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Abstract

In 1955, Henry Dyve showed that factors with isomorphic unitary groups are in a
certain sense isomorphic, provided they are not of type I,. We establish a similar
result for simple AF algebras, namely that the unitary group of a simple AF algebra
is a complete invariant. Also, there appears to be an error in Dye’s paper which

allows us to strengthen his result so that it is valid for factors not of type I.
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Chapter 1
Introduction

1.0.0.1 Using [Dy, Theorem 2], M. Broise shows in [Be] the following result:

1.0.0.2 Theorem Let M and N be factors not of type I, (with n finite). Let ¢ be
an isomorphism of the unitary group of M with the unitary group of N. Then there
is a map ® : M — N, which is either an isomorphism or an antiisomorphism, such

that ¢(u) = ®(u) for every unitary u in M.

In Chapter 3 we show a similar result (3.4.0.2) for simple AF algebras. We begin by
sketching the proof of [Dy, Theorem 2], as the approach we take is similar to Dye’s
approach. '

For those who decide to consult Dye’s paper note that his matrices act on vectors
from the right, i.e. are the transpose of the matrices we would normally associate to

a linear transformation.

Part 1

1.0.0.3 Let 2and B be unital C*-algebras. Denote by P(2) the set of projections
of 2 and by P(8) the set of projections of 2. We say that a map

6 : P(%A) — P(B)

is a projection orthoisomorphism if it is a bijection which preserves orthogonality,
in the sense that pg = 0 if and only if 8(p)f(q) = 0, for any p,q € P().

1



The goal of the first part of [Dy] is to show that a projection orthoisomorphism
between von Neumann algebras can be extended to an “isomorphism” between the
von Neumann algebras (in the sense of [Dy, Theorem 1], see (1.0.0.6)). An orthoi-
somorphism preserves many properties of the projection structure of C*-algebras,
including 0, I, orthocomplements, order, and commutativity of projections (cf. ([Dy,
Lemmall) or (3.3.0.1)).

1.0.0.4 Dye remarks here an orthoisomorphism is at least as strong as a lattice
isomorphism, but that it is not known if the two are equivalent.

Note also that examining mappings between the projections of C*-algebras would
be fruitless because of the short supply of projections. To overcome this problem to
some degree, Dye considers matrix algebras over C*-algebras. As a culmination of

this approach we have (in Dye’s words)

Kadison studies Jordan (or C*-) isomorphisms and related mappings
between C*-algebras. In the von Neumann algebra case (or more ex-
pressly, when matrix representations are available), he shows that any
Jordan isomorphism is the direct sum of an isomorphism and an antiiso-
morphism. This develops as a natural consequence of a purely algebraic
theorem, due to Jacobson and Rickart, to the effect that any Jordan ho-
momorphism of a matrix ring is the direct sum of an (associative) homo-
morphism and antihomomorphism. We wish to show here that Kadison’s
theorem can also be proved by means of the preceding (elementary) theory
of C*-matrix algebras.

Explicitly, we will prove that any Jordan *-isomorphism of the C*-
matriz algebra M, () (n > 3) on a C*-algebra B is the direct sum of a
*.isomorphism and a *-anitiisomorphism.

—[Dy, p79]

1.0.0.5 The focus then transfers entirely to von Neumann algebras (with their abun-

dance of projections), with the following end results.



1.0.0.6 Theorem ([Dy, Theorem 1]) Let 8 be a projection orthoisomorphism of
the von Neumann algebra M, (M) (M a von Neumann algebra) onto the von Neumann
algebra N. Then there is a mapping ® of M,,(M) on N which extends 8 and is the

direct sum of a *-isomorphism and a *-antiisomorphism.

1.0.0.7 Corollary ([Dy, Corollary to Theorem 1]) Let M be a von Neumann
algebra with no direct summands of type I, in the large. Then any projection orthoi-
somorphism of M on a von Neumann algebra N is implemented by the direct sum of

a *-isomorphism and a *-antiisomorphism.

1.0.0.8 Following the above results is a comment that in the I, case the theorem

fails, as well as a link to [K].

Part 2

The rest of the paper shifts attention to factors with the aim of proving [Dy, Theorem
2] (cf. (1.0.0.14)). The idea is to construct an orthoisomorphism from a map between

the unitary groups, and then to use Theorem 1.

1.0.0.9 Recall (2.7.10.7) that a factor is a von Neumann algebra with trivial centre
(i.e. whose centre consists of scalar multiples of the (multiplicative) identity).

For the rest of this section, let M and N be factors with unitary groups ¢4(M) and
U(N), and let ¢ : M — N be a group isomorphism. As ¢ sends self-adjoint unitaries
to self-adjoint unitaries, it induces a natural map 8 : P(M) — P(N) given by

I —26(p) = (I - 2p),

or equivalently by

“mzf—wg—%)

Then Dye shows that 0 is a projection orthoisomorphism in all but pathological cases,
namely the I, case with n > 3. Essentially, the critical point is to be able to divide

projections appropriately.



1.0.0.10 We call a projection p an n-fold divisor of I if I can be written as the
sum of n mutually othogonal projections, each equivalent to p. This equivalence can

be taken as unitary equivalence (for example, using 2.7.12.9).

1.0.0.11 Lemma ([Dy, Lemma 12]) The map 6 preserves orthogonality among
(2k + 1)-fold divisors of I.

1.0.0.12 Lemma ([Dy, Lemma 13]) Let M be a factor not of type I, (with n >
1). Then 6 is an orthoisomorphism.

1.0.0.13 The proof of this key result is really a von Neumann algebra proof. Let
p and ¢ be two fixed orthogonal projections in M. To show that 6(p)é(g) = 0, Dye
divides the proof according to the type of the projections p and g.

1.0.0.14 Theorem ([Dy, Theorem 2]) Let M and N be factors not of type Io,,
and let ¢ be a group isomorphism of their unitary groups (M) andU(N). Then there
exists a linear (or conjugate linear) *-isomorphism ® of M on N which implements
@ in the following sense: for some (possibly discontinuous) character x of U(M), and
for every unitary u € U(M), we have p(u) = x(u)®(u).

Dye provides a potential weakening of [Dy, Lemma 13], in which there seems to be a
mistake. We provide another counterexample in Appendix A, and we then use this to
show (in Appendix B) that in fact [Dy, Theorem 2] holds also in the I2, case provided
n> 1.



Chapter 2

Background material

2.1 Ordered Sets

2.1.0.1 Definition A pre-order on a set I is a relation < which satisfies the fol-
lowing, for any z,y,z € T

)z<z (reflexive)
2Q)z<yy<z=>zr<z (transitive)

A pre-order is a partial order if < is antisymmetric, i.e. if z < y and y < = implies
z=y.

A set T with a pre-order < is said to be a pre-ordered set, or simply an ordered
set, and will often be denoted (Z,<). If < is a partial order on I, we say that T is a
partially ordered set.

Ifz,y € T are such that z < y ory < z then we say that z and y are comparable.
A partial order on a set T in which any two elements are comparable is called a total
order, and a set with a total order is called a totally ordered set.

2.1.0.2 Some examples:
1. The set Z*of positive integers is a totally ordered set.

2. The set Z? with the product ordering (a,b) < (z,y) if and only if a < z and
b < y is a partially ordered set which is not totally ordered.
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3. The collection (X)) of all subsets of X is a partially ordered set with respect
to inclusion.

B(X) is also partially ordered with respect to the partial order O. We say that
PB(X) is partially ordered with respect to reverse inclusion.

4. Let (X, <) be a pre-ordered set. The any subset Y of X is also a pre-ordered
set with respect to the relation < restricted to Y x Y.

5. The collection O(z) of all neighbourhoods of z in a tbpological space X is a
partial order with respect to D. We say that O(z)is partially ordered with

respect to reverse inclusion.

2.1.0.3 Let (Z, <) be a partially ordered set, and let S be a subset of Z. An element
z € T is an upper bound, or a majorant, for S in Z if for every s € S, s < z.
An element z € 7 is a lower bound, or a minorant, for S in Z if for every s € S,
XS

A partially ordered set (Z, <) is said to be upward filtering or upward directed
if every finite subset of Z has an upper bound in Z, and is downward directed if
every finite subset.of 7 has a lower bound in Z. Note that (Z, <) is upward filtering
if and only if for every z,y € Z, there exists z € Z such that z < z and y < z, and

there is a similar criterion for downward directed.

2.1.0.4 The pre-ordered sets in Examples (1),(2),(3), and (5) of (2.1.0.2) are all
upward filtering. As a simple example of a partially ordered set which is not upward
filtering, consider a set X which contains at least two elements. Define a partial order
< on this set by z < y if and only if £ = y. Then (X, <) is not upwafd filtering.
As another example, consider the set Z? where (a,b) < (z,y) if and only ifa < z
(as integers) and b = y. Then (0,0) and (0,1) are not comparable, and anything
comparable to (0,0) is not comparable to (0,1). It follows that < is not upward
filtering on Z2.



2.2 Topology

2.2.1 Nets and Filters

2.2.1.1 Let X be a set, P(X) the collection of subsets of X. If § C P(X) , we say
that § is a filter in X (or just a filter) if

1. Aec§,BeB(X),ACB=>Beg

2. AABeg=>ANBeF

3.0¢5F
It is clear that any finite intersection of sets in § must be nonempty.
2.2.1.2 Examples of filters:

1. Let X be a topological space, and z € X. Then the collection O(z) of all
neighbourhoods of z is a filter in X.

2. Let X be a non-empty set and Y C X. The collection of all subsets of X which

contain Y is a filter in X.

3. If X is an infinite set, let § be the family of all subsets of X whose complement
is finite. Then Fis a filter in X. If X = Z* then we call § the Fréchet filter.

2.2.1.3 Let Fand & be filters on a set X. We say that Fis finer that &if & C §.
If also ® # F we say that §is strictly finer than &.

2.2.1.4 If Fand & are filters on a set X, we say that § and ® are comparable if
one is finer than the other. The family of all filters on X is a partially ordered set
with respect to the order induced on P(P(X)) by C . Hence we say that & is smaller
than §if & C 3. '

2.2.1.5 Proposition ([BkT, chap 1 §6 n°3 prop 1]) Let & be some collection of
subsets of X. There is a filter § on X containing ® if and only if no finite intersection
of elements of ® is empty.



It is clear that the intersection of any two filters containing & again contains &. So
if there is a filter containing ®, there is a smallest filter containing . This filter is
called the filter generated by ®.

2.2.1.6 Proposition ([BkT, chap 1 §6 n°4 prop 2]) Let B be a collection of sub-
sets of X. Then § = {Y C X;3A € Bwith AC Y} is a filter in X if and only if

1. The intersection of any two elements of B contains an element of B.
2. B is not empty, and the empty set is not in ‘B.

2.2.1.7 We say that a collection of subsets B of X that satisfies the conditions of
Proposition 2.2.1.6 is a filter basis for the filter § = {Y C X;34 € Bwith A C Y},
or that it is a basis for the filter §. Noting that any filter containing B must also
contain ¥, we see that Fis the filter generated by B. We call two filter bases
equivalent if they generate the same filter.

2.2.1.8 ([BkT, chap 1 §6 n°3]) As an example, let Z be a nonempty set with an
upward filtering pre-order <. For any j € Z, we define the section of Z with respect to j
to be the set S(j) = {i €Z;j < i}. The collection B of all sections of Zis a
filter basis. The filter generated by B is called the filter of sections of the set

T with respect to <. As particular cases we have
1. The Fréchet filter is the filter of sections on (Z*, <).

2. Let §be a filter in a set X. For A, B € §, say that A < B if B C A. Then §is
an upward filtering partially ordered set with respect to <. So we can define on
3 the filter of sections, where in this case a section with respect toaset A € §
is the collection S(A) = {B € §; B C A}. This filter is called the filter of
sections of the filter §.

2.2.1.9 If Bis a filter basis on X and if f is a map from X into Y, then f(B) is a
filter basis on Y. If B and B’ are filter bases on X and the filter generated by B finer
than the filter generated by 9B’ then the filter generated by f(%B ) is finer than the
filter generated by f(B').



2.2.1.10 Definition Let X be a topological space, § a filter in X, and y € X. We
say that § converges to y if § is finer than the filter O(y) of neighbourhoods of y in
X. If § converges to y, we say that y is a limit point of § (or just a limit of §). If
B is a filter basis then we say that z is a limit of B, or that %6 converges to z; if
z is a limit of the filter generated by *B. We say that z is an accumulation point

of B if z is an accumulation point of every element of B.

If a filter ¥ converges to z so does any filter finer than J.

2.2.1.11 Let f be a function from a set X into a topological space Y, and let § be
a filter in X. We say that a point y € Y is a limit point (or just a limit) of f
with respect to § if the filter basis f(*B) converges to y. In this case we write

limg f =y, or lim, 3 f(z) =y, or even lim, f(z) = y if no confusion will result.

2.2.1.12 Proposition ([BkT, Chapter III §7 n°3 prop 7]) Fory € Y to be a
limit for f with respect to §, it is necessary and sufficient that for each neighbourhood V
of y thereisan M € §F such that f(M) C V (i.e. that f~*(V) € § for all neighbourhood N

of y).

2.2.1.13 Note the similarity between this definition and the usual definition of con-
vergence in topology. In particular, if X and Y are topological spaces and § = O(z)
then Proposition 2.2.1.12 shows that lime(s) f = y if and only if f is continuous at z

and f(z) =y.

2.2.1.14 ([BkT, Chapter 1 §7 n°3 Example 2]) Let f be a function from an
upwards filtering pre-ordered set 7 into a topological space X. If z € X is a limit
point of f with respect to the filter of sections of Z (see (2.2.1.8)), then we say that =
is a limit of f with respect to the ordered set Z, and we write z = lim;e7 f (7).
Similarily, if z € X is an accumulation point of f with respect to the filter of sections
of Z, then we say that z is an accumulation point of f with respect to the
ordered set 7.

2.2.1.15 As a familiar example of (2.2.1.14), consider the upward filtering set N,

and f a function from N into R. Then we have the familiar case of a real sequence,

9



z, = f(n) for n € N. In this case, the limit of f with respect to the ordered set
N is just the usual limit of the sequence (z,), and a point in Ris an accumulation
point of f with respect to the ordered set N iff it is an accumulation point of the set
{zn;n € N}

In particular, the pair (Z, f) in (2.2.1.14) can be thought of as a sort of generalized
sequence. Indeed, a pair (Z, f) where Zis an upward filtering pre-ordered set and f
is a function from Z into a set X is called a net, or a generalized sequence. See

Section 2.2.2 for more details on nets and their relation to filters.

2.2.1.16 ([BKkT, Chapter IV §5 n°1]) Let X be a set. We call a function f :
X =R =RU{oo}U{—00} areal-valued function, or we say that f is real-valued.
If f and g are two real valued functions we say that f < g if f(z) < g(z) for all
z € X. This gives a partial order relation on the set of real valued functions on X.

2.2.1.17 We say that a real-valued function on an upward filtering pre-ordered set
Tis

1. increasing if < i= f(5) < f(9)

2. decreasing if j <i= f(j) > f(3)

If f is either increasing or decreasing we say that f is monotone.

2.2.1.18 Proposition Let f and g be two real-valued functions on a set X, and let
S be a filter in X. Iflimg f and limg g exist and if, for every A € § thereisanz € A
such that f(z) < g(z), then lim; f < limg g.

2.2.1.19 Theorem ([BkT, Chapter IV §5 n°2 Theorem 1]) Let f and g be two
real-valued functions on a set X, and let § be a filter in X. Iflimg f and limg g exist
and if f < g then limz f < limgg.

2.2.1.20 Theorem ([BkT, Chapter IV §5 n°2 Theorem é]) Let X be a par-
tially ordered set, T an upwards filtering subset of X. Every monotone real valued
function on T has a limit with respect to the filter of sections of Z. If f is increasing,
this limit is the same as the least upper bound of the set f(Z) C R. If f is decreasing,
this limit is the same as the greatest lower bound of the set f(Z) C R.

10



The Limit Superior of a Real-valued Function with respect to a Filter

2.2.1.21 ([BKT, Chapter IV §7 n°4]) Let f be a real-valued function on X, and
let F be a filter in X. Then § is upward filtering with respect to D (see (2.2.1.8 n°2)).
We define a function s from F to R by ’

s(A) = sup f(z), forall A € §.
z€A

The function s is decreasing with respect to §, since A C B implies that sup, , f(z) <
sup,¢p f(z). It follows from Theorem 2.2.1.20 that s has a limit with respect to §.

2.2.1.22 ([BKT, IV §5 n°6]) We define the limit superior of f with respect
to J, denoted lim sup; f, to be the limit of the real-valued function A — sup,, f(z)
with respect to §. That is,

limsupf = lim(sup f(z)).
supf = lim(sup £ (2)
Since the function A — sup,¢ 4 f(z) is decreasing with respect to § then

limssup f= ;ixréfs (sup f(z)) . (2.2.1)

TEA

In particular, if Fis the filter of sections of an upward filtering ordered set Z then
(2.2.1) is equivalent to

limsupf = inf (sup f(z)) . (2.2.2)

J€T \i2;

2.2.1.23 Proposition ([BKT, IV §5 n°6]) The ilimit superior with respect to § has
the following properties:

1. f < g = limsupgf < limsupgg
2. ceR,c> 9= limsupgc- f = c-limsupgf
3. limsupg(f + g) < limsups f + lim supgg

whenever both sides of the inequalities are defined.

11



2.2.2 Nets

" In much the same way that filters are a generalizattion of neighbourhoods, nets are

a generalization of sequences.

2.2.2.1 A net in a set X is a pair (Z,¢), where Z is an upward filtering pre-ordered
set and ¢ is a map from Zinto X. Typically we will write a net as (z;);ez Where
z; = (). The most important example of a net occurs when Z = N, when we have
a sequence in X. It is of course the usual notation for sequences that motivates the

notation (z;);cz. Indeed, nets are sometimes called generalized sequences.

2.2.2.2 ([P2, 1.3.2]) A subnet of a net (Z,¢) in X is a pair (J,«) in X together
with a map h : J —Z, such that k = toh, and such that for each i € Z there is a
j(i) € J such that 7 < h(j) for every j > j(¢). In most cases we may choose h to
be monotone [i.e. j < k in J implies h(j) < h(k) in Z], and ther, in order to have a
subnet it suffices to check that for each 7 € Z there is a j € J with 7 < h(j).

The definition of a subnet may sound intricate, but try to formulate a strictly

correct definition of a subsequence!

2.2.2.3 Let (z;)iez be a net in a topological space X. Then Zis an upward filtering
pre-ordered set, and we know that the filter of sections (cf. 2.2.1.8) is a natural filter
in such a set. If we denote by B the collection of sections of Z, then ¢(*B) is a filter
basis in X. We say that (z;);cz converges to z if ((B) converges to z. We write this
as z = limyez z;, T = lim z;, or simply as z;—z. Also, a point z is an accumulation
point of (z;);ez iff it is an accumulation point of ¢«(B).

Conversely, let § be a filter in X which converges to z. Let

I={(z,4) €XxF;ze€A}

and define (z, A) < (y,B) if B C A. Then < is an upward filtering pre-order on Z.
Let ¢ the map from Z into X given by ¢() = i¢(z, A) = z. Denote z; = ¢(¢). Then
(z:)iez is a net in X which converges to z, and the accumulation points of § and

(z:)iez are the same.
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So there is a natural correspondence between filters in X converging to z, and
nets in X converging to z. However, we now formulate the concepts of convergence
and accumulation points of nets more explicitly.

2.2.2.4 We say that a net (Z,:)in a set X is eventually in a subset A of X, if
there is an i(A) € T such that z; € A for every ¢ > i(A). We say that the net is
frequently in A if for each j € T there is an ¢ > j with z; € A. Note that (z;) is not
frequently in A iff (z;) is eventually in X\ A.

A net (Z,:) converges to a point z iff it is eventually in each A in O(z). A point
z € X is an accumulation point for a net (Z,:) if the net is frequently in every A in
O(z).

Note that z is an accumulation point of a net if some subnet converges to z, and
Proposition 2.2.2.6 gives the converse.

2.2.2.5 ([P2, 1.3.4]) Let B be a system of subsets of X that is upward filtering
under reverse inclusion. If a net (Z,:) is frequently in every set B in B, there is a
subnet (J, k) that is eventually in every B in 8.

2.2.2.6 Proposition ([P2, 1.3.5]) For every accumulation point = of a net in a
topological space there is a subnet that converges to z.

2.2.2.7 Proposition ([P2, 1.3.6]) A point z in a topological space belongs to the
closure of a set Y iff there is a net in Y converging to z.

2.2.2.8 The above propositions show that a topology is determined by the family

of convergent nets on the space.

2.3 Direct Limits

In the following sections we discuss the inductive limit, which can be considered as
an extension of the process of forming unions. It might help intuitively to think of

the example Z = N, but in general Z need not be totally ordered.

13



2.3.0.1 Recall that the disjoint union of the collection of sets (2;);cz is the set
HQL; = {(a,%);a € A;,7 € I}.
ieT

For each ¢ we have the canonical inclusion maps ¢; : 2; — J];., % given by i;(a) =

(a,1) for any a € 2;,: € Z. Typically we will drop the 4, and will refer simply to the
map ¢. It is clear that

¢(2;) N o(2A;) = O whenever i # j

and that

[T2: =)

ieT i€l
For each ¢ € Z, the map ¢ is a bijection between 2; and ¢(2;). By abuse of notation,
we identify 21; with the subset +(2;) C J[;c;2:. For each i € T we can define the
map A; : t(A;) C [[;cx % — I by A((a;, ) = i. Since the +(2;) partition [, 24, we
also have a unique map A : [];.; % — Z such that A|,@,) = A;. In particular, for any
T € [[;ez i, AM(z) =4 if and only if ¢ is the unique element of Z for which there is

some a € 2; with ((a) = z.

2.3.0.2 Definition ([L, Chapter III §9]) Let C be a category, {%;}:cz a collection
of objects of C, {®i;},., a collection of morphisms of C, and T an upward filtering
index set. If

1. for every i,j € T with i > j there is a map ®;; : %; — 2,
2. q),‘j = Qikoékj Wheneverj <k<i,
3. ®;; is the identity map on 2;,

then we call {2;, ®;;} a directed system in the category C, or just a directed
system, and we refer to the directed system {24;, ®;;}.

2.3.0.3 Definition ([L, Chapter III §9]) Let {2, ®;;} be a directed system in the
category C. A direct limit for {2;,®;;} in the category C is an object in
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C together with morphisms ®; : 2; = such that ®; = ®;0®;; for all i < j which
satisfy the following universal property: Let 0 be an object in C and assume that to
each i € 7 there is a morphism V; such that W;0®;; = ¥, for every j < i. Then there

is exactly one morphism = : % — N that leaves the diagram

commutative. When no confusion will result (i.e. when the ®;; are unambiguous) we

will sometimes write 2 = lim{%;}.

2.3.0.4 It is a useful fact that direct limits exist and are unique for many useful
categories, including sets, algebraic structures, normed algebras, and C*-algebras.

We give some explicit constructions below.

2.3.1 Direct Limits of Sets

2.3.1.1 Theorem Let {2;, ®;;} be a directed system. Then there exists a set 2 and
maps ®; such that

1. the diagram

B

commutes whenever j < i and
2. A =uUr®;(A;)

Proof: Given a directed system {2, ®;;}, let ® = [[,.; 2. Denote by ~ the equiv-

alence relation on ® given by
(ai,2)~(aj,j) <> 3k € T with 4,5 < k such that ®4;i(a;) = ®x;(a;)

15



and let 2 = D/~ be the quotient set. For z € D, let [z] denote its equivalence class
with respect to ~ and 7 : ® — % be the quotient map.

It is clear that 2is non-empty if at least one of the 2; is non-empty. For each
2; we have a function ®; : A; — 2 given by

®:(a:;) = (mor)(a:) = [(a:,7)),
and from the definition of ~ we have
®; = ®,09;;, whenever j < i.
Since [[;ez 2 = Uz (i), and 2 = 7 ([1;c; 2:) it follows that

A= U ®;(2L).

i€l

Hence the result. [ ]

2.3.1.2 It is straightforward to check that {2, {®;}} is a direct limit for {2;, ®;;}in
the category of sets and mappings, and that any other direct limit for {2, ®;;}is
isomorphic to {2, {®;}}.

2.3.1.3 Lemma ([BKE, Chapter 3 §7 n°5 Lemma 1]) Suppose that we have a
directed system {%;, ®;;} in the category of sets, and suppose that 2 = lim {2;, ®;;}
together with maps ®; : 2; — 2 is its direct limit.

1. Let {z(®}?_ bea finite subset of 2. Then thereisani € T and a set {z* Yoo, C
2; such that z® = &;(z*) for every 1 < k < n.

2. Let {z®}2_, be a finite subset of ;. If ®;(z®)) = &;(zV) for every pair
1 < k,1 < n then there exists i < j € T such that ®,;(z®) = &;;(z®) for every
1<k, I<n.

2.3.1.4 Theorem ([BKE, Chapter 3 §7 n°6 Proposition 6]) Let {2;,®;;} be a
directed system in the category of sets, with direct limit .

1. for the map = of (2.3.0.3) to be surjective is neccessary and sufficient that
M = Uiz ¥: ().
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2. a neccessary and sufficient condition for = to be injective is that for any j € Z
and z,y € 2;such that ¥;(z) = V;(y) there is an ¢ € T with i > j such that
®;5(z) = @45(y)-

2.3.2 Direct Limits of Algebraic Structures

2.3.2.1 In this section we will be interested in the direct limit of a directed system
{2, ®;;} in which each 2;is an algebraic structure, all in the same category (note
that algebraic structures (cf. [C] or [BS]) include groups, algebras, and *-algebras,
among others). Similar constructions are possible for objects which are not necessarily
algebraic structures (e.g. scaled dimension groups (cf. 2.6.3.9)). Since in our case we
are interested in various flavours of groups and algebras (namely groups, algebras,

and *-algebras), we can assume that all the 2I; are non-empty.

