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Abstract

Linear logic has been intensively studied since its introduction almost twenty years
ago. Originally introduced as a proof theory, two distinct semantic traditions have
evolved around linear logic: the denotational semantics of linear logic, and the Ge-
ometry of Interaction. In this thesis we explore how abstract homotopy theory may
be used to reconcile these semantic traditions.

This approach is in some sense already suggested by the fact that, in denotational
semantics, one is forced to take equivalence classes of proofs, and not proofs per se, as
morphisms. Our approach amounts to taking a coarser equivalence relation than is
needed to construct a denotational model, in order to create a category more closely
resembling those which occur in Geometry of Interaction.

A new class of denotational models, called adherence spaces and in some sense
tailor-suited to the problem at hand, are introduced. Then it is shown how a Quillen
model structure may be imposed on a category of adherence spaces in such a way

that the resulting homotopy category is compact closed.
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Introduction

Proof Theory

The central paradigm of categorical proof theory is the creation of categories whose
objects are the elements of some fixed formal language, and whose arrows are equiv-
alence classes of formal proofs—by which we mean derivations with respect to some
fixed sequent calculus defined on the formal language in question.

The fact that we take equivalence classes of proofs is key: otherwise we will not
obtain a category at all. Indeed, we expect more than a category: we expect a
category structured in a way which properly reflects the logic under consideration
(—in the case of multiplicative-additive linear logic, which will be the primary focus
of this thesis, the structure we expect is a *-autonomous structure with finite products
and coproducts); to obtain such a category, we must impose further restrictions on
the equivalence relation of proofs we use.

But what notions of equivalence of proofs exist?

Traditional emphasis, reasonably enough, has been to find the finest possible
equivalence relation which results in a category with the desired structure. This yields
the usual denotational semantics, first described by Lambek. There is, of course, also
a coarsest possible equivalence relation: if we declare all proofs of the same sequent
to be equivalent, then we recover the usual posetal semantics of Tarski et al.

But what lies in between? It is this question which our thesis aims to shed some
light on.

Note that this question may be rephrased in terms of pure category theory; it is

equivalent to asking what suitable congruences exist on the denotational model.

1



Now it turns out that in the case of monoidal-closed structures, there already
exists a formalism for producing such congruences: that of monoidal Quillen model

structures, which originally arose in algebraic topology.

Abstract Homotopy Theory

Homotopy theory seems to have always lain near the heart of categorical proof theo-
rists, at least as a source of inspiration.

Indeed, as a student at McGill, I distinctly remember hearing Lambek speak
(metaphorically) of the steps of the cut-elimination procedure as “continuous defor-
mations” of proofs.

There have also been several attempts at directly modelling concurrent phenomena
(closely related to linear logic) in terms of algebraic topology—see, for instance, [24,
19, 20].

But, as far as we know, we are the first to attempt a direct application of the
formalisms of abstract homotopy theory to denotational semantics.

Our specific objective is to see whether it is possible to create a Quillen model
structure on a *x-autonomous category with finite products and coproducts whose
homotopy category is compact closed.

This may seem a bizarre project, since compact closed categories are often re-
garded as degenerate denotational models. But our initial motivation lay in the

attempt to better understand Girard’s Geometry of Interaction.

Geometry of Interaction

Motivated in part by a monist philosophy, Girard suggested a radically new paradigm
for proof theory, called Geometry of Ineraction; its mathematical worth lies in its
analysis of the cut-elimination procedure for linear logic.

Recall that the cut rule, introduced by Gentzen, is a generalisation of modus



ponens:

S

ik -

&8t

3

g (x)

I_

oy
A1

) ’

Loyl

where ¢ denotes a single formula and @, b, Z, ¥ denote arbitrarily long strings of for-

mulae. A cut-elimination theorem states that

If there exists a proof T of @ F Z, then there exists a proof T of @ - ¥

which contains no instance of the rule (x).

with respect to some sequent calculus. Proofs containing no instance of (X) are
called cut-free. The cut-elimination theorems for classical and intuitionstic sequent
calculus were proven by Gentzen [21], and that for linear sequent calculus by Girard
[22). A cut-elimination procedure is a (non-deterministic) algorithm which, when
given an arbitrary proof, results in a cut-free proof; both Gentzen and Girard prove
their respective cut-elimination theorems by demonstrating the existence of a cut-
elimination procedure.

Cut-elimination, in both its guises (theorem and procedure), plays a key role
in all approaches to proof theory, categorical and non-categorical. For instance, in
denotational semantics, any proof is deemed equivalent to all the cut-free proofs that
may result from applying the cut-elimination procedure to it. This is essential in
demonstrating the associativity of composition. But Girard finds this identification
of a proof with its cut-free normal form(s) objectionable; it suppresses the dynamics
of the re-writing system itself.

In the original Geometry of Interaction paper [23], a proof T is modelled by a
pair of partial isometries on an infinite-dimensional Hilbert space: [T] and or. The
latter is intended to represent where, and how, instances of the cut rule occur in 7.
In particular, if T is cut-free, then o7 = 0. Moreover, if T” is a cut-free normal form

of T', then their models are related by Girard’s ezecution formula.
[T] = Ex([T], o)

Over the course of the last sixteen years, however, it has been shown that Girard’s
original model can be captured by categorical constructions [25], and that other Ge-

ometry of Interaction models can be constructed using essentially the same [2], and



similar [3], categorical techniques. [Though not in that order!]

The theory of compact closed categories plays an important role in this process.
In particular, the execution formula can be understood as an instance of tracing—a
now common concept in monoidal category theory.

The relationship between compact closed categories and traced monoidal cate-
gories is a direct generalisation of that between (discrete or ordered) abelian groups
and (discrete or ordered) commutative cancellation monoids. Namely, every compact
closed category carries a canonical trace, and every traced monoidal category can be

embedded into a compact closed category, via the so-called Int construction [28].

Combining all of the above

It is our contention that Quillen model structures can provide a bridge between de-
notational semantics (as embodied in the theory of *-autonomous category) and Ge-
ometry of Interaction (as embodied in the theory of compact closed categories). This

is because many denotational models satisfy an extra inference, called the miz rule.
T,y z,y

Categorically, this manifests itself as a natural transformation between two ‘products’
on the denotational model, which we will denote R and . The definition of a compact
closed category amounts to the requirement that this very natural transformation be
invertible.

Now the technical advantange of Quillen model structures, as a means of pursuing
abstract homotopy theory, is that one must specify a class of maps to be inverted;
the members of this specified class are called weak equivalences.

Thus, including the components of the natural transformation R— among the
weak equivalences of a Quillen model structure will result in them being invertible in
the resultant homotopy category. If the Quillen model structure is also chosen in such
a way that the x-autonomous structure is preserved, then the homotopy category will

therefore be compact closed.



Overview

The layout of this thesis is as follows.

In Chapter 2, we introduce the various notions of monoidal category which form
the foundation of the categorical interpretation of linear logic (and so much of the
rest of mathematics).

In Chapter 3, we discuss both classical and linear logic, and categorical models of
these.

In Chapter 4, we review Abstract Homotopy Theory. This chapter also contains
some new results, where we have had to eliminate the assumption of arbitrary finite
limits and colimits in favour of just discrete ones.

In Chapter 5, we give a first example of Abstract Homotopy Theory arising nat-
urally in the general theory of monoidal categories. Namely, how Barr’s little-chu
category may be viewed as a homotopy category of his big-Chu category.

In Chapter 6, we introduce a new class of *-autonomous categories (denotational
models for linear logic) which we loosely call categories of adherence spaces. These
are closely related to Schalk and de Paiva’s poset-valued sets, and the precise nature
of this relationship is discussed.

In Chapter 7, we fix one category of adherence spaces and prove the existence of
a QMS on it. This QMS restricts to a full subcategory of adherence spaces which is
x-autonomous but not compact closed, and which has products and coproducts but
not arbitrary limits and colimits, and whose resultant homotopy category is compact
closed. Thus we kill two birds with one stone: we show that pullbacks and pushouts
are optional, as well as answering our original question. We also discuss possibilities

for future research.






Chapter 1
Category Theory

In this chapter we review the basic concepts of monoidal category theory.

We shall assume familiarity with categories, functors, natural and dinatural trans-
formations, adjunctions, limits and colimits. For us, the word equivalence signifies
what some authors call adjoint equivalence.

We usually do not specify the domain and codomain functors of a natural trans-

formation explicitly, but rather implicitly, by displaying a generic component.

1.1 Monoidal and monoidal closed categories

Definition 1.1.1
A monoidal category consists of: a category K, a distinguished object i of I, a

functor K x K -2 K, and natural isomorphisms

— —
. Vg (o .
1Qx > T 4 T®1

Qg y.z
(t®Y) @2z —""—218(y®2)

which satisfy the following coherence azxioms:

iy

(z®1)®y T ® (1 Q1Y)
Vg Qly r®y LzQ Uy
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commutes for every z,y € obj[K], and

aw,z@y,z
(w®(z®Y)®=2 rw e ((T®y) ® 2)
Qw,zy Ly w Qzy,z
(w®7z)®Y)® 2 wo(z®(y®z)

Ow@z,y,z W}

(wez)®(Y®2

commutes for every w,z,y, z € obj[K].

We usually suppress o, U, U in notation. So, for example, we say that (K,i, ®) is

a monoidal category, rather than writing out (K, i, ®, a,v,v).

Definition 1.1.2

A symmetry on a monoidal category (K, 1, ®) is a natural isomorphism
Xz,y
rTQy——— YR«

satisfying the coherence condition that

Xy®z,m
T®(yY®z) —(y®2)Qxz

(zQy)® 2 Yy (2®7)

Y®z)®@2z——yY®(z®2)
U, T,2
should commute for all z,y, z € obj[K], and that the equation x., = x;; should hold
for all z,y € obj[K].
A symmetric monoidal category is a monoidal category (K, i, ®) together with a

chosen symmetry x.
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As with o, U and v, we shall frequently suppress ¥ in notation. We shall also use

~ to denote any reasonably evident combination of natural isomorphisms.
Examples 1.1.3

1. The category of sets and functions, Set, can be made into a symmetric monoidal
category in two obvious ways. Let o denote the empty set, 1 any singleton—say
= {*}, + the disjoint union of sets, and X cartesian product. Then both

1
(Set, 0, +) and (Set, 1, X) are symmetric monoidal categories [34].

2. Similarly, both (k-Lin,o,®) and (k-Lin, k, ®) are symmetric monoidal cate-
gories, where k is a field, k-Lin denotes the category of k-vector spaces and

k-linear transformations, and o = {04}

3. Let K be any category, and let V = End[K] be the category of endofunctors
of K with natural transformations between them. Then (V,%,-) is a monoidal
category, where i denotes the identity functor on K, and - represents compo-
sition of functors and horizontal composition of natural transformations. [We
reserve o for the composition of arrows in V—i.e., vertical composition of natural

transformations. |

As a special case, note that if O is the empty category, then 7 := End[O)] is the

terminal category—it has only one object, ¢, and only one arrow ;.

The last example above is somewhat atypical in that f-¢ = f =4-f and (f-g)-h =
f-(g-h). This means that we can—and do—choose Uy, Uy and ay,4p to be the
appropriate identity natural transformations. [Note that the coherence conditions
are trivially satified!] Such monoidal categories are called strict; there is a famous
theorem [34] that every monoidal category is equivalent to a strict one.

In the next definition, we introduce a new symbol, R, for certain types of monoidal

structures; the reason for this should become clear by the end of section 2.3.
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Definition 1.1.4
A monoidal closed category is a monoidal category (K, e, ®) together with a pair

of functors
KoP x K — s KC ¢ o K x Kop

and, for every z,y € obj[K], natural transformations

tR@E= () ———() () —roEr ()
(F)o-p)Ry—"-(-) (-)——((-)Ry) oy

satisfying the usual ‘triangle’ identities—i.e., making

z—o(-) (=) oy
K___ K ad K___ K
z R (-) (-)Ry

into adjunctions.

If (K,e,R) is a symmetric monoidal category, then the functors ¢ ® (—) and
(=) R a are isomorphic. Therefore, by the uniqueness of adjoints up to natural
isomorphism, we have a —o (—) = (=) o— a for every a € obj[K]. Indeed, to show
that a symmetric monoidal category is closed, it suffices to demonstrate the existence
of a suitable —o and then to define o— via bo—a=a —o b.

This argument does not apply to non-symmetric monoidal categories. If a monoidal
category admits the existence of a suitable —o, then we call it left-closed; if it admits
a suitable o—, then we call it right-closed. Most authors call non-symmetric monoidal

closed categories bi-closed in order to emphasise the existence of both —o and o—.

Examples 1.1.5

1. (Set, 1, X) can be made into a monoidal closed category by setting x —o y (and

y o— z) to equal the set of functions z — y.

2. Similarly, (k-Lin, k, ®) can be made into a monoidal closed category by setting

z —o y (and y o— ) to equal the space of k-linear transformations z — y.
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While the preceding examples are familiar, the following are less so. Indeed, I
do not believe that they appear in the literature, although related concepts can be

found, for example, in [43].

Example 1.1.6
Let K be any category, and let V = End**°[K] be the category of “endofunctors
with infinitely many right adjoints”. More precisely, the objects of V are infinite

sequences of adjunctions
f=UoAfidfad-)

and an arrow f — g is simply a natural transformation fo — go. [This does in
fact induce natural transformations fo, — go, and gony1 — font1, for all n € N.|
Then (V,1,-) is a strict monoidal category where i denotes the constant sequence

of identity functors on K, and - is defined by

(f9)2n="fon-gon and (f-9)ont1 = G2n+1" font1

Moreover, we can make (V,%,-) into a monoidal left-closed category as follows.
First, we define f* to be the sequence given by f = f,;1; then we set f —o h =
f*-h

Intuitively, we have that a natural transformation

forg0=(f 9)0 — ho

corresponds to an arrow
90—’f1'h0=(f'°h)o

because we can just apply the adjunction f; - f;. More technically, we should say

that we can define ¢ " and 7~ as

(- (f =0 B))o = (fo- f1) - ho—omi b0

and

UOl-ho
ho ————— (f1- fo) - ho = (f = (f-h))o

where 7%, €% are the unit and counit of fy -1 f1 respectively.
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The analogously-defined category End~*°[K] of “endofunctors with infinitely many

left adjoints”—i.e., of sequences of adjunctions

f=(Af2dfa4f)

—is right-closed: one sets h o— g = h - *g, where *g is the sequence defined by

*gn = Gn-1.

Theorem 1.1.7

For any object z in any monoidal closed category K, we have an adjunction

(=) oz
op T
. zo0—(—) ¢

Proof

An arrow from z o— y — z in K°P is precisely an arrow £ — z o—y in K.
By the second adjunction in Definition 1.1.4, such arrows are in natural bijective
correspondance with arrows of the form z ® y — 2 in K. But these arrows, using
the first adjunction in Definition 1.1.4, are in natural bijective correspondance with
those of the form y — z —o 2z in K.

More precisely, the unit of the adjunction (=) — (z o— (—)) ~o z is the transpose
(=)

of (zo— (=) R (—) £z, z; the co-unit is defined similarly. Q.E.D.

Remark 1.1.8

If we think of an arrow z R y ¥, 7 as a “function of two variables”

TRy 2, z
o, =  YP(ah)

then we should think of the corresponding arrow y — z —o z, which will henceforth
be denoted %, as the “second-order function”

/,
y — r—oz

B = e (e, f)
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Similarly, the other corresponding arrow x — 2z o— y, denoted 7, should be
thought of as

: zo—y
= [Y(a,8) < ]

Using this notation we can express the idea that if, say, w — z and y N z,
thenz —o gy Yoz represents “internal composition” by 9 and w as follows:

w—ot)
r—oy — w oz

¢ = e Y(g(w(e))]
Lemma 1.1.9
Given arrows a —— b 2y amc N z, and bR ¢ — y, the following

diagrams are equivalent. [In the sense that if one commutes then so do all the others]

/ !
aMcL)a: aL)xo—c c—w————>b—-oy
AR Lcl lp Al lp% by ¢l p a4,
bRc—-—y b———w,—>y<>—c a0 —gFa—oy

Proof
The equivalence of the first two diagrams is a routine exercise in adjunctions.
But the equivalence of the first and third relies on the final observation of Remark
1.1.8:
(A —oy)ow={wo(AR¢))

since the left-hand side maps
¢ w(C) = [ 1 (W(E)(A()))]
while the expression inside evaluates as
(W) (Me))) = w(Ma), §) = w((A R we)(e, )

Similarly,
(ty o p)op =" por)

Q.E.D.
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1.2 Monoids and monoidal functors

Definition 1.2.1
Let (H,4,®) and (K, j, ®) be monoidal categories.
A monoidal functor (H,i,®) — (K, 7, ®) consists of a functor H 24, K together

with an arrow j —— M (i) and a natural transformation

M(z) @ M(y) —=Y 5 M(z 0y)

satisfying the diagrams

j @ M) 2 M v6) & M(z)

’T)M(x)‘l Jflli’z

M(z) « M@ o)

M(z)® 52227, Mz @ M)

’DM(x)J, J\/J':c,i

M(z) « YR M(z ©1)

(M(z) ® M(y)) ® M(z) —2@MONE , (2 o (M(y) @ M(2))
Yoy @ LM(z)l ‘[LM(,;) ® Ly, -
M(z®y)® M(z) M(z)® M(y © 2)
s [
M((x ©y) ©2) - M(z O (y© 2))

M(azy,:)
If both  and u are invertible, then (M, n, u) is called a strong monoidal functor.

Example 1.2.2
The forgetful functor k-Lin 11, Set can be made into a monoidal functor (k-Lin, k£, ®) —

(Set, 1, X) by equipping it with the natural transformation whose components are the

universal bi-linear transformations

o] X Jw] ———[v @ w|
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and the map 1 —— |k| given by n(*) = 1.

The same functor can also be viewed—or made into—a monoidal functor (k-Lin, o, ®) —
(Set, 1, x) by equipping it with the identity natural transformation |v]| X |w| — |v & w|
and the unique function 1 — |o|.

Note that the latter example is strong, while the former is not.

Definition 1.2.3
Let (K, J,®) be a monoidal category, and (7,1,-) be the terminal category with
its unique monoidal structure (see Example 1.1.3.3).

Then, a monoidin (K, j, ®)—or, more colloquially, a ®-monoidin K—is a monoidal

functor (7,1,-) _ (M) (K,7,R).

Remark 1.2.4

Note that, since 7 has only one object, x4 has only one component—namely,
M@G) ® M(3) 25 M().

Writing m = M (i) and taking advantage of the fact that 7 is a strict monoidal cat-
egory, we see that a monoid in (K, j, ®) amounts to a diagram j T smet—mem

in K satisfying the diagrams

. N®im . m®7
]@m-——m>mem mj————mOm
. ~_ I
Um Um
m m
am,m,m
(m®m)®m —m® (m®m)
ho | e
mem mem

St

A x-monoid in Set is, in effect, the same as a monoid in the usual sense of the

Examples 1.2.5

word. The last of three diagrams above state that u is an associative binary operation

on m, the previous two that n(*) is a two-sided unit for u.
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By contrast, each set carries a unique +-monoid structure, since there is only
possible choice for 0 —— m, and there is only map m + m —— m compatible with 7,
namely the co-diagonal (or squish) map.

Similarly, a monoid in (k-Lin, k, ®) is, essentially, a unital k-algebra, whereas the
only monoids in (k-Lin, o, @) are given by pre-existing additive structure on each

+ 0
vector space v: vV ——v—o0.

Definition 1.2.6
A co-monoid in (K, j,®) is a monoid in (K, , ®).

1.3 Linear distributive and *-autonomous categories

Definition 1.3.1
Let (K, e, R, —o, 0—) be a monoidal closed category. Then a dualising object for K

is a d such that the adjunction
(=) —od
op ——————
K, K
do— ()

(see 1.1.7) is actually an equivalence of categories.

This means that the canonical arrows
z— (do—z) od and z — do— (z —od)

should be invertible for every z in obj[K].
A (symmetric) x-autonomous category is a (symmetric) monoidal closed category
together with a choice of dualising object.

We write z* for x —o d and *z for d o— z.

