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Abstract

In this thesis, we address two problems in cycle decompositions. In the first problem,
we resolve the last outstanding case of the directed Oberwolfach problem with tables
of uniform length. More specifically, we address the case with two tables of equal
odd length. To do so, we construct a resolvable decomposition of the complete sym-
metric directed graph into two directed cycles of the same odd length. This affirms a
conjecture of Burgess and Sajna (2014).

In the second problem addressed in this thesis, we partially solve a conjecture
on directed cycle decompositions of products of directed graphs. This conjecture
stipulates that, given two directed graphs G and H that both admit a decomposition
into directed hamiltonian cycles, the wreath (lexicographic) product of G with H
can also be decomposed into directed hamiltonian cycles. This conjecture has been
shown to be true when |V(G)| is odd and |V (H)|> 2 by Ng (1998). In this thesis,
we assume that |V (G)| is even and show that this conjecture is true if |V(H)| is odd
and |[V(H)|> 3, or |V(H)] is even, |V(H)|> 2, and G is not a directed cycle. In
addition, we show that, if G is a directed cycle, where |V(G)|> 2, and H is either a
directed m-cycle with m > 4 even or H is the complete symmetric directed graph on
m vertices such that m > 3, then the aforementioned conjecture is also true. Lastly,
we show that this conjecture is false when G is a directed cycle of even length and H

is a directed cycle of length 2 or 3.
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Chapter 1
Introduction

In this thesis, we will be addressing two cycle decomposition problems. This type of
problems generally lies at the intersection of graph theory and design theory, and can
thus be solved using methods from either fields. We choose to formulate these prob-
lems as graph-theoretic problems. Therefore, we begin by providing key definitions

in graph theory, followed by those in cycle decompositions.

1.1 Graph Theory

For standard graph-theoretic definitions not found in this thesis we direct the reader
to [20].

Let G be a graph; we denote its vertex set as V(G) and its edge set as E(G). If
vertices  and y are adjacent, we write x ~ y and denote the corresponding edge as
xy. All graphs in this thesis are simple graphs. If D is a directed graph (digraph for
short), we denote its vertex set as V(D) and its arc set as A(D); an arc whose tail is =
and head is y is written (z,y). A digraph is strict if it does not contain two arcs with
the same tail and the same head, and it does not contain an arc whose head is also
its tail. All digraphs in this thesis are strict. The symbols K,, and K, will denote the
complete graph on n vertices and the edgeless graph on n vertices, respectively. The
complete multipartite graph with parts of sizes my, ma, ..., my, denoted Ky, my. . s
is the graph whose vertex set is the disjoint union of n sets (parts) of vertices of

sizes mq,mo, . .., my,, respectively; two vertices are adjacent if and only if they are

-----



1. INTRODUCTION 2

(a) The complete graph Ky. (b) The complete symmetric digraph K.

Figure 1.1: The complete graph K, and its symmetric directed counterpart.

parts of size m as K,[y). In this thesis, we primarily concern ourselves with digraphs,
in particular, symmetric digraphs. A digraph is said to be symmetric if, for every
arc (xz,y) € A(D), there is also the arc (y,z) € A(D). Starting with a graph G,
we can construct its symmetric directed counterpart by replacing each edge {z,y}
of G with arcs (z,y) and (y,z); the resulting digraph is denoted G*. We say that
G is the underlying graph of G*. The complete symmetric digraph, denoted K, is
the digraph on n vertices such that for any two distinct vertices x and y, we have
(x,y), (y,x) € A(K}). See Figure [L.1] for a simple example of a complete symmetric
digraph. Lemmas and summarize some basic properties of K,, and K that

follow directly from their definitions.

Lemma 1.1. Gwen positive integers n and m, the following hold:

(81) |E(Kn)l= (3):

(S2) K, is (n—1)-regular.

Lemma 1.2. Consider a graph G and its symmetric directed counterpart G*. Then
(S1) |A(G")|=21E(G);

(S2) The in-degree of each vertex of G* is equal to its out-degree.

We now define a class of graphs and a class of digraphs frequently used in cycle
decomposition problems. Let m be a positive integer and C' C {1,2,...,[%]}. The
circulant of order m with connection set C, denoted X(m,C), is the graph with
vertex set V' = Z,, and edge set £ = {{z,y} | min{z —y,m — (z —y)} € C}, with
x — y evaluated modulo m. Let D C {1,2,...,m — 1}. The directed circulant of
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order m with connection set D, denoted )_f(m,D), has vertex set V = Z,, and arc
set A= {(z,y) |y — 2 € D}, with y — = evaluated modulo m.

In a simple graph G, a walk of length n is a sequence of vertices W = (vg, v1, va,
...,v,) such that, for all i € {0,1,...,n-1}, we have that v; ~ v; ;. Vertices vy and
v, are the endpoints of W. The walk W is a closed walk if v, = vg and n > 1. If
W has no repeated vertices, it is a path of length n, denoted P,. A cycle of length
n, denoted C,, is a closed walk of length n with no repeated vertices except for
the first and the last vertex. Furthermore, given a strict digraph D, a directed walk
of length n of D is a sequence of vertices (vg, vy, v, ...,v,) such that (v;,v;41) €
A(D) for all i € {0,...,n-1}. A directed cycle C,, is a directed walk of length n
with no repeated vertices except that vy = wv,. A directed path (dipath) 13” is a
directed walk of length n with no repeated vertices. We shall denote the length
of a dipath P as len(P). The first vertex of a dipath P is known as its source
and is denoted s(P), while the last vertex of P is known as its terminal and is
denoted t(P). The set of inner vertices of a dipath P is the set V(P)\{s(P),t(P)}.
The concatenation of dipaths P = (v1,vs,...,v,) and Q = (vn, Upt1, ..., Un) is the
directed walk PQ = (vy,va, ..., Un_1,Vp, Uns1,---,VUm). Note that each |directed| path
and cycle of a [diJgraph G corresponds to a unique sub|di]graph of G.

There are many ways in which we can combine two graphs to form a third graph.
The union of graphs G and H is the graph with vertex set V(G)UV (H) and edge set
E(G)UE(H). Graphs G and H are disjoint if V(G)NV(H) = () and edge-disjoint if
E(G)NE(H) = 0. The disjoint union of m graphs, each isomorphic to G, is denoted
mG. Analogous definitions apply to digraphs.

We can also construct a third graph from two graphs using binary operations
known as graph products. Because the focus of this thesis is on digraphs, we shall
define all graph products for digraphs. If G and H are digraphs, then the wreath
product of G with H (also known as the lexicographic product), denoted G ¢ H, is the
digraph on vertex set V(G) x V(H) such that ((g1,h1), (92, he)) € A(G U H) if and
only if (g1,92) € A(G) or g1 = go and (hy,hs) € A(H). Observe that the wreath
product is not commutative. The direct product of G and H, denoted G x H, is
the digraph on vertex set V(G) x V(H) such that ((g1, k1), (g2, h2)) € A(G x H) if
and only if (g1,92) € A(G) and (hy,hy) € A(H). Next, the Cartesian product of
G and H, denoted GOH, is the digraph with vertex set V(G) x V(H) such that
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((g1, 1), (g2, h2)) € A(GOH) if and only if g1 = go and (hy, hy) € A(H), or hy = hs
and (g1, ¢92) € A(G). Lastly, the strong product of G and H, written G X H, is the
digraph with vertex set V(G) x V(H) such that ((g1,h1), (g2, h2)) € A(GK H) if and
only if g1 = go and (hq, he) € A(H), hy = he and (g1, g2) € A(G), or (g1, 92) € A(G)
and (hy, hy) € A(H). See Figure for a very simple example of each type of graph

14N

(a) The digraph P11 Ps. ) The digraph P,0OPs. (c) The digraph Py x Py

B

(d) The digraph PR P,.

product.

Figure 1.2: Hlustration of P, ® P, for relevant graph products ®.

We now proceed with some further graph-theoretic definitions. If all vertices of
a graph G are of even degree, then G is said to be even. Moreover, if all vertices of a
graph G are of degree k, then G is k-reqular. A k-factor of G is a k-regular spanning
subgraph. The graph K,,—1I is the complete graph on n vertices, where n is even, with
the edges of a 1-factor, I, removed. A 2-factor of GG is a spanning subgraph that is a
disjoint union of cycles. A C,,-factor is a 2-factor of G that is the disjoint union of
m-cycles, while a (Cp,,, Crnys - - ., Ciny ) -factor is a 2-factor that is the disjoint union of
t cycles of lengths mq, mo, ..., my, respectively. A bipartite 2-factor of GG is a 2-factor
comprised of disjoint cycles of even lengths. A hamiltonian cycle of G is a spanning
cycle; the graph G is hamiltonian if it contains a hamiltonian cycle.

Now, we extend the definitions introduced in the previous paragraph to digraphs.

If H* is a symmetric digraph with underlying k-regular graph H, then H* is a k-
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reqular digraph. A directed 2-factor of digraph G is a spanning subdigraph comprised
of disjoint directed cycles. Furthermore, a ém-factor is a directed 2-factor of G in
which all components are directed m-cycles. Moreover, a (@ml, @mz, e ,C_jmt)— factor
of GG is a directed 2-factor that is the disjoint union of ¢ directed cycles of lengths
mi, Mo, ..., My, respectively. A bipartite directed 2-factor of digraph G is a directed
2-factor comprised of disjoint directed cycles of even lengths. A directed hamiltonian
path of a digraph G is a spanning subdigraph of G that is also a dipath, and a directed
hamiltonian cycle of GG is a spanning subdigraph of GG that is also a directed cycle. If

(G contains a directed hamiltonian cycle, then G is said to be hamiltonian.

1.2 Cycle decompositions

We now proceed by introducing several important definitions pertaining to cycle de-
composition problems. First, a decomposition of a graph G is a set { Hy, Ho, ..., Hy} of
pairwise edge-disjoint subgraphs of G such that E(G) = E(H,)UE(H2)U...UE(Hy).
If such a decomposition exists, we write G = H, ® Hy & ... ® H,. If all H; are iso-
morphic to the same graph H, then {Hy, Hs, ..., Hy} is called an H-decomposition
of G; in that case, we write H|G and say that G is H-decomposable.

Let D = {Hy, Hs, ..., H,} be an H-decomposition of G. The decomposition D is
said to be resolvable if it can be partitioned into subsets such that the copies of H in
the same subset partition the set of vertices of G; each subset is a resolution class of D.
If{H,;,,H,,,..., H;} is aresolution class of D, then the subgraph H;, UH;,U...UH;,
is called an H-factor. An H-factorization is a decomposition into H-factors, and cor-
responds to a resolvable H-decomposition. A (C,,, Cp,, - - -, Cpn, ) -factorization of G
is a decomposition of G into (Cp,,, Cpn,, - - ., Cp, )-factors. A hamiltonian decomposi-
tion of G is a decomposition comprising of hamiltonian cycles of G. Lastly, a graph
is hamiltonian decomposable if it admits a hamiltonian decomposition. We conclude
by stating that all definitions above naturally generalize to digraphs.

In this thesis, we are concerned with ((_jml, (_ij, cee émt)—factorizations of var-
ious digraphs including K. Of course, not every |[di|graph admits a [directed| cycle
decomposition. For instance, Veblen’s Theorem stipulates that a graph admits a de-
composition into cycles if and only if it is even. In the case of digraphs, the necessary

and sufficient condition is that the in-degree of each vertex is equal to its out-degree.
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Further conditions are needed if we impose restrictions on the length of the cycles in
our decomposition. For instance, since a Cy-decomposition of GG is a partition of its
edge set into the edge sets of copies of Cy, it must be that & divides |E(G)|. Moreover,
if this decomposition is to be resolvable, then k£ must also divide |V(G)|. Applied to

K, these conditions translate to the following lemma.

Lemma 1.3. If K,, admits a C,,-decomposition, then n is odd, m\@, and m <
n; if K, admits a Cy,-factorization, then additionally m|n. Lastly, if K, admits a

(Cys Congs - -, Ciy ) -factorization, then n = my +mo + ...+ my.

In the lemma above, the condition m < n is needed for K, to contain a copy
of C,,. Observe that the equality n = m; +mo + ... + m; also implies that m; < n
for all i € {1,2,...,t}. Lastly, we consider necessary conditions for the existence of
a certain decomposition of K into directed cycles. By Lemma [I.2] the out-degree
equals the in-degree for all vertices of K. As such, one less necessary condition is

required.

Lemma 1.4. If K* admits a C,-decomposition, then m|n(n—1) and m < n; if K ad-
mits a ém-factorization, then additionally m|n. Lastly, if K} admits a (C'ml, émw ce

émt)-factorization, thenn =my +mo+ ...+ my.

The conditions given in Lemmas and above are commonly referred to as
the obvious necessary conditions. The difficulty lies in determining whether these
are in fact sufficient. This is precisely what we accomplish in this thesis with the
conditions given in Lemma [I.4] for certain values of n and pairs (mq,ms).

We conclude with a simple example to illustrate some of the aforementioned

concepts.

Example 1.5. In Figure [I.3] we give a simple example of a Cj-factorization of the
graph K. In this 2-factorization, denoted F, we have two Cjy-factors, given in

Figures and respectively.
0J

We remark that a C'y-factorization of K;[4] can easily be obtained from a Cjy-

factorization of Kypy. That is, for each cycle in the Cy-factorization of Ky, we obtain
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(a) The graph K. (b) First Cy-factor of F. (c) Second Cy-factor of F.

Figure 1.3: A Cj-factorization of K.

two directed cycles, one for each direction. In fact, if G admits a (Cy,y, Crngs - - -, Ciny )-
factorization, then G* admits a ((?*ml, émQ, . ,émt)—factorization. However, the con-
verse does not always hold, chiefly because the underlying graph of a symmetric
digraph may not satisfy the hypothesis of Veblen’s Theorem or satisfy the other nec-
essary conditions. For instance, if the in-degree of each vertex of G* is odd, then
the underlying graph is regular of odd degree and thus does not even admit a cycle
decomposition. Furthermore, if G* admits a C',-factorization, then 2 - |E(G)] is di-
visible by m. However, this does not imply that |E(G)| is divisible by m, especially
if m is a composite integer. If m is even and |E(G)| is odd, then clearly m { |E(G)|

and thus G does not admit a C,,-factorization.

1.3 History

Cycle decomposition problems have a rich history dating back to the 1800s. In order
to contextualize this thesis’ results, we give a brief overview of some of the different
types of cycle decomposition problems and their current states. For a comprehensive

collections of known results (as of 2007), we direct the reader to [26].

1.3.1 Cycle decompositions of K,

One of the earliest attempts to decompose graphs into cycles was made in 1835 by
Pliicker [55] when he discovered a decomposition of Ky into copies of C5 and claimed
that a Cs-decomposition of K, exists only if n = 3 (mod 6). He later revised his
claim to include the case n = 1 (mod 6) [56]. One should note that, at the time,
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this investigation was not formulated as a cycle decomposition problem but rather
as a geometrical problem. In 1844, Hesse [35]| attempted to prove that the sufficient
conditions for the existence of a C3-decomposition of K, were sufficient. Kirkman
also began studying this problem in 1847 and showed that in fact the necessary con-
ditions were sufficient in [42|. Unfortunately for Hesse and Kirkman, Steiner |64] also
constructed Cs-decompositions of K, for all n = 1,3 (mod 6) and, although Steiner
began working on this problem in 1853, these famous decompositions are now known
as Steiner triple systems. Later, in 1892, Walecki [49] then showed that K, is hamil-
tonian decomposable when m is odd and that K,, — I is hamiltonian decomposable
when m is even. In 1964, further advances were made on cycle decompositions of
complete graphs. Kotzig |43] and Rosa [58| jointly showed that a C,,-decomposition
of K, exists when n = 1 (mod 2m) and m is even. Furthermore, Rosa [59|, proved
that C5|K,, and C7| K, under the necessary conditions. Jackson [39] then showed that
the graph K,, admits a C,,-decomposition when n = 1 (mod 2m) and m is odd. An
important reduction step was made by Hoffman et al. in 1989 when they were able to
show that if n and m are odd and a C,,-decomposition of K, exists for all n € [m, 3m)
that satisfy the necessary conditions, then a C),-decomposition of K,, exists for all
n satisfying the necessary conditions. Then, in 2001, Alspach and Gavlas [5| com-
pletely solved this problem when n and m are of the same parity. However, their
original results contained a small error. A correction was then made in 2021 [8]. Sa-
jna [60] completed the solution by solving the case in which m and n are of different
parity. An alternative C,,-decomposition of K,, can be found in [22] whenever m is
odd, n satisfies the necessary conditions, and n < 3m. The C),-decomposition of K,

constructed in [22] satisfies additional constraints.

1.3.2 The Oberwolfach problem

Soon after the introduction of Steiner triple systems, the notion of a resolvable system
was introduced by Kirkman in 1847 [42|. Kirkman posed the following problem:
fifteen schoolgirls are to walk three abreast once a day for seven days; can they be
arranged so that no two shall walk abreast twice? This problem is equivalent to
finding a Cs-factorization of Ki5. In that same year, a solution was independently

found by Cayley and Kirkman. Kirkman generalized this problem to K. In that
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case, we seek a Cs-factorization of K,,. By Lemmall.3|the necessary conditions require
that n = 3 (mod 6). In 1961, Lu showed that this necessary condition sufficed.
Unfortunately, his work remained unpublished until 1990 [4§|. In the meantime, in
1973, Ray-Chaudhuri and Wilson [57] independently solved this problem and were
initially credited with the result.

Posed by Ringel in 1967 in 32|, the Oberwolfach problem generalizes the Kirkman
schoolgirl problem by extending it to any 2-factor. The original Oberwolfach problem
poses the following question. Given a conference with n = 2r+ 1 attendees, can these
attendees be seated at t round tables, each seating mq, mo, ..., m;, respectively, for r
consecutive nights so that every participant sits beside every other participant exactly
once? This question can be formulated as a cycle decomposition problem as follows. If
mi+ma+...+my = n, does the graph K,, admit a (C,,, Cpy, - - . , O, )-factorization?
When all tables are of the same length m, we are then seeking a C,,-factorization of
K,,. Of course, we cannot consider the problem as stated for 2r participants since the
conditions of Veblen'’s theorem fail. However, Huang et al. [38] extended this problem
to the case n = 2r by removing a 1-factor from K,,. Alspach and Héggkvist |7] solved
the uniform table case for tables of even length, showing that a C,-factorization of
K, — I exists when m is even, m > 4, and m|n. In 1989, Alspach et al. |9] then
solved the uniform table case for m odd and n # 4m. Lastly, in 1991, Hoffman and
Schellenberg [36] solved the remaining case where m is odd and n = 4m.

As for the Oberwolfach problem with tables of varying lengths, the necessary
conditions are known to be sufficient for all n < 60 [3,[27,[29,[30,|61] except that there
are no solutions when we have 2 or 4 tables of size 3, one table of size 4 and one of size
5, and two tables of size 3 and one table of size 5. Aside from these four exceptions,
the necessary conditions are conjectured to be sufficient for all n. Recently, some
notable advances have been made. For instance, the case in which all tables are of
even size was completely solved by Héggkvist [34] when n = 2 (mod 4) and by Bryant
and Danziger [21] when n = 0 (mod 4). In 2004, Gvozdjak [33] solved the two-table
case when both tables are of odd lengths. Then, in 2013, Traetta [69] completed
the solution to the two-table case of the Oberwolfach problem. Note that |69 gives
a complete solution to the two-table case. In 2024, Traetta [70] shows that the
Oberwolfach problem has a solution when we consider seating arrangements with one

table of sufficiently large size. An explicit lower bound is given on the length of this
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table. Lastly, in 2021, the necessary conditions were shown to be sufficient for large
enough n by Glock et al. [31]. Although Glock et al. do not provide a lower bound on
n, their results imply that no infinite family of cases for which the obvious necessary

conditions are not sufficient exists.

1.3.3 Directed cycle decompositions

Naturally, the question of whether K, admits a C,,-decomposition can be extended to
K. In the first chapter of his doctoral thesis, Bermond [14] conjectured that K ad-
mits a C,,-decomposition if and only if m|n(n—1) and (n,m) & {(6,3), (4,4), (6,6)}.
He then affirmed his conjecture for m € {10, 12,14}. Bermond and Faber |[16] then
showed that K admits a ém—decomposition when m € {4,6,8,16}, and also when
m|(n — 1) and m is even, except when (m,n) € {(8,8),(6,6)}. Furthermore, Sot-
teau [63] showed that K* admits a C'u-decomposition when m is odd, m > 5, and
n =0,1 (mod m). Lastly, in 2003, Alspach et al. [6] completely proved the conjecture
of Bermond.

In [24], Burgess and gajna introduced the directed Oberwolfach problem. In this
variation of the original Oberwolfach problem, we ask whether it is possible to seat
n participants at t round tables of lengths my, mso, ..., m;, where m; + ms + ... +
my = n, so that each participant is seated to the right of every other participant
exactly once over the course of n—1 nights. In the language of cycle decomposition,
this is equivalent to the existence of a (éml, é’mQ, o ,5mt)—factorization of K when
my+ms+ ...+ my = n. Much of the existing literature on the directed Oberwolfach
problem pertains to the case with tables of uniform length. In that case, one aims
to show that K admits a C'o-factorization when mn. A C,,-factorization of K} has
been shown to exist for m = 3 and n # 6 [1§], m = 4 and n # 4 |2,/13|, and when
n is odd [24] assuming the necessary conditions are satisfied. Tillson [68] showed
that there exists a ém—factorization of K when m is even and m > 8. Burgess and
Sajna [24] showed that, for all even n > 6, a C',.-factorization of K exists when
m|n, m is even, and (n,m) & {(6,3), (4,4), (6,6)}. Although they did not solve the
case m odd and n even, Burgess and Sajna [24] showed that, to address that case,
it suffices to construct a C,-factorization of K5, . They then conjectured that K3,

admits a C,,-factorization for all odd m > 5. This conjecture can be viewed as the
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last outstanding case of the directed Oberwolfach problem with tables of uniform
length. In an attempt to prove this conjecture, Burgess et al. |23] showed that K
admits a ém—factorization for all odd m such that 5 < m < 49.

We now discuss results on the directed Oberwolfach problem with cycles of
varying length. Thus far, the only result on this more general case can be found
in [40] and [37]. In [40], Kadri and Sajna used a recursive approach to obtain sev-
eral infinite families of solutions. One of their key results is a near-complete solution
to the two-table case of the directed Oberwolfach problem with cycles of varying
lengths. Namely, Kadri and Sajna construct a (éml, émg)—factorization of K when
my+mo = n and my; < ms except when m; € {4,6}, ms is even, and n > 14. Horsley
and Lacaze-Masmonteil |37] then completed the solution to the two-table case of the
directed Oberwolfach problem by constructing a (Cn, , Com, )-factorization of K* when

my + my =mn, my € {4,6}, my is even, and n > 14.

1.3.4 Cycle decompositions of products of graphs

Graph products give rise to graphs with particularly interesting structure. Gener-
ally, one is interested in determining whether a particular graph-theoretic property
is inherited from G and H by the product G ® H. In the context of cycle decompo-
sitions, one assumes that G and H admit a certain type of decomposition and then
investigates whether G ® H also admits this type of decomposition.

Laskar was one of the first researchers to look at cycle decompositions of graph
products. In her paper [45|, she proved that C, ! K,, admits a hamiltonian decom-
position, which Bermond [15] then used to construct a hamiltonian decomposition
of Kym) that is simpler than the one constructed by Laskar and Auerbach in [46].
Laskar [45] also constructed a hamiltonian decomposition of C; ! Cy, when m is odd
or r is even.

In 1978, Bermond [15] made several conjectures regarding hamiltonian decompo-
sitions of graph products that have since garnered the attention of several researchers.
Baranyai and Szasz [12] settled one of the conjectures of Bermond by proving that,
if G and H are hamiltonian decomposable graphs, then G ¢ H is also hamiltonian de-
composable. In 1995, Muthusamy and Paulraja [51] partially settled a more general

question first raised by Alspach et al. [4]: if G admits a decomposition into hamil-
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tonian cycles and a single 1-factor and H is a hamiltonian decomposable graph, is
G ! H a hamiltonian decomposable graph? Muthusamy and Paulraja [51| answered
this question in the affirmative if an additional condition on G is imposed. As for the
wreath products of digraphs, in [52], Ng affirmed the following conjecture for |V (G)|
is odd and |V (H)|> 2: if G and H are hamiltonian decomposable digraphs, then
G ! H is hamiltonian decomposable. This conjecture remains open for the case in
which |V(G)| is even.

Regarding the direct product, Bermond [15] proved that C, x C,, is hamiltonian
decomposable when at least one of r and m is odd. Bermond then showed that, if G
and H are hamiltonian decomposable, and at least one of |[V(G)| and |V (H)| is odd,
then G x H is hamiltonian decomposable. Balakrishnan et al. [10] have showed that
K, x K,, is hamiltonian decomposable for all n,m > 3 provided that either n or m
is odd. As for digraphs, Paulraja and Sivasankar [54] have shown that the digraph
K} x K}, is hamiltonian decomposable when n > 4 is even, and m > 5 or m = 3.

In 1991, Stong |65] partially settled another conjecture of Bermond [15] which
stipulates that, if G and H are hamiltonian decomposable graphs, then so is GLH.
Regarding the Cartesian product of digraphs, Keating [41] has shown that C,,(1C,, is
hamiltonian decomposable if and only if there exist positive integers s; and sy such
that ged(m,n) = s1 + s and ged(mn, sys9) = 1. In 2006, Stong [66] also showed that
K;OK;0K; ... 0K, which is the Cartesian product of r copies of K7, is hamiltonian
decomposable.

As for the strong product of two graphs, Fan and Liu [28] and Zhou |71] jointly
showed that, if G and H are hamiltonian decomposable graphs, then G X H is also
hamiltonian decomposable.

Of course, the study of cycle decompositions of graph products is not limited
to decompositions into hamiltonian cycles. For example, in 2017, Bogdanowicz |19]
showed that ét|6rD6’p when the obvious necessary conditions are satisfied. An ex-
ample of a result on 2-factorization of graph products can be found in [53|, in which
Paulraja and Kumar show that K, x K, admits a C;-factorization when ¢ is even and

the obvious necessary conditions are satisfied.
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1.4 Overview of the thesis

In this thesis we address two problems in cycle decompositions. First, in Chapter[2] we
survey current results on each of these problems. In addition, we also review certain
well-known methods in cycle decompositions that are central to our investigation.

In Chapter 3] we complete the solution to the directed Oberwolfach problem with
two tables of uniform odd size. Namely, we construct a C\,-factorization of K3, when
m > 11 is odd. This proves a conjecture of Burgess and Sajna [24], thereby resolving
the last open case of the directed Oberwolfach problem with tables of uniform length.

In Chapter [l we examine the following conjecture: if G and H are hamiltonian
decomposable digraphs, then GG H is hamiltonian decomposable. We concentrate on
the case in which |V(G)| is even and show that this conjecture is true when |V (H)|
is odd and |V (H)|> 3, or |V(H)|> 2 is even and G is not a directed cycle. We show
that this conjecture is also true when G = én and H = ém, n and m are even,
and n,m > 4. In addition, we show that this conjecture is true when G = 5n and
H = K, when n > 4 is even and m > 3. Lastly, we show that this conjecture is false
when G = C,, with n even and H € {Cy, C3}.



Chapter 2
Preliminaries

For this thesis, we will address two open problems in cycle decomposition. Both of
these problems are discussed in greater detail in this chapter. We present a more
detailed history of each problem along with its current state. Moreover, we replicate
certain proofs in order to showcase common techniques in the area of cycle decompo-

sitions. These methods are similar to those used in this thesis.

2.1 The directed Oberwolfach problem

As first discussed in Chapter 1, a directed variant of the Oberwolfach problem was
first introduced by Burgess and Sajna et al. in [24]. In this variation, we treat the
question of existence of a (éml, émm Cey émt)—factorization of K when the obvious
necessary conditions are satisfied. In [40], Kadri and Sajna point out that, if n is odd, a
(Crays Crngs - - -, Cn, )-factorization of K7 can be obtained from a (Cp,, Congs - - -  Con, )-
factorization of K,,. We replace each (Cy,,, Cpn,, - - ., C, )-factor in this 2-factorization
of K, with two (éml, émQ, el émt)-factors oriented in opposite directions. There-
fore, current constructive solutions to the original Oberwolfach problem give rise to

the following corollary.

Corollary 2.1. /5,/9,(27,(29,50,/35,49,69] Let 3 < my < my < ... < my be integers
such that my +mgo+...+my =n is odd. If (mqy,ma,...,my) & {(4,5),(3,3,5)}, then

K> admits a ((_f’ml, émw e ,émt)—factorization in each of the following cases:
(S1) mi=my=...=my;

14
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(52) n < 60;

(S3) t =2.

Observe that we cannot apply the same reasoning when n is even because solutions to
the original Oberwolfach problem correspond to a (Ci,,, Cry, - . ., Cp, )-factorization
of K,, — I. Therefore, researchers generally concentrate on cases of the directed
Oberwolfach problem in which n is even.

We will now further discuss current results on the directed Oberwolfach problem
with tables of uniform length and thus, on C',-factorization of K. For readers with a
background in design theory, we remark that a @m—factorization of K} is also known
as a resolvable Mendelsohn design with blocks of size m [26]. If a C,-factorization of
K exists, the obvious necessary conditions stipulate that n = am for some positive
integer . It is evident that these conditions are sufficient when m = 2 since such
a decomposition corresponds to a 1-factorization of the graph Ks,, which is widely
known to exists [26]. As with many cycle decomposition problems, researchers began
to tackle the problem of existence of a C,-factorization of K by looking at small
cycle lengths. In [18], it was shown that the necessary conditions suffice for m = 3

except when n = 6, as stated in the theorem below.
Theorem 2.2. 18/ The graph K3, admits a C's-factorization if and only if o # 2.

It is not uncommon for the necessary conditions to suffice for all but a finite
number of cases, as seen in Theorem

In 1990, Bennett and Zhang [13| showed that the necessary conditions are suf-
ficient for m = 4 except when n € {4,12}. Regarding n = 4, Bennett and Zhang
showed that no C;-factorization of K + exists. However, they could not confirm the
existence or non-existence of a Cy-factorization of K7,. This missing case was then

filled by Adams and Bryant [2|. These two results yield the following theorem.

Theorem 2.3. [2,|15] Let o be a positive integer. The directed graph K}, admits a
5'4-fact0rizatz'0n if and only if a # 1.

In 2002, Abel et al. proved the following.

Theorem 2.4. [1] The digraph Kz, admits a Cs-factorization for all a > 215.
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Note that Abel et al. |I| were investigating the existence of resolvable perfect
Mendelsohn designs with blocks of size 5. These can be viewed as C's-factorizations
of K?, with further constraints.

We now proceed to the case of the directed Oberwolfach problem with a single
table. In this case, we aim to determine when K is hamiltonian decomposable. Any
decomposition into directed hamiltonian cycles is a directed 2-factorization; each di-
rected cycle in such a decomposition is a directed 2-factor. Therefore, a hamiltonian
decomposable digraph admits a directed 2-factorization comprised of directed hamil-
tonian cycles. Corollary implies that K admits a C',-factorization for all odd
n > 3. In 1980, Tillson [68| showed that for n even and n > 8, the digraph K is
hamiltonian decomposable. The necessary conditions of Theorem [2.5|follow from [16].

Theorem 2.5. [10,/68/ Let n be an even integer. The digraph K is hamiltonian
decomposable if and only if n & {4,6}.

No other progress was made on the directed Oberwolfach problem until 2012
when Burgess and Sajna [24] used recent advances [47] to make substantial progress
on the uniform table case. The following theorem, proved by Liu [47], is key to
Burgess and Sajna’s investigation and is also a fundamental result in the field of cycle

decompositions.

Theorem 2.6. (4,7 The graph K, admits a Cy-factorization if and only if tmn,
m(n-1) is even, t is even when n = 2, and (m,n,t) &€ {(2,3,3),(6,3,3),(2,6,3),
(6,2,6)}.

Now, we are ready to summarize the work of Burgess and gajna [24] on the
uniform table case of the directed Oberwolfach problem. The case in which we have
an odd number of tables is completely solved as is the case with an even number of
tables of even length, as stated in Theorem [2.9] below. Before we proceed with the
proof of Theorem [2.9] we prove the following two lemmas which are used by Burgess
and éajna to simplify the proofs of Theorems and . We note that we will also
refer to Lemmas and below in Chapters [3] and

Lemma 2.7. [24] Let H and F be digraphs such that H admits an F-factorization,

and n a positive integer. Then nH admits an F-factorization.
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Proof: Let nH = U?:_Ol H; where Hy, ..., H,_; are pairwise disjoint and isomor-
phic to H. For each i, let {F{, Fi, ..., Fi} be the set of F-factors of an F-factorization
of H;. For j € {1,...,k}, define F; = |J}=) Fi. Then Fj is a subdigraph of nH with
vertex set V(nH) and is a disjoint union of copies of F' because the n copies of H
are pairwise disjoint. An arc of nH that belongs to A(H;) and F} is in A(F}). Since
{F]’ |i=0,1,....n—1and j = 0,1,...,k} is a decomposition of nH, it follows
that F; and F, are edge-disjoint when ¢ # r and thus, the set {F|, Fy, ..., F}} is
an F-factorization of nH. Therefore, the digraph nH admits an F-factorization, as

desired.

Lemma 2.8. [2/] Let {Hy, Hy, ..., Hy} be a decomposition of a digraph G into span-
ning subdigraphs and let F be a digraph such that each H; admits an F-factorization.

Then G admits an F-factorization.

Proof: For each i, let D; be an F-factorization of H;. Then, define D = Uf:o D;.
Since each D; is a set of F-factors, so is D. Hence, D is an F-factorization of G since
the set {A(Hy), A(H:), ..., A(Hg)} partitions A(G). i

Now, we give the proof of one of the main results of [24]. We mainly focus on
the general construction using Lemmas and because we shall use them in a
similar fashion in Chapter [3, Hence, we leave out one specific case, namely the case
in which tables are of size 6. Although this specific case is itself interesting, it is not

directly related to the investigation conducted in this thesis.

Theorem 2.9. (24 Let m > 5. If m is even, or a and m are both odd, then K[,
admits a Cy,-factorization if and only if (o, m) # (1,6).

Proof: =~ We consider four cases.
Case 1: m and « are both odd. Then, am is odd and thus, K, admits a Clon-
factorization by (S1) of Corollary

Case 2: m is even and m > 6. The digraph K, can be decomposed as follows:
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K., =K K,) e (KOK,y)
=aKy, & Ky,
That is, the digraph K, is decomposed into « disjoint copies of K and one copy
of K7, that contains all arcs between these a copies of K7, Since K7, admits
a C,,-factorization by Theorem , Lemma implies that ok, admits a Con-
factorization. Moreover, from Theorem we know that K;[m] also admits a C,-
factorization. Therefore, Lemma implies that there exists a ém—factorization of
K.
Case 3: m = 6 and « is even. This case is particularly challenging because K
does not admit a éﬁ—decomposition by Theorem , and K¢ does not admit a Cg-
factorization by Theorem Instead, Burgess and Sajna construct a Cg-factorization
of Kj,. This C'¢-factorization of K7, is then used to find a C'¢-factorization of K¢,

for all even o > 2. See |24] for a full proof.

as desired.

Case 4: m = 6 and « is odd. An approach that is similar to Case 2 is taken. This

time, the digraph K  is decomposed into one copy of 6K and one copy of K;[a]. |

The proof of Theorem allows us to see how known cycle decompositions can
be used to form new cycle decompositions and thus solve problems that were once
thought of as difficult.

When « is divisible by 4 and m is odd, Burgess and Sajna also provide a solution,

as seen in Theorem 2.10] below.

Theorem 2.10. (2] Suppose that m > 5 is an odd integer and that o = 0 (mod 4).

Then K}, admits a C'n-factorization.

The case in which the number of tables of odd size is congruent to 2 modulo 4
remains unsolved for most m values. However, Burgess and Sajna [24] were able to

take an important reduction step.

Theorem 2.11. /2] Suppose that m > 5 is odd and that « is even. If there exists

a ém—factorézatéon of K3,,, then there exists a ém—factorézatéon of K,

Proof: Suppose that a = 23, where § is an integer. Then,
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From the given hypothesis and Lemma m, it follows that SK3, admits a ém—
factorization. Moreover, 2m(5-1) is even. Therefore, by orienting a C,,-factorization
of Kgpm from Theorem , we obtain a ém—factorization of KE[Qm]. Thus K34,
admits a C,-factorization by Lemma |

Therefore, in order to complete the solution of the directed Oberwolfach problem
with tables of uniform length, it suffices to construct a C.,-factorization of K3, for
m odd. Unfortunately, this particular problem is itself difficult. Little progress had
been made at the start of the thesis. In fact, solutions were only known to exist for
all odd m such that 5 < m < 49, as per Theorem [2.12] proven in 2018.

Theorem 2.12. [25] If m is odd and 5 < m < 49, then K3, admits a C,-

factorization.

Despite the fact that solutions have been hard to find, it is conjectured that the

necessary conditions are in fact sufficient for all odd m > 5.

Conjecture 2.13. [2/] If m is a positive odd integer, then the digraph K3 admits

a ém—factorizatz'on if and only if m > 5.

In Chapter 3] we completely resolve Conjecture [2.13] using methods that are
similar to those introduced in this section and the next section.

We conclude this section by discussing existing results on the directed Oberwol-
fach problem with tables of varying lengths. There exist very few results regarding
this more general case of the directed Oberwolfach problem. In [62], Shanabi and Sa-
jna construct a (Co,, Cnys - - ., Co, )-factorization of K* when my +my+...+my = n,
(my,ma,...,my) =(2,2,...,2,3), and n = 1,3,7 (mod 8). In [40], Kadri and Sajna
obtain far more general results using a recursive approach. One of the key results
of [40] is a near-complete solution to the directed Oberwolfach problem with two

tables formulated in Theorem 2.14] below.

Theorem 2.14. [40] Let my and my be integers such that 2 < m; < my and
my +my =n. Then K* admits a (C,, Cm,)-factorization if and only if (my, my) #

(3,3), with a possible exception in the case that my € {4,6}, my is even, and n > 14.
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Remark 2.15. The case of Theorem in which m; = ms, and m; and msy are
odd was resolved by using results that appear in Chapter [3| of this thesis.

Lastly, in 37|, Horsley and Lacaze-Masmonteil completed the solution to the

directed Oberwolfach problem with two tables as follows.

Theorem 2.16. /37 The digraph K admits a (C,,, Com, )-factorization when my +

me =mn, n > 14, my € {4,6}, and my is even.

2.2 Decomposition of K, into bipartite 2-factors

Over the course of the Oberwolfach problem’s rich history, researchers have developed
numerous techniques to construct solutions. In this section, we will be focussing on
a particular constructive method that was first introduced by Héggkvist in |34] and
later used in [21]. We do so because the methods used in Chapter [3| were inspired
from those of [34] and [21]. Refer to [25] for a detailed survey of other constructive
methods for the Oberwolfach problem and its variants.

Both [34] and |21] use the same approach to jointly resolve the Oberwolfach
problem with cycles of even lengths. We first note that the authors of [34] and |21]
investigate the graph K, since the cycles in each 2-factor are of even length. The
main idea is to first decompose K, into spanning k-regular subgraphs with £ small.
In [34], where m is odd, these subgraphs are all hamiltonian cycles. In |21], where
m is assumed to be even, these spanning subgraphs are all hamiltonian cycles except
for one subgraph, G, which is the union of a hamiltonian cycle with a carefully
chosen 1-factor of K,,. These decompositions of K,, are used to decompose Kj,,
into spanning subgraphs of the form C,, ! Ky and C,, ! K» when m is odd [34],
and C,, ! Ko and G1! K, when m is even [21]. The crux of [34] and [21] is to
demonstrate that, for any combination of even integers mq,ms, ..., m; such that
mi+me+...+my =2m, 4 <my < my < ... < my, the graph C,, L K5 admits
a (Chyy Crnys - - -, O, )-factorization, and C,, ! Ky or G ! Ky admits a decomposition
into one 1-factor and two or three (C,,, Cpny, - - ., Cm, )-factors, respectively.

We will now describe Héggkvist’s approach in further detail starting with a cru-
cial result in cycle decomposition. Note that the notation used in this thesis to

describe results of [34] differ from the original notation.
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Lemma 2.17. (34 Let m > 2 and 4 < my < ma < ... < my be even integers such
that my +mo + ... +my = 2m. The gmph Con l Ko admits a (Crnys Congy o+ Ciy ) -

factorization.

Lemma[2.17 has been used so often in the literature that it is commonly referred
to as Héggkvist’s Lemma. To make use of Lemma [2.17] Haggkvist needed Theorem
[2.1§ given below. Theorem [2.18]is another fundamental result in cycle decompositions

and a key ingredient in the proof of Theorem

Theorem 2.18. [4J] If n is odd, then K, is hamiltonian decomposable. If n is even,

then K, — I is hamiltonian decomposable.

Hiaggkvist uses Lemmal[2.17/and Theorem [2.18] to obtain the following solution to
the Oberwolfach problem. We point out that Theorem corresponds to Corollary
2 in [34).

Theorem 2.19. [3/|/ Let m > 4 be odd and 4 < my < mg < ... < my be even integers
such that my+mo+...+my = 2m. The graph Kgm—] admits a (Cpyy Crngy -+ oy Ciy ) -

factorization.

Proof: To prove the desired statement, we will show that K5, admits a decom-
position into one 1-factor and m — 1 (Cy,,, Cpns, - - ., Ci, )-factors.

By Theorem m, the graph K,, admits a decomposition into Z1 copies of C,,.
Furthermore, we note that C,, ! Ky = (Cpy 0 K2) @ (K 0 Ky). We then see that

Kom = K LK
=Cn®Cpn@®...0C,) K
= (Cu 1K) ® (Coi 1K) @ (Cr 1K) @ ... @ (Cr LK)
= (Co 1K) ® (K 1K) @ (Ci l K2) @ ... @ (Cp L K y).
Notice that K,, ! K5 = mK,. Therefore, the subgraph I = mK, is a 1-factor
of Ky,,. By Lemma , each of the mT_l copies of C,, 1 K5 in the decomposition of
K, is a spanning subgraph of K, that admits a (C,,,,Cy,, ..., Cpn,)-factorization

comprised of two (Cy,,, Cpnsy,s - - -, C, )-factors. Therefore, we see that Ky, admits a

decomposition into m — 1 (Cy,,, Chny,y - - -, Ci, )-factors and one 1-factor, as desired. 1
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It is more complicated to prove the analogous statement to Theorem [2.19/for m is
even because a key ingredient to Haggkvist’s proof of Theorem is a decomposition
of K,, into hamiltonian cycles. Yet, by Veblen’s Theorem, it is known that K, is
not hamiltonian decomposable when m is even. To address this particular case of
the Oberwolfach problem, Bryant and Danziger |21| decompose K, into spanning
subgraphs that fall into two particular isomorphism classes. To describe one of these

isomorphism classes, we introduce the following class of graphs.

Definition 2.20. Let m > 4 be an even integer. The graph Y (m, {1,3°}) is the
graph with vertex set Z,, and edge set

{i,i+ 1} | i€ Z,} U{{i,i+3}|i € Z, is even},
with 7 + 1 and ¢ + 3 evaluated modulo m.

The edges in {{i,i + 3} | i € Z,, is even} form a 1-factor of K,,. Bryant and

Danziger [21] then proceed to prove the following proposition.

Proposition 2.21. 21 Let m > 4 be an even integer and let 4 < m; < mg < ... <
my be even integers such that my +mg+...+my = 2m. The graph Y (m,{1,3°}) VK>

admits a decomposition into one 1-factor and three (Cp,,, Cpy, - . ., Cp, )-factors.

Figure 2.1: The graph Y(10,{1,3°}) ! Ko.

See Figure for an illustration of Y (10, {1,3})? K3. The proof of Proposition
is the main achievement of [21]. In conjunction with Lemma [2.17, it allows
Bryant and Danziger to obtain their main result formulated in Theorem below.

Theorem 2.22. (21 Let m > 4 be even and 4 < m; < my < ... < my be
even integers such that m; + mo + ... + my = 2m. The graph Ks,, — I admits a
(Cnys Congs - -+, Coy ) -factorization.
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To prove Theorem [2.22] Bryant and Danziger first show that K5, admits a
decomposition into one copy of Y (m,{1,3°}) ! Ky and mT_‘l copies of Cy, ! K. Then,
they use Proposition and Lemma to obtain a decomposition of K5, into
one 1-factor and m — 1 (Cy,, Cings - - - , Ci, )-factors.

One of the main purposes of this thesis is to adapt the method discussed in
this section to the directed Oberwolfach problem. Interestingly, we are successful
in adapting this method, which generally works for bipartite 2-factors, to resolve
Conjecture [2.13] which considers a case of the directed Oberwolfach problem with
cycles of odd length.

2.3 Directed hamiltonian cycle decompositions of

the wreath product of digraphs

We conclude this chapter by presenting the second problem addressed in this thesis
which investigates cycle decomposition of products of graphs. As seen in Chapter 1,
this research area has its own rich history. One of the earliest result on this particular
type of problems can be found in [45] where Laskar showed that the graphs C,, ¢ C,,
and C,, ! K, are hamiltonian decomposable. In 1978, Bermond [15] conjectured that,
if G and H are both hamiltonian decomposable, then so is G ¢ H. This conjecture
was settled by Baranyai and Szasz |12 in 1981. An analogous conjecture for digraphs
was also made. This conjecture is the focus of this section and is thus formally stated

below.

Conjecture 2.23. If G and H are strict hamiltonian decomposable digraphs such
that G # K, then G U H is also hamiltonian decomposable.

Note that the digraph K, is considered to be a hamiltonian decomposable di-
graph. If G = K, then GU H = nH. Clearly, the digraph nH is not hamiltonian
decomposable.

The origin of Conjecture is unknown. In [52|, Ng incorrectly attributes this
conjecture to Alspach et al. [4]. Bermond [15|, who made the initial conjecture for
graphs, did suggest that the analogous problem for directed graph could be consid-
ered but made no formal conjecture. In [12], Baranyai and Széasz claimed that their
construction resolved Conjecture when |V(G)| and |V (H)| are odd but stated
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that they were unsure if the statement was true for other cases. Ng [52] later pointed
out that this claim of Baranyai and Szész’s was false when H admits a decomposition
into more than |V(G)|+2 directed hamiltonian cycles.

In 1998, Ng [52] solved a large case of Conjecture This paper of Ng’s was
part of the very successful undergraduate research program run by Joseph Gallian,
which produced over 240 papers, all by undergraduate students, over the span of 30
years. The remainder of this section is spent summarizing the results and methods
of [52].

Ng approaches this problem in two steps. First, he constructs a directed hamil-
tonian decomposition for the digraph C K, with r > 2. Then, using this decom-
position, he constructs a directed hamiltonian decomposition for 6’8 ! H where H is
any strict digraph admitting a directed hamiltonian decomposition, s is odd, and
|V(H)|> 2. These two decompositions are then used to form the desired directed
hamiltonian decomposition of G ! H where G is any digraph of odd order that also
admits a directed hamiltonian decomposition.

Before we proceed, we note that, if G and H are both hamiltonian decompos-
able, then both are regular digraphs. If G is k-regular, then a directed hamiltonian
decomposition of G comprises of k directed cycles.

There are two lemmas, namely Lemma and below, that are key to Ng’s

investigation.
Lemma 2.24. [59] If r > 2, then C 1 K, is hamiltonian decomposable.

Ng [52| breaks down the proof of Lemma into four cases according to the
congruency of s modulo 4. The cases with s odd are key to the construction given in

Ng’s proof of Lemma [2.25| stated below.

Lemma 2.25. [52] If s is an odd integer, |V (H)|> 2, and H is a strict hamiltonian

decomposable digraph, then és L H is also hamiltonian decomposable.

Suppose that |V (H)|= r. The crux of the proof of Lemma is using a 2-
factorization of @3 ! K,. Ng takes the union of one directed hamiltonian cycle of
this decomposition, and pairs it with s pairwise disjoint copies of C, arising from a
directed hamiltonian decomposition of H. This results in a subdigraph of éSZH . Each
of these copies of C, is embedded in a distinct copy of H. We direct the reader to
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Figure 2.2: The union of one directed hamiltonian cycle in a directed hamil-
tonian decomposition of C5! K5 and 5 copies of C's.

Figure [2.3] to help understand this approach. In Figure 2.3] we have a subdigraph of
C's U H, where |V (H)|= 5. We drew each copy of Cs in pink, while the arcs belonging
to a directed hamiltonian cycle of Cs 1 K5 are drawn in black. The five copies of
55 need not arise from the same 5-cycle, nor the same hamiltonian decomposition
of H. The digraph in Figure is then denoted L. (Note that L is not necessarily
the digraph Cs ér) Ng shows that L admits a decomposition into two directed
hamiltonian cycles. This approach was inspired by the work of Baranyai and Szasz
for the undirected case [12].

Lemmas [2.24] and [2.25] can then be combined to prove the crown jewel of Ng's
paper stated in Theorem [2.26] below.

Theorem 2.26. [52] Let G and H be two strict digraphs such that |V (G)| is odd,
G # K, and |V(H)|> 2. If G and H are hamiltonian decomposable, then G H is

hamaltonian decomposable.

Proof:  Suppose that all vertices of G have out-degree k, |V (G)|= s, and |V (H)|=
r. By assumption, the digraph G can be decomposed into k directed hamiltonian

cycles. Therefore, the digraph G ¢ H can be decomposed into one copy of Cs1H and
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Figure 2.3: A decomposition of 6'5 ! K5 into two directed hamiltonian cycles
drawn in grey and black, respectively.

k-1 copies of 5'3 ! K,. By Lemmas and , respectively, digraphs 5'3 ! H and
5’8 ! K, are hamiltonian decomposable. In conclusion, Lemma implies that G H

is hamiltonian decomposable. i

Therefore, we see that Conjecture has been settled when the order of G is
odd and |V(H)|> 2. In Chapter 4 we will address the majority of the remaining
cases of Conjecture [2.23]



Chapter 3

Completing the solution of the
directed Oberwolfach problem with
cycles of equal length

In order to resolve the directed Oberwolfach Problem for an even number of tables of
odd uniform length, Theorem implies that it suffices to show that K,  admits a
ém—factorization for all odd m > 5. In this chapter, we construct a C_f'm—factorization
of K3, for all odd m > 11. Our construction, in conjunction with Theorem [2.12]
resolves Conjecture Consequently, our results, along with results from [1}2} 13,
161182324, 68|, completely resolve the directed Oberwolfach problem with tables of
uniform length. Lastly, the main results of this chapter have appeared in the Journal
of Combinatorial Designs [44].

Before we proceed, we give a brief outline of this chapter. In Section [3.1] we
strategically decompose K3, into particular spanning subdigraphs. These spanning
subdigraphs fall into one of three isomorphism classes. Therefore, this step can be
viewed as a reduction step since it narrows down our problem to the existence of a
C'n-factorization of three particular classes of digraphs, each requiring four or five
C',n-factors. We then show that each of these subdigraphs admits a C',.-factorization
for all m such that m = 1,5 (mod 6) and m > 11. Lemma then implies that
K3, admits a C'-factorization for all m such that m =1 or 5 (mod 6) and m > 11.
Lastly, in Section we use this result, along with results of |23|, to obtain a ém—
factorization of K3 when m = 3 (mod 6) and m # 3. Unfortunately, the approach

27
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taken in this chapter cannot be used to construct a C,,-factorization of K;,, for
m € {5,7}. For these values, we rely on Theorem [2.12]

3.1 Reduction step

In this section, our objective is to show that K3  can be decomposed into mT_?’ span-
ning subdigraphs that are 4-regular or 9-regular. One of these subdigraphs falls into
one isomorphism class while the remaining mT"r’ subdigraphs fall into another class. In
turn, we can further decompose the 9-regular digraph into two spanning subdigraphs,
meaning that it suffices to construct a C',.-factorization for three classes of digraphs.

Before we proceed, we introduce some terminology related to the three classes
of digraphs discussed in this chapter. This will also enable us to better describe the

ém—factorizations given in the following sections.

Definition 3.1. Let m be an odd integer and let
Hom = X (m, {£1}) 1 Ko,
Loy = X(m,{1,3}) 1 Ks,and
Gom = X(m,{1,3}) 1 K3.

Notation 3.2. Let m be an odd integer and let S C Z,,. We assume that
V(K,) =V(K}) = {z,y} and
V(X(m, S) 1K) = V(X(m,S)1K3) = {za,ys | a,b € Zy,}
where x, = (a,z) and y, = (b, y).

Notation is stated in more general terms than Definition because, in
Section we will be briefly investigating digraphs of the form X (m,S) ¢ K5 and
X (m, S) 1 K3, where S = {#1} or S = {£1,£2}.

If an arc is of the form (x4, ), (Ta,¥); (Yas Up), OF (Ya, xp), then this arc is of
difference b — a. Differences are computed modulo m. Arcs of the form (z;, z;14)
and (y;,yirq) are called arcs of pure x-difference d and arcs of pure y-difference d,
respectively. Moreover, arcs of the form (z;, y;14) and (y;, z;14) are called arcs of mized
x-difference d or mized y-difference d, respectively. In addition, for each ¢ € Z,,, arcs

of the form (z;,y;) and (y;,z;) are called vertical arcs. Observe that a directed odd
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cycle of Hs,,, Loy, or Gg,, must contain an even number of arcs of mixed difference
and thus, an odd number of arcs of pure difference.