2.3.2.2 Theorem ([W, Appendix L]) Let {2;, ®;;} be a directed system, in which
each 2; is an algebraic stucture in the same category, and each of the ®;; are mor-
phisms in the appropriate category. Then there exists an algebraic structure 2l in the
same category as all the 2; and morphisms ®; : 2; — 2 such that

1. the diagram

Q[jf_".. 9

commutes whenever j < i and
2. A =uUrd; ()

It is straightforward to check that {2, {®;}} is a direct limit for {2(;, ®;;} in the appro-
priate category, and that any other direct limit for {2;, ®;;}is isomorphic to {2, {®;}}.
We also have that the map Z of (2.3.0.3) is surjective if and only if 9T = U;ez0;(2),
and Z is injective if and only if for any j € 7 and z,y € 2; such that ¥;(z) = ¥;(y)
there is an ¢ € Z with ¢ > j such that ®;;(z) = @;;(y).
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2.3.3 Direct Limits of Normed and C*-Algebras

So far we have constructed a direct limit 2 of a directed system {2;, ®;;} in which the
2; are all algebraic structures in the same category and the ®;; are morphisms in the
appropriate category. We did this by introducing operations on the direct limit A of
{2, ®;;} in the category of sets. This all worked very well because the &;; preserved
all of the essential properties of the ;. We now look at the direct limit of normed
and C*-algebras. It is not satisfactory to require that the @;; preserve the norm,
since this would require the maps to be injective. Since in general the maps between
normed algebras do not preserve the norm (although see (2.7.7.4)), we will require an
additional condition on the directed system in order to perform a similar construction
(although note that the underlying set is no longer the direct limit of {2;, ®;;} in the
category of sets).

2.3.3.1 ([Pa, p42]) If {2, ®;;} is a directed system such that each 2, is a normed

algebra, each ®;; is a continuous algebra homomorphism, and

lim sup ||®;;]| < oo for every j € Z, (2.3.3)
i>j
then we call {2, ®;;} a normed inductive system of normed algebras.

2.3.3.2 Theorem ([Pa, p42]) Let {2;, ®;;} be a normed inductive system of normed
algebras. Then there exists a normed algebra 2 and there exist continuous morphisms
®,; : A; — A such that

1. the diagram

commutes whenever j < ¢ and

2. A= Uzq)i(gli)
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Furthermore, 2 is the unique direct limit for {2;, ®;;} in the category of normed
algebras. The map = is surjective if and only if ! = U;e7¥;(2;), and = is injective if
and only if for any z,y € 2; such that ¥;(z) = ¥;(y), and for any € > 0, there is an
i € T with i > j such that ||®;;(z) — $:(v)|| <e.

Proof: Let {2;,®;;} be a normed inductive system of normed algebras, and let
{Ziemp, {¥:}} be the direct limit of the {2;, ®;;}in the category of *-algebras. We
define the function n : 2emp = RT by

n(a) = limsup ||®;;(a:)l|, where a; € %;such that ¥;(a;) = a.
i2j

It is immediate that the definition of n does not depend on the choice of a;, and from

the properties of limsup in Proposition 2.2.1.23 we have that nis a seminorm on
QLtemp- Let

N = {a € Uiemp; n(a) = 0}.

Then N is a two-sided ideal of 2;erp, and [l + N|| = n(a) is 2 norm on Aserp/N. We
define A = Aiemp/N with this norm, and we define maps ®; : A; — Aiemp by letting
®;(a) be the equivalence class of a in 2. With these definitions, X satisfies (1) and

(2). The remaining assertions are straightforward. |

2.3.3.3 When all the ; are Banach algebras, the uniform boundedness principle
shows that Equation (2.3.3) of (2.3.3.1) is satisfied if and only if

lim sup ||®;;(a;)|| <ocoVj € Z,a; €Y. (2.3.4)
>

When the 2; are C*-algebras and the ®;; are C*-algebra morphisms, then Equa-
tion (2.3.4) is always satisfied, by Theorem 2.7.7.4. It follows that any directed
system of C*-algebras and C*-algebra morphisms is a normed inductive system of
normed algebras, and hence has a direct limit 2 in the category of normed algebras.
It is easy to see also that % has a *-algebra structure, and that the C*-identity
lla*a|] = ||a||? carries over to the direct limit. Hence we can construct the (unique)
C*.algebraic direct limit 2 of the directed system {2;, ®;;} to be the closure of
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the normed direct limit

A = Ao,
which is clearly a C*-algebra. The map = of (2.3.0.3) is surjective if and only’ if
M = Ujez¥:(2;), and E is injective if and only if for any € > 0 and z,y € ¥; such
that ¥;(z) = ¥;(y) there is an ¢ € Z with ¢ > j such that ||®;;(z) — ®;;(y)|| < e.

2.3.4 Further properties of the direct limit

2.3.4.1 Direct limits can be a little tricky at times. It may happen that li_n;Mi # M
even if M; = M for all i. Consider for example the case where M = M, & M, the
®;; are given by a ® b — a. Then ligMi =M;.

2.3.4.2 The following extremely useful lemma is used in the proof of Elliott’s The-
orem (2.10.3.3). It follows from the defintion of the direct limit (in the appropriate
category), and from the appropriate construction ((2.3.1.1), (2.3.2.2), or (2.3.3.2)).

2.3.4.3 Lemma ([W, L.1.5]) Let {2;, @}, ..
egory of sets, algebraic structures, or C*-algebras. Let 2 be the direct limit of
{2, @5}, jeN and let B be the direct limit of {%1, Ui} jeN- Assume also that there

is a sequence of indices

N be a directed system in the cat-

n<m<noS<m<nyz<mg<...

such that for each k there are morphisms ay, : A,, — B, and B : By, — Ay, ,, such
that the diagram

N A N A
BB e - B - -

commutes. Then there is an isomorphism between 2 and ‘B commuting with the

diagram.

20



2.3.4.4 Suppose that {2, ®;;}is a directed system of algebraic structures, all in
the same category. We have seen (2.3.2.2) that the direct limit A can be thought of
as U;ez®;(2;). Since B; = $;(2;) is an object in the same category as 2;, we have
that 2l is also the increasing union of the directed system {B;, {v;;}}, where 4;; is the
appropriate inclusion map. Therefore, we will sometimes write the direct limit 2 as
A = UserB;.

Similarily, if {2;, ®;;} is a directed system of C*-algebras, we will sometimes write
2 = U;erB; (using (2.3.3.3) and (2.3.3.2)).

2.4 Bratteli Diagrams

2.4.0.1 Definition A Bratteli Diagram (V| F) consists of a vertex set V and an
edge set E, where the sets V and E can be written as a countable disjoint union of

non-empty finite sets

V= ﬁ Va, E= ﬁ E,
n=0 n=1

with the additional property that there exists a source function s : E—V and a range
function r : E—V such that

1. s(En) C Vior,7(Es) C Vi
2. s7Hv) #0,VveV

3. riv) #0,Vve ViV,

2.4.0.2 There is a natural graphical representation of a Bratteli diagram, obtained

by identifying the Bratteli diagram with a subset of the plane. Indeed, let |V, | = m,,.
Then we identify the vertices v}, 1 < k < my, in V,, with the points (k, —n), ... , (m,, —n).
We identify E, with edges between V,_; and V,,. In particular, for each edge e € E,
draw a line between s(e) € V,_; and r(e) € V;,.
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We can represent the set E, conveniently as a matrix (ai;) € M, xm._, (Z7)

?

called the incidence matrix, in which

ai; = |{6 € En;s(e) = (ja—(n - 1))77(6) = (iv —n)}l

is the number of edges joining v;-"'l with v}

Level Incidence Matrix
s(e) v

() = JA
(; ;) Ent1 IX

n+l hd d Vot

n-1
Va

2.4.0.3 Let k,l € Z*,k < l. We denote by Ex410E;20...0E;the set of all paths

from V; to V}, i.e. Exp10...0E; is the set

(€:)izks1 3 &€ Eiwhenk+1<i<],
and r(e;) = s{e;1) when k+1<i<1-1

Let vx € Vi, v € V. A path from vy to v; is a sequence (e;)'_, +1 € Ery10Eg00...0F,
such that s(ex41) = vr and r(e;) = v;. We say that v, is an image of vy, if there is a

path from v to v;.
2.4.0.4 Given a Bratteli diagram (V, E) and a sequence
O=mg<m <my<...

we define the telescoping of (V, E) to (m,) as (V', E’), where V] =V,

For example, if we remove level n of the above diagram we get a telescoping to levels
n—1 and n + 1. The new diagram is shown below. Note that the new incidence

matrix is the product of the two incidence matrices from the above diagram.
Y ° o Vi1
1 3 1
PRI <74
. ° Va
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2.4.0.5 There is a natural notion of isomorphism between Bratteli diagrams, indeed
the Bratteli diagrams (V, E) and (V', E’) are said to be isomorphic if there is a map
¢: (V,E)— (V' E’) such that:

1. ¢ is a bijection between V, and V., for all n € N,

2. ¢ is a bijection between E, and E}, for all n € N, such that ¢(s(e)) = s(¢(e))
and ¢(r(e)) = r(¢(e)), foralle € E.

2.4.0.6 ([GPS, p69]) We let ~ denote the equivalence relation on Bratteli di-
agrams generated by isomorphism and telescoping. It is not hard to show that '
(V1,E') ~ (V2,E?) if and only if there exists a Bratteli diagram (V, E) so that
telescoping to odd levels 0 < 1 < 3 < ... yields a telescoping of either (V!, E!)
or (V2 E?), and telescoping to even levels 0 < 2 < 4... yields a telescoping of
the other. We see in Section 2.8.4 how to assign an AF-algebra to a Bratteli dia-
gram. The AF-algebra AF(V,E) associated to (V, E) only depends on the equiv-
alence class of (V, E). In fact, by Bratteli’s fundamental paper [Br], Theorem 2.7,
we have that AF(V,E) ~ AF(V',E’) if and only if (V,E) ~ (V', E’). We will also
see (cf. Section 2.10.2) how to associate a Bratteli diagram to a dimension group
which we denote b'y K,(V, E)—the notation being motivated by the connection to
K-theory. Elliott showed that [El] (V, E) ~ (V', E') if and only if Ky(V, E) is order
isomorphic to Ko(V’, E') by a map sending the distinguished order unit of Ky(V, E)
to the distinguished order unit of Ky(V', E").

2.5 The Grothendieck Group

The construction of the Grothendieck group is a generalization of the following pro-

cedure.

2.5.0.1 Given the nonnegative integers Z*, there is a natural way of constructing
the integers Z.

Z = {(p,q);p,q € Z},
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where we say that (p,q) = (r,s) if (p+s) = (¢ + 7). More precisely, we define an
equivalence relation = on Z* x Z* by (p,q) = (r,s) if p+ s = ¢+ r. We identify Z
with Z* x Z*/ = by identifying [(p,9)] € Z* x Z*/ = withp— g € Z.

2.5.0.2 The goal of the Grothendieck group construction is to comstruct, for an

arbitrary commutative semigroup #, the “smallest” abelian group &(#) containing

H. The group &(#) so constructed is called the Grothendieck group of H, or the

enveloping group of H. Using this notation, we have in (2.5.0.1) that &(Z*) = Z.
Recall that a semigroup # is said to satisfy cancellation if

z+z=y+z=>z=y foranyuz,y,z€H.

Note in particular that Z* satisfies cancellation, and this is exactly what made the
relation = of (2.5.0.1) transitive.
We now consider the process of constructing &(#), where # can be any abelian

semigroup (in particular H need not satisfy cancellation).

2.5.0.3 Let H be an abelian (additive) semigroup. Denote by = the equivalence
relation given on H x H by

(h17k1) E(hQ’ kZ)
<= 31, Y2 € Hsuch that (k) + 1, k1 + v1) = (he + Yo, k2 + y2)
<= Jdxe€Hsuchthat hy +ko+x=ho+ k1 +2

and denote by [a] the equivalence class in H X H of the element a € H x H.
We define the Grothendieck group for H to be

S(H):=HxH/=
We can define addition in &(H) by
[(hl, kl)] -+ [(hg, kg)] = [(h1 -+ h2, kl + kz)]

Let z € H. Then I := [(z,z)] € &(H) is an identity element for &(#), and G(H) is
an abelian group with identity.
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2.5.0.4 Thinking of an element (h,k) € G(#H) as a “formal difference” h — k, it is
natural to represent h € H in &(#) as [(h, 0)]. Indeed, we have the following:

2.5.0.5 Proposition ([W, p296]) The map ¢ : H — &(H) defined by «(h) = [(h +
k,k)] is a group homomorphism.

1. . is injective <=> H has cancellation.

2. Every element of (#) can be written in the form t(h) —u(k), for some h, k € H.

2.5.0.6 The above proposition tells us that the elements of &(7{) do behave as
“differences” of elements in # with elements of H. For example, it is now quite clear
that

6(ZH) =2
6(R') =R
6@Q") =Q

Also, if we consider < N, >, the semigroup of strictly positive integers with multi-
plication, it is clear that (< N,- >) = Q" \{0}.

The following theorem gives us a universal property for &(H).

2.5.0.7 Theorem ([W, p296]) Let H be a commutative semigroup and S be a com-
mutative semigroup with neutral element and ¢ : H —S a homomorphism of semi-
groups that maps H into invertible elements in S. Then ¢ extends uniquely to a
homomorphism 1 : (1) — S such that

As a corollary to Theorem 2.5.0.7 we obtain a universal property for Grothendieck
groups:
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2.5.0.8 Corollary ([W, p297]) Let H,,H. be commutative semigroups with neu-
- tral elements. Let ¢ : H; — H, be a homomorphism of semigroups. Then there is a
unique homomorphism of groups v : &(H;) — &(H,) that makes

Ha Ho

L [2

&(Hi) ';],*(’5(7{2)

commute.

This universal property will be instrumental in defining the group Ko(2) associated
to a C*-algebra 2.

2.5.0.9 Proposition ([W, p297]) Assume that H has an element oo with the prop-
erty that

h+oo=00 Vhei
Then G(H) = 0.

Proposition 2.5.0.9 is used in (2.9.0.6) and (2.9.0.13) to calculate Ky (B).

2.6 Partially Ordered Abelian Groups

2.6.1 Ordered Groups

When we discuss K-theory for AF algebras we will see that two AF algebras are
isomorphic if and only if their Ky-groups are isomorphic as scaled dimension groups.

We follow [Go] in describing partially ordered abelian groups and dimension groups.

2.6.1.1 Definition A partially ordered abelian group is an abelian group G
with a specified partial order < which is translation-invariant, i.e. for any z,y,z € G

we have
z<y=>zrz+zLy+-=z
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A totally ordered abelian group is a partially ordered abelian group in which < is

a total order.

2.6.1.2 Some examples:

1.

The (additive) group Z with the usual partial order z < y ifand only if 0 < y—z
is a partially ordered abelian group(in fact, a totally ordered abelian group).
This will be refered to as the usual ordering on Z. Similarily, the additive

groups Q and R with the usual orderings < are totally ordered abelian groups.

. The additive group C is a partially ordered abelian group with z < w if and

onlyifw—z€eRandw—-2>0in R

. We can define another ordering on Z by setting z < y if and only if y — z is

non-negative and even. Then Z is a partially ordered abelian group (but not a

totally ordered abelian group).

Let z = (z1,--- ,Zn),¥ = (Y1,---,Yn) € Z". Say that z < y if and only if
z; < y; for every 1 = 1,... ,n, where z; and y; are compared using the usual
ordering on Z . Then Z" is a partially ordered abelian group. The ordering
< on Z"is called the simplicial ordering on Z". Unless otherwise specified,
whenever we refer to Z™ as a partially ordered abelian group we assume Z" has

the product ordering.

. The simplicial ordering on Z" is a special case of a more general construction:

Suppose that {G;} is some family of partially ordered abelian groups, and con-
sider the group G = [[;G;. Then the product ordering-on G is given by
(z;) < (y:) if and only if z; < y; for all 7 (i.e. the elements of G are compared
“pointwise”). Then (G, <) is a partially ordered abelian group. This will be the
usual ordering we give to products, and unless otherwise stated we assume that
any product is given this ordering. Another ordering on the product G = []; G;

is the strict ordering, denoted <, given by (z;)< (¥:) if and only if

z; < y; for all 7 or (z;) = (%)
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6. Let F' be the set of functions from a set Zinto a partially ordered abelian
group G. Then F is isomorphic with []; G via the map which sends a function
f € F to (f(7))iez € [[;G- Hence any ordering on G induces an ordering
on F. Considering [[; G as a partially ordered abelian group with its usual
product ordering (as in (5)), this isomorphism induces an ordering on F, called
the pointwise ordering. The strict ordering on F' is the order induced by
the strict order on []; G.

2.6.1.3 A cone in an abelian group G is any subset C of G such that 0 € C and
C is closed under addition. A cone C is called a strict cone if 0 is the only element
z € C for which —z € C.

2.6.1.4 Let G be a partially ordered abelian group. Let z € G. We say that zis a
positive element of G if 0 < z, and we say that z is a strictly positive element
of Gif0< z.

We denote by G* the set of all positive elements of G. Then G™ is a strict cone,
called the positive cone of (G, <) (or just the positive cone of G). Conversely, given

a cone C in G we can define a relation <c on G by
t<cy < z-—ye (forany z,y € G).

The relation <¢ is a translation invariant pre-order on G, and <. is a partial order
if and only if C is a strict cone. Furthermore, if (G, <) is a partially ordered abelian
group then <.+ is the same relation as <. So < and G contain the same information.
It is often convenient to define the ordering on a partially ordered abelian group by
specifying the positive cone.

2.6.1.5 Note that the convention that Gt is the set of positive elements of G may
conflict slightly with some common notation. In particular, when we speak about R*
we mean the set {z € R;z > 0} of positive elements of R. Similarily for Z* and Q*.

2.6.1.6 For each of the examples in (2.6.1.2), the positive cone is as follows:
1. Z7* is the non-negative integers, Z* = {0,1,2,...}. Similarily for Q* and R*.
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2. Ct =R*.
3. With this ordering, the positive cone of Z is 2Z*, the non-negative even integers.
4. (Z™)F = {(z;); z: € Z7}.

5. In the pointwise ordering, an element (z;) of [[; G; is positive if and only if
z; > 0 for each 7 € Z. In the strict ordering, (z;) is positive if and only if z; =0
for every : € Zor z; > 0 for every 7 € T.

6. In the pointwise order, the functions whose values are positive. In the strict

order, the functions whose values are strictly positive, as well as the 0 function.

2.6.1.7 Proposition ([Go, 1.3]) Let H be a subgroup of a partially ordered abelian
group G. Then the following are equivalent:

1. H is an upward directed partially ordered set (cf. 2.1.0.3),
2. H is a downward directed partially ordered set,
3. H is generated (as a subgroup of G) by a subgroup of Gt,

4. All elements of H have the form z — y for some z,y € H*.

2.6.1.8 A directed subgroup of a partially ordered abelian group G is any sub-
group H of G which satisfies the equivalent conditions of Proposition 2.6.1.7. If G is
a directed subgroup of itself then we say that G is directed, or that G is a directed
abelian group.

2.6.1.9 Definition Let G be a partially ordered abelian group. We say that G is
unperforated if for any r € G and any n € N we have that nz is positive only if z

is positive.

2.6.1.10 Example If Z is made into a partially ordered abelian group with positive
cone {0,2,4,...}, then Z is not unperforated.
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2.6.1.11 We will be mostly concerned with directed, unperforated partially ordered
abelian group, so we give an alternative description here in terms of the positive cone.
This is the description given in [Ef], for example, in which directed, unperforated
partially ordered abelian group are referred to simply as “ordered groups”. We will
not adopt this convention.

Let G be an abelian group together with a subset P of G, called the positive

cone or ordering, such that
1. P+ PCP,
2. P-P=gG,
3. Pn(-P)={0},
4. if a € G and na € P for some n € N, then a € P.

Then G is a directed, unperforated partially ordered abelian group. Conversely, any
directed, unperforated partially ordered abelian group satisfies (1-4) with P = G™.
It is possible that G has many subsets which satisfy the above properties. If no

ambiguity results, we will sometimes denote P by G™.

2.6.1.12 Let G be a directed, unperforated partially ordered abelian group. If
a,b € G and na < nb for some n € N then a < b. Indeed,

na<nb=>0<nb—na=nb—a)=>nb—0a)eG =b-—acG"=>a<b

So in particular, na = 0 implies that ¢ < 0 and 0 < a, so a = 0. Hence a directed,
unperforated partially ordered abelian group is torsion free.

2.6.2 Homomorphisms and Direct Limits

2.6.2.1 Let G and H be partially ordered abelian groups. A positive homomor-
phism from G to H is a group homomorphism f : G — H such that

fGHcH?

Note that a homomorphism is positive if and only if it is order preserving (that is, if

z < y implies f(z) < f(y), for any z,y € G).
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2.6.2.2 Of particular importance for us later will be ordered groups which have an
order unit. Let G be a partially ordered abelian group, and let u € G*. We say that
u is an order unit in G if, for any = € G, there is an n € N such that z < nu. We

have the following elementary properties of order units:

1. If a partially ordered abelian group G contains an order unit, then G must be
directed.

2. If u is an order unit in G, then 0 < u.
3. 0<u<LnuforanyneN.

If G is a partially ordered abelian group with order unit v and H is a partially ordered
abelian group with order unit v, we say that a positive homomorphism f: G— H is

a normalized positive homomorphism if f(u) = v.
2.6.2.3 Example Any strictly positive element of Ris an order unit.

2.6.2.4 By the category of partially ordered abelian groups we mean the
category whose objects are all partially ordered abelian groups and whose morphisms
are all positive homomorphisms between them. By the category of partially or-
dered abelian groups with order unit we mean the category whose objects are
all pairs (G, u), where G is a partially ordered abelian group and u is an order unit in
G, and whose morphisms are all normalized positive homomorphisms between these

objects.

2.6.2.5 A (normalized) positive homomorphism which is bijective need not be an
order isomorphism, as we need that both f and f~! be (normalized) positive homo-
morphisms. For example, let G be any group with two different positive cones G7
and G§ with Gy € GF and Gf # G§. Then the identity map id : (G, G}) — (G, GF)

is a bijective positive homomorphism which is not an order isomorphism.

2.6.2.6 There is a natural ordered group direct limit of a directed system of partially
ordered abelian groups and positive homomorphisms. Indeed, we have the following

two propositions from [Go).
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2.6.2.7 Proposition ([Go, 1.15]) Let {G;, ®;;} be a directed system of partially
ordered abelian groups and positive homomorphisms, indexed by a directed set Z. Let
G be the abelian group direct limit of this system, and foreachi € I let ®; : G; =G
be the natural map. Let
G* = J&:(GH).
i€T
Then G™ is a strict positive cone for G, so the corresponding relation <g+ Is a partial
order on G, and G together with <+ is a partially ordered abeliau group. With this
ordering, G together with the maps ®; is a direct limit for the given system in the

category of partially ordered abelian groups.

2.6.2.8 Proposition ([Go, 1.16]) Let {(G;, u;), ®;;} be a directed system of par-
tially ordered abelian groups with order unit and ‘normalized positive homomor-
phisms, indexed by a directed set Z. Let G be the abelian group direct limit of
this system, and for each i € T let ®; : G; = G be the natural map. Then there exists
a unique order unit u € G such that ®;(u;) = u for all i € Z, and (G, u) together with
the maps ®; is a direct limit for the given system in the category of partially ordered

abelian groups with order unit.

2.6.3 Dimension Groups
Interpolation

2.6.3.1 Proposition ([Go, 2.1]) For a partially ordered abelian group G, the fol-
lowing are equivalent:
1. Given z1,%2,Y1,y2 € Gsuch that z; < y; for all ¢,j, there exists an element

z € Gsuch that z; < 2 < y; for all i,j.

2. Given z,y;,y» € G*such that z < y; + y, there exists z;,2, € G such that
=21+ I a.ndzj Syj foraII]

3. Given T1,%Z2,y1,y2 € G*such that z, + zo = Yy, + Yo, there exist elements
211, 212, 221,292 € G* such that T; = 2+ 22 for each i and Y; = Zyy + 25

for each j.
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2.6.3.2 A partially ordered abelian group G is said to satisfy the Riesz inter-
polation property provided G satisfies condition (1) of Proposition 2.6.3.1, and is
said to satisfy the Riesz decomposition properties if conditions (2) and (3) of
Proposition 2.6.3.1 hold in G.

Note that the class of groups which satisfy the Riesz interpolation property is

closed under the formation of direct products and direct limits.

2.6.3.3 Proposition ([Go, 2.2]) Let G be an interpolation group.

1. Given z;,y; € Gsuch thatz; < y; foralli=1,...n,j = 1,...k, there exists
z € Gsuch that z; < z L y; for all i, 5.

2. Givenz,yy, ... ,yx € G* such that ¢ < 3;_, y; thereexists oy, ... , zx € G such that ¢ =
S z; and z; < y; for all 5.

3. Given Zi,... ,Zn,Y1,.-- Yk € Gtsuch that Y ;z; = ) .y;, there exist z; €
G™ such that :

Ir; = Zz,-j and Y; = Zz,-j
3 i
for all 3, §.

Dimension Groups

2.6.3.4 Definition A dimension group is a directed, unperforated partially or-
dered abelian group which satisfies the Riesz interpolation property.

2.6.3.5 A scale on a dimension group G is a subset I' of G* which satisfies

1. For each a € G* there are ay,... ,a, € ['such thata=a; +...+a,. (ie T
generates G)

2. f0<a<bwithbel, thenael. (T is hereditary)

3. Given a,b €T, thereisace ' witha,b<c. (T is directed)
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2.6.3.6 Let G be a dimension group, and let I'(G) be a scale on G. We call the pair
(G,T(G)) a scaled dimension group.

Let (G,I'(G))and (H,T'(H)) be scaled dimension groups. Let f : G—H be a
positive homomorphism. We call f a contraction if f(I'(G)) C I'(H). If f-is
invertible and if f~! is also a contraction, then we call f an isomorphism of scaled

dimension groups.
2.6.3.7 Considering again the examples in (2.6.1.2), we have:

1. Z with the usual ordering is a directed ordered group which satisfying the Riesz
interpolation property, so it is a dimension group. Any hereditary subset of Z*
has the form [0, n] for some n € Z*~\{0}. Conversely, for any n € Z*~\{0} the
set [0, 7] is a scale on Z. Similarily for Qand R

2. The additive group C in which z < w if and only if w — z € R* satisfies the
Riesz interpolation property, but is not directed, so it is not an ordered group,

and hence not a dimension group.

3. Z with the ordering z < y if and only if y — z is even and non-negative satisfies
the Riesz interpolation property, but it is not unperforated and is not directed,

and hence is not a dimension group.

4. Z™ with the simplicial ordering is an ordered group satisfies the Riesz inter-
polation property, so is a dimension group. The scales on Z™ are the sets
[0,p1] X ... % [0,pr] With py,...,p, € ZT\{0}.

5. Suppose that {G;} is some family of partially ordered abelian groups indexed by
Z, and let G = [, G; with the product ordering. If each of the G; are dimension
groups, so is G. If the G; are scaled dimension groups and if Z is finite then G
is a scaled dimension group with scale [],., I'(G3).

