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ABSTRACT

We have used two angular force models to investigate the

lattice dynamical properties of some cubic metals. Each of these two
models consists of central force interaction between a particle and

each of its first and second nelghbours. In addition the first model

also has an angular force intéraction between a particle and each of

its first and second neighbours (treated in de Launay's article [12]),
while the second model has an aﬁgﬁhir force interaction between a particle'
and two of its first and second neighbours (treated in the paper by |
Gazis et al. [2U4]). Each model involvgs two central and two angular

force constants,

For the second model,’we give an alternative derivatioﬁ of the
results obtained by Clark et al. [23] for the b.c.c. lattice.

We apply both models to cobper, aluminum and nickel (f.c.c.).
It is found that the second model gilves reasonably good results, better
than those provided by the first model.

For b.c.c. lattice, we find that the two models are equivalenﬁ
to each other and equivalent to the éécond neighbour tensor-force model,
as far as the ﬂrequency spectrum 1s concerned, We apply this model to
sodium, tantalum, molybdenum, tungsten and iron. For those metals whose
dispersion curves are not complicated (e.g. Na, Fe), the second neighbour

tensor-force model can be used with fair success.



CHAPTER I
ITRODUCTION

In order to explain the variation of specifie heats at constant
volume with chanpes of temperature for different materials, Einstein [1],
in 1907, proposed & model cf solid which consists of atoms, vibrating
independently with the same Tregquency about their own positions of equi-
librium. Though this model provides only a qualitative agreement with
the experimental variation of the specific heats with temperature, it
still serves as a great milestone in the studies of solids.

In 1912, Debye [2] developed a model of solid which employs as
& postulate that all the atoms in a solid are not vibrating independently,
out instead, are coupled together and viorate collectlvely. Only the
rormal modes of vibration are taken as the motion of the system in reality.
Trnig lald down the foundation of the modern lattice dynamic theory of
1ids. A Debye cut—off frequency was introduced artificially so that the
sstal nurcer of normel modes is equal to that of the degrees of freedom
o the system.,

In Debye's théory, z crystal is treated as a continuum which is
not true in reality. On the experimental side it is founa that, the
Debye temperature is not a constant at low temperatures. Born and von
sdrmén [3], in 1912, proposed their famous model of solid which treats the

crystal as a discrete lattice as it actually is. An ar tificial periodic

. N 5 i Ty, -, 3 « 2 R S 2y 7 - ==
coundary condicion was Introducsed DY Borrn (T47, ». 537), so that only those




solutions of the equations of motion, which satisfy this boundary

condition are the normal modes of vibration,

The interactions between the particles are expressed in terms
of the elastic constants when passing to the long-wave limit. This is a
good method of obtaining the characteristics of scme microscopic quantities
in terms of their asymptotic behaviour, |

Blaciman [5], Montroll [6], Bowers and Rosenstock [7] applied
this model to a two-dimensional lattice with central force interaction
between a particle and each of its first and second neighbours.

Fine [8] applied this model to the body-centered cubic lattice
and Leighton [9] to the face-centered cubic lattice. These models assume
central force interaction between a particle and each of its first and
second neighoours. Though their results agree qualitatively with experiment,
tneir basic assumption of purely central force interaction leads to the
Cauchy relation which is not obeyed in metals.

The subject of lattice dynamics has been reviewed in recent years
by Blackman [10] Born and Huang [11], de Launay [12], Cochran [13] and
Maradudin, Montroll and Weiss [141.

Tne most general force constant model is that proposed by Begble
and Born [15] in 1947, now known as the tensor-force model. Begole [16]
applied this mcdel to the face-centered cubic and the close-packed

nexagonal lattices. Gurien [17] has used this model for tne d.c.c. lattices;



simplified versions have beén used by Singh and Bowers {18] and by
Hendricks, Riser and Clark [19]. Sauires [20,21] has given general
equations for interactions out to n neighbours on this model. The
number of force constants required for each shell of atoms for the tensor-

force model for b.c.c. and f.c.c. lattices are shown in Table I.

Table 1. The number of force constants reauired for each

shell of neighbours for the tensor-force model.

Shells of neighbours

! |
1 2 3 I 5 i 6 7 8 9
f.c.c. 3 2 4 3 Iy 2 6 2 4
b.c.c. 2 2 3 4 2 2 Yy 4 4

In recent years several models have been proposed which make
special assumption as to the type of forces involved. The number of force
constants for each shell of neighbours in these models is often less than
the corresponding number on the tensor force model. Three of these models

are identified below. _ .

-

1. Besides the central force, de Launay [1iZ] has discussed a seconc type

-~

of force wnhich depends on the angle which the line joining the moving atoms




makes with the equilibrium position of the line; this type is called an
"angular force".* The mechanical analogyvis a rod connecting the particles, -
therod being fastened at its ends to the equilibrium positiorsby springs
perpendicular to the rod. This model uses two force constants for each
shell of neighbours. It is referred to as the "Angular Force Model I"
(AFM-I) in this thesis,
2. Recently Clark, Gazis aﬁd Wallis [23] have investigated the frequency
spectra of b.c.c. lattices using a model in which interatomic forces include
angular forces of the type introduced by Gazis, Herman ahd Wallis [24]. This
" model contains angular forces as well as central forces between nearest
and next-nearest neighbours and has four force constants; it will be referred
to as the "Angular Force Model II" (AFM-II), '
3. Lehman, Wolfram and De Wames [25] have proposed an axially symmetric
model for lattice dynamics of metals. The basis of the model is the
assumption that the internal energy of the system can be obtained by simply
adding up all the bond-stretching and axially symmetric bond-bending terms.
Varshni and Shukla [26] have given a treatment of the axially symmetric.
model when interactions out to any nelgnbour are considered. This model
nzs two force constants associated with each shell of neighbours.

In the present thesis we have carried out the following inves-
tigations:

1) A treatment of the f.c.c. and b.c.c. lattices according to

ARFV-T.

inpelar forces wers first introduced in lattlce dynamics by Bornm ({221

. P
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2) An alternative derivation of the results of Clark et al.[23]
for the b.c.c. lattice on AFM-II, and .ﬁu'ther'the.model has been applied
to the f.c.c., lattice. ’
Since there are four force constants in each of the models and
only three elastic constants, we use the experimental values of the frequency
of a longitudinal phonon at the zone boundary in the [100] direction. In
terms of these four quantities, we obtain the values of the four Iinter-
particie force constants, |
After a brief introduction in Chapter I, the Born-von K4rmin thedry
is discussed in Chapter II. In Chapter LII, the angular force model I
is discussed and the secular equations for both b.c.c. and f.c.c. lattices ’q
are obtalned, while in Chapter IV, we deal with the angular force model IT.
The two models have been applied to ’obtain the dispersion curves,
vibration spectra and Debye temperatures of copper, aluminum, nickel (f.c.c,)
and sodium, tantalum, molybdenum, tungsten and iron (b.c.c.). The results
are compared with the experimental values. These are presented in Chapter V.and
Chapter VI. |



CHAPTER II

/7
BORN~VON KARMAN THEORY

Tn contrast to the continuum assumption of the Debye theory,
in the Borm-von K&rmdn theory [3], crystals are treated as a system of
interacting particles. The essential features of the theory for a simple
Bravais lattice are discussed below.

Consider a system of (N + 1) (finite) identical particles
with no constraint imposed on them. These particles are vibrating about
their own equilibrium positions which are located at the lattice points
of a lattice representing the crystal formed by the (N + 1) particles.
Each particle has a mass M. The system has 3(N + 1) degrees of freedom
wnich are represented by 3(N + 1) independent coordinates, B1s By +ees
In lattice dynamic theory, we are interested in small oscillations

S3(N + 1)°
¢f the particles about their equilibrium positions, denoted by Za1s o9

E3(N+1)"
The deviations of the 3(N+1) coordinates from equilibrlum are
cenoted by S

Lty (1 =1, seey 3(N+l)). (2.1)

[27]
As shown - “oldstein) the total notential energy, V, of the



system can be expanded in a Taylor series about the equilibrium,

3(N+1) >
_ v
V(gl, es ey gB(N.’.l)) - V(g‘Ol’ tevy 9:03(N+1)) ¥ Z agi)oej'
i=1
3(N+1) é2V
19 = 1 o8; 0&;/o 1 -

vinere S is a sum of infinite number of terms involving nigher derivatives

of V., V(gOI’ cesy g03(\]+1) being arbitrary, is chosen'equal to O.

v _
Moreover, _,(b \ = 0 (i =1, eaey 3(N+1))
085l
Assuming that the temperature is low and the displacement of each particle

is small in magnitude such that ¢ is negligible in comparing with the

sum 3(3+1) ) \
\Y
1/2 g,
{591 brr]/o e
l’J
we have,
3(M+1)

. € €,
Vo= e Z (bf;la&) b

In terms of &, «.., €3(N+1) by making usec of (2.1)

vV = ? Z ( 'E an)Q Ei CJ. - (2.3)




'.Total kinetic energy of the system,

3(N+1)
T = oMy P - (2.4)
i=1

dei
where ci =3

Lagmnglan of the system,

L =T -V
3(N+1) 3(N+1)

. |
1 .2 1 - ;
DD a-iziaﬂrm)a% (2.5)
i=1 ' i,,j=1\ .l,jo _

The Lagrange's equations are

%§?+1) [ 5
. i _ _ i
T =1 \aei aeJ,)o & =0 (1=1, ..., 3(N41)) (20 (2.6)

We use the cartesian coordinates

v 3, Ve o .
),,O, 3 o,%, "‘;xn, c/n, s as the 3(N+1) independent coordinates.

b

With X, Yo» Zgs eees %o Ips 2z , representing the deviations of the

particles from equilibrium, the Lagrange's equations (2.6) becomes



+lsmez 2% ) =0
bum n o) “n
(u = x, y, Z; ]n‘—"o, LI ] N) (2'7)

| 2%V

In the following, we denote Su_ov by
m*~ ‘nfo
u v u==X, ¥, 2; V=2X,0Y, z)

Vi n) (m=0 0. N n20) i, N

and all the summations will be taken from O to N, unless otherwise stated.

