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' ABSTRACT o . i

In this thesis Abian's ordef‘relation for commutative

4

r

'semlprlme rings, defined by a < b if, and only if ab = a?,
is studied for the ring of a11 contlnuous functlons ffom X
to g, wh?re X is a.completely regular topologlcal space. i
;Alse, the concept of a Baer ring is considered and those

spaces X are characterized for which C(X) is Baer. More-

over partial answers to the questions "when is C(X) ortho-

gonally complete?" and "when does C(X) have an orthogonal
compietionj" are given. Ighis also shown that C(X), where
-X is a lqéally connected space with certain propertles,

does 2/#/have an orthogonal completlon but if a topolog1 al

space X has a basqs of c10pen sets then Q(x) is the ortho-
gonal completion of C(X). - Flnally, it is shown that if X

is locally connected then C(X) is conditionally complete.
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5 \;\ S ‘Introduction S . '
. The usual ‘order relatlon in a Boolean ring R extends

to commutatlve semlprlme rings when expressed as: x sy /i -
"if, and only if, Xy = x2. This.was first studled by A.

tAbian [1] and is an order relation, w%?h which B'acquires

the structure of a partially ordered semigroup. ‘Abian

Used this order relation to characterize dlrect products of

fields among commutatlve semlprlme rings. One of the

character;stlc properties of a direct product of a fieldsis

.

that it is orthogoﬁally complete, i.e., every orthogonal
set in R has a supremum in R with respect to Abian's order,
Later on the same order relation was studied by W. D. Burgess

and R..Raphqel (C2] and [3]1) and they have shown that if R

is reguiar then its complete ring of quotients, 6(3)1 15 its
completion; in‘the sense thaé, if R< S are rings, then S

is éalled an orthogonal extension of R if - every element of S “\<
is the supremum of an orthogonal set of ‘R, further if & is A |
an orthogonal exten51on so that S is orthogonally complete,

then S is called an orthogonal completlon of R Moreover

they Showed that a Baer ring has an'orthogonal;complepion;. -

T e'purpose of this thesis is to study the Abian's -

N

order relation for the ring of all contlnuous functlons from
X to R, where X is a completely regulai\IOpologécal space, ~

For C(X), the order relation is defined \in the same_way'i.e.,

for all f, g,e C(X); £ < g if, and only if, f£g = £2.
. ! . . . .
The first chapter deals with commutative semiprime rings

/
»
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.and presents some of the notions that are 'used in t)‘@?i later: s ‘

chapters i.e., annlhllator 1deals, complete ring of quotlents,
\‘ .
regular rlngs and Baer rings.” Most of the details é;n be

found in [81]. o
Ifi the second chapter, some properties of regular-and
‘ R .
Baer ringsgare g?vgn, when the ring under consideration is

c{xX). Propbsition 2.3. ([s. Ex. 4N1) shows‘that,CﬂX)ﬁ&s
regular if, and only.if, X is a p-spgce. . Further we have ' C

charactgrized those spates X for which C(X) is Baer, by

showing that C(X) is Baer if, and only Af, closure of union
of cozero sets is clopen and if, and nly if, X is extremely

disconnected, .

The third, chapter begins by the definition of Ablan s
. order relatlon\xor a commutatlv semiprime ring R. Further
. , My _

an explicit description of the supreﬁum of an orthogonal
family of continuous functiond in C(X),ks éiven, with thd
help of which, it is shown in’Thm. ;:4. that is if X has,a
‘basis of clopen sets, then Q(X) is the}orthogohal completion
of C(X). It is shown in Cor. 3.8. that if X is locally | i
- connected then C(X) is conditﬁgﬁally.complete. Moreovernit
is shown in Thm. 3.9. that if X is.édnnected and locally’ j
coknected then eithe; C{X) is orthogonally compldte or C(X)'g |

-

has no orthogonal completion. Finélly a+partial -gnswer to

the éuestion;.when'does C(X) nof have an orthogoﬁzj'comple—' ;j(
tioél'is given by Thm..3.l4.a which states fEhat if X is -
locally connected ahd‘;contains an open subéet‘U of more '

than one point suclr that U is connected and U is metrizable

bl
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. then C(X) does not have an orthogoigf-complétion. '

LIS

- 3

»
‘) The results 2:3), 3.4., 3.8., 3.9. and 3.14 ar original,

havipg been developed from outliﬁfs‘shggested by q?j;.

Burgess. . . : :
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‘CHAPTER 1 _Introduction: Commutative rihgs

4

§1. DéScripticn'of Commutatiﬁe Seﬁiptime rings
-In this thesis,. all rlngs are assumed to ﬁe commutetive
with 1‘ The material of this Chap%?r is quite standard and
' is lncluded for the convenlence of the reader, cf., £8. ch 2].
A proper ideal P in a ring R is called EEi__ if, and only)
, 1if, for all elements 5 and b, ab € P implies a ¢ P or b ¢ P.

fjf The 1ntersectlon of all prlme ideals of a. rlng R is called the

prlme rad;cal of R and is denoted by rad R © An element r e R

,ls called nllgotent if =0 foy some n > 0 The prlme radlcal

of a rlng R con51sts of a11 nilpotent eléments of R [8, p. 29].

Definition. A ring R is called semiprime if its prime - radical

'ifiof that is if it has no non-zero nilpotent elements.

_For any:ring R, R/rad R is anfexample of a semiprime ring.
Specific examples are integral/ﬁomains-and product of integral

domains.

A rlng R is called a subdlrect product of a famlly of

rlngs {S P ie 1} 1f there is a monomorphlsm k: R+ S =.HSi,
‘such that L k is- onto fg; all i ¢ I, where Tyt .S +ISi canoni-

cally. A well known. result about subdirect producte.is the
following [8. p. 301.

-,

““ Proposition 1.1. R is a subdirect product of the rings S s

1er if, and only if, Si.;_R/Ki, K, is an %deal of R, and .
: . ;

,,/-l
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Immediate- consequences of the above result are the -/ oL
following. ' B R L | R | .
: ' : NP o ") s o _
Corollary 1.2. A rind is a subdirect produbt of intégral domailfs
) : , S
if, andvonly if, it is semiprime. _ f\- p o

1 * ‘

Proof. If R 1s a subdlrect product of the famlly of

1ntegral domains {S i ¢ I} then §; = R/K. where K is the

—

kernal "of T + k, ‘and nK. = 0. Since S is an 1ntegral domaln - .

SO is R/K. and, hence, Ki is a prlme 1deal (8. p. 281. .

7 .
Conversely, let R be semiprime - and {P i.¢ I} the family

of prime ideals of R. Then n P, = 0. Hence R/Pi is an
| J . ieT

integraf domain. Put K. = R/P , and thus R 1s a subdlrect

product “of' a family of. 1ntegral domains. ;

L | ' | Q.E.D.
Corevllary 1.3. A ring\is semiprime if, and only if, it-is iso-

morphic to a éqbriﬁé of a direct product of integral domains.

. .
© .
" .
s . ‘ .

This follows immediately from corollary 1.2.

Further we notice that a subring of a semiprime ring is

-~

semlprlme, 51nce ‘a nilpotent element of the subrlng is surely

a nllpotent element of the whole ring.

Corollary 1.4. A ring is'sehiprime:if, and only if, it is

isomorpﬁic to a subring of a direct productfef erlds,
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Proof. Any integral domain can:be,embeéded in a' field T

- . : N " Q.E.D.
Definition. An {?eal Iin a flng R.is called large if rt has
non zero 1.ntersect10n with every non- ;ero ideal. -« -

. : -/ -

A o ‘\- . ‘\‘-" )

- Lo -

For any rlng R, R 1tse1f is a large 1deal Also in the -

rlng of 1ntegers, all ldeals generated by a non=zero elements_

——

"are large. . » * Lo _ ¢

4 , -
’ . . M .
. . " * -

Definitioni-An ideal D in a ring R is called dense if, for all
3 '

N * . . : o~ .. -
r ¢e,R, rD = 0 implies r = 0. In other words, *if the annihilator

of D in R is 0.

Some~properties o{\dénse ideals are:

‘(1) R is demse. - . {
(2) IfD is dense and D < D' Ehen D! is dense.. .

) . b ' ' L
(3) - If D -and D' are dense, so isg DD',

(4) "If R = 0, then 0 is not dense.