Example 1.3.2

Let k-Lingq denote the category of finite-dimensional k-vector spaces and k-linear
transformations. One obtains a monoidal closed structure on k-Lingg by restricting
that of k-Lin.

Moreover k is a dualising object for (k-Lingg, k, ®, —0, o—).
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Example 1.3.3

Let K be any category, and let V = End**°[K] be the category of “endofunctors
with infinitely many adjoints on both sides”—i.e., of doubly-infinite sequences of
adjunctions

f=CAfa4fo4f4-).

Then, the left-closed structure of End**°[K] (Example 1.1.6) and the right-closed
structure of End™*[K] both restrict to V. Moreover i is a dualising object for V.

To see this, first note that our notation is consistent, since f —o ¢ and ¢ o— g are,
by the given definition of —o and o—, equal to f*-i = f* and i - *¢g = *g, respectively.
Then, note that the canonical maps f — (*f)* are actually identities.

Thus (V,1,-, —o,0—, i) is a x-autonomous category.

These examples are all atypical in that they are (non-symmetrically) compact

closed—definition to follow in the next section. In particular, we have (v ® w)* =

w*®v* and (f-g)* = g*- f*, for all v and w, and all f and g, respectively. Equivalently,
v w = (w* QvY)

frg="(g"F")
for all v, w, f and g.
But for a general x-autonomous category (K, e, R, —o, o—, d), the object *(y* R z*)
is neither equal nor isomorphic to z ® y. We devote the rest of this section to its

study.

Theorem 1.3.4 (M. Barr, [9])
(K, d, ) is a monoidal category whenever (K, e, R, —o, o—, d) is *-autonomous and
K x K -2 K is defined by the formula

Wy ="y Rz
Moreover, z W y = (*y R *r)*.

Thus, a *-autonomous category is doubly monoidal. Moreover, while R and & do

not generally coincide, they do interact in a highly non-trivial fashion.
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Lemma 1.3.5
The duality of a x-autonomous category XC can be “internalised” in the sense that

we have natural isomorphisms
r—oz=z" o 2" and zo—y=X*z oMy

Moreover, the boolean implication identities hold; i.e., we have natural isomor-
phisms

xT—oz¥zr"yz and zo—yX 2y

Proof
For any object d in any monoidal closed category K, we have internal composition
maps

(zx—o02)R(z—o0d)—— =z —-od
(do-2) R (s 0= y) ——doy
which can be transposed into maps of the form

x—ozL(:v—Od)o—(z—od)=x*o—z*
Az
zomy 2 (dom ) o (do-y) ="z =y

Moreover, if d is a dualising object, then p, , is inverted by

)\ * ok
CL'* o— Z* L)*(I*) -0 *(Z*) o T —0 *(Z*) o~ T —o z

and similarly A, , is inverted by

* * p*zy*y * * *, * NS * * NS
z—oYy————(2) o= (MY Ezo-(y)r=z—oy

Now it follows that we have natural bijections between:
e maps of the form z Ry — 2z,
e maps of the form y — z —0 2 & z* o— 2%,

e maps of the form y ® 2* — z*, and
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e maps of the form z = *(z*) — *(y R 2*).

So, by the uniqueness of adjoints up to isomorphism, we have z o— y & *(y R 2*).
But, z & *y = *((*y)* R 2*) = *(y R 2*) also.

Similarly, z < 2 & (*2 R z)* ¥ z* ¥ 2. Q.E.D.

Theorem 1.3.6

In a *-autonomous category K we have natural transformations

Ew,:r,y

wR(zWYy) y(WRT) WY
K:I z

(zWy)R 2z i +z ¥ (y R 2)

Proof
The easiest proof uses the previous Lemma. By transposing
Ef)m Ly
TRz —oy)RNz——— YR 2

we obtain a canonical arrow

"Wy Rz (zoy)Rz————— 7o (yR2) Fz" Y (YR 2)

*

Replacing = by *z and using the isomorphisms z — (*z)*, we obtain the second of

the desired maps. Q.E.D.

The theorem above motivates the following definition. Note that & and k are not,

in general, invertible—see [14, section 5.2].

Definition 1.3.7

A linear-distributive category consists of a category K, two distinguished objects
d and e of IC, two functors K x K B, K and K x K -2 K, natural isomorphisms
which make both (K, e,R) and (K, d, ) into monoidal categories, and two coherent

natural transformations

-

Kw,x,y

wR(zWy) y(wRz) Wy

—

mxlyYZ

(zWy) Rz T (y R 2)
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—where in this case, coherent means that < and & should satisfy: one diagram each
with respect to each unit (d and e); plus, six variants of the pentagon in Definition
1.1.1.

The four unit diagrams are:

Ke K,
erﬂ(xwy)%(erﬂx)wy (xwy)ﬁae—’%e—mw(y(ﬂe)
a\ /azLx“ 5\ /ija
Ny :L'L)_(Jy () Ty xwy T Yy
%xay)d d,z,y
rRywd) —— (zRyYy)wd (dyz)Ry ——2—>dy (zRY)
Lw% ’/'Dzﬁdy z\‘ ‘/xﬂy

TRy

The six variants of the pentagon come from considering all possible combinations
of R and Y replacing ® in the expression ((w ® ) ® y) ® 2. [Of course, there are
really eight such combinations—but the two constant cases, RRR and Wi, have
already been handled by the requirement that (K, e, ®) and (K, d, &) both be monoidal

categories. |

For example, the case ¥RR yields

’iwr v,
(W (@ RY) Rz — s (xR y) R 2)

-
Ew,z,y&V \wQ:J Oz y.z

(wyo)Ry) R 2 wy (2R (y R 2)

% /

(wyz)R(ymz) —esuRe
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Similarly, the case RR yields

aw,a:wy,z
(WR(zWy)) Rz yw R ((zWy) R 2)
’_‘Ew,x,yV \wﬁ?:‘%x,y,z
(WRT)WY) R 2z wR(zW(yR z2))
K/wﬂz,y,z (w R CU) ® (y R Z) K’w,w,yﬂz

Note how arrows must sometimes be reversed to accomodate the fact that & are not

generally invertible. In effect, k takes the place of o~! rather than that of .

Definition 1.3.8
A symmetric linear-distributive category is a linear-distributive category together
with symmetries (both denoted x) for ® and x which satisfy the further coherence

condition:

tz R Xy,z Xz, 29y

TR (yvz) PR (2 Y) (zyy) Rz

- -
Kzy,z Kzyx

(zRy) W=z yz2 W (2 R Y) y2 W (y R x)

Xxﬂy,z Ly L>.<J Xz,y

Note that for a symmetric linear-distributive category, we obtain extra natural

transformations

—»

K w)mly

wR(zWy) Yz (w R Y)

Kx’y’z

(zWy) Rz » (TR 2) Wy
This notation shall be useful even in the “trivial” case, when R=.
As with Examples 1.1.6 and 1.3.3, I believe that the following is new—although

it is easily motivated by the considerations of section 2.2.

Example 1.3.9
Let (K,t,®) be a monoidal category whose unit, ¢, is a terminal object for K.
Suppose further that X has finite colimits and that the functors z R (=), (—) Ry



22 CHAPTER 1. CATEGORY THEORY

preserve these. If we then define z ¥ y as the pushout of :

TRy iRy ~ — Yy
]

TR

~|

X

then ¥ is associative, unital (with any initial object o as unit), and permits linear

distributions given by universal property. For example, & is defined as follows:

zR (YR z) YT Rz — 2z
| -
l‘rﬂy ,\xm(ywz) ................ ) y’ .......... )(‘r&]y)wz

All the coherence conditions are easily verified using universality.

1.4 Compact closed and traced monoidal categories

The last example shows that, while £ R y may not be isomorphic to z & y in general,
there may be a canonical map (in this case, a coprojection) Ry — z ¥ y.

This also occurs whenever the unit, e, of a monoidal-closed category (K, e, R, —o
,0—) is also a dualising object; that is to say, when K can be made into a *-autonomous
category by choosing d = e.

As it turns out, these maps form a natural transformation R — J, which can

also be constructed under much weaker hypotheses.
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Definitions 1.4.1

1. A reboot is a map d £, ¢ such that the following diagram commutes

Ko :RE) WL
x&\(dwy)————L(xmd)wnyJ(xrﬂe)wy

NT lN

TRy Ty
(twd) Ry ————— 2w (dRY) ———— 2 (e A Y)
nz,d,y Ly R (fQ‘J Ly)

23

2. A (*-)miz category is a linearly-distributive category (K, e, R, d, ) (respectively,

a *-autonomous category (K, e, R, —o, o—, d)) together with a choice of reboot.

3. The common composite

TRYy———>T Y

is called a mix map. Collectively, the mix maps form a natural transformation

RN — .

4. A compact closed category is a x-mix category for which the natural transfor-

mation A — | is invertible.

5. The core of a (*-)mix category is the full subcategory consisting of those z such

that for every y, £ ® y —— z W y is invertible.

6. A (x-)isomiz category is a (x-)mix category whose reboot is invertible.

In any *-autonomous category (K, e, ®, —o,d) we have canonical maps

e—"——rwe ad  gry Mg

—the former being the transpose of v, followed by the isomorphism z — z & z* ¥ z,

-(d
and the latter being a component of 6( ).



24 CHAPTER 1. CATEGORY THEORY

Therefore, every symmetric compact closed category is “cancellative” in the fol-

. . ¥
lowing sense: given an arrow z ® t — y ® t, we can construct an arrow

e ® T Ly @7,
z—Lx@(t*@t) Y@ (t®t) —— 4y

(a:®t)®t*ﬂ——>(y®t)®t*

—this process is called tracing in honour of the following example.

Example 1.4.2

If z,y and t are, respectively, m,n and p-dimensional k-vector spaces, then a
k-linear transformation z ® ¢ 2, y ® t may be thought of as an blocked (mp x np)-
matrix—with each block of size (p x p).

Taking the ordinary trace of each block results in an (m X n)-matrix, which corre-

sponds to the same k-linear transformation £ — y as the process described above.

Since every commutative cancellation monoid embeds into an abelian group, it
makes sense to ask whether every “cancellative” symmetric monoidal category can
be embedded into a symmetric compact closed category.

This is in fact the case, but first we must give a more precise definition!

Definition 1.4.3
A trace on a symmetric monoidal category (K,i,®) is a sesqui-natural transfor-
mation

.
[z @ty ®thk —— [z, Y]«

—where (in this case) sesqui-natural means natural in z and y and dinatural in t—
satisfying the following axioms:
1.ifz®14 2, y ® 1, and ¥ denotes the composite
~—1

U, . () . 'Uy
T————IQ1———yYQ@t—— Y

then Tr;(v) = 15;
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2. ifz@(s®t) 2, y ® (s ®1), and 9 denotes the composite

-1

(0750} Ay s,
(2®8)®— @ (s®t) ——y® (@) — L (y®s) @t

then Trogy(¥) = Tre(Tr(¥));

3.ifa®t g ®t, b - y and x denotes the composite

« “«—

(a®b)®tﬁ—b>(a®t)®b—¢®—>(x®t)®y—+($®y)®t

then Tri(x) = Tri(v) @ w; and,

4. Tro(Xez) = Lo

A traced monoidal category is a symmetric monoidal category equipped with a chosen

trace.

Definition 1.4.4
Let (K, i, ®) be a traced monoidal category. Then we define a new category G[K]

as follows:
e the objects of G[K] are ‘fractions’ %/, where j and k are arbitrary objects of K;
e an arrow 7}, — ™/, in G[K] is defined to be a map in K of the form
i®n —->mek
e the identity arrow 7} —— %/ is defined to be the identity map j ® k — j ® k.

e the composite of a pair of arrows j, ——™/, v, P/y is defined by tracing: let

X denote the composite

(1®q)®n PR

k)®
l«—an «E kT

(j®n) ®q~——>(m®k)®q—+(m®q)®k—> ®n)®

then yow is defined to be (the arrow 7/, — ¥/, corresponding to) j ® g AL, P®k.
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Theorem 1.4.5
G[K] is a compact closed category containing an isomorphic copy of X; moreover

the induced trace on K is the same as the original.

Proof
See [28] for the associativity of composition and the unit laws.

There is an obvious bijective correspondence between maps of the form
(j®@m)®q—p®(n®k)
—i.e, arrows 7®™, g1 — P/,—and maps of the form
Ji®(m®q) — (P®n)Qk

—i.e., arrows 7, — P& q..

This naturally leads one to define:
j/k ® "/ = j®m/n®k and "/, —o g = p®n/m®q
It is easy to see that ¥; is both a tensor unit and a dualising object since
i/i ® "o 2 "p and "/, —o i/i =

K embeds into G[K] via the mapping z — 7.
Q.E.D.



Chapter 2

Linear Logic

2.1 Introduction

Mathematical logic has its roots in the observation that certain steps of an argument
can be made without reference to the meaning of the phrases involved—i.e., that
there exists an underlying arithmetic of sentences.

For this reason, one introduces the notion of formal language. A formal language
is a set of artificial statements; i.e., strings of symbols which are structured to look
like statements, but which lack any inherent meaning.

Instead of attempting to assign a notion of absolute truth to elements of a formal
language, L, it is common to assign a notion of relative truth. That is, we equip
L with a(n at first) binary relation -, such that intended interpretation of a F z is
that (the truth of) z follows from (the truth of) a. This relation should evidently be
subject to axioms such as reflexivity and transitivity. Axioms concerning - are called
inference rules.

For visual clarity, inference rules are usually displayed vertically, with hypotheses
written abox)e their conclusion. For example, reflexivity and transitivity are written

as
akFb blec
abka and akFc

respectively.

Inference rules come in two sorts: structural rules, which express the intended

27
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nature of sequents per se; and logical rules, which relate to the peculiarities of L.
[Both of the rules above are structural.]

For technical reasons, Gentzen was led to generalise - so that it became a binary
relation on the free monoid generated by L. Hence, we now consider expressions of
the form

s U OO L S

where ay,...,an,T1,...,Zm are all elements of L. These expressions are called L-
sequents, or just sequents if L is understood.

The elements to the left of - are called antecedents and those to the right succe-
dents. Note that the cases n = 0 and m = 0, are allowed. [They correspond to having
the neutral element of the free monoid in the antecedent and succedent respectively.]
We shall use vector notation a, 5, C,...to denote arbitrary elements of the free monoid
on L.

The classical interpretation of a sequent is that (the truth of) at least one of the
succedents follows from (the truth of) all of antecedents. Or, in Gentzen’s own words,
[21]:

ai,...,an b x1,...,z, bedeutet inhaltweise genau so wie (signifies the

same content as) a; N -+ -Na, = U+ UTp,.

In particular, a - means that a contradiction follows from a, whereas + z means
that z follows from nothing—i.e., it is (absolutely) true.

The asymmetry between the interpretation of the antecedent ay,...,a, and the
succedent z1,...,Z,, may seem paradoxical at first. But it better serves Gentzen’s
purpose, and in any case there would seem little point (classically) in interpreting
ai,...,0, F T1,...,ZTy as meaning that all of z,, ..., z,, follow from all of ay,...,a,
since that can be expressed as m separate assertions: ai,...,a, F z; for 1 <57 < m.

One consequence of this interpretation is that F should no longer be transitive.
I.e., we do not have

at Ec

Qo
oS

I_

unless b is a string of length one.
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Instead of transitivity,  is required to satisfy the rule

=
>

gt -

@l Hl

y 4
b7,

8
<y

—which is called the cut rule.
The intuition behind the cut rule is best expressed in terms of logical circuits.

The hypotheses, d + T, ¢ and ¢, b 1/ are represented by boxes:

I q —
ai : Y1
I bl —
an : Yp
- q bl —_—
— e/

The conclusion @, bt Z, 7 is then the result of “plugging” the g output socket of the
first box into the the g input socket of the second.

S
I
a1
Tm
On SR
1
by
Yp
b
—__
2.2 Structural Rules
There are eight classical structural rules:
ir7.q qbrFg
= X
ara (D abr 3,7 ()
akz a,bbkx arz
aorz PA) Forz (A g ()
gz atz,yy arz
irzy P Frzg (O Frz @8
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[Here @, and £, are abbreviations for {a,qy, - .., G} and {Zrq), - .., Tr(m)}—Wwhere
o, 7 are permutations on {1,...,n},{1,...,m} respectively.]

Two of these have already been discussed in the introduction: tautology (T) and
cut (X).

The dilution rules, (DA) and (DS), simply express that one is allowed to have su-
perfluous hypotheses, and dually, superfluous conclusions—given that we only expect
one of those conclusions to hold. The dilution rules are also called weakening rules.

A distaste for conventional, or material, implication has motivated the definition of
relevance logic which excludes dilution but retains the remaining structural rules|6, 7].
In this case, a sequent of the form a4,...,a, - x should be interpreted as meaning
that the premisses a4, ..., a, suffice to conclude z, and that each premiss is relevant,
in the sense that no proper subset of {a1,...,a,} suffices to conclude z. Similarly, a
sequent of the form a F z1,..., z,, should also imply a minimality condition on the
set {z1,...,Zm}—in model-theoretic terms, one might imagine this as meaning: for
each k between 1 and m, there should exist a model of a which satisfies no element
of {z1,...,Zm} other than .

The contraction rules, (CA) and (Cs), and the permutation rules, (PA) and (PS),
together serve to remove the “vectorness” from the strings of premisses and conclu-
sions; i.e., they express the fact that {ay, ..., a,,b,b} = {a1,...,a,,b},and {a4,...,a,} =
{asqy, - .., Go(n)}, whenever o is a permutation of the set {1,...,n}.

If we omit the contraction rules, (CA) and (CS), we enter the realm of linear logic:
here the elements of our formal language are no longer assumed to represent sentences
but resources. In affine logic, which retains the dilution rules, a sequent a - & should
be read as saying that the resources contained in the multi-set {a4,...,a,} suffice to
produce at least one of the resources in {zy,...,Z,}. In linear logic proper, which
dispenses with both the contraction and dilution rules, @ - £ must be interpreted
with care: it implies that all the resources in {a1, ..., a,} must be used, or consumed,
but also that each non-empty sub-multi-set of {z1,...,z,} is a possible outcome.
From a computation-theoretic point of view this may be explained in terms of non-
determinism.

Further generalisations occur if we omit or restrict the permutation rules. For
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example, [44] restricts the permutation rules to cyclic permutations. Fully non-
commutative logic, which admits no permutation rules is sometimes known as ob-
servational logic—at least in the intuitionistic setting [4, 37]. Here the elements of
our formal language are regarded as events, and a sequent @ - Z means that the
occurrence of one or more of the events z,,...,z,,—in that order—follows from the

occurrence of the events ay, ..., a,—in that order.

2.3 Logical Rules for Classical Logic

Definition 2.3.1
Let X denote a set of propositions. Then L.[X] is defined to be the smallest set

containing X and satisfying the following closure properties:
1. T,1 e L[X],
2. if z € L [X] then -z € L[X], and

3. if z,y € L, then (zx Ny),(xUy) € L.

As common in classical logic we define (z = y) as an abbreviation for (-2 Uy).
A classical (propositional) theory consists of a set of propositions, X, together

with a set of axioms, A, each of which is a L.[X]-sequent.
Gentzen defined the following sequent calculus for L.[X].

Definition 2.3.2
[LK] consists of all eight structural rules listed in section 2.2 together with the

following logical rules.

a,ckzx (MAL) akz,y ar,z (Ms) a,b-zr (MAR)
a,(bne) -z akz,(ynz) a,(bNe) -
arzz a,brx adckzx ak-z,y
JSL JA JSR
d‘l—f,(yUz)( ) a,(buc) - (34) d'l—s?:',(yUz)( )
ak-z at-z
TF7 00 Frz L 00 gz MuA) g (Mus)
akz,g a,rhry
Targ ™ G g ()



32 CHAPTER 2. LINEAR LOGIC

Definition 2.3.3
An [LK]-derivation, or [LK]-proof, is a finite tree whose nodes are instances of the

above rules.
One says that a sequent can be derived, or proven, in the system [LK], if it appears

at the root of an [LK]-derivation.

Note that it follows from this definition that the leaves of said tree must be
instances of the tautology rule (T), (MUS), or (JUA).