We have
u vy — v u
VG = VG (2.8)
We use as a trial solution of (2.7), a plane wave function
> >
- -7 '
or X = Al ei(q.r'-mt)
&> >
N = A2 ei(q.r‘-u’t) (2.9)
> >

-
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By substitution of (2.9) into (2.7), we obtain a set of 3(N+1)

equations:
— VA, + A Zv (X ¥y AG (R - R) )
w 1 mn
n
Xy j..(‘ic(§ - ﬁ )
+ A2 E \'4 (m n) e n m
n
2‘ 19.(R_ = R.) 0 (2.10)
x Z q. — = -
+ A3 \'4 (m rl) e n m
n
and two similar equations for y and z for each value of m. Moreover,
m takes all the values from O to N ('151,x is the equilibrium position of
the particle n), J
In order to have nontrivial solutions of Al » A2 and A3, for each m,
the determinant
~ 1q.(R. =R) 2 19.(R_-R) 1a.(R - R)
X X g. - Xy q. - X Z Q. -
ZV(m n) e n m’ - M ZV(m n) e *"‘'n m EV(m n) e m
n n n ' '
iq®_ - R)
X {y X q. et (] L] L] . . (] » . . . . . L]
b A n) e n m
n
fq.(R. = R.) - 1a.(R ﬁn)‘z
H Z X QQ - 2 Z q- - - £
} ZV(mn)e i LA . e e . . ZV(mn)e R, WM
;o "
= 0 (2011)

( m runs frem O to N)
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Because the interatomic force in a crystal are essentially
short range in comparison with the dimensions of the crystal, V (; ;’l)
will be negligible for distant neighbours of a particle. Since,in
general, N is very large (e.g. of the order of 1023), for most particles
which are located inside the crystal, their envirorment will be identical .
For these particles, )V (r’:l 1’;) for different values of m will be identical.
This is also true fornother values of ),V (:1 ‘r’x) (U = X,¥,23 V= X,¥52)0 |
Therefore, these particles will have tge séme equation. (2.11). TFor
those particles located near the surface of the crystal, they will have
equation (2.11) different froﬁ those of the particles located well inside
the specimen.. Since these particles are small in number in comparison
with the nunber of particles located well inside the specimen (it varies
as N73A, 1.e. N"Y3 and is of the order of O when N 1s of the order of
1023), we shall disregard their special equations. Therefore, we can
assume that for all the N particles, we have the same equation (2.11)
and, hence, the same W, ﬁ relationship and the same ratios of Al’ A2
and A3 for each value of k. This Justifies the choice of the_plane wavé
function (2.9) as a solution of all the 3(N+1l) equations in (2.7).

We take the origin of our coordinate system on a lattice point
located well inside the crystal. The particle whose equilibrium position
is at this lattice point is called the particle O. The equation obtained

-3
by putting m = O, R, = O into (2.11) is the secular equation of the crystal,
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. A n 0 An
(€T°2) (a7n O M _ ang
. ‘ 2 A ¢x = A $z2 °£°x = :v
u
AN . uo *~e
0 =| T =y G sEN o'T
(e1°2) (0 = u sepnrout €z ‘A ‘x = Az ‘£ *x= n)
: u u u
uo uo u o
zma = Wi (, N;N Uy ey (g NV>N Ugebr® (x NV>N
- « - « « «
u u u
: uo u o Yo
: o - .
0= cm.mﬂm (2 zgw W :m.wﬂm (g m;N :m.mﬂ (g QRN |
u U u
) | uo,”’ _ u o N
i uo _ @ gD
| Weped G x;,w ayepr® (g A i, teop® x A




13

If we put a = 2n§, w = 2w -into (2.13), it becomes

Zv(u vy RELIN N sz&w l

(U =x,¥,2;, V = Xy ¥y 2) (2.14)

All distinct physical motions of the lattice represented by
(2.9) are taken into account when the values of K are restricted to one

reciprocal lattice cell (Born & Huang [¥1], p. 68 to 70).

The usual periodic boundary condition is imposed on the solutions

(2.9) to give the normal modes of vibration of, the crystal. k is restricfed

to some discrete valPes. The total number of vibrational modes, with”§
| restricted to a reciprocal lattice cell, 1s exactly 3(N+1) which is
equal to the total number of degrees of freedom in this system of (N+1)
particles. Hence, plane waves with distinct wave vectors k in the same
reciprocal cell and satisfying the periodic boundary condition, do corres- (
pond to distinct normal modes of vibration. Also, an artificial maximum
frequency such as that introduced by Debye, is not required. (See, eig.
Born & Huang (11} ,p. 45, 46, 70)
Remark 2.1 - Essentially, we are interested in particles located well
inside the crystal. For these particles (e.g. particles hl, Ny, n3 and
nu),because of symmetry of the lattice, the determinant in (2.13) is

symmetrical and we have
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v¥V) = if = R -R .
G, nﬂ) R, =T, ®, -, (2.15)

(u V) depends on the separation of the lattice points only.

i.e.,

In particular,

V(UV) = V(UV

° ny o n2 | . . , v
f = - .
vu v u . le ha ' 2 16?
“VGY VGO

In order to emphasize the fact expressed by equation (2.15) R
some authors prefer to use the notation V(:‘f1 «"’n) or'V(l}{n _%) (see, €.8.,
Born & Huang [117, equation (6.12) or Smith [28], equation (21)). Because
in what follows, we need only use V(‘(‘)l ;;), we prefer to stick to the

mn n e
Moreover, it has been shown by Smith [28] (p. 213 to 215) that:

WP VEH =3VEY = o
.n n ’

notation V(

(W = X, 9,2, V=1Xy Y, 2Z) (2.17)
N

te. VED) = -y vy ‘
n=1

(u =x,9,2;, V=X, YV, 2) {2.18)
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(11) whenq + 0, w®w + 0
(111) o is an evén function of J.
Remark 2.2 - For a given value of §, equation (2.12) will have six roots
of w, Out of these six roots, only those real roots do correspond to
physical wave motion, and need to be considered.

Actually, in (2,9), only the real components of §A are considered

as representing physical motion, 1i.e.,

t

s@eal) = K cos (§.P-ut) | (2.19)

Since w2 is an even function of 'ﬁ and if Wy ard ~w, are two
real roots for a given wave vector ad’ they will also be two real roots

->
of -qo. But the wave

S(real) = A cos (4, F-(-ut,)t)
= & cos ((=q,) F-uw,t)
is actually the same as the wave withd = g, » = wj. Similarly,
the wave with E = -‘q’o,gm = -m'i and the wave with"d = ao’, w =w are the \@

-same wave. Therefore, for equation (2.12), we need only consider the positive -

roots of w.



CHAPTER III

ANGULAR FORCE MODEL I - DE LAUNAY
This model consists of a cubic lattice with a central fbfce and
an angular force interaction between a particie and each of its first and
second neighbours, This angular force interaction is of the type discussed
in de Launay's article [123, p. 2U8. The effects of the more distant
neighbours are neglected. |
We locate the origin of our cartesian coordinate system on‘a

lattice point situated well inside the crystal. The particle vibrating

about this lattice point is called particle O, ‘
In what follows, since we are dealing with b.c.c. and f.c.c.

lattices, we denote the positions of a lattice point by

ﬁbn = R = 3N, (3.1)
where "a" is the length of one side of the cube.,
In this notation, (2.14) becomes
ZV(u vy eip°N i vZMG = 0 (3.2)

where

16
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V.. %3 V=X, Y, Z

We shall discuss the general properties of the central force
interaction and the angular force interaction before we deal with specific
lattices.,

.{(a) Central force interaction -

Let the force constant representing the central force between
| the particle m and the particle n be a n® .
The potential energy of the system of (N+l) particles due to

central forces,

N N I
V, = 3 2 0, [F o (g = By ECED
m=0 n=0 :
m#n

where

ﬁm = (X X); + (YY) HZ, - 2k (3.5)

EN|

2 "mn

is the equilibrium position of the particle n referring to that of the

particle m

2 . (2 2. .. 2
r ° = (xn+xn-xm-)sq) + (Yn+yn-Ym-ym) +(Zn+zn"zm"zm) (3.6)
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- -»
where N is defined in (3.1) and N = IN I.
n n n

N

Y
yxy - n
V(oo) Zaon 2

n=1 R on

N .
-3 v | ©(3.8)

n=1

and (2.17) is verified.

Similarly for n # o,

X X N
Va(n o) -

]
OQ
o

= ~%n "7 . (3.9)
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- XX
= - vy (3.10)

and {2.17) 1s verified.

(b) Angular force interaction (the type discussed in de Launay's article
(12) - .

We denote the angular force constant representing the angular
force interaction between the particle m and the particle n by Opeers
From de Launay's article [12], p. 249, the displacement which is effective
for the angular force constant o, due tc displacements s and 8 of the

particle m and particle n respectively, = z: X (s -3 ) where

_),

om ﬁ l is the unit vector from the particle m to the particle n.-
(N_, is defined in (3.5)

- 5>
s =xnI+ynJ+zrjk'

n

The change in potential energy due to gm and gn’

1 > -+ -»>
v, =7 o, BoxG -3 @A
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Let V. be the change of the total potential enérgy {(angular
force portion) due to displacements of all the (N+1) particles. We have,

for n # O,
Xy o 2 > ~ : 5
VA% = o B xTLE, x (D] (3.12)
g
= -—f’% J.8) dN) | (3.13)
A .

where N_ 18 defined in (3.1) and N = [ﬁ |

n
N
VAR = ) o Bx (DG, x D] (3.14)
n=1
" |
T IR A - (3.19)
n=1

and (2.17) is verified.
Similarly, for n # O,

| (2.8 )2 .
VD T fn ez -1 (3.16)
n

v (X% (3.17)

g 0090

f

i
=
=

o ]
(O
S

and (2.17) is verified.



