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Abstract

The LMS adaptive algorithm has always been attractive to researchers in the field
of adaptive signal processing due to its inherent conceptual and implementational
simplicity. Unfortunately, this elegant simplicity is undermined by problems asso-
ciated with the direct use of the LMS algorithm. One of the main disadvantages
of the LMS is its relatively slow convergence. We deal with this problem for FIR
adaptive filters by proposing two algorithms based on different approaches. The
first algorithm relies on the time-varying step size approach. The step size of the
algorithm is adjusted according to an error autocorrelation function. As a result,
the algorithm can efficiently sense the adaptation state while maintaining the im-
munity against independent noise disturbance. The second algorithm is a gradient-
based one that combines time- and order-updating when searching the bottom of
the MSE surface, thus resulting in more efficient use of the available information.
Moreover, two possibilities for the order update are considered: straightforward
sequential or selective schemes. Approximate analysis of convergence and steady
state performance of the two algorithms are provided.

The slow convergence problem of the LMS algorithm is also investigated for
IIR adaptive filters based on output-error formulation. A new adaptive algorithm
is proposed. The algorithm combines the least mean square (LMS) method with
its low complexity and the least squares method with its fast convergence into
a coupled LMS-LS adaptive scheme. Simulation examples indicate that the pro-
posed scheme converges significantly faster than the LMS with minimal increase
in complexity.

Next, we consider the Leaky LMS algorithm as an LMS variant proposed to
deal with numerous problems that arise in direct application of LMS. including:
lack of persistent excitation in the input sequence, stalling, bursting, etc. However,
despite the wide spread usage of the Leaky LMS, there has been no detailed study
of its performance. We present an analytical treatment of the mean square error
for zero-mean Gaussian input data. Exact expressions for the second moment of
the coefficient vector, the algorithm misadjustment, and rigorous conditions for
MSE convergence are derived.

Finally, we consider one of the common applications of the LMS algorithm,
echo cancellation in telephone networks. We investigate the presence of bursting
on a back-to-back hybrid connection. Based on the essential fact that the high
crosscorrelation between the input to the adaptive echo canceler and the transmit-
ted signal at the near-.ad is the root cause of the bursting problem, we modify
the conventional echo cauceler such that under bursting circumstances the cross-
correlation is substantially reduced and bursting is averted. The proposed system



ensures normal operation is not aflected. Implementation details of the proposed
system are studied.
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Chapter 1

Introduction

The ability of adaptive filters to identify unknown physical systems and to track
changes in time-varying environments have made them a powerful tool for nu-
merous practical applications. These include: inverse modeling [113], channel
equalization [87], echo cancellation [50, 79], noise cancellation [110], adaptive line
enhancement [32], adaptive waveform coding [64], adaptive spectrum estimation
[7], adaptive array processing [41], etc. Popular adaptive algorithms can be gener-
ally classified into two main categories: gradient search and least squares (LS) [1].
The LS category encompasses the family of recursive LS (RLS) algorithms which
offer faster convergence compared with algorithms from the gradient class. This
has made them attractive in applications that need rapid convergence, such as
adaptive differential code modulation (ADPCM), fast start-up of modem equaliz-
ers, and fast initialization of echo cancelers for full-duplex data transmission [19].

However, results show that the RLS family is not always the best [16], since it



requires high computational and implementational costs, and generally suffers sta-
bility complications caused by the accumulation of finite precision errors in the
algorithm variables. These complications often lead to unstable systems in finite
precision environments, particularly in low signal-to-noise ratio cases and when the
input signal is highly colored [18, 23, 61, 100]. For these reasons and due largely to
its simplicity, robustness, low complexity, and ease of implementation, the gradient
search class, particularly the LMS algorithm, remains widely adopted and used in
numerous areas including signal processing, communications, control, etc. Those
advantages, however, are overshadowed by some inherent shortcomings of the LMS

algorithm and other problems associated with its direct use in some applications.
1.1 Research motivation

Considerable effort has been directed towards resolving some of the LMS algorithm
limitations and problems in different environments and applications, where numer-
ous techniques and variants of the LMS have been proposed. The work here is a
continuum to this track, focusing on several of those important practical problems
and limitations. Our aim is to present robust solutions to some of these problems,
along with analytical investigations of algorithms proposed to deal with them.

It is known that the convergence speed of the standard LMS algorithm is largely
dependent on the input data statistics, leading to slow and nonuniform convergence

when the input eigenvalue disparity is high [1, 7, 46, 111, 113]. This necessitates



the usage of a large step size value in the LMS to speed up the convergence pro-
cess. Unfortunately, the penalty incurred as a result of using a large step size
value is a corresponding increase in the steady state mean squared error (MSE),
As a result, researchers have constantly looked for alternative means to improve
its performance. One common approach is to employ a time-varying step size in
the standard LMS weight update recursion, {11, 45, 56, 68, 100]. The motivation is
to use large step size values when the algorithm is far from optimal solution, thus
speeding up algorithm convergence rate. When the algorithm is near the optimum,
small step size values are used to compromise between low level of misadjustment
and acceptable tracking. Experimental results show that the performance of these
existing variable step size (VSS) algorithms is highly sensitive to the noise dis-
turbance [26, 100]. Additioné.lly, their advantageous performance over the LMS
algorithm is generally attained only in high signal-to-noise environment. Since
noise is a fact in any practical system, the usefulness of any adaptive algorithm is
judged by its performance in the presence of this noise.

| In the first part of this research, we will propose a new VSS LMS-type algorithm
with new features making it a powerful alternative to the current VSS algorithms
in practical applications [72]. The step size of the new algorithm is controlled by
an error autocorrelation function and, as a result, the algorithm can effectively

adjust the step size while maintaining the immunity against independent noise



disturbances. Another significant feature of the proposed algorithm is that the
addition of a new parameter pertaining to error autocorrelation function allows
controlling misadjustment and convergence time more independently without the
need to compromise between them as in other existing VSS algorithms.

Next, we proceed to investigating alternative means for establishing faster con-
vergence algorithm to deal with the LMS main problem of slow convergence when
the input signal is correlated. A gradient search algorithm is proposed in the sec-
ond part of this research. The algorithm is based on the method of steepest descent
but utilizes a new technique in searching for the global minimum of the MSE sur-
face. The aim of this technique is to make efficient use of the available data. In
essence, the algorithm has a stage-wise structure where information is carried on
from stage to stage via a weight vector and a partial a posteriori error. The result
is a rapid convergent algorithm for correlated inputs, and fast tracking capabili-
ties of time-varying environments. The algorithm mean convergence and steady
state MSE will be analyzed for zero-mean white Gaussian inputs. The analysis
results will highlight desirable features of the algorithm. Further, enhancement
of the algorithm performance will be presented by suggesting a selective updating
approach instead of the conventional sequential one. These two approaches will be
examined and assessed under different operational conditions.

The above work concentrated on FIR adaptive filters. These are very common



because of their guaranteed stability and the availability of clear analysis of their
convergence. However, IIR filters are recognized as a powerful alternative to I'IR
filters due their inherent advantages of low complexity and the ability to model
physical systems efficiently. As such, they have generally received considerable
attention as a research topic {2, 3, 27, 37, 42, 43, 49, 75, 82, 97, 103]. Existing
algorithms that are based on the output-error formulation generally explicitly or
implicitly follow a gradient direction path in searching the output-error surface.
Due to the recursive nature of this formulation, the resulting performance function
is highly nonlinear leading to numerous convergence problems.

In the third part of this work, we demonstrate that it is possible to get around
this problem by separating the search of the numerator and denominator coeffi-
cients of the adaptive IIR filter. The moving average part of the adaptive filter
(numerator) defines a quadratic error function and, therefore, the simple LMS al-
gorithm is used in updating it. On the other hand, the autoregressive part defines
a nonlinear error function and is searched using a LS approach. The increase in
complexity due to the use of the LS is minimal since the number of poles is gen-
erally fairly low. With some approximations, we will derive 2 recursive solution
for the denominator coefficients. The suggested approximations are only true af-
ter convergence, nevertheless, extensive simulations show the fast convergence of

the proposed algorithm in all cases. This is the main advantage of the proposed



algorithm. However, it will also be shown that the convergence rate is highly un-
affected by the input signal statistics or the initial values of the adaptive filter
weights. This is to be expected as a result of the use of the LS approach in the
update of the denominator coefficients. Simulations wiil also show the ability of
the algorithm to achieve global convergence for all cases except the white input,
insufficient order case.

In the fourth part of this research, we consider one of the LMS variants pro-
posed to improve its performance in practical applications. Experience with the
standard LMS behavior in practical applications indicates that problems exist in
the LMS leading to performance degradation when the input signal lacks persis-
tence in excitation. The leaky LMS algorithm was found to have the capacity to
alleviate this common problem [91]. Leaky LMS was also successfully applied to
various other problems such as, stalling problem [7], bursting problem in telephone
networks [36], and the self-cancellation problem in adaptive antenna [102]. In all
above applications, the use of the leaky LMS has been based on simulation. Ele-
rﬁentary attemnpts to provide an analytical framework for algorithm performance
have been limited to analysis of weight vector mean convergence. Simulation ex-
periments, however extensive, cannot provide us with the same insight achievable
through analysis. The impact of input parameters as signal statistics, step size

value, leakage factor value, and adaptive filter length on algorithm performance



are also better comprehended and quantified through analytical understanding.
It is also recognized that conditions for weight vector mean convergence do not
guarantee mean squared weight vector convergence nor do they ensure finite mean
square error (MSE). An analytical investigation of the leaky LMS algorithm in the
mean square is thus beneficial and is the subject of the fourth part of this research.

We will derive a recursive equation characterizing the transient evolution of the
weight vector covariance matrix [73]. We will then be able to describe an exact
equation of the second moment of the weight vector, and derive necessary and
sufficient conditions for stability of this equation that will also guarantee MSE
convergence. Further, we will carry out the difficult task to transform these condi-
tions to tangible measures, where we will be able to provide new direct bounds on
the adaptation step size of the algorithm. Additionally, exact expressions for the
steady state MSE and algorithm misadjustment are derived. All these derivation
are done without making any assumptions about the nature of the autocorrelation
matrix of the input data and, hence, our results describe closely the behavior of
t.',he practical system.

Finally, we consider echo cancellation in telephone networks as one of the ap-
plications where the adaptive LMS echo canceler has been successfully applied to
remove a significant portion of the echo returning to the near-end speaker. How-

ever, it was found that under certain circumstances of high correlation between



the input to the adaptive echo canceler and the near end signal combined with
the inherent feedback structure of the telephone loop, the adaptive echo canceler
behaves improperly leading the overall system to becoming unstable. This has
been referred to as bursting. This problem has been the focus of much attention
where it has been recently addressed in [24, 36, 50, 92, 93, 109]. Due to the com-
plexity of analysis, only very simple cases of first order hybrids and echo cancelers
were addressed in [24, 28, 92, 93]. Solutions provided in these cases generally re-
quired knowledge of the hybrid and were not generalizable to higher orders. A
more practical case was considered in [109], nevertheless, their solution restricted
the nature of the near-end signal to be a tone signal and, also, was based on some
predetermined thresholds.

We will exploit the required conditions under which the adaptive echo can-
celer operates properly. We will then propose a modification to the conventional
adaptive system setup that basically ensures these conditions persist even under
bursting circumstances. As such, the proposed adaptive hybrid can inherently
avoid bursting and, yet, normal operation is not affected. The approach is directly
generalizable for practical hybrids and does not require knowledge of system or

preselection of thresholds.



1.2 Thesis organization

This thesis is organized as follows. Chapter 2 provides a review of popular adaptive
techniques as well as algorithms and structures associated with them.

In the first part of chapter 3, we will study the performance properties of the
VSS algorithm developed in [56) in a noisy environment. We will then propose a
new VS3S LMS algorithm and highlight several of its aspects that make it favorable
over the current VSS algorithms. Convergence and steady state analysis are intro-
duced to establish an analytical framework of the proposed algorithm. Simulation
examples are presented to compare algorithm performance with the standard LMS
and other VSS algorithms, and also to verify the derived results.

In chapter 4, we present a new gradient technique to search the bottom of the
mean squared error (MSE) surface. The algorithm is formulated and a complete
weight update recursion of the proposed algorithm is established. Then we study
the limit on the step size used for coefficients update through conducting approx-
imate steady state performance evaluation of the algorithm. The performance of
the proposed approach is further enhanced by careful selection of the order in
which the weights are updated. Simulation examples are then presented to verify
the performance of the proposed algorithm.

Chapter 5 deals with the application of the LMS adaptive algorithm to the

IIR filters. We will discuss various problems that immediately cause the very



slow convergence speed associated with utilizing gradient-based algorithms. A
new adaptive scheme for the output-error approach will be formulated. In this
approach, the adaptation of the moving average (MA) part and the autoregressive
part of the adaptive IIR filter is based on different minimization criteria, namely
the mean squared error (MSE) and the least squares (LS} respectively. Then, two
implementations of the same algorithm using different sequences of computations
will be presented, along with a detailed discussion of their differences. Finally,
several examples are carried out to illustrate the potential of the proposed scheme
in speeding up the convergence of the IIR adaptive filters.

Chapter 6 presents a MSE detailed analytical investigation of the leaky LMS
algorithm. We start by describing the leaky LMS algorithm and then evaluate
its convergence in the mean. Mean square convergence analysis is also carried
out where new conditions for MSE stability and an exact expression for the mis-
adjustment are derived. Simulation examples are presented to verify theoretical
results.

In the first part of chapter 7, we introduce a description of the bursting phe-
nomenon in telephone networks with adaptive hybrids accompanied by a review
of the current methods developed to solve this problem. By identifying the root
causes of bursting in adaptive hybrids, we propose a new adaptive hybrid setup

that can prevent bursting. The operation of the proposed system is studied along
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with different issues related to its implementation. An analytical understanding
of the operation of the new setup under normal conditions of persistent excitation
and no disturbance is also given. Finally, examples are provided to verify system
performance.

Finally, chapter 8 includes the conclusions of the thesis as well as some ideas

and suggestions for further research.
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Chapter 2

Review of Adaptive Techniques
and Algorithms

This chapter reviews different approaches for adaptive filtering. Our purpose is
to cover concisely the basics of adaptive techniques needed as a background for
the understanding of this thesis. Mainly, we will discuss two techniques: gradient
search and least squares. The review will also include algorithms and related

variants emerging from these techniques.
2.1 Gradient search technique

Gradient-based algorithms are designed to minimize the mean squared error (MSE),
which is one of the more commonly used performance criteria. The MSE is given
by
e(n) = E{e*(n)} (2.1)
where
e(n) = d(n) — WT(n)X(n) (2.2)

12



is the scalar output error at timeinstant n, d(n) is the scalar desired signal, X(n) =
[z(n),...,z(n=N+1)]T is the input signal vector and W(n) = [w,(n),...,wn(n)|T
is the weight vector. The minimum MSE problem is to locate the optimal weight
vector W™ resulting in the best estimate of the desired signal in the MSE seunse;

in mathematical terms

o
6;&2) lwn=w+=0 (2.3)

Assuming that z(n) and d(n) are jointly stationary signals, and using Eqs. (2.1)

and (2.2), e(n) can then be expanded in the form
E{e(n)?} = a2 — 2WT(n)P + WI(n)RW(n) (2.4)

where o2 is the mean square power of d(n), R = E{X(n)XT(n)} is the input
signal autocorrelation matrix, and P = E{d(n)X(n)} is the crosscorrelation vec-
tor between the input and the desired signal. It is obvious from Eq.(2.4) that
E{e?*(n)} for FIR filters is a quadratic function with respect to the weight vec-
tor W(n) forming a bowl-shaped surface commonly called the MSE surface. The
MSE surface has a unique minimum located at W=. This essential property is a
straightforward consequence of a positive definite autocorrelation matrix R of the
input signal, a condition that naturally holds in physical applications [46, 113]. A

direct method to find W* is to solve Eq.(2.3) for W=, this yields
RW" =P (2.5)
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This set of equations is often called the normal equation [1]. Hence, from Eq.(2.5)
W*=R'P (2.6)

We note from Eq.(2.6) that uniqueness of W= is an immediate consequence of the
nonsingularity of R. The evaluation of Eq.(2.6) requires matrix inversion which
is generally computationally intensive. Another way to find W= is to search for
the bottom of the MSE surface and is accomplished in a time-recursive manner.
This is done by iteratively updating W(n + 1) in terms of W(n) according to the

following relation [1, 46, 113]

W(n-+1) = Win) - s (27)
where
de(n)
W] = 2P + 2RW(n)
= —2E{e(n)X(n)} (2.8)

and g is the adaptation step size. Eq.(2.7) is intuitively understood by viewing the
MSE surface as a function of a 2 x 1 coefficient vector in three-dimensional space
as shown in Fig. 2.1. It indicates that W(n) can reach W* at the bottom of the
surface by moving an appropriate step along a direction opposite to the gradient

at each time instant n, hence the name “gradient-based techniques”.
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Fig. 2.1 The MSE surface in three-dimensional space.
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2.1.1 The LMS algorithm

Using Eq.(2.7) requires an estimate of both R and P at each time iteration n
which bears a high computational load and is impractical for real-time signal pro-
cessing. For this reason, the conventional least mean squares (LMS) is one of
the most widely used algorithms. This algorithm replaces E{e(n)X(n})} with the

instantaneous gradient estimate e(r)X(n). This leads to the recursion [111]
W(n+1) = W(n) + 2ue(n)X(n) (2.9)

The simplicity of the LMS is evident from Eq.(2.9), since it depends only on the
acquired data to compute the recursion. Additionally, the computational and
storage requirements are low. The step size in Eq.(2.9) plays a crucial role in
determining the stability, convergence rate, and final steady state MSE of the
algorithm. It is easily shown from Eq.(2.9) that LMS converges exponentially in

the mean if p is bounded by [1, 46, 111, 113]

O<p< (2.10)

Amaz
where A, is the maximum of the eigenvalues X;, i = 1,..., N, of the autocor-
relation matrix R. It is also easy to find that for a small p, the time constant
associated with the mean of the ith uncoupled mode of the first order difference

equation (2.9) is (1, 46, 111, 113]

T; & P (2.11)



and, therefore, the slowest uncoupled mode is the one associated with minimum
eigenvalue Ap;n. We are only concerned with the actual mean weight E{W(n}}
which is a linear combination of the uncoupled modes. Therefore, the convergence
time of E{W(n)} will be inversely proportional to the smallest eigenvalue Ain.
Additionally, we note from Eq.(2.11) that the convergence time of E{W{(n)} is also
inversely proportional to the selected value of p. Since p cannot be chosen greater
than .\.:T’ then we can intuitively conclude that the convergence time of E{W{(n)}
is directly proportional to %T::, which is often called the eigenvalue disparity or
the condition number of R. This reveals an important but undesirable inherent
property of the gradient-based algorithms namely that their convergence rate is
considerably dependent on the input signal statistics. When the input is white,
corresponding to eigenvalue disparity of one, they provide their fastest convergence
speed. Another interpretation is that the gradient vector always points to the
bottom of the MSE surface for white inputs leading to the fastest convergence rate
of algorithms from the gradient class. For high eigenvalue spread, or equivalently,
v;rhen the input signal is spectrally nonflat, these algorithms suffer from very slow
convergence.

Another limitation of the LMS algorithm is its inability to satisfy the conflicting
goals of rapid convergence and low misadjustment; a fact that is obvious from

recalling that the algorithm convergence time is inversely proportional the step
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size p. Larger u results in fast convergence, however, this in turn causes larger

fluctuations in steady state and, consequently, larger misadjustment levels [45].

2.1.2 LMS related algorithms and techniques

Variants of the LMS algorithm have been introduced in an atiempt to overcome
some of its drawbacks while maintaining its attractive properties of robustness,
simplicity, and low complexity. In the following, we present a brief description of

some of those widely used techniques and algorithms.

2.1.2.1 The Normalized LMS and its variants

The first modified LMS algorithm was introduced in [80], which was then named
as the “fundamental method”. The algorithm is now known in the literature as the
Normalized LMS (NLMS) [8](sometimesit is called «LMS [94]). Simply, the NLMS
modifies the LMS through normalizing the LMS fixed step size by an estimate of
the input signal power so as to gain robustness and insensitivity to variations in
the input signal power. Additionally, the NLMS has been shown to outperform
the LMS in convergence speed, an argument that is drawn from the projection
concept which can be applied on the NLMS as one of the projection algorithms
for parameter estimation of deterministic systems [39] (p. 50-55).

In 1986, Mikhael et al. [77} rederived the NLMS version for equation-error based

adaptive filters by proposing constraints on the choice of the adaptation step size.
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They called it Homogeneous Adaptation (HA) algorithm since the algorithm uses
the derived time-varying step size for all filter coefficients. They also extended the
algorithm to Individual Adaptation (IA} where each filter coefficient uses different
step size,

In [65], Makino et al. proposed th~ exponentially weighted step size NLMS
(ES-NLMS) algorithm for acoustic echo cancelers. The algorithm is based on
the observation that room impulse responses attenuate exponentially. Accord-
ingly, each weight uses different time-invariant step size and, also, those step sizes
are exponentially decaying similar to the room characteristics. Simulation results
showed that the ES-NLMS algorithm provide a better convergence speed than the

NLMS in acoustic echo applications [65, 114].

2.1.2.2 Variable step size (VSS) LMS algorithms

A different approach has been applied to device efficient LMS-type algorithms
[11, 45, 56, 68, 100). The idea is to use large step size value in Eq.(2.9) when the
adaptive filter weight vector is far from its optimal value to achieve fast conver-
gence. Near optimality, smaller step size value is used to obtain lower misadjust-
ment level. The objective is to solve the inherent inability of the standard LMS
of satisfying the opposing goals of fast convergence and low misadjustment due to
employing a fixed step size in its update recursion.

Algorithms based on this approach are usually referred to as variable step size
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(VSS) algorithms. These algorithms can be distinguished by the criterion that each
algorithm utilizes to measure the adaptation process state in order to adjust its step
size. The performance of the algorithm is significantly dependent on the associated
criterion used. These algorithms may also use different adaptation step size for
each filter weight. This was done in [45] where the algorithm monitors the sign
changes of the gradient component in the direction of each filter weight. If it keeps
the same sign for m, successive number of samples, then the algorithm concludes
that it is still far from optimality, and accordingly, the step size associated with
that weight is increased to speed up adaptation. Conversely, when the gradient
component changes its sign for mq consecutive samples, the algorithm expects it
has reached the optimal weight and started to fluctuate around it. Thus, the step
size is decreased to obtain less excess MSE. However, results in [26] indicate that
the step size evolution of the individual weights follow roughly the same trend and
can be approximated by a single step size for all weights. This result is also found
to be true for the algorithm in [68]. As thus, not much gain is expected from
u;cilizing different step size for each weight using this criterion.

