)&{fneL'n(B,B')) 

bnh 

|/°|(6")i-

6°h— 

l/n (&°)h 

-> eVfi.ftn 

ci»Blb» o n + 1 e" (F /° ) 
II 
11 = 

>euB,||/o|((,,.) 

eVB,e«b° °n+l (-F/") 

(recall |/»|(6°) =/ i ( /» ,e n & 0 ) , | /° |(6n) = / i (c"/° , b")) 

Why <| ( a ) CTB,''n ° n + 1 e " ( j F / 0 ) = ewB'.l/0l<«>") ? 
(6) evBien.bo o n + 1 ( F / n ) = e^B î/̂ KbO) 

Take underlying maps: 

((a) \evBy,.\ o n + 1 e»|F/°|(fcn) = I ^ B ^ K ^ °n+i e"/°) = |fr" o„ + 1 e"/°|(&n) = 

\ (6) |e«Bie„jo| o n + 1 \Fr\(h°) = \evBienV>\(e"h° o n + 1 /» ) = |e»fc° ° n + 1 /»|(e»6°) = 

f (a) = \hn\ on+1 |e"/°l(&n) = lewfl/.i/oi^jKft"), hn e L'n(B',B) 

1(6) = e"|/i°| o n + 1 |/"|(e"6°) - |eUBM/"|(feo)l(ft0), h° € L'°(B' ,B) 

(the types of the above arrows are Ff : FB' —> F B , CUB,6 : F B —> A (L-map), evB',|/|(()) 

F 5 ' -> i (L-map), |« , f l i 6 | : £ ' ( £ , £ ) -» |B| = L'(B0,B), \evB,Afm\ : L ' (B ' ,B) - |B| = 

L'(B0, B), \Ff\ : L>(B>, B) - L'(B, B), \Ff\ = L ' ( / , B)). 

Therefore, r\B is natural. Similarly, e^ is natural. 

SA.B 

(isomorphisms-functors L{A, FB) L'(B,GA) 
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0A,B(fn) •= G(fn) °n+i e»faB), fn e Ln(A,FB) 
d*A,B(9n) •= F(g") °n+i en(eA), 9n e L'n(B, GA) 
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Letg™ eLn(B,GA). Then 9 A , f l ( ^ ] B ( s n ) ) := C?(F<?"on+1e"(eA))on+ie"(r?B) = e™(GeA)on+1 

GF f l " o n + 1 e"(r?B) = e"(GsA) on+1 e"(riGA) o n + 1 p" . = e"( lG A) o n + 1 gn = 
nat. of r/i3 triangle id, 

e " + 1 ( G A ) o n + l f l " = 5 " . Similarly, ^ ^ ( - H ) = / n , / n £ Ln(A,FB). 0A,B, d\B 

are obviously functors. So, they are isomorphisms. 

(naturality of 9AlB, @A B ) We n e e d to prove the diagram 

A B L(A,FB)—^L'{B,GA) 

L(x'l,Fy" L'{y",Gxn) commutes. 

A' B' L(A',FB')—^%L'{B',GA') 

L'(yn,Gxn) o n + 1 eneAiB = en0A,,B' °„+i L{xn,Fyn) 

"(a) (f°eL(A,FB))&z(xn,yn,n>0) 
Two cases are: 

(b) (reL(A,FB),n>0)8z(x°,y0) 

f° I • e n G(/°) o n + 1 enfaB) 

(a) 

Gx™ o n + 1 (e"G(/°) o n + 1 e"faB)) o n + 1 y« 
II \ \ 

• ; * \ 

F y " o n + 1 e n / ° o n + 1 x" I > G(Fyn ° n + i e"/° o n + 1 x") o n + 1 en(nB>) =| |(w - »t.) 
ii ,// 

Gx" o n + 1 e"G/° o n + 1 GF2/" o„ + 1 e»faB,) 

/ " h - > G ( D o n + 1 e n ( j 7 B ) 

(ft) 

e"Gx° o„ + 1 (G( / n ) o n + 1 e"(^B)) o n + 1 e"j/° 

= II ? 

v" 
enFy° o n + 1 / » o n + 1 enx° I • G(enFy° o„ + 1 / » o n + 1 e™x°) o n + 1 en(»jB») =||(w - -*•) 

V 
e"Gx° o n + 1 G / " °n+i e"GF2/° o n + 1 e "(^ B , ) 

Therefore, L and 1/ are concretely dually adjoint. This correspondence is natural (by condi­

tion) and strict (9AtB and 0A B are isomorphisms). D 
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Corollary. Concrete natural duality is a strict adjunction. • 

Well-known dualities [P-Th, Bel, A-H-S] 

All dualities below are of first order, natural [P-Th], and obtained by restriction of appropriate 

dual adjunctions. 

Vecfc(-,fc) 

1. Vec/c is dually equivalent to itself Vec£p T̂J" ± ~^ Vecjt , where Vec^ is a category of 
Vect(-,fc) 

vector spaces over held k 

2. Seto p ~ Complete Atomic Boolean Algebras 

3. Boolo p ~ Boolean Spaces (Stone duality), where Bool is a category of Boolean rings (every 
CRing(- 2) 

element is idempotent). It is obtained from the dual adjunction CRing ~^ _L ~2^t Top , 
Top(-,2) 

where 2 is two-element ring and discrete topological space. CRing(yl, 2)c > 2A (subspace 

in Tychonoff topology) 

4. hom(—,E/Z) : CompAb o p ~ Ab (Pontryagin duality), where CompAb, Ab are categories 

of compact abelian groups and abelian groups respectively 

5. hom(- , C) : C*Algop ~ CHTop (Gelfand-Naimark duality), where C*Alg, CHTop are cat­

egories of commutative C*-algebras and compact Hausdorff spaces. C*Alg(j4, C)c > CA 

(subspace in Tychonoff topology) 
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2. Manifolds, structures 

In this chapter, the general notion of manifold is introduced. It covers all the usual manifolds 

in mathematics. Essentially, it is a way of obtaining a larger fibration over a site which locally 

coincides with a given one. Also the theory of group objects and their actions is developed, and 

the problem of lifting of a group action onto "structures over a base manifold" is considered. 

2.1. Fibrations and cofibrations 

(Co)fibrations play the role of structures over objects in a given category which can be trans­

ported along morphisms. Transport systems are called (co)cartesian morphisms. The situation 

is very similar to fibrations with connection in Differential Geometry. 

E 

Definition 2.1.1. For a functor P 

B 

• a morphism / : B' —> p(E) has a cartesian lifting f : E1 —* E £ Ar E if V/' : E" —> E such 

that p(f') factors through / (i.e., 3g : p(E") —> B' such that p(f') = / o g) f itself uniquely 

factors through / over the base factorization (i.e., 3! g : E" —> E' such that f = f o g and 

p(g) = g) [Jac] 

s v/' 

p(E") E' 1-3 E 

v 9 ^ P ( / ' ^ 

B'^^P(E) 

a morphism / : p{E) -> B' has a cocartesian lifting f : E -> E' £ ArE if V/ ' : E -> E" 

such that p(f') factors through / (i.e., 3g : B' —» p(E") such that p(f') = g o f) f itself 

uniquely factors through / over the base factorization (i.e., 3\g : E' ^> E" such that / ' = go f 
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and p(g) = g) [Jac] 

,E" 

V/' s 
• ' ' 3<-g 

E ^ . ) E' p{E") 
f 

AS' 

P{E) —^ B1 

U 

Remark. (Co)cartesian morphisms if they exist are unique up to vertical isomorphism (v 

E -> E' € Ar E is vertical if p(v) = 1 B for some B 6 ObB). 

E 

Definition 2.1.2. A functor v is called [Jac, Str2] 

B 
• a fibration if for each / : B' —> p{E) G Ar B there exists a cartesian lifting / : E' —> E G 

ArE 

• a cofibration if for each / : p(E) —> B' e Ar B there exists a cocartesian lifting / : E —> 

• a bifibration if it is both fibration and cofibration • 

The subcategory E s := p~1(B, 1 B ) •—> E is called the fiber over B. E B consists of all vertical 

morphisms over B. 

Examples 

1. For a category C with pullbacks, the codomain fibration is cod 

/ , and the cartesian lifting is a pullback square. 

2. For a category C with pushouts, the domain cofibration IS d o n 

c^ 
where cod ( 

* 
• • • 

(. J 
-+ • 

• > • 

, where dom( ) 

$ , and the cocartesian lifting is a pushout square. 
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3. [Kom] Let Rng—Mod denote the category of left modules with variable rings. In other words 

Ob (Rng—Mod) are pairs (R, M) where: R is a ring, M is an i?-module. Ar (Rng—Mod) 

are pairs (<p : Ri -> R2, f : Mi -> M2) such that Vr G i?i ,m G Mi / ( r • m) = <£(r) • / (m) . 

Then 'projection on first component' Rng—Mod —• Rng is a bifibration. If <p : R\ —> R2 G 

A r R n g , then the direct image of (Ri,M\) over 9? is (R2,R2 ®i?i -^l)- The cocartesian 

lifting of <p is (<̂ , <̂ ) with (p : M\ —> R2 ®R1 M\ : m 1—» 1 ® m. 

(J*3,M3) 
{ipotpj) 

W<,- / • • / ) 

( f i l , M i ) — > ( i ? 2 , f l 2 ® f l 1 M 1 ) 

where: ^ • f := fi o (ip (g> f) : R2 ( g ^ M i > i?3 Cgi/̂  M3 A M3, /̂  is module multiplication, 

ip{n • r2) • f(m) = (if) • f)(n -r2®m) = V(n) • W • f)(r2 ® m) = V( r i) • W ^ ) • /(m.))-

Inverse image of (Ri,Mi) over a : R —> Ri is (R,Mi) with action (r,m) 1—> a(r) • m. 

Cartesian lifting of a is (a, I M I ) -

(R',M' 

(0,f) 

> o / 5 , / ) 

( ^ M i ) - — - > f i ? i , M i ) 

4. (Differential Equations) 
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In the following, we assume the reader is familiar with the theory of jet bundles, as in [Sau]. 

Set <-^— Top < - ^ - Diff ^— Diff^ <r^— Jet°°(Difr-*) ^— Sub( Jet0 0 (Diff ^ ) ) 

where Diff ~* is the full subcategory of Diff ~̂  consisting of surjective submersions (surjective 

maps with surjective differential at each point), Jet°°(Diff^>) is the corresponding category of 

oo-jet-bundles, Sub(Jet°°(Diff "*)) is the category of subobjects of oo-jet-bundles (differential 

relations), „ 

p\ : Top —> Set is a fibration (V arrow 5" —> p\ (T) 3 Cartesian 'completion' , 

T" has initial topology w.r.t. u), 

P2 : Diff —» Top is not a fibration if differentiable manifolds are regarded in the usual sense (as 

locally Euclidean), but it is a fibration if differentiable manifolds are topological spaces endowed 

with a subsheaf of continuous functions closed under smooth operations, 

p3 : Diff-* —> Diff is a codomain fibration since the pullback of a surjective submersion is a 

surjective submersion, 

P4 : Jet00(Diff -*) —> Diff-* is not a fibration (if we admit arbitrary fibre bundle arrows 

between objects in Jet°°(DifF~*)), but it is a structure over Diff^* (see 2.1.1), 

p5 : Sub (Jet00 (Diff"*)) -> Jet00(Diff"*) is a "subobject" fibration. 

Lemma 2.1.1. Every functor F : C —> B factors through a free fibration C —-—>• l/F 

X dom 

B 

CMi f (c ) ceobc 
« ' ) ^ ( F ( / ) , / ) f&ArC 

D 

where i : C —> 1/F . , , 

Taking a (co)cartesian morphism over / : B' —> B e Ar B depends on the choice of an object 

E G Ob E B (respectively, E' € Ob EB' ) and the choice of an arrow / # : E' —> E (respectively, 

/E' '• E' —> E) in the isomorphism class. 
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Lemma 2.1.2. 
E 

For a (co)fibration v an arrow f : B' —> B G ArB, and a choice fE:E'^E WE G Ob E B 

B 
(respectively, f'E : E' —> E WE' G ObEB>) there is a functor Cart/ : E B —> EB< : 

( E*->d(fE) EeObEB 

E [ ^ E l 

(g : Ex -> £ ) i-> Cart/(p) s.i 3ic«rt /(s) i s e i r E f l 

E1 . >E 

respectively, Cart/ : E#' —> Eg : 

< 

' E'^CUE-) 

{g-.E1,^ E') ^ Cartf(g) 

E[ 

S.t. g 

E v 

— ^ E h . 
I 
I 3! C a r t a s ) 

—: >E 

E' G ObEB 

g £ Ar Ejg-

For any two such choices of (co)cartesian morphisms fE, WE G E B and fE, WE G E B the 

corresponding functors Cart/ and Cart/ are isomorphic. 

P R O O F is straightforward. See [Jac]. • 

Another equivalent description of (co)fibrations is via (co)contravariant pseudofunctors 

B -> 2-CAT. 

Proposition 2.1.1. 

• For each choice of (co)cartesian liftings for all arrows f : B' —> p(E) (or respectively, f : 

p(E) —> B1) in the base category of a (co)fibration v 

, B H - > E B B e 06 B 
F„ : B -* CAT ' 

i/iere is a corresponding pseudofunctor 

B 

/i-^Cart/ / € A r B 

• Conversely, for a given (co)contravariant pseudofunctor F : B —> 2-CAT i/iere is a (co)fibration 
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EF 

PF 

B 

fGrothendieck construction,). 

ObEF are pairs ( J, Ee ObF(B), B € ObB 

ArEF are pairs (^j e E P ( Q , Q ) he F(B)(E,F(f)(E')), feB(B,B') 

/E^F{1B)(E) 

F(f)(F(g)(E"))-^ F(g o f)(E») 

Ob EF are pairs ( Y E e ObF(B), B € ObB 

ArEF are pairs (h\ e EF((E, B), (E>, B')) h € F(B')(F(f)(E),E>), feB{B,B>) 

-CM*) 
0-0-
or respectively, 

-©>-CMSMS)« 
( "J^^fiAW)™!) 

. / F ( 1 B ) ( £ ) ^ - E 
'(!) = V I B 

u\ / £ \ / £ ' \ , fv\ {E'\ fE" for [f) • [B) -* U'Jand U : W " \B") the composUe 

Vg) ° (/) := G °/) wftere w: F(s °/)CE) "̂  F{9){F{f){E)) "^^ F(5)(i?,) A E"' 
pF is the projection onto the bottom component in both cases. 

The two processes above are (weakly) inverse to each other. 

PROOF is straightforward. See [Jac]. 

(It is essential for the Grothendieck construction that every (co)fibration P 

'0bp--={{p(E))\Ee0bE} 

E 

is equivalent to 

B 
p 

(co)fibration pa where < , P2 is the projection onto the bottom 

.Arp:={Uf))\feArE} \p(fh 

component, and that every morphism in E factors through a (co)cartesian one) • 
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2.1.1. Almost-structures. 

We now give an abstract notion of structure on objects of a category. It correctly captures such 

varying examples as manifold structures on a set, algebraic structures on a set, and foliations on 

a manifold. It also provides a convenient means of discussing fibre and jet bundles. 

Definition 2.1.1.1. A structure of type E on (objects of) category B is a functor 
E 

v which is 

B 

• faithful 

admits lifting of isomorphisms's of type / : B' -^» p(E) (or, the same, / : p(E) -̂ > B') 

each fiber E g is skeletal • 

E 

• 

Lemma 2.1.1.1. Let v be a structure on B , E',E" € Ob(EB) for some B e Ob(B). 

B 

The following are equivalent 

a) E> = E" 

b) V £ e 06 E p(E{E,E'))=p(E{E,E")) 

c) VEeObE p(E(E',E))=p(E(E",E)) 

d) V£ e ObEB EB(E,E') = 0 iff EB(E,E") = 0 

e) VE e ObEB EB(E',E) = 8 iff EB(E",E) = 0 

P R O O F , a) =4> b),c),d),e) is obvious. 

b) =*• a) Take E = E' and E = E" then 3f : E' -> E" and 3g : E" - • E' such that p(f) = 1 B = 

p(g)- So, p(f o j ) = p(g o / ) = 1 B . By faithfulness of p and the skeletal condition on EB, f and 

g are trivial isomorphisms's. 

c) =4> a) is the same as 6) => a). 

d) => a) Take E = £ ' and E = £ " then 3f : E' -> E", f is vertical, and 3# : £ " -» £ ' , g is 
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vertical. So, / o g = \ E „ , g o / = lE, => E' ~ E" => E' = E". 

e) => a) is the same as d) => a). U 

E 

Propos i t ion 2.1.1.1. For the structure v 

] 
cartesian morphisms just identities. 

on B ; each fiber E# is a poset with vertical 

P R O O F . E B is a preorder since 3 at most one morphism between objects (p is faithful). E B 

is a partial order since all isomorphic objects are the same (skeletal condition). Cartesian lift of 

isomorphisms is isomorphisms, so the cartesian lift I s is an identity (since E B is a partial order). 