21

(1) Body-centered Cubic Lattice ~
(See Fig. i~2)

The central force constant between a particle and each of
its first neilghbours 1is denoted by @y while that between it and each of
its second neighbours 1ls denoted by LY

The angular force constant between a particle and each of its
f‘irst neighbours is denoted by Ny while that between it and each of its
secornd neighbours is denoted by Wy |

The force equations required are given in de Launay's article
[12], (equation (7.7)). We can pbtain the secular equation by means of
equation (3.2). But, for the purpose of illustration, we start from the
first principles, following the approach used by de Launay,

The first neighbours of particle O are labelled 1, 2, ..., 8,
and its second neighbours 9, 10, ..., 14, (Fig. 4=2), |

With the displacement of the particle n denoted by "sn, the |

equation of motion for the particle O are:

. 8 14
Mk, = {‘(8‘\1"“6‘\2')"0 t Z Xg * v Z X5
1=1 =9

8 y 8
e CED DD S
i=1 i=1 i=5
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= Z3-%>

+ 23 + Zu - ZS L 26 + Z7 + 28) ' ‘ (301‘8)

~(ayeny) (2, = Xg = xlo)J

and two similar equations for y and z. By substituting the plane wave

solution (2.9) into (3.18) and with § = 2wk, ® = 2mw, we obtain
8 2 2.2 ]
§-(a1+2nl) (1-010203) + uaz 8,7 + b, (S, +S3 )

a2 oM % Ay +; % (a1=%g) 5,S,C4 ; A, > (3.19)

8 ,
+§ g (a1=ng) 5,653 2 Ay = 0

and two corresponding equations for y and z y
= qak
where Cj nwa 4

SJ = sin ﬂakj

ky, ky and ky

These lead to the secular eguation

are the components of k in cartesian coordinates.

) |
H Gomlin®o °M H = 0 (3.20)
21 P 23 .
22
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where

B 2 2.2
Gl =. 3 ((Il + 2'\1) (1—01C203) + llu,zsl + ’-I-v‘2(82 +S3 )

Hip = ’3‘ (“1"\1) 515,C5

and the others can be obtained by circular permutations of the indices.

In the long-wave limit as k + O, the secular equation becomes

I -bn % 2m 310 J13'
. I -J-hr v oM Tos =0 (3.21)
I T3 13.;41:2\, M
where

+2
2 . 2,2 41 2

M
1y = 3 (1 -k

(density of the crystal)

Re}
0
Ww|§

This should be identical with the elacticity secular equation

(de Launay [12]: Equation (10.9))
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(e2°E)

[

nd- N&:au +

meﬁqau-HHOV

€y 24Ty

€Ty Mho42Tay

¢

mxmigﬁmﬁ 3)

nd= Mo + Fu(MMo-Tla)

2yl 242 T

Elot(M24<T )

2Ty T5y

d- yli oy Ty, 10
0= g+ (Mo d)




By comparing (3.21) and (3.22), we have the identities,

o+ 2y

2 (—T—-’ + )= acy,,
2 (0 =mp) =30y - acy,

u ( ) = ac,, +

3 \% T T ¢ YAy,

(longitudinal)
In the [100] direction, the phonon frequency/at the first

Brillouin zone boundary (i.e. kl = 1/8) 1s given by
_ 21 » 1/2
vy = 7 [ (o + 2ny)]

From equations (3.23) to (3.26},

2

1 ’ 1 2
ap = Falej,+toy)+ ooy M
1 1 2 2
ay = 2'.3;:11- n’nvbM
1 1 2
“‘l = -n" a(p12+0uu)+ n-ﬂz\)bM
. 1 2 2
N = Facy - VM

25

(3.23)
(3.24)

(3.25)

(3.26)

(3.28)

(3.30)

Bu substituting (3.27), (3.28), (3.29) and (3.30) into (3.20), we obtain
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a secular equation

1 12,2

Gl e M H12 : H13

| 2 2

i Hyy G2—Uw v M H23 = 0 (3.31)

i

: 22

i Ha Hao 03-uu v M

where G. = 213 2M (1=C.C.C.) + (28 €. 1=12, 2M)S.2 + (22 gy y=n, 2M) (S,4+S 2}
1 b 1°2%3 11 b 1 Wy~ Vp 2 ™3
H12 = 2a (clg + cuu) 818203

and the others can be obtained by circular permutations of the indices.

(2) Face-centered Cubic Lattice -

(See Fig. 4-3)

The central force constant betﬁeen a particle and each of 1its
first neighbours is denoted by Ay while that between it and each of its
second neighbqurs 1s denoted by Aoe

The angular force constant between a particle and each of its
first neighbours 1is denoted by 015 while that between it and each of its

second neighbours is denoted by Oge

As a matter of illustration, in obtaining the secular equation
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for this kind of lattilce, we use equation (3.2). Since we only need to

e

use terms of SoSv_/.° we can treat the potential energy due to the
o “"'n/o

central force and angular force interactions separately.

(a) Central force (al, a2) interaction. -

From (3.7) and (2.16), we have

o (n=1, 2, 3, 4)
a
- _2_1:_ (n.-:s’ 6)
yx -
“ho = )
a
zi (n=7, 8)
0 (n=9, 10, 11, 12)
L0 (n=13, 1k, ..., 18)
From (3. 8)
y Xy -
Va(o o) =0
Since from (2.8),
V(U. .V) = V(V u)’

m n nm

(3.32)

(3.33)

(3.34)

(3.35
(3.36

(3.37)

i
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we have

Zvu(g S L P (3.38)
where S,, S, are defined in (3.19). Similarly from (3.9), (2.16) and

(3.10),
'%"1 (n=1, 2, «e.p 8) (3.39)
0 (n=9, 10, 11, 12) _ (3.40)

X X - -

Ving =3 -9 (n=13, 14) (3.41)
0 (n=15, 16,+17, 18) (3.42)
LUal + 2a, (n=0) (3.43)

Making use of (2.8) and (3.39% to (3.43),we have

2
(x X) eip ﬁ = llal - 2(!1 1 (C 3) + L‘GZ 1 (30’4“)
Valo n
n
where Cy, S; are defined in (3.19).
Equations (3.38) and (3.44) have also been obtained by de Iaunay([12$

‘equation (11.6)).

(b) Angular force (°l’ 02) interaction -

Since (3.13) can be obtained from (3.7) by replacing 0o With
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~o s the result obtained for the central forces, namely, equation (3.38),
can be used to obtain the corresponding result for the angular forces.

Therefore,

PSS By - 20y 853, (3.45)

From (3.16), (2.16) and (3.17),

[ _ 5 0y (N=1, 2, sesy 8) | (3.46)
- 0y (n=9, 10, 11, 12) o (347)
vq(ﬁ g) = ﬁ 0 (n=13, 1) . | (3;u8)v'
- o, (n=15, 16, 17, 18) (3.49)
i 8 o, + loj (n=0) | | (3.50)

Making use of (2.8) and (3.4é) to (3.50), we have
ZE:V (x x) eip

2.« 2 :
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Combination of Gy “2’. Oys Oy =

After substitution of (3.38), (3.9’4), (3.45) and (3.51) into

(3.2), we have a secular equation

- Uy vaM L12 : L13
Loy K, = 4n2 M Log =0 (3.52)
Ly Lo, Ky - TIEREY
where
K, = Hay + 8o = 2(ayto;) Cp (Cy3C3) = oy C,Cy + bay 5,2 + bo, (sn2+s32>

Lyp = 2ay = 0)) 59 5
and the remainder can be obtained by circular permutations of the indices,
In the long-wave limit as k-0, with po= llM/a3 the secular

equation obtained should be jdentical with the elasticity secular equation

(3.22). Therefore, by comparison., we have

2(11 - 201 = a c12 + a Quu ' (3.53)

a,l + 1402 —Ol - 1402 = a Qll - a Cuu (3-5”)

ay + 30, + U0, = acy ' (3.55)
(longitudinal)

In the [100] direction, the phonon frequency/at the first Brillouin



zone boundary (1.e., 1= 1/a) is given by

b

= 0t + o)l

From (3.53) to (3.56), we have

%2

1 1 2
Ta (e tey) + 0 "2"b M

R

1 1 2 2

Falep*3eu) = b

31

(3.56)

(3.58)
(3.59)

(3:60)

By substituting (3.57), (3.58), (3.59) and (3.60) into (3.52), we obtain

a secular equation

Kl - )4112\: 2M
Loy
L3y
where K

2

2
-y M Cl (C2+C

Lo Ly3
' 2 2
K2 - 4™ L23
2
Lsp Ky = s oy

1 = -2 ,(°12 + cuu) + 3w2\:b2M

3)

0 (3.61)
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2
+ (a¢:12 +ac) - vaM) C2C3

2 2 2
+(acu—nvb M) Sl

+ ( % ac, + g, acy, - nzvaM) (822 + 832)

Lo =a {eq5 + ) S5,

and the others can be obtained by circular permutations of the indices.




CHAPTER IV
ANGULAR FORCE MODEL II

This model conéists of central force between a particle and
each of its first and second neighbours, as well as angular forces which
depend on the changes of angles in the triangles formed by the particle
and its first and second neighbours. This type of angular force . has
been used by Gazis et al. [24] and Clark et al. [23]. The effects of
the more distant neighbours are neglected.

In what follows, the general properties of the central forces

and the angular forces are discussed before dealing with specific ;attices.

(a) Central force interaction -

This is the same as that used in the angular force model I.

The properties of these forces are discussed in Chapter II1I.
(b) Angular force interaction -

There are two types of triangles in which we are interested.
One is formed by a particle and two of its first neighbours, called type
(1) triangles. The other is formed by a particle, one of its first
neighbours and one of its second neighbours, called type (2) triangles.

(A more detailed discussion of this point will be given when we deal with

33
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specific lattices).

'Ihe changes in the angles of a triangle are obtained by
comparing the triangle of the equilibrium positions of these particles
with the projection of the triangle of these particles, onto the plane
of their equilibrium positions. | |

Consider the triangle formed by three particles a, b and ¢

-5

(Fig. 4-1). Let A, B and C denote their equilibrium positions; §a, b

’

and gc denote their small displacements.,

fiy o ¢ 1s defined as a unit vector which is in the plane A, B, C and
t At

normal to the vector R, ..
A,B

The convention for the direction of R is that, when n
the A,B,C A,B,C
is applied to/particle B, it reduces the angle OA’ (Frqm definition

(4.1)

We are dealing with the angle 8, at A.