A major drawback of the current VSS algorithms is that their performance is
highly sensitive to noise, a fact that limits their usefulness for practical applications

[26). This subject is to be discussed in more details in chapter 3.
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2.1.2.3 Algorithms using additional terms in the LMS recursion

The weight update equation of all of the above mentioned algorithms can collec-

tively be described by
W(n +1) = W(n) + 2M(n)e{n)X(n) (2.12)

where the M(n) is a diagonal matrix of step sizes of individual weights, which has

the form
M(n) = dia'g{f"l(n)! F'z(n)s"'! pN(n)} (213)

Each algorithm is recognized by the way it defines Eq.(2.13). For example, the
NLMS algorithm uses u;(n) = pa(n) = ... = pn(n) = m

A different approach to improve the LMS performance is to add a new term to
its update equation in Eq.(2.9). The algorithms reported utilizing this technique
are: the Momentum LMS algorithm (86, 88], the LMS-Sine algorithm [53], and the
Leaky LMS algorithm [35].

The Momentum LMS algorithm has the following weight update expression,
W(n + 1) = W(n) + 2pe(n)X(n) + o(W(n) — W(n — 1)) (2.14)

where a is a scalar satisfying jo| < 1. The Momentum LMS was initially introduced
in [86], where it was thought that the algorithm possesses better speed character-

istics than the standard LMS. It was shown later in [88] that the algorithm does
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not provide any improvement in convergence speed over the LMS, however, it does
have a smoothing property that makes it useful in some applications [86].

While the Momentum LMS modifies the regular LMS by adding a linear term
to its recursion, the LMS-Sine algorithm incorporates a nonlinear term that is a
function of the instantaneous gradient and weight vector [53]. The nonlinear term
is governed by an exponentially decaying function that diminishes to zero when n
exceeds N, N being the order of the adaptive filter. Consequently, the advantages
of this algorithm are only expected in limited cases when the input signal is white
and the unknown system is time invariant.

As we have discussed earlier, a positive autocorrelation matrix R of the input
signal is an essential requirement for convergence of the LMS algorithm to the
unique optimal solution. Lack of persistence in excitation of the input sequence
results in a singular matrix R. This leads to the convergence of the regular LMS
to different solutions. The incorporation of a leakage term in the LMS update
recursion solves this problem at the expense of increased misadjustment and co-
efficients bias [35, 46, 57, 113]. A complete coverage of the Leaky LMS algorithm

will be discussed chapter 6.

2.1.2.4 Transform domain LMS adaptive filters

Transform domain LMS adaptive filters have also attracted the interest of the signal
processing community. In these algorithms, the input signal is transformed before

being applied to the adaptive structure using some kind of transform, usually or-
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thogonal one, such as the discrete Fourier transform (DF'T), the discrete cosine
transform (DCT), the discrete Hartley transform {DHT), the discrete Karhunen-
Loeve transform (KLT), etc. The purpose of this transformation is to generate a
signal of approximately uncorrelated samples. However, implementation of these
algorithms with fixed step sizes will not bring aboul any improvement over the
time domain LMS algorithm. It may actually result in lower performance since
the power in the transformed sequence will still vary from sample to sample (for
correlated input signals ) [40, 99]. Therefore, a self-orthogonalization technique
should be applied to obtain a white-like input signal. This technique was intro-
duced for the first time in the structure proposed in [81], in which the algorithm
was referred to as the transform domain LMS (TDLMS) algorithm.

Transform domain LMS algorithms require large computational overhead if
adaptation is performed on a sample-by-sample basis. Alternatively, considerable
computational saving is expected for a block-wise adaptation when a fast discrete
transform is used (like the FFT), and when the adaptive filter has a very long im-
pulse response as in acoustic echo cancellation application {52] as well as other ap-
plications [83, 107]. Such block-type algorithms, e.g. the unconstrained frequency
domain LMS (UFDLMS) algorithm [66], which are suboptimal implementations of
the time domain block LMS (BLMS) algorithm [21]. They use circular convolution

instead of linear convolution. An efficient implementation of the BLMS based on
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the DFT is found in [22, 29]. A block-type version of the FDLMS has also been
introduced under the name of frequency domain BLMS (FDBLMS) {58].

Since the block-type algorithms incremented their weight vector only at the
end of every block, the constant step size stability boundaries are reduced (22, 30].
This limits their convergence speed capabilities. Moreover, the algorithm weight
vector will not be able to track instantaneous variations in nonstationary systems

resulting in degraded performance [96}].

2.1.2.5 Subband techniques
The adaptive filter is required to model an unknown system with a very long im-
pulse response. This is typical in some applications, e.g. acoustic echo cancellation.
In this case, the adaptive filter needs more than 1000 taps to achieve a significant
reduction in the echo level. Moreover, the adaptation process is controlled by a
speech signal rather than white signal and the room response can be nonstationary.
Those problems resuit in a very heavy computational cost and convergence com-
plications that make the realization of a full band adaptive algorithm extremely
difficult.

Subband adaptive filtering has provided an elegant solution to the above prob-
lems and therefore has received a considerable attention from researchers [34, 78,
85]. It has mostly been applied to acoustic echo cancellation {15, 34, 89] since it

transforms the problem of modeling a very long filter into the task of identifying
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several smaller filters at a lower rate. Also, the technique has been applied recently
to acoustic noise cancellation {105, 106;.

A subband adaptive structure is shown in Fig. 2.2. In subband adaptive filters,
the input and the desired signals are split into several frequency bands via a set of
filters known as analysis filters, where in each band the signal is decimated before
the adaptive filtering process is applied to that band {78]. This leads to a reduction
in the computationai requirements. Also, the power spectral density in each band
can be smoother than in the full band case thus leading to a smaller eigenvalue
spread. Hence, faster convergence speed is expected especially when the step size
in each band is normalized by the power in that band. The subband error signals
are then upsampled and passed through a set of filters known as synthesis filters,
and summed to produce the full batu error.

However, the use of downsampling results in undesirable aliasing effects es-
pecially when the filter banks are critically downsampled. In order to avoid the
aliasing problem, several measures were introduced such as decimation by a fac-
tor smaller than the number of bands [85]. Another approach consists of adding
adaptive cross terms filters between subbands [34]. This, however, will increase
the computational complexity and reduce convergence speed. Another drawback
of adaptation in subbands is the delay introduced by the analysis and the synthesis

filters.
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2.1.2.6 Other methods and algorithms

Several other gradient methods and algorithms that do not fall in the previous
categories exist: Data Reusing method [7, 54, 70, 80, 94], the Conjugate Gradient
techniques [10], the Fast Newton algorithms [69, 84], the LMS algorithm with the
reciprocal of the eigenvalues as step sizes [13], the Time-Weighted LMS algorithm
[55], the LMS Coupled adaptive prediction and system identification scheme {74},

and the LMS-Based algorithm for correlated input signals {71].
2.2 Least squares technique

In the RLS-type algorithms, the optimal weight vector W* is obtained such that

the cumulative squared error [1, 46]

ers(n) = i Anie(i [ n) (2.15)

=0
is minimized. The constant ) is a data exponential weighting factor, where 0 <

A £ 1, and the error e(i | ») is given by
e(i | n) = d(i) - Wk(n)Xn(:) (2.16)

where Xn(i) = [2(2), ..., (i = N +1)]%.
It is clear that the LS method is a deterministic approach since it minimizes a
function of the acquired data. More importantly, the method calculates at each

time instant n a new optimal weight vector (in the LS sense) for the received data,
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whereas the gradient-type algorithms iteratively approach the optimal solution (in
the MSE sense) that is solely a function of the data statistics. This illustrates
the potential of the RLS-type algorithms for higher convergence speed compared
to their gradient-search counterparts. Basically, the gradient-type algorithms con-
verge to the optimal solution with the progression of time while the RLS-type
algorithms find the optimal solution at each sample time.

The originai RLS algorithm was proposed to solve the least squares problem
recursively in conjunction with the matrix inversion lemma [62]. This algorithm
has the same mathematical form as the Kalman algorithm derived from applying
Kalman filter theory to the adaptive filtering problem {19, 46, 90]. The computa-
tional load of RLS algorithm is about 2N? + 6N multiplications, which is too high
for most practical applications, despite its fast initial convergence. This motivated
further research to reduce its computational complexity.

By taking into account that the current data vector X(n) can be obtained from
X(n —1) by shifting its elements and adding 2 new entry, Ljung et al. [60] derived
tile fast Kalman RLS adaptive algorithm with a computational burden of about
11N multiplications. A subsequent reduction of the fast Kalman RLS complexity
to about 7N multiplications was attained by the introduction of the fast a posteriori
error sequentia) technique (FAEST) algorithm proposed by Carayannis et al. [12].

A novel approach that applies the vector space formulation of the LS problem in
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the derivation of a LS lattice adaptive filter was first presented by Lee et al. [59].
Motivated by the several advantages of the transversal filter structure over the
lattice one and by its usage in most applications, Cioffi extended the vector space
approach along with the projection concept to the transversal filter and developed
the fast RLS transversal filters (FTF) [20]. Although the FTF algorithm requires
the same computational count as that of the FAEST algorithm, the geometric
approach used in the development of the FTF has simplified its derivation and,
more importantly, provided insight and interpretation of various variables and
quantities used in the derivation of the FAEST algorithm.

Ardalan also extended the work by Ljung et al. [60] in conjunction with the
geometric approach to the derivation of an equation-error form RLS algorithm for
the estimation of pole/zero (ARMA) modeled system (4, 5]. The algorithm allows
for different numbers of poles and zeroes.

The FTF algorithm in [20] can easily be extended to a multichannel case,
however, the order of the adaptive filter for each channel is constrained to be equal.
Feber et al. derived a general order multichannel transversal RLS algorithm with
the flexibility to specify the order of each channel independently and arbitrarily
[28]. The vector space concept was also used to derive a block-type FTF algorithm
[17). The algorithm calculates the exact optimal solution in the LS sense for each

block of data, which results in order update recursion of the algorithm variables.
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Even though it appears that the FTF-type algorithms have solved the high com-
putational requirements problem of the original RLS algorithm, it was discovered
later that these algorithms diverge in finite precision environments; particularly
for high filter orders, in low signal-to-noise ratio environment or when the input is
highly correlated [18, 61, 63]. This is because numerical errors tend to propagate
and accumulate in the algorithms variables. This, along with the large number of
coupled variables used inside these algorithms, can lead to algorithm divergence.
C,me rescue methods were proposed in [20, 63]. However, they result in subopti-
mal performance. Slock [98] exploited the redundancy’ in the FTF algorithm [20].
This allowed the introduction of an error feedback mechanism in the FTF that

lead to a numerically stable FTF (SFTF) algorithm [98].

2.3 Other techniques

The least squares and gradient methods are the two main widespread approaches
developed for adaptive systems. Other criteria include the Least Absolute Value
(LAV), which is adopted by the Sign algorithm [67]. Also, other search techniques
exist such as the random search. This covers a number of techniques like the linear
random search (LRS) [112]. This class of algorithms (random search) generally
suffers very slow convergence in comparison with LMS, nevertheless, they have

a global optimization property that makes them more desirable over the LMS in

1By redundancy we mean the ability to change the order of the algorithm internal recursions
without affecting algorithm solution.
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problems with multimodal performance surfaces [23].
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Chapter 3

A Robust Variable Step Size
LMS-Type Algorithm: Analysis
and Simulations

It is well known that the final excess mean square error (MSE) is directly propor-
tional to the adaptation step size of the standard LMS while the convergence time
increases as the step size value decreases [1, 7, 46, 111, 113]. This inherent limi-
tation of the LMS necessitates a compromise between the opposing fundamental
requirements of fast convergence rate and small misadjustment demanded in most
adaptive filtering applications. Employing a variable step size [11, 45, 56, 68, 100]
is one of the promising methods to improve the convergence characteristics of the
LMS algorithm while preserving the steady state performance. This can be per-
formed by adjusting the step size value in accordance with a certain criterion that
can provide an approximate measure of the adaptation process state. Several cri-

teria have been used: the squared instantaneous error [56], the sign changes of
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successive samples of the gradient [45], or attempting to reduce the squared error
at each instant [68, 95].

Our simulation results as well as other results in [26] and [100] indicate that the
performance of the existing VSS algorithms [45, 56, 68] is affected considerably by
the presence of noise. Good performance is obtained only in high signal-to-noise
ratio cases. This is intuitively obvious by noting that the criteria controlling step
size updating of these algorithms are directly obtained from the instantaneous
error that is contaminated by the disturbance noise. This undesirable shortcoming
prohibits the use of these algorithms in many practical adaptive filters applications
where high level of disturbances can arise such as adaptive noise cancellation,
echo cancellation, channel equalization, adaptive line enhancement, biomedical
applications, etc.

As an example of the sensitivity of the current algorithms to noise, the algo-
rithm in [56] will be studied in noisy conditions. This algorithm outperforms the
fixed step size LMS algorithm and also exhibits faverable performance over other
existing VSS algorithms [56]. It will be shown that its performance deteriorates in
the presence of noise. We then propose a new VSS LMS algorithm where the step
size of the algorithm is adjusted according to the square of time-averaged estimate
of the autocorrelation of e(n) and e(n — 1) [72]. As a result, the algorithm can

efficiently track the adaptation process state while being insensitive to indepen-
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dent noise disturbances. Moreover, changes in the noise level will be regarded as
changes in the adaptation process in the current VSS algorithms which will lead to
undesirable performance, whereas the proposed algorithm is totally protected in
such situation since the error autocorrelation estimate will absorb these changes.
It will also be shown that the proposed algorithm allows more direct control of
misadjustment and convergence time without the need to compromise one for the

other as in other V5§ algorithms.
3.1 Algorithm formulation

In [56], the authors propose a variable step size that is adjusted according to the
instantaneous squared error. The weight update recursion of the algorithm is of

the form
W(n +1) = W(n) + aln)e(n)X(n) (3.1)

and the step size update expression is
p(n +1) = ap(n) + 7€(n) (3.2)

where 0 < .a <1l >0, and g(n + 1) is set t0 imin OF fimer When it falls below
or above one of them, respectively. The constant gm.r is normally selected near
the point of instability of the conventional LMS to provide the maximum possible
convergence speed. The value of pnin is chosen to provide a trade off between

the desirable level of misadjustment and the required tracking capabilities of the
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algorithm. The parameter v affects the convergence time as well as the level of
misadjustment of the algorithm. The algorithm has preferable performance over
the fixed step size LMS: at early stages of adaptation the error is large causing
the step size to increase to provide faster convergence speed. When the error
decreases, the step size decreases thus yielding smaller misadjustment near the
optimum. However, using the instantaneous error energy as a measure to sense
the adaptation process state does not perform as well as expected in the presence
of measurement noise. This can be deduced by examining Eq.(3.2). The output

error of the identification system is

e(n) = d(n) — XX (n)W(n) (3.3)
where the desired signal , d(n), is given by

d(n) = XT (n)W"(n) +£(n) (3-4)

where £(n) is a zero-mean independent disturbance and W*(n) is the time-varying

optimal weight vector. Substituting Eqs.(3.3) and (3.4) in the step size recursion,
pn+1) = ap(n) +VE X)X (R)V(R) +9€2 (1)) - 276() V()X (n) (35)

where V(n) = W(n) — W*(n) is the translated error vector. The input signal
autocorrelation matrix, defined as R = E{X(n)XT(n)}, can be represented as

R = QAQT where A is the eigenvalues matrix, and Q is the modal matrix of R.
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Using V(n) = QTV(n), and X(n) = QTX(n), then the statistical behavior of

p(n + 1) is determined by taking the expected average of Eq.(3.5)
E{u(n +1)} = aE{p(n)} + HE{(n)} + E{VT(n)AV(n)})  (3.6)

where we have made use of the common independence assumption of W(n) and
X(n) [47). This assumption will also be used in the forthcoming chapters. It is
true only for white input data which is the case in some applications such as data
transmission and adaptive array processing. Nevertheless, analysis employing this
assumption has produced reliable results that agree well with simulation results
in other applications where this assumption is not met [9]. Clearly, the term
E{VT(n)AV(n)} influences how much the adaptive system is close to the optimal
solution, accordingly p(n + 1) is adjusted. However, due to E{£*(n)}, the step
size update deteriorates at all slages of adaptation which will reduce the efficiency
of the algorithm significantly. More specifically, close to the optimum, z(n} will
still be large due to the presence of the noise term E{¢?(n)}. This results in large
misadjustment due to the large fluctuations around the optimum.

To ensure robustness against noise, a different approach is proposed to control
step size adaptation attempting to enhance the performance of the algorithm in the
presence of high independent disturbance noise, while retaining faster convergence
characteristics. The objective is to ensure large u(n) when the algorithm is far from

optimality with u(n) decreasing as we approach the optimum even in the presence
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of noise. This is achieved by using an estimate of the autocorrelation between
e(n) and e(n — 1) to control step size updating. The estimate is a time-averaged

of e(n)e(n — 1) described as

p(n) = Bp(n — 1) + (1 = Ble(n)e(n — 1) (3.7)

and the step size update equation is

p(n + 1) = ap(n) +1p(n)* (3.8)

where limits on p{n+1), @, and + are the same as those of the VSS LMS algorithm
in [56]. The positive constant 8 (0 < 8 < 1) is an exponential weighting parame-
ter that governs the averaging time constant, i.e the quality of the estimation. In
stationary environments, previous samples contain information relevant in deter-
mining an accurate measure of adaptation state, i.e. the proximity of the adaptive
filter coefficients to optimal ones. Therefore, 3 should be = 1. For nonstationary
optimal coefficients, the time averaging window should be small enough to allow
forgetting the deep past and adapting to the current statistics, i.e. § < 1.

The use of p(n) in the update of x(n) serves two objectives; firstly, the autocor-
relation is an efficient measure of the proximity to the optimum, secondly, it rejects
the independent noise sequence effect on step size. When the adaptation process
is active, the autocorrelation is large resulting in a large p(n). As we approach

the optimum, the autocorrelation approaches zero resulting in a smaller step size.
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This provides the fast initial convergence due to large u(n) while ensuring low
misadjustment near oplimum even in the presence of £(n). This can be seen if we

rewrite the step size in Eq.(3.8) as
p(n + 1) = ap(n) + 1E*{e(n)e(n - 1)} (3.9)

where we have assumed perfect estimation of the autocorrelation of e(n) and e(n -

1). Using Eqs.(3.3) and (3.4), we get

Ele(n)e(n—1)} = E{&n)é(n —1)—En)VI(n = 1)X(n - 1) — &(r — )VT (n)X(n)

+VT ()X ()X (n - 1)V(n - 1)} (3.10)
Under the assumption of zero-mean independent noise sequence,
E{e(n)e(n — 1)} = E{VT(n)X(n)XT(n - 1)V(rn - 1)}} (3.11)
Therefore,
p(n+ 1) = wp(n) +7 [E{VIR)X()XT (- 1iV(n - ny’ (312)

We note that owing to the averaging operation, the instantaneous behavior of the
step size will be smoother. It is also clear from Eq.(3.12) that the update of g(n) is
dependent, on how far we are from the optimum and is not affected by independent
disturbance noise. This was possible by choosing a lag of one between the error
samples, i.e. e(n) and e(n — 1). Increasing the lag above one will have no effect
on the algorithm performance in the presence of independent noise, however, it is
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obvious from the second term of Eq.(3.y) that the algorithm ability to measure
the adaptation state efficiently is reduced as the lag increases between the error
samples.

Finally, the proposed algorithm involves two additional update equations (Eq.(3.7)
and Eq.(3.8)) compared to the standard LMS algorithm. Therefore, the added
complexity is 6 multiplications per iteration. These multiplications can be re-
duced to a shift if the parameters «, B, 4 are chosen as power of 2. Compared
to the VSS LMS algorithm in {56], the proposed algorithm adds a new equation

(Eq.(3.7)), and a corresponding parameter 3.