• 

Propos i t ion 2.1.1.2. 

The pullback of a fibration is a fibration, 

F*E- >E 

The pullback of a structure (on B,) is a structure (on A) p' 

P R O O F . 

Pullbacks in CAT exist and they are certain subcategories of direct products. Cartesian 

morphisms are preserved under pullbacks which is seen from the following diagram 

(A",E") 
(uow,ot) 

(A',E')—^(A,E) 

A" FA" 

A1- •>A 
FA1 > FA 

(where: p(E) = F(A), p(a) = F(uow), v is cartesian over F(u)). 



2.1. FIBRATIONS AND COFIBRATIONS 63 

If 

E 

B 

F*E 

admits lifting of isomorphisms's of type B1 -̂ + p(E) then p' admits lifting of 

isomorphisms's of the same type (obvious). If p is faithful then p' is faithful (assume, p'(u, v) = 

F*E 

p'(u,vi) = u then F(u) = p(v) = p(vi), so, v = i>i). Fibres of r> are skeletal (assume, 

(1A,V) • {A, E') -^» (A, E) is an isomorphisms in (F*E)A then v : E' -^> E is an isomorphisms 

in BF{A), so, E' = E, and ( A £ ' ) = (A,E)). D 

Special cases of a pullback are "fiber" and "intersection of structures": 

E f ->E 

->B 

Ei A E -

Ei 

->E 

->B B ~ —' Pi 

R e m a r k . The notion of structure on objects of a category was introduced in [Kom] in order 

to deal with the usual structures in Differential Geometry like smooth structures or fibre bundles 

on topological spaces. However, it turned out to be too weak in one sense (no inverse and 

direct images) and too strict (skeletal fibres) in another. An appropriate framework was created 

with the theory of (co)fibrations. Nevertheless, a weaker notion of almost-structure emphasizes 

the direct connection with the main structure, which is the case of importance especially when 

almost-structure is introduced onto hom-sets. 

E 

P ropos i t ion 2.1.1.3. For each structure P of type E on objects of category B 

B 

E 

there is an embedding ip : p Set E ° P 

E 

\P{E) 
v 

B (, \p(v 

p(E(-,E)) --» B(p(-),p(E)) : E o p -> Set (hom-subfunctor) 

•p(E(—,E)) on objects 

p(E(-,v)) on arrows 

P R O O F . Functoriality is obvious. Injectivity follows from Lemma 2.1.1.1. • 
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Remark. This means that every structure E on objects in B is faithfully representable by a 

specific subcategory of B-hom-subfunctors (in which it is sufficient to take arrows of only simple 

type / o - ). 

A reasonable question is whether an object E G ObE can be recovered from a functor F '~J> 

B(p(—),p(E))7 If it can it is unique but the answer is no, in general. Even when it is impossible, 

the subfunctor F '-* B(p(—),p(E)) behaves like an object in E. 

Definition 2.1.1.2. 

• An arbitrary subfunctor F <—> B(p(—),B) : Eop —> Set is called an almost-E structure over 

object B G ObB. 

AE 

• The category 

B 
B ( P ( - ) , / ) 

/F\ (f°-
with objects I I, B G Ob B, F •—* B(p(—), B) and morphisms I 

,, / : B —> B' is called a category of almost-E structures over B. 

• An almost-E costructure over B € 0 6 B is a subfunctor F' <—> B(B,p(—)) : E —> Set 

[almost-costructures are not dual to almost-structures, they behave all together in a covariant 

way]. 

A'E 
/F'\ (F1 

• Category with objects I , B G ObB, F' ^^ B(B,p(—)) and morphisms / : I 

B 

^ V if / : B -+ B1 G ArB and V ^ 6 ObE, V5 G B(Bl,p(E1)). gofe B (S ,p (£ i ) ) , 

is called a category of almost-E costructures over B. • 

Example 

Take Poly{Ei,E2, ...,En;-) ^ Set(p(£q x ••• x En),p(-)) : Vect -> Set, the subfunctor 

of multilinear maps. Then Poly(+, +,..., +; —) : Vect" —> Set V e c t determines a subcategory of 
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almost-Vect costructures over (po (xn))(Vectn) <-> Set (p : Vect —> Set is forgetful). 

65 

E 

Proposition 2.1.1.4. For a structure of type E on B v 

B 

AE E 4 E 

is a fibration; is a subcategory 

B B B 

P R O O F . 

AE 

' If [B e 0fe and f :B' ->B take 

B 
/ * F := {g : p(X) -> S ' | X G O&E, / og e F (X) C B(p(X) ,B)} . Then / * F -> B ( p ( - ) , 5 ' ) 

/o/co — 

7 * n (T) m fco_^ 
is a subfunctor, and ( I > I 1 is cartesian over / B" f*F ——3 F 

/ofc 

• The assignment 
(p(F)) ^ P ( E ( ~ ' £ ) ) ^ B^H,P(£)) o n o b j e c t s 

v 

p(v] 
• p(E(— ,v)) = B(p(—),p(v)) on arrows 

gives the required embedding. D 

2.2. Enrichment with generalized elements in hom-sets 

Definition 2.2.1. A 1-category C is enriched in the tensor category (V, J,®) [Kel, Bor2] 

if 

• Vx,yeObC C(x,y) e ObV 

• Vx, y,z£ Ob C /j.XtyiZ : C(y, z) <g> C(x, y) -> C(x, z) e ArV 

• Vx,y, z,w e O b C 
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(C(z, w) ® C(y, z)) <g> C(x, y) — ^ C(z, w) ® (C(y, z) <g> C(x, y)) ^ C(z,w) ® C(x, z) 

-4 C(a;,w) C(io, y) <8> C(x, y) 

\fx e Ob C 3 ̂  : / -> C(x, x) £ ArV such that 

C(x,y)i C(z,x)< 

C(x,x)®C(x,y) C(z,x) ® C(x,: 

n 
Generalized elements in hom-sets are just parametrized families of arrows in the same way 

as continuous or smooth families of maps are generalized elements. They form an almost-C 

structure on the hom-sets of the category C [Kom]. 

Definition 2.2.2. Assume that C has binary products and | -1 : C —> Set is a faithful functor. 

Then the Set-map / : \Z\ —> C(X, Y), Z € Ob C is called a generalized (or acceptable) element 

of C(X, Y) with domain \Z\ if the arrow / o ̂ z can be lifted to C 

C(X,Y)x \X\-H-t\Y\ 

/ x l 

\Z\ x \X\ 

\ZxX\ 

where: ^z is the mediating arrow to product, ev(g,x) := \g\(x) D 

Denote by Q(\Z\, C(X, Y)) -̂> Set(|Z|, C{X, Y)) the subset of generalized elements of C(X, Y) 

with domain \Z\. 

Proposition 2.2.1. The assignment Z>-» Q(\Z\,C(X,Y)) is extendable to a functor 

g(\-\,C(X,Y)):C""^Set. 

file:///X/-H-t/Y/
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P R O O F . Assume, a : Z' —> Z is an arrow, / G Q(\Z\,C{X,Y)) is a generalized element. 

We need to show that / o a g Q(\Z'\,C(X,Y)) is a generalized element as well, i.e., that 3h : 

Z' x X —> Y such that |/i| = ev o ( / x 1) o (a x 1) o yz, = / o (a x 1) o 7^/. 

Since 7 z : \Z x X | -> \Z\ x |X| is natural in Z \Z' x X | -¥-> |Z' | x |X| 

| a x l j 

\ZxX\ 

| a |x | l | 

-> |Z |x |X| - ">|y| 
• i z • • • • f 

the requirement will be 3h : Z' x X —> Y such that \h\ = / ojz o |Q X 1|. By assumption on / , 

3 j : Z x X ^ y such that |g| = / oyz. So, take /i := g o (a x 1). a 

Propos i t ion 2.2.2. / / | -| : C —» Set is a faithful functor which preserves binary products, 

then the category C is enriched with generalized elements in the presheaf category Set 

P R O O F . 

VX,Y GObC (g(\-\,C(X,Y)) : C ° P - ^ S e t ) e 06(Se t c ° P ) 

MX, Y,Z£ObC take [IX,Y,Z • G(\-1,C(Y,Z))®Q{\-1,C{X, Y)) -> £( |- \ ,C(X,Z)) such that 

W e 06 C nx,Y,zMf,9) •= fix,Y,z ° < / . S > w h e r e : ^x,y,z = C(F,Z) x C ( X , F ) -> 

C(X, Z) is the composite in C, < f,g >: |W| —> C(y, Z) x C ( X , F ) is the mediating arrow to 

product. )J,x,Y,Z;W is natural in W since (fxx Y z o < f, g >) o \h\ = fj,x Yz o < f o \h\, go \h\ > 

for h:W -+W. 

Why can eii o ( ( / / c o < / , p >) x 1) o 7 be lifted to C? By the above condition, 

C(Y,Z)x | y | - ^4 |Z | 

/ x l 

\W\ X 1̂1 /ifted 

c(x,y) x |z|-^4|y| 
9x1 

7 

lifted 
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It is sufficient to take 7 = 1. 

C(X,Z) x |X| 

MCxl|x| 

C(Y, Z) x C(X, Y) x \X\ l c ( y 'Z ) X C T ) C(Y, Z) x 
r.i 

The required dotted arrows evo((jjp o < ftg >) x l m ) ° 7 c a n be lifted to C since the rightmost 

way / o (l |w| x j ) o ( < l |w|, l |w| > xl |X|) ° l|WxX| c a n be lifted (for take liftings for f,g and 

identities for identities). 

• (associativity) Vf,g,h such that / : \W\ -> C(Z,Z'), g:\W\-* C(Y,Z), h : \W\ -> C(X,Y) 

fni z z' ° < f'VxYZ0 < ff>^ > > = Mx y z ' ° < Myzz ' ° < />5 > > ' 1 > because the equality 

holds at each point w £ |W|. 

• (identities) VX e O6C take M X ; W : 1 -» Set( |W|, C(X,X)) : * t-> (w ^ lx). It is natural 

in W and V/,p such that / : \W\ -> C(X,Y) , 2 : |W| -> C(Z ,X) the equalities hold 

/ i C o < f,ux.w > (w) = nc(f(w),lx) = f(w), fiCo < MX;W,3 > (w) = ^ c ( l x , s ( ^ ) ) = 

g(w) w e \W\. D 

Corol lary (refinement of Proposition 2.2.2). Under the above assumptions (C has binary 

products, I -1 : C —> Set is a faithful functor preserving binary products) hom-sets of C are 

enriched with an almost-C structure of generalized elements. 

P R O O F is immediate (because presheaves of generalized elements are of the specific form 

file://g:/W/-*


2.2. ENRICHMENT WITH GENERALIZED ELEMENTS IN HOM-SETS 69 

G(\-\,C(X,Y)) <->Set(|-|,C(.X',F)) and fj, is actually postcomposite fj,c o - ) . D 

We mean further that C is j4C-category if this specific enrichment with generalized elements 

is given. Moreover, we call D is an AC-category if it is enriched with presheaves of generalized 

elements with domains in C. 

Remark. All the usual concrete categories, like Top, Grp, Rng, etc. carry corresponding 

almost-structures (which in some cases can be strict). 

Example 

Proposition 2.2.3. If X is a locally compact topological space (so that the family T of topolo­

gies on Top(X, Y) for which the evaluation map ev : Top(X, Y) x \X\ —> \Y\ is continuous is not 

empty and contains a minimal element, the compact-open topology on Top(X, Y)) then r € T is 

compact-open iffiZ € Ob Top each generalized element f : \Z\ —> Top(X, Y) is continuous. 

P R O O F . " =>• " Consider the diagram 

Top(X,y) x \X\ e" j \Y\ 

\Z\ x \X\ 

We want to show that / : \Z\ —> Top(X, Y) is continuous (with compact-open topology in 

Top(X, Y)) if / : \Z\ x \X\ —> \Y\ is continuous, i.e., that Vz £ \Z\ V (subbase) compact-open set 

UK 3 f(z) 3 nbhd V 3 z such that f(V) cUK.It is equivalent that Vz G \Z\ \IUK 3 f(z) W 3 z 

such that f(V x K) C U. Since / is continuous V(z, x) e {z} x K and V open U 3 f(z, x) 3 open 

nbhd Vz x Wx 3 (z, x) such that f(Vz x Wx) C U. \J Wx D K (open cover). So, by compactness 
x£K 

n n 
of K, 3WXl,...,WXn, such that (J WXi D K. Take V := f] (V{)z, where (Vi)z corresponds to 

i=i ' i=i 
WXi (i.e., (Vi)z is open, (Vt)z 3 z, f((Vi)z x WXi) C U). Then f(V xK)cU. 

" <̂= " Take Z = Top(X, Y) with compact-open topology. Take Top(X, Y) itself (on the top 
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of the diagram) with non minimal r 6 T, f := 1 e Ar Set. Then 1 : Top(X, Y) -» Top(X, y ) 

is an admissible generalized element, since ev is continuous, but 1 is not continuous. • 

Remark. Therefore, for a locally compact space X, the almost-Top structure Q(\Z\, Top(X, Y)) 

coincides with the compact-open topology, i.e., is actually a Top structure. 

If we agree that the functor Q(\-\,C(X,Y)) : Cop —> Set reflects essential properties of C-hom-

sets, we immediately get a unique (up to isomorphism) extension of each functor F : C —> D, i.e., 

we deal with C-hom-sets as with C-objects. In this way, for example, the tangent or jet functor 

can be introduced directly on Aut(X) , X € ObDiff to give rise to a calculus on Aut(X). The 

possibility of such an extension follows from the fact that each presheaf is a certain (canonical) 

colimit of representables [Mac, M-M]. 

Proposition 2.2.4. 

• The Yoneda embedding y : C —> Set is a universal cocompletion of C, i.e., V F : C —> 

E, where E is cocomplete, 3 ! (up to isomorphisms) cocontinuous F : Set —+ E such that 

S e t c ° P - £ - t E 

y 

C 

• F(P) = Colim(Jc P-^C-^E), where P € 0 6 S e t c ° P , fc P is a category of elements of P, 

n is the natural projection. 
set'-)"" 

• Cat ^ ± Cocomp , the adjunction between Cat and a full subcategory of cocomplete 
forgetful 

categories Cocomp with Yoneda embedding yc '• C —> Set as a unit. 

• Each functor F : C —> D admits a unique (up to isomorphisms) cocontinuous extension 

F : Set c°" -> Set0"" such that Setc"P - - -> SetD°P 

^ ^ D 

P R O O F . See [M-M]. • 
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For example, if T : Diff —> Diff is a tangent functor, Diff(X, V) is a presheaf on Diff (hom-set 

enriched as above) then T(Diff(X,F)) = / D l f f Diff {X,Y) A Diff ^ Diff -^ SetD i f f°P . 

2.3. General manifolds 

E 

Definition 2.3.1. The functor F is called a fibration with respect to a class of arrows 

B 
C C Ar B if V/ : B' -> F ( £ ) G C 3 / : E' -+ E € Ar E such that / is over / and / is cartesian. 

D 

Definition 2.3.2. [M-M] 

• A Grothendieck pretopology TQ on a category B with pullbacks is a family of coverings (or 

sieves) TQB for each object B 6 06 B (elements of a covering are just arrows with codomain 

B) such that 

• if / : B1 —> B is an isomorphisms then {/} e TOB is an one-element covering 

• if g : B" —> B is an arrow and c 6 TOB then pullback family plbk9(c) € TOB" 

• (coverings are composable) if c £ TQB and VB' € d(c) there is given a covering CB> £ TO,B< 

then c o \J cB> £ T0B 
B'ed(c) 

• A Grothendieck topology r on a category B (not necessarily with pullbacks) is a family of 

hom-subfunctors TB for each object B £ ObB such that 

. B ( - , B ) G T B 

• if / : S ' -» S and t e TB then the inverse image (/*(t) : X ^ (f*t){X, B') C B(X, B')) E 

rB, (hef*(i)(X,B')iSfohet(X,B)) 

• if s «—» B(—, B) is any hom-subfunctor such that V/ : S ' —> B /*(a) G TB' then s £ TB • 

Every topology is a pretopology if B has pullbacks, and every pretopology generates a topology 

[M-M]. The category B with (pre)topology is called a site (B,T(0)). 
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E 

Definition 2.3.3. [Kom] The functor F is called local if it is a fibration with respect 

(B,r0) 
to all elements of all coverings [J \J TQB • 

BeObB 

E 

• 
E-Man < ^E 

Definition 2.3.4. For a given functor to a site f the smallest local functor PF 

(B,r 0 ) 
is called an E-manifold structure over B. It means 

(B,To) 

• yX £ Ob E-Man 3 a covering cPF(x) = {« : -Bj —> Pp(X)}iel € T0pF(x) such that there 

are inverse images i*(X) G OfrE (i.e., E contains isomorphic representatives of the inverse 

images). 