Let W = (vg,v1, . .., vy) be a walk in X (m, S) 1K, or X (m, S) K}, with consec-
utive arcs of difference dy, dy,...,d,_1. f r =dy+dy + ...+ d,_1, then we say that
the arcs of W sum to r. If W is a closed walk of X (m, S)1 K, or X (m, S)1 K}, then
r =0 (mod m). A type-k cycle of X(m,S) 1K, or X(m,S)1 K} is a directed m-cycle
whose arcs sum to km or —km.

In Example 3.3 below, we give simple examples illustrating some of the definitions

introduced above.

Example 3.3. In Figure [3.1] we illustrate the digraph Lss. Note that, in Figure 3.1]

we will assume edges are arcs oriented from left to right.

x0 1 o xs3 x4 s Te x7 s 9 Z10 X0 1 x2

Yo Y1 Y2 Y3 Ya Ys Ye yr Y8 Y9 Y10 Yo Y1 Y2

Figure 3.1: The digraph L,,. Edges are arcs oriented from left to right.

We point out that edges drawn in red in Figure [3.1] correspond to arcs of pure
x-difference 1 and arcs of pure y-difference 1. Edges drawn in pink correspond to
arcs of pure z-difference 3 and arcs of pure y-difference 3. Meanwhile, edges drawn
in dark blue correspond to arcs of mixed z-difference 1 and mixed y-difference 1.
Finally, edges drawn in light blue correspond to arcs of mixed z-difference 3 and
mixed y-difference 3.

Next, we let

W = (I’O, T1,Y2,Y3,Ya, .T?).

Observe that W has no repeated vertices and is thus a dipath. Arcs of W sum to
t=14+1+1+1+3=7. Below, we give an example of a type-1 directed cycle and
a type-3 directed cycle of Loo:
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1 .
C" = (y(]’xhx%y37x47y77x107y0)5
3 _
C° = (iﬂo,yS,xGa3/973517?J4a5€7,le,$27y57$8axO>-

The arcs of C! sum to 11 and the arcs of C® sum to 33. O

In the proof of Lemma [3.6] we show that K3, admits a decomposition into one
copy of Ls,,, one copy of Gg,,, and mT’E’ copies of Hs,,. To do so, we first give a
decomposition of K}, in Lemma [3.5 To obtain this decomposition, we make use of
Theorem 3.4} which is a special case of results of Bermond et al. [17] on 2-factorizations

of Cayley graphs.

Theorem 3.4. [17] Let S C {1,2,..., ||} such that ged(S U {m}) = 1. The

graph X (m,S) is hamiltonian decomposable.

Lemma 3.5. Let m be an odd integer such that m > 5. The digraph K, admits a
decomposition into one copy of X (m, {%1,43}) and m=3 copies of X (m, {£1}).

Proof: We begin by strategically decomposing the graph K,,. Then, we replace
each edge in that decomposition by a pair of arcs, one for each direction. This then
yields the desired decomposition of K.

If m =5, then K¥ = X(m,{1,3}). Otherwise, if m = 1 (mod 4) and m > 5,
then

Kn=X(m,{1,3}) ® X(m, {2,4}) ® X(m, {5,6}) & ... ® X (m, {22, =1},
If m =3 (mod 4), then
Ko =X(m, {1,3}) ® X(m,{2}) ® X(m,{4,5}) & ... & X(m, {2, 21}).

If m is odd, then X (m, {2}) = C,,. In addition, since all 4-regular spanning subgraphs
in both decompositions of K, satisfy the hypothesis of Theorem [3.4] it is implied that
K,, can be decomposed into one copy of X(m,{1,3}) and mT_E’ hamiltonian cycles.
Each hamiltonian cycle of K, is isomorphic to X (m, {1}). It follows that K admits
a decomposition into one copy of X (m, {£1, £3}) and m=5 copies of X(m,{£1}). 1

We then use Lemma [3.5] to prove the following lemma.
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Lemma 3.6. If each of Hs,,, Loy, and Gs, admits a C"m—factorization, then K

also admits a ém-factorization.

Proof: Assume that Hs,,, La,, and (G5, each admits a ém—factorization. Below,

we show that K, admits a decomposition into one copy of Ls,,, one copy of Gay,
and mT":’ copies of Hy,,. Lemma implies that

K3, = K0 K
= ((X(m. {£1.43)) & X (m. (1)) &... © X(m, {(+1))) 1 K
= (Rom =1, 4311 5) @ (X(m {1 1K) & & (X(m, {£1})1 )
- (f((m, (+1,+3))1 K;) @ Hom & ... & Hom

:L2m®G2m@HQm@”-@H2m'

Since each of Hs,,, La,,, and G, is a spanning subdigraph of K  Lemma [2.8

2m>

implies that K3, admits a C'm-factorization. i

In Section [3.3], we will demonstrate that the hypothesis of Lemma [3.6] is satisfied
when m =1 or 5 (mod 6) and m > 11.

3.2 Simpler but unsuccessful approaches

The attentive reader may have noticed that the decomposition given in the proof of
Lemma [3.6] can be further simplified. The purpose of this section is to consider two
simpler constructions and to explain why these two constructions do not work. The
reader solely interested in the construction of a C',»-factorization of K3, can skip this
section.

With our first attempt at this problem, we took a similar approach as Haggkvist
[34], which is described in the proof of Theorem In our case, we aim to show
that one can decompose K3 into one copy of X (m,{£1}) 1 K3 and m=3 copies of
X(m, {11 K,.

Lemma 3.7. Letm > 5 be odd. If the digraphs X (m, {£1})1K3 and X (m, {£1})1K,

both admit a @m-factorization, then K3, . also admits a @m-factorization.
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Proof: By Theorem the graph K,, admits a decomposition into hamilto-
nian cycles. Therefore, the digraph K, admits a decomposition into mT_l copies of
X (m, {£1}). By a similar argument as the proof of Lemma it follows that K3,
admits a decomposition into spanning subdigraphs X (m, {£1})1K3 and X (m, {£1})
K. Therefore, by Lemma and the given hypothesis, it follows that K;  admits

a C,,-factorization. |

Lemmaimplies that it suffices to show that the digraphs X (m, {£1})1K} and
X (m, {£1})1 K3 both admit a C,,-factorization. It is tempting to take this particular
route instead of the proposed approach given in the previous section. Unfortunately,
it can be shown that, when m > 11, the digraph X (m, {£1}) K} does not admit a

ém—factorization.
Proposition 3.8. Ifm > 11, then X (m, {£1}0K3 does not admit a C.,-factorization.

Proof:  Suppose that m > 11 and that X (m, {+1})1K} admits a C',-factorization.
Then this C,,-factorization is comprised of 10 cycles. Given that m > 11, we have
at least 22 vertical arcs. Therefore, by the Pigeonhole Principle, at least one of our
10 cycles, call it C, contains at least 3 vertical arcs. We argue that this leads to a
contradiction by showing that C' must have repeated vertices other than its endpoints.

First, suppose that C' is a type-0 directed cycle. Without loss of generality,
suppose that C' starts with xy and that it contains the following three vertical arcs:
(20, Y0), (x,y;), and (x4, ;) for 0 < j <t < m. Note that the choice of direction of
each arc is made without loss of generality. An analogous argument can be made if one
or more of these three arcs is of the form (y;, ;). Again, without loss of generality, we
also assume that C' = (zg, yo, z1, ..., To); an analogous argument holds if we choose
our third vertex to be one of {y;,z_1,y-1}. By way of contradiction, suppose that z;

and z; appear in the following order:

C = (20,Y0, %1, Tty L, Yj, -, L)

Because j < t, the directed cycle C has a repeated vertex, namely z; or y;. This is
because one of these two vertices must appear on the dipath from zy to ;. Therefore,
as endpoint of their respective vertical arc, our vertices x; and x; must appear in the

following order :
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C = (x07y07x17"'7xj7yj"'7xt7yt7"'7$0)'

However, recall that C'is a type-0 directed cycle. Consequently, the dipath from z;
to xp must contain one of x; or y;, a contradiction.

Therefore, if C' contains three vertical arcs, then C' must be a type-1 directed
cycle. Note that ' cannot be a type-k directed cycle for £ > 2 since each arc is of
difference 1 or 0. As a result, the arcs of C' must sum to m or —m. However, if C'
has at least three vertical arcs, then C' has at most m — 3 arcs of difference 1 and
at most m — 3 arcs of difference —1. Consequently, the absolute value of the sum
of the arcs of C' is at most m — 3, a contradiction. In conclusion, if m > 11, then
X (m, {£1}) 1 K3 does not admit a C,,-factorization. i

Of course, Proposition does not imply that K, does not admit a ém—
factorization. It simply means that we need to look for a decomposition of K3,
into slightly more complicated spanning subdigraphs.

In the next approach, we decompose K3, into three types of digraphs. In Section
3.1l we construct L,,, and G5, using arcs of difference 1 and 3. Simpler digraphs
could be constructed by using arcs of difference 1 and 2. The proof of Lemma [3.9]
given below, is similar to the proof of Lemmas [3.5] and [3.6] and is thus omitted.

Lemma 3.9. Let m > 5 be odd. If each of X (m, {£1}) 1 K2, X(m,{1,2}) 1 K, and

X (m, {1, 200K admits a C,-factorization, then K3, also admits a C,-factorization.

However, it can be shown that the digraph X (m, {1,2}) ! K5 does not admit a
C'-factorization when m # 0 (mod 3), as stated in Proposition below. Before
we can prove Proposition , we first show that, if )_(’(m7 {1,2}) 1 K, were to admit
a C,-factorization, then cycles in this decomposition must satisfy certain properties.
These properties are given in Lemmas and below.

Lemma 3.10. Let m > 5 be odd. A directed cycle of length m of X (m, {1,2) 1 K,

cannot contain both arcs of difference 1 and arcs of difference 2.

Proof: Suppose that C' is a directed cycle of type-1 or type-2 that contains arcs

of difference 1 and 2. Note that C' cannot be of type-0 since all arcs are of positive
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difference and it cannot be of type k > 2 since it is comprised of m arcs of difference
1 or 2.

Let D be the sum of the arc differences of C'. We know that D < 2m because not
all arcs in C are of difference 2. Yet, we also know that m < D because C' contains
at least one arc of difference 2. However, we know that D = m or D = 2m since C
is of type-1 or type-2, a contradiction. Therefore, each directed cycle of length m of

G must contain only arcs of difference 1 or only arcs of difference 2. |

Lemma 3.11. Let m > 5 be odd. If X (m,{1,2})1 K, admits a C,-factorization,
denoted F, then each @m-factor of F consists of one type-1 cycle and one type-2

cycle.

Proof:  Suppose that F is a C,,-factorization of X (m,{1,2}) 1 Ks. As a result of
Lemma [3.10] the decomposition F must consists of four type-1 directed cycles and
four type-2 directed cycles. A type-1 directed cycles only contains arcs of difference
1 and a type-2 directed cycle only contains arcs of difference 2. Since each C'n-factor
consists of two cycles, it suffices to prove that F does not have a ém—factor comprised
of two type-1 cycles. We do so by way of contradiction.

Suppose that F has a Cm-factor that contains two type-1 cycles, denoted C°
and C'. First, we point out that for all 4, if C° contains z; (y;), then C' contains y;
(x;) . To see why this is true, note that a type-1 directed cycle of )?(m, {1,21) 1 K,
must contain exactly one of z; and y; for all 7. Since C° and C! are disjoint and their
union spans X (m, {1,2}) 1 K, the claim follows. As a result, if C° contains the arc
(7, yir1), then C! contains the arc (y;, z;11). On the other hand, if C° contains the
arc (x;, z;11), then C' must contain the arc (y;, yi11). Note that, since C° and C' are
cycles of odd length, each contains an odd number of arcs of pure difference.

Next, let C? be the third type-1 cycle of F. If C° contains the arc (z;,7iy1),
then C! contains the arc (y;, y;i+1). This means that C? contains one of (z;, y;41) and
(yi, Tiy1). A symmetric argument holds if C° were to contain (y;,y;,1) instead. By a
similar logic, if C° contains (z;,yi41) or (yi, ©+1), then C? contains one of (z;, z;41)
and (y;,yi11). As a result, there exists a bijection between the set of arcs of pure

difference of C° and the set of arcs of mixed difference of C?. Therefore, the cycle
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C? contains an odd number of arcs of mixed difference, which is a contradiction. In
summary, a Cm-factor of F cannot be comprised of two type-1 directed cycles.

In conclusion, if X (m, {1,2}) 1 K, admits a C,,-factorization F, then each C,,-
factor of F consists of one type-1 cycle and one type-2 cycle. i

We now use Lemmas and to show that X (m, {1,2}) 1 K, is not hamil-

tonian decomposable when m % 0 (mod 3).

Proposition 3.12. Let m > 5 be an odd integer such that m # 0 (mod 3). The
digraph X (m, {1,2}) 1 K, does not admit a C,,-factorization.

Proof:  Suppose that X (m, {1,2})? K, admits a C,,-factorization F. By Lemma
we know that each C,-factor consists of one type-1 cycle and one type-2 cycle.
For each i € {0,2,4,6}, let {C?, 1} be a C,,-factor of F such that each C? is a
type-1 cycle.

If C* contains a subdipath (z;, 2,41, x;42), then C**! must contain vertex y; and
the arc of difference two with tail y;. This arc can only be (y;,y;42) since C° and C*
are disjoint. See Figure for an illustration of this configuration. An analogous
reasoning applies to the other seven possible dipaths of length two of C° with source
xj or y;.

Let C° and C? be the two type-1 cycles that pass through z, and let C* and C°
be the two type-1 cycles that pass through yo. Without loss of generality, we assume
that C° = (zg, 1,22, 23,...,70) and C? = (Yo, Y1, 22, - - Zm_2,%). An analogous
reasoning can be applied to all other cases by switching x; and y; as needed. Our
objective is to show that CY and C? intersect at x3 or ys.

First, we suppose that C° and C? intersect at one of x5 and y,. In Figures
and [3.3d we illustrate these two cases. We can then see that, in the case of Figure[3.3D)]
the type-2 cycles C'! and C® must both contain the arc (yo,y2). In the case of Figure
we see that C' and C® must both contain the arc (yg,x2). In both cases, this
leads to a contradiction. Therefore, the two type-1 cycles C° and C? cannot intersect

at xo9 or ys. As a result, we know that we must have the following configuration:

0 = (w0, 21, T2, T3, . .., o) and C? = (T0, Y1, Y25 - - -5 o).
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Figure 3.2: All possible subdipaths of length 2 (black) of type-1 cycle C° in
X(m,{1,2}) 1 K, and the corresponding arc of difference 2 (grey) of C*.
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Figure 3.3: Possible subdipaths of C°(black) and C? (grey).

Figure 3.4: First two arcs of C? (black) and C? (grey) of Case 1.

This configurations is illustrated in Figure |3.4]

Suppose that C? = (xg,y1,¥2,¥3,---,%0). This configuration is illustrated in
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Figure |3.5] Therefore, without loss of generality, the other two type-1 cycles must
start as: C* = (yo,y1, T2, ¥3,...,%) and C% = (yo,x1,¥y2,23,...,%). This means
that C! and C7 both contain the arc (y,ys), a contradiction. In conclusion, if C? =
(wo, 21, T, T3, . .., T0) then C? = (xg, y1, Y2, T3, - . ., Tg). Hence, we see that C° and C?

intersect at xs3.

zo Z1 z2 z3

Figure 3.5: First three arcs of C° (black) and C? (grey).

Therefore, it must be that C° and C? intersect at one of x5 and y3. We point
out that this implies that C* and C® must also intersect at one of z3 and y;. By
applying the same argument repeatedly, since m # 0 (mod 3), we have that C° and
C? intersect at one of x; and y; for all i € Z,,. This is a contradiction because C°

and C? cannot intersect at x5 nor ys. |

The digraph X (m, {1,2})1K is an example of a digraph that satisfies the obvious
necessary conditions for a digraph to admit a é’m—factorization but that does not

admit a ém—factorization.

3.3 Decomposing Hy,, and Lo,

In this section, we show that H,,, and Ls,,, as defined in Definition 3.1 admit a
C'o-factorization when m = 1 or 5 (mod 6) and m > 11. First, we construct a C,,-
factorization of the digraph H,,, in the proof of Proposition for all odd m > 3.
Then, for m =1 or 5 (mod 6) and m > 11, we construct a C'p-factorization of Lo,

in the proof of Theorem [3.14]

Proposition 3.13. Let m > 3 be an odd integer. The digraph Hs,, admits a Con-

factorization.
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Proof:  In order to prove the desired statement, we construct eight directed cycles
of length m in HQm:

L0, L1, T2, L3y« -+ y L3y T2y LTin—1, Lo);

Yos Ym—1 Ym—2, Ym—3, - - -+ Y5, Y4, Y3, Y2, Y1, Yo);

T05 Y15 Y25 T35 Yas T55 Y65 T7 - -+, Ym—3, Tm—2, Ym—1, T0);

Yo, Tm—1,Ym—2, Tm— 37"'7y57x47y37'r27x17y0);

Lo, Ym—15 Tm—2; Ym— 3a-"7$57y4’x37y27m1a$0);

= (

= (

= (

= (

(yoyy1,$27y3,9€4,---,l’me,yme,iUmfl,yo);

= (

(y L1, Y25 Y35 Yty Usy Y6, Y7 -« + > Ym—3s Ym—2 Ym—1, Y0);
= (

L0y T1, Tm—2; Tm—3, - - - , L5, Td, T3, T2, Y1, T0).

xo x1 ) x3 T4 Tm—2 Tm—1 X0 Tm—1 X0
*>—o>—0>—0>0 - -  0>—0>0 ><_>O< >Q<
e o o o o -0 © @

Yo Y1 Y2 Y3 Y4 Ym—_2  Ym—1 Y0 m—2  Ym—1 Yo
(a) Directed cycles C° (black) and C* (b) Directed cycles C? (black) and C3
(grey). (grey).

xo 1 T2 x3 T4 Tm—2 Tm—1 X0 ty) 1 x2 x3 T4 Tm—2 Tm—1 X0
Yo Y1 ] Y3 Y4 Ym—2 Ym—-1 Yo Yo Y1 ] Y3 Y4 Ym—2 Ym—1 Yo
(c) Directed cycles C* (black) and C® (d) Directed cycles C® (black) and C7
(grey). (grey).

Figure 3.6: The directed cycles C*.

In Figure we illustrate each directed cycle constructed above. It can be verified
that, for each even i, the directed cycles C* and C**! are disjoint. Therefore, for
cach i € {0,2,4,6}, F; = C' U C™! is a C,,-factor. Furthermore, we point out that
each arc of Hs,, occurs precisely once in these four C',.-factors. Consequently, the set
{Fy, Fy, Fy, Fg} is a Cy,-factorization of Ha,y,, as desired. |
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Now, we proceed with the construction of a C_f'm—factorization of Ls,,. We also
show that, when m = 3 (mod 6), the digraph L, does not admit a ém—factorization.
As for sufficiency, we consider two cases, one for each remaining congruency class of
m modulo 6. Each C,,-factor will consist of one type-1 directed cycle and one type-3
directed cycle.

Before we proceed with our solution, we make the following remark pertaining to
the digraphs drawn in the figures of the proofs of Propositions and stated
below. Although the edges of these figures are not oriented, it is understood that
all non-vertical edges are directed from left to right. Vertical arcs are then oriented

accordingly to produce directed cycles.

Proposition 3.14. Let m > 11 be an odd integer. The digraph Lo, admits a Con-
factorization if and only if m % 3 (mod 6).

Proof: First assume that m = 3 (mod 6). Let C' be a directed m-cycle of Ly,
containing an arc of difference 3. Observe that C' cannot be a type-1 directed m-cycle.
Now suppose that C' is a type-2 directed m-cycle comprised of k; arcs of difference
1 and ks arcs of difference 3. Then k; + ko = m and ky + 3k = 2m, implying that
ki1 # ko (mod 2) and k; = ko (mod 2), respectively — a contradiction. Hence, if C'
contains an arc of difference 3, then all arcs of C' are of difference 3. However, if all
arcs of C' are of difference 3 then C' has a repeated vertex — also a contradiction. It
follows that Lo, does not admit a ém—factorization.

Conversely, assume that m = 1,5 (mod 6). We construct a C,,-factorization of
Ly, with four ém—factors, each consisting of one type-1 directed m-cycle and one
type-3 directed m-cycle.

Case 1: m = 1 (mod 6). Then m = 13 + 6k for some k£ > 0. We construct four
C'n-factors. In order to keep track of each arc, we partition the set of vertices into

two sets:

‘/0 = {xorxla <12, Yo Y1, - - - ay12} and ‘/1 = {1'13,1'147 sy Tm—15 Y13, Y14, - - - 7ym—1}‘

We point out that every arc of Lo, has a tail in exactly one of these two sets. Also,
note that if £ = 0, then V; is empty.
To construct the first ém—factor, we first define the following four dipaths:
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Wy = (?Jo,y17y27$3;174,$5,y6;y7,$8,$97$107y117$127yl3);
Xy = ($27y5,y87117117$14);
Yo = (21,91, %7, %10, 213);
Zy = (0,3, %6, Yo, Y12, T15).-

See Figure [3.7] for an illustration of the dipaths Wy, X, Yo, and Z;. We see that these
four dipaths are pairwise disjoint and only contain arcs with a tail in V5. Observe
that Wy is of length 13, that Z; is of length 5, and that X, and Y|, are both of length
4.

Next, we address the special case m = 13. We make the following observations:
Y13 = Yo, T14 = T1, T13 = T, and T15 = Ta.

As a result, we see that W is in fact a directed cycle of length 13 and that we
can concatenate Xy, Yy, and Zy as follows: XyYpZ,. We then see that XyYyZ, is in
fact a directed cycle of length 13. Therefore, the two cycles Wy and X(YyZ, form a
élg—factor, Ey, of Log.

ro X1 xT2 ®3 x4 X5 X X7 X8 Tg L10 T1l T12 T13 T4 T15 T16 T17 T18 T19 T20 T2l
° °

———0——0—0——0 O O- - -
Yo Y1 Y2 Y3 Y4 Ys Y6 Yr Y8 Y9 wyio Y11 Y12 Y13 Y14 Yi5 Yi6 Y17 Y18 Y19 Y20 Y21

Im—6 ITm—-5 Tm—4 ITm-3 ITm—-2 Tm-—1 xo 1 T2

- .9 .\.\ [} /><\ L] : -
— ——

e o— o o o o o ° °

Ym—6 Ym—-5 Ym—-4 Ym-3 Ym—-2 Ym-—1 Yo Y1 Y2

Figure 3.7: The dipaths WyRy (red), X¢Sp (dark blue), YTy (light blue),
and ZyUy (green).

Next, we consider the general case in which m > 13. We do so by constructing

the following four dipaths:

Ry = (W13, %14, Y15, - - - Ym—25 Ym—1, Y0);

Sy = (I14,$17,$207---,xm—s,xm—z,xl);
Ty = (1'13,33'16,33'19,---,$m76,$m73,1‘0);
Uy = (5U15, L18, X215 -« + y Tmn—4, Tim—1, 5152)-
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See Figure for an illustration of the first six arcs of Ry and the first two arcs of
each dipath in {Sy, Ty, Up}. The dipath Ry is of length m — 13 while the dipaths in
{So, To, Uy} are each of length 2k. We point out that dipaths in { Ry, So, To, Uy} only
contain arcs with a tail in V] and are pairwise disjoint. Next, we form the following

directed walks:
CO = W()R() and Cl = X[)SO}/OTOZOUO.

It can be verified that C° and C! are of length m = 13 + 6k and both are disjoint.
Moreover, they both have no repeated vertices except for their endpoints. This means
that Fy = COU C* is a C,,~factor of Lo,,.

We proceed by building our second C',.-factor Fy. First, we build four dipaths:

Wy, = ($0,$1,$2:y3,$4,y5:y6,567,13873/9>y10>$11,yl2>3313);
X1 = (Y2, 75,98, Y11, Y14);

i = (Y1,Y4, Y7, 710, Y13);

Zy = (Yo, 3,76, Tg, T12, Y15)-

See Figure for an illustration of the dipaths W, X; Y7, Z;. Observe that these
four dipaths are pairwise disjoint.
If m =13, then W; and X Y;Z; form a 6’13—fact0r, F, of Log.

rg X1 X2 T3 X4 X5 T X7 X8 Tg <10 T11 T12 T13 T14 T15 T16 L17 T18 T19 T20 21
— @ @ @@ e

. . . D
Yo Y1 Y2 Y3 Y4 Y5 Y6 Y7 Y8 Y9 w10 Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21

Tm—6 Tm—-5 Tm—4 Tm-3 Tm-2 Tm-1 ) x1 T2

S e o—0—0—0——0—— ° °
———— . —— e

..o — o e —e —e e

Ym—-6 Ym—-5 Ym—-4 Ym-3 Ym-2 Ym-1 Yo 91 Y2

Figure 3.8: The dipaths Wi R; (red), X151 (dark blue), Y17} (light blue),
and Z,U; (green).

Now, suppose that m > 13. We then build four dipaths as follows:
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Ry = (13,214, %15, - -, T2, Tin—1, To);
S = (y14, Y17, Y205 - - - Ym—5, Ym—2, 3/1);
Tl = (9137 Y16,Y195 - - - y Ym—65 Ym—3, y0)7

U = (Y15, 418, Y21, - - Ym—ts Ym—1, Y2)-
Figure [3.8)illustrates the dipaths Ry, Sy, T1, and Uy, respectively. We see that R; is
of length m — 13 and that dipaths in {Sy,7T7,U;} are of length 2k each. Moreover,
note that Ry, S7, 11, Uy are pairwise disjoint. Lastly, we see that their endpoints allow

us to form the following pair of directed walks:
02 = W1R1 and 03 = X151Y1T121U1.

Then, we see that C? and C? have no repeated vertices except for their endpoints,
meaning that they are both directed cycles of length m. Since they are also disjoint,
this means Fy, = C2 U C? is a C,,-factor of Ly,,.

Now, we form our third ém—factor, F5. We do so by first forming four dipaths

as follows:
Wy = (%0, Y1, T2, T3, Ya, Ts, Te, T7, Ys, Yo, T10, T11, T12, T13);
Xo = (Y2, Ys, T8, Y11, T14);
Yy = (21,24, Y7, Y10, Y13);
Za = (Yo, Y3: Yo T9, Y12, Y15)-
See Figure [3.9] for an illustration of the dipaths Ws, X5, Y5, and Z,. Note that these
four dipaths are pairwise disjoint.
If m = 13, then W5 and X5Y575 are disjoint directed cycles of length 13. There-

fore, they form a élg-factor, Fy, of Log.

As for the case m > 13, we construct the following four dipaths:

Ry = (%13,Y14, T15, Y165 - - - » Tm—2, Ym—1,T0);
Sy = (1U14, Y17, T20, Y235 - - -y Tm—5, Ym—2, xl);
T, = (Z/137 T165 Y195 X225 - -+, Ym—65 Lm—3; yo);
U, = (y15, T18, Y21, T245 + -+ y Ym—4y Tm—1, 292).

See Figure for an illustration of Ry, Sy, Ts, and U,. We point out that dipaths in
{R3, S2, Ty, Us} are pairwise disjoint. The dipath R, is of length m — 13 while dipaths
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9 ®1 T2 ®3 x4 X5 T X7 Xy L9 L0 T11 T12 T13 T4 T15 T16 T17 T18 T19 T20 21
°

e o .
Yo Y1 Y2 Y3 Y4 Ys Y6 Y7 Y8 Y9 wyio Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21

Im—6 ITm—5 Tm—4 ITm—-3 Tm—2 ITm-—1 o T T2
o °

BN ] ° °

Ym—6 Ym—-5 Ym—-4 Ym-3 Ym-2 Ym-—1 Yo Y1 Y2

Figure 3.9: The dipaths WyRy (red), X3Sy (dark blue), Y275 (light blue),
and ZyU; (green).

Ss, Ty, Uy are of length 2k. Next, the endpoints of dipaths in {Rs, Ss, Tz, Us} allow

us to form the following two walks:
04 = W2R2 and 05 = XQSQ}/QTQZQUQ.

We see that C* and C® are both of length m and have no repeated vertices except
for their endpoints. Therefore, both C* and C° are directed cycles. Moreover, they
are both disjoint meaning that Fy = C* U C% is a C,,-factor of Loy,.

Lastly, we build our fourth C.-factor Fy. We start with the following four
dipaths:

Ws = (Yo, 71, Y2, Y3, Y4, U5, T6, Y7 Ys> T9, Y10, Y11, Y12, Y13);
X3 = ($27$5,$8,I11,y14);

Ys = (y1, 24,27, %10, T13);

Zs = (0,73, Y6, Yo, T12, T15).

In Figure [3.10, we illustrate the dipaths W3, X3, Y3, and Z3. Observe that these are
pairwise disjoint.
If m = 13, then W3 and X3Y375 form a élg—factor, E3, of Log.

Now, we move on to the general case m > 13. We form the following four dipaths:

Ry = (y13, Z14,Y15, L1635 - - - y Ym—25 Tm—1, ?/o);

Sy =

(y14, T17, Y20, X235 - - - s Ym—5, Tm—2, y1);
T3 = (CC137 Y165 19, Y225« - -y Tm—6, Ym—3, 370);

Us = (%15, Y18, T21, Y24, - - - s Ten—ds Y1, T2)-



3. COMPLETING THE SOLUTION OF THE DIRECTED OBERWOLFACH
PROBLEM WITH CYCLES OF EQUAL LENGTH 44

9 ®1 T2 ®3 x4 X5 T X7 Xy L9 L0 T11 T12 T13 T4 T15 T16 T17 T18 T19 T20 21
°

o @ - -
Yo Y1 Y2 Y3 Y4 Ys Y6 Y7 Y8 Y9 w10 Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21

Im—6 ITm—5 Tm—4 ITm—-3 Tm—2 ITm-—1 o T T2
P Y o [ ]
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Ym—6 Ym—5 Ym—-4 Ym-3 Ym—-2 Ym-—1 Yo Y1 Y2

Figure 3.10: The dipaths W3R3 (red), X353 (dark blue), Y373 (light blue),
and Z3U; (green).

Figure |3.10| illustrates the dipaths Rs, S3,7T3, and Us. Observe that the length of R3
is m — 13 while the length of each of the last three dipaths is 2k. Furthermore, we
point out that dipaths in {Rj, S3,T3,Us} are pairwise disjoint. Next, the endpoints

of these four dipaths allow us to form the following two walks:
06 = W3R3 and 07 = X353YéT323U3.

We point out that C® and C7 are disjoint directed walks of length m. Furthermore,
we see that they have no repeated vertices with the exception of their endpoints.
Therefore, the digraph F3 = C%U C7 is a C,-factor of Loy,

In summary, we have formed four ém—factors Fy, Fy, Fy, and F3. We must
now verify that these four C'n-factor are arc-disjoint. First, it can be verified that
the set of dipaths {W;, X;,Y;, Z; | i = 0,1,2,3} contains precisely one copy of each
arc with a tail in V. Meanwhile, every arc with a tail in V; occurs precisely once
in {R;,S;,T;,U; | i = 0,1,2,3}. Therefore, we see that {Fy, Fy, F», F3} is a Con

factorization of Ls,,, as desired.
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Case 2: m =5 (mod 6). First, we give a separate construction for the case m = 11

below:
Yo, L1, T2, X3,Y4, Y5, L6, X7, T8, Y9, 10, Y0 ),
Lo, Y3, Ys, Lo, Y1, T4, Y7, Y10, Y2, T5, Y8, Lo);

Zo,Y1,T2,Y3,Ya, Ts5, Te, Y7, Ys, L9, Y10, L0 ),

Yo, T3,Y6, Y9, L1, T4, 7, L10, Y2, Y5, T8, yO)a
Lo, X1,Y2, T3, T4, Ts5, Y6-Y7, L8, L9, 10, Io);

Yo, Y3, Te, Y9, Y1, Y4, L7, Y10, T2, Y5, Y8, Z/o);

0 = (
Ct = (
C? = (
C? = (
C*t = (
C° = (
C® = (Yo, Y1, Y2, Y3, T4, Ys, Yo L7, Ys, Yo, Y10, Yo);

CT = ($0,$37$67xg,961,?/4,y77$10,$2,$57$8,$0)-

Each directed walk above has no repeated vertices except for its endpoints.
Therefore, these eight directed walks are in fact directed 11-cycles. It can easily
be verified that for i € {0,2,4,6}, F; = C"UC™ is a C'i-factor in Lyy. More-
over, C'-factors in F = {Fy, Fy, Fy, Fs} are pairwise arc-disjoint. Therefore, F is a
éll—factorization of Loy.

We now consider the case m > 11. Then m = 11 + 6k for some k£ > 1. We
construct a C,-factorization in the same fashion as in Case 1 by reusing some of the
dipaths constructed in Case 1. We will form four arc-disjoint C',n-factors which we
shall denote as Fy, Fi, F5, and F3. Each C' m-factor will consist of one type-1 cycle
and one type-3 cycle. Since this construction is similar to that of Case 1, we omit
certain details.

First, for each i € {0,1,2,3}, we consider the set of dipaths {W;, X;,Y;, Z;}
constructed in Case 1. This means that, for each ¢, the lengths of the dipaths in
{X;,Y;, Z;} sum to 13.

Below, we define a set of 16 dipaths {R}, S/, T/,U} | i = 0,1,2,3}. This set of 16
dipaths is constructed in a similar way as the set {R;,S;,T;,U; | i =0, 1,2,3} in Case
1. However, we note that, for each ¢, the dipath R is of length m — 13, dipath U]
is of length 2k, and dipaths S! and 7] are both of length 2k — 1. We also point out
that the last vertex of each dipath in {S!,T/,U! | i = 0,1,2,3} will be different from
the last vertex of R;, S;, Tj, and U;. Refer to Figures for an illustration of
{R;,S;, T;,U; | i =0,1,2,3}.

First, we build a set of four dipaths that will be used in the construction of Fj:
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Ry = (Y13, Y14 Y155 - - - s Ym—2: Ym—1,Y0);
S(/) = (51314,3717,33'20,---,$m76,$m73,1‘0);
Té = (x157x187$217---axm—Saxm—anl>;
U(l) - <$137CC16,§U197...,Im_4,l'm_1,x2>.

It is easy to see that these four dipaths are pairwise disjoint. Then, we form the four
dipaths that will be used to build F}:

RI1 = (1'13,$14,$15,---,l’me,szfl,xo);
ST = (Y1417, Y205 - -+ > Ym—65 Ym—3, Y0);
TT = (Y15, Y18 Y21, - - - s Ym5s Ym—2, Y1);
U{ = (Y13, Y16, Y195 - - - » Ym—a> Ym—1,Y2)-

Similarly, we see that these four dipaths are pairwise disjoint. Next, we construct the
four dipaths that will be used to build F3:

R'g = (@13, Y14, T15, Y165 - - - » =2, Ym—1,T0);
Sé = ($14, Y17, T20, Y235 - -+, Ym—65 Tm—3; yo)?
TQI = (3/15,5C187y21,9624,---,Zlfmf57ymf2,371);
Uy = (113:T16, Y195 T22: - - - » Ym—ds Tn1, Y2)-

Again, these four dipaths are pairwise disjoint. Lastly, we give below the four dipaths
that will be used to build Fj:

Ré = (Z/ls, T14, Y155, T165 - - - » Ym—25 Tm—1, yo);
S:/a = (y14, T17, Y205 X235 - - -, Tm—6, Ym—3, ZUo);
Té = (I15, Y18, X215 Y245 - + - s Ym—5, Tm—2, Y1)
Uy = (213,416, 19, Y22, - - s Tty Ym—1, T2).

For each i € {0,1,2,3}, we examine the endpoints of the dipaths W;, X, Y;, Z;
and R;, S;, T!, U] and observe that the following concatenations yield directed cycles:
C° =WoRy;, C*= XoS,ZoTyYoUp;

C'=WiR}; C°=X,5,Z2,T\Y,U;;
C? =WhRy;, C° = X585 Z,TyY,Us;
C? = W3Ry, C7 = X355 Z5T4Y3Uj,
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For i € {0,1,2,3}, it can be verified that F; = C* U O is a C'n-factor of
Ls,,. Furthermore, it can also be verified that each arc of L,,, occurs exactly once in
{Fo, F\, Fy, F5}. Consequently, the set {Fy, I, Fy, F3} is a C',-factorization of La,,.

|

Observe that Proposition implies that Lemma [3.6] is vacuous for m =
3 (mod 6). In Section 3.5 we show that, if m = 3 (mod 6) and m # 3, then a
C'.-factorization of K3 . can be constructed from a C',~factorization of K3, where

my = 1,5 (mod 6) or my = 9.

3.4 Decomposing Gy,

It remains to show that Ga,, admits a C',-factorization when m = 1 or 5 (mod 6) and
m > 11. This digraph requires a more complicated construction. In order to simplify
this construction, we first prove a set of three lemmas. Before we do so, we establish

some notation used throughout this section.

Notation 3.15. Let m = p+ 12k for some non-negative integer k and p € {11, 13,17,
19}. We let

Vo = {zo, 21, ... $p—1} U{yo,v1, - - - 7yp—1} and
Vi= {xp+12(i—1)7 Tp+12(i—1)+15 - - - 7xp+12i71} U {yp+12(i—1)7 Yp+12(i—1)+15 - - - 7yp+12i71}7

k
fori=1,...,k. Then V(Gan) = U Vi.
i=0

Observe that Vj contains 2p vertices while each V;, for i € {1,2,...,k}, contains

24 vertices. Next, we define a function on V(Ga,,) that projects V(Gay,,) onto itself.

Definition 3.16. Let m = p + 12k for some positive integer k and p odd. Define
a function p : V(Gap) — V(Gap) as follows: p(x;) = x;41 and p(y;) = i1 with

addition done modulo m.
In the following example, we apply p to a dipath of Gs,,.

Example 3.17. Suppose that m = 47 where p = 11 and k = 3. Let

P = (y15,9316,yn,x18,yz1,x22,y23,x24,y27)
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be a dipath of GG5,,. Then we have that

024(]3) = (y39,$40,y41,$427y4579646>y07I17y4)-

O

We now build a C,,-factorization for Ga,,. Our construction, given in the proof
of Theorem [3.24] is elaborate. First, we consider four cases, one for each applicable
congruency class modulo 12. In each case, we build five C',.-factors. Three of these
five C,,-factors are comprised of two type-2 cycles each, and two of these C'n-factors
are comprised of two type-1 cycles each. To simplify the construction of these five
5‘m—factors, we introduce a pair of lemmas below, namely Lemmas and , that
reduce the construction of each of these C',,-factors to the existence of a specific set
of dipaths and directed cycles of fixed lengths.

Before we proceed with these two lemmas, we further explain their purpose along
with that of Lemma[3.23] All odd integers m such that m = 1,5 (mod 6) and m > 11
can be written as m = p+ 12k with p € {11,13,17,19} and k a non-negative integer.
Lemma implies that a ém—factor of Gy, can be constructed for all odd integers
of the form p+ 12k using a set of four dipaths whose lengths sum to 2p, and 4 dipaths
of length 12, satisfying certain properties. Such a set of dipaths will be known as a
type-2 basic set, defined in Definition Lemma implies that a ém—factor of
G5, can also be constructed from two dipaths of length p and two dipaths of length
12, with specific properties. This set of dipaths will be known as a type-1 basic
set of dipaths and is defined in Definition Lemma then states that, if we
can generate three type-2 basic sets of dipaths and two type-1 basic sets of dipaths
such that these sets are pairwise arc-disjoint, then we can form a ém—factorization of
G5,,. Therefore, if we are successful in constructing three type-2 basic sets of dipaths
and two type-1 basic sets of dipaths that satisfy the hypothesis of Lemma for
each p € {11,13,17,19}, then we have a C,-factorization of Go,, for all odd integers
m=1,5 (mod 6) and m > 11.

First, we define a type-2 basic sets of dipaths.

Definition 3.18. Let m = p+12k for some non-negative integer k and p € {11, 13,17,
19}. Let {W, XY, Z,Q, R, S, T} be a set of dipaths of Gy,,. The 8-tuple (W, XY, Z,
Q,R,S,T) is a type-2 basic set of dipaths of Ga, if it satisfies the following properties.
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(B1) Dipaths in {Q, R, S, T} are pairwise disjoint. If k& > 1, then dipaths in {W, XY,
Z} are pairwise disjoint; otherwise WX and Y Z are disjoint type-2 directed

cycles.
(B2) s(X) =pP@t(W)), s(W) = p?(t(X)), s(Z) = p7P(t(Y)), and s(Y) = p7(t(Z)).

(B3) len(W)+len(X) = len(Y)+len(Z) = p; len(Q) +len(R) = len(S) +len(T) = 12
if £ > 1, and len(Q) = len(R) = len(S) = len(7") = 0 otherwise.

(B4) Each of W, X Y, and Z has its source and internal vertices in Vj, and its
terminus x; or y, for some t € {p,p+ 1,p + 2}.

(B5) t(W) =s(Q),t(X) = s(R),t(Y) = s(9), and t(Z) = s(T).

(B6) If k > 1 and P € {Q, R, S, T} such that s(P) = x; (or y;), then t(P) = z4112

(or y;112 respectively). Moreover, all internal vertices of P are in ;.

In Lemma below, we prove that a type-2 basic set of dipaths can be used to

construct two type-2 directed cycles that form a C'm-factor of Gayn,.

Lemma 3.19. Let m = p+ 12k for some non-negative integer k and p € {11, 13,17,
19}. Suppose that (W, XY, Z, Py, B}, Q%, Q}) is a type-2 basic set of dipaths of Gap,.
For each i € {0,1} and j € {1,2,...,k — 1}, let P} = p"™(Fj) and Q% = p"(Q}).
Then

CO=WPR)P)...P) [ XPiP!...Pl | and C'=YQ}QY...Q% ,ZQLQ1...Q}
are type-2 directed m-cycles, and C°U C* is a C,,-factor of Gapm.

Proof:  First, consider the case k = 0. Observe that V(Gs,,) = Vj and by property
(B3) of Definition dipaths P, P}, Q), Q) are of length 0. Properties (B1) and
(B3) jointly imply that WX UYZ is a C'm-factor of Gon, consisting of two type-2
directed m-cycles.

Assume that k£ > 1. Without loss of generality, by properties (B4)-(B6) we may
assume that P is an (xy, T;412)-dipath for some t € {p,p + 1,p + 2} and all of its
internal vertices in V;. Hence, the dipath P]Q is an (241125, Tip12(j+1))-dipath and all
of its internal vertices are in V1. Therefore, for all 0 < i < j < k — 1, dipaths in P?
and P} are disjoint if [ — j|> 1 and share only vertex x;19; if j = i + 1. Therefore,

the concatenation
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Iy=POPY. . PY,

is a well-defined (zy, z;112x)-dipath.

An analogous observation holds for P} and dipath
I,=P/P...P .

If x; is the terminus of W, then by (B2), vertex z;_, = ;19 is the source of X.
As a result, the concatenation W1y X is possible. Analogously, we show that X I; W
is well-defined.

Since W and X, as well as P{ and Py, are disjoint by (B1), and the sets of internal
vertices of W, Iy, X, and I; are pairwise disjoint, it follows that C° = W1, X1, is a
directed cycle. Since len(W) + len(X) = p and len(PY)) + len(Py) = 12 by (B3), it
follows that C° is a directed m-cycle.

Analogously, we show that C! is a directed m-cycle. Property (B1) then implies
that C° and C" are disjoint. Therefore, the digraph C°U C! is a C,,-factor of Gop,.

Lastly, we see that the arc differences in Iy U [; sum to 24k and that the arc
differences in W U X sum to 2p. It follows that C° is a type-2 directed m-cycle.

Similarly, we can show that C! is also a type-2 directed m-cycle. |

We proceed with an example of the construction given in Lemma [3.19)

Example 3.20. Let m = 13 + 12 - 2. Below, we construct a type-2 basic set of eight
dipaths of Gry:

W = (y0>$1,$2,ys7$6,$97912,3313);

X = (1707937y4,y7,ylo,xlo7913);

P(? = ($13,y16,y19,$20,$2179247I25);

Pol = (y13,1’14,9€15,y18,1’19,y22,y25);

Y = (y1, 74,7578, Y9, T12, Y15);

Z = (y2,l‘37y(s,$7,y87$11,y11,y14);

Q8 = (y15,x16,3/17,%18,y21,$22,yz3,5€247927);
Q(l) = (y14, T17, Y20, T23, y26)~

In Figure |3.11], we illustrate these eight dipaths.
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° ,o—\
= '/L <\'
° e ~eo—o o o \0/ o e e
Yo Y1 Y2 Y3 ya Ys Y6 YT

(a) The directed paths W (pink), X (red), (dark blue), and Z (hght blue).

r13 14 15 T16 T17 Z18 X19 T20 T21 22 T23 X24 X25 T26 T27

e o o

Y13 Y14 Y15 Y16 Yyir Y18 Y19 Y20 Y21 Y22 23 Y24 Y25 Y26 Y27

(b) The directed paths P{ (pink), QY (dark blue), Py (red), and Q} (light blue).

Figure 3.11: A type-2 basic set of dipaths.

We will now verify that (W, X,Y,Z, P), Py, Q5, Q%) is a type-2 basic set of di-
paths. First, we note that PY, Py, QY, Q) are pairwise disjoint. We also see that
W, XY, Z are pairwise disjoint; this means that (B1) is satisfied since k = 2.

Next, we have
P_lg(%s) = z0 = s(X), 9_13(913) =yo = s(W),
p~P(ys) = y2 = 5(Z), and pP(yu) =y =
As a result, Condition (B2) is satisfied.
The dipaths P and P; are both of length 6. Meanwhile, the dipaths QY and Q}

are of length 8 and 4, respectively. Consequently, we have
len(Fg) +len(Fy) = len(Qg) +len(Qg) =

Lastly, we have len(W) +len(X) = 13 and len(Y’) +len(Z) = 13. In conclusion, (B3)
is satisfied.

We also see that s(W), s(X), s(Y),s(Z) € Vy, where V; is given in Notation [3.15
and that the internal vertices of W, X, Y, Z are also in V. Additionally, t(W),t(X), t(Y),
t(Z) € {x13, T14, T15, Y13, Y14, Y15 }. Hence (B4) is satisfied.

Observe that

HW) =13 = s(Fy), H(X) =yiz = s(Fy),
tY) =yi5 = s(Qp), and t(Z) = yia = s(Qy).
This means that (B5) is satisfied.
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Lastly, we see that s(PY) = x13 and ¢(PY)) = x5 which means that ¢t(PY) = z13112.
Additionally, all internal vertices of P{ are in V;. A similar observation holds for Py,
QY. and Q}. As a result, (B6) is satisfied.

In conclusion, the 8-tuple (W, X,Y,Z, P9 P},Q5,Q}) is a type-2 basic set of
dipaths because Properties (B1)-(B6) of Definition are satisfied.

As in the proof of Lemma we now construct four additional dipaths:

P10 = pm(P(?) = (w25, Y28, Y31, T32, T33, Y36, T0);

P11 = ,012 Pol) = (Y25, Tag, Ta7, Y305 T31, Y34, Y0);

Q? = P12(Q8) = (Y27, T28, Y20, T30, Y33, T34, Y35, 36, Y2);
Q% = 012(ch)) = (Y26, T29, Y32, T35, Y1)-

We see that t(P) = s(X) and that ¢(Q)) = s(Z). Therefore, we can concatenate
these dipaths as follows:

C’ = WPP'XPF P}
= <y07$1,$2795a$67$97?/127$13;y16;y197332071‘217924,$25>y287y317$327x337y367930a
y37y47y7,yloaxlo,y13,$14,$15,y18,I197y227y257$267$27,y30,$317?/34,?/0);
'~ YQIZQa!
= (?Jl,$4,$5,Is,y9>$12>y15,$16,y17,$187921,$22,y23,9324,y27,$28,929,9€3079337
$34,y35,1’36;y2,963,%,$7,ys,$11,y11,y14,$17,y20,$23,y26,$29=y32,95357y1>‘

One can then verify that C° and C' have no repeated vertices, except for their
endpoints, and that both are of length 37. Moreover, we see that C° and C! are
disjoint. In conclusion, the digraph C° U C! is a C'sy-factor of Ga. O

Lemma [3.19| implies that it suffices to construct a set of eight dipaths of fixed
lengths with five specific properties to construct a C-factor of Gom. These six
properties are easy to verify and thus, Lemma [3.19 greatly simplifies the constructions
given in the proof of Theorem below.

Similarly, we can build a C',.-factor using two type-1 cycles. First, we define a

set of four dipaths with particular properties.

Definition 3.21. Let m = p+ 12k with k£ a non-negative integer and p € {11, 13,17,
19}. Let {X,Y,R,S} be a set of dipaths or directed cycles of Gy,,. The 4-tuple
(X,Y, R, S) is called a type-1 basic set of dipaths if it satisfies the following properties.
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(D1) R and S are disjoint dipaths. If & > 1, then X are Y are disjoint dipaths;
otherwise, they are disjoint type-1 directed cycles.

(D2) s(X) = p({(X)) and s(Y) = p~(£(Y)).

(D3) len(X) =len(Y) = p; len(R) = len(S) = 12if k > 1 and len(R) = len(S) = 0 if
k= 0.

(D4) Each of X and Y has its source and internal vertices in Vj, and its terminus is

x; or y; for some t € {p,p+1,p + 2}.
(D5) t(X) = s(R) and ¢(Y) = s(.9).

(D6) If £ > 1, and P € {R, S} such that s(P) = z; (or y;), then t(P) = 4412 (or

Yi+12, respectively). Moreover, all internal vertices of P are in V.

A basic set of type-1 dipaths can also be used to form a C'n-factor of Ga,,. The
proof of Lemma [3.19) below is similar to that of Lemma [3.22] For that reason, we

omit certain details.

Lemma 3.22. Let m = p+12k with k a non-negative integer and p € {11,13,17,19}.
Suppose that (X,Y, Py, Qo) is a type-1 basic set of dipaths of Goyp,. For each j €
{1,2,... )k =1}, let P; = p'?(Py) and Q; = p**(Qq). Then

COZXP[)Pl...Pk_l andC’l :YQOQI---Qk—I
are type-1 directed m-cycles, and C°U C! is a ém—factor of Gom.

Proof: First, assume that k& = 0. Then, properties (D1) and (D3) of Definition
jointly imply that X UY is a C',o-factor of Gan, consisting of two type-1 directed
m-cycles.

Let k > 1. Without loss of generality, by properties (D4)-(D6), we may assume
that Py is an (x4, ;112)-dipath for some t € {p,p + 1,p + 2} and all of its internal
vertices are in Vi. Hence P; is an (4412, 1412(j+1))-dipath with all of its internal
vertices in Vj;1. As a result, for all 0 <7 < j < k — 1, dipaths P; and P; are disjoint

if |4 — j|> 1, and share only vertex xy19; if j =4 + 1. Therefore, the concatenation

Iy =FRP ... P
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is a well-defined (x;, 241 19x) dipath.

Similarly, we can construct dipath I; as follows:

I = QoQ1 - Qr—1.

Next, by (D5), it follows that X1, is a well-defined concatenation. Furthermore,
by (D2) vertex z;_, = %112 is also the source of X. Therefore, the concatenation
Iy X is also well-defined. Since the sets of internal vertices of X and I are disjoint,
it follows that C° = X is a directed cycle. Since len(X) = p and len(Iy) = 12k by
(D3), the directed cycle CY is of length m. Analogously, it can be shown that C! is
also a directed m-cycle.

Property (D1) implies that C° and C! are disjoint. Therefore, the digraph C°UC!
is a ém—factor of Gop,.

Lastly, we see that the arc differences in Iy and I; sum to 12k. Moreover, the arc
differences in X and Y sum to p. It follows that C° and C! are both type-1 directed

m-cycles. |

Using three type-2 basic sets and two type-1 basic sets satisfying certain proper-

ties, we can construct a C,,-factorization of G.

Lemma 3.23. Let m = p+ 12k with k a non-negative integer and p € {11, 13,17,19}.
If G, admits three type-2 basic sets of dipaths and two type-1 basic sets of dipaths
such that the dipaths and directed cycles in these five sets are pairwise arc-disjoint,

then Go,, admits a ém—factorization

Proof: Let Ay, As, and A3 be type-2 basic sets of dipaths, and A, and As be
type-1 basic sets of dipaths such that the 32 dipaths and directed cycles in S =
AU Ay U A3 U Ay U Ay are pairwise arc-disjoint.

By Lemma each A; for i € {1,2,3} gives rise to a C,,-factor F; of Gap,
consisting of two type-2 directed m-cycles. These C',.-factors are constructed as
described in the proof of Lemma [3.19 In addition, by Lemma each A; for
i € {4,5} gives rise to a C'.-factor F, consisting of two type-1 directed m-cycles.
Likewise, these are constructed as in the proof of Lemma It remains to show
that the Fj, for i € {1,2,...,5}, are pairwise arc-disjoint.
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Suppose that an arc a = (2,,z5) of Gy, where z,,z, € V, for some j €
{0, ..., k}, occurs twice in the C,,-factors Fy, . .. , F5. By the construction of Fy, ..., Fj
from Lemmasand it follows that j > 2, and that a’ = (2,_12(j-1), Ts—12(j-1))
also occurs twice in Fi, ..., F5. However, we see that o' has a tail in Vi, and thus
appears twice in S, a contradiction.

An analogous argument applies if a is of the form (y,, ys), (y,, zs), and (x,, ys).