3.2 Performance analysis of the proposed algo-
rithm

A performance analysis of the proposed algorithm will now be considered when op-
erating in stationary and nonstationary environments. The input signal is assumed
a zero-mean, siationary Gaussian. The weight update recursion of the modified

algorithm has the form
W(n + 1) = W(n) + p(n)e(n)X(n) (3.13)

The time-varying optimal weight vector is assumed to be generated by a random

walk model [46] as

W' (n)=Wn—-1)+n(n—-1) (3.14)
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where n(n) is a stationary noise process of zero-mean and correlation matrix o321
that accounts for the nonstationarity of the physical system. In a stationary cir-
cumstances o2 = 0 and W"(n) = W*. Substituting Eqs.(3.3), (3.4) and (3.14) in

(3.13) results in
V(n+1) = [- p@)X@)XT@)]V(n) + p(n)é(n)X(n) = n(n)  (3.15)

Normally 7 is chosen to be a very small value, hence p(r) is slowly varying when
compared with e(n) and X(n). This will justify the independence assumption of
p(n) and p2(n) with e(n), W(n) and X(n). Accordingly, the following condition

can be obtained from Eq.(3.15) to ensure convergence of the weight vector mean,

0 < E{u(n)} < (3.16)

Amaz
where Amar is the maximum eigenvalue of R. However convergence in the mean
cannot guarantee convergence of the mean square error. Therefore, we need to
determine the necessary and sufficient conditions for stability in the mean square.
To evaluate the performance of the system, approximate expressions for misad-
justment are derived. This will lead to tight conditions for the selection of the
parameters a, 3, and . More specifically, since we have presented some guidelines
to the choice of o and B3, the foregoing analysis will constrain the selection of «
to guarantee MSE convergence as well as to produce the desirable misadjustment

level.
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The MSE is given by [111]

E{cz(n)} = €min + €ex()

= emin + E{VT(n)AV(n)} (3.17)

where €.z(n) is the excess MSE and enin = E{£*(n)} is the minimum value of
the MSE. Eq.(3.17) shows that the MSE is immediately related to the diagonal
elements of E{\?(n)VT(n)}. Consequently, convergence of the MSE is ensured
by the convergence of these elements. Postmultiplying both sides of Eq.(3.15) by

VT(n + 1), and then taking the expected value yields

E{V(r+)VI(n+1)} = E(V@VI(n)} - E{a(n)} E{V(n)VT(n)}A
— E{u(n)}AE{V(n)V(n)}
+ 2E{pA(n)}AE{V(n)VT(n)}A
+ E{(m)}Ar(AE{V()VT(n)})

+ E{g*(n)}eminA + 021 (3.18)

Note that in Eq.(3.18), we have used the Gaussian factoring theorem to simplify
the expression E{X(n)XT(n)V(n)VT(n))'C(n)XT(n)} into a sum of second order

moments [47]. From Eq.(3.7), p(rn) can be solved recursively as

n—1
pn)=(1-B) Y Be(n—i)e(n—i-1) (3.19)

i=0
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and
n—-1n-1

p(n)* = (1= B)’ § J);Jﬂ'ﬁ" e(n—iJe(n—i—1)e(n-jle(n—j—1} (3.20)
The following analysis is aimed at studying the steady state performance of the
proposed algorithm. Therefore, we will assume in our analysis that the algorithm
Lias converged. In this case, the samples of the error e(n) can be assumed uncor-
related, i.e, E{e(n — i)e(n — j)} = 0 for ¥V i # j leading to the small p(n) after
convergence. Using Egs.(3.8), (3.19) and (3.20), the méa.n and the mean-square

behavior of the step size p(n) are

E{p(n+1)} = aE{p(n)} +7(1- 5)22 BHE{e*(n— i)} E{e*(n~i~-1)} (3.21)
and
E((n+1)} = o*B{a(m)}+207E{u(n)}(i - m‘z FEE{X(n — i)} E{eX(n — i — 1)}
+ Y E{p'(n)} (3.22)

Since 7 is small, the last term in Eq.(3.22} involving 4? is too small compared to

the other terms and can be discarded. Thus

E{i2(n+1)} ~ & E{s*(n)} 4207 E{u(n) H(1-B)’ ‘Zsﬂz‘E{e n—i)}E{e*(n—i~1)}
(3.23)

The misadjustment is defined as [111]

M=—— (3.24)



Following the same argument in [56], a sufficient condition that ensures convergence

of the MSE is

E(p(c)) 2

< E{()) = 30(R)

(3.25)
Assuming that the condition in Eq.(3.25) holds, we can use Eqs.(3.18) and (3.17)

in (3.24) to find the following expression for algorithm misadjustment [56)

N E{p?(c0)}}; + 3N oy
M= J=1 2E{u{o0)}-2E{ui(o0)} A, J=1 (2E{p{co) }=2E{u(00)} ) }emin 3.96
- e 020

3=1 2E{u{c0)}-2E{ui(=0)} A,
where E{1(00)} and E{u*(00)} are the steady state values of E{p(n)} and E{u*(n)}.
We recall that

E{e*(o0)} = €min + €ez(00) (3.27)

then from Eq.(3.21)

_ (1 = B){emin + €ex(00))?

(3.28)

Substituting Eq.(3.28) in (3.23) yields

~ 2"}’20(1 - B)z(emin + Ecr(oo))4
E{pz(oo)} ~ (1--a?)(1 — a)(1 + B)? (3.29)

In our analysis we will assume that €,;(00) <« €pis which is practically valid in sta-
tionary environments and in slow time-varying environments for the nonstationary

case. Then from Eqs.(3.28) and (3.29) we have

E{p*()}

E{p(oo)} " (3:30)
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where

— 2’70612111'!1(1 N ﬂ)

= 3.31
V== A) (331)
Noting that v > 0,0< <1, and ¢ < o < 1, then
2 -

From Eq.(3.25}, (3.30), and (3.32) the following condition is imposed on v, «, and

f to guarantee stability of the MSE

75311:'71(1 _ﬂ) < 1

<" *mm

(3.33)

Substituting Eq.(3.30) in (3.26) yields the following expression for algorithm mis-

adjustment

N _u\ N o3
M =~ =1 2-2yA; + ZJ=1 E{u(o0) }H2—2yA)tmin

TNy
1 Z.1'=1 2-2yh

(3.34)
In the event of small values of misadjustment so that 3°; yA; < 1

Y Noa
M~ Str(R) + o (o0 1o (3.35)

where

'7(1 - 8) 2.
(1-e)(1+8) ™"

E{u(c0)} =~ (3.36)

In a stationary environment ¢ = 0 and the misadjustment is determined by

M= %tr(R) (3.37)
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Practically, a, v and 3 are selected to produce the same MSE attained by the
fixed stcp size LMS (FSS) while achieving the increase in convergence speed. Ac-
cordingly, «, v and 8 could be selected to satisfy y < prss, where ppss is the
adaptation step size of the FSS algorithm. In a stationary environment, a large
number of samples would be used in the estimation of E{e(n)e(n — 1)}, i.e. the
exponential weighting parameter 8 should be close to one. From Eqs.(3.37) and
(3.36), this value for § results in a reduced misadjustment. Thus, for the same
level of misadjustment a larger v can be used while maintaining the stability of the
zlgorithm, Eq.(3.33). A larger « results in a larger step size in the initial stages
of adaptation, i.e. faster convergence. Thus, the introduction of the 8 along with
7 has provided the algorithm with an extra degree of freedom that facilitates bet-
ter simultaneous control of both convergence speed zud final excess MSE. When
operating in a nonstationary environment, the choice of § becomes crucial. To
provide good tracking capabilities 8 should be small to cope with the time-varying
statistics of the environment. Although this will decrease the second term in the
ﬁisa.djustment expression in £q.(3.35), it will at the same time increase the first
term. Therefore, the selection of A should achieve a compromise between tracking
speed and excess MSE.

Since the first term in Eq.(3.35) is directly proportional to 7 and the second

term is inversely proportional to , we can optimize the choice of v for given «
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and A to obtain the minimum M by equating the two terms. Therefore, from

Eqs.(3.31) ,(3.36), and (3.35), the optimal value of 7 is

. I Noj
T =\ s () (3.38)

20k (1- B
1= -1 —a)(1 + B)

where

(3.39)
3.3 Simulation

Here, the proposed variable step size LMS (MVSS) algorithm is used under differ-
ent case studies of stationary and nonstationary models of system identification.
The performance of the algorithm is compared with the: variable step size LMS
(VSS) algorithm [56], the stochastic gradient algorithm with gradient adaptive
step size (SGA-GAS) [68)], and the fixed step size LMS (FSS) algorithm [111].
Parameters of these algorithms are selected to produce a comparable level of mis-
adjustment in all cases. Moreover, our choice of the;e parameters is also guided
by the recommended values in their corresponding publication. For the VSS algo-
rithm , a.,, was set to 0.97 in all experiments, while 7,,, is chosen to achieve the
desired level of misadjustment according to the following approximate expression
derived for stationary cases [56]

R i e
P —

—QXas

(3.40)

v3,
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In {68], it was shown that for a zero-mean and white Gaussian signal, misadjust-

ment can be approximately determined by

Cminp
i)

-

Msga-cas = Noi (3.41)

where o2 is the input signal power, and p is a small positive constant for controlling
the step size adaptation [68].

In all simulations presented here, the desired signal d(n) is disturbed by zero-
mean, uncorrelated Gaussian noise of €nin variance. Results are obtained by aver-

aging over 200 independent runs.

3.3.1 Example 1: stationary white input, low SNR

In the first example, the moving average system has four time-invariant coefficients,
and the FIR adaptive filter is of equal order. Both are excited by a zero-mean, white
Gaussian signal of unity variance. €min is equal to 1. This results in SNR = 0. The
MVSS is used with the parameters a = 0.97, which is found to be 2 good choice
in stationary and nonstationary environments, and § = 0.99. In accordance with
Eq.(3.37), 7 is set to 1 x 103 to produce a steady state excess MSE of about —34
dB. Note that these parameter values fulfill the condition in Eq.(3.33) for MSE
convergence. The VSS algorithm is used with cs; = 0.97, and using Eq.(3.40),
'fu,, is chosen as 1 x 10~5 to obtain the same level of the steady state excess
MSE. According to Eq.(3.41), we choose p = 2 X 1078 to obtain a comparable
misadjustment value with the other algorithms. For all previous algorithms, we
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used pmar = 0.1, and pimin = 1 x 107° [56]. Also, we used ppss = 3.5 x 107 [111].
Fig. 3.1 shows that the MVSS algorithm provides the fastest speed of convergence
among all other algorithms, while retaining the same small level of misadjustment.
This is supported by plotting the mean behavior of one of the weights in Fig. 3.2,
where the optimum coefficient is 2.0. Note that it is possible to determine the
overall algorithm convergence rate based on one weight evolution because in this
example the adaptive filter coefficients are decoupled and they all have the same

instantaneous time constant.
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Fig. 3.1 Comparison of excess MSE of various adaptive algorithms for the white

input case, when the added noise to the desired signal is of unity variance.
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Fig. 3.2 Ensemble average of the second component of W(n) for the white

input case, when the added noise to the desired signal is of unity variance.
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3.3.2 Example 2: stationary correlated input, low SNR

In the second example, both the system and the adaptive filter are excited by a

correlated signal z(n) generated by [56]
z{n) = 0.9z(n — 1) + a(n) (3.12)

where a(n) is a zero-mean, uncorrelated Gaussian noise of unity variance. This
type of input results in flattened elliptical contours which usually cause difficulties
in the tracking capabilities of gradient algorithms. €pin, @, 8 are chosen as in ex-
ample 1 while v = 8 x 10~ to obtain a final steady state excess MSE of about —28
dB. Note that for this example ir(R) = 21.0526. The VSS algorithm is used with
Qyss = 0.97, and to obtain the same level of misadjustment, ., is set to 8 x 1076,
Since there is no theoretical analysis of misadjustment for SGA-GAS in the case of
correlated input signals, we found experimentally that p =1 %1077 provides the
desired misadjustment. For all previous algorithms, we used pmq: = 0.008, and
fimin = 1 x 1074, The FSS algorithm is used with prss = 3 x 104

Fig. 3.3 shows that for correlated input signals, the MVSS is superior in its con-
vergence rate to the VSS, SGA-GAS and the FSS algorithms, while providing the
same steady state MSE. This can be seen from the step size evolution in Fig. 3.4:
the step size of MVSS remains near the giq- value until the algorithm is fairly close
to steady state, where it automatically decreases to its minimum value to produce

low misadjustment. On the other hand, the SGA-GAS step size stays high even
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after algorithm convergence and decreases slowly to its steady state value after
50,000 iterations. Therefore, the excess MSE of the algorithm will achieve almost
the same level as other algorithms only after 50,000 samples. On the other hand,
the VSS algorithm is still showing dramatic improvement over the FSS algorithm

in such environments.
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Fig. 3.3 Comparison of excess MSE of various adaptive algorithms for the cor-

[

related input case, when the added noise to the desired signal is of unity variance.
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Fig. 3.4 Comparison of step size mean evolution of the VSS, SGA-GAS, and
the MVSS algorithms for the correlated input case, when the added noise to the
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3.3.3 Example 3: stationary ccrrelated input (perturbed
system)

The second example is applied to the MVSS with the same parameter values,
except that at iteration 20,000, system coefficients were all switched to their cor-
responding negative values. Figures 3.5 and 3.6 demonstrate the ability of the
algorithm to respond quickly to abrupt environment changes by setting the step
size value to pmer to provide the fastest speed to track changes in the system. Note
also that the convergence rate of MVSS after the change in the system remains

the same as at the initial stage.
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3.3.4 Example 4: high SNR

Examples 1 and 2 examined the performance of the various algorithms under low
signal-to-noise ratio (SNR) conditions. These two examples are now repeated for
higher SNR using ¢, = 0.001.

Example 1 is repeated with the parameters: pmar = 0.1, ftmin = 5 % 1079,
a =097, =0299,7=1, s = 0.97, 745, = 0.02, p = 0.001, and prss = 5x107%.
Those parameters are chosen to achieve about —60 dB steady state excess MSE.
Fig. 3.7 shows the result of comparison the various algorithms. It should be noted
that the SGA-GAS algorithm takes about 70,000 iterations in this example to
converge to the same steady state excess MSE of the other algorithms.

Example 2 is repeated using the parameters: fimaz = 0.008, gmin = 1 X 1073,
a =097 8 =099, v = 0.5, ays = 0.97, 7u = 0.01, p = 0.001, and prss =
1 x 1073, The parameters are selected to achieve a steady state excess MSE of
about —50 dB. Comparison of various algorithms is shown in Fig. 3.8. Note that
in Fig. 3.8, the VSS and SGA-GAS algorithms exhibit similar behavior in this
case. Comparing Figs. 3.1, 3.3 and Figs. 3.7, 3.8 respectively; we can see that
the performance of the VSS and SGA-GAS deteriorated significantly as the noise
was increased from 0.001 in Figs. 3.7, 3.8 to 3.1 in Figs. 3.1, 3.3. On the other
hand, the MVSS algorithm maintained the same level of performance despite the

high level of noise in Figs. 3.1, 3.3. With a low level of noise, it still showed same
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improvement compared to the other algorithms.
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3.3.5 Example 5: nonstationary optimal weight vector

In this example, we utilized a similar model to that used in the first example,
except that the optimal weight vector is nonstationary and generated according to

the random walk model [46],
W(n)=W'(n—-1)+9(n—-1) (3.43)

where n(n) is a stationary process of zero-mean and a correlation matrix o2L. Fig.
3.9 compares the four algorithm with o2 = 0.001. Optimal parameters for a given
level of nonstationarity were calculated to achieve minimum misadjustment. The
MVSS algorithm is used with 8 = 0.6, @ = 0.97, and according to Ey.(3.38),
4* = 3.8 x 1072, Parameters used for the VSS algorithm are ¢,,s = 0.97, and
Tyss = T.65 x 10~ which were utilized in [56]. For this level of nonstationarity,
the optimal step size for the FSS algorithm is found to be prgs = 0.0316 [111].
Since the excess MSE of SGA-GAS is relatively insensitive to the selection of
p in nonstationary environments [68], we used p = 1 x 10™* which was chosen
éxperimentally to obtain the best performance of the algorithm.

Fig. 3.9 illustrates the ability of the MVSS to operate as well as the FSS and the
VSS in nonstationary environment. Fig. 3.10 shows the step size trajectory for
the MVSS, VSS and SGA-GAS algorithms. Comparing the step size trajectory of
MVSS with its MSE evolution in Fig. 3.9 demonstrates the effectiveness of its step

size adjustment in tracking the MSE changes accurately.

62



In Table 3.1 we compare the MVSS to the other algorithms under different level
of nonstationarity. Moreover, Table 3.1 compares theoretical results of misadjust-
ment obtained from Eq.(3.35) with the results of simulation. When o3 = 0.01, the
MVSS is used with a = 0.97, 8 = 0.4, and we found that 4* = 6.9x107%. The VSS
and the SGA-GAS algorithms were used with ays, = 0.97, Jps = 1 X 107", and
p = 1x10™* which were chosen experimentally to provide the minimum level of mis-
adjustment. The FSS algorithm is used with the optimum step size gtpgs = 0.1. For
o2 = 0.0001, the MVSS is used with a = 0.97, § = 0.8, and 7" = 2.7 x 107%. The
VSS and SGA-GAS were used with ayss = 0.97, Yy = 1 X 1074, and p = 1 x 1074,
The FSS is used with g* = 0.01. It is obvious from Table 3.1 that the MVSS
algorithm can be as good as the F'SS and the VSS algorithms even when operating

under different levels of nonstationarity. Furthermore, it can be seen that misad-

justment predicted in Eq.(3.35) agrees well with simulation results.

Table 3.1

Comparison of theoretical and experimental various VS5 LMS3 algorithms

misadjustment
Calculated Measured
Misadjustment Misadjustment
a? MVSS(Eq.(3.35) FSS | MVSS SGA-GAS FSS VSS
0.01 0.416 0.4 0.57 0.59 0.56 0.55
0.001 0.129 0.126 | 0.157 0.19 0.136 0.137
0.0001 0.04 0.04 | 0.044 0.065 0.039 0.049
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The value of 4 in Eq.(3.38) providing minimum misadjustment in nonsta-
tionary environment is verified through simulations for a given a, 3, and level of
misadjustment 2. Fig. 3.11 displays the excess MSE of the MVSS algorithm with
a=097, =08 n=7"=27x10"3 12 =1x 107, and 73 = 8 x 10 when
o2 = 0.000l. Note that 72 < 77 < 3. It is clear from Fig. 3.11 that the opti-
mal value 4~ = 7, obtained fror. Eq.(3.38) indeed provides the minimum possible

misadjustment {or a given level of nonstationarity.

67



cxcess MSE (dB)

o
-m?:»‘ M*M.lMﬁ‘:ﬂ*ﬁﬁiﬁfﬂwwh i
20} !
-30

0 100 200 300 400 500 600 700 800 900 1000

ileration number

Fig. 3.11 Comparison of excess MSE of the MVSS algorithm for 2 nonstationary

optimal weight vector.

68



3.3.6 Example 6: nonstationary input signal (speech)

The MVSS is applied here to the cancellation of echo produced by a real hybrid.
The input signal is a real speech of a male voice obtained at a sampling rate of
8kHz, Fig. 3.12. The impulse response of a real hybrid was measured at a sampling
rate of 8kHz and is shown in Fig. 3.13. In order to cope with the changes in the
speech signal energy, the step size of the MVSS algorithm is normalized so that its

recursion becomes as

W(n+1)=W(n)+ g X";'((nn))X(n) e(n)X(n) (3.44)

where § is a small positive number. Note that the asymptotic convergence of
Eq.(3.44) is assured by [46]

0< E{p(n)} <2 (3.45)

It is shown in [77] that the fastest speed of convergence of the normalized LMS
(NLMS) algorithm is obtained when u = 1. This value, however, results in high
misadjustment value. Accordingly, gmaz for the normalized MVSS is set to 1, and
{tmin is chosen to attain the required level of misadjustment. In this experiment,
the number of the FIR filter coefficients are selected to be 30 to achieve 20 dB

steady state echo return loss enhancement (ERLE). The ERLE is defines as [76]

ERLE = 10logyo( %g%% ) (3.46)
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Note that the undermodeling will result in some “colourness”™ in the noise. For the
normalized MVSS, we used a = 0.97, 8 = 0.95, v = 1 x 107°, and ptyin, = 0.04, The
performance of the algorithm is compared with the NLMS algorithm with two step
sizes, u = 1 and g = 0.04. In Fig. 3.14, we plotted tr(VI(n)V(n)); the squared
norm of the weight error vector. This measure is directly proportional to algorithm
misadjustment and therefore appeared to be more sensitive to and illustrative of the
impact of the step size value on the algorithm performance compared to the ERLE.
Fig. 3.14 shows that for a speech input the normalized MVSS behaves better than
the NLMS algorithm in the sense that it can compromise simultaneously between
the two states of the NLMS of fast convergence (attained when g = 1) and low
error in the adaptive filter coefficients (attained when p = 0.04).

It should be mentioned that the theoretical and simulation results presented
for the proposed algorithm assumed uncorrelated noise sequence. This assumption
is generally true in most applications. However, in some specific applications, the
noise can be correlated. For example, in acoustic echo cancellation, the acoustic
noise can be a correlated one.

In this situation, the term E{£(n)é(n — 1)} in Eq.(3.10) will not vanish, and
it will appear in the step size equation (3.12). Consequently, the improvement
provided by the MVSS algorithm over the V5SS algorithm, Eq.(3.6), will dcpend‘

on the relative ratio between E{£(n)é(n — 1)} and E{£*(n)}. On the other hand,
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if the correlation between the noise samples is known to decrease as time difference
between them increases, we could in this case use the measure e(n)e(n — D} such
that D < N. Deterioration in the performance of the algorithm in the presence
of correlated noise is reduced since the effect of E{£(n)é(rn — D)} is guaranteed to

be inferior to that of F{£(n)é(n —1)}.
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Fig. 3.12 Real speech signal of a male voice. The sampling frequency is 8kHz.
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3.4 Conclusion

This chapter presented a new variable step size algerithm for adaptive FIR filters.
The proposed algorithm provides rapid convergence and small steady state misad-
justment even in the presence of noise disturbances. The step size adjustment of
the algorithm is based upon a function of the crosscorrelation between e(n) and
e(n — 1). This has rendered the algorithm insensitive to uncorrelated noise. We
presented a theoretical steady state performance analysis of the algorithm under
stationary and nonstationary conditions. The algorithm was also extended for ap-
plications to nonstationary input signais and applied to echo cancellation with real
speech and hybrid. Simulation results showed that the algorithm has a significant
convergence rate improvement over those algorithras in stationary environment for
the same excess MSE in both high and low SNR environments. The performance

in nonstationary cases is comparable to the standard LMS algorithm.
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Chapter 4

Time/Order Update
Gradient-Based Adaptlve
Algorithm

The LMS algorithm [46] is very popular in adaptive signal processing due to its
inherent simplicity. However, the main disadvantage of the LMS has been its
relatively slow convergence and its sensitivity to the input signal statistics. In this
chapter, we propose an algorithm based on the iterative steepest descent technique
as the LMS [111, 113] but utilizing a new search method to reach the bottom
of the MSE surface. The goal is to use time- and order-updating procedures
si.multa.neously so as to ensure efficient use of the available data and the most
recent information about the location of the weight vector relative to the optimum.
At time instant n, the algorithm uses the instantaneous mean square pariial a
posteriori error to increment the first component of the weight vector leaving the

remaining components unchanged. Geometrically, this is equivalent to searching
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for the minimum of a single variable quadratic function, the variavle being the
first component of the weight vector (since all other components are fixed). The
resulting new location of the weight vector will have the first component closer to
the global minimum of the MSE surface. Given that improved weight vector, a
new error is calculated and used to obtain a better gradient estimate to update
the second component of the weight vector. The process is repeated until all
components of the weight vector are updated. In the standard LMS algorithm,
all weight vector components are updated simultaneously with the same a priort
error [1].

The LMS algorithm has also been used more than once at each sample time
to improve the speed of adaptation, leading to the data reusing LMS algorithm
[7, 70, 94]. Again, in this approach the current data are utilized to increment all
weight vector components simultaneously. Then, the resulting new weight vector
and the same current data are used to update the new weight vector. The process
continues for M times, where M is the number of times the current data are used.
In [71], individual taps were updated based on the a priori error. The proposed
algorithm, however, follows a recursive-order procedure to update the components
of its weight vector where each stage takes advantage of the new information
available from the previous stages and the partial a posteriori error to perform

its updating process. Intuitively, the proposed algorithm is expected to exhibit
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improved convergence speed over the LMS algorithm when the input signal is
highly correlated leading to a highly flattened MSE surface with a ridge bottom

rather than the typical bowl shaped surface {1, 113).