• V/ : X' -> X € ArE-Man 3 coverings C'PF(XI) = {i' : B[, -+ pF{X')} £ T0PF(X>) and 

<W(X) = {i • Bi -> P F P O } G foPF(X) such that Vi <= cPi,(X) 3i' € C^ F ( X , } such that 

i'*(X')-3-+i'(X) 

and over it i> \ 

~r ^X 

Bl,^^Bi 

PF(X')—->PF(X) 
PFU) 

X' 

where i',i are cartesian, PF{&) — <P, $ € A r E (arrows are locally in E). 

E-Man is maximal with respect to the above two properties. a 

Examples 

Set i ^Setinj-

1. Set as a manifold structure l where Set;n j is a category of sets with 

(Set, T0) 
injective maps only, To is a pretopology consisting of all families of injective maps with common 

codomains. 

2. Differentiable manifolds 

Cr-Manfc < 3TrivCr-Man fc 

where k = K or C, 

(Top, TO) 

To consists of all open coverings, r = 0,1, . . . , oo (o ru for complex manifolds), 
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Ob (TrivC r-Man f c) = {k°, k1,..., kn,...} 

Ar (TrivC r-Man f c) = C-maps 

3. Locally trivial fibre bundles 

Bn(£,p)< 5 B n 0 ( f , i 

(Man^,T0) 

(For more details, the reader 

is referred to Section 2.4. 

4. Foliations over Man 

Fol(£,p)< 5 PD1O(£,P) 

associated to an AMan-functor se-

(Man,T0) 

quence £ A Man - ^ Top (see 2.4), where: Man is a category of manifolds (of type £') 

over Top, To are all 'open coverings' of objects in Man, Folo (£,p) = Bno (£,p) is a category 

Fo\0{£,p) 

of trivial foliations ('direct products') with leaves in £, the projection functor 

Bn 0 (£ ,p) 

the first (top) component of projection 

(Man, T0) 

(TQ is different in these two cases and 

(Man -*, T0) 

corresponding categories of manifolds are glued differently). 

5. E-manifolds over Top. Let p be a local structure on Top with To, all open coverings. 

(Top, T0) 

• A local E-map on a topological space X is a pair ( I € Ob 

E 
E 

U is open. 

(Top, TO) 

A family \ I J > is compatible iff V(i,j) g I2 -Ei^nc/j —* Uj^nUj, ^ is a vertical 
I. \UiJ J i€I <P 

isomorphisms. 

An E-atlas A on X is a compatible family < I ' ) > such that I) [/; = X. 
1. \UiJ ) iei i£l 

Two E-atlases A and A' are equivalent iff A U A' is still an E-atlas on X (so, there exist 

maximal atlases, call them Amax)-

The above 'equivalence' on atlases is not transitive in general. So, there can be different 
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E 

maximal atlases containing a given one. But, it is transitive if V I J, I ) € Ob P 

Top 

and V open covering \J U, D U E\ui — -̂» E'\ut (for all i e I) implies E -^-* E'. 
l^l vert vert 

• A topological space X together with an E-atlas A on it is called an E-manifold, i.e., 

{X,A) eObE-Man. 

• An arrow in E-Man is / : (X, A) —» (Y, B) such that / : X —» Y is continuous and 

(unique) lifting f\unf-*(v) • E\unf-*(V) -> E' e ArE. 

V f J e AJV) e B if U n / - i ( V ) / 0 then f\unf-Hv) • U n f-\V) -+ V admits 

2.4. Fibre bundles 

Locally trivial fibre bundles give an important example of general manifolds over M a n ^ 

[Kom]. 

Definition 2.4.1. The category of trivial fibre bundles Bno (£ ,p) overMan"* with typical 

fibres in a category £ consists of the following data 

• £ —> Man —> Top, where £ and Man are AMan-categories, p is AMan-functor, w preserves 

binary products [i.e., Man is enriched in Set with presheaves of generalized elements 

Q{\ - |, Man(i4, A1)) for each hom-set Man(A, A'), £ is enriched in S e t M a n ° " with subfunctors 

H{\-\,£{E,E')) <-> Set(\-\,£{E,E'))fore&chhom-set£(E,E'),pE,E>;x :H{\X\,£{E.E'))-> 

g(\X\,Ma.n(p(E),p{E'))) : f H-> PEIE, o f is natural in X e Ob Man, pE<E> • £(E,E') -> 

Man(p(E), p(E')) is the restriction of functor p on the hom-set] 

• ObBn0(£,p) :={{X,E)\X £ ObMan,E £ Ob£}; 

ArBno (£,p) := {(X,E) ^ ^ {X',E')\f: X -» X', $ e H(\X\,£(E, E'))} 
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functor PO 
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(X, E)^ X xp{E) ^ X (X, E) € Ob B n 0 (£, p) 

Xxp(E) < / o p " 0 > i X ' x P ( f i ' ) 
: < 

M a n 
( />* ) ' pi ( / , $ ) £ 7 l r B n 0 ( £ , p ) 

X - >X' 

where 0 := ev o {(pE,E> ° *) x 1|P(B)|) , PE„E< o $ e e(|X|,Man(p(.E;),p(£'))) • 

Definition 2.4.2. The category of locally t r ivial fibre bundles Bn(£ ,p ) over the site 

(Man -*, To), where To is the set of pullbacks of all open coverings of codomains (i.e., if q : Y —> 

X 6 Ob Man - * and {£/j};€j is an open covering of X then {q~l(Ui) ^ U,}iei is a covering of 

q), is a manifold structure of type Bno (£,p) over Man - *. • 

A usual way of constructing new fibre bundles from old ones is by fibrewise operations. Let 

£ —> M a n ~̂ > Top and £' -̂ -> M a n —> Top be two sequences generating categories of fibre 

bundles B n ( £ , p ) and B n (£',p') of types £ and £', respectively, F : £ —> £' be an AMan-

functor. Then there exists a corresponding functor B n (F) : B n (£,p) —> B n (£',p'). 

Denote by AMan-CAT an 1-category such that 

(Ob (AMan-CAT) B (£,p), if £ is AMan-category, p : £ -* M a n is AMan-functor 

\Ar (AMan-CAT) B {F : (£,p) -> (£',p')), if F :£->£' is AMan-functors 

and by Bno and B n subcategories of 1-CAT consisting of categories of trivial and locally 

trivial fibre bundles with fibres of a fixed type (i.e., of categories like Bno (£,p) a n d Bn(£ ,p ) ) 

and functors preserving atlases as arrows (see 2.5, remarks). Of course, Bno (£>P) '~* Bn (£ ,p ) . 

P ropos i t ion 2 .4 .1 . There are functors Bn 0 ( - ) : AMan-CAT -> Bn 0 <-> 1-CAT : 

{ (£,p) i—> Bno (£,p) on objects 

(T? P F>\ R (^ f(X,E)~(X,F(E)) (X,E) £ Ob (Bn0 (£,P)) 
(r : t —> t )»—> Bno u*) : s on arrows 

y \(f,*)»V,FE,E>°*) (/,<&) 6 Ar (Bn 0 (£ ,p ) ) 

and B n ( - ) : AMan-CAT -+ B n ^ 1-CAT, swc/i </iai B n ( - ) = M a n ( B n 0 ( - ) ) (see 2.5, 

remarks) (i.e., to each fibrewise functor there corresponds an actual functor on fibre bundles). 
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Ui x p(Ei) 

P R O O F . The given assignment for Bno (—) is obviously functorial. If A : 
iei 

Ui 

X 

is an £-atlas for £ 0 & ( M a i O then A' := 

B 

UiXpr(F(Ei)) 

Ui 

X' 

is an f -a t las for 
iei 

B 

B n ( F ) 

X 

B 

A € Ofe(Man^) (i.e., essentially, A' is a compatible family of arrows, if A is 

X1 

compatible, and can be glued to an arrow ). So, Bno (F) and B n ( F ) preserve atlases. • 

B 

R e m a r k . Similarly, there can be defined fibrewise functors of more than one variables (e.g., 

Bn(£,p) x Bn(£',p') -> Bn{£",p") induced by F : £ x £' -* £", an AMan-functor). In this 

way the usual fibrewise operations like x, ®, ®, etc., are introduced. • 

2.5. Stacks and cons t ruc t ion of general manifolds 

Stacks give an example of relative higher order Category Theory. They are functors from 

Grothendieck sites to n-CAT with deep connections between local and global properties, 

n-categories form an (n + l)-category, so that (forgetting set-theoretical difficulties) 

Hom(n+i)_cAT(C, n-CAT) is an n-category. 

Definition 2 .5 .1 . Let (B , r ) be a site (B is a 1-category), F : Bop -> n-CAT a (weak) 

functor. 

• For a sieve is : s <—> B(—,£) (n — l)-category Desc(s,F) := Hom(n+iyCAT(s, F) is called 

descent d a t a for the functor F and sieve s. 

• VB £ 0 6 ( B ) and V sieve is : s '-> B(-,B) there is an induced (restr ict ion) functor i* : 

H O I I I ( „ + 1 ) . C A T ( B ( — , f i ) , F ) —> Hom( n + 1) .C AT(s,F) . If i* is full and faithful (VB and Vs) 
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then F is called a prestack. If, moreover, it is an equivalence F is called a stack, i.e., F is a 

pres tack iff VS,s Hom ( n + 1 ) . C A T ( s , F) < Hom ( n + 1 ) . C AT(B( - ,B) ,F ) —::—> F(B) 
full, faith. Yoneda 

and a stack iff i* is an equivalence. • 

For n = 2 there is another definition of stack via matching families [Moe, Vis]. 

Denote by PreSt (B o p ,n -CAT), S t (B o p ,n -CAT) <-> Hom ( n + 1 )_CAT(Bo p ,n-CAT) the full 

subcategories of prestacks and stacks respectively. 

P ropos i t ion 2 .5 .1 . Both inclusions 

*_ u. *_ 
St(B°P, 2-CAT)r*~ ± } PreSt(B°P, 2-CAT) r J- } Horn3-CAT(B°P, 2-CAT) 

have left adjoints. 

P R O O F . See [Moe, Vis]. • 

Cons t ruc t ion of manifolds of t ype E over a site (B, r ) 

We now give an explicit construction for building manifolds of type E over a site ( B , T ) . 

E —*-)• 1/F 

1. Factor the (l)-functor F : E —> (B, r) through a free fibration (see L e m m a 2.1.1) dom 

2. For the fibration 

1/F B 

form a corresponding (weak) functor F : B o p —> 1-CAT and complete 

B 
it to a stack ($ o $ ) F : Bop -+ 1-CAT with respect to topology r. 

3. Get back (by the Grothendieck construction) from the stack ($ o $ ) F : B o p -> 1-CAT to a 

E< >1/F 

fibration p 

B 

4. Choose a (correct) class of arrows M in B representing 'embeddings of simple pieces into 

manifolds'. 

5. Take a full subcategory E-Man •—• E consisting of all objects (B,£) € Ob(E) such that 
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3 a sieve s -> B(-,B) (depending on B) and V/ £ s Cart^f ) = (($ o V)F(f))(£) : (df 

E-ManC >. E < 1̂/F 

F ( £ ) ) e Al for some E € 06(E) . Then v is the required 

B 
category of manifolds of type E over base site (B, r ) . • 

Remarks. 

• The categories E-Man depend on the choice of the class M. (different A4's may give different 

categories), so M is an additional parameter. For the cases of the usual manifolds (smooth 

real or complex) M is always the class of topological embeddings of open subspaces. 

• An object (B, £) in E-Man consists of a base object B and an 'atlas' £, where £ is a class of 

compatible charts (U —> F{E)) € M, U G Ob(lmF), E € E. All arrows are represented by 

vertical arrows for the stack completion of 1/F. 

• lm(pF) D Im(F). 
E-Man 

• The resulting category of manifolds VF is not usually a fibration. 

B 

• Denote by Mano •—> 1-CAT a category consisting of a subcategory of E-Man of trivial 

manifolds of type E for each type E and functors "mapping E-atlases to E'-atlases"; similarly, 

denote by Man «—> 1-CAT a category consisting of E-Man for each type E and functors 

"mapping E-atlases to E'-atlases". Then there exists a "manifoldification" functor Man(—) : 

Man 0 -> Man. The inclusion functor O6(Man0) B E-Man0 <-> E-Man 6 Ob (Man) is 

natural in E (and itself preserves atlases). D 

Proposition 2.5.2. For every prestack F € Ob (PreSt(Bop, 2-CAT)) there is a local equiv­

alence (i. e. a natural transformation whose components are full, faithful, and locally surjective 

functors, see [Moe]J w : F -> $ (F ) , where $ : PreSt(B°?\ 2-CAT) -> St(B°P, 2-CAT) is the 

stack completion functor. 
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P R O O F . See [Moe, Vis] • 

R e m a r k . Meaning of proposition 2.5.2 is that objects and morphisms of a stack completion 

locally look like objects and morphisms of the original fibered category. • 

Examples 

In Example 5, p. 72, we showed how to view the category of smooth manifolds as fibred over 

Top. We will now sketch how the abstract construction of manifolds described above results in 

the same fibred category. 

1 (single manifold). Let E be the category whose objects are kn,n = 0,1, . . . , (k — K or 

C) and all smooth (analytic) local isomorphisms and let M. be the set of embeddings of open 

subspaces. Let B be the union of the following: the category of open subsets of a space X with 

inclusion arrows, the category E, and arrows from M with codomains in E, and let F : E —> B 

be the inclusion functor. The assignment X C £/>--> {/:[/—> /cn | n = 0,1, . . . , / g M} gives a 

prestack on X. If X is a manifold, then (X,£) € Ob (E-Man), where E is an atlas on X in 

the usual sense. 

2 (smooth manifolds). Let B = Top; r be the set of all open coverings; E consists of Rn , 

n = 0 , 1 , 2 , . . . , the set of all open subspaces of Kn, and all smooth maps between them; 

p : E —> B be the inclusion functor. Then 

• the functor corresponding to 1/$ assigns to each topological space X £ OfeTop a category 

of charts on X, {f : X —* E \ E £ 0 6 E } with suitable commutative triangles as arrows 

[1/$ is a prestack since for a given covering U = (JL7; of a space X and given two charts 
i 

f : X —> Ei, g : X —> E-i existence of compatible (smooth) arrows ipi : f\ui —> g\ui implies 

existence and uniqueness of a total (smooth) arrow ip : f —> g because compatibility here 

means <£,; = ipj Vi,j , and so ip = <pi, i.e. V H-> Hom(f\v,g\v) is a sheaf], 

• total category E of the stack completion consists of all atlases (compatible charts) of all 
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topological spaces (see proposition 2.5.2), 

• for the class M of open embeddings the objects of E-Man are atlases over those topological 

spaces which are differentiable manifolds in usual sense. 

2.6. Lifting problem for a group action 

Let Grp be a category of groups, (—)Grp : 1-CAT —> 1-CAT be a functor which assigns (in 

an obvious way) to each category without group action a category with groups actions, namely, 

f C ^ Grp-C C£Ob (1-CAT) 
< where: 

I (F : C -> C) i-> (Grp-F : Grp-C -> Grp-C) F G Ar (1-CAT) 

Grp-C consists of triples (G,C,p) (G £ Ob (Grp), C G Ob(C), p : G -> Aut(C) is a group 

homomorphism) as objects, and pairs (a : G —> G', f : C —» C") : (G,C,p) —» (G',C',p') (s.t. 