- - )
"p,B,c = UB,A,C

’R’A’B is the position vector of B relative to A and RA’B = IR’A’B

a unit vector normal to the plane

, W denotes

A,B,C in a direction such that ﬁA c? ﬁA B and w form a right-
: 3 9
handed system. The projection of the displacement §b on the plane

A,B,C,

-

= (Wx3)xW
pr— wxsbx

Since the displacement Eb is small in magnitude,.the effective
change in the angle QA (s far as the angular force is concerned)

P
due to Sb



Fig. 4-1. Angular Force.
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>
8

' -+
. bE}; A,B,C
A,B

s .0
b*A,B
= = 27 AB,C (4.2)

Rp,B

> > ->
The change in the angle OA due to the displacements Sgs Sp and Sos

(3.-3).n (3-8 ).n
0, = a~%p’*"a,B,c |, “ZaTc’"A,C.B h.3)
Rp,B Ra,cC

Similarly, 66y and &8, can be obtained. The change in the potential

energy due to 6OA, GQB and GOC,

= Lo+ Lovg (sog)? + 1 yols00)? RS

where Yas YR and Yo are the angular force constants aSSOC‘ia'Ced _

with the angles @ A OB and 8¢ respectively. ‘

(1) Body-centered Cubic Lattice

(See Fig. 4=2)

Clark et al. [23] have obtained the secular equation for the
angular force model II for the b.c.c. lattice from first principles.
In this paper, we obtain the same secular equation (equation (4.51))

by means of equation (3.2)
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Fig. 4~2. The first and second neighbours of the particle O
of the b.c.c. lattice.



Since we only need to use terms of (aizv -
oY n

), we can treat
o
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the potential energy due to the central force interaction and the angular

force interaction separately.

(a) Central force (ul,a2) interaction -

- The central force constant between a particie and each of 1its

first neighboursis denoted by a)s while that between it and each of its

second neighbours is denoted by a,. From (3.7), (2.16), (3.8) and (2.8),

we have
' al
-3 (n=1, 2, 3, y)

v x “1 ,,
Va(n O) = "T '3'- (n=5’ 6’ 7'. 8)

0 | (n=9, 10, «.s, 14)
LO (n=0)

and

aon

ZV * ¥y eig.f\fn

3 17273

(4.5)
(4.6)
(4.7)

(4.8)

(4.9)
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where S,, C; are defined in (3.19), Similarly, from (3.9), (2.16),
(3.10) and (2.8), we have '

,,al
- '3'- (n"':l’ Sy eeey 8) ('4.10)
VEE = 4 o (n=9, 10) - (5.11)
0 (n=11, 12, 13, 1) (4.,12)
80.1 : |
L -5 + 205 (n=0) ' ' (4.13)

and

ZV (x x) eip N

8dl

—3-— (1 - Cl 2 3) + )4(1 e : (u-lu)

-
-

where C;, S; are defined in (3.19). Equations (4.9) and (4.14) have

also been obtained by de Launay([12],(equation (11.5))

(b) Angular force (“1’ u2) interaction -

. (See. Fig. "4-2)
There are two types of triangles which we are going to consider.

The first one is that formed by a particle and two of its first neighbours.

They are trianglesequivalent to 40, 3 , 8 in Fig. 4-2; particle 8 is a
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secord neighbour of particle 3. This type bf triangles is called
type (1) triangles.

The other one 1s that formed by a particle, one of its first
neighbours and one of its second neighbours. They are triangles equi-
valent to a0, 3, 1l; particle 11 is a first neighbour of particle 3.
This type of triangles is called type (2) triangles.

There are, in all,twelve Type (1) triangles and twenty-four
type (2) triangles, referring to the particle O. As shown in Fig. H-2
all the thirty-six triangles are identical and each 1s isosceles with
two equal angles 62. We shall associate with each angle 6 in the
triangles an angular force constant “1’ and each angle CP an‘angular

force constant Moo

The unit normals E

A,B,C in (4.1) are given by

By o 7B E M- ) 5 o (4.15)
3) 2
- %(ﬁj - %.@ = Ko,i,j (4.16)
31’3’°=-—\/_§;(ﬁi+ﬁj)% :
= -_%(ﬁi+ﬁj) —ﬁj’i,o (4.17)



b1

> 1
By mo = Fa [N, -e® A5
32
= 1 : _2 .
=T \E‘? (ﬁm + 2N,1) - ni'n,:l.,o (4.18)
fam = Ty [y - o] 5
t Al a g . .
32
- o3 2 _
. J;(ﬁm' §ﬁ1> = M4,0,m (4.19)
- 1 ' a
Anyo,i = Nz (CRERRNCINE
¥ 2a - :
1 x*y ==
T\E (.Zﬁi'ﬁm) ~ Yo,m,1 (4.20)
gy <' ) triangl
where e = {k, vy &t forma ¢ 1) tri e ref t
W r orm a ype eferring to
' particle k; k takes an appropriate value out lof
=1 0, 1, 2, eens 8, | (4.21)
3

i,J denote the first

neighbours of particle O, and m the second neighbours.



42

We shall deal with the potential energy corresponding to ¥
first, then that corresponding to ;.2.

(1) Potential energy corresponding o u, —

! > > -> +> - -
Vo = 1 ulé(so-sl).no’lji_" (so-_-s3) .n0’3jl]2
1 :
‘. VI3 \EE

(This is the contribution of the typel (1) triangle
0, 1, 3) R

+ ... (contribution of the twelve type (1) ‘triangles
referring o the particle O)

(81’59) onl 9’ + ( 1 o)-nl O 9]2

& Vi

(This is the contribution of the type (2) triangle

+[

0, 1, 9
+ ... (contribution of the tw;ar'nl:y-four,type (2)
_ triangles referring to the particle O).
+ (contribution of all other tria@gles which d¢ not
involve the particle O) . (4,22)
By substituting (4.16), (4. 18), (4,19) into (4.22), we have

u ) A > > -. . -
Wy = —% J1@2) Wym L) + B35 (M- 3 85)7°

+ ... (contribution of the twelve type (1) triangles

referring to the particle 0).



43

+ 03 Eg . Mgral) + (8. (Vg 38)7°
+ ... (contribution of the twenty-four type (2)
triangles referring to the particle O).

+ (contribution of all other triangles which do not

involve the particle O) (4,23)

N)] [1.(NgH,)]

1§

<> >
+ [§o(Ne-

o 3 W) [ Mgy

W= Wi Wik

+ [ -

5 i1 )]

Z4

+ .21 (.- 5 N1

+ 0.2ty d8y 540 (4,24
_ Buq ‘
" 982 (4.25)
From (2,16),
Viu G o) = E% (4,26)
9a

Similarly,



y x
vul(n o)

y x
Vul (9 0)

¥y X
V"l(n o)

—? (n-3) u)

n
A

- —_2' ' | (n=5’ 6, 7, 8)

1 { [;.(ﬁ9+2ﬁi)] [T.(ﬁé-

ol

2

3
+ [.igeain)1 .y § 1))
2
3

+ (3. (Mgralig)] (. Mg

n
4

+ (5. (Ngraig)] (1.(Ng- 5 N8)]}

1]
O

= 0 (n=10, 11, ..., 14)

From (2.18).

¥ Xy _
v (5 ) =0

' 4y

(4.27)

. (b,28)

(4.29)

(4030) ’

(4,31)

(4.32)

By making use of equation (2.8), (4.25), (4.26), (4.27), (4.28),

(4.30), (4,31) and (4.32),we have,
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-+ 6l , o
x yy Ap.N _ Y1
DR S BEL R .33
- |

where S, and C, are defined in (3.19), Similarly, and making use of
equations (2.18) and (2.8),we have

-

16y
-— (071, 2, eee, 8) (4.34)
9a
32u '
S (n=9, 10) v (4.35)
- 9a ‘ _ }
Vu]_(;i ::)-:4
8“1 _ : _ .
(n=11, 12, 13, 14) (4,36)
%a .
_7160“3 (n=0) (4.37)
. .‘
L 9a _
-
Tow G e
- .
128y 16y
1 1
= —— 0102C3 - 5 (4 cos 211a]tcl - COS ,21fak2 - COS 2nak3)
9a %9a .
160y '

9a
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where C, and S; are defined in (3.19).

i

(11) Potential energy corresponding to Moy =

> > »> >
(31'83)'n1,3,0 . (Sl;go)'ﬁl,0,3]2

a e

1
Vﬁé- E'vz (C

(3,8 )4
+ —3707"73,0,172)

. VB

(35-8,) .0
e (o3 M31,0

(This is the contribution of the type (1) triangle 0, 1, 3)
+ ... {contribution of the twelve type (1) triangles referring

to the particle O). e ’
+([(so"59)'no,9J1 . (go'si)‘n0;1,9]2

a \E

(59"50)‘n9,0,1 (§9-sl).n9,1,032)

4

a VB

+(

(This is the contribution of the type ' (2) triangle 0, 1, 9)
+ ... (contribution of the twenty-four type (2) triangles
referring to the particle 0) |
+(contribution of all other triangles which do not involve the

-

particle O). (4.39)

Making use of equations (4.16) to (4.20), (2.16), (2,18) and (2.8),

we have



Vip(p ) =4

(n=1, 2, 3, W)

(n=5, 6, 7, 8)

(n=9’ 10’ sawy 1")

(n=0)

(n=11, 12, 13, 1)

(n=0)

X X 1ﬁ.ﬁ
ZVu2 (O n) e n
n

47

(N.Hg)

(4.81) -

(4.42)
(l4.,43)

(4.44)

(4,45)

(L.46)

(4,47)

(L,48)
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80u, 6ly
= = - 5 €03
3a 3a
Bu ' | 4,4
- g;ﬁ- (cos 2vwak, + cos 2wak3) (4,49)

where C; and S, are defined in (3.19)

Combination of Gys Gy U and uy =

By combining equations (3.2), (4.9), (4.14), (4.33), (4.38), (4.ub)

and (4.49), we have a secular equation

2
Py - Uy v2M Q5 . Ql3
2 2 ) :
' 2 2
2\
Ba 128y, . ®lu, 16u,
1 1 2 2 1
- where P, ={( + + ) (1 - C,C.C,) + UasS," = .
1 3 9a2 3a2 17273 21 932
.;u cos 2nakl - cos 2mak, = COS 21rak3 -2)
8u2 .
- —= (cos 2mak, + cos 2maks = 2) | (4.51)
2 < :
3a

: al 8“1 uuz
Qe = HF-z 9 555
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and the others can be obtained by circular permutations of the 1ndice§J
This is the same as that obtained by Clark et al. [23] equation