Therefore, each arc of G, occurs at most once in Fi, ..., F5. Since Gy, is of degree
five, it follows that every arc occurs exactly once. Therefore, the set {F},..., F5} is
a C,,-factorization of Gay,. |

In the proof of Proposition below, we consider four cases, one for each
p € {11,13,17,19}. In each case, we construct three type-2 basic sets of dipaths and
two type-1 basic sets. Then, we verify that the hypothesis of Lemma [3.23] is satisfied
by these five sets of dipaths. This in turns implies that we have a C',n-factorization
of Gy, for all m = 1,5 (mod 6) and m > 11.

Proposition 3.24. Let m = p+12k with k a non-negative integer and p € {11, 13,17,
19}. The digraph Ga,, admits a ém-factorization.

Proof: Throughout this proof, we shall refer to notation introduced in Notation
In each case, we construct three type-2 basic sets of dipaths Ly, L1, and Lo, and
two type-1 basic sets of dipaths L3 and L,. In each case, it can then be verified that
the dipaths in Lo U Ly U Ly U L3 U Ly are pairwise arc-disjoint, thereby satisfying the
hypothesis of Lemma [3.23]

Case 1: p=11. Let Ly = (Wy, Xy, Yo, Zo, Qo, Ro, So, Tp) where

WO = (xo,x3,$4,y7,x7,y8,y11);

Xo = (yoayl>y4,y5,$8,f11);

Yo = ($1,y2,l’57I6,$9,$107y107$13)3

Zy = ($2,ysay6,y9,l’12)§

Qo = (yn, Y14, Y17, Y18, Y19, T22, ?/23);

Ry = ($117y127y137$167$177y207$23)§

So = (1'13,33'14,3715,y16,37197»’172073521,3/22,5525);
Ty = ($127?/157$187?/217$Q4)'
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In Figure [3.12], we illustrate these eight dipaths. It can be verified that properties
(B1)-(B6) of Definition are satisfied by L.

xo x1 T2 xs3 x4 x5 x6 x7 T8 x9 10 211 T12 T13
[} : [} { J { J [ J L
o eo—eo o o [ o ® [ [}
Yo Y1 Y2 Y3 Ya Ys Ye yr Ys Y9 Y10 Y11 Y12 Y13
(a) The dipaths Wy (pink), Xo (red), Yp (dark blue), and Zy (light blue).

11 12 13 14 x15 16 x17 18 x19 20 21 22 23 24 x25

o__© e _o o

-

e o—eo o o oo —0 o e
Y11 Y12 Y13 Y14 Y15 Y16 Yyi7 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25

(b) The dipaths Qo (pink), Ry (red), Sp (dark blue), and Ty (light blue).

Figure 3.12: The type-2 basic set of dipaths Ly for p = 11.

We now build a second type-2 basic set of dipaths below, this time denoted as
Ll = (W17 X17 }/17 Zl7 Qla Rb Sl, Tl):

Wi = (2o, Y1, 74, Y5, Ys, Yo, To, T12);

X1 = (I1,y4>9€77y107x11)§

Y = (yo,y3,$3,i€6,y673/7,$10>913)§

Z1 = (Y2, 72,75, T8, Y11);

Q1 = (I127y127y157$157$187?J187?J21,$21,$24);
Ry, = (33'11,y14,3717,51720751723)3

Si = (y13, 713, Y16, T16, Y19, T19, Y22, T22, Y25);
v = (Y11, %14, Y17, Y20, Y23)-

All dipaths in L are illustrated in Figure [3.13]
Next, we construct another type-2 basic set of dipaths, this time denoted Ly =

(WQa X27 }/2a Z2a Q27 R2a 527 T2):
Wy (370,93,336799,910,3/11);
Xo = (Yo, 3, Ya, Y7, T8, Ys, T11);

Y, = (91,$179€47$7,$10,$13);
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Zy = (22,92, Y5 T5, Yo, L9, Y12);
Q2 = (Y11, 712, Y13, Y16, Y17, T20, Y23);
Ry = (%11, %14, T17, T18, Y19, Y2, T23);
Sy = (213, Y14, Y15, T16, T19, Y20, Y21, T2, T25);
Ty = (312,715, Y18, T21, You)-

Figure contains an illustration of all dipaths in L.

ty) 1 3 T4 x5 z6 x7 8 x9 ri0 T11 T12 13
[} [ J [} /?/.\ [ ) [ ) [ J
@ [ J [ J [ J [ ] { J ® [

Yo Y1 Y2 Y3 Ya Ys Ye Y7 Y8 Yo Y10 Y11 Y12 Y13

(a) The dipaths W1 (pink), X; (red), Y7 (dark blue), and Z; (light blue).

Z11 12 13 14 X15 T16 T17 X18 T19 X20 T21 22 T23 T24 X255

Y11 Y12 Y13 Y14 Y15 Y16 Yyir Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25

(b) The dipaths @1 (pink), Ry (red), S; (dark blue), and 77 (light blue).

Figure 3.13: The type-2 basic set of dipaths L; for p = 11.

T7 9 T10 11 T12 T13

/P e

Y2 y3 Ya Y5 Ye yr Ys Y9 Y10 Y11 Y12 Y13

(a) The dipaths W5 (pink), Xo (red), Y2 (dark blue), and Zs (light blue).

Z11 12 r13 14 Z15 16 T17 T18 T19 X200 T21 22 T23 T24 T25

Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25

(b) The dipaths Q2 (pink), Ry (red), S2 (dark blue), and 75 (light blue).

Figure 3.14: The type-2 basic set of dipaths Ly for p = 11.

For k = 0, we replace each dipath in {Q;, R;,S;,T; | i = 0,1,2} with a dipath
of length 0 with the same source. It can be verified that the 8-tuples Ly, L, and
L, satisfy conditions (B1)-(B6) of Definition [3.18] and thus are type-2 basic sets of
dipaths.
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We now form a type-1 basic set of dipaths Ly = (X3, Y3, R3, S3):

X3 = (20,0, %1, Y1, T2, T3, Y6, T7, T8, Y9, T10, T11);
Y; = (y2,y3,$4,y47$57y5,Iﬁ,yhys,ﬂl?g,ylo,ym);
Ry = (5511,yll,y12,$12,5€13,$16,3/17733'1779187513'18,51719,3722751723);
Sy = (yls,9314,y14,51715,915,916,919,5U20,?J2075U21,?/21,?/227?/25)-

Refer to Figure for an illustration of X3, Y3, R3, and Ss.

o ®1 T2 X3 T 7 xg w9 T10 T11 T12 Ti3
0// —o o o
[ J [ ] [}

Yo Y Y Y9 yi0o w11 Y12 Y13

4 Ts5 T6 T
2 Y3 Yq Y5 Ye yr Ys

(a) The dipaths X3 (red) and Y3 (dark blue).

11 xr12 13 14 x15 x1e6 x17 18 x19 20 x21 xr22 23 24 x25
[ o [ o [ J [ J

*——O [ ] [ ]
Y11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25

(b) The dipaths R3 (red) and Ss (dark blue).

Figure 3.15: The type-1 basic set of dipaths L3 for p = 11.

Lastly, we form a second type-1 basic set Ly = (X4, Yy, Ry, Sy):

Xy = (Yo,%0, 71,72, Ys, Y, T, L7, Y7, Y105 T10, Y11);

Y, = (y1:y2,$3,ys:y4,534,13573/87338,x9,y9,y12);

R, = (yn,9611,9012,9015,9016,y16,$17,y17,$187$21,$22,yzzayzs);
Sy = (y12,$13,y13,y14,$14,y15,y18,I19;919,y20,$2079217y24)-

See Figure for an illustration of the dipaths in Ly.

Again, for k = 0, we replace each dipath in {R;,S; | i = 3,4} with a dipath of
length 0 with the same source. Similarly, it can be verified that quadruples L3 and
L, satisfy conditions (B1)-(B6) of Definition [3.21] and thus are type-1 basic sets of
dipaths.

It is tedious, but straightforward, to verify that, for each vertex x; (y;) in Vj,
each of the five arcs with tail z; (y;) appears in a dipath in {W;, X;,Y;,Z; | j =
0,1,2} U{X;,Y; | j = 3,4} exactly once. An analogous claim holds for vertices x;
(y;) in V4 and the set of dipaths {Q;, R;,5;,T; | 7 =0,1,2} U{R;,S; | j = 3,4}. It
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ts) x1 ) x3 T4 x5 Te x7 T8 xrg T10 T11 T12 T13
o—e

[ N — .

Yo Y1 Y2 Y3 Ya Ys Ye yr Ys Y9 Y10 Y11 Y12 Y13

(a) The dipaths X4 (red) and Yy (dark blue).

z11 12 13 14 X15 T16 T17 X18 T19 X200 T21 22 T23 X24 X255
[ @ @ o o o

[ ]
Y11 Y12 Y13 Y14 Y15 Y16 Yyir Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25

(b) The dipaths R4 (red) and Sy (dark blue).

Figure 3.16: The type-1 basic set of dipaths L, for p = 11.

follows that the dipaths in Lo U...U L, are pairwise arc-disjoint and thus satisfy the
hypothesis of Lemma . As a result, the digraph G, admits a C',n-factorization.

Case 2: P = 13. Let LO = (WQ,X(), Y'[-), Z[), Qo, Ro, So, To) where

Wo = (Yo, 21, %2,Ys, Te, Tg, Y12, T13);

Xo = (z0,Y3, Y4, Y7, Y10, T10, ¥13);

Yo = (y1,%4,75,%8, Y9, T12,Y15);

Zo = (Y2, 73, Y6s T7, Yss T11, Y115 Y14);

Qo = ($13> Y16, Y19, T20, L21, Y24, 3325)3

Ry = (y13,x14,1‘157y1s,$19,yzz,yz5);

So = (y157$167y177$187y21,$22,?/23,x24>y27);
Ty = (914, T17, Y20, L23, ?/26)-

See Figure for an illustration of the dipaths in L.
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° ,o—\
= '/L <\'
° e ~eo—o o o \0/ o e e
Yo Y1 Y2 Y3 ya Ys Y6 YT

(a) The dipaths Wy (pink), X (red), Yo (dark blue), and Zp (light blue).

r13 14 15 T16 T17 Z18 X19 T20 T21 22 T23 X24 X25 T26 T27

e o o

Y13 Y14 Y15 Y16 Yyir Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27

(b) The dipaths Qo (pink), Ry (red), Sp (dark blue), and Ty (light blue).

Figure 3.17: The type-2 basic set of dipaths Ly for p = 13.

Next, we build a second type-2 basic set of dipaths denoted as L; = (Wy, X7, Y7,
Zl) le R1> Sla Tl):

Wy, = (350,y0,$3,$6,x7,y107y117$14)

X1 = (21,941, %5, Y6, Yo, 10, T13);

Y = <y27y57x87=r117y14)

Zy = (y 5132,?/3,534,y773/8,$9,x12,912,y15);
0 = (%4@17@20@23@26)

Ry = (13,113, Y16: T16, T19, Y19, Y22, T22, T25);
Si = (y14, Y17, Y20, Y23, 926)

T, = (?/15,171575518,?/187?/21>$21>$24>y24>y27)-

See Figure for an illustration of the dipaths in L;.
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ty) z15
[ [
[ ®

Yo Y1 Y2 Y3 Ya Ys Ye Y7 Y8 Yo Y10 Y11 Y12 Y13 Y4 Y15

(a) The directed paths Wy (pink), X; (red), Y7 (dark blue), and Z; (light blue).

r13 14 15 T16 T17 Z18 X19 T20 T21 22 T23 X24 X25 T26 T27

[ ] [ J [ ] ?\\. ./? [ J [ ] ?\\. ./. ® o
[ ] [ ( ] [ [ ] ®
Y13 Y14 Y15 Y16 yi7 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27

(b) The directed paths Q1 (pink), Ry (red), Sy (dark blue), and T3 (light blue).

Figure 3.18: The type-2 basic set of dipaths L, for p = 13.

Now, we build our third type-2 basic set of dipaths, Ly = (W5, X, Y5, Zs,
Q27R27527T2):

Wy = (0, 23,93, Vs, To, Y10, Y13);

X, = (QO,y17y4,557,513873/11,3312,9513)3

Yo = (@2,Y2,T5, Te, Y7, T105 T11, T14);

Zy = (T1,%4,Y5,Ys, Yo, Y12, T15);

Q2 = (y13,yl4,915,5U18,3319,5U227y25);

Ry = (51713,5516,y19,y20>?/21>5524>$25);

So = ($147 Y17, 20, Y23, $26);

T = (33'15,y16,l’17,y18,$21,y22717237y247$27)-

Refer to Figure [3.19] for an illustration of the dipaths in Ls.

For k = 0, we replace each dipath in {Q;, R;, S;,T; | i = 0,1,2} with a dipath
of length 0 with the same source. It can be verified that the 8-tuples Ly, L, and
L, satisfy conditions (B1)-(B6) of Definition [3.18] and thus are type-2 basic sets of
dipaths.

Next, we construct a type-1 basic set of dipaths, denoted L3 = (X3, Y3, R3, S3):

X3 = (?Jo,$073/1,wl,yz,y3,906796,?/7,$7,I107yl1,ylz,yls>;
Y3 = ($2,IE37$47y4,y57$57ys,l‘&xg;yg?ylo,$11,$12,$15)§
Ry = (3/13,9513,3/14,55'14a3/15aylsa3/19,3319,3/20,33'20,%17924,925);
Sy = (9515,$16,y16,y17751517,5318,SB21,5522,?/22,?/2375523#524@27)-
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x0o x1 T2 x3 T4 x5 Te x7 T8 x9 10 11 12 Z13 T14 15

o ¢

Y10 Y11 Y12 Y13 Y14 Y15
(a) The directed paths Ws (pink), X5 (red), Y2 (dark blue), and X5 (light blue).

r13 14 15 T16 T17 Z18 X19 T20 T21 22 T23 X24 X25 T26 T27
[ ] [ ] [ J [ o [ ] [ ) /.—.
/.\s A,
~ ~

o ~o—eo—0o @
Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27

(b) The directed paths Q2 (pink), Ry (red), Sy (dark blue), and T» (light blue).

Yo Y1 Y2 Y3 Ya Ys Ye Y7 Y8 Yo

Figure 3.19: The type-2 basic set of dipaths Ly for p = 13.

In Figure [3.20] we illustrate all four dipaths in L.

xo T T2 x3 T4 x5 Te6 x7 s x9 10 211 T12 Z13 T14 T15

X s

[ ] [ [ @ ——0 [ J [ ]
Yo Y1 Y2 Y3 Ya Y5 Ye yr Ys Y9 Y10 Y11 Y12 Y13 Y14 Y15

(a) The directed paths X3 (red) and Y3 (dark blue).
13 14 x15 16 17 18 19 20 21 22 23 24 x25 26 x27
T | ] o o
o\ o o o o
Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27

(b) The directed paths R3 (red) and Sz (dark blue).

Figure 3.20: The type-1 basic set of dipaths L3 for p = 13.

Lastly, we form another type-1 basic set Ly = (X4, Y, Ry, S4):

Xy = ($0,$1,y1,3/2756273%3/57246,336,3/979697551073/107%13);

Yi = (Yo.Y3, T3, Ya, Ta, T7, Y7, T8, Ys, Y11, T11, Y12, T12, Y13);

R, = (I13,$14,y14,$15,y15,y16,$19,$2o7y2o7$217y217y227$25);
Sy = (y13,$€16,$17,3/17,y18,$18,3/19,$227$2373/237y24,$24,y25)-

Figure [3.21] illustrates the four dipaths in Ly.
Again, for k = 0, we replace each dipath in {R;,S; | i = 3,4} with a dipath of

length 0 with the same source. Similarly, it can be verified that quadruples L3 and
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o 1 T2 3 T4 5 Te x7 T8 Tr9g Tl0 T11 T12 T13 T14
o O [ L ] [ ]
——eO @ L] [

Yo Y1 Y2 Y3 Ya Ys Ye yr Ys Y9 Y10 Y11 Y12 Y13 Y14

(a) The dipaths X4 (red) and Yy (dark blue).

r13 14 15 T16 T17 Z18 X19 T20 T21 22 T23 X24 X25 T26 T27
[ @ @ o o

S [ ] [ ]
Y13 Y14 Y15 Y16 Yyir Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27

(b) The dipaths R4 (red) and Sy (dark blue).

z15

Y15

Figure 3.21: The type-1 basic set of dipaths L, for p = 13.

L, satisfy conditions (B1)-(B6) of Definition [3.21} and thus are type-1 basic sets of

dipaths.

Once again, it is tedious but straightforward to verify that {Lg, L1, Lo, L3, L4}

satisfies the hypothesis of Lemma [3.23]
Case 3: P = 17. Let LO = (W(), )(07 )/0, Zg, QQ, Ro, S(), To) where

Wy = (yo,!E07y3,$6,y77$87$117912,$15,$18);
Xo = (Ihy2,$57yﬁay9,$10,$137y147yl7);

Yo = (yl,y4,y5,98,$9,$12791379167$167$19)3
Zy = ($2,$3,$47$7,y107911,$14,y15,?/18);
Qo = (1’187 Yo1, T24, Y21, $30);

Ry = (y17, T17, Y205 L20, Y23, 23, Y26, L26, yzg);
So = (@19, Y19, T22, Y22, T25, Y25, T28, Y28, T31);
To = (y18,$217y247$277930)-

We illustrate the dipaths in Ly in Figure [3.22]
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x0o x1 T2 x3 T4 x5 Te6 x7 xs xrg L10 T11 X122 T13 T14 T15 16 T17  T18 T19
[ J [ @ { ] /.\ ] [ ] [ ] ’j & L ) -é /.\ ] ‘;—I\._./.
® ° ° o o o \o>?o ~6 e e o
Yo Y1 Y2 Yys Y4 Ys Y6 Y7 Ys Y9 yi0 yi1 Y12 Y13 Y4 Yi5 Y6 Y17 Y18 Y19

(a) The dipaths Wy (pink), Xy (red), Yy (dark blue), and Zy (light blue).

Zi7 18 T19 T20 T21 22 T23 T24 XT25 T26 T27 X228 T29 T30 T31

| | |

@ ® @
Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31

(b) The dipaths Qo (pink), Ro (red), Sp (dark blue), and Ty (light blue).

Figure 3.22: The type-2 basic set of dipaths Ly for p = 17.

Next, we build a type-2 basic set of dipaths below, this time denoted as L; =
(W17 X17 }/17 Zl7 Ql? Rl; Sl7 TI):

Wi = (@1, T4, Ya, 7, Y7, 105 Y105 Y135 Y145 T17);

X1 = (0, 73,¥3,Ys, T6, To, Y12, Y15, T18);

Yi = (Yo,v1,¥Y2, Us, T, Y11, T11, T14, T15, Y16, T19);
Zy = (%2,%5,Ys, Yo, T12, T13, T16, Y17);

Q0 = ($17, Y18, Y19, Y22, T23, Y24, Y25, Y28, l’29);

Ry, = (5U18, T21,X24, T27, ~T30)5

Si = ($19,$20,y21,$227$257$26>yz7>$28,$31);

v = (Y17, Y20, Y23, Y26, Y29)-

See Figure [3.23] for an illustration of all eight dipaths in L.
Below, we build a third type-2 basic set of dipaths, denoted Ly = (W3, X3, Ys, Zs,
Q2, Ry, So, T2)3
Wo = (Yo, 73, T, T7, Ys, Y11, Y14, T14, T17);
Xy = (%o, 71, Ys, Ts, Tg, Yo, Y12, T13, Y16, Y17);

Y, = (yhﬂfzaysay671179,$107y137$167y19);
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x0o x1 T2 x3 T4 x5 Te6 x7 xs xrg L10 T11 X122 T13 T14 T15 16 T17  T18 T19

.\._.//? ° [ ]

[ J
Yis  Yie Yir  Yis Y19

(a) The dipaths Wi (pink), X (red), Y7 (dark blue), and Z; (light blue).

Zi7 18 T19 T20 T21 22 T23 T24 XT25 T26 T27 X228 T29 T30 T31

Yo Y1 Y2 ys Y4 Ys Y6 Y7 Y8 Y9 w0 w11 Y12 Y13 Y14

Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31

(b) The dipaths @1 (pink), Ry (red), S; (dark blue), and 77 (light blue).

Figure 3.23: The type-2 basic set of dipaths L, for p = 17.

Zy = (Y2,Y3, T4, Y7, Y10, T11, T12, Y15, T15, Y18);
Q2 = ($17,$1871719792279237$26,$29);

Ry, = (y17, 20, T23, L24, L25, Y28, ?/29);

Sy = (y19, Y20, T21, T22, Y25, Y26, L27, T28, y31)§
T, = (Y18, Y21, Y24, Y21, Y30)-

In Figure [3.24] we illustrate the eight dipaths in L.
For k = 0, we replace each dipath in {Q;, R;,S;,T; | i = 0,1,2} with a dipath
of length 0 with the same source. It can be verified that the 8-tuples Ly, Lq, and

L, satisfy conditions (B1)-(B6) of Definition [3.18] and thus are type-2 basic sets of
dipaths.

We now form a type-1 basic set of dipaths Ly = (X3, Y3, R3, S3):

X3 = (20,%0, 1, Y1, T4, Y5, T5, T, Yo, T7, T10, T11, Y11, Y12, T12, T15, T165 L17);
Y; = (9271‘27937373,947977yS7$8>$97?/9aylo,x13ay13,$14ay14ay15ay16aym);
Ry = (Imy17;I18,y18,I197I227I23,y23,$247?/24,I25,l‘28,$29);

Sy = (y19, 220, Y20, Y21, T21, Y22, Y25, T26, Y26, Y27, L27, Y28, ?/31)-

Refer to Figure for an illustration of X3, Y3, R3, and Ss.
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x0o x1 T2 x3 T4 x5 Te6 x7 xs xrg L10 T11 X122 T13 T14 T15 16 T17  T18 T19
A A A T B

° m—o’ e o o e e e © ~eo—o o

Yo Y1 Y2 Y3 Ya Ys Y6 y7 ys Y9 yio Y11 Y12 Y13 Y14 Y15 Y6 Yir Y18 Y19

(a) The dipaths Wy (pink), X3 (red), Y2 (dark blue), and Z, (light blue).

Zi7 18 T19 T20 T21 22 T23 T24 XT25 T26 T27 X228 T29 T30 T31

o—o_ o

o ~eo—o ®
Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31

(b) The dipaths Q2 (pink), Ry (red), S2 (dark blue), and 75 (light blue).

Figure 3.24: The type-2 basic set of dipaths Ly for p = 17.

o) T1 T2 T3 T4 x5 Te6 x7 xg xrg T10 T11 12 X13 T14 T15 16 T17 T18 X119

W—. ——0 [ ] [ ]
[ [ L] [ ] [ ]

Yo Y1 Y2 Y3 Ya Ys Yo yr Ys Y9 yio Y11 Y12 Y13 Y14 Yis Y

16 Y17 Yig Y19

(a) The dipaths X3 (red) and Y3 (dark blue).

17 18 T19 X20 T21 T22 X23 T24 X235 T26 T27 X288 T29 T30 T3l
T/T L ] [ ] [ [
[ [ [ ) [ )

Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31

(b) The dipaths R3 (red) and S3 (dark blue).

Figure 3.25: The type-1 basic set of dipaths L3 for p = 17.

Lastly, we form another type-1 basic set Ly = (X4, Yy, Ry, Sy):

Xy = (wo,y1,21,%2,Y2, T3, Y6, Y7, T7, T8, Y8, T11, Y14, T15, Y15, T165 Y16, L17)
Y, = (3/07Z/3>y4,$4,$5ay5a1’67y9,379,3/10,1'10,yn,33'12,y12,y13>$13,$147y17);
Ry = (%17, %20, %21, Yo1, Y22, T22, Y23, Y2u, T24, Y25, 25, Y26, L29)

Sy = (y17,y18,$18,y19,$19,y20,$23,$267$277?J277y287$287929)-

In Figure [3.26] we give an illustration of Xy, Y;, Ry, and Sj.

Again, for k = 0, we replace each dipath in {R;,S; | i = 3,4} with a dipath of
length 0 with the same source. Similarly, it can be verified that quadruples L3 and
Ly satisfy conditions (B1)-(B6) of Definition [3.21] and thus are type-1 basic sets of
dipaths.
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x0o x1 T2 x3 T4 x5 Te6 x7 xs xrg L10 T11 X122 T13 T14 T15 16 T17  T18 T19
*—O o——O [ [

Yo Y1 Y2 Y3 Ya Ys Y6 y7 ys Y9 yio Y11 Y12 Y13 Y14 Y15 Y6 Yir Y18 Y19

(a) The dipaths X4 (red) and Yy (dark blue).
T17 Tr18 19 20 21 22 23 T24 25 26 27 28 29 30 T31
° ° e o
—eo o e o

Y17 Y18 Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31

(b) The dipaths R4 (red) and Sy (dark blue).

Figure 3.26: The type-1 basic set of dipaths L, for p = 17.

Again, it is laborious but routine to verify that {Lg, L1, La, L3, L4} satisfies the
hypothesis of Lemma [3.23]
Case 4: P = 19. Let LO = (W(), )(07 )/0, Zg, QQ, Ro, S(), To) where

Wy = (yoayla954,y4,y7,3710,$13;y147y17,$20)

Xo = (x1>y2;y5ay67x77y107=T117y127y137y167y19)
Yo = (5170793,533,5136 3/97359,1?12,3/15,1'18,3321)

Zy = (x2,%5,Ys, Ts, Y11, T14, L15, T16, L17, Y18, £19);
Qo = (95207 Yo1, T22, Y23, L26, Y27, L285 Y29, $32)

Ry = (y19, Y22, Y25, Y28, y31)

So = (3321, T4, T27, T30, 1U33)

To = ($19,y20,3723,y24,$25,y26,$29;y30,$31)-

In Figure [3.27], we illustrate all eight dipaths in Lq.
We build our second type-2 basic set of dipaths below, this time denoted as
Ly = (Wi, X1, Y1, 21, Q1 Ry, S1,Th):
W, =
X, =

(?/2,513'2,y5,$8,y9a3/12,55'12,3/13,3316,3/17,1'17,3720)
(35 554,5U77y8>51711>$14,y15>y18>y21);
Y1 = (%0,Y1, Y4, s, Ys, To, T10, Y11, Y14, L15, L18, Y19);

Yo, T3, Y3, L6, Y7, Y10, L13, Y16, 3719)
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Q1 = (9620,$21ay22,$23,1?26,$2779287$297$32);
R, = (yzl, Ya4, Y27, Y30, 3/33);
St = (Y19, Y20, Y23, T2a, Tas, Tag, Y31);
Ty = (w19, 22, Y25, Y26, Y20, T30, T31)-

Figure [3.28] illustrates all eight dipaths of Lj.

o 1 T2 xr3 T4 xTs e xT7 10 11 T12 13 T14 T15 T16 T17 T18 T19 T20 T21
° e o ° p_e o

| s, . f% e _
o o o/ ° o 0T~ o o

Yo Y1 Y2 Y3 y4 Ys Y Y7 98 Y9 w10 w11 Y12 Y13 Y14 Y15 Y16 Y17 Y18 Y19 Y20 Y21
(a) The dipaths Wy (pink), Xo (red), Yy (dark blue), and Zj (light blue).

19 20 T21 xr22 T23 X224 X25 T26 X277 XT28 T29 T30 T31 r32 IT33
[ ] [ ] [ ] ] (] L] ] ] [ ] @

® © o o ©® e & o e e o e o o

Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31 Y32 Y33

(b) The dipaths Qo (pink), Ro (red), Sp (dark blue), and Ty (light blue).

Figure 3.27: The type-2 basic set of dipaths Ly for p = 19.

ro T1 T2 x3 T4 Ti0 11 12 13 X14 15 16 17 T18 T19 T20 T21

°
y7 98 y9 Y10 Y11 Y12 Y13 Yi4 Y15 Y16 Y17 Y18 Y19 Y20 Y21

~_o /V\/"
e o :/ oo
ZJO Y1 Y2 Y3 Ya yS Y6

(a) The dipaths W1 (pink), X; (red), Y7 (dark blue), and Z; (light blue).

Z19 20 21 22 23 Z24 25 26 27 28 29 Z30 Z31 32 33

o o o o _ o /o—o\oo/o\o °
— L
° oo o o .$<—.\O
Y3o Y31 Y32 Y33

Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29

(b) The dipaths @1 (pink), Ry (red), Si (dark blue), and 77 (light blue).

Figure 3.28: The type-2 basic set of dipaths Ly for p = 19.

We build our third type-2 basic set of dipaths denoted as Ly = (Ws, Xs, Ya, Zs,
QQ; R27 527 T2):
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Wy = (Y2,75,Ys, T6, T, Y10, Y13, T13, T14, Y17, Y20);
Xo = (Y1, %1, Y4, T7, T10, T11, Y14, T17, T18; Yo1);
Yo = (%0, Y0, Y3, Y6, Yo, T12, T15, Y18, Ta1);
Zy = (x2,73,T4,Y7,78,Ys, Y11, Y12, Y15, Y16, T16, T19);
Q2 = (Y20, T20, T23, Ya3, Y6, T26, T29, Y29, Y32);
Ry = (Y21, Toa, Yor, T30, Y33);
Sy = (a1, Yo, Tar, Y30, T33);
Ty = (719, Y19, 22, Y22, T25, Yos, T8, Yog, T31)-

Refer to Figure [3.29] for an illustration of all eight dipaths in Ls.

xg X1 X2 T3 T4 X5 X X7 x8 xT9 L10 T11 12 T13 Ti4 T15 T16 L17 T18 T19 T20 T21

° ° ° ° o/o\!wo _eo—e.___ o °
° ° /o“o\\o/o ° ° e ~eo o o\o>oo<:
Yo Y1 Y2 Y3 Y4 Ys Y6 Y7 Y8 Y9 w10 Y11 Y12 Y13 Y14 Y15 Yie Y17 Y18 Y19 Y20 Y21
(a) The dipaths Wy (pink), Xo (red), Ya (dark blue), and Zs (light blue).

19 x20 T21 x22 T23 X24 X25 T26 T27 X28 T29 T30 X31 32  T33

e e

Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31 Y32 Y33

(b) The dipaths Q2 (pink), Ry (red), Sz (dark blue), and T» (light blue).

Figure 3.29: The type-2 basic set of dipaths Ly for p = 19.

For k = 0, we replace each dipath in {Q;, R;, S;,T; | i = 0, 1,2} with a dipath
of length 0 with the same source. It can be verified that the 8-tuples Ly, L, and
L, satisfy conditions (B1)-(B6) of Definition [3.18] and thus are type-2 basic sets of
dipaths.

We proceed by forming a type-1 basic set of dipaths L3 = (X3, Y3, R3, S3):

X3 = (yoy$1,y1,$2792,y3,$47$5,906,967y7,907,xs,I11,y11,$12,y12,$13,$16,ylg);

Y; = ($07I37y4,y57y8,$9,y97y107xloay13,$14,?/14,?/15,$15,?/16,95177y17,y18,$187$19);
Ry = (3/197 220, Y20, Y21, T21, 22, 25, Y28, Y29, L29, 30, Y30, 931);

Sz = (I19792279237123,$24,y24,y25,9026,926,y27,9€27,9€28,$31).

In Figure |3.30, we give an illustration of all four dipaths in Ls.
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r9 1 T2 ®3 x4 XT3 T L7 X3 X9 L0 T11 T12 T13 T4 T15 Tie T17 T18 T19 T20 T21

X AV = S

o o
Yo Y1 Y2 Y3 Y4 Ys Yo Y7 Y8 Y9 wyio Y11 Y12 Y13 Y14 Yi5 Yi6 Y17 Y18 Y19 Y20 Y21

(a) The dipaths X3 (red) and Y3 (dark blue).

19 X20 T21 22 T23 X24 X25 T26 T27 X28 T29 T30 T31 32 33

=N iy O

Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31 Y32 Y33

(b) The dipaths R3 (red) and Ss (dark blue).

Figure 3.30: The type-1 basic set of dipaths L3 for p = 19.

Lastly, we build our second type-1 basic set Ly = (X4, Yy, Ry, Sy):

Xy = (y17y2;$3,y6,$67$7,y77ys7yg,-’Eloayloayu,9611,9512,$13791379147$147$177920);
Y, = (yo,$07I1,I27y3’y4;I47y5,$5,$8,969,?/12,1‘15,y15,$16,y16,y17,$18;ylsaylg);
Ry = (yzo,lea921,922,1’22,1’23,926,5527,927,y2s,$28>$297932)5

Sy = (y19,9019,9020,y23,y24,9024,y25,9025,$267?/297?/307$30,y31)-

Figure [3.31] illustrates the four dipaths in L.

ro X1 X2 ®3 T4 T X Xy Xy 9 L0 T1l T12 T13 T4 T15 Tle L17 T18 T19 20 T21

° /FV' e o o

] o—o— o—o\o/u—o 1: b ~e °

Yo Y1 Y2 Ys Y4 Ys Y6 Y7 Ys Y9 yi0 w11 Y12 Y13 Y14 Y15 Yi6 Yir Y18 Y19 Y20 Y21
(a) The dipaths X4 (red) and Y, (dark blue).

r19 20 X21 P22 X223 X24 T25 X26 T27 T28 T29 T30 T31 T32 T33
o— o— [ ] [ ] [ ]

*——O [ @ [ ]
Y19 Y20 Y21 Y22 Y23 Y24 Y25 Y26 Y27 Y28 Y29 Y30 Y31 Y32 Y33

(b) The dipaths R4 (red) and Sy (dark blue)

Figure 3.31: The type-1 basic set of dipaths L, for p = 19.

Again, for k = 0, we replace each dipath in {R;,S; | i« = 3,4} with a dipath of
length 0 with the same source. As before, it can be verified that quadruples L3 and

L, satisfy conditions (B1)-(B6) of Definition [3.21} and thus are type-1 basic sets of
dipaths.
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One can then verify that {Lg, L1, Lo, L3, L4} satisfies the hypothesis of Lemma
5. 20!

In conclusion, we see that the hypothesis of Lemma [3.23] is satisfied for all odd
m > 11 such that m = 1 or 5 (mod 6) and thus, the digraph G, admits a ém—

factorization. |

3.5 Conclusion

We now use this chapter’s technical lemmas to prove our main theorem. In Sections
and we constructed a ém—factorization of Hy,,, Loy, and Gy, for all m =1
or 5 (mod 6) such that m > 11. However, in Proposition [3.14] we showed that Lo,
does not admit a C,,-factorization when m = 3 (mod 6). We circumvent this case
using Lemma [3.25] below. This lemma reduces Conjecture [2.13] to the case m is odd
and m # 0 (mod 3) or m = 9.

Lemma 3.25. Let m be odd. If K, admits a C'm-factorization, then K33,y admits

a Cs,-factorization.

Proof: Assume that K3, admits a é’m—factorization. Let Fi, F5, ..., F5,_1 be
the corresponding C,,-factors, so for each k € {1,2,...,2m-1}, we have F}, & 2C, .

Then, we can obtain the following decomposition of K 5(3m) into spanning subdigraphs:
23m) = Ko VK3
= (FLehd...0 Fh 1)K
= (FK})®(FlK3) @ ... 0 (Fom1 L K3).
Observe that
FKD = (2C)K;
~ 2(Cnt K3),
and that
FKs = (20,)1K;

I
s
Qu
3
=
&
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for + > 1. Lemma implies that Cy, ! K3 is hamiltonian decomposable. This
means that C,, ! K3 admits a C'sm-factorization by Lemma [2.25 Therefore, Lemma
implies that 2(C, { K3) also admits a C'y,,-factorization. Similarly, one can show
that 2(C,, 1K 3) admits a C's,,-factorization using Lemmas and In conclusion,
Lemma implies that K3, admits a C'sm-factorization. |

Observe that Lemma [3.25|is vacuous when m = 3 because K§ does not admit a
C's-factorization [18].

Now, we proceed with the proof of our main theorem, Theorem [3.26]
Theorem 3.26. If m > 5 and m s odd, then K3, admits a C'm-factorization.

Proof: If m =1or5 (mod 6) and m > 11, the statement follows from Lemma

3.0, Propositions [3.13], [3.14] and [3.24]
Next, we consider the case m = 3 (mod 6) or 5 < m < 9. If m = 3"t for some

t=1orb (mod6),t> 11, and r > 1, then a C'-factorization of K3, exists by the

above, and the existence of a C',.-factorization of K3, is established by a repeated

application of Lemma |3.25|

Otherwise, we have m = 3"t for t € {5,7,9}. If r = 0, then a C',-factorization of
K3, exists by Theorem [23], and if » > 1, then a repeated application of Lemma
applied to this result can be used to show existence of a C',»-factorization of K. -
1

Lastly, we combine Theorems and to obtain a general solution to the

directed Oberwolfach problem with an even number of tables of uniform odd length.
Theorem 3.27. If m > 5 is odd and o is even, then K, admits a ém—factorization.

In conjunction with results from |1}2,{13}/16,{18}23,24./68|, Theorem completes
the solution to the directed Oberwolfach problem with tables of uniform length. This
result is stated in the form of Theorem [3.28 below.

Theorem 3.28. Let m and o be positive integers. The digraph K, admits a (_f’m—
factorization if and only if (o, m) & {(1,6), (1,4),(2,3)}.
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In conclusion, we have completed the proof of Conjecture [2.13, The implications
of this chapter’s results are far-reaching as exhibited by Theorem In addition,
results from this chapter were instrumental in the completion of the solution of the
two-table case of the directed Oberwolfach problem. Recently, Kadri and Sajna [40]
and Horsley and Lacaze-Masmonteil [37] jointly obtained a complete solution of the
two-table case of the directed Oberwolfach problem with tables of varying lengths.
Namely, in [37], the methods developed in this chapter were successfully adapted
to address certain cases of the directed Oberwolfach problem with tables of varying

lengths.



Chapter 4

Hamiltonian decompositions of the
wreath product of two hamiltonian

decomposable digraphs

The study of cycle decompositions of graphs (digraphs) arising from graph prod-
ucts has a rich history, as suggested by the vast amount of literature on this topic
(11,112, 15, (19, 141} |46, |50% |52-54} 65, 66, 71]. As shown in the proof of Lemma m,
which was instrumental in proving Theorem these decompositions can be used
to solve fundamental cycle decomposition problems. For that reason, many problems
pertaining to cycle decompositions of products of graphs are fundamental problems
themselves. In this chapter, we will be studying the problem of existence of a de-
composition of the wreath product of two digraphs into directed hamiltonian cycles.
Namely, we aim to address a specific case of the following fundamental problem in

cycle decompositions.

Problem 4.1. Given two graphs (digraphs) G and H that are both hamiltonian de-
composable, is G @ H, where ® is one of the four graph products defined in Chapter

1, also hamiltonian decomposable?

The undirected version of Problem has been settled for the wreath (lexico-
graphic) product [12] and the strong product [28,71]. In |12, and 28] and [71], it was
shown that, if G and H are hamiltonian decomposable graphs, then Gt H and GX H,
respectively, are also hamiltonian decomposable. Problem has also been partially

74
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settled for the Cartesian product [65]. Regarding the categorical (direct) product,
Bermond [15] has shown that, if G and H are hamiltonian decomposable and at least
one of |V(G)| and |V (H)| is odd, then G x H is hamiltonian decomposable.

Very little progress has been made on the directed version of Problem in
part due to the fact that there exist infinite families of hamiltonian decomposable
digraphs G and H for which G ® H is not hamiltonian decomposable. For instance,
the digraph énDém is hamiltonian decomposable if and only if there exist positive
integers s; and s, such that ged(m,n) = sy + so and ged(mn, s152) = 1 [41]. As for
the wreath product, we have the following conjecture, first stated in Chapter 2 and

restated here for convenience.

Conjecture [2.23. If G and H are strict hamiltonian decomposable digraphs such
that G # K,,, then G U H is also hamiltonian decomposable.

In 52|, Ng identifies two exceptions to Conjecture Namely, Ng shows that
Conjecture does not hold when G = C,, with n odd, and H € {K,, K}}.
Additionally, Ng [52| affirms Conjecture when |V(G)| is odd and |V(H)|> 2,
and claims without providing it to have a proof for the case when |V (G)| and |V (H)|
are even and H admits a decomposition into an even number of directed hamiltonian
cycles. Ng’s main result was originally presented in Chapter [2] and is restated below

for completeness.

Theorem [52] Let G and H be two strict digraphs such that |V (G)| is odd,
G # K,, and |V(H)|> 2. If G and H are hamiltonian decomposable, then G { H is

hamiltonian decomposable.
In this chapter, we will be examining Conjecture for the case |V (G)| is even.

Theorem [£.2] given below, summarizes our contributions to Conjecture [2.23

Theorem 4.2. Let G and H be two strict hamiltonian decomposable digraphs such
that G # K,,. Let |V(G)|=n, where n is even, |V (H)|=m, and let ¢ be the number
of cycles in a hamiltonian decomposition of H. The digraph G H is hamiltonian

decomposable in each of the following cases:
(51) m s Odd, (m,c) 7é (37 1)7 and (nam7 C) 7é (27372);

(S2) m and c are even;



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 76

(S3) m is even, 3 < c<m—3is odd, and G # Chn:
(S4) m is even, c =m — 1, and (n,m) # (2,2);
(S5) m is even, m >4, c=1, andn > 4.

IfG=C, and (m,c) € {(2,1),(3,1)} or (n,m,c) = (2,3,2), then GV H is not

hamailtonian decomposable.

If (n,m,c) = (2,3,2), then G = K and H = Kj. Note that K5 K} = K{.
Theorem [3.2§] implies that K¢ is not hamiltonian decomposable. In addition, we
identify two non-trivial exceptions to Conjecture 2.23] Namely, in Propositions [£.10]
and , we demonstrate that Conjecture is not true for G = é’n, where n is
even, and H € {Cy,C3}.

Now, we discuss some of Ng’s results from |52] because we will be taking a similar
approach. In 52|, Ng showed that, if G and H are hamiltonian decomposable digraphs
on n and m vertices, respectively, it suffices to show that én V K, and Cn U H are
hamiltonian decomposable. Ng then proceeded to show that C, 1V K,, is hamiltonian

decomposable for all m > 2.

Lemma 4.3. /52 Let n be a positive integer. If m > 2, then Co U K is hamiltonian

decomposable.

Lemma allowed Ng to take the following reduction step which is implicitly
proved in the proof of Proposition 1 of [52].

Lemma 4.4. [52] Let G and H be two strict hamiltonian decomposable digraphs
such that |V(G)|= n and |V(H)|> 2. If C,, 1 H is hamiltonian decomposable, then

G U H is also hamiltonian decomposable.

Theorem [2.26| and Lemma [4.4] allow us to concentrate on the case of Conjecture
where G = C,, with n even. Therefore, we aim to establish when C, 1 H is
hamiltonian decomposable if H is a strict hamiltonian decomposable digraph and n

1s even.
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4.1 Preliminaries

The aim of this section is to introduce some terminology and notation that is used in
the constructions given in this chapter. Note that some of the definitions introduced
below are similar to those introduced in earlier chapters. However, the context in

which these are used is different. For that reason, we repeat some of these definitions.

Notation 4.5. Let H be a digraph on m vertices that is hamiltonian decomposable.
Let V(H) = Zy, and V(C,) = Zy,. Then, V(CoV H) = {(z,y) | © € Zn,y € Znn},

and we write shortly z, for (z,y). For each i € Z,, we let V; = {ip,i1,...,im_1}.

Definition 4.6. An arc of C,, 0 H is of difference d if it is of the form (i;, (i + 1)j4q)
for some ¢ € Z,, with addition of the indices done modulo m. If an arc is of the form

(45,,14,) where (j1,j2) € A(H), then we call it a horizontal arc.

To describe our decompositions of énzH into directed hamiltonian cycles, we use
permutations from the symmetric group S,,. In this chapter, we adopt the following
convention regarding the product of two permutations. If 7,0 € S,,, then i™ = (:™)°.
Furthermore, a cycle of a permutation is written as (ag, a1, as, . .., a,_1) instead of
the standard (ag a; as ... a,,—1) for ease of notation in later computations. Lastly,

we note that the identity permutation will be denoted as d.

Notation 4.7. The cyclic group ((0,1,2,3,...,m—1)) is denoted II,,,. We have that
I, ={m|i=0,1,...,m — 1}, where m; = (0,1,2,3,...,m — 1)%.

For o € S,,, we let T'(0) denote the number of cycles of ¢ in its disjoint cycle
notation, including cycles of length 1. If o0 € S,,,, then 1 < T'(0) < m.

An n-tuple (09,01, ...,0,_1) of permutations in S, corresponds to a spanning
subdigraph F' of C VK, with arc set

A(F) = {(ij, (i + 1)) | j € Lo and i € Z,,}.

We then write F' = (09,01,...,0,_1). It is easy to see that F' is in fact a directed
2-factor of C{ K. Lastly, a permutation o; of (60,01, ...,0,_1) corresponds to the

following set of m arcs:

{(5, 0+ D)jes) | 5 € Zin}-
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It is easy to see that the number of directed cycles in F' equals T'(ogoy ... 0p-1).
Hence, the directed 2-factor F' = (09,0 — 1,...,0,_1) is a hamiltonian cycle if and
only if T'(ogoy ...0p-1) = 1.

Note that a directed 2-factor of C,, 0 K, described as F = (00,01, ...,0,_1) could
be described using different permutations by simply relabeling vertices of K,,. This
would give rise to a new n-tuple of permutations such that F' = (ug, ft1,- - ., fln—1)
where p; is necessarily a conjugate of o;.

We now give an example of some of the concepts defined above.

Example 4.8. Consider the directed 2-factor F' of C2 1 K, illustrated in Figure .
We can express F' as (u,0) where p = (0,3,5,6)(1,2) and ¢ = m;. Arcs with tails
in Vj are of the form (0;,1,+) and arcs with tail in V; are of the form (1,,0,0). We
see that po = (0,4,5)(1,3,6)(2). This means that T'(uo) = 3 and thus, our directed

2-factor F' comprises of three disjoint directed cycles.

Figure 4.1: A directed 2-factor of Col K.

O

We conclude this section by discussing a property of the wreath product of two
digraphs that is key to our approach. Note that the subdigraph of C', 1 H induced by

the set of vertices V;, which we will call H;, is necessarily isomorphic to H.

Definition 4.9. Let H; be the subdigraph of én ! H induced by vertex set V;. An
embedding of H into V; is an isomorphism ¢ : H — H;.

In the next section, we will be embedding H € {ém, ]3m} into each V;, specifying
the image of C', (or ﬁm) by the chosen isomorphism instead of the isomorphism itself.
We will be using the notation vgv; ... v,,—1 and vovy ... V,_1 Vo to refer to a dipath

and a directed cycle of order m, respectively, instead of the tuples (vg, v1, ..., Up_1)
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and (vo,v1,...,Um_1,v0) that were used in Chapters [2 and We do so to avoid

conflict with the notation used for permutations.

4.2 Decomposition of G C,, into directed hamilto-

nian cycles

In this section and Section [1.4] we show that two specific digraphs are generally
hamiltonian decomposable, namely the digraphs én ! ém and én L K. We then use
Lemma to show that, if G is hamiltonian decomposable, then G C,n and G2 K
are also hamiltonian decomposable. We address these two particular cases on their
own because the methods used to construct hamiltonian decompositions for these two
digraphs are different from those used for the more general case.

In this section, we will be focussing on the digraph Cp2Cn. We partition our

investigation into two cases: m is even and m is odd.

4.2.1 The case m 1is even

Our objective is to show that én ! é’m is hamiltonian decomposable when n and m
are even and n,m > 4. In addition, we show that Conjecture [2.23]is not true when
G= én, with n even, and H = C'y. We first prove this statement below.

Proposition 4.10. Let n be a positive even integer. The digraph C, 1 Cy is not

hamiltonian decomposable.

Proof: Note that a 2-factorization of én ! 6‘2 is comprised of three directed 2-
factors. Suppose that D = {C°, C*,C?} is a decomposition of ', 1 Cy into directed
hamiltonian cycles.

We first show that all horizontal arcs are contained in just two directed hamilto-
nian cycles of D. Without loss of generality, suppose that C° contains the horizontal
arc (0g,0;) and that C° = 0y 0; ...0p. We claim that C° contains n horizontal arcs.
Suppose that there exists some i € Z,, i # 0, such that C° contains neither arc
(ig,41) nor (i1,40). Without loss of generality, suppose that iy appears before i, in C°.
Observe that the sequence of vertices of C? is not decreasing in the first coordinate.

The dipath of C° with source iy and terminal ; does not contain the arc (i, %), and
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hence contains at least one of 0y and 0;. This implies that C° has a repeated vertex
(0p or 0;) other than its endpoints, a contradiction. Therefore, the directed cycle C°
contains at least n horizontal arcs, and thus exactly n horizontal arcs of én ! 6‘2. By
a similar reasoning, we can show that C! contains the n horizontal arcs that do not
appear in CY.

It follows from the above property that A(C?) contains an even number of arcs
of difference 1. In addition, (ig, (i +1);) € A(C?) if and only if (i1, (i + 1)9) € A(C?).
Similarly, we see that (i1, (i + 1);) € A(C?) if and only if (ig, (i + 1)9) € A(C?).
Consequently, the digraph C? is actually the disjoint union of two directed cycles of

length n, a contradiction. |

We now show that én ! ém is hamiltonian decomposable when n and m are even
and n,m >4, or n = 2 and m = 4. Because our general approach does not work for
the case m = 4, we first address this case on its own in Lemma below.

Lemma 4.11. Let n be an even integer. The digraph C', 1 Cy is hamiltonian decom-

posable.

Proof: We will consider two cases.
Case 1: n = 2. The digraph 6’4 is embedded into V; and V; as follows: 0y 0y 0505 09
and 191y 15131, respectively. Using this embedding, we construct five directed

hamiltonian cycles:

C° =09 1903 1504 11 05 13 0p;

C" = 091209 19 04 1303 11 Op;

C? = 09 01 19 11 05 13 03 15 Op;

C? = 091507 05 17 1505 1y 0g; and

C* = 0911 01 12 13 19 05 03 0.
It can easily be verified that each arc of Cy2Cy is used by exactly one directed cycle
in D = {C° C',C2,C? C*}. As a result, the set D is a decomposition of C'y2 C'y into

directed hamiltonian cycles.

now construct the following 16 dipaths:
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Uo = 00 1220 31 44;
Up = 01132332 4y;
Uz = 0914 23 35 43;
Us = 03 1021 39 4o;

Wo = 00 13 19 23 23 31 4o;
Wi = 0203152 333044

Wy = 0114 29 32 4o;

Xo = 0300 11 29 33 49;

X1 = 0212152027 3244
Xo = 01 1923 30 31 43;
Yo = 0001 1229 30 4o;

Y1 = 0310 11 21 31 32 43;
Ys = 0315 25 29 33 4o;
Zo = 09 1020 30 43;

Zy = 0311122532 3344;
Zy = 0109 1321 25 31 4.

Refer to Figure [1.2] for an illustration of these 16 dipaths. Note that, in Figures [£.2]

and [£.3] it it assumed that non-horizontal arcs are oriented downwards. Horizontal

arcs are then oriented to produce a dipath. All dipaths U; are of length 4; likewise
for W5 and Z,. Next, we note that Wy, W1, X4,Y7, Z1, and Z, are each of length 6.
Lastly, dipaths Xy, X5, Y}, and Y5 are each of length 5.

U N )
[ ]

1@ @

(d)

- W N = O

0 *—0
1
2 °
3
4@ °
()
2 3 0
°
°
°
°
° °

(e)

Figure 4.2: Illustration of the dipaths in {U; | i = 0,1,2,3} in (a), {W; | i =
0,1,2} in (b), {X; |i=0,1,2}in (¢), {Yi | :=10,1,2} in (d), and {Z; | i =

0,1,2} in (e).
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Observe that, if n = 4, then 4; = 0;. Therefore, if n = 4, then we can form the

following five cycles:

CO = UoUlUQUg;

Ct = WoW W,
C? = XoX1Xo;
C® = YY1 Ya;
C* = 247, Z,.

Observe that each C* is of length 16 and thus forms a directed hamiltonian cycle of
C'411C,. Moreover, it can be verified that directed cycles in D = {C°, C*, C2, C3, C*}

are pairwise arc-disjoint. This means that D is a decomposition of 54254 into directed

hamiltonian cycles.

Otherwise, if n > 6, we also form the following 16 dipaths:

Lo=4153617381...(n—2); (n—1)30q;
L1 =4550627082...(n—2)s(n —1)g0s;
Ly =4351637183...(n—2)3(n —1);0s;
L3 =4052607280...(n—2)g(n— 1)200;

M0:424353526263 7372 (n—Z)g(n—Q)g(n—1)3(71/—1)200,
M1 :415061708190 (7’L—2)1 (n—l)oOl,
M2:405160718091 (n—2)0<n—1)100,

N0:425162718291 ...(n—Q)Q(n—l)lOQ;
N1:415261728192 (n—2)1(n—1)201,
N22434050536360 7073 (n—2)3(n—2)0(n—1)0(n—1)303,

00:425362738293 ...(n—2)2(n—1)302;
01 :435263728392 ...(n—2)3(n—1)203;
02 :404151506061 7170 (n—Q)Q(TL—2)1 (n—1)1 (n—1)0007
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P0:435063708390 (n—2)3(n—1)003,
P1:414252516162 7271 (n—2)1(n—2)2(n—1)2(n—1)100,
P2:405360738093 ...(n—2>0(’n—1)300.