6. Let F be the set of functions from a set Z into a dimension group G, with the

pointwise ordering. Then F is isomophic with []; G, and hence is a dimension

group.
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2.6.3.8 We will be most interested in dimension groups with an order unit. In this
situation there is a natural scale to consider. Indeed, let G be a dimension group
with order unit . Then the set [0,u] = {z € G;0 < z < u} is a scale on G. Unless
otherwise specified, when we refer to the scale of a partially ordered abelian group
G with order unit u, we assume that G is given the scale I'(G) = [0,u]. If G is a
partially ordered abelian group with order unit u and H is a partially ordered abelian
group with order unit v, and if f : G — H is a normalized positive homomorphism,

then f is a contraction.

2.6.3.9 As mentioned in Number (5) of (2.6.3.7), dimension groups are closed under
direct products and scaled dimension groups are closed under direct sums. Also, the
direct limit of a system {2;, ®;;} of dimension groups and positive homomorphisms
is a dimension group with positive cone | J;.; ®:(G7). If the G; are scaled dimension

groups and the ®;; are contractions then G is a scaled dimension group with scale
I(G) = Uiz T(GY).

2.6.3.10 Let (G,I'(G))and (H,T'(H))be scaled dimension groups. We say that a
map f : I'(G) = I'(H) is a scale homomorphism if whenever a = b + ¢, for some
a,b,c € T'(G), it follows that f(a) = f(b) + f(c). If f is invertible and if flisalsoa
scale homomorphism then we call f a scale isomorphism.

2.6.3.11 Proposition ([Ef, Lemma 7.4]) Any scale homomorphism f : T'(G) = T'(H)
extends to a unique contraction f :G— H. If f is a scale isomorphism, then f is an

isomorphism of scaled dimension groups.

2.6.3.12 Consider Z" with the simplicial ordering. Let u = (u;), be an element of
Z™ such that u; > 0 for every i. Then u is an order unit for Z", and hence [0, u] is
a scale on Z™. Let G = (Z™,u) and H = (Z™,v) be partially ordered abelian groups
with order units, so they are also scaled dimension groups. If A € M;;x,(N) is an
(m x n) matrix then A defines a homomorphism from G into H. If Au < v, then A
is a scale homomorphism of Z" with Z™, and A is a scale isomorphism if and only if

Au= .
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Simplicial Groups

2.6.3.13 A simplicial group is a partially ordered abelian group which is isomor-
phic (as an ordered group) to Z" for some nonnegative integer n. A simplicial basis
for a simplicial group G is a basis {z;, ... ,Z,} for G as a free abelian group such that
also Gt = Y Z*z;. By convention, the empty set is considered to be a simplicial basis
for the zero simplicial group. Note that since Z"is a dimension group, any simplicial
group is a dimension group. Also, since the direct limit of dimension groups with
positive homomorphisms is a dimension group, the direct limit of simplicial groups
and positive homomorphisms is a dimension group. The converse is also true as was
shown by Effros, Handelman, and Shen (see [Go, p59] for a more complete description

of these results).

2.6.3.14 Theorem ([Go, 3.17]) Any countable dimension group is isomorphic to
a direct limit of a countable sequence of simplicial groups (in the category of partially
ordered abelian groups).

2.6.3.15 Corollary ([Go, 3.18]) Any countable dimension group with order unit
is isomorphic to a direct limit of a countable sequence of simplicial groups with order
unit (in the category of partially ordered abelian groups with order unit).

2.6.3.16 Theorem ([Go, 3.19]) Any dimension group is isomorphic to a direct
limit of a directed system of simplicial groups (in the category of partially ordered
abelian groups).

2.6.3.17 Corollary ([Go, 3.20]) Any dimension group with order unit is isomor-
phic to a direct limit of a directed system of simplicial groups with order unit (in the
category of partially ordered abelian groups with order unit).

2.6.4 Ideals

2.6.4.1 An order convex subset of a partially ordered set G is a set H C G such
that '

(z,2z€ HyeGz<y<z)=>y€H.
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A convex subgroup of a partially ordered abelian group G is a subgroup H of G
which is a convex subset of G.

To show that a subgroup H of a partially ordered abelian group G is convex, it
suffices to show that whenever a € G and b € H then

0<a<b=a€H.

Let X C G. Then there is a smallest subgroup H < G such that X C H, called the
convex subgroup of G generated by X.

2.6.4.2 A ideal of a partially ordered abelian group G is any directed convex sub-
group of G. A partially ordered abelian group G is simple if G is nonzero and
directed (so that G is a nonzero ideal of itself) and the only ideals of G are {0} and
G.

2.6.4.3 Proposition ([Go, 1.9]) Let G be a partially ordered abelian group.

1. If X is a nonempty subset of G* and K is the convex subgroup of G generated
by X, then K is an ideal of G.

2. If H is a directed subgroup of G and K is the convex subgroup of G generated
by H™, then K is the smallest ideal of G that contains H.

3. If H is a convex subgroup of G and
K={z-yz,ye H'}

(so that K is the subgroup of G generated by H*), then K is the largest ideal
of G that is contained in H.

2.6.4.4 Later we see the construction of a covariant functor from the category of C*-
algebras to the category of abelian groups. This functor will send an AF C*-algebra
2 to a dimension group Ko(2), and will send an ideal of A to an ideal of Ko(2A). It
follows that a simple AF C*-algebra gets sent to a simple dimension groups.

Note also that a simple dimension group G has many order units. Indeed, any

nonzero element of G* is an order unit for G (see [Go, Lemma 14.1]).
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2.7 C*-Algebra Basics

2.7.1 Banach Algebras

2.7.1.1 We begin with some definitions. A (complex)*-algebra is an algebra 2 over
C with a conjugate linear involution * (called the adjoint) which is an anti-isomorphism.
That is, for A € C,a,b € A we have

(a+b)=a*+ b (2.7.5)
(Aa)® = Ao (2.7.6)
™ =a (2.7.7)
(ab)* =b*a” (2.7.8)

A subset X of a *-algebra 2 is said to be self-adjoint, or *-invariant, if ¥ = ¥*.
A Banach algebra is a complex normed algebra which is complete (as a normed
space) and such that

|labd]] < ||all]|d]] for all a,b € .

A Banach *-algebra is a (complex)*-algebra which is also a Banach algebra. Notice
that in general an involution on a Banach *-algebra is not necessarily an isometry. A
C*-algebra is a Banach *-algebra with the additional norm condition

lla*a|| = [|a||* for all @ € . (2.7.9)
Condition (2.7.9) implies in particular that the adjoint map is isometric. Indeed,
llalf* = lla*a] < [la"lllal]
)
llall < lla”|l < lla™ | = llal]
and hence
llall = lla™{l-

A C*-subalgebra of a C*-algebra 2 is a norm closed *-invariant subalgebra of 2.
Clearly a C*-subalgebra of a C*-algebra is a C*-algebra.
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2.7.1.2 Example Let 2 = M, = M, (C). Then 2 with the usual matrix addition,
multiplication, and scalar multiplication is an algebra. Define an involution on 2 by

a* = @', and define a norm on a by
llall = sup{|laz|;z € C", ||z|| = 1}.

This norm is known as the operator norm on 2. Since 2is finite dimensional it is
closed. With these definitions, 2 is a C*-algebra.

2.7.1.3 Example The algebra of all bounded operators B(f)) on a Hilbert space
$)is a C*-algebra with the usual adjoint operation. Indeed, for any a € B(§), £ € §
such that ||€|| = 1, we have

lag]l* = (ag, a€) = (aa&, £) < lla*a|l < |la”[llla].

Hence fla||? < |la*al| < lla*[lllall and |la]| < [la*[|. As ™ = a, we get |la*|| = ||a]| and
llall? = lla*|lllel|- So B($) satisfies equation (2.7.9).

2.7.1.4 Example A concrete C*-algebra is a C*-subalgebra of B()), for some
Hilbert space §. So B(f)) is an example of a concrete C*-algebra. Another example
of a concrete C*-algebra is the algebra R of all compact operators on a separable
Hilbert space.

2.7.1.5 Let Abe a C*-algebra, and let XC2. Denote by C*(X) the smallest C*-
subalgebra of 2 containing X. In particular, if X = {a} for some a € &, then we
write C*(a) for C*(X), and C*(a) is the norm closure of all polynomials in a and a*
without constant term (see in particular (2.7.5.10) or (2.7.5.8)).

2.7.1.6 Example Let X be a locally compact Hausdorff space. Define C(X) to be
the set of all continuous functions f from X into C, and define Cp(X) to be the set
of continuous functions f from X into C such that for every € > 0 the set

{z € X;|f(z)| 2 ¢}

is compact. Note that f € Cy(X) if and only if f has an extension to a continuous
function f on the one-point compactification X U {co} of X, such that f(oo) = 0.
We say that f vanishes at infinity.
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The sets C(X) and Cy(X) form C*-algebras with pointwise operations, the sup-
-norm, and with complex conjugation as the involution. Indeed,

Iffllx = sup |f(2)f(2)| = sup |f(2)]* = | 1|5
zeX zeX
shows the necessary norm condition.

2.7.1.7 Example Let Z be an index set, and for each i € T let ; be a C*-algebra.
Then

% = {(a;) € [ ] s sup fle]| < o0}
ez €T

is a C*-algebra with pointwise operations and the sup-norm, and is called the product
of the ;.

2.7.1.8 A (C*-algebra) homomorphism of C*-algebras 2 and %Bis a map ¢ :
A — B which is linear, multiplicative, and preserves the adjoint operation i.e. such
that for any a,b € 2 and any A € C,

p(ra) = Ap(a)

@(a+b) = p(a) + ¢(b)
p(ab) = p(a)p(v)
p(a*) = p(a)”

If also ¢ is bijective and if ¢~! is a homomorphism then we call ¢ a (C*-algebra)
isomorphism, and we say that 2 and 9B are isomorphic. We say that ¢ is a rep-
resentation of 2 on § (or just a representation) if B = B(f)) for some Hilbert
space ). A representation is said to be faithful if it is injective.

Note that the definition of a homomorphism makes a priori no restriction on what
happer.s to the norm. We will see in (2.7.7.4) that any C*-algebra homomorphism is
norm decreasing, and hence that a C*-algebra isomorphism is an isometry. Basically,
this is because the norm on a C*-algebra is determined by its algebraic structure
(2.7.5.3).
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2.7.1.9 Our main interest lies with C*-algebras, but we will occasionally have use
for *-algebras and Banach algebras. Since any result on Banach algebras applies
a fortiori to C*-algebras, and since we may have a few uses for Banach algebras, we

develop some Banach algebra tools which we will need for C*-algebras.

2.7.1.10 An ideal (more precisely a two-sided ideal) in a Banach algebra 2is a
subspace J such that 2J C J and J% C J. If only one of these inclusions is satisfied,
we talk about a left or a right-ideal. Given an ideal Jin 2, the Banach space quotient
/3 becomes an algebra with the product

(@+3)(b+3) =ab+3.

If Jis a closed ideal in 2, then 2/Jis again a Banach algebra (by (2.7.7.2) it suffices
to show that the norm is submultiplicative on 2/J). Thus every closed ideal is the
kernel of a continuous (even norm decreasing) morphism ¢ : A — /3. Conversely, if
® : A— B is a continuous homomorphism between Banach algebras then ker @ is a
closed ideal in . A maximal ideal is a proper ideal which is contained in no larger
proper ideal.

By an ideal of a C*-algebra we mean a norm-closed two-sided ideal. We will see
in (2.7.7.1) that an ideal of a C*-algebra is *-invariant, so an ideal of a C*-algebra
is a C*-algebra. An essential ideal of 2is an ideal Jin 2Asuch that INJ # {0}

whenever J' is a nonzero ideal in 2.

2.7.1.11 A unit in a Banach algebra is a multiplicative identity I such that Ja =
al = aforevery a € . A Banach algebra 2 with a unit is called a unital Banach algebra,
and 2is a unital C*-algebra if 2is a C*-algebra. Such a unit is unique and
NIl > 1 (if A # {0}). In any unital C*-algebra, ||I|| = 1. Also, given a unital
Banach algebra 2, it is possible to find a norm on 2 which is equivalent to the orig-
inal norm on %, such that ||I]| = 1 (cf. [P2, 4.1.4]). So we lose nothing by assuming
that |||] = 1, and this will be done from now on.
In a unital Banach algebra 2 an element a is invertible if there are elements
b, ¢ € A such that ba = ac = I. Since

b=bl =bac=Ic=c,
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we see that the left and right inverses for a are the same and that the inverse is unique.
We write a~! for the inverse of a. The set of invertible elements in 2 is denoted by
GL(%).

2.7.1.12 Given a Banach algebra 2, let B(2) denote the C*-algebra of bounded
linear operators on 2, with the operator norm. We define the (left) regular represen-
tation p : A — B(A) by p(a)b = ab for any a,b € A. Then p is a norm decreasing

homomorphism of Banach algebras. If % is unital then

lall = eI} < [lo(@)Il[II1]] < la(a)llllI]] and [lp(a)]| < lal]

shows that p is an isometry. If 2% has an approximate identity (2.7.6.8) then p is an

isometry, even when 2 is not unital.

2.7.1.13 If Ais non-unital Banach algebra, it can be embedded isometrically into
a unital Banach algebra 2 as a maximal ideal of codimension one. Specifically, we
define A = A & C with the product

(a,a)(b, B) = (ab+ ab + Ba, af) (2.7.10)
and the submultiplicative norm

(@, &)|| = sup ||ab + ab]]. (2.7.11)
llsli<1

With these definitions, 2is a unital Banach algebra with I = (0,1) which contains
2 as an ideal of codimension one. The algebra 2 is the unitization of 2, and the
process is of embedding 2 into 2 is known as adjoining a unit to 2.

If 2 is a non-unital C*-algebra then 2, the unitization of 2 as a Banach algebra,

is also a C*-algebra with the adjoint operation
(a,0)" = (a*, ). (2.7.12)

If 2 is unital, we will adopt the convention that 2 = 2.
Note that if B is a non-unital C*-subalgebra of a unital C*-algebra 2, then the
set

B ={b+tly;beB,t€C} C A
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is a C*-subalgebra of 2. The map b+ tly —= (b,t) is a *-algebra homomorphism
- of B’ with B. Since the left regular representation is an isometry in 2, we see that
|lb + tIy|| is the same as the operator norm of ||b + tIy|| acting on 2. In other words,
¢ is an isometric *-isomorphic of B’ with 8. So we can think of B as sitting inside
of 2. More generally, if B is a non-unital C*-subalgebra of a C*-algebra 2, then we
can think of B as being contained in 2, with with Iy = I3.

If 2is a unital C*-algebra with unit Iz and B is a C*-subalgebra of 2 with unit
I, it does not follow that Iz = I (see for example (2.7.12.2)). In this case, B =B
and we still have B C A C 2.

So in any case, we can see ‘B as being contained in .

2.7.1.14 We will see in Section 2.9 some use for the above construction, even when
2 is unital. In particular, if 2is a C*-algebra, define 2A* = 2 & C with pointwise
addition, and with multiplication, norm, and * defined as in Equations (2.7.10),
(2.7.11)), and ((2.7.12)). Then A+ = 2 if 2 is non-unital, and A* =~ A & C with the

pointwise operations and the product norm. In either case, 2% /2 ~ C.

2.7.1.15 Lemma ([P2, 4.1.7]) Ifa is an element in a unital Banach algebra 2 with
lla|| < 1, then I — a € GL(2) and

o

(I-a)t= Za".

n=0
2.7.1.16 As an immediate corollary, if 2 is a unital Banach algebra and a € 2, we
have that 7(a) < ||a]| (see the proof of [P2, 4.1.12]).

2.7.1.17 Proposition ([P2, 4.1.8]) In a unital Banach algebra 2 the multiplica-

-1

tive group GL(®) is an open subset of %, and the map a — a~! is a homeomorphism

of GL(21).

2.7.2 The Spectrum

Following [R] (or [Pa]), we will define the spectrum of an element a € 2 entirely in

terms of A rather then its unitization 2.
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2.7.2.1 Define the quasi-product on 2 by
ab=a+b—ab

Note that 0 acts as an identity element under quasi-multiplication. We denote the
set of quasi-invertible elements of 2 by GL,(2). We say that a is quasi-singular if it

is not quasi-invertible.

2.7.2.2 Let 2 be a Banach algebra. For every a € 2 we define the spectrum oy(a)
of a as the set of all £ € C such that t~!a is quasi-singular, plus 0 if @ is not invertible
(if 2 is nonunital, no element in 2 is invertible). When no confusion will result, we

write simply o(a) for ou(a).
2.7.2.3 We have

1. If 2 is unital, this definition agrees with the usual one. Indeed, the usual defi-

nition is
oa(a) = {t € C;tI —a ¢ GL()}.

If t # 0 the relations I —t 'a = t}(t] —a) and (I ~ z)(I —y) = I — (z-y) show
that ¢ is in the “usual” spectrum of a if and only if t~'a is quasi-singular. Also,

0 is in the “usual” spectrum if and only if a is not invertible. Notice that

ca(a) U{0} = {t € C;tI —a ¢ GL(A)} = 05(a).

2. If 2Ais non unital, then

oa(a) = {t € G;tI —a ¢ GL®)} = 05(a).

2.7.2.4 We have from [R, 4.8.2] that if B is a C*-algebra which contains 2 as a
sub-C*-algebra and if a € 2 then

1. og(a) U {0} = og(a) U {0}

2. If B has an identity which also lies in 2 then oy(a) = og(a).
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2.7.2.5 Theorem ([R, 1.6.15]) Let 2 be a Banach algebra and let e be a proper
idempotent in 2 (that is e # 0,1, and €? = e). Then ee is a closed subalgebra of
2 with e as an identity element and, for every a € e2le, on(a) = oenc(a) U {0}.

2.7.2.6 Most of the results in the following sections are stated for unital algebra.s,
but they have obvious applications to non-unital C*-algebras by considering the uni-
tization, especially in view of the previous discussion. The catch is that (2.7.2.4) uses
the continuous functional calculus (2.7.5.8), and hence should properly be included
only after this result.

2.7.2.7 The smallest number r > Osuch that o(a) C B(0,r) is called the spectral
radius of a, and is denoted by r(a). Thus,

r(a) =sup{[A]; A € o(a)}.

The complement of o(a) is the resolvent set. On this set we can define the resolvent
(function) R(a, ) = (AI—a)~!. When the a is clear we write R()) instead of R(a, X ).
In particular, the resolvent function is analytic on the resolvent set [Da, 1.2.1].

2.7.2.8 [P2, Lemma 4.1.11] is the holomorphic functional calculus for Banach alge-

bras, it can be paraphrased as:

If a € Aand f(z) = Y oo yan2” is a holomorphic function in a re-
gion that contains the closed disk B(0, ||a||), then we can define f(a) =
> ana™ € A. Moreover,

f(o(a)) € o(f(a)),
ie.if A € o(a), then f(A) € o(f(a)).

Note that this applies to any a if f is an entire function. If p is a polynomial then we
also have (cf. [Da, 1.2.1])

o(p(a)) = p(o(a)).

2.7.2.9 ([P2, 4.1.12]) For every a € Awe have r(a) < inf ||a®||*/". So in particular
that r(a) < |al|, for any a in a unital Banach algebra.
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2.7.2.10 Theorem ([P2, 4.1.13]) For every element a € 2in a unital Banach al-
gebra 2, the spectrum of a is a compact, nonempty subset of C, and the spectral

radius of a is the limit of the convergent sequence (||a™[|'/")

(@) = lim Jla]"

2.7.2.11 Corollary (Gelfand-Mazur Theorem—cf. [P2, 4.1.14]) If GL(2) =
2A\{0}, then A = C.

2.7.3 The Gelfand Transform

2.7.3.1 A character of % is a nonzero homomorphism v : 24— C. Note that a

character of 2 is surjective.

2.7.3.2 Proposition ([P2, 4.2.2]) In a commutative unital Banach algebra 2 there
is a bijective correspondence, given by < kery, between the set 9 of characters of
2 and the set M(2) of maximal ideals in 2. Every y in 2 is automatically continuous,
and every J in M(®l) is closed. Finally, we have for each a in 2 that

o(a) = {y(a);y € A}

2.7.3.3 Theorem ([P2, 4.2.3]) Given a commutative, unital Banach algebra 2, the
set 9l of characters has a compact Hausdorff topology, such that the map " : A —C
[where we write I'(a) = é] defined by

T@)(y) =a(7) =v(a), acyed,

is a norm decreasing homomorphism of 2 onto a subalgebra of C (ﬁl) that separates
points in 9. For every a € A we have

i@ =o(a), lalle =r(a)-
Applying (2.7.3.3) to 2 gives us (with some work)

2.7.3.4 Corollary ([Da, 1.2.6]) Ifis abelian but not unital then M(2) is locally
compact.
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The map I'in Proposition 2.7.3.3 is the Gelfand transform. Its importance can
hardly be overemphasized. In particular it allows us to develop a continuous func-
tional calculus for C*-algebras (2.7.5.6).

2.7.3.5 Corollary (part of [Da, 1.2.8]) In a commutative unital Banach algebra

2, a is invertible if and only if & is invertible, which is precisely when a does not vanish
on M(2).

2.7.3.6 Example ([P2, 4.2.6]) Let ¢*(Z) be the Banach space

-0

o0
NZ) = {(an)f’oo;an € C and Z lan| < oo}
of doubly infinite summable sequences. Equipped with the convolution product
(ab)n = Z akbn_k
—00

this is a unital, commutative Banach algebra. The element e in ¢!(Z), with ¢; = 1

and e, = 0 for n # 1, is a generator ¢'(Z), since each element has the form
o
a= Z ane” (uniform convergence).
—00

a character x is therefore determined by its value on e. Since e € GL(£}(Z)), we have
|<ex>|<1, and|<e x> |1,

as ||x]| £ 1. Consequently, x(e) € S’. Conversely, we see that for each ¢ € S! we can

~

define a x in £1(Z) by

o0
<a,x >=Zant”,aeﬁl.

—00

This establishes a continuous map from 2 onto S?, and it can be shown that this map
is in fact a homeomorphism. The Gelfand transform is therefore the map of ?*(Z)
into C(S?) given by

a(x) = Z ant™, a € £4(Z).
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Identifying S!with R/27rN we see that the set ['(¢*(Z)) of Gelfand transforms in
C(S!)is the set of continuous, periodic functions on [0, 27] whose Fourier transforms
are absolutely convergent. ]

Suppose that f is a continuous, periodic function on [0, 2r] whose Fourier series is
absolutely convergent, and suppose that f(z) # 0 for every z € [0,2n]. Then Wiener
showed that the reciprocal function f~! also has an absolutely convergent Fourier
series. Gelfand theory makes this result quite obvious (a fact that helped considerably
in making the theory acceptable to the mathematical community). Indeed, f = & for
some a in £!(Z), and since 0 ¢ o(a) by assumptions, it follows that a~! € £}(Z) with

——
-1

(al)y=alt=f"1

2.7.4 The Stone-Weierstrass Theorem

Our current goal is the development of a continuous functional calculus for a Banach
algebra 2 (or at least for a well-behaved class of Banach algebras—the C*-algebras
(see Section 2.7.5)). A continuous functional calculus is a collection of injective alge-
bra homomorphisms of the form @ : C — 2, where C is an algebra of continuous func-
tions on some compact Hausdorff space. Clearly the image of any such homomorphism
must be commutative, and hence in general it cannot be surjective. Nonetheless, it
will be sufficient to give some very powerful tools. The Gelfand transform of (2.7.3.3)
is our first step towards a functional calculus, as it gives us a homomorphism between
2 and an algebra of continuous functions on the compact Hausdorff space M(2). Al-
though the Gelfand transform goes in the “wrong direction” there are important cases
where it is an isometry, thus allowing us to use the inverse map. With this in mind,
we see that Theorem 2.7.3.3 gives us one important piece of information about the
size of (%) in C(2), namely that it separates points in 2l. With certain additional
conditions this implies that the algebra I'(%1) is dense in C(2) (cf. (2.7.4.4)).

2.7.4.1 Definition ([P2, 4.3.1]) et f : X —C be a function. We denote by f :
X — C the function given by f(z) = f(z), for all z in X. We say that a vector space
of complex functions is self-adjoint if f € 2 whenever f € 2.
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2.7.4.2 Lemma ([P2, 4.3.2]) Let 2 be a vector space of continuous, real-valued
functions on a compact Hausdorff space X. If the supremum of f and g (denoted
fVg) and the infimum of f and g (denoted fAg) belong to U for all f and g in %,
then every continuous function on X that can be approximated from 2 in every pair
of points in X can in fact be approximated uniformly from 2.

2.7.4.3 Lemma ([P2, 4.3.3]) If2 is a uniformly closed algebra of continuous, bounded,
real-valued functions on a topological space X, then 2 is stable under the lattice op-
erations fVg and fAg in C(X).

2.7.4.4 Theorem (Stone-Weierstrass Theorem—cf. [P2, 4.3.4]) Let X be a
compact Hausdorff space and 2 be a self-adjoint subalgebra of C(X) containing the
constants and separating the points in X. Then 2 is uniformly dense in C(X).

2.7.4.5 Corollary ([P2, 4.3.5]) Let X be a locally compact Hausdorff space and
2 be a self-adjoint subalgebra of Co(X) that separates points in X and does not
vanish identically at any point of X. Then 2 is uniformly dense in Cp(X).

2.7.5 More on C*-algebras

We now look at some more properties of C*-algebras, with the main results being
the continuous functional calculus for commutative C*-algebras (2.7.5.6) and the
continuous functional calculus for the C*-algebra generated by a normal element
(2.7.5.8).

2.7.5.1 We say that an element a of a C*-algebra 2 is normal if ¢*a = aa*. An
element ¢ € 2 is self-adjoint if a = a*, and we denote the set of all self-adjoint
elements of A by 2A,. We say that a is a projection if a = a* = a2, and we denote
the set of all projections of 2 by P (). Projections will be discussed in greater detail
in Section 2.7.12. A positive element of «is a self-adjoint element a such that
o(a) CR*. The set of positive elements of 2 is denoted ..

An element a € A is a partial isometry if a*a is a projection. See (2.7.12.4) for

more on partial isometries.
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If A is a unital C*-algebra, then a € 2 is a unitary if aa* = I = a*a, and the set

of all unitaries in 2 is denoted by /(). A symmetry is a self-adjoint unitary.

2.7.5.2 Lemma ([P2, 4.3.11]) If o is 2 normal element in a C*-algebra %, then
r(a) = le]|.

2.7.5.3 ([M, 2.1.2]) Let Abe a C*-algebra. If a € 2 is normal then ||a|| = r(a) by
(2.7.5.2), and if a is any element of 2 then

lali* = lla*all = r(a*a).

Since the spectral radius is an algebraic property of 2, the norm on 2 is completely
determined by the algebraic structure of 2. In particular, there is only one norm
making 2 a C*-algebra.