(5) Every,denSe-ideal is large.”_ T e '

A characterlzatlon of semiprime rings in terms of large

*

.and dense 1deals is given by the following lemma.

i

LY

ﬂeéga 1.5. R is semiprime i¥, and only.if, every large -ideal
s A . . I
‘+is dense. oA
. U , C /

-
[

Prbdf, Assume R .is semipfime,_%\a-large ideal of R and

oY

LI -]

a = 0. Since L n (a) # 0, (wherg (a) stands for the ideal
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|

bty
)

gene;axed b& a} we have 0 f:(L h (a)-)2 c Laj Which shows that

L.israense;-"‘.. ?\“‘ ' | |
Conversely, assume every large 1deal is @ense, and let I _ _

"be an 1deal such that 12 = 0. Then for any3§? we have aI c‘.I*,.g R

where I* = {b € R: bI‘= 0}, the annihilator of I. Hence if

It

.(af n I* 0 then al < (a) n I* = 0. This shows that I* is -

é;" large. Therefore.I* is densg. Since II* = 0 jthen I . O.T '
‘Hence -R is semiprime. g : . : . '/////

. ’ /‘/-.
- Q.E.D,

§2. The éemplefe ring of quotients

»

By a fraction, in a ring R we mean an element f ¢ HomR(D, Rf,‘ t

where D is any dense ideal (the relafionShip with the usual -

/. _ . -
use of "fraction" will be noted lateéf Thus £ is a group
L]

homomorphlsm of D into R such that f(dr) (rd)r, for any

d « D and r € R: We define -£ ¢ Homp (D R) by ( -£)d :_—(fdi.

Z{Fraetlens O 1« HomR(R, R}  are deflned by 0xr = 0; 1r s'r, forﬁ\\%?\“
‘ )

all r ¢ R. Addltlon'and multlpllcatlon of fractions are

defined by: | C - L s

£y + £5)d = F;do+ £,d, £ + £, ¢ Hom(Dy n Dy, R)j Dy, D, ane-
.domeihs‘OFIfl and fz'nespectively; . | \_" ’ 1 ' -
(flfz)d = £, (f d), flf2 ¢ "Homp (f Dy R),—where

'f—lz,Di = {r € R: fzr € Dy } (this is dense since Dz i c f )

Wlth these deflnltlons of addltlon and multlpllcatlon, fractlons
form an}addltlve abelian semigroup (F, 0, +) with 0, and an
abelian semiéroup tF, 1, +).with 1.

If .£ and g;are'fractions of R, £ @ g means f and g agree

) " . " ! . . —



-~ .’.

on the 1ntersect10n of their domalns, that 15, fd = gd for

all d ¢« D(f) n D(g) (?here D(f), D(g) denotes the domalns of f
and g respectlvelg In fact £ 0 g lf, and only 1f f and g ' -
coincide on some dense ideal. Assume f and g aqgrée on a e

5

 dense,ideal D, take 4 ¢ D(%)‘n D(g) and d' ¢ D, then

(£Q)d"- = a;dd' = &{dag) = (gd)d'. . Hence (£d - gd)D = 0. It

" follows that fd = gd for‘all d ¢ D{(f}) n D(g) ‘and f 8 g.

|
_0bv1ously @ is a congrithce o;\zﬁ\\s stem (F, 1, 0, +, +, =).

Prqp051t10n I.6."If R 1S a rlng, the system (F 1, 0, +, «, =)/@

is also a commutatlve ring.

Proof. Ref. [8. ch.’2].

\S;SDefinition (F,} ’ 0 t, *, —)/@ extends R and is called 1ts

ch_plete ring of quotlents, denoted by Q(R).

L]

The following property of.thescomplete ring of quotients

will be useful later, : co ' : ' ~
v

If R c-8 are rings, such "that for a11 0 =s e8§, s(s R) z 0,

Q- 1 .
where s = {r ¢ R: sr ¢ R}, then there is.a monomorphlsm “

S + Q(R) leaving elements of R fixed [8 p. 40] Also
-Q(Q(R)) = QR) . |
It is interestingmtd note'that the family of apalian. jL"
groups ﬁomR(D, R), D a dense ideal, is a directed system with
the homomorphism defihéd by restriction ige., £ +‘fID where

£ ¢ Hom(D R) arnd D, ¢ D,. The abelian group lim Hom (D, R)
"H. 1. , 2 1 ' D dénse “s‘
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has a multipiication induced by composition. -It can be, seen

- that this qgnstruction also yields Q(R). ‘ , Y

7

Definition. An‘element a ¢ R is termed a non-zero-divisor if

ar = 0, for all 0 = r ¢ R, énd is called a zerp-divisor if

sa = 0 for some s = 0. s . ‘ R

i

,7With any non-zero-divisor-d of R; associate the dense
ideal dR. If r € R, we have 3 classical fraction r/d ¢ Hom(dR, R)

defined by (r/d)(ds) = rs, for any s € R. ‘Two such fractions

1d2 = 1,d,.

rl/dl and ré/d2 are equivalent if,\and ohly i;,'r
The equivélence classes O(f/d), r ¢« Rand d not a zeio—d1v1sor

form a subfiné of Q(R), which is called the classical fing of

quotients of R and is denoted by‘ch(R). Two equivalence

4

classes G(rl/di) and @(r,/d,) are same if, and only if, r,/dy

agrees with r2/d .OnzDIDé, hence if, and only .if, r.d

192 = Td;-
If R is an integral domaln‘ then Q. ( ) = Q(R). But, if

R c It (@ the complex fleld) and R = {f: £ is almost everywhere
N .

real},,then ch(g) = R and Q(R) = [IC. Thus we see that Q (R .

is not always equal to Q(Rm.

Definit;Ln..A ring R is called reqular if for all r ¢ R there
7 : .

exists at least one r'! € R such that rr'r = r.

Fields, and products of fields, are examples of regular
rings. Note that in a regular ring every non-zero divisor is N

invertible and_so if R is regular, R = ch(R). But the ring:f
i . : ‘ /

e R .
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R < IIC where R = {£: £ is almost everywhere real} is régular,

and Q(R) is larger than R. Thus for regulaf rings Q{R) is

not necessarily QCQ(R); ' : . ‘ —

Now we shall see precisely how-complete ring of quotfents

lock in tHe case of éemiprime rings by the'following theorem.

-

Thebrem 1.7. If R is a ring theh Q(R) is regular if, and only

LY

if, R is semiprime.

Proof. Ref. [8. p. 421.

o . . . - ) . C ey

With any subset K of a ring R, associate its annihilator

K*, Then K* is an ideal of R and an ideal X is dense if, and

[~}

only if, K* = 0. For any idéal K in a semiprime ring R we

have K n K* = 0 and K + K* ig dense.
In any‘(commutative)ﬁring R . if K ¢ J then J* c ‘K¥, more~‘
over F c K** and K*** = K*,

. o //7' .

v
Definition. The'idea}s of the form K* are called annihilator

ideals.
— T

¢

Thus I is an annihilator ideal if, and only if, I = K*
fof‘some subset K- of R; i.e., i** = Kk** - K* = T,

Thé annihilator ideals in a semiprime ring form a complete
Boolean algebra B*(R)k with Lnteréectioh as ;nfimum and * as
COmplemenﬁation; also for a semiprime ring R, B*(R) is iso- -
morphic to B*(Q(R)f, the isomorphism being defined by K + K n R,

'where K iS’An annihilator ideal in Q(R) [8. p. 43].
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Definition. An-element a of a ring R is said to be idempotent -

if a2_=’a, ' 0 ’ ‘ , f

Another useful class of rings is defined below.

Definition. A ring R is called Baer if all'of its annihilator ' -

ideals. are direct summands, i.e.,-are.principal ideals

-

 generated by idempotehté.

Fields, productsof fields, integral domains, productsof

integral domains are examples of Baer rings.

-

\

If R is Baer, then it is semiprime for, if not, then

there exists an x ¢ R and an integer n > 1 such that x" = 0 \\\~’

-n-1

and x 2 0. Thus X e (xn-l)-*

= eR, wheré e is an idempotent
of R. But, then x = ex and so 0 = ex™ T = (ex).x""2 - #n‘l;

| 'a_contradicfion.

| A Baer ring R and its complete riné of quotients are
related by the following proposition. |

Proposition 1.8. Let R be a Baer ring and Q(R) its complete .

ring of quotients. Then all idempotents of Q{R) are in R.

Proof. Ref. [9. Lemma 1.6]. ,



CHAPTER II Introduction: Rings of Continuous Functions
) e ]

\

§1. Zero sets and cozero sets ' o -

Let X be a topologlcal space and C(X) the ring of all
dontinuous functlons from X to R (the real fleld) Under the
pointwise op?ratlons, c(x) becomes a rlng, with zero and unity

elements beLng the constaef functlons 0 5\3-1, respectlvely..

Obviously C(X) is semiprine.

a

A Hausdorff space X is called completely regular if, for

'any nelghborhood UqQf a polnt x, there exists a functlon f in
C{X) such 'that f vanishes outside U but not at x.

For any topological space X, there exists a completely . =~ °

regular space Y and a continuous mapping T of X onto Y such

. that the mepping.g + g T is.an isomorphism of C(Y) onto .
C(x) [6. p. 411. ' so, whlle studylng C(X), we assume thheii— ,
any loss of: generallty that the space X is completely reqular.
If a subset S of X is dense in X (one whose closure ls X) _//fﬁ
then the Homomorphism f + f]s frJh C(X) into C(S) is a mono-
morphism; since two continuous functions on X{’Gﬁ%ch coincide:
on a dense subset of X, coincide on X [10. p. 481].