4.1 A posteriori error-based order update of
the LMS algorithm

The setup considered here is the basic system identification problem. At time
instant n, the available information consists of the input data vector X(n) =
[z(r),z(r=1),...,z{n—N+1)]7, the adaptive FIR filter weight vector W(n—1) =
[wi(n — 1), wa(n = 1),...,wn(n — 1)]7, and the desired signal d(r). The error at

this instant is given by
eo(n) = d(r) — XT(n)W(n ~ 1) (4.1)

This is referred to here as the a priori error at n, i.e, error at instant n prior to
updating any of the weights. The partial a posteriori error is defined as the error

following the update of the first weight vector component w;(n) and is given by
er(n) = d(n) — XT(n)W1(n) (4.2)
where
Wi(n) = [wi(n), w2(n —1),...,wn(n — NG - (4.3)
Assuming for the time being that e;(n) can be calculated before actually obtaining

wy(n), then -gt—ii;—((% would be a better gradient estimate to be used in the update of
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wy{n — 1) than that based on the a priori error eo(n), i.e,

dei(n)

awl(n)

wi(r) = wi(n—~1)~p (4.4)

We will show later how e;(n) is to be obtained in a causal fashion. Repeating the

same procedure, we now update the second component we(n — 1) as

dei(n)

wi(n) = wa(n —1) —ugtes (4.5)
where
eao(n) = d(n) — XT(n)W2(n) (4.6)
and
W(n) = [wi(n), wa(n), ws(n —1),...,wn(n — )} (4.7)

Note that W2(n) holds more intormation about the optimal weight vector than
W1(n) and therefore was used to obtain a better gradient estimate to update this
component. We proceed in updating the remaining components of W(n ~ 1) in a

similar manner till the Ntk component of W(n — 1) is updated

dely(n)

wy(n) =wn(n—1)—p Fun(n) (4.8)
where
en(n) = d(n) - XT(n)W™(n) (4.9)
and
WN(n) = [wy(n), waln), ..., wn(n)] (4.10)
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At this point, all components of W(n) will have been computed. Each has been
updated with the best information available at the point of update.

We now address the issue of using the partial a posteriori error e;(n) = d(n) —
XT(n)Wi(n) to update wi(n — 1}, i =1,..., N.
Given Eqgs.(4.2), (4.6), (4.9), we can see that

de(n . .
W((n))=—2ei(n)w(n—!+l) y i=12.., N (4.11)

The question now is how to obtain e;{n) as given by Eq.(4.2) before actually

updating wy{n). Recalling Egs. (4.1) and (4.2), then eliminating d(n) from both

equations, we can see that

ei(n) = eo(n) + X (n){ wi(n) —wi(n - 1), 0,..., 0]"

= eo(n) +z(n)( wr(n) —wn(n —1) )} (4.12)

Using Eqs.(4.4), (4.11) in (4.12), we find that e;(n), the a posteriori error following
the update of wj(n), can be calculated from the knowledge of ep(n) and the new

input data as

_ Bu(n)
el(n) = ']W (4.13)

Similarly, it can be shown that the partial ¢ posteriori error of the ith stage is

described by the following equations

8,'_1(?'1) .
{(n) = =1,2,..., N 4.14
e;(n) 1+2p12(n—2+1) g 2 r L 1 ( )
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The complete weight update relation of the proposed algorithm can now be put in

the form
W(n)=W(n—1) + 2uE(n)X(n) (4.15)
where the partial a posteriori errors matrix E(n) is the diagonal matrix
[ ei{(n) O 0 0 ]
0 efn) O 0
E(n) 0 0 en) ... O (4.16)
: : : 0
| 0 0 0 en(n) 1

and ei(n), i =1, 2,..., N are given by Eq.(4.14).

Note that at each time instant n, one new input sample z(n) is obtained and
the oldest sample z(n — N) is discarded. By storing the previous computed values
(pz(n —))(z(n—1)), i =1, 2,..., N —1, only two multiplications are required
per iteration to calculate (pz(n))(z(n)), only one if u is a power of 2, NV divisions
are needed for evaluating ﬁ;%“_%l—, i=1, 2,...

, N. Thus, the proposed

algorithm adds two multiplications and N divisions per iteration to the complexity

of the standard LMS algorithm [1].

4.2 Guidelines for the choice of the step size
value

4.2.1 Convergence in the mean

As with the LMS-based algorithms, the choice of the step size greatly affects the

algorithm’s convergence. Here, we will consider establishing some guidelines for
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the choice of the adaptation step size based on the study of the system steady

state performance. From Eq.(4.14), the ith stage partial a posteriori error e;(n)

can expressed as

. — eo(n) y D) H -
R T ey I 2. N (.17)

Accordingly, the algorithm weight recursion in Eq.(4.13) is rewritten as
W(n) = W(n —1) + 2M{(n)ep(n)}X(n) (4.18)
where the diagonal matrix M(n) is given by

— H # p
Min) = diegl Tp,c)) * Traste0 + -1y

13
" TIL(1 + 2p2?(n — 4+ 1)) ) (4.19)

Using Eq.(4.1), Eq.(4.18) can be rearranged as
W(n) = (I — 2M(n)X(n)X* (n))W(n — 1) + 2M(n)d(n)X(n) (4.20)

To make the analysis tractable, we use the common assumption of zero-mean
white Gaussian input. Moreover, M(n) is assumed to be statistically independent
of X(n) and eg(n). This assumption is practically valid for small x4 so that the
statistics of M(n) are slowly varying with respect to those of X(n) and eo(n) [45, 68]
(note that the data dependent terms, 2pz*(n), ..., 2pz*(n — N + 1), in M(n)

are multiplied by g, which strengthens the validity of our assumption). Taking

82



the expected value of both sides of Eq.(4.20) and using the common independence

assumption of X(n) and W{n — 1) [47], we find that
E{W(n)} = (I1-2MR)E{W(n - 1)} + 2MP (4.21)

where R = oI is the autocorrelation matrix of the input data, ¢2 is the input data
power, P is the crosscorrelation vector between the input and the desired signal,

and M is the diagonal matrix

M = diag{ p8, 1%, pB°...., p8™) (4.22)

where § = T‘Wg It is straightforward to see that all modes of Eq.(4.21) are

stable (i.e, that the weight vector will converge in the mean sense) if

1
0 < pf < ;'E (4.23)

Note that if this condition is satisfied, then the matrix M is guaranteed to be
positive definite and, consequently, E{W{(n)} in Eq.(4.21) will converge to the
optimal vector W* = R-1P . From Eq.(4.23) it can be seen that a sufficient

condition on the choice of the step size u for mean convergence of the algorithm is
p >0 (4.24)

Despite the fact that in Eq.(4.15), # was identified as the adaptation step size; it
is not the actual step size used in the coefficient update of the proposed algorithm.
Recalling Eq.(4.18), we can see that the matrix M(n) provides the actual control
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on the step size used in the coefficient update, y being just a parameter in that up-
date. Even though u does not have an upper limit, M(n) in Eq.(4.19) is inherently
bounded ¥ ¢ > 0 thus ensuring the stability of the algorithm in the mean sense for
all 4. However, mean convergence of the proposed algorithm does not imply nec-
essarily a satisfactory performance or even convergence in the mean square seuse.
A large step size p or large input power will result in very high variance of the
algorithm coefficients and subsequent large steady state error {1, 111, 113]. Since
there is always a limit on the tolerable level of misadjustment for a certain appli-
cation, an explicit expression for algorithm misadjustment is essential to provide

a restrictive upper bound on the actual step size value.

4.2.2 Misadjustment

The misadjustment of the proposed algorithm is now derived by extending the
approach developed by Widrow [111, 113].
The proposed algorithm defined by Eq.(4.18) uses an estimated gradient in its

recursion, consequently the algorithm can be represented as [111, 113]
W(n)=W(n—1) — M(n)( V(r)+ N(n) ) (4.25)

where V(n) is the true gradient and N(n) is the gradient estimation noise vector
which has a zero mean and independent components. We introduce the error
vector V(n) = W(n) — W=, where W* is the optimal weight vector. Recall that
the true gradient is given by 2RV(n) [1, 111, 113], and accordingly, Eq.(4.25) can
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be written in the form
V(n)=(I-2M(n)R )V(n — 1) — M(n)N(n) (4.26)

Postmultiplying both sides of Eq.(4.26) by VT(n), and taking the expected value
results in
E{V(n)VI(n)} = B{V(n - YV (n = 1)} - 2E{M(n)}RE{V(n - 1)VT(n — 1)}
—2E{V(n = )VT(n — 1)}RE{M(n)} + 4E{M(n)RV(n — 1)VT(n — 1)RM(n)}

+E{M(n)N(»)NT(n)M(n)} (4.27)

Note that M(n) and R are diagonal matrices. Defining Zy(n) as a N x 1 second
moment vector whose entries are the diagonal elements of E{V(n)VT(n)}, then

Z1(n) can be expressed as
Zi(n) = (I—4E{M(n)}R +4E{MZ2(n)}R2)Z1(n - 1)

+E{M?(n)}diag { E{N(n)NT (n)}} (4.28)

After convergence, the true gradient V(n) is zero and
N(n) = —2¢4(n)X(n) (4.29)
where €j(n) is the optimal steady state error which is uncorrelated with X(n) and
assumed zero-mean and independent [111]. Thus, at convergence
E{N(n)NT(n)} = 4E{e"JR
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= deminR (4.30)
where €, is the minimum MSE. Recall that the excess MSE is given by

€ex(n) = €(n) = €min

= E{VI(n)RV(n)}

tr( RZa(n) ) (4.31)

where €(n) is the MSE. The misadjustment is defined as [46, 111, 113]

(4.32)

From Eq.(4.28) and Eq.(4.30), we find that
Z1(00) = (E{M(c0)}R — E{M?(c0)}R?) " E{M?(c0)}emiR  (4.33)

where E{M(c0)} = M, where M is defined in Eq.(4.22). We can also show that

E{Mz{oo)} = diag{ ple, p’?, p?c?,..., e ) (4.34)
where
= . (4.35)
(14 2u02)? + 8uta '

If we use Eqs.(4.31),(4.33), (4.34) in Eq.(4.32), we obtain the following expression

for the proposed algorithm misadjustment

,ua' o
M= ; B~ pola (4.36)
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To provide a clear insight into the algorithm steady state characteristics in com-
parison with standard LMS, a simple estimate of the misadjustment in Eq.(4.36)
is obtained as follows. We note from Eq.(4.35) that

A -

a= W (4.3‘)

For small values of u, Su%03f? < 1 and a ~ $2%. Thus

Mo~ S BT

o ~ 4.38
=1 1 - p’a?:ﬁl ( )

Also, if u is sufficiently small such that po28' € 1Vi=1, 2,..., N, then
N +
M= pold f (4.39)
=1
Note that since g > 0, then 0 < # < 1, and consequently
16N
1-5

For the LMS algorithm, the misadjustment is given by [111, 113]

M = po? (4.40)

Myys = prusoiN (4.41)

To obtain the same misadjustment as the standard LMS, i.e., M = My, it can
be seen from Eq.(4.40) and Eq.(4.41) that

N(1l-
p= ﬂLMs(—l(_T,%)- (4.42)

Owing to the fact that 1{_“},—" < N, then we can deduce from Eq.(4.42) that for the
same misadjustment
B > BLMS (4.43)
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Eqs.(4.40) and (4.42) present scrne guidelines fo the selection of the adaptation step
size of the proposed algorithm for given misadjustment. Finally, from Eq.(4.43)
we can see that the proposed algorithm will result in faster convergence for the

same misadjustment as expected.
4.3 Selective order updating

The proposed algorithm as explained earlier conducts its order-updating procedure
in a sequential manner, i.e., wy(n) then wa(n). .. up to wy(n). Given that updating
wi(n) affects all updates of w;(n), j > 7, and based on the fact that depending
on the bowl shape, the error function is not equally sensitive to variations in all
coefficients; then an improved updating technique that benefits from these two
key features follows. The idea is to update the most important component of
the weight vector first to obtain the greatest reduction in the error. This choice
results in a weight vector following the first update that is closest to the optimal
weight vector compared to starting the update with the first component w(n).
This provides the best initialization to the subsequent stages. The second stage,
which benefits from information in the first stage, will update the next important
component of the filter weight vector. The process continues in this manner till
the Nth stage is reached.

A simple and direct criterion to measure the importance of the filter weight

is the magnitude of the gradient estimate in the direction of that weight: larger
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gradient leads to larger reduction in the error. The gradient estimate in the di-
rection of the ith weight is —2eg(n)a(n — ¢ + 1), where 1 <7 < N. Clearly, since
all gradient components involve the quantity —2ep(n), then the weight associated
with the maximum [z(n — i 4+ 1)] has to be updated first. Note that in low SNR
environments, the error ¢(r) can be very noisy leading to a noisy gradient estimate
that can provide false information. However, with the elimination of e(n) from the
criterion, the algorithm criterion will be immune to the effect of noise disturbances.

In terms of multiplications/additions, the selective algorithm has the same com-
plexity overhead of the sequential algorithm. However, in the selective algorithm,
the acquired sample z(n) magnitude should be, at most, compared with the pre-
vious stored N — 1 elements to sort out the coefficients to be updated at that
iteration. The comparison operation can be of the same complexity as a multipli-
cation operation. However, dedicated DSP chips for FIR adaptive filtering have
been highly popular on the market and may provide a potential solution to the

added complexity of the selective algorithm.
4.4 Simulation Examples

To verify the expected performance of the proposed algorithm, various examples
of stationary and nonstationary system identification and channel equalization are
used. The two updating strategies, namely the sequential order-updating (SQOU)

and the selective order-updating (SLOU), are examined and compared with the
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standard LMS algorithm. In all simulations presented in this section, except for
example 3 of case 1, and case 2, a white Gaussian noise with variance 0.0001 is
added to the desired signal d(n). All results are obtained by averaging over 100

independent runs.
4.4.1 Case 1: stationary models
4.4.1.1 Example 1: system identification (white input)

The all-zero system to be modeled has 128 fixed coefficients. The input signal z(n)
is a zero-mean white Gaussian signal of time-varying power. The variance of z(n)
is changed from 1 to 2 and back to 1 at iterations 5000 and 6000, respectively.
Such a case arises in teleconferencing rooms where the adaptive algorithm has to
adapt to a sudden change in the input signal power due to a change of speakers
[100). The FIR adaptive filter used has an equal order N = 128. Fig. 4.1 shows
the MSE obtained from using the LMS, the SQOU and the SLOU algorithms for
g = prms = 0.006. This value of u was chosen near the stability bound of the
LMS algorithm for an input signal of variance 1 to obtain the fastest achievable
convergence speed.

Fig. 4.1(a) shows that both the LMS and the SQOU algorithms have equivalent
fast initial convergence rate, however, the SQOU algorithm results in 2 less steady
state MSE than the LMS. This result is verified by the theoretical steady state

conclusions in previous sections, where we can see from Eqs.(4.40) and (4.41) that
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if the the LMS and the SQOU algorithms are used with the same step size, i.e.,
ft = pLps, then

M < Muams (4.44)

Fig. 4.1(a) also shows that the LMS diverges and never cumes back to stability after
5000 samples due to the increase in the input signal power from 1 to 2 (while the
step size was not changed), whereas the SQOU algorithm remains stable, indicating
its robustness to input signal power variations.

The divergence problem of the LMS in this example can be simply solved by
reducing the value of the step size or normalizing the LMS. On the other hand,
our objective in presenting this example was to show that the proposed algorithm
can choose p close to pyqer of the standard LMS algorithm to obtain the fastest
convergence speed in a white input environment while yielding less misadjustment
than the LMS algorithm, bounded convergence, and robustness against unexpected
power variations or disturbances in the input sequence. This agrees with the
approximate theoretical results in section 4.2,

Fig. 4.1(b) illustrates that little improvement in performance is obtained from

using the SLOU over the SQOU algorithm in this case where the input is white.

4.4.1.2 Example 2: system identification (correlated input)

In this example, we consider the case of highly correlated input signal. This type
of signal produces flattened elliptical contours in the MSE surface resulting in
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slower convergence for gradient-based algorithms in general. The input signal is
obtained by passing a zero-mean white Gaussian signal of unity variance through

the autoregressive filter [1]

1

HE = Tgse rosia

(:1.15)

The system to be modeled is a 32-coefficient FIR filter. The LMS is used with
prams = 0.0005, which was chosen close to the point of instability (i.e., prars =
[tmaz ), to obtain the fastest convergence rate. The SQOU and SLOU algorithwms
are used with g = 0.003 to obtain the same level of MSE of that of the LMS
algorithm. Fig. 4.2 indicates that for correlated input signals, SQOU and SLOU
outperform the LMS in convergence speed. Also, the SLOU algorithm is seen to be

superior in its convergence rate compared to SQOU in this correlated input signal

environment.

4.4.1.3 Example 3: channel equalization

We consider a channel equalization application and is based on the example in

[88]. The channel is assumed to have the impulse response [46, 88]

h(k) = % (1 + cos(z—”(k—s'-l—))) k=0, 1,2 (4.46)

where s is used to control the eigenvalue spread of the autocorrelation matrix

R. The input to the channel is a binary random sequence b(n) = =1 of equal
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probability. The adaptive equalizer has 11 taps. The input to the equalizer is

z(n) = Y h(k)b(n — k) + v(n) (4.47)

k=0
where v(n) is a zero-mean white Gaussian noise of 0.001 variance, independent of
b(n). The desired signal is d(r) = b(n — 7) [88]. The LMS, SGOU and SLOU
algorithms are used with ¢ = prpms = 0.03. Furthermore, we choose s = 4, result-
ing in a high eigenvalue spread of 716.11 (ill-conditioned autocorrelation matrix).
In Fig. 4.3, we can see the bursty nature of the LMS algorithm as mentioned in
[88]. On the other hand, both proposed algorithms, SQOU and SLOU, result in a
smoother output without performance loss. Another algorithm that exhibits this
smoothing property is the momentum LMS algorithm [88]. However, this is the
only advantage this algorithm provides, with no improvement in convergence speed
[88], over the standard LMS algorithm while requiring N multiplications overhead.
It is worth noting that for the case of white inputs, where the MSE contours are
circular, increasing u for the new algorithm above gpmg. of the LMS algorithm will
not yield any improvement in convergence rate over the LMS. This is a result of the
fact that the LMS gradient vector always points towards the global minimum of
the MSE surface in the case of white inputs and hence the advantages of the order
iterative technique suggested by the proposed algorithm will not apply in this case.
However, the proposed algorithm will still exhibit the best tracking capabilities of

the LMS algorithm (particularly when g = fimqz) while maintaining the immunity
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against divergence for a given input power variations or any input disturbances, as
seen in the mean convergence analysis. On the other hand, the effect of a larger
step size is more pronounced for the case of correlated inputs, where the proposed

algorithm provides better performance than does the conventional LMS.
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Fig. 4.1 (a) Comparison of MSE between LMS and SQOU algorithms for ex-

ample 1 of case 1.
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Fig. 4.2 Comparison of MSE between LMS, SQOU, and SLOU algorithms for

example 2 of case 1.
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example 3 of case 1.
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4.4.2 Case 2: nonstationary model

The example used here is based on [111]. The purpose is to examine the ability
of the proposed algorithm to operate in a nonstationary environment compared
to the LMS algorithm. The LMS algorithm is known to have excellent tracking
capabilities in nonstationary environments. The system to be identified is an
FIR filter of length 15, where the time-varying optimal weight vector W*(n) is
generated from a stationary first order Markov process. Each component of W*(n)
is generated by passing an independent zero-mean white Gaussian sequence of
variance of 0.05 through the IIR filter

1

H(z) = y—5og7a=

(4.48)

The FIR adaptive filter is of length N = 15. Both the adaptive filter and the
unknown system are excited by a zero-mean independent Gaussian signal having a
variance of 1. The desired signal d(n) is corrupted with a zero-mean white Gaus-
sian noise of unity variance, which is independent of the input signal. The adaptive
algorithm should track the time-varying weight vector W*(n).

Fig. 4.4(a) shows a comparison between the ensemble average of the first weight
of the adaptive filter and weight number one of W*(n) using the LMS. The LMS
is used with prars = 0.03, which was chosen near the stability bound. Figs. 4.4(b)

and 4.4(c) show the same comparison for SQOU and SLOU with u = 0.08 (note
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that the LMS diverges for this value of g). Clearly, from Figs. 4.4(a) and 4.4(b),
we note that the SQOU algorithm provides better tracking performance to the
nonstationary optimal weight vector than the LMS. On the other hand, no per-
formance gain is attained over the LMS by using the SLOU algorithm, which is

obvious from comparing Fig. 4.4(a) and Fig. 4.4(c).
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4.5 Conclusion

This chapter presented a gradient-based adaptive algorithm that employs a new
time and order updating technique to adjust filter coeflicients resulting in a more
efficient use of the available information. The algorithm is shown to have improved
convergence speed for correlated input cases and to efficiently track nonstationary
environments. We introduced steady state analysis under zero-mean white Gaus-
sian inputs that led to guidelines to the choice of the adaptive step size. Two
algorithms were proposed. One of them is the sequential order-updating (SQOU)
algorithm and the other is the selective order-updating (SLOU) algorithm. The
later gives more priority to coefficients contributing more to the error measure.
Simulations indicated that the SQOU algorithm is a better choice for stationary
white inputs and in nonstationary environments, however, the SLOU algorithm
provides much better convergence speed when the input is highly correlated at

expense of increased ~omplexity.
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Chapter 5

A Coupled LMS-LS Approach to
Output-Error Adaptive IIR
Filtering

FIR adaptive filters have traditionally been preferable to IIR ones because of the
unimodality of their MSE surface and the stability of the adaptation (given proper
choice of the adaptation parameters). However, practical physical systems have
transfer functions of the pole-zero (ARMA) nature. The transversal filter is, in
general, only a rough approximation of the actual system and can never estimate
its impulse response exactly. Because of the presence of poles in the unknown
systems, longer adaptive FIR filters are needed in many applications. This results
in excessive complexity and severely reduces the convergence speed of all gradient-
type adaptive algorithms.