2.7.5.4 Lemma ([P2, 4.3.12]) If2 is a self-adjoint element in a C*-algebra 2, then
o(a)CR. If Ais unital and u is unitary in 2, then o(u)CS.

2.7.5.5 Theorem 2.7.5.6 and Corollary 2.7.5.7 together make up what is known
as the Gelfand-Naimark Theorem. These results are the basis for the following re-
sults on C*-algebras. Note that there is another Gelfand-Naimark Theorem, namely
(2.7.8.10), which is also quite important.

Proposition (2.7.5.8) is known as the continuous functional calculus for a normal
element. A more explicit formulation is (2.7.5.10). It is a powerful tool, and we
will use it frequently. In particular, Theorems 2.7.5.6-2.7.5.8 give us cases of the

continuous functional calculus we have been looking for.

2.7.5.6 Theorem ([P2, 4.3.13]) Every commutative, unital C*-algebra 2 is iso-
metrically *-isomorphic to C (ﬁ(), where U is the compact Hausdorff space of charac-
ters of .

2.7.5.7 Corollary ({P2, 4.3.14]) Every commutative, nonunital C*-algebra 2 is
isometrically *-isomorphic to Co(ﬁl), where Q is the locally compact Hausdorff space
of characters of 2.
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2.7.5.8 Proposition ([P2, 4.3.15]) Let a be a normal element in a unital C*-
algebra 2 and denote by C*(a) the smallest C*-subalgebra of 2 that contains a and
I. There is then an isometric *-isomorphism ® of C(c(a)) onto C*(a), such that
®(1) = I and &(id) = a.

2.7.5.9 In each of the Theorems (2.7.5.6)-(2.7.5.8), the isomorphism referred to
is the Gelfand transform. Note that under the isomorphism described in (2.7.5.8),
the (not necessarily unital) C*-algebra generated by (a normal element) a of Xis
taken onto Cy(o(a)\{0}) (see [Da, 1.3.2]). Indeed, if we denote by 9B the C*-algebra
generated by a then by (2.7.5.8), there is an isomorphism of B = C*(a, Iy) with
C(o(a)) which maps I to 1 and a to z. It follows that B is isomorphic to the C*-
subalgebra of C(c(a)) which is generated by polynomials with no constant term,
which is exactly Cp(c(a)~{0}) by Stone-Weierstrass (2.7.4.4).

We now obtain the continuous functional calculus for a normal element.

2.7.5.10 Corollary ([Da, 1.3.3]) If a is a normal element of a unital C*-algebra
and f is a continuous function on o(a), the element f(a) € U is defined as the
image under the isomorphism ® : C(o(a)) —C*(a) of (2.7.5.8). If 0 € o(a) and
f(0) =0, then f(a) is in the non-unital C*-algebra generated by a and a*. Moreover,
o(f(a)) = f(o(a)). If g is continuous on f(o(a)), then g(f(a)) = (gof)(a).

2.7.5.11 Example ([HJ, 2.25]) Asan immediate illustration of the power of (2.7.5.10),
note that every element of a unital C*-algebra 2l can be written as a linear combina-

tion of four unitaries in 2.

For each a € 2, the elements %2~ and 4% are self-adjoint. So it suffices to show
that any self-adjoint element b of norm 1 in 2 can be written as a linear combination
of two unitaries. Note that o(b) C R by (2.7.5.4), and that 7(b) = 1 by (2.7.5.2). So

the function f : o(b) — C given by
fl@)=z+iV1-—22

is continuous. Applying (2.7.5.10) to f we get an element

u=f(b) = B(f) € A
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Note that

and similarily uu* = I. So u is a unitary, and
utut = (b+z'\/1 —b2) + (b—z‘«/l —b2) =2,

SO

u+u*
b=
2

2.7.5.12 We will see other uses for (2.7.5.10) in the next section, where in partic-
ular it will allow us to define square roots of positive elements, and to establish the

existence of an approximate identity in any C*-algebra (see (2.7.6.9)).

2.7.6 Positive Elements

2.7.6.1 As mentioned in (2.7.5.1), an element a € 2 is said to be positive if o(a) C
R*, in particular a must be self-adjoint (this is analogous to the situation in C where
we only try to order the real numbers). We see in (2.7.6.5) that the positive elements
2, of A form a strict cone, and hence give us a partial order on 2.

Note that in light of (2.7.2.4), an element a in a C*-algebra 2is positive if and

only if it is positive in every C*-algebra to which it belongs.

2.7.6.2 ([Da, I.4.1]) As an immediate corollary to the continuous functional cal-
culus, we have that if a is a positive element of a C*-algebra then it has a unique
positive square root. Indeed, the function f(z) = /z is continuous on o(a) C R*,
and f(a)? = a.

2.7.6.3 ([Da, 1.4.2]) As another corollary of the continuous functional calculus we
have:
If a is self-adjoint element of a C*-algebra 2, then there are positive elements a,

and a_ in Asuch that e =a,. —a_ and aya_ =0.
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2.7.6.4 Lemma ([Da, 1.4.3]) Let % be a unital C*-algebra. For a self-adjoint ele-
ment a € A, the following are equivalent:

1. o(a) C R,
2. a=b? for some b e U,
3. A —al|< X forall X > |laf,X €R,

4. IAI —a| < X for some A > ||a|,A € R

2.7.6.5 Theorem ([P1, 1.3.3]) The set Y, is a closed real cone in 2,, and z € 2.
if and only if x = y*y for some y in .

2.7.6.6 Corollary ([Da, 1.4.6]) If a < b in Us,and = € A, then we have that

z*azr < z*bz.

2.7.6.7 Lemma ([Da, 1.4.7]) If0 < a < b are invertible, self-adjoint elements of
UAsa, then b~ < a~!

2.7.6.8 A net (e;)icz in the unit ball of a Banach algebra 2is an approximate
identity if ' '
lime;a = limae; = a

for every a € 2. in a C*-algebra we can further stipulate that 0 < e, |le;]| < 1,
and that the net (e;)iez be directed. We have the following result on approximate
identities in C*-algebras.

2.7.6.9 Theorem ([Da, 1.4.8]) Every C*-algebra has an approximate identity.

As an indication of their importance, the existence of approximate identities is the

main tool in the proof of (2.7.7.1).

2.7.6.10 Corollary ([Da, 1.4.9]) If 2is a separable C*-algebra, then there is an
increasing sequence 0 < e; < e; < ... of positive norm one elements which form an

approximate identity for .
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2.7.6.11 Example Consider 2 = Cy(R). For each n € N, let
1 if |z| <n
fn(x) = .
er il if x| > n

Then {f,} is an approximate identity for Cy(R).

2.7.7 Ideals, Quotients, and Homomorphisms

Recall that an ideal of a C*-algebra is a norm closed two-sided ideal.

2.7.7.1 Lemma ([Da, 1.5.1]) Every ideal of a C*-algebra is self-adjoint.

So every ideal of a C*-algebra is a C*-algebra. Recall the following Banach space
theory result:

2.7.7.2 Proposition ([P2, 2.1.5]) Let V be a normed vector space and N be a
subspace of V. Denote by q the quotient map of V onto the linear space V/N of
cosets £ + N,z € X. The definition

lg(@)ll = inf{l|lz - yll;y € N}

gives a seminorm on V/N. If N is closed in V, we actually have a norm; furthermore,

if V is a Banach space then V/N is a Banach space.

For C*-algebras, we have

2.7.7.3 Theorem ([Da, 1.5.4]) IfJ is an ideal of a C*-algebra 2, then the quotient
algebra /7 is a C*-algebra.

We obtain the following fundamental facts about homomorphisms of C*-algebras.

2.7.7.4 Theorem ([Da, 1.5.5]) Let ® be a non-zero morphism of a C*-algebra 2 into
another C*-algebra 8. Then ||®|| = 1 and ®(2) is a C*-subalgebra of %B. If ® is in-
jective, then it is isometric. So in general, ® factors as dq where g : A—>A/ker @ is

the quotient map and ® is the induced isometric *-isomorphism of the quotient onto
o(2A).
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2A/ ker @

2.7.7.5 Corollary ([Da, 1.5.6]) Suppose that J is an ideal of a C*-algebra 2, and
that B is a C*-subalgebra of A. Then B + J is closed, and

B/(BNJI) ~ (B +7)/3

2.7.8 The Gelfand-Naimark Theorems

2.7.8.1 A positive linear functional on a C*-algebra 2 is a linear functional ¢
on 2 such that ¢(a) > 0 whenever ¢ > 0. A state is a positive linear functional of
norm 1. We denote by Sy the state space of 2.

2.7.8.2 Let A be a C*-subalgebra of B($)) for some Hilbert space . We say that a
vector £ is a cyclic vector for 2if the set

{ag;a € 2}

is dense in $.

2.7.8.3 Theorem (The GNS-Construction—cf. [Da, 1.9.6]) Let ¢ be a posi-
tive linear functional on 2. Then there is a representation ®, of 2 on a Hilbert space
$ and a vector z,, € §) which is a cyclic vector for ®() such that ||z,||? = ||¢|| and

v(a) = (®y(a)zy,z,)  forallac .
2.7.8.4 Note in particular that if a is in the kernel of @, then
p(a) = (Bp(a)zy, zp) = (0, T,) = 0,

so ker &, C ker ¢.
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2.7.8.5 ([P2, 3.1.5)) If {%;;i € I} is a family of Hilbert spaces, the algebraic
direct sum of the $); (denoted by )_ ;) consists of those elements of [Licz 5
which have only finitely many nonzero components. The algebraic direct sum of a

family £); is a subspace of [],.; $i, on which we define the inner product
<z, Y>= z< Pz, Py > for any z,y € ZYJ,-.
ieT
Taking the completion of }_ §; gives us a Hilbert space, called the direct sum of the

i, denoted ;7 H:- The elements of @ H; are the z € [[ H; such that 5 ||Piz|]? is
finite. In particular, P,z = 0 except for a countable number of i’s.

2.7.8.6 For each ¢ in Sy, let $, denote the Hilbert space of (2.7.8.3). For each
subset F' of Sy we form the Hilbert space

Ar = @ﬁ(p
wEF
and the representation
2r = P2,
wEF

given by
®r(a)(z) = (®p(a)Poz) e € 9, for each a € A and each z € Hp.
Note that

ker&p = () ker @,
@EF

2.7.8.7 Theorem ([M, Theorem 3.3.6])) If a is a normal element of a non-zero
C*-algebra 2, then there is a state ¢ of 2 such that ||a|| = |¢(a)].

We now combine the previous results to obtain the Gelfand-Naimark Theorem (2.7.8.10)
(although see (2.7.5.5)).

2.7.8.8 We say that a subset F of Sy is separating for 21 if, for each z in 2.,
¢(z) =0 for all ¢ in F implies z = 0. Note that Sy is separating for 2 by (2.7.8.7).
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2.7.8.9 Theorem ([P1, 3.7.4]) If Ais a C*algebra and F is a separating family
of states of 2, then ®F is a faithful representation of 2 into B(HF).

2.7.8.10 Corollary (Gelfand-Naimark Theorem—cf. [P1, 3.7.5]) Any C*-algebra
2A has a faithful representation as an algebra of operators on a Hilbert space $. If
A is separable then $ can be chosen separable.

2.7.9 Weak Topologies

The weak operator topology on B(£)) is the topology with a subbasis consisting
of the sets

W(T,z,y) ={A € B(H); (T - A)z,y)| < 1}-
A net (T;) converges WOT to an operator T (written T,-MT) if and only if
lim(Tiz,y) = (Tz,y) forall z,y€$H.

Analogously, the strong operator topology(SOT) on B($)) is the topology with a

subbasis consisting of the sets
8(T,z) ={A e BH);||(T - Azl <1}.
A net (T;) converges SOT to an operator T (written T,‘ﬂT) if and only if
lilm||T,~a:|l =||Tz| forall z¢€$.

2.7.9.1 Proposition ([Da, 1.6.1]) The wOT-continuous and the SOT-continuous
linear functionals on B($)) coincide, and are given by

f(4) =3 (Azi,3), forallT € B(5)
i=l
for a finite set of vectors z1,... ,Zn,Y1,--- ,Yn IR 5.

2.7.9.2 Corollary ([Da, 1.6.2]) B($3) has the same closed convex sets in the weak

operator and strong operator topologies.
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2.7.9.3 Proposition ([Da, 1.6.3]) If § is a separable Hilbert space, then the unit
ball of B(%)) is metrizable in both the weak and strong operator topologies.

2.7.9.4 ([P2, 4.6.1]) Note also that the unit ball of B($) is compact in the weak
operator topology.

2.7.10 Density Theorems

2.7.10.1 If Sis any subset of B(%)), let the commutant of S be
S ={TeB($);ST=TS forall S € S}.

It is straightforward to check that if Sis self-adjoint, then &' is a self-adjoint, unital
algebra.
The following double commutant theorem by von Neumann (1929) is a fun-

damental result in operator algebra theory.

2.7.10.2 Theorem ([P2, 4.6.7]) For a self-adjoint unital subalgebra of B(f)), the
following are equivalent:

1. A=2"
2. U is weakly closed
3. A is strongly closed

2.7.10.3 A C*-subalgebra of B($)) which contains the identity operator and satisfies
any of the equivalent conditions of (2.7.10.2) is called 2 von Neumann algebra.

2.7.10.4 Corollary ([P2, 4.6.8]) If 2 is a self-adjoint, unital subalgebra of B($),
its strong (=weak) closure in B($)) is precisely 2.

The following classical result is the Kaplansky Density Theorem. One proof can be
found in [P1, 2.3.3).
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2.7.10.5 Theorem (Kaplansky) Let 2 be a C*-subalgebra of B($)) with strong
- closure M. Then the unit ball %' of 2is strongly dense in the unit ball M* of
M. Furthermore, 2}, (respectively L) is strongly dense in ML, (respectively My ).
Finally, if I € 2 then the unitary group of 2l is strongly dense in the unitary group
of M.

2.7.10.6 ([Da, 1.7.4]) When fjis separable, the unit ball of B(f)) in the strong
operator topology is metrizable by Proposition 2.7.9.3. So the nets in the Kaplansky

' Density Theorem can be replaced by sequences.

2.7.10.7 Recall that the centre of a C*-algebra 2is 2’ N A, and is denoted Z(A).
A factor is a von Neumann algebra 2 with trivial centre (i.e. with Z(2) = C).
Chapter 3 follows the idea of [Dy, Theorem 2}, a result about factors.

2.7.11 Operator Theory

A partial isometry V' of a Hilbert space $ has associated to it its initial projection
P = V*V and its range projection @ = VV*. Then V maps P$) isometrically onto
Q$, and vanishes on P1$. The polar decomposition of an operator T' € B(%) is
a factorization T = V' A where A is a positive operator and V' is a partial isometry
from ran(A) to ran(T).

2.7.11.1 Theorem ([Da, 1.8.1]) Every operator T € B($)) has a unique polar de-
composition T = UA. The positive operator A = |T| = (T*T)'/? lies in C*(T'); and
the partial isometry U belongs to the smallest von Neumann algebra in B($)) which
contains T and I. If T is invertible, then U is a unitary element of C*(T,I) (see
(2.7.1.5) for the definition of C*(T,I)).

2.7.11.2 Note that a von Neumann algebra has an abundance of projections. If T
is a normal operator in B(S)), the spectral projections of T are in any von Neumann

algebra containing 7. The spectral theorem tells us that we can “reconstruct” T as a



“linear combination” of these projections. More precisely (cf. [P2, Proposition 4.5.8])

T= / tdE(%),

o(T)

where E is a projection valued measure on the Borel subsets of o(T).

2.7.12 Projections in C*-algebras

2.7.12.1 Recall (2.7.5.1) that a projection in a C*-algebra 2is a self-adjoint idem-
potent, and that the set of projections in 2 is denoted by P(2).

An element p € 2 is a projection if and only if p is a normal element of 2 and
o(p) € {0,1}. Indeed, if a is a normal element of 2 with o(a)C{0,1}, then we
can see a as the continuous function z on o(a) (by using the continuous functional
calculus for a normal element). The function z takes on only the values 0 and 1 on
o(a), so z is a projection. So a normal element with spectrum contained in {0,1}
is a projection. Conversely, any projection is normal with spectrum in {0,1}. In
particular, projections are positive.

Let p and g be projections in 2 such that pg = 0. Then
gp=¢qp =(pg)*=0"=0,
so in particular p and ¢ commute. Projections p, ¢ € P(2) are said to be orthogonal
if pg = 0 = gp. If Ais a C*-algebra and p € P(XA) then I —p is a projection in A which
is orthogonal to p (the projection I — p is called the orthogonal complement of p).
Note that if p and ¢ are projections in A then p < ¢ in 2if and only if pg = gp = p,

and in this case ¢ — p is a projection orthogonal to p. In particular, any projection p
satisfies 0 < p < 1.

2.7.12.2 Example Let 2A be a C*-algebra, p a projection in 2. Then pAp is a C*-
algebra with multiplicative unit p. That pRp is a *-algebra with multiplicative identity
p is straightforward. To show that pp is closed, suppose that z is an accumulation
point of p2p. Let (z,) be a sequence in p2Ap converging to some z € A. Since |jp]| < 1
we see that the sequence (pz,p) converges to pzp. But pz,p = z, since z, € p2p for
all n. So z = lim,, pz,p = pzp, and hence z € pAp. So pRp is a C*-algebra.
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2.7.12.3 Lemma ([W, 5.1.3]) The sum of two projections is a projection precisely
when they are orthogonal, or equivalently when their sum is less than the identity.

2.7.12.4 Let v be a partial isometry (2.7.5.1) in a C*-algebra 2. Then v*v is a
projection from the definition of a partial isometry. We now show that z = vv* is

also a projection. Indeed,

% = vt

= y(v'v)v*
= v(v*v)%" since v*v is a projection

=$3

Note that z is normal, so by the continuous functional calculus we can think of
z € C(o(z)). Since z? = 2% in ¥, then also 2 = 23 in C(o(z)). It follows that
o(z)C{0,1}, so the function z takes on only the values 0 and 1 on o(z). It follows
that z is a projection. The projection p = v*v is called the support projection for
a partial isometry v, and ¢ = vv* the range projection for v. The following are

useful equations on partial isometries:

v=vwv=up=qU

vt = vt = put = v'q.

2.7.12.5 Definition ([W, 5.2.1]) Projections p and q in a C*-algebra are said to
be

e equivalent, denoted p ~ q, when there is a partial isometry v € 2 such that

p=7v*v and q = vv*;

e unitarily equivalent, denoted p ~, ¢, when there is a unitary u € 2 such
that p = u*qu;

e homotopic, denoted p ~, ¢ when p and q are connected by a norm continuous

path of projections in .
2.7.12.6 Some remarks on equivalent projections:
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1. Equivalent projections are also called Murray-von Neumann equivalent,

and homotopy equivalence is sometimes called strong equivalence.

2. Clearly the trivial projection 0 is never equivalent to anything but 0. The
projection [ is never unitarily equivalent to anything but I, whereas it can eas-
ily be Murray-von Neumann equivalent to smaller projections via non-unitary

isometries.

3. If Jis an ideal of 2 and p € J is a projection which is equivalent to ¢ € 2, then
alsog € J.

4. If A = B(H), then

p~ g <= p$ isometrically isomorphic to ¢§) <= dim p$) = dim¢$.

5. If p,q are equivalent projections, it does not follow that I — p and I — g are
equivalent. Indeed, let $ be an infinite dimensional Hilbert space. Let U be a
one-dimensional subspace of §) , and let V be a two-dimensional subspace of ) .
Let p be the projection onto the orthogonal complenent of U and let g be the
projection onto the orthogonal complement of V. Since dim(p$) = dim(U+) =
dim(V+) = dim(g$) we see that p and g are equivalent (from the comment in
(4)). However, it is clear that I — p is not equivalent to I — ¢. If p ~, ¢ then
necessarily I — p ~, I — ¢, and the same holds for ~,. '

2.7.12.7 Lemma ([W, 5.2.3]) If p1,p2,q1, and g are projections in 2 such that
Pi~q, P2~ G, p1Lp2 1L g then py @ po ~ 1 @ G-

2.7.12.8 Lemma ([W, 5.2.4]) If p and q are projections in 2and z € 2 is an
invertible such that ¢ = zpz~! then p ~, q

2.7.12.9 Lemma ([W, 5.2.5]) Let p and g be projections in . Then p ~, q if and
onlyifp~qandI —p~1—gq.

2.7.12.10 Proposition ([W, 5.2.6]) Ifp and g are projections in 2 such that |[p — q|| <

1, then they are homotopic. In fact, for each projection p € 2 there is a continuous
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map q — u, from the set of projections close to p into the group of unitaries such

that q = ugpuy, with u, homotopic to the identity when |jp — ¢|| < 1.

2.7.12.11 Corollary ([W, 5.2.8]) If (p;) is a net of projection in 2 converging to
a projection p, and if ||p — p;|| < 1 for all i € Z, then there is a net {u;) of unitaries
in 2 such that the net (||1 — u;||) converges to 0 and p; = w;pu; for each i € I.

2.7.12.12 Let p,q € P(2A). If p and g are homotopic, then they are unitarily
equivalent. Indeed, if {p;}co,1) is 2 norm continuous path of projections with py = p
and p; = g then there exist 0 = ¢y < #; < ... <t, = 1 such that ||p;, — p,_,|| <1 for
every 1 < j < n. The result now follows from (2.7.12.10).

2.7.12.13 Corollary ([W, 5.2.9]) Let p and q be projections. Then p is homotopic

to g if and only if there is a homotopy (uy ) of unitaries such that up = 1 and p = u;qu;.
2.7.12.14 Proposition ([W, 5.2.10]) If p and q are projections in 2, then
P~rhq=p~yg=>prg.
2.7.12.15 Proposition ([W, 5.2.12])
p 0 g 0 p 0 g 0
~q= ~y and ~,q= ~ .
P (oo) (00) prd (oo) "(00
It follows that p ~ ¢ implies that diag(p, 0,0, 0) ~, diag(g,0,0,0) in M, (A).
As elementary matrix operations leave homotopy classes invariant (see [W, 4.2.8]
and [W, 4.2.9]), we obtain the following result.
2.7.12.16 Lemma ([W, 5.2.14]) Ifp,q are projections, then
p 0 and g 0
0 ¢ 0 p

are homotopic. More generally, a projection is homotopic to any projection con-

structed from it by elementary matrix operations.

2.7.12.17 Proposition ([W, 5.3.8]) Let 2 be a C*-algebra (unital or non-unital).
If p and g are equivalent projections for which ||pg|| < 1, then they are homotopic.
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2.7.13 Hereditary and Simple C*-subalgebras

2.7.13.1 Let Abe a C*-algebra, and let B be a C*-subalgebra of 2. Recall that
2, is the set of positive elements of 2, and that an element z € B is positive in
B if and only if z is positive in A (cf. (2.7.2.4). We say that B is hereditary (or. a
hereditary subalgebra of 2) if

[ae,beB,0<a<b=acB.

2.7.13.2 Example Obviously, 0 and A are hereditary C*-algebras of 2, and any

intersection of hereditary C*-algebras is one also.

2.7.13.3 Example ([M, Example 3.2.1]) Let p be a projection in the C*-algebra
2. Then the C*-subalgebra B = pp of A is hereditary (recall that B is a C*-algebra
by (2.7.12.2)).

We consider first the case where 2 is a unital C*-algebra. If pap € B, ,and b € A,
such that

0<b<pap in A,
then by (2.7.6.6)
0< (I -pb(I —p) <(I-p)pap(I —p) =0in 2,
so (I — p)b(I — p) = 0. Hence

0= o]
= [|(I - p)b({ - p)|l
= (I - p)o"?6*(I - p)|
= [|(6*2( - p))"0"/*(I - p)|
= [6**(I - p)II%,
so b/2(I — p) = 0. Thus
b(I — p) = b/2p*(I — p) = 0,
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and so also
(I=p)b=((I-p)) =0.

Therefore, b = pbp € pAp.
If 2 is not unital, then B = pRip = p‘ilp is a subalgebra of the unital C*-algebra
2. So B is hereditary in 2, and hence also in 2.

2.7.13.4 Theorem ([Da, 1.5.3]) Suppose that J is an ideal of a C*-algebra . If
7 € J is positive and a*a < j, then a € J. In particular, ideals are hereditary.

2.7.13.5 Theorem ([M, Theorem 3.2.7]) Let B be a hereditary C*-subalgebra of
a C*-algebra U, and let J be a (closed) ideal of 8. Then there exists a (closed) ideal
JofUAsuch that 3 =B NIJ.

2.7.13.6 Definition We say that a C*-algebra is simple if it has no proper nonzero
ideals.

2.7.13.7 Note that a C*-subalgebra of a simple C*-algebra need not be simple. As
a trivial example, M, & M, C M,. Clearly M, & M, is not simple, even though M,
is simple. However, we do have the following result, which follows from (2.7.13.5).

2.7.13.8 Theorem ([M, Theorem 3.2.8]) Every hereditary C*-subalgebra of a sim-
ple C*-algebra is simple.

In particular, if 2is simple and p € P(2) then pAp is simple by (2.7.13.3) and
(2.7.13.8). This fact will be used in the proof of (3.1.0.5), which is a fundamental
tool in Chapter 3.

2.7.13.9 Proposition If is a simple unital C*-algebra then

Z(%) = {M; ) e C}.
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Proof:

1. If Z(A) # C then there is a self-adjoint element a € Z(2A)\ {0} which is not

invertible.

If not, then every nonzero element of Z(2) is invertible, so Z(A) = C by the
Gelfand-Mazur theorem (2.7.2.11). So there is some a € Z(2)~{0} which
is not invertible. It follows that a*a is not invertible, and is nonzero since
la*a|l = ||a||?> # 0. Hence the result.

2. If there is a nonzero, self-adjoint a in Z(2) which is not invertible, then 2 is

not simple.

We have that
J=a

is an ideal of 2. Indeed, Jis a proper ideal of .

Since a is not invertible, it follows that I ¢ a2l. We now show that I ¢ o
either. Suppose not, then there is some b € A such that

I — ab|| < 1.
It follows that ab is invertible. But th_en for some ¢ € Y,
I = (ab)c = a(bc)
and
I = c¢(ab) = c(ba) = (cb)a

so a is left and right invertible, and hence invertible. This is a contradiction, so
I ¢ a2. Hence the result. u
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2.8 AF Algebras

2.8.1 Finite Dimensional C*-algebras and Homomorphisms

2.8.1.1 In this chapter we define and examine approximately finite dimensional C*-
algebras. As the name suggests, approximately finite dimensional C*-algebras have
much in common with their finite dimensional counterparts. We begin with a closer

look at the finite dimensional C*-algebras.