From now on all spaces are assumed to be complerely
regular;

In studying relations between topological properties.of-
a space X and algebraic properties of C(x); it is natural. to
look at the subsets of theée form frl(r) = {x e X: £(x) =“£{,
where f ¢ c(x) and r ¢ R. If we replace r by 0, then we have

a subset, f (0) of X which is called the zero set of £ and is
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. 2 \ . ) L/
: ) :
by Zx(f) or Z(f). Any set that is a zero set of some’

in C(X) is called a zero set in X. Obviously zero

sets are closed. In addition every zerc set is a Gy (i.e.,

countable interseétion-of open sets), since {0} i§ a G6 in R.

Evidently, Z(f;\l Z(1£]) = Z}fn), fdf all n.e_N), Z(b) = X ®
and'Z(i) =g. Furthérmore, z2(£qg) =,2%f) v Z(qg),
2, 92) = Z(I£]l + 1gl) = Z(£) n z(g), and countable inter-

/";‘F
sections of zero sets are zero sets [6. p. 161.

The cozero set of f, denoted by coz,(f), or simply by

coz(f),,ﬁS'the complement of Z(f). Hence cozero sets are open.

'Every set of the form {x: £(x) 2 0} is a ﬁ&ro set. Since

1

{x: £(x) 2 0} = 2(f - |£|). Likewise {x: f£(x) s 0} Z(f + |£]).
Thus the open sets, pos £ = {x: f(x) > 0} and neg'f {x
8 ¢ ‘ - :

are cozero sets. But if the function is an idempotent e, then:

the zero set and cozero set are both open and closed. . This
follows since Z(e)‘= {x: e(x) = 0} = e—l(—l, 1); ’
| Conversely, if a subset Y of X is both closed and open
then define a fundtigg e: X + R by the following: |

e(x) =
1 otherwise.

{0 for x in ¥
Obviously, e is an idempotent and is continuous on X.
Also Z(e) = Y and coz(e) = ~Y (the symbol ~ denotes complement

of ¥Y). Thus Y is the zero set of an idempotent. -

-

w

§2. Description of Q(C(X))

Let S be a family:of non void subsets of X,‘which is
closed under finite intersections} We consider the direct

limit lim C(S) of the rings C{S), with respect to the restric-
' seS - ' '

fi(x) < 0}
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tion homomorphism (f -+ f|82 where £ ¢ C(Sl) and S, < S

2 l)-

When § = Vg (X), the family of dense open-séts, all these homo-

. morphisms are one-to-one and lim C(V) may be thought of as

&

Vevo o _ﬁ

v C(V), where we identify £, ¢ C(V,) with £. ¢ C(V.)
Vev, (X) 1 1 2 2
"<V

whenever fl and f2 agree on V, n V

1 2°

If 0 = h ¢ lim. C(V), then h may be thought of as in .
_ Vevo(x) ' . .

C(V} for some Veyo(X). Thus h(h—lc(x)) # 0, hence C(V) can

be considereq as a subring of Q(C(X)). Hence lim C(V) can
' cho(X)

also be éonsidéred as a subring of Q(C(X)Y. 1In fact we will
see that they are equal. Explicitly if h e'C(V), then

D =thlC(X)_is a dense ideal in C(X): A relatiénship setween
dense‘ideals of C(X) and dense ideals of X is given by the

following theorem [5. p. 113.

Theorem 2.1. 1£:D is an ideal in C(X), then the following are

equivalent:

(1) D is dense in'b(x). - \\_

(2) For all g ¢ C(X), coz D < %2(g) implies g = 0. where
coz D = v{coz f: £ ¢ D}, l

(3) coz D is dense.

Proof. Sl}céi?w(2). Sﬁppbse x c¢-coz'f for some £ ¢ D
then x ¢ coz Dand X ¢ Z(g). .Thus g(x)f(x) = 0; i.e., gf = 0
for £ ¢ D. But D is dense_in C(X), hence g = 0.

(2) == (3). Let x ¢ ~coz D, then by complete




+ - 15 - , L ?
- ; e : |

regularity there exists an h ¢ C(x), such that hix) = 0 and

h(coz D) = 0; this implies coz D ¢ Z(h) which further implies

. ) . ‘ o 7
coz D € Z(h). Hence by (2) we get h = 0, a pontradid@ion.

~

SO0 X = coz D.

-

© . (3)==> (2). . Let coz D < z(

%

coz D = X <-Z(g), for all g in C(X)L+which implies that g = é%k.' Z

™~

(2) c:é/gﬁ;//sﬁgggse gD = 0 for some g ¢ C(X).

0 for some’ﬁiin C(X) and for all £ in D. If x ¢ coz D,

So gf
that is x'¢ coz £, for some f in D, then f(x) 2 0. But gf'= 0
implies g(x) = 0. Hence coz D c Z(g) , which implies that

g = 0. : . - ~

- Q‘E-D-
-

]

Lemma 2.2. Let A-be a subring of C(X); for any ideal D in A,

we have Homa(D, A} « C(coz D).

Proof. [5. p. 13]:

For convenience, we write‘?(x) instead of Q(C(X)). By

[S.-Cor.'l.Bl Q(X) = lim Hom(D, C(X)), where Do stands for
& - DeD ' ' . o ’

KT . 0

the family of all dense ideals in C(X). We have

Q(X) = lim Hom(D, C(X)) ¢ lim C(coz D)  (By lemma 2.2.)
DcDO ' DeDo

= lim C (V) (By Theorem 2.1.)
VevO(K) B

c Q(X)
“Thus Q(X) is the ring df all equivalendé classes of conpinugus -

functions on the dense open set in X. Also Q(X) is regular



. '_‘:ig;. o ;) N f

‘sirce C(X) is agmiprime.

@

_ Proposifion-z.ﬁ. The following are equivalent [6. Ex. 4J].

§3. Regular and Baer rings ' ‘ - 4

Regular and Baer rings have been defined in an earlier
: Y .
section. In this section we shall give some properties of

regular and-Baer rings, when the ring under consideration ‘is
c(x) . | N
For any ring R, every'maximal-ideai in R is prime. When
converSely,_gvery prime ideal in C(X) is maximal, X is call;é
a p-space. B ////. . |

Every discrete space is a p-space, since if X is discrete

then C(X) » N R and every prime ideal is maximal.
' XeX

.

Definition. An ideal I in C(X) is called a Z-ideal if

Z(f) e 2[I] implies f ¢ I, whexre Z[I] = {Z(f): £ e I}.

(1) X is a p-space.

(2) For all p € X, M, = 0,. Where M_ = {f ¢ C(X): £(p) = 0}

Z(f) is a neighborhood of p}.

and O; = {f ¢ C(X)

(3) Every zero set is open.

" (4) Every Gs is open.

A )

(5) " Every ideal in C(X)'is a Z?ideal.

(6) Every ideal is an intersection of prime ideals.

- €7) For every f£7 g ¢ C(X), the 'ideal (£, g} is the principal .

<
). Where (f, g) denotes the ideal generated

ideal‘(f2 + 92

_b f and g.
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*

(8) For every p C(X),qﬁhere exists.fb e C{X), such éhat
L. . o o )
£°E, = f. That is C(X) is , regular ring.

(9) Every ideal is an intersection of maximal ideals.

(10) Every principal ideal is generated hy an'idémpdtent.

-

Proof. The following implications will be proved.

(4 > L)

(9}

(1) = (2). 1If Op.’ Mp’ then Op is contained in

a prime ideal that is not maximal [6. 4I.3]; but this contra-
.dicts the fact that X is a p-space.. Hence for all p ¢ X,
M =0_.
p P 7
(2) == (3). Let Z(f) be a zero set in X and

N

p e Z(f), then £ ¢ Mp = OP' implies that Z(f) is a neighborhood

of p. .But p was an arbitrary point of Z(f) and Z(f) was an"

arbitrary zero set. Hence every zero set is open..
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(3) => (4). A Gs-set B has the formann, nenwN
where each U, is open. If s.e¢ B ?hen S € Uﬁ for all n € N.:
By comélete regularity there is a_zero,set.Fn such that

s eF cU. Hence s ¢ n F
> ¢ %n n

n € B- Since each F_ is a zero
neN ) < : n

set,_thereforea'q"Fn.is a.zero';et [6. p. 16]. :ﬁence B is’
neN . : '

open. o ‘ . . :

| o (4) == (5). Let_I be an ideal in C(X) and

Z(f) e Z[(11, Z(ff,nbéing a zérq‘set,'is a'GG, heﬁce open.

Now if Z(g) < 2Z(f) (for some g ¢ I) define a function’

h: X + R by: - :
d £(x)/g(x) for x c coz(g)

h(x) = . '
o 0 otherwise.