For these reasons, and because of the improved performance and reduced com-

plexity they can offer, IIR adaptive filters have been the subject of much research.
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IIR adaptive filters have been applied in different applications, such as echo cancel-
lation [2, 3], acoustic echo cancellation {42, 44, 73], speech compression in ADPCM
and linear prediction coding [82, 103], adaptive array processing [37], etc.

The IIR filter adaptation can be based on the output error or the equation error

[49, 97]. Algorithms based on the equation-error formulation use the equation error
in the coefficients update as shown in Fig. 5.1. z(n) is the input signal, d(n) and
d(n) are the desired and estimated output signals, respectively. This approach
uses the well-understood transversal structure with the attractive quadratic MSE
function but leads to a biased estimate of the ~daptive filter coefficients; the bias
depending on the power of the disturbance noise.
On the other hand, the output-error based adaptive IIR filter updates the filter
coefficients based on the actual output error, as shown in Fig. 5.2. This approach
results in unbiased coefficient estimates [49, 97]. Even though the error surface
in this approach may have local minima, it was noted in [27] that as long as
the adaptive filter of sufficient order , the IIR filter will outperform the FIR one.
Moreover, it was recently shown that the stability of the filter can be efficiently
monitored {97].

Gradient search algorithms, particularly the LMS algorithm, are the most com-
monly used update algorithms in the output-error IIR filter method (97]. However,

the nonlinearity of the resultant MSE function complicates the convergence of the
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LMS leading the algorithm to converge very slowly and possibly to a local mini-
mum. This fact is one of the major limitations of the output-error IIR approach
restricting its application [27, 97].

This chapter studies the problem of slow convergence of the output-error adap-
tive IIR gradient algorithms. The goal is to improve the convergence speed while
maintaining the IIR basic advantage of lower complexity. Our proposed solution
mainly relies on the results in [101] studying the nature of the error surface of
the adaptive IIR filters. On the one hand, it was shown that the error function
is quadratic with respect to the numerator coefficients of the adaptive IIR filter
and therefore has a bowl-shaped MSE surface as a function of these parameters.
On the other hand, with respect to the denominator coefficients, the performance
function is not quadratic and is nonlinear. These results clearly indicate that the
slow convergence problem of the gradient-type IIR adaptive algorithms is essen-
tially caused by the inefficient search for the optimum denominator coefficients
which in turn delays the convergence of the numerator coefficients resulting in
very slow convergence overall. These results also suggest that if the denominator
coefficients’ convergence rate is improved, then the simple LMS algorithm will have
no problem in searching the numerator coefficients since they define a bowl-shaped

surface with a unique minimum. The overall convergence speed of the adaptive
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HR algorithm will thus be significantly improved.

Based on the above discussion, we propose an adaptive algorithm for the
output-error IIR filter in which the numerator and denominator coefficients are
updated using different techniques: the LMS algorithm is used to update the nu-
merator coefficients of the adaptive IIR filter while a least squares-type method
is used to update the denominator coefficients. Two mathematically equivalent
algorithms, but with different complexities, are presented. The complexity of the
first algorithm is proportional to O(M?) 4+ O(N), whereas the second one requires
about O(M)+O(N) multiplications, where M and N are the orders of the denom-
inator and numerator, respectively. Though it appears that the O(M?) or O(M)
added multiplications might be expensive, in most practical applications only few
poles are needed to account for long tails in the actual system impulse response.
Thus, the overall increase in complexity is marginal compared with the case when
the LMS is used to update both numerator and denominator coefficients.Also, it
is considerably less than the case when the LS method is utilized to update both
the numerator and denominator coefficients.

It should be noted that the least squares method was used in [62] to adjust the
coefficients of the output-error IIR adaptive filter to speed up their convergence.
This led to the derivation of the recursive maximum likelihood {(RML) algorithin

[62]. Also, the recursive LS technique was applied to the identifications of pole/zero
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models in 2, 3, 5]. Particularly, the fast Kalman algorithm was used to cancel echo
generated from an ARMA modeled echo path [2, 3]. In [5], fast transversal RLS
filters were formulated as an extension of the work in {60]. The algorithms in [2, 3,
5] were formulated for the equation-error IIR filters. These algorithms, however,

are computationally demanding since they require O((N + M)?) multiplications.

5.1 Coupled LMS-LS IIR output-error adap-
tive algorithm

The unknown system to be identified here is assumed to be a general ARMA
system. The output error is used to update the coefficients as shown in Fig. 5.2.
é(n) is the output of the adaptive filter given by

. M R N-1
din) = Y aj(n—1)dn—j)+ 3 bj(n—1)z(n - j)

j=1 =0

= A(g™,n —1)d(n) + B(g™,n — 1)a(n)

= AT(n-1)D(n) +BT(n - 1)X(n) (5.1)
where
M .
Alg7n-1) = Z:a:'(n —1)¢™
, Not |
B(ghn—1) = 3 bi(n-1)g”
j=0
(5.2)
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where ¢~/ is the delay operator, i.e., ¢~/ z(n) = z(n — j), a;(n — 1) and bj(n ~ 1)

are the coefficients of the adaptive IIR filter computed at time (n-1), and
A(n=1) = [a(n—-1),a(n—=1),...,au(n = 1))7
Bn-1) = [b(n—~1),b{n—1),...,0yo(n =17

D(n) = [dn=1),d(n-2),...,d(n - M)T

X(n) = [z(n)yz(n—1),...,z(n =N+ 1)]

Note that in Eq.(5.1) the coefficient a;(n — 1) is multiplied by the delayed output
sample d(n—j). Since d(n—j) is a function of A(¢~},n—j~1) and B(g~!,n—j—1),
then d(n) in Eq.(5.1) is a nonlinear function of the adaptive IIR filter coefficients.
Our objective is to adjust the numerator coeflicients of the adaptive IIR filter such

that the mean square error E{e?(n)} is minimized, where
e(n) = d(n) — d(n) (5.3)

is the output error as shown in Fig. 5.2. It has been shown in [101] that the
numerator coefficients produce a bowl-shaped error surface E{e?*(n)} for given
denominator coefficients. Thus, the standard LMS algorithm can be easily utilized
to minimize E{e?(n)} relative to the elements of B(n — 1) in a straightforward

manner, i.e.,

2
Bw) = Bln-1)- kg
= B{n—-1)+ 2pe(n)% (5.4)
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From Eq.(5.1), we have

ad Lo ddin—j) .
55;_(71(—n—)T)=m(“_‘)+§“f("‘l)"ab_‘.(H ,i=0,,1,... . N=1 (55)

Note that the relationship between the current coefficients bi(n — 1) and the past
quantities d(n — j) is not straightforward {49, 97). This makes the evaluation of
g;i((ﬁn':% in Eq.(5.5) not possible. However, the step size g is usually small in the
IIR filtering application such that, over a window of M samples the approximation

bi(n—1) = bi(n —2) = ... bi(n — M) is valid [97]. Consequently,

ddn—j)  dd(n—3) . _

ab;(n—l)Nab"(n—j)’J—l, 2, ...,M (56)
and Eq.(5.5) becomes
dd(n) . dd(n)
aB(n _ 1) ~ X(n) + A(q = l)aB(n _ 1) (57)

Substituting Eq.(5.7) in (5.4) gives the update recursion of the numerator coeffi-

cients,

B(n) = B(n — 1) + 2uX¢(n)e(n) (5.8)

where X¢(n) = W}i??—_l)_)x(n)'

The high nonlinearity of the performance fuaction E {e*(n)} as a function of
the coefficients of the autoregressive (AR) part of the adaptive IIR filter severely
reduces the convergence rate of the iterative gradient-based algorithms when used

to adapt these coefficients. This problem becomes worse when the input signal
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is a correlated one. In such input environments, the recursive LS technique is
known to be a powerful alternative because of its rapid convergence as well as its
insensitivity to the signal statistics. Accordingly, our objective is to calculate, at
each time instant n, the denominator coefficient vector A{n) which minimizes, in
the least squares sense, the output error function given the numerator coefficients.

The objective function is thus given as

ers(n) = éxﬂ--‘(d(i) —d(i/n) }? (5.9)
where
d(i/n) = AT(n)D(i/n) + BT — 1)X(5) (5.10)

and ) is an exponential weighting parameter, 0 < A < 1, d(i/n) is the output of the
adaptive filter at time 7 using the denominator coefficient vector A(n). Utilizing

Eq.(5.10), we get

i(i/n 3 M (i — j)/n
%ﬂifl(/n)) =d((i—l)/n)+§ai(n)@%ﬁ/_) =1 2.M (5a1)

Observe that d((i — j)/n) is evaluated using A(n), then it is straightforward that

ad(i/n) _ 1
0A(n) (1-Alg7%n))

D(i/n) (5.12)

Using Eq.(5.12), it is easy to show that minimizing ezs{n) in Eq.(5.9) with respect

to A(n) results in the following equation

Ri(r)A(n) = P(n) (5.13)



where
3 A Dy(ifn)DT(i/n)
i=1

Pe(n) = z";A"-‘J(i)ﬁf(i/n) (5.14)

=1

Rg(n)

and d(i), Dg(i/n) are defined as

d(f) = d(i)}- BT - 1)X()
Delifn) = 0= A(lq_l’n))ﬁ(i/n)

Note that the dependency of Rg(n) and Pg(n) on A(g~!,n) makes the recur-

sive computation of A(r) in Eq.(5.13) generally impossible. In [62, p.26-29],
this problem was bypassed by minimizing an expression that is a Talyer expan-
sion of the LS objective function ers{n) in Eq.(5.9). The approximations used
to reach the solution were only true after convergence. In this work, we fol-
low a different path by solving for A(n) in Eq.(5.13) using some approxima-
tions. Using the same earlier assumption that coefficients change slowly, then
af-(n) ~ai(n—1) = ...q(n— M) = ai(n — M — 1), and the following essential
approximations hold

D(i/n) = D(ifn - 1) (5.15)

and

o

D(i/n) = Di(i/n-1)

= (I_A(q_l,n_l))ﬁ(i/n~l) (5.16)
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The above assumptions lead to the following approximation

D(n/n-1) = [dn-1/n—=2),d(n—2/n=3),...,d(n—M/n—M-1)

= Din) (5.17)

Accordingly
1 "
“Agramm

Di(n/n—1) = (
= Dg(n) (5.18)

While those approximations may not be valid initially because of the fast conver-
gence of the LS method, such approximations are generally valid after convergence'
when A(g7Y,n) = A*(¢g™?) and B{g~!,n) = B*(g~'). They are quite useful since
they allow the recursive calculation of the vector A(n) in Eq.(5.13) assuming the
knowledge of A(n— 1), which is the optimal vector coefficient at timen —1. Based
on these assumptions and using the matrix inversion lemma, A(n) in Eq.(5.13)

can be calculated recursively using the following sequence of computations

_ Q(n — 1)D(n)
K" = BT - D) 319)
A(n) = A(n—1)+k(n)e(n) (5.20)

Q(n) = A7 [Q(r~1) - k(r)DT(n)Q(n - 1) 5 Q) =d, e 1(5.21)

1These assumptions were used in [62, p.26-29] in the derivation of the recursive maximum
likelihood (RML) algorithm, and in {113, p.158-159] in the derivation of the IIR sequential
regression (SER) algorithm.

115



Note that calculation of Xg(n) and f)f(ﬂ) is computationally expensive since
updating each component of X¢(n) and Dg(n) involves a filter operation using
(1-_-4(911'3:1_))' A more usable approximation is to obtain the components of Xg(n)

and Dg(n) from the following equations [49, 97]

-'L'f(n—j) = (l—A(q‘l,ln—I—j))x(n"j)’ j=0v‘-'1 N-1 (5‘22)

N . 1
Y-3) = GG -To)

dn-j), j=1,.... M (5.23)

The proposed output-error IIR adaptive algorithm can be fully described by Egs.
(5.22), (5.23), (5.3), (5.8), (5.19), (5.20) and (5.21) and is summarized in Table 4.1.
Calculations of Eq.(5.19), (5.20) and (5.21) require O(M?) multiplications mainly

arising from updating the M x M matrix Q(n).

Table 4.1
Computational organization of the coupled LMS-LS IIR output-error adaptive

algorithm

Initialization
Q0) = d, c»1

for n=1 to nfinaldo :

zin—j) = (I_A(q_l,ln_l_j))m(n—j),j=0,...,N—1(5.24)

116



3 \

di(n—3j) = (1_A(q_l‘n_l_j))é(n—j),j=l,...,M (5.25)
e(n) = d(n)—AT(n-1)D(R)+BI(n - 1)X(n) (5.26)
k() = < +ﬁ%((r;)—Ql(lD_f(f))ﬁf(n) (5.27)
B(r) = B(n-—1)+2uXg(n)e(n) (5.28)
A(r) = A(n—1)+k{n)e(n) (5.29)
Qn) = A[Q(r—1) - k(r)DT(n)Q(n - 1)] (5.30)

5.2 Fast coupled LMS-LS ITR output-error adap-
tive algorithm

It should be noted that by taking advantage of the shifting property? of D(n) and
D¢(n) in Egs.(5.19) and (5.21), complexity of the calculation of the gain vector
k(n) can be reduced to about 8M multiplications. This reduction is primarily
based on results in [60, lemma 2|. A full derivation of the algorithm is given in
[60] for A = 1. However, it is not difficult to rederive the algorithm for a general
A (0 < X £1). In the following, we outline the sequence of computations for fast

calculation of the gain vector k(n) with exponential weighting factor A:

2D(n) can be obtained from D(n — 1) by shifting its elements and adding the new element
d(n).
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Initialization
k(0) = f(0) = P(0)=G(0)
€f(0) = & (& isa small positive number )

for n=1 to n final do :

o) = dn-D+fT(n-1DHn-1) (5.31)

f(n) = f(n—-1)—k{n—1)e(n) (5.32)

P(r) = AP(n—1)+D(n—1)dn-1) (5.33)

e(n) = dr(n—1)=PT(n)k(n-1) (5.34)

¢f(n) = Aep(n—1) + e(n)eo(n) (5.35)

( C(n) ) ( €' (n)e(n) )
= (5.36)
m(n) k(n — 1) + f(r)e; ' (n)e(n)

nln) = din—M—=1)+G¥(n-1)D(n) (5.37)

G(n) = [G(r—1)-C(n)p(n)] [l - m(r)no(r)]™" (5.38)

k(n) = C(n)— G(n)m(n) (5.39)

Theoretically speaking, the above fast algorithm for evaluating k(n) is mathemat-
ically equivalent to that in Eqs.(5.19) and (5.21). However, the fast algorithm
exploits the shifting property to replace the matrix computation in Eq.(5.19) and
(5.21) with vector operations requiring O(M) multiplications. On the other hand,
the effect of finite-precision errors becomes apparent in the O(M) case. This is due
to the large number of internal variables involved in the algorithm recursions, and

especially in low signal-to-noise environments and for large order filters. This is a

118



typical problem for all fast algorithms [18, 20]. Several techniques and rescue meth-
ods have been proposed to improve finite-precision performance at the expense of
the optimality of the solution and some delayed convergence [18, 20]. In our case
here, the assumed low order of the denominator reduces the effect of numerical
errors. However, actual implementation of this fast algorithm is essential to verify
its true numerical performance. Given that the complexity reduction form O(M?)
to O(M) is not that dramatic for small M, the usage of the O(M?) algorithm will
be preferable from a numerical stability point of view when considering numerical

complications for cases of few poles.
5.3 Discussion

Simulation-based studies of the LS error surfaces [104] and the mean square error
surfaces [101] of the output-error formulation show that steepest descent directions
can vary drastically over the error surface, particularly near stability boundaries.
Moreover, gradient vectors can point away from the global minimum for non-
quadratic functions [101, 104]. Therefore, adaptive algorithms based on steepest
descent methods are forced to use very small step sizes, and sometimes tend to
converge to local minima.

On the other hand, the proposed algorithm does not conduct a gradient di-
rection search for the optimal poles and is believed to help the algorithm escape

local minima in most of the examples considered in this work. Nevertheless, this
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is not conclusive and cannot be generalized since our observations are simulation
based, as is the case for other existing output-error IIR algorithms. Another ad-
vantage follows from decoupling of the pole/zero update in the proposed scheme,
the A(n) update is not a function of step size parameter controlling the stability
of the recursion. This results in an increase in the stability boundary of the LMS
step size p since the LMS algorithm now determines u based on the numerator
update independent of poles and their stability restrictions. This permits larger
step size value to be used thus speeding up the convergence of the overall adap-
tive algorithm. Rapid convergence of the LS method in the denominator update,
irrespective of the initial value of the edaptive filter weights, is another significant
improvement of the proposed algorithm. When the LMS is used for both numerator
and denominator update, convergence rate is highly dependent on the proximity

of the initial value of the adaptive filter weights to the local or the global minima.

5.4 Simulation Examples

A number of simulation examples, based on the system identification model, will
be discussed here. Qur main objective is to illustrate the significant improvement
of the convergence speed of the proposed LMS-LS algorithm compared to the
case when LMS algorithm is used to update both the numerator and denominator
coefficients. Moreover, we will present some typical examples to examine the per-

formance of the proposed algorithm in cases of multimodal error surfaces. These
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examples demonstrate the general tendency of the LMS-LS algorithm to converge
to the global minimum of the error surfaces in those examples. However, it should
be stressed that this is still simulation observations and cannot be claimed as an
inherent property of the proposed algorithm. The O(M?) algorithm is used in all
simulation examples, except the last one. The fast algorithm was found to pro-
duce identical simulation results (double precision floating point is used). For all
examples, except the last one, the desired signal d(n) has an additional zero-mean
white Gaussian noise of 0.0001 variance. Results are obtained by averaging over

100 ensemble members.

5.4.1 Verification of improvement in convergence speed

In this part, we show the improvement in the convergence speed provided by the
proposed algorithm over the LMS algorithm for white and correlated input signals.

The system to be identified has the transfer function [51]

0.05 — 0.42™1
H(:) = T 10050 (5.40)
and that of the adaptive filter is
b =1
H(z,n) = —o(7) + bifn)z (5.41)

1 — a1(r)z"! — ay(n)z—?

All adaptive filter coeflicients are initialized to zero.
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5.4.1.1 Example 1: white input

In the first example, the system and the adaptive filte: are excited by a zero-mean
white Gaussian signial of unity variancz. The LMS and the LMS-LS algorithms
are compared for pras = pras—rs = 0.001. The LMS-LS algorithmn is used with
an exponential weighting factor A = 0.99. Fig. 5.3 depicts the mean behavior
of the denominator and numerator coefficients. Fig. 5.4 plots the mean square
error (MSE). It is clear that though the numerator coefficients of both algorithms
are updated using the same LMS method (as well as the same step size value),
the employment of the LS approach to search the nonlinear error surface for the
optimum poles has significantly increased the convergence speed of the denomi-
nator coefficients, Fig. 5.3(a), resulting in the overall adaptive filter converging
faster compared to the case when the LMS approach is used to update both the
numerator and denominator coefficients.

Since for the proposed coupled LMS-LS algorithm, the step size used by the
LMS is no longer restricted to ensure pole stability , we can now increase the
prms—-1s beyond the limit of prps without affecting the stability of the algorithm.
Figs. 5.5, 5.6 show the performance of the LMS-LS proposed algorithm for a much
larger prpis. s = 0.005. We can see further significant increase in the speed of
convergence. However, this large step size would not be tolerated in the basic LMS

algorithm since it results in unstable poles that keep moving outside the stability
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region even after being reflected inside. Figures 5.5, 5.6 show the results for the

basic LMS with prams = 0.001.

5.4.1.2 Example 2: coloured input

In this example, the input signal is a ccrrelated one generated by passing a zero-

mean white Gaussian signal of unity variance through the filter

i

H(z) = 5=

(5.42)

In Figs. 5.7, 5.8, the LMS and the LMS-LS algorithms are used with the same step
size prms = prms-rs = 0.0003, and with A = 0.99 for the LMS-LS algorithm.
Figs. 5.7 and 5.8 show 60,000 iteration of the LMS. Convergence to the global
minimum is achieved after 110,000 while the LMS-LS converged in about 20,000
iterations. The example is repeated for the LMS-LS algorithm with a larger step
size prms-rs = 0.0006, and A = .99. Figs. 5.9, 5.10 show the result along with the
LMS for prms = 0.0003. 1t is to be noted that prprs = 0.0006 results in instability
(same as before) as was observed in example 1.

In the above examples, the improved speed of convergence of the LMS-LS algo-
rithm in both coloured and white input environment was demonstrated.

It should be emphasized that the increased convergence speed is due to two con-

tributing factors:
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1. Use of LS to update poles. This is inherently faster than the LMS and is

evident from examples using same step size for both approaches.

2. Allowing for a larger step size in the LMS update of the numerator coeflicients

since that step size no longer affects pole stability.
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Fig. 5.3 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with prps = prars—rs = 0.001 for example 1.

125



— LMS§ |
-« - LAIS-LS

Y I Sy SRR

Il
-
-
- -
-
TN n e W e e e e e e S e e e SE AL B R SR M S WS e W wm SR R R W R WR W W W e A e

L 1 L] 1 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
iteration number x 10‘

N s,

Fig. 5.3 (b) Comparison of ensemble average of B(n) between the LMS5 and

the LMS-LS algorithms with grms = prms-rs = 0.001 for example 1.
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Fig. 5.4 Comparison of MSE between the LMS and the LMS-LS algorithms

with pras = grms-Ls = 0.001 for example 1.
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Fig. 5.5 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with uzas = 0.001 and prpms-rs = 0.005 for example 1.
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Fig. 5.5 (b) Comparison of ensemble average of B(n) between the LMS and

the LMS-LS algorithms with pras = 0.001 and ppaps—ps = 0.005 for example 1.
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Fig. 5.6 Comparison of MSE between the LMS and the LMS-LS algorithms

with pryms = 0.001 and prpms-Ls = 0.005 for example 1.
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Fig. 5.7 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with pras = prams—rs = 0.0003 for example 2.
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Fig. 5.7 (b) Comparison of ensemble average of B(n) between the LMS and

the LMS-LS algorithms with gpams = prys—rs = 0.0003 for example 2.
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Fig. 5.8 Comparison of MSE between the LMS and the LMS-LS algorithms

with purys = prms-rs = 0.0003 for example 2.
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Fig. 5.9 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with pps = 0.0003 and grps—1s = 0.0006 for example 2.
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5.4.2 Testing local and global convergence

In the following examples, local and global convergence properties of the LMS-LS
algorithms are examined. Those examples are obtained from [27, 51, 101]. The
error surface contours of these examples are plotted in reference [27]. The input

signal in all next examples is a coloured one.