(7)) from first principles. The equivalence between the notations a, 8, vy

and vy, used in their paper and those we use, are shown in the following:
2 ]

N
g8 = as |
> (4,52)
8u,
Y = we—
1 922
Bu,
Y = o———
2 022
s

In the long-wave limit as k+ O, with p = 2M/a3, the secular

equation obtained should be ldentical with the elasticity secular equation

(3.22). Therefore, by comparison, we have

80u Bu
D | 2
20, + - = 3 Cq,q =ac (4,53)
2 9a2 3a2 11 4y
2a 16u 24y
1, 21 + g = a ¢y (4,54)
3 9a 3a

- + = 4 ¢, t+tac | (4.55)
3 9a2 3a2 12 by



In the [100] direction, the phonon frequency/at the first

(1longitudinal)

Brillouin zone boundary (i.e. k; = 1/a) is given by

éuu 324
11 1 2.1/2
v = =[ (la, + + 3|

b ™ “3M 1 3a2 a.2

Solving equaﬁions (4,53) to (4.56),we have

%" al€yp = ey + 73)' "2"b2M

M1 9 . 9 2
2T 1B a(e), + 3€) + Fr" "sz
11 — 3 . o n ' 3 2 2 .
2 =- gp alép-S) - 3p Ve
" oh

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)

By substituting (457), ¢.58), (4.59) and (4.60) into (4.50), we have a

secular equation

2 2
Pl-lhrvM

92 U3
2 2 -
P2 - L“n’ \Y M Q23 = 0O
02 P, - Uy M

(4.61)



where

5.2 ' > 2., 2 2 2.4 2
P, = 2v% M (1-6,C,C3) + (2a cll-anZM) 5,2 % (2a epymnop M) (5,745,%)

Q2 = 2aleyp + ¢y)5; S, C3
and the remainder can be obtained by circular permitations of the indices.
This is identical with that obtained in the angular force model I, namely
equation (3.31). Hence the two angular force models (b.c.c.) are equivalent

as far as the frequency spectrum is concerned.

{2) Face-centered Cubic Lattice

(See Fig., 4-3)
{ 3 |
Since we only need to use terms of {—=—j, We can treat
Mo 3V ks ,

the potential energy due to the central force interaction and the angular

force interaction separately.

3

(a} Central force (a;, a,) interaction -

These are the same as those used in angular force model I
(f.c.c. lattice). Therefore, the notations and results in that case are
used here, namely, equations (3.38) and (3.44).

(b) Angular force (nl, x2) interaction -

There are two types of triangles which we are going to consider.
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D= N

17

7
/
1n_ Sy 1 9
/ )
/
| o, /! /
’l \\‘6 ,, 8
r L Nel | |
16 / 7 lf%’, I%:—
A 7 O
/
7 'I /
4 5
4
’ - A2
13
. 10 2
X
4

Fig. 4=3. The first and second nelghbours of the particle O
of the f.c.c. lattice.
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The fifét one is that formed by a particle and two of its first nelghbours
which are both in the same plane of the coordinate axes. They are trian-
rles equivalent to a0, 1, 3 in Fig. l=3; particles 1 and 3 are both in

the X — 0 = Z plane. This type of trlangles is called type (1) triangles.

Since we intend to have closer comparison between the two angular force

models when applied to both b.c.c. and f.c.c. lattices, we shall limit j
ourselves to models each consisting of two central force constants and
two angular force constants.

The other tyﬁe is that formed by a particle, one of its first
rieighbours and one of its second neighbours,. They are triangles equivalent to g

!
A0, 1, 13; particle 13 is a first neighbour of particle 1. 'This type of triangleé?
is called type (2) triangles.
There are,in all twelve type (1) triangles and twenty-four type '
(2) triangles, with reference to the particle O. As shown in Fig. 4-3,
all the thirty-six triangles are identical and each is i1sosceles with.

two equal angles 92; 02 = 45°, We shall assoclate with each angle el

(6l = 90°) in the triangles an angular force constant «,, and each
angle 62 an angular force constant Koe

The unit normals n in (4.1) are given by

A,B,C
> 1 _ >
P1,0,5 _'ﬁj = Yo,1,3 (4.62)
V2
. 1
> _ 1 I r
N,3,0 7 5-(ﬁi + ﬁj) = Ny4o (4.63) :



5u

> _ 1 -

Ny ,m,0 "\/'é'* N.’1. = Mp,i,0 (4.64)

> - 1 - I - .

No,1,m 'f\/'é_'ﬁ,j B ni,o,m ) (u'65)

> -> > r

where N‘i + NJ = Nm :

o R -lm o-w (4.66)

m,0,1i i 2'm o,Mm,1

where 1, j denote the first neighbours of particle 0, and m the

second nelghbours,

We shall deal with the potential energy involving «, first,

then that involving x,. .
(1) Potential energy involving «,, -

(38 .-5,)n C(3.-8y.n
S ~ . S - o

1 2 a/ N7 - a/yf?

(This-1is the contribution of the type (1)

triangle 0,1,3)
+ ... {(contribution of the twelve type (1)

triangles referring to the particle 0)

> > >

( ,->+)->
51757 M1,0,13 , %17°137°11,13,042

a/ 2 a/4f2’

+ [
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(This is the contribution of the type (2)
triangle 0, 1, 13) |

+ ... (contribution of the twenty-four type (25
triangles referring to the particle 0) ‘
+ (contribution of all other triangles which

do not involve the particle 0) (4.,67)

Making use of equations (4.62) to (4.66), (2.16), (2,18) and (2.8),

we have

) (n=1, 2, 3, 4) . (4.68)

lhcl T '
> (n=5, 6) _ (4.69)

a .
Lhcl '

— — (n=7’ 8) . . . (uo'lo)
o .

J Xy -
vKl (n O) "‘<

0 (n=9, 10, 11, 12) (u.71)
0 (n=13, 14, ..., 18) (4.72)
Lo | (n=0) (4.73)

16k
E x oy AP 1
= Ve (o n) € n = - '2;?- 55, _ (4.7h)
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lhcl .
- mé-— (n=1, 2, scey 8) (uo75,)
0 (n=9, 10, 11, 12) (‘4.765
X x lhcl ,
Vgl (n o) = - -5 (n=13, 14) 4.,77)
a ’
2«
;5.1. (n=15, 16, 17, 18) ~(4.78)
3’:"51
- (n=0) (4.79)
L2
2% G et
" 1
32 l6|<:l l“cl , ‘
= et % CI(C2+C3) - (2 cos 2mak) - cos 2rak, - cos 2raky)
- 23 _ i . ]
' (‘4080)
(i1} Potential energy involving ‘<2s - |
(s -s ).n (g -5 ).n
v, = 3 ok, (2 lRaB0 . 1 0 Sahdy?
2 a Ca/ 42
(5.-8,).n (5,5 ).n '
§[3717°73,1,0 3 350,142y

a a/4f2

(This is the contribution of the type (1) triangle
0,1,3)
+ ... (contribution of the twelve type (1) triangles

referring to the particle 0).
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> >

(3 =3..).0 (8 ~8.).1
#([—0137°70,13,1 | 5075y 0,1,1372

: a a/42
+ [——= 2= 4 =2-2-1°)
a | a/+f2"
(This is the contribution of the type (2) triangle
0,1,13).

+ ... (contribution of the twenty-four type
(2) triangles referring to the particle 0).
+ (contribution of all other triangles which do

not involve the particle 0O) ' (4,81)
Making use of equations (4.62) to (4.66), (2.16), (2.18) and g
(2.8), we have ° ’ ﬁ
o (n=1, 2, ..., 12) o (4.82) .
Ve, X %) =90 (n=13, 14, ..., 18) (4.83) .
L0 (n=0) (4,84)
Zv (* ¥ eii;'ﬁn = 0 (4.85)
' 2 ‘on : :
'n
[ lhcz
- -—2' (n=l, 2, cesoy 8) . (L‘-86‘)
a .
0 (n=9, 10, 11, 12) | (4.87)
X X _
VK'E (n 0) -<
0 (n=13, 14, ..., 18) - (4.88)
; 32(2 .
=3 ' (n=0) (4.89)
L ? |
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32K2 16&2

5 - 5 ) ‘ {4.90)

Cl(C2+C

Combination of A1s G5y Kys Ko

By combining equations (3.2). (3.38), (3.44), (4.74), (4.80),

(4.85) and (4.90), we have a secular equation

R]_ - U“2\, 2M Tl2 T13 : i
= - &23 = 0 v
‘ T3 | T2, ;- U2, 2M[

; 5 le

] 8 (. . |
Where Rl = 2[al + ;5-(x1 + K2)] [2 = Cl(C2 + 03)] + 4a2 Sl - = X

x(2 cos 2mak, - cos 2mak, - cos 21rak3)

16Kl

T (2al - ) S1 5

12
and the others can be obtained by clrecular permutations of the indices.

C;s Sy are defined in (3.19)
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In the long-wave limit as k + O, with .p= UWa3 , the secular
equation should be identical with the elasticity secular equation (3.22).

Therefore, by comparison, we have

2 8 ' =
o + «a?» (B + %)) + ba, = acy, = acy, (4,92)
a +8. . = ac | (4.93)
1 a? 2 4y ©
2¢ 1 . . ac,, + ac (4.94)
17 ;‘? 1 12 Ly ' o
(longitudinal) B i

The phonon frequency/in the [100] direction at the Brillouin

zone boundary (i.e. ‘] = 1/a), is given by

(<) + KZ)J} 172 ‘ (4,95) g

= jn
g
R
-
+
o joo
d

Solving equations (4.92) to (4.95), we have

1 .1 . 2 2 _'
ul = ?a(clz_cuu) -ré-'fr\)bM (4.96)

@y = faley + 20y,) - ™M H.97)



[ 4
1 1l 1 2 2
= «Zac +— TV M
a2 g M6 o
[ 4 ) ‘
—-‘;- = .1 a(clp - 3cuu) - “2"b M
a” 16 - 16

2
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(4.98)

(4.99)

By substituting (4,96), (4.97), (4,98) and (4.99) into (4.91), we have

a secular equation

2
Rl—'hr \82M' T12
2
T21 R2-lhr sz
T3l T32

Ti3

T23'

R3-14112v 2M

2 2. . 2 2 2
where R1 = WV, M[2 - Cl(C2 + C3)] + (acl1 - Ty M) Sl

1.2 2

+ (aclm - F Yy M) (822 + 83

H
L}

2

12 alcy, * cyy) Sy S

(4,100)

and the others can be obtained by circular permutations of the indices.