2.8.1.2 Lemma ([Da, II1.1.1]) A finite dimensional C*-algebra has a unit.

This follows from the existence of approximate identities (cf. (2.7.6.9)) and the norm-
compactness of the unit ball in a finite dimensional C*-algebra. The following result
is more technical, it can be shown either using the Wedderburn structure theorem
for semi-simple algebras (cf. [Da]) or by applying C*-algebra results directly (cf. [Da,
I11.1.2]).

2.8.1.3 Lemma ([Da, II1.1.2]) Every finite dimensional C*-algebra 2l is isomor-

phic (as a C*algebra) to a direct sum of full matrix algebras

A=M, &...6M,, for somen;, ke N.

2.8.2 Standard Homomorphisms

2.8.2.1 Consider the map ¢ : M, — My, given by

A
A =AQ® I;.
A

. s

k copies of A

This map is clearly a homomorphism of M, into My (it is also unital and injective).
This is an example of a standard homomorphism of finite dimensional C*-algebras (see
below). Standard homomorphisms will be the basis for our construction of Bratteli

diagrams for approximately finite dimensional C*-algebras (cf. Section 2.8.4).
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2.8.2.2 Recall ((4) of (2.6.1.2)) that if

(nla .. 7nl)7 (plv e 7.771) € Zl+7

we say that
(n1y-..,m) < (p1,-.-,p) fand only if n; < p; forall 1 < < L.

Let A=M,,, &...®M,,, and B =M,, ... &M, be finite dimensional C*-
algebras. Associate to 2 = My, @ ... ® M, the vector (my,...,m;) € Z*", and
to B =M, &...80M, the vector (n;,...,n) € Z. Let A= (a;;) be an (I x k)
matrix with entries in Z* such that

m n ™
Al ¢ | =

mg D ]

IN

(2.8.13)

The standard homomorphism & : % — B associated with A is defined as follows:

X181y,

l . l
@(X],...,Xk)= ) € Mn;v
@ Xk ®Iai,k @

On; —p;

for (X3,...,Xk) € U. Note also that ® is unital if and only if

Mg n

Standard homomorphisms are also called canonical homomorphisms (in particular in
[Ef]).

2.8.2.3 For any unitary u in a unital C*-algebra 2, we define Ad u : A — 2 to be
the inner automorphism (Ad u)(z) := uzu*, for all z € 2.
Let Aand 9B be unital C*-algebras. Homomorphisms (not necessarily unital)
®, U : 2 — B aresaid to be inner equivalent if there is a unitary u € U(B) such that ¥ =
(Ad u)od.
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2.8.2.4 Proposition Let A and ‘B be unital *-algebras. If ¥ : A—*B is a (not
necessarily unital) homomorphism, and if u is a unitary in 2, then there is a unitary
w € B such that

To(Ad u) = (Ad w)ol. (2.8.14)

Consequently, homomorphisms @,V : A — B are inner equivalent if and only if there
is a unitary u € U(2l) and a unitary v € U(B) giving a commutative diagram:

m—i-m%

Ad ul Ad v‘[

A2 B
Proof:
For (2.8.14), note that e = ¥(I) is a projection in B and

So w = ¥(u) + (I — €) is a unitary in B, and
Yo(Ad u) = (Ad w)oV.

This shows (2.8.14). We now show the equivalence.
If ¥ and & are inner equivalent then there is a unitary v € U(2) such that
¥ = (Ad u)od, and we have the diagram:

QLLNB

Adll Adul-
A2 %

Conversely, suppose that we have a commutative diagram

A 243

Ad ul Ad 'uJ'7

Ql—l—MB
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By the first assertion, Yo(Ad u) = (Ad w)o¥ for some w € U(B), so
(Ad w)o¥ = Yo(Ad u) = (Ad v)od,
SO

¥ = (Ad w)"'o(Ad v)o®
(Ad w*)o(Ad v)od

= (Ad w*v)od

Hence ¥ and @ are inner equivalent.

2.8.2.5 Lemma ([Ef, Lemma 2.2]) Given A=M,, &...&M,, and B=M,,, &
...®M,,,, any homomorphism ® : A — B is inner equivalent to a unique standard
homomorphism.

Proof:
We now consider the case where ¢ : M, — M), is a unital C*-algebra homomorphism.
We claim that there is some k € Z™* such that m = kn, and that ¢ is unitarily equiv-

alent to
A= AR L (2.8.15)

Indeed, let {e;;} be a system of matrix units in M,. Then {¢(e;)} are equivalent
projections in M, which sum to the identity, so they each have the same rank, and
the sum of the ranks is m. It follows that m = kn for some k& € Z™, and that each
of the ¢(e;) has rank k. Let {7}, be orthogonal minimal projections in M,, under
©(e11), and for each j let z be a unit vector in f{C™. Let 27 = p(es1)x]. We define
an ordering of {z} by letting zJ < z% if j <l or if j = [ and ¢ < k. With respect
to the ordered basis {z7} of C™, the f! are diagonal of rank one, and the map ¢ is
represented as in (2.8.15). Hence the claim.

We now consider the case of a C*-algebra homomorphism ¢ : M,, —M,, which is
not unital. Then ¢(I,,) is a projection in My, and o(I,)M, ¢(I,,) is a C*-subalgebra of
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M,,, with unit ¢(I,), and is isomorphic to M,,» for some m’ € Z*. It follows from the
previous case that thereisa £ € Z* and a unitary u € U(M,y ) such that kn = m’ < m
and ¢ = (Ad u)oy for some standard homomorphism o : M, > M,» C M,,. Let
v = @(Ip)up(l,) + Im — ¢(I,). Then ¢ = (Ad v)oy, i.e. ¢ is inner equivalent to the

A A® L ;
Om—kn

and we say that M, is embedded in M,, with multiplicity k.

The remaining assertions are straightforward. |

standard homomorphism

2.82.6 LetA=M, &...0M,, and B=M,, ... ®M,, be finite dimensional
C*-algebras and let @ : 2 — 9B be a homomorphism. To ® we can associate a unique
standard homomorphism, and therefore a unique matrix 4 = (a;;) € Myxx(Z*). This
will sometimes be written ® = (a;;). Note in particular that A has the property

Al = <t 1. (2.8.16)

Mg ny

and that @ is unital if and only if we have equality in Equation (2.8.16).

2.8.3 AF Algebras

2.8.3.1 Definition A C*-algebra 2 is an approximately finite C*-algebra (or
AF algebra) if it is the C*-algebraic direct limit of a directed system {24, ®;;}, jeN
of finite dimensional C*-algebras 2; and C*-algebra homomorphisms {®;;}.

In words, 2 is an AF algebra if it is the C*-algebraic direct limit of a (countable)
sequence of finite dimensional C*-algebras and C*-algebra homomorphisms.

2.8.3.2 Given a sequence of C*-algebras 21;, and homomorphisms ®;,, ; : 2; = ;. we

can construct a directed system by letting ®;; = ®;;_j0...0®;,;; whenever i > j,
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and ®; = id. It is clear that ®;; = ®;,0®;; whenever i > k > j. Letting 2 be the
CH*-algebraic direct limit of this directed system we write 2 = @{%, ®;.1:}, or

oA 2y g, B2, > A (2.8.17)

2.8.3.3 Example For each n € N, let 2, = M, (C), and let ®,,., , be the embedding
of 2, into 2,4, with multiplicity one, given by the standard homomorphism

A0
@, 10(4) = (Tl?) € M,,,;, forany A € M,.

Constructing maps ®;; as in (2.8.3.2), we obtain a directed system {2;, ®;;}. We can
think of the C*-algebraic direct limit 2 of this system as operating on the Hilbert
space £2(N). Clearly 2 is the closure of the finite rank operators in B(£2(N)), so 2 is
in fact the compact operators on #(N) (cf. [P2, 3.3.3]). Note that there are compact
operators which do not have finite rank (cf. [P2, 3.3.5]), and hence 2 # U®;(2L;).

2.8.3.4 Suppose that {2, ®;11;} and {B;, ;. ;} are two sequences of C*-algebras
and C*-algebra homomorphisms, and that there is a sequence of indices

mIm<na<m<n<mg<...

so that for every k € N there are homomorphisms oy, : 2, = B, and B : B, — U, 1
such that the diagram

Q[nf—"' "_" A

N AN A

%nl—v-%ml—o- —»%  annal ——»%

commutes. In this case we say that the systems {2, ®;11;} and {9B;, ¥;,1;} are

isomorphic. A special case occurs when we have a commutative diagram:

d>2'1 (I>3'2
Qll rg 2[2 )
6 l azl
¥2,1 ¥3,2
%1 7 %2 )




in which the 8, are all isomorphisms. If two systems are isomorphic we have, by
Lemma 2.3.4.3, that there is a C*-algebra isomorphism between 2 and 9B commuting
with the diagram. Hence if systems are isomorphic, so are their limits. We see a
converse of this for AF algebras in 2.8.5.6.

2.8.3.5 Let {2, ®;11;:} and {B;, ¥:11;:} be two sequences of C*-algebras and C*-
algebra homomorphisms. If for each » € N there are isomorphisms ¢, and v, such
that

Pny,
An — UAnpy

W
%8, =% %8,

commutes, it does not follow that the systems {2;, ;11 ;} and {B;, ¥;,, ;} are isomor-
phic. Even in the special case where 2, = B, for each n € N, and with §, € Aut(2,)
and v, € Aut(2,4;), it does not follow that the systems are isomorphic (indeed,
their limits need not be isomorphic ... ). The following result will be fundamental

in linking AF algebras and Bratteli diagrams.

2.8.3.6 Lemma ([Ef, Lemma 2.1]) Let2;,2,,... be unital *-algebras, and ®,,41 »
and ¥, , homomorphisms (not neccessarily unital). If the systems

$2,1 ,2
211 ? 2[2 > ...

and

are such that (for each n) ®,11, and ¥, , are inner equivalent, then

@(mm (Dn+1,n) = hﬂ(mw; \Iln+1,n)-

Proof: The goal is to construct inner automorphisms 8, : A, — 2, such that the

diagram
A ‘1’2.1> A 3.2 . <I>n.n-1> A, Priln
911 921 0nl
A, ‘1’2.17 A U3,2 N ‘I'n,n-1> A, Yotinm



commutes. We proceed inductively. Let §; = id. Suppose that we have defined
inner automorphisms 6,6, ... ,6, such that the diagram commutes. Since @rtin
and ¥, are inner equivalent, the same is true of ®,;, and ¥,.;,08, by Equa-
tion (2.8.14). It now follows from the definition of inner equivalence of ®,,;, and
¥, 41,200, that there is an inner automorphism 6,,; of 2,.; such that Vnt10206, =

0n+10®,41». Hence the diagram

$2.1 $3,2 . Pnn—1 Pntin
A, — 2y > .. > Ay —— Ay
T o e
‘1’2.1 \113_2 ‘I’n n—-1 ‘I’n-i-l n
Qll > 2[2 > ... >y A, —— QL,I.H
commutes. The result now follows from Lemma 2.3.4.3. ]

2.8.3.7 The proof of Lemma 2.8.3.6 shows also that given, for every n € N, a

commutative diagram

q’n-i-l.
Ay —— Any1

Ad -u.,.l Ad an»

‘I’n K
A —=2 Apiy
then it is possible to find a morphism 8 : 2l — 2 and unitaries w, € U(2,) such that

Ay 22y oy 22y
Ad wll Ad wzl la
Ay —2y 9, 2225 g
comimutes.
2.8.3.8 Consider the system
$2.1 $3,2

52[1 ‘)2[2 — ...

of finite dimensional C*-algebras and C*-algebra homomorphisms. Using the result
of Lemma 2.8.1.3, for each n € N, we have an isomorphism 0, : %, = M,,,, ©...®

M., ., -
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Setting ¥pi15 = Ort10Pn412,00; ", and letting B denote the C*-algebraic direct
limit B = im{M,,, ... ® M, , ,¥ns1,,} we obtain (again using the result of
Lemma 2.3.4.3) an isomorphism 8 and a commutative diagram

&, 3,
A, — Ay = ——

.| Y |

v ¥
Mp,, ®...0Mp,, — Mn,, ©...0Mp,,, —> ... — B

Lemma 2.8.2.5 shows that for each n € N there is a (unique) standard homomorphism
&n+1,n Which is inner equivalent to ¥,4;,. Using (2.8.3.7) we see that there is an
isomorphism w : B — B, and w, € U(Mp,,, © ... ® My, ) such that

&2, $3,2
A, 2 Ao —_— ... — 2

| . |

s, W3,
M, ®...0Mp,, —= My, ®...0Mp,, —= ... — B

Ad le« Ad wzl qu
§2,1 £3,2
Mn,®...0Mnp,, — My, ®...0Mp,,, — ... — B
commutes.

This shows that

@(Q‘[ﬂ) @n+1,n) = h_In’(Mm,,'l ©...0 M‘mn,kn 7§n+1,n)-

This result allows us to focus exclusively on standard systems, i.e. on systems:
{2, ®:41,:} in which the 2, are direct sums of fuli matrix algebras, and the &, ,
are standard homomorphisms.

The standard system {Mp,,, ®...®Mn,_, ,é11} constructed as above will be
called the standard system corresponding *o the directed system {2;, ®;.1;}-

2.8.4 Bratteli diagrams of AF Algebras

We now associate to a system of finite dimensional C*-algebras and C*-algebra ho-
momorphisms a Bratteli diagram (see Section 2.4). We will do this by specifying the
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V. and the incidence matrices Ay, and hence specifying the Bratteli diagram (up to
equivalence).

Let {2;, ®;11:} be such a system, and let {Mp,,, ®... ® Mn,, , 1,2} be the
correponding standard system. For each n € N, let A, be the matrix corresponding
t0 &nt1,n- We now define the sets V = UV,, and E = UE,, as well as the source and

range maps at level n. Let
Vo ={(@1,-n),..., (ks,—n)}.

Let E,,m, : E, > V,,and s, : E, = V,_; be defined so as to correspond to the in-
cidence matrix A,. Then the set (E,V) is a Bratteli diagram, called the Bratteli
diagram of the system {2, ®;;1,}. Note that sometimes the Bratteli diagram just
constructed will be refered to as the Bratteli diagram of 2. This is somewhat mis-
leading as 2A will be the direct limit of many directed systems, so there are many
Bratteli diagrams corresponding to 2. The main result of Bratteli’s Thesis is that
these Bratteli diagrams are all equivalent, but this is not obvious at this stage. What
can be shown immediately is that a Bratteli diagram corresponds to a unique algebra.

2.8.4.1 Proposition Iftwo AF algebras = hg{SZL,, ®;11:} and B = l_i_lg{%,-, U4}

have the same Bratteli diagrams, they are isomorphic.

2.8.4.2 Examples

1. We consider again the compact operators on a separable Hilbert space, as dis-
cussed in (2.8.3.3). Let 2, = M,(C), and let ®,.;, be the embedding of A,
into 2,41 by

AlO
Pri1,0(4) = (#) € Apyy, forany A € M,.

Since each 2, is embedded in U,,; with multiplicity one, the standard homo-
morphism corresponding to the @, , are all given by the (1 x 1) matrix (1).

So the corresponding canonical system can be written

1 1 (1)
M, ()>M2 ()>M3

The Bratteli diagram corresponding to this system is
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2. The CAR algebra is obtained by taking the direct limit of the algebras 2, =
My~ with connecting homomorphisms @, : U = Ap+; given by

q)n+1,n(A) =AQ® L.

Clearly the ®,.;, are unital standard homomorphisms, so the corresponding

canonical system is

M1 (_2))M2 (2)}M4 > e

The Bratteli diagram for this canonical system is

Let By = Mo @ Myx and let Uiy 4 : By — By be defined by

B B
‘pk“’k(Bl@Bz):( "B )@( B )
2 2

—B

We have

\/\/

A— Ay Ay — A
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for the obvious choices of ¢ and S. It follows, again from (2.3.4.3), that the
algebra 2 is also the direct limit of the B,. The canonical system corresponding
to the directed system {By, Uiy} is

11 11

11 11

M ——— MoeM — My,oM;, —
with Bratteli diagram °
/\

2.8.5 Perturbations

2.8.5.1 The following results show that, in many ways, AF algebras are “almost
finite dimensional”. The next result, while valid in general C*-algebras, has strong
consequences when B is AF. For example, when combined with (2.8.6.1) it shows that
every projection in an AF algebra is finite dimensional.

2.8.5.2 Lemma ([Da, II1.3.1]) Given ¢ > 0 and n € N, there is a positive real
number § = é(e,n) so that if py,...,p, are pairwise orthogonal projections in a C*-
algebra D and B is a subalgebra of B such that

dist(p;, B) = inf{||p; — b];b € B} < forall1 < i< n,
then there exist pairwise orthogonal projections g; € 9B such that
lp: — ¢l <eforalll <i<m.

If Y. p; = I, then we can arrange that Y , ¢; = I also.
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2.8.5.3 Lemma ([Da, II1.3.2]) Given € > 0 and n € N, there is a positive real
number § = d(e,n) so that whenever A and B are C*-subalgebras of a unital C*-
algebra B such that dim2 < n and 2 has a system of matrix units {ef;-)} satisfying
dist(eg),%) < 4, then there is a unitary u € C*(,B) with ||lu — I|| < ¢ such that

udu* C B.

2.8.5.4 Lemma ([Da, III.3.3)) If in addition to the hypothesis of the preceding
lemma, we have an algebra 2, contained in 2 N B, then we may choose the unitary

u to lie in the commutant of ;.

Using the preceding lemmas we can now show the equivalence of our definition of AF
algebras and the following (original) definition given by Bratteli. Note in particular
that this description of an AF algebra does not depend on the choice of a directed
system.

2.8.5.5 Theorem ([Da, I11.3.4]) A C*-algebra® is AF if and only if it is separable
and for all € > 0 and z,...,z, € A there exists a finite dimensional C*-subalgebra
B C Asuch that dist(z;,B) <eforl1 <i<n.

Moreover, if 2, is a finite dimensional subalgebra of 2 then we can choose B so

that it contains ;.

Having used Lemma 2.3.4.3 many times, we now establish a converse for AF algebras.

2.8.5.6 Theorem ([Da, II1.3.5]) Suppose that UAis an AF algebra which is the

closure of the increasing union of two chains % = Un>12n = Un>1By,. Then for any

€ > 0, there is a unitary operator w € A~ with |jw — I|| < € so that
Un>12n = W (Un>1Bn) w”.
In particular, there are subsequences m; and n; of N so that
A, C wBpw* C Apy,, foralli > 1.

2.8.5.7 Corollary ([Da, IIL.3.6]) If? = Up>12, and B = U,>1B, are *isomorphic
AF algebras, then U,>12, and U,>1B,, are *-isomorphic as normed *-algebras.
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2.8.6 Some results on equivalence of projections

2.8.6.1 Proposition ([Da, IV.1.1]) If p and q are projections in a C*-algebra
2 such that ||p — q|| < 1, then they are equivalent. Thus equivalence is a homotopy

invariant.

2.8.6.2 Corollary ([Da, IV.1.3]) If % = Up>12, is an AF algebra, every projec-
tion in 2 is equivalent to a projection in Up>1%,. Moreover, if p and q in Up>,are
equivalent in ¥, they are equivalent in Up>12,.

2.8.6.3 Proposition Let A = U,>,, be an AF algebra. Then equivalence implies
unitary equivalence.

Proof: Let p,q € 2 be equivalent. By (2.8.6.2) there is a p, € Up>12, such that
D ~ Dy, Say pp € A,. Similarily let ¢, € A, be such that g, ~ ¢. Taking n and m
larger if necessary, we can assume that p, and ¢, are in the same finite dimensional
C*-algebra, which we again call 2%,. Now, p, ~p ~ ¢ ~ ¢n, SO P ~ ¢, in A,.
Assume that 2, = ®5.;M,,, and denote by I, the identity element in M,,. Then
in Ay, pn ~ ¢, if and only if rank (p,I,,) = rank (g,I,,) for every 7 if and only if
Pn ~u Gn- SO Pn ~y Gn.

It remains to show that p ~, p,. The following is the proof of [Ef, Corollary
A8.3], which we reproduce here for consistency of notation. Since ||p — p,|| < 1 then
(I —p) = (I —pn)|]| <1. Hence I —p ~ I — p,. Let u be the partial isometry such
that u*u = p and uu* = p,. Let v be the partial isometry such that v*v = I — p and

vv* = I — p,. Then w = u + v is a unitary and wpw* = p,.

2.8.7 Ideals of AF algebras

The finite dimensionality of the 2, is not used in the proof of the following result,

and hence the result may be used for more general inductive limits.

2.8.7.1 Lemma ([Da, III.4.1]) Let I be an ideal of an AF algebra A= Up>12,.
Then

I=Upn(ZTNA) =T N (Un>1)
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Consequently, T is AF.

2.8.7.2 Definition A subset S of a Bratteli diagram is said to be directed if when-
ever z € S then every image of z (2.4.0.3) is in S. A subset S of a Bratteli diagram
is said to be hereditary if, whenever z € V,, is a vertex and every image of T at level

n+1isin S, then z is an element of S.

2.8.7.3 Theorem ([Da, I11.4.2]) Let A be an AF algebra with a Bratteli diagram
B. Then the ideals of 2 are in a one to one correspondence with directed hereditary
subsets S of B.

2.8.7.4 Corollary ([Da, I11.4.3]) A unital AF algebra 2 with Bratteli diagram
B is simple if and only if for each z € B there is an n € N such for every node
m at level n, there is a path starting at = and ending at m.

2.8.7.5 By (2.8.7.4) we see that each of the examples in (2.8.4.2) are simple.

2.8.7.6 Theorem ([Da, I11.4.4]) IfT is an ideal of an AF algebra 9 corresponding
to a subset Sof the Bratteli diagram B, then /T is AF and corresponds to the
diagram B\ S.

2.8.7.7 Proposition Let 2 be an AF algebra, and let p € P({). Then pAp is AF.

Proof: Let by,...,b, € pUAp. By Theorem 2.8.5.5 we see that there is a finite
dimensional subalgebra B of 2 such that dist(b;, B) < ¢ for all 7. Now pDBp is a finite
dimensional subalgebra of pp and dist(pB;p, pBp) < dist(B;,B) < ¢. Hence pp is
AF by Theorem 2.8.5.5. [

2.9 K-Theory for C*-algebras

2.9.0.1 Following the presentation of [W, Chapter 6], we will construct a covariant
functor K, from the category of C*-algebras to the category of abelian groups. The
group Ky(2) will consist of differences of equivalence classes of projections, though for
technical reasons these projections will be taken from matrix rings over the algebra.
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We will be using projections heavily. See (2.7.5.1) and Section 2.7.12 for notation,
basic definitions, and properties.

Our first step is to define an addition on equivalence classes of projections. Let
2 be a C*-algebra, and for each n € N, let M, () be the matrix algebra over 2. We
imbed M, () into M,,.; () by means of the standard homomorphism

AeM, () — (%) € Mp11 (). (2.9.18)

and we denote the direct limit of this sequence by M, (2). We now begin our construc-
tion of Ky. To construct the group Ko(2l), we first construct an abelian semigroup
and then take the Grothendieck group to get an abelian group called Kgo(A). The
definition of K{(2A) follows shortly thereafter.

2.9.0.2 Let p € P(M(2)). Define

[p] = {g € P(Mc (2));p ~ ¢},

and

V(®) = {[p];p € P(Mx (%))}

Note that any projection in P (M, (2)) sits in some M, (/). Given projections p and
g in P(M,, (20)), it is therefore possible to find a number n € N so that p and q are
in P(M,,(2)). Using (2.7.12.16), we see that

(oo)-(o0)

(where the sizes of the zeros are not necessarily the same). It follows that, given two
equivalence classes [p], [g] € V' (), we can always pick orthogonal representatives for
[p] and [g]. As we have matrices of arbitrary size available in V(2), there is a natural
addition in V() given by

[p] + [a] = K P . )} € P(Moo (21)),
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which we will sometimes denote by [p]+[g] = [p@g]. Note that if ', ¢’ are projections
in P(M (%)) with p' ~ p, ¢ ~ g and p'q’ = 0, then [p] + [¢] = [p' + ¢]. Using
(2.7.12.14)-(2.7.12.16), projections in P(M,, (%)) are equivalent if and only if they
are unitary equivalent if and only if they are homotopic. So [p] can be thought of as

the equivalence class with respect to which ever type of equivalence is most convenient.

2.9.0.3 Proposition ([W, 6.1.3]) For any C*-algebra 2, with the addition defined
above, V(2) is an abelian semigroup with additive identity 0 = [0].

Given any morphism o : A — 9B of C*-algebras, there is a corresponding induced
map V(a): V() - V(B) given by

V(a)({(aif)]) = [(a(az))).

The correspondence sending 2 to V() and o — V(@) is a covariant functor from the
category of C*-algebras to the category of abelian semigroups.

2.9.0.4 ([W, 6.1.4]) Some examples:

1. Let p and ¢ be equivalent projections in M, (C). There is a n € N such that
p ~ g € P(M,). Since projections are equivalent in M, precisely when they

have the same rank, we see that
(2] = {g € P(My(C));rank ¢ = rank p in some M, }.
Identifying [p] with the rank of p we see that
V(C) =2Z*.
2. Since M, (M) ~ M,,,,, we see that M, (M, ) ~ M, (C). So also
V(M,) = Z.
3. Let A be a C*-algebra. Since M, (M, (2A)) ~ M, (), we see that
V(M. (%)) =V(2).
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4. If $is an infinite dimensional, separable Hilbert space,
M, (K(%)) ~ K(%") ~ K(£),

and similarily M, (B($))) ~ B(£)). Projections in B($)) are equivalent precisely
when their ranges have the same dimension (2.7.12.6), and since B($)) has both

finite and infinite dimensional projections we have
V(B) = Z* U {c0}.

Similarily, projections in K($)) are equivalent if and only if they have the same
dimension (since K(£)) CB(£)) and the partial isometry implementing the equiv-
alence is compact), and since all projections in K($)) are finite dimensional, we

have
V(K) = AR

All finite rank projections in B($)) are in K(£)) so V(B/K) has only two ele-
ments, namely the equivalence class of all projections of finite rank and the

class containing /. Hence

V(B/K) = {0, 00}.

2.9.0.5 Let Abe a C*-algebra. Define Koo(ﬂ) to be the Grothendieck group of
V(2A):

Koo (%) = 6(V(2)).

We can think of elements of Kyo(2) as “differences” of equivalence classes of pro-
jections. When A is unital, we will see in (2.9.0.12) that Ko(2) is exactly Koo(2A).