5.4.2.1 Example 3: sufficient order

The system to be modeled is [27]

1
B = T pa (5.43)
and the adaptive filter transfer function is
H(z,n) = bo(n) (5.44)

T 1 —ay(n)z! = az(n)z?
The input signal is obtained by passing a zero-mean uncorrelated Caussian sig-
nal through the colouring filter (1 — 0.7z "Y)%(1 + 0.727!)2. The resulting error
surface has two minima (see Fig. 10 of reference [27] ). The global minimum is
located at [bo, a1,az] = [1,1.4,—0.49], and the local minimum is approximately at
[—0.22, ;1.35, —0.49]. Both the LMS and the LMS-LS algorithms are used with
the same step size purms = prms-rs = 0.0005. A was chosen to be 0.99. The
initial point for both algorithms is given by [80(0), a1(0), a2(0)] = [0,-1.4,-0.5]

which was chosen near the local minimum. Results are shown in Fig. 5.11. The
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LMS algorithm is seen to converge to the local minimum whereas the LMS-LS
algorithm was able to escape the local minimum and converge to the global one.
5.4.2.2 Example 4: insufficient order

In this example, we consider the case when the input is coloured and the adaptive

filter is of insufficient order. The transfer function of the system is given by [27]

- 1 -
(=)= 1—-1.82"'41.08:-2 —0.216=-3 (5.45)
and that of the adaptive filter is
H(z,n) = bo(n) (5.46)

1 —ay(n)z=? — ay(n)z-2

The colouring filter is (1 — 0.6z72)%(1 4+ 0.6z71)%. Tke error surface for this ex-
ample is bimodal (see Fig. 11 of reference {27] ). The global minimum is lo-
cated at approximately [bg,a;,as] = [1.14,1.44,—0.55], and the local minimum
is at approximately [—0.33,-0.9,—-0.35]. The LMS-LS algorithm is used with
prms-rs = 0.001, A = 0.99, and the LMS algorithm is used with gzps = 0.001.
The adaptive filter coefficients are initialized in the proximity of the the local
minimum at the point [65(0),a1{0},a2(0)] = [0,—-.9,-0.6]. From Fig. 5.12, it is
clear that the LMS-LS algorithm converged to the global minimum while the LMS
algorithm converged to the local minimum.

While we believe that the proposed algorithm tends to converge to the global

optirhum in general, it was noticed that this was not the case for white input,
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insufficient filter order when the adaptive algorithm is initialized near the local
minimum. In this case, convergence to the global optimum was not consistent
over all runs; sqmetimes the algorithm converged to the local minimum without
any apparent cause. However, it should be noted that in real applications, input

signals are more likely to be coloured than white.
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Fig. 5.11 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with pras = prams-rs = 0.0005 for example 3.
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Fig. 5.11 (b) Comparison of ensemble average of B(n) between the LMS and

the LMS-LS algorithms with pgrys = prms—rs = 0.0005 for example 3.
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Fig. 5.12 (a) Comparison of ensemble average of A(n) between the LMS and

the LMS-LS algorithms with prps = prms-rs = 0.001 for example 4.
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Fig. 5.12 (b) Comparison of ensemble average of B(n) between the LMS and

the LMS-LS algorithms with gzps = prars-1s = 0.001 for example 4.
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5.4.3 Acoustic echo cancellation

In this section, the fast LMS-LS IIR, the LMS IIR, and the LMS FIR [113] al-
gorithms are applied to the cancellation of acoustic echo in the example given in
[14]. The echo path is modeled by pole/zero transfer function of 10-order numera-
tor and 10-order denominator. The numerator coefficients are generated randomly

whereas the denominator is given by
A(z7') =1~-0.8:"1° (5.47)

The impulse response of the echo path is plotted in figure 5.13. The input signal
z(n) is an artificial speech generated as

() = Tg 7 (5.48)

where n(n) is zero-mean white Gaussian noise of unity variance. A zero-mean white
noise of —50dB relative to the echo is added to the output of the echo path. The
fast LMS-LS IIR and the LMS IIR algorithms are used with M = 10, N = 10, and
g = 0.0003. For the fast LMS-LS IIR algorithm, § is chosen to be 0.001. Stability
monitoring of the IIR adaptive filter is performed based on the method in {14],

where a sufficient condition for stability is to guarantee that
M
Slei(r)l <1, ¥n {5.49)
Jj=
From Fig. 5.14, the ERLE achieved by the fast LMS-LS IIR algorithm is approx-
imately 50 dB. This follows from the ability of the IIR adaptive filter to model
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the echo path exactly. Note, als;), the extremely fast convergence of the LMS-LS
IIR method compared to the LMS IIR. The LMS IIR algorithm converges to the
same level of ERLE after 120,000 samples. The same experiment is carried out for
the LMS FIR algorithm [113]. The number of weights in the FIR adaptive filter
is 280. This is chosen to achieve the same steady state ERLE as the fast LMS-LS
IIR algorithm. It is obvious from Fig. 5.14 that the LMS FIR algorithm needs
approximately the same number of iterations as the fast LMS-LS IIR algorithm
to achieve the same level of ERLE. On the other hand, the LMS FIR algorithm
requires 2 x 280 = 560 multiplications at each iteration, while the fast LMS-LS
IIR algorithm needs® 2 x 10 + 14 x 10 = 160. The advantage of the fast LMS-LS
IIR algorithm over the LMS FIR algorithm is clear in this case: it redices the
number of computations at each iteration by a factor of 3.5 without any loss in

performance.

3Eq.(5.24)— M, Eq.(5.25)— M, Eq.(5.26)— M + N, Eq.(5.28)— N, Eq.(5.29)— M,
Egs.(5.31)-(5.39)— 10M. The total is 14M + 2N
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Fig. 5.13 Impulse response of the echo path.
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5.5 Conclusion

This chapter presented a new adaptive algorithm for IIR filters based on output-
error formulation. The proposed algorithm uses the LMS method to update the
numerator coefficients of the adaptive filter, since they define a quadratic perfor-
mance function, while a LS-type method is used to update the denominator coel-
ficients, since t':hey define a highly nonlinear error function. Simulation examples
indicated that the proposed approach converges significantly faster than the LMS
with minimal increase in complexity. This was to be expected as a result of the use
of the LS method in the update of the denominator coefficients. Moreover, since
the denominator update is not function of the step size parameter, the stability
boundary of the numerator step size is increased. This permits a larger step size to
be used to speed up adaptation. Examples were provided to compare the proposed
algorithm to the LMS IR adaptive algorithm. Simulation results showed that the
proposed coupled LMS-LS algorithm tends to converge to the global minimum for

sufficient order cases considered and some reduced order cases.
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Chapter &

Leaky LMS: MSE Analysis For
Gaussian Data

The conventional LMS is widely used in numerous applications because of its
simplicity and ease of implementation. However, it is generally known that direct
implementation of the regular LMS can be problematic. Variants of the LMS, as
the Leaky LMS, were proposed to deal with some of these problems. For example,
inadequacy of excitation in the input sequence can result in unbounded parameter
estimates [91]. This behavior can cause numerical problems due to overflow as well
as degraded performance as a consequence of possibly unbounded prediction error.
introducing leakage in the LMS algorithm stabilizes the system.

When the gradient estimate becomes too small to adjust algorithm coefficients
due to very low input signal, the coefficients are locked up causing a “stalling”
problem and consequently biasing filter coefficients. In such cases, it might be

preferable to have them return to zero [113], which can be achieved by employing
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the Leaky LMS.

The employment of adaptive echo cancelers on short distance telephony high-
lighted the undesirable phenomenon of “bursting” that can lead to poor perfor-
mance. It was shown in [36] that for a properly selected leakage factor value,
bursting can be stopped in simple cases.

In adaptive antenna [102], the adaptive sidelobe canceler works well if the input
signal is weak compared to the interference or jamming signals. However, the
received signal can occasionally be strong enough to delete itself. The Leaky LMS
is used to solve this problem through generating an inherent added interference
{113].

Despite the fact that leaky LMS has been used in practice in numerous appli-
cations as indicated above, there has been no formal analysis of its performance.
It is generally accepted that leakage results in coefficient bias and as such has to be
maintained low. However, no relationship exists to exactly quantify the effect of
the leakage factor on the MSE. Moreover, no analytical bounds on the adaptation
step size were presented to ensure the convergence of the Leaky LMS algorithm.

In this chapter, we provide; MSE analysis of the leaky LMS algorithm with the
assumption that the input and the desired signals are jointly Gaussian and zero-
mean processes [73]. We also will employ the common independence assumption

that the present input data vector is statically independent of the present coefficient
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weight vector [47]. The MSE is determined as a function of the leakage factor.

Stability bounds on the step size, in the presence of leakage, are also determined

6.1 MSE Analysis
6.1.1 Convergence of the MSE

The leaky LMS is introduced to minimize the instantaneous objective function
J(n) = €*(n) + YW (n)W(n) (6.1)

where W(n) is the N x 1 coefficient weight vector of the adaptive algorithm, 7
is the leakage factor greater than zero, e(n) = d(n) — XT(n)W{(n) is the error
signal, d(n) is the desired signal, and X(n) is the N x 1 input data vector. J(n}in
Eq.(6.1) is 2 quadratic function of the coefficient vector W{n). The existence and
uniqueness of a minimum of J(n) is ensured when the input X(n} is persistently
exciting {91], along with the implicit assumption of stationary sequences d(n) and
X(n). This will guarantee the invertibility of the input data autocorrelation matrix
R = E{X(n)X*(n)} (i.e, R is positive definite). Also, it allows the decomposition
of tl e symmetric matrix R into R = QAQT, where A = diag{\;, }z,..., v},
AN <2 An-i... € Ay, is the matrix of the eigenvalues and Q is the matrix of
the eigenvectors of R. The minimum of J(n) can be sought recursively using the

gradient method

Wr+l) = Wn)-£



= (1 —py)W(n) + pe(n)X(n) (6.2)

where p is the adaptation step size. Introducing the translated weight vector
V(n) = W(n) — W*, where W* = R™!P is the optimal weight vector, and
defining the rotated vectors V(n) = QTV(n), X(n) = QTX(n), W* = QTW",
then using the relation d(n) = XT(n)W*+ e*(n), where e*(n) is assumed zero-
mean and white Gaussian sequence of €nin variance, Eq.(6.2) can be rewritten

as

V(n+1) = I-p(1+X@)XT()V(n) - pyW* + pe"(n)X(n)  (6.3)

Taking the expected value of both sides of Eq.(6.3) and using the commeon inde-

pendence assumption of V(n) and X(n) yields!
E{V(n+1)} = I— a(y1+ A E{V(n)} - py W~ (6.4)

Clearly, from Eq.(6.4), boundness of expectatior of all modes is guaranteed by the

well-known condition on the step size u [46]

l<u< (6.5)

¥ + Amaz
where A,z is the largest eigenvalue of R. The jth component of the steady state

solution of Eq.(6.4) is

E{V;(c0)} = ,\,-—: i (6.6)

'Note that E{e"(n)X(n)} = 0, and since e*(n) and X(r) are zero-mean Gaussian processes
then they are independent.
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Recalling that %(n) is the rotated error in the coefficient vector, it is clear from
Eq.(6.6) that a nonzero leakage factor < results in some nonzero steady state
coefficient bias.
However, convergence in the mean does not guarantee convergence of the mean-
square error. Therefore, we study next the necessary and sufficient conditions
for stability in the mean square sense. The analysis is based on the assumption
that X(n) and d{n) are jointly Gaussian, zero-mean stationary signals and on the
commonly employed independence assumption of the weight vector W(n) and the
input signal vector X(n) [47].
The MSE is given by [113}
€n) = €min+ E{VI(R)AV(n)} (6.7)
where
émin = E{d*(n)} - PTW~ (6.8)
is the minimum mean-square error when ¥ = 0, and P = E{d{n)X(n)} is the
crosscorrelation vector. £q.(6.7) shows that for the MSE to converge, it is necessary
that the diagonal elements of E{V (r)AVT(n)} converge. We will thus proceed to
determine the conditions guaranteeing the convergence of the diagonal elements of
E{V(n)VT(n)}. Postmultiplying both sides of Eq.(6.3) by VT(n+1), and taking

the expected value results in

E{V(n +1)VT(n +1)} = (4*7A — pA)E{V (n)VF(n)}
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+ E{V()VT(n)HI - pA ~ 2p7L + 39T + P9 A)
+ 2p* AB{V(n)VT(n)}A + P Atr(AE{V(n)VT ()})
+ E{V(n)}(#*vy"PTA? — 1yPTA?)

+ (8 7?A7IP — pyATIP)E{V(n)}
+ PV AE{V(R)}PTA™ 4+ YA PE(VI(2)}A

+ 3 AIPPTAY 4 p2E{e*}(n)}A (6.9)

where tr(.) is the trace operator. Note that in Eq. (6.9), the assumption of zero-
mean stationary Gaussian inputs allowed the use of the Gaussian moment factoring
theorem to simplify the expression E{X(n)XT()V(n)VT(n)X(n)XT(n)} into a
sum of second order moments [47]. Moreover, we employed the relation W* =
AP where P = QTP. Defining Z1(n) as an N x 1 second moment vector whose
components are the diagonal elements of E{V(r)VT(n)}, Z2(r) = E{V(n)}, we

construct the state vector as

Z(n +1) = [ ZEE i 3 ] (6.10)
Using Eqs. (6.4), and (6.9), Z(n + 1) can be expressed as
Z(n+1)=KZ(r)+C (6.11)
where
K= [ OA g ] (6.12)
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and

A = [1-2u7+ 49 JI- 2uA[I = py])

+2u2A2 4 p2ITT (6.13)
B = ({2 -2uy]A7 +2u%1)Y (6.14)
D = I—p[qI+A] (6.15)

where the diagonal matrix Y = diag{p1, B2,-..,Pn}, P; is the jth component of P
and I' = {1, A2y ..., An])?. C will not be needed in our analysis, however, it must

be noted that it is bounded. We further make the following definition
a5 =1=2u(1+ X) + B2 (v + 1) + ) (6.16)

To study the convergence of E{V(r)VT(n)}, we consider Eq. (6.11) exponentially

stable if the roots p; of det[K — pl] lie inside the unit circle [38). Therefore,
det[K — pI] = det[D — pI] det{A — pl] (6.17)

where we can see from Eq.(6.15) that

N
det[D — pI] = JI(1 — u(v + X5} = p) (6.18)

i=l
Eqs.(6.17),(6.18) show that the first condition for convergence of Z(n) is the same

as that found from convergence in the mean, Eq. (6.5). Also, knowing that

det[I'TT] = 0, then we get (33]

det[A — pI] = det[diag{a; — p, @2 — p,...,an — p} |(1 + 0T
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diag{ay; — p, a2 — p,...,ay — p}”'T")

N A\®

= [H( ] [l-i-yzz : (6.19)
i=1 =4

Following the approach in [31], we can show that necessary and sufficient conditions

for the roots of det[A — pI] to be inside the unit circle are
-1 < @a;<1, 3=12,...,N

N (6.20)
1 + p*%li u.'—l >0

Recalling a; in Eq. (6.20) defined in Eq.(6.16) as a function of u, we can see that

it is a convex function and is greater than zero V g and 4 since it has a minimum

2
nonnegative value of (‘r—+-€m at = ﬁﬁxf This leaves us with the following

conditions
a;j <1, j=1,2,...,N (6.21)

and
N

(6.22)

=1 aJ

The condition in Eq.(6.21) results in

plp((y+ X7+ =27+ ;) ) <0 (6.23)

Using Eq.(6.5), ¢ > 0, then from Eq.(6.23) we get

2(v + )

O<p< ——""3, ]
SRNCETS P

=1,2,...,N (6.24)

Eq. (6.22) leads to a second condition on p for convergence in the mean square

N p)?

52;12(;7%\1)—#( ('r+A,-)2+A§)‘"1 <0 (6.25)
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To convert this condition into a direct bound on u, we denote the left-hand side
of Eq.(6.25) by x(z) and note that x(u) is a monotonically increasing function of

it since

]

Ix(n) _ 223 (v + X))
op S+ N) —a((r+ N+ ) (6.26)

Moreover, x(x) has poles at p; = -(-1—"‘_‘-_(;—:')-‘,53*-_):7, Jj=12,..., N, and is equal to —1
P

il

at g =0, and lim,.o x(¢) < 0. If we write x(¢} =0 as

N
x(u) = [[(e—pm)=0 (6.27)

i=1
where y;, i =1,..., N are the roots of x{t), and since 0 < Ay < Any—; <-+- < Ay,

then x() has the form shown in Fig. 6.1. It is obvious from Fig. 6.1 that
0 <y < p1 < pa € py << uny < PN (6.28)

Therefore, for the conditions in Eqs.(6.21) and {6.22) to hold, u should be bounded
by

0 < p<m (6.29)

As such, the condition in Eq.(6.25) has provided us with a more stringent bound
on p as given in Eq.(6.29), than the one in Eq. (6.24), since gy < p;. A closed form
expression for p; cannot be found. However, we will take advantage of a theorem
established in [48, Appendix C, theorem 13] to obtain a tight lower bound on p;.

For Eq.(6.27), where 0 < y; < 42 < ... < pp, the smallest root y; is lower
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Fig. 6.1 A plot illustrating a general form of x(y).
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bounded by

w2 (6.30)
S + (VN =~ 1)(Ns_z — s2,)
where
N o1
sa=y.— (6.31)
=1 pi
and
) -G£
S_p = —| = —] - —_ 6.32
? i=1 \Hi i=1 M i § HiH§ ( )

f1(G-3)-

1 N i N-1 1 N-=2
(_) b (_) +bz(-) (- =0 (639)
¢ r “

then expanding the first part of Eq.(6.33) and comparing it with the second part

of the same equation, we obtain

N
b = Z — (6.34)
s
and
18X 11
b=~ —_ 6.35
’ ?-?;23: Bi B (6.3)
Consequently,
S.1 = bl
(6.36)
.2 = bf—?bg
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Now by comparing the left-hand side of the second part of Eq.(6.33) with the

left-hand side of Eq.(6.25), it can be shown, after some manipulation

208 + (v + M) < e
bl = E 27 n 2;\, (().31)
and
NN EBA (74 AN+ (v + 0))
=33 e (6.38)
i# 2(27 + 2M) (27 + 2))
Substituting Eq.(6.36) in (6.30) results in
N
M2 = pu" (6.39)
by + /B3N — 1)2 — 26, N(N - 1)
Thus, to ensure convergence in the mean square, p should be bounded by
O<p<yp (6.40)
To make Eq.(6.40) more practical, we note that
e 1
B2 (6.41)
b
then,
O<pu< R T (6.42)
Zi=1 " zyr2n,

Eq.(6.42) provides a bound on the step size u to guarantee convergence of the MSE
of the LMS algorithm with leakage 4. The bounds on the step size g in Egs.(6.40)
and (6.42) matches the ones derived in [31] for the LMS algorithm when 7 is set to

zero. From Eq.(6.42), if we put 4 = 0, then we obtain the [ollowing condition on
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the step size that ensures the MSE convergence of the LMS algorithm (neie that
[31] uses 2p as a step size and, hence, the upper bound in the {ollowing equation

is different from that in [31] by a factor of 2)

2
O<p < 6.43
KM= 3TN (643)

To provide an insight into the difference between the bound on the step size of the
Leaky LMS algorithm in Eq.(6.42) and that of the LMS algorithm in Eq.(6.43),
we note that in the event of a small v such that 4* < A;(3\; + 27), then the

upper bound on p in Eq.(6.42) for the Leaky LMS algorithm can be written as

m C IO Since %%1 < 1, then we observe that the Leaky LMS algorithm
3:-:1 ’\‘( A+ )

allows for a larger step p than the LMS algorithm to be used to guarantee MSE

convergence of the algorithm.