Here are a pair of derivations showing that the usual distributive law
pN(qur))=(eNngu(pnr))
is provable in the system [LK|. [z = y means that both z F y and y - z.]

Examples 2.3.4

(T) —“(()) (1) IEr ())
pFp \& Fq En roFr (DA
P{Dq "pp( A) Z,I; (PA) %(DA) ,—pl_—;(PA)
( ) ( S)

s (JsR) AR (JsL)

L pak(pnguU(pnr)) prE((pNg)U(NT)) (o)

p,(qur)F((pNgU(PNT))
p,(pN(gur) - ((pNng)U(pnr)) (PA)
(pN(qur)),p+((pNg)U(pnr))

MAL
G GUN).GN @Ur) E (NG UEnr) e
(pN(qur))F((pNg)uU(pnr))
— — — ) —
T Trars Y Traum N 5 ® Froer M iy o
S Grorp MW PraF(@un O Ganre MY GnOF@un) b0
FnaF (pn(gun) (~49) (P F (pn(qgun) ()

(34)

{(pngupnr)kF(pn(qur))



2.4. LOGICAL RULES FOR LINEAR LOGIC 33

Remark 2.3.5
The first half of Example 2.3.4 contains special instances of two extremely impor-

tant arguments, which we now record for future reference.

abctz 9_}__3/ (DA)
Z56noFa MAR) Qs () = (DA)
a,(bNc)bk (P4) —— (DA) GPY by
Lono.6ngrs MY abra a5ty (o
Tonagrs (M) G5k (zNy)

[We express the first of these by saying that N represents comma on the left]
The second half of Example 2.3.5 may also be proven using special instances of
comma representation:

(T)

F rkEr
ql—q(q:.llr) (‘E)]Z)) r}-(:Ur) (J(?A))
P,k (qUr) p,rF(quUr)
prp (T)( ) : pFp (T)(M AR) :
(png)kp png)F(gur) (m5) (pnr)Fp (pNr)k{(qUr) ()
(pNg)F(pn(qUr)) {pNr)F(pn(qur))

(GNa)UENM) F (pN(gun) Gw)
Although longer, this proof has the technical advantage of avoiding the cut rule; the

avoidance of (X) shall become a theme later on.

2.4 Logical Rules for Linear Logic

One corollary of abandoning the contraction and dilution rules is that the arguments
of Remark 2.3.5 are no longer available. One solution, first developed by Girard, is
to refashion them as logical rules with respect to a new binary connective called mul-
tiplicative conjunction, or simply tensor. Dually, one also introduces a multiplicative
disjunction, or par, satisfying the dual logical rules.

The connectives satisfying the old logical rules are now called additive conjunction
and disjunction.

Several different notational conventions for these four connectives—but, merci-

fully, only one standard terminology—exist. We summarise a few of them here:
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Girard Conj. | Disj. Cockett/Seely | Conj. | Dis;j.
Multiplicative | & 4 Multiplicative ® &
Additive & @ Additive X +
Me Conj. | Disj. In Words Conj. | Disj.
Multiplicative R ¥ Multiplicative | tensor | par
Additive A o Additive with | plus

Each of these connectives is required to have a unit. The notational situation
for units is even more chaotic: it is said that every linear logician has their own

convention for units, and we are no exception.

Units Conj. | Disj. In Words Conj. Dis;j.
Multiplicative | T 1 Multiplicative boot crash
Additive ) X Additive terminal | initial

We follow Girard’s convention that negation is not a connective.

Definition 2.4.1
Let P denote a set of propositions. Then L;[P] is defined to be the smallest set

containing P and {p! | p € P}, and and satisfying the following closure properties:

1. 7,12 /()\,\()/G[Ll[P]

1)

2. if z,y € 4[P] then (zx R y), (z W y), (xMy), (zWy) € L[P].

(zRY), (zWy), (zMy), (zWy) € Ly

(=)* is extended to a function I;[P] — L;[P] by structural induction:
@Ryt =twyt (swy)t =z Ry’

(zmy)t =zt Wyt (zWyt=ztAmyt

T =4 1t=1 ot = ot =7 Pt =pn

% = \O/

1

and (z —o y) is treated as an abbreviation for (z+ W y).
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Definition 2.4.2
[LL] consists of the structural rules (T), (x), (PA), and (PS), together with the

following logical rules:

ar-z,y,z i,b-1T a,cky
itz (yyz) a,(bwc)FZ,7
a,ckx arFz,y dF-Zz a,bt
a,(bmc) - Z Atz (ymz) a,(bme)FZ
arZ,z a,br-Z dckzT arzy
itz (ywz) a,(bwe) - & akz,(y4¥2)
IEBT (na) 22T ()
a,r-Fy atz, gy
itz ak %
a,o -7 1k aF T, a atThkrzx FT atk7o,7

Definition 2.4.3
An [LL)-derivation, or [LL]-proof, is a finite tree whose nodes are instances of the

above rules.
One says that a sequent can be derived, or proven, in the system [LL], if it appears

at the root of an [LL]-derivation.

It is natural to ask which connectives distribute with each other. But a cursory
examination of Example 2.3.4 reveals that structural rules were used only to establish
the multiplicative properties of N. Thus, with very little effort, they may be turned
into proofs that R distributes :

Examples 2.4.4

pkp(T) ql—q(T) m(T) 1 (7)
p,at (pRq) p,rH(pRrT)
Lpgr(prouprr) prE(proupprr)
p,(qur)F((pRq)W(pRT))

(prR(qur)F((pRrqu(PRT))

(JsL)
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— (1) (T)
ghbgq rkEr
775 D aF qun Y prp D T gen Y
2. pgF(pR(qwr)) p,rE(pR(gwr))
PR F(PR(qWr)) (pRT)F(pR(qWr))

(pRW(ERT))F(pR(qWT))

Dually, it is possible to show that i distributes m—i.e.,

(rw(gmr)=(prwqgM(pwr))

2.5 Cut-Elimination

The cut rule (X) is the only rule in which terms appearing above the line are not
necessarily sub-terms of those appearing below. But this strength is unfortunate
from a computational point of view: how is a machine, asked to find a derivation of
a given sequent, to “guess” how to apply (X)?

As Girard writes, there is a great irony in Gentzen’s Hauptsatz. It proves that

the only useful (utile) structural rule is actually superfluous (inutile).

Theorem 2.5.1
Any sequent which can be derived in [LK]| (respectively, [LL]) can be derived
without using the rule (X).

It suffices to prove the theorem for proofs which have only one instance of (x),

and that appearing at the root.

T T
ak z,q q,bl—gj'(x)
HEY

We assign two numbers to each such proof: the degree, which is defined to be the
number of connectives in ¢, including units; and the rank, which is defined to be the
number of appearances of ¢ as a succedent in 77 plus the number of appearances of ¢
as a antecedent in T5. [Briefly, the degree represents the logical complexity of ¢, and

the rank is the number of relevant appearances of ¢ in the rest of the proof.|
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The argument proceeds by a double induction on degree and rank.
The key lemmas are: that one can reduce the degree of a cut whose rank is zero;
that one can reduce the rank of a cut without increasing the degree, though possibly

increasing the number of cuts; and, that cuts with rank zero and degree zero may be

eliminated.
For example, if ¢ = (pNr), but the rank is zero—i.e., there are no appearances of

g in T} or T, then our proof must be either

or
To T
T ; pbrg
al—_‘a:,p_‘ FZ,r (M5) —_.__:(MAR)
atZ,(pNr) (pNr),bk g
@btz g

In the former case, we substitute

and in the latter,
Ty T

By contrast, faced with

q,ng,z q,b4,t (Ms)
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which is a proof of rank greater than or equal to two, we substitute

To T1 TO T2
ar 7T T itz F
bl—f"z abkz,9,t (us)
abr .7 (2Nt
which has two cuts of strictly smaller rank.
Thus it suffices to treat the sub-proofs
To T1 T T
atFi,qq, Hi,z(x) at,qgq, Fit(x)
@bk z,7z and @bt Z gt
separately.
Proofs with rank zero and degree zero include
T
T, 0 T
— (T) = arEzT (g 2
qgt-q _ z,bI"y(X) and d'l—:i:',q( ) q,bl_g'(x)
.0F 9 a,bF 7

for which we may substitute

Ty
T — —
— - and af.-m
g,bF g -
abk-z,v

respectively.

Corollary 2.5.2
One cannot derive F  (the sequent with no premisses and no conclusions) in

either [LK] or [LL].

Classically, this means that [LK] is consistent—i.e., one can not derive a contradiction

from nothing.
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2.6 Denotational Semantics

We return, for a moment, to sequents of the form a F x. That is, we return to the
concept of - as a (reflexive and transitive) binary relation(—i.e., a pre-ordering—)on
L(= L. or L;, as appropriate).

But any pre-ordered set (z,<) can be turned into ordered set by taking ~-
equivalence classes, where o ~ (3 is defined to mean a < § and 8 < «. It is easy an
easy exercise to show that

[ <f] &= a<p
is a well-defined (reflexive, transitive, and anti-symmetric) binary relation(—i.e., an
ordering—)on z/~.

As it happens, we have already defined = to mean a  z and z - a. Thus L/=
is an ordered set. Now, in the case of [LK|, L./= is not merely an ordered set, but a

boolean algebra. For example,

(T) — (T)
Tyt SR wa TEEC
cke c
demonstrate that
BN =[N

is the greatest lower bound of [b] and [c] in L./=.

L./= is called a Lindenbaum-Tarski algebra.

Theorem 2.6.1
[LK] is complete with respect to classical logic. I.e., one can derive ay,...,a,
Z1,...,Lm if and only if (a; N---Na,) = (z1U---Uxy,) is valid in all Boolean

algebras.

Applying the same process to L; one does not obtain a boolean algebra, but rather

a *-autonomous poset with binary meet and join.

Theorem 2.6.2
[LL] is complete with respect to phase space semantics. I.e., one can derive
aiy...,08n & T1,..., 2y if and only if (a3 N---Na,) = (z; U---Uzy) is valid in

all Girard quantales.
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Posetal semantics, such as that above, suffices to answer the mathematical ques-
tion of whether a sequent is derivable, or not. What it fails to do is to distinguish
between proofs.

One solution is categorical semantics. Here the idea is to define a category whose
objects are elements of L and whose arrows a — z correspond to proofs of a I z.
Composition of arrows should be given by the cut rule, and identity arrows by (T).

The key problem here is deciding when two proofs should be considered the same.
For if we take literal equality of trees, the result is not a category, because compo-
sition of arrows will not be associative, and the identity arrows will not satisfy the

appropriate unit laws. Le., if

To Tl T2
s and ey and s

then the “composite proof” (Tp o Ti) o Th

To T1
wkz zky Tp
whky Yy z
whk 2

does not equal the composite proof Ty o (17 o T)

T T
To zhy yk=z
wkzx Tk z
whk z

It is also desirable that the various binary connectives, N, etc., yield monoidal

structures on our category. But it is not a priori clear that the canonical proof

ybFy zFz
gk y,zFyRz
z,y,zF (xR (y R 2))
(zRy),zF (zR (y R 2))
(zRy)R2)F (xR (yR2))

should be invertible.



2.6. DENOTATIONAL SEMANTICS 41

Theorem 2.6.3

There exists an equivalence relation on the set of all [LL]-proofs such that
1. every proof is equivalent to a cut-free proof

2. ; becomes a *-autonomous category when equipped with equivalence classes

of proofs of the form a F z.
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Chapter 3
Abstract homotopy theory

(Concrete) Homotopy theory is a branch of algebraic topology—the process of assign-
ing algebraic invariants to topological spaces.

Following the introduction of the Eilenberg-Steenrod axioms for homology [42],
there was a perceived need for an analogous axiomatisation of homotopy theory.
In his daringly titled monograph, Homotopical Algebra [36], Quillen claimed to have
achieved just that. But Quillen’s axiomatic setting for homotopy was never acclaimed
in quite the same way as its homological cousin; only recently has it come to be
regarded as part of the canon.

This is surely because of its great generality: its axioms do not, at first, seem
particularly topological or algebraic. Of course, this may also be regarded as a great
strength. Just as once ridiculed notion of non-Hausdorff space has born fruit in (for
example) algebraic geometry and information theory, the notion of Quillen model
structure has been applied to fields only indirectly related to topology—see, for ex-
ample, [32].

The great advantage of Quillen’s axiomatisation, to us, is the fact that it takes as
one of its primitives a class of maps, W C mor[K], to be formally inverted. In order
to formally invert a completely arbitrary class of maps, it is necessary to stretch the
definition of category to allow a proper class of arrows between two fixed objects. But
this is not necessary in Quillen’s setting: his remarkable first main theorem describes

an equivalence between the result of formally inverting W, and quotient of a full

43
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subcategory of K. Monoidal closed structures are also common in topology, so it is
of little surprise that their interaction with Quillen model structures has also been
intensively studied.

One disadvantage is that Quillen assumes the existence of arbitrary finite limits
and colimits, whereas denotational models of linear logic typically possess only finite
products and co-products. We have been able to surmount this difficulty by re-proving

one key lemma (3.3.5) and adjusting a few definitions (most notably, 3.4.6).

3.1 Factorisation schemes

We begin this chapter with an auxiliary definition. It is an important generalisation
of the familiar notion of a factorisation system [10] on a category, but one which

seems to have been largely ignored by the categorical mainstream.

Definition 3.1.1

A factorisation scheme for a category K is an ordered pair of classes £, R C mor[K]

such that

1. (FACTORING) every arrow in K can be factored as an arrow in £ followed by an
arrow in R—i.e., for every a € mor[K], there exist A € £ and p € R such that

2. (LIFTING) for every commutative square

cominutes;

o
e ——— @

3 e

o — @
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with A € £ and p € R, there should exist a map ¢

which makes both triangles commute; and

B

3. (CLOSURE) for every retract, e>——e ——» e in K:
_—_—

(a) if A € £ and
[ ] [ ] o
d A
[ 3 > @ » @

@ g
commutes, then p € L;

(b) if p€ R and
[ 32 2 — @ IB —>»> @
| 7| |
[ ® [ ]

commutes, then o € R.

We recall that a factorisation system is defined similarly, except that the map ¢
in axiom (LIFTING) is required to be unique, and that the axiom (CLOSURE) is only
required to hold for isomorphisms.

It is traditional, with factorisation systems, to use the letters £ (for epi-like) and
M (for mono-like) in place of £ and R, but the following example shows why a less

prejudicial notation is preferable for factorisation schemes.

Theorem 3.1.2
Let KC be any extensive category [13], let J denote the class of complemented
maps, and let S denote the class of split epis in K. Then J,S form a factorisation

scheme for K.
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Moreover, if K is a topos satisfying the axiom of choice [27], then both (7, S) and

(S, J) form factorisation schemes for K.

Proof

Observe that we can factor any map z —— vy through its co-graph.

«
T 2 Y
\\ %Ly]
r+y

Clearly, u, € J; and [, t,] € S because it is split by u,.

Moreover, given any commutative square

(8
q——T

A |

b—— vy

g

with A € J and p € S, let ¢—=>b be a complement of o and let y—2—z be a
split for p.
Then the existence part of the universal property of a 2 pet ¢ , we can define

¢ as follows:




3.1. FACTORISATION SCHEMES 47

Finally, if
[ ] [ ] L]
o I
o > e » e
@ g

commutes, then the left hand square is a pullback; and, in an extensive category, the
pullback of a complemented map is again a complemented map.

Similarly, if p is split by v and

®> Q > @ IB —> @
L

then ¢ is split by Go~.
Now any topos is extensive, but in a topos satisfying choice, every epi is split, and
a map is complemented if and only if it is a mono; epis and monos form a factorisation

system in any topos {27]. Q.E.D.

Note that, in this example, we were able to witness the axiom (LIFTING) in a
natural way. This seems to be typical, and it is sometimes useful to have the extra

strength of this condition. These observations motivate the following definition.

Definition 3.1.3
A functorial factorisation scheme is a factorisation scheme together with a fac-

torisation of the “obvious” natural transformation

dom
K~ K
cod

(where dom, cod: K~ — K represent the domain and codomain functors, respectively)

as
dom

K~ [A — K

¥

cod
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where all the components of A, p lie in £, R respectively.

Observe that a factorisation system can always be made functorial, if one assumes
the axiom of choice for classes. This is because any two factorisations of a given arrow
are necessarily isomorphic —but that there is no reason to believe the analogous
statement for factorisation schemes.

Given the extent to which factorisation schemes have been ignored in favour of
factorisation systems, it is somewhat surprising to notice how many of the well-known

results for factorisation systems generalise to factorisation schemes.

Lemma 3.1.4
Any arrow which belongs to both £ and R is invertible.

Proof
Suppose o € LN R. Then we can find a § € mor[K] such that

Q.E.D.

Much more important is the following lemma. Indeed, this lemma represents the

true purpose for taking (CLOSURE) as an axiom.

Lemma 3.1.5

If (£,R) is a factorisation scheme for K, then R is maximal among those S C
mor[K] such that (£, S) satisfies (LIFTING).

Dually, £ is maximal among those M C mor[K] such that (M, R) satisfies (LIFT-
ING).
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Proof
Suppose (£, R) is a factorisation scheme for K, and that (£, S) satisfies (LIFTING);
let 0 € S. According to (FACTORING) we can factor ¢ as a map A € L followed by a

map p € R. Therefore we have a commutative square

-

which can be lifted, by hypothesis, as follows:

[ Do — @ » @
I B
o [ ] ®
Therefore we have o0 € R, as desired. Q.E.D.

This is a desirable property for factorisation schemes to possess, since otherwise
it would be possible to have distinct factorisation schemes which were not appreciably
distinct. For example, given £ = mor[K] one might take R to be the set of all

invertible maps in K or just the class of identity arrows.

Theorem 3.1.6
If (£,R) is a factorisation scheme for K, then

1. LN R equals the class Z of isomorphisms in K;

2. £ and R are both subcategories of K;
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3. L and R are both closed under all retracts in X7

4. L is closed under pushouts, and R is closed under pullbacks—insofar as pushouts

and pullbacks exist in K;
5. L is closed under filtered colimits, and R is closed under cofiltered limits; and

6. if (M, S) is another weak factorisation systems for K, then £ C M if and only
if SCR.

Proof

All of these follow easily from lemma 3.1.5—we shall prove only case 4, as a
demonstration.

Let M be the class of pushouts of elements of £. We aim to show that (M,R)
satisfies (LIFTING).

Suppose

r———b

is a pushout square with A € £ and that

a
Qq————X

| G
b—ﬁ—>y

commutes, with p € R.

Then, we can find a lift for the square

QoW
et/ §
q 37

/\l 5 lp

re———y

Boy
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But the universal property of the pushout square implies the existence of a map

w
q—a

q ———a poa
9 |
T ———>¢ b " 27: ]
N J
Bot
Hence
a—% ¢
ul / lp
b /_——>5 Y
as desired.
Hence M C L—i.e., L is closed on under pushouts. Q.E.D.

We end this section with a special case of the so-called small-object argument.

Theorem 3.1.7
If K is cocomplete and G is a set of arrows with finitely presented [5] domain, then

there exists a minimal/canonical functorial factorisation scheme (£, R) with G C L.

Proof

We define R to be the class of arrows satisfying (LIFTING) with respect to G, and
L to be the class of arrows satisfying (LIFTING) with respect to R. Then £, R satisfy
(LIFTING) and (CLOSURE), and G C L. So it just remains to show (FACTORING).
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. P .
Given an arrow ¢ ——y in K, we define a sequence

A1 Ag
IO — 1 — s s
and a co-cone
A A2
To — I —
P1
Po

Y

as follows: zo = ¢ and po = ¥; if Zn, Pn have been defined, let I(= In) equal the set

of all diagrams

_«
a Tn

1| |n

b———Y

5
with v € G. We then define Tn41 t0 be the pushout of

Qs
Hje]aj __L’LE_I——-)I;H

Hjel ’ij,
HjeI bJ'

and Ani1, Pnt1 to be the maps

HjeI aj ’——[C‘x‘j—]LG‘I_—) Tn
Wer ’le Ayf::ul )
Iljef bj ————— Tn41 i
n+l
[Bjlier y

Note that all the A, € L for every n >0, by construction.