O 1 2 3 O o 1 2 3 0 0o 1 2 3 0
4 e 4 e 4e
5 e 5 e e
6 e 6 e o 6 e °

(a c)

[ New)
o

)4 0o 1 2 3 49 1 2 3 0 (
nRILR
6 ° ° 6 e °
(d) (e)
Figure 4.3: Illustration of the dipaths {L; | i = 0,1,2,3} in (a), {M; | i =

0,1,2} in (b), {N; | : =0,1,2} in (c), {O; | i =0,1,2} in (d), and {P; | i =
0,1,2} in (e) when n = 6.

Refer to Figure for an illustration of these 16 dipaths for n = 6.
All L; are of length n —4. Furthermore, dipaths My, Ny, O, and P; are of length

2(n —4). The remaining dipaths are of length n — 4. We can then form the following
directed walks:

C° = Uy LoU; L1Us Ly Us Ls;

C = WoMoWy MyWo Ms;

C? = XoNo X1 N1 X9 No;

C? = Y000Y101Y505;

C* = ZyPyZyP1 Z3 P,
Let D = {C% C',C?,C3 C*}. Tt is tedious but straightforward to verify that each
directed walk of D is a directed cycle of length 4n and that these directed cycles are

pairwise arc-disjoint. Therefore, the set D is a decomposition of én 1 C'4 into directed

hamiltonian cycles. |
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We now proceed with the more general case in which m and n are even, m > 6,
and n > 4. To construct the desired decompositions of C_"n ! é'm, we first form two
directed hamiltonian cycles, C° and C, that jointly use all horizontal arcs and all arcs
of difference 0. Then, we make the observation that C,,0C,,, = CO® Cr & (C, x KZ).
In other words, the spanning subdigraph of énzém that contains all arcs of difference
d, for 1 < d < m — 1, is precisely the direct product C' % K} . We can then use the

following result of Paulraja and Sivasankar given as Theorem 2.6 in [54].

Theorem 4.12. [5/|/ Let n > 4 be an even integer, m > 3, and m # 4. The digraph

C x K> is hamiltonian decomposable.

Note that Theorem [£.12] which is key to the proof of Proposition [f.14] below, does
not apply to the case n = 2. This means that we are unable to prove that Co1C
is hamiltonian decomposable for m even and m > 6 because we could not extend
Theorem m to n = 2. Note that Lemma implies that C'y 2 €y is hamiltonian
decomposable.

Using a computer search, we have verified that 6'2 x K is indeed hamiltonian
decomposable for all even 6 < m < 16. We refer the reader to Appendix [B| for a list

of these solutions. This observation gives rise to the following conjecture.

Conjecture 4.13. Let m > 6 be an even integer. The digraph C, x K is hamiltonian

decomposable.

Although we were unable to prove Conjecture [4.13] we still prove Conjecture
for G = C,, where n > 4 is even, and H = C',. where m > 4 is even. We do so

in Proposition below.

Proposition 4.14. Let n > 4 and m > 4 be even integers. The digraph én l é'm 18

hamiltonian decomposable.

Proof: We will construct a decomposition of én l ém into m + 1 directed hamil-
tonian cycles. Note that we may assume that m > 6 since C, 1 C'y was shown to be
hamiltonian decomposable in Lemma above.

If 7 is even or i = n — 1, we embed ém into V; as follows: g4y ... 4_1%. If 7 1s
odd and ¢« < n — 3, then we embed 5’m into V; as follows: g 4y,—1 %m—2 - .. 91 19-

First, we construct two directed hamiltonian cycles. For each j € Z,,, we con-

struct the following dipath of length 2n:
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Pi=0;0541 15011522501 .. (n=2); (n = 2)j41 (0 = 1)j11 (0= 1)j42 012
0

adats

Putates

Figure 4.4: The two directed hamiltonian cycles C° (grey) and C* (black) of
C,1Cs.

ot
]

We point out that ¢(P;) = s(Pj12) = 04 for all j € Z,,, and that P; and P; 5 have
no other vertices in common. Otherwise, if |j — k|> 2, then P; and P are disjoint.

We can concatenate these dipaths as follows:
CO:P0P2...Pm,4Pm,2 and Cl :P1P3P5...Pm,3Pm,1.

In Figure 4.4 we illustrate C° and C* when m = 6. Each of C° and C" is a directed
cycle of length nm. Moreover, if i # j, then P, and P; are arc-disjoint. This means
that C° and C! are also arc-disjoint.

The directed cycles C° and C! jointly use all arcs of difference 0 and all hori-
zontal arcs exactly once. Since C\, 2 Cpy = C° @ C* @ (Cy x K2) and C,, x K7, is a
spanning subdigraph of Cnl ém, it follows from Theorem and Lemma that

C,1C,, also admits a decomposition into directed hamiltonian cycles. |
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4.2.2 The case m i1s odd and m > 5

We now proceed with the case of Conjecture where G = én and H = ém, where

n is even, m > 5, and m is odd. We take a similar approach as Proposition [£.14]

Proposition 4.15. Let n be an even integer and m > 5 be an odd integer. The

digraph én ! ém 1s hamiltonian decomposable.

Proof: To construct a directed hamiltonian decomposition of énzém, we consider
two cases. In both cases, we use the following embedding of C, into each V;. If i is
even or i = n — 1, we embed ém into V; as follows: ig%1 4y ... 41 2. 1f 7 is odd and
1 < n— 3, then we embed ém into V; as follows: g 2,,—1 ... 1211 ip.
Case 1: m =1 (mod 4). First, we construct two specific directed hamiltonian cycles
of én ! ém

If n =2, we let

C%=0007 111505051514 ... 03 Op—s Lin—2 Om—1 1n—1 1 Op;

C'=010515150504 1415 ... Opy—s Opn—3 L3 1yn—9 Ly Opp—g Opuq Og 19 1; 04
Otherwise, if n > 4, we construct a set of m dipaths. For each j such that 0 < j <

m — 5, we construct the following dipath:

Py=0;0541 154011522551 .. (= 2);5 (0= 2) 41 (0 = 1)j11 (0= 1)j42 042
Next, we build the following four dipaths:
Pons= 04mu0mn3ly3lnu2n42n3... 0 —2)mua(n—2)pm 3(n—1)_3
(n = D)z (n = 1)m—1 Op—2;
Prs= Oms0molmoln 52 52 0. (0n—2)ms(n—2)ms
(n = 1)m—20pm_1;
Pno= 0,-20,100101m11lmoa2mn22m120...(n—2)pm2(n—2)n1
(n—2)g(n—1)g(n—1);04;
Poni= 0pn1lyp12m1... (n—2)pma(m—1),_1(n—1)0.
Dipaths P; for 0 < j < m — 5 are of length 2n. As for the remaining four dipaths,
we see that len(P,,—4) = 2n + 1, len(P,—3) = 2n — 1, len(P,—1) = 3n — 1, and
len(P,-1) = n+ 1. Observe that t(P;) = s(Pj42) = 049 for 0 < j < m — 3,
t(Pp—2) = s(P1) = 01, and s(Fy) = t(Ppn_1) = 0p. Otherwise, for 0 < j < m — 3,
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P; and Pji5 have no other vertices in common. Furthermore, if |j — k|> 2, then P;
and P are disjoint except for Py and P,,_1, and P, and P,,_5, where each pair shares

exactly one vertex. We then concatenate the dipaths as follows:

COZPOP2P4...Pm_3Pm_1 andClzP1P3P5...Pm_4Pm_2.

fSRSasassa

EEREREREE
JTITTT A

Figure 4.5: The two directed hamiltonian cycles C° (grey) and C! (black) of
C 1 Cy.

Refer to Figure |4.5| for an illustration of C° and C'' when m = 9. In both cases (n = 2
and n > 4), C° and C! jointly use all horizontal arcs and all arcs of difference 0 except
for arcs ((n — 1)_2,0m_2) and ((n — 1),,_1,0,,_1). Moreover, the directed walks C°
and C! have no repeated vertices other than their respective endpoints. Therefore,
both €9 and C! are directed hamiltonian cycles of €', 2 C\y. Lastly, we note that C°
and C' are arc-disjoint.
Next, we use permutations to construct m — 1 directed hamiltonian cycles of
én ! ém We first define the following two permutations:
w=1(0,1)(2,3)(4,5)...(m—3,m—2);
o=(1,2)(3,4)(5,6)...(m —4,m —3)(m — 1,0).

We will be considering the following set of arcs associated with p and o:

{((n—=1);,0u) | j € Zy,} and {((n —1);,0;0) | j € Zy,}, respectively.
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These two sets are disjoint, disjoint from A(CY) and A(C'), and contain the arcs of
difference 0 missing from C° and C'. Refer to Figure for an illustration of the

arcs corresponding to y and o when m = 9.

0 1 2 3 4 5 6 7 8 0
CSESESEK] ]
0

Figure 4.6: Illustration of u (black) and o (grey) when m = 9.

Recall that m; = (0,1,2,...,m—1)". If n = 2, we construct the following directed
2-factors: C? = (my, 1), and C® = (73,0). Observe that

mop = (0,3,4,7,8,11,12,15,16,...,m —5,m —2,1,2,5,6,9,10,...,m — 3,m — 1);
w30 = (0,4,8,12,....m —5m —2,26,....,m—3,m—1,1,3,5,7,...,m —4).
Otherwise, if n > 2, we construct the following directed 2-factors:
C? = (T, T, MU, To1, ooy T1, o1, o, )
C® = (m_1, 7, T_1,T1, ..., T_1,T1,3,0).
We point out that
T AT ... T _1Tofl = TofL;
T_ATT_1T . .. T_1T1 T30 = T30.

Note that T'(mep) = T(m30) = 1, which implies that C? and C® are directed
hamiltonian cycles for all even n > 2. Furthermore, note that each arc of difference 0
in C',,1C,, appears precisely once in {C°, C', C2, C3}. Next, we define m — 4 directed
2-factors. For each i € Z,, such that i ¢ {0, £1, -2}, we create the following directed
2-factor:

CH2 = (T, T iy ooy Ty Ty T i1, i)
We also let C™ = (w_g,m9,...,T_9, T, T, T_2). Note that
T(mm_;...mm_m_jm) =T(m) =1 and T(m_omy ... m omemm o) =T (n_1) = 1.

Therefore, each directed 2-factor C?, where 0 < i < m, is a directed hamiltonian
cycle. Lastly, it can be verified that each arc of each difference d € Z,, and each
horizontal arc appears exactly once in D = {C° C',... C™}. Therefore, the set D

is a directed hamiltonian decomposition of C”n ! (_jm
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Case 2: m = 3 (mod 4). Hence m > 7. First, we construct the following six specific

dipaths:

Py = 00010215111929212235 ...(n— 2);
Py = (n—2)0(n—2)1(n—2)2(n—1)3(n—1)3(n—1)403;
P = 01,2 ... (n—2);
Pl = (n—=2)1(n—1)1(n—1)30;
Py, = 0303131525 ... (n—2)s;
Py, = (n—2) (n—2)3(n—1)304.
For 5 odd and 3 < j < m — 2, we construct:
Py = 005410542110 1541 1525211 2542 35123541 35 - - o (n— 2)j;
Pio= (n—=2);(n—2)j41(n—2)j12(n—1)j120s.
For j even and 4 < 7 < m — 1, we construct:

P=0,1,2... (n—2);;
Pl=(n—2);(n—1);n—1)j1(n—1)j;205.
If n = 2, then len(F;) = 0 for all j € Z,,. When j is even and j > 4, len(P;) =n — 2
and len(P;) = 4. If j is odd and j > 3, then len(P;) = 3n —6 and len(P}) = 4. As for
the remaining dipaths, we see that len(Fy) = 3n — 6, len(F}) = 6, len(P,) = n — 2,
len(P)) = 3, len(P,) = 2n — 4, and len(Py) = 3.

First, we consider the case n = 2. If j is odd and 3 < j < m — 2, then #(Pj) =
s(P}y3) = 0j43. Similarly, if j is even and 4 < j < m—1, then t(P}) = s(Pj,,) = 0;,1.
We also point out that t(P)) = s(Pj§) = 03, t(P]) = s(Pj) = 0q, t(Py) = s(P;) = 04,
t(P._,) = s(Pj) = 0y, and that t(P),_,) = s(P]) = 0;. We then form the following
directed walks:

C° = P,P,P,P.P|,Pl, ... P, P!

m17

C' = PIP,PIPIP,P,... P! P

Next, consider the case n > 4. If j is odd and 3 < j < m — 2, then t(P]) =
$(Pjr3) = 0j43. Similarly, if j is even and 4 < j < m—1, then t(P}) = s(Pj11) = 041
We also point out that t(P)) = s(Ps) = 03, (P’) = 5(Py) = 09, t(Py) = s(Py) = 04,
t(P),_1) = s(P) = 0o, and that t(P),_,) = s(P) = 0,. Lastly, we see that t(P;) =
s(P}) for all j. Note that dipaths in {P;, P; | j =0,3,6,7,10,...,m —4,m — 1} have

no other vertices in common. Similarly, dipaths in {P;, P} | j =1,2,4,5,8,...,m —
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3, m—2} also have no other vertices in common. Consequently, we form the following

directed walks:

C® = PyP,PsPyPs PP, PoP o P P\ P}, ... Py 4P, P 1P _;

C' = P P|PyPyP,P,PsPPsPPyPy . .. P3P 3P 2P
Refer to Figure for an illustration of C° and C' when m = 7 and n > 4. We
see that both directed walks have no repeated vertices except for their respective
endpoints, and that both are of length nm. Therefore, both C° and C! are directed

hamiltonian cycles. Lastly, we point out that C° and C! are arc-disjoint.

0 1 2
0@

]

20

Sisaes
essssan

Figure 4.7: The directed hamiltonian cycles C° (grey) and C' (black) of
C,1Cs.

Next, similarly to Case 1, we construct m — 1 directed hamiltonian cycles using

permutations. First, we define the following two permutations:
p=(1,2)(4,5);
o=(2,3)(6,7)(8,9)...(m—3,m—2)(m—1,0).
We will be considering the following set of arcs associated with p and o:
{<<n - 1)]'70]'“) | J € Zm} and {((n - 1)jaojg) | J € Zm}? reSpeCtiveIY'

These two sets are disjoint, disjoint from A(CY) and A(C"), and contain the arcs of
difference 0 missing from C° and C'. Refer to Figure |4.§| for an illustration of y and

o when m = 7.
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1 K

Figure 4.8: Illustration of u (black) and o (grey) when m = 7.

If n = 2, we construct the following directed 2-factors: C? = (my, u), C? = (73, 0).
Observe that
mop = (0,1,3,4,6,8,10,...,m —1,2,5,7,...,m — 2);
o = (0,2,5,9,13,17,...,m —2,1,4,6,8,10,...,m — 1,3,7,...,m — 4).
If n > 4, we construct the following directed 2-factors in the same fashion as Case 1:
C? = (T, M1, M1, T—1, oy T1, 1, o, )
C® = (m_1, 71, T_1, 1y .., T_1, 1, T3,0).
Observe that
MT_1T1T—1 ... T1T_1To[b = T2 lL;
T AT 1T ... T_| T T30 = T30.
We then note that T'(mou) = T(m30) = 1. Therefore, both C? and C? are directed

hamiltonian cycles for all even n > 2. Next, we construct m — 4 directed 2-factors.
For each i € Z,, and i € {0, £1, -2}, we let :

Ci+2 == (ﬂ'i, Ty oo ey Ty Ty T 1, 7TZ').
Furthermore, we let C™ = (w_9, T, ..., T_9, T, T, T_o). Note that
T(?TZ‘TF_Z‘ Ce 7TZ'7T_Z‘7T_Z‘+17TZ‘): T(7T1) = T(7T_27T2 e 7T_27T27T17T_2> = T(T&'_l) =1.

Therefore, each directed 2-factor C%, where 0 < i < m, is a directed hamiltonian
cycle. Lastly, it can be verified that each arc of each difference d € Z,,, and each
horizontal arc, appears precisely once in D = {C° C',... C™}. Therefore, the set

D is a directed hamiltonian decomposition of én ! ém |

Proposition [.15] does not apply to the case m = 3. This is due to the fact that
én ! 6'3 is not hamiltonian decomposable when n is even. The proof of this claim is

fairly involved and is thus given in its own section.
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4.3 The digraph én N 5’3 is not hamiltonian decom-
posable

In this section, we will show that én 0 5’3 is not hamiltonian decomposable, for all
even n > 2. This is another non-trivial exception to Conjecture [2.23] The proof of
this statement is involved and requires two cases. In Subsection [£.3.1] we will first
introduce key notation and show that we can partition the set of all 2-factorizations
of én ! 6’3 into two particular sets. Then, in Subsections |4.3.2| and |4.3.3L we show that

neither set contains a directed 2-factorization of én ! 5’3 that is also a hamiltonian

decomposition.

4.3.1 Preliminaries

We begin by introducing the following assumption made throughout this section.

Assumption 4.16. In Co 5'3, we embed 6’3 into Vj as jo j1 j2 Jo for all j € Z,, and
we let C3 = jo j1 J2 Jo-

We now demonstrate that all 2-factors of é’n ! 6’3 must contain the same number

of horizontal arcs from each Cj.

Lemma 4.17. Let F be a directed 2-factor of Cn 1 Cs. Then there exists an integer
k such that 0 < k < 3 and |A(F) N A(C))|= k for all j € Z,.

Proof:  Suppose that F is a directed 2-factor of C',1C's such that |A(F)NA(C))| is
not constant. Then, without loss of generality, we may assume that, for some j € Z,,,
F contains k; horizontal arcs from C} and k, horizontal arcs from CJ*' and that
0 < k1 < ky < 3. See Figure for an example of this configuration when k; = 1
and ko = 2.

If F' uses k; horizontal arcs from C’g, then F' contains 3 — k; non-horizontal arcs
with tail in V;. By our assumption, F' also uses k, horizontal arcs from C’g“. This
means that /' must contain 3 — k3 non-horizontal arcs with head in V;;; and these
must be the non-horizontal arcs with tail in V. Since 3 — k; # 3 — ks, we have a
contradiction. Therefore, there exists some constant k such that |A(F) N A(CY)|= k
for all j € Z,, as desired. |
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0 1 2 0
j e>—e °

j+1 e —e>—e

Figure 4.9: The 2-factor F' contains k; = 1 arc from C’g and kg = 2 arcs from
ot

As a result of Lemma [£.17] we can introduce the following definition.

Definition 4.18. Let 0 < k£ < 3. A type-k 2-factor of én 0 6’3 is a directed 2-factor
that contains k& horizontal arcs from each C’g. A type-1 2-factorization of én ! 5’3 is
comprised of three type-1 2-factors and one type-0 2-factor. A type-II 2-factorization
of Cp 2 Cly is comprised of one type-2 2-factor, one type-1 2-factor, and two type-0

2-factors.

In Definition [4.18] we described all possible 2-factorizations of interest. If a
directed 2-factorization of C, 1 C's contains a type-3 2-factor, then this 2-factorization
is not hamiltonian since a type-3 2-factor is necessarily the digraph nCl.

We now state this section’s main result.

Proposition 4.19. Let n be a positive even integer. The digraph é’n ! 6’3 15 not

hamiltonian decomposable.

Proof:  As per the observation below Definition [{.18] a directed 2-factorization

of C,, 1 C; that is also a hamiltonian decomposition must be a type-I or a type-II

2-factorization. Propositions |4.44| and |4.47|7 respectively, show that (_j’n ' C 3 admits

neither a type-I nor a type-II 2-factorization that is also a hamiltonian decomposition.

In Subsection we show that all type-1 2-factorizations of C, 1 C5 are not
hamiltonian decompositions. Then, in Subsection [4.3.3] we show that all type-II
2-factorizations of C\, 2 6’3 are not hamiltonian decompositions.

Before we proceed, we give some further notation and definitions used to describe
the constructions given in Subsections [4.3.2] and [£.3.3]
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Notation 4.20. By L;, we denote the subdigraph of C, 1 C5 induced by the set of
vertices V; UV, where j € {0,1,2,...,n—2}; the subdigraph L,,_; is the subdigraph
of én 0 6’3 induced by V,,_1 U Vj.

See Figure for an illustration of L.

Figure 4.10: The subdigraph L; of Cp1Cs.

Definition 4.21. Let F = {F}, F1, F», F3} be a type-I or a type-1I 2-factorization of
C, 1 Cs. By Fj[j], where i € {0,1,2,3}, we denote the subdigraph of C,, ¢ C's with
vertex set V' (L;), where L; is given in Definition and arc set A(F;) N A(L;).

If F; is a type-1 directed 2-factor of C 5’3, it follows that F;[j] contains two
horizontal arcs and two non-horizontal arcs of én ! 6'3. Furthermore, F;[j] is the

disjoint union of two dipaths that both contain precisely one non-horizontal arc.

4.3.2 Type-I 2-factorization of Col 5'3

Our objective is to demonstrate that Col 6‘3 does not admit a type-I 2-factorization
that is also a hamiltonian decomposition. We do so by first showing that each type-
I 2-factorization of én ! 6’3 can be described by an n-tuple of certain elements of
a particular group. Then, we will show that this 2-factorization is a hamiltonian
decomposition only if the product of these n group elements is one of two specific
elements. Lastly, we show that, for all even n, no n-tuple satisfies this necessary
condition.

First, we introduce the following definition.

Definition 4.22. Let j € Z, and i € Z3. A type-1 directed 2-factor of én ! 5’3 that

contains the arc (j;, j;4+1) is called a (j,4)-rooted 2-factor.

We will make the following assumption for the rest of this subsection.
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Assumption 4.23. Let F be a type-I 2-factorization of én ! 6'3 comprised of four 2-
factors Fo, F1, Fy, and F3. For each i € {0, 1,2}, we may assume that Fj is the type-1
(0,4)-rooted 2-factor of F, and that Fj is the type-0 2-factor of F. We henceforth
denote the type-1 2-factorization F as a 4-tuple (Fy, Fi, Fa, F3).

Next, we illustrate the concepts introduced thus far by first giving an example
of a type-I 2-factorization. We will refer to Example [£.24] throughout this section to

illustrate definitions introduced over the course of our investigation.

Example 4.24. In this example, we construct a type-1 2-factorization of Ci 5’3
which we call F.. See Figure for this 2-factorization. For each (ai,a2) €
{(0,0),(1,1),(2,0),(3,2)}, Fy is the (aq, az)-rooted 2-factor of F..

0 °
1
2
3 °
0 °

(a) The three type-1 2-factors of F.: Fy

(pink), F; (blue), and Fy (black). (b) The type-0 2-factor of 7.

Figure 4.11: The type-I 2-factorization F, of Ci1Cs.
Note that F, is not a hamiltonian decomposition of Ci 6’3 because Iy, Fy, and
F3 are not directed hamiltonian cycles. [

We now proceed with our main objective. First, we list all possible subdigraphs

F;[j], defined in Definition where i € {0,1,2}. Define
D; ={F[j] | i € Z3 and F; is a type-1 2-factor}.

Elements of D; are subdigraphs comprised of pairs of dipaths whose lengths sum to
four. There are 18 distinct subdigraphs in D;. We first list all elements of D, that

contain the arc (jo, 71). These are listed as the union of two dipaths as follows:
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M) = Joji (5 + 1o U oG+ 1) (G + 1)
M1 =Jon (G+1o(G+11 U f2(j+ 1)y
MS[j] =jojr(j+ 1) U jo(G+ 1)+ 1o;
MOl =i G4+1)1(G+12 U G2 (j+ Do
M) = jojr (j+1)s U §o(+1)o(+ Dr;
MGl =joi G+ 1)2(G+1) U ja(j+ D

In Figure 4.12] we illustrate the six elements of D; given above. These are the only
six subdlgraphs F;[j] that contain the arc (jo, j1).

j+17.z£ ]HZ . m”? L

) The dlgraph MY ] ) The d1graph M5 ] ) The dlgraph M5
Jj+1 :_)_i—)—?\ j+1 e>—e b\ j+1 :_)_><—)—0
) The digraph MJ[j ) The digraph M}[j ) The digraph MP[j

Figure 4.12: All possible subdigraphs Fi[j] of a type-I 2-factor of C\, 1 C
containing the arc (jo, j1).

Using these six elements of D;, we construct the remaining 12 elements of D; by

using the following permutation of the elements of V(én ! 6‘3)

Definition 4.25. Define a permutation p : V(C, 1 C3) — V(C, 1 C3) as follows:
p(jr) = jrs1 with addition of the indices done modulo 3. Given a dipath of 6’n ! 6’3,
P =wvivy ... v welet p(P) = p(v1) p(va) ... p(ve). In addition, if S is a subdigraph
of C,,1C5 such that S = P°UP'U...UP", where P* is a dipath in C,, 1 Cs, then we
let p(S) = p(P°) U p(P)U...Up(P").

Using Definition [£.25, we construct all elements of D; as follows:

D; = {M}[j] = p"(MP[j]) | k=0,1,2and £ =0,1,...,5}.
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Observe that, for each k € {0,1,2}, the set {M[[j] | £ = 0,1,2,3,4,5} contains all
subdigraphs F;[j] of D, that contain the horizontal arc (ji, jr+1). It is straightforward
to verify that D; contains no other elements.

Given a type-1 2-factorization (Fy, Fy, Fa, F3), each set {Fy[j], Filj], Fzlj]} cor-
responds to a unique triple of the form {M} [j], M/ [5], M7 [j]}, where £y, l1,0, €
{0,1,2,3,4,5}. Our next objective is to list all possible triples {M}) 5], M}, [5], M7, [j]}
such that digraphs in each triple are pairwise arc-disjoint. To do so, we create a graph
with vertex set D;. Two vertices are joined by an edge if and only if the two corre-
sponding digraphs are arc-disjoint. To find the desired set of all triples, it suffices to
find all cliques of size 3 in this graph. We formally define this graph below.

Definition 4.26. By HJ, we denote the graph with vertex set V(H3) = D; and edge
set B(HJ) = {{M, My} | My, M, € D; are arc-disjoint}.

See Figurefor an illustration of Hg Note that, for each k € {0, 1,2}, the set
{MF[j] | £=0,1,2,3,4,5} is an independent set of HJ. This means that this graph
is tripartite and that all cliques of size 3 are maximum cliques. Using a computer,
we find the set of all triples { M} [4], M/ [j], M} [j]} of pairwise arc-disjoint digraphs,
which we denote as K;. The elements of C; are listed in the first column of Table {1}

For each T' € K;, the digraph obtained by taking the union of all three digraphs
in T, which we denote as D, contains 12 arcs. This means that there are exactly
three arcs in A(L;) that are not contained in A(D). It is routine to verify that these
three arcs are non-horizontal and pairwise vertex-disjoint for each triple in X;, and
can thus be described as a permutation in S3. This set of three arcs corresponds to
the digraph F3[j]. In the third column of Table 4.1 we give the permutation that
describes F3|j], which we simply denote by F3[j].

Each type-1 2-factorization of o 63 can be described by a unique n-tuple
(to,t1,...,tn_1), where t; € IC;. Our objective is to show that no n-tuples (¢, ,. ..,
tn—1), where t; € K;, give rise to decomposition of én 0 5’3 into directed hamiltonian

cycles.

Definition 4.27. Let F = (Fy, F1, F», F3) be a type-1 2-factorization of C,1C5. The
n-tuple of elements (to,t1,...,t,—1), where t; = {Fo[j], Fi[j], F2[j]}, is the spine of
F.
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Figure 4.13: The graph H§

Example 4.28. In the 2-factorization F, given in Figure 4.11] we give the corre-
sponding triple in /C; for each set {Fy[j], Fi[j], Falj]}:

{Fo[0], F1[0], F2[0]} = {M3[0], Mg [0], MZ[0]};
{1, [, B(1]} = {Mg[1], My (1], MZ[1]};
[Fol2], 2], Rf2]} = {MO[2), M} [2], M2[2]):
{Fo[3], F[3], B3]} = {M5[3], My (3], MZ[3]}.
Moreover, F, has spine (Ta1, Ty, Tog, T2). O
To show that not all elements from Ky x Ky x ... x K,,_1 will give rise to a

2-factorization of €', 6*3, we introduce the following permutation of the elements of
Zs.

Definition 4.29. Let F = (Fo, F1, Fy, F3) be a type-1 2-factorization of én 0 53 with
spine (to,t1, ..., t,—1). In addition, for j € Z, and i € {0, 1,2}, let k(; ;) be the element
of Zs such that F; is the (j, k(;;))-rooted 2-factor. Observe that {k; o), k1), k2 } =
Z3. For each j € Z,, we let
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((07 07 0)7 ((07 17 2)7 (07 27 1)))

((1,1,1), ((0,2)(1), (1, 2)(0)))

((0,1,1), ((1,2)(0), (0, 1, 2)))
((0,0,1), ((0,1,2), (1, 2)(0)))

((1,1,1), ((0,1)(2), (0,2)(1)))
((1,0,0), ((0,1,2), (0,2)(1)))

((0,1,0), ((0,2,1), (0,2)(1)))

((0,1,1), ((0,1)(2), (0,2, 1)))
((1,1,1), ((1,2)(0), (0,1)(2)))
((1,1,0), ((0,1)(2), (0,1,2)))
((1,0,1), ((1,2)(0), (0,2, 1)))
((1,0,0), ((0,2,1), (1, 2)(0)))

((1,0,1), ((0,2)(1), (0,1,2)))
((0,1,0), ((0,1,2), (0,1)(2)))
((0,0,1), ((0,2,1), (0, 1)(2)))

((1,1,0), ((0,2)(1), (0,2, 1)))
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15

13

1y

15

16

17

13

Ty

Tho

Th

Tﬁ

T13

Tﬁ

Tis

T

Th7

Tﬁ

Tig

T

Tﬁ

Tﬁ

To3

Tﬂ

Table 4.1: All triples in ;.

k(j+1,i)

: Zg — Zg, (k(j’i)>0't]-
for all + € {0,1,2}. We point out that {k(;11,0), ki+1,1), k(j+1,2)} = Zs for all j € Z,,

J

O¢.

because Fy, Fi, and F5 are arc-disjoint. Therefore, the function oy, 1s a permutation

of Z3 and is called the permutation of the horizontal arcs by t;.

In the second column of Table [4.1], we give the corresponding permutation of the

24}

horizontal arcs by T, for each s € {1,2,...

Example 4.30. The 2-factorization F, of Figurem has spine (151, Ty, Too, T3) with

the corresponding 4-tuple of permutations of horizontal arcs: ((012), (01), (02), (012)).



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 100

0

Using Definition .29, we will now derive a necessary condition on n-tuples
(to,t1,...,tn—1), where t; € K;, that correspond to a 2-factorization of é’n 2 6’3. This
necessary condition is given in Corollary [£.32] First, we prove the following lemma.

Lemma 4.31. Let F = (Fy, F1, Fy, F3) be a type-1 2-factorization of é'n ! 5’3 with
spine (to,t1,...,tn_1), j € Zy. For each j € Z,, let

Hj = OO0y« - O't]..
Then, fori € {0, 1,2}, the type-1 2-factor F; is the (j + 1,i")-rooted 2-factor of F.

Proof:  We prove the statement for Fj. Analogous reasoning applies to F} and F5.
For each j € Z,, Fy is the (], k(j))-rooted 2-factor of F. Note that k(o) = 0 since,
by Assumption [1.45] Fy is the (0, 0)-rooted 2-factor of F. We prove the statement by
way of induction on j.

Base case: j = 1. Then uy = 0y,. By Definition we have that 07% = k).
The statement follows because Fj is the (1, k(1,y)-rooted 2-factor.

Induction step: Assume that Fj is the (j,0%-1)-rooted 2-factor of F. By Definition
this means that 0%-1 = k(; ). Therefore,

Ot .
tj

o = (Ouj—l)"tj = k(j,O) = k;(j+170)_

Consequently, the directed 2-factor Fy is a (j + 1,0 )-rooted 2-factor, as claimed. §

Corollary 4.32. Let F = (Fy, Fi, Fy, F3) be a type-1 2-factorization of C' 1 Cs with
spine (to,t1, ... ,th—1), and let = oy,0¢, ... 0y, . Then p =id.

Proof: It follows from Lemma that, for ¢ € {0,1,2}, F; is the (0,4)-rooted
2-factor and the (0, i*)-rooted 2-factor of F. If 1 # id, then we have a contradiction. il

Corollary [4.32]is the first step towards our main objective, which is to show that
no n-tuples (to,t1,...,t,—1) will give rise to a hamiltonian type-I 2-factorization of
én ! 6'3 when n is even. To that end, we now introduce another function. Note that

this function applies to any type-1 2-factor.
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Definition 4.33. Let F = {Fy, F1, F», F3} be a directed 2-factorization of C,1C5.
If F; € F is a type-1 2-factor and both dipaths of F;[j] are of length two, then F; is
said to be switched at j. We then define the following function:

1, if F; is switched at j;
s;[Fi] = _
0, otherwise.

The type-1 2-factor F; is switched at j precisely when the dipath of F;[j] that
contains the horizontal arc of C§ does not contain the horizontal arc of CJ™". For a
type-1 2-factorization F = (Fy, F1, Fy, F3) with i € {0, 1,2}, the type-1 2-factor F; is
switched at 7 if and only if

Filj] € {p*(MG[5]), p* (M315]), " (ME[j]) | k= 0,1, 2}.

Refer to Figures4.12af |4.12d, and 4.12¢| for an illustration of M{[j], M3[j], and MY[4],

respectively.

Example 4.34. In the 2-factorization F,, given in Figure the 2-factor Fy is
switched at 1 and 3. We also see that Fj is switched at 0,1, and 2. Lastly, observe
that F5 is switched at 1 and 2. [J

We now use Definition m to show that, if a type-I 2-factor of C', ! C's is a

directed hamiltonian cycle, then we have the following necessary condition.

Lemma 4.35. Let F = {Fy, F1, F», F3} be a directed 2-factorization of Co1C5. A
type-1 2-factor F, € F is a directed hamiltonian cycle of Cn 1 C's only if Z;:& ;| Fi]
15 odd.

Proof: Assume that F; is a type-1 2-factor that contains the arc (0;,0;11). If F;
is a directed hamiltonian cycle, then it is not difficult to see that F; can be expressed

as the concatenation of two dipaths P; and (); such that
(C1) Fi = PQ;;
(C2) s(P;) =0, t(P;) = 0,12, and P; contains the horizontal arc (0;,0;41);

(C3) s(Qs) = 0449, t(Q;) = 05, and 0;41 & V(Qy).
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Because F; is a type-1 2-factor, dipaths P; and (); must jointly use exactly one hori-
zontal arc from each C’g for each j € Z,. By (C2), P; is the dipath that contains the
horizontal arc of CY. For j € {0,1,...,n — 2}, if F; is switched at j and P; contains
a horizontal from Cg, then @); must be the dipath that contains a horizontal arc from
CJ and vice versa.

Suppose that Z;:é s;[F;] is even. If s,_1[F;] = 1, then Z?;Z s;[F;] is odd and
Q; must be the dipath that contains the horizontal arc of F; from C§~*. However,
since F; is switched at n — 1, and F; contains the arc (0;,0;41), then ¢(P;) = 0;, a
contradiction. Similarly, if s,_1[F;] = 0, then Z;.:Oz s;[F;] is even and P; must be the
dipath of F that contains the horizontal arc from C’g‘l and thus ¢(P;) = 0; since F;

is not switched at n — 1. In conclusion, it follows that Z?;& s;[Fi] is odd. i

We will now describe each element of K; using an element of a group constructed
in Definition [£.37 below. To construct this group, we will be using the semi-direct
product of two particular groups. Therefore, we first define the semi-direct product
of two groups in Definition below. Readers that are well-versed in group theory

will recognize that we have in fact defined the external (or outer) semi-direct product.

Definition 4.36. Let I'; and 'y be two groups and let ¢ : I'y — Aut(I';) where ¢ is
a group homomorphism. We let ¢(k) = ¢y, for each k € I's. The semi-direct product
of I'; with T'y, denoted I'y x, ', is the group with elements {(h,k) | h € 'y, k € T2}

and binary operation
(h,k)(W,K') = (hop(h'), kK.
Now, we introduce the group that will be used to describe the elements of ;.

Definition 4.37. Let I'y = Zy ® Zy ® Zy = 73, where Z, is the additive group on
two elements and @ denotes the direct sum of two groups, and let 'y = S3 @ Ss.
Furthermore, for (ag,a;,as) € Z3 and (o,7) € S3 & S3, we define ¢ : T'y — Aut(Ty)
by

S, )+ Ly = L,

P(o, ) (a0, a1, a2) = (age, are, age).

Then, we define I'r = I'y x4 I's.
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In Definition , it is straightforward to verify that ¢,y € Aut(I';) and that

¢ is a group homomorphism.

Remark 4.38. If g, = ((a07a1;a2)7 (01,7)) and gy = ((b07b1a b), (02772)) such that
9as G € F]:a then

Ga9p = ((ao + boor, a1 + byor, ag + by ), (0102, 7172)),
with addition done in Z,.

Example 4.39. Let g = ((0,1,0),((0,1,2), (0,2))) and g5 = ((1,0,0), ((0,1), (0,1,2))
be two elements of I'z. We now compute gg2. First, we note that ¢.1,2),0,2)(1,0,0) =
(0,0,1). Then, we see that

g1-92 = (((0,1,0) + (0,0, 1)), ((1,2)(0), (1,2)(0))) = ((0,1,1), ((1,2)(0), (1,2)(0)))-
O

Definition 4.40. Let (Fy, F1, Fy, F3) be a type-1 2-factorization F of C,, 1 C's with
spine (to,t1,...,t,—1). For each j € Z,,, let f; : K; — Iz such that

fj(tj) = <<a0> ap, a2)7 (Utj> F3[.]])>
where a; = 1 if the (j,)-rooted 2-factor is switched at j; otherwise a; = 0.

Definition 4.41. By S, we denote the set of elements of I'z of the form f;(7T") for
some 1" € K;.

In the fourth column of Table [I.I} we give the element of S corresponding to
each triple in ;.

Example 4.42. For the 2-factorization F,, we see that it can be described by the

following elements of S:

fo(T21) = ((0,1,0),((0,2,1),(0,1)));
[i(Ty) =((1,1,1),((0,1),(0,2)));
fo(Tr2) = ((0,1,1),((0,2),4d)));
f3(T2) = ((0,0,0), ((0,1,2),(0,2,1))).
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We now give necessary conditions for a type-I 2-factorization of Cn 1 Cs with

spine (to,t1,...,tn—1), where t; € IC;, to be a hamiltonian decomposition.

Lemma 4.43. Let F = (Fy, Fi, Fy, F3) be a type-1 2-factorization of Cn 1 Cy with
spine (to,t1,...,t,_1) such that

(fo(to), fi(t), .-, fami(tn=1)) = ((ho, ko), (R1, k1), (ha, k2), ... (Pn—1, kn-1)).

Let (g1, 92) = (ho, ko)(h1, k1) ... (hp—1,kn_1). Then F is a hamiltonian decomposition
of Co1Cy only if

(91,92) € {((1,1,1), (id, (012))), ((1,1,1), (d, (021))) }.

Proof: = We assume that F = (Fy, F1, F, F3) is a hamiltonian type-1 2-factorization
of C, 21 C5. Let Fs[j] = v, kj = (04,,7;), and let go = (u1,7) € S3 @ S3. We see that

MU= 0,0ty ... Ot,_1» and Y=Y Vn—-1-

Corollary implies that F is a 2-factorization of Cno1Cs only if p = id. In
addition, since v; = F3[j], it follows that Fj is a directed hamiltonian cycle only if
v is a permutation comprised of a single cycle. There are exactly two permutations
in S3 comprised of a single cycle. Therefore, v € {(012),(021)}. In conclusion,
g = (1,7) € {(id, (012)), (id, (021))}.

Next, we show that ¢, = (1,1,1). Let h; = (), 2], 2}) € Zs & Zy & Zs, and let

Hj—1 = 04,04 ... 0, and wj—1 = YY1 ---Vj-1

where j € {1,2,...,n — 1}. We see that
n—1

g1 = hO + Z ¢(Mj—17wj—1)<hj)
j=1

= ho+ gb(uo,wo)(hl) + ¢(u1,m)<h2) + ¢(u2,m)(h3) +.o ¢(un—2,wn—2)(hn—1)-

We claim that ¢, w,_1)(h;) = (s5;[F0], 5;[F1], 5;[F2]). First, we point out that
Plruj_1;1)(hj) = ($éuj,1,${uj,1,$guj,1)- Recall that, by Lemma , F; is the
(j,#-1)-rooted 2-factor of D. If F; is switched at j, then 2J,; = 1 by Definition
m and s;[F;] = 1 by Definition [4.33] Consequently, xgﬂj_l =1 = s;[F;]. Otherwise,



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 105

T = 0 = s;[F]. Tt follows that (27 ! wl. ) = (55[F0), 85[F1], 85[Fa)), as

OHJ 19 VHj—1 Fokj—1

desired.
We then see that

n—1 n—1 n—1

g = (o§+ Z Ths 1 20+ Z T 0, 19+ Z Thus o)
=1 =1 =1
n—1 n—1 n—1

= (a0 + ) silFlal + ) si[Rla) + > si[F)
=1 =1 =1

n—1 n—1 n—1
= ZSJ 1LY s> silFl).
=0 7=0 7=0

Since Fy, F, and FQ are directed hamiltonian cycles, Lemma [4.35| implies that
Z;:& s;[F;] is odd for each i € {0,1,2}. Because g1 € Zy@®ZyPBZs, then g; = (1,1,1).

In summary, F is a hamiltonian 2-factorization only if

(91,92) € {((1,1,1), (id, (012))), ((1,1,1), (id, (021))) }.

We will now show that no type-I 2-factorization of én ! 5’3 is hamiltonian. To
do so, we will use Lemma [.43] by showing that the product of no n elements of S,
where n is even and S is defined in Definition yields one of the two elements in

{((1,1,1), (4, (012))), ((1,1, 1), (id, (021)))}.

Proposition 4.44. Let n be an even integer. The digraph C', 1 Cy does not admit a

type-1 hamiltonian 2-factorization.

Proof: Let F = (Fy, F1, Fy, F3) be a type-1 2-factorization of é’n ! 6'3 with spine
(to,t1,...,tn_1) where

(f(to)a f(t1)> ) f(tn—l)) = ((h()? kO)? (hlﬁ kl)? (h2> k2)> ) (hn—b kn—l))'

Note that (h;, k;) € S for each j € Z,. We prove the statement by showing that, for

all even n, the product of any n elements of S is not an element in

A= {((1,1,1), (id, (012))), (1, 1, 1), (id, (021)))}.
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First, we start with the case n = 2. We compute the set of elements
Uz = {(ho, ko)(h1, k1) | (ho, ko), (h1, k1) € S}

Refer to Appendix [A] for the computation of all 576 products. We then see that
the set Us contains 126 distinct elements. All of these elements can also be found in
Section of Appendix [A] Observe that no element of Us is in A. By Lemma [£.43],
the digraph C'5 1 C'5 does not admit a type-1 2-factorization.

Next, we consider the case n = 4. It suffices to construct the set:

We see that Uy is the set of the products of all pairs of elements of U;. See Section
of Appendix [A] for the set U,, which contains 144 elements. Observe that U,
and A are disjoint. By Lemma the digraph C, 1 Cy does not admit a type-1
2-factorization.

For n > 6 and n even, we let
Uy = {(ho, ko) (B, ky) | (ho, ko) € Us and (B, k) € Uy}

Our last step is to show that U, = Uy for all even n > 4. To do so, we have com-
puted all 18144 possible products of the form (h{, k() (h}, k}), where (h{, k) € Us
and (h},k}) € Uy, by computer. We have found that U, = Us. It follows that
Uy = Us = U, for all n > 8 and n even. Since U does not contain any element of
A, Lemma implies that, for all even n > 6, C, 1 C3 does not admit a type-1

2-factorization that is also a hamiltonian decomposition. |

4.3.3 Type-II 2-factorization of C,1C;5

Our objective is to demonstrate that no type-II 2-factorization of C,1Cy is a hamil-
tonian decomposition. Our approach is considerably simpler than that of Subsection
[4.3.2] We will begin by introducing the following assumption which is analogous to
Assumption
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Assumption 4.45. Let F = {Fy, F1, Fy, F3} be a type-11 2-factorization of Cn1Cy
comprised of four 2-factors. We shall assume that Fj is the type-2 2-factor of F,
F the type-1 2-factor, and F, and Fj the type-0 2-factors of F. We then write
(Fo, F1, Fy, F3).

In Figure we list all six possible pairs (Fy[j], F1[j]) such that Fi[j] contains
the arc (jg,jo) These six pairs form the set {M,[j] | ¢ =0,1,...,5}. Then, for each
e {1,2,...,6}, we let My, 6x[j] = p*(M,), where p is defined in Definition and
k € {1,2}. This gives rise to a set of 18 pairs; it is routine to verify that no other

pair exists.

m: SS.\HZZA

) The pair M [j ) The pair Ms[j ) The pair M3[j
X:I:: m J+ 1 ’_)_X—)—o
) The pair My[j] ) The pair M;5[j] ) The pair M;g|j]

Figure 4.14: All possible pairs of digraphs (Fy[j], F1[j]) such that F}[j] con-
tains the arc (ja, jo)-

We are particularly interested in Fy. Observe that, if (Fy[j], Fi[j]) € {M]j] | ¢ =
1,2,3 (mod 6)}, then the type-1 2-factor Fj is switched at j, as defined in Definition
Otherwise, if (Fo[j], Filj]) € {M[j] | € = 0,4,5 (mod 6)}, then Fj is not
switched at j. Whether or not F} is switched as j dictates the set of permutations

that can be used to describe the corresponding type-0 2-factors F and Fj, as stated
in Lemma [4.46] below.

Lemma 4.46. Let F = (Fy, Fy, Fy, F3) be a type-11 directed 2-factorization of C1Cs.
If Fy is switched at j, then Fy[j], F3[j] € {(012),(021),4id}. Otherwise, Fy[j], F5[j] €

{(01),(02), (12)}.
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Proof:  For all possible pairs Fy[j], F1[j]), there exist precisely six distinct sets of
leftover arcs L, = A(L;) — (A(Fo[j]) U A(F1[j]) where t € {1,2,...,6}. This can be
verified by using Figure [4.14]

WWVN\F\

) The set L. ) The set L. ) The set Ls.

Figure 4.15: The three sets of leftover arcs when Fi[j] is switched.

Let Ly, Lo, and L3 be the three sets of leftover arcs that correspond to a pair
(Folgl, Fily]) in which Fi[j] is switched at j. See Figure for an illustration of
these three sets. Each of L1, Lo, and L3 admits exactly one partition into two sets of

three vertex-disjoint arcs. Such set of three disjoint arcs corresponds to a permutation
in {(012), (021),4d}. Consequently, F5[j], F3[7] € {(012), (021),id}

Mf XX I><><f . M><f X

) The set Ly. ) The set Ls. ) The set Lg.

Figure 4.16: The three sets of leftover arcs when F}[j] is not switched.

Similarly, let Ly, Ls, and Lg be the three sets of arcs that correspond to a pair
M, = (Fy[j], F1]j]) in which F}[j] is not switched at j. These three sets are illustrated
in Figure |4 Each of L4, L5, and Lg admits precisely one partition into two sets of
three vertex-disjoint arcs. In this case, each such set of three arcs corresponds to a
permutation in {(01), (02), (12)}. Hence, we see that F[j], F3[j] € {(01),(02), (12)}. 1

We will now use Lemma [£.46] to prove this subsection’s main result stated below.

Proposition 4.47. Let n be an even integer. The digraph C, 1 C3 does not admit a

type-11 2-factorization that is also a hamiltonian decomposition.
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Proof:  Let F = (Fy, Fi, Iy, F3) be a type-11 2-factorization. In this proof, we will
describe F, and Fj as the following product of n permutations of S5 where Fy[j] = o
and Fg[j] = Hj:

0 =0001...0n_1, and [t = Loty - .. fbn_1-

If Fy and Fj are directed hamiltonian cycles, then o, u € {(012), (021)}. Observe that
(012) and (021) are even permutations.

By Lemma [£.46] if Fy is switched at j, then oj,u; € {(012),(021),id}. This
means that o; and p; are even permutations. Recall that, by Lemma W, if F}
is a type-1 directed hamiltonian cycle, then Z;:& s;(Fy) must be odd. This means
that the set {o; | j € Z,} contains an odd number of even permutations and thus,
an odd number of odd permutations. Therefore, the permutation ¢ is odd; likewise
for p. This is a contradiction, meaning that F cannot be a type-II hamiltonian 2-

factorization. |

4.3.4 Summary

Propositions and imply that Conjecture is not true for G = é’n, where
n is even, and H € {6’ 2, 6'3} Moreover, although Propositions and do not
imply that Conjecture is false for G # C,, and H € {C»,C5}, they do imply
that it will be particularly difficult to determine if G C'y and G 1 C5 are hamiltonian
decomposable. This is because our general approach, which is similar to that of
Ng 52| and Baranyai and Szasz |12], heavily relies on the fact that, in general, the
digraph C', 0 H is hamiltonian decomposable.

We now summarize our results on the decomposition of én l é'm into directed

hamiltonian cycles given in this section and the previous section.

Theorem 4.48. Let n be an even integer. The digraph C_jn ! ém 15 hamiltonian

decomposable in each of the following cases:

(S1) m is odd, and m > 5;

(S2) m is even, m >4, and n > 4;
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(S3) m=4 andn = 2.

Furthermore, if m € {2,3}, then én 2 ém 1s not hamiltonian decomposable.
Proof:

(S1) The result follows from Proposition [4.15]

(S2) The result follows from Proposition [4.14]

(S3) The result follows from Lemma
Lastly, Propositions and respectively, imply that Cn1Cyand Cp 2 Cs

are not hamiltonian decomposable for all even n. |

Lastly, we point out that Lemma[4.4] in conjunction with Theorem [£.48] implies
Corollary below.

Corollary 4.49. Let G be a strict hamiltonian decomposable digraph of even order
n such that G # K,,. The digraph G C', is hamiltonian decomposable in each of the

following cases:

(A1) m is odd, and m > 5;

(A2) m is even, m > 4, and n > 4;
(A3) m =4 and n = 2.

Furthermore, if G = C, andm € {2,3}, then G1C,, iis not hamiltonian decomposable.

4.4 Decompositions of G K, into directed hamilto-

nian cycles

We now consider the case in which H can be decomposed into m —1 directed hamilto-
nian cycles. In this case, the digraph H must necessarily be the complete symmetric
digraph since H is strict. In order to construct a decomposition of o K> into
directed hamiltonian cycles, we will use a decomposition of K into hamiltonian di-
paths. The question of existence of these decompositions is resolved in [67] when m

is even and in [68] when m is odd.
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Theorem 4.50. [67/ Let m be an even integer. The graph K, admits a decomposi-

tion into hamiltonian paths.
We then have the following corollary.

Corollary 4.51. Let m be an even integer. The digraph K, admits a decomposition

into hamiltonian dipaths.

It is known that K, does not admit a decomposition into hamiltonian paths

when m is odd. Consequently, a different approach is needed in this case.

Theorem 4.52. [08] Let m > 7 be an odd integer. The digraph K, admits a

decomposition into hamiltonian dipaths.

To prove Theorem [4.52] Tillson considers two cases. In the case m = 3 (mod 4),
Tillson gives an explicit construction. As for the case m = 1 (mod 4), Tillson first
shows that K ., admits a decomposition D into directed hamiltonian cycles. Then,
by deleting a vertex of K ,;, and thus deleting a vertex from each directed hamilto-
nian cycle in D, he obtains a decomposition of K, into hamiltonian dipaths.

The following lemma tells us that all decompositions of K into hamiltonian
dipaths have a particular property. This property is key to our construction of a

decomposition of ol K, into directed hamiltonian cycles.

Lemma 4.53. If D is a decomposition of K, into hamiltonian dipaths, then no two

distinct dipaths in D have the same source or the same terminus.

Proof:  Suppose that dipaths P;, P; € D, where ¢ # j, both have the same source.
Since there are m dipaths in D, it follows that there exists a vertex u € V(K7,) such
that no dipath in D has u as a source. Since vertex u is not a source, then u has an
in-neighbour in each of the m dipaths in D. Because D is a decomposition and K, is
strict, this means that u has m distinct in-neighbours, a contradiction. An analogous

argument holds when F;, P; € D share a terminus v. |

In Proposition [£.54] and Lemma [£.55] below, we construct a directed hamiltonian
decomposition of €', 2 K . Recall that K} and K¢ are not hamiltonian decomposable
by Theorem [3.28 However, the proof of Proposition [£.54] also applies to the case m =
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6. In addition, Lemma implies that C,, ¢ K 1 1s also hamiltonian decomposable.
This means that digraphs G and H need not both be hamiltonian decomposable for

G ! H to be hamiltonian decomposable.

Proposition 4.54. Let n be an even integer and m > 6. The digraph @n VK s

hamiltonian decomposable.