Then h is a continuous fune¢tion on X and £ = gh. Hence if

g € I with 2(g) € Z(f) then there exists h ¢ C(X) with

-gh = £ ¢ I, which implies that I is a-Z-ideal.
(5) = (6). Every Z-ideal is the intersectioﬁ
of prime-idealﬁ,.by (6. Thm. 2.8]1. But every ideal iq C(X)

is a Z~ideal. Hence every ideal is an intersection of prime

[ -

. ideals. 4 ' : )

(5) => (7). z(£2 + g?) = 2(£) n 2(g) < Z(£),
"implies f‘e (fz + gzl; simiiarly, g e‘(f2 + g2 |
2). Also f2 + gz ¢ (f, g). Hence
) = (£ 9).
| j(ﬁj E:?;(S). Let us assuﬁe that f elC(Xj and
2

}. Thus

(f, 9) = (f2_+ =

(£2 '+ g2

a

I = fzc(x);'%.e., I is the ideal generated by f~. By (6)

every ideal {s an intersection of prime:idealé, so let I = nP,.
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Since f2 ¢ I therefore f2 € P for all i, this implies that A

f’e P for all 1, hence £ ¢ I. But I

f c(x)u therefore

there exlst§ an fo-e C{X) such that £ = fzfo. ‘Hence C(X) is
regular: B - - ',.ﬂ ' y |
) (T ==>(8). Setg=0in (7).
K (8)=?=$-(1). Let f ¢ C(XY?\and'f ¢ P, P a prime
ideal in E(X)f Consider the fundtioﬁ 1 -~ ££f,, where f2f0 = £
£ - ffy) = £ - fzfo =f-f=0¢ P, But £ ¢ P, therefore
1 - ff, ¢ P. Hence P is a mﬁximalﬂideal.' N C.‘
X . (6)‘;=f>(9).‘h?his follows immédiately, since
(6) =D (8) = (1), | -
Q, ‘ ' (é)!===>(éw. _This.%s obvious since every ma;imai

ideal is prime.
« (10)—=(8). Let f ¢ C(X) and £C(X) = eC(X)
where e2 = e. Therefore £ = eg for gome g ¢ C(X) and fh

for some h e« C(X}. So ef = ezg = eqg = £, and fhf = ef élf.

[
1

Hence C(X) is regular.

(8)—=» (10) . Suppose C(X) is regular and £C(X)
a pr1nc1pa1-1déa1 generated by f. Since f ¢ C(X) and C(X)
is regular, there exists g e C(X) such that fgf = f. Also
_(fg) (fg)(fg) = (fgf)g = fg, hence fg is an idempotent.
call it e. Since fgf = ef = £, so £C(X) < eC(X).. Also e = fg .
| implies eC(X) ¢ £C(X). Hence fC(X) = eC(X). -
Q.E.D.
™~ e
Thus C (X) is~ré§u1ar, if and only ‘if, X is a p-SPace.
Here are some propertles of p-spaces: (1) Every subspace of .

a p-spaceuls a p-space. (2) ‘Every quotient space of a p—space

—-:

y - IO -
e
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ig‘a p-space. (3) A finite product of p;spaceé‘is a p-space.

\ b

-

Definition. A space X is said to be extremally disconnected

if every open set has an open closure. Equivalently, for any

t

two disjoint opén sets U and V in X, T n v - g [4. p. 257].

Definition, A space X.is saia to -be basically disconnected if )

every cozero set has-.an open closure.

Any extremally disconnected space is basically disconnected

but the converse fails. An example for such a space is non
discrete p—spacé, and this wrll be discussed in detail later.
‘ : . . P
while studying p-spaces, it is not inappropriate to

study the structure of-a base for p-spaces. The féllowing
proposition shows that clopen (closed as well as open)zséts

form a base for p-spaces.

Proposition 2.4. Every p-space and, more generally, every

. e _ . |

basically disconnected|space has a base of open-and-closed
¥ : .

sets [6. EX. 4K.81.

proof. Let U be an open set in X and x an arbitrary

point of U. By compleFe regularlty of X, there exlsts a a

funCtion f ¢ C(X) such; that Fix) = l and £ = O.E Thus

o -
x ¢ coz £ ¢ U{ ConSLGer the contlnuous fﬁéctlon f - 1/2
and let g = (£ - 1/2) v 0-i.e.,. g = sup{f - 1/2, 0}. With

this cho;ce of g, we-see that coz g « coz f. Also‘

-
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coz g.= £ 1([1/21' @) ) & U. Thus x e /coz g ¢ coz g ¢ U. - But .
) : = e ) “ .

~coz g is clopen. Hence clopen sets forfti a base fox basically T

disconnected spaces.
. 5] K

Q.E.D.

. Now we go over to Baer rimgs and characterize those

- spaces X for which C(X) is Baer. o wf\
Notaticoh QV denotes boﬁndary‘bf'V, defined by 3V = ¥ a (V).
. ] _ : L
Proposition 2.5. Thg following are equivalent:
{1) C(X) is Baer.
(2) - The closure of a unfgn bf'cozero sets is clopet:.
(3) X is extremally disconnected.,
Proof. (1) = (2). Let CEX) be Baer, and {fa}aen a

- family of functions in C(X). Fﬁrther assume that. I = (f;).

, Then I* eC(X) for some idempotent'e. For £ ¢ I, fe-= 0.

If £(x) = 0, fof some X ¢ X,{then e(x) = .0, _Thus'coé f c Z(ei"
for alllf e I. Let Y = y coz fa. sincé coz fa C’Z(e)jfor
all a, therefore Y < Z(e) which further implies that
Y ¢ Z{e} = Z(e) N
There are two possibilities. - ‘
— ‘ TN

(1) Y = 2(e) . = . (2) Y = zZ(e) |

" I£f ¥ = z(e), then Y iS‘clopeﬁ. Por the secgﬁd"case, let

X ¢ Z(eY such £hat x ¢ Y. By complete'fegularity of x;'the;e

‘exists a g ¢ é(x) such that g|?'= a\and g(:f =1, Consider

' .- * i
the function g2 + e. Now g2 + e is non zero at x and on coz e,
' .- LT e [ ' J . I
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S

‘,g coz f = Y C'Z(f)e*\gft Z(e) is the smallest closed set

Baer. S .

- - .22 -. ‘-
- wt : :

andtls zero on Y. ThuS\g\ls-contained'in the zerb'set oﬁ
g2 + e. . —

t ) . .

Also coz(g” + e) 7 coz(e). Theréfore, Y c Z(g2 + e) c 2(e). )T

But Z(e) is the smallest zero’ set contabhlng Y. To show this,

1et Y < Z(f) c Z(e), for some function f € C(X)A then f f =0

'fqg all a. Hence £ = ef and so Z(f) = Z(e) u Z(f) > z(e).

So the possibility that ¥ = Z(e) has been ellmlnated. Hence

Y is clopen.

é’ ‘ . (2) == (1). Let Y = v coz £ and supposé’i is

«lopen; this implies that Y is the zero set of some idempotent,

let it be e. Then Y = Z(e) ='a coz‘fa, and Y*L y coz £ c;z(e);

t

: K acA ~
this implies‘that fe = 0 for all aceA. Hence eC(X) - I* where

I.= (£ )ach ) _
Conversely, £ ¢ I* imblies fuf = 0 for all «, which

furthef_implies that, coz f c Z(f) for all a«. Hence

contalnlng ‘Y. Therefore Y c Z{e) < Z(f). Then ef = £ since

for x € Z(f): (ef) (x) = £(x) 0 and for x ¢ coz f,

el(x}E(x) =1 - £(x) =-f(x). Therefore I* = eC(X) and C(X) is-

'
¢

(1) = (3). Let U be an open set -in X then
— . == &, - ‘ :
Un~0=¢g. LetV=Uvuy~U,V 1s open. Moreover, Vv is dense
in X; indeed if'x ¢ X'and x ¢ V then x ¢ 3u. Thus every

neighborhood N of x meets U .and, hence, V. So V is denSf - e

open in X. Now U open implies ~U is closed in V, moreover

~U isldpen so U is closed in V.. Thus U and ~U are disjoint

clopen subsets of V. Define a function e: V -+ R as follows:

>

et s e o AP T STON LT MTLTY B Y Wi i s Ll

LA SURPPY PRI
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™ ' . ' {
0 for x ¢ ~T. b . <
| .

Then e is a continuous function and is an idempotent; there-

_ 1 for xe U -
e(x) =

fore ene'Q(x), but a11'ideﬁpo¢ents of Q(X) are in C(X) (9,
Lemma 1 6]. Hence e is an idempotent in C(X) Hence tﬂere
exists an ldempotent f ¢ C(X) such that £ and e c01nc1de on
some dense open subset H of X. Y since V is dense open in X

and H e V, H ie dense open in V. Now f and e are two functions
which coincidé on H, and H dis dense open-in V, so £ and e
coincide on ¥ = U u ~0 [10. p. 481. Also U ¢ coz f and

~J c Z(f); it followe that U c coz £ ¢ U. Hence coz £ = U

is clopen. )

(3) == (2). Let {fa}ach be a family of functions

in C(X) and consider coz £, for all a.  Each coz £, is open

and SO is u cozZ fu{ This implies that u coz f_ 1is open;
oel - ‘ " aeh ¢ ‘

Hence C{X) is Baer by (2).