6.1.2 Steady State MSE

We proceed to determine the steady state performance of the MSE for the Leaky

LMS. Recall that
€n) = €min+ E{VI(n)AV(n)}
= €min + I 21(n) (6.44)
We define the vectors Y = [#2,72,...,P%]7, and G(n) = BZz(n). From Eqs.(6.9),
(6.10) , and (6.11), the second moment vector Z;(n + 1) can be represented as
Z1(n +1) = AZ1(n) + G(n) + pleminl + u23(AT1YY (6.45)
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The excess MSE, ¢..(n), is defined as

f(n) — €min

fl

€ex(n)

= TI'TZ:(n) (6.46)

Assuming that g is chosen such that the convergence conditions of the mean weight

and the MSE is guaranteed, then the steady state €..(o0) is given by
€ex(00) = I'TZ4 (0) (6.47)

where from Eq. (6.45)

21(00) = [I —A ]_l [ G(OO) + p’em;,.l"

+ P (ATPY ] (6.48)

Contrary to the LMS algorithm, where the increase in the steady state MSE (or
alternatively the steady state excess MSE) is solely attributed to the fluctuations
of its coefficients around the optimal ones, the increase in the steady stale MSE for
the Leaky LMS algorithm, which is described by Eq(6.47), is due to the bias in the
Leaky LMS algorithm coefficients, as well as the fluctuations of those coefficients
around their mean values. To make a clear distinction in the resultant expression
of ¢.-(00) between these two sources of error, we first define the bias vectors L =
W* — Wi = [l,b,...,In]7, and L = [2,12,...,1%])7 where Wy, = QTWy, and

W1, is the steady state mean weight vector of the Leaky LMS algorithm. From
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Eq.(6.2), it is easy to see that Wy = E{W(c0)} = (R +11)7'P. Accordingly, we
find that
VP:

= tte i1 9. N 6.49

Further, we notice that the steady state MSE €z,1in attained by the Leaky LMS
algorithm (obtained by substituting Wy, for W(n} in Eq.(6.7) ) is given by
€Lmin = fmin+LTAL

= €min + ITL (6.50)

(where €nin as defined in Eq.(6.8) is the minimum MSE achievable by the LMS

algorithm). Now, we rewrite Eq.(6.48) as

Zy(oo) = [I-A] [ G(o0)+ pPerminl
+ p*A(ATY)?Y — pTTTL (6.51)

In Eq. (6.51), one needs to evaluate [I — A]™! and G(oo). We can write [I — A]

5,52

[(T-AJ" = [ (20— w270+ 26Al0 - prd] - 242A% ) (14
et (1 -
-1
£ [ 20y — p29)L + 2pA[L — p] — 2474 7o)

[ (207 = 12700+ 2p Al — D] = 2202 ] ) (6.52)

2To find [I - A]~', we have used the matrix inverse lemma, which is given by
(F+beT) 1 = F-1 - p-1b(1 + TF-1b)-1cTF-1
where F is a nonsingular matrix, b, and c are vectors.
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Using Eq. (6.4) and (6.14), we can solve for G(oo) whose jth component is given

by

2uy? P2 (1 — p(y + A;))
G (o0) = d
(o) Ay +A))

(6.53)

If we use Eqgs. (6.49), (6.51), (6.52), and (6.53) in (6.47), we obtain after some

manipulation
N .\}GJ(oo)+u2-yn(1i§—.\3r—;5§k,) + zN u.\g(cbmm-i-z\,l;)
370 v 0 -ul (A )+ A Ned, I=12(y+d,) —p((v+A, 2 +0))
cc,(oo) = N u»2 (654)
1=25m At —ul{(v+4;)3+47)
=N _# e oS
where r = =1 FNETS W and & = =5 Eq.(6.54) completely characterizes

the steady state excess MSE of the Leaky LMS. Observe that the expression in
Eq.(6.54) reduces to that derived for the LMS algorithm in [31] when® v =0

N 13 HzLMSf\IA
J=1 2-2up prsh; )
1— ZN BLMshy TR (6'55)
J=1 2-2up Mmsh,y

ELMSex(00) =

To obtain a simple estimate of the relative level of misadjustment for the Leaky

LMS algorithm, we note that for small g and v such that p({y + };)* + A}) <
2

2(y + Aj), pZ?{__l T-:-JE < 2, p(y + M) + X3r + p2k;) < 2%, and in the event

that A;12 « €xmin, Eq.(6.54) can be approximated as

6u:'.'.'("-'m) = 72 i _'L"E + "E i )\3 €Lmin (6-56)
j=1 Ay + A5) 2j=1'7+’\5

INote that in {31] they use 2 in the LMS recursion equation which accounts for the difference
between Eq.(6.55) and that in [31].
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If we substitute v = 0 in Eq.(6.56), then we obtain the standard LMS algorithm

steady state excess MSE [113]

eLnrsex(00) & EEES 'i:j Aj€min (6.57)
2 i3
Note that Eq.(6.54) (as well as Eq.(6.56) ) quantifies the impact of all input pa-
rameters: input signal statistics, crosscorrelation between the input signal and the
desired signal, step size value, and the leakage factor on the Leaky LMS algorithm
steady state performance. More specifically, Eq.(6.54) (and Eq.(6.56) ) shows that
the steady state excess MSE ¢..(o0) is due to two sources. The tirst is due to the
fluctuations of the algorithm coeflicient vector about its steady state mean solution

Wi, Indeed, it is shown in Appendix A that the increase in Leaky LMS algorithm

steady state MSE caused by the fluctuations of its coefficients around the steady

state biased solution is

EN “Ag(:LMIﬂ'E'AJ‘?)
F=1 2 +A,) =pl(1+3,)5+27)
€Lez(00) = 2 I-lv\fl’ 2 (6.58)

N
1= Y= 202 }=a((v2;)2445)

Note that ez..(o0) in Eq.(6.58) matches exactly the second term in Eq.(6.54).
Hence, the second term in Eq.(6.54) (and in Eq.{6.56)) serves as a separate measure
of the contribution of the coefficients fluctuations to the algorithm steady state
excess MSE. Again, for 4 = 0 (LMS algorithm case), Eq.(6.58) reduces to ezpsez
in Eq.(6.55).

In the analysis in Appendix A, the bias was initially removed from the coeffi-
cients. This led to identifying Eq.(6.58) (i.e, second term in Eq.(6.54)) as being a
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result of the fluctuations around the biased solution. Eq.(6.54) provides the full
crror. Thus, it follows that the first term is the error component due to the bias.
This interpretation of the source of the first term in Eq.(6.54) (and in Eq.(6.56)} is
even more logical when we note . hat it is independent of ¢zin and is significantly

dependent on P, the crosscorrelation between the input and the desired signals.
6.2 Simulations

Simulation results are presented here to verify the accuracy of the theoretical

results derived in this chapter.
6.2.1 System Identification

1- White input signel

In the first example, zero-mean white Gaussian noise of ¢y, variance is added to
the desired signal d(n). The unknown system is an FIR system with 4 coeflicients
{0.1,0.3,0.5,0.3} and the FIR adaptive filter has the same dimension N=4. Both
the system and the adaptive filter are excited by a zero-mean uncorrelated Gaussian
signal of unity variance. Results are obtained by averaging over 600 independent
runs. The Leaky LMS algorithm is used with the adaptation step size p = 0.01.
In Fig. 6.2 we plotted the evolution of the excess MSE ¢..(n) obtained from
theoretical analysis via Eq.(6.46), and from simulation results. The leakage factor

is v = 0.01 and €pin = 0.001. It can be seen that our analysis agrees well with
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empirical resuits. Note that the independent assumption of W{n) and X(n).
employed in the analysis, is true in this case since 2(n) is a white signal.

Table 6.1 compares theoretical results for the steady state excess MSE ¢, ,{c0)
obtained from Eq.(6.54) and (6.56) with results of simulation for different values
of v and €nin. It can be seen that Eq.(6.54) predicts very closely the actual ¢..{c0)
as obtained from simulation. Since the assumptions beyond Eq.(6.56) hold for
this particular example, Eq.(6.56) could provide an approximated measure to the
expected level of e.-(00). From Table 6.1, we can conclude that e..(c0) of the
Leaky LMS algorithm, in general, is insensitive to €y;,. This can be seen from

Eq.(6.54) given that the first term is dominant .
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Tavle 6.1
Comparison of theoretical and experimental Leaky LMS algorithm steady state

excess MSE for the first example

Predicted Measured
€ex(00) (dB) €ex(00) (dB)

04 Emin Eq.(6.54)) Eq.(6.56)
0 0.001 -46.86 -46.99 -47.67
0.001 0.001 -46.78 -46.90 -47.42
0.01 0.001 -41.90 -42.00 -41.8
0.1 0.001 -24.27 -24.36 -24.22
] 0.001 -9.53 -9.58 -9.54
1 0.01 -9.53 -9.57 -9.53
i 0.1 -9.50 -9.54 -9.47
1 1 -9.15 -9.20 -8.98
1 2 -8.80 -8.85 -8.51

2-Correlated input signal

In the second example, we use similar model to that utilized in the previous exam-
ple, except that both the system and the adaptive filter are excited by a correlated
signal generated by

z(n) = 0.9z(n — 1) + a(n) (6.59)

where a(n) is a zero-mean, uncorrelated Gaussian noise of unity variance. The
Leaky LMS algorithm is used with a step size u = 0.001. The evolution of the
excess MSE ¢..(n) is depicted in Fig. 6.3 for v = 0.01, and €., = 0.001. Fig. 6.3
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also compares the theoretical prediction of the Leaky LMS algorithm for e (1),
described in Eq.(6.46), to results of simulation. Note that the common indepen-
dence assumption of X(n) and W(n) is not valid in this case. This is because
X(n) and X(n — 1) are correlated, and since W(n) is dependent on X(z — 1), then
W(n) is correlated with X(n). In spite of that, simulation and theoretical results
.in Fig. 6.3 match very well. This is also confirmed in Table 6.2, where theoretical
results of e..{o0) calculated from Eq.(6.54) and Eq.(6.56) are compared to simula-
tion results using different values of 4 and €ni,. Once again, Table 6.2 shows well

agreement between analytical and empirical results for the correlated input signal

case.
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Table 6.2
Comparison of theoretical and experimental Leaky LMS algorithm steady state

excess MSE for the second example

Predicted Measured
€ez(00) (dB) €ex(o0) (dB)

07 €min Eq.(6.54)) Eq.(6.56)
0 0.001 -49.67 -49.78 -49.59
0.001 0.001 -49.51 -49.72 -49.51
0.01 0.001 -46.35 -46.04 -46.33
0.1 0.001 -30.19 -29.21 -30.10
1 0.001 -14.54 -12.52 -14.30
1 0.01 -14.53 -12.53 -14.29
1 0.1 -14.42 -12.46 -14.19
1 1 -13.47 -11.85 -13.28
1 2 -12.63 -11.27 -12.55

6.2.2 Chaunnel Equalization

The third example is based on the example in {46]. The linear dispersive channel

is assumed to have a raised cosine impulse response

2—’1““5—_1—))), k=0,1,2 (6.60)

h(k) = % (1 + cos(

where s is used to control the eigenvalue spread of the autocorrelation matrix

R. The input to the channel is a binary random sequence b{(n) = £1 of equal
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probability. The 11 taps adaptive equalizer 1s excited by

z(n) = }:_: h(kYb(n ~ k) + v(n) (6.61)
k=0

where v(n) is a zero-mean white Gaussian noise of 0.001 variance, independent of
b(:2). The desired signal is d(n) = b(n — 7) [46]. The leakage factor v is sel to 0.1.
Furthermore, Qe choose s = 4, resulting in an eigenvalue spread of 716.11. Results
are obtained by averaging over 200 ensemble members. [t is evident from Fig.
6.4 and Fig. 6.5 that the measured g, is 0.056 for which the weight vector mean
converges and the MSE does not. For p less than y, e.g. u = 0.05, convergence of
both the mean and the mean square of the weight vector is guaranteed. In Table
6.3, we compare theoretical results for u*, the lower bound on g, obtained from
Eq.(6.39), and the lower bound i on p* in Eq.(6.41) to results of simulation. We
also include in Table 6.3 the upper bound on the step size £ in Eq.(6.5) given by
the mean convergence. Note that though Eq.(6.39) does not predict exactly with
a lower bound on the measured g, , it nevertheless provides a good indication of its
value. Moreover, Table 6.3 illustrates that % in Eq.(6.41) represents a good lower
bound on the measured g;. Since gll- is the upper bound of Eq.(6.42), then the
selection of p according to Eq.(6.42) can always assure convergence in the mean
square. We note that the upper bound on y predicted by Eq.(6.5) is much larger
thari the measured step size y;, hence, Eq.(6.5) provides a loose bound on the

region from which the step size of the Leaky LMS algorithm can be selected to
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ensure MSE convergence.

Table 6.3

Comparison of theoretical and experimental Leaky LMS algorithm stability

bounds for example three

Predicted Measured

Eigenvalue Eq.(6.39) Eq.(6.41) Eq.(6.5)
s  Spread 5 u* n upper bound on z I
4 T16.11 0.1 0.0859 0.0408 0.5031 0.056
3.5 406.82 0.1 0.1037 0.0473 0.6308 0.07
3.1 11.123 0.1 01245 0.0535 0.8077 0.099
2.9 6.782 0.1 0.137 0.0565 0.9392 0.105
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Fig. 6.2 Comparison of the theoretical and simulation results of the excess MSE

€ez(n) of the Leaky LMS algorithm for the first example.
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Fig. 6.3 Comparison of the theoretical and simulation results of the excess MSE

€ez(n) of the Leaky LMS algorithm for the second example.
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6.3 Conclusion

In this chapter, convergence properties of the mean-square error for the Leaky LMS
algorithm have been studied. This was done when the signals involved are zero-
mean, stationary Gaussian. An expression for the second moment of the weight
vector, which is the key to MSE analysis, was obtained. Then, we presented a
direct stability bound on the step size for MSE convergence. It has been illus-
trated that the upper bound on the step size for the Leaky LMS algorithm (that
guarantees MSE convergence) exceeds that for the LMS algorithm by an amount
that depends on the value of the leakage factor yv. We also presented exact and
approximate expressions for the Leaky LMS algorithm steady sate excess MSE.
The approximate expression provides a clear distinction between the error due to
bias and the error due to fluctuations of the coeflicients about the solution of the
Leaky LMS algorithm. It should be noted that all results presented here for the
Leaky LMS algorithm are identical to those of the LMS algorithm when v = 0

[31]. The analytical results were shown to agree well with simulation results.
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Chapter 7

A Modified Echo Canceler for
Adaptive Hybrids with no
Bursting

In a telephone system, the conversion between the two-wire subscriber line and
the four-wire trunk is done inside the hybrid. The functional role of the hybrid
is to couple all signal energy arriving from the far-end speaker into the two-wire
line of the near-end speaker, and stop any leakage to the near-end transmission
path. Due to impedance mismatch in the real hybrid, some energy leaks and is
transferred via the near-end transmit line back to the far-end speaker as an echo.
Such mismatches are usually unknown and may be time-varying due to aging,
inaccurate component values, moisture, etc. Thus, traditionally adaptive filters
have bzen used as echo cancelers.

The echo canceler tries to match the echo path impulse response thus generating

an echo replica. The residual error resulting from subtracting this replica from the
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sum of the near-end signal and the real echo, is used as a learning signal for the
adjustment of the adaptive filter coeflicients. Under double-talk conditions (both
near-end and far-end speakers are talking) the learning stgnal become erroncous
leading to coefficient divergence. Therefore, double-talk detectors are used in the
echo canceler to {reeze coefficients adaptation during double-talk periods to prevent
echo canceler misbehavior.

Fig. 7.1 shows a system with a single adaptive hybrid. A robust performance
of the echo canceler in Fig. 7.1 is obtained under typical conditions of persistently
exciting input x(n), i.e., the input signal should contain sufficient frequencies to
allow the adaptive algorithm to correctly update all its coefficients [36]. Also, a
reliable performance of the adaptive echo canceler depends considerably on the
decorrelation of the input z(n) from the near-end signal v(n + 1). Suppose that
v(n ++ 1) is highly correlated with z(n), the adaptive filter would be then driven
by large error r(n + 1) that is highly correlated with its input thus attempts to
cancel this large near-end signal. The inevitable result is a continuous growth
in the filter coefficients (drifting) to produce an output equivalent to the near-end
-ignal from a continuously decreasing input signal. The growth in filter coefficients
eventually leads to the overall system becoming unstable and “bursting” with the

error suddenly becoming very large in magnitude and rich in frequencies, as shown
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in Fig. 7.2. This “rich” signal stabilizes the system only so it can start drifting
again towards instability if same input conditions continue. Practicalily, it is not
likely for w(n) and v(n + 1) to be correlated. However, correlation of x(n) and
v(n+ 1) is more apparent when w(n) is absent and v(n +1) is not. This is largely
attributed to the existence of the the feed-back path, where a large part of x(n)
will be an attenuated delayed version of v(n +1). When v(n +1) is a narrow-band
signal, such correlation is substantial.

Several published works tried to propose possible ways to avert bursting. One
attempt is to modify the adaptive LMS algorithm by the addition of a leakage
term [36]. This approach is directed at preventing the growth of the adaptive filter
coefficients to large values which eventually leads to bursting. For the case of a
single parameter hybrid, an expression is derived in {36] for precise limits on the
leakage factor for bursting avoidance. However, evaluation of this limit requires
a priori knowledge of the disturbance level v(n + 1) and the hybrid coefficients.
Additionally, it is not possible to extend the results to a more realistic situation
of higher order hybrids. A large leakage factor can ensure the containment of
parameter drift. However, this large factor is associated with an increase in MSE
in normal operation and as such would not be acceptable.

In [24], 2 new test signal that approximately measures the correlation between
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Fig. 7.2 The received signal z(n) with a dc near-end signal v(n 4 1) for the

model in Fig. 7.1.
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z(n) and v(n + 1) is proposed for use in the double-talk detector. The test signal
is directly related to the system pole afh® — h{n)|, and accordingly parameter drift
is halted if a predetermined threshold is surpassed and bursting can be avoided.
The method was derived and successfully applied to a case of first order hybrid.
Again, extension of the method to higher order cases is not obvious.

In [109], two approaches are proposed to ensure bursting elimination. Both are
based on the properties of the crosscorrelation of z(n) and r(n -+ 1) in a bursting
environments. In the first approach an estimate of the crosscorrelation is obtained.
For a pure near-end tone, the crosscorrelation was found to be flat and with a mag-
nitude larger than 0.4. This unique property was used as a simple test to delermine
if conditions eventually leading to bursting exist. If so, adaptation is frozen. The
major drawback of this approach is its substantial computational requirements
which is approximately 8 N multiplications, where N is the adaptive filter order.
In the second approach, a simplified test for the flatness of the crosscorrelation is
used. If the presence of a tone at the near-end is detected, then adaptation of the
near-end echo canceler should be prohibited. The second approach requires signif-
icantly less complexity than the first one, but needs careful selection of its terms.
All the above mentioned approaches assume that v(n + 1) is a pure tone signal

for simplicity. However, a narrowband v(n + 1) could lead to the same bursting
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phenomenon.

This work is aimed at eliminating the cause of bursting, i.e the strong crosscor-
relation between the received signal at the near-end and the disturbance v(n + 1}.
We introduce here a new configuration for the adaptive echo canceler. Under
bursting conditions, the new setup ensures the crosscorrelation between the in-
put to the adaptive filter z{n) and the desired signal (approximately v(n + 1))
diminishes towards zero. As a result, the filter output is forced to converge to the
neighborhood of zero and bursting will not happen. The approach is directly gener-
alizable to practical hybrids and does not assume a priori knowledge of any specific
parameters of the system or special characteristics of the near-end signal. Also,
no threshold values are being used. Under normal conditions (when the far-end
speaker is talking and the near-end speaker is silent) the proposed configuration

maintains proper operation equivalent to the conventional echo canceler.
7.1 Bursting in a single adaptive hybrid

Though bursting can come about in higher order systems and under-modeled dou-
ble adaptive hybrids, the single parameter model in Fig. 7.1 has been generally
adopted in the published research studies on bursting [24, 36, 93]. This is mainly
due to the analytical difficulties associated with dealing with the practical cases.
Here, we examine a typical bursting situation when v(n + 1) is present and w(n)

is absent (w(n) = 0). The assumption of a simple unit delay for far-end hybrid
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and no far-end echo canceler corresponds to the worst conditions of a maximum
crosscorrelation between z(n) and v(n + 1) [92}. The model in Fig. 7.1 can be
viewed as feedback system with a reference signal v(n +1) and an output r(n+1).

Defining the coefficient error as fl(n) = h* — h(n), then r(n 4 1) can be wrilten as
r(n +1) = ak(n)r(n) + v(n + 1) (7.1)

Therefore, as long as a|k(n)| < 1, the system in Fig. 7.1 is stable. In the echo

canceler, coefficients are updated as ”
h(n 4 1) = h(n) + pz(n)r(n + 1) (7.2)

Noting that z(n) = ar(r), where a is a small positive number accounting for the

attenuation in the transmission loop, then invoking Eq.(7.1) into (7.2) yields
h(n+1) = (1 — pz?(r))k(n) — pz(n)v(n + 1) (7.3)
Under the conditions leading to bursting, z(n) is too small compared with v{n+1)
while the correlation between z(n) and v(r + 1) is high. This is evident by noting
that [24]
z(n) = ar(n) = a(v(n)+y(n) - §(n))
= av(n) (7.4)
then,
E{z(nv(n+1)} = aE{v(n)v(n+1)}
~ aR,(1) (7.5)
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As a result the driving term in Eq.(7.3) will drag the instantaneous pole ah{(n)
to cross the stability boundaries causing bursting to occur for highly correlated
v(n + 1) as shown in Fig. 7.2. Thus, basically the adaptive algorithm tries to
increase its gain for the given (low) input z(n) to produce a large (fixed) output
v(n+1) resulting in an even lower input. This continues on causing the coefficient

to drift and eventually the system to burst.

7.2 A proposed adaptive echo canceler with no
bursting

Based on the above discussion, reducing the correlation between successive samples
of the disturbance v(n+1) would ensure the drifting phase does not start. In other
words, if the near-end signal v(n + 1) is transformed from a narrow-band signal
to a wide-band one, then the autocorrelation R,(1) is significantly reduced and
the driving term in Eq.(7.3) is no longer dominant. This can be accomplished by
inserting a “decorrelator” block as shown in Fig. 7.3. Using the notation ¢! for
the unit delay operator [62], i.e, ¢"'v(n) = v(n — 1), the output of the decorrelator

e1(n + 1) can be written as follows

eiffn+1) = s(n+1) Za, Js(n—i+1)

1=}

I—Za‘ 3(n+1)

i=1

= Q(¢7'n)s(n+1) (7.6)
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and the coefficients {ai(r), az(n),...,ar(n)} are adaptively adjusted to minimize
the mean-square error E{e;(n + 1)?}. We assume a typical bursting environment

where w(n) is absent and v(n + 1) is not, then
s(n+1)=vin+1) (7.7}

Assuming the adaptive linear predictor (decorrelator) has converged to the set of
optimal coefficients that produce the minimum of E{e?(n+1)} = E{(Q(¢}, n)v(n+
1))}, then the linear predictor filter will reduce the correlation between the adja-
cent samples of v{n+1)}, and if the filter is of sufficient order to whiten v(n+1) then
the output process @Q(¢~',n)s(n + 1) = Q(¢~',n)v(n + 1), which is used as a de-
sired signal for the LMS adaptive echo canceler, will consist of a sequence of white
samples. Therefore the input signal to the adaptive filter z(n) = av(n) will be
uncorrelated with the desired signal. In this case, the adaptive filter is guaranteed
to converge to solution providing zero output |46]. This opens the path including
the adaptive filter and resulting in the overall system having a single pole at ah”
which is fixed and guaranteed inside the unit circle since for real hybrids jah*| < 1.
Thus, bursting cannot happen in this setup. Moreover, by examining the SNR at

the near-end in Fig. 7.1, which is given by [24]

E{v}(n +1)} _E{v*(n+1)

SN = e+ D) v 4 D))~ RE{?()
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where we assumed that the DTD has turned off adaptation at h, the convergence
of the adaptive filter output to a value in the neighborhood of zero ensures higher

SNR for the proposed setup in Fig. 7.3,

_ E{v*n+1) -
= R E{ri(n)) (7.9)

SNR
In order to compensate for the effect of @Q(¢~!,n) which is deliberately iuserted
in the path of the adaptive filter desired signal, we incorporated the inverse of
Q(g~',n) in the model of Fig. 7.3. More specifically, under normal conditions of
persistently exciting z(n) and small disturbance v(n+1) the conventional adaptive
echo canceler in Fig. 7.1 converges to h*. Assuming that the linear predictor in Fig.
7.3 has converged, on the average, to the optimal filter E{Q(q™},n}} = @~ (¢7"),
then the coefficient of the adaptive echo canceler filter will converge to those formed
by the cascade of A" and @"(¢™'). Therefore, the echo canceler filter is followed
by the inverse of @"(g™!), so that §i(n + 1) in Fig. 7.3 is a replica of the real echo
y(n + 1). This added block is basically an IIR filter whose transfer function is
the inverse of the transfer function of the original decorrelator Q(q~!,n). Thus
the coefficients of the decorrelator are basically copied to denominator of the IIR

filter. This ensures that the operation of the proposed system in I'ig. 7.3 is the

same as of the basic setup under normal conditions.
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7.3 Stability monitoring of the inverse of the
decorreiation filter

Note that Q(_qliT) is an autoregressive filter and to retain a bounded §(n + 1) the
instantaneous zeros of Q{g~',n) should be constrained inside the unit circle. Thus,
it is necessary to monitor the instantaneous roots of Q(g™*,n) before copying its
coeflicients to the inverse filter to ensure stability of the resulting inverse filter.
The on-line stability test of the linear predictor in Fig. 7.3 will be accompanied by
an added computational complexity especially when the linear predictor filter is
implemented in a direci form. Though there exist simple stability tests for second
order filters, for higher orders, the current techniques are either computationally
excessive or unrobust [97]. However, lattice filters have been proven as an alterna-
tive providing simple stability guarantees [46]. The lattice form is mathematically
equivalent to the direct form, but it only requires the magnitude of all the reflec-
tion coef’ﬁciénts to be less than unity as a necessary and sufficient condition for the
instantaneous roots of Q(g~',n) to be inside the unit circle. Moreover, in finite
precision environment the lattice structure is much less sensitive to quantization
noise and round-off errors effects than the direct form. This makes it a robust
realization for implementing the autoregressive filter quﬁf)" This is achieved at

the expense of an increase in the complexity. However, in the proposed structure,

only low order FIR filters are used making the price for lattice structures very
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reasonable.