Proof:  First, we consider the case n = 2. In that case, we see that égszn = K5,
It follows from Theorem [3.28| that K7, is hamiltonian decomposable since m > 6.
Next, we consider the case n > 4. By Corollary and Theorem there
exists a decomposition D = {P, P, ..., P,} of K into hamiltonian dipaths. For
each P; € D, assume that P; = viv) ... vl Using D, we can obtain a second

decomposition of K/, into directed hamiltonian dipaths, D' = {P{, Py, ..., P’ }, where
J J

I i
P =wvl vy vy

For each P; € D, we then construct the following directed cycle of Col K

CjZOUjOj...O,Uj 1,1, 1;

1 V3 m o Um Uy Um_2

...11){'2{2”%'2”% ...(n—l)vg(n—l)vg’(]j.

v 1 U1

The directed cycle CV is in fact a directed hamiltonian cycle of o K, . The directed

cycle C7 contains the following arcs of difference 0:

{0,010 (12, (0= 1),3.0,)}

By Lemma v is the source of exactly one dipath in D, and v/, is the terminal of
exactly one dipath in D; likewise for D’ in which v/, and v{ will appear as the source
and terminal, respectively, exactly one dipath in D’. It follows that each arc of dif-
ference 0 appears exactly once in F' = {C*,C?, ..., C™}. Furthermore, since D and
D" are decomposition of K into hamiltonian dipaths, each horizontal arc of Cnl K
also appears exactly once in F. Otherwise, no arc of difference d > 0 appears in F'.
As aresult, we have that C, ) K*, = C'@C?... & C"®(C, x K7,). By Theoremm,
the digraph C ¥ K is hamiltonian decomposable. Therefore, Lemma implies

that C, ! K%, is hamiltonian decomposable. i

Note that, because K, does not admit a decomposition into hamiltonian dipaths
when m € {3,5}, Proposition does not consider the case n is even and m € {3,5}.
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In addition, when m = 4, Theorem does not apply to the digraph C"n x K.
Therefore, Proposition also does not consider the case n is even and m = 4. In
Lemma below, we address these three omissions.

Lemma 4.55. Let n be an even integer and m € {3,4,5}. The digraph Cu K is
hamiltonian decomposable if and only if (n,m) # (2,3).

Proof: = We consider three cases, one for each m € {3,4,5}.
Case 1: m = 3. Since Cy1 K} = K{, it follows from Theorem that C? K3 is not
hamiltonian decomposable.

Conversely, let n > 4. We begin by constructing 9 dipaths of Cl K 5 as follows:
Xo=020001 1911152925 203032 3142; X5 = 0109 1o 1229 21 32 4o;

X1 = 01151121 253 4o; Xe = 0211293031 4y;
Xo = 1000210203230 4u; X7 = 0201 11 20 22 32 4o;
Xz = 07021225 30 4o; Xg = 0012192 31 30 42.

Xy = 001110222031 32 44;
Refer to Figure for an illustration of the 9 dipaths above.

0 1 2 0 0 1 2 0

0 &Q— 0 $—(—

1 1

2 * 2 @>—

3 3 * *

4 o 4 @ [ ]
(a) Ilustration of Xy (pink), X; and X, (b) Mlustration of X5 and Xg (pink), and
(black), and X3 and X4 (blue). X7 and Xy (black).

Figure 4.17: Key dipaths in the construction of a directed hamiltonian de-

=

composition of €, 1 Kj.

Subcase 1.1: n = 4. Then 45 = 0y, meaning that C° = X, is a directed cycle of length
12. Furthermore, we see that t(X;) = 0y, s(X3) = 0o, t(X2) = 0; and s(X;) = 0y,
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and that X; and X5 have no other vertices in common. Therefore, we can obtain the
following cycle of length 12: C' = X, X,. A similar reasoning can be applied to obtain
the following three directed cycles of length 12: C? = X3X,, C? = X5X§, and C* =
X7Xg. Lastly, each arc of Ci K3 appears exactly once in D = {C° C',C? C3 C*}.
Therefore, the set D is a directed hamiltonian decomposition of Ci K 3.

Subcase 1.2: n > 6. Let I = {4,6,...,n — 2}. For each ¢ € I, we construct the
following set of 9 dipaths:

M =igigir (i +1)a (i 4+ 1)1 (i + 1) (i +2)2; Pl =iy (i + 1)y (i + 2)a;

Ni = igis (i + 1)1 (i + 2)o; P =iyio (i 4+ 1)o (i + 1)1 (i + 2)1;
Ny =iy (i4+ 1) (i + 1) (i + 2)1; Qb =g (i + 1) (i + 1)o (5 + 2)o;
Ol =i (i + 1)1 (i + 1) (i + 2)o; Q) =iziy (i + 1)1 (i +2)a.

O} = iyig (i 4+ 1) (i +2)1;

Refer to Figure [L.18] for an illustration of these 9 dipaths when i = 4. It is straight-
forward to verify that, for each i € I, dipaths in {M*, Ni, Ni,...,Q}} are pairwise

arc-disjoint.

0 1 2 0 0 1 2 0
4 @>— 4 @—<
5) 5 —)—W
6 6 ®

(a) Nlustration of M* (pink), N and Ni (b) Hlustration of Py and P (pink), and
(black), and Og and Of (blue). Q¢ and Q7 (black).

Figure 4.18: Key dipaths in the construction of a directed hamiltonian de-
composition of €, { K3 for n > 6.

We now use these dipaths to construct five directed hamiltonian cycles of C\, 0 K.
First, observe that each M® is a dipath of length 6. In addition, note that ¢(M?) =
s(M*2) and that M® and M*™ have no other vertices in common. If |i — j|> 2, then
dipaths M*® and M/ are vertex-disjoint. Lastly, we see that s(M*) = t(X,) = 4,
t(M"?) = s(Xp) = 0o, and that X has no other vertices in common with dipaths in
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{M* M5, ... M"2}. This means that we can construct the following directed cycle
of length 3n: C° = X M*MOM?® .. . M"2

Next, we observe that, for each i € I, len(N}) + len(Ni) = 6, t(Ng) = s(N;?),
t(N?) = s(N;T2), t(Ng~?) = s(X), and t(N}?) = s(X;). We also note that N} and
N*? have no other vertices in common and that N} and N/ are vertex-disjoint for
alli,j € I. If |[j — i|> 2, then N{ and Ng are also vertex-disjoint; likewise for N} and
N{. Dipaths X; and X, are vertex-disjoint and have no other vertices in common
with dipaths in {N{}, Ni | i € T}. This means that we can form the following directed
cycle of length 3n:

C'= XiNSNS ... NJ2XyNENS ... NJ2

By applying a similar logic, we can construct the following three directed cycles of
length 3n:

C? = X30,05 ...0p72X,0100 ... 0}

C% = XsPyPS ... Py 2 X PPy ... P2

= X7QUQ% - Q3 AXQ1Q8 Q1
Observe that the dipaths in U?Z_Z{Mi, N, NY ..., Q) are pairwise arc-disjoint. Since
the dipaths in {Xo, X1,..., Xs} are also pairwise arc-disjoint, this implies that the
directed cycles in D = {C°, C*', C? C3,C*} are pairwise arc-disjoint. Consequently,

the set D is a directed hamiltonian decomposition of (', ¢ K. 3.

Case 2: m = 4. Observe that, if n = 2, then én ! Kj = K§. The statement follows
from Theorem [3.28

Therefore, we consider the case n > 4. We begin by constructing three directed

cycles of length 4n as follows:
C% = 03050, 001011 151525252; ... (n — 1)g (n — 1)1 (n — 1) (n — 1)5 03;
C'=0;030002 1519131121 23529...(n — 1) (n—1)g(n — 1)3(n — 1); 0y;
C?=0700030;1;131912222023...(n —1); (n—1)3(n —1)g (n — 1)30

Observe that C°, C'!, and C? are pairwise arc-disjoint. Let S = A(C’O)UA(Cl)UA(CQ).

We see that all arcs of difference 0 are contained in S except for arcs in the set

{(i5, (i +1)3), ((1 + 1)o, (1 +2)0) | i € Z,, and @ even}.
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Furthermore, the set S also contains all horizontal arcs except for arcs in the set
{(io, 1), (i1,12), (i2,13) | i € Z,, and i is even}U
{(is,12), (i2,11), (i1,%0) | € Z,, and i is odd}.
Lastly, note that S does not contain any arc of difference d > 0.
We now construct four directed hamiltonian cycles. To do so, we first construct
the following 13 dipaths:

Up=01020312111920; U; = 09 1321;

Wo = 0001 135 15 23; Wi =031p29; Wy =0s1;2;
Xo = 09 11 23; X1 =031329; Xo=02102; X3 =0;132;
Yo = 09 12 23; Yi =0:11023; Yy =031 2; Y3 = 02 13 2.

Refer to Figure for an illustration of these 13 dipaths.

0 1 2 3 0
0 @>— 0 e
1 1
2 ° 2

(b) Ilustration of X; for each j €
{0,1,2,3} (black), and Y; for each j €
{0,1,2,3} (grey).

(a) Ilustration of Uy and U; (black), and
W; for each j € {0,1,2} (grey).

Figure 4.19: Key dipaths in the construction of a directed hamiltonian de-
composition of C), ! K.

Let I = {2,4,6,...,n — 2}. For each i € I, we construct the following set of 13
dipaths:

M =g (i + 1)3 (i + 2)o;
M =iyigig (i 4 1) (i + 1)y (i + 1o (i 4 2)1;

NE =iz (i +1)3 (i 4+ 1)y (i +2)3; Ni =i (i 4+ 1)1 (i +2)o;
Ni =igiy (i + 1) (5 + 2)o;
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Of =iz (i + 1)o (i + 2)3;
Ob =iy (i +1)9 (i +2)1;

Pi=iy (i+1)3(i + 2)y;
Py =iy (i +1)o (i +2)s;

O =g (i + 1)1 (i 4+ 2)o;

P} =g (i+ 1)1 (i + 2)3;
Pl =g (i + 1)5 (i + 2)o.

Refer to Figure [£.20] for an illustration of these 13 dipaths when i = 4.

3 ®

0 1 2 3 0
2 )

3@

B! 4 :

(b) Tlustration of OF for each j €
{0,1,2,3} (black), and Pj2 for each j €
{0,1,2,3} (grey).

(a) Tlustration of Mg and M} (black),
and N7 for each j € {0,1,2} (grey).

Figure 4.20: Key dipaths in the construction of a directed hamiltonian de-
composition of C), ! Kj for n > 4.

Observe that len(M{) + len(M]) = 8 for all ¢ € Z,. Moreover, we see that
t(Mg) = s(M*™2) and t(M}) = s(M;*?) for all i € I — {n — 2}. Furthermore, we see
that s(MZ) = t(Uy), t(MF~2) = s(Uy), s(M?) = t(Uy), t(M}?) = s(Up) If |i — j|> 2,
then M/ and Mg are also disjoint; likewise for M? and Mf Lastly, for all 7,5 € I,
M} and Mf are disjoint. Therefore, we can construct the following directed cycle of
length 4n:

C4 = UgMEME ... My U M2ME . M2,

By a similar logic, we construct the following three directed cycles of length 4n:
C® = WoNZNy ... Ny 2W NENY ... N[ 2WoNINy ... N3~ 2;
C% = X0030; ... Oy 2 X,0701 ... O} 2 X,050; ... Oy 2 X30505 ... Oy %
CT =Yy P3Py ... Py 2Y\PIP! ... Pl Yo Pi Py .. Py Y3 PPy ... Py 2.
We point out that S' = A(C?) U A(C*) U A(C®) U A(CS) contains all horizontal

arcs and all arcs of difference 0 that do not appear in S. Furthermore, each arc of
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difference d > 0 appears exactly once in {C3 C* C® (C°}. This means that D =
{CY.C*,...,C% is a directed hamiltonian decomposition of Cy, 8 K7

Case 3: m = 5. Observe that, if n = 2, then C,, ! K7 = K7,. The statement follows
from Theorem

0 1 2 3 4 0 0 2 4 1 3 0
0 0
1 1 *
2 2

(a) Hlustration of Ly (pink), L; (black), (b) Hlustration of Ly (pink), L3 (black),
U; for each j € {0,1,2,3} (blue), and W} X; for each j € {0,1,2,3} (blue), and Y;
for each j € {0,1,2,3} (green). for each j € {0,1,2,3} (green).

0 2 4 1 3 0
0 ://
| /7 /
2 °
(c) Ilustration of Z; for
each j € {0,1,2,3,4}.

Figure 4.21: Key dipaths in the construction of a directed hamiltonian de-
composition of €', 1 K}.

We now construct a decomposition of C\, ¢ K| & into 9 directed hamiltonian cycles

for n > 4. First, we construct the following set of 25 dipaths:

Lo =0007 020304 131515 114 20; Ly =070300020414121p151;52;
L; =040309070014101; 15152y; L3 =03010402001912 1414 1525;
Up=04001129; Uy =09131423; Xo=04011123; X; =03131020;

Uy = 03152y Us = 01 1p 24; Xo=001329; Xz = 0214 2y4;
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Wo=00041p21; Wi =0;1523; Yo =00031029; Y7 = 05152y
Wy =03141529; W3 =021 2; Yo =041, 14215 Y3 =10;152;

Zo=001321; Z1 =01 14 29;
Zo = 031023; Z3 = 03112y
4= 04152

See Figure for an illustration of these 25 dipaths.

Next, let I ={2,4,...,n — 2}. For each i € I, we form the following set of four
dipaths:

M =igiyigizig (i +1)3

) (Z+1)2 (Z"‘l)l <2+1)0 (Z+1)4 (Z+2)0,
Mi = igigigivio (i + 11 (i + 1)z (04 1)3 (4 1)a (i + 1)o (i + 2);
MQZ = i1i3i0i2i4 (’L"— 1)4 (Z+ 1)2 (Z+ 1)0 <Z+ 1)3 <Z+ 1)1 <Z+2)1,
Mé = ig il i4 ig io (Z + 1)0 (Z + 1)2 (2 + 1)4 (Z + 1)1 (Z + 1)3 (Z + 2)3
0 1 2 3 4 0 0 2 4 1 3 0
2 2
3 3
4 4 )
(a) Mlustration of MZ (pink), M# (black), (b) Nlustration of M2 (pink), M3 (black),
Nj2 for each j € {0,1,2,3} (blue), and OJQ» Pj2 for each j € {0,1,2,3} (blue), and Q?
for each j € {0,1,2,3} (green). for each j € {0,1,2,3} (green).

0 2 4 1 3 0
2 @
4@
(c) Tlustration of R? for
each j € {0,1,2,3,4}.

Figure 4.22: Key dipaths in the construction of a directed hamiltonian de-
composition of €, { K7 for n > 4.
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See Figure for an illustration of these four dipaths for + = 2. First, we note that,
for i € {2,4,...,n — 4}, the dipath M{ is of length 10 and that M¢ and M;" share
precisely one vertex; namely (i +2)g = t(M¢) = s(M{*?). Otherwise, if |i — j|> 2,
then M and M have no vertices in common. Furthermore, we see that t(Lg) =
s(MZ) = 2y and that s(Lg) = t(M}?) = 0p. Lastly, we see that Ly has no other
vertices in common with M2 and MJ~? and that L, is vertex-disjoint with M¢ for
i € {4,6,...,n —4}. Therefore, we are able to form the following directed cycle of
length 5n: CO LoMZMGMS ... My~
By a similar logic, we form the following three cycles of length 5n:

C' = LiM?M!M? ... M™%

C? = LyMZMyMS ... My~

C? = LsMPMyM? ... M52

Next, for each 7 € I, we construct a set of 21 dipaths as follows:

N§ =iy (i 4 1)1 (i + 2)o; Pi=igiy (i+ 1)1 (i +2)a4,
Ni =3 (i 4+ 1)g (i +2)s; Qb =iz (i + 1)g (i + 2);
Ny = i1 (i + 1)o (i + 2)1; Q=i (i + 1)1 (i + 1)a (i +2)s;
N§ = i (i + 14 (i + 1)3 (1 + 21 iy (i 1)s (i + 2)
O =iy (i +1)2 (i + 2)1; QY =0z (i + 1)o (i +2)o;
O} =iz (i +1)4 (i + 2)3; Ry =iy (i +1)4 (i +2)1;
Oy = ia (i + 1)3 (i + 2)o; Ry =i (i +1)o (i +2)2
O% =igig (i + 1)o (i + 1)1 (7 4 2)o; Ry =iz (i+ 1)1 (i + 2)3;
P =3 (i+1)3(i+ 1) (i + 2)s; Ry =g (i + 1)y (i + 2)y;
Pl =g (i + 1) (i + 2)o; R, =g (i +1)3 (i + 2)o.
Py =iy (i +1)4 (i + 2);

See Figure for an illustration of these dipaths for « = 2. We first point out that,
for each i € I, we have len(N}) + len(N}) + len(N4) + len(Ni) = 10. Furthermore, for
each i € I — {n—2}, we see that t(N}) = s(Ni"2), t(Ni) = s(N{T2), t(N3) = s(N&H2),
and t(Ni) = s(N4t2). If |i — j|> 2 then N and N7 have no common vertices for
each 7 € {0,1,2,3}. Moreover, if 7 # 73, then N/ and N, have no common vertices
for all 4,7 € I. Observe that: t(Uy) = s(NZ), t(Ng~ %) = s(Uh), t(Uy) = s(N?),
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HNP2) = s(Un), () = s(NZ), H(NI2) = s(Us), t(U) = s(N3), and ¢(Nj~2) =
s(Up). Otherwise, dipaths in {Uy, Uy, Us, Us} have no other common vertices with
dipaths in U;er{ N}, N{, N3, Ni}. As a result, we can form the following directed cycle
of length 5n:

C4 = UgNZNE .. NP 2U N2NE .. NI2U,N2ZNE . NP 2UsNEN4 . Np~2.

By applying similar reasoning, we obtain the following four directed cycles of length

on:
C® = W030;, ... Oy 2W,03071 ... O 2WL050; ... O3 *W30305 ... 052
CO = XoP2P) .. . Py 2 X, P2P} .. P2 X, PiPy .. Py 2X3PiPy ... PY 2,
CT=Y0Q5Q5 - Q¢ V1Q1Q1 ... Q7 *Ya@5Q5 . .. Q37 Y3Q3Q5 ... Q5%
C® = ZyR3R; ... RV *Z\RIRY ... RV 2 Z,R3R, ... Ry 2 Z3RaR; ... Ry 2
Z,R2Ry ... RIT2
Let

S = Uer{M¢, M}, My, Mi, N§, ... RS}y U{ Lo, Ly, Lo, L3, Uy, ..., Zy}.

It is routine to verify that the dipaths in S are pairwise arc-disjoint. Therefore, the
directed cycles in D = {C° C1 ... C®} are also pairwise-arc disjoint and thus, the

set D is a decomposition of C VK =+ into directed hamiltonian cycles. i

We conclude this section with a corollary that generalizes this section’s results.

Corollary 4.56. Let G be a strict hamiltonian decomposable digraph of even order n
such that G # K,, and let m > 3. The digraph G K*, is hamiltonian decomposable

if and only if (n,m) # (2,3).

Proof:  Lemmal4.4] in conjunction with Proposition [4.54 and Lemma [£.55 implies
sufficiency. Conversely, we point out that there exists exactly one strict hamiltonian
decomposable digraph on two vertices, namely G = Cy = K. This means that, if
(n,m) = (2,3), then G K}, = K{. Theorem then implies that G ! K7, is not

hamiltonian decomposable. |
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4.5 Reduction

We now proceed with our general approach, which is similar to that of [52]. The aim
of this section is to show that, if n is even and |V (H)|= m, the digraph C, ¢ H is
hamiltonian decomposable when C21K,, admits a particular directed 2-factorization.

We first introduce several key definitions.

Definition 4.57. Let S = {09,041, ...,0m,_1} be a set of m permutations of S, acting
on Z,,. The set S is a reqular permutation set of order m if j7%1 # ;%2 for all j € Z.,,
and ]{51, ko € 7., such that k; # ko.

See Example [£.58 below for a very simple example of a regular permutation set.

Example 4.58. Below, we give an example of a regular permutation set of order 13:

S={ (0,1,12,2,3,4,5,6,7,8,9,10,11), 0,2,4,6,12,8,10)(1,3,5,7,9,11),
(0,12,3,6,9)(1,4,7,10)(2,5,8,11), (0,4,8)(1,5,12,9)(2,6,10)(3,7,11),
(0,5,10,3,8,1,6,11,12,4,9,2,7), 0,6)(1,7)(2,8)(3,9)(4,12,10)(5, 11),
(0,7,2,9,4,11,6,1,8,3,10, 12,5), 0,8,4)(1,9,5)(2,10,6)(3,12,11,7),
(0,9,12,6,3)(1,10,7,4)(2,11,8,5), (0,10,8,6,4,2,12)(1,11,9,7,5,3),
(0,11,10,9,8,12,7,6,5,4,3,2, 1), 0,3,11,4,10,5,9,6,8,7,12,1, 2),

id}.
It is laborious yet straightforward to verify that jo%1 # ;72 for all j € Z;3 and all
Ok, Ok, € S such that k; # k. O

o~ o~ o~ o~ o~ o~

Definition 4.59. A permutation o € S, is an (m — 1)-stabilizer if (m—1)7 = m—1.

Note that a regular permutation set contains a unique (m—1)-stabilizer. We now
introduce a method for constructing a new regular permutation set from an existing

one.

Lemma 4.60. Let S = {0¢,01,...,0m_1} be a reqular permutation set of order m
and p1 € Sy,. Then the set u-S = {pog, poy, ..., pom-1} is also a regular permutation

set of order m.

Proof: We will prove the statement by way of contradiction. First, we construct
theset - S ={po; | i=0,1,...,m—1}. Let v;, v € - S where v; = po;, v, = pog,
and o; # 0. Suppose that j7 = j7% for some j € Z,,, and let £ = j*. Then, we see
that
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(i — g — G = = e — ok

It follows that o; # o, and o;,0r € S; a contradiction. Therefore, the set u - S is
indeed a regular permutation set, as defined in Definition [£.57] i

We now proceed with this section’s main objective, which is to give a detailed de-
scription of our general approach. This approach follows closely that of Ng [52]|. Note
that our terminology differs from the original terminology used in [52|. This is due
to the fact that we explain why this method gives rise to the desired decompositions
of C, 1 H in far more detail than [52).

We begin with Lemma [4.64] in which we show that a carefully chosen subdigraph
of én ! ém is hamiltonian decomposable. To prove Lemma , we will require the

following definition.

Definition 4.61. Let 0 € S,, be such that ¢ is not an (m — 1)-stabilizer. The

truncation of o, denoted &, is the permutation
g=0(m—1,(m—1)7).

See Example below for a very simple example of the truncation of a permu-

tation.

Example 4.62. Let 0 = (0,1,2,3,4,5,6,7) such that o € Ss. Then, we see that
77 = 0. Therefore, & = (0,1,2,3,4,5,6,7)(7,0) = (0,1,2,3,4,5,6)(7). O

It follows from Definition that, if o is not an (m — 1)-stabilizer, then (m —
1)° =m — 1, so 6 is an (m — 1)-stabilizer.

We will also require the following definition.
Definition 4.63. Let F' = (09, 01,...,0,-1) be a directed 2-factor of én VK,
1. If T(0g0y ...04-1) = 1, then F is called a hamiltonian n-tuple.

2. If no permutation in F' is an (m — 1)-stabilizer and T(6¢0; ...6,-1) = 2, then

F'is called a truncated hamiltonian n-tuple.
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Lemma 4.64. Let F = (0¢,01,...,0,_1) be a directed 2-factor of C, 1 C,, such that
o; is not an (m — 1)-stabilizer for all i € Z,,, and assume that (69,01, ...,0,_1) @S a
truncated hamiltonian n-tuple. Moreover, let I' be a spanning subdigraph of C_jn l ém
obtained from F by adjoining all horizontal arcs of Cp 1 Cr. Then T is hamiltonian

decomposable.

Proof: Every vertex in I' has out-degree 2 and thus, any hamiltonian decomposi-
tion of I' consists of two directed hamiltonian cycles.

Before we proceed, we first specify how we embed ém into each V; of én ! ém
The digraph @m is embedded into V; such that (im,l,i(m,l)om) is a horizontal arc
in V;. Observe that, in the embedding of C,, into V;, we then have a dipath of length
m — 1 with source 7(,,_1)si-1 and terminal 7,,_;. We will call this dipath F;.

We now form a spanning subdigraph of T', which we call C°, such that
A(C?) = Ui {0 = Dmery iy UG A(R)).

Refer to Figure for an illustration of C° in C'52C7. Observe that there exists an
arc in CY from t(P,_;) to s(P;) for each i € Z,, namely the arc ((i—1)p_1, i(m_1)7i-1).
Therefore, the digraph C° is a directed hamiltonian cycle of T.

6 0 1 2 3 4 5 6
0 -\o e o -\:
1
2 >>
0 o
Figure 4.23: A decomposition of the subdigraph I" of C'51C into two directed
hamiltonian cycles: C? (black) and C* (grey).

Next, we let C'' be the spanning digraph of T" such that A(C') = A(T") — A(C?).
We will show that C! is also a directed hamiltonian cycle. First, for each i € Z,, we

form the following set of arcs:

A ={((i = 1)j,4551) | J € Zp/{m — 1} } U { (i1, im-1y7-1) }.



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 125

The digraph C! is a spanning digraph comprised of disjoint directed cycles. It

remains to show that C? is indeed a directed hamiltonian cycle.

e o g T e o
m—1)%-1 m—1 -

Nl T

{ (b) To obtain A;, we replace the arc
(a) The arcs corresponding to o. (i = Dm—1,9(—1y7i-1) with
(imflv Z.(mfl)‘”*1 )

1 oy (1)

1@

(c) The arcs corresponding to the permu-
tation &;.

Figure 4.24: Tllustration of the truncation of o;.

In order to show that C' is a directed hamiltonian cycle, we will first show that
the permutation of elements of Z,,/{m — 1} by the arcs in A; and by &,_; is the
same. The set A; is the set of arcs corresponding to ¢;_; with tail in V;_; and head

in V; and with the arc ((i — 1)mm—1,%(m—1)7i-1) replaced by the arc (ip—1,i(m—1)7i-1).

See Figures [4.24al and 4.24b| for an illustration of this replacement. Observe that &;

fixes m — 1 and maps (m — 1)";11 to (m — 1)%-1. Otherwise, the permutation &;_,
maps j to j%-! when j & {m — 1, (m — 1)”1:11}.

For each i € Z,, we obtain B; from A; by replacing the two arcs in Figure
with the two arcs in Figure [£.24d Observe that B; is precisely the set of arcs
corresponding to 6;. Let F = (60,01,...,0,_1). That is, F is a directed 2-factor
of é’n ! K ,,, with arc set U?:_OIBZ-. By assumption, F consists of two disjoint directed
cycles, one of which is a directed n-cycle with vertex set {i,,—1 | i € Z,}. It follows
that the arc set
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Uio (Bi = {(i = Dm-1,im-1})

gives rise to a directed (mn — n)-cycle, and hence U}~ A; gives rise to a directed
(mn)-cycle of Cp, 1 C.
Therefore, the subdigraph C! is a directed hamiltonian cycle. In conclusion, the

set {CY, C'} is a decomposition of T' into directed hamiltonian cycles. i

Our next objective is to use Lemma to show that én ! H is hamiltonian
decomposable by using a carefully constructed directed 2-factorization of én VK.
In Definition [1.65] below, we use Definition [1.63] to define a particular directed 2-

factorization of 6’n VK.

Definition 4.65. Let {S7,5s,...,5,} be a set of n regular permutation sets of order

m and let
D ={(0%1), 002 0kn) | k € ZLpm,ou,; €S5; forall j=1,2,... n}

be a directed 2-factorization of én ! K,,,. Furthermore, assume that 0 < ¢ < m — 2.
The set D is called a c-twined 2-factorization of C VK, if there exists a partition of
D into two sets Dr and Dpg such that:

1. Dp contains ¢ truncated hamiltonian n-tuples;

2. Dy contains m — ¢ hamiltonian n-tuples.

Recall that each regular permutation set contains a unique (m — 1)-stabilizer. As
a result, a c-twined 2-factorization of C, 1 K, contains exactly n (m — 1)-stabilizers,
none of which can be part of a truncated hamiltonian n-tuple. However, a hamiltonian
n-tuple cannot contain n (m — 1)-stabilizers. Consequently, we must have at least two
hamiltonian n-tuples in a c-twined 2-factorization of é'n VK ,,,. Hence the requirement
in Definition that ¢ < m — 2.

In Proposition we show that a c-twined 2-factorization of én VK ,,, gives rise
to a decomposition of C\, ! H into directed hamiltonian cycles when |V (H)|= m and

H admits a decomposition into ¢ directed hamiltonian cycles, with 0 < ¢ < m — 2.
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Proposition 4.66. Let H be a digraph on m vertices that admits a decomposition
into ¢ directed hamiltonian cycles, with 0 < c < m —2. If én VK, admits a c-twined

2-factorization, then én ! H is hamiltonian decomposable.

Proof: Assume that {51, S52,..., Sy} is a set of n regular permutation sets of

order m and
D ={(0@1), 002 0n) | k € Zm,0ou,; €S5;forall j=1,2,... n}

is a c-twined 2-factorization of én ! K,,. Furthermore, let
Dy ={(0w1): 002, - 0km)) | K=0,1,...,c—1} and
Dy = {(0’(].%1),0'(]{,2), .. ,O'(kvn)) | k= ¢, Cc+ 1, e, M — 1}
form a partition of D such that Dy is comprised of ¢ truncated hamiltonian n-tuples

and Dy is comprised of m — ¢ hamiltonian n-tuples. For each i € Z,,, we embed H

into each V; so that the set of ¢ out-neighbours of 7,,_; is

{Z'(mq)"(o,i—l) ) i(m,1)0(1,1_1), e ;Z'(mq)"(c—l,i—l) }

Let H; be the image of the embedding of H into V; described above, and let D; be
the decomposition of H; into directed hamiltonian cycles inherited from H.

Next, for each L, € Dr, where L, = (O'(k’l),o'(k,g),...,U(k’n)), we construct a
spanning subdigraph of Co H , which we call I'y. The subdigraph I';, is comprised of
the directed 2-factor described by L. In addition, the digraph I', also contains the
directed hamiltonian cycle in D; that contains the arc (im_l,i(m_l)a(k,i,m). Because
L;, is a truncated hamiltonian n-tuple, it follows from the proof of Lemma that
I'y is hamiltonian decomposable.

If k1 # ko, then I'y, and I'y, are arc-disjoint. Digraphs I'y, and I'y, do not share
a horizontal arc because because, for each i € Z,,, they contain different directed
hamiltonian cycles of D;.

For each k € {c,...,m — 1}, let C* = (O1)s Ok,2)s - - - s O(kn)) € Dp. Then C* is
a directed hamiltonian cycle of é'n ! K,,, and hence of é'n {H. Since D is a directed

2-factor of C”n ! K, each non-horizontal arc of C_f'n ! H appears precisely once in

{Fo,Fl, o 7Fc—1} U {CO,Cl, ey Cmil}.
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Furthermore, each horizontal arc of C*nzH appears in a subdigraph in {T'g, 'y, ..., T4}

exactly once. Therefore, we see that
CAlH=T,ol,®..ol. 00 aCaq.. oCcml

Since each subdigraph in {I'g,T'1,...,T._1} is a spanning subdigraph of C,lH
that is hamiltonian decomposable, Lemma implies that én ! H is hamiltonian

decomposable. |

By Proposition m, to show that C, ! H is hamiltonian decomposable when
|V(H)|=m and ¢ is the number of directed hamiltonian cycles in a decomposition of
H, it suffices to find a c-twined 2-factorization of én K ,,. In Lemma we reduce
the latter problem to the case n = 2.

Lemma 4.67. Let 0 <c<m —2 and n > 4 be even. If (72 V K, admits a c-twined

2-factorization, then én V K, also admits a c-twined 2-factorization.

Proof: Let D be a c-twined 2-factorization of 5’2 K ,,. Then there exist two regular
permutation sets of order m, call them S| and S), such that S| = {00, 01,...,0m_1}
and S, = {uo, p1, .- pom—1}, and D = {(oy, ;) | © = 0,1,...,m — 1}. Without
loss of generality, we may assume that Dy = {(o;, ;) | @ = 0,1,...,¢ — 1} is the
subset of D comprised of ¢ truncated hamiltonian pairs and that Dy = {(o;, ;) | i =
¢,c+1,...,m— 1} is the subset of D that contains m — ¢ hamiltonian pairs.

Our objective is to construct a c-twined 2-factorization of @n V K,,. To do so,
we will be constructing a set of m n-tuples. First, we give the n regular permutation
sets with which we intend to build our directed 2-factorization. Recall that 1I,, =
{mi| i € Zp} and m; = (0,1,2...,m —1)". Fori € {1,...,n — 3}, we let S; = II,,.
Furthermore, we let S,,_; = S}, and S,, = S5. We then construct the following set of

n-tuples:

Dé—‘ = {(7Ti+1,7T,i,1, Ce 77Ti+177rfi7170-i;/%) | 1= 0, 1, ., C— 1}

Observe that no n-tuple of D/, contains an (m — 1)-stabilizer. Furthermore, we see

that, since (;,0;) is a truncated hamiltonian pair, we have

T(ﬁ-i—i-lﬁ-—i—l N 7%7;_;,_17?['_2‘_15'7;[]1-) — T(OA'Z[L,L) — 2
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As a result, each n-tuple of D’ is a truncated hamiltonian n-tuple.

Next, we construct the following set of n-tuples:

D;—[ = {(ﬂ-i—‘rlaﬂ-—i—h s aﬂ-i-f—laﬂ-—i—lao-’h,ui) | 1= ¢, c+ 17 cee, M — 1}

Observe that
T (i1 i1 M1 i1 - - Oifts) = T(o3p3) = 1.

Therefore, each n-tuple in DY, is a hamiltonian n-tuple.

We now point out that, for each j € {1,2,...,n}, each element of S; appears
in exactly one n-tuple of D’ = D, U D/.. Since each S; is a regular permutation set
of order m, it follows that D’ is a directed 2-factorization of 5’n ! K,,. In addition,
note that D/, contains ¢ truncated hamiltonian n-tuples, the set D’; contains m — ¢
hamiltonian n-tuples, and that D/. and D), are disjoint. Therefore, the set D is a

c-twined 2-factorization of C\, { K . |

We summarize the implications of Proposition [£.66| and Lemma[4.67]in Corollary
[4.68 below.

Corollary 4.68. Let H be a strict digraph that admits a decomposition into ¢ directed
hamiltonian cycles, and n be an even integer. If the digraph 6’227m admits a c-twined

2-factorization, then én ! H s hamiltonian decomposable.

The implications of Corollary are as follows. To show that C',,1 H is hamilto-
nian decomposable, where |V (H)|=m and H admits a decomposition into ¢ directed
hamiltonian cycles, it suffices to construct two regular permutation sets from which
we can form a c-twined factorization of 6'2 VK, for all 2 < ¢ < m — 2. Recall that, if
ce{l,m—1}, then H € {C,,, K }. These extremal cases are addressed in Sections
[M.2HA 4] and are thus not considered in our general approach. Lastly, note that the
case ¢ = 0 is addressed in [52].

We now discuss some differences between our approach and that of Ng [52]. Our
constructions are more elaborate than those of Ng [52] for the following reason. In [52],
Ng constructs a directed 2-factorization D of Co 1K, for n odd by constructing a set
of m directed 2-factors described by n-tuples of permutations from .S,,. This set of n-

tuples is strategically constructed such that m—2 of these tuples are both hamiltonian
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and truncated hamiltonian while the remaining two n-tuples are hamiltonian. This
allows Ng to produce a c-twined 2-factorization of én VK, foral 0 < ¢ < m —
2, thereby obtaining a decomposition of én ! H into directed hamiltonian cycles.
When n is even, the same approach cannot work because an n-tuple cannot be both

hamiltonian and truncated hamiltonian as shown below.

Lemma 4.69. Let F' = (09,01,...,0,-1) be a directed 2-factor of C. 1 K,, where n is
an even integer. If F' is a hamiltonian n-tuple, then F' is not a truncated hamiltonian

n-tuple.

Proof: Suppose that F' = (09,01,...,0,_1) is both a hamiltonian n-tuple and
a truncated hamiltonian n-tuple. Moreover, suppose that F' is comprised of n, odd
permutations and n. even permutations. Since n is even, it follows that n, and n.

are of the same parity. Next, we let
Y =0001...0n_1 and ’}// = (3'06'1 . 6n_1.

We point out that, if o; is an odd permutation, then &; is even. Similarly, if o; is
even, then ¢; is odd. This means that + is the product of n, even permutations and
ne odd permutations. Therefore, if n, and n. are odd, then both v and ~" are odd
permutations. Similarly, if n, and n, are even, then v and 7/ are even. As a result,
permutations v and 7/ are of the same parity.

From the hypothesis, it follows that T'(y) = 1 and T'(y') = 2. The permutation
v is an element of .S, comprised of a single cycle of length m, while 4/ is comprised
of one cycle of length one and one cycle of length m — 1. This means that v can be
expressed as the product of m — 1 transpositions while 7' can be expressed as the
product of m — 2 transpositions. Therefore, permutations v and +' are of distinct

parity; a contradiction. |

As a result of Lemma [£.69] our constructions are more elaborate than those
of [52]. In the next section, we will be illustrating some of these constructions for
small values of m. To do so, we will be using an m x m array comprised of coloured
squares. Colours are used to indicate whether a pair of permutation is hamiltonian,

truncated hamiltonian, or neither. These arrays are defined in Definition [£.70] below.
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Definition 4.70. Let Sl = {,LL(), M- ,,Ltm_l} and SQ = {0'07 O1y.-- ,O'm_l} be two
regular permutation sets of order m and let the elements of S; and S; be ordered as
follows: (o, 41, -, m—1) and (oo, 01, ...,0m—1). The hamiltonian table of S x Sy
is an m X m array with entries defined as follows:

a;; = M if (;,0;) is a hamiltonian pair;

a;; = if (p;, 05) is a truncated hamiltonian pair;

a; ; = U otherwise.

Figure 4.25: The hamiltonian table of II;4 x II;4 with a O-twined 2-
factorization (in black).

Refer to Figure for the hamiltonian table of IT;4 x II;4.

Remark 4.71. Note that, since n = 2, Lemma implies that the entries of a
hamiltonian table are well-defined since a pair cannot be both hamiltonian and trun-
cated hamiltonian. A directed 2-factorization of 6'2 VKK ,,, constructed from two regular
permutation sets S; and Sy corresponds to a set D of m entries of the hamiltonian

table of S x Sy that contains exactly one entry from each row and column. This
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2-factorization is a c-twined 2-factorization precisely when D contains ¢ light grey
squares (truncated hamiltonian pairs) and m — ¢ dark grey squares (hamiltonian

pairs).

In Figure we present a O-twined 2-factorization of C14 1 K». Note that all

hamiltonian tables given in this chapter are generated by computer.

4.6 The casecisevenand 0 <c<m—2

In this section, we will be constructing a c-twined 2-factorization of 6’2 V K, for ¢
even and all m > 4. We partition our investigation into two cases. First, we address
the case in which m is even in Proposition [£.72] Then, in Propositions [4.80H4.82] we

settle the case m is odd.

4.6.1 The case m is even

Before we proceed, we give an outline of Proposition [4.72] which is also similar to
that of Propositions [£.80H4.82] First, we strategically construct two regular permu-
tation sets of order m. Using these two families, we will first construct a O-twined
2-factorization of Cs ! K by forming a set of m hamiltonian pairs. To show that
each pair is hamiltonian, we will compute the product of the two permutations and
show that this product is a permutation with a single cycle. Next, we will construct
a c-twined 2-factorization for each even c¢ such that 2 < ¢ < m — 4. To do so, we
will construct a set of ¢ truncated hamiltonian pairs that we will call Dr. To prove
that a pair in Dp is a truncated hamiltonian pair, we will compute the product of
the truncations of the two permutations in this pair. Lastly, we will produce a set
of m — ¢ pairs that we will call Dy. The set Dy will be disjoint from D7 and is
constructed so that D = Dy U Dt is a 2-factorization of 5’2 ) K,,. The set D will
then be the desired c-twined 2-factorization of 5'2 ! K,,. Lastly, we address the case
¢ = m—2 by using the same approach as in the case 2 < ¢ < m —4 but using different

regular permutation sets.

Proposition 4.72. Let m and c be even integers such thatm > 4 and 0 < ¢ < m—2.

The digraph CoV K, admits a c-twined 2-factorization.
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Proof: We will partition our constructions into three cases. To construct a c-
twined 2-factorization for the first two cases, we will construct a set of m pairs by

using the following two sets of permutations:
Si=1,m—-2)-1,,={u,=1,m—-2)m; | i=0,1,...,m —1};
SQ = Hm = {71'0, Ty 77Tm71}~
Note that I1,, is a regular permutation set. By Lemma[4.60] the set S is also a regular
permutation set. Refer to Notation [4.7] for the definition of m; € II,,. All m pairs
constructed in this proof will lie in the set Sy x S3. See Figure for the hamiltonian

table of S7 x Sy when m = 14. Note that po and mg are the (m — 1)-stabilizers of S}
and S, respectively. Otherwise, if 7 # 0, then

(m—1)H=m-1)"=1i—1.
It follows that, if 7 # 0, then
f; = pilm—1,i—1)and 7; = m; (m — 1,0 —1).

Case 1: ¢ = 0. We construct a set of m hamiltonian pairs. First, we form a set of %

pairs, denoted Dy, as follows:
DH1 = {(/L7;77Tm_i_2) | 1€ Zm and 7 is Odd}

Observe that each permutation p; € S; with ¢ odd is used by precisely one pair of
Dy, . Additionally, each permutation 7; € Sy with j odd appears in exactly one pair

of Dy, . Below, we show that each of these pairs is hamiltonian:
Wi Tm—ice = (1L,m —2) w79
= (I,m—2)m_,
= (0bm—=2,m—-1,m—-3m->5,....3,I,m—4,m—6,...,2).

Next, we form a second set of 7 pairs, denoted Dp,:
Dy, = {(pti, Tm—ir2) | @ € Zy, and 1 is even}.

We point out that Dy, uses each permutation p; € 57 and each m; € Sy, where ¢ and

J are even, exactly once. We now show that each of the pairs in Dy, is hamiltonian:
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WiTtm—ive = (Lm —=2)m7_io
= (1,m — 2)7'('2

= (0,2,4,6,...,m—2,3,5,7,...,m—1,1).
Next, we let D = Dy, U Dpy,. Refer to Figure for an illustration of D when
m = 14. Fach permutation of S} U S, appears in exactly one pair of D. Therefore,
the set D is a directed 2-factorization of 6’2 VK ,,,. Moreover, it follows that D contains

m hamiltonian pairs and thus, the set D is a 0-twined 2-factorization of C VK.

Figure 4.26: Case 1: hamiltonian table of Sy x Sy for m = 14 with a 0-twined
2-factorization in black.

Case 2: 2 <c<m—4. Letc =2t wherel <t < mT"l. We will construct two
disjoint sets Dy and Dy such that Dy contains ¢ truncated hamiltonian pairs and
Dy contains m — ¢ hamiltonian pairs. Assume that I = {3,5,7,...,m — 3} and let

M, be a subset of size ¢t of I. Observe that I contains mT_‘l elements. We then let

Dy = {(ti, Tm—it1)s (i1, Tm—i—2) | © € My}.

Below, we show that (u;, 7y, _s41) and (fi41, Tm—i—2) are truncated hamiltonian

pairs for all 7 € I:
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LT — i1 = (I,m—=2)m(m—1,i— D) m_;s1(m—1,m —1)

= (0,l,m—i,m—i+1,....m—2,234,.... m—i—1)(m—1);

i1 Tm—i—2 (IL,m—=2)mp(m—1,0)m_;9(m—1,m—1i—23)
Oom—-—1—3m—i—4m—1—5,...,2,1,m—3,m—4,m—25,

coom—i—2m—2)(m—1).

Therefore, the set Dy is comprised of 2¢ truncated hamiltonian pairs.

We then construct Dy as follows:

Dy = {(tti, Tm—i—2)s (His1, Tm—is1) | ¢ odd and i € Zp,\ M, }.

The set Dy contains m — 2t pairs. In Case 1 above, we defined a set D of m
hamiltonian pairs. Observe that Dy C D. This means that all m — 2¢ pairs in Dy

are hamiltonian pairs.

Figure 4.27: Case 2: hamiltonian table of S x S5 for m = 14 with a 2-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Let D' = Dy U Dy. See Figures 4.27| and |4.28| for an illustration of D’ when
m = 14, and M, = {3} and M, = I, respectively. Notice that Dy and Dy are disjoint.

Furthermore, each permutation of S; U Sy appears in exactly one pair of D’ meaning
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Figure 4.28: Case 2: hamiltonian table of 57 x S5 for m = 14 with a 10-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

that D’ is a directed 2-factorization of 6’2 VK ,,. In conclusion, the set D’ is a c-twined
2-factorization of 6'2 VK.
Case 3: ¢ = m — 2. We construct a set of m pairs that contains m — 2 truncated
hamiltonian pairs and two hamiltonian pairs. We use the following two sets of per-
mutations:

S1=0,m-1)-1,, ={w; = (0,m —D)m; | i=0,1,...,m — 1};

So =11, = {mo, ™1, - -, Tm_1}-
Since I, is a regular permutation set, Lemma [£.60] implies that S; below is also a
regular permutation set. Permutations w,,_; and my are the (m — 1)-stabilizers of S

and Sy, respectively. Otherwise, if i 2 m — 1, then
(Z)i = wi(m — 1,@)

If i # 0, then
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First, we form the following set:

Dy = {(Wm-1,Tm-1), (Wm—2,T0) }-

Below, we prove that the two pairs of Dy are hamiltonian pairs:

Win-1Tm-1 = (0,m — 1)y, 17,1
= (0,m—1)7m_4
= 0Om—=-3m—->5m—"7....,Im—1m—-2m—4,...,2);
Wn—2T0 (0,m — 1) 7 _oid
(

Oom—3,m—-5m-—"7,....,1,m—1m—2m—4,...,2).

Therefore, both pairs in Dy are hamiltonian.

Next, we form the following set of m — 2 pairs:
Dr = {(wis Tn—i—1) | i € Zp/{0,m —2,m — 1} } U {(wo, m1) }.

First, we show that (wg,m) is a truncated hamiltonian pair. Note that wg = id.
Therefore, we have that
womp =m = (0,1,...,m—1)(m—1,0)
=(0,1,2,...,m—2)(m —1).
Below, we show that the remaining pairs of Dy are also truncated hamiltonian pairs
Witm—ic1 = Om—=1)m(m—1,i) 71 (m—1,—i—2)
= (0,bm—2,m-—3,...,2,1)(m—1).
In conclusion, all pairs in Dy are truncated hamiltonian pairs.
Let D = Dy U Dp. Observe that each permutation of S; and Sy appears in
precisely one pair of D. As a result, the set D is a directed 2-factorization of Col K

Moreover, note that Dy and Dy are disjoint. This means that D is an (m — 2)-twined
9-factorization of C'y ! K ,,. |
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4.6.2 The case m is odd

Our next objective is to show that 5’2 ! K,,, admits a c-twined 2-factorization when
m > 5is odd, cis even, and 2 < ¢ < m — 2. To do so, we first construct a particular
regular permutation set of order m. In order to construct this regular permutation

set, we will be needing elements from the following set.

Definition 4.73. Let 7, be the permutation (0,1,...,m —2)(m —1) in S,,. We call
the permutation group G,,,_1 = (71) on Z,, the truncated cyclic group of order m — 1.

In addition, for any i € Z, we let ; = 7i.

Observe that G,—1 contains m — 1 permutations. Note that 7'(y;) = 2 if and

only if ¢ is relatively prime with m — 1.

Lemma 4.74. Let m be an odd integer such thatm = 5, and let G,,_1 be the truncated

cyclic group of order m — 1. Then
(81) Vi = V—it1 for alli € Z;

(S2) Ifi e {£1,£2,...,£(m —2)} and s € Z,,, then

)
s+, f0<s+i<m—1;
N s+i—(m—1), ifs+i>m—1;

s =
s+i+(m—1), ifs+i<O0;

\m—l, if s=m — 1.

Proof:  (S1) Observe that 7" = 7. It follows that

Ymei =N =0 = = i
(S2) Next, we aim to compute s¥. Clearly, (m —1)" = m — 1. Therefore, we assume
that s € {0,...,m — 2}, and let ¢t = s". By definition, t = s + i (mod m — 1). Since
—(m—2) <s+i<2(m—2), we know that t € {s+i—(m—1),s+i,s+i+(m—1)}

and the result follows. |

The two properties of G, established in Lemmal[4.74 will be key in constructing
the desired c-twined 2-factorizations of éngm. To that end, we now use the elements

of G,,_1 to construct the following set of m permutations for all odd m > 5.
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Construction 4.75. Let m = 2k + 1 where k& > 2, and recall Definition We
construct the set of permutations F,, = {09, 01,...,0m,_1} as follows.
If 7 is odd, then 1 = 25 + 1, where 0 < 7 < k — 1. Then, we let

or=7vi(m—1,742).
If i is even and ¢ & {0,m — 3,m — 1}, then i = 25, where 1 < j < k — 2. Then, we let
o =7v(m—1,k+75+1).
Moreover, we let

Om—-3 = /Ym—S(m - 17 0))
g9 = id.

Lastly, we define ¢,,_1 as follows. For a € Z,,, we let

m—a+1, if3<a<k;
m—a+2, ifk+2<a<m-—2
3, if a =0;

a’ "t =<2, if a =1,
0, if a=2;
m—1, ifa=k+1;
\1’ ifa=m-—1

We note that, if m > 7, then 0,,_1 can be written in cycle notation as follows:
Om—1=(0,3,m—2,4m—3,5,... ) k+3,kk+2,k+1,m—1,1,2).
If m =5, then
o, =(0,3,4,1,2).

Hence o,,_1 is comprised of a single cycle.
Lastly, we note that, if o; € F,, such that i ¢ {0, m — 1}, then it follows from the
construction of F,, that 6; = 7;. This property is key in all remaining constructions.
O
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Below we give an example of Construction

Example 4.76. In this example, we construct Fi5. First, we list the elements of G14:
Yo = id;
=(0,1,2,3,4,5,6,7,8,9,10, 11,12, 13)(14);

in f152

( (
=(0,2,4,6,8,10,12)(1,3,5,7,9,11,13)(14):
=(0,3,6,9,12,1,4,7,10,13,2,5,8,11)(14);
=(0,4,8,12,2,6,10)(1,5,9,13,3,7,11)(14);
=(0,5,10,1,6,11,2,7,12,3,8,13,4,9)(14);
= (0,6,12,4,10,2,8)(1,7,13,5,11, 3,9)(14):
= (0,7)(1,8)(2,9)(3,10)(4,11)(5,12)(6, 13)(14);
= (0,8,2,10,4,12,6)(1,9,3,11,5,13,7)(14);
=(0,9,4,13,8,3,12,7,2,11,61,10,5)(14);

mo = (0,10,6,2,12,8,4)(1,11,7,3,13,9,5)(14);
y1 = (0,11,8,5,2,13,10,7,4,1,12,9,6, 3)(14);
72 = (0,12,10,8,6,4,2)(1,13,11,9,7,5, 3)(14);
ms = (0,13,12,11,10,9,8,7,6,5,4,3,2,1)(14).
Note that m = 2k + 1 where k = 7. Below, we list each of the 15 permutations

oo = 1d,;

o1 =71(14,2) = (14,2,3,4,5,6,7,8,9,10, 11,12, 13,0, 1);
(14,9,11,13,1,3,5,7)(2, 4,6, 8, 10, 12, 0);

= 5(14,3) = (14,3,6,9,12,1,4,7,10,13,2,5,8,11,0);
(14,10,0,4,8,12,2,6)(1,5,9, 13,3, 7, 11);
14,4) = (14,4,9,0,5,10,1,6,11,2,7,12,3,8,13);
(14,11,3,9,1,7,13,5)(2,8,0,6, 12,4, 10):
2(14,5) = (14,5,12)(1,8)(2,9)(3,10)(4, 11)(6, 13)(0, 7);

09 = 72(14, 9) =

Y4 147 10) =

=7

i
v

5

6

(
(
(
(

14,11) =
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o5 = 1s(14,12) = (14,12,6,0,8,2,10,4)(1,9,3, 11,5, 13, 7);
o9 = 9(14,6) = (14,6,1,10,5,0,9,4,13,8,3,12,7, 2, 11);
o0 = 710(14,13) = (14,13,9,5,1,11,7,3)(2,12,8,4,0, 10, 6);
o = v11(14,7) = (14,7,4,1,12,9,6,3,0, 11,8, 5,2, 13, 10);
012 = 712(14,0) = (14,0, 12,10,8,6,4,2)(1,13,11,9,7,5,3);
o3 = 713(14,8) = (14,8,7,6,5,4,3,2,1,0,13,12, 11, 10, 9);
o1 = (0,3,13,4,12,5,11,6,10,7,9,8,14, 1, 2).

Now, we prove that F,, is indeed a regular permutation set of order m.

Lemma 4.77. Let m > 5 be an odd integer. The set of permutation F,, is a reqular

permutation set of order m.

Proof: It suffices to show that, for each a € Z,,, we have

{a

Case 1: 3 < a < k. Using Construction [4.75, it can be verified that a% = a

i=01,....,m—1} = Zp,.

except if i« = m — 1 or ¢« = 2j, where j = k —a + 1. In the first exception, we
have that a°»-! = m — a + 1, and in the second exception, a°% = m — 1. Since
{a|i=0,1,....m—2} ={0,1,...,m—2}and @’ =m—a+1fori =2(k—a+1),
we conclude that {a” | i=0,1,...,m — 1} = Z,,.

Case 2: k+2 < a < m — 2. Similarly to Case 1, we can use Construction 4.75

to verify that a” = a7 except if i = m — 1 or i = 2j + 1, where j = m —a. In
the first exception, we have that a’»-!' = m — a + 2, and in the second exception,
i=0,1,...,m—2} ={0,1,...,m—2} and a” = m—a+2
for i = 2(m — a) + 1, we conclude that {a” |1 =0,1,...,m — 1} = Z,,.