Vg e G p'(cr(g)) o / = / o p(5)) as arrows, 
(G, C, />) ^ (G, F(G), F c , c o p) (G, C, p) e Ob (Grp-C) G r P ~ F : ' (a, / ) - (ff, F ( / ) ) (a, f) € Ar (Grp-C) 

[(a, F(f)) is an (equivariant) arrow in Grp-C because F(p'(a(g)))oF{f) = F{f)oF{p(g) Vff € G] 

E 

Proposition 2.6.1. / / p is a structure over B (i.e., all isomorphisms of type (B' 

Grp-E 

p(E)) £ 4 r B can be lifted to isomorphisms (E' —> E) € Ar~E) then Grp-p is a structure 

Grp-B 
over Grp-B. 

P R O O F . If ((f,f) : (G',B',p') -^> (G,p(E),po p) is an isomorphisms then 3 ( R / ) ~~* I R ) > 

E 

isomorphisms, because P is a structure over B. Regard the diagram (of group homomorphisms) 

B 
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• A u t E ( £ ) 

^ p 

(**) ^G'—^G'. 

(.) 

P"{g') •= r 1 OE p(y(ff')) ° E / 

A u t B ( B ' ) 4-
/ 1oB-oBf 

•AutB(p{E)) 

(*) commutes because / og p'(g') = (po p)(<fi(g')) °B / by equivariance condition. 

(**) commutes because p{p"{g')) = / x ° B p{p{'-p{g'))) °B / = p'(5')-

Grp-E 

So, 3 isomorphisms • / " V ; -i^ii-» ' , i.e. GrP-P is a structure over 

Grp-B 
Grp-B. • 

E < Grp-E 

There is a commutative diagram in 1-CAT v Grp-p (where horizontal arrows 

B < Grp-B 
forget group actions). So, there exists a forgetful fiber functor E B <— Grp-E( G Bpy 

Definition 2 .6 .1 . For a given G-action (G,B,p) e 0 6 ( G r p - B s ) , an object E G Ob(Es) 

Ei \{G,E,pf) 

admi t s t h e lifting of a G-action if 3 (G,E,p') £ 0& (Grp-E(G,B„O)), i.e., P Grp-p 

Bi \{G,B,P) 
(essentially, p = p o p1' • 

The Lifting p rob lem for a G-action p : G —> A u t e (B) is equivalent to completion of the dia­

gram of group homomorphisms with exact row 1 > AutEB(.E)> > Au tE(S) > A u t s ( 5 ) 
-r 

P ' I ? 

I 
G ' 

where A u t E B ( £ ) are vertical automorphisms of E over B. 

For single element g 6 Aute(-B) there is a simple criterion of existence of g' e AutE(jE) such 

that p(g') = g (see [Kom]). 
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E 

Propos i t ion 2.6.2. For a fibration v (or structure over "B) g £ Aut&(B) can be lifted to 

g' € AutE(-E) iff Cartg(E) -^> E (Vertical isomorphisms). 

P R O O F . 

Cartg(E)-=-^t E 
9 

B- ->£ D 

E 

Propos i t ion 2.6.3. / / is a structure on B (or (co)fibration with unique (co) Cartesian 

B 
R 

lifting), and (G,B,p) € 0&(Grp-B), then 3 a representation G > Auti .cAT(Es) 

where IZ(g) : < 

( E >-> Cartp{g){E) 

E^LC&rtp{g)(E) 

E'<r=r-CartM(E') 
P(B) 

PROOF is straightforward. 

A u t B ( S ) 
EG 0 6 ( E S ) 

I K(s)(/) / e Ar (EB ) 

D 

Corollary. If E e 0 6 ( E B ) is such that Vj e G Cartp( s)(iJ) = E then the Cartesian lifting 

p(g) H-> p(g) lifts an action (G,B,p) e Ofe(Grp-B) to an action (G,E,p) G Ob (Grp-E(G j S > p)). 

• 

Example (Covering Space) 

E 

A covering space is a (co)fibration v over the groupoid B with unique (co) cartesian lifting 

B 
in which all morphisms are (co)cartesian. Moreover, the representation Aut(&) —» Aut(-Eb), 
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b € Ob (B) (induced by (co)cartesian lifting) is transitive on objects of Eb. 

E 

Proposition 2.6.4. For a covering space v over a connected groupoid B 

B 

E 

• Aut ( P 

B 
Aut{b)), 

Aut{Eb) (where g € Aut(Eb) iff g o f* = /* o g, f* = coCart/, V/ 6 

• Aut(Eb) ~ VK(Stab(e)) ~ AT(Stab(e))/Stab(e) (where Stab(e) ^ Aut(6) is the stabi­

lizer of an object e G Ob(Eb), iV(Stab(e)), W(Stab(e)) are its normalizer and Weil group 

respectively). 

P R O O F . 

• An automorphism g of the covering space p is given by family of fiberwise functors gb, b € 

Ob{B), such that f*ogb = gh> ° /*, /* = coCar t / , V ( / : b -> U) e Ar(B). Take gb e 

Aut(Sj,) and define p;,/ := h* o gb o (h*)~x for some ft. : b —> &'. Then gy is well-defined (if 

/ii : 6 —> 6' is another morphism then h* ogbo (h*)_1 = h* ogb o (/i*) -1 since (A]"1 oh)* ogb = 

(/i*)-1o/i*oc/{, = 3(,o(/i^)_1o/i* = gbo{h^ oh)*, h\ oh e Aut(6)), and it is an automorphism 

of the covering space p (if / : b' —> 6" then /* op;,/ = gy/ o /* since /* oh* ogb = gb„ of* oh*, 

foh:b-*b"). 

• See [May]. D 

2.6.1. Lifting of a groupoid action for a sheaf. 

Definition 2.6.1.1. Let (Top, To) be a site for all open coverings on topological spaces. 

• A Set-valued presheaf P : Topo p —> Set is a sheaf iff V sieve S <—> B(— ,B) and V natural 

transformation / : S -> P 3! / : B ( - , B) -> P such that S c • B ( - , B) 
I 
131/ 

4-
P 
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• A Cat-valued presheaf P : Top o p —> Cat is a sheaf iff its object and morphism parts are 

sheaves, i.e., Topo p -^ Ca t - A Set and Topo p -^ Ca t - ^ > Set are Set-valued sheaves. 

• For presheaf P : Topo p —> Cat, space X £ Ob (Top) and sieve S <—> Top(— ,X) matching 

family of objects E : S —> Ob o P (nat. trans.) (or matching family of arrows / : S —•> 

MoroP (nat. trans.)) has a ge rm germ^-E) (respectively, germ a . ( /)) at point a; € X iff 

3 Colims€Sjm(s)5x{E{s)) =: germx(E) (respectively, Colims€S 

, Im(s)3x 

(/(s)) =: g e r m j / ) ) 

(if the germ exists, it is unique up to isomorphisms and does not depend on the choice of sieve 

S). 
• An Eta le space is E := ]J germx(E) (respectively, / := JJ germ ; c ( / ) ) (depending on 

xex xex 

two variables: "point" x € X and "matching family" E or / ) with topology generated by 

basic open sets (U,{germx(E)\x € f/}) (or, (U, {germa .(/) | a; 6 {/})), f/ is open in X. 

There is a natural continuous projection p : E —> X : (x,germx(E)) i—> x (respectively, 

p : / —> X : (a:,germrl.(/)) i—> a;) which is a local homeomorphism. • 

L e m m a 2.6.1.1. Every fibration is a cofibration with respect to isomorphisms's (every cofi-

bration is a fibration with respect to isomorphisms !s). 

E P R O O F . Let P 
f 

be a fibration, and p(E) —> B' be an isomorphisms in B . Then / := 

B 

( / _ 1 ) : E —> E' (where ~ on the right is a cartesian lifting) is a cocartesian lifting of / 

(obvious). • 

E 

Corollary. For a (co)fibration v for each isomorphisms (/ : B —> B') € y l rB, the inverse 

B 
image C a r t / : EB> —• E ^ : sg< t-» f*(ss') and direct image C a r t / : E g —> E B ' : SB >—• /*{SB) 

(where s^ is a 'section' (object or morphism) over B) exist. • 

Definition 2.6.1.2. 
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Let X € Ob (Top) be a space. The groupoid of local homeomorphisms of X is a subcate-

Ob (Grx) are open subsets in X 
gory G r x *—> Top such that . 

Ar (Grx) are isomorphisms's in Top (between open subsets in 

The (Nonfull) subcategory Grx , i *—> G r x with objects U 3 x and morphisms / : U —> 

V,f(x)=x, 

is called the groupoid of local homeomorphisms of X with fixed point x € X. 

• X is transitive with respect to Grx if Vx,y £ X 3 U, V £ Ob (Grx ) , ( / : £ / — > V) e 

Ar ( G r x ) such that {/ 3 x, V 3 y, f(x) = y. 

E 

For a (co)fibration P with unique (co) cartesian lifting and space X £ Ob (Top) two actions 

Top 
of G r x on local sections over X are defined: 

The left action V/ e Grx{U, V) /* = Cart/ : Ev -> Ev : sv ^ / * S y 

right action V/ e Grx(t^, V) /* = coCartf : Ej/ —> Ev : su \—> /*S[/ 

(where sy,S[/ are objects or morphisms). 

• To each of the actions /*, /* (on local sections of E x ) there correspond respectively left and 

right actions of Grx,x on {germa.(s) | s is a matching family of local sections of E x }• If 

s = gerxnx(su) is a germ at point x presented by a local section su (i.e., s = Colim(su |)) 
UDVSx y 

then if ( / ; W -> V) € Grx,x(W, V) 

left action f*a := germa .((/ | )*(«£/ I )) 

right action /»s := germ T ( ( / | ) (sy | )). 
c/rw t/nw 

E 

J is G-invariant if V (/ : U -> V) € Ar (G) 

Top 
E 

/*(sy) = S(/ (or /*(s[/) = sv) (where: s^ := s | := (i : U <—> X)*s, P is a fibration with 
y 

B 
unique cartesian lifting (or a local structure with respect to inclusions of open sets), s is a 

For a subgroupoid G •-+ G r x , ( v ) £ ( p 



86 DUALITY, MANIFOLDS, STRUCTURES 

section (object or morphism) over X). In other words, G-invariant sections admit a lifting 

of the groupoid G. 

• The g e r m x y ( / ) of a map ( / : U —» V) G Ar (Grx ) , such that f(x) = y, is an equivalence class 

of maps { g £ Ar (Grx) | g{x) = y, 3 opens Wx 3 x, Wy 9 y, such that 3 the same restrictions 

f \ =9 \ e Ar (Grx)}- Assume, sx = germx(sUl),s'y=germy(s'Vl). Then 

left action ( g e r m ^ ( / ) ) * 4 := germ T ( ( / | )*(a' | )) 
f-1(vr\Vi) vnVi 

right action (germx y{f))*sx := germJ /((/ | )<i(s | ')). • 
( t /nt / i ) t/nc/i 

Lemma 2.6.1.2. 

Let X be a topological space, G <—> G r x 6e a subgroupoid, Gx <—> G 6e a subgroupoid of 

pointed maps with fixed point x £ X. Then Vx,y € X and V/ £ Ar (G) , s.t. /(a:) = y, 

germx , ! , (Gx) = ge rm y ^ ( f " 1 ) • germyiW(Gy) • germxy(f) (for a certain unique composite • 

of germs of maps). 

If sx — germx(su) £ Sx C S is a point of an etale space (corresponding to objects 

X 

E 

or morphisms over X for a fibration P ) then sx is Gx-invariant iff it is germ a , a . (G : r)-

Top 

invariant. 

If G is transitive on X and sx is Gx-invariant, then V/, g 6 Ar (G), s.t. f(x) = y, g(x) = y, 

there is a unique induced germ at point y (germxy(f))*sx = (germ,. y(0))»S:i, and this germ 

is Gy-invariant (or, respectively, (germyx(f~
1))*sx = (germ^x(g~1))*sx is a unique Gy-

invariant germ at point y), i.e. sx can be distributed in a unique way over all X (to give rise 
S 

a section s : X —• S of etale space consisting of invariant germs at each point). • 

X 

Proposition 2.6.1.1. For sheaf P : Top°p —> CAT, space X e Oft (Top), and transitive 
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groupoid G <—> G r ^ G-invariant sections over X are in bijective correspondence with a subset of 

Gx-invariant germs (of local sections) for a fixed point x £ X. 

P R O O F . TO each G-invariant section over X, there corresponds a G^-invariant germ of this 

section at point x. Conversely, by lemma 2.6.1.2, each G^-invariant germ generates a section of 

the corresponding etale space. When this section is continuous there is a global section over X 

of sheaf P (which is locally invariant). • 

2.7. Equivalence, groups, actions 

Let 72 be a category of sets with a given equivalence relation for each set. We introduce the 

following functors: 

• forgetful p : 72 -> Set : (A, R) >-> A 

• quotient Q : 72 -> Set : (A, R) >-> A/R 

• inclusion A : Set -» 72 : A i-> (A, A A ) , A^ := {(a,a)\a e A} 

Q 

such that n^T^- S e t ' Le- Set(Q(A,R),B) -^ K{(A,R), A{B)) : f H-> / o TT, 
A nat. isomorphisms 

where A—^—^ A/R is the canonical projection (so, the quotient object Q(A,R) represents 

the functor TZ((A,R),A(-)) : Set -> Set). 

In the next definition, equivalence relations on objects are introduced as usual via relations on 

hom-sets. 

Definition 2.7.1. 

• A functor R : Cop —• 72. is called an equivalence relation on object C £ Ob C iff 

QoP —!L^.-JI 

X p (i.e. usual equivalence relations are introduced on hom-sets C(C",C), C" e 

Set 
ObC and they are preserved under precomposition —of, f : C" —> C"). 

• Let C-R, be a category such that 
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Ob(C-R.) are pairs (C,R), C g (9bC, R is an equivalence relation on C, 

^ r ( C ^ ) are maps (C,R) -^X {C,R'), where ( / : C -> C") € 4 r C and F : R =» i?' is a 
C(-,C) 

natural transformation of equivalence relations such that Cop [j^iX ^ —"~* Set 

/ f ft1"* 

Pi? = C(—, / ) (this means that (C, R) —:—> ( C , i?') is a morphism in C-R, iff / : C —> C" is 

an arrow in C and / o — preserves equivalence relation, i.e. if g\ ~ # Qi then f o gx ~^/ / o g 2 

foiguto-.X-^C). a 

C-JI is an analogue of 7t for arbitrary category C. Again, there are the following functors: 

• forgetful p : Cn -> C : (C, R) ^ C 

• inclusion A : C ^ C R : C H (C, A o C ( - , C ) ) , where A : Set -> 71 : A h-+ (A, AA ) , 

A^ : = { ( a , a ) | a £ , 4 } 

• quotient <5 : C-R. —> C : (C,R) >—* C/R which is a left adjoint to A : C —> C-R, i.e. 
Q 

C T C r T ^ C or C(Q(C,iJ) ,C") - ^ Cn((C,R), A(C")) (the quotient object 
* T nat.isomorphisms 

C/R := Q(C,R) represents functor C-R.((C,i?), A(—)) : C —> Set which means that 3 an 

arrow TT : (C,R) -> A(Q{C,R)) such that V/ : (C,R) -> A(C") 3 ! / : Q(C,i?) -> C" with 

/ = A( / ) o 7r, in other words, the quotient map 7r : C —> Q(C, i?) is a common coequalizer 

of all equivalent arrows f ~R g with arbitrary domain and codomain C and, in particular, is 

always an epimorphism). 

The quotient functor may not exist for the whole category C-R, but there always exists a 
Q 

(maximal) full subcategory C-JIQ •—> C-R. for which C-RQ Z~~̂  C (indeed, C ^ Q is always 
A 

non empty since Q o A(C) = C, i.e. A(C) e Ob (OR.Q)) . 

If C is a concrete category with representable underlying functor U := C(J, —), then to 

each equivalence relation R : C°p —> 71 on the object C with quotient map w : (C, R) —> 
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A(Q(G, R)) there corresponds an ordinary equivalence relation on C(I,C) with quotient map 

IT o — : C(7, C) —> C(/", Q(C, R)), and, conversely, to an ordinary equivalence relation on C(I, G) 

with quotient map n o — : C(I,C) —> C(I,C) there corresponds a maximal "saturated" equiv­

alence relation -R : C°p —> 72 on object C with quotient map TV : C —» C" = Q(C, 7?) such that 

/ ~ / i giSnof = nog. In general, the notion of equivalence relation on hom-sets is weaker than 

the usual one. That is, in a Set-like category C (i.e. C concrete over Set) with nonrepresentable 

forgetful functor, the partition of hom-sets hom(Z, X), Z € Ob(C) does not imply a partition on 

the object X. So, equivalence relations defined via hom-sets could induce a weaker notion than 

the usual notion of equivalence relation. 