The gradient lattice algorithm is used to update the lattice coefficients. This
algorithm has been used in diverse of applications and has proven its faster con-
vergence compared to the standard LMS [1]. Let ky(n), ¢/(n) and e}(n) be the
reflection coefficients, the forward prediction error and the backward prediction
error, respectively, of the pth stage of the lattice filter at time instant n, where
1 € p £ M. The gradient lattice algorithm updates the reflection coefficient
ko(n) in an attempt to minimize the sum of squared forward prediction error and

backward prediction error. This leads to the updating relation [1]
ko + 1) = ky(n) + Blef(m)eby(n — 1) + d(mlely()  (7.10)

where 1 € p £ M and 8 is the adaptation step size which has similar properties
to that used in the weight recursion of the standard LMS algorithm. The forward

and the backward prediction errors have the following order update equations
e{(n) = ei_,(n) - k,,(n)e?,_,(n -1) (7.11)

e(n) = &_i(n—1)—ky(n)el_,(n) (7.12)

7.4 Complexity of the proposed algorithm

To asses the complexity of the proposed adaptive echo canceler, we observe that

the gradient lattice filter requires 4M multiplications, 2M for updating the reflec-

tion coefficients and 2M in calculating the forward and backward prediction errors,
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M being the order of the predictor. Also, the all-pole lattice filter requires 2M
multiplications. Therefore, 6 M more multiplications are needed over the conven-
tional adaptive echo canceler. In the the application considered here, we believe
that a linear predictor of order four can handle possible near-end narrow band
signals. Even if the order of the linear predictor is not sufficient to completely
whiten unexpected v(n + 1), reducing the correlation between the successive sam-
ples of v(n + 1) will severely delay the drift of h(n) towards instability, and as a
result, making it certain for any practical system that the DTD would have halted

adaptation before bursting starts.

7.5 Analysis of the proposed echo canceler un-
der normal conditions

In this section, we will will show that our proposed system in Fig. 7.4 minimizes
the echo E{r*(n)} under normal operation by showing that the r(n) is orthogonal
to X(n), which is the condition for convzrgence of the basic setup in I'ig. 7.1,
where Xn(n) = [z(r), z(n = 1),....,z(n — N + 1)]7. The adaptive LMS algorithm
used in the echo canceler minimizes asymptotically E{e2(n)} where

ez(n) = e1(n) — ¢(n) (7.13)
and ¢(n) = hy(n)Xn(n) as shown in Fig. 7.4. The quantity e;(n) is given by

ex(n) = y(n) — Af(n)Ym(n) (7.14)

192



z{n\

bx(n)

copy

- |f-‘(ﬂ)

ea(n)

from near-end
s iber

A e

¥(n)

TR weights \ aln)
Qlg™.n)
¥(n}
rim) A+
\
Fig . 7.4 General configuration of the proposed echo canceler.

193



where Yp1(n) is the M-dimensional vector of the form

Ym(n) = [y(n=1),y(n —2),....y(n = M)|" (7.15)

and Apg(n) is the coefficient vector of the linear predictor defined as

Am(n) = [a(n), az(n), .., ap(n)] (7.16)

Thus,

e2(n) = y(n) — Aj(n)Ym(n) - hy(n)Xn(n) (7.17)

and e2(n) can be expressed as follows

ed(n) = y¥(n) - 2y(n)ATi(n)Ym(n) + Afy(n)Ym(n) YTy(n)Apm(n)
— 2y(n)h{§(n)Xn(r) + 2hf (R)XN(r)Y () AM(n)

+ 2h (7) XN (7) XK (n)hn(n) (7.18)

Assuming that the step size of the LMS is selected properly [113], then the LMS

algorithm will solve asymptotically for

d
dhn(n)

dei(n)

E{el(m)} = Elgr s

}=0 (7.19)

Differentiating Eq.(7.18) with respect to hy(n)

dei(n)
dhn(n)

= Xn(n)X§(n)hn(n) — Xn(n)(y(n) - Ajg(n)¥m(n))  (7:20)
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Substituting, Eqs.(7.17), (7.20) into (7.19), we can show that
E{Xn(n)es(n)} =0 (7.21)

Using the previous definition of the delay operator [62], i.e. ¢ 77x(n) = x(n — j),

in Eq.(7.17) we get

en) = Qg™ n)y(n} - ¢(n)

_ 1 (u(n) = )
= Q(¢~",n)(y(n) -—Q(q_l,n))

ex(n) = g n)r(n) (7.22)

where we have assumed the stability of the filter bﬁ Note that if the linear
predictor converged to the optimal filter E{Q(q~,n)} = Q@"(¢™!), then all roots of
@*(g7?) are constrained in the unit circle if and only if the autocorrelation matrix
of the input signal to the linear predictor is positive definite (46]. This condition is
naturally met when the far-end signal is a speech signal and thus the stability of
the inverse filter is guaranteed at convergence. To show that the proposed system

satisfies E{Xn(n)r(n)} =0 at convergence, we rewrite Eq.(7.22) as

_ez(n)
™ = o
- (ib,.(n)q-:') es(n)
= > binesln ) (7.23)
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Then,

E{Xn(n)r(n)} = E{Xn(n) 3 bj(n)ea(n — )} (7.24)

J=0

Before proceeding, we will assume the input signal is of zero-mean, and the coef-
ficients 4;(n), 0 < j < oo of the filter E'Gé‘_n')' are independent of Xyn(n) and the

ez(n — j) at convergence. Then we can write Eq.(7.24) as

E{Xn(n) 3 bi(njea(n — )} = 3 E{bi(n)} EXn(n)esln — )} (7.25)

=0 =0

Note that, since the current data is independent of the previous error, then E{z{n—
)es{n — )} = E{z(n — i)} E{ea(n — j)} = 0 for 7 > j, where 0 < j < oo and
0 < i € N —1. Moreover, we deduce from Eq.(7.21) that E{z(n —i)e2(n—7)} =0

fori <j,where0<j<ooand 0 £7 <N —1. As a result,

E{Xn(n)r(n)} = 32 Ei(n)}EXn(n)ea(n = )} =0 (7.26)

=0

and the orthogonality principle is satisfied.
7.6 Examples

Figure 7.2 illustrates the result of applying a dc input at the far-end, t.e. v(n +
1) = 1 in Fig. 7.1, with the parameter values, echo attenuation ¢ = 0.2, and
h* = 0.1 [92). The LMS algorithm is used with a step size p = 0.01 and the
filter coefficient was initialized at zero. The same previous parameter values are

employed in the proposed echo canceler with a third order adaptive filter, a second
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order lattice predictor M = 2, and adaptation constant g = 0.01. The output of‘
the decorrelator and the received signal at the near-end r(n) are depicted in Figs.
7.5, 7.6 respectively. As noted, simulation results confirmed previous discussion:
the proposed echo canceler forced the filter output , Fig. 7.5, to converge to zero
and accordingly bursting does not happen as seen from Fig. 7.6.

The previous example is repeated for a near-end v(n + 1) = sin(0.05(n + 1)) as
used in [92]. The system in Fig. 7.1 exhibits bursting as shown in Fig. 7.7. It is
evident from Fig. 7.8 that the proposed system maintains stability, and bursting
does not happen.

Next, the operation of the new setup is verified in comparison with the conven-
tional echo canceler for a practical case of real hybrid. A practical hybrid that has
an effective impulse response of 20 taps is utilized {108] and o was set to 0.2. The
conventional echo canceler has an FIR adaptive LMS filter of a dimension N=135,
and a step size g = 1 x 10~° is used. The proposed configuration is used with an
adaptive filter of a dimension N=1T7, LMS step size u = 1 x 10~%, and a second or-
der gradient adaptive lattice filter with # = 1 x10~°. To compare the conventional
echo canceler and the proposed one under normal condition when the far-end is
talking and the near-end is silent, a white Gaussian signal is applied at the far-end
part. Results are obtained by averaging over 100 independent runs. Figs. 7.9 and

7.10 plot the Echo Return Loss Enhancement (ERLE) of the conventional and the
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proposed echo cancelers [76]. The ERLE is defined as
ERLE = 10 log,o( E{y*n)}/E{r*(n)}) (7.27)

Comparing Figs. 7.9 and 7.10 illustrates that under normal situation the new
modification has no impact on the echo canceler two fundamental requirements:
convergence time and the level of returned echo. The new setup provides simi-
lar convergence rate and final steady state of the ERLE to those of the conven-
tional echo canceler. This is expected since in practical applications § should have
small values (similar to the one used in this example) to maintain the stability of
the linear predictor and accordingly the fluctuation of the linear predictor coef-
ficients around their optimal values are too small so that it has negligible effect
on the echo canceler performance. When, the far-end is silent and a tone signal
v(n+ 1) = 100szn(0.05(n + 1)) is applied at the near-end. The misbehavior of the
conventional echo canceler is evident from Fig. 7.11. On the other hand, Fig. 7.12
shows that the new configuration allows the passage of the near-end transmitted

signal uncancelled and also exhibits stable operation.
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Fig. 7.5 The output of the adaptive filter with a dc near-end signal v(n + 1) for

the proposed model in Fig. 7.3.
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Fig. 7.6 The received signal z(n} with a dc near-end signal v(n + 1) for the

proposed model in Fig. 7.3.
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Fig. 7.7 The received signal z(n) with a sinusoidal near-end signal v(n + 1) for

the model in Fig. 7.1.

201



0.25 . Y

0.2

0.15

0.!

0.05

x(n)
=)

iteration number x104

Fig. 7.8 The received signal z(n) with a sinusoidal near-end signal v(n + 1) for

the proposed model in Fig. 7.3.
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Fig. 7.9 Echo return loss enhancement with a white input signal at the far-end

for the model in Fig. 7.1.
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Fig. 7.10 Echo return loss enhancement with a white input signal at the far-end

for the proposed model in Fig. 7.3.
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Fig. 7.11 The received signal z(n) in the model of Fig

. 7.1 with a sinusoidal
near-end v(n + 1) for the real hybrid example.
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Fig. 7.12 The received signal z(n) in the proposed model of Fig. 7.3 with a

sinusoidal near-end v(n + 1) for the real hybrid example.
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7.7 Conclusion

Bursting phenomenon in telephone networks with adaptive hybrids has been the
focus of much attention in recent years. This chapter presented a remedial tech-
nique that basically relies on weakening the root cause of the bursting problem:
the high crosscorrelation between the *1put to the adaptive echo canceler and the
transmitted signal at the near-end. The conventional echo canceler was modi-
fied such that under bursting circumstances the crosscorrelation is substantially
reduced and bursting is averted. No a priori knowledge of the system or prese-
lection of thresholds were required. The proposed system is directly generalizable
for practical hybrids. The system ensures normal operation is not affected. Imple-
mentation details of the proposed system were studied. Examples were provided

to verify system performance in bursty as well as normal environments.
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Chapter 8

Conclusion

In chapter 3, 4, and 5, we dealt with a common problem of the LMS algorithm;
namely its slow convergence when it encounters nonideal conditions. Chapter 3
and 4 tackled this problem for FIR adaptive filters, where in chapter 5 the problem
was considered for IIR adaptive filters.

The new variable step size algorithm presented in chapter 3 represents one
common approach to provide fast convergence at initial stage of adaptation while
ensuring small final misadjustment. In our proposed approach, the step size of
the algorithm is adjusted according to the square of a time-averaging estimate of
autocorrelation of e(n) and e(n — 1). {Eq.(3.12)} showed that this measure can
effectively sense the adaptation process while maintaining the immunity against
independent noise. Consequently, the algorithm can perform efficiently in low
signal-to-noise ratio environments and is not affected by changes in the level of the

noise.
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The analysis of the steady state performance of the proposed algorithm is also
provided. Based on this analysis we showed how to select the algorithm parame-
ters v, «, and 3 to ensure MSE convergence {Eq.(3.33)} and to provide the de-
sired misadjustment {Eq.(3.35)}. We also obtained expressions for the algorithm
misadjustment in nonstationary environments {Eq.(3.35)} as well as stationary
environments {Eq.(3.37)}. Moreover, an optimal value for v was derived in a
nonstationary environment that minimizes the level of misadjustment for given
values of a, f, and level of nonstationarity. The performance of the algorithm
was compared through simulations with the standard LMS [47], and other variable
step size algorithms: the VSS algorithm [56], and the SGA-GAS algorithm [68].
Results show that the algorithm has a significant convergence rate improvement
over those algorithms in stationary environment for the same excess MSE, and a
comparable performance with the standard LMS in nonstationary cases.

Chapter 4 introduced a different approach to improve the LMS algorithm con-
vergence rate by presenting a new LMS-type adaptive algorithm. The proposed
algorithm utilized a new technique that combines both time and order update to
search for the bottom of the MSE surface. The algorithm has been observed to
have significant convergence rate improvement when the signal is correlated. This
is attributed to the diversity of the steepness of the gradient vector components

in such environments, where the movement of the weight vector component in the
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steepest direction will be beneficial to the other coinponents in the context of order
updating. The algorithm has also been observed to efficiently operate in nonsta-
tionary environments and to be fairly robust to variations in signal power.
Approximate theoretical analysis is provided to to determine the convergence speed
and steady state performance of the algorithm when the input signal is zero-mean
and white Gaussian. Results demonstrated that the algorithm can provide less
misadjustment compared to the standard LMS algorithm for the same step size
value, and is inherently convergent in the mean. Simulation results agreed well with
theoretical results. Two versions of the algorithm were presented: the sequential
order-updating (SQOU) algorithm, and the selective order-updating (SLOU) algo-
rithm. Simulation results showed that the SLOU is favorable over the SQOU only
when the input signal is correlated.

The above discussion centered or FIR filters. For IIR adaptive filters, the source
of the inherent slow convergence of the LMS is more related to the recursive nature
of the IIR filter. This results in nonquadratic, nonlinear error functions where
gradient search methods are inefficient. To get around this problem with minimal
additional complexity, a new adaptive scheme that couples the LMS and the LS
methods was presented in chapter 5. The idea takes advantage of the bowl-shaped
property of the error surface formed by the MA part of the adaptive IIR filter

and uses the LMS algorithm to determine those coefficients. On the other hand,
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the error surface formed by the AR part is highly nonlinear and, therefore, a LS
approach is used to search the AR coefficients. The proposed algorithm in Table
5.1 requires O(M?) + O(N) multiplications, where M and N are the orders of the
AR and the MA filters, respectively. The complexity of the algorithm is brought
down to O(M)+O(N) by taking advantage of the redundancy in the calculation of
the gain vector. Simulation results showed that the algorithm converges fast while
being fairly unaffected by signal statistics and the initial value of the weight vector.
Moreover, since the LMS is relieved from updating the denominator coefficients,
a large step size can be used for the LMS to speed up adaptation. The algorithm
showed through simulations the ability to achieve global convergence for sufficient
and some reduced order cases.

In chapter 6, we presented a theoretical analysis of the leaky LMS algorithm
through studying the convergence properties of the mean square. This was under
the assumptions of zero-mean stationary Gaussian input signals and the indepen-
dence of the data vector from the weight vector. We derived a recursion charac-
terizing the evolution of the weight vector covariance matrix, {Eq.(6.9)}. Then an
expression for the second moment of the weight vector, which is the key to MSE
analysis, was obtained. We presented direct stability bounds for the convergence of
the MSE, {Eq.(6.40)}, {Eq.(6.42)}. Furthermore, we derived an exact expression

for the algorithm steady state excess MSE {Eq.(6.54)}. The equation quantifies
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the impact of all input parameters: input signal statistics, crosscorrelation between
the input signal and the desired signal, step size value, and the leakage factor on
the algorithm steady state performance. Additionally, it shows that the excess
MSE of the Leaky LMS is due to two sources. The first is due to the noisy gra-
dient estimate as is common for LMS algorithms. This is directly proportional to
the noise level. The second is due to the leakage term. This is proportional to
the crosscorrelation between the input and the desired signals (as opposed to the
LMS contribution which is independent of crosscorrelation) and most importantly
is independent of the disturbance noise. It should be noted that all results pre-
sented for the Leaky LMS are identical to those of the LMS algorithm when v =0
[31, 47]. The analytical results were shown to agree well with simulation results.

Finally, we considered one of the applications of the LMS algorithm in chapter
7. Problem of bursting in adaptive echo cancelers used in conjunction with hybrids
on telephone lines commonly arises when operating under nonideal conditions. It
was recognized that the presence of the adaptive algorithm in a feedback loop along
with the strong crosscorrelation between the input signal and the near-end signal
are the root causes of bursting in adaptive hybrids.

Current methods introduced to prevent bursting suffer several disadvantages.
Some can be only applied to the case of first order hybrid and are not generalizable

to practical cases of higher orders. They also require knowledge of the hybrid and
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use some predetermined thresholds [24, 36]. Other practical methods [108, 109]
restrict the nature of the near-end signal to be a pure tone and use predetermined
thresholds.

We have proposed a modified echo canceler that aims at stopping bursting by
weakening the driving force behind it: the crosscorrelation between the near-end
signal and the received signal at the near-end. The proposed solution prevents
the occurrence of bursting while ensuring normal operation is not affected. This
was verified by theoretical analysis of the proposed setup under normal operation.
The approach does not require knowledge of the hybrid parameters nor does it
constrain the order of the hybrid or the adaptive echo canceler. Consequently, it is
directly applicable for practical hybrids with a large number of unknown taps. The
proposed setup adds 6M more multiplications over the conventional echo canceler,
M being the order of the adaptive decorrelating filter. Simulation examples have
verified the effectiveness of the proposed approach in bursty as well as normal
environments. It was demonstrated that the setup retains performance equivalent

to the conventional one when it operates under normal conditions.
8.1 Suggestions for further research

Through the course of this research, several issues and ideas that can be further

investigated come up. Here, we summarize a few:
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1. The least squares approach utilized to search the denominator coefficients of
the IIR adaptive filter can also be applied to seek the numerator coefficients.
However, this entails a heavy toll when considering the computational com-
plexity. An alternative is to derive a fast version. Numerical stability is
a serious issue in this case. The investigation of the possibility of applying
some of the stabilizing method that rely on feeding back the numerical errors
[6, 98] is needed. A comparison of this approach with the RML algorithm
[62] and the IIR SER algorithm [113] can highlight the potential advantages

and disadvantages of the proposed approach.

2. The LMS-LS algorithm discussed in chapter 4 and the one suggested above
are formulated for direct form adaptive IIR filters. To solve the problem of
stability monitoring, it is worthwhile to investigate applying the approach to
the cascade form [97]. In this case, the filter comprises second order sections

in which the stability triangle method can directly be utilized.

3. Of primary concern is the operation of a given algorithm in finite precisiqn
environment. This reveals the true performance of the algorithm when im-
plemented using fixed point arithmetic. The analysis presented for the Leaky
LMS assumned infinite precision operation. Therefore, a study of the perfor-
mance of the Leaky LMS when implemented with finite precision can be of

relevant importance.
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4. Investigation of different approaches to overcome bursting in adaptive hybrids

is still an open issue for further improvement.
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Appendix A

In this Appendix, we derive an expression for the steady state excess MSE of
the Leaky LMS algorithm resulting from the fluctuations of the algorithm weight
vector W(n) about the steady state mean solution Wy, of the algorithm. Defining

VL(nr) = W(n) — Wy, then Eq.(6.2) can be written as
Vi +1) = I a(rI+ X(R)XT@)IVL(r) — gy W + pe”(m)K(n)
+u(yL+ X ()X (n))] L (A1)
where Wi, = (R+41)"'P,L = W*—Wy = [i,5,...,In]T,and L = [, &,..., &)T
as defined in chapter 6. Note that from Eq.(A.1), as expected, E{Vy(c0)} = 0.
We define Zy,3(n) as an N x 1 whose components are the diagonal elements of

E {VL(n)VE(n)} Using Eq.(A.1) and after some manipulations, it can be shown

that

Zr1(00) = AZp1(00) + pTepmin + p2A%L (A.2)
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Following the same approach in chapter 6. it can be shown that the steady state

MSE in terms of the newly defined coefficient error vector Zg(n) is given by
€{00) = CLmin + LT Zp1(00) (A.3)

Consequently, the increase in the MSE of the Leaky LMS algorithm resulting exclu-
sively from its fluctuations about the minimum attainable MSE can be expressed

as

CIA:::(OC’) 5(00) = €Lmin

= TTZ1(0)) (A4)

Using Eq.(A.2) in (A.4), we obtain the expression for €f.-(00) in Eq.(6.58).
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