2.9.0.6 From (2.9.0.4) and the definition of Koo we have
1. Since V(C) = Z* we see that Ky (C) is Z.
2. Similarily, Koo(M,) = Z.
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3. Since V(M, (2)) = V() for any C*-algebra 2, then also

Koo (M, (%)) = Koo(2)-

4. Let 5 be a separable, infinite dimensional Hilbert space. Clearly Koo(K) =Z
since V(K) = Z*. The infinity element in V(B) and V(B/K) makes Ky(B) =
0 = Koo(B/K) (cf. 2.5.0.9).

2.9.0.7 The functorial nature of V' extends to Koyo. Indeed, the universal property of
Grothendieck groups (2.5.0.8) allows us to extend a morphism of semigroups V(o) :
V() — V(B) into a morphism Ky () : Koo(2A) — Koo(B).

v -2 v(s)
| E (2.9.19)
Kgo(m) e Koo(%)

Koo(a)

So Koo is a covariant functor from the category of C*-algebras to the category of
abelian groups. We now use the functoriality of Ky to define Ko(2A).

2.9.0.8 Definition Let 2 be a C*-algebra, and let A" be as in (2.7.1.14). Let « :
A+ — A+ /A = C be the canonical quotient map. Then K(?1) is the kernel of the

homomorphism
Koo(?l') : Koo(m+) —-)KQQ(C) =Z.
2.9.0.9 We delay examples of Kj until (2.9.0.13).

2.9.0.10 Proposition ([W, 6.2.4]) K| is a covariant functor from the category of
C*-algebras to the category of abelian groups.
The homomorphism induced by some morphism ¢« : A — B is given by

Ko(@)([(z:5)] = [(wi)]) = [(&™ (z:))] = (@™ (3:5))]

where the matrices (z;;), (y;;) are projections in M (%) and a* : At —B™ is the
unital morphism defined by ot (a + A) = a(a) + A.
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2.9.0.11 Proposition ([W, 6.2.1]) Let 2,,2%, be C*-algebras and consider their
direct sum 2; @ 2, with the obvious projections my : %A; ® Ay = Ax, k = 1,2. The
induced maps give rise to isomorphisms

V(ﬂ'1 @ 772) : V(Qh & 212) — V(Q(l) 57 V(ng)
Koo(m1 @ 72) : Koo (21 @ A2) — Kioo(™1) @ Koo(A2)
Ko(ﬂ'l o) 71'2) s Kg(ml & 2[2) — KO(Qll) & Ko(mz)

2.9.0.12 Proposition ([W, 6.2.2]) For every C*-algebra %, the split exact sequence

0—-A—->AT éC—)O

L

induces a split exact sequence of groups

Koo(7)
O—')KQ(QI)—)KOQ(QI+) = Z-—>0
Koo(t)

Thus,
Koo(m-*') >~ KO(Q[) S Z.

In particular, if 2 has a unit then Ko(2) = Kyo(2) is the Grothendieck group for the
semigroup V().

2.9.0.13 ([W, 6.2.3]) We see from (2.9.0.12) and (2.9.0.6) that
Ko(My) = Ko(C) = Z
and
Ko(B) = Ko(B/K) = {0}.

It is more difficult to compute Ky(K), but we will see in (2.9.0.19) that K, is insen-

sitive to stabilization, and hence
Ky(K) = Ko(C) = Z.
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2.9.0.14 Lemma Let a be a (k x k)-matrix with entries in a C*-algebra 2. Then
a commutes with p,,n < k, precisely when a is a block diagonal matrix of the form
diag(ay,az) with a; € M, (2),a2 € My_, (). If a is invertible then a; and a, are

invertible. If a is unitary then a, and a, are unitary. Moreover,
ap, = ppa =0 < a =diag(0,a3),a: € Mx_,(A) < a, =0.

2.9.0.15 Proposition (A Portrait of Kc—[W, 6.2.7]) The following are some ob-

servations about Kj:
1. For any C*-algebra A, Ko(2l) is an abelian group.
2. The elements of Ky(2) can be visualized as formal differences

[p] - lg]

where p,q € P(M (A*)) for some k € N and p — g € M ().
When 2 is unital, p and q can be chosen in My () rather than M (7).

3. Each element of Ky(2l) can be written
[Pl - [pn]
where p € P(Mi (A1), k > n, and p — p, € M ().
4. If [p] — [¢] = 0 in Ko(), then for an appropriate m < n,

diag(p, pm) ~n diag(q, pm) in Mgin (AT)

2.9.0.16 Proposition (Continuity of Ko—[W, 6.2.9]) If2is the C*-algebra in-
ductive limit of a directed system {2;, ®;;} of C*-algebras, then the induced system
{Ko(;), Ko(®s;)} is a directed system of groups and

Ko(2) = Ko(lim 2;) ~ lim Ko(2;)

2.9.0.17 Lemma ([W, 6.2.10]) Let 2 be a C*-algebra and denote by t,; the canon-
ical embedding 2 — M, () given by a — diag(a,0). Then the induced map
Ko(tn1) : Ko(A) = Ko(M, () is an isomorphism.
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2.9.0.18 Let 2 be a C*-algebra. We call A® K the stabilization of 2, and we say
that C*-algebras 2 and B are stably isomorphic if

A K~BRK

2.9.0.19 Corollary (Stability of Kc—[W, 6.2.11]) The morphism of 2 into A®
K sending a to a®e;,, where ey; is a rank one projection in K, induces an isomorphism
Ko() ~ Ko(A®K). In particular, f A @ K ~ B ® K (i.e. if A and B are stably
isomorphic), then Ko(2A) ~ Ko(B).

2.9.0.20 That K, cannot distinguish between 2 and 2A®K should not be too sur-
prising, since ARXK is the C*-completion of My ().

2.9.1 Exact Sequences

2.9.1.1 Theorem (Half Exactness of Ko—[W, 6.3.2]) Let J be an ideal of 2.
The exact sequence 0— 3= A5 A/I—0 induces a short exact sequence of Ko-

groups:
Ko(3) X249 Ko2) 2 Ko (21/7)

2.9.1.2 ([W, 6.3.3]) Note that in general Ky(:) is not injective. Normally 2 contains
more partial isometries that J, so equivalence is easier in 2 than in J (making Ko(t)

potentially non-injective). As a concrete example, consider

0 »y K — B » BB K —— 0

for which the induced exact sequence at the Ky level is

Z y 0 y 0,

so Ko(¢) is not injective.

Even though surjectivicy of 7 : A—2/J implies the surjectivity of the maps
At — (A/3)* and M, (A*) = M, ((A/3)*), still 7 need not lift projections in M, ((4/3)*)
to projections in My, ((2)™). As an example, consider

A=C([0,1}),3=C((0,1)).
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Then 2/J ~ C & C and we get the exact sequence 0 +Z —-Z @& Z. So Ko(w) need
not be surjective in general.

Note however the special case in (2.9.0.11), and also that Theorem 2.9.1.1 is not
true with Ky instead of Ky(see [W, 6.3.3] for details).

2.9.1.3 ([W, 6.5]) Here we give a short list of basic K-groups (see [W, Section 6.5]

for a more complete table).

2A | Ko(2A)
C Z
M.(C) | Z
K Z
B 0
B/K | 0

2.10 K-Theory for AF Algebras

2.10.1 The Link to Scaled Dimension Groups

2.10.1.1 We will now look more carefully at Ko(2) when 2is an AF-algebra. In

particular, we will show that if 2 is an AF-algebra, then K;(2) is a scaled dimension

group.
2.10.1.2 We have seen that
Ko(C) = Z = Ko(Mn),
and that
Ko(2 @ B) = Ko(A) & Ko(B)
for C*-algebras 2 and B. It follows that

KoMp, ®...6M,,, ) =2Z"
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Let us denote by dim the map from Ko(Mp,, &...8®M,, ) into Z" which implements
this identification.

Let A =M,, &...9M,,, so in particular K;(2) = Z" is a simplicial group.
Also, the image dim Iy € Z™ of Iy is always a strictly positive element of Z", and
hence is an order unit for K(2). For various reasons it will be desirable to regard

Ko(2A) as a scaled dimension group with scale [0, dim Iy].

2.10.1.3 We have defined the group Ky(2!) for an arbitrary C*-algebra as the Grothendieck
group of V(). It is desirable to keep track of the original semigroup V' (), and of
which elements of Ko(2) come from 2. One way to do this is to try to put an ordering
on Kp(2) by taking the image Ko(2,) of V() in Ko(2) to be the positive cone and
to define a “scale” I'(Kp(2)) = {z € Ko(2A);z = [p] for some projection p € A} on
Ko (2t) (although even here we could lose information, since the map from V() into
Ko () will be injective only if V() has cancellation). For finite dimensional and AF
algebras the above ordering and scale make Kj(2) into a scaled dimension group (for
more general C*-algebras the “ordering” can be much less well behaved (cf. [B, §6])).

2.10.1.4 Proposition ([W, 12.1.2]) Let 2 and *B be finite dimensional C*-algebras,
and let ¥ : %A — B ‘be a C*-algebra homomorphism. Then the induced map Ky (¥) :

Ko(2) — Ko(*B) is a morphism of scaled dimension groups. Also, ¥ is unital if and

only if Ko(¥)([/2]) = [Is].

2.10.1.5 Note that we can also go in the other direction, i.e., any scale homomor-
phism of K{(2) into Ko(B) corresponds to a matrix A with entries in Z* satisfying
Equation (2.8.13), and hence to a standard homomorphism of 2 into 8. This idea
will be picked up again in (2.10.3.3).

2.10.1.6 Let 2 = h_mr{Ql,, ®,.,;} be an AF-algebra, where the 2; are finite dimen-
sional C*-algebras and the ®,,,;; are C*-algebra homomorphisms. Then

Ko(2) = lim{ Ko (%), Ko(Pi+1,:)}

from (2.9.0.16). Since Ko(2l;) is a scaled dimension group for every i, and since the
Ko(®;41,:) are contractive homomorphisms (cf. 2.6.3.6 ), it follows from (2.6.3.9) that
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K,(2) is a dimension group. This next result gives slightly more information.

2.10.1.7 Proposition Let 2 be an AF-algebra, and let 2 = l_ig;{ﬁli, ®:11:}. Then
Ko(2) = lim{Ko(2%:), Ko(P:i+1,:)} in the category of scaled dimension groups. Also,
['(Ko(2A)) = UL(Ko(Ay)). If the ®,y41, are unital then Ko(2U) has an order unit
u = Ko(®r)([1n]) and T'(Ko(2)) = [0,u].

2.10.2 Bratteli Diagram and K Groups of AF algebras

2.10.2.1 Let {2;,®;,;;} be a canonical directed system, say

A, =an,1 ®"'@M’nn.kn’
and let & = im{2;, @;41,:} (so 2 is an AF-algebra). Then

Ko(%) = Um{Ko(2:), Ko(®i+1,)}
and
Ko(2) = ©f2,Z.

Set V, = {(1,—n),...,(kn,—n)}. Let E, as well as the source and range maps on
E, be given by the incidence matrix A,, where A, is the matrix corresponding to
Ko(®pn1). If we set V =UV, and F = UE,, then (V, E) is a Bratteli diagram. No-
tice that this is in fact the same Bratteli diagram that we associated to the canonical

system @{%, ®;.1;}. This leads to three interesting observations:

1. There are many Bratteli diagrams corresponding to Ko(2A)

2. Any countable dimension group is the direct limit of a (countable) sequence of
simplicial groups (in the category of partially ordered abelian groups), by the
result of Effros, Handelman, and Shen (2.6.3.14). So any countable dimension
group is the Ky group of some AF-algebra.

3. Since we can recover 2 from a Bratteli diagram for 2 (and hence from the
Bratteli diagram for Ko(2)), it should be possible to recover 2 from Ko().
This will be the focus of the next section.
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2.10.3 Elliott’s Theorem

One fundamental observation about AF-algebras is the close relationship between a
directed system {2;, ®;41,} of finite dimensional C*-algebras, and the corresponding
sequence of scaled dimension groups {Ko(2;), Ko(®i4+1:)}. Indeed, given the scaled
dimension group {Ky(2;) = @5, 2™}, we can recover 2, = Mp, ®...0My,,, .
Since the same matrix corresponds to both ®;,;; and to Kp(®;41;), we can also
recover (up to inner equivalence) ®;;;; from Ko(®;.;;). These survey remarks are

made more precise in the following results, culminating in Elliott’s theorem (2.10.3.3).

2.10.3.1 Lemma ([Da, IV.4.1]) Suppose that % and B are finite dimensional C*-
algebras and that ¢ : Ko(2%) — Ko(*B) is a contractive homomorphism. Then there is
a *-homomorphism a : A — B such that Ko(a) = 9, and « is unique up to unitary

equivalence in 8. Moreover, if 1 is unital then so is c.

2.10.3.2 Lemma ([Da, IV.4.2]) Suppose that 2 is a finite dimensional C*-algebra,
and that B = @{EB,-, W;.1:} is AF. Let the imbeddings of By, into B be denoted by
Br. If ¢ : Ko(A) — Ko(*B) is a contractive homomorphism, then there is an integer
n and a *homomorphism a : A — B, such that Ko(8,)Ko(a) = . Moreover, « is
unique up to unitary equivalence in 8. If v is unital then so is a.

2.10.3.3 Theorem (Elliott’s Theorem—cf. [Da, IV.4.3]) Let 2 and B be AF-
algebras. Then 2 ~ ‘B if and only if Ko(A) ~ Ko(®B) as scaled dimension groups.
Moreover, given a scaled dimension group isomorphism p : Ko(2%) — Ko(B), there is
a *-isomorphism « : 2 — B such that Ky(a) = p.

2.10.3.4 Elliott’s theorem will be used in the proof of (3.4.0.2).

92



Chapter 3

Results for Simple Unital AF
Algebras

The goal of this chapter is to show the following result for simple unital AF algebras.

Theorem Let 2 and B be simple, unital, AF algebras with isomorphic unitary
groups. Then 2 and B are isomorphic as C*-algebras.

Let ¢ : U(™A) = U(*B) be an (algebraic) isomorphism of groups. To establish the de-
sired result it suffices, by Elliott’s theorem, to show that there exists an isomorphism
of the scaled dimension groups K(2) and Ky(8). This will be done as follows:

1. In Section 3.1 we obtain from the isomorphism ¢ a map 6, : P(2) — P(*B) from
the projections of A to those of B, and we describe the first properties of 6,,.

2. We construct (Section 3.2) from 6, an orthoisomorphism which preserves uni-
tary equivalence. This is the bulk of the work.

3. We show that an orthoisomorphism which preserves unitary equivalence in-
duces an isomorphism of the scaled dimension groups Ko(2A) and Ko(B) (see
Section 3.3).
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3.1 The Construction of 0,

Let 2 and *B be unital C*-algebras. In this section we obtain from a homomorphism
0 :U(™A) —U(B) a map 0, : P(A) — P(B) from the projections of A to those of B.

3.1.0.1 Any self-adjoint unitary u has eigenvalues contained in the set {—1,1}, and
hence can be written u = I — 2p where p is the projection onto the eigenspace of u
with eigenvalue —1. Let 7 be the map which sends a self-ajoint unitary u = I — 2p
to the projection p. Then 7 is a bijection from the set of self-adjoint unitaries to the

set of projections, and there is exactly one map 6, which makes the diagram
U(A) N, —— U(B)N B
| |
B
PR —— P(B)
commute. Explicitly,
u=1-2p < p(u)=1-26,(p)
The map 6, will be denoted by 6 when no confusion will result.

3.1.0.2 Recall that the symmetric difference pAg of two commuting projections p
and q is defined by pAg = p + g — 2pg, and is also a projection.
The following properties of the symmetric difference of commuting projections can

be checked by direct computation:

pAp=0 (3.1.20)
pA(gAr) = (pAg)Ar (3.1.21)
(I -p)Ag=1-pAq (3.1.22)
p(gAr) = (pg)A(pr) | (3.1.23)

The following lemma gives certain elementary properties of 6, which will be used

frequently.
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3.1.0.3 Lemma Let 2 and B be unital C*-algebras, and let ¢ : U() - U(B) be a
group homomorphism with corresponding map 6 : P() — P(8). Then

P

. O(upu*) = ¢(u)8(p)p(u)* for any unitary u € U(2), and p € P(X),
2. 6(0)=0,

3. If p,q € P(A) commute then so do 6(p) and 8(q),

4. 6(pAq) = 0(p)Ab(q) for any commuting projections p,q € P(2),

5. If A and B are simple unital C*-algebras and v is an isomorphism then we have
that o(—1I) = —1I,

6. If o(—1I) = —I then we also have that 6(I) = I and 6(I — p) =1 — 6(p).

Proof:

1. B(upu®) = I—w(I;2uzm') — I—w(u)w(lz—hlw@lx = o(u)0(p)p(u)".

9. 9(0) — I—‘P(12—2(0)) — I-g(’) =0.

3. Since p and g commute the same is true of I — 2p and I — 2q, so ¢(I — 2p)
commutes with ¢(I — 2q). It follows that

(I —o(I-2p))(I
4

(I — (I -2q))(I

4

w(I - 2q))

oI — 2p))

8(p)6(q) =

= 6(q)6(p)-
4. If p and g are commuting projections then pAgq is also a projection and

I - 26(pAq) = (I - 2(pAg))
= ¢((I - 2p)(I — 29))
= (I —20(p))(I — 26(q))
= I —2(6(p)Ad(q)).
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5. If v is an isomorphism between simple C*-algebras 2 and 9B, we show that
o(—I) = —1I. Indeed, —I is a central, self-adjoint unitary which is not I, so the
same is true of ¢(—17). Since any central element of B is a scalar multiple of
the identity (2.7.13.9), and since ¢(—1I) # I then ¢(—I) must be —I.

6. If o(—I) = -1, then

I—g(=21) _I-p(-I) _2
2 - 2 )

Since ¢(I — 2q) = I — 26(q) for any projection g € P()

=TI

(1) =
, we have

I-20(I-p)=p(I-2(-p)
(—(I —2p))
(—I(I - 2p))
(—I)e(I - 2p)
—o(I - 2p)
—(I - 20(p))
=1 - 2(I - 6(p)).

%
¥
7

So (I - p) = I — 6(p).

We establish a functorial property of the map ¢ +— 6,, which will be used in the
proof of (3.1.0.5).

3.1.0.4 Proposition Let %, B, € be unital C*-algebras with unitary groupsU (2),U(B),U(E).

1. Suppose that ¢ : U(A)—U(B) and ¢ : U(B)—U(C) are group horaomor-
phisms with corresponding projection maps 6, and 6. Then

9¢tp = 0¢9¢.

2. Ifid : U(A) = U(A) is the identity map then 64 is the identity map on projec-

tions in 2.
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3. If ¢ is a group isomorphism then 6,1 = 6,71
Proof:

1. As (I —2p) = I — 26,(p) for all p € P(2A), we have

0 (0,(p)) = L=~ 206 P)

_ I —9(o(I - 2p))
2
= Byy (P)-

2. Bia(p) = U= = p_for any p € P(2).

3. Follows immediately from (1) and (2).

The next proposition is a generalization of [Dy, Lemma 10], for simple unital C*-
algebras. It will allow us to define in (3.2.1.2) a map ¢ : P(A)\ {0, I} — Aut(S?) and
establish some of the fundamental properties of this map. If € is a unital C*-algebra
and p € P(€), we will denote by

Coiock p = {7 € C;pz = zp} = {p}' N C.
We have
cblock p = pQﬁp + (I - p)C(I - p)'

3.1.0.5 Proposition Let 2 and B be simple unital C*-algebras and let ¢ : U(2A) — U(B)
be a group isomorphism. Then

1. The map ¢ restricted to U(Apiock p ) is an isomorphism of U(Aproek p ) With
U(Briock 6, (p))-

2. For each fixed p in P(2)\ {0, I}, there exist (possibly discontinuous) characters
of the circle group S! such that

p0Op+1 - p) = 6, (N0,(0) + by — 6, (), YAES.  (31.24)
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Proof:

1. We will show that ¢ maps U (piock p) isomorphically onto U (Byiock ¢, (p))- Note
that

U(Zbiock p) = {u € UA); pu = up} = {u € U(A); (I — 2p)u = u(I — 2p)}.

Hence if u € U (piock p), then p(u)p(I — 2p) = (I — 2p)p(u) and by definition
of 8, p(u)(I — 26(p)) = (I — 28(p))p(u). Therefore

U Hpiock p))S{0(u) € U(B); 0(u)0(p) = O(p)p(u) }SU(Biock 6, (x))-

As ¢ is an isomorphism, it induces an isomorphism from U(ZApjock p) ONtO
U(Bulock 8,(p))-

2. Let us fix a p € P(2). As B is simple we have from (2.7.13.9) that

Z(Block 6,(5)) = {10(p) +v(I - 6(p)); p, v € C}.

By (2.7.5.11) (or by the Russo-Dye theorem) we see that any element which

commutes with all unitaries in 2 is central in 2, and we then get that

Z(U(Boiock 6,)) = {#8(p) + v(I - 6(p)); p,v € S'}.

As for any p € S? the unitary pp + I — p belongs to Z(U(Apiock p)), its image
o{up+I-p) € Z(U(Boiow 8,(z)))- Therefore, for each A € S*, there are numbers
a,(A) and b,(}) in S! such that

©(Ap+ 1 —p) =a(N)b(p) +bA)(I - 0(p))-

A straightforward computation shows that a, : S’ S, A — a,()) and b :
S!— S, A b,(A) are characters.

3.1.0.6 For the rest of this chapter we assume that ¢ is a fixed isomorphism between
the unitary groups U(2) and U(‘B) of simple unital C*-algebra 2 and B, and that

6 = 6, is the corresponding map between projections.
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We make the following observations:

3.1.0.7 Let%, B, v, and § be asin (3.1.0.6). For commuting projections p, g € P(2A)

we denote

Spq = {0(0)0(q),0(p)0(I — q),0(I — p)8(q),6(I — p)0(I - q)}-

By (3.1.0.3) the elements of S, ,are mutually orthogonal projections, and form a
partition of I. Indeed, we have

6(p)0(g) + 6(p)0(I — q) + 6(I — p)b(q) +6(I — p)O(I - q)
= 6(p)(6(q) +6(I — q)) +6(I — p)(6(q) + 0(I — q))
= 0(p)(6(q) + I —0(q)) + 6(I — p)(6(q) + I — 6(q))
=0(p)+6(I -p)=1.

The following gives information on the behaviour of § with respect to various opera-

(3.1.25)

tions on projections. It will be used in several computations.

3.1.0.8 Proposition Let A, B, ¢, and 0 be as in (3.1.0.6). Let p,q € P(A) be

commuting projections and let r = pAq. Then

0(p)6(I — q) = 0(p)6(r), (3.1.26)

0(1 — p)6(q) = 6(q)6(r), (3.1.27)

0(p)0(q) = 0(p)6(I — ) = 6(q)0(I — ) = 6(p)6(q)0(I — ), (3.1.28)
6(I —p)6(I — q)8(r) =0, (3.1.29)

6(r) = 6(p)8(I — q) + 6(I — p)4(q), (3.1.30)

0(I —r) = 6(p)8(q) +0(I — p)0(I — q)- (3.1.31)

Proof: By (3.1.0.2) and (3.1.0.3) we have



so also 8(q)8(r) = 6(I — p)#(g), by symmetry. This shows (3.1.26) and (3.1.27). Using
this we get

0(p)6(I —r) = 0(p) — 6(p)4(r)
= 6(p) — 6(p)6(I — g) by (3.1.26)
=0(p) ({ - 0(I - g))
= 8(p)6(q)-

Hence also 8(p)6(q) = 8(q)6(I — r) by symmetry. Also,

0(p)0(q) = 0(p)(0(p)0(q)) = 6(p)(6(q)0(1 — 1)) = O(p)6(q)6(] — ).
So we have shown (3.1.28). Using equation (3.1.23) we have
(I — p)6(I — q)f(r)
= (6(I —p)0(I - q))(6(p)A6(q))
= [0(I — p)6(I - 9)6(p)]A[B(I - p)O(I — g)6(g)]
= 0A0
=0,

which shows (3.1.29). By (3.1.26) and (3.1.27) we have that 8(p)6(I —q) < 6(r)
and 6(I —p)f(g) < 6(r), and by (3.1.28) and (3.1.29) 6(p)f(q) < 6(I —r) and
60(I —p)8(I — q) < 6(I —r). Since

9(p)8(I — q) + 6(I — p)b(q) + 0(p)8(q) + 6(I — p)O(I — q) =
(see (3.1.0.7)) the last two assertions follow. ]

3.1.0.9 Let 2, B, ¢, and @ be as in (3.1.0.6). Let p and g be two commuting projec-
tions of 2 and let r = pAgq, and suppose that 8(p)8(r) = 0. Then we have the rather
peculiar consequence that 6(r) + 8(p) = 6(g). Indeed, by (3.1.0.8) 9(p)f(I —¢q) =0
and therefore 6(r) = (6(I — p))8(q) = 6(q) — 8(p)8(q). By (3.1.0.8),

0(p) = 6(p)(6(r) + I - 6(r)) = 8(p)6(I — ) = 6(p)6(g)-
Hence 6(r) + 6(p) = 6(q). Similarily 8(q)é(r) = 0 implies that 8(q) + 0(r) = 6(p).
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3.2 Constructing an Orthoisomorphism

Our goal in this section is to construct an orthoisomorphisms ¢, : P(2) — P(%B)
which preserves unitary equivalence. We might hope that the map 6, would serve
this purpose, but although it is a bijection which preserves unitary equivalence (by
(3.1.0.3)) it need not be an orthoisomorphism. The idea will be to modify 8, to
obtain a map 6, : P(%) — P(B) which has the desired properties. The following

finite dimensional example is instructive.

3.2.0.1 Example We find in 2 = My, some behaviour which recurs in AF algebras.
There exists (see Appendix A) an automorphism ¢ of the unitary group of My,
such that

6,(0) D if p is of even rank
‘p =
I —p ifpisof odd rank

The map 6, is clearly not an orthoisomorphism. However we can construct from 6,

the map 6,,:

) = 6,(p) if p is of even rank
I-6,(p) ifpis of odd rank

The map 6, is an orthoisomorphisms which preserves unitary equivalence (in fact
g, = id). |

3.2.0.2 For a simple unital C*-algebra 2, we define in (3.2.1.2) a map ¢ : P(2) \
{0,I} — Aut(S?). If 2is also AF, we show in (3.2.2.6) that for a simple unital AF
algebra the image of the map c consists of at most two elements. This allows us
to construct a partition {P,,P,} of P(2) \ {0,I}, where P, is analogous to the
projection of even rank in (3.2.0.1) and P, is analogous to the projections of odd rank.
Indeed, in (3.2.3.14), (3.2.3.15), and (3.2.2.3), we show that if p,q € P(2) \ {0,}
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with pg = 0 then

p,q € P, = 6,(p)0,(q)
p,q € Pz, = 0,(1 —p)b,(I

q)
q)

0

0
pEP,,q€ P, = 0(p)0(I 0
and

7q€P,=>p+qeP,
P,qE€E P, =>p+q€EP,
PEP,,qg€P:,>p+q€P;,

From such a partition we obtain a map

8,(p) ifpeP,
I-0,(p) ifpePs,
0 ifp=20
I ifp=1

8,(p) = ¢

\

which is in fact an orthoisomorphisms which preserves unitary equivalence (see (3.2.2.9)).