Comparing (3.61) and (4.100), we find that

Ky

but

1]

7

il

R,

1

(4,101)

(4,102)

T



CHAPTER V
DATA AND CALCULATIONS

.The frequency histégrams are obtained following the method used
by Varshni and Shukla [26] by means of a 1620 IBM computer. The first
Brillouin zone is divided into identical cubes each of edge equal to 1/40
of the distance between T and X points of the Brillouin zone. The total
number of such cubes in the first zone 1is 64000, and that of frequencies
is 192000, Because of symmetric properties, we need only consider 1/48
of the first zone. This has 1686 points; each point 1s weighed according
to the number of points equivalent to it. Spepial attention has to be
paid to those points lying on the surfaces, edges and corners of the first
zone. The frequencies are obtained by solving the appropriate secular
equatlons. The frequency .his'cogr'ams are then obtained by Blackman's
sampling method.

For all the metals which we deal with, except nickel and sodium,
the histograms are obtained from data at O°K and the dispersions curves
from data at temperatures at which the experimental dispersion curves
are obtained., For the cases of nickel and sodium, the hlstograms are
obtained at temperatures other than O°K because no elastic constant data-
at O°K are available. - -

Because experimental values of phonon frequency {longitudinal)

at the first zone boundary in the [1007] direction at 0°K, (vb(O)) are not

61
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available, we obtain these values by means of the following method.
It 1s well known that for longitudinal elasticity waves in the
(100] direction (see, e.g., de Launay's article [12], equation (10.10)),

_ c,, (t) .,
v (t)e [2E—gl/? (5.1)
(elast.) o(t)
where v, (t) is the frequency of the elasticity wave (longitudinal)
(elast.,)
in the [100] direction and at t°K. With p(t) = —?i— for b.c.c.
4y (£) '
lattice or »o(t) = - for f.c.c. lattice, we have
a’ (t)
v (o) . 3 : .
k ¢, (0) a” (0) .
(elast.) . = 11 — . : )31/2 (5.2)
v c t) a” (¢t
k(ellast.) (t) 1
We assume that this relation is true for all values of k,
v ¢,y (0) a3 (0)
i.e k (0) _ 11 ]1/2
b Y 3
P ) ey () &3 (®) (5.3)

for all k.
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In particular, we have

3
vy (8) ¢y (€) a3 (¢)

(5.4)

where vy (t) is the boundary phonon frequency (longitudinal) in the [100]
‘direction and at t°K.
The lattice specific heats at constant volume are then calculated

from the expression,

Ym 2 X
C, = 3R/ .(___)_c__e___z_ g (v) v _ _(5.5)
o .

hv
wherex=m-

and

1

—
-
&

It

The equivalent Debye temperatures are then calculated from

the relation

4

4n' T3 _ _30/T —6/T 7 o L2 T2

[«

=1

X > (5-6)
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(1) Face-centered Cubic lattice -

The metals which we deal with are copper, aluminum and nickel.

The lattice constant (a), elastic constants (cq;, 25, cyy} and the

phonon frequency (longitudinal) at the zone boundary in the [100] direction

(“b) of these metals are shown in Table 2.
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(I) Angular force model I -

The values of the interparticle force constants Qs G5y 07 and
o, are obtained from equations (3.57), (3.58), (3.59) and (3.60). These
are shown in Table 3..

Table 3. The interparticle force constants @15 G5y 04 and P of.copper,
aluminum and nickel in'theangular force model I.

Group Metal Temp . | oy a5 oq oo
(°K) ' (103 dynes/cm.)
1b Cu 0 32,99  1.500  -4.2L8 2,304
300 31.66  1.344  -3.913 1.833
3o Al 0 19.90  1.058 1.035  =2.562
80  19.82  1.047 1.025  =2.569
g Ni 296 41,54 4,087  =6.377 5,144

The theoretical dispersion curves are obtained from equation
(3.52) and are shown in Fig, 6-1 (copper), Fig. 6=6 (aluminum) and
Fig. 6-11 {nickel) along with the experimental points.

The frequency histograms are shown in Fig., 6-3 (copper), Fig., 6-8
(aluminum) and Fig. 6-13 (nickel).

The equivalent Debye temperatures obtained from equation (5.6)
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are shown in Fig. 6~5 (copper), Ffig. 6-10 (aluminum) and Fig. 6-15

(nickel) together with the experimental values.

(I1) Angular force model II -

The values of the interparticle force parameters Qs Go
xl/(az) and <2/(a2) are obtained from equations (4.96), (4.97), (4.98)
and (4.99).

These are shown in Table 4.

Table 4, The interpaticle force parametersa,, oo, kl/(a2) and n2/(a2)

of copper, aluminum and nickel in angular force model II.

Group Metal Temp. oy o ' Kl/(az) K2/(a2)
(°K) (103 dynes/cm.)

1b Cu o 36.52 1.859 -0.090 -0,882

300 36.06 1.098 0.0617 -1.102

3b Al 0 27.04 -3.031 1.022 -1.786

| 80 27.02 -3.067 1.028 ~1.801

8 Ni 296 40.10 7.997 -0.9776 0.3610

The dispersion curves obtained from equation (4.91) are shown
in Fig. 6-2 (copper), Fig. 6-7 (aluminum) and Fig. 6-12 (nickel).

The frequency histograms are shown in Tig. 6-U4 (copper),
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Fig. 6-9 (aluminum) and Fig. 6-14 (nickel), and the equivalent Debye
temperatures obtained from equation (5.6) are shown in Fig. 6-5 (copper),
Fig. 6-10 (aluminum) and Fig. 6-15 (nickel).

(2) Body-centered Cubic Lattice -

The following metals have been considered: sodium, tantalum,
molybdenum, tungsten, and iron. The lattice constant (a), the elastic
constants (cll’ Cy0s cuu) and the phornon frequency (longitudinal) at the
zone boundary in the [100] direction 6»b) of these metals are shown in
Table 5.



69

[6§] sanoquBTeN pue UO3SJIeyIead
*[9€] OUUOSTATJ], PUB YOTISPITQ
*[0g] noogpuey *d°I°V

P

O

q

*(62] YoMSTUY pUR TUTOONLIOY JO poyjaul auy Aq [OF] snTea sanjedsdus) wool ayy WOIJ POIETNOTE)

£52°8 682 I g1t GG°€T cE*€2 5998°2 682
gt o ® 612t T8°€T TE'He 28098°2 0 ad 8
108°9 wood o 20" 9T £Sh°0C 12€e*25 ShIT°E 00€
yf1s"s 0 E£TE°9T s6n'oe  SGeES 2029T°¢ 0 1 "
9 962 ; GoT'2l  Ehe’ll L10* th qQO0ST"E 00€ w
pLSE*S 0 €og'et  262'LT 200°Sh SOLIT'E 0 S
I 00§
£0°'S 0 9EL*8 9Tg°sT  2£9°%2 HL62°€ 0 =L ¢
8G°€ 06 VI 6L9° c1g°* S£5€2 1) eN s
(sdo .0T) (o) (wo/ukp.,0T) (*w> o 0T) (o)
Tq [oot1] *duiag, *Jay ::o mHo ﬂo e *dway, qusuwaTH dnoay
*uodT pue us3s3ung ‘umuspaAT1oy
funreques ‘untpos jo (3a) uotsoaatp [00T] 2u3 UT ATepunoq suoz su3 3E (TEUTPNITSUOT)
fousnbaay uououd ayy pue (Mo ¢Clo ¢Tloy squeqsuoo oTgsers ouy “(®) JuUeIsUOd 20T33BT SUL °G TqEL



70

‘[1h] moT
*[Gr] esnowpooag pue usuj)

*SOAIND UOTSJSdSTD Sud UaTM
JUsWSaLde TTRJSA0 J3439Q B SaAT3 anfeA STY3 JBU3 punog sesm 3] °sJoyjne ssayly £g pasn Topoul JUE}SU0D
30J0F 9U3 AQq USATS anTeA auj Joyjed 4ng anfea Tejuswigsdxe ayj jou ST STYL “[hi] Usyd pue SPOOH

((f°G) uotsenba) 9xa3 ay3 UT peurerdxs se (*sdo QT X £'9) onTeA amjedaduisy WOOT BY3 WOLJ PIATIE]

¢t
*[E€n] spooy

*((4'G UOT3ENDa) 3x83 Y3 Ut psuterdxs se aangeasdusy JSUBTY 4B SnTeA Tequasutgadys ayg WOAY PIATAS(]
*[2n] *Te 38 spooy
"[Th] #01

‘(o] JeUeseJIpuEU) DUE sufey



Tl

(I) Angular force model I -

The values of the interparticle force constants @1y Gny Ny
and n, are obtained from equations (3.27), (3.28), (3.29) and (3.30).

These are shown in Table 6.

Table 6. The interparticle force constants @15 @5, Ny and n, of sodium,

tantalum, molybdenum, tungsten and iron in angular force model I.

Group Metal Temp. oy . ‘a2 Ny | ny
(°K) (103 aynes/cm)
la Na 78 3.8690 0.5187  ~0.1237 0.0168
5a Ta 0 59.54 2,86 -1.187 1,651
300 . 58.26 24,33 -0.997 ~5.246 ‘
(o o e 5493 ~7.557 3.789 g
] 300 61.92°  53.82 ~7.558 3.559
o <; W 0 81.31 61.08  -5.979 2.673
)\ 300 80.58 60.02 —6.114 2,647
8 Fe 0 53.46 18.50 —2.324 1.165

~2. 442 1.188 -

-3
-3
=

289 52,06 17.
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(II) Angular force model IT -

The values of the interparticle force parameters Uys Go)
u/(a®) and uy/(a?) are obtained from equations (4.57), (4.58), (4.50)
and (4.60). These are shown in Table 7.

Table 7. The interparticle force parameters ays O ul/(az) and
u2/(a2) of sodium, tantalum, molybdenlum, tungsten and iron

in angular force model II.