Unsurprisingly, we now define z., to be the colimit of the sequence

Al A2 —> . .

— I

To
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and Ay, Poo t0 be

Ao
/ )\1 )\2 \,
IO ’\:Cl —_— e }_/L'oo
P1 J',Ooo
Po
)

[Aoo, Which is actually a coprojection, is commonly referred to, in topological litera-
ture, as the (transfinite) composite of the sequence z N T R, ]

We claim that A, € £ and p, € R. But § C £ and A, has been built up
from elements of G using operations under which A, is known to be closed (Theorem
3.1.6): pushouts, etc. So we can be sure that Ay, € L.

As for poo—to show it is in R, let a —— b be an arbitrary element of G, and let

«
4 ——————— T

gl |-

b——————y

]

be a commutative square.

Since a is finitely presented and z is the (filtered) colimit of

A1 A2

To ? L1

we can be sure that « factors through one of the z,’s (n < 00). Le., we have

4 0
a ............................. )xn—_.__.__):roo
dl Je-
%
b— vy

Now the left-hand square is an element of I,,.
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By the definition of z,41, Any1 and p,41, We obtain

b———> ngl b; Tt Pt Y
N J
B

The net result of which is

«

-
|

vl A+l / lpoo

b — Tn+1 Y

N Prn+i 7
g

So by choosing, § to be the composite b —— 1,1 — o, We obtain

«
4 To

/
6 [e ]

]

as desired. Q.E.D.

Examining the proof of 3.1.7, we are led to the following definition.

Definition 3.1.8
Given a set (or class) of arrows G in K, the closure of G under coproducts, pushouts

and ‘transfinite composition’, will be called G. Elements of G are called G-cells.

What the proof of 3.1.7 shows is that every arrow in K can be factored as a G-cell
followed by an element of R. It follows from the proof of 3.1.5 that every element of
L is the retract of a G-cell.
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Now, it should be clear how this theorem can be generalised. Firstly, it suffices
that the domains of the arrows in G be k-presentable for some regular cardinal .
More interestingly, it suffices that the domains of the arrows in G be k-generated with
respect to the arrows in G.

This might seem a little circular, but can be quite effective in practice.

Example 3.1.9

Let Hdf denote the category of Hausdorff topological spaces! and continuous
maps, and G the set of inclusions D, x {0} — D, x [0,1]. [where D, = {z €
R™ | ||z}l < 1}.] We claim that £, R defined as in 3.1.7 form a factorisation scheme.

Elements of R are traditionally called Serre fibrations.

Proof
Only finite spaces are finitely presented in Hdf [5], but compact spaces are finitely
generated with respect to the class of closed inclusions [26]. All the D,,’s are compact.
So to show that £, R form a factorisation scheme for Hdf, it suffices to show G C
{closed inclusions}. Now clearly G C {closed inclusions}, so it suffices to show that
the class of closed inclusions is closed under pushout and ‘transfinite composition’.

This is done in [26]. Q.E.D.

Incidentally, closed inclusions are precisely the regular monos in Hdf. Predictably,
they form a factorisation system together with the class of epis in Hdf, which are

precisely the dense maps—i.e., maps with dense range.

3.2 Quillen model categories

Armed with our auxiliary notion of factorisation scheme, we are now well-placed to

give a shorter-than-usual definition of Quillen model category.

1The Hausdorff condition can be avoided here—and in Example 3.2.3—but only at the cost of
introducing the notion of a Ti-inclusion.
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Definition 3.2.1

A Quillen model category is a finitely complete and cocomplete category K together
with a choice of three subclasses of mor[K]—C, whose elements are called cofibrations;
W, whose elements are called weak equivalences; and F, whose elements are called

fibrations—which satisfy the following axioms.
1. Both (CNW,F) and (C,W N F) form factorisation schemes.

2. W has the 2-out-of-3 property; that is, if any two of the maps in a commutative

are weak equivalences, then so is the third.

triangle

The elements of W are also called acyclic; thus in particular, elements of C N W and

W N F will be also called acyclic cofibrations and acyclic fibrations respectively.

To show that our definition agrees with that of [36], it is necessary to prove the

following:

Lemma 3.2.2

Under the assumptions given, W is closed under all retracts in .

Proof
Let o be a weak equivalence, and 3 a retract of . Then we can factor 3 as an

acyclic cofibration, A, followed by a fibration, ¢, and form the following pushout.

o> —> e » ®

o> Se » @
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Observe that p is an acyclic cofibration, since A is. Hence 1 is a weak equivalence,
by the 2-out-of-3 axiom. But ¢ is a retract of ¥. So it suffices to show that ¢, which
is both a fibration and a retract of ¥, is acyclic.

But ¢ can be factored as an acyclic cofibration, x, followed by an acyclic fibration,

p. We can then apply the lifting property, as follows:

o e y
\
$ 9 . 6
/
[ 3 > @ » @

—which shows that ¢ is also a retract of p, and therefore also a acyclic fibration.

Q.E.D.

Example 3.2.3
We recall that an arrow X —— Y in Hdf is called a weak homotopy equivalence if

“every m,(f) is invertible”—meaning that: mo(X) ™) mo(Y') is a bijection; and, for

) "% m,(Y, f(z)) is an isomorphism.

every z € X and every n > 0, m,(X, z

Then Hdf can be made into a Quillen model category by choosing F to be the
class of Serre fibrations (as defined in 3.1.9), W to be the class of weak homotopy
equivalences, and C to be the class of maps which satisfy (LIFTING) with respect to

W N F [26].

Many authors, e.g. Hovey, require a Quillen model category to have arbitrary limits
and colimits, not just finite ones. But the categories with which linear logicians are
wont to work often fail to have equalisers and coequalisers. We are therefore led in

the opposite direction: requiring fewer limits and colimits, instead of more.

Definition 3.2.4
An almost-Quillen model category is a category with finite products and coprod-
ucts together with a choice of three classes C, W, F C mor[K] satisfying the same

conditions as above.
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Note that it is no longer the case that a retract of an arbitrary weak equivalence
is again a weak equivalence. Hence our definition of almost-Quillen model category
does not imply that C, W, F form a Quillen model structure in the sense of [26].

But examining the proof of lemma 3.2.2, one observes that the ‘second half’ of
the argument holds—i.e., the part which shows that a fibration which is a retract of
a weak equivalence is acyclic. It turns out that this, and the dual statement that any
cofibration which is a retract of a weak equivalence is acyclic, will suffice to prove the
theorems we need.

One lemma we shall need in the next section is the following.

Lemma 3.2.5
In a Quillen model category (or almost-Quillen model category), factorisations are

‘unique up to weak equivalence’.

Proof
Suppose we have two factorisations of z Ly as a cofibration followed by an
acyclic fibration. Then we get a commutative square

AL
r—aQ

x| lpl

b P2 y

which can be lifted

xkﬁla

b P2 y

But since both p;, p2 are weak equivalences, we can conclude that ¢ is too.

Dually, if we have two factorisations of ¥ as an acyclic fibration followed by a

fibration, then they are also ‘the same up to weak equivalence’. Q.E.D.
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This is a nice result, because weak equivalences are to be thought of as maps that
‘only just’ fail to be isomorphisms. Indeed, the main objective of this chapter will be

to describe the result of formally inverting them.

Definition 3.2.6

Let K be a category and W a subcategory of K. A functor F : K — A is said
to invert W if it maps every element of W to an isomorphism in A. If FF: K — A
is universal among functors that invert W—i.e., if for every other such functor G :
K — B there exists a unique functor H : A — B such that G = H o F—then A is

called a category of fractions.

Theorem 3.2.7
It is always possible to construct a category of fractions, so long as one is willing

to countenance locally-large categories.

Proof
Given K and W as above, we define a category K[W™1] as follows: obj[KK[W™!]] =
obj[K] but mor[K[W™!]] is defined to be the class of ‘zig-zags’

w1 K1 w K.
To ¢ T b e———— T, —— T

with wy,...,w, € W and k4, ..., Kk, € mor[K], modulo a simple equivalence relation
[18].

The domain of

pa WJ' Hl A pa wn ’in N
To ¢ T1 JERRE. Tn > Tn,

is defined to be zy and its codomain is defined to be z,. Composition is defined by
juxtaposition, and identities are given by zig-zags of length 0.

The functor F : K — K[W™1] is the identity on objects and maps each arrow
z—2>y to the zig-zag z+—z—2>y. If G: K — B inverts W, then we define

H : KW™!] — B as follows: H agrees with G on objects, and H maps

w1 K1 w K.
T ¢ T Py Ty,
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to the composite of

G(wl)_ll

G(xo)

Q.E.D.

Definition 3.2.8
The homotopy category of a Quillen model category K is defined to be the category

of fractions K[W™1], which we also write as Ho[K].

3.3 The homotopy relation

Throughout this section we shall assume K to be an almost-Quillen model category,
and we will show how it is possible to describe its homotopy category Ho[K] = K[W™}]
as a quotient of a full subcategory of K.

First, we define the subcategory in question.

Definition 3.3.1

An object x of K is said to be fibrant if the unique map x — 1 is a fibration.
A fibrant replacement of an arbitrary z € obj[K] is a fibrant object r together with a
weak equivalence r — 7.

Dually, an object y of K is said to be coftbrant if the unique map 0 — y is a
cofibration. A cofibrant replacement of an arbitrary y € obj[K] is a cofibrant object ¢
together with a weak equivalence ¢ — y.

We write K for the full subcategory of fibrant and cofibrant objects.

Theorem 3.3.2

The obvious inclusion of K.¢;[W™!] into K[W~!] is an equivalence.

Proof
Given any object = of X[W™!] we must show there exists an object y of K.;[W™]

and an isomorphism from z to y in K[W™!].
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First, we find a cofibrant replacement of z by factoring the unique map 0 —
as a cofibration followed by an acyclic fibration.

0 > q P > T

Next, we find a fibrant replacement of g, by factorising the unique map ¢ — 1

as an acyclic cofibration followed by a fibration.

A
q Yy > 1

Then y is both fibrant and cofibrant (since cofibrations are closed under compo-
sition) and the span y «2 g—L 51 constitutes an isomorphism in K[W~1), since

A, pEW. Q.E.D.

Note that, if (CNW, F) and (C, WNF) are functorial factorisation schemes, then
there exist canonical fibrant and cofibrant replacements for every object x, which we
denote Rr and Qz, respectively.

We should now specify a congruence on K.y, but for generality’s sake we instead

define a pair of relations on the homsets of K. These will turn out to coincide on K.

Definitions 3.3.3
Let z and y be objects of K; and let a and 3 be parallel arrows x — y.

1. A cylindrification of z is any factorisation of the co-diagonal map z +z — =
as a cofibration followed by a weak equivalence. If (C, W N F) is a functorial
factorisation scheme, then we have a canonical cylindrification for every object
x, which we denote:

:v—i—:c;m(a:)—a——m

with 0 € WN F. We shall write pg, p; for the two co-components of p.
2. A pathification of y is any factorisation of the diagonal map y — y X ¥ as a
weak equivalence followed by a fibration. Again, if (C N W, F) is a functorial,

then we have a canonical pathification for every object y, which we denote:

y—"L s p(y) —F——y xy

with kK € CNW. We write wy, w; for the two components of w.



62 CHAPTER 3. ABSTRACT HOMOTOPY THEORY

3. a and [ are said to be left-homotopic, written « L B, if there exists a cylindri-
fication =+ —Y—c——sz of z and a map w satisfying

[, 5]

rT+r—mYy

e

4. « and B are said to be right-homotopic, written o ~ 3, if there exists a pathifi-

cation y——p——y Xy of y and a map 1) satisfying

P

(@, B)

From now on, we assume both (C,WNF) and (C N W, F) to be functorial.

Lemma 3.3.4

Let a and (8 be parallel arrows x — y. If y is fibrant and « L 0 holds, then
we can witness the latter statement with the canonical cylindrification. Dually, if z
is cofibrant, then o ~ B (if it holds) can always be witnessed using the canonical

pathification.

Proof
¢

Suppose T+ ——c——z is a cylinder object. Then we can factor { as a

cofibration followed by an acyclic fibration: ¢ LN By two-out-of-three, A
is also acyclic.

So if we have

[, B]

rT+r—mmY

c
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then we can extend w to a map
W
c———3y
M !
By the uniqueness of factorisations up to weak equivalence (Lemma 3.2.5), we

obtain a map c(z) % d such that

Nl 5 J'p

c(zx) ———-—-o_—>.’L'

So, in particular, we have

T+z i_?]_) y

e(x)”

Q.E.D.

Note that, despite the notation, neither X nor L are, in general, equivalence
relations; They are reflexive and symmetric, but not transitive in general.

The usual proof of transitivity uses pullbacks and/or pushouts, which is unaccept-
able in our setting. But the usual proof that £ and £ coincide on K¢s can be adapted

as follows.

Lemma 3.3.5
Let o, B and -y be parallel arrows £ — y, and suppose N B ~ ~. Then y fibrant

implies o £ 7; dually, = cofibrant implies o ~ 7.

Proof
Firstly note that both wy and w, are weak equivalences, by the 2-out-of-3 axiom,

since we have commutative triangles
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and & is a weak equivalence.

Moreover,
m
yxXy —Y
gl l
Y >1

is a pullback square, so if y is fibrant, then both 7y and =, are fibrations. Hence

o = Tp o w and w; = 7, o w are also fibrations.

Now suppose w and 1 witness our hypothesis, as follows:

T4z ——y P
L b

% - s l

c(x) r—m—o™A——m—— ) Y Xy

Then we can factor [a, 7] through w; as follows:

[,7] = [(@1K)a, @19)]
= wi[ka, Y]
:v—i—:c\'\[a’ il 3 Y
~ /
| p(y)
Moreover,
wolka, Y] = [woka, wey)
= [Oz, 6]
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Hence (wp being an acyclic fibration) we can find a lift

[, ] .
o -
ul m\, py)
c(z) o
x
)
which exhibits o ~ 7. Q.E.D.

A quick corollary of the last lemma is that A and X coincide on Kc¢. We therefore

write just ~.

Theorem 3.3.6

~ is a congruence on K.y.

Proof
We have already shown that ~ is an equivalence relation on each hom-set of K.
To show that it is a congruence, we need to show it is compatible with o. So let z, v, z

be objects in Ky, and let

be arrows in K such that a ~ 8 and { ~ 9. Then, choosing a witness w for a ~ G,

we see that ( ow is a witness for (o« L ¢ o B. Since

€, CB]
C B ¢ ¥
Yy z

r+z > ’
u})/%

Similarly, if 1) witnesses ¢ ~ ¥, then 1 o 3 witnesses ( o 3 ~ ¥ o 3.
So, by lemma, we have (o a ~ ¥ o . Q.E.D.
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Definitions 3.3.7

Let x and y be objects in K. An arrow z — y is said to be homotopy-invertible
if there exists an arrow y £, 2 such that Boan~ i, and aof ~ .

If, in addition, § o a actually equals ¢,, then «a is called a strong section and § a

strong retraction.

Theorem 3.3.8

Let = and y be objects of Krs. Then the following are equivalent for a fibration
z 2> Y:

1. p is homotopy invertible,

2. p is a strong retraction, and

3. p is an acyclic fibration.
Dually, the following are equivalent for a cofibration x 2, Y

4. ) is homotopy invertible,
5. A is a strong section, and

6. A is an acyclic cofibration.

Proof
(1 = 2) Suppose ¥ is a homotopy inverse for p. Then we can find a [left] homotopy
w such that

9,1
y+y [0 y] y

c(y)
The fact that p is a fibration means that we can find a lift ¥ as in the diagram below:

y X4
oly) —=—
by

i

xr

e

Y
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If we define 6 to be the composite ¥y, then we may regard ¢ as a [left] homotopy
between ¥ and §. So § ~ ¥ implies dp ~ Fp ~ 5. But pd = ¢, by construction.

(2 = 3) Suppose J is a strong section for p. By repeated 2-out-of-3, dp ~ ¢,
implies that dp is a weak equivalence.

[We can find an w

S0 L., 1 weak equivalences implies w is too. Then w, ug weak equivalences implies dp
is too.]

But p is a retract of dp:

by lr

T > T > T
|

Pl 6f lp

Y . Y

So dp a weak equivalence implies that p is too.

(3 = 2) Since y is cofibrant we can find a lift

_
o 3T

l 5 lp

Now pé = ¢, implies that
pldp, ez} = [pdp, Pl
= [p,0]
= Pty Ly

= pou
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Hence we can find a lift

which proves that dp ~ ¢;.
(2 = 1) Trivial. Q.E.D.

Corollary 3.3.9
Let z and y be objects of K. Then z 2. y is a weak equivalence if and only if

it has a homotopy inverse.

Proof

(=) Factorise a as an acyclic cofibration, A, followed by an acyclic fibration, p.
Then both A and p are homotopy invertible; hence also c.

(<) Factorise « as a cofibration, A, followed by an acyclic fibration, p; and suppose
0 is a homotopy inverse to a. Then (o p is a homotopy inverse for A. It follows that

A is acyclic; hence also a. Q.E.D.

The following example demonstrates the historic importance of the more general

notion of factorisation scheme.

Example 3.3.10
Suppose that (C, W, F) is a Quillen model structure on K such that (C, WNF) is
a unique factorisation scheme—i.e., a factorisation system, as defined in the comment

following Definition 3.1.1.
Then, for any cofibrant object x, the fact that

O—

| l

r—r+<x
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is a pushout implies that the coproduct injections £ — z + x are cofibrations. Thus
the two co-components of z +z — c(z), being the composite of y with the two
coproduct injections, are also cofibrations.

Hence both z —=%5 ¢(z) Z—z and z —> ¢(z) -Z— z are (C, WNF)-factorisation

of the identity on z. Since we assumed that such factorisations are unique, they must
coincide (upto isomorphism) with each other and with z —2+z —=s2. In partic-
ular, this means that ¢ is an isomorphism and that pg = 0! = y;. This, in turn,
entails that  ~ B implies o = 3, for any parallel pair of arrows x — y.

Thus, Ho[K] is equivalent to K.;/~ = K.

3.4 Monoidal QMCs

Definition 3.4.1
A (symmetric) monoidal Quillen model category is a (symmetric) monoidal closed
category (K, e, R) equipped with a Quillen model structure (C, W, F) which satisfies

the following conditions:

1. e (is either cofibrant or) admits a cofibrant replacement ¢ — e with the prop-

erty that for every cofibrant object z,
gRx —eRRx
is a weak equivalence; and
2. for every commutative diagram of the form

arf—TR e

Lml K
a » L

aikg
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with kK, A € C, p € F, and at least one of k, A, p belonging to W, there exists a
bR g -2, & such that

e f—"P L hmf

LR )\l X‘
3T

aRg
L@A,&”"V

commutes.
Remark 3.4.2
If £ has pushouts, then a commutative diagram of the form

Y LU

LmAl K
= > T

aRg
LR
KR lp
induces a commutative square
[, A]
p .................................. > n
[k R0 R A] lp
bRg———y

(where p is the pushout of a R g2 a® f 25 bR f), and conversely. Moreover,

a lift of the first diagram is equivalent to a lift of the second.

Thus, if pushouts exist, the definition of monoidal model category can be rephrased
as a set of sufficient conditions for the map [k R ¢,¢ R A], henceforth abbreviated
Kk R A, to be a(n acyclic) cofibration.

On the one hand, k A A should be a cofibration whenever x and A are—since it

then has the lifting property with respect to all p € WN F. On the other, kK ® A
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should be an acyclic cofibration if, in addition, either one of k, A is so—since it then
has the lifting property with respect to all p € F. Le., C should be closed under M,
and C N W should be a 2-sided ideal in (C, R).

The following lemma implies further equivalent definitions of monoidal Quillen

model categories.

Lemma 3.4.3
GivenarrowsaL)b,f—Lg,xL)y,amg—aax,bﬁﬂf—ﬁém,andbrﬂg—way

in I, then the diagram

a@f—lj—mef
L&])\J K
aRg & > T
LR A
A ) J'p
commutes if and only if either/both of
a—% sz0-g f""/ﬂ—>b—0$
po—t L—0
KJV LWN )‘J' K—oL §
b ~ »Yo-g and g4 W yb—oy
X lLo—)\ x Jvn—oL

do too. Similarly, b R g 2, 7 4ifts’ the first diagram (—i.e., makes all three resulting
triangles commute) if and only if b 2 ko g lifts the second diagram if and only if
g -2 b —o z lifts the third.