Let C e ObC, a : G -* A u t c ( C ) , then G also acts on hom-sets C(C",C), C" € ObC, 

, , ( (a, f) i—> a(q) o f left action 
G x C(G',G) -* C(C',C) : \ J , , / , i.e. 3 a functor E : C" -> 

I (3, f)*-*cr(9 )°f nght action 
C ° P —5-» G-Set 

P (it means that all hom-sets C(C",C), C" € O&C, are G-Set such that 
C( - ,C ) 

Set 
regarded with the given G-action). 

There are functors 

f (X, G, o-) .-> (X, i?„) on objects 
• r : G-Set -> 72.: < , , 

[ ( ( A " , G » A (X',G,o-')) •-> ({X,Ra) +> (X',Ra>)) on arrows 

(where Ra is an equivalence relation on X such that (x,y) £ i?CT iff 3g € G y = a(g)x) 

G-Set —^—> 7e 

r is a functor over Set, i.e. \ . 

Set 

. r : G-C -> Cn 

(C, G, a) H-> (G, i?CT) on objects 

((C, G, cr) -A ( C , G, cr')) >-> ((C, -RCT) -A ( C , 7?CT0) °n arrows 

C o P >n 

(where 7?^ := r o S is an equivalence relation on object G corresponding to a, 
c(- ,cV 

Set 
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G-C —^ Cn 

r is a functor over C, i.e. 

r Q 

Let G - C Q := r~ (C-R.Q). Then there exists a quotient functor G-CQ —• C K Q —> C. We 

denote it again by Q, and Q o r (C, G, a) by G/G. 
-*D 

For an arbitrary functor F : C —> D we have G-F : G-C —> G-D such that p 

G - C ^ G - D 

G - C Q . . °^> G - D Q 

but F need not preserve quotients, i.e. for the diagram Q the dotted arrow 

->D 

may not exist and the natural isomorphism may not hold. If the above diagram holds (up to 

isomorphisms) then F : C —> D preserves quotients (of category G-C). In this case F(C/G) = 

C' xC 
lxp 

F(C)/G. The quotient C/G is called universal [Kom] if VC € Ob C 

(C is with trivial G-action). ( C x C) /G —^-> G' x {C/G) 

E 

Proposition 2.7.1. Lei v be a structure on B such that p preserves quotients in the cate­

gory G-E, and let (E,G,a) € Ob (G-E) be an object such that E/G exists with ix : E —> -E/G the 

( E N 

B 

/ EIC1 \ / P \ f E 
canonical projection, then I ._, ._. I = (p(7r))*( , „. 1 is a direct image of 

\P(E/G)J \p{E)J 

P R O O F . We need to prove that I , „ > ( . „ , „ , ) is cocartesian. Take I 

\p(E)J \P(E/G)J \v 
E \ ( E' \ 

) such that v = k op(n) for some k : p(E/G) —> p(E'), i.e. V / ~ G / ' : B P(E)J \P(E 
p(E) vof = vof. 

Assume, h ~ G h' : E\ —> Z? then p(/i) ~ o p(/i') : p(-Ei) —> p(E) (because, if hi = a(g) o ft then 

p(/i') = p(<r(fl)) °p(h)). So, v op(h) = v op(h'), p(u) op(h) = p(u) op(h'), uoh = uoh' (p is 

faithful), i.e. u coequalizes all ~G-equivalent arrows (in Ra). 

Therefore, u = u o 7r for a unique u : E/G —> £ ' . 
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(v = p(u) = p(u) op(ir) = kopfjv)) =>• (p(u) = k) by universality of p(ir) 

Finaiiy'3! C O : CS/^)) •" 0 5 ^ such that (u 

co cartesian. 

A;7 ° \p{•K)), ' ' VP(TT) 

D 

2.7.1. Group objects, subgroups, quotient objects. 

Definition 2.7.1.1. Let C be a category with binary products and terminal object 1. 

G G Ob C is called a group object if 3 maps m : G x G —> G, e : 1 —> G, im> : G —> 6? such 

that the following group-like diagrams hold 

GxGxG >GxG Gxl >GxG< lxG GxG >GxG< GxG 

raxl 

GxG- ->G G G-
eo! 

->G<-

A subobject K> > G of a group object G is called a subgroup (object) if there exist maps 
mK 

For two elements / , g : 1 —> G multiplication / • g : 1 —» G is 1 ^ GxG > G 
<f,s> m 

The Right shift Rg : G -> G (by element ff : 1 -> G) is G ^ ^ ^ G x l > GxG —^ G 
1 xg 

The Left shift L„ : G -> G (by element 3 : 1 -> G) is G :=:::--> 1 x G > GxG -—=$ G 
•J x ~ £ X 1 m 

D 

Proposition 2.7.1.1. For o group object G € ObC 

C(1,G) is a group, 

3 (anti)representation C(1,G) —> A u t c ( G ) : g 1—> Rg (by 

C( l , G) -> Au tc (G) :g^Lg (by left shifts). 

shifts) and representation 

P R O O F . 
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It follows immediately from group object axioms (e : 1 —> G is the identity, inv o g : 1 —> G is 

the inverse of <? : 1 —> G). 

Re = la • G —> G (obvious) 

Rf o Rg = Rgof follows from the diagram 

G; 

Gxlxl GxG 

(mo( lxg))x ' l 

G x 1 

Two dotted paths G x 1 -1-*?->- GxG -•••> G ••--••> Gxl and 

l x < l , l > (mo( lXg))x l 
G x l > G x l x l > Gxl are equal since their composites with projections 

pi : G x l ^> G andp2 = ! : G x l —> 1 are equal, indeed, 
pi o (px

 l o m o (1 x g)) = m o (1 x 

, p 2 o ( p 1
1 o m o ( l x 3 ) ) = ! 

, / P i ° (((™° (1 x 9)) x l ) o ( lx < 1,1 >)) =pi o (((mo (1 x g)) x 1) o (< 1,! > x l ) ) = * 

IV2 o (((m o (1 x 5)) x 1) o ( lx < 1,1 >)) = ! 
* = p i o ( ( m o ( l x j ) o < l , ! > ) x l ) = m o ( l x j ) o < l , ! > o p i = m o ( l x j ) o l G x l = * 

* = m o ( l x j ) 

The proof for left shift Lg is similar. • 

Corollary. If the K> > G is a subgroup (object) of G then C( l , -ft") —> Au tc (G) : k ^> Rk 

is a (right) action (G,K,a) on G (by right shifts from K). If the quotient Q(G,K,a) € ObC 

exists it is called a quotient object G / K (under right action of K). • 

Proposition 2.7.1.2. Lei p : G —> G / K 6e a quotient map s.t. C( l ,p ) : C(1,G) 

C( l , G/K) is surjective. Then 

• Lg:G-*G induces a Set-map L'g : C( l , G/K) -^ C( l , G/K) : 

7 /G/K w universal then 3Lg : G/K - ^ G/K in C s.t. C(1,L9) = L£ and P 

G / K -

>G 

-4 G / K 
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P R O O F . G-
L„ 

->G 

• Claim 1: L'g : px i—> pLgx is well-defined and isomorphisms v 1 
px / N pl/sa: 

G/A G / A 

Proof of Claim 1: If px = px' then 3k € C(1,K) such that a;' = RkX = x • k. Then 

D 

Lflx' = Lg(x • k) = g • (x • k) = (g • x) • k = (Lgx) • k = Rk(Lgx), i.e. pLgx' = pLgx. 

L'g-l O L'g(px) = L^_! (pLgX) = p(Lg-lLgX) = pX. 

• Claim 2: GxG -^% GxG/K is a quotient map of {GxG,K, < I,a >) G ObC-K, where C-A" 

is a category of right actions of C( l , A) on objects of C, < 1, a >: C( l , if) —> A u t c ( G x G) : 

/c i—s- 1 x Rk-

Proof of Claim 2 follows immediately from the definition of universal quotient. 

Claim 3: V fc : 1 —> G TO o (1 x Rk) = Rk o TO. 

Proof of Claim 3 follows from the diagram 

• 

G x G > G x G x 1 
ixPr 

mxl 

The dotted paths px
 x OTO, (TO x 1) o (1 x p1

 J) : G x G —> G x 1 are equal since their composites 

{ Px o (pT1 o m) = TO 
_. and 

p2 o (pj o m) = ! 
pi o (m x 1) o (1 x px1) = TO x PGXG O (1 X p^1) = m o l G x G = m 

Pi o (TO x 1) o (1 x p f 1 ) = ! 
[where P G X G : G x G x l —> GxG is the projection, PGXG ° (1 X p^1) = IGXG since 

P G X G 0 (1 x Pi 1) ° < x,y >=PGXG o<x,y,\ > = < x,y >}. 

GxG 

Claim 4: 3 ! map TO : G x G / A -> G/K such that 1 X P 

D 

-+G 

C x G/K~T_^G/K 
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Proof of Claim 4: Take < / , g > ~ x < / ' , g' >: X —> G x G (where G x G is equipped with the 

action C(1,K) B k i-> 1 x Rk e A u t c ( G x G)) then < f',g' > = (1 x Rk)o < f,g> for some 

A e C ( i , 4 

porno < / ' ,< / > = p o m o (1 x Rk) o < / , <? >= p o Rk o mo < / , g > = p o m o < / , g > 

[p o i?fc = p by definition of quotient p]. So, p o m coequalizes ~#-equivalent arrows to G x G. 

Therefore, 3! m : G x G / K —> G / K filling out the above diagram. D 

Now, dehne Lg : G/K ->• G / K as G/K -^* 1 x G / K - ^ G x G/K - ^ G/K. It works since 

G/K G/K 

and C( l , Ls)(pa;) = Lgopox=poLgox = pLgx = L'g(j>x), i.e. C( l , Lg) = L^. D 

2.7.2. C-group actions. 

Definition 2.7.2.1. 

Let G be a group object in C, X € Ob C, then the C-map p : G x X —>X is a (left) group 

GxGxX-^GxX 

action on X if mxl 

GxX -+X 

l x I ^ G x ! 

X 

• The Left shift L f : X -> X (by 5 £ C(l, G)) is the composite 

• If K>—•—> G is a subgroup of G, F> >• X is a subobject of X then K stabilizes F if 

3 / : K x F -> F such that 

GxX—^X 

K xY — ^ F 
• 

Lemma 2.7.2.1. Lei F>—-—• X be a subobject of object X with G-action p : G x X —> X. 
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the assignment Staby : ObC -> Ob Set : Z >-* Staby (Z) C C{Z,G) such that (x : Z -» G) € 

GxX—^X 

l x t 

Staby (Z) iff 3 px : Z x Y —> y suc/i tftot g x y y is functorial (hom-subfunctor). 

' 3P* 

ZxY 

P R O O F . For (f :W ^ Z) e ArC define S taby ( / ) : Staby (Z) -» Staby(W) : x H-> a; o / (as 

precomposition with / ) . This is correct since if x £ Staby (Z) then x o / e Staby (W) which 

G x X — ^ - > X 

can be seen from the diagram ZxY —Px > y Functorial properties of Staby are obvious. 

/ x l / 
S Pxof 

WxY 
So, 3 functor Staby : C o p —> Set and Staby -̂> C(—, (?) is a hom-subfunctor. • 

Definition 2.7.2.2. If Staby : Co p —> Set is representable then we denote its representing 

object by Staby e ObC and call it a stabilizer of Y> > X (for the group G acting on X). 

a 

Proposition 2.7.2.1. Let Staby : Cop -» Set be represented by Staby 6 ObC. Then 

j 

• Staby > • G is a subobject of the group G (but not necessarily a group object itself), 

• j is the universal element of the functor Staby, 

• each element in Staby(Z) has the form jox for a unique x : Z —> Staby, and all elements of 

this form (\/x : Z —> Staby) are in Staby(Z) [in other words, (z £z G) &z{z G Staby (Z)) «=> 

(z eZ Staby)], 

GxX 

• There exists a unique pj : Staby xY —> Y such that Jx> 

->X 

and pj is universal 

Staby x Y • Y 
PJ 
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among arrows with a similar property, i.e. Vpxi : Z x Y —> Y such that x'xi i 

Z x Y - ^ Y 

Staby x Y —'—¥ Y 

3! x : Z —> Staby such that x' = j o x and xxi y^ 

ZxY 

P R O O F . The first three points follow from the Yoneda Lemma (j is the universal element of 

the representation C(—, Staby) —> Staby corresponding (under the Yoneda embedding) to the 

monic (natural transformation) C( —, Staby) —^—> Staby^ > C(—,G) ). The fourth point 

follows from the definition and above properties of the functor Staby and that Y> > X is 

monic. • 

Lemma 2.7.2.2. A subobject H> > G of a group object G G ObC is itself a group 

object iff VZ 6 ObC there are induced group operations in the hom-set C(Z,H) such that 

GxG-^-^G G-^->G 1—^^G 

HxH H H 

<xty> 
' 3rn(<x,y>) 

H 

/ 
3 inv(x) 

z z 
PROOF is obvious in both directions. 

Z W " 

• 

Proposition 2.7.2.2. 

• Staby) • G is always a submonoid of the group object G € ObC. 

• Staby> • G is a subgroup of the group object GeObCifVZeObCVxe Staby (Z) 

GxX-^X 

the corresponding map px : Z x Y —> Y as in the diagram x> i is surjective 

ZxY- - ->y 

in the second argument, i.e. Vt : T —> Z the map C(T,Y) 3 S H ^ . O < t, s > e C(T,Y) is 

surjective fit holds in the classical case in Set/. 
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P R O O F . 

GxX 
mxl ^/' \ p 

GxGxX-^GxX—^>X i.e. m(< x,y >) e S taby (Z) if x,y G S taby(Z) 

2 x Z x 7 > Z xY ——>• Y ( similarly, m(< x, y >) ez Staby if x, y €z Staby) 
. IX Py P& ^ 

< l , l > X l / 

Z x f - _ - - "<"«*.»» 

G x I ^ - t X 

l x l - ^ l 

i X y ^ 4 y 

!x l 

i.e. e(!) : = e o ! e S taby(Z) (similarly, e(!) £z Staby) 

P2=Pe(l) 

ZxY 

In general, for x £z Staby inv(x) €z G, but inv(x) £z Staby. 

(eo!)xi 

ZxZxY > ZxY- - ->Y 
lxPl ?,:„„(*) 

P2-Pe(\) 

Why does pinv(x) exist? 

Hom(-,A) —!-» Hom{-, B) 

L e m m a 2.7.2.3. 1} a square h 
3d 

g of natural transformations of 

Hom(-,C)>—^-> Hom(-,D) 

representables commutes, where f and k are respectively componentwise surjective and compo-
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nentwise injective maps, then there exists a (unique) diagonal d making the 2 triangles commute. 

P R O O F OF LEMMA. Hom(X, A) • fx -»Hom(X,B) 

hx Im(k) 

Hom(X,C)y- -> Hom(X, D) 

kx, gx factor through Im(k) since kx is injective and fx is surjective. Define the diagonal 

dx '•= {k'x)~l ° g'x- The arrows dx (X is a parameter) form a natural transformation which 

can be seen from the diagram 

s ^ ..••-' ' ' y'dv 

• 

monic 

c(-,Zx^lxp')o(<M>ffe(-,zxy) 
So, apply the above lemma to the square p2 ^ -- " po(»m>(x)xi) 

C(- ,Y)> > C ( - , X ) 

(The top arrow is componentwise surjective since (1 x px) o (< 1,1 > x l ) o < t, s > = (1 x 

px)° < t,t,s >=< t,pxo < t,s > > , and, so that, V < m,l >: T —» Z x Y 3 its preimage 

< t,s >: T —> Z xY with t = m and s is a solution of the equation pxo < m,s >= I [which 

exists because px is surjective in the second argument]. The bottom arrow is componentwise 

injective since i is monic.) 