As menﬁibned earlier, extremally disconnectea spaces are
basicalif disconnected, but the eOnverSe fails. Here is an
example of a space X which is a“p-space hut c(x) is not Baer.
This aiso serves as an example of a space Whlch is a. P~ space,
but not extremally disconnected. So ‘it would follow that

not every p-space 1is extremaliy disconnected.

-

Examgle Ref. (6. _Ex. 4N]. Let S be an uncountable space in which

all points are isolated except for a distinguished pomnt s,
1
3
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| nelghborhood of 's being any set contalnlng s whose comple-

ment is countable.

S is;a non-disctete p—suace._ We first see that {s} is

_ not a zero set.. Itiit were then let {s} 5 Z(f), for some
functiou £re c(s)y and let F be a neighbothood filter converging
'to s. The filter base f(F}-converges to 0, so for all n > O
there exists an F. e F euch that £(F ) < (-1/n, 1/n). Without

loss of generality we can choose the F_to form a descending
o
chain. Since nF, = ~(u (~Fn)), and each ~F is countable,
l . -
‘ @ { . : |
this implies u (~Fﬁ) is countable. Hence nF is uncountable.
1 "

Further £ GF - 0. - (i.e., nF, < z2(£) = {s}) implies {s} is
n -

uncountable, which is a contradiction. Hence {s} is not a.

zero set. But every subset of S\{s} lS clopen and, hence,

a zero set. Let Z(f) be a zero set c0nta1n1ng s, we shall

show that Z{(f) is open by showing that coz f is countable.
e ‘

Let Z(f) = n2N Un (51ne9/a zero set 1is GG) where each Un is

P
-

open, s ¢ Z(f) implies that s « U, for all'neN. Also -

coz £ = u ~U_, but each U  is an open %:;E:ontaining s,
‘ neR

hence” ~U_ is countable for ‘each neN. Thus z £ is countable.

@ ¢

Hence Zlf) is open and so every zero set.in the space S is
clopen. ‘

To complete the proof that S is a p-space, the only.
. thing which remains to be proved is that S is completelf

‘regqular. Let a, b be two distinct points of §, if neither

‘of them is s then {a} n {b} = §. But if one of them is s

&=
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’ |
say b, and H is.a neighborhood. of s, then H is a set containing \ '
s and ~H is countable. If a ¢ H, then a and s have disjoint :
open neighborhoods, but if a ¢ H then consider G = H\{a}l, G
is a set containing s and stés countable; thus G is a‘neiéh- B ;‘

borhood of the point s not containing a. Hence, as before a

and s héve disjoint 0pén séts containng them which implies -
that S is a Hausdorff space. ' | ' }
_Let M be a closed set in S analalt M, there are two
possibilities either sre Mor s ¢ M. If s ¢ M, then define
g: S » R, by g{a) = 0 and g(x) = 1 for x = a. Then g ié-
obviously continuous and separates a~and M. If s ¢ M, then

s ¢ ~M implies M is countable and is clopen. Define h: S » R

by
0 for x in M
h(x) =
: 1 otherwise.
Then h is continuous and separates s from M. Thus S is

completely regular. Hence S is a non-discrete p-space.

Now we show that C(S) is not Baer. Dividé S into two
parts Sy and‘S2 both uncountable and s ¢ S;. Then s is not
in the interior of Si; for if, it were, then there would exist
an open set H contéining s in %l' implying .that ~H is countable.
This cogtradicts the fact that Sénis uncountable. |
o Let U - Sy - {s}; U is the union of uncountably many open o
sets.' Hence U is qben énd U < Sl which dmplies U < éi = S1
{(since ~51 = 8, is ﬁpeﬁ}. Also S, c 0O, since every point of

’Sl, different from s, has a neighborhood having non empty

intersection with U and neighborhoods of s have countable
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complement. Hence S, = U, but S, is closed (since ~Sy = S

is bpen) so C(S8) is not Baer.

Now we give an example of a space X which is extremally

disconnected but not a p-space. Before giviﬁg the example

here are some definitions.

A filter F on a set S is a non empty. collection of non
\

empty subsets of S with the properties:
(1) IfA, Be F then A n B ¢ F.
(2) If A ¢ Fand A ¢ B then B ¢ F. ;

If F and G are filters on X then F is said to be finer

than G if, and dnly'if, F‘:gG(- Maximal filters are called

ultrafilters. A filter F is called free if, and only if,

n A =g.
AeF

N

-]

Exaﬁgle Ref. [6. Ex. 4M]. Let U be a free ultrafilter=oﬁ N,
let £ = N u {o} o'¢ N. Define & topology on I by: all points
of ﬁ are iso;ated and the neighborhoods of ¢ are the sets
U v {g} fdr_U ¢ U. Then I is extremally disconnected but not
; p-space. | |

To prove the above statement we first show the following.
(1) N is-a dense subspacé of L.
k2) Every set containing ¢ is closed; hence every subset of [

is open or closed.

63) Every closed set is a zero set.

(4) The space L is completely regular.
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.Proof. (1) ¢ € L, and any neighborhood of ¢ is of the

form U v {c}, for U ¢ U. Also (Uu {o}) n N =Un N = §,

implies ¢ ¢ N. Hence N is dense in L.

(2) Suppose H is a subset of L gqntaininé o,
ﬂnd G % ae H, then {al}l n H:xAﬁ which implieé that a ¢ H.
Hence H is'closedf ‘

-Proper subsets of I .are of the form: A < N, {c} and

{a v {g}: A < N}. Subsets‘of N are open‘and {o} = ~N is
closed. If A ¢ U, then A v {c} is open, also %s we have-
'éeen,'all subsets cphtaining ¢ are closed. Hence every sub-
set of I is open bf closed.

(3) We first show thit fc} is a zero set. Defin

f: L + R by:

- £(c) = 0 and £(n) = 1/n for all neN. It must. be shown
that £ is continuous; i.é., given ¢ > 0 there exists an A « u

such that for all n ¢ A 1/n < €.

Let NO = {neN: n 2 ho}. If NO ¢ U, then we are finiéhed.
If Ny ¢ U then we proceed as follows:'~N0‘is finite, so there .
are only finitely many subsets of ~N,; let them: be X;, X,

cesr X Since U is a free ultrafilter, there exists Cl e U -

LI
such that Cl.does not contain Xy, similarly there exists

c, ¢ U such that C, does not contain X, and so on. Sincey
fi1ters are closed under finite intersection, therefore nci e U
let A = qci.' We have A ¢ U such that A c Nj. So we have
found an A ¢ U which has the required property. Hence f is
:con-inuous. |

(4) For I to be completely regular, £ must be a
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Hausdorff space. To see this, let n, m be two distinct points

of £, if neither of them/is'o, then {n}'ahd {m} are disjoint

open sets. . But if n = o.then U ¢ U can bé chosen in such a

way that m ¢ U. Hence (U y {c}) an {m} = ¢F. So I is a
‘Hausdorff space. Also, each closed set is a zero set. Hence
I is completely regularQ_' ‘ . ' o
Lgt,ﬁs come back to‘the’proofs of the results .referred
"to in the example. As we have seen, N %s the only proper
open subset of I which is not closed, alsd N is dense in &
which implies that I is extremally disconnected.
To show that E'is not a p-space, we will show that the

z-ideal O  is not maximal.. If it were then O_ = M_ and so

o would be a p~ point [6. jp. 63]. Also C(N) is regular.
Thus, for all p € L we woulld have MP = OP' this would imply
that every zero set is open (2 == 3. Prop. 2.3.). Contia-

dicting the fact that {o} is closéd. Hence O, * M . But Oj

, Y . : .
is a Z-ideal, therefore 00 is contained in a prime ideal that

o

is not maximal. Hence I is not a p-space. \K'

Let T be the topological sum of I and S (both defined
earlier), T = I U S (disjoint union of L and S). .Sincg Z and
S are both basichlly disconnected so is T. Also C(T) z C(X) x C(s).
We notice that C(T) is not Baer nor is it regular, ;ince c{(s)
is not Baer andlC(z) is notlregular. Hence T is basically | ' p

disconnected, but it is neither a prspace nor is it an extremally

disconnected space.



. order, denoted by X <y, if and only if, xy = 2.

" reflexive.

™

CHAPTER TIT Abian's order relation and C(X)"

-

-

§1. Abian's order relation .

Definition. [13. Let R be a (commutative) semiprime ring, for -
/

X, Y € R, x is less than or equal to y with respect to Abian’'s

Lemma 3.1. The order relation "<" is a partial order and makes

R into a partially ordered multiplicative semigroup.

Proocf. Since xx = x2 it follows that x < x. Thus % is

i}

. . N \
Moreover, if x <y and y < x, then Xy = x2 and yx = y%£

so that (x = Y)2 = x2 - Xy - ¥yXx +.y2 = 0. Bﬁt then x ~ y =

thus x = y and therefore < is antisymmetric.

\
Furthermore, if x < y and y < z, then xy = %% and Yz = ﬂ?