Group Metal Temp. ay ey 'ul/(a2) uz/(a2)
(°K) o (103 dynes/cm.)
la Na 78 3.942 0.6593 -0.0395 0.0137
5a Ta 0 74 .68 21.39 0.974 -2.839
300 75.00 20.08 1.195 -3.138
/ M 0 58.96 66.27 -3.191  0.715
E 300 58.80 64 .94 -3.127 0.585
2 'E' W 0 79.27 69.73 -2.433 0.383
g{ 300 78.75 68.78 —2.464 0.3430
8 Fe 0 52.29 21.99 -0.981 0.220
289 50.94 21.37 -1.021 0.210

Because equations (3.31) and (4.61) are identical, the two
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angular force models for the b.c.c. lattice are equivalent as far as

the f'requéncy specﬁrum is concerned. We can use any one of equations
(3.20); (3.31) (i.e. (4.61)) and (4.50) for obtaining the dispersion
curves, frequency histograms and hence the equivalent Debye temperatures.

We use equation (4.50) to obtain the dispersion cui'ves. These
are shovn 'cogethér with the experimental points in Fig. 6-16 (sodium),
Fig. 6=19 (tantalum), Fig. 6-22 (molybderum), Fig. 6-25 (tungsten) and
Fig. 6-28 (iron). -

The frequency histograms are obtained from equation (4,50) and
are shown in Fig. 6-17 (sodium), Fig. 6-20 (tantalum), Fig. 6-23 (molyb-
denum), Fig. 6-26 (tungsten) and Fig. 6-29 (iron).

With the specific heats obtained from equation (5.5), the
equivalent Debye temperatures are obtained from equation (5.6) and are
shown in Fig. 6-18 (sodium), Fig. 6-21 (tantalum), Fig. 6-24 (molyb—
denum), Fig. 6-27 (tungsten) and Fig. 6-30 (iron) along with the experi-

mental values.




CHAPTER VI
RESULTS, DISCUSSIONS AND CONCLUSION
As mentioned in Chapter I, the most general force constant
model is the tensor-force model. In the following, we shall discuss
the interpretation'of the two angular force models (AFM-I and AFM-II)

in terms of the tensor force model,and the results we obtained,

{1) Tace-centered Cubic Lattice -

Upon equating secular equation (3.52) and the secular equation
of a tensor-force model with first nelghbour and second neighbour inter-
actions for the f.c.c. labtice*, we find that, as far as the frequency
spectrum is concerned, the angular force model I for f.c.c. lattice is

equivalent to a particular case of the tensor-force model with

110 1

al = "é‘ ( al + 01) v (6.1)
110
a3 = 201 (6.2)

as
k3

See, e.g., Squired article [217], Table TI. The second term in MA,4
for the f.c.c. lattice should read 110
2a3 (1-cos 8, cos 63) .

-

T
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110 N | '
.3 = 7 (-9 (6.3)
200
% = % C (6.4)
and
200
% = 0, | (6.5)
110 110 110 - 200 200
where ¢, “3 , 33 » % and ®, are notation used by Squires {a1]

to denote the force parameters for the first and the second neighbours,
used in the tensor-force model. From (6.1), (6.2) and (6.3), we have a .
relation between the first neighbour tensor-force parameters,

110 110 110 .
2a -ay - 28 = 0 (6.6)

1 3
Upon equating secular equation (4#.91) and the secular equation
of a tensor-force model with first neighbour and second neighbour inter-
actions for the f.c.c. lattiée (see footnote in p. 74), we find that, as
far as the frequency spectrum is concerned, the angular force model II for
f.c.c. lattice is equivalent to a particular case of the tenéor-fofée

model with
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110 _ 1 4 : ‘
a N = 5 °‘l + ;—2- (Kl + |<2) (6-?)
110 :
oq = 0 , (6.8)
110 ' ‘
1 y .
B = =S O - - K ' (609)
3 2 1 a2 1
200 I
al = 0.2 + —_2' Kl (6010)
a :
200 > .
® = -3 4 - (6.11)
a ' -

Dispersion curves by the angular force model I for the face-
centered cubic lattice —
From equation (3.61), we have obtained equations for the

dispersion curves along some axes of symmetry.
(i) [100] direction.

Longitudinal lattice wave frequency,

1

v = =L A e @ oegy - AR F0s P12

(6.12)
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Transverse lattice wave frequency,

. 1 2 2
v = { & Lacy, + acy, - 203,30 (¢-D)
+ (5 ae), + 3 acy, =¥, 20 571412 (6.13)

(11) [110] direction.
Longitudinal lattice wave frequency,
| 1 1 5 2
v = 5 {2 LGy, + acy, - 2n%, B0 (0D
3 : 5 2 241 1/2 : -
+ (aJc:Ll +5ac), + sacy, - vsz) Sy ]} (6.,14)

12

Transverse lattice waves' frequencies,

v(Tl) = %7"- {:IJ\;T [(ac12 + acy) - 2n2vb2M) (Cl—l)
+ (acll - %—ac:L2 + %—aouu - -nevbaM) 812] } 1/2. (6.15)
and
_ 1 1 2 2 2 2 1/2 SN
v(T2) = 5= { 7 [2n \)bZM (l—Cl) + <2acl$1l - Ty M) Sl ]} (6.106)
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(ii1) [111] direction

Longitudinal lattice wave frequency,

@ = = { Bleyy + 2oyt eyl P s | (6.17)
Transverse lattice wave frequency,
v(T) = %-1; {% [cll ~cqp * cuu]}1/2 S, (6.18)

Dispersion curves by the angular force model II for the face-

centered cubic lattice -

From equation (4.100), we have obtained equations for the
axes
dispersion curves along somerf symmetry.

(1) [100] direction.

Longitudinal lattice wave frequency,

v@) = 3= {% [2n2 2M (1-C;) + (acy; - 72,2 8123} 172 (6.19)
Transverse lattice wave freguency
v(m) = 3= {%[%bzm (1-c,) + (acy, - & =R 312]'}1/2 (6.20)
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(ii) [110] direction

Longitudinal lattice wave frequency,

. .
v(L) = oy 3 l%i-[tr‘? M (1-C ) + (acll + ac), + 2acy, --—-nv 2M) ;1/2
Transverse latticg waves' frequencieés, (6.21)

| L |
w(T) = = {I%I.[-nzvbzm (1-C) + (acy) - acy, = 5 19 “M)S; ]}2 (6.22)
v(Ty) = = ’ & [2n%, M (1-C)) + (2acy, - »%, M) S, ]§U2 - (6.23)
(111) ([111] direction
Longitudinal lattice wave frequency,
_ 1 -1/2 ,
o0 = o e, + 20, + o1 V2, (6.24)
Transverse lattice wave frequency,
_ 1 a 1/2 '
v(T) = 5 { 7 [eqg =0 * cuu]z S; (6.25)

On comparing equations (6.12) and (6.19), (6.16) and (6.23),
(6.17) and (6.24), (6.18) and (6.25), we find that the longitudinal

dispersion curves in the [100] direction, the transverse dispersion curves
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T, (vibrating along the [001] direction) in the [110] direction, the
longitudinal and the transverse dispersion curves in t_}';e (111] direction,
are identical for the two a.ngular force models. This is also seen in
the corresponding figures. ,

Upon examining Tables 3 and 4 in Chapter V, we find that for
both models, in general, the first neighbour central force parameter, T
18 of magnitude ten to twenty timesthOse of the corresponding second
neighbour force parameter, ase For thé metals inyestigated, all ay and
a, are positive except - &, of aiuminum in Model II. In general, the
angular force parameters in Model I, o, and o3 are of the same order of
magnitude 1?13 a, while those in Model I.I are smaller, The-angﬂar force
parameters/Model II are smaller in magnitude than those in Model I. Their

signs vary from metal to metal and from model to model. In the case of

copper, ./ (a2) is very small in comparison with the others, I

Copper

On examining the dispersion curves of copper (Figs. 6~1 and

+ 6=2), we find that in the [£00] and the [¢z0] direction, Model II gives
reasonably good result while the transverse dispersion curve along the
[z00] direction and the dispersion curve T2 in the [zz0] direction in
Model I gives values below that of the experimental points by about 15%.
The dispersion curves in the [gzz] direction are satisfactory. (They are

identical for these two models). The experimental values shown in the
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diagrams are due to Sinha [34] and Cribier [46]. Very similar results
have been obtained by Svensson, Brockhouse and Rowe [35] by a different
" method.

The frequency spectrum of copper in model I (Fig. 6-3) has a

broad peak at frequency about 4 x 1012

the same height at a frequency of 7 x 1012 cps. The frequency spectrum

12 c

of coppér in model II (Fig. 6-4) has a broad peak at about U5x 10 o]

12

and a sharp peak of about double its height at 7 x 10™" cps. 'This

spectrum is in good agreement with that
obtained by Varshni and Shukla [26], using a third-neighbour tensor-force
model.

The Debye temperature curves of copper for the two models are of
the same shape (Fig. 6-5). Model II gives better agreement with the
experimental results at low temperature while model I gives better reédlts
at higher temperature. Moreover, it approaches to a constant value of

about 312°K for temperatures higher than 140°K. The experimental values

of Debye temperatures are from Martin [U7, 48.

Aluninum

In the case of aluminum, Model II gives better result: of
dispersion curves than that of Model I (Figs. 6-6 and 6-7). The longitﬁ-
dinal dispersion curve in the [¢00] direction, the transverse dispersion
curve T2 in the [zz0] direction and the transverse dispersion curve in
the [¢zr] direction are reasonable. The experimental values have been

obtained by Stedman and Nilsson [36] at 80°K.

- cps and a sharp peak of approximately
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The frequency spectra of aluminum for the two models are similar
(Figs. 6-8 and 6-9). Both give a broad peak in the range of ¥ from

5x 1012 cps to 7 x 1012 cps, and a sharper and higher peak at about

8.8 x 1012 cps. These are compatible with that obtained by Varshni and
Shukla [26], using an axially symmetric model.

The Debye temperature curves for the two models show:. the same
characteristic as those of copper, namely, Model II gives better result in
low temperatures while Model I glves better result (which approaches to a
constant value), at higher temperatures (Fig. 6-10). Except for the OPK
point the experimental @'s are from the work of Giauque and Meads [149]

corrected for the electronic contribution [80]. The 0°K value is due to

Phillips [501].