Proof
This is actually a very simple exercise: each of the three non-trivial components

in the first diagram is equivalent to a non-trivial component in each of the second



72 CHAPTER 3. ABSTRACT HOMOTOPY THEORY

and the third. More specifically

o B

L@)\l lﬂ @nl lbo—)\@kl lm—oL
aRg——& o b————zo- f ————a-ozZx
g 8 T
and
! A
a&]g#x a—%  szo-g g W »b—oy
HMLl lpﬁnl J{po—bﬁ /al ln—ob
bRGg—m0 7 5 W' Lt—=op
<1 g ] Yy b——————yo—g a—o——a—o0Y
and
/ /
b&\f————ﬁ————ém b = *Yyo—g f——'B-—>b—ox
JL&M lpﬁ ,B'l lao—)\ﬁ)\l lL_op
!/
bRg—Fp——y T f—pe v S g—Y  boy

Q.E.D.

Now we can define —, *— analogously to ® and state the definition of a monoidal
Quillen model category in terms of either of them.
Of course, all these definitions seem rather unwieldy; luckily, a weaker but more

elegant definition suffices to prove the main theorem.

Definition 3.4.4
An adjunction F' - G between Quillen model categories (or almost-Quillen model
categories)
G
K K
F
is called a Quillen adjunction if either/both of the following conditions (which are

equivalent by Theorem 3.1.6) hold:

1. F preserves cofibrations and acyclic cofibrations.
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2. (G preserves fibrations and acyclic fibrations.

Theorem 3.4.5

If K is a monoidal Quillen model category, then

is a Quillen adjunction for every cofibrant object y, and

(=) oz
—_—
KeP K
(=) o— 2
is a Quillen adjunction for every fibrant object z.
[Here K°P is made into a almost-Quillen model category by reversing the fibrations

and cofibrations.]

Proof

If z is cofibrant and s —2- ¢ is a(n acyclic) cofibration, then

(Oﬁm)ﬁ(sit)z(xmsﬁmmt)
—so z R [ is a(n acyclic) cofibration too.

Similarly,

(si»t)m(O——ey)z(s&‘ly%t(ﬂy)

The third adjunction is also proved in the same manner, but using —O (or )

and z — 1 instead. Q.E.D.



74 CHAPTER 3. ABSTRACT HOMOTOPY THEORY

Definition 3.4.6
A (symmetric) monoidal almost-Quillen model category is an almost-Quillen model

category K together with a closed (symmetric) tensor ® such that:

1. e (is either cofibrant or) admits a cofibrant replacement ¢ — e with the prop-

erty that for every cofibrant object z,
gRz—eRzx
is a weak equivalence; and

2. the conclusions of Theorem 3.4.5 holds.

Lemma 3.4.7 (Ken Brown)

If
G

] ————
K = K

is a Quillen adjunction, then F' preserves weak equivalences between cofibrant objects,

and dually G preserves weak equivalences between fibrant objects.

Proof

Let z —— y be a weak equivalence between cofibrant objects. Consider the

diagram

where A is a cofibration and p is an acyclic fibration. Then g, A\; are acyclic cofibra-

tions, by 2-out-of-3 and because z,y are cofibrant.
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It then follows that F'(Xo), F(A;) are also acyclic cofibrations and by repeatedly
applying 2-out-of-3 to the diagram

F(a)
F(A0)
F(z) —F(p)—= F(y)
F(Ay)
F(y)
we see that F'(a) is a weak equivalence. Q.E.D.
Lemma 3.4.8
Let K be a monoidal almost-Quillen model category. Suppose z Ry z are

B
arrows in K, with z, y cofibrant and z fibrant. Then a ~ 3 if and only if ‘@ ~ 3.

Proof

If @ ~ '3, then we can find w such that

[, ]

yt+ty————r oz
o
c(y)
But since R (—) preserves cofibrations and weak equivalences between cofibrant
objects,

~ R R
(cRY)+(@ERY) ——— 2R (y+y) — L=z Rc(y) ———zRY

defines a cylindrification for z R y. Therefore,

(¢ @y)+ (@R y) 2./ 1

e R [, 0] '3 R (3 —o 2) E z
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witnesses o ~ 3.
The reverse argument is exactly dual, using pathifications in place of cylindrifica-
tions and the fact that  —o (—) preserves fibrations and weak equivalences between

fibrant objects. Q.E.D.

Theorem 3.4.9
If £ is a (symmetric) monoidal almost-Quillen model category, then Ho[K] is a

(symmetric) monoidal closed category.

Proof
KxK X > KK
K. - e m e e - NG because R preserves

cofibrant objects

¥ ¥ because R preserves
HO[KC X KC] ................................. ) HO[KC] Weak equivalences between
T cofibrant objects

4

e % ~y

Ho[K] x Ho[K] —W—»+H<;[IC]

So if K admits a functorial cofibrant replacement @, then we can write z R* y as

Qz R Qy.
Similarly,
KPP x K — » KK
(IC )°p et ’Cf ———————— —)’Cf
Ho[(’Cc)\;P X ’Cf] ................................ > Ho[kf]

(Ho[K])* x Ho[K] ——= Ho[K]
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So if K also admits a functorial fibrant replacement R, then y —o" z can be written

as Qy —o Rz.

Now it remains to show that
[z R" y, 2luopi) = [,y =" 2]Molx]

but
[CIJ mh Y, Z]Ho[IC] = [CE mh Y, RZ]HO[K:] = [Q.’L‘ R Qy7 Rz]/N

since A" y is cofibrant and Rz is fibrant. Similarly,
[2,y =" 2oy & [Qz, Qy —o R2]/~
But @Qx and Qy are cofibrant and Rz is fibrant, so by the preceding lemma,
[Qz & Qy, Rz]/~ = [Qz,Qy — Rz]/~
Now for the unit. Observe that
ez =QeRQr—————eRQr ¥ Qz——1x

The rightmost arrow is a weak equivalence—hence an iso in Ho[K]—and the middle

arrow is a weak equivalence by hypothesis. Q.E.D.
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Chapter 4
Chu categories—an example

In an appendix to [9], Barr’s student Po-Hsiang Chu describes a general procedure
for constructing *-autonomous categories.

One important motivation for this construction, which has come to bear Chu’s
name, comes from topological algebra; specifically, from the failure of Example 1.3.2
to generalise to arbitrary (discrete or topological, real or complex) vector spaces.

Roughly speaking, the discrete case fails because there are too many arrows: v**
is much larger than v, except when v is finite-dimensional. Using topological vector
space allows us to whittle down the number of arrows; but the topological case—
even when restricted to, say, locally convex topologies—also fails. This time, again
roughly speaking, there are too many objects: two distinct topologies on the same
vector space may yield the same space of continuous linear functionals.

The above situation might be remedied as follows: consider only those topologies
which are largest among those inducing the same space of continuous linear func-
tionals; or, dually, consider only those topologies which are smallest among the same
family. A more profound solution is to identify all those topological vector spaces
having the same space of continuous linear functionals.

This is effected by endowing our original vector space, not with a topology but,
instead, with a space of linear functionals—to be thought of as the space of continuous
linear functionals. In order for a linear transformation to be deemed continuous, we

require that it preserve continuous linear functionals.

79
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4.1 A primer on Chu spaces

Definition 4.1.1
Let (V,e,R) be a symmetric monoidal category and d an arbitrary object in V.
A Chu space, with respect to (V,d), is a triple A = (a*,a™, @) where a*, a™ are
objects in V, and « is a morphism a* R a~™ — d in V. A Chu morphism A . B

: . ot e
consists of a pair of arrows a* — b+ and b~ — a~ in V such that

- +
a+®a"¢ﬂa+mb—_m17+mb-—

| ls

d d

commutes. The category of Chu spaces and Chu morphisms will be denoted by
Chu(V, d).

Note that, even in the completely arbitrary case, we are guaranteed at least two
Chu spaces: (e,d,Vq) and (d, e, ;). These will be denoted E and D, respectively.

While the definition of Chu space pre-supposes only a symmetric monoidal struc-
ture, most theorems about Chu spaces require a symmetric monoidal closed structure
and pullbacks. So, for the remainder of this section, (V,e,R, —o) will denote a sym-
metric monoidal closed category with pullbacks, and d (as before) an arbitrary object
in V. [The example to keep in mind, in light of the remarks preceding this section, is
that of 1.1.5.2 together with the object d = k.|

With this additional structure, the notion of Chu morphism can be at least par-

tially justified by the following lemma.

Lemma 4.1.2

The following are equivalent:

1. A-2 Bisa Chu morphism,

at Al > bt
2. o/l LB' commutes, and
(a= —o d) (b~ —o d)

(19‘ —o Ld)
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a” ¢ b~
3. 'al l’ﬁ commutes
(CL+ —0 d) m (b+ —0 d)

—where, as before, o', ‘@ denote the two transposes of o (cf. Remark 1.1.8).

Note that there is, so far, no restriction on the nature of the arrows o’ and ‘; in
particular, they need not be monic. Nevertheless, we may think of ‘o as mapping co-
vectors (i.e., formal continuous linear functionals on the space of vectors) to genuine
linear functionals on the space of vectors. In this spirit, Condition 3 can be viewed

as stating that composition-by-9+ respects co-vectors.

Definition 4.1.3
Given Chu spaces A = (a*,a7, @) and X = (z%,27,€), we define A ® X to be
the Chu space ((a-z)", (a-z)7, - £), where

e (a-z)* denotes a* R zt;
e (a-z)” denotes the pullback of

(@t —z7)

[ar )

(a* — (27 — d))

(tz+ —o @) ~ lN

(zt —0a™) (z* —o (a* o d)) ——— ((a- )t —o d)

e o - ¢ denotes the transpose of the common composite

(a-2)” — (¢" —27)

l l

(z+ - a”) ———— ((a-2)" —0 d)

Similarly, we define A —o X to be the Chu space ((a>z)", (a>2)™, a> ), where
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e (a>z)? denotes the pullback of:

(@™ —z¥)
[ar <€)
(¥ —o (z7 — d))
el .k
(7 —oa")——> (2~ — (at o d)) ————— (a* Rz~ —o d)

e (a>z)” denotes a* R z7; and,

e o> £ denotes the transpose of the common composite

(a>z)* > (T —o )

l |

(z7 —oa)——— ((abx)_ —o d)

Theorem 4.1.4

(Chu, E,R, —o, D) is a *-autonomous category.

Lemma 4.1.5

A —o D is isomorphic to (a7, a", &), where & denotes the composite

N O R - SN
Now, we finally address the issue raised following Lemma 4.1.2: restricting the

nature of the arrows o and .

Definition 4.1.6

Suppose (£, M) is a factorisation system on V. Then, a Chu space A = (a,a7, )
is said to be separated if o/ € M and extensional if @ € M. We write Chuy for the
full subcategory of Chu consisting of separated spaces, Chu, for that of extensional

spaces, and chu for their intersection.
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In the motivating example, (k-Lin, k), one should choose £ to be the class of
surjective linear transformations and M that of injective linear transformations; then
an extensional Chu space is one whose co-vectors can actually be thought of as linear
functionals on the space of vectors and, in light of Lemma 4.1.5, a separated Chu

space is one whose dual is extensional.

Theorem 4.1.7
Chu, is a reflective subcategory of Chu. Dually, Chu, is a co-reflective subcate-

gory of Chu.

Proof

We write a” for the (£, M)-factorisation of a* 4 o d, o for the transpose
of a” — a~ —o d, and A" for the Chu space (a",a™,a").

Then for any separated Chu space B = (b*,b7, 3), and any Chu morphism A 2,

B, there exists a unique factorisation

+
a
a —od———b~ —od
9 —o

Thus, the reflection of Chu into Chu is given by A — A", © — (¥",97), where 9"

is the unique lift in the diagram below.

at »a” > sa” —od
zﬂ lﬁ‘ —od
bt S yb~ —o d

Similarly the co-reflection of Chu into Chu, is given by A — A? = (at,a?, a?),

© — (91,99, where a? is the (£, M)-factorisation of a~ 2, a* —od, a? is the
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transpose of a? — a™ —o d, and ¥ is the unique lift depicted below.

a” » qd— sat —o d
19—T L9+ —od
b~ > B sbt —o d

Q.E.D.

Now, while the duality of Chu described in Lemma 4.1.5 clearly restricts to chu,
the latter is not generally a monoidal subcategory of the former. Hence, it is not

entirely clear whether the duality of chu is part of a *-autonomous structure.

Theorem 4.1.8
It is possible to induce a *-autonomous structure on chu if (£, M) satisfies either
FS-1 and FS-2, or FS-2 and FS-3.

FS-1. &£ C {epis}.
FS-2. For every z, the functor x —o (—) preserves M; equivalently,

z —o (—)

V V

2 ()

is a Quillen adjunction, where we choose C = &, F = M and W = mor{[V)].
FS-3. For every z, the functor (—) —o z maps £ to M; equivalently,
(=) -z
_
Ver 1%

(=) oz

is a Quillen adjunction, with respect to the same choice of C, W and F.

4.2 A QMS for Chu spaces

The objective of this section is to bridge Barr’s treatment of separated, extensional
Chu spaces and the theory of monoidal almost-Quillen model categories developed
between Definition 3.4.6 and Theorem 3.4.9.
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Note that the theory of almost-Quillen model categories requires the presence of
finite products and coproducts—so, for the remainder of this chapter, V will denote
an arbitrary symmetric monoidal closed category with finite limits and coproducts.

Further axioms on the factorisation system (€, M) will be introduced as necessary.
Definition 4.2.1

1. We define W, to be the class of all © such that ¥~ and 9" are invertible.

2. We define F to be the class of all © such that

at ———»a”

| |

bt ——————— "
is a pullback square.

3. We define W, to be the class of all © such that 9+ and 97 are invertible.
4. We define C to be the class of all © such that

a_—————»aq

A

b ————» e
is a pullback square.

5. We define W to be the class of all © such that 9" and 199 are invertible.

Theorem 4.2.2
If £ is stable under pullbacks in V, then both (W,, F) and (C, W,) are factorisation

systems on Chu.

Proof

By symmetry, we need only show that (W,, F) is a factorisation system.
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The factorisation axiom is the easiest to verify: given Chu spaces X and Y and a
Chu morphism X o, Y, let a™, \* and ¢ be as indicated:

Ny

Let also a= = z~, A~ the identity on z~, and ¢~ = 9. Then A = (a*,a7,¢) is a

Chu space where « is the transpose of the composite

at » "> » (x7 —o d)

Then A = (A*, A7) is a Chu morphism belonging to W], and & = (¢*,¢7) is a Chu
morphism belonging to F.

Next the lifting axiom: given a commutative diagram

A—@—>X

Al lo

B—Q——éY

of Chu spaces and Chu morphisms, with A € W, and ® € F, we define B 2, X as
follows.

The fact that we can invert A" in the following diagram

allows us to construct an arrow

C s

b+ .............................. )x-f- _____H;x'r

R I l#

y+ _____—»yr
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—since the right-hand square is, by hypothesis, a pullback.
— —y—1
Now if we define §~ to be the composite = ——+ a~ A - , then A = (6%,67)

is a Chu morphism B — X, as demonstrated below.

r N
bt » b > (b~ —o d)
(Ar)"ll (A~ — d)_ll
5t a————(a” —od) |(6~ —od)
ﬁrl (9= —o d)l
zt » "> > (27 —o d)
N J
Moreover, it is easy to check that A is the unique Chu morphism such that
Al /A l@
B —Q———> Y
For example,
+ Al +
a’ ——— T
v
b+

follows from the universal property of the pullback above.
Finally, it should be clear that W, and F are closed under isomorphisms and

composition. Q.E.D.

Theorem 4.2.3

If £ is stable under pullbacks in V and the functor (—) —o d maps € to M, then
W, =WnNJF and W, = CNW. Moreover, W always satisfies 2-out-of-3. Hence,
under these hypotheses, (C, W, F) form an almost-Quillen model structure on Chu.



88 CHAPTER 4. CHU CATEGORIES—AN EXAMPLE

Proof

Firstly observe that (1 o w)" = 9" ow", by the uniqueness of lifts under the (£, M)
factorisation. [Le., (—)" is actually a functor Chu — V.] Hence if any two of w”,
Y", (Y ow)" are invertible, then so is the third. Similarly (1) o w)? = w? o ¥%; hence
W satisfies 2-out-of-3.

Now suppose ® = (¢*,¢~) € W,. Then applying the functor (—) —o d to the

diagram

® » @) > @
T
¢ 4o
» @ > e
we obtain a diagram
o< {® ¢ 0 < [ ]
| | i
-~ —od 9 —od t —od d +
(4" od) (¢ 0d) (6" od)—~d) ¢
o< {® ¢ o< °
By lifting, we get
@ — @ e P P —————- Y )
I I I
+ 4 4 —od - —od
¢ é (¢ od) (47 o d)
O B @ e P ———— S @

By uniqueness of factorisation, we get that both dotted arrows are in M.

But both ¢t and (¢? —o d) are invertible, so the uniqueness of factorisation [again!]
implies that ¢" is invertible; i.e., ¢ € W. But the leftmost square is also, trivially, a
pullback; i.e. ¢ € F.

Conversely, the pullback of an iso being an iso shows that WNF C W,. Q.E.D.

Theorem 4.2.4
A Chu space is separated if and only if it is fibrant with respect to the Quillen

model structure given above, and extensional if and only if it cofibrant.
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Proof
Let o and t denote the initial and terminal objects, respectively, of V. Then the
terminal Chu space is T' = (¢, 0,!) where ! is the unique map ¢ R 0 — d. Note that

o—-od=t Sofor X — T to be a fibration means that we have a pullback square

1,‘+————>.’L'T

l |

—— 2 sy
and the pullback of an iso is an iso. Q.E.D.

Now it is clear from all the definitions involved that the functor (—)* preserves and
reflects W while swapping C and F. As we shall see below, this observation greatly
simplifies our proof of Corollary 4.2.6; it is also a sufficient, though far from necessary,
condition for the homotopy category to be not merely symmetric monoidal closed but
x-autonomous.

Also, note that E is cofibrant, since U4 is the canonical isomorphism d — e —o d.

Similarly D is fibrant.

Theorem 4.2.5
If (£, M) satisfies axiom FS-2 and M C {monos}, then X cofibrant implies

X R (—) preserves cofibrations.

Proof

To understand (a - z)?, note that we have

(a-2)” ) (a* o o)

(zt a”)— (¥ — (at - d)) ——— ((a -z)t —o d)

since (= — 2t —o d) € M and a™ —o (—) preserves M.
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Similarly, we obtain the dotted arrows below from the hypothesis that z* —o (—)

preserves M.

ﬁ(a -z)” 5 (a .f)‘I,\ » (et —z7)
i (a* —o (z+ —o d))
(z* —o a”)— (z* —gaq)>——{-—> (z+ —o (at —o d)) =, ((a- x)CF —o d)

(e = b) = (&% — bp——1—— (z* — (5% 0 d) — ((b-2)" — d)

R

i (b* — (z* —o d))

k (b %)_ » (b z)7>- > (bt 20 z7)

We need to show that the large rectangle at the left (the one with dashed verticals)
is a pullback. But the little square at the centre-left is a pullback by hypothesis, and
because the functor z+ —o (—), being a right adjoint, preserves pullbacks.

Now it suffices that the two medium-sized trapezoids at the top left and bottom
left are pullbacks.

But this follows from the fact that the large rectangles at the top and bottom are

pullbacks by an easy diagram chase—if the —s are indeed monic. Q.E.D.

Corollary 4.2.6

If (£, M) satisfies axiom FS-2 and the functor (—) —o d maps £ to M (which is
a special case of FS-3), M C {monos}, and £ is stable under pullbacks in V, then
Chu is a monoidal almost-Quillen model category in the sense of Definition 3.4.6.