3.2.1 The Map ¢

3.2.1.1 Denote by S! the group of charécters of S, endowed with the discrete
topology.

§' = {x : S' =8 x(w) = x(1)x(v)}
with the pointwise product
(xv) (1) = x()v(), for any x,v € S,
The inverse of x € S! is the function X € $! defined by
%(1) = x(p), for all x e St
The group Aut(S?) of (algebraic) automorphisms of Sis clearly a subgroup of S.
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3.2.1.2 Definition (Definition of ¢) We have seen (3.1.0.5) that if 2 and B are
simple unital C*-algebras then any isomorphism ¢ : U(A) —U(B) gives rise to a
projection map 8, such that for any p € P(A) \ {0, I} there are elements a,, and
b, of S!such that

o(up +1 = p) = 6yp(1)05(p) + bop()(I = b,(p)), for all p € S™.
Hence to any such ¢ and any p € P(2) \ {0, 1} we can associate the element
¢o(D) = @y pbyp € SL.

Since  is now a fixed isomorphism (see 3.1.0.6), we will write ¢, for c,(p), a, for a,,
b, for b, ,, and we consider the map c : P(2) \ {0,1} —§! given by c(p) = c,.
We collect elementary properties of ¢ in the following proposition.
3.2.1.3 Proposition Let 2, *B, ¢, and 6 be as in (3.1.0.6). The map c : P(A) \
{0,I} —§! has the following properties:

1. If p is unitarily equivalent to q then ¢, = c,.

2. For any p € P(2) \ {0,1}, the map ¢, : S' > S! is a group isomorphism of S!.

So in fact ¢: P(A) \ {0, I} = Aut(S?).

3. For any p € P(2) \ {0,1}, we have ¢, = ¢j—p.
Proof:

1. Let u € U(A) be such that p = uqu*. Then

ay(1)0(p) + bp(1)6(I — p)
= o(up + I — p)

x

= p(pugqu* + I — uqu®)
= p(u)p(pg + I — g)p(u)*
= p(u)(ag(1)8(q) + b (n)O(I — g))o(u)”

= aq(1)p(u)8(a)p(w)” + be(p)p(w)O(I — g)(u)”

= a,(1)8(p) + by ()8 — p) by (1) of (3.1.0.3)

So a, = a4 and b, = b,, hence ¢, = c,.
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2. Let p € P(A) \ {0,I}. Asc, € §}, we only have to show that ¢, is a bijection.
Let p € St By (3.1.0.5) applied to ¢!, there exist o, 8 € S such that

pf() + I — 0(p) = o(™ " (ub(p) + I — 6(p)))
= p(ap+ B(I - p))

with v = aff we get

18(p) + I - 0(p) = o(B(yp+ I —p))
= 0(B)bp(7)(cp(7)0(p) + I — 6(p))

and comparing coefficients gives that c,(y) = p. Since p was arbitrary, this
shows that ¢, is onto. If ¢,(1) = 1 for some p € S? then

@(up + I — p) = ay(1)8(p) + bp(1)0(I — p)
= b, (w)[cp(1)8(p) + 6(I — p)]
= by (u) 1.

Since b,(u)I is a central, p~*(b,]) belongs to Z(U(2)). From (2.7.13.9) it follows
that up + I — p is a scalar, and therefore that p = 1. Hence ¢, is injective.

3. Let p € P(A) \ {0, I}. Then

o(ul) = o(up + I - p)o(p+ u(I - p))
= [ap(1)0(p) + bp(1)6(I — p)][br—p(1)8(P) + a1-p(L)( — 6(p))]
= ap(p)br—p(1)0(p) + by(1)ar—p(u)(I — 6(p))

It follows that a,(u)br—p(u) = @(ul) = by(p)ar—p(u), for any p € SL So

apbr_p = bpa;_p, and hence ¢, = ¢y,

3.2.2 The Fundamental Tools

In this section we develop fhe technical result (3.2.2.3), which is valid for any simple
unital C*-algebra, and which will be used repeatedly. As a consequence of this result
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we obtain, under an additional assumption on the algebra 2 (an assumption which
will be satisfied if 2is AF), that the range of the map ¢ has at most two elements
(cf. (3.2.2.6)). This result allows us to construct a partition {P.,, Pz, } of P(A)\{0,}.
Moreover, if P, and P, have the properties stated in (3.2.0.2), we then show that
we can construct an orthoisomorphisms which preserves unitary equivalence.

For a simple unital AF algebra we will show in Section (3.2.3) that the properties
of P, and P, stated in (3.2.0.2) are always satisfied.

3.2.2.1 Lemma Let 2, B, ¢, and 0 be as in (3.1.0.6). Let p,q € P(A) \ {0,1} be
such that pg =0 andp+q=r1# I. Then

bpbecy = brey ifO(p)(I—q)#0 (3.2.32)
bpbgcy = brer if6(I —p)8(g) #0 (3.2.33)
bybyoce = br i0)Bg) 0 (3234)
byb, = by if8(I — p)8(I — q) # 0. (3.2.35)

Proof: Note that from (3.1.0.5) and (3.1.0.3) we have

o(up+ I —p)o(pg+1—q)
= [ap(1)8(p) + bp(1)8(I — P)]lag(1)8(q) + by ()OI — g)]
= by(1)bg (1) [ep(1)8(p) + O(I — P)][cq(1)8(a) + 6(1 — q)]
co(m)eg(1)8(p)8(q) + cp(w)0(p)O(I — q)
+ ¢ ()OI — p)B(g) + 6( - )OI — q)|

for all u € S!. By (3.1.0.8) and (3.1.0.5) we have

=by () by (1)

our+I1-r)

= a-(n)0(r) + b-(w)0(I — 1)

= b (u)er(w)0(r) +6(I - 1)),

= b ()e- ()0 (P)O(I — q) + & (w)6(I — p)B(g) + 8(p)8(q) + O(I — P)O(I — q)),

for all u € S!. Since p and g are orthogonal,
e((up+I-p)(ug+I—-q))=¢pr+I-r).
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Therefore, by identifying coefficients, we get

bpbeCp = brer if 6(p)6(I —q) #0 (3.2.36)
bpbecq = brer if (I —p)8(q) #0 (3.2.37)
bpbeCocq = by if (p)f8(q) # 0 (3.2.38)
bpbg = br if (I — p)6(I — q) # 0. (3.2.39)

m

Using (3.2.2.1), we obtain more information on #:

3.2.2.2 Proposition Let 2, B, ¢, and 8 be as in (3.1.0.6). Let p,q € P(A) \ {0,1}
be such that pg =0 and p+ g = r # I. Then exactly one element of S, , (as defined
in (3.1.0.7)) is 0.

Proof: If all the elements of S, 4 are nonzero then from (3.2.32), (3.2.33), and (3.2.35)
we have ¢, = ¢, = ¢, in §'and from (3.2.34) ¢2 = 1 for all u € S’. This contradicts
the surjectivity of c;.

Let us check that at most one element of S, 4 is nonzero. Suppose that 6(p)f(q) =
0. If (p)0(I — q) = 6(p)(I — 8(q)) = O (respectively 8(¢q)8( — p) = 0) then 6(p) =0
(respectively 6(g) = 0), which contradicts the injectivity of 6. If 6(1 — p)d(I —¢q) =0
then (I — r) = 0 by (3.1.0.8), which again contradicts the injectivity of .

Suppose now that 8(p)é(I — ¢) = 0 (respectively (I — ¢)8(p) = 0). If 6(I — p)8(q) =
0 (respectively 8(p)8(I — g) = 0), then 6(r) = 0 by (3.1.0.8). As above, this is impos-
sible. If (I — p)d(I — q) = O then §(I — q) = O (respectively (] — p) = 0) is again
impossible. [

Combining (3.2.2.1) and (3.2.2.2) we get the following (fundamental) proposition,

on which the remaining results are based.

3.2.2.3 Proposition Let 2, B, v, and 6 be as in (3.1.0.6). Let p,q € P(A) \ {0,1}
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be such that pg =0 and p+qg=1 # I. Then
0P)0(g) =0 <= =¢=c¢
0I-p)(I-q)=0 <= ¢=¢=7¢
8(I-p)(g) =0 &= = =¢
0PI -q)=0 <= G=c,=c,

Proof: Recall that we have from (3.2.32)—(3.2.35) that

bpbeCp = brc; if 6(p)6(I — q) # 0

bpbecq = bre, if 6(1 — p)6(q) ?é 0
bpbeCpCq = br if 6(p)6(q) #

byby = br ﬂea—mmf—w¢o

If ¢, = ¢; = ¢ then by (3.2.2.2) we have that exactly one element of S, 4is 0, so
three of (3.2.32)—(3.2.35) hold. It follows that b,b, = b,, and therefore 6(p)f(q) =0
(if not ¢ = 1 is not surjective). Conversely, if 6(p)6(g) = O then the other elements
of S, 4 are non zero (3.2.2.2) so by (3.2.35),(3.2.32), and (3.2.33) we get ¢, = ¢; =c¢,.

If ¢, = ¢; = T, then by (3.2.2.2) and (3.2.32)-(3.2.35) we have b,b, # b, and there-
fore 6(I — p)0(I — q) = 0. Conversely, if 6(I — p)6(I — g) = 0 then by (3.2.35),(3.2.32),
and (3.2.33), ¢, = ¢, =G,

The other two equivalences are checked in the same way. ]

3.2.2.4 Corollary Let %, B, ¢, and 0 be as in (3.1.0.6). Let p,q € P(2A)\ {0,I} be
such that pg = 0 and p+q = r # I. Then we have ¢, = ¢4 or ¢, =¢,. Also, ifc, = ¢,
and 9(p)6(q) # 0 then 6(p)6(q) = 6(I — p)Ab(q).

Proof: The first statement comes by inspecting the result of (3.2.2.3). Notice that

0(I —p)(I — q) = (I - 6(p))({ — 0(q))
= I —6(p) — 0(q) +0(p)6(q)-
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Together with (3.1.0.2) and (3.1.0.3) this gives

8(I — p)Ab(q) = I — (8(p)A6(g))
= I -6(p) — 6(q) + 26(p)8(q)
=0(I - p)6(I - q) +6(p)8(q),

from which the second statement follows immediately. [ ]

The above result tells us that if p is a nontrivial projection then any nontrivial projec-
tion g orthogonal to p has one of at most two possible images under ¢. The following
result extends this observation to projections more loosely related to p. It will be
used in the proof of (3.2.2.6).

3.2.2.5 Corollary Let 2, B, y, and 6 be as in (3.1.0.6). Let p,qg € P(A)\ {0,I} be

commuting projections. Then ¢, = ¢, or ¢, = C,.
Proof: The proof is in cases, depending on pgq.

1. If pg = 0, then the result follows from (3.2.2.4).

2. If pg = p, then p(I —q) = 0, so by (3.2.2.4) we have that ¢, = ¢;_4 0T ¢, = T1—q.
Since ¢;_q = ¢4 by (3) of (3.2.1.3), we get that ¢, = ¢; or ¢, = T,. The case
pq = q can be dealt with similarily.

3. If 0,p, ¢, and pq are distinct then p — pg,q — pg € P(A) \ {0, 1} and

— pq)
(¢ — pg)(p — pg)
(p — pa)q

0
0
0.

By (3.2.2.4) or (3) of (3.2.1.3) we have ¢, = ¢4 or ¢, = C,.

The next result shows that, if for example 2 is a simple unital AF algebra, the range
of ¢ has at most two elements.
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3.2.2.6 Proposition Let 2, 98, ¢, and 6 be as in (3.1.0.6), and suppose also that for
each pair of projections p and q in P(%) there exist unitarily equivalent subprojections
p1 < pand ¢ < q. Then the image of ¢ : P(A) \ {0,1} — Aut(S?) (cf. (3.2.1.2)
and (3.2.1.3)) contains at most two elements. More precisely, for any projection
p € P(AU) \ {0,1} we have

D)\ {0, I}){cp &}

Proof: Let p,qg € P(2A) \ {0,1}. By assumption, there exist p; < p and ¢; < ¢ such
that p; ~, q1. By (3.2.1.3), ¢, = ¢,,. Since p; commutes with p then ¢,, = ¢, or
¢p; = Cp by (3.2.2.5). Similarily, ¢;, = ¢, or ¢;; = T,. So we see that ¢, = ¢, or

= G,. So fixing p, for any ¢ € P(A) \ {0,I} we have ¢; = ¢, or ¢; = C,. Hence
PN I} .

We now come to the definition of the partiton of P(2) \ {0, I} that we have been

looking for.

3.2.2.7 Let A, B, ¢, and Obe as in (3.1.0.6), and suppose also that 2is such
that ¢(P(A) \ {0,1}) = {c;, 6} for some p € P(A) \ {0,I}. For any projection
p € P(™U) \ {0,1}, we define

={geP@)\{0.[};c; =}

and

={ge P\ {0, I};c, =5}
Clearly, P., and P, form a partition of P(2) \ {0, I'}.

Here we show that from partition of P(2) \ {0, I} with the properties described
n (3.2.0.2), one obtains an orthoisomorphisms which preserves unitary equivalence.

3.2.2.8 Definition Let 2, B, ¢, and 6 be as in (3.1.0.6), and suppose there is a
p € P(A)\ {0, I} such that ¢(P() \ {0,1})C{c,,Cp}. For any projection g € P(2)
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define ¢’ : P(A) — P(*B) by

6(q) ifge P,
I—-06(g) ifqgePg
I ifg=1
0 ifg=0.

0'(q) = ¢

\

3.2.2.9 Proposition Let 2, B, ¢, and 0 be as in (3.1.0.6). Suppose there is a
p € P(A)\ {0,I} such that c(P(A) \ {0,1})C{cy, Sy}, and that the corresponding
partition (3.2.2.7) is as in (3.2.0.2). Then @' is an orthoisomorphisms and

o' (uqu”) = p(u)f'(g)(u)", (3.2.40)
so ¢ preserves unitary equivalence.

Proof: That ¢'is a mapping is clear from the fact that P, and P, partition P (%) \
{0, I'}, and that it is a bijection follows from (3) of (3.2.1.3). To show that ' preserves
orthogonality we consider the possible cases. Suppose that p; and p, are non-trivial
orthogonal projections in P(2) \ {0, I}

1. If p1, p2 € P, then 6(p;)6(p2) = 0 follows from (3.2.0.2) and (3.2.2.3).

2. If p;,p2 € P;, then by (3.2.0.2) we have ¢, = ¢, = Cpy4p,, and by (3.2.2.3) we
have 8(I — p;)8(I — p;) = 0. So 8'(p;)8'(p2) = 0, by (3.1.0.3) and the definition
of §'.

3.If p, € P, and py € P, then ¢y 4p, = G by (3.2.0.2). So we have that
Ty, = Cpp = Cprtpp- S0 8(p1)8(I — p2) = 0 by (3.2.2.3) and so from the definition
of 6’ we have 6'(p,)0' (p2) = 6(p;)8(I — p2) = 0.

So ¢ preserves orthogonality. We now show (3.2.40). If ¢ = 0 or if ¢ = I then the
result is clear, so let g € P(2) \ {0,1}. If ¢ € P., then ¢' = 6 and the result is (1) of
(3.1.0.3), and if g € P, then so is ugu* and we have by (1) of (3.1.0.3) that

0" (ugu®) = I — O(ugu™) = p(u)(I — g)p(u)” = p(w)f'(9)p(u)".
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3.2.3 Properties of the Partition {P.,, P}

To this point, except in (3.2.2.6), we have assumed only that 2 and B are simple unital
C*-algebras. We now show that, under an additional assumption on 2 (an assumption
which will be satisfied for simple unital AF algebras), the partition constructed in
(3.2.2.7) satisfies the properties stated in (3.2.0.2) (cf. (3.2.3.14) and (3.2.3.15)). To
show these key results we need certain technical results (namely (3.2.3.1)~(3.2.3.7)),

which are valid in any simple unital C*-algebra.

Decomposition Properties of ¢

Below we examine how c behaves with respect to decompositions of projections into
sums of smaller projections. The main results are Proposition 3.2.3.5 and its corol-
laries which, under additional assumptions on the algebra, will yield an abundance
of projections with the same image under c. These results will be used in the proofs
of (3.2.3.14) and (3.2.3.15).

The following two lemmas give another link between ¢ and orthogonality.

3.2.3.1 Lemma Let %, B, v, and 0 be as in (3.1.0.6). Let p;,p2,p3 € P(A) \ {0, I}
which are pairwise orthogonal, with ¢, = ¢y, = ¢, and such that Ep; =r # 1. If
6(p1)6(p3) # 0, 0(p2)6(ps) # 0, then also 6(p1)8(p2) # O.

Proof: Suppose that §(p;)0(p3) # 0 and 8(p2)8(p3) # 0, but that 8(p,)8(p2) = 0. Let
P = P3, ¢ =p1 + po. Then pg = 0 and since 8(p;)8(p2) = 0 we have by (3.2.2.3) that

Cqo = Cpitp = Cpy = Cps = Oy

Case 1 Suppose ¢, = ¢p.
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Then ¢, = ¢, = ¢,. By Proposition (3.2.2.3), 8(p)f(q) = 0. So,

0= 0(p)6(q)
= 0(p3)6(p1 + p2)
= 0(p3)[0(p1)A0(p2)]
= [0(p1)6(p3)] A[0(p2)6(p5)]
= [0(1 — p3) 20(p1)]A[B(I — p3)A6(p2)] from (3.2.2.4)
= 0(I — p3) A0(I — p3)A0(p1) Ab(p,)
= 0(p1)A0(p.)
= 6(p; + p2)-

But p; + p2 # 0 = 8(p; + p2) # 0. From this contradiction we see that ¢, # cp.

Case 2 Suppose ¢, = . Then 8(I — p)f(I — q) = 0 follows from (3.2.2.3), and we
have

0=0(I-p)o(I-q)
= 6(I — p3)0(I — (p1 + p2))
= I — 6(ps) — 6(p1)A6(p2) + 6(ps)[6(p1) A6 (p2)]
= I — 8(p3) — 8(p1)A(p,) + 6(p1) A8 (p,) as in Case 1

= I — 0(ps)-
Hence, p3 # I, so (p3) # I, and hence I — 0(p3) # 0. It follows that ¢, # ¢,.

3.2.3.2 Lemma Let 2, B, ¢, and 0 be as in (3.1.0.6). Let p,p2, p3 € P(A) \ {0, 1}
which are pairwise orthogonal with ¢,, = ¢, = ¢p, and Zp; =1 # 1. If 0(p1)0(p2) =0
and 6(p2)0(p3) = 0, then also 8(p;)0(p3) = 0.

Proof: Since
8(p1)8(p2) = 0= 6(p2) < 6(I — p1)
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and

0(p2)0(ps) = 0 = 6(p2) < 6(1 - ps)

it follows from (2.7.12.1) that 6(p;) < 6(I — p1)8(I — ps). But since ¢,, = ¢, and
6(p1)0(ps) # 0 then 6(I — p,)0(I — p3) = 0 (from (3.2.2.3)). This forces 8(p;) =0, a
contradiction to the injectivity of 6. [

The following result extends the preceding two. It will be used in the proofs of
(3.2.3.4) and (3.2.3.13).

3.2.3.3 Lemma Let &, B, ¢, and 0 be as in (3.1.0.6). Let {p;}*, be n projections
of P(A) \ {0, I'} which are pairwise orthogonal and such that p; + p; + px # I for any
1<i<j<k<nandc, =¢, =...=¢p,. IfO(p)0(p)) = 0 for some k, I, then

0(p,)0(p3) = 0 for all 2,]-

Proof: By induction. The cases n = 1 and n = 2 are trivial, and the case n = 3
follows immediately from (3.2.3.1) and (3.2.3.2), since p; + p» + p3 # I by hypothesis.

Suppose that the result is true for some m such that m > 3. We now prove it
for n = m+1. Let {p:;}}', p; € P(A) \ {0, I} for all i be pairwise orthogonal and
such that ¢,, = ¢, for all 4, j. Suppose without loss of generality that 6(p;)8(p2) =
0. The collection {p;}72, satisfies the induction hypothesis, and hence 8(p;)8(p;) =

=1

Ofor all 1 <i# j < m. Soit remains to show that 6(py4+1)8(p;) =0foralll <i < m.
Since m > 3, both the collections {p; }7%! and {p;} U {p;} %' satisfy the induction
hypothesis, so 8(pm+1)0(p;) = 0 for all ¢ # m + 1.

Hence the result. =

The following lemma will allow us, under additional assumptions on the algebra,

to find many projections with the same image under c.

3.2.3.4 Lemma Let 2, B, ¢, and 0 be as in (3.1.0.6). Let p;,ps,p3 € P(™A) \ {0,1}
which are pairwise orthogonal with ¢,, = ¢, = ¢p, and such that Ep; =r # I. Then

Cpy = Cr.
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Proof: Suppose first of all that ¢,,1,. = ¢, for some 7 # j. By (3.2.2.3) and (3.2.3.3),
we have that 6(p;)6(p;) for all ¢ # j. Hence

8(p1 + p2)0(ps) = [0(p1)A6(p2)16(ps)
= [8(p1) + 6(p2)10(ps)
= 0(p1)0(ps) + 0(p2)6(ps)
=0.

Using Proposition 3.2.2.3 we have c(p,4p,)+ps = Cps = Cp,, and it follows that ¢, =

Cpi+p2+ps = Cp1-
Suppose now that for all i # j, ¢p,4p, = Cp;- By (3.2.2.4), we obtain

0(p:)6(p;) = 0(I — p:)A0(p;) for all 7 # j. (3.2.41)

If ¢, = T, then by (3.2.2.4) we get that 6(p;) + 6(p; + p2 + p3) = 0(p2 + p3), S0
6(p1) < 6(p2 + p3) and hence

8(p1) = 0(p1)6(p2 + ps)
= 0(p1)6(p22ps)
= [0(p1)0(p2)]A[6(p1)6 (ps)] by (3.1.0.2)
= [0(I — p1)A8(p2)]A[(1 ~ p1)A0(ps3))] by (3.2.41)
= (I — p1)A6(I — p1) Ab(p2) Ab(ps)
8(p2)Ab(ps)
6(p2Ops)
6(p2 + p3)

which contradicts the injectivity of 8. So ¢, = ¢p,. u

We now extend (3.2.3.4).

3.2.3.5 Proposition Let 2, B, ¢, and 0 be as in (3.1.0.6). Let n be an odd integer
and let {p;}™, be a family of pairwise orthogonal projections in P{2) \ {0, I} with
Cp; = Cp, for all'i,j and such that Xp; =7 # I. Then ¢, = c;.
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Proof: We proceed by induction. The case n = 3 is Proposition 3.2.3.4. Suppose
~ the result holds for some odd integer n € Z* such that n > 3. Consider {p;}?*2
satisfying the hypotheses. Set ¢; = p; if ¢ < n and set ¢, = pn + Pnt1 + Pny2- By
(3.2.3.4) ¢g, = ¢p,, 50 {g;}2, is an odd family of projections such that ¢, = ¢, for

all 7. Now apply the induction hypothesis to conclude that ¢,, = cgq, = csp, - [

We obtain the following corollaries which, under additional assumptions on the alge-
bra (see also (3.2.3.9)), will allow us to find continually “smaller” projections with
the same image under c.

3.2.3.6 Corollary Let 2, ‘B, ¢, and 6 be as in (3.1.0.6). Let p € P(A) \ {0, I} such
that p = q, +qo+q3 for some pairwise orthogonal projections qi, g2, g3 € P(2)\ {0, 1}.
Then ¢y, = ¢, for some i.

Proof: Suppose not. Then p = ¢; + g2 + g3 for some pairwise orthogonal projections
q1,92,93 € P(A) \ {0,I} and ¢, = G, for every ;. By (3.2.3.5) it follows that ¢, =

Cqi+g2+g3 = Cq; = Cp. This contradiction establishes the result. |

3.2.3.7 Corollary Let %, B, ¢, and 0 be as in (3.1.0.6). Let p € P(2A)\ {0,1}
such that there exists an odd integer n and a finite set {g;}7, of pairwise orthogonal
non-trivial projections with p = >_"_ g;. Then ¢, = ¢, for some i.

Proof: By induction on n. The case n =1 is trivial, and the case n = 3 is (3.2.3.6).
Suppose the result is true for some odd n > 3. Consider p = Z?__Tf g;- Set ¢; = ¢ for
1< i< n-—1andsetg, =g, +q,.,+q,.o The family {g;}?, satisfies the induction
hypotbhesis, so for some j, ¢;; = ¢,. If 1 < j < n —1 then we have finished. If not
then ¢, = ¢,, and by (3.2.3.6) applied to g, we have ¢y = ¢, for some n < i < n+2.

Oddly Decomposable C*-algebras

Now we define oddly decomposable algebras (3.2.3.8), and examine some of their
properties. For these algebras:
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1. Corollary 3.2.3.10 shows that the image of ¢ has at most two elements, which
allows us to construct the partition of P() \ {0,1} as in (3.2.2.7),

2. Proposition 3.2.3.14 and Corollary 3.2.3.15 show that the partition of P(2) \
{0, I'} constructed in (3.2.2.7) satisfies the properties stated in (3.2.0.2).

The following rather odd definition gives the key property used in the proofs of this
section.

3.2.3.8 Definition Let 2 be a C*-algebra. We say that 2 is oddly decomposable
if for every pairp,q € P()\ {0, I} there is an odd integer n > 3 and a decomposition
of g as asum g =Y ., r; of pairwise orthogonal projections r; € P().\ {0, I}, such
that each r; is unitarily equivalent to some projection r} < p.

Note that simple unital AF algebras are oddly decomposable (see (3.4.0.1)).
Having found that we can continually find smaller projections in an oddly decom-
posable algebra which all have the same image under ¢, we now look at the “other”

image under c.

3.2.3.9 Proposition Let 2, B, v, and 6 be as in (3.1.0.6), and suppose also that 2 is
oddly decomposable. If there are projections p, o € P(2) \ {0, I} such that ¢, # ¢,
then there is a projection r € P(2) \ {0, I} for which r < p and ¢. = ¢,.