Nickel

Model ITI gives reasonably good result of dispersion curves of
nickel (Fig. 6-12) except the longitudinal dispersion curves in the [zzz]. -
direction. This result is better than that provided by Model I. (Fig. 6-11). .

The frequency spectrum of nickel in Model II has a broad peak

12 cps and 6 x 1012 cps, and

in the range of frequency between 4.5 x 10
a sharper and higher peak at about 8.3 cps (Fig. 6-14), This is in good
agreement with that calculated by Birgeneau et al. [37] using a fourth-
neighbour tensor-force model, and the experimental results obtained by -
Tchernoplekov et al. [51], Brugger [52], and Mozer et al, [53]. The

spectrum provided by Model I is not so encouraging. (Fig. 6-13). G
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The "experimental" curve for Debye temperatures shown in
Fig. 6-15 represents the experimental heat capacity data of Busey and
Giauque [54] and of Rayne and Kemp [55] as interpreted by the latter
authors. The analysis of heat capacity (CV) data for nickel 1s compli-
cated by the existence of a magnetic contribution Cm,_in addition to the
usual conduction electron (C°) and lattice (cl) terms. Thus an analysis

of QI(T) for T < 10°K by means of the formula,

1

c = cC+ct = yr+grd

v

is quite inadequate in the case of nickel. In the absence of a magnetic

field, the dominant term [56] in ¢™ is of the form at3/2 for low T. The

existing Cv data for nickel are not sufficiently precise to determine.
the value of A. This can be found, however, from saturation magnetization
measurements, and theAapprophiate allowance for ™ made in the analysis of
Coe In this way, Rayne and Kemp [55] have deduced the "experimental"
curve shown in Fig. 6-15. Model II provides reasonable result in compari-
son with the experimental curve. Thes theoretical curve tends to a constant
at higher temperature. On the other hand at temperatures higher than
260°K, it seems that the results by Model I are in better agreement.

As a conclusion, we find that the angular force Model II provides
reasonably good results for dispersion curves, frequency speétra, and

Debye temperatures. Though only four force parameters are used, the results
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are comparable to those obtained from models with more parameters.

The hlstograms and Debye temperatures for coppér and aluminum
were calculated from the force constants at 0°K. It is possible that
the disagreement with Debye temperatures at high temperatures could be

lessened if force constants appropriate to those temperatures are used.

(2) Body-centered cubic lattice -

Upon equating the secular equation (3.20) and the secular

ecuation of a second neighbour tensor-force model for the b.c.c. lattice

spectrum
(see footnote in p. 74 ), we {ind that, as far as the frequency/is concerned,

the anrular force Model I for b.c.c. lattice is equivalent to the second- ‘

i

neighbour tensor-force model with the f‘ollowin'g identities,

. 111 | 6 o6
'3— (al + 2n1> = al ( 2 )
200
ay = oq (6.27)
200
n2 = 02 (6-28)
and
1 111 6

which .
The angular force Model II for b.c.c. latticeyalso involves 4

corstants is equivalent to the second neighbour tensor-force model with
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the following identities,

ey 16u1 8u2 111
— + = o (6.30)
3 922  3a2 1
32ul 200
u2 + 5 = al ) (6.31)
%a :
8u by 200 : ‘
1 2 :
—_——t —5 = 4, - , (6.32)
9 2 3a2 2 o
(] 8u by 111
3_1.__%.+_.§ = 8 (6.33)
9a 3a ‘
111 200 200 111

If in equation (3.20), we use aq 5 @& , 05 and 8, as
the parameter instead of @;, ®,, Ny, ",, that is, by substituting (6.26),

(6.27), (6.28) and (6.24) into (3.20), we get a secular equation which
111 200 200
would be identical to that obtained by substituting Gy 5 % 5 %o and
111

1
force models are equivalent as far as the frequency spectrum is concerned.

B into equation (4.50). TFrom this, it is obvious that the two angular

An examination of Tables 6 and 7 in Chapter V, shows that in
both models, in general, the first neighbour force parameter al; is of

magnituaes two or three timesthose of the second neighbour force parameter
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0ne In the case of molybdenum in Model IT the valuesof a, are larger
than those oful. The signs of the values of aq and.a2 in both models
are positive,

In general,“the valges of the angular force parameters, ny or
ul/a2 are smaller than ay by a factor of thirty or forty;nl values are
greater than n, values and ul/(a2)'values are greater than uz/(az) values
with the exception for Ta. In general, the values df " are greater than
those of ul/(az) and the values of n, are greater than those of u2/(a2).
In the cases of molybdenum, tungsten and iron, the values of uz/(aZ) are
around one-tenth of those of “1/(a2) and are negligible in comparison with
those of a;. This is why Clark et al. (23] haQe obtained reasonable
result for dispersion curves of iron, by means.of a three constant anguiar
force model.

The signs of n, are all negative. The signs of N5 and u2/(a2)
are all positive except those for tantalum. The signs of ul/(az) are all
negative except those for tantalum.

The magnitude and signs of the angular force parameters of
tantalum show that its behaviour is different from the other metals

considered here,

Sodium

The dispersion curves of sodium in Fig. 6-16 are in good accord

with the experimental results of Woods et al [42].
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The frequency spectramof sodium in Fig. 6-17 has a peak at

12 12

about 1.7 x 107 eps, a higher one at 2.6 x 10°° cps and a highest one

at 3.6 x 10%° cps. This is in good agreement with that. obtained by Dixon
Woods and Brockhouse (57 ] usipg a fifth-neighbour tensor-force model.

The experimental points of Debye temperatures shown in Fig, 6-18
- were derived by Dixon et al. [57] from experimental heat capacity data of
Martin [58]. The theoretical Debye temperature curve shows better agree-
ment with experimental values at temperatures below 100°K. For higher

temperatures, the theoretical value increases with increasing temperature

while the experimental value decreases .

Tantalum

-

The dispersion curves of tantalum have been measured by Woods
(431 ‘

The transition metals show a number of perplexing properties
and it is also reflected in their measured dispersion curves, which are
knowﬁ to be quite complicated. It is therefore not surprising that in
the case of tantalum;ggggoretical curves do not show a good agreement
with the experimental results. In the [100] direction, for g >.5 the
longitudinal branch takes a dip and goes below the transverse branch.
It is not possible to reproduce such a behaviour with only four force

constants.

We have mentioned earlier the discordance of the magnitude and
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signs of the force constants of tantalum in comparison with other metals,
The frequency spectrum of tantalum has one peak at

2.8 x lO12 ceps and a higher and sharper peak at 5.2 x 1012

cps (Fig.
6-20). Its shape is similar to that obtained by Woods [43], calculated
from the seventh-neighbour geheral force model.

Heat capacity measurements on tantalum have been carried out
by Clusius and Losa [59]. The experimental points for g 's were obtained
by subtracting the electronic heat capacity from ﬁheir results; A
number of values of Y have been proposed. A majority of them are close
to 14, x 10'“ calfz. at. deg.z) (Gschneider [60]) and this value was

also adopted here.

The theoretical Debye temperature curve (Fig. 6-21) has

reasonable agreement with the experimental valﬁes for temperatures

below 100°K, For higher temperatures, the experimental value increases
rapidly with increasing teﬁperature, while the theoretical value remains
almost constant. It appears that the value of y used here is not completely

satisfactory.

Molzbdenum

The dispersion curves of molybdenum (Fig. 6-22) in the direction
[00z] have better agreement with the experimental values {447 than that of

the dispersion curves in the other directions.

The frequency spectrunof molybdenum has a sharp peak at
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12

12 cps and a lower one at 8.5 x 10°° cps. (Fig. 6-23).

5.1 x 10
The Debye temperature curve of molybdenum agrees with experi-
mental values for temperatures lower than 100°K (Fig. 6-24)., At higher
temperatures, the theoretical value increases gradually with increasing
temperature, while the experimental value fluctuates.
The experimental values were derived from the heat capacity
measurements of Clusius and Franzosini [61] using v = 5,02 x 10'4

cal/(g-at. deg.2) (Gschneider [60]).

Eyggsten

The dispersion curve of tungsten show better agreement with
experimental points in the [00z] direction than in the others. (Fig.

6-25). The experimental values have been obtained by Chen and Brockhouse

[451.

The histograms of tungsten has a sharp peak at 4.1 x 1012 cps

12

and a lower one at 6.7 x 10°° cps (Fig. 6-26).

The Debye temperature curves of tungsten shows reasonable agree-
ment with the experimental values. For temperature higher than 200°K, the

theoretical value remains constant while the experimental value decreases

with increasing temperature.

The experimental values were obtained from the heat capacity

measurements of Clusius and Frazosini [61] using v = 2.92 x 10-1l

cal/g-at. deg.2) (Gschneider [607).
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Iron .

The dispersion curves of iron (Fig. 6-28) are in good agree-
ment with the experimental points obtained by Low [41].

The frequency spectrum of iron has a plateau in the frequency

12 12

range 4.5 x 107" cps to 7.5 x 1012 ¢ps and a sharp peak at 9 x 10 cps

(Fig. 6-29).

As in the case for nickel, the specific heat of iron has a

spin-wave contribution (a 73/ %)

in addition to the usual conduction electron
(vT) and lattice terms. Different experimenters have found somewhat
different values of a ard y. Hec:ent experiments of Dixon et al. [62]

—t 2 s
~ue v o= (11.34 £ 0.03) x 107 salgole derdand « = (1.15 E 0.09) x 1072

calfmole de;.:S/ 2) Mahesh anc Dayal [637 nove used these values of a and

¥ to derive Debye temperatures from the experimental values of Q, meésured ‘
by Dmyckaerts [64] and Kelley [65]; these experimental values are repro-

duced in Fig. 6-30. The theoretical curve is very similar to that calcu~

lated by Mahesh and Dayal [63] by using an extended Krebs model [66]. The
agreemant between the experimental values and the theoretical curve is not
~unsatisfactory. |

In conclusion we find that for those metals whose dispersion
curves are not complicated (e.g. Na, Fe) the second-neighbour tensor-force
model can be used with fair success. For others though it may not be very

satisfactory for the dispersion curves, it still can give-a reasonable

description of the average frequency spectrum and specific heat.
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