Moreover, Ho[Chul] is equivalent to chu.
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Proof
What remains to show is that if X is cofibrant and Z is fibrant, then both of the

adjunctions

X — () (=)~ Z
Chu Chu and Chu® Chu
X®(-) (=) < Z

are Quillen adjunctions.

We have shown that the functor X R (—) preserves cofibrations, whenever X is
cofibrant. It therefore follows that the functor X ® (—)* maps F to C, and hence
that X —o (=) = (X R (—)*)* maps F to F. But this is equivalent to the assertion
that X R (—) preserves C N W. Hence the first adjunction is a Quillen adjunction.

Similarly, if Z is fibrant, then Z* is cofibrant. So (Z* R (—)) preserves both C
and CNW, and hence (—) o Z = (Z*R (—))* maps Cto F andCNW to WN F.
So the second adjunction is also a Quillen adjunction.

The last statement of the corollary follows from Example 3.3.10. Q.E.D.
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Chapter 5
Adherence Spaces

One of the most important categories in linear logic and theoretical computer science
is Rel, [34]. This is partly because, from a computation-theoretic point of view, the
standard notion of function is too restrictive: it is a sad fact of life that an arbitrary
algorithm cannot be guaranteed to halt for every possible input. Thus one should
consider partial functions, at least. Arbitrary relations can further be used to model
non-determinism [1].

Another reason is that Rel has superb categorical features. Relationsr C (axb)xc
are evidently in natural bijection with relations # C a X (b x ¢). This implies that
Rel is a symmetric monoidal closed category with z —o y = = X y. In fact, Rel is
compact closed, with z* = x, naturally.

More general categories, in which objects are structured sets and morphisms are
structure-preserving relations, are also common in linear logic. Indeed Schalk and de
Paiva [40] have shown that many of the standard denotational models of linear logic,
such as coherence spaces [22] and hypercoherence spaces [16], may be regarded as
“dressed up” versions of Rel.

Their general construction depends on a monoidal functor Rel M, Rel, and a
x-autonomous poset g, but we shall only consider the case where M is the identity
functor. For it is this case of their construction at which I independently arrived.

But, whereas Schalk and de Paiva frequently note how completely their techniques

depend on the degenerate structure of Rel, to the extent of writing

93
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“...it turns out that we use so much of the structure of Rel (the fact
that it is compact closed as well as the fact that A negated is naturally
isomorphic to A) that it does not seem worthwhile to give the most general

version here.”

my presentation focusses only on the nice 2-categorical aspects of Rel: the fact that its
hom-sets are completely partially ordered, and that composition preserves suprema.

In particular, I was later able to show how my proofs could be extended to a
more general construction on the category of all complete partially ordered sets and
supremum-preserving maps, Sup, which is neither compact closed, nor does it have
trivial negation. But there is a trade-off: the price of replacing Rel by Sup is that

one must place extra restrictions on q.

5.1 Lattice-theoretic Preliminaries

We recall that a partially ordered set is called complete if it admits suprema (and
therefore infima) of arbitrary subsets. A function between complete posets which

preserves suprema is called a sup-homomorphism.

Definitions 5.1.1

Pos denotes the category of posets and monotone (i.e., order-preserving) func-
tions, and Sup denotes the subcategory of complete posets (alias sup-lattices) and
sup-homomorphisms.

We write 2 for the set of (boolean) truth-values {¢, 7} with the usual ordering

(p < 7).

Theorem 5.1.2

The forgetful functor Sup Y, Pos is monadic, as is the composite forgetful

functor Sup —2— Pos L, Set , [35].

We shall not prove the above, but do note that the free functor Pos — Sup

can be described as (the 2-enriched version of) the presheaf construction, j — 27”.
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Under this description, the unit maps are just (the 2-enriched version of) the Yoneda
embeddings j » 27”.

More concretely, functors (i.e., monotone functions) j°° — 2 are in bijective
correspondence with down-closed subsets of j. So the free functor Pos — Sup can

be equivalently described by the formula
j— D) :={we P()| (Va,B€j)(a<B)A(BEwW)= (acw))}

—the latter set being ordered by inclusion. Under this description, the unit maps

j = D(j) are given by the formula
amla={B€jlB<a}

Since the free functor Set — Pos is given by endowing a set with the discrete
order, it is easy to see that the composite free functor Set {2 Pos —2- Sup maps

a set j to its full power-set P(j). The unit maps j — P(j) are given by a — {a}.

Theorem 5.1.3
Sup can be made into a symmetric monoidal closed category in such a way that
the underlying set of x —o y is exactly the set of all sup-homomorphisms z — 1y,

and with 2 as the tensor unit.

Proof

There exists a general theory of when algebraic categories (categories for which
the forgetful functor into Set is monadic) are symmetric monoidal closed [33], and
Sup falls into this framework [9]. Moreover, the tensor unit must be (isomorphic to)

the free object on one generator. Q.E.D.
Alternatively, this theorem can be proven directly, as suggested in [29]:

“z R y can be constructed as a quotient of the free sup-lattice on |z| x |y|—
P(lz| x |y|)—Dby the equivalence relation generated by the obvious set of

conditions [8].” [Notation has been altered.]



96 CHAPTER 5. ADHERENCE SPACES

Thus, in complete analogy with the situation of (k-Lin, k, ®), an arbitrary element
of £ R y can be written as a join of symbols a ® F with a € z and 8 € y, but not

necessarily uniquely. In particular, we have
aM_Lsz_my=_Lz®,8

foralla € z and f € y.
Elements of the form o R 8 with o # 1, and 8 # L, will be called non-trivial
pure tensors. Evidently, every element of z ® y can be written as a (possibly empty)

join of non-trivial pure tensors.

Theorem 5.1.4

2 is a dualising object for Sup.

Proof

A sup-homomorphism z —- 2 is uniquely determined by its kernel, kerw = {a €
z | w(a) = ¢}. Moreover, ker w has a maximum element sup ker w, which completely
determines it.

But ¥ < w implies ker ¢y D ker w and hence sup ker ¢ > sup ker w. This establishes
an isomorphism z —o 2 — z°°,

Moreover, for any sup-homomorphism z —= g, the diagram

W —0 gy
Yy—o02——T 02
op s OP

? T
P

commutes—where w* denotes the right adjoint of w. [We recall that every sup-
wh . . .

homomorphism z —- y has a right adjoint y — =z, which is an inf-homomorphism.|

Now it is clear that z** & (z°P)°P = z, but we still need to show that the canonical

map £ — z** is invertible. For this purpose it helps to write z°° —= z** for the

. sup ker . . . .
inverse of z** ——— z°P . Explicitly, , «, is the function

5H{ ¢ ifB<a

T otherwise
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Then we have

(@) :

since the top map is

ar wk w(@) - [ Be(a)]

whereas the bottom map is

a— [ o (F)

and 8 < a in 7 if and only if a < 3 in z°P. Q.E.D.

Corollary 5.1.5

(Sup, 2, R, —o, 2) is a symmetric *-isomix category.

Theorem 5.1.6
For any posets j and k, we have D(j°P) & D(5)°" and D(j) R D(k) = D(j x k) =
D(j) w D(k).

Proof

The complement of a down-closed subset of j is an up-closed subset of j and there-
fore a down-closed subset of j°P. Classically', this establishes an order-isomorphism
between D(j)° and D(j°P)—since a larger subset of j has a smaller complement!
Moreover, any order-isomorphism between sup-lattices is a sup-isomorphism.

To establish the equation D(j) R D(k) = D(j X k), let us consider j fixed and k
arbitrary. Then we are trying to establish a natural isomorphism between functors:

sup LD A )

o x o

Pos «+— Pos
Jx (=)

!Constructively, the statement D(j°P) = D(5)°" is false.
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—but each of these functors is a left adjoint. It therefore suffices to establish a natural

isomorphism between the corresponding right adjoints:

D(j -
Sup () = ( Sup

UJ' = lU

Pos —— — Pos
i=(-)

Le., we should have, for any sup-lattice z, U(D(j) — z) = j = U(z). But this is

simply a re-statement of the adjunction D 4 U.

Finally, by combining the two previous results, we obtain

D(j) w D(k) =

for all posets j and k. Q.E.D.

In fact, more is true: sup-lattices of the form D(j) belong to the core of Sup, in

the sense of Definition 1.4.1, as demonstrated in [38].

Lemma 5.1.7
Given

z

|

q———Y

5

there exists a largest ¢ — « such that w o a < 3, which we write as follows:

e

q——F Y

g
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Moreover, if ¢ is of the form D(j), then a can be calculated as the transpose of

. )
P RN ( ) Uw)

Proof
Note that

q—ox *d oY |
is a sup-homomorphism, and therefore

Uwe(-))

U(g —o z) »U(q — y)

has a right adjoint, (say) ®)—then a = () has the desired property. More concretely,

a=sup{y € (¢ o z)|woy <G}
Moreover, in the case ¢ = D(j),

U(qg — ) Ulweo(Z)) »U(g —o y)

Nl lN

§ = V@) s = V)

so it suffices to consider the right adjoint of U(w)o (—), which is precisely U(w)! o (=).
Q.E.D.

5.2 Categories of Adherence Spaces

Definition 5.2.1
Let ¢ be an arbitrary sup-lattice. Then we write ¢\\Sup for the category whose
objects are sup-homomorphisms of the form (¢ — z) and whose arrows are “lax
triangles” of the form
x

ik

q——FY

g
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—i.e., an arrow from (¢ — z) to (g L, y) is a sup-homomorphism z — y satisfying
woa < f.
We shall refer to ¢\\Sup as the category of (q-)adherence spaces.

Examples 5.2.2

In the case where ¢ = P(j), for some set 5, an adherence space (¢ — z) amounts
to a sup-lattice z equipped with a j-indexed sequence of distinguished points—i.e.,
an ordinary function j — z.

Moreover, by naturality, a morphism of adherence spaces (g — z) — (g £, Y)
is just a sup-homomorphism £ —— y which maps each distinguished point of z to a
point less-than-or-equal-to the corresponding distinguished point of y.

The case where j is a two-element set will feature prominently in the next chapter.

More generally, in the case where ¢ = D(j), for some poset j, an adherence space
(¢ = z) amounts to a sup-lattice = equipped with an monotone function j — z—

which we shall still think of as a j-indexed sequence of distinguished points.

Theorem 5.2.3
If ¢ is of the form D(j), then there is a canonical equivalence (¢\\Sup)® =~

¢"\\Sup.

Proof

In effect, this amounts to the observation that any monotone function j 2z
may be equally well viewed as an monotone function j°° — £°P.

Moreover, for any monotone functions j —— z and j 4, Yy, and any sup-

homomorphism z —- y,

woa<f < a<w'op

= a%® > ()P o g®

—i.e., we have

T z°P
o a®P
/ l“’ PN v T(wu)‘)p
J —B——> Y J® W yP
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More precisely, given an adherence space (g — x), we take the opposite map of

iU D(j) N, (z) and extend it along n;» to a sup-homomorphism which we
shall call 5.

jJC:P L — UD(j)OP Mp_) U(I)OP

7)jop ~

UD(j°p) ..................................... U(ﬂ)> U(x°p)
B

The dual of (¢ — z) is then defined to be (¢* — D(j°P) — 2% > z*).

Then we have

*

xr T
/Jw =
qg—Y ¢y

so we can define the dual of a map (¢ — z) == (¢ — y) to be (¢* — z*) N

(¢ — y*). Q.E.D.

It is important to distinguish 7;* and 7;e, which both occur in the proof above.
For example, in the case where j is a one-element set, 7; maps that element to the
top element of UD(j) = 2. Therefore n;p maps the unique element of j to the bottom

element of UD(j) whereas n;e = 7;.

Corollary 5.2.4

If g is of the form D(j), then any order-isomorphism j = j° (and there may be
several) induces a duality (¢\\Sup)°? ~ ¢\\Sup.

In particular, if g is of the form P(j), j a (discretely ordered) set, then any bijection
on j induces a duality (¢\\Sup)®® ~ ¢\\Sup.

By naturality, we have

j » 5

J o

UD(j) ——=—— UD(j°?)
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so, given an isomorphism j — j°, we can calculate the dual of (¢ — z) as the

extension of

~ ns’ U(a)°P ~

j I 17 P CO IS RN/
along 7;.

Remark 5.2.5

One of the curious features of any category of adherence spaces is the presence of
a “generic object”, namely (g -, q). We shall also write o for tq, when convenient.
It is important to note that the duality described in Theorem 5.2.3 does not
preserve these objects. This is essentially due to the distinction between n;-’p and 7;e.
For example, in the case ¢ = 2 = D(1), the duality (which is given by the unique

bijection on 1) maps (2 ~2 2) to (2 ~2» 2).

Lemma 5.2.6
For any ¢, ¢\\Sup is complete.

Proof
The limit of a diagram D = g\\Sup is computed as follows: let = denote the
limit, in Sup, of the diagram

D X g\\Sup ——— Sup

and o the largest sup-homomorphism ¢ — z such that

e
g ——=

IA
O'(Xd) lﬂd
Xa
for all d € obj[D].
. o'(y) .
If (¢——— y ) is an adherence space, and

o

IA
o Xa) lwd
X4
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is a cone in ¢\\Sup, then the arrows y e, X4 form a cone in Sup. We therefore
obtain a unique map y ¥, & such that mq = g for all d € obj{D].

It remains to show that

o@
Q9———Y -
IA

o l‘ﬁ

x

But, since 74 0 (¥ 0 ¢®) = 14 0 0¥ < o{*4) we have

N E——

IA

X4

for every d € obj[D]. But ¢ was defined to be largest sup-homomorphism with this
property. Q.E.D.

In particular, note that (1, *, %) is a terminal object for ¢\\Sup.

5.3 Monoidal categories of Adherence Spaces

Since Sup is *-autonomous, it is possible to consider (co-)monoids with respect to
R, or with respect to . In some sense (to be discussed below), the concept of a
&-comonoid is more natural than its R counterpart.

Nevertheless, it is the notion of R-comonoid which permits the proof of the fol-

lowing, new, theorem.

Theorem 5.3.1

Each R-comonoid structure on ¢ induces a monoidal closed structure on ¢\\Sup.

Proof

Let 2¢+—¢q 4, g R q be a comonoid in Sup. We define

(=) ) (=)
(¢-F—z2)R, (¢—T—y):=(¢gT—zRy)
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@) o) ,
where @R denotes the composite ¢ —— ¢ R ¢ ——2" sz Ry . We also write ()

for £, when convenient.

Then the diagrams

0'(6) R 0‘(1)

r R
gRg————2Rg—2 KT
5 o@ R Lq 3 Ly R 0@ .
% =
q q o® > T
\ : ]A(—
v Uz
g Ly R o(©) P @ Ry,

gRg———qR2—— T R 2

N J
O'(I) % o'(e)

define natural isomorphisms

(e) (=) 3 (=) b (=) (e)
(qa—>2)®q(qi‘—>$)‘v_z’(q_0“—*$ = (T mq(q_a‘_'>2
in ¢\\Sup, and the diagram

- N
Rg———gRg)R YT RY)R 2z
5 774 0 R g (gRa) R g (0@ ® U(y))‘m o (zRy) "

q aqlq)q az,y,z
\» LR o® R (c® R o)

qRg———qR (gR q)
N

<+

8
LE
<

X
&

0'(1:) r)-(] O-(yQZ)

defines a natural isomorphism

(=Rv) @ e (=) (vRz)
1 T—2RY)R (—T—2) % (¢-T—>z)R, (¢ T—yR2z)

(e)
—hence (¢\\Sup, ( ¢ —Z— 2 ), R,) is a monoidal category.
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Now we define

(=) (2) (x—o2z)
(¢-F—1z) 0, (¢—T—2)=(¢g5—z—o2)

where 0*=°2) is the transpose of the largest sup-homomorphism z R ¢ BN satisfying

(z)
o\’ K
q J *q R q LY
IA l
§
x‘
z

() o (=) (=) . .
An arrow (qu_)y) (gL —z) —, (¢—2— z) is a lax triangle

oW .
q *Y
IA la
O_(x—oz)
r—oz

in Sup. But this is equivalent to

. % O'(y)
T Rq > T K Y
2
3 A
z
—thus we obtain
5 r @R Lq Ly @ o) R
q +qRg IR TRy
IA lg >
o) &
z
. a‘(m) O-(y) & a.(z) .
which defines an arrow (¢ ——z )R, (¢ ——y ) — (g——— z) in ¢\\Sup.

The latter step is reversible by virtue of the maximality criterion in the definition
of &.
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Similarly, we define

(2) (¥ (zo0-y)
(T —2)o0— (¢-T—y):=(¢T—20-y)

where 0(*>) is the transpose of the largest sup-homomorphism g R y LA satisfying

5 Lg R o)
q *qRq PqR Y

Q.E.D.

Remark 5.3.2
R-comonoid structures are, in general, rarer than one might expect. For example,
the five-element modular but non-distributive lattice, £ (displayed below), admits no

R-comonoid structure.

By contrast, &-comonoid structures on £ are in bijective correspondence with R-
monoid structures—i.e., quantale [39] structures—on £*, and there are plenty of these.

Of course, in the case ¢ = D(j), there is no distinction between the two concepts,
by Theorem 5.1.6.

Remark 5.3.3

—o4 can always be calculated in two stages: first, find the largest map

q—j—>q®q
IA ¢
@
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then, find the largest map

c® R
gRqg—— T Mg
A
=l

—but the latter diagram is equivalent to

q

é — U(z—oz)
O_(i—oz) — Cl >

gq—oz+———IT 02
o® —oy,

4 (@) (2)
(where (% is the structure map of (¢—Z—q) —o (¢g—Z— 2 )—cf. Remark

5.2.5).
So, by Lemma 5.1.7, in the case ¢ = D(j), we can calculate o(*=02) a5 the extension

of

U(o_(i—oz)) U(O.(z) o Lz)ﬂ
4 — UD(j) yU(q —o z) s Uz —o 2)

to q.

This remark is particularly useful in the case of a potential dualising object
o@
(g—2).
Firstly, note that 0@ is necessarily of the form 5, for some 3 € q. Then ¢ satisfies
the lax triangle

)

g————qRg
&
@ N

if and only if ¢(6(5)) = ¢. Hence the largest such ¢ is simply .6 (3).-
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Moreover, the right adjoint of

0@ oy,

\ /

°P ; qop
(o(@F)op

o(z)yop ~ . L.
is simply g —0 2 ———¢°P ™) y 1°P »x —o 2. [0 is the left adjoint of a(”’)ﬁ,

but (—)° reverses adjointsl!|

(=) (4
So, in the case ¢ = D(j), (¢—Z——z) —o, (¢—%——2) can be calculated as

the transpose of

U(gli—od (U(U(r)))op
j— UD(j) ( ) »U(g") = U(q)*® »U(z)*® = U(z*)

This brings us preciously close to our original duality of Corollary 5.2.4. What we
ogli—od)
still need to know is that the composite j — UD(y) ve, U(D(j5)*) = UD(j)°®

factors through 7;*.

. )
i— L up) L vpgy

T |~
v

jop op ’ UD(J‘)OP
n;

If this occurs, then 0*=?9 can indeed be calculated as the extension of

op o)
i T > jOP M s UD(j )OPLU( )op_N_>U(x*)

along 7;.

Theorem 5.3.4
{d) (e)
For ( ¢ —Z— 2 ) to be a dualising object for (¢\\Sup, ( ¢ —L— 2 ),R,, —0g, 9—¢)

in the case where ¢ = D(j), it suffices to show that we can find 7, p such that
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. nj L U@et™9) .~
j —2 - UD(j) ——L U(DG))
1. 7r J'N ,
J° o »UD(j)°P
n;
. mj L U(g“) .
j———UD(j) —— U(D()")
2. Q lN , and
jop op '\UD(j)op
n;

3. m and p°P are inverse.

Proof
: o' ol
In this case, the functors (—) —o, (¢———2) and (¢———2) o—, (—) co-
incide with the two halves of the duality given by j — j° according to Corollary
5.2.4. Q.E.D.

5.4 Comparison with poset-valued sets

In this section, we compare our notion of adherence space with the related notion of
g-valued set, due to Schalk and de Paiva [40].