Case 3: a = 0. Using Construction [4.75] it can be verified that 07 = 07 except if

1 =3ori=m— 1. In the first exception, we see that 02 =m — 1 and in the second

a”+1 = m—1. Since {a”

exception 0771 = 3.

Case 4: a = 1. Similarly it can be verified that 19 = 17 except if i =1 ori =m — 1.
In the first exception, we see that 19t = m — 1 and in the second exception 171 = 2.
Case 5: a = 2. It can be verified that 29 = 2% except if i =m —3ori=m—1. In

the first exception, we see that 2°7-3 = m — 1 and in the second exception 2771 = 0.
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Case 6: a = k + 1. It can be verified that (k + 1)% = (k + 1)% except if i = m — 1.
In this one exception, we see that (k+ 1)1 =m — 1.

Case 7: a =m — 1. We see that, if i = 25, where 1 < 7 < k — 2, Construction 4.75
implies that (m — 1)? = k + j + 1. Furthermore, if i = 2j 4+ 1, where 0 < j < k — 1,
then Construction implies that (m — 1) = j + 2. We also point out that

(m—1)"3 =0, (m—1) =m—1, and (m—1)°"-* = 1. In conclusion, we see that

(a9 |i=0,1,....m—1} = Z,.

In summary, we have established that, for each a € Z,,, we have {af | i =
0,1,...,m — 1} = Z,,. Therefore, the set F,, is a regular permutation set of order
m. i

To construct the desired c-twined 2-factorization of 6’2 V K, we will use permu-
tations of F,, of the form o, ;, where t € {0,1,42, -3, —4}. Our next objective is

to simplify our computations by first computing (m — 1)?m-i+t. We note that Con-

struction and Lemma imply that 0,1t = V_irer1 (m — 1, f(i, k, t)) where
f(i, k,t) = (m —1)7m=+t. In Lemma [4.78, we compute f(i,k,t).

Lemma 4.78. Let m = 2k + 1 where k > 2, and o; € F,,, where i € Z,, such
that i ¢ {0,m — 1}. Furthermore, let t € {0,1,+2, -3, -4} such that t < i and
t—i¢{-3,—1,—m}. Then

Om—ivt = V—iver1 (M — 1, f(i, k, 1))
where
1 fli,k,t)=m—j+ 5L ifi=2j where1 <j <k—2andt is odd;
2. flikt)=k—j+5+2ifi=2j where1 < j<k—2andt is even;

3. f(i,k,t)zk—j#—%ifi:%—l—l where 0 < j < k—1 and t is odd, and
j#Fk—1ort+# —-3;

4. flkt)=m—j+2Lifi=2j4+1 where0 < j<k—1andt is even, and
jF#k—1o0rt# -4
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Proof: We first note that Lemma [£.74] and Construction imply that, if
m—i+t¢ {0,m— 1}, then op_jyr = V_iver1(m — 1, f(i, k,t)) where f(i,k,t) =
(m — 1)7m=it+t. Note that, if t —¢ & {—3,—1,—m}, then m — i+t & {0,m — 1}. To
compute f(i,k,t), we must consider four cases.

Case 1: i = 2j where 1 < j < k—2 and t is odd. Recall that m = 2k + 1. Therefore,

we see that

t+1
m—i+t:m—2j—|—t:2k+1—2j+t:2(k—j—l—%).

Let jp =k—7+ % Next, we aim to show that 1 < j; < k— 2. We do so by way of
contradiction. Suppose that j; > k& — 1. It follows that

F41
k—j+%>k—1 S 2 4t412-2 = —i4t4330 = (+3>4.

Since t +3 >4, i > t, and t — ¢ is odd, then ¢t — i € {—1,—3}. This contradicts our
hypothesis. Consequently j; < k — 2.

We now show that j; > 1. Note that k — 7 > 2 and —1 < % < 1. This means
that k — j+ 21 =j; > 1.

In summary, we see that m —i 4+t = 2j; and 1 < j; < k — 2. Construction
implies that o,,_;1¢+ = Y_ipr1(m — 1,k + 71 + 1). Consequently, we see that

‘ . t+1 o t+1 o t+1

Case 2: 1 = 27 where 1 < 7 < k—2 and ¢ is even. Then

t
m—i+t:m—2j+t:2k:+1—2j—l—t:2(k:—j+§)+1.

Let s =k —Jj+ % We now aim to show that 0 < j; < k£ — 1. Suppose that j; > k.
It follows that

t
h—j+g 2k = —2j+t20 = t>i

Since i > t by hypothesis, we have a contradiction. Hence j; < k — 1.

Furthermore, we note that k£ — 7 > 2 and that —2 < % < 1. As a result, we see
that j; > 0.

In summary, we have 0 < j; < k—1. Sincem—i+t=2j;+1and 0 < 51 < k—1,
Construction then implies that o,,_;1s = Y_i1tr1 (m—1,j1 +2). This means that
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t
flikt) =k —j+5+2.

Case 3: i =2j+1where0 < j<k—1landtisodd, and j #k—1ort # —3. We
see that

t—1
mf%+t:2h+1—%—1+t:2h—%+¢:2(k—j+—3—)+L

Let 1 =k—7+ % Now, we aim to show that 0 < j; < k— 1. Suppose that j; > k.
It follows that

l{:—j—l—%}k‘ = —2]+t—120 = t>i.
This contradicts our hypothesis. Therefore, j; <k — 1.
Next, we show that j; > 0. First, we note that k— 7 > 1 and that —2 < % < 0.
If j; < 0, then %:—2 and k — 7 = 1. In that case, we have t = -3 and j = k — 1.
This contradicts our hypothesis. Hence j; > 0.
In summary, it follows that m —i+¢ = 2j; +1 and 0 < j; < k— 1, Construction
m implies that o,y = v_i1e+1 (m — 1, j; + 2). This means that

. Ct—1 . t+3
flikt)=k—j+——+2=k—j+—.

Case 4:i=2j+ 1 where 0 < j < k—1andtiseven, and j # k — 1 or t ## —4. This
means that

t
m—i—l—t:m—(2j—|—1)—|—t:2k—|—1—2j—1+t:2/~c—2j+t:2(k—j+§).
Assume j; =k —j + % Now, we aim to show that j; < k — 2. We do so by way of
contradiction. Suppose that j; > k& — 1. It follows that

t
k—j+§>k—1 = —2j+t>-2 = t+3>i.

Ift+3>idandi >t thent—1ie€ {—1,—3} since t — i is odd. This contradicts our
hypothesis. Hence j; < k — 2.

Next, we aim to show that j; > 0. Note that k — j > 1 and that —2 < % <1 If
J1 < 0, then % =—2and k—j=1,s0t=—4and j = k — 1. This also contradicts
our hypothesis, which means that j; > 0.



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 145

In summary, we have m — i +¢ = 2j; and 0 < j; < k — 2, Construction
implies that ¢,, ;4 = Y_i14s1 (m — 1,k + 71 +1). This means that

t t

Next, we illustrate the computations performed in the proof of Lemma 4.78| with

the following example.

Example 4.79. We consider the regular permutation set Fi5 given in Example [£.76]
Observe that m =2 -7+ 1.

Let ¢+ = 3. Then, we see that ¢ = 25 + 1 for j = 1. Next, we make the following
computations using Lemma [£.78}

1+3
Om—it1 = Y—3+42 <147 7T—1+ T) = 713 (14,8) = 013;

-2
Om—i—2 = Y—3-1 (14; 5-1+ 7) = 710 (14,13) = 010.

Next, let © = 8 so that ¢ = 25 where j = 4:

1+1
Om—it1 = V—8+42 (14, 15—-4+ T) =18 (14,12) = og;

—2
Om—i—2 = V—8+(—1) (14, 7T—4+ 5 + 2) =75 (14,4) = 0.
O

We now construct a c-twined 2-factorization of Cy ¢ K, for m is odd, m > 5,
and c is even. Our construction is partitioned into two cases, one for each congruency

class of m modulo 4.

The case m = 1 (mod 4). We now proceed with the proof of Proposition m,
in which we construct a c-twined 2-factorization of 6'2 V K, for ¢ is even and m =
1 (mod 4) using two regular permutation sets S; and Sy such that S; = S, = F,,,. In
this proof, we consider two cases. In the first case, we construct a set comprised of
two truncated hamiltonian pairs and m — 2 hamiltonian pairs. Then, in the second
case, we take m — ¢ hamiltonian pairs from Case 1 and show that the remaining
permutations of S; and S5 can be used to form 2 < ¢ < m — 3 truncated hamiltonian

pairs. We thus obtain the desired c-twined 2-factorization of 5’2 VK
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Proposition 4.80. Let m = 1 (mod 4) such that m > 5, and ¢ be an even integer
such that 2 < ¢ < m — 3. The digraph Col K, admits a c-twined 2-factorization.

Proof: Let m = 2k + 1 where k is even. In this proof, it is understood that, for
each i € Z,,_1, the permutation v; € G,,_1 is as defined in Definition [£.73] We will
construct a c-twined 2-factorization of Cs ! K, by using the following two sets of m

permutations:
S1 =8y = Fp ={00,01,...,0m_1}.

Observe that both sets are regular permutation sets by Lemma [£.77] Refer to Con-
struction [1.75] for the definition of each o; € F,,,. In each case, the m pairs constructed
are elements of S x S,. See Figure for the hamiltonian table of S; x Sy when
m = 13. We point out that o is the (m — 1)-stabilizer of S; and Sy. Otherwise, if
i & {0,m — 1}, then 6; = ~; where ~; is defined in Definition m

Case 1: ¢ = 2. We form m — 2 hamiltonian pairs and two truncated hamiltonian

pairs. We begin by forming the set

Dy = {(0m—2,02), (0m-3,03)}.

We then show that (0, 2,09) and (o,,_3,03) are truncated hamiltonian pairs. By

Lemma [4.74] we have 7,,—o = 71 and 7,,—3 = 7_2. Therefore, we have

Om—209 = V-172 = 1

Om—303 = Y-273 = M-
Since T'(vy1) = 2 and T'(y-1) = 2, the pairs (0y,-2,02) and (0y,—3,03) are truncated
hamiltonian pairs.

In our next step, we form a set Dy, of mT_5 + 2 pairs, and show that each of these

pairs is a hamiltonian pair:
Dy, = {(0i,0m—i+1) | i =0,3 (mod 4) and 3 < i < m—5}U{(00,0m-1), (Om_1,00)}

The sets Dy, and Dy jointly use each o; € Sy such that ¢ = 0,3 (mod 4) precisely
once as the first component of a pair. Additionally, the sets Dy, and Dr jointly use
each o, € Sy such that r = 2,3 (mod 4) exactly once as the second component of a
pair. Below, we verify that each pair of Dy, is a hamiltonian pair.

Recall that oy = id. Since 0,1 is a permutation with a single cycle by Con-

struction we see that (0¢,0,,—1) and (0,,-1, 09) are hamiltonian pairs.
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We now show that (o;,0,,—;1+1) is a hamiltonian pair when m > 9 and ¢ = 4.
This means that k£ > 4:

040m-3 =7 (m—1k~+3)y-2(m—1,0)
=(0,2,4,....m—3m—1k+1,k+3,... m—21,3,...,k—1).
Next, we show that pairs of the form (o;,0,,_;41) are hamiltonian pairs for all 1 =

0 (mod 4) and 8 < i < m—>5. Observe that i = 2j where jis even and 4 < j < k —2.
Note that, since i is even, Lemma .78 implies that:

Om—it1 = V—ir2 (M —1,m —j +1).
Lastly, we remind the reader that k is even. This means that £ + 7 + 1 is odd and
m — j — 1 is even. These observations jointly imply that
Oi0m—iy1 = Y (m—Lk+j+1)yip(m—1m—j+1)
= (0,2,4,....om—j—1m—1k—j+3k—j+5,....m—21,3,...,
k—j+1m—j+1m—j+3,...,m—3).
We proceed with the case i = 3 (mod 4). First, we verify that the pairs (o3, 0y, _2)
and (o7, 0,,—¢) are hamiltonian pairs:
030m—2 = Y3 (m—13)y_1(m—1,k+1)
= (0,k+1,k+3,...,.m—2,1,3,5,....k—1,m—1,2,4,6,...,m — 3);
070m— = Y7 (m—15)y5(m—1,k—1)
= (0,2,4,.... m—3,k—1k+1,k+3,... m—21,3,....k—3,m—1).
We now consider the case i = 3 (mod 4) where i =2j+1and 5 < j < k—2and jis
odd. Note that, since ¢ is odd, Lemma implies that

Om—it1 = Y—irz (M — 1,k —j +2).
Since ¢ = 2j + 1, Lemma [4.74] implies that (m — ) = j + 2 and that (j + 2)7-+2 =
m — 7 + 2. Then, we see that
OiO0m—iv1 = Yi(m—1742)v 400(m—1,k—j+2)
= (0,2,4,....m—jk—j+2k—j+4,k—j+6,....m—213,...,
k—jm—1m—j+2m—j+4,...,m—3).

Therefore, the set Dy, is a set of hamiltonian pairs.

Next, we form a set containing ™2 pairs:
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Dy, ={(0i,0m—i—3) | i=1,2 (mod 4) and 1 < i < m — 4}.

Observe that Dy, and Dy jointly contain all o; € Sy such that i = 1,2 (mod 4)
as the first component of a pair. Similarly, the sets Dy, and Dr contain all o, € Sy
such that » = 0,1 (mod 4) as the second component of a pair. Next, we show that
each pair of Dy, is hamiltonian.

If i =1 (mod 4), then i = 25 + 1 where j is even and 0 < j < k — 2. Since i is
odd, and i # m — 2, Lemma [4.78| implies that

Om—i—3 = V—i—2 (m -1,k — j)-

Furthermore, recall that Lemma implies that (j + 2)72 = m — j — 2 and
(m — 7)% = j + 2. We then see that
OiOm—i—s = vi(m—=1,7+2)y_;2(m—1k—j)
= (0om—=3m-—=5,....k—j+2m—-1m—-j—2m—j—4,...,3,1,
m—2m—4,.... m—jk—jk—7—2k—7—4,...,42).
If i = 2 (mod 4), then i = 25 where j is odd and 1 < j < k — 2. Since i is even,
Lemma [£.78] implies that

Om—i—3="—ica(m—1,m—j—1).

Recall that k is even. Since j is odd, this means that Kk —j+ 1 iseven and m —j — 1
is odd. We then see that
OiOm—i-3 = Yi(m—1Lk+j+1)yio(m—1m—7—1)
= (0om—-3m—-5m—-"7,....k—j+1lm—-—j—1m—j—3,...,3,
Im—=2m—-4,... m—j+1lm—-1k—j7—1,k—j—3,...,4,2).

In conclusion, the set Dy, is a set of hamiltonian pairs.

Observe that each permutation in S; and Sy appears precisely once in the set
D = Dy U Dy, U Dy, as the first and second component, respectively, in a pair.
Therefore the set D is a 2-factorization of 6’2 ! K,,. Refer to Figure for the
hamiltonian table of S; x S3 and an illustration of D when m = 13. We also note
that Dy contains two truncated hamiltonian pairs and Dy = Dpg, U Dy, contains
m — 2 hamiltonian pairs. Observe that Dy and Dy are disjoint. Therefore, the set
D is a 2-twined 2-factorization of (_jg VK
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Figure 4.29: Case 1: hamiltonian table of S x S5 for m = 13 with a 2-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Case2: 4 <c<m—3. Letc=2+2t,wherel<t<mT’E’,andlet]I:{iHE

<
1,2 (mod 4),1 < i < m—5}. Moreover, let M; be a subset of order ¢ of I. Note that
I contains mT_5 elements.

We proceed by constructing the following set:
Drlrl = {(O’i,O'm,i,Q), (O'i+3, O'm,l',g) | = 1 (mod 4) and 7 € Mt} U {(O’mfg, 0'3)}.

See Case 1 for proof that (o, 3,03) is a truncated hamiltonian pair.

Below, we verify that all other pairs of D7, are truncated hamiltonian pairs.
Construction [1.75] implies that 6, = 4, for all i € {0,1,...,m — 2}. Additionally,
Lemma, implies that ~v,,_; o = v_;_1 and ~v,,_;_3 = 7_;_o. Therefore, we have
that

0i0m—i—2 = Vi V—i-1 = 7-1
Oit30m—i—3 = %it3 V—i—2 = M.
Since T'(y1) = T'(7-1) = 2, all pairs in D7, are truncated hamiltonian.

Then, we form the set
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D}ﬁ = {(0'2', Um—i—3); <0i+37 O'm_i_g) | 1=1 (mod 4) and 7 € ]I/Mt}U
{<007 O-mfl)a (O'mfla UO); (O'mf47 Ul)}-
Let Dy be the set of hamiltonian pairs constructed in Case 1. We see that
(Om—4,01) € Dy. In addition, if s =i + 3, then (0;13,0m—i—2) = (05, 0m_s+1). This
means that D} C Dgy. Therefore, all pairs of Dy are hamiltonian pairs. Next, we

form the set:
D, = D’T1 U D}h'

Observe that D,, contains all o; € Sy such that ¢ = 0,1 (mod 4) as the first permuta-
tion in a pair and all o, € Sy such that » = 1,2 (mod 4), except for o9, as the second
permutation in a pair.

Next, we construct the following set:
Dy, = {(0s,0m—i), (Cis1,0m—i—3) | 1 =2 (mod 4) and i € M} U{(0p_2,02)}.

See Case 1 for a proof that (o,,_9,02) is a truncated hamiltonian pair. We now show
that all other pairs of D7, are truncated hamiltonian. Lemma and Construction

imply that
00 m—i = Y Y-i+1 = M
Oit10m—i—3 = Yitl V—i—2 = 7-1-

Since T'(7y1) = T(y-1) = 2, all pairs in D7, are truncated hamiltonian. .

Then, we form the set
D}ig = {(O-iao'm—i—?)), (Ui+170m—i) | 1= 2 (Il’lOd 4) and 7 € ]I\Mt}

Observe that Dy, € Dy. It follows that all pairs of D7, are hamiltonian pairs. Next,

we form the set:
D., = D’T2 U D}b.

We point out that D,., contains all o; € S; such that i = 2,3 (mod 4), except for
Om-—3, as the first permutation of a pair. Similarly, the set D., contains all o, € S,

such that » = 0,3 (mod 4), except for o3, as the second permutation of a pair. Note
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that oy € Sy appears in D,, as the second permutation in a pair while o,,,_3 € S; and
o3 € Sy appear in D,, as the first and second permutation in a pair, respectively.
Let D. = D, U D.,. Observe that each permutation of S; and S, appears
exactly once in D, as the first and the second permutation of a pair, respectively.
This means that D, is a 2-factorization of Cy ! K. Refer to Figures and for
an illustration of D, when m = 13, and M; = {1} and M; = {1,2,5,6}, respectively.

g1 | 02| 03| 04| O5 | 06 | O7 | 08 0'9| J10| 011 012| 00
o1

o2

o3

04

o5

o6

o7

o8

- Il N

Figure 4.30: Case 2: hamiltonian table of Sy x .Sy for m = 13 with a 4-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

The set D7, = D7, U Dj, contains 2t + 2 truncated hamiltonian pairs; the set
= Dy, U DY, contains m — 2t — 2 hamiltonian pairs. In addition, we see that D,
and D/, are disjoint and thus partition D.. Consequently, the set D, is a c-twined
2-factorization of C's 1 K . |

The case m = 3 (mod 4). This case is partitioned into two subcases: m = 7 or
11 (mod 12), and m = 3 (mod 12). In the former case, our construction depends on
the fact that m is relatively prime with 3 while in the latter case, our construction
relies on the fact that m — 1 is relatively prime with 3. Therefore, two distinct

constructions are needed. Below, we start with the case m =7 or 11 (mod 12).
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o1 o2 o3 04 g5 o6 a7 og 0'9| g10| 011 012| 00
o1

o2

o3

04

05

o6

a7

o8

o9

J10

011

g12

Figure 4.31: Case 2: hamiltonian table of S7 x S5 for m = 13 with a 10-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Proposition 4.81. Let m = 7 or 11 (mod 12) such that m > 7, and let ¢ be an
even integer such that 0 < ¢ < m — 3. The digraph CoV K, admits a c-twined

2-factorization.

Proof: Let m = 2k + 1 where k is odd. In this proof, it is understood that, for
cach i € Z,,_1, the permutation v; € G,,—; is defined as in Definition [£.73] We will
construct the desired set of pairs by using the following two sets of permutations:

S1 = m-Fnm = {gi=moi|i=0,1,...,m—1};

S = 1 Fm = {rni=v-10,1i=0,1,...,m—1}.
Note that, by Lemmas [£.60] and [£.77] these are regular permutation sets. Refer to

Construction for the definition of each o; € F,,. In addition, see Figure for
the hamiltonian table of S; x S when m = 19. Observe that puy = v, and 79 = v_1,

and that p and 7y are the (m — 1)-stabilizers of S; and Ss, respectively.

Case 1: ¢ = 0. We start by forming the following set of three pairs:

Dy, = {(1o, 1), (Bm—2,70), (Hn—1, Tm—1) }-

Below, we show that (uo, 1) and (g2, 70) are hamiltonian pairs:
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Ho T1 = M7-1N (m—172)
= m(m—1,2)

= (0,1,m—1,2,3,4,....m—3,m—2);
fm—2To = Ny-1(m—1k+1)y
= m—1,k+1)v,
= (0m—-2m—-3m—4,....k+1m—-1kk—1,k—2k—=3,...,1).
Next, we show that (,,—1, 7m—1) is a hamiltonian pair. We rely on the fact that
m is relatively prime with 3. We consider two subcases because the resulting product

depends on the congruency class of m modulo 12.
If m =7 (mod 12), then k£ = 0 (mod 3) and thus

Umn-1Tm-1 = 7(0,3,m—2,4m—3,5m—4,....k+3,k,k+2k+1,
m—1,1,2)v1(0,3,m—2,4,m—35,m—4,... k+ 3,k k+2,
k+1,m—1,1,2)

= (0,2,5,8,11,....k—1,m—1,3,6,9, ... k 1,4,7,10,... k+1,
k+2,k+3,k+4,...,m—2).
If m =11 (mod 12), then k = 2 (mod 3) and thus

Um-1Tm—1 = 7 (0,3,m—2,4m—3,5,m—4,....k+3,k,k+2k+1,
m—1,1,2)v1(0,3,m—2,4,m—3,5,m—4,..., k+ 3,k k+2,
E+1,m—1,1,2)

= (0,2,5,8, ... k1, 4,7, ... k—1,m—1,3,6,9,... . k+1,
k4+2,k+3,k+4,....,m—2).

Next, we form the following set of TS pairs:

Dy, = {(pi, Tm—i+1) | i = 0,3 (mod 4) and 3 < i < m — 3}.

Observe that Dy, and Dy, jointly use all y; € S; such that i = 0,3 (mod 4) exactly
once and that Dy, and Dy, jointly use all 7. € Sy such that r = 0,1 (mod 4) precisely
once. Next, we demonstrate that Dy, is a set of hamiltonian pairs.

If m =7 and ¢ = 4, then

paTs = 7174(6,0)7-174(6,0)
= (0,2,4,6,3,5,1).
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If m > 11 and i = 4, then

PaTm—s = mya(m—1,k+3)y_17_2(m—1,0)
= (0,2,4,....m—=3m—1LkEk+2k+4,....,m—2,
L,3,...,k—2).

If i =0 (mod 4) and i ¢ {0,4}, then ¢ = 2j where j is even and 4 < j < k— 1. Since

1 is even, Lemma [4.78| implies that
Tm—itl = V-1 O0m—it1 = V-1 Voire (M —=1m —j+1) =y (m—1,m—j+1).

Note that, since k is odd and j is even, it follows that m — j — 1 is even and k — j is
odd. We then see that, if i # m — 3, we have
WiTmoivi = NYy(m—Lk+j+1)y1(m—1,m—j+1)
= (0,2,4,.... m—j—1m—-1k—j+2k—j+4,k—75+6,...,
m—2,1,3,....k—jm—j+1m—j+3,...,m—3).

If : =m — 3, then
Um—3Tys = Y17—2(m—1,0)y3(m—1,k+ 3)

= (0,2,4,....k+1,m—1,3,57,.... m—2,1,k+3,k+5,...,m—3).
If © = 3, then
f3Tm—2 = m3(m—1,3)y-17-1(m—1,k+1)

= (0,2,4,...,k—1,m—1,1,357,....m—2k+1,k+3,....,m—3).
If i =3 (mod 4) and i # 3, then i = 25 + 1, where j is odd, and 2 < j < k — 2. Since
i is odd, Lemma implies that

Tm—i+1 = V=1 O0Om—i+1 = V-1 V—i42 (m -1,k — J+ 2) = V—i+1 (m -1,k — J+ 2)-

Note that Lemma [4.74] implies that, since ¢ = 2j + 1, we have (m —j — 1)%+1 = j +2
and (j + 2)7-+1 = m — j + 1. Lastly, we note that k — j is even and that m — j + 1
is odd. We then see that
MiTm—iv1 = NYim—=17+2)v 1 (m—1k—j+2)
= (0,2,4,....k—jm—1m—j+1m—j+3,....,m—213,5
cooom—j—1Lk—j54+2k—j5+4,...,m—3).
In conclusion, all pairs in Dy, are hamiltonian pairs.

Next, we form a set of Tg pairs as follows:
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Dy, = {(pti, Tm—i—3) | i=1,2 (mod 4) and 1 <i < m — 5}.

Observe that Dy, and Dy, jointly use all y; € S; such that i = 1,2 (mod 4) exactly
once and that Dy, and Dy, jointly use all 7, € Sy such that r» = 2,3 (mod 4) precisely
once. Now, we demonstrate that Dy, is a set of hamiltonian pairs.

Ifi=1(mod4)andi# m—2,theni=2j+1 where jisevenand 0 < j < k—2.
Since ¢ is odd and i # m — 2, Lemma {4.78| implies that

Tm—i—3 = V=10m—i—3 = V-1 V—i—2 (m -1,k — j) = V—i-3 (m -1,k — j)-

Note that, since ¢ = 2j + 1, Lemma[£.74] implies that (m — j —1)?+* = j+2 and that
(j +2)7-i-3 = m — j — 3. In addition, we point out that k — j is odd and m — j — 1
is even. We then see that
WiTm—iz = MYi(m—=17+2)v3(m—1k—j)

= (00m—=3,m—-5,....m—j—1Lk—jk—7—2,...,1,m—2m—4,

k=42 m—1m—-—j—-3m—j—5m—j—7,...,4,2).

If i = 2 (mod 4) then i = 2j, where j is odd and 1 < j < k — 2. Since ¢ is even,
Lemma [£.78] implies that

Tm—i—3 = V-10m—i-3 = V-1 V—ice (M —1,m—j—1)=v,;3(m—-1,m—j—1).

Note that, since i = 27, Lemma implies that (k — j)¥+' = k+ j+ 1. In addition,
we point out that k — 7 is even and m — 7 — 1 is odd. We then see that
WiTm-i-3 = Ny(m—Lk+j+1)y3(m—1,m—j—1)
= O0m—-3m-—5,....k—jm—j—1m—j5—3,....,1,m—2,m—4,
ceeom—j+1lm—-—1k—j—2k—j—4,...,4,2).

In conclusion, each pair of Dy, is a hamiltonian pair.

Let D = Dy, U Dy, U Dy,. Refer to Figure for an illustration of D when
m = 19. Observe that each permutation of S; and S5 appears exactly once in D.
Moreover, all pairs of D are hamiltonian pairs. Therefore, the set D is a 0-twined
2-factorization of 6'2 VK.
Case2: 2 < ¢ < m-—3. Letc:2twhere1<t<m7_3. Let I = {i | i =

1,2 (mod 4) and 1 < i < m — 3} and let M; be a subset of I of size t. Note that I

m—3

contains 5

elements. We first form the following set of pairs:
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78 79 Ti0| T11| T12| T13| T14| Ti5| Ti6| Ti7| T18| T0

H18
I []

Figure 4.32: Case 1: hamiltonian table of Sy x Sy for m = 19 with a 0-twined
2-factorization in black.

.Z)T1 = {(,ul, Tm,ifg), (,uiJrg,Tm,i,g) | =1 (mod 4) and 7 € Mt}

Below, we show that all pairs in Dy, are truncated hamiltonian pairs.
First, we point out that (m—1)" = (m—1)" = (m—1)% forall: € {0,1,...,m—
1}. As a result, if ¢ ¢ {0,m — 1}, we see that

iy =717 = Vi1 and T; = y_1% = Vi1

This means that
T m—i—2 = Yi+1Tm—i-3 = Vi+1V—-i—2 = V-1;
fliv3Tm—i—3 = YVitdVm—i=d = Yitd V—i-3 = V1-
Hence, all pairs of Dy, are truncated hamiltonian pairs.

Next, we form the set
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.D/H1 = {(/LZ, Tm_i_g), (,l,bi+3, Tm_i_Q) | 1=1 (I'IlOd 4) and 7 € ]I\Mt}U

{(Mm 7'1), (Mme, 7'0)}-
Let D be the 0-twined 2-factorization constructed in Case 1. We see that D’H1 C
D. Tt follows from Case 1 that all pairs of D}; are hamiltonian pairs. Next, we form
the set

D., = Dy, U DY,.

Observe that D,, contains all y; € Sy such that i = 0,1 (mod 4) and all 7, € S, such
that » = 0,3 (mod 4).
We proceed by forming the following set of pairs:

l)T2 = {(ﬂi,Tm,i), (ﬂi+1>7—m7173) ‘ 1= 2 (mod 4) and 7 € Mt}

Below, we show that each pair in Dy, is truncated hamiltonian:

T = Yit1 Ym—i—1 = Vi+1 V—i =715
Migx1Tm—i—3 = Yi+2 Ym—i—4 = Vit2 V—i-3 = V1.
In conclusion, all pairs of Dp, are truncated hamiltonian pairs.

Next, we form the set

Diy, = { (1 Tn—i=3), (i1, Tm—i) | i = 2 (mod 4) and i € INM;} U {(pm—1, Trn—1) }-

We point out that Dy, C D. It follows from the proof of Case 1 that all pairs of DY,

are hamiltonian pairs. Next, we form the set:
D., = Dy, U DYy, .

Observe that Dy, and D%, are disjoint. Furthermore, observe that D., contains all
w; € Sy such that ¢ = 2,3 (mod 4) and all 7. € Sy such that r = 1,2 (mod 4) except
for 7. Lastly, note that 7, appears in one pair of D,,.

We now form the set D' = D., U D.,. We point out that all permutations of S
and Sy appear in D’ exactly once. Consequently, the set D’ is a 2-factorization of
52 ! K,,. In Figure we illustrate D’ for m = 19 and M, = {1, 2}.

Note that D’ can be partitioned into two sets: Dy = Dy, U Dr,, which contains
2t truncated hamiltonian pairs; and D} = D7 UDY, , which contains m — 2t hamilto-

nian pairs. Therefore, we see that D’ is indeed a c-twined 2-factorization of (_jg K, 1
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79 T10| T11| T12| T13| T14 7'15| T16| T17| T18| T0O

H10

H18
I []

Figure 4.33: Case 2: hamiltonian table of Sy x Sy for m = 19 with a 4-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Next, we consider the case m = 3 (mod 12). Although we use the same regular
permutation sets as in the proof of Proposition [£.81] the constructions given in the
proof of Proposition differ from those of Proposition because m is not
relatively prime with 3. Instead, we will use the fact that m — 1 is relatively prime

with 3.

Proposition 4.82. Let m = 3 (mod 12) such that m > 15, and let ¢ be an even integer
such that 2 < ¢ < m — 3. The digraph Cot K, admits a c-twined 2-factorization.

Proof: Let m = 2k + 1 where k is odd. In this proof, it is understood that, for
each ¢ € Z,,_1, the permutation v; € G,,_1 is as defined in Definition [£.73] We will

be using the following two sets of permutations:
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Si=m Fn = A{wi=moi|it=0,1,...,m—1};

So=7_1 -Fn = {ri=7v10:|1=0,1,...,m—1}.
Lemmas and imply that S7 and S are regular permutation sets. See Con-
struction [£.75] for the definition of each o; € F,,. Refer to Figure .34 for the hamil-
tonian table of Sy x Sy when m = 15. Notice that pp and 7y are the (m —1)-stabilizers
of S and Sy, respectively.

Case 1: ¢ = 2. We first form a set of two pairs as follows:

Dy = {(pu1, 72), (n2,71) }-

We now show that (p1,72) and (ug,71) are truncated hamiltonian pairs. We see that
T2 =%m =73
fisT1 =737 =73

Since m — 1 is relatively prime with 3, it follows that 7'(y3) = 2 and thus (u1, 72)

and (g, ) are truncated hamiltonian.

Next, we form a set of m — 2 pairs:

Dy = {(tti, Tm—i+1) | 3 <i <m — 2} U{(10, Tmn—1)s (-1, 70) }-

Below, we show that Dy is a set of hamiltonian pairs. First, we show that (ug, 7,,-1)

and (fy;,—1, 7o) are hamiltonian pairs:

HoTm—1 = Y17-10m-1
= Om—1;
Hm—-1To = Y10m—-17-1-

Note that v,0,,-17-1 is a conjugate of g,,_1 s0 T(0—1) = T (710m-17-1), and
by Construction [4.75, T'(¢,,-1) = 1. Therefore, we see that (g, Tm—1) and (tm-1,70)
are hamiltonian pairs.

We now aim to show that all pairs of the form (p;, T,—i+1) € Dy are hamiltonian

pairs. First, we address three special cases, namely i € {4,5,m — 3}:
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paTm—g = 7s(m—1,k+3)y_5(m—1,0)
= (0,2,4,....m—=3m—1kk+2....m—21,35,....k—2);
U5 Tm—a4 = Vﬁ(m_ 174)7—4 (m_ 17k)
= (0,2,4,....m—=3,k,k+2k+4,... m—21,3,,....k—2,m—1);
fm—3Ts = ~v-1(m —1,0)v3(m — 1,k + 3)

— (0,2,4,...,k+1,m—1,3,5,...,m—2,k+3,k+5,...,m—3).

In conclusion, the pairs (4, Tr—3), (45, Tm—4), and (f,_3, 74) are hamiltonian pairs.

We now proceed with the more general case. Note that when ¢ is even and i = 27,
Lemma implies that

Tm—itl = V-10m—it1 = Y-1V—iy2(m —L,m —j + 1) =y (m — 1,m — j + 1).
When i is odd and i = 2j + 1, Lemma [£.78 implies that
Tm—itl = V-10m—it1 = Y-1V—iy2(m — Lk —j+2) =y na(m -1,k —j +2).

These two observations are key in the following computations.

Ifi =0 (mod4)and 8 < i < m—7, then i = 2j where jiseven and 4 < j < k—3.
Lastly, note that m — j — 1 is even and k — j 4+ 2 is odd. Therefore, we see that
fiTm—iv1 = Yipr (m—LEk+j+ 17 (m—1,m—j+1)

= (0,2,4,....m—j—1m—-1k—j+2k—j+4,....m—213, ...,
k—jm—j+1m—j+3,...,m—3).
Ifi=1(mod4)and 9 <i<m—2, theni=2j+1 where jiseven and 4 < j < k—1.
Furthermore, Lemma [1.74] implies that (m — j — 1)+ = j+2 and that (j +2)7-+ =
m — j + 1. Consequently
i Tm—it1 = Yipr (M —1,7+2) 741 (m — Lk — j+2)
= (0,2,4,.... m—j—1Lk—j+2k—j+4,...m—21,3,....k—7,
m—1m—j+1,m—j+3,...,m—3).
If i =2 (mod 4) and 6 < i < m — 5, then i = 2j where j is odd and 3 < j < k — 3.
We then have
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fiTm—iv1 = Yier (M —Lk+j+1) v (m—1,m—j+1)
= (0,2,4,....k—jm—j+1m—j+3,... o m—2,1,3,...,
m—j—1m—-1k—j+2k—j+4,...,m—3).
If i =3 (mod4)and 3 <i<m—4,theni=2j+1 where jisoddand 1 < j < k—2.
Note that Lemma[4.74]implies that (j+2)"-+ =m—j+1and (m—j—1)7+ = j42.
Therefore
WiTm—iv1 = Yirr (M =17 +2)v i (m—1Lk—j+2)
= (0,2,4,....k—jm—1m—j+1,...,m—2,1,3,5,...,
m—j—3m—j—1Lk—j+2k—j+4,...,m—3).
In summary, all pairs in Dy are hamiltonian pairs.
Next, we form the set D = Dy U Dy. Refer to Figure [£.34] for an illustration of
D when m = 15. Observe that D contains m pairs and that each permutation of S

and Sy appears exactly once in D. In addition, the sets Dy and D7 form a partition
of D. Therefore, the set D is a 2-twined 2-factorization of 6'2 VK.

T2 | 73 T4 75 76 78 79 T10| T11| T12| 713

Figure 4.34: Case 1: hamiltonian table of Sy x S, for m = 15 with a 2-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).
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Case2: 4 < c<m—3. Let ¢ = 2t +2 where 1 < t < mT_5 Assume that

I={i]i=1(mod 2) and 3 < i < m — 4} and let M; be a subset of size t of

m—>5

I. We point out that T contains > elements. We form the following set of 2t + 2

pairs:

D% = {(/~Li77—m—i>’ (Mz‘+177'm—z‘+1) | 1€ Mt} U {(N177—2>’ (/~L2,7'1)}-

Below, we show that D/ is a set of truncated hamiltonian pairs.
First, observe that, if i € {0,m — 1}, s € {0,1}, and m —i + s # m — 1, then
Lemma [£.74) and Construction [£.75] jointly imply that

fi = Yir1, and T _ips = Voits-

It follows that, for all ¢ € M;, we have

i Tm—i = Yit1V—i =

i1 Tm—it1 = Yix2V—it1 = 73
If m — 1 is relatively prime with 3, then T'(y3) = 2 and thus (g1, Tm—it1) is a
truncated hamiltonian pair. Refer to Case 1 for a proof that (u,72) and (ug2, 1) are
truncated hamiltonian pairs. In conclusion, all pairs in D’. are truncated hamiltonian
pairs.

Next, we form the following set:

D}{ = {(/J“i77—m—i+1) | 3 < Z < m — 2 and 277/ - ]- € Mt} U {(MO;Tm—1)7 (Mm—laTO)}'

Observe that D, C Dy, where Dy is defined in Case 1. Hence D’; contains m— 2t —2
hamiltonian pairs. Next, we form the set D' = D/, U DY;. Refer to Figure for an
illustration of D" when m = 15 and M; = {3}. Observe that each permutation of S;
and Sy appears in exactly one pair of D’. Moreover, the sets D). and D/, partition
D'. Therefore, the set D’ is a c-twined 2-factorization of 6*2 VK, |

We now summarize the implications of Propositions [£.72] [4.80] [4.81] and [4.82]in
Theorem [£.83] below.
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T1 T2 | T3 T4 75 76 7 78 79 T10| T11| T12| T13| T14| T0

p2

M3

1221

M5

He

w7

18

H9

K10

K11

K12

K13

H14

v Il [ ] [ ]

Figure 4.35: Case 2: hamiltonian table of S; x .Sy for m = 15 with a 4-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Theorem 4.83. Let H be a strict digraph such that |V (H)|=m and m > 4. Assume
that n 1s an even integer and that H admits a decomposition into ¢ directed hamilto-
nian cycles where c is even and 2 < ¢ < m — 2. The digraph C,V H is hamiltonian

decomposable.

Proof: Propositions [£.72], [£.80, [£.81 and .82 jointly imply that the digraph
6’2 ! K,, admits a c-twined 2-factorization for all m > 4 and even ¢ such that
2 < ¢ < m — 2. The statement then follows from Corollary [4.68| |

We will now use Theorem in conjunction with the fact that é’n ! C"m is
hamiltonian decomposable when m ¢ {2,3} and (n,m) # (2,2r), where r > 3, to
prove Theorem below.

Theorem 4.84. Let G and H be strict hamiltonian decomposable digraphs such that
\V(G)|= n where n is even and G # K,,, and |V (H)|= m where m > 4. Furthermore,

assume that H admits a decomposition into ¢ directed hamiltonian cycles where 2 <
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c < m— 2. The digraph G H 1is hamiltonian decomposable in each of the following

cases:
(S1) c is even;

(S2) c is odd and G # C,,.
Proof:

(S1) Assume that 2 < ¢ < m — 2. If ¢ is even, then Theorem in conjunction
with Lemma [4.4] implies that G H is hamiltonian decomposable.

(S2) Next, we assume that ¢ is odd and that G # C,. This means that G admits a
decomposition into at least two directed hamiltonian cycles. Let H = T' @ ém
where I is the digraph obtained from H by removing the arcs of a single directed
hamiltonian cycle. Hence, the digraph I" admits a decomposition into ¢ — 1
directed hamiltonian cycles, where ¢ — 1 is even. By our assumption, we have
that G = é'n D én ®...P én It follows from the properties of the wreath
product that

- - —

)& (ColCr) ®(ColEKn) & ... & (Cul K).

I
—~

Q
3

If n =2, then G = 6’2. Since G # én, we may assume that n > 3. Theorems
|4.48| and |4.83| then imply that C,1Cy and C,, 1 T are hamiltonian decomposable,
respectively. Lastly, Lemma implies that Cn 1 K., is hamiltonian decomposable.

Since all subdigraphs in the above decomposition of G H are spanning sudigraphs,
Lemma implies that G ! H is hamiltonian decomposable. i

In the next section, we will improve Theorem by showing that Co U H is
<

hamiltonian decomposable when H admits a decomposition into 3 < ¢ m — 2

directed hamiltonian cycles where ¢ and m are odd.

4.7 The case m odd and ¢ > 3 odd

In this section, we affirm Conjecture 2.23| when m > 5 and ¢ are odd and 3 < ¢ <
m — 2, thereby improving Theorem To do so, we consider five cases. In the
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first two cases, addressed in Propositions and below, we create two regular

permutation sets that allow us to form up to mTH truncated pairs when m = 1 (mod 4),

m—1

m=5 truncated hamiltonian pairs when m = 3 (mod 8), and up to Z5+ truncated

hamiltonian pairs when m =7 (mod 8).

4.7.1 The case c is small

Proposition addresses the case m = 1 (mod 4) and Proposition addresses
the case m = 3 (mod 4). The constructions given in the proofs of both propositions
are similar. First, we create a 3-twined 2-factorization. Then, we consider the case

c=3+2twherel<t<mT%Whenmzl(modél),lgtgmznwhenmz

3 (mod 8), and 1 < ¢ < ™ when m = 7 (mod 8) and construct a (2t + 3)-twined

2-factorization of 6’2 ! K,,, in each case.

Proposition 4.85. Let m = 1 (mod 4) where m > 5, and let ¢ be an odd integer
such that 3 < ¢ < mT“ The digraph 62 V K, admits a c-twined 2-factorization.

Proof: Let m = 2k + 1, where k is even. In this proof, it is understood that,
for each i € Z,,_, the permutation v; € G,,_; is as defined in Definition [£.73] We
construct our c-twined 2-factorization using the following two sets of permutations:
Si=10,m—-1)-Fn={w=1,m-1)o; | i =0,1,...,m— 1}
SQ = fm = {0'0,0'1,. .. ,O'm_l}.
Lemmas [£.60] and [4.77] imply that S; and Sy are regular permutation sets. Refer to
Construction [£.75] for the definition of each o; € F,,,. Moreover, see Figure [4.36 for the
hamiltonian table of S; x Sy when m = 13. Observe that p; and oy are the (m — 1)-

stabilizers of S; and S respectively. We also point out that, if i & {1,m —2,m — 1},
then

(m— 1) =19 =i+ 1.

Moreover, we see that
(m —_ 1).”‘777,—2 — 10'm—2 — 07 and (m _ 1)#7‘&71 — 10'777,71 — 2

Case 1: ¢ = 3. We construct a set that contains m — 3 hamiltonian pairs and three

truncated hamiltonian pairs. We begin by forming the following set of three pairs:
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Dy = {(:u07 Ul)a (Nm—% Um—2)7 (,U/m—la Um—l)}~
We claim that Dr is a set of truncated hamiltonian pairs. Below, we verify this claim.
First, if m = 5, then
pa = (0,3,4,2)(1);

Otherwise, we have that
Umor = (I,m—1)(0,3,m—24m—3,....k,k+2k+1,m—1,1,2)

= (0,3,m—24m—-3,... . k,k+2k+1,m—1,2)(1);

foy = (L,m—1)(0,3,m—2,4,m—3,...;k;k+2,k+1,m—1,1,2)(m—1,2)
= (0.3,m—24,m—3,... kk+2k+1,2)(1)(m—1).

Then, for all m =1 (mod 4), we have that

[ = 7 = ud;

[y = (ILm—1)y_1(m—1,k+1)(m—1,0)

= 0om—-—2m-=3,....k+3,k+2)(Lk+1,kk—1,...,2)(m—1).
Therefore, if m = 5, then
fuos = (0,3,2)(1)(4) (0,3,1,2)(4)
= (0,1,2,3)(4).

Otherwise, we have that
Ly 10m—1 = (0,3m—24m—3,5....k;k+2k+1,2)(1)(m—1)(0,3,m —2,

4.k k+2k+1,1,2)(m—1)
= (0,m—=2m—-3m—4,....k+2,1,2,3,4,5,... . k,k+1)(m—1).
Recall that ¢; = ; for i ¢ {0,m — 1}. We then see that
o1 = idy =
To show that the pair (g2, 0m—2) is truncated hamiltonian, we use the fact that k
is even. This means that
foy90m—2 = (0,m—2,... k+3,k+2)(L,k+1,kk—1,...,2)y
= (0bm—-3m-—5....k+2m—2m—4m—6,...,3,
Lk k—2k—4, ...,2)(m—1).
Therefore, we see that all pairs in D are truncated hamiltonian pairs. Next, we

construct m74, pairs as follows:
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Dy, = {(pi,0m—i—2) | i odd and 1 < i < m — 4}.

Observe that Dy and Dy, jointly use each permutation p; € Sy such that ¢ is odd
exactly once. Similarly, the sets Dy and Dy, jointly use each permutation o, € S
such that r is even except for oy. Below, we show that Dy, is a set of hamiltonian
pairs.

First, we consider the case i = 1. We see that

om—3 = (Lm—1)y (m—1,2)y5(m—1,0)
= (0bm—2,m-—3,...,2,1,m—1).

We will now make several observations that will allow us to compute the product
of p; with 0, _; 2. If iisodd and 1 <i < m—4, thent=27+1where1 < j < k—2.
Since i is odd, Lemma [£.7§ implies that

Om—i2="—ic1(m—1,m—j—1).

Moreover, Lemma [4.74] implies that (m — j)% = j+2 and (j +2)--* =m —j — 1.
As a result, we see that
WiTm—i2 = (I,m—=—1~v (m—-1,7+2)y;1(m—1,m—j—1)
= (0bm—-2m-=3,....m—jm—j—1m—j—2...,2,1,m—1).
In conclusion, each pair of Dy, is a hamiltonian pair.

Next, if m > 9, we form a set of mT’?’ pairs as follows:
Dy, = {(piy0m—i) | i even and 4 < i <m — 3} U {(u2,00)}-

If m = 5, then Dy, contains one pair. Observe that Dy, and Dy jointly use each
permutation p; € S; where ¢ is even exactly once. Similarly, the sets Dy, and Dy
jointly use each permutation o, € S5 such that r is odd exactly once. In addition,
note that oy appears in Dpy,. Below, we verify that Dy, is a set of hamiltonian pairs.

First, we show that (ug,00) is a hamiltonian pair. Note that we assume that
m > 9 and thus k& > 4:

oo = (I,m—1)ogid = (1,m —1)y(m—1,k+2)
= (0,2,4,.... k;m—1,3,5,....m—21,k+2,k+4,....m—3).
If i is even and 4 < i < m — 5, then ¢ = 2j where 2 < j < k — 2. Lemma [£.7§ implies
that
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Om—i="Y—it1(m—1k—3j+2).

Since ¢ # m — 3, we see that
Wiom—i = (Im—=1)v m—-LEk+j+1)yimu(m—1,k—j+2)
= (0,1,m—1,2,3,4,...,m—2).
Lastly, if : = m — 3 then

Hm—-303 = (1>m_ 1) V-2 (m_ 170) V3 (m_ 173)
= (0,1,m—1,2,3,4,...,m—2).

Figure 4.36: Case 1: hamiltonian table of Sy x Sy for m = 13 with a 3-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Let D = Dy U Dy, U Dy,. Each permutation in S; and S, is used by exactly
one pair of D thus implying that D is a 2-factorization of Cy 1 K,,. Refer to Figure
for an illustration of D when m = 13. In summary, we have one set of three
truncated hamiltonian pairs, Dy, and one set of m — 3 hamiltonian pairs defined as
Dy = Dy, U Dy,. Observe that Dy and Dy are disjoint. Therefore, the set D is a
3-twined 2-factorization of 6'2 VK.

Case2: 5 <c< ™ Lete=3+2,s01<t< ™2 Letl ={i]|i=
3 (mod 4) and 3 < i < m—6} and let M; be a subset of size t of I. We point out that
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I contains mT_5 elements. We first form a set D/, of ¢ truncated hamiltonian pairs.

Note that Dt is defined in Case 1. We have

Dl = { (i, 0m—i—3), (Hi+3, Om—i—2) | © € My} U Dr.

Observe that Dj contains 3 + 2¢ pairs. Next, we show that each pair of D/ is a
truncated hamiltonian pair. Refer to Case 1 for a proof that pairs in D are truncated
hamiltonian.

First we look at the case ¢ = 3:
/136'77176 = (17m_ 1) 3 (m_ 173) (m_ 174) Y-5
= (0m—=2m—4,....1,m—-3m—>5,...,2)(m—1);

ftgom—s5 = (Lm—1)y(m—1k+4)(m—1,7)74
= (0,2,4,6,....k—2,3,5,7,....m—2,1k k+2,
k+4,...,m—3)(m—1).
Now, we aim to show that the remaining pairs of D/, are truncated hamiltonian pairs.
Note that

fi; = pi (m — 1,9+ 1) and that ji,, 3 = e (m — 1,0+ 4) if i € M,.

We begin with pairs of the form (u;, 0y,,—;—3). Since i = 3 (mod 4) and 3 < i < m—6,
then ¢ = 27 + 1 where j is odd and 1 < j < k — 3. Moreover, we note that Lemma
[4.74) and Construction [£.75] jointly imply that

Om—i—3 = Y—i—2-
Lastly, Lemma implies that (m — j)% = j+2 and (j +2)"-2 =m — j — 2.
Consequently, we see that
[iOm-i-s = (Lm—=1)y(m—=17+2)(m—1i+1)7-2
= (0bm—=3,m—5,....m—jm—2m—4,...,3,1,m—j—2,
m—j—4,m—j—06,...,2)(m—1).
Hence, all pairs of D7, of the form (i, 0,,—;—3) are truncated hamiltonian.

Next, we show that pairs of the form (p;,3,0,_;_2) are truncated hamiltonian.
First, note that
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Om—i—2 = V—i-1-

Furthermore, we note that i + 3 = 2j + 4 = 2(j + 2). Construction then implies
that 0,43 = vie3 (m —1,k+j+3). This means that p; 3 = (1,m—1)y.3 (m—1,k+
j + 3). Therefore
ftiygOm—iz = (Lm—=1)v3(m—1k+j+3)(m—1i+4)7-i
= (0,2,4,6,....k—j—1,35....m—21k—j+1,k—j—+3,
k—j+5,....,m—3)(m—1).
In conclusion, all pairs of D/ are truncated hamiltonian pairs.
Next we form the following set of m — 2t — 3 pairs:
Dy = {(ii,0m—i—2) | i0dd,i & M;,and 3 <i < m—4}U
{(psy0m—s) | i even,i —3 &€ My,and 4 <i <m — 3} U {(u2,00)}

01| 02| 03 | 04 | O5 | 06 | O7

p2

©3

Ha

M5

He

w7

18

H9

]

K11

K12

Ho

Figure 4.37: Case 2: hamiltonian table of Sy x Sy for m = 13 with a 7-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Assume that Dy is the set of hamiltonian pairs given in Case 1. Then, we see that
DYy € Dpy. It follows from Case 1 that all pairs of D), are hamiltonian pairs. Let

D' = D U D}, and refer to Figure for an illustration of D’ when m = 13 and
M, = {3,7}. Tt is tedious but straightforward to verify that each permutation of S;
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and Sy appears in precisely one pair of D’. As a result, the set D’ is a 2-factorization
of C91 K. Note that D!, and D%, are disjoint. Consequently, the set D’ is a c-twined
92-factorization of C'y ! K ,,. |

Proposition 4.86. Let m > 7 and c be odd. The digraph Co1 K., admits a c-twined

2-factorization in each of the following cases:

(S1) m =3 (mod 8) and 3 < ¢ < "52;

(S2) m =7 (mod 8) and 3 < ¢ < 2.