.. 80 that xzz = XYz = XY2 = x2y = x3; Thus, x222 = x32'and
x32 =.x4. SO that x222 - x32 —-x32 + x4 = (x’z - x2)2 = 0-.7 - But

2 . . ‘s
then xz = x”. Hence x < z and therefore, < is transitive.

Finally, let x < y,-for all x, vy ¢ R; and consider

2

(xzz2 - xyzz) for all z ¢ R.

N S MU S W R e 2 S

(xzz2 -\xyzz)

328 - xyyzt - ayz?t s x2y2t,

4,4 _ 4.4 _ 44 44

1

=X 2 -XZ + Xz .F
=‘.l0
Hence x2z2 = xyzz, thus xz < yz for all x; Y: % € R?‘ '
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. _ N\
From now onwards "order relation” means "Abian's order

relation".

.- —Lemma 3.1. generalizes the corresponding result-for
Boolean rings. In general, this order relation does not turn
all rings R into a lattice. In the case of an integral domain,

if two distinct elements a and b are related by Abians order

i.e., a < b, then a = 0. So all nonzero points are unrelated,

unless they are equal.'

" Consider the product Z, x Zq, elements of 2., x Z. are

2 "3
(o, o), (0, 1), (0, 2), (1, 0), (1, 1) and (1, 2). Following
diagram shows the relationship between the elements of Zy X Zg,
and we note that not all elements are related by the order

relation, and not every pair of. elements has _ supremum.

(0,0)

Hence z2 x 23 is not a lattice.

Note If R and S are semiprime rings then a homomorphism .QE%

f:‘R + S preserves the order relation.
For C(X) the order relation is defined in the same way;

that is, £ < g if, and only if, £g = £2 for all £, g ¢ C(X).

-
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Theﬁg isi;ittle connection between Abian's order and the
natural order relationlin C(X). However, if £ s.g (Abian's
order) then |f] < lgl| {(natural order).

For (the remainder of this thésis, all rings will be
assumed é:hﬁe (commutative) semiprime.‘

' Let R be a (semiprime) ring equipped with the order rela-

tion "<". An element s is called an upper‘bdund of a subset

H c R if, and‘only if, r s s for all r ¢ H; and s will be
-called the supremum if s < ﬁ for every upper bound t of H.
"Lower bound" and "infimum" may be defined'analogodély but
are of little use. . : .

I.et R be a ring, then a set X in R is said to be orthogonal

if ab = 0 for all a = b in X and R is orthogonally complete if

every ofthogonal set in R has a supremum with respect to "<"
in R. '
Integral domains and products of integral domains are

orthogorially complete rings whereas c(C0; 11) is not ortho-

. Y
gonally complete (see Theorem 3.14. below).

Proposition 3.2. IR 1is orthogonally complete if, and only
. . ‘ o ‘ :
if each R; is orthogonally complete.

Proof. Let :HRa'be,orthogonally complete HB an ortho-

gonal suhset of Rg. Embed-HB in IR, by making all components,

g

other than Bth, eqﬁal to zero. Then Hﬁ can be considered as

an orthogonal subset of IR, and since nRa_is orthogonally
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complete it follows that r = supremum H, ¢ IR . Since. the

g

projection map is a homomorphism, it preserves the order., ™

Hence r = supremum.HB implies that pB(r} : r, is an uppér

B

: g be another upper bound\éar\gg
in RB S0 hB < bB for all hB € HB. As above eimbed b

into

B

HRG and c@eariy bB is an upper bound of H,.- in HRu. But r is

B
- the supremum in IR, of HB' therefore r s bB which implies
that e < bB' Hence*ré is the éupremum'in Rg of HB'and.thus
R, is orthogonally complete. '

B
.Conversely, let each Ry be orthogonally complete and H

be an orthogonal set in IR . Therefofe Py (H) =.HB‘is an ortﬁo-
gonal subset of Ré. but RB'ié ortﬁogonally complete, therefore
éhpremum HB = Ig E‘RBT Suppose h ¢ H, %:herefo_re'pB(h)?'hB € H
but hB < I for all 8, this impiies that h < x where r ¢ TR,
has B-component Tg- Thus r is an upper bound Bf H. If s is

another upper bound of H, then h s s for all h in H, so

hB < sB

B B
supremum of H in IIR , so-TR is orthogonally complete.

» . .
for all B. ; But rp is the supremum of Hg.. Therefore

r, s s, for all B?'this'implies that r < s. Hence r is the
Q.E.D.

, If Rec S are rings, then s is called orthogonal extension

of R if every element of S is the supremum of an orthogonal
set of R. Further, if S is an orthogonal extension so that

S is orthogonally.00m91Ete, thenfs is called an orthogonal

completion of R-[2. Definition 9.].

Not all rings are orthogonally complete nor do all rings

i,:f," .

BF

aa .




- 33 -

|

|
have orthogohal complétions;'but if orthogonal éompletions , _"!'
exist, they are unique (2. remark aftér Thm. 121. It is -
. shown in [2. fhm. 14 and Thm. 18] that reqular rings and - . R 4
‘Baer rings.havé orthogonal combletions. It is aiso shown

in [2. Thm. 12].that any orthngnal extension of R lies in - :
the orthogonally complete ring Q(R),,and that if R has an -. -
orthogonal completlon S, then S is the set of all suprema
in Q(R).of orthogonal-sets.ln R. In the last section of
this chapter it will be shown that if X is connected and )
: 1oca11y connected then either C(x) is orthogonal£§ complete !

or C(X) has no orthogonal completlon.

«

Now we& give the explicit deécriptipn of the supremum
of an orthogonal family of functions in C(X) by giving the

following proposition.

Proposition 3.3. Let {fa} be an orthogonal family_of'functionSF
" in C(X) with supremum g ¢ Q(X). Then the function % defined
by ; . . '

f (x) on coz £ for all a
é?k) _ |Ta o
0 on ~ucoz fa'

represents q. . ‘ : \\__jy
l . ' I3 J L4 .
Proof. Let HE = (ucoz fu) v (~ucoz fa)' élearly H is
dense open in X. Now q is defined on a dense open subset H

of X. Let.(a, b) be an open interval of R, then we see that
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. 1 o ' 7 , . et
- [vfy Tta, b) o - if 0 ¢ (a, b).

g l, by = 4® 3 - ST,

: 14 o -1 -1 P |

a2 "{a, 0) ug 70, b) vg ({0 if 0 ¢ (a, b).

- : . -l . o - |
1f 0 ¢ (a, b)"then @ “{a, b) is open. Similarly g l{a,_o) and i
= ' . LI . o - i
%.1(0- b) are open. Also gq 1oy = ~tcoz £, is open in'H.

\

Hence g:*H + R is continuous.

Now yé show-thét‘q actually represents the supremum of :

v

the family {fu}' Let x ¢ H, so k.ilucoz fu-ar X e~wucoz £ . If
- . .. a jud

. L -
x ¢ vecoz £ , then q{x) fa(x) = fa(x} fa(x) = fuz(%)_ On the .
other hand .if x ¢ ~ucoz £, then‘q(x) fa(k) and fqz(x) ére_ 1/

2, for all-&; i.e.,.fu s q:

both—zéro.ﬁ Thus for X ¢ H, af = £

1

for all o. . Hence q is_an_uppég-zifyd for . the family {fa}.

Let I be another upper boun

for the family (£ 3, with

representative h. Then fa < h for all o, therefore fah'- fa2

is ro on a dense open set Va for each a. Hence h coincides

[

with on coz £, n V_. - <;‘ | ‘
Let x ¢ H n D(h) and consider (gh)(x), (gh)(x) = g{x)h(x) = |
= q(XLfG(X) = qz(x), if X ‘e coz f; n V., and g{x)h(x) = 0.=

= qz(x) if x ¢ ~ucoz Ea nﬁvé. Thus gh ='q2 on the dense 6pen S

set u({coz fa n Va) U ~ucoz fa, and g < h. This implies q is
a ’
the supremum of the family {fa}'

) 0.E.D. ‘ .

&
I

In the other direction, we have the ﬁollowiﬁg theorem.

E

Theorem 3.4. Let X have a basis of clope ets, then if

g ¢ Q(X), g is the supremum of an orthogonal family in C(X}.

Hence, 0(X) is the orthogonal completion of c(X).

L]

Bl e e
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. ¢ . ]

Proof. Lét g ¢ Q(x) be represented- by q e C(V);, forzsomeh

) dense open'set V in X. Slnce V is 0pen in- X- and clopen sets

form ba51s for X, therefore there exlsts a clopen set U, in V.- _

Thus we ‘have a famlly of dlSjOlnt clopén sets in v

If there is a chain of families of disjoint clopen sets

inAV, - T . . _ - - | - . : !
- ! - ’ : oL . .

a-1 S BuiBa+1—

LI I )

- a e w8 EB

then it has an upper bound [union.of'all thewBa} s); -Héhoe‘

.
:
L]
'
i
i

"by -Zorn's lemma [10. p. 10] there is a maximai'famiiy'B of

. disjoint clopen sets in V. Note that uU =Y is deﬁse in v,
» . . - . o UGB ) ¢

If not, then there would exist an open set in v dlSjOlnt from
Y,“hence there would exist a clopen set W in v d15301nt~from
Y maklng B u (W} a famlly of clopen sets’ in v properly con-

‘!talnlng B. This contradicts the fact that B 'is maximal.
’ N . . . " . .