GxX 

Consequently, 3(!)pin„(a,) : Z x Y —> Y such that mv(x)xi 

ZxY • 
Pinv(x) 

-+X 

fY 

then inv(x) £z Staby. 

i.e. if x £z Staby 

D 

Lemma 2.7.2.4. If Lg : X ^ X is a left shift, and Y,Z> >X are subobjects of X 
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such that an induced isomorphism Lg : Y —> Z exists, i.e. such that the diagram 

X >X 

Y- -->Z 
3L„ 

commutes, then 3 an induced map (isomorphisms) Lg o Rg-i : Staby —• Stabz, corresponding to 
p 

GxX ->X 

Lg : Y —> Z, such that the following diagram commutes 

(LgOR^^XLg 

GxX-

S t a b z x Z• 

LgORg X t , 

Piz 

->z 

Staby x Y • 

G<r-

P:r 

LgOR 1 

•G 

P R O O F . The only difficulty is to show that the left hand square commutes, namely, J'z 

Stabz <- - - Staby 
hgaRg_l 

For this, it is sufficient to show that (Lg o Rg-i) ojY £ s t a b r Stabz, i.e. that (Lg o Rg-i) o jy G 

GxX — > X 

Stabz(Staby) , or that there exists p' : S t a b y x Z -> Z such that ((LgoRg^)ojY)xiz %z 

Staby x Z - - - > 2 
p 

Indeed, ((LgaRg^i)ojY)x(LgoiY) = ((LgoRg-i)ojY)x(izoZg) = (((LgoRs-i)ojY)xiz)o(lxLg), 

then po (((Lg ° Rg-i) o jy) x iz) o (1 x Lg) = iz o Lg o pJY, and so, po (((L9 o.R s-i) o j y ) x 

iz) = iz ° Lg o pJY o (1 x Lg) - 1 , i.e. p' := Lg o pJY o (1 x L g ) _ 1 . Therefore, Vx £ T Staby 

L s o fifl-i (a;) € T Stabz, i.e. 3 the induced map Lg o Rg-i : Staby —> Stab^- Q 

Propos i t ion 2.7.2.3. 

TW objects (G, C( l , Staby), <Ti) and (G, C( l ,S tabz ) , 02) /rom C-Grp ( /̂ie category of right 

group actions on objects from C) are (equivariantly) isomorphic if 3g 6 C(1,G) and an in­

duced isomorphism (as in lemma 2.7.2.4) Lg : Y —> Z. The required isomorphism has form 

(LgoR _ j , LgoR: 1 o - ) 

(G,C(1, Staby), a i) - ^ > (G, C( l , Stabz), <72). 
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• G/Staby ~ G/Stabz (if these quotients exist). 

P R O O F . 

• It is necessary to prove that \/g : 1 —> G and k : 1 —» Staby LgoRg-ioRk = Rg-kg-^ oLgoRg-i. 

It follows from two facts Rg.k.g-i = Rg-i o Rk o Rg (antihomomorphism) and commutativity 

of left and right shifts Lgi o Rg2 = i?92 o LS1 [this last fact follows from the associativity 

axiom V < t,r,s >: T —> G x G x G m(t,m(r,s)) — m(m(t,r),s), and so, Lgi o Rg2 ot = 

m(gio\,m{t,g2°\)) = m(m(giol,t),g2o\) = Rg2 o Lgi ot]. 

• Isomorphic objects in C-Grp^ have isomorphic quotients in C since Q : C-Grpg —* C is a 

functor. So, Q(G,C(1, Staby), o-i) ~Q(G,C( l ,S t ab z ) , o r 2 ) . • 

Definition 2.7.2.3. An object X e ObC with a group action p : G x X —> X such that 

Vx : 1 —» X both Stabz and G/Stab^ exist, and G/Stab^ is universal, is called homogeneous if 3 

p G x (G/Stabx) ——-> G/Stab x 

an isomorphism / : G/StabT —> X such that i x / 

GxX vX 

GxG >G 

f (for an x : 1 —» X) 

where p' is defined from l x p ( l x j ) and p are quotient maps). D 

G x (G/Stabz) • G/Stab x 
31 p' 

Proposition 2.7.2.4. If X is a homogeneous object (with G-action p : G x X —> X,) anci 

C( l ,p) : C(1,G) —> C(1,G/Stab:c) is surjective, where G » G/Stab x is a quotient map, 

then 

• C(1,G) acts transitively on C(1 ,X) , i.e. Vx,y : 1 —> X Bg : 1 —> G suc/i i/iat y = Lg o x, 

• definition of homogeneous object X > G/Stab^ does noi depend on the choice of x : 1 —> X. 

/-» 
P R O O F . 

• Va',6' : 1 —> G/Stab x 3a, 6 : 1 -> G s.t. pa = a', pb = b', and 3g : 1 —> G s.t. 6 = Lga. By 

proposition 2.7.1.2, L'(a') = L' (pa) = pLg(a) = pb — b' (where L' is the induced left shift 
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on C(1,G/Staba;)). So, C(1,G) acts transitively on set C( l , G/Stabx) , and consequently, on 

C(1,X) . 

GxG 

• Regard the diagram 

G x (G/Staby) •••••> G/Stab„ 
( i , 0 B . l ) X O ; ' 

[a exists as a mediating arrow because f o px is a quotient map of (G, C(l,Staba ;),(Ti), and 

pyo{LaoRg-i) coequalizes ~CTl-equivalent arrows (LgoRg~i is equivariant, andp y is a quotient 

map of (G, C( l ,Stab a ) ,02)) , essentially, a = Q(L9 o Rg-i). The bottom square commutes 

because (1 x / ) o (1 x px) is a quotient map, and so, epi] 

Therefore, l x ( a o L i) 

G x (G/Stabj,) —i—^ G/Stabj, 

(L 0 of l 0 _i)XQ ~ 

G x X >X 

( L r i o f i , ) x i r i 

G x X -

required isomorphism (by definition 2.7.2.3). 

£ „ - i 

->X 

i.e. Lg o a Ms the 

D 
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3. Applications. First and second order concrete duality 

3.1. Duality and Invariant Theory 

We are now going to discuss the most important applications of our ideas. Specifically, we 

want to consider various higher-order notions of concrete duality. For the sort of duality we have 

in mind, we mention the following result; it is stated in the framework of [P-Th], although it is 

not explicitly stated there as such. It is a formulation of the standard result in geometry that 

orbit spaces and the corresponding algebra of invariants are essentially the same. 

Proposition 3.1.1. Let K be Set, Top or Diff+ (spectra of smooth completion (see 3.2) of 

commutative algebras with Zariski topology), G a group. Then there exists a concrete natural 
F 

dual adjunction ComAlgo p T~~^ G-K with k (M. or C), its schizophrenic object, such that 
H 

k 6 Ob G-K has trivial action of G, and F o H : G-K —> G-K is a functor "taking the quotient 

space generated by the equivalence relation x ~ y iff x, y £ Closure(the same orbit)" (it is 

essentially the orbit space). • 

Definition 3.1.1. 

• The adjoint object Ax = HX for an object X in G-K is called the algebra of invariants. 

• If U : G-K —> G-K is an endofunctor then Au{X) is called the algebra of [/-invariants of 

the object X. • 

Remarks. 

• For U = (—)n, the n-fold Cartesian product, Au(X) is the algebra of n point invariants. 

• For K = Diff, U = Jetn , Jet n (X) := {j$f | / <= Diff(fc,X)}, the set of all n-jets of all maps 

from k to X at point 0 (with a certain manifold structure obtained from local trivializations), 

we get differential invariants. 

• The functor U = Jet0 0 : Diff —> Diff+ does not fit into the above scheme, but everything 
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is still correct if U : G-K —> G-Ki is an extension to G-Ki, a category concretely adjoint to 

ComAlg. 

• G can be, of course, Aut(X). 

According to Klein's Erlangen Program, every group acting on a space determines a geometry 

and, conversely, every geometry hides a group of transformations. Properties of geometric objects 

which are invariant under all transformations are called geometric (or invariant or absolute) for 

the given G-space and a class of geometric objects. 

The equivalence problem [Carl, Car2, Vas, Olv, Gar] consists of a G-space X and two 

"geometric objects" Si,S2 °f the same type on the space X. It is required to determine if 

these two objects can be mapped to one another by an element of G. An approach is to find a 

(complete) system of invariants of each object. 

3.1.1. Classification of covariant geometric objects. 

By covariant geometric objects we mean objects like submanifolds, foliations or systems of 

differential equations, i.e., objects which behave contravariantly (!) from the categorical viewpoint 

and which can be described by a differential ideal I (dl C / ) in A(X), the exterior differential 

algebra of X. 

Proposition 3.1.1.1. Let G be a Lie-like group (i.e., there exists an algebra of invariant 

forms on G) [A-V-L, Carl, Car2]. Then any G-equivariant map o : G —> X (G is given with 

left shift action and X is a left G-space) produces a system of invariants of the differential ideal 

I C A(X) (with generators of degree 0 and 1) in the following way: 

• Take the image Ajn„ := Im (A;n„(G) -̂> A(G) -» A(G)/<r*(i")), where A;n„(G) is a subalgebra 

of left-invariant forms on G, a* : A(X) —> A(G) is the induced map of exterior differential 

algebras, o~*(I) is the smallest differential ideal in A(G) containing the image of I under a*. 

• Take the module A°(G) • A]nv generated by 1-forms in Rinv over A°(G). There is an open 
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set O C G and a basis {u?nv}atA C AJnt) for the module A°(G) • A|nt) restricted to O, i.e., 

Vu4nv e AJ„„ 3 ! /unctions /£ e C°°(0) sucA tfcrf w{„B = £ / * < „ . ^>"7» sei J0 := {/•}. 
a 

• Take the expansion of differentials dfl
a = YUaa^fnv (over O). Form the set J\ := {f^p}-

0 

• Continue this process to get J2 '•= { / V } , . . . , J„ := {/' « . . , } • • • Form the set J := (J Jn. 
n 

Its elements are relative invariants of the differential ideal I C A(X). 

• Take the algebra Aj C C°°(0) , generated by J, and take its smooth completion Aj (see 

3.2,). Then the ideal Rel(A/)> > Alg(J) » Aj , of all relations of Aj, gives absolute 

invariants of the differential ideal I C A(X), where Alg(J) is the smooth completion of the 

free algebra generated by J. 

P R O O F follows from the diagrams 

G^-^G Ainv(G) ^-Ainv(G) 

X ^ X A ( X ) ^ - — — A(X) 

and equations u>'inv = E/i a-muT n o^(° '*(-0)- ^ 
a 

R e m a r k . G-Diff(G, X) is in 1-1-correspondence with all sections of the orbit space XQ. 

So, if X is homogeneous then it is exactly the set of all points of X and a : G —> X = G —> 

G x {20} -̂ -> G x X —> X is a G-equivariant map corresponding to the point XQ € X, where 

p is the given G-action on X. 

The following result can be found in [Lap]. Although not well-known, it is a fundamental 

classification of analytic geometric objects. 

Proposition 3.1.1.2 (Exterior differential algebra associated to a group of analytic 

automorphisms). Let X be an analytic n-dimensional manifold, An(X), its group of auto­

morphisms, Hco(X) := { j ' o ° / | / 6 Diff(fcn,X), X is analytic, Jacobian(f) / 0}, the oo-frame 

bundle over X (with a usual topology and manifold structure). Then there is an exterior differen-
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tial k-algebra Ainv(H°°(X)) of invariant forms on H°°(X) freely generated by elements of degree 

1 obtained by the following process: 

• u' := x'jdxi are any "shift" forms on X 

• u)j are the most general solutions of Maurer-Cartan equations du>1 = CJ'- A wJ 

• w'-fc are the most general solutions of Maurer-Cartan equations duj1, = u)\ A tOj + wL A ujk 

• ^jkl' " ' ) uii.-in> ' " 

All forms are symmetric in the lower indices. They characterize the underlying space of An(X) 

uniquely up to analytic isomorphisms. • 

Remark. At each point XQ € X, u/' = 0, and forms Q\x in := aj\ in\ i=Q , n > 1, are free 

generators of the exterior differential algebra of the differential group acting simply transitively 

on each fiber of H°°(X). 

3.1.2. Classification of smooth embeddings into a Lie group. 

This is often the last step of smooth classification of geometric objects [Car2, Fin, Kob]. The 

process of finding differential invariants is similar to that in Proposition 3.1.1.1. The following is 

essentially in [VasO, Vas, Lap]. 

Proposition 3.1.2.1. For a smooth embedding f : X —> G of a smooth manifold X into a 

Lie group G, a complete system of differential invariants of f can be obtained in the following 

way: 

• Im(f* : h\nv{G) —> A(X)) is locally free, so, has as its basis uj'inv,i = 1,. .. ,n, n = dim(X), 

near each point. 

n 
• Coefficients of linear combinations u)\nv — Yl o-l^lnvi I = n + 1,... ,dim(G), are differential 

i = l 

invariants of first order (of the map f). 

• Coefficients of differentials of invariants of first order daf = Yl aljljJinv are differential invari-
3 = 1 

ants of second order (of the map f). 
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• . . . Coefficients of differentials of invariants of (k — 1) order da{lih_l = Yl afi...ifc
a;inu are 

differential invariants of order k ... 

Such calculated invariants characterize an orbit G • f uniquely up to "changing the parameter 

space" X - ^ X1. D 

3.2. Tangent functor for smooth algebras 

This is an example of the dual construction for the main functor of Differential Geometry 

(which suggests how it can be extended over spectra of commutative algebras). 

Let T : Diff —> Diff be the tangent functor on the category of real oo-smooth manifolds. In 

( X ^>TX :(xi)-^(xi,e) X e O b D i f f 
local coordinates it is of the form < „,,, 

\f-Tf: (/*(*)) -> (/* (*), §£, ?>) f e AT Diff 

Diff <—• R-Algop is a subcategory of the opposite of the category of real commutative algebras. 

Working in Diff, it is hard (if possible at all) to give a coordinate-free characterization of T. The 

question is how to characterize the image in R-Alg? 

Definition 3.2.1. Let A € O&R-Alg. 

• p : A —> Top(SpecR(.4), K) is called functional representation homomorphism of A, where 

SpecR(.A) = R-Alg(yl, R) has the initial topology with respect to all functions p(a), a € A, 

p(a)(f):=ev(f,a):=\f\(a). 

• A is called smooth if Vox, a2,..., an G A and V/ : Rn —> R e C°°(M.n) the composite 

f°<p(ai),p(a2),...,p{an)>e lm(p). • 

Denote by R-Sm-Alg <—> R-Alg full subcategory of smooth algebras. 

Lemma 3.2.1. R-Sm-Alg <—> R-Alg is a reflective subcategory, i.e. the inclusion has a left 

adjoint Sm : R-Alg —•> R-Sm-Alg, smooth completion of M-algebras. 

P R O O F . Just take for each R-algebra A R-algebra Sm(,4) of all terms {/(oi,..., an) | / : Rn —» 

file:///f-Tf
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R, oj , ...,an £ A} (all smooth operations are admitted). Each morphism / from an R-algebra A 

to a smooth algebra B is uniquely extendable to / : Sm(v4) —» B. D 

Let Sym-Alg be the category of symmetric partial differential algebras. Ob (Sym-Alg) are 

graded commutative algebras over commutative R-algebras with a differential d : A0 —» A1 of 

degree 1 determined only on elements of degree 0 (d is R-linear and satisfies the Leibniz rule). 

Ar (Sym-Alg) are graded degree 0 algebra homomorphisms which respect d. 

Sym 

L e m m a 3.2.2. There is an adjunction R-Alg ± Sym-Alg , 
Po 

( Po(A) := A0 

where: »o is the projection onto the 0-component < , ,o , 
\Po(A±B):=(A°^B°) 

Sym is the functor forming the graded symmetric algebra over the module of differentials of 

the given algebra 

Sym(C):=Sym(A 1 (C)) 

Sym(C ^ V) := (Sym(C) A Sym(D)) 

ftEc,1...,1(dc,)'>-Wi») ••=Y.h(cil...ik)(dh(c1))
ii---(dh(ck))

i> a 

R-Alg - ^ R-Sm-Alg 

L e m m a 3.2.3. ^ ^ Spec„ (smooth completion does not change spectrum). 

P R O O F . Va : A —> R 3! an extension a : Sm(A) —> R : / ( a 1 ; . . . ,an) i-> / ( a ( a i ) , . . . ,a(a„)) . 

And conversely, each such a is restricted uniquely to a. Initial topology on R-AIg((Sm)(.A),R) 

does not change because new functions are functionally (continuously) dependent on old ones. • 

R e m a r k . With the Zariski topology on spectra, the smooth completion yields the same set 

with a weaker topology. For C°°(X), X £ O&DifF the Zariski and initial topologies coincide. 

P ropos i t ion 3 .2 .1 . • The tangent functor T : K-Sm-Alg —* R-Sm-Alg is equal to the com­

posite R-Sm-Alg --> R-Alg - ^ > Sym-Alg - ^ R-Alg - ^ R-Sro-Alg, where U forgets the 

differential d and grading. 
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TX T(C»(X)) 

• To the canonical projection PX there corresponds a canonical embedding »c°°(x) 

X C°°(X) 

P R O O F . 