Definition 5.4.1
Let ¢ be an arbitrary poset. Then a g-valued set consists of a set x together with

=
a function z = ¢. A morphism of g-valued sets

g(z) r g(y)
(z————q) — (y———4q)

is a relation 7 C z x y such that ar3 implies ¢®*) (o) < ¢ () for all a« € z and B € y;

or, equivalently,

sup g(“”)(a) < g(y)(ﬂ)

a€zx,orf
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for all B € y.

We write ¢-Val for the category of ¢g-valued sets and their morphisms.

Schalk and de Paiva write, suggestively,

T q
f IA ;
r
g(y)
Yy

to mean that r is a morphism of g-valued sets; we shall follow this convention despite
the fact that it jars slightly with our previous use of such diagrams, as demonstrated

below.

Remark 5.4.2
X(2)
In the case where g is complete, <‘*) extends to a sup-homomorphism P(z) = q.
Now the left-hand side of the inequality displayed in Definition 5.4.1 can be re-written

as follows:
supﬁc(z)(a) = {a€z]|arp})
a€x,ar
= <& (F ({B)))

—where T denotes the inverse image map associated to r. So, for 7 to be a morphism

of g-valued sets, one must have

(§%o T)({B}) < W(B) =< ({B})
for all 8 € y, and therefore
(§Po 7)(y) < <V(y)
for all ¥ € P(y).

Note that the diagrammatic expression of the latter statement is

~(x)
P(z) —= q

- IA
r &w)

P(y)
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and not, as one might have expected,

(z)
S
P(z) q

. IA
r &)

P(y)

—where 7 denotes the direct image map associated to 7.

Theorem 5.4.3
If ¢ is complete, then g-Val is isomorphic to a full subcategory of ¢*\\Sup.

Proof

What Remark 5.4.2 demonstrates is that ¢-Val is isomorphic to a full subcategory
of (Sup//q)°°—namely, the full subcategory consisting of those objects of the form
(P(z) — q). But (Sup//q)°® is clearly isomorphic to ¢*\\Sup by taking duals.

Thus, in particular, we map

a(x) ~(z)\*
Pla)— g ¢ Py
(—T A tO IA ("F)*
r cw) (é(y))*
P(y) (P)

Q.E.D.

Remark 5.4.4
The isomorphism described in the proof above can be refined by the observation

that the diagram

(P(2))* ——"— (P(z))® ——— P(x)
| 7yfr |7
(P(y))* ———— (P(y))*» ———— P(y)

commutes.
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) (@)
Le., instead of mapping the g-valued set z ~— ¢ to ¢* « 2 (P(z))*, we may map

it to the composite

(@) _
¢ — L (P(e)) —TE L (Pla)) —=— P(a)

r g(y)

x
—then a morphism of g-valued sets ( z LM q) - (y———¢q) is mapped to 7.

Moreover, if ¢ is of the form P(j), then the isomorphism ¢*\\Sup = ¢\\Sup
-1
induced by the map ¢ —— ¢°® —% ¢* maps said composite

q-—————MP(D“-————%P@D”——;L—éP@)

to the composite

-1
q > g% *q

lg@

P(z) e——=——(P())® ———— (P(2))

-
[ 4T

*

—which can be more easily expressed as s, where s C x x j denotes the relation

(@)
corresponding to the original g-valued set, z ~— P(j).

The advantage of g-valued sets, as compared to g-adherence spaces, is that their

monoidal-closed structures may be described in a convenient “pointwise” fashion.

Definitions 5.4.5

Suppose (g,7, & —, <) is a monoidal-closed poset. Then we define

(:E—>q)ﬂ(y—>q) —(mxy—>qxq—>q)

@ @) @ (@)
(8——q) = (2———q) = (s x z2=—""—gx g———q)

(@) (@) () o )
9 < X< —
(z—=——gq) o= (y———q) = (2 x y—"sgx g———¢q)
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Theorem 5.4.6 ([40])
(g-Val, (1 -5 ¢), R, —o, o—) is a monoidal-closed category.
Moreover, if 2is a dualising element for (¢, 7, &, —, <) then (1 = g) is a dualising

object for (g-Val, (1 SN q),R, —0,0—).

We now return to the case where ¢ is of the form P(j).

Theorem 5.4.7
If q is of the form P(j), then the monoidal structures on ¢g-Val and ¢\\Sup are

the same.
Proof
Suppose that
. : & . n
P(j) x P(j) ————— P(j) ———1
is the monoidal closed structure corresponding to
jxj i 1

g(z) g(y) . 3(1) . S(y)
and that (z ——¢q ), (y———¢q) correspond to (j—+—=z), (j—+—y),

respectively. Le., vs®a <= v € <®(a) and vs¥)3 < v € <¥(8).
Then we have
5@ (q, ) = (Ik, £ € j)(ym*(k,€) A ks®a A EsW)B)
= (I, Eeh)((ve {r}&{h) A (ke () A€ €s¥(B))
= 7€) &s(g)

—where the latter step is justified by:

<a) & W(B) = [ U {F»}] &[ U {6}}
4

k€@ (a) e (B)
= | {{fs} & | {5}}

Kk€s(®) (o) ees)(g)
= U {x} & {¢}

rwes(®) (a),Ee5¥)(B)
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So the adherence space

J = P X J - T XY
corresponds to the g-valued set

(@) x (W) 2

TXY

Q.E.D.

Theorem 5.4.8

If 5 is a dualising element for ¢ = P(j), then ¢ =2 2 is a dualising object for
q\\Sup.

Proof
Essentially this amounts to the fact that in order to be invertible, (—) — sand » «
(—) must map atoms—i.e., singletons—to co-atoms, i.e., complements of singletons.
To compute s % we need to find the largest z such that

1
— T ixj

j\fl{)jz

1

where f denotes the relation 1 — j which relates x to ».

By an easy direct computation

(v, K)2x == (Y€ € 5)(Em™(v,K) = %)
= (V¢ €j)((7, )mE = fE)
= {r}&{x}C»
= {k}S{r}—>
< ke{y}—>
Now the transpose of z in Rel is a relation j —+ 7 which extends to a function

J — P(j); namely,
y—={ce€j|(y,k)zx}={y}—>
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But the transpose in Rel of the sup-homomorphism P(j) & P(j) & P(j X j) N
P(1) & 2 corresponding to z ought to be of the form P(j) — P(j)*, corresponding
to a function j — P(j)°P.

This indicates the perils of too closely identifying the monoidal-closed structure

of Rel with that of Sup. In order to obtain the correct transpose, we must follow

vy {kej|(r,r)ax}={7} —=>

by the complementation map P(j) — P(7)° (which is a sup-homomorphism).
Thus we obtain
v\ ({7} —9)

whose range does lie in that of n;’p—i.e., among the singletons. Q.E.D.

5.5 P(2)-adherence spaces

We devote the rest of this chapter to a single example.

Let 2 denote the unordered set {0,1}. [Note: 2 # 2!] Then each monoid structure
on 2 in Set determines a comonoid structure on 2 in Rel. [Also, the unique comonoid
structure on 2 in Set determines a monoid structure on 2 in Rel. In fact, there are
a total of five (co)monoid structures on 2 in Rel.

We shall consider the structure determined in this way by addition—i.e.,

L 1
14 O; 2 +. y2 X 2.

Viewed in Sup, this comonoid may be described as follows:
2+E€ P(2)—9 4 P(2)R P(2)
T {0} —— ({0} m {0}) v ({1} = {1})
L {1} — ({0} ® (1) V ({1} R {0})

As discussed previously, a P(2)-adherence space may be thought of simply as a

sup-lattice = together with two distinguished points, ay, a;;, which we write as a triple



116 CHAPTER 5. ADHERENCE SPACES

(z,a0,01). To be precise, ap = 0@ ({0}) and a; = @ ({1}). Thus the tensor unit
P(2) - 2 will be written as (2, T, L).
Chasing through the definition of R, (Proof of Theorem 5.3.1), we see that the

tensor product of two P(2)-adherence spaces may be conveniently described as follows:

(z,a0,01) R (y, B0, 01) = (z Ry, (a0 R Bo) V (0 R 1), (o R B1) V (01 R o))

A curious feature of this category is that it possesses two non-isomorphic dualising
objects: (2, T, L) and (2, L, T).

In the first case, we obtain the following ‘negation’ operation:
(z, a0, 1) = (¥, L1, 00,) = (2%, a1, o)
—whereas in the second, we have
(ZE, Qo, al) — (iL'*, c&og, Lal_l) = ($0p7 Qg, 011)

Henceforth we shall consider only the former structure.

An easy calculation shows that we then have
(z, 20, 1) W (Y, Bo, B1) = (x Wy, (co & 1) A (01 W Bo), (00 W Bo) A (a1 & Br))

where, for any o € z and 8 € y, @ W [ denotes (@, R [), € (z* Ry ) =z W y.
[See Lemma 5.5.2 below for a more concrete understanding of a ¥ £.]

We shall now attempt to characterise the core of P(2)\\Sup. Clearly, z must
belong to the core of Sup, in order for (z, ap, 1) to belong to the core of P(2)\\Sup;
such z are called completely distributive [38].

Now consider the adherence spaces (2,¢,¢) and (2,7,7). Using the formulas

presented above we see that

(z,00,01) R (2,4,8) = (zR2,(wRP) V(1 RP), (R P)V (R P))
= (z,4,9)

whereas

(z,00,00) ¥ (2,0,¢) = (zW2, (0¥ P)A(19¢), (@) A (1))

(z,a0 N a1, a0 A ay)

114



5.5. P(2)-ADHERENCE SPACES 117

—so, in order for (z, ag, 1) to be core, we must have ag A a; = ¢.

Similarly,
(z,00,01) R (2,7,7) = (zR2,(wRT)V(a1RT), (g RT)V (a1 RT))
® (z,apVai,aVa)
whereas
(z,0,00) W (2,7,7) = (W2 (aow7)A (a1 W), {aoW7)A (a1 7))

R

(z,7,7)
—s0, in order for (z, ag, 1) to be core, we must also have ag V a; = 7.

Theorem 5.5.1
The necessary conditions enumerated above—namely, that = be completely dis-
tributive and that ap and «; are complementary in z—also suffice for an adherence

space (z, g, ) to be core.
Our proof hinges on the following description of invertible mix maps in Sup.

Lemma 5.5.2
For a completely distributive sup-lattice x and an arbitrary sup-lattice y, the mix

isomorphism z R y <~ x & ¥ is given by the formula
aR B (aw L)AL wp)
Similarly, the inverse map = W y — = R y is given by the formula
ayfBr— (aRTYA(T QpB)

Proof

In general, the mix map r R y — z i y is given by the formula

aR B [wRYE wle)Ap(B)]
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But recall that o w 8 can be described as follows:

wmu)b{w(a)\’@b(ﬁ) ifw# L andy# L
1 fw=1lory=L1

Thus a W L has the following action on non-trivial pure tensors
wRY B wla)ViY(l) =w(a)

But, ¥(T) = L if and only if 9) = 1L —in all other cases we have ¥(T) = T. Hence

the action of mix(a ® T) on non-trivial pure tensors is also
wRY B wa)ANY(T) =w(a)
Hence the formula
mix(a R T)=ak L

hold for all sup-lattices = and y; by symmetry, mix(T R §) = L & [ also.

Now, if mix is invertible, then it preserves meets as well as joins! Hence

mix(a R B) = mix((a R T) A (T R G))
= (ayL)A(Lwp)

[In general one can only be sure that mix(a ® 8) < (e ¥ L) A (L W G).] Q.E.D.
Returning to our main calculation ...

Proof of Theorem

In a distributive lattice, we have

(0w Bi)Aleawfo) = [(ow L)V (LwB)]A[lenw L)V (Lo
= [(@ow L) A (1w L)]V[(aow L) A (L b))
V(e w L) A(LwB)]VI(L W Bo)A(L Wb
= [(ao A1) W L]V mix(ag R B) V mix(a; R B;)
V[L W (BoABr)]
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Now it is clear that if (ap A ;) = L, then the first term L w L = L disappears.
What is less clear, but equally true, is that if (ap V 1) = T, then the last term is
absorbed into the others.

LW (BoAB) = mix(T R (BoAPB))

ix((ag V ar) R (Bo A 1))

ix([ao R (Bo A Bl V [ R (Bo A B1)])
mix((ag R Fo) V (a1 R (1))

(I
3 3

IA

Mutatis mutandis,

(a0 W Bo) A (0a 9 B1)
= [(ao N C¥1) X _L] \% mix(ao [ ,31) V mix(al X ,30) vV [_L X (ﬂo A ﬁl)]
= miX((Oéo ] ﬁl) vV (Oél ] ﬂo))

if (ao N Oél) = 1 and (010 \ 011) =T. Q.E.D.
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Chapter 6
Homotopy of Adherence spaces

We finally return to the project, described in the introduction, of finding a Quillen
model structure on a x-autonomous category with finite products and coproducts in
such a way that the resultant homotopy category is compact closed.

The *-autonomous category we shall use is that of the preceding section: P(2)\\Sup,
with the x-autonomous structure described therein. Since this *-autonomous cate-
gory satisfies the mix rule, it suffices to ensure that the class of weak equivalences
contains the class of mix maps, and that the homotopy category preserves the *-
autonomous structure of P(2)\\Sup; for the latter condition ensures that we will
have mix maps in Ho[P(2)\\Sup] which are the image of those in P(2)\\Sup, while

the former condition ensures that these very maps are invertible.

6.1 Definitions

In light of Theorem 5.5.1, we make the following definitions.

Definitions 6.1.1

We say that a P(2)-adherence space (z, ag, 1) is:
1. wholly coloured if agV oy = T;

2. distinctly coloured if ag A oy = L;

121
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3. perfectly coloured if it is both wholly and distinctly coloured.

We write A, Aqg and A, for the full subcategories of A = P(2)\\Sup consisting of

wholly, distinctly, and perfectly coloured spaces, respectively.

To state that (z, ag, 1) is perfectly coloured is equivalent to the assertion that the
(=)
structure map P(2) = z is a lattice homomorphism. But the advantage of dividing

this property into two pieces is demonstrated by the following theorem.

Theorem 6.1.2

Ag is a reflective subcategory of A; dually, A, is co-reflective. Moreover, the
reflection A — A4, which we call R, restricts to a reflection A, — A4, which
we also call R. Dually, the co-reflection A — A,,, which we call @, restricts to a
co-reflection A; — A, 4, which we also call Q.

The diagram

commutes, and we have natural isomorphisms (Q(z, ag, @1))* = R((z, @, 01)") and

~y

(R(z, ap, 1))* = Q((z, a0, @1)™). In particular, = is wholly coloured if and only if z*

is distinctly coloured.

Proof
Suppose that (z, ag, o) is wholly coloured, and that (z, g, o1) — (y, Bo, B1) is
an arbitrary morphism of adherence spaces. Then
w(Tz) = wlaVa)
= w(ao) V W(al)

< BoVh

—hence the range of w is contained in | (G, V 51) C v.
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Equivalently, w factors through ({(Go V 61), Bo, 1)—which is a wholly coloured

adherence space. Le., the co-reflection A 2, A, is given by the formula

Q(y, Bo, B1) = (1 (Bo V B1), Bo, Br)

—the co-unit Q(y, fo, 1) — (v, Po, 1) is just the inclusion.

Now it is tautologous that (| (5o V B1), Bo, £1) is disjointly coloured if (and only
if) (y, Bo, B1) is.

The dual theorem holds by general nonsense, that is, we could define the reflection
A — Ay by the formula

R(z, ao, a1) = (z/1 (a0 A 1), [axo], [en])
RN
—where z/](ap A a1), of course, denotes the coequaliser of |(ag A o) z . But
it will be more convenient to provide an alternate definition of R.
Note that the duality Sup®® ~ Sup allows one to calculate colimits more efficiently

than is usual. In particular, we have a sup-isomorphism
2/l Aa)) ————T(ao Aar) :=={E €z |2 (a0 Aa)}

given by [€] — €V (ao A a1). [In effect, we pick out the largest element of each
equivalence class.] Hence, using the absorption rule a V (a A §) = a, we see that the

adherence space (z/| (a0 A 1), [ao), [@1]) is isomorphic to

(T(ao N 1), g, 011)

and it is convenient to take the latter as the definition of R(z,ag, ;). Under this
description of R, the unit map (z, ap, 1) — R(z, ap, ay) is given by € — £V (apAay).
Now, according to the definitions given above, both QR(z, ag, o) and RQ(z, ag, 1)

equal the adherence space
({€€z|aghan &< ap V), ao, )

so we have QR = RQ).
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Finally, recall that we have a natural isomorphism
(1‘, ayo, al)* = (‘Topa Qo, 0{1).

Now the underlying sup-lattice of R(z°P, o, 1) consists of those £ € x°° which are
greater or equal to, in the sense of z°P, the meet of oy and «;, calculated in z°P. Not
wishing to belabour the point, these are evidently the same & which belong to the
underlying sup-lattice of Q(z, ap, 1), but ordered in the opposite fashion. IL.e., we

have
17" (ap A ) = (1%(ao V )P

Hence R((z, ap, 1)) =& (Q(z, ao, 1))*. Q((z, a0, 1)") = (R(z, g, @1))* is similar.

Q.E.D.

Of course, the other part of of Theorem 5.5.1, made reference to the core of Sup.
Since we know that sup-lattices of the form P(z) belong to the core of Sup (Lemma
5.1.6), we investigate the action of @ and R on adherence spaces whose underlying

sup-lattice is of this form.

Example 6.1.3
Consider an adherence space of the form (P(z),a0,a;). Then an element of

P(z) belongs to |(ao U a;) if and only if it is contained in ap U a;. Le., we have

Q(P(z),a0,a1) = (P(ao U a1), a0, a1).
Dually, we have a sup-isomorphism

T(ap N ay) ———— P(z\ (ap Nay))
given by b — b\ (ap Nay). Hence R(P(x),ap,a1) = (P(z\ (aoNa1)), a0\ a1, 1 \ ao).

We are now ready to define the component parts of a Quillen model structure on
A. The proof that they do indeed a Quillen model structure will be postponed to the

next section.
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Definitions 6.1.4
C denotes the class of all A-arrows (z, ag, 1) — (y, Bo, 1) such that the natu-
rality square
Q(z, ag, o)) ——— (T, g, 1)
Qf{ Jfﬁ)
Q(y, Bo, Br)—— (y, Bo, B1)
is a pushout.
F denotes the class of all A-arrows (z, &g, 1) —— (¥, Bo, A1) such that the natu-
rality square
Q(z, ap, 1) ————» RQ(z, o, 1)
Qcpl lRQso
Q(Y, Bo, 1) ——— RQ(y, Po, £1)
is a pullback.
W denotes the class of w € mor[A] such that RQw is invertible.

As usual, we will call the elements of C cofibrations, those of F, fibrations, and

those of W, weak equivalences.

Lemma 6.1.5
An adherence space (z, ap, 1) is cofibrant if and only if it is wholly-coloured and

fibrant if and only if it is distinctly coloured.

Proof
Recall that the terminal object of A is (1, %, *). Since 1°° = 1, it is also the initial
object of A.

Now to ask that (1, *,*) — (z, a9, a1) be a cofibration means that

(1, %, %) (1, %, %)

| |

Q(z, ag, 0n ) ———— (z, a0, 1)

is a pushout; but the pushout along any isomorphism is also an isomorphism, therefore

we must have Q(z, oo, a1) = (z, ap, a1 )—i.e., (z, ao, @) is wholly coloured.
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Similarly, to ask that (x, ag, @1) — (1, *, %) be a fibration means that
Q(z, ap, ay) ———— RQ(z, ao, 1)

should be the pullback of an isomorphism and therefore invertible itself. In light of
the descriptions of ) and R contained in the proof of Theorem 6.1.2, this means that

ap Ny = L—i.e., that (z, ap, 1) is distinctly coloured. Q.E.D.

Now while we have shown, in Theorem 6.1.2, that cofibrant objects are the duals
of fibrant objects (and vice versa), the notions of fibration and cofibration are not

generally dual; but we do at least have the following.

Lemma 6.1.6
If Kk € C, then k* € F. Also, if w € W, then w* € W too.