'Hence Y is dense in Vtkahd.therefore denseTin X. For each U °

. N . . - i . . . 5,." ‘ L .
in B define:’ . . P . N\\B\ ' L

q(x), for x in U. 7

) =4 7
v 0 otherWLSe.;

T - .
a

0bv1ously, qU € G{X) {because U is clopen andﬁh is contlnuous) ek

The famlly {qU} ls orthogonal since the cozero sets.are dis- ‘

soh e C(Y) and He- q. Hence by’ prop051~

>

1joint. Let h = qlY,

tion 3. 3 H q is. the supremum of the orthogonal famlly {qU} . i-ff“

-Q.E.D.f J ‘ —Ih

R

§2. Conditional Completeness . | : T j"

‘Definitlon. An ordered set,%\ls gaid to be condltlonally : I

+ P AY

' mglete if every non~empt$’subset which possesses an upper

‘o

P ) - ”\ - ) ) - . w
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(lower) bound also péssesses a supremum (infimum) in A.
The real.lineland the partially ordered set P(S), S any
set, are examples of conditionally complete sets whereas
the ngéonal line is not conditionally complete.
. We are interested in those topological spaces X for which

C(X) is conditionally complete, and a partial answer will be

given'below. Before giving the main theorem, we give a few \

N~

- Definition. A space X is called conrected if it can not be _ _ |

definitions and lemmas.

»

.1..___\ e —
_written_as the union of two disjoint c{ésed:or open sets;

N

equivalenf}y{ X and # are the onlf subsets &Hiqgfare~q;open.‘

L - J

Hence in a connected Spaée the boundary of any open set

“

- -different from # and X is non empty.

~

s 1

. L .
Definition. A spase X is said to be locally connected if for
each p ¢ X and each neighborhood U of p, there is a connected. ,

" néighborhood V.of p such that p ¢ V i U.,

.k*~/’/§;;é A conneéted space negd not be locally connected, and a

_1qca11y connecfed~space is not élways connected] £10. p. 1997].

&

Lemma 3.5. dn Ra=is conditionally compiete if, and only if, | |
€A . :

each R 1s conditionally'compieﬁe.

o
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R?oof._'Let IR  be conditiopally_comp}ete, and HB a non- -

empty subset of Ry, further assume that by is an upper bound

- of HB' Embed HB in,HRa by making all components, other than

Bth, equal to zero. Then HB can be considered as a subset

of HRu, but HRa.is conditionally complete. Hence HB{ considered

as a subset of HRG, has a supremum, let it be £. The projection

‘maps are homomorphisms which implies that they preserve order.

Hence'2-= supremuﬁ'ﬁs_impliés that pB(E) = QB is an upper bound
of.HB. Let bB be another ubpér bound of Hg, so for a}l hy € Hy,
hB < bB' As above embed bB into MR, and cleatly bB is an upper
boﬁﬁd of'HB iang&' But £ is the supremum in Hga for HB' hence
% < bB' this im%}ies that 25 < bB' Thus 28 is the supreﬁum‘

for HB' Hence RB'is_conditionally ¢9mplete.

Conversely, .&ssume that each Ra is conditionally complete

1

“and H a non-empty subset of HRQ; further, assume that b is an

-

upper bound for H. Since H is a subset of HRa, therefore

pB(H) = HB is‘d subset of Ré. Let h e H, therefore h < b for

all h ¢ H implies that hy s by for all B which further-implies

that by is an upper bound-of Hg. But Ry is conditionally

_complete, therefore HB has a supremum kB in RB' qupose h ¢ H,

- 80 hg € Hg and therefore hg =< RB for all B, let k{€_HR such

, a
that B-component is kB; Clearly k is an upperrbbund of H,’

also b is an upper bound of H, hence for all h ¢« Hh < b,

which implies that h, s bB‘fof all B.  But kg is the supremum

of HB;‘therefo;e.kB SrbB' for all 8. .Thus k s b, which implies

-+hat k is the supremum for H. Hence ﬂRa'ié conditionally

complete.

} . - ~ Q.E.D.

3
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Lemma .3.6. Tf N is & connected subset of X and N meets an open

set U and ~U, then N containsfa boundary point of U.

-

—_

Proof. If not, then N n Interior U and N n Exterior U =
L N n Interior (~U) are two disjoint open subsets of N, whose
union is N, contradicting the fact that N is connected. Hence o

N c0ntains'at'1east one point of the boundary of U..

Theorem 3.7. If X is connected and locally connected, then

C(X) is conditionally complete.

Proof. Let M = {fa}'be a non empty subset of C(X) such

‘that M has an upper bound, and let h Ee one of the ppper‘bouhds '
for M. So f = h for all o which implies that £, coincides:
with h on coz fa. Define a functién_g'as followé:
) - hz(X)/fatx) '-on coz £, for each a
on nZ(f ).

Assume for the moment that g.is continuous. ‘Clearly
Z(gT = (QZ(fa)} u Z(h).‘ But f E h implies that z(h) £ Z(f )
for all a. 'Hence/)(g) = &Z(fa). With this choice of‘g,
fd < g'for all a. ‘To show this, let x ¢ X and consider
(f éS(k) If x € coz f for some o then (fag)(x) = fa(x)g(x) =
=f(x)h (x)/f (x)=h(X)=f 2(x) . |

And if x d coz £, for any «¢ then x ¢ Z(f:) for all o,

SO fa(x)g(h) and f0l (x) are bqth zero. Thus fa < g for all a, . -
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Also g < k, where k is any upper bound for M. We see

that if x ¢ coz fa‘then (gk) ({x) = g(x)k(x) = h (x)/f (x )k(x) -

= hz(x) = faz{x) g (x) and a(x)k(x) = gz(x) =0 lf

IH

X € az(fd).. Hence g s k.

Noﬁ we prove the continuity of g. Obvrously g is continueus
on coz g and on ~oz g. Let x «¢ ESE—E\coz g, therefore erery :
neighborhood N of x meets coz g, hence it meets at least one
coz f for some a. N can be chosen to be connected (because
the space is locally connected) Now N n coz f z 0 for
some o and N-ﬁ Z(f ) = #, so by lemma 3.6, N contains at 1east
one point y of B(COZ'fa) and at this point h 1§ zero. To show

this, let U be a connected neighborhood of y such that

fu(ﬁ) < (-g, €), then h(U) ﬁ.(;E, e) = §. Since h is continuous,
therefore h(yj = 0. Now 0 ¢ h(N), say h{y) = 0, for y ¢ N;

and h is continuous, therefore h(x) = 0, Sirce h is coﬁtinuous,

' therefore glven ¢ > 0 there ex:sts a nelghborhood H of x such
that for -all y in H, ]h(y)l < g. Also |g(y)| < ¢ for a1l y

in H since g coincides w1th h on coz g and outsmde of coz g,

g(x) = 0, ‘this implies that-g is continuous at X. Hence C(X)

is conditionally complete.

Q.E.D
An immediate corollary is:
Corollary 3.8. If X is locally'connected,'then c(X) is E
conditionally complete.
Proof, ~X locally connected implies that its components o

a
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are clopen (10. p. ?bO]. Therefore X = gAu (disjoint union

of components) and-so cx) ~ HC(AG), But, Aa is both connected
and locally connegted,‘therefore (by‘Théqrem 3.7.) C(Au) is‘
conditionally complete, for all «. Hence HC(Aa) is condi- |
tionally complete (by';emma 3.5.), i.e., C(X) is coﬁditionally

complete.

Q.E.D.

§3. Local connectedness and orthogonal completions

As mentioned earlier in §1. of this chapter, neithef all
' ringé are orthogonally complete nor dd ail riﬁgs have  ortho-
gonal comﬁletions.- If the ring under consideration is C(X},
then the following questions could be ésked.

(1) when is C(X) orthogonaliy complete?

(Zj When' does C(X) have an orthogonal completion?

‘The follow1ng theorems will provide us with partnal

answers to the above questions.

Theorem 3.9. If X is connected and locally connected then one

of the following holds.
(1) c(X) is orthogonally complete,

(2) C(X) has no orthogonal completion.

Proof. Suppose C(X) is not orthogonally complete, and
T e X}, g £ CX), 1is thelsupremum of an orthogonal faﬁilyi
‘{f } of more than one non-zero function in C(X). So g has
values arbitrarily close to zero. Indeed let g € C{V)

be the function of proposition 3.3 which represents
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the supremum of {f }, where V = (ycoz £ ) v Hggg;ff; is
dense open in X. Then some coz fOl is a .proper non empty
open set of X. Now 3(coz £,) # # (since the space is i

connected) and for x ¢ 3(coz £ ), every neighborhood N of x

1

i? sgch that V'n Nn coz fa,x #. On this intersection gq
céiﬁcides with fa' For N take fa-l(ﬂe, g), thus g has values
af?itrarily close to zero.