Proof: Let m = 2k + 1 where k is odd. In this proof, it is understood that, for
each i € Z,, 1, permutation v; € G,,_1 is as defined in Definition . We will be
using the following two sets of permutations:
Si=0m—-1)-Fn={pws=0,m—1)o; | i=0,1,...,m —1};
So = Fm =100,01, .., 0m-1}-
Lemmas and [L.77] imply that S; and S, are regular permutation sets. See Con-
struction [4.75] for the definition of each o; € F,,. Refer to Figure [£.38for the hamilto-
nian table of Sy x Sy when m = 15. Observe that u3 and og are the (m —1)-stabilizers
of S; and Sy respectively. We also point out that (m —1)* = 0% =i if i & {3,m —1}
and (m — 1)#m-1 = 3. This means that

ﬂi = ul<m - 172) ifi ¢ {37m - 1}7 and lamfl = Mmfl(m - 173)
We also point out that
g; = for i ¢ {0,m — 1}.

Case 1: m = 3 (mod 4) and ¢ = 3. We begin by forming the following set of three

pairs:

D = {(ttm—2,0m—2); (lm—1,0m-1), (110, 01) }.
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We now show that (tm—2, 0m—2), (tm—1,0m—1), and (uo, o1) are truncated hamiltonian
pairs. Note that [, = id and that Lemma [£.74] implies that v,,—o = 7_1:
foo0m—2 = (0,m—1)y_1(m—1k+1)(m—1,m—2)y_,
= 0,k k—2,....3,1,m—2,m—4,... . k+2m—3,m—5,...,
kE+1,k—1,...,2)(m—1);

Ly 10m—1 = (0,m—1)(0,3,m—2,4,....k+2,k+1,m—1,1,2) (m —1,3)
(0,3,m —2,4,m—3,5,... . k+2,k+1,m—1,1,2) (m —1,1)
= (0,2,3,4,5,6,....k+1,m—2,m—3,....k+2,1)(m—1);
/jboa'l = M-

Next, we form a set of mT_5 + 1 pairs as follows:
Dy, = {(piyo0m—i—2) | iisodd and 1 < i < m — 4} U {(p2,00)}-

Observe that Dr and Dy, jointly use each permutation p; € S; such that @
is odd exactly once. Moreover, the sets Dp and Dy, jointly use each permutation
o, € Sy, such that r is even, precisely once. Below, we show that each pair of Dy, is
a hamiltonian pair, starting with the pairs (p1,0,,_3) and (uz, 09):

P10m-3 = (0,m—1)y(m—1,2)y_9(m—1,0)

= Om—1m—-2m-—3m—4,...,1);
2 00 = (0,m—1)y(m—1,k+2)id
= (0,k+2,k+4,....m—2,1,3,...,k,m—1,2,4,6,...,m — 3).
If i is odd and 3 < i < m — 4, then i = 2j + 1 where 1 < j < k — 2. Lemma [£.7§|
implies that

Om—i—2 = V—i—1 (m - 17m _j - ]‘)

Moreover, Lemma [4.74] implies that (j +2)"-* =m —j — 1 and (m — j)" = j + 2.
We see that
WiOm—io = (Om—1)vm—-1,7+2)yi1(m—-1,m—j—1)
= 0Oom—1,m—-2m—-3,m—4,....m—jm—j—1,

m—j—2,...,1).
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Hence, all pairs of Dy, are hamiltonian pairs.

For our next step, we form a set of mT_E’ pairs as follows:
Dy, = {(pti,0m—;) | i is even and 4 < i < m — 3}.

Observe that D and Dy, jointly use each permutation p; € S; such that ¢ is even
exactly once except for g,. Furthermore, the sets Dy and Dy, jointly use each
permutation o, € Sy such that r is odd precisely once. Below, we show that each pair
of Dy, is a hamiltonian pair.

If i is even and 4 < ¢ < m — 5, then i = 2j and 2 < j < k — 2. Lemma [1.7§]
implies that

Om—i = Y-it1(m—1,k—j+2).

Then
iom—i = Om—=1)ym—-Lk+j+1)y;(m—1,k—j+2)
= (0m-1,1,2,3,...;k—j+Lk—j+2k—j5+3,....,m—3,m—2).
If = m — 3, then
m—303 = (0,m—1)y_o(m—1,0)73(m —1,3)
= (0,bm—1,1,2,3,4,....,m—3,m —2).
Therefore, the set Dy, is a set of hamiltonian pairs.

Let D = Dp U Dy, U Dy, and let Dy = Dy, U Dy,. Note that Dy and Dy are
disjoint. Refer to Figure [£.38] for an illustration of D when m = 15. Observe that
each permutation of S; and Sy is used by precisely one pair of D. As a result, the set
D is a 3-twined 2-factorization of ég VK,

Case 2: m =3 (mod 8) and 5 < ¢ < mT’E’ Let ¢ = 34+ 2t where 1 <t < m;“. Let
I={i|i=5,6 (mod8) and 5 < i < m — 13} and let M; be a subset of size ¢ of I.

m—11
4

We will form two sets of truncated pairs Dy, and Drp,. Let

Observe that I contains elements.

Dy, = {(ti, 0m—i—s), (ftixs, Om—i—2) | i € My and i =5 (mod 8)}.
We show that all pairs of Dy, are truncated hamiltonian pairs. Since m = 3 (mod 8)
and m = 2k + 1, then & = 1 (mod 4). Additionally, if i =5 (mod 8), then i = 25 + 1
where j = 2 (mod 4) and 2 < j < k —7. We also remind the reader that (m — 1)* =
0% =idif i € {3, m — 1}. It follows that
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o1 o2 g3 o4 a5 o6 a7 o8 g9 010| O11| O012| 013| O14| 00

o

Figure 4.38: Case 1: hamiltonian table of S; x .Sy for m = 15 with a 3-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian

pairs).

i, = (0,m—1)o;(m —1,i) if i € {3, m — 1}.

Lastly, Lemma implies that 7,,_;_5 = 7_;_4 and that (j +2)""*=m—j—4
and (m — j)" = j + 2. Then we see that

MiOm—i—5

(0,m —1)o; (m —1,4)v_i_4
0,m—1)y(m—1,j4+2)(m—1,0)v_i_4
O,m—j5—4m—j—8,....5,l,m—4,m—8m—12,...,7,3,
m—2m—=6,...m—jm-—5m—9,....2m—3m—717,

L8 A (m—1);

Next, we will show that pairs of form (p;15,0m—i—2) € D, are truncated hamiltonian
pairs. To do so, we note that i +5 = 2j + 6 = 2(j + 3). Construction then
implies that 0,45 = vie5(m — 1,k + 7 + 4). We then see that
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fliysOm—i—2 = (0,m—1)0ips5(m —1,i+5)7-1
= 0,m—1Dygs(m—-1LEk+j+4)(m—1,i4+5)v_i
= (0,k—j+2,k—j+6,k—754+10,....m—2,3,7,...,m—4,1,
5,9,13,...,k—j—2,4,812 ..., m—3,2,6,...,m —5)(m —1).
Therefore, all pairs of Dy, are truncated hamiltonian pairs.

Next, we let

Dr, = {(tiy 0m—i—5), (iv3,0m—i) | 1 € My and i = 6 (mod 8)}.
We now show that all pairs of Dy, are truncated hamiltonian pairs. Recall that
k =1 (mod 4). In addition, if i = 6 (mod 8), then i = 2j where j = 3 (mod 4) and
3 < j<k—6. We then see that
f:0m—i—s = (O0,m—=1)y;(m—1Lk+j+1)(m—1,i)v_;_4
= 0,k—j—-3k—7—7,....,3,m—2m—6,...,5,1,m—4,m — 8,
k=3 4+1m—=5m—-=9,....22m—-3m~—"7,...,84)(m—1).
Now, we aim to show that pairs of the form (p;13,0,,—;) € Dr, are truncated hamil-

tonian pairs. We start with the case ¢ = 6. Note that (m — 4)" = 6. Therefore, we
have that

ﬂgé—m—6 - (07m - 1) Y9 (m - 1a6) (m - 179) Y-5
— (0,1,5,9,13,...,m —2,3,7,...,m —4,4,8,16,...,m — 3,2,6,
coo,m—5)(m—1).

Now, we show that pairs of the form (u;y3,0,_;) € Dr, are truncated hamiltonian
pairs for 10 < i« < m — 13. First, we point out that i + 3 =27 +3 =2(j + 1) + 1.
Construction implies that 0,13 = v;43(m — 1,j + 3). Lastly note that Lemma

[.74 implies that (j 4+ 3)"-*! =m — j+ 3 and (m — j — 1)7+3 = j + 3. We then have
fipsom—i = (0,m—=1)7ip3(m—1,j+3)(m—1i+3)7-in

= Om—j+3m—j+7m—j+11,...,m—4,1,5,9,13,...,m — 2,
3,7,....m—j—1,48 ....m—3,2,6,...,m—5)(m—1).
In conclusion, all pairs in Dy, are truncated hamiltonian.

We let D be the set of three truncated hamiltonian pairs defined in Case 1 and
let

Dly = Dy, U Dg, U Dr.
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Observe that Df. contains 2¢ + 3 truncated hamiltonian pairs. Next we form the

following set of m — 2t — 3 pairs:
Dy = {(iyom—i—2) | i,1 —3 & My, i odd,and 1 < i < m —4}U
{(kiyom—i) | 1,0 =5 ¢ My, i even,and 4 < i < m — 3} U {(u2,00)}.

010 011| 012| 013| 014| O15| 016| 017

K18

o ]

Figure 4.39: Case 2: hamiltonian table of S; x S5 for m = 19 with a 7-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Let Dy refer to the set of hamiltonian pairs from Case 1. Observe that D}, C Dy,
implying that all pairs in D}, are hamiltonian. Then, we let D' = D/, U DY;. Refer
to Figure for an illustration of D’ when m = 19 and M; = {5,6}. It is laborious
yet straightforward to verify that each permutation of S; and Sy appears in exactly
one pair of D’. Moreover, the sets D/. and D), are disjoint and thus form a partition
of D’. As a result, the set D’ is a c-twined 2-factorization of 5’2 VK,

Case 3: m =7 (mod 8) and 5 < ¢ < mT_l Let ¢ = 2t+3 where 1 <t < mT_7. Assume
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that I={i | i =5,6 (mod 8) and 5 <i < m — 7} and let M; be a subset of size ¢ of

I. Observe that I contains mT_7 elements. We will form two sets of truncated pairs,
which we call Dy, and Dr,, such that Dy, U Dy, contains 2t pairs.

First, we form Dy, as follows:

Dy, = {(ti, 0m—i—5), (ftixs, Om—i—2) | i € My and i =5 (mod 8)}.
We show that all pairs of Dy, are truncated hamiltonian. See Case 2 for a descrip-
tion of fi; and for a proof that pairs of the form (u;, 0—i—5) € Dg, are truncated
hamiltonian.

Next, we aim to show that pairs of the form (45, 0m_i—2) € Dr, are truncated
hamiltonian pairs. Since m = 7 (mod 8) and m = 2k + 1, then £ = 3 (mod 4). If
i =5 (mod 8), then i = 25 + 1 where j = 2 (mod 4) and 2 < j < k — 5. Therefore,
we see that

firsOm—i—e = (Om—1)vus(m—1k+7+4)(m—1,i+5)7_i1
= (0,k—j+2,k—j+6,k—754+10,....,m—4,1,5,9,....,m — 2,
3,7, ... k—j—24,812,...,m—3,2,6,...,m—5)(m —1).
Consequently, all pairs of Dy, are truncated hamiltonian pairs.

Next, we create the following set:

DT4 = {(,U/i,O'm,l',g,), (/M+3;O-mfi) ’ 1 E Mt and 1 =6 (mod 8)}

Now, we show that all pairs of Dp, are truncated hamiltonian pairs. Proof that pairs
of the form (p;43,0m—;) € Dr, are truncated hamiltonian follows from Case 2.

Hence, it remains to show that pairs of the form (u;, 0,—i—5) € Dr, are truncated
hamiltonian pairs. Recall that £ = 3 (mod 4). Moreover, if i = 6 (mod 8) and i = 27,
then 7 = 3 (mod 4) and 3 < j < k — 4. Consequently, we see that

[iOm-i-s = (0,m—=1)y(m—1Lk+j+1)(m—11)74
= (0,k—j—3k—j—7...;,1m—4m-38,...,3,m—2m—6,...,
k—j+1m—-5m-=9,....2m-=3m-—7,...,84)(m—1).
In conclusion, all pairs of Dy, are truncated hamiltonian pairs.

We let Dy be the set of three truncated hamiltonian pairs defined in Case 1 and
let

D!y = Dy, U Dy, U Dy
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Observe that D/, contains 2¢ + 3 truncated hamiltonian pairs.
Next we form the following set of m — 2t — 3 pairs:
Dy = {(iyom—i—2) | i,i—3 & My,i0dd, and 1 <i <m —4}}U
{(thiy Om—i) | 1,0 —5 & My, i even, and 4 < i < m — 3} U{(u2,00)}

Let Dy be the set of hamiltonian pairs from Case 1. Observe that D} C Dy.
Therefore, all pairs in D, are hamiltonian. Then, we let D’ = D/, U D;. Refer to
Figure [4.40] for an illustration of D’ when m = 15 and M, = {5, 6}. It is laborious yet
straightforward to verify that each permutation of S; and S5 appears in exactly one

pair of D'. In addition, the sets D/. and D', are disjoint and thus form a partition of
D'. As a result, the set D’ is a c-twined 2-factorization of 6'2 VK. |

01| 02| 03| 04| O5 | 06 | O7 | 08 | 09 | 010| O11| 012| O13| 014 00

o [ ]

Figure 4.40: Case 3: hamiltonian table of Sy x Sy for m = 15 with a 7-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).
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4.7.2 The case c is large

We now proceed with the construction of a c-twined 2-factorization of 5'2 V K, when

m=5 < e < m—2. In fact, the constructions given in Propositions [4.87 apply to

[2] +5 < ¢ < m— 2. Therefore, there exists some overlap with the constructions

given in Propositions and [4.80]

To address the case mT_‘r’ < ¢ < m — 2, we consider three cases according to
the congruency class of m modulo 6. The most complicated construction is given for
m = 1 (mod 6) because, in this case, m — 1 is not relatively prime with 3. As for the
cases m = 3 or 5 (mod 6), we rely on the fact that m — 1 is relative prime with 3 to

obtain the desired c-twined 2-factorizations of 6’2 VK.

Proposition 4.87. Let m =1 (mod 6) such that m > 7, and let ¢ be an odd integer
such that mT” <c<m—2. The digraph Co 1 K, admits a c-twined 2-factorization.

Proof: Let m = 2k + 1. If m = 1 (mod 12), then k is even; otherwise, if
m =7 (mod 12), then k is odd. In both cases, we see that £k = 0 (mod 3). In this
proof, it is understood that, for each i € Z,, 1, permutation v; € G,,_; is as defined
in Definition [£.73] We will be using the following two sets of permutations:
Si=m-1,1,2,3)- Fu={pi=(m—-1,1,2,3)0; | i =0,1,...,m — 1};
S2 - ]:m = {007017 s 7o-m—1}‘
Lemmas [4.60] and [£.77] imply that S; and S, are regular permutation sets. Refer
to Construction for the definition of each o; € F,,. See Figure for the

hamiltonian table of S; x Sy when m = 13. Observe that p; and ¢ are the (m — 1)-

stabilizers of S; and Sy, respectively. Furthermore, we point out that (m —1)* = 1.

This means that

(m—1)" =i+ 1 when i ¢ {1,m — 1} and (m — 1)#m-1 = 2.

m+2
3

mT” truncated hamiltonian pairs and one set of % hamiltonian pairs. We start by

Case 1: ¢ = . We form a set of m pairs that can be partitioned into one set of

forming a set D, of four pairs, two of which will be truncated hamiltonian pairs and

two of which will be hamiltonian pairs:

Dy = {(p1,02), (12,00), (ftm—1, Om—1), (1o, 01) }-
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Below, we show that (1, 09) is a hamiltonian pair. We consider two cases.
If m =7, then

poy = (6,1,2,3)71(6,2)72(6,5)
= (0,3,4,1,6,5,2).
Otherwise, if m > 13, then
pioe = (m—1,1,2,3)y1 (m—1,2)y(m —1,k+2)
= (0,3,4,7,10,...,m—3,1,5,8,....k—1,m—1,k+ 2k + 5,
cee,m—2,2,6,9,...,m—4).
We now show that (u9,00) is a hamiltonian pair. The resulting product depends on

the congruency classes of m modulo 12. If m =1 (mod 12) and m = 2k + 1, then k

is even and thus
paog = (m—1,1,2,3)y (m—1,k+2)id
= (0,2,5,7,...,m—2,1,4,6,8,... . k,m — 1,
3,k+2,k+4,k+6,...,m—3).

If m =7, then
peoo = (6,1,2,3)7(6,5)id
— (0,2,6,3,5,1,4).
If m =7 (mod 12), m > 19, and m = 2k + 1, then k is odd and thus
peog = (m—1,1,2,3)y (m—1,k+2)id

= (0,2,5,7,9,....,k,m—1,3,k+ 2k + 4,
k+6,....,m—21,46,...,m—3).
Next, we show that (g,,—1,0m,_1) is a truncated hamiltonian pair. First, we compute

the expression for ji,,_;:
fy = (m—1,1,23)(0,3,m —2,4,m—3,...,kk+2k+1,
m—1,1,2) (m—1,2)
= (0,3,1)(2,m—2,4,m—3,5,....kk+2,k+1)(m—1).
We then see that
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i 6t = (0,3,1)(2,m—2,dm =35 ... k+3kk+2k+1)(m—1)(0,3,
m— 2,4, ..k k2, k+1,1,2)(m — 1)
— (Om—2m—3,m—4,. . k+3k+213245
ok k1) (m = 1);

Below, we show that (ug,01) is also a truncated hamiltonian pair. Note that i, =
(1,2,3). This means that

o1 = (1,2,3)m
= (0,1,3,2,4,5,6,...,m —2)(m —1).
In summary, the set D, is comprised of two hamiltonian pairs and two truncated
hamiltonian pairs.

Next, we construct a set of T4 pairs denoted Dy :

Dy, = {(this 0m—i+1) | i =2,3 (mod 6) and 3 < i < m — 4}

Since m = 1 (mod 6), it follows that Dy, contains exactly =t — 1 pairs. More-
over, we point out that each permutation p; € S; such that i = 2,3 (mod 6) appears
in exactly one pair of Dy, U Ds. In addition, each permutation o, € S5 such that
r = 0,5 (mod 6) also appears in exactly one pair of Dy, U Ds.

Next, we show that each pair of Dy, is truncated hamiltonian. Before we proceed,
we point out that, if i & {1, m — 1}, then i, = p;(m — 1,7 4+ 1). Furthermore, if 7 is
odd and ¢ =25 + 1, where 1 < j <k — 1, then

pi=(m—1,1,23)0;, = (m—1,1,2,3)y;(m — 1,7 + 2).
Similarly, if ¢ # 0 and ¢ is even, then ¢ = 27, where 1 < 7 < k — 1. We see that
pi=(m—1,1,2,3)0, = (m —1,1,2,3)y;(m — 1L,k +j+1).

We now prove that all pairs of Dy, are truncated hamiltonian. We will consider
seven subcases.
Subcase 1.1: ¢ = m — 5. Then
fos506 = (m—1,1,23)yv4(m—1,m—2)(m—1,m—4)v
= (0,2,3,5,7,9,...,m—2,1,4,6,8,...,m—3)(m —1).
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Subcase 1.2: i = 2 (mod 12), 14 < i < m — 11, and m = 1 (mod 12). Then i = 2j,
where j is odd, and k is even. This also means that 1 < j < k — 5. Therefore

/tl’ia-mfiJrl = (m_ 1717273>7Z (m_ 17k+j+1) (m_17i+1)77i+2
= (0,2,5,7,....,m—2,1,4,6,8,....)k—j+ 1,3 k—j+3,k—j+05,
co.,m—3)(m—1).

Subcase 1.3: i = 2 (mod 12), 14 < i < m — 17, and m = 7 (mod 12). Then i = 2j,
where j is odd, and & is odd. This also means that 1 < j < k — 8. Consequently,

/tl’ia-mfiJrl = (m_ 171727?))72 (m_ 17k+j+1) (m_17i+1)77i+2
= (0,2,5,7,... k—j+1,3,k—j+3k—j+5....m—21,4,6,8,
coo,m—3)(m—1)

Subcase 1.4: i = 3 (mod 12), 3 < ¢ < m — 5. Then i = 2j + 1 where j is odd and
1 < j < k—2. Furthermore, observe that (m—j)" = j+2 and (j+2)"2 = m—j+2.
We then see that

l&ia-m—i-‘rl = (m_ 1a17273) Vi (m_ 17]+2) (m_ 17Z+1) V—i+2
= (0,2,5,7,...,m—2,1,4,6,....,m—j.3,m—j+2,m—j+4,...,
m —3)(m —1).

Subcase 1.5: i = 8 (mod 12), 8 < i < m — 17, and m = 1 (mod 12). Then i = 2j,
where j is even, and k is even. This also means that 4 < j < k — 8. Computation of
[L;Om—i+1 1s the same as Case 1.3.

Subcase 1.6: i = 8 (mod 12), 8 < i < m — 11, and m = 7 (mod 12). Then i = 2j,
where 7 is even, and k is odd. This also means that 4 < 7 < k—5. The computation
of f1;6,—i41 is the same as Case 1.2.

Subcase 1.7: i =9 (mod 12) and 9 < i < m —4. Then i = 2j + 1 where j is even
and 4 < 7 < k — 2. Recall that Lemma implies that (m — j)% = j + 2 and
(7 +2)7+2 =m — j+ 2. We then see that

f;0m—it1 = (m—11,23)y(m—1,7+2)(m—1i+1)7-i2
= (0,2,5,7,. .. m — j.3m— - 2m— 4. .. m—21,468,...,
m —3)(m —1).

Therefore, all pairs of Dy, are truncated hamiltonian pairs .

Next, we define a set denoted Dy, :
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Dy, = {(tiy0m—i) | i = 0,4 (mod 6) and 4 < i < m — 3}.

Since i = 1 (mod 6), it follows that Dy, contains exactly "=t —1 pairs. Observe that
Dy, and Dy jointly use each permutation p; € S; where i = 0,4 (mod 6) precisely
once. Furthermore, the sets Dy, and Dy also jointly use each o, € Sy such that
r = 1,3 (mod 6) exactly once.

Below, we prove that each pair in Dy, is a hamiltonian pair. If i = 0,4 (mod 6)
and 4 <1 < m — 3, then ¢ = 27 where 2 < j < k — 2. Lemma [4.78| implies that

Om—i = Yoiv1(m — 1,k —j+2).

We then see that, if i # m — 3, then
pm = (m—1,1,2,8)% (m— Lk +j+ 1) i1 (m— 1,k — j +2)
= (0,1,3,m—1,2,4,5,6,....k—j+1,k—j+2k—7+3,...,m—2).
If i = m — 3, then
fm—303 = (m—1,1,2,3)y_9(m —1,0) v3(m —1,3)
= (0,1,3,m —1,2,4,5,6,...,m —2).
As a result, all pairs in Dy, are hamiltonian pairs.

Next, we form a set denoted Dpy,:
Dy, = {(tti, 0m—iy2) | i = 1,5 (mod 6) and 5 < i < m — 2}.

We see that Dy, contains mT_4 pairs. Moreover, it follows that each permutation
i; € Sy such that ¢ = 1,5 (mod 6) appears exactly once in Dy, U Dy. In addition,
each permutation o, € Sy such that » = 2,4 (mod 6) also appears precisely once in
Dy, U D.

Next, we prove that each pair of Dy, is a hamiltonian pair.

If © = 5, then
psom-3 = (m—1,1,2,3)v(m—1,4) v_5(m —1,0)
= (0,3,2,6,9,...,m—4,m—1,4,7,...,m—3,1,5,8,....,m —2).
If : =7, then
Pr0m-s = (m—1,1,2,3)y7(m —1,5) y_4(m —1,m —2)

= (0,3,1,5,8,....,m—5,m—1,4,7,...,m—3,m—2,2
6,9,...,m —4).
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Ifi=1orb5 (mod6)and 11 <i<m—2,theni=2j+1and5 < j<k—1. Lemma
[4.78 implies that

Om—i+2 = V—i+3 (m —1m—-7j+ 1)-

If i =1 (mod 6) and 11 < i < m — 2, then j = 0 (mod 3). Moreover, Lemma [4.74]
implies that (j +2)"* =m — j 4+ 3 and (m — j)* = j + 2. We then see that
WiTm—ire = (Mm—=1,1,23)v(m—1,j+2) v u3(m—1,m—j+1)
= (0,3m—j+3,m—j+6,m—35+9,....,m—31,528, ...,
m—j—2m—1,4710,....m—jm—j+1m—j+4,....m—2,
2,6,9,...,m—4).
If i =5 (mod 6) and 11 < ¢ < m — 2, then i = 2j + 1 where j = 2 (mod 3) and
5 < j < k—1. Therefore,
WiTm—ive = (Mm—1,1,2,3)y;(m—1,j4+2) v iu3(m—1,m—j+1)
= (0,3m—j+3,m—j+6,....m—2,26,9,....,m—j—2,m-—1,
4,7,10,...,m—3,1,5,811,....m—jm—j+1,m—j+4,
m—j+7,...,m—4).

Therefore, each pair in Dy, is a hamiltonian pair.

Next, we let D = D, U Dy, U Dy, U Dp,. See Figure for an illustration of
D when m = 11. It is straightforward to verify that each permutation of S; appears
in exactly one pair of D; a similar observation holds for each permutation of Ss.

Let

Dr = Dy, U{(ptm-1,0m-1), (1o, 01) };
Dy = Dp, U D, U{(111,02), (112, 00) }-
The set Dr contains exactly mT“ truncated hamiltonian pairs and the set Dy

m—1

3

and thus partition D. Therefore, the set D is a c-twined 2-factorization of Col K.

Case 2: mTﬁgcgm—z. Letc:%”+2twhere2<2t<@. Let I={i]|:=

0,4 (mod 6) and 4 < ¢ < m — 3} and M, be a subset of size t of I. Observe that I
m—4

contains = elements. We then form the following set:

contains 2 - hamiltonian pairs. Furthermore, the sets Dy and Dy are disjoint

DT2 = {(Hham—i-i-l)a (,ui-l—l,a-m_z‘) | 1€ Mt}
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a1 02 g3 04 g5 06 a7 og g9 J10 o11 012 o0
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Figure 4.41: Case 1: hamiltonian table of S x S5 for m = 13 with a 5-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

Below, we demonstrate that each pair of Dy, is a truncated hamiltonian pair. First, we
show that, for all ¢ € M,, all pairs of the form (p;41,0,, ;) are truncated hamiltonian
pairs. Note that, if i € I and 4 <7 < m — 4, then (m — 1)#+ =i 4 2. Therefore,

fliyr = Hit1 (m— 1,0+ 2).
If i =m — 3, then p; 11 = ptm—o and (m — 1)#m=2 = 0. Therefore,

ﬂm—S = Hm—2 (m - 17 0)

First, we consider the case i = 4. Lemma [£.74] implies that 7,,_4 = 7_3. We then see
that

ﬂ55—m—4 - (m_ 1717273) s (m_ 174) (m_ 176)’7—3
= (0,2,5,7,9,...,m—2,3,1,4,6,...,m —3)(m — 1).
Next, we consider the case : = m — 3. In this case, we see that o,,_; = 03. Moreover,

Lemma implies that v,,,—2 = y_1. We consider two subcases. If m =1 (mod 12),

then k is even. This means that
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foo03 = (m—1,1,23)yno(m—1,k+1)(m—1,0)7;
= m—-1,1,2,3)y_1(m—1,k+1)(m—1,0)7;
= (0,2,5,7,9,...,m —2,1,4,6,8,....k+2,3,k+4,k+6,
cooym—3)(m—1).
If m =7 (mod 12), then k is odd. Hence

fo_o03 = (m—1,1,23)y_1(m—1,k+1)(m—1,0)
= (0,2,5,7,9, ... k+2,3,k+4,k+6,....m—21,4,6,8,
coo,m—3)(m—1).

We now proceed with the case i = 0 or 4 (mod 12), and 12 < i < m— 7. In that case,
we have ¢ = 25 where j is even and 6 < 7 < k — 2. Moreover, Lemma [4.74] implies
that (m — j)% =5+ 1 and (j + 2)"-i+* =m — j + 2. Therefore,
fiz10m—i = (Mm—=1,1,23)vipa(m—1,7+2)(m—1,i+2)y_;41
= (0,2,5,7,9,....m—j,3m—j+2m—j+4,...,m—2,
1,4,6,...,m—3)(m —1).
If : =6 or 10 (mod 12), and 6 < ¢ < m — 7, then ¢ = 2j where j is odd and
3<j7<k—2 Then
fiz10m—i = (Mm—=1,1,23)vipi(m—1,74+2)(m—1,i+2)y_;41
= (0,2,5,7,9,...,m—2,1,4,6,....,m—j,3,m—j+ 2,
m—j+4,...,m—3)(m—1).

As a result, all pairs of the form (p;11,0,—;), where i € M,;, are truncated
hamiltonian pairs.

Next, we show that, all pairs of the form (p;, 0,,—i11) in Dy, are truncated hamil-
tonian pairs. To do so, we consider five cases.
Case 2.1: i =m — 3. Then

fops0s = (m—1,1,2/3)v_o(m —1,0)(m—1,m — 2)y,
= (0,2,5,7,9,...,m—2,1,3,4,6,...,m —3)(m —1).

Case 2.2: i =0or4 (mod 12), and 4 < i < m—9, and m =1 (mod 12). Then i = 2j,
where j is even, and k is even. We then see that 2 < 7 < k — 4. Therefore
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(i0m—iv1 = (m—=1,1,23)v(m—1Lk+7+1)(m—1,i4+ 1)y ;40
= (0,2,5,7,9,...,k—7+1,3k—j+3,k—j+5,.... m—4,m—21,
4,6,8,...,m —3)(m —1).
Case 2.3: i=0or 4 (mod 12),4 < i <m —7,and m = 7 (mod 12). Then ¢ = 2j,
where j is even, and k is odd. In addition, we have 2 < j < k — 3. As a result,
:0m—iv1 = (m—=1,1,23)y,(m—1Lk+j+1)(m—1i4+ 1)y ;.0
= (0,2,5,7,9,...,m—2,1,4,6,8,... .,k —j+ 1,3,
k—j+4+3,k—j+5,...,m—3)(m—1).
Case 2.4: i =6 or 10 (mod 12), 6 < i < m — 7, and m = 1 (mod 12). Then i = 2j
where j is odd, k is even, and 3 < 7 < k — 3. The computation of ji,6,,_;+1 is the
same as Case 2.3.
Case 2.5: i =6 or 10 (mod 12), 6 < i < m —9, and m = 7 (mod 12). Then i = 2j
where j is odd, k is odd, and 3 < j < k — 4. The computation of ji,6,,—;4+1 is the
same as Case 2.1.
In conclusion, all pairs of the form (u;, 0, _i41), where i € M, are truncated
hamiltonian pairs. This means that all pairs of Dy, are truncated hamiltonian pairs.
Let Dt be the set of truncated hamiltonian pairs given in Case 1. We then form

the following set:
Dl = Dy, U Dy.

Note that each permutation in S} and Sy appears at most once in D/, and that Dr

+ 2t truncated hamiltonian

and Dr, are disjoint. This means that D’. contains mT”

pairs. Since 2t is at most QmT_4 = Qm—g_s, then D’ contains up to m — 2 truncated

hamiltonian pairs.

Next, we form the following three sets of pairs as follows:

D;il = {(ﬂ’ivo-m—i) | itha 15074 (mOd 6)7and4<2 <m_3}’
Dy, = {(iyomiy2) |i—1¢ M;,i=1,5 (mod 6), and 5 < i < m — 2};
DIHS = {(Nl, 02)7 (:u27 00)}'

Let Dy be the set of hamiltonian pairs constructed in Case 1 and let Dy = Dy, U
Dy, U DYy . Observe that Dy € Dy. Therefore, it follows from Case 1 that all pairs

of D%, are hamiltonian.
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Figure 4.42: Case 2: hamiltonian table of S; x Sy for m = 13 with an
11-twined 2-factorization in black (hamiltonian pairs) and blue (truncated
hamiltonian pairs).

The set DY, is disjoint from D). Let D' = D). U D%,. Refer to Figure for
an illustration of D’ when m = 13 and M; = I. One can verify that each permuta-
tion of S; and S, appears precisely once in D’. Therefore, the set D’ is a directed
2-factorization of C'y ! K,,. In addition, since D!, and DY, are disjoint, the set D’ is

also a c-twined 2-factorization of 5’2 VK. |

Proposition 4.88. Let m = 3 (mod 6) such that m > 9, and let ¢ be an odd integer
such that 3 +4 < ¢ < m—2. The digraph Co1 K, admits a c-twined 2-factorization.

Proof:  Let m =2k + 1. If m = 3 (mod 6), then £k = 1 (mod 3). In this proof,
it is understood that, for each i € Z,, 1, permutation v; € G,,_1 is as defined in
Definition We will construct a c-twined 2-factorization of Cp ! K by using the

following two sets of m permutations:
S1=(1,2,3,4) - Fou ={pi = (1,2,3,4)0; | i =0,1,...,m — 1};

SQ = fm = {0'(),0'1,...,0'm_1}.



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 189

Lemmas and [L.77] imply that S; and Sy are regular permutation sets. See Con-
struction for a description of each o; € F,,. Refer to Figure for the hamilto-
nian table of S x Sy when m = 15. Observe that py and oy are the (m — 1)-stabilizers

of S; and Sy, respectively. We also point out that
(m—1)" = (m—1)% and &; = ;.
Therefore, if i ¢ {0, m — 1}, then

:&i - (1a 27 37 4) Y-

Case 1: ¢ = 7 +4. We start by constructing of a set of five pairs:

D, = {(Mm—47 Um—4)7 (Mm—Qa Um—l)u (Mm—h Um—Q), (Mm—?” 00), (llo, 0m—3)}-

Below, we show that each of (1,4, 0m—4), (m—2,0m—1), and (fy—1,0m_2) is a trun-
cated hamiltonian pair:
flp—s0m-a = (1,2,3,4)7-57-3
= (0,m—7,m-13,...,8,2,m—4,m—10,...,5,m —2,m — 8,
e ,Im—=—5m—11,...,4,m—6,m —12,...,9, 3,
m—3,m—9,...,6)(m—1);

i imer = (1,2,3,4) 71 (0,3,m — 2,4, kk+2.k+1,1,2)
= (0,4,3,m—2,5m—3,6,....k,k+3,k+1,k+2,1,2)(m—1);
i G = (1,2,3,4)(0,3,m —2,4,m —3,5,... ki k+2,k+1,1,2)7_,

= (0,2,m—3,4,1,m—2,3,m—4,5,m—5,6,m—6,7,...,
k+2kk+1)(m—1).
Next, we show that (p,_3,00) and (g, 0,,—3) are hamiltonian pairs:
HoOm—3 = (1,2,3,4)idvy_o(m —1,0)
= (00m—=3m-—5,....4m—2m—4m—6,...,3,2,1,m—1);

Hm—-300 = (1727374> Y—2 (m_ 170) id

= HoOm-—3-



4. HAMILTONIAN DECOMPOSITIONS OF THE WREATH PRODUCT OF
TWO HAMILTONIAN DECOMPOSABLE DIGRAPHS 190

We now proceed by forming a set of % + 1 pairs as follows:
DT1 = {(,Uham—i—f))a (/Li+1,0'm_i_4) | 1=1 (mod 6) and 1 é 1 é m — 8}U

{(ttm—6,01), (ttm—s5,02)}-
Since m = 3 (mod 6), then Dy, contains % +1 pairs. Observe that Dr, and D, jointly
use each p; € Sy such that ¢ = 1,2 (mod 6) exactly once. Similarly, the sets Dy, and
Dy jointly use each o, € Sy such that r = 3,4 (mod 6) precisely once. Below, we
show that each pair of Dy, is truncated hamiltonian.
First, we show that pairs (u;,0m—i—5) € Dp, are truncated hamiltonian pairs.

We consider two subcases. If m =1 (mod 4), it follows that
fiOm—i—s = (1,2,3,4)%V—i-a
= (0bm—=5,m—9,....4m—4m—-38,....5,l,m—-3,m—7,...,2
m—2,m—6,...,3)(m—1).
If m =3 (mod 4), it follows that
fi0m—i—s = (1,2,3,4)7-4
= (0m—=5m—9,....2m—2m—6,....51,m—3m—7,....4,
m—4,m—38,...,3)(m—1).
Next, we verify that each pair of the form (p;11,0m—i—4) is a truncated hamilto-

nian pair. We see that

ﬂi+1a—mfi74 = (17 27 3a 4) Yi+1 V—i-3
= (00m—=3,m—5,...,6,4m—2m—4,...,7,5,3,2,1)(m —1).
In conclusion, each pair in Dy, is a truncated hamiltonian pair.

Our next objective is to form a set of %’" — 6 pairs:

Dy, = {(tiyo0m—i—a) | 1=0,3,4,5 (mod 6) and 3 <i < m —9}.

Since m = 3 (mod 6), it follows that Dy, contains %* — 6 pairs. Observe that Dy,
and D; jointly use each u; € S1\{ftm—5, ttm—6} such that i = 0,3,4,5 (mod 6) exactly
once. Note that each of p,,_5 and u,,_¢ appears in exactly one pair of Dp,. Similarly,
the sets Dy, and Dj jointly use each o, € So\{oy, 02} such that r = 0,1,2,5 (mod 6)
exactly once. Once again, we note that each of o; and o9 appears in exactly one pair

of DT1 .
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Next, we demonstrate that Dy, is a set of hamiltonian pairs. First, we make the
following observations. If i is even, 2 < i< m — 9, and i = 25, then 1 < 7 < k — 4,

and Lemma |4.78| implies that
Om—i—a ="Y—i-3(m— 1,k —j).

Ifiisodd, 1 <i<m—6,andi=2j+1, then 0 < j < k—3 and Lemma [£.78 implies
that

Om—i—4 = Y—i-3 (m —lLm—j— 2)

Lastly, we recall that £k =1 (mod 3).
If i =0 (mod 6) and 6 < i < m — 9, then ¢ = 25 where j = 0 (mod 3) and
3 < j < k—4. We then see that
Piom—i—a = (1,2,3,4)vi(m—1,k+7+1)y_i—s(m— 1,k —j)
= O0m—-4,m-7,...)k—j+1,k—jk—j—3k—75—6,...,7,4,
m—3m-—=6,....3,1l,m—2m—-=5....;k—j+3m—1,k—j—2,
k—j—5,...,2).
If i =4 (mod 6) and 4 < i < m — 11, then i = 2j where j = 2 (mod 3) and
2<j<k—6:
WiTm—i—ga = (1,23, 4)vi(m—1k+74+ 1)y_is(m—1k—j)
= O0m—4,m—-"7,...;k—j+3m—-1,k—j—2k—j—5,...,3,1,
m—2m-—=>5,...,4m—-3m—6,....k—j5+1,k—7,

k—3j—3,....2).
If © = 3, then
psom—7r = (1,2,3,4)v3(m —1,3)y_¢(m —1,m —3)
= (0bom—-3,m—6,...,6,3,1,m—2m—>5,....4m—1,m—4,
m—"7,...,52).

If i =3 (mod 6) and 9 < i < m — 12, then ¢ = 2j + 1 where j = 1 (mod 3) and
4 < j <k—6. Lemmald.74[implies that (m—j)" = j+2and (j+2)"3 =m—j—3.
We see that
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fiom—i—a = (1,2,3,4)y(m—1,j+2)y-3(m—1,m—j—2)
= Oom—4,m-—-"7,....m—jm—j—2m—j—>5...,6,31,m—2,
m—>5,...,4m—-3,...m—j+1,m—-1m—j5—3,
m—j—6,...,52)
If i =5 (mod 6) and 5 < ¢ < m — 10, then ¢ = 2j + 1 where j = 2 (mod 3) and
2<j<k-5:
fiom—i—a = (1,2,3,4)y(m—1,j+2)y3(m—1,m—j—2)
= Om—4,m-"7...m—j+1lm—-1m—-j53—-—3m—j—6,...,
74m—-—3m—6,....3,I,m—2m—5,.... m—7jm—j—2,
m—j—5,...,52).
In summary, all pairs of Dy, are hamiltonian pairs.

Next, we form a set of m pairs:
D =DyU Dp UDy,.

Observe that each permutation of S; and Sy appears exactly once in D. This
means that D is a directed 2-factorization of 5’2 ! K,,. Refer to Figure for an
illustration of D when m = 15.

Next, we let

Dy = Dy U{(lm—a,0m—1); (Bm-2, Om—1)s (fm—1, Om—2) };

Dp = D, U{(ttm-3,00), (10, Om—3)}
Observe that Dy and Dy form a partition of D. The set Dr contains % 44 truncated
hamiltonian pairs while Dy contains 2?7”
is an (% + 4)-twined 2-factorization of Cyl K .
Case 2: THo<ce<m—2 Letc="3+4+2¢ where 2 < 2t < 2?’”—6. Assume that
I={i|i=3,5(mod 6) and 3 < i < m — 10} and let M; be a subset of size ¢ of L.

Note that I contains % — 3 elements. We now form the following set of 2¢ pairs:

— 4 hamiltonian pairs. Therefore, the set D

DT2 = {(ILLZ? Jm—i—5)7 (ﬂi—l—ly O-’m—i—4) | 7 & Mt}

That (fi, 0m—i—5) and (pi11, Om—i—4) are truncated hamiltonian pairs follows from the
proof that pairs in Dy,, where Dy, is defined in Case 1, are truncated hamiltonian

pairs. Given the set Dy from Case 1, we let
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Figure 4.43: Case 1: hamiltonian table of S; x .S, for m = 15 with a 9-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

D} = Dy U Dy,

We point out that Dy and Dy, are disjoint and that each permutation of S; and S
appears at most once in D7.. As a result, D7, contains % + 4 + 2t pairs.

Next, we form the following set of m — 2t pairs:

Dy = {(ptis0m—i—a) |0 =1¢ My and 3 < i <m — 9} U {ftn-3,00), (10, Om—3) }-

Consider the set Dy from Case 1. Observe that D} C Dp. Therefore, each pair of
D%, is a hamiltonian pair. We point out that D%, and D/, are disjoint and that each
permutation in S} and Sy appears in precisely one pair of D' = D). U D’;. Refer to
Figure for an illustration of D’ for m = 15 and M; = {3}. In conclusion, the set

D' is a c-twined 2-factorization of 6’2 VK. |

Proposition 4.89. Let m =5 (mod 6) such that m > 11, and let ¢ be an odd integer
such that mT“+5 < c<m—2. The digraph éngm admits a c-twined 2-factorization.
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Figure 4.44: Case 2: hamiltonian table of S; x Sy for m = 15 with an
11-twined 2-factorization in black (hamiltonian pairs) and blue (truncated
hamiltonian pairs).

Proof: Let m = 2k 4 1 so that £k = 2 (mod 3). In this proof, it is understood
that, for each ¢ € Z,,_;, the permutation v; € G,,,—; is as defined in Definition [£.73
We will construct a c-twined 2-factorization of C'a 8 K by using the following two

sets of m permutations:

Si=(1,2,3,4) - Fro = {pi = (1,2,3,4)0; | i = 0,1,...,m — 1};

S? = fm = {007017 s 7Um—1}-
Lemmas and [L.77] imply that S; and S, are regular permutation sets. See Con-
struction [£.75] for a description of each o; € F,,,. Moreover, refer to Figure for the
hamiltonian table of S; x Sy when m = 17. Observe that i and oy are the (m — 1)-

stabilizers of Sy and Sy, respectively. We also point out that (m — 1)* = (m — 1)%.
Therefore, if i ¢ {0, m — 1}, then

,&i - (17 27 37 4) Yi-

m+1

Case 1: ¢ = "= +5. We will construct a set of pairs that contains mT“ + 5 truncated
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hamiltonian pairs and 2’”3—_1 — 5 hamiltonian pairs. First, we construct a set of five

pairs. Let

D® = {(:U’m—llv Jm—4)a (/'Lm—27 0m—1)7 (:um—la Um—2)7 (Nm—37 00)7 (MO: Um—3)}~

Observe that D® = Dy, where Dy is constructed in Case 1 of Proposition [4.88 Com-
putations are similar with the only difference being the congruency class of m modulo
6. In fact, the products fi,,_50m—1, fly_10m—2, flp,_300, and jiy0,,_3 are the same as
in Case 1 of Proposition . Consequently, it suffices to show that (g4, 0pm—_4) is

a truncated hamiltonian pair:
flp—4Om—a = (1,2,3,4)7-37-3
= (1,2,3,4)y-
= (0om—7m-—13,...,10,4,m —6,m —12,...,5;m —2,m — §,
9.3 m—-—3m—-9,....82m—4,m—10,...,7,1,m — 5,
m—11,...,6)(m —1).
Hence, all pairs of D? are truncated hamiltonian pairs.
We proceed with the construction of Dy, as follows:
Dr = {(ti0m—i—s), (i1, Om—i—1) | 1 =2 (mod 6) and 2 < i <m — 15}V
{(tis Om—i—s), (Bit1, Om—i—a) | © € {m —10,m — 8, m — 6}}.
Since m = 5 (mod 6), the set Dy contains ™ + 2 pairs. Observe that Dy and D,
jointly use each u; € Sy where i = 2,3 (mod 6) exactly once. Similarly, the sets Dr
and Dy jointly use each g, € Sy where r = 4,5 (mod 6) precisely once.
Proof that all pairs of Dy are truncated hamiltonian can be found in Case 1 of
the proof of Proposition where we showed that elements of a set called Dy, were

truncated hamiltonian.

At this stage, we have formed

mTH + 5 truncated hamiltonian pairs and two

hamiltonian pairs. Next, we form a set of % — 7 pairs as follows:
Dy = {(ui,om—i—4) | 1=0,1,4,5 (mod 6) and 1 <i < m — 11}

Observe that Dy, Dy, and D, jointly use each u; € Sy such that ¢ = 0,1, 4,
5 (mod 6) exactly once. Similarly, the sets Dy, Dy, and Dy jointly use each o, € Sy
such that » = 0,1, 2,3 (mod 6). Below, we show that each pair of Dy is hamiltonian.
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Before we proceed, we point out that, when i = 27 and 4 < ¢ < m — 11, we have

2 < j<k-—5and Lemma [4.78 implies that
Om—i—4 = V—i-3 (m —1Lk— j)-

In addition, if i =254+ 1 and 1 <7 <m — 10, then 0 < 7 < k — 5 and Lemma 4.78
implies that

Om—i—4 = V—i-3 (m - 17m _j - 2)

Lastly, we remind the reader that k¥ = 2 (mod 3).

We now prove that each pair of Dy is hamiltonian, starting with the case ¢ = 1:

piom—s = (1,2,3,4)y1(m —1,2)v_4(m —1,m —2)
= 0m—4,m—-"7,...;4m—-2m—5,...,6,3,1,m—1,m—-3m-—7,
..,5,2).

If i =1 (mod 6) and 7 < i < m — 16, then ¢ = 25 + 1 where j = 0 (mod 3)
and 3 < j < k — 8. Note that Lemma [4.74] implies that (m — j)" = j + 2 and
(j +2)7-i-3 = m — j — 3. This implies that
WiTm—ica = (1,2,3,4)vi(m—1,742)y,3(m—1,m—j—2)
= (0om—4,m—-7,....4m—-3m—6,... m—jm—j—2m—j—05,
6,3 1m—2m—-5... m—j+1m—1,m—j—3,
m—j—6,...,52).

If © =5, we have

H50m—9 = (1727374) Vs (m_ 174)778<m_ 1,771-4)
= (0om—1,m—-5m-—38,...,6,3,1,m—2m—4,m-—"7,...,7,4,m — 3,
m—6,...,5,2).

If i =5 (mod 6) and 11 < i < m — 12, then ¢ = 2j + 1 where j = 2 (mod 3)
and 5 < j < k — 6. Note that Lemma [£.74] implies that (m — j)¥% = j 4+ 2 and
(j +2)"-=3 =m — j — 3. We then have
WiCm—i—ga = (1,2,3,4)v(m—1,7+2)y_;_3(m—1,m—j—2)
= (0om—4m-7...m—j+1lm—-—1m—j—3,m—j—6,...,6,
31lm—-—2m-—5,... m—jm—j3—2m—75—>5,...,7,4,
m—3,m-—6,...,5,2).
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If i =0 (mod 6) and 6 < ¢ < m — 11, then ¢ = 2j where j = 0 (mod 3) and
3 < j<k—>5. Wethen see that
fiom—i—a = (1,2,3,4)vi(m — 1, k+j+1)y_is(m—1,k—j)
= Om—-4,m—-"7,....4m—-3m—6,....k—j+3m—1,k—j—2
k—j—5,....3.1,m—2m—5, . . . k—j+lk—j
k—j—3....52).
If i =4 (mod 6) and 4 < ¢ < m — 13, then i = 2j where j = 2 (mod 3) and
2 < j < k—6. Therefore
fiom—i—a = (1,2,3,4)% (m—1Lk+j+1)vis(m -1,k - j)
= Om—-4m-7,...;k—j+1Lk—j5k—j—3k—j—6,...,6,3,1,
m—2m—"5...k—j+t3m—1k—j—2k—5—5...74
m—3,m-—6,...,5,2).

In conclusion, each of the % — 7 pairs of Dy is a hamiltonian pair.
Let
Dy = Dy U{(tm-3,00), (1o, Om-3)};
Dy = DrU{(tm-1,0m-1), (hm—2,0m-1), (lm—1,0m-2)};
D = DyUDYy.

The set D contains m pairs. See Figure for an illustration of D when m = 17.
Each permutation of S; and Sy appears exactly once in D. In addition, the sets D,
and D, are disjoint and thus partition D. Therefore, the set D is an ("= +5)-twined
2-factorization of 62 VK.

Case 2. ™H 47 < e <m—4. Let ¢ = ™ +5+ 2t where 2 < 2t < 221 — 9,
Moreover, let I = {i | i = 0,4 (mod 6) and 4 < i < m — 13} and let M; be a subset
of size t of I. Observe that I contains mT_Q — 4 elements.

We first form a set of 2t pairs as follows:

Dr, = {(tti, om—i—5), (Wit1, Om—i-a) | i € M}

That (fi, 0m—i—5) and (i1, Om—i—4) are truncated hamiltonian pairs follows from the
proof that pairs in Dy, from Case 1 of Proposition [1.88 are truncated hamiltonian
pairs.

Given the set D7, from Case 1, we let
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Figure 4.45: Case 1: hamiltonian table of S; x Sy for m = 17 with an
11-twined 2-factorization in black (hamiltonian pairs) and blue (truncated
hamiltonian pairs).

Dy, = Dy U Dy,

We point out that D/, and Dy, are disjoint and that each permutation of S} and Sy
appears at most once in D/.. This means that Dp, contains mT“ + 5 + 2t pairs.

Next, we form the following set of pairs:
Dy, = {(wi,om—i—a) |i,i—1¢& My,i=0,1,4,5 (mod 6),and 1 < i <m — 11}
U {,U/m—37 00)7 (M07 O-m—3)}‘
Consider the set D} from Case 1. Observe that Dy, C DY;. Therefore, each pair
of Dy, is hamiltonian. We point out that Dy, and Dy, are disjoint and that each
permutation in S; and Sy appears in precisely one pair of D' = Dy, U Dy,. Refer to
Figure for an illustration of D’ where M; = {4}. In conclusion, the set D’ is a
c-twined 2-factorization of 5’2 VK

Case 3: ¢ = m — 2. We form the following set of m — 5 pairs:
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Figure 4.46: Case 2: hamiltonian table of S; x S5 for m = 17 with a 13-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

DT = {(,ui,am_i_5), (,LLH_l, Um—i—4) | 7 is odd and 1 < 1 < m — 6}

Proof that each pair of Dy is truncated hamiltonian can be found in Case 1
of the proof of Proposition when we showed that pairs in Dy, were truncated
hamiltonian pairs.

Let D? be set of pairs defined in Case 1. Recall that D® contains three truncated
hamiltonian pairs and two hamiltonian pairs, as shown in Case 1. Therefore, the
set D = Dy U D? contains m — 2 truncated hamiltonian pairs and two hamiltonian
pairs. We point out that D contains m pairs and that Dy and D?* are disjoint. One
can verify that each permutation of S; and S5 appears in precisely one pair of D. In
conclusion, D is an (m — 2)-twined 2-factorization of 31K, See Figure for an
illustration of D when m = 17. |
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Figure 4.47: Case 3: hamiltonian table of S; x S5 for m = 17 with a 15-twined
2-factorization in black (hamiltonian pairs) and blue (truncated hamiltonian
pairs).

We note that, when m = 11, neither of Propositions and gives rise to a

c-twined 2-factorization of C5 K, for ¢ € {5,7}. We remedy this omission in Lemma

[4.90] below.

Lemma 4.90. Let m = 11 and ¢ € {5,7}. The digraph Col K,y admits a c-twined

2-factorization.

Proof: We consider two cases, one for each ¢ € {5,7}. Since we will be using
the regular permutation set Fj; to construct the desired c-twined 2-factorizations
for both cases, we list all elements of F;; below to facilitate the verification of the

computations:
oy = 1id,

o = (10,2,3,4,5,6,7,8,9,0,1);
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02
03
04
05
06
a7
08
09

J10
Case 1: ¢ = 5. Let

(10,7,9,1,3,5)(0,2,4,6,8);
(10,3,6,9,2,5,81,4,7,0);
(10,8,2,6,0,4)(1,5,9,3,7);
(10,4,9)(1,6)(2,7)(3,8)(0,5);
(10,9,5,1,7,3)(0,6,2,8,4);
(10,5,2,9,6,3,0,7,4,1,8);
(10,0,8,6,4,2)(1,9,7,5,3);
(10,6,5,4,3,2,1,0,9,8,7);
(0,3,9,4,8,5,7,6,10,1,2).