Proof
It
Q(y, Bo, B1)——— (¥, Bo, B1)
Q/{ lh‘,
Q(2,%, 11)————— (2,7, M)

is a pushout, then, by duality,

(Z’ Yo, 71)* E— (Q(Z, 7o, ’71))* -.—'N—> R((Z, Yo, 71)*)
<| J@ny G
(y, Po, :61)* - (Q(y, Bo, 51))* — R((y, Bo, 51)*)

is a pullback.
But @ is right adjoint to the inclusion, and right adjoints always preserve pull-

backs. Hence
Q(2,%, )" ———» QR((2,%, m)")
Qn*l lQRm*
QY, Bo, Br)" ————— QR((y, Bo, B1)")

is a pullback; i.e., k* is a fibration.
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The latter statement follows from the last part of Theorem 6.1.2. Since we have

natural isomorphisms

(RQ(z, a0, 1)) = Q((Q(z, a0, 1))")
= QR((x7a07a1)*)
= RQ((z,a, a1)")

it follows that RQ(w*) = (RQw)*. Q.E.D.

Before proceeding to the main theorem, let us attempt to gain some intuition for
the above notions of fibration and cofibration by returning to the case of adherence

spaces whose underlying sup-lattice is a power-set.

Example 6.1.7
Let (P(z),a0,a1) — (P(y), bo, b1), and k be the corresponding relation z — y.
Then the pushout of

(P(ap U a1), ag, a1)———— (P(z), ag, ay)

Qn|

(P(bg U by), bo, by)
is (P(bo U by U (z\ (ao U ay))), bo, b1), because the pushout of

awUar————z

k rao Ual{

bo U by

in Rel is (isomorphic to) by U by U (z \ (ag U a1)) irrespective of k, and the inclusion
Rel -2 Sup preserves whatever pushouts happen to exist in Rel. The coprojection
x — boUby U (z\ (agUay)) is the (disjoint) union of (k [4ous,) and the identity
relation on (z \ (ao U a1)).

So to say that k is a cofibration means, not only that y \ (b Ub;) = z \ (ao U ay),
but also that k is the disjoint union of said isomorphism with k [4,uq,. In particular,

k may not relate any element of x \ (ap U a1) to any element of by U b;.
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Similarly, if (P(z), ag, a1) — (P(y), bo, b1) is a fibration, and f is the correspond-

ing relation £ — y, then the restriction of f to (apNay) X (boNb;) must be a bijection,
and f may not relate any element of (ag U a;) \ (ap Nay) to any element of by N b;.
[But it may relate elements of z \ (ap U a1) to elements of by N b;—so the notion of

fibration is more general than the notion of “dual of a cofibration”.]

6.2 Theorems

The most difficult part of our main theorem will be showing that any arrow in A
can be factorised as an element of C N W followed by one in F. It is, unfortuately, a
two-stage process with many lemmas.

The first stage is as follows: given an arbitrary A-arrow (z, ag, @1) -5 (y, Bo, B),

we define (z,70,71), & and p as follows:

Q(fl?, g, 01)

: lRQu
Q(y, Bo, B1) ——— RQ(y, Bo, b1)

Lemma 6.2.1

(2,70,71) is wholly coloured, Rk is invertible, and the naturality square

(zi Yo, 71) B R(Z, Yo, 71)

lp lRp

Q(y) /607 ﬂl) — RQ(?J, IBOa :61)

is a pullback.

Proof
First, we note that, following the description of limits in .4 given in Lemma 5.2.6,

and the descriptions of ) and R furnished in Theorem 6.1.2,

z={(§,¥) €xxy|aphay <& L aVay,p < BoV P, &)V (BoABL) = YV (BoABr)}
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equipped with the pointwise ordering, and 7~ is the largest (&, %r) € z satisfying
& < ap and Y < G, for k=0, 1.

Note that our obvious candidate for vy, namely (oo, 5o), need not be an element
of z—for instance, we might have Gy A /1 < p(ag) < Bo.

But the requirement u(&) V (Bo A B1) = 1o V (Bo A B1) imposes

Yo < w(éo) V (Bo A B1) < p(ao) V (Bo A Br)

—moreover, (o, (o) V (Bo A F1)) is indeed an element of z. Hence, we can conclude
that the latter tuple is 7o. Similarly, v; = (aq, u(ay) V (Bo A £1)).

Joins in z can be calculated pointwise, but meets need not be. So it is easy to see
that

YoVy = (oo Vo, pu(a) V(6o ABr)Vp(ar) V(6o ABr))
= (ao Vay, plagVar) V(B ApB))

since p is a sup-homomorphism. But (§,%) € z implies £ < ap V o1 and

Y < YV (6oAB)
= &)V (BoABr)
< ,u(ao\/al) V(ﬂo/\ﬂl)

hence T, = (ag V o, (o V @1) V (Bo A B1)). This proves that (2,7, v1) is wholly
coloured.
Similarly, we claim that v9 A7y; = (oA, BoAB1). Certainly, the latter is a lower

bound for 7y and ~;; it is also an element of z since

(oo A ay) < (o) A plar) < (Bo A Br)
implies
ploo Aar) V (Bo ABr) = Bo AP

Thus it remains to show that it is the greatest lower bound of +y and ~; in z. But

if (¢,7) is an element of z satisfying (£,4) < v0,71, then we have £ < ag,a; and
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therefore § < ag Noa- Hence,

p < PV (Bo N )
u(€) Y (Bo A B1)
Aay)V (Bo B1)

IA
=
Q
S

|
=
(=7
>
»
=

:otg of those (ﬁ,w) €z satisfying, £ > N and ¥ Z Bo N G-

efinition of z:

50 R(vaoa
In this case, the key

becomes just
w(é) v (Bo N B) =
so the projection (&, h) £ restricts to & bijection R(z,Yo» M) — RQ(z, ¢0s o) and

invertible. Le., we have

is therefore

RQ(fB, (o4} 011)
[ v} Oél)

and hence Rk 1s ;nvertible.

Finally,
(zv Yo, 'Yl) ///’» R(Z, 0, 'Yl)
g

p
RQ(y, Bo, 1)

Q(y, Bos £1)
and because that’s how

is @ pullback, precisely because R(z,f)(o,ﬂ{l) ~ RQ(z, 0 o)
Q.E.D.

p Was defined.
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For the second stage of our construction, we define (¢, do, 1), A, ¢ as follows:

Q(.’E, g, a1)>—'_—) (J), aQ) al)

ﬁl po /\
(2, Yoy 1) ) (%, 5; 5)
Q(y, Bo, B1)* :(y,ﬁo,ﬁl)

Example 6.2.2
The result of applying this construction to an A-arrow (P(z), ag, a1) —— (P(y), bo, b1)

with corresponding relation m C = X y is

(P(z), ao, a1) a > (P(y), bo, b1)

where

T = (CL'\ (aoﬂal)) U (boﬂbl)
do = (ao \ (11) U (bo ] bl)
d1 = (al \ (1,0) U (bo N bl)
and A corresponds to the relation r C x X t given by the union of the identity on
z \ (ap N ay) and the intersection of m with [(ap Uay) \ (ao Nay)] X (bo Nb1), and ¢

corresponds to the relation f C t x y given by the union of the identity on by N by
with m N (¢ x y).

Lemma 6.2.3
AeECNW and p € F.

Proof

By similar arguments to those above, we have

t={(¢,x) €z xz[r()=xNA(aVa)}
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(where x* denotes the right adjoint of k) equipped with the pointwise order, and
8k = (v, K (), for k=0, 1.

Specifically, pushouts in Sup can be calculated by taking the pullback of the dual
diagram. [So meets in ¢ may be calculated pointwise, but joins can not.] Moreover,
o should (by the duality on .A) equal the smallest (o, x0) € t satisfying vo < (o and

ag < Xxo. As before, the equation
(o) = xo A (a0 V 1) < xo

guarantees that these are vy and «*(vo) respectively.
Similarly also, §o V 01 = (70 V 71,00 V 1) and Q(t, do, 01) = (2,70, 71)-

So the naturality square
Q(CE, Qg, al)% (.’L', O, C“1)
/ lQ)\ l/\
(2,70, 1) ————— Q(t, &, 61)——— (t, 0, 61)

is a pushout, and RQA = Rk is invertible. So A € CNW.

Also,
(2,70, 1) —————— Q(¢, &, 61)———— (¢, 80, 1)
s G
Q(y, Bo, Br)* > (v, Bo, Br)

so the naturality square
Q(ta 507 51) —_— RQ(QJ, 60) 61)
Qo | Qe
Q(y7 ﬂOa /61) —_ RQ(y» ﬁO, ﬂl)

is “essentially the same”—that is the same up to natural isomorphism—as
(z,7%, ) — R(2,70, M)
l |70
Q(ya /601 /Bl) — RQ(ya ﬁO) ﬁl)

which is a pullback. Hence ¢ € F.
Q.E.D.
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Lemma 6.2.4
W N F consists of those p € mor[A] such that Q(p) is invertible.

Proof
If A € WNF then RQ is invertible and

Qr ——» RQx

Q)\l JRQ,\

Qy——— RQy

is a pullback. But the pullback of an iso is an iso.
Conversely, if QA is invertible, then so is RQA; hence, the square above is a
pullback. Q.E.D.

Theorem 6.2.5
C, W and F, as defined above, form a Quillen model structure for .A.

Proof

We have already (exhaustively) established that (C N W, F) satisfy the factoring
axiom.

By contrast, verifying the lifting axiom is comparatively routine: let (z, ag, a1) 2,
(y, Bo, 1) be an element of CNW, (2,70, 71) — (t, 8, 81) be an element of F, and

(z, g, 1) —L—* (2,70, M)

A e

(y, ﬂO, 161) # (t, 60’ 61)

a commutative square in A.

Since RQ is invertible, we can find a (unique) ¥ satisfying

RQ(z, oo, a1) R;Q#ffz@(za Yo, Y1)

RQ*l P lRQso

RQ(y, Bo, B1) —RQT> RQ(t, 00, 01)
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—namely, ¥; = (RQu) o (RQN)™L.
Now, the fact that ¢ € F implies that we can find a (unique) ¥, satisfying

Q(y, @07 B1) ———— RQ(y, Bo, 1)

, [
Qul Q(z,7,m) — > RQ(2,v%,m1) |RQv
Qwi lRQw

Q(t, o, 61) ————» RQ(t, 6o, 61)

We also have that Qu = ¥ o (QA) because both make the diagram

Q(z, (?to, a) — RQ(z, ap, 1)

i lRQ“
Qo)) Q(z,7,m) ———RQ(2,7%,m) |RQvol)
le lRQso

Q(t, 60, (51) _— RQ(t, (50, 51)

commute, hence

Qu

Q(.’II, Qo, 011) %Q(z) Yo, 71)

Q’\l e leo

QU s 1) —— 5 Qb 30, 1)

Finally, the fact that A € C implies that we can find a (unique) 93 satisfying

Q(xa o, al)>—) (:I;» &, al)

] I

Qll’ Q(y’ 50;ﬂ1)>—“'—>(y,ﬂ9,,31) M
| Vs

v

Q(z, 70, 71) ——— (2,70, M)



6.2. THEOREMS 135

again, we have that ¢ o3 = v, because they both make the diagram

Q(z, ag, a1 )——— (z, ap, 1)

o B
Qlpop)| Qy,Bo, bi)— (v, o, B1) |pou

Qv|

Q(t, 0o, 61) ——— > (¢, 0o, 61)

commute.

The proof that (C, WN F) is a factorisation scheme uses the essentially the same
techniques, but it is considerably shorter in light of Lemma 6.2.4—all proofs are done
in one step, instead of two!

To factor an arbitrary A-arrow (z, ag, oq) — (y, Bo, B1), we define (2,7, 11), &

and p as follows:

Q(CD, Oy, a1)>—> (xa aQ) al)

Qul po K

4

Q(y, Bo, Br) v > (2,70, M)

(ya /BOa /61)

Soz={( V) ez xy|Y<BoV b, (@) =EAN(aVar)}, and e = (ax, p*(Br)),
for k=0,1. oVyi=(6oV P,V ai),and Q(z,7%,7) = L(7 V™) = Qy, Bo, B1)-
hence k € C and Qu is invertible. Q.E.D.

Having established a Quillen model structure, we still need to show that it is a

monoidal model structure.

Lemma 6.2.6
For any adherence spaces (z,aop, 1) and (y, fo, 81), the following isomorphism
holds:

Q((z, ao, 1) R (y, Bo, 1)) = Q(z, a0, 1) R Q(y, Bo, B)-
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Proof

Recall from section 6.5 that
(z, a0, 01) R (y, B0, B1) = (z Ry, (0 R fo) V (1 & f1), (o R B1) V (01 R o))
but since R distributes V, we have
(a0 8 Bo) V (o1 R 1) V (ag R B1) V (01 R fo) = (0 V 1) B (o V fr)-
Hence Q((z, ao, 1) R (y, Bo, 1)) equals
(1™ (a0 Va1) R (Bo V B1))), (0 R o) V (e1 R f1), (a0 R Br) V (a1 R o))
—whereas Q(z, a0, 1) R Q(y, o, B1) equals
(1*((a0 V a1)) & 1¥((Bo V B1)), (00 R Bo) V (a1 R Bi), (a0 R 1) V (o1 R Bo)) -
But ["®(((apVa1) R (BoVA))) 2 |*((aoVar)) R 1¥((BoV31)) as sup-lattices. Q.E.D.

Lemma 6.2.7
If (z, a0, 1) and (y, Bo, 1) are cofibrant, then

R((l‘, o, al) R (y) /80, /61)) = R(R(:Ea 0y, al) R R(ya /607 ﬁl))

Proof
The fact that, for cofibrant (z, ag, ;1) and (y, Bo, B1),

((@o R Bo) V (1 R B1)) A ({0 R B1) V (ou R fo))

> (a0 R Fo) A (a0 R f1)) V (a0 R Go) A (a1 R Bo)) V ((a1 R Br) A (o R Br))
V((a1 R B1) A (04 R fo))
(o R (Bo A D))V ((aoNay) R Bo) V (a1 Aag) R Br) V (aq R (81 A Bo))
= ((@oAha)R(BoV b))V (a0 Var) R (Bo ABr))
({0 A1) R Ty) vV (To R (Bo A Br))

implies that the underlying sup-lattice of R(z, ap, a1) R R(y, Bo, £1), namely

(o Aar) R1Y(Bo A B1) Z TR (((ao A1) R Ty) V(T2 R (Bo A B1)))
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contains (an isomorphic copy of) the underlying sup-lattice of
R((z, a0, 1) R (Y, Bo, 1)) = 17¥(((cr0 R Bo) V (@1 R B1)) A (@0 R B1) V (e R Bp)))-

The effect of applying R to R(z, ag, a1) R R(y, o, £1) is to restrict to this subspace.
Q.E.D.

Theorem 6.2.8
(C,W, F) form a monoidal almost-Quillen model category in the sense of Defini-
tion 3.4.6.

Proof
First, we must show that, if (z, ag, 1) is cofibrant, then
(x’ao’al) -0 (_) N

K; 'K
("E) Qo al) R (—)

is a Quillen adjunction.
Let (v, B0, 01) — (2,70,71) be a cofibration. Then, since (z,x, ;) R (=) is a

left adjoint, and left adjoints preserve pushouts, we have that

(z, a9, 1) R Q(y, Bo, B1)——— (x, g, 1) R (y, o, B1)

| |

(.’L‘, Qop, al) R Q(za 70771)>_————> (‘T’ aoval) R (27 ’70)’71)

is a pushout.

But, by Lemma 6.2.6, we have

Q((xa Qo, al) X (y7 /807 Bl)) —N—> (SL‘, o, al) (X Q(yv :307 /81)
Qz R H)l lbz R Qk
Q((z, a0, 1) R (2,70, 1)) — (, @0, 1) R Q(2, 70, 11)

and therefore ¢, R K is a cofibration.
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Now if (y, Bo, 1) — (2,70,71) is a weak equivalence—i.e., if RQw is invertible,

then, using both Lemma 6.2.6 and Lemma 6.2.7, we have

RQ(("E’ Qo, 051) R (yaﬁOaIBl)) = R((.’L‘, Qg, al) R Q(ya;@mﬂl))
R(R(:L‘y g, al) X RQ(y7 ﬁ()v /31))

I

naturally. So

RQ((z, a0, 1) R (y, Bo, B1)) — R(R(z, a0, a1) R RQ(y, fo, B1))
RQ(t, R w)i lR(LI R RQw)
RQ((.’L’, o, al) R (Z, Yo, 71)) L} R(R(:E, Qy, 051) R RQ(Z, Yo, ’Yl))

implies RQ(t, R w) is invertible too—i.e., ¢, R w is a weak equivalence.

Now suppose (z,70,71) is fibrant. We must show that

(—) —© (2, Yo, 71)

A°P > A

maps C to F and WNC to WN F. But, since A is (symmetric) *-autonomous, we

have
(=) = (z,70,m) = (=) R (2,7%,71)7)"-
But (z,70,71) fibrant implies (z,7o,71)" cofibrant, and therefore k € C (respectively
WNC) implies kK R 1,» € C (respectively W N C). Therefore, by Lemma 6.1.6,
(k R 1,+)* € F (respectively WN F).
Finally, note that the tensor unit, (2, T, L), is (both fibrant and) cofibrant. Q.E.D.

Theorem 6.2.9
The Quillen model structure described above restricts to the full subcategory of
A consisting of adherence spaces of the form (P(zx), ao,a;). Moreover, its homotopy

category is compact closed.

Proof
The only obstruction to restricting a Quillen model structure to a full subcategory

is that then the factoring axiom may no longer hold. But we have already shown, in
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Example 6.2.2, that the (C N W, F)-factorisation of a map between such adherence
spaces remains inside the subcategory. As in the proof of the main theorem, the case
of the (C, WNF)-factorisation is essentially the same only simpler. Specifically, given
an arrow (P(z),a0,a1) —— (P(y), by, b1) with corresponding relation m C z x y, we

define
t= (a: \ (ao U al)) U (bo U bl)

then the factorisation described in the proof of Theorem 6.2.5 is just

(P(x), a0, a1) a s (P(y), bo, by)

TS

(P(t), by, b1)

Now the homotopy category is plainly equivalent to the full subcategory of per-
fectly coloured adherence spaces of the form (P(z), ag, @;)—which is compact closed
by Theorem 5.5.1. Q.E.D.

Thus we have achieved our objective: a link between the denotational semantics
of linear logic and Geometry of Interaction, via a denotational model of linear logic
which can also be viewed, through the lens of abstract homotopy theory, as a compact

closed category.

6.3 Future Work

As indicated in the Introduction, much work remains to be done.

It would be nice to know whether the Quillen model structure described above
restricts to the full subcategory of adherence spaces whose underlying sup-lattice
belongs to the core of Sup (such lattices are called completely distributive). This seems
a reasonable conjecture—indeed, the only obstruction is the possibility that the result
of factoring an arrow between such adherence spaces (either as a cofibration/acyclic-
fibration pair, or as an acyclic-cofibration/fibration pair) might lead us outside the

subcategory. The situation is delicate because the factorisations we produced were
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phrased in terms of pullbacks and pushouts, and we do not know which pullbacks
and pushouts of completely distributive lattices are again completely distributive.

Another question which arises is whether similar model structures may be found
on other categories of adherence spaces. In this vein, it is interesting to note that,
for any poset j, there exists an idempotent adjunction

D(j)\Sup ____" Sup’
inducing an equivalence between the full subcategory of D(j)\\Sup consisting of
lattice homomorphisms D(y) LA z, and the full subcategory of Sup’ consisting of
functors j — Sup,,—where Sup,, denotes the category of sup-lattices and injective
sup-homomorphisms (i.e., sup-monomorphisms).

On a more concrete level, and in a similar vein to our chapter on Chu spaces,
Ehrhard’s paper on serial and parallel hypercoherence spaces [16] also reveals argu-
ments similar to those found in abstract homotopy theory; a Quillen model structure
might be lurking there.

Finally, an interesting side-project might be interesting to employ Quillen model
structures to invert linear distributions, instead of mix maps. The result would then

be a shift-monoidal category [14], instead of a compact-closed one.
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