© Next, g = sup{f } implies 14| = sup{|£,|} (by prop. 3.3.).
Suppose q ¢ C{X), we shall sfow that lg| ¢ C({X) and hence we
may suppose that g is non-negative.

: _ suppose that
define h' by: B = -

{q\x) X ¢ D{q)

otherwise.

q| ¢ C(V) can be extended to h ¢ C(X) and

h' (x) =

‘Clearly h' is continuous on D{(g). Foxr x ¢ D(g) = V,-
x ¢ ycoz £, and x ¢ UEBE‘?:T therefore any connected neighbor-
hood N-of x meets ycoz £ _, hence it meets at least one coz f ;
so (by lemma 3.6.) N contains at least one boundary point of
coZ fG and at that point h{x} = h' {x) = 0 (as in theorem 3.7. VR '
Therefore given € > 0 there exists a neighborhood H of x such
that for all y in H, |h(y)| < e. But ‘q' coincides with h
$dn v, therefore for all y in H n V,0 < lgty)| < €2 i.e.,
6 < ]h'(y)[,< €, and for y ¢ Hn ~V, h'(&) ; 0. Hence h' is
céntinuous} thus q and hence g can be extended'to h' ¢ C(X)
a contfadiction. Thus IE{ X c(x); and so g can be assumed to
. be non- negatlve. | |

Now g + 1 ¢ Q(X) is bounded away from zero and thus can

Js
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L

0

not be the supremum of an orthogonal family in C(X). But
'g + 1 is in any ring between C(X) and Q(X) containing q.

Hence C(X) has no orthogonal completioh.

- Q.E.D.

An immediate corollary is:

‘Corollary 3.10. If X is locally connected then one of the
following holds, -

(1) C(X) is»orthégonally complete.

(2) C(X) has no orthogonal completion.

Proof. X locally connected implies that its components

are élopen {10. p. 200]. Therefore X =-gAn {disjoint union
of components), and C(X)‘; HC(AG). Since A is both connected

 and locally connected for all o, therefore either C(A ) is
orthogonally‘complete or C(Ad) has no orthogonal completidn

(Thm. 3.9.). If each C(Au) is 6rthogona11y éomglete‘then C (X)

is ortpogonally éompletg (prop. 3.2.);: on the ofher hand if o
some C(Au) has no o;ﬁhogonal completion'then c(X)} has no ortho- - i
gonal Comp%gfion'f3]q Hence the corollary followé, : TN

v Q.E.D.

Note. No cases of (1) are known except where X is discrete

but many cases of (2) are known as theorem 3.14. will show.

r

Lemma 3.11. In any metric spéce (X, d)}, an open ball is a

cozero set. i



- 43 -

Proof. Suppose B is an open ball iﬁ (X, 4), where
d: X x X+ R, carrylng (x, y) to dix, y). Fix,x, so we get
‘Vanother function dx X » R defined by d_(y) = d{x, y).
Obviously 4, is}dontlnuous. Also By = {y ¢ X: d(x, y) < r}
= {g e X: dx(y) <r} ={y ¢ X: (4, - ) (y) < 0} (f is the
constant funetion with value r); So_B# = cez(_(dx - 1) A0),

where (dx'— T) A 0 denotes the infimum of 4, - T and 0.

Q.E.D.

Proposition 3.12. If X is metrizable and connected then there

éxists a sequence of disjoint cozero sets {coz f } such that

UCOZ fi is not closed. X is assumed to have more than one point.
i ' ,

Proof. Let xe X, and Ex,l' Bx,1/2‘be two concentric
closed balls of radii 1 and 1/2 respectively. We may assume
‘that d(x, y) = 1 for some y ¢ X and then Bx,l - Bx,l/Z-’ g.

Otherwise Bx}1/2+e andrqu’l/2+€ would be.Fwo disjoint o?en

balls with union X, contradicting the fact that X is connected.

Let yl € Bx,l - x 1/2 and choose r; = 1/2 min{d(x,'yl) « 1/2,

1 - dalx, y,)}s With this choice of ry, L/2 < a(x, ¥y < 1. ) a
Also 1f d(yl, z} < r, then 1/2 < d(x, z} < 1 Slnce d(x, z)

s d(x, ¥ 1) + dlyy, 2) < a(x, y;) + ¥y < dix yi) ¢t 1/2(1 - a(x, ¥B)
< 1/2d(x, yl) + 1/2 < 1, and d{x, yl) < d(x, z) + d(z, yl)

< d(x, z) + ry < d(x, z) + 1/2{d(x, ¥4} - 1/2) 'So 1/2 < - Co
< Y1724 (x, yl) + 1/4 < d(x, z) < 1. Thus we have a closed ball

s - . d
Bylirl in Bk,l . x,1/2 As before start with B 1/2 an

-+
¥

Bx,l/a' here |

e }

dreiala
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also = 1/2 - X, 1/3 :- gr S0 choose yz € Bx,\l/2 - Bx' 1/3

and r, = l/2min{d($. Y,) - 1/3, 1/2 - dlx, y,)}. As before

B is a closed bal in B -5
Yzl‘ r2 .a 1in BX; 1/2 B and

X, 1/3

Byl' r, n Byz, r, = @#. By continuing this process we get a

‘ f closed bal B . '
family © s — alls {Byiv ri}iel’ where each
B : cozl(d, - T. = , ‘
Byxy Sy i) 6‘0? ‘c92.f1 (say)f But UBYi' r,
is not closed because x ¢-B, for any i. So we have a

Yir T4
,

sequence of disjoint cozero sets {coz £;} such that UEBE_?I

is not closed.

Q.E.D.
Now we give a theorem which describes some spaces for
which C(X) does not\have an orthoganal cdompletion. First we

give a lemma.

Lemma 3.13. If X * {ix} is connected, locally connected and

‘metrizable, then C(X) has no orthogonal completion.

D |
Ee

Proof. X is metrizable and connected, therefore there

exists a sequence of|disjoint cozero sets {coz((dy - Fi) A 0)}
) L]
T} A 0) is not closed (Prop. 3.12.),

such that 6coz((§y

where ;oz({dyi - r;)ia0) = Byi' ri for all‘l. Since cozero
sets are disjoint, therefore {(d_ -~ Ei) A 0} is an orthogonal
| i .
family. Let g; = 1/ i(_(dY - Ei) A 0) for all i. Since
i .

i) A 0) and {(d& - ri) A 0}_15 an

1

{
-
E

N
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- orthogonal family, therefore {g;} is an orthogonal family..
so we. have an orthogonal family . {g } and a sequence

(y ) + x, yi € coz g,. Suppose that supremum of the famlly
{g } exists and let it be g. Now g coincides with g; on
GOz 9; and is continuous at each p01nt of the sequence (y |

for g to be’ contlnuous at x, g(x) should be -1, but g(x) =0

(because X ¢ ucoz((dy' - ri) A 0); this implies that x e
_ : i A

Interior of Z(g;), for all i). This implies that g ¢ C(X).
'Heqce C({X) has no orthogonal completion (by Thm. 3.9.). |

i

Q.E.D.

Theorem 3.14. If X is a locally connected space wﬁich contains

an open subset U of more than one point such that U is
connected and U is metrlzable, then c(x) does not have an

orthogonal completlon,_

proof. Let B be an open ball in U with centre at x

and radlus r>0, further :- r/2 is enother ball sgch that

Bx, r/z_c U. Bx, £/2 is closed in U, .hence in U. Also U 1s
connected, therefore U is connected [10.'Pp. 193]. Now U is
connected and metrizable, therefore there exlsts a family of
'open balls {B } and {g } the correspondlng famlly of functions

in Bx; r/2 as in (Prop. 3212.).. Let g be defined by.

{g.(x)., X € COZ g,
g(x).:{l ;

otherwise.
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Note that g ¢ c(T) because g is not continuous at x. Now

each B, ‘is open in U and U is open in X therefore each B

is open in X. For each n, define a functlon g X + R as

'fol‘lows _

-,( ) g, {x) for xe T - . . |
g (x) = - |
no 0- otherwise.

~

Obv'?ously En is continuous on ~U and U. Let p ¢ U - U. Since

En is a closed ball in U and U is closed in X, therefore En ey

is closed in X. Now ;ﬁn is open in X ané p € 'j-'ﬁ'n, since
ﬁnc U. This implies that En is continuous at pe Since (
coz g, = coz'En for all n and {gn} is an orthogonal family,

hence {g_} is an orthogonal family in X. Extend g to g as
- ~

_ follows, define g: X + R by

'g(x) for x in T
g(x) =

i otherwise.

Now g =’ supremum {g } (1.n Q(X)) but g ¢ C(X), hence C(l!() 15
not orthogbnally complete. Thus' C{X) has no orthogonal comple-
tion (Corollary 3.10.). '

Q.E.D.




(1)

(2)

(3)

(4)

(5)

6)

(7)
(8)

(9}
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