• If X 6 ObDiff TX ~ SpecR(?7 o Sym(C°°(X))) - SpecR(Sm o U o Sym(C°°(X))). 

• This is immediate. D 

R e m a r k . It is reasonable to define T on R-Alg as T := Uo Sym and transfer it to spectra 
F 

via duality R-Algop ~ T ^ SpecR (as FoTopoG). 
G 

3.3. Vinogradov dual i ty 

Let K be a commutative ring, A a commutative algebra over K, yl-Mod <—» i^-Mod be the 

categories of modules over A and K respectively. 

Definition 3 .3 .1 . [V-K-L] For P, Q € Ob(A-Mod) 

• i<"-linear maps 

1(a) := a • -,r{a) := - • a, 5 (a) := 1(a) - r(a) : K-Mod(P,Q) -> K-Mod(P, Q) are called 

left, r ight mul t ip l ica t ions and difference ope ra to r (by element a € A), 

• A K-linear map A : P —» Q is a differential ope ra to r of order < r if Vao, a a , . . . , ar e A 

<5a0,ai,...,ar(A) = 0, where 6ao>ai 0 r := (5O0 o<5ai o • • • o dar. D 

L e m m a 3.3.1. 

• If Ai 6 i^-Mod(P, Q), A2 € ZT-Mod(<5,.R) are differential operators of order < r and < s 

respectively, then A2 o Ai : K-M.od(P, R) is a differential operator of order <r + s, 

• Va € A, P G Ob (A-M.od) module multiplication (by a) la : P —> P : p t-> ap is a differential 

operator of order 0. • 

The differential operators between A-modules form the arrows of a category A-Diff, such that 

A-Mod <—» A-Diff <—» K-M.od, and the first two categories have the same objects. A-Diff 
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is enriched in (i^-Mod, <g>x) and enriched in two different ways in (A-Mod, ® K ) ; except that 

composition is not an A-module map. Module multiplication for the first enrichment A-Diff in 

(A-Mod, 0 ^ ) is given by A x A-Diff(P,Q) -» A-Diff(P, Q) : (a,A) H I ^ O A , for the second 

enrichment by A x A-Diff(P,<5) -> A-Diff(P, Q) : (a, A) >-> A o la. Denote A-Diff with left 

module multiplication in hom-sets la o — by the same name A-Diff and with right multiplication 

in hom-sets — o la by A-Diff+. 

P ropos i t ion 3.3.1. 

oo oo 
• yP,Qe Ob{A-Mod) A-BiS(P,Q) = |J Diff s(P,Q), A-Diff+(P,Q) = \J Diff+(P,Q) are 

s=0 s=0 

filtered A-modules by submodules of differential operators of order < s, s — 0,1,..., 

• MP e Ob(A-Mod) A-Diff (P ,P) is an associative K-algebra. • 

P ropos i t ion 3.3.2. 

• Diffs(P, - ) , D i f f + ( - , P ) : A-Mod -> A-Mod are A-linear functors, 

• VP € 06 (A-Mod) functor D i f f+ ( - ,P ) is re-presentable by object Diff+(P) := Diff+(A,P), 

i.e. VQ e Ofc (A-Mod) A-Mod(Q,Diff+(P)) ^ Diff+ (Q,P), 

• VP e Ob (A-Mod) functor DiffS(P, - ) is representable by object J e t s ( P ) := yl®/fPmod// s + 1 , 

where p,a+1 is a submodule of A^^P generated by elements 5a° o- • •o5a'+1(a®p) [5b(a®p) := 

ab®p-a®bp], i.e. VQ e Oft (A-Mod) A-Mod(Je t s (P ) , Q) A Diff S(P,Q), 

• inclusion A-Mod c—• A-Diff+ is an (enriched) left adjoint with counit ev : Diff+(P) —» P : 

A H-» A(l) , i.e. VA e Diff+(Q,P) 3 ! / A e A-Mod(Q,Diff+(P)) such that 

Q 

and this correspondence is A-linear, / A : q i—» (a >—» A(ag)), 

• inclusion A-Mod «—> A-Diff is an (enriched) right adjoint with unit j°° : P —> Je t°°(P) : p > 
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oo 
1 ®Pmod/j°° [fj,°° := f| fj,s], i.e. VA e Diff(P,Q) 3 ! / A e A-Mod(Jet°°(P),Q) such that 

s=0 

P - ^ J e t ° ° ( P ) 

Q 

and this correspondence is A-linear, / A : (a <g> p) mod/J°° i—> oA(p), 

• subcategory ^4-Mod is reflective and coreflective in A-DifF (enriched in K-Mod). D 

Vs 6 N introduce two full subcategories of A-Mod: 

• A-Mod-I)iffs, consisting of all Amodules of type Diff s(P, A), P € Ob (A-Mod), 

• A M o d - J e t s , consisting of all A-modules of type J e t s ( P ) , P G 06 (A-Mod). 

P ropos i t ion 3.3.3 (Vinogradov Dual i ty ) . For a commutative algebra A there is a con­

crete natural dual adjunction A-Mod-Diff°p ± A-Mod-Je t s , s e N, obtained by 

A-Mod(-,A) 

restriction of A-Modo p ~^ -1 ~~__ A-Mod • A is a schizophrenic object. • 
A-Mod(-.A) 

R e m a r k s . 

• The above duality theorem is not stated explicitly in [V-K-L] but the result is implicitly there. 

• The above proposition states a formal analogue of duality between differential operators and 

jets over a fixed manifold X. Geometric modules of sections of vector bundles over X cor­

respond to modules P over C°°(X) with the property f] /J,XP = 0, where /J,X is a maximal 
xex 

ideal at point x £ X. Functors Diffs(—,A) and Jets(—) preserve the module property to be 

geometric [V-K-L]. 

• This duality is an alternative (algebraic) way to introduce jet-bundles in Geometry (instead 

of the classical approach due to Grothendieck and Ehresmann as equivalence classes of maps 

which tangent of order s at a point). When A = C°°{X) and P is a geometric module 

realizable as a vector bundle V(P) over X, then J e t s ( P ) is realizable as 3ets(V(P)) over X 
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in the classical sense [V-K-L, Vinl, Vin2]. • 

3.4. Duality for differential equations 

Proposition 3.4.1. Let UAlg be a category of universal algebras with a representable for­

getful functor. Then every topological algebra 21 is a schizophrenic object (see [P-Th],), and so 

yields a natural dual adjunction between UAlg and Top. 

P R O O F . 

• The initial topology on UAlg(B,2l) gives the initial lifting with respect to evaluation maps 

e w B > 6 : U A l g ( 5 , S l ) - > | a | , b e \B\. 

• The algebra of continuous functions Top (X, 21) is initial with respect to the evaluation maps 

evx,x '• Top(X, 21) —* |2t|, x £ \X\ (which are obviously homomorphisms) since operations in 

Top(X, 21) are pointwise and each arrow / € Top(X, 21) is completely determined by all its 

values evx,x(f) = \f\(x)i x £ \X\. Hence, if g : \B\ —> Top(X,2l) is a Set-map such that Va; £ 

\X\ evx,x°g is a homomorphism, {Lon(evx,x ° g)h, •••,(evx,x ° g)bn = evx,x ° gwnh,-,bn = 

evx,xungbi, ...,gbn, where wn is an n-ary operation. The first equality holds because evx,x °g 

is a homomorphism, the second equality because evXtx is a homomorphism), then g is a 

homomorphism since two maps whose values coincide at each point coincide themselves. • 

Corollary. Take UAlg= fc-A-Alg, the category of exterior differential algebras over a field 

k (M. or C). These are thought of as presenting "generalized differential equations". Take 21 = 

A(C°°(Rn)) or A(Ca,(C™)) (which acts as a parameter space) with a topology not weaker than 

jet°°. Then there exists a natural dual adjunction fc-A-Algop x . Top (between differential 

equations and their solution spaces). • 

Remark. If we regard the category fc-A-Alg whose forgetful functor is representable, we will 

get a lot of extra "points" which do not have geometric sense. Only graded maps of degree 0 
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to 21 have geometric sense (they present integral manifolds of dimension not bigger than n). In 

this case, the representation of exterior differential algebras, when it exists, will not be via their 

solution spaces but via much bigger spaces. If we restrict fc-A-Alg to only graded morphisms of 

degree 0 then the forgetful functor is not representable. But the notion of "schizophrenic object" 

still makes sense and the theorem for natural dual adjunction [P-Th] still holds. So, there is a 

representation of exterior differential algebras via their usual solution spaces. • 

We denote concrete subcategories of Top dual to categories fc-Alg (algebras over k) and 

fc-A-Alg (exterior differential algebras over k with graded degree 0 morphisms) by a lg-Sol and 

di f f -So l respectively, i.e., fc-Algop ~ alg-Sol, fc-A-Alg°p ~ dif f -Sol . In particular, a lg-Sol 

contains all algebraic and all smooth fc-manifolds (A; = K or C), d i f f -So l contains all spaces of 

the form alg-Sol(fcn ,X) (with representing object 21 = A(C°°(fc"))). 

Lemma 3.4.1 (rough structure of d i f f -So l ) . 

• Ob (diff-Sol) are pairs (X, fj T{) where X:= k-A-Alg(D, k) = fc-Alg(Z), k) £ Ob (alg-Sol), 

Ti C alg-Sol(/c', X), 1 < i < n [Ti are not arbitrary subspaces of alg-Sol(A;1, X)]. 

n n n 
. Ar (diff-Sol) are pairs (/, ]J alg-Sol^*, / ) ) : (X, ]J Ti) -> (X1, JJ T[) where f : X -> 

i=l i = l i = l 

X1 € Ar (alg-Sol), alg-Sol(fc\ / ) : T -* T[, 1 < i < n. • 

Proposition 3.4.2. There are the following adjunctions 

• fc-Alg ,-[- fc-A-Alg where Aj, is the free exterior differential algebra functor, po is 
PO 

the projection onto the subalgebra of degree-0 elements, 

hom(/c-'1, —) 

• alg-Sol T d i f f -So l where b is the base space functor, 
b 
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such that 

fc-A-Alg' 

fc-Algop 

di f f -So l 

alg-Sol 

P R O O F . 

fc-A-Alg(Afc(^),D) —^-» k-Alg(A,p0(D)) (natural in A and D) 

->Po 
where po is the 0-component of graded degree 0 homomorphism p — @ p%. 

diff-801(5, hom(fcn, X)) - ^ - > alg-Sol(6(5), X) (natural in 5 and X) 

/ H ->/ 

where: 5 is a pair (6(5), JJ Ti), Ti C hom(£;l,6(5)), 1 < i <n, right / : 6(5) —> X is a usual 

map, and left / := (/, JJ hom(fc i,/)) : (6(5), JJ ft) -> (X, JJ hom(fc\X)). 
i = l z = l i=l 

The above square of adjunctions is immediate. • 

3.4.1. Cartan involution. 

For systems in Cartan involution (as defined below) a (single) solution can be calculated 

recursively beginning from smallest 0 dimension. By Cartan's theorem [BC3G, Carl , Fin, Vas] 

every system can be made into such a form by a sufficient number of differential prolongations 

[BC3G, Carl , Fin, Vas]. There is a cohomological criterion for systems to be in involution. 

Definition 3.4.1.1. Let A € 06(fc-A-Alg), 2ln be AR(C°°(K")) or Ac(C"(Cn)), n > 0. 

• Any (differential homomorphism of degree 0) p : A —> 2l„ is called an integral manifold of 

A (of dimension not bigger than n). 
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• deg (p : A —> 2t„) = m, 0 < m < n, iff /? can be factored through a 7 : .4 —» 2lm, i.e., 

.4 7 •>am 

X and m is the smallest such number. 
; 

• deg (A) = n iff maximal degree of integral manifolds of A is n. 

• „4, de<?(.4) = n, is in Cartan involution iff for each m-dimensional integral manifold p : 

A —> 2lm, m <n, there exists an (m + l)-dimensional integral manifold (3 : A —> 2tm + i which 

- 3 ' 8 of 

contains p, i.e., x, D 

Remarks. 

• 2lo is just k (R or C) with the trivial differential, p : A —• 2lo corresponds to a point 

b(p) : b (A) —> A;. Each point of .4 is a O-dimensional integral manifold. 

• The original Cartan definition was for classical algebras (quotient algebras of A K ( C U ' ( K N ) ) ) 

and in terms of 'infinitesimal integral elements' (nondifferential homomorphisms of degree 0 

/ : A —> Afc(fir1, ...,drN)) [BC3G, Carl , Fin]. For that case, the two definitions coincide. 

• By a number of differential prolongations (adding new jet-variables with obvious relations), 

every classical system can be put into Cartan involution form (E. Cartan's theorem). 

• The integration step (constructing an integral manifold of 1 higher dimension) is done by the 

method of "Cauchy characteristics". • 

Proposition 3.4.1.1. Let A be a quotient algebra O/AR(CU '(K'™ )), deg(A) = n, corresponding 

£i> s. X = b{F(A)) = = = 3etq(Rn+k) 

to a system of differential equations ^ ^ L- ^ ^ , dim(X) = N. 

Then A is in Cartan involution iff the following Spencer <5-complex is acyclic: 
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•+ f l M > g^-V ® A^K") —^-> 5 ( r _ 2 ) ® A2(Kn) —^-> 

->0 ^ 5 ( r - " ) (g An(Kn) •— 

where g^ := T(Jetr(£<>)) f| V-rr^r-i ^ 5',+r(T»Kn) ® Viv is r-th prolongation of symbol 

g, ^q
qtr-l '• Jet' ;+r '(Kn+ fc) -> Jet9+ '"_1(IRn+ ' i :) is a natural projection of jet-bundles, V is the 

"vertical" subbundle, Sp is the p-th symmetric power, 

9+i—; 
5(a\ • • • aq+r_i ® v <g> /?! A • • • A /?;) : = £ ) a i • • • <£j • • • a 9 + r — i <g> a <g> a , A /?x A • • • A (3L, v is a 

i = i 

section ofVn. 

PROOF. See [A-V-L, Sei, Vin2, V-K-L, Ver] D 

The original Cartan involutivity test was in terms of certain dimensions of "infinitesimal 

integral elements". The above theorem is due to J.P. Serre [A-V-L, La-Se]. 

3.5. Gelfand-Naimark 2-duality 

Let C*Algo p ± CHTop be the usual Gelfand-Naimark duality between commutative 
a 

C*-algebras and compact Hausdorff spaces. Both categories are strict 2-categories with homotopy 

classes of homotopies as 2-cells (homotopy of C*-algebras is a homotopy in Top each instance of 

which is a C*-algebra homomorphism). A reasonable question to ask is: can it be extended to a 

2-duality? The answer is yes. 

By definition 

C*Alg(A,B) x \A\ 

/ x l 

|/| x \A\ 

Hfll C*Alg(B,C) x C ' A l g ( A B ) • 

i x / 

^C*Alg (A ,C) 

F(f) 
C * A l g ( B , C ) x | / | 

So that, if / : | / | x |J4.| —> \B\ is a homotopy in C*Alg, then its image in CHTop is F(f) 

\F(B)\ x | / | —> |F(A)| (where | | denotes the underlying set or map). 
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We need to prove that such an extension of F preserves 2-categorical structure (the proof for 

G is dual). 

Preserving homotopies 

Lemma 3.5.1. If B is locally compact, then Top(B,C) xTop(A,B)——'-^Top(A,C) is 

continuous (with compact-open topology in all hom-sets). 

P R O O F is standard. Let / = g o h = CA,B,C{9, h). Take UK to be a (subbase) nbhd of / . It 

is sufficient to show that 3 (subbase) neighbourhoods U^ 3 g, U^ 3 h, s.t. U^ o U^ = 

CA,B,c{Ui\uf) C UK. Taket/j = U, K2 = K, Kx a compact nbhd of h(K), s.t. K\ C g~l{U) 

{K\ exists by local compactness of B), Ui = m\,(K\). D 

Corollary. If A is locally compact then evA,B '• Top(.A, B) x \A\ —-> |J5| is continuous. 

PROOF. Each space A is homeomorphic to Top(l,.A) (with compact-open topology), and 

evA,B corresponds to C\^A,B- Q 

Lemma 3.5.2. • The initial topology on \F(A)\ = C*Alg(yl,C) w.r.t. evaluation maps 

Va € A C*Alg(^,C) x 1 —^ C*Alg(^,C) x \A\ —^ |C| is point-open (i.e. the topology of 

pointwise convergence). 

• The initial topology on \G(X)\ = CHTop(X,C) w.r.t. evaluation maps Vi £ I 

C H T o p p f , C ) x 1 —^ CHTop(X,C) x \X\ —^r> |C| is compact-open. 