S1=Fn = {00,017 e 7010};

52:(0710)FH:{MZ:<0710)O—Z‘Z:0717

First, we construct the following set of five truncated hamiltonian pairs:

Dy = {(01, o), (05, 1), (73, t16), (79, f19), (010, f110) }-

Below, we show that all pairs of Dr are truncated hamiltonian:

O1ko
05ty
08l

09y

010M10

(1,2,3,4,5,6,7,8,9,0)(10);
(1,7,3,9,5,2,8,4,0,6)(10);

(10);
= (1,5,6,0,4,8,2,9,3,7)(10);
= (1,6,4,2,0,8,9,7,5,3)(10):

)(10).

(1,0,9,8,7,3,4,5,6,2)(10

Next, we form a set of six hamiltonian pairs:

Dy = {(02, 7), (03, 118), (04, 15), (06, 113, (07, p1a); (00, f12) }-

Below, we show that all pairs of Dy are hamiltonian pairs:

027
O3t
O4lt5
Oglt3
O7lbg

OoH2

(10,4,3,2,1,0,9,8,5,7,6):
(10,1,2,3,4,5,6,7,0,8,9);
(10,3,2,1,0,9,8,7,6,4, 5):
(10,2,1,0,9,8,7,6,5,4,3):
( )
( 5).

I

I

10,9,0,1,2,3,8,4,5,6,7);
10,2,4,6,8,0,7,9,1,3,
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Hence D = Dy U DY, is a 5-twined 2-factorization.

Case 2: ¢ = 7. Let
Sy = (10,1,2,3,4,5) - Fip = {u: = (10,1,2,3,4,5)0; | i = 0,1,...,10};
Sy = Fu1 = {00,01,...,010}.
First, we construct the following set of seven truncated hamiltonian pairs:
Dr = {(u2,06), (3, 01), (i, 09), (16, 08), (17, 07), (Ho, 05), (010, f110) }-

See below for proof that all pairs of D are truncated hamiltonian pairs:

i6e = (1,0,8,6,4,9,7,5,3,2)(10);

i60 = (1,6,0,5,4,9,3,8,2,7)(10);
j:69 = (1,6,0,4,9,5,3,8,2,7)(10):
ios = (1,6,0,4,9,3,8,2,5,7)(10);
j-67 = (1,6,0,4,9,3,8,5,2,7)(10);
f1o6's (1,6,0,4,9,3,8,2,7,5)(10);
iedo = (1,3,5,2,4,6,0,9,8,7)(10).

Next, we form a set of four hamiltonian pairs:

Dy = {(ula 0-4)7 (M4, 00)7 (:u8> 03)7 (,u07 02)}'

Below, we show that all pairs of Dy are hamiltonian pairs:

woy = (10,8,3,9,4,0,5,6,1,7,2);
usoo = (10,5,8,2,7,1,6,0,4,9,3);
usos = (10,2,4,6,7,8,9,0,1,3,5);
ooz = (10,3,6,8,0,2,5,7,9,1,4).
Then D = Dy U Dy is the desired 7-twined 2-factorization. |

In Theorem [1.91] we summarize this section’s results.

Theorem 4.91. Let H be a digraph such that |V (H)|= m is odd and m > 5. Further-
more, assume that H s a strict digraph that admits a decomposition into ¢ directed
hamiltonian cycles where ¢ is odd and 3 < ¢ < m — 2. The digraph Cn U H is hamil-

tonian decomposable.
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Proof: We consider three cases, one for each congruency class of m modulo 6.
In each case, we demonstrate that Propositions 4.89| and Lemma [4.90] jointly
give rise to a c-twined 2-factorization of CoV K, for all possible odd ¢ such that
3<ec<m—2.

Case 1: m =1 (mod 6).

Subcase 1.1: m = 1 (mod 4). Then Cy 1 K., admits a c-twined 2-factorization if
c < mTH or ¢c > m+2 by Propositions H and {4 respectively. Since mT*Q < mT“
for all applicable odd m, the result follows

Subcase 1.2: m = 3 (mod 4). Then Cy ! K,, admits a c-twined 2-factorization if
¢ < st or ¢ > m+2 by Propositions - and -, respectively. If =2 S << m+2
then m =7 and 1 < ¢ < 3, thus contradicting the assumption that ¢ is odd.

Case 2: m =3 (mod 6).

Subcase 2.1: m = 1 (mod 4). Then C'y 1 K., admits a c-twined 2-factorization if
¢ < m—+1 orc > % +4 by Proposwlonsﬂand respectively. If mT“ <c< B4,
then m =9, and b<e<T, a oontradlctlon

Subcase 2.2: m = 3 (mod 8). Then Cy ! K,, admits a c-twined 2- factorlzatlon if
¢ < —5 orc > % +4 by Proposwlons-andﬂ respectively. If ™5 < ¢ < ™ T +4,
then m = 27, and 1l1<e< 13, a contradlctlon

Subcase 2.3: m = 7 (mod 8). Then Cs? K,, admits a c-twined 2-factorization if
c< ™ T orc > 2 +4by Proposmlons-andm respectively. If m—l <c< 44,
then m = 15, and 7 < ¢ <9, a contradiction.

Case 3: m =5 (mod 6).

Subcase 3.1: m =1 (mod 4). For m > 11, 02 m admits a c-twined 2-factorization
if ¢ < 2 or ¢ > ™H + 5 by Propositions and -, respectively. If 2 < ¢ <
mT“ 5, then m = 17 and 9 < ¢ < 11, a contradiction. If m = 5, Propos1t10n M
gives the desired 3-twined 2-factorization.

Subcase 3.2: m = 3 (mod 8). Then 51 K, admits a c-twined 2—factorization if ¢ <
m=5 or ¢ > m“ +5, by ProposMonsand , respectively. If =2 < ¢ < m“ +5
then m =11 and 3 <c<9. Lemma - gives a c-twined 2—factorlzatlon of C’2 K
for ¢ € {5, 7}.

Subcase 3.3: m = 7 (mod 8). Then (31 K, admits a c-twined 2-factorization if ¢ <
—1 orc > m“ +5 by ProposMonsand., respectively. If m—l <c< m“ +5,
then m = 23, and 11 < ¢ < 13, a contradiction.
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In summary, there exists a c-twined 2-factorization of Co1 K., for all odd m > 5
and all 3 < ¢ < m—2. Corollary then implies that, with these conditions, én LH

is hamiltonian decomposable. |

4.8 Conclusion

We now conclude this chapter by summarizing our results. We do so by giving a proof

of Theorem [£.2] For convenience, we first restate Theorem [4.2] below.

Theorem [4.2] Let G and H be two strict hamiltonian decomposable digraphs such
that G # K,,. Let |V(G)|= n, where n is even, |V (H)|=m, and let ¢ be the number
of cycles in a hamiltonian decomposition of H. The digraph G ! H is hamiltonian

decomposable in each of the following cases:

(S1) m is odd, (m,c) # (3,1), and (n,m,c) # (2,3,2);
(S2) m and c are even;

(S3) m is even, ¢ is odd, 3< c<m—3, and G # C:
(S4) m is even, c =m — 1, and (n,m) # (2,2);

(S5) m is even, m >4, c=1, and n > 4.

IfG=C, and (m,c) € {(2,1),(3,1)} or (n,m,c) = (2,3,2), then G H is not
hamailtonian decomposable.
Proof:

(S1) The result follows from Corollary when ¢ = 1, and from Corollary
when ¢ = m—1. For 2 < ¢ < m— 2, the result follows from Theorem when
c is even or G # (_jn, and Theorem when ¢ is odd and G = C,,.

(S2) The result follows from Theorem [4.84]
(S3) The result follows from Theorems [4.84]

(S4) The result follows from Corollary 4.56|
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(S5) The result follows from Corollary 4.49]
Lastly, Propositions and state that C”n 1C5 and C”n ! 6'3, respectively, are not

hamiltonian decomposable, and Theorem [3.28| implies that G ¢! H is not hamiltonian
decomposable when (n,m) = (2,2) and (n,m,c) = (2,3, 2). i

Theorem [.2] is a significant contribution to Conjecture 2.23] However, there

remain three important open cases:

1. G = én where n is even, m is even, and H admits a decomposition into c
directed hamiltonian cycles where ¢ is odd and 3 < ¢ < m — 3. We believe that
a similar approach as that taken in Sections [4.6] and [£.7] will give the desired
decompositions. Therefore, one needs to construct two regular permutation sets

of order m that yield a c-twined 2-factorization of 6‘2 VK.

2. G = 6’2 and H = ém where m is even. To resolve this particular case, it suffices
to prove Conjecture [£.13] Note that we have shown Conjecture [£.13 to be true
for 6 < m < 16 (see Appendix . We have also shown that Conjecture is
true for m = 4 in Lemma[4.T1] Therefore, we believe that Conjecture holds

when G = 5’2 and H = @m where m > 4 is even.

To resolve Conjecture it would suffice to construct a set D of m pairs of
permutations from the set S; x S5, where S; and S5 are regular permutation sets
of order m, that satisfy the following conditions

(a) Each permutation of S; and Sy appears precisely once in D;

(b) (id,id) € D;

(¢) D contains m — 1 hamiltonian pairs.

It is not too hard to see that the m — 1 hamiltonian pairs of D give rise to the

desired hamiltonian decomposition of Cy X K.

3. H = C,, where m € {2,3} and G # C,,. Since we know that C,, 1 C,, is not
hamiltonian decomposable when m € {2,3} and n is even, a new approach will
be needed to settle Conjecture [2.23] for this case.
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Appendix A

Computations for the proof of

Proposition 4.44

A.1 Elements o

~—
~—

—_

~—
~—

~—
~—

—~~

~—
~—

—
—

~—

~—

\h - - \h -

. ~—~ —~ -~ —_ T

—~ ~ > - o~ ~ o~ > -
= N H 1R N R 1R - = . = R
~~ ~ ~ — -~ N — AN — (=) (o] —~ T~
—_~ a4 = o g O (= -] — o~ o~ T
~ o N a Z a4 - a4 N S o s
— = N (@) - — - (@] - — —~ O - (o] (o] (o]
N~ -~~~ =~~~ ~ O N~ ~ O =) =)
o N — N PNp— -~ - = A e D Nt
— -~ o T o o o - = -~ - -~
- - o~ = = = —~ —~ = —~ —~
—~ —~ N (o] —~ N —~ N —~ N (o] — —~ N [a] [a]
Q\ Q\ =] =] Q\ =] Q\ =] Q\ (=] — (=] Q\ (=] — —
o T D D D D D T —
S~— S~— S~— S~— S~— S~— S~— SN— SN— SN— SN— SN— N~— N— N— N—
@) @) — @) @) — @) @) — @) @) @) — @) — —
S =4 A 4 4 S S H S A H A A S S S
S S 4 S 4 S 4+ oS 4 S S A A A S
R N T N T -
SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN—

- - —~ -

—~ — _ ~~ N N N

— - - — P — - o~ —~
- o~ P T T ~—~ - ~ o~ T -
T e i S B I
— /0\ (o] ~—~ /0\ —~ /0\ —~ /0\ — N N ~—~
o~ a —  ~ N ~ N ~ N =) =) Q\ =)
o N — H — N —~— O N~ 4 =N o oS o -
~ ~— ~ ~  ~— -~ = — ~— — ~ IS IS IS
~ —~ ~ i ~ —_ N~ D~ AN (o] — N
(o] (] — (o] (] (] (] (] ~—~ —~ & — — (o] —
— =] =] — =] =] =] =] \ — Q\ — =] =] =] =]

D N N N N N N N N e
—_— — O Y Y Y — — Y~ — — Y~ — ~— ~— ~—

~—~ N N N N N N N N N N N /N N /S /S

] o o o o o o o o ] o [a) — [a) — —
S O — o - o o~ — o - — [ -
— — S O o S o~ — — o = =
SN— SN— SN— SN— SN— N— SN— SN— N— SN— SN— SN— SN— SN— SN— SN—
— Y Y Y Y Y Y Y Y Y '~ ~— ~— ~—
\'”
~ — ~

—~ —~~ —~ —~~ -

—~ —~ — - —~ = - -
—~ —~ o —~ - —~ O —~
— - ™ - - = /Y — — -
() —~ - —~ O —~ o~ \ONH/ [y -~ © — \OMH/ \1IA/
~— —~ — —~ ~— —~ —~ [a\] — —_ ~— o

—~ o~ =~ ~ —~ —~ = (o] —_ o~ = X
a\l (o] —~ a\l (o] (] ~ O — —~ —~ O = O
— - o N O~ o o~ = o N — N = ==
— (] ~ —~ ~—~ —~ [a] (o] — (o] (o] —~ N
=] — @\ a\ =] a\ =] Q\ (=] — =] =] =] =] N (=]
S— S~— SN— S— SN— S— SN— SN— SN— SN— SN— SN— SN— SN— SN— SN—
— Y Y Y Y Y Y Y Y Y Y~ ~— ~— ~— ~—
% = % = % =% % % = % = % % % . =
[ — o - o - — S O — — [ =]
o o o o S - D — — — S = —= = o
- O S H S H S A H A S S A - S S

—_ — T T D DD e e
— — Y ' Y ' — — — — — — — ~— ~— ~—



207

A. COMPUTATIONS FOR THE PROOF OF PROPOSITION |4.44

—~

—
—~

—

~—~~ ~— —~

—~

= —~

—~

~— o~ ~— ~ ~~—

R N N N N N N N e N N N N e N N N
R N T N N N N N N e N N N e

o~~~ N N N N N == ) )] ) )] ) )= =

R N N N N N N N s N N N N S N S g
M N N N N N N~ Y N Y N Y N Y Y Y Y Y~~~

—~ -
S A~~~
—

=
(=) N
N— N—
—~ =
N
—
(=) (=)
[a) [a)
[a) [e)
— =3
\l”

—~

= -

~—~~
—~

—~

—~

—~

—~

—~

- - —_— N~ o~~~ =
— ~—~ o~ — — —~

—~

—~

=z -~ —~ —~ I

D N N N N N N N N N N N N N N N
e N N N N N N N N N N N N

e~ o~~~ N~ N N N NN N ) ) ) ) ) ) )=

I N N N N N N N N S O
e N N N N N N N N S N N N N e N N N N e

—~ e~ o~

~— ~— N ~— ~—

o~ —  —~ o~

—_ = I = T

—~

—~

- o~

—~

—

D N N N N N N N N N N N N S N N W e
e N N N N N N N N N N N g

e~~~ e~ e~~~ N N N NN NN ) ) ) ) )=

I N T N I N N N N N T S N N
e N N N N N N N N N N N N N N N N N N N N

A.2 Computations of the elements of U,
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(1,0, 1), ((2)(01), (2)))

|

((0,0,0), ((012), (021)))

|

(1,1, 1), ((02), (12)))

|

((0,0,0), ((2), (012)))

|

(0,1, 1), ((12), (012)))

|

(1,0, 1), ((2)(01), (2)))

((1,1,0), ((2), (2)))

(0,1, 1), ((02), (021)))

((0,1,0), ((012), (12)))

((1,0,1), ((2)(01), (012)))

((1,0,1), ((021), (012)))

((0,0,0), ((012), (021)))

((1,0,1), ((12), (021)))

((0,0,0), ((021), (012)))

((1,1,1), ((2)(01), (2)(01)))

((0,0,0), ((012), (2)))

(0,1, 1), ((02), (2)))

((1,1,1), ((02), (12)))

((9,1,0), ((021), (12)))

((1,1,1), ((12), (02)))

((0,0,0), ((2), (2)))

(1, 1, 1), ((02), (2)(01)))

((1,0,0), ((012), (2)(01)))

((0,0,0), ((2), (012)))

((1,0, 1), ((2)(01), (012)))

((0,0,0), ((012), (2)))

(1,1, 1), ((02), (02)))

((0,0,0), ((2), (021)))

(0,1, 1), ((12), (021)))

((0,1,1), ((12), (012)))

((0,0,0), ((012), (012)))

((1,1,0), ((2)(01), (2)))

((0,0,1), ((021), (02)))

(0,1, 1), ((12), (021)))

((0,0,0), ((2), (021)))

((0,0,1), ((012), (12)))

((1,0,0), ((12), (12)))

((0,1,0), ((021), (02)))

((0,1,1), ((2)(01), (2)))

((0,0,1), ((012), (2)(01)))

(9,0, 1), ((02), (2)(01)))

((0,0, 1), ((2), (02)))

((1,0,0), ((2)(01), (02)))

(9, 1,0), ((012), (2)(01)))

(0,1, 1), ((02), (012)))

(9,0, 1), ((2), (12)))

(0,0, 1), ((12), (12)))

((0,0,0), ((021), (2)))

((1,0,1), ((02), (2)))

((0,0,0), ((2), (021)))

(1,1, 1), ((12), (12)))

((0,0,0), ((021), (012)))

((0, 1, 1), ((2)(01), (012)))

((1,1,1), ((2)(01), (02)))

((0,1,0), ((2), (02)))

((1,1,1), ((02), (2)(01)))

((0,0,0), ((012), (012)))

((1,1,1), ((2)(01), (12)))

((1,0,0), ((021), (12)))

((1,0,0), ((012), (02)))

((1,1, 1), ((12), (02)))

(0,0, 1), ((021), (2)(01)))

((1,1,0), ((2)(01), (012)))

((1,0,0), ((012), (12)))

(1,1, 1), ((02), (12)))

((0,1,0), ((021), (02)))

((0,0, 1), ((02), (02)))

((1,0,0), ((2), (2)(01)))

((1,0,1), ((12), (012)))

((0,1,0), ((021), (12)))

(0, 1,0), ((2)(01), (12)))

((0,1,1), ((2)(01), (021)))

((0,0,0), ((2), (021)))

((1,1,0), ((02), (012)))

(0,0, 1), ((012), (2)(01)))

(0,1, 1), ((2)(01), (2)))

((0,0,0), ((021), (2)))

((1,1,1), ((12), (2)(01)))

((0, 1,0), ((012), (2)(01)))

(1, 1,1), ((2)(01), (12)))

((0,0,0), ((021), (021)))

((1,1,1), ((12), (02)))

((1,0,0), ((2), (02)))

((1,1,0), ((2)(01), (012)))

(0,1, 1), ((2), (012)))

((1,0, 1), ((02), (2)))

((1,0,0), ((012), (02)))

((1,1,0), ((2)(01), (021)))

((1,1,0), ((021), (021)))

((1,0,1), ((12), (021)))

((1,1.0). ((012), (021)))

((0,1,1), ((2)(01), (012)))

((0, 1,0), ((021), (2)(01)))

((1,0, 1), ((12), (2)))

(1,0, 1), ((2), (2)))

((1,0,0), ((021), (12)))

(1,1, 1), ((02), (12)))

(00,0, 1), ((2), (02)))

((1,1,0), ((12), (2)))

((1,0,0), ((021), (2)(01)))

(1, 1,1), ((2)(01), (2)(01)))

((1,0,0), ((2), (2)(01)))

(1,1, 1), ((2)(01), (2)(01)))

((0,0,1), ((012), (12)))

((1,1,0), ((02), (021)))

((1,0,0), ((2), (02)))

(1,1, 1), ((12), (02)))

((0,1,0), ((2), (12)))

(0,0, 1), ((2)(01), (12)))

((1,0,0), ((012), (02)))

((1,0, 1), ((02), (2)))

(0,1,0), ((2), (2)(01)))

(0,1,0), ((12), (2)(01)))

((1,0,1), ((02), (012)))

((1,1,0), ((021), (012)))

(00,1, 1), ((12), (2)))

((0,1,0), ((2), (02)))

((1,0,1), ((02), (021)))

((1,0,1), ((012), (021)))

((1, 1,0), ((12), (2)))

((0,1,1), ((012), (2)))

((1,0,1), ((2)(01), (021)))

((1,0,0), ((021), (12)))

((1,1,0), ((12), (012)))

((1,1,0), ((2), (012)))

((0,1,0), ((012), (2)(01)))

(0,0, 1), ((12), (2)(01)))

((1,0,0), ((021), (12)))

((1,0,1), ((2)(01), (021)))

((0,1,0), ((012), (02)))

(9,1, 0), ((02), (02)))

((0,1, 1), ((02), (2)))

((0,0,0), ((021), (2)))

((1,1,0), ((12), (021)))

((0,0,1), ((2), (12)))

((0,1, 1), ((02), (012)))

(0, 0,0), ((012), (012)))

(0,0, 1), ((021), (2)(01)))

((1,0,0), ((02), (2)(01)))

((0,1,0), ((2), (12)))

((0,1,1), ((12), (021)))

(0,0, 1), ((021), (02)))

(00,0, 1), ((2)(01), (02)))

((1,1,0), ((02), (021)))

((0, 1, 1), ((021), (021)))

(1,0, 1), ((12), (012)))

((1,0,0), ((2), (2)(01)))

((1, 1,0), ((02), (2)))

(1, 1,0), ((012), (2)))

((0,0,1), ((012), (12)))

|

((0,0,1), ((2), (02)))

|

(0,0, 0), ((021), (2)))

|

(1, 1,1), ((2)(01), (02)))

|

((1,0,0), ((012), (02)))

|

((1,0,1), ((2)(01), (2)))

((0,1,0), ((02), (12)))

((1,0,0), ((2)(01), (02)))

((1,1,0), ((12), (2)))

((1,0,0), ((2), (02)))

(1,1, 1), ((02), (02)))

((0,0,0), ((012), (021)))

(0,0, 1), ((021), (2)(01)))

(0,0, 1), ((012), (12)))

(0,0, 0), ((2), (021)))

(1, 1,1),((12), (12)))

((1,0,0), ((021), (12)))

((1,1,1), ((02), (12)))

((1,1,0), ((12), (2)))

((1,1,0), ((02), (021)))

((1,1,1), ((2)(01), (12)))

((0,0,0), ((021), (021)))

(0,1, 1), ((12), (021)))

((0,0,0), ((2), (012)))

(0,0, 1), ((012), (02)))

(0,0, 1), ((2), (2)(01)))

(0,0, 0), ((021), (012)))

(1,1, 1), ((2)(01), (2)(01)))

((1,0,0), ((012), (2)(01)))

((0,1, 1), ((12), (012)))

((1,1, 1), ((2)(01), (02)))

((0,1,0), ((12), (2)(01)))

((1,0,1), ((02), (012)))

((0,1,0), ((012), (2)(01)))

((9,1,0), ((2)(01), (2)(01)))

((0,0,1), ((012), (12)))

(00,1, 1), ((021), (2)))

((0,0,0), ((012), (021)))

((1,0,0), ((2), (12)))

((1,1,0), ((12), (021)))

((1,1,0), ((021), (021)))

((0,0,1), ((2), (02)))

(0, 1,1), ((012), (012)))

((9,0,0), ((2), (2)))

((1,0,0), ((021), (02)))

((1,1,0), ((2)(01), (2)))

((1,1,0), ((012), (2)))

((0,0,0), ((021), (2)))

((0,0, 1), ((2), (12)))

((0,0, 1), ((021), (02)))

((0,0,0), ((012), (2)))

((1,1, 1), ((02), (02)))

((1,0,0), ((2), (02)))

(1, 1,1), ((2)(01), (02)))

(1, 1,0), ((02), (012)))

(1, 1,0), ((2)(01), (2)))

(1,1, 1), ((12), (02)))

((0,0,0), ((2), (2)))

((0,1,1), ((02), (2)))

((1,0,0), ((012), (02))) ((0,0,0), ((021), (012))) ((1,0,1), ((012), (2))) (00,1, 0), ((2), (02))) ((1,0,1), ((12), (2))) ((1,0,1), ((021), (2)))
((0,1,0), ((021), (02))) ((1,0,1), ((2), (012))) ((0,1,1), ((021), (2))) ((0,0,1), ((012), (02))) (0,1, 1), ((02), (2))) ((0,0,0), ((2), (2)))
((0,1, 1), ((2)(01), (021))) (1,1, 1), ((02), (2)(01))) (0, 1,0), ((2)(01), (12))) ((1,0,1), ((12), (021))) (0, 1,0), ((2), (12))) ((0, 1,0), ((02), (12)))

((1,1,1), ((12), (2)(01)))

(1, 1,0), ((2)(01), (021)))

((1,1,0), ((12), (012)))

(1,1, 1), ((02), (2)(01)))

((0,0,0), ((012), (012)))

((0,1,1), ((2)(01), (012)))

((1,1,0), ((2)(01), (012)))

((1,0,0), ((02), (02)))

(@, 1, 1), ((2)(01), (2)(01)))

((0,1,1), ((12), (012)))

(0,0, 1), ((2), (2)(01)))

((0,0,1), ((02), (2)(01)))

((1,0, 1), ((12), (021)))

(9,1, 0), ((2)(01), (2)(01)))

((1,0,0), ((12), (12)))

((1,1,0), ((02), (021)))

((1,0,0), ((012), (12)))

(1,1, 1), ((2)(01), (12)))

((1,0,0), ((021), (12)))

((0,0,0), ((2), (2)))

((1,0,1), ((021), (021)))

(0, 1,0), ((012), (12)))

((1,0, 1), ((02), (021)))

((1,0,1), ((2), (021)))

((1,0,0), ((2), (2)(01)))

((0,0,0), ((012), (021)))

((1,0,1), ((2), (012)))

(0, 1,0), ((021), (2)(01)))

), ((2)(01), (012)))

>

((1,0,1), ((012), (012)))

((1,0,1
((0.1.0).((2). (12)) ((1.0,1), ((012), (2))) ((0.1.1),((2),(021)) (0,0, 1), ((021), (12))) ((0.1,1), ((2)(0D), (021))) ((0.0.0), ((012), (021)))
((1.0.1). ((02), (012)) ((0.1,0),(12), (02))) ((1,0.0). ((02), (D) | ((1,1,0), (2)(01), (012))) | _((1,0.0). ((021), (2)(01))) (1. 1.1), ((12), (2)(01)))
(1, 1.0).(12). ) ((1,0,0), (2)(01), (12)) (L. 1. 1), (12), (02))) ({©.1.1),((02), () (0,0, 1), ((012), (02))) (0.0, 1), (2)(01), (02)))
((0.1.0), ((012), (2)(01))) ((1,0.1), ((021), (021))) (0. 1. 1), ((012), (012))) ((0,0.1). ((2). (2 (01)) ((0.1.1),((12), (012)) ((0,0.0), ((021), (012)))
((0.1.1). ((02), (2))) (L. 1.1), (12), (12))) ((0.1,0), ((02). (02))) (1,0.D. (20D, ) ((0.1.0), ((021), (02))) ((0.1,0), (12), (02)))

((0,0, 1), ((021), (2)(01)))

((0,1,1), ((2), (021)))

((0,0,0), ((021), (012)))

((1,0,0), ((012), (2)(01)))

((1,1,0), ((02), (012)))

((1, 1,0, ((2), (012)))

((1,1,0), ((02), (021)))

((1,0,0), ((12), (2)(01)))

((,1,1), ((02), (12)))

(0,1, 1), ((2)(01), (021)))

(0,0, 1), ((021), (12)))

(0,0, 1), ((12), (12)))
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(0,1, 0), ((021), (02)))

|

(0,1, 1), ((2)(01), (021)))

|

(1,1, 1), ((12), (2)(01)))

|

((1,1,0), ((2)(01), (012)))

|

((1,0,1),((12), (021))) |

(1,0, 1), ((2)(01), (2)))

((1,0,0), ((12), (02)))

((0,0,0), ((2), (021)))

((0,0, 1), ((021), (2)(01)))

((1,0,1), ((2), (012)))

((0,1,1), ((021), (021)))

((0,0,0), ((012), (021)))

((0,1,0), ((2), (12)))

((0,1,1), ((12), (012)))

(1,1, 1), ((02), (02)))

((1,1,0), ((12), (2)))

((1,0,1), ((02), (012)))

((1,1,1), ((02), (12)))

((1,0,1), ((2)(01), (021)))

((1,0,0), ((021), (02)))

(0,0, 0), ((012), (012)))

((0,0,1), ((021), (2)(01)))

(0, 1,0), ((012), (02)))

((0,0,0), ((2), (012)))

((0,1,0), ((021), (2)(01)))

(0,1, 1), ((2)(01), (2)))

(1,1, 1), ((12), (12)))

((1,1,0), ((2)(01), (021)))

((1,0, 1), ((12), (2)))

((0,1,1), ((12), (012)))

(1,1, 1), ((02), (2)(01)))

((1,1,0), ((012), (2)))

((1,0,0), ((2), (12)))

((0,1, 1), ((012), (021)))

((1,1,0), ((2), (2)))

((0,0,1), ((012), (12)))

((1,1,0), ((2), (021)))

(0, 1,0), ((12), (02)))

((1,0,1), ((02), (012)))

((1,1,1), ((12), (2)(01)))

((1,1,1),((02), (02)))

((0,0, 1), ((2), (02)))

((1,1,0), ((021), (2)))

((9,1,0), ((2)(01), (2)(01)))

(1,0, 1), ((12), (021)))

((1,1,1), ((2)(01), (12)))

(1,1, 1), (12), (2)(01)))

((0,0,0), ((021), (2)))

((0,1,0), ((012), (02)))

((0,1, 1), ((02), (021)))

((1,1, 1), ((2)(01), (2)(01)))

((1, 1,0), ((02), (012)))

((1,0,1), ((2)(01), (021)))

((1,1,1), ((2)(01), (02)))

((1,0,1), ((12), (2)))

((1,0,0), ((2), (2)(01)))

((0,0,0), ((021), (021)))

((0,0,1), ((2), (12)))

((0,1,0), ((021), (2)(01)))

((1,0,0), ((012), (02)))

((9,0,0), ((2), (2)))

(0,0, 1), ((12), (2)(01)))

(0,1, 1), ((02), (021)))

((1,0,0), ((12), (12)))

(0,0, 1), ((02), (2)(01)))

((0,1,0), ((021), (02)))

((0,1, 1), ((012), (2)))

(1,1, 1), ((02), (2)(01)))

((1,1,0), ((2)(01), (021)))

((0, 1,0), ((02), (12)))

((1,0,0), ((2)(01), (2)(01)))

((0,1,1), ((2)(01), (021)))

(1,1, 1), ((12), (12)))

((1,1,0), ((2), (012)))

((1,0,0), ((021), (02)))

(00,1, 1), ((2), (2)))

((1,1,0), ((021), (012)))

((1,1,1), ((12), (2)(01)))

((1,0,1), ((02), (012)))

((1,09,0), ((012), (12)))

((0,0,0), ((2),(2)))

((0,0,1), ((012), (02)))

((0,1,0), ((2), (12)))

((1,1,0), ((2)(01), (012)))

(0,0, 1), ((12), (2)(01)))

((1,0,1), ((2), (2))

(0, 1,0), ((021), (12)))

((0,0,0), ((2), (021)))

((0,0,0), ((021), (2)))

((1,0,1), ((12), (021)))

((1,0,0), ((02), (12)))

((0,0,0), ((012), (012)))

(9,0, 1), ((2), (02)))

((1,0,1), ((012), (2)))

((0, 1,1), ((2), (012)))

((1,0,0), ((021), (12)))

((0,0,0), ((012), (021)))

((0,0,1), ((02), (02)))

((0,1,1), ((2)(01), (012)))

((1,0,0), ((02), (2)(01)))

(00,0, 1), ((2)(01), (02)))

((1,0,0), ((2), (2)(01)))

((0,0,0), ((021), (012)))

(0,0, 1), ((2)(01), (12)))

(0,1, 1), ((12), (2)))

((1,0,0), ((2)(01), (02)))

((0,0,1), ((12), (12)))

((0,1,0), ((2), (12)))

(9,1, 1), ((021), (021)))

((1,1, 1), ((2)(01), (02)))

((1,1,0), ((12), (012)))

(0, 1,0), ((2)(01), (2)(01)))

((1,0,0), ((12), (02)))

((1,0,1), ((02), (012)))

((1,0,0), ((2)(01), (2)(01)))

((0,0,0), ((021), (2)))

((0,0,1), ((012), (12)))

((1,0,1), ((021), (021)))

((0,1,1), ((012), (2)))

((1, 1,0), ((12), (2)))

((0,0,1), ((02), (02)))

((1,0,1), ((012), (021)))

(0, 1,0), ((2), (2)(01)))

((0,0,0), ((012), (012)))

((0,0,0), ((2), (021)))

((0,1,0), ((012), (2)(01)))

(0,1, 1), ((2), (012)))

(1,1, 1), ((12), (12)))

((1,1,0), ((02), (2)))

((0,1,0), ((12), (02)))

((1,0,0), ((02), (12)))

((0,1, 1), ((02), (2)))

(1,1, 1), ((2)(01), (02)))

((1,1,0), ((021), (021)))

((1,0,0), ((012), (2)(01)))

(0,1, 1), ((021), (012)))

((1,1,0), ((012), (021)))

(0,0, 1), ((021), (2)(01)))

((1,1,0), ((012), (012)))

((0,1,0), ((02), (12)))

((1,0,1), ((2)(01), (2)))

(1,1, 1), ((02), (02)))

((1,1,1), ((2)(01), (12)))

((1,1,0), ((02), (021)))

(0,0, 1), ((2)(01), (12)))

((1,0,1), ((021), (012)))

((0,1,0), ((012), (02)))

((0,0,0), ((021), (2)))

((0,0,0), ((012), (012)))

((1,0,0), ((021), (12)))

|

((1,0,0), ((2), (2)(01)))

|

((0,1,0), ((2), (12)))

|

((1,0,1), ((02), (012)))

|

((1,1,0), ((12), (2))) |

((1,0,1), ((2)(01), (2)))

((0,1,0), ((12), (12)))

(9,0, 1), ((2)(01), (2)(01)))

(1,1, 1), ((2)(01), (12)))

((0,0,0), ((012), (012)))

((9,0,0), ((021), (2)))

((0,0,0), ((012), (021)))

((1,0,0), ((2), (2)(01)))

((1,0,0), ((012), (02)))

((0,1,0), ((012), (2)(01)))

((1,0,1), ((2)(01), (2)))

((1,1,0), ((02), (021)))

((1,1,1), ((02), (12)))

(0,1, 1), ((2)(01), (2)))

(0,1, 1), ((02), (012)))

((1,0,1), ((02), (2)))

((0,1,0), ((2), (2)(01)))

((0,0,1), ((012), (12)))

((0,0,0), ((2), (012)))

((1,0,0), ((021), (02)))

((1,0,0), ((2), (12)))

(0,1, 0), ((2), (02)))

((1,0, 1), ((02), (021)))

((1,1,0), ((12), (012)))

((0,1, 1), ((12), (012)))

(0,0, 1), ((02), (02)))

((1, 1, 1), ((12), (12)))

(0,0, 1), ((12), (02)))

((0,1,1), ((021), (021)))

((1,0,1), ((2), (012)))

((0,0,1), ((012), (12)))

((0,0,0), ((2), (2)))

((1,0,1), ((012), (012)))

(0,1, 1), ((012), (2)))

(00,0, 1), ((2)(01), (2)(01)))

((1,0,0), ((02), (12)))

((0,0,1), ((2), (02)))

((0,0,0), ((021), (012)))

((1,0,1), ((2), (021)))

(0,1, 1), ((2), (012)))

(0,0, 1), ((02), (12)))

((1,0,0), ((12), (02)))

((0,0,0), ((021), (2)))

((1,0,0), ((012), (12)))

((1,0,0), ((021), (2)(01)))

((0,1,0), ((021), (12)))

((1,0,1), ((12), (012)))

((1,1,0), ((2)(01), (2)))

(1, 1,1), ((2)(01), (02)))

((0,1,1), ((12), (012)))

((0,1,1), ((2)(01), (021)))

((1,0, 1), ((2)(01), (012)))

((0, 1,0), ((012), (12)))

((0,0,1), ((021), (02)))

((1,0,0), ((012), (02)))

((1,1,0), ((2), (012)))

((0,0,0), ((012), (021)))

((1,1,0), ((012), (012)))

((1,0,0), ((2)(01), (12)))

((0,1,0), ((02), (02)))

((0,1,0), ((021), (02)))

((1,0,1), ((012), (012)))

((1,1,0), ((021), (021)))

((0,0,0), ((021), (012)))

((1,1,1), ((12), (12)))

(1,1, 1), ((2)(01), (02)))

((0,1, 1), ((2)(01), (021)))

(0,0, 1), ((12), (2)(01)))

(1,1, 1), ((2)(01), (02)))

(9,0, 1), ((2)(01), (2)(01)))

((0,1,1), ((012), (2)))

((1,0, 1), ((021), (021)))

((1,1,1), ((12), (2)(01)))

((0,1,1), ((02), (021)))

(0,1, 1), ((12), (2)))

(1,0, 1), ((12), (021)))

((0,1,0), ((021), (02)))

(00,0, 1), ((2), (2)(01)))

((1,1,0), ((2)(01), (012)))

((1,1,1), ((12), (02)))

(0, 1,0), ((2)(01), (12)))

((1,0,0), ((2)(01), (02)))

((1,1,0), ((012), (021)))

((0,1,1), ((021), (012)))

((1,0, 1), ((12), (021)))

(9,1, 0), ((02), (2)(01)))

((0,0, 1), ((12), (02)))

(1,1, 1), ((12), (2)(01)))

((9,0,0), ((021), (2)))

(9,0, 0), ((2), (021)))

((1,0,0), ((021), (12)))

((1,1,0), ((012), (2)))

((0,0,0), ((021), (012)))

((1,1,0), ((021), (2)))

((1,0,0), ((12), (2)(01)))

((0,1,0), ((2)(01), (12)))

((1,0,0), ((2), (2)(01)))

((1,1,0), ((021), (021)))

((0,0,0), ((2), (2)))

((1,1,0), ((2), (021)))

((1,0,0), ((02), (02)))

((0,1,0), ((12), (2)(01)))

((0.1.0).((2). (12)) (1.0, 1), ((021), (2))) ((1.1.0), ((2), (012))) ({0.0.0), ((2), (2))) (. 1. 1), ((02), (2)(01))) (1. 1.1),((12). (12))
((1.0.1). ((02), (012)) {(0.1,0), ((2)(01), (02))) (0.0, 1), ((02), (12))) (1. 1. 1), ((02). (02))) {(0,0,0), (2), (021))) {(0,0.0). ((012), (012)))
(1, 1.0).(12). ) (L. 1.1), ((02), (12))) {0, 1,00, ((12), (2)(01))) ((1,0.0), (12). (12))) (1. 1,0), ((021), (012))) (R ENON)

((0.1.0), ((012), (2)(01))) ((1.0.1), ((2). (021))) ((1.1.0), ((012), (2))) {(0,0.0), ((012), (021))) (111, ((2)(01), (02))) (@. 1.1, ((02), (2)(01))
((0.1.1). ((02), (2))) (0,0, 1), (2)(01), (12))) (. 1.1, ((02), (2)(01))) (0,0, 1), ((02). (12))) (0. 1,1), ((2),(012))) ((1,0.1), ((012), (2)))

((0,0, 1), ((021), (2)(01)))

((0,0,0), ((012), (021)))

((1,0,1), ((021), (2)))

(0, 1,1), ((021), (021)))

((0,0,1), ((12), (02)))

((1,0,0), ((2)(01), (2)(01)))

((1,1,0), ((02), (021)))

(1,1, 1), ((2)(01), (2)(01)))

((0,1,0), ((02), (02)))

((1,0,0), ((02), (2)(01)))

((1,1,0), ((2), (2)))

((0,1, 1), ((012), (021)))
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((0,1,0), ((012), (2)(01)))

|

(0,1, 1), ((02), (2)))

|

((0,0, 1), ((021), (2)(01)))

|

((1,1,0), ((02), (021)))

|

((1,0,1), ((2)(01), (2)))

((0,0,1), ((02), (2)(01)))

((1,1,0), ((012), (2)))

((1,1,1), ((12), (2)(01)))

((0,1,1), ((012), (021)))

((0,0,0), ((012), (021)))

((0,1,0), ((021), (02)))

(0,1, 1), ((2)(01), (021)))

(0,0, 1), ((2), (02)))

((1,1,0), ((2)(01), (012)))

((1, 1,1), ((02), (12)))

((1,0,1), ((12), (012)))

((1,0,0), ((2), (12)))

((1,1,0), ((2)(01), (012)))

(0,0, 1), ((2), (02)))

((0,0,0), ((2), (012)))

((0,1,0), ((012), (12)))

((0,1,1), ((02), (012)))

(00,0, 1), ((021), (12)))

((1,1,0), ((02), (2)))

(0,1, 1), ((12), (012)))

((1,0,0), ((2)(01), (12)))

((1,0,1), ((021), (012)))

((1,0,0), ((02), (12)))

((0,0,0), ((021), (2)))

((0,0, 1), ((012), (12)))

((0,0,0), ((021), (012)))

((1,1,1), ((2)(01), (12)))

((1,0, 1), ((2), (012)))

((0,1,0), ((2)(01), (02)))

((0,0,1), ((2), (02)))

((0,0,0), ((012), (021)))

((1,1,1), ((02), (02)))

((1,0, 1), ((021), (021)))

((0,1,0), ((02), (2)(01)))

((0,0,0), ((021), (2)))

((0,1,0), ((2), (2)(01)))

(00,1, 1), ((12), (2)))

((0,0,1), ((012), (2)(01)))

(1, 1,0), ((12), (021)))

((1,1,1), ((2)(01), (02)))

((1,0, 1), ((02), (021)))

((1,0,0), ((012), (02)))

((1,1,0), ((12), (021)))

(0,0, 1), ((012), (2)(01)))

((1,0,0), ((012), (02)))

(0,1, 1), ((021), (021)))

(9,1, 0), ((2)(01), (02)))

((0,1, 1), ((2), (021)))

((1,1,1), ((2)(01), (2)(01)))

((0,1,0), ((021), (02)))

((1,1,0), ((2), (021)))

(00,0, 1), ((12), (02)))

((0,0,0), ((012), (021)))

((1,0,0), ((12), (2)(01)))

((0,1, 1), ((2)(01), (021)))

((1,0,0), ((02), (02)))

((1,0,1), ((012), (021)))

((1,0,0), ((12), (02)))

((9,0,0), ((012), (012)))

((1,1,1), ((12), (2)(01)))

((1,0, 1), ((2)(01), (2)))

((1,0,0), ((021), (2)(01)))

((1,1,0), ((02), (2)))

(0,0, 1), ((021), (12)))

((1, 1,0), ((2)(01), (012)))

(d,1,1),((02), (12)))

((0,0,0), ((012), (012)))

((0,1,0), ((12), (12)))

((1,0,1), ((012), (2)))

((1,0,1), ((12), (021)))

(0,0, 1), ((2)(01), (02)))

((1,1,0), ((021), (021)))

(1,1, 1), ((02), (02)))

((0, 1, 1), ((021), (012)))

((1,0,0), ((021), (12)))

((0,1, 1), ((2), (012)))

(0,1, 0), ((12), (12)))

(0,1, 1), ((012), (012)))

((1,1, 1), ((12), (02)))

((1,0,0), ((2), (2)(01)))

(0,1, 1), ((012), (2)))

(9,1, 0), ((02), (2)(01)))

((0,1, 1), ((021), (2)))

((1,1,1), ((02), (12)))

((0,1,0), ((2), (12)))

((1,1,0), ((012), (012)))

((0,0,1), ((02), (12)))

((0,0,0), ((021), (012)))

((1,0,0), ((02), (02)))

((1,0,1), ((02), (012)))

((0,0,1), ((12), (12)))

((1,1,0), ((2), (012)))

((1,1,1), ((2)(01), (12)))

(0,1, 1), ((2), (2)))

((1,1,0), ((12), (2)))

(1,1, 1), ((2)(01), (2)(01)))

((9,0,0), ((021), (2)))

(9, 1,0), ((02), (2)(01)))

((1,0, 1), ((021), (021)))

((0,1,0), ((012), (2)(01)))

((1,1,0), ((021), (2)))

((0,0,1), ((2)(01), (2)(01)))

((0,0,0), ((2), (2)))

((1,0,0), ((2)(01), (12)))

(0,1, 1), ((02), (2)))

((1,0,0), ((12), (2)(01)))

((1,0,1), ((2), (2)))

((1,0,0), ((2)(01), (2)(01)))

((0,0,0), ((2), (021)))

((0,0, 1), ((021), (2)(01)))

((9,0,0), ((2), (2)))

(1,1, 1), ((12), (2)(01)))

((1,0, 1), ((012), (2)))

((0,1,0), ((12), (12)))

((1,1,0), ((02), (021)))

(4,1, 1), ((12), (02)))

((0,0,0), ((2), (021)))

(0, 1,0), ((2)(01), (02)))

((1,0,1), ((2), (012)))
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A. COMPUTATIONS FOR THE PROOF OF PROPOSITION |4.44

A.3 Elements of U,
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Appendix B

Partial results on Conjecture 4.13

The notation used in this appendix differs from that used in Chapter

Notation B.1. Let V(Cy X K7) = Zyy,. Furthermore, let (a,b), (b,a) € A(Cy x K7))
if and only ifa € {0,1,... , m—1}, b€ {m,m—1,...,2m—1}, and b—a # 0 (mod m).

Below, we give a directed hamiltonian decomposition of Cy x K> for each m €
{6,8,10,12, 14,16}, thereby providing partial results to Conjecture

m = 6:

{(0,8,3,7,5,10,1,9,2,6,4,11), (0,11,2,9,4,8,1,6,3, 10,5, 7),
(0,9,1,11,3,6,5,8,4,7,2,10), (0,7,4,6,2,11,1, 10,3,8,5,9),
(0,10,2,7,3,11,4,9,5,6,1,8)}.

{(0,13,3,12,1,15,2,9,6,8,4,11,5,10, 7, 14),
(0,14,1,12,6,15,4,13,2,8,3,9,7,10,5,11),
(0,12,3,10,6,11,1,14,7,9,2,13,4,8,5,15),
(0,15,5,12,2,14,4,9,3,8,1,13,7,11, 6, 10),
(0,10,3,14,5,9,4,15,1,11,2,12,7,8,6, 13),
(0,11,4,10,1,8,7,12,5,14,2,15,3,13,6,9)

( )

0,9,5,8,2,11,7,13,1,10,4,14,3,15,6,12)}.

213
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m = 10:

{(0,16,4,19,8,11,5,10,6,13,1,12,9, 15,3, 18, 7, 14, 2,17),
(0,13,9,17,5,18,3,19,1,16,8,15,4,10,7,12,6, 11,2, 14),
(0,15,9,18,2,13,7,10,4,17,8,16,1,19,3, 11,6, 14, 5, 12),
(0,18,9,10,3,12,1,17,4,15,2,11,8,13,6, 19,5, 14, 7, 16),
(0,14,3,17,1,18,4,13,8,12,5,16,9,11,7,15,6, 10,2, 19),
(0,12,4,18,6,17,9,14,1,15,8,19,7,11,3,16,2, 10, 5, 13),
(0,19,6,15,1,10,8,17,2,16,3,14,9,13,5,11,4, 12,7, 18),

(0,17,6,12,3,15,7,13,2,18,1, 14,8, 10,9, 16,5, 19, 4, 11),

(0,11,9,12,8,14,6,18,5,17,3,10,1,13,4,16,7,19,2, 15)}.

m=12:

{(0,20,11,15,4,23,7,14,6,12,3,22,9,17,2,19, 5,16, 10, 13,8, 18, 1, 21),
0,23,10,12,6,13,3,20,4,18,7,16,1,22,11,17,8,21,2, 15,5, 19,9, 14),
0,13,2,23,4,21,11,19,3,18,5, 14,8, 12,7, 15,10, 17,9, 16, 6, 22, 1, 20),
0,17,10,15,6,20,9,13,11,21,1,18,3,14,7, 12,2, 16,8, 23,5, 22, 4, 19),
0,18,2,13,7,21,8,14, 10,20, 1,15, 11, 16,5, 12,4, 17, 3,19, 6, 23, 9, 22),
0,19,10,21,6,17,11,18,8,15,9,20,5, 23,3, 16,7,22,2,12, 1, 14,4, 13
0,22,8,19,2,17,1,16, 11,12, 10,23,6, 14,5,20,3,21,7,13,9, 18,4, 15
0,15,2,20,7,23,1,12,8,17,4,14,9,19, 11,22, 6, 16, 3, 13, 5, 21, 10, 18),
0,21,4,20,6,15,1,17,7,18,9,12,11, 14, 3,23, 2, 22, 5, 13, 10, 19, 8, 16),
0,14,11,13,4,12,5, 18,10, 16,9, 15,8, 22, 7,20, 2,21, 3,17,6, 19, 1, 23
0,16,2,18,11,20,10,14,1,19,4,22,3,12,9,23,8,13,6, 21,5, 15,7, 17

( )
( )
( )
( )
( );
( ),
( )
( )
( )
( )

}.
m = 14:

{(0,21,13,17,4, 16, 10, 14, 8, 24, 12, 20, 3, 18, 5, 26, 9, 25, 6,27, 2,22, 1,19, 11, 15,7, 23),
(0,23,1,14,6,24,4,22,7,25,8,15,9, 20, 10, 16, 3,27, 12,17, 13, 18, 2, 26, 5, 21, 11, 19),
(0,19,4,17,10,20, 11,14, 1,26, 13, 15,6, 25,2, 18,12,22,9, 16,5, 24,8, 21, 3,23, 7, 27),
(0,17,8,23,12,24,1,21,9,19,13,25,10,27, 4,14, 3,16, 11,26, 2, 15, 5,20, 7, 18, 6, 22),
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0,25,9,24,11,23,5,17,12, 14,4, 19,6, 15,10, 18, 13,20, 1,27, 3,22, 2, 21,8, 16, 7, 26),
0,20,8,17,1,25,7,16,6,26,3, 14,2, 19, 10, 22, 4, 23,13, 24,9, 18, 11,27, 5, 15, 12, 21),
0,15,8,20,5,18,7,14, 10,23,6,17,9, 26, 1,22, 13,16, 4, 24, 2, 27, 11,21, 12, 19, 3, 25),
0,22,5,23,3,24,7,19,8,25,12,27,9, 15,13, 26, 10, 21,4, 20,2, 14,11, 18,1, 17,6, 16),
0,27,6,14,12,23,2,20,9,17,7,15,3,19, 1,24, 5,22, 11,16, 13,21, 10, 25, 4, 26, 8, 18),
0,16,1,23,10,17,2,25,3,21,5,27,7,24,6,19,9, 14,13, 22,12, 18,8, 26, 11, 20, 4, 15),
0,18,9,22,3,20,13,19,2,23,8,27, 10,26, 6,21,1,16,12,15,4,25,5, 14,7, 17, 11, 24),
0,26,7,22,6,18,10,19, 12,25, 13,23, 4,21, 2,24, 3,15, 11, 17,5, 16, 8,14, 9, 27, 1, 20),
(0,24,13,14,5,25,1,18,3,26,4,27,8,19, 7,20, 12, 16,9, 21, 6,23, 11,22, 10, 15,2, 17) }.

(
(
(
(
(
(
(
(

m = 16:

{(0,17,8,19,7,28,2,23,5,24,9,30,11,31,13,20,15,27,6,29,1,18,14,26,12,16,4,21,10,25,3,22),
(0,19,12,23,9,31,14,18,13,30,8,22,5,17,10,16,15,28,4,27,2,21,1,29,11,24,7,26,3,20,6,25),
(0,29,15,18,10,21,11,17,7,22,3,25,14,24,4,19,13,16,8,26,6,31,1,28,9,20,12,30,2,27,5,23),
(0,26,1,31,4,23,11,22,13,19,2,17,12,21,14,29,9,27,3,18,6,20,10,24,15,16,7,30,5,25,8,28),
(0,25,15,21,7,18,12,27,1,20,13,23,3,24,2,29,5,19,14,16,10,22,9,26,4,30,6,17,11,28,8,31),
(0,21,6,28,14,17,15,22,2,16,1,24,10,27,4,29,3,30,7,25,13,26,11,23,12,20,5,31,9,19,8,18),
(0,28,7,16,12,25,6,23,2,26,15,24,13,21,4,18 3,27,8,29,14,31,11,19,1,22,10,30,9,17,5,20),
(0,27,9,23,10,31,6,26,5,30,13,22,15,20,11,29,4,24,1,21,12,18,8,16,2,28,3,17,14,25,7,19),
(0,24,11,25,10,20,8,30,4,16,5,18,9,21,15,19,6,27,7,29,12,22,14,28,1,26,2,31,3,23,13,17),
(0,31,5,28,10,18,11,26,14,21,3,29,7,17,6,30,12,19,9,16,13,27,15,25,1,23,4,22,8,20,2,24),
(0,22,1,30,3,26,9,24,5,27,13,25,12,31,8,17,4,28,15,23,6,16,11,18,7,21,2,20,14,19,10,29),
(0,18,4,31,12,29,10,23,1,27,14,22,11,21,8,25,5,26,7,20,9,28,13,24,3,16,6,19,15,17,2,30),
(0,23,8,27,10,19,4,25,2,22,12,17,3,31,7,24,14,20,1,16,9,18,5,29,6,21,13,28,11,30,15,26),
(0,30,1,19,5,16,3,21,9,22,4,17,13,18,15,29,2,25,11,20,7,31,10,28,6,24,12,26,8,23,14,27),

(0,20,3,28,5,22,7,27,12,24,6,18,1,25,4,26,13,31,2,19,11,16,14,23,15,30,10,17,9,29,8,21) }..
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