Proof: Since 2 is oddly decomposable, there is an odd integer 7 > 3 and a decompo-
sition of ¢ as a sum ¢ = ., r; of pairwise orthogonal projections r; € P(2) \ {0, I},
such that each 7; is unitarily equivalent to some projection r; < p. By (3.2.3.7),

¢r; = ¢4 for some j. The projection r = r; has the desired property. ]

3.2.3.10 Corollary Let 2, B, ¢, and 6 be as in (3.1.0.6), and suppose also that 2 is
oddly decomposable. Then for any projection p € P(2) \ {0,1} we have ¢(P(2) \

{0, 1} {6, 5}

Proof: A simple unital oddly decomposable C*-algebra satisfies the conditions of (3.2.2.6).
=
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3.2.3.11 Let 2, B, ¢, and f be as in (3.1.0.6). Let p,q € P(A)\ {0, I} be such that
pg=0andp+g=r#1 Ifc: P(A)\{0,1} — Aut(S?) is constant then ¢, = ¢, = ¢r,
so by (3.2.2.3) we have that 8(p)8(g) = 0. So 6 is an orthoisomorphism.

We now develop the key properties of the partition. The following definition will be

convenient.

3.2.3.12 Definition Let 6 : P(A) —P(*B) be any map. Let p;,p, € P(2) be or-
thogonal projections. We say that 6 preserves the orthogonality of p, and p,
if

0(p1)0(p2) = 0.

Let S = {p;} be a set of projections. We say that 6 preserves orthogonality on S
if @ preserves the orthogonality of p; and p; for any orthogonal p;,p; € S. Similarily,
we say that 6 flips the orthogonality of p, and p, if

(I = 6(p))(I - 6(p2)) = 0.

Let S = {p;} be a set of projections. We say that 0 flips orthogonality on S if
6 flips the orthogonality of p; and p; for any orthogonal p;,p; € S.

Note that with this terminology we could describe Example 3.2.0.1 by saying that
6 preserves orthogonality of the projections with even rank, and flips orthogonality of

the projections with odd rank. Analogously, we have the following three results.

3.2.3.13 Lemma Let 2, B, ¢, and 0 be as in (3.1.0.6), and suppose also that 2 is
oddly decomposable. Let p € P(2) \ {0,1}. Suppose that p; and p, are two orthog-
onal projections of P, such that p, + p» # I and 6(p;)0(p2) = 0. Then 6 preserves
orthogonality on P, .

Preof: Let 7 and s be two orthogonal projections of P.,. By (6) of (3.1.0.3) we can
assume that 7 + s # I. By Lemma 3.2.3.3, it is enough to show that there exist two
projections y, z € P, with y2=0, y+ z < I — (r + s), and such that 6(y)f(z) = 0.
Since 2 is oddly decomposable, there is an odd integer n > 3 and a decomposition
of I — (py +p2) = Y i, Z. where the z} are pairwise orthogonal projections, each of

i=1
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which is unitarily equivalent to some z; < I — (r + s). Using (3.2.3.7), we obtain
Cz; = Cl—(py+p2) = Cp for some ¢. Set z' = z;. Since Ais oddly decomposable, in
particular z = z, + z; + z3 for some projections z; € P(2) \ {0,7}. By (3.2.3.7),
Cz; = C for some i. Set y' = z;. Similarily, we can find a projection 2’ < z' — y’ with
2t = ¢yr. So we have ¥, 2’ < 2’ < I — (p; + p2) such that yz =0 and ¢y = ¢ = ¢p.

Hence

Cy = Cxt =Cpt =Cz = Cp = Cpy = Cp,.

Applying (3.2.3.3) to the set {¢/, ', p1, p2} yields 6(y')8(z') = 0. Since z’ is unitarily
equivalent to z, there is a unitary v € U(2) such that z = uz'u*. Setting y = uy'u”
and z = uz'u*, we have y,z € P, yz = 0, and y,2 < I — (r + 5). So {r,s,z,y} is
a subset of P, consisting of pairwise orthogonal projections with ¢; = ¢; = ¢; = ¢y
and 6(y)f(z) = 0. Applying (3.2.3.3) to the set {r,s,z,y}, we conclude that also
6(r)f(s) = 0.

So if @ preserves the orthogonality of two elements of P, which do not sum to I,
then 6 preseves the orthogonality of any two elements in 7,. [ ]

3.2.3.14 Proposition Let 2, B, ¢, and 6 be as in (3.1.0.6), and suppose also that
2 is oddly decomposable. Let p be a projection in P(2A)\{0, I'}. If P, # P(2A)\{0,I},
then 0 preserves orthogonality on P., (respectively on Pe,) and flips orthogonality on
P, (respectively P, ).

Proof: Let p;,p; € P, be such that pyp, = 0 and p; + p» # I. By (3.2.2.3),
either 8(p;)8(p2) = 0 or 8(I — p;)8(I — p,) = 0. By (3.2.3.13) we have that 6 either
preserves or flips orthogonality on P, , and likewise on P¢,. Let us show that 6 does
not preserve orthogonality on P, if it does so on P,.

Suppose that 6 preserves orthogonality on both P, and Pz,. By (3.2.3.9) and
the fact that 2is oddly decomposable, there exists a projection ¢ € P, such that
g < I — p. Since the image of ¢ contains at most two elements (3.2.3.10), we know
that either ¢;_(p+q) = G = €q OF C1_(p+q) = Cp = C;- Interchanging p and g if necessary,
we can assume that ¢;_(p4+q) = C,. Again use (3.2.3.9) to find z < p such that ¢; =75,.
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Then

Cpmz = CI—(p-2) by (3.2.1.3)
= Crtq+(I-(p+9))
=, by (3.2.3.4)
=T,

So z and p — z are orthogonal projections in P;, such that

Cz = Cp—z = Cz+(p-z) = Cp-

But by hypothesis 6 preserves orthogonality on Pz,, so we have ¢; = ¢p—z = Cr4(p-z)-
This implies that ¢, = €,. This is impossible, so § does not preserve orthogonality on
P, if it does on P,.

Now let us show that 6 does not flip orthogonality on 7, if it does so on P, .
Suppose that 6 flips orthogonality on both P, and P;,. We will find a projection
z € P, with £ < p such that ¢; = ¢,z = ¢p, 50 #(z)0(p — z) = 0 and hence 6 will
preserves orthogonality on 7P, .

By (3.2.3.9) there is a projection ¢ € Pz, such that ¢ < I — p. Without loss of
generality suppose that ¢;_(44) = C,. Again use (3.2.3.7) and the fact that 2 is oddly
decomposable to find z < psuch that ¢; = ¢,. If ¢;—z # ¢; then by (3.2.3.10) we have

Cp—z = Cz = C,, and sO

Cz =Cl—z by (3) of (3.2.1.3)
= Clp-z)+g+(I-(p+q))
=¢, by (3.2.3.4)
=5
=¢,.

So z and p — z are orthogonal projections in P, such that
Cz = Cp—z = Czi(p~z) = Cp-
So 6 does not flip orthogonality on both P, and P, [
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3.2.3.15 Corollary Let ¥, B, o, and 6 be as in (3.1.0.6), and suppose also that 2 is
oddly decomposable. Let p € P(A)\ {0,1} be such that @ preserves orthogonality

on P, and flips orthogonality on Ps,. Let p; and p, be orthogonal projections in
P(A) \ {0,1} such that p) + py =7 # I. Then

L p,p€P,=>r€P,
2. plePapandp2€P5p=>re7’,_.p
3. ple'Pcp a.ndpze'Pap=>rE’Pap

Proof: Parts (1) and (2) follow directly from (3.2.2.3) and (3.2.3.12). For part (3),
let p; € P, p2 € Ps,, and suppose that r € P,. Then by (3.2.1.3), I -7 € P,,. So
we have that (I —r) +p;, € P, from part (1). But thenpo =1 — (I —r+p,) € P,
SO Cp, = ¢p by (3.2.1.3). This contradiction establishes the result. [

3.3 An Isomorphism of Scaled Ky-groups

In this section we show that from an orthoisomorphisms which preserves unitary
equivalence we obtain an isomorphism of the scaled dimension groups Kj(2) and
Ky(%B) , for AF algebras 2 and B.

3.3.0.1 Lemma ([Dy, Lemma 1]) Let 6 be any projection orthoisomorphisms be-
tween unital C*-algebras U and 8. Then 6 has the following properties

3. (I —p)=1-6(p).
4. For projections p and q in 2, p < ¢ implies 6(p) < 6(q).
5. If pg = gp if and only if 6(p)6(q) = 6(q)0(p)-

6. If p+q=r € P(2) if and only if 8(p + q) = 6(p) + 6(q)-
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In words, @ preserves 0, I, orthocomplements, order, commutativity, and sums of

projections.

Proof:
1. 0 is the only projection which is orthogonal to every projection, so (0) = 0.

2. I is the only projection which is not orthogonal to any non-zero projection, so
0(Iy) = Iss.

3. The projection I — p € P(2) is characterized as the unique projection which is
orthogonal to p and such that any projection 7 such that r L p, (I — p) must
be 0. So (I — p) = I — 6(p).

4. Let p,q € P(A). Using part (3) we have

p<g<<=pl(I-q)
< 0(p) LO(I—q)
< 0(p) L (I -6(q))
<> 0(p) <0(g).

. If p,q € P(2) are orthogonal projections then p + ¢ is the (unique) projection
in P(2) such that p+ ¢ > p,q and such that r € P(A),r > p,g=>r > p+gq.
The result follows from (4).

(1}

3.3.0.2 Proposition Let % and B be AF algebras, and let 6 : P(2) — P(B) be an

orthoisomorphisms which preserves equivalence of projections. Then 0 induces an

isomorphism of scaled dimension groups 0, : Ky() — Ko(B), and hence there is a
*_algebra isomorphism ® : A — 9B such that Ko(®) = 6..

Proof: Define 6, : [(2) — [(B) by 8.([p]) = [¢'(p)] for all p € P(A). The map
8. is well defined since @' preserves unitary equivalence, and hence equivalence (by
(2.8.6.3)). Suppose z,y,2z € I'() with z + y = z. By definition of I'(A) there are
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orthogonal projections p,q € P(2) such that [p] = z,[q] = y, and [p + ¢] = z. Since
fis an orthoisomorphisms it preserves sums (3.3.0.1), so

[0 ()] + [6' ()]
=[0'(p) + 6'(9)]
=[0'(p +q)]
6.([p + q])
8.(z +v)

6.(z) + 0.(y) =

So 4, is a scale homomorphism. Since the inverse of 6, under composition is given by
6-1[q] = [6-2(q)] for any g € P(B), we see that 87! is also a scale homomorphism
and hence 6, is a scale isomorphism. It follows from (2.6.3.11) that 8, extends to an
isomorphism of Ko(2A) with K(2), and from (2.10.3.3) that there is an isomorphism
® of A with B with the stated property. [ ]

3.4 Conclusion

3.4.0.1 Lemma Simple unital infinite dimensional AF algebras are oddly decom-
posable.

Proof: Let 2 be a simple unital AF algebra, 2 = lig{QLi, ®,;} where U; = @M.
Denote by I;, the unit of M. Let p,g € P() \ {0,1}.

Assume first that p, ¢ € U; for some 7, and that ¢ is large enough so that pI; x # 0
for every k (cf. (2.8.7.4)). In particular, every minimal projection in 2, is equivalent to
some minimal projection which is under p. Since ¢ € 2;, we can write ¢ = 2:’1:1 M,
for pairwise orthogonal minimal projections m,, each of which is equivalent to a
projection under p. If b is odd and b > 3 then we have the desired decomposition.
If not, use the fact that 2is a simple AF algebra to decompose m; as the sum
of two smaller projections in . This increases the number of projections in the
decompostion of g by 1. Continuing in this fashion if necessary, we obtain the desired

decomposition of g.
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Suppose now that p, g are any projections in P(2) \ {0, I}. Since 2is AF, there
* is an integer 7 and projections p’, ¢’ € P(2;), with p unitarily equivalent to p’ and ¢
unitarily equivalent to ¢’. The result follows. =

Finally, we come to our main result.

3.4.0.2 Theorem Let 2, B, ¢, and 6 be as in (3.1.0.6), suppose also that A and
B are AF algebras. Then 2 and B are isomorphic C*-algebras.

Proof: If A finite dimensional, see [Dy, comments following Theorem 2]. If not, note
that infinite dimensional AF algebras are oddly decomposable (3.4.0.1). If P, =
P(A) \ {0,I} for some projection p € P(A) \ {0,1} then the result follows from
(3.2.2.3) and (3.3.0.2). Otherwise use (3.2.2.9) and (3.3.0.2). |
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Appendix A
Example from [Dy]

Here we construct explicitly a group automorphism ¢ : U(My,) > UM, ) (r > 2)
such that the corresponding map 6, is not an orthoisomorphism.

Let G = U(Mp,). Let K be the subgroup of G generated by the self-adjoint
unitaries. Then K is a characteristic subgroup of G, and Dye shows (in [Dy], p87)
that

K = {u € G;detu = £1}.
We have
1. The map
S'xK-5G
(b, k) — pk

is a surjective homomorphism with kerm = {(u, uI); p € S, u! = 1}. So we

have
G ~ (S' x K)/ kerw.
2. The map
v:K—=K
k—kdetk

is an automorphism of K. If x € §* N K then v(p) = p* .
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3. Since the centre of G is S?, we have that S'is a characteristic subgroup. Since
S*and K are characteristic subgroups of G, the map v extends to an automor-
phism ¢ of G if and only if there is a x € Aut(S?) such that x(u) = p*+1if
p € S* and p* = 1. Therefore if and only if there is a x € Aut(S?) such that
x(€) = —€ where £ = 2"/,

4. Ris a Qvector space. Let H be a basis for Ras a Q-vector space such that
le H.

R=Qe| P Q
heH

R#1

So

RZ~Q/Zo| D @
heH
h#1

Denoting by Z(p*™) = {p%; a€Z,ne Z'*‘} /Z, we have
VzZ= P 2™
p prime

and hence

( )

Uz=| P zo™|e| P z(™
\ stz ) e

( )

=| P z6™|sz(2r)™)
\
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Define x; € Aut(R/Z) by x; = [(Pid)®f]|®(Pid), where f : Z((2r)>®) — Z((27)*)

is given by
d ((zj)n) = ((2223?“)-

Then x; € Aut(S!) is such that x;(§) = —&. It follows that v extends to an
automorphism ¢y of G.

. Note that the self-adjoint unitary v = I — 2p € G has determinant (—1)t2®)

and hence
v(I = 2p) = [det(I - 2p)|(I — 2p) = ~(I —2p) = I - 2(I - p).
It follows that the map 6, sends rank one projections to their complements.

. Note that the map ¢y takes u € G to a scalar multiple of itself. Indeed, let
u = pk with y € S! and k € K. Then

vr(u) = xs(w)v(k)
x5(p)(det k)k

)(det k)E][uk]

)

= [xs(e)(
(det k)a][u],

(
= [xs(u

so @s(u)u® = xs(p)(detk)n € S*. Setting 7(u) = @s(u)u* we see that 7 is a
character of G and ¢f(u) = n(u)u for all u € G.
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Appendix B

Extending [Dy, Theorem 2]

Here we show that it is not necessary to exclude the I, case from [Dy, Theorem 2],

more precisely, the following is Theorem B.0.0.9.

TheoremLet n be an integer strictly greater than 1 and let ¢ : U (Mo, ) = U(My,, ) be
a group automorphism. Then there is either an automorphism or a conjugate linear
automorphism ® of My, and a character x of U(Ma,,) such that ¢(u) = x(u)®(u) for
all u € U(Mpy,).

B.0.0.3 Let M;, be equipped with the normalized trace 7, and let ¢ : U (M, ) = U (M2, )
be a group automorphism with corresponding projection map . If p € P(Ma,) such
that 7(p) = 7(6(p)) we say that p is trace preserved by 6, and that p is trace
flipped by 6 if 7(p) = 1 — 7(8(p)).

B.0.0.4 Lemma Let ¢ : U(M,,) > U(Ms,,) be a group automorphism with corre-
sponding projection map 6. If 9 is not an orthoisomorphism then even rank projec-
tions are trace preserved by 8, and odd rank projections are trace flipped.

Proof: Let {p;}?*, be a family of pairwise orthogonal minimal projections in P (Mpy, ).

Since minimal projections in Ms, are all unitarily equivalent, if f preserves orthogo-

nality of two minimal projections then it preserves orthogonality of any orthogonal
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minimal projections, and it follows that @ is an orthoisomorphism (and hence pre-
serves dimension). So we assume that 6 does not preserve orthogonality of minimal
projections. By (1) of (3.2.1.3) we have that ¢,, = ... = ¢,,,. By (3.2.2.3), we have
Cpi+p; = Cpy» and therefore 8(1 — p;)0(I — p;) = 0, for all 7 # j. We have

2n 2n n
I=9 (Zpi) =6 (iélpi) =;A19(pi)-

Since 2n is even we have by repeatedly using (3.1.22) of (3.1.0.2) that

and since the (I — p;) are pairwise orthogonal we get

2n
1= 6(I-p).
=1
Hence

2n
1=7(I)= Y _7(60( — p:)) = 2n7(8(I — p1)).
i=1

So 7(6(I — ;) = 1/2n = 7(p1), and hence 7(p;) = 1 — 7(0(p;)) for all <. So if
6 is not an orthoisomorphism then 6 flips the trace of minimal projections and their
complements.

Now let p € P(Mp,) be a projection and write p = Y .-, p; as a sum of pairwise
orthogonal minimal projections. If m is even then

m m

6(p) = ;‘1 6(p:) = é (I-8(p)) =) (I -6(p)) =) 60 -p)

i c
=1 =1

and

7(0(p)) = D_ (61 — p:)) = m((8(I = p1))) = m7(p1) = m/2n = 7(p),

i=1
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so the trace of p is preserved by . If m is odd, then

m

6(p) = 2 6(p)

=1- z/:"{i (I —0(p:)) by (3.1.22) of (3.1.0.2)
=1~ in: I—-6(p;)) since (I — 6(p;))({ — 0(p;)) =0 when i # 5

and
7(6(p) =13 _7(6(I = p)) = 1 - m(r(6(I — p1))
=1-m7(p)) =1-m/2n=1-7(p),
so the trace of p is flipped by 6. [ ]

B.0.0.5 Lemma Let ¢ : U(Mon) —U(Mp,) be a group automorphism with corre-
sponding projection map 6,. Let p; : U(My,) = U(Ms,) denote the group automor-
phism constructed in Appendix A. If 8, is not an orthoisomorphism, then 6 = 0,00,

is an orthoisomorphism.

Proof: We have that 6, and 6,, flip the trace of minimal projections, and hence
0 is trace preserving. It follows that 6 preserves dimension, and hence orthogonality
of minimal projections. Since # also preserves the symmetric difference of arbitrary

projections, it is an orthoisomorphism. [

B.0.0.6 Recall (cf. Appendix A) that K is the subgroup of U(M,.) generated by
the self-adjoint unitaries, and that

K = {u € UMy, );detu = x1}.

B.0.0.7 Lemma Suppose that ¢ : U(Ma,) > UMy, ) and 1 : UMz, ) = U (M, ) are
group automorphisms such that 6, = 6,. Then p(k) =n(k) for all k € K.
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Proof: Let p € P(My,) and let u = I — 2p. Then

o(u) = o(I - 2p) =1 - 20,(p) = I — 26,(p) = (I — 2p) = n(u).
So ¢(u) = n(u) for every generator of K. The result follows. ‘m

B.0.0.8 Lemma Let ¢ : U(Mp,) > UMy,) and 1 : U(Mp,) = U(Mp,) be group
isomorphisms that agree on K. Then there is a character x of U(My,) such that
@ = xm.

Proof: The map x(u) = ¢(u)n(u)* is a function from U (Ms,) into S*since ¢ = 7 on
K. Since every u € U(M,,) can be written u = un for appropriate choices of p € S?
and n € K, and since ¢ = 7 on K, it follows from a straightforward calculation that

x is a character of U (Ma,). =

B.0.0.9 Theorem Letn be an integer strictly greater than 1 and let ¢ : U (M, ) = U (Mpy,)
be a group automorphism. Then there is either an automorphism or a conjugate lin-

ear automorphism ® of My, and a character x of U(May,) such that p(u) = x(u)®(u)

for all u € U(Mgy,).

Proof: We have that 8, = 6708 for some orthoisomorphism §. We have from [Dy,
Theorem 1] that there is a map @ which is either an automorphism or an anti-
automorphism of My, such that @' extends §. If @ is an antiautomorphism then
composing it with the map z — z* gives a conjugate linear map ® which also extends
6. So there is either an automorphism or a conjugate linear automorphism @ of My,
which extends §. In either case ®is an automorphism of U(M,,) and 6 = 0s. So
we have by (B.0.0.5) that 6, = 6,,00p = 0,,0¢, and hence ¢ = @;0® on K by
(B.0.0.7). It follows from (B.0.0.8) that there is a character A of U(Myn) such that
o(u) = Mu)psro®(u). Since ps(u) = ny(u)u for some character 7y of U(Ma,) and for
all u € U(Ms,) (see (Appendix A)), we have that there is a character x of U(Myy)
such that p(u) = x(u)®(u) for all u € U(Mp,). =
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preserves orthogonality, 117-120
product ordering, see ordering, product
projection, 4, 49, 59-65, 78, 80, 93-123
projections

equivalence of, 121

equivalent, 61, 80

orthogonal, 60

unitarily equivalent, 61

quasi-product, 44

range function of a Bratteli diagram, 21
representation, 56, 57

faithful, 57

of a C*-algebra, 40

faithful, 40

Riesz

decomposition property, 33

interpolation property, 33

scale, 33-37
homomorphism, 35-37
isomorphism, 35-37
scaled dimension group, 26, 33-37, 120
semigroup, 23-26
simple
partially ordered abelian group, 37
AF algebra, 81
C*-algebra, 64-66
dimension group, 37
simplicial



group, 36-37
ordering on Z", 27
source function of a Bratteli diagram,
21
spectrum, 43-54
standard
homomorphism, 67
system, 75
*_algebra, 38
state, 55
Stone-Weierstrass theorem, 48-49
strict cone, 52
strict ordering, 27
strong operator topology, 57
symmetric difference, 94

telescoping of a Bratteli diagram, 22
total order, 5

totally ordered set, 5

trace, 127

unit in a Banach algebra, 41
unital algebras, 45
unitary, 79, 80
self-adjoint, 94
unitary equivalence
of projections, 93, 101, 105, 120
unitary group, 93-123
unitization, 43
of a Banach algebra, 42
universal property

for Grothendieck groups, 25
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of direct limits, 15
unperforated, 29
upper bound, 6
upward directed, 6, 29
upward filtering, 6

vertex set of a Bratteli diagram, 21
von Neumann
algebra, 58
factor, 4, 59
double commutant theorem, 58
von Neumann algebra, 1-4
factor, 1-4

weak operator topology, 57



Index of Definitions

accumulation point of a filter base, 9
adjoining a unit to a Banach algebra,
42
algebraic direct sum
of Hilbert spaces, 56

approximate identity, 53

Banach
*_algebra, 38
algebra, 38
unital, 41
Bratteli diagram, 21, 23
directed subset of, 81
hereditary subset of, 81

c, 103

C*-algebra, 38
C*-subalgebra, 38
concrete, 39
of continuous functions, 39
generated by a subset, 39
oddly decomposable, 116
stabilization of, 88
unital, 41
unitization of, 42

C*-algebras

stably isomorphic, 88
category
of partially ordered abelian groups,
31
of partially ordered abelian groups
with order unit, 31
centre, 59
character, 46
commutant, 58
cone, 28
positive, 28
strict, 28
continuous functional calculus, 48

for a normal element, 51

. contraction, 34
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convex subgroup, 37

dimension group, 33
direct limit, 14
of C*-algebras, 19
direct sum
of Hilbert spe.ces, 56
directed
partially ordeced abelian group, 29
subgroup, 29
subset of a Bratteli diagram, 81



system, 14
disjoint union, 14

double commutant theorem, 58
Elliott’s theorem, 92

factor, 59
filter, 7
basis, 8
converges, 9
limit of, 9
of sections, 8
flips orthogonality, 117

Gelfand transform, 47
Gelfand-Naimark theorem, 57
GNS-construction, 55
Grothendieck group, 24

hereditary

subset of a Bratteli diagram, 81
homomorphism

of C*-algebras, 40
homomorphisms

inner equivalent, 69

homotopic, 61

ideal
of a Banach algebra, 41
of a C*-algebra, 41
essential, 41
maximal, 41
of a partially ordered abelian group,
37
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inner equivalent homomorphisms, 68
invertible element of a Banach or C*-
algebra, 41
involution, 38
isomorphism
of Bratteli diagrams, 23
of C*-algebras, 40
of systems, 72
of scaled dimension groups, 34

Ky(2A), 85
Kaplansky density theorem, 58

left regular representation, 42
limit of a function
with respect ot a filter, 9
with respect ot an ordered set, 9
limit superior of a function with respect
to a fiter, 11

monotone function, 10

n-fold divisor of I, 4

net, 10, 12

normal element, 49

normalized positive homomorphism, 31
normed inductive system of normed al-

gebras, 18

order
isomorphism, 31
unit, 31

ordered set, 5



orthoisomorphism, see projection orthoi-
somorphism

orthogonal complement, 60

partial isometry, 49
partial order, 5
partially ordered abelian group, 26
directed, 29
unperforated, 29
partially ordered set, 5
pointwise ordering, 28
polar decomposition, 59
positive
element of a C*-algebra, 49
homomorphism, 30
linear functional, 55
pre-order, 5
pre-ordered set, 5
preserves orthogonality, 117
product ordering, 5
projection orthoisomorphism, 1
projections
equivalent, 61
orthogonal, 60

unitarily equivalent, 61
quasi-product, 44

representation

faithful, 40

of a C*-algebra, 40
resolvent

function, 45

set, 45
Riesz interpolation property, 33

scale, 33
homomorphism, 35

isomorphism, 35

~ scaled dimension group, 34
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self-adjoint element, 49
simple
partially ordered abelian group, 37
simplicial
basis, 36
group, 36
ordering on Z", 27
spectral radius, 45
spectrum, 44
standard
homomorphism, 68
system, 75
state, 55
Stone-Weierstrass theorem, 49
strict ordering, 27
strong operator topology, 57
subnet, 12
symmetric difference, 94
symmetry, 50

telescoping of a Bratteli diagram, 22
total order, 5
totally ordered set, 5
trace
flipped, 127



preserved, 127

unit in a Banach algebra, 41
unitary, 50
unitization of a Banach algebra, 42
unperforated, 29
upper bound, 6
upward

directed, 6

filtering, 6

von Neumann
algebra, 58
double commutant theorem, 58

weak operator topology, 57
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