P R O O F . See [P-Th], [Joh], [Eng]. D 

Lemma 3.5.3. If A, B C LCTop are naturally concretely dual subcategories of locally com­

pact spaces (let D be a dualizing object) then if A(X, D) has compact-open topology then the 

initial topology of \X\ = B(A(X,D),D) is compact-open as well. 

P R O O F . The evaluation map ev : A(X,D) x \X\ —» \D\ is continuous (since X is locally 

compact and A{X, D) has the compact-open topology). This implies that the initial (point-
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open) topology on \X\ = B(A(X, D), D) is actually compact-open (by assumption, the topology 

of \X\ is initial w.r.t. all maps ' / ' : \X\ ^ 1 x \X\ - ^ A{X,D) x \X\ ^ \D\. It means that 

the topology on \X\ = B(A(X,D),D) is point-open since the subbasic open sets in point-open 

and initial topologies are the same Lf'f' := {x e \X\ I 'f'(x) G U C D} = 7 ' - 1 (£/")). 
' open 

We need to show that {x € \X\ I V / e K cA{X,D). 'f'(x)€ 1/ C D } = fl 'f'~\U) 
' compact open fGK 

is open in the point-open topology on \X\. 

Take x £ f| ff,~1{U)1 then ev(i<T,ar) C U. By continuity of ev, \/y £ K. 3Vy 9 2/. 
/€ /C open 

3Wy 9 a:, s.t. ei> (V^Wy) cU. \J Vy D K, so, by compactness, \J Vyj D K. Therefore, 
open y€.K j=^,---,n 

ev(VVi, fl Wyj)cU,ev{ (j V„', f] Wyj)cU,ev(K, f] WVi) C U, i.e., x is 
j = l n j ' = l n J = 1 , . . . , T I j = l n 

internal. D 

Corollary. Gelfand-Naimark duality preserves homotopies. 

P R O O F . \A\ = CHTop(X,C) has the compact-open topology. \X\ = C*Alg(A,C) has the 

point-open topology, so, by Lemma 3.5.3 the compact-open topology. 

Multiplication CA,B,C is continuous (since all hom-sets have compact-open topology). There­

fore, F(f) is continuous. 

[In the other direction G : CHTop —> C*Alg, there are no problems because CHTop(X, C) 

has the compact-open topology. See also [Loo]]. • 

Preserving homotopy relation between homotopies 

Let / : | / | x | I | x \A\ -> \B\ be continuous, s.t. f(0,t,a) = fo(t,a), f(l,t,a) = fi(t,a). 
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C*A\g(A, B) x \A\ - ^ - > \B\ C*Alg(S, C) x C*Alg(A, B) ^ 4 C*Alg(A, C) 

\I\x\I\x\A\ /<> / / C*Alg(B,C) x | / | x 

Oxlmxix i 

l x ( ( 0 x l m ) o < ! , l m » l l x ( ( l x l , 

\l 
C * A l g ( S , C ) x | / | 

Hfi) 

So, F(f) is a homotopy from F(fo) to F(f\). F(f) is continuous since CA,B,C is continuous in 

compact-open topology. C*Alg(B,C) has compact-open topology by Lemma 3.5.3. 

Preserving unit 2-cells if 

CA,B,C 
C*Alg(A, B) x \A\ - ^ \B\ C* Alg(B, C) x C*Alg(A, B) - ^ 4 C*Alg(4, C) 

\I\ x \A\ 

So, if if = / o p 2 o ( ! x 1|A|) = / o p 2 , then F( i / ) = F(f)oPl =iF(f)-

Preserving composites i9 * / : |/| x \A\ —> | 5 | -4 |C| 

and f*ih: \I\ x \A'\ - ^ | / | x \A\ -4 |B| 

file:///I/x/I/x/A/
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C*Alg(A,C) X |^ | 

(s°-)xl 

->|C| C*Alg(C,C) x \I\ 

lx(C*Alg(A,s)o/) F(g°f) 

C*Alg(A B) x \A\ ^ 4 \B\ /C*Alg (C , C) x C*Alg(A, C) ^ ^ C*Alg(A, C) 

C*Alg(9,C)xl 

r 4 R (p 

C*Alg(5,C) x C*Alg(A,5) ^ - ^ • C * A l g ( J 4 , C ) 

C * A l g ( B , C ) x | / | 

g o / is a homotopy corresponding to C*Alg(yl,(/) o / . The outer perimeter of the right 

diagram commutes because of the definition of F(f), F{g o / ) and the associativity law (if 

(a,t) e C*Alg(C,C) x \I\ thenso(gof(t)) = (sog)of(t)). So, F(gof)=F(f)o(F(g) x l m ) , 

i.e., F(ig*f) = F(f)*iF{g). 

C*Alg(A,B)x\A\-^\B 

I 

\I\ x \A'\ 

{f°(lXh))TXl 
/ o ( lXh) = 

e„o(/Xl)o(lX/>) = 
• • • ( / " ) 

C*Alg(A',B)x\A'\-^$\B 

C*Alg(S,C) x C*Alg(^ ,5 ) - ^ H - C * A l g ( A , C ) 

l x / 

C*Alg(5,C) x \I\ c*Aip(h,c) 

lx(/o(lx/i))7 

C*A\g(B,C) x C*Alg(A',B) >C*A1S(A',C) 

<(/»( lxA)) 

The right internal triangle of the right diagram commutes since if (g,t) G C*Alg(jB,C) x |7| 

then C*Alg(ft, C) o cA,B,c o (1 x f)(g, t) = (g o /(£)) o ft = g o (/(*) o ft) = c^,B,c(ff, /(*) o ft) = 

cA>,B,c(g, ( / o (1 x ft)f(i)) = c^,B ,c o (1 x ( / o (1 x ft))T)(5, t). So, F ( / * th) = F ( / o (1 x ft)) = 

F(h)oF(f) = iF{h)*F{f). 

Prese rv ing vert ical composi tes 

We need to show that if / : / o i0 ~ / o ix and g : g o i0 ~ g o ix are homotopies in C*Alg s.t. 

fon^goio then F(g 0 / ) = F(g) 0 F ( / ) . 
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By definition, the vertical composite g © / is 

\A\x\[Q,^^^\A\x\I\ 

1X^\A\x\I\-S-QL^\B\ 
lxj 

\A\x\[±,l]\<-^—\A\x\I\ 

CA\g(A,B) x \A\-
CA,B,C 

\B\ C* A\g(B, C) x C* Alg(^, B) — ^ 4 C* Algpl 

C * A l g ( B , C ) x | / | 

W) 

C * A l g ( S , C ) x | / | 

By uniqueness / = / J = (5 © / ) Y o i o a, g = gl = {g O f)1 ° j ° P 
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I ^ ( f f © / ) ° ( l x (j°P)) = F(g) 
/o So 

Preserving horizontal composites .A ̂ 2jT^ B 3 " ^ C 

a * f •= id * */i) © (*so * / ) - (*9i * / ) © (g * if0) (homotopic homotopies). 

F(g * f) = F(g *ifl)Q F(igo * / ) = (iF{fl) * F(g)) © (F(f) * iF(go)) * F(f) * F(g). 

The following Proposition 3.5.1 completes the proof of Gelfand-Naimark 2-duality 
F 

C*Algo p ^ T ^ CHTop . 

F 
Proposition 3.5.1. If C ^ ^ D are two strict n-categories and two strict n-functors such 

G 

F<i 

that the restriction C - 1 <u_i__- D - 1 is an adjunction with unit r\ : lc<i —> G-lF-1 and counit 

e : F-XG-1 —» lD<i which are still natural transformations for the extension (i.e. r\ : l c —> GF 
F 

and e : FG —> I D are natural transformations) then the extended situation C < - ^ . D is a strict 
G 

adjunction. 

P R O O F . A strict adjunction is completely determined by its "unit-counit" (proposition 1.5.3). 

T] : l c —> GF and £ : FG —* I D are natural transformations and satisfy triangle identities 

sFot Frj = lp and Geox ??G = 1 Q (because, e.g. s F = s F - 1 , 1^ = l F <i (set-theoretically), etc.) 

D 

Corollary. Any 1-adjunction between a category of topological algebras and a subcategory 

of topological spaces is a 2-adjunction if it can be extended functorially over 2-cells in such a 

way that each instance of the image of a homotopy is the image of this instance of the preimage-

homotopy. 

P R O O F . Under the given conditions, the unit and counit of the 1-adjunction are automat­

ically natural transformations for the extension. E.g., take the unit rj, the naturality square 



122 DUALITY, MANIFOLDS, STRUCTURES 

VA 

GFf1 , where fl : A x / —» B is a homotopy, commutes because each instance of it 

B^^GFB 

commutes (since rj is a unit of the 1-adjunction), i.e. Vi £ J T)B ° fl{—,t) = GF{fx(— ,t)) o T)A, 

it means VB o Z1 = G i ^ / 1 ) o ( ^ x / ) , i.e. VB * f1 = GF{fl) * r,A. D 

D 

Remark. There are 'forgetful' functors C*Alg -> 2-Set and CHTop -* 2-Set (where 2-Set 

is the usual Set with just one isomorphisms-2-cell for each pair of maps with the same domain 

and codomain) but they are not faithful and forget too much for 2-Set to be an underlying 

category for Gelfand-Naimark 2-duality. • 

Proposition 3.5.2. • Gelfand-Naimark 2-duality is concrete over 2-Cat (2-Cat is the usual 

2-category of (small) categories, functors and natural transformations), i.e. there exist (faithful) 

forgetful functors U : C*Alg —> 2-Cat and V : CHTop —> 2-Cat such that 

C*Alg°P —£-» CHTop 

C H T O P ° P - ^ % C*Alg 

c*Aig(-,cr 
2-Cat 

where U and V are composites of the inclusion and fundamental 

groupoid functors (U : C*Alg --*• 2-Top 2"T°p(1 , \ 2-Cat andV : CHTop --» 2-Top 2"T°p(1 , }> 

2-Catj. 

• This duality is natural, i.e. lifting of horn-functors C*Alg(—,C), CHTop(—, C) along V and 

U is initial (C is the schizophrenic object of the duality). • 

Remark. 2-duality allows us to transfer (co)homology theories from one side of a duality 

to the other. Under the reasonable assumption that K-theory is determined in a universal way, 

we could get M. Atiyah theorem that K-groups of commutative C* -algebras and compact 

Hausdorff spaces coincide. The problem, however, is that K-groups were not determined by 
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a universal mapping property. But, there is a theorem by J. Cuntz [Weg] that K-theory is 

universally determined on a large subcategory of C*-algebras. • 

3.6. Differential algebras as a dual to Lie calculus 

For Lie groups there is an equivalent alternative calculus via exterior differential algebras. For 

Lie groups of transformations, it turns out to be more powerful than via Lie algebras. It was 

developed by E. Cartan and after him by the Russian School in Differential Geometry, mainly, 

by A.M. Vasiliev [VasO, Vas]. 

Definition 3.6.1. 

• The exterior differential algebra A G Ob (k-A-Alg), k = C or K, is called linear if it finitely 

generated by elements of degree 1 (with possible linear (resolvable) relations between them 

over k). 

• The exterior differential algebra A e Ob(fc-A-Alg), k = C or K, is called quasilinear if it 

is finitely generated by elements of degree 0 and 1 with relations between either elements of 

degree 0 or linear relations on elements of degree 1 with coefficients in A0. 

• A smooth map / : X —> Y is called quasialgebraic if there exist quasilinear subalgebras 

Aj <-» k-A(X) and A2 <-> k-A(Y) such that /*(A2) := k-A(f)(A2) M A J . • 

Quasialgebraic maps admit an effective description. All homomorphisms of Lie groups are 

quasialgebraic. 

Proposition 3.6.1. There are equivalences locLieGrp ~ LieAlg ~ fc-A-ALg°^ (local Lie 

groups ~ Lie algebras ~ (opposite of the category of) linear exterior differential algebras). • 

Lemma 3.6.1. 

• The functor Diffop > ComAlg — > fc-A-Alg comp > k-A-Algcompl is monoidal with 

respect to Cartesian product x in Diff and exterior product A in k-A-Algcompl, where k-A is 
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a free exterior differential algebra functor over k, compl is a smooth (or analytic) completion 

of exterior differential algebras. 

n k-A-

• Analogously, the functor LieGrp p ^ ^ fc-A-Alg (assigning the algebra of (left)invariant 

forms) is monoidal with respect to cartesian product x in LieGrp and exterior product A in 

/c-A-Alg. 

• 

Remarks. 

• The smooth (analytic) completion functor compl : fc-AAlg —> fc-A-Algco ( is a left ad­

joint to the inclusion (of the subcategory of smooth (analytic) exterior differential algebras) 

fc-A-Algcompi •—> fc-A-Alg (it is given essentially by the smooth (analytic) completion of the 

algebra of coefficients of an exterior differential algebra). 

• The exterior product A in fc-A-Algcompi is bigger than in fc-A-Alg and is equal to the smooth 

(analytic) completion of (the usual algebraic) exterior product in fc-A-Alg. D 

Definition 3.6.2. 

• The exterior differential algebra A is called smoothly realizable if there exists a manifold 

Y £ OfcDiff and an embedding A t-+ A(F). It is fully smoothly realizable if A1 (locally) 

generates T*Y. 

• A Geometric triple is a (locally trivial) fibre bundle (G x Y —> X) 6 ArDiff, equivariant 

with respect to a (left) action of (Lie group) G on X and p : G x G x Y —* G x Y : (g, h, y) i—> 

(gh, y) an action on GxY. A morphism of geometric triples is a morphism of fibre bundles 

d x Yi - ^ > G2 x Y2 

PI w where a : G\ —> G2 is a Lie group homomorphism. A geometric triple 

Xi >X2 

p : G x Y —> X is local if G is a local Lie group and X is a local G-space (admits a local 

group of transformations). 
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• An algebraic triple is an exterior product of two differential algebras A A B, where A is 

linear, with a differential ideal I C A A B generated by elements of degree 1. A morphism 

of algebraic triples (A\ AB\,h) —» {A2 AB2,h) is a differential homomorphism a A (3 : 

A\ A B\ —> A2 A 82 such that the differential ideal generated by the image a A f3 (Ii) is I2. An 

algebraic triple (.4 A B, I) is smoothly realizable if B is a smoothly realizable algebra. • 

Lie groups of transformations are particular cases of geometric triples when X = Y and the 

projection p ; G xY —f X coincides with the action of G on X. 

Proposition 3.6.2. [Vas] The smooth manifold X admits a left action of the finite dimen­

sional Lie group G iff there exists a smooth manifold Y, smoothly realizable algebra B <—* A(Y), 

and differential ideal I C Ajnv(G) A B generated by 1-forms such that the foliation in G x Y 

determined by I is a (locally trivial) fibre bundle G x Y —> X with the base X. • 

Proposition 3.6.3. locGeomTriple ~ realAlgTripleop (local geometric triples ~ (opposite 

to) smoothly realizable algebraic triples). • 

Remark. By proposition 3.6.2. Lie groups of transformations are in duality with a certain 

full subcategory of realAlgTriple. 

3.7. An extension of Pontryagin duality 

The following is a new and recent example of a concrete duality, due to G.Lukacs [Luk], The 

extension is natural with the same dualizing object K/Z, and establishes a concrete duality for 

abelian locally precompact groups. 

Definition 3.7.1. 

• The set X in a topological group G is called precompact if V t/ 3 e (neighbourhood of 

identity) 3 a finite subset F C G such that X C FU. 

• The group G is locally precompact if it contains a precompact neighbourhood of the identity. 
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D 

(Locally) precompact groups are very closed to (locally) compact ones. Namely, their two-

sided uniformity completions give (locally) compact groups, and conversely, dense subgroups of 

(locally) compact groups are (locally) precompact. 

Proposition 3.7.1 (Pontryagin-Lukacs). There are the following natural dualities 

AK 

locCompAbo p —+ 

CompAb 

locCompAb 

locPreCompAb o p locCompAb 

where l ocCompAb^ is a category of dense embeddings of locally compact abelian groups into 

compact abelian groups (with commutative squares in locCompAb as arrows). • 

Remarks. 

• The main idea of this extension is that every locally precompact group G can be represented 

as a dense injective locCompAb-morphism G4 —> compl(G), where Ga is the same group 

with discrete topology, and compl(G) is its completion with respect to two-sided uniformity 

on G. After that, the usual Pontryagin duality is used [Luk]. 

• The dualizing object in l ocCompAb^ is • 
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