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Abstract

The static and dynamic characteristics of homogeneous rectangular plates
and rectangular sandwich plates are studied by the finite element method using a

8-node isoparametric rectangular element.

Various parametric studies are conducted in an attempt to establish the va-
lidity of the results. Convergence characteristics of the element used in the formu-
lation has been highlighted. Wherever possible, results obtained from the present

investigation are compared with those available in the technical literature.

A computer code utilizing the finite element method is developed to generate
solutions for the static and dynamic analysis of homogeneous plates and .sandwich
plaﬁes for conditions of plane stress, plane strain, bending, and combined stress
and bending for small deformation problems only. However, in this work, the
scope is limited to bending problems only. Further, only the values for the center
deflection are generated, in the static analysis, even though the code has the
capability to generate the various stress components. In the dynamic analysis, the
natural frequency and the associated mode shapes are determined. The boundary
conditions are taken as frce, simply supported, clamped edge constraints and their
combinations. Uniformly distributed loads, concentrated loads or a combination
of both can be applied. This study concentrates on free vibration problems in the

case of the dynamic analysis.

The effect of considering non-uniform shear distribution in the core of the
sandwich plate is studied for both the static and dynamic analysis. The impact of

considering two different orders of numerical integration is also studied.

i1



Solutions for the dynamic analysis are presented for various boundary condi-

tions.

Results obtained from this numerical analysis are shown to be in good agree-
ment with other precise analyses done by previous researchers. It is seen that the
method outlined here, provides an effective and efficient means of analysing homo-
geneous rectangular plate and rectangular sandwich plate problems with various

boundary conditions and loading conditions, to establish the static and dynamic

characteristics.
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Chapter 1

Introduction

1.1 Sandwich Plate

1.1.1 General

Sandwich plates used in this work are defined as a three layer type of construction,
consisting of two thin sheets of high strength material between which a thick layer
of low average strength and density is sandwiched. The two thin sheets are called
the faces, and the intermediate layer is the core of the sandwich. The face sheets
are usually made of aluminium alloys, reinforced plastic, titanium, heat resistant
steel or other metals. A very popular type of core is the honeycomb’ core, which
consists of thin foils in the form of hexagonal cells perpendicular to the faces.
Other types of cores are corrugated sheets, with corrugations running parallel to

the faces, expanded materials, such as cellulose acetate, synthetic rubber etc., and



balsa wood. The material of honeycomb cores, corrugated cores, and the like can

be similar to the material of the faces.

1.1.2 Advantages and applications

The main advantages of sandwich construction are

1. Weight savings of upto 30 percent over the conventional structures can be

achieved in certain structures.

2. The good surface finish and the resistance to local deformations give rise to a
high aerodynamic efficiency.

3. Outstanding rigidity is exhibited.

4. Fatigue properties are good especially with regard to acoustical fatigue.

5. Good thermal and acoustical insulation.

6. Ease of mass production.

Due to these advantages, sandwich construction has many applications in
the aircraft and missile industry. Examples of applications are wings, fuselage
and tailplane skins, pressure bulkheads, spar webs, ribs, flooring ecte. Further,
the building industry has used sandwich construction for partition walls, exterior
curtain walls, roof cladding spanning between the primary structural framework

and as shell type roofs for exhibition buildings such as the 1965 New York world

fair and Expo 67 at Montreal.

Ev]



1.1.3 Analytical methods

The theoretical and experimental investigation of sandwich construction has com-
manded a great deal of attention among researchers in the fields of elasticity and
allied areas. Many theories have been proposed but in practice, a great deal of
simplification is required before the design engineer is able to handle them ef-
fectively. Various methods have been employed by researchers including Fourier
series, Lagrangian multiplier technique, Ritz energy method, Perturbation, Finite

difference method, Finite strip method and the Finite element method.

1.2 Finite Element Analysis

1.2.1 General

The finite element analysis was first successfully utilized in the aerospace industry
in response to the need for a procedure which could provide a refined solution for
the problems resulting out of extremely complex airframe configurations. With
the advent of high speed computers, the finite element analysis has become eco-
nomically justified and has been successfully applied to industries such as nuclear,
automotive, farm equipment, electronics, oil exploration and many others. This
method has been and is being applied with success to many of the problems of

elasticity which were previously solvable only with considerable computational

difficulty.

The basic advantages of the finite element analysis is that irrespective of the



size of the structure, analysis can be done. Complex boundary conditions can
be simulated with ease in the finite element analysis which cause considerable
problems in other techniques. This analysis requires a lot less time than other
methods of analyses. The relative merits and demerits between the finite element

analysis and the modal analysis are listed in [63],[75].

Finite element analysis is an analytical technique in which a structure, which
is theoretically a continuum mechanics problem, is approximated by an assembly
of elements, called finite elements. A variety of finite elements have been developed
which are very useful in solving practical problems. It is up to the user to include
enough elements in his model such that the true stress distribution is adequately
described by a series of linear segments. If only mode shapes and frequencies are
desired, but accurate stress distributions are not required, experience has shown

that fewer elements will suffice {75].

The solution of a model consisting of one element is trivial and could be solved
in closed form. The power of the finite element method is that the stiffness of an
assembly of elements is equal to the sum of the element stiffness matrices. For
example, a table might be modeled by four beams for the legs and twenty shell

elements for the top of the table. Mathematically,

(K) = 2 K

i=1

where n is the number of elements, K; is the stiffness matrix of element ¢ and

(K) is the stiffness matrix of the system.



Let (X) be a vector of the displacement and rotational degrees of freedom of

the system, and (F) be a vector of the applied forces and moments, then:

KIX) = (F)

For stress analysis, (K} can be found by summing the element stiffness matri-
ces and (F) is the applied force. A significant amount of computer time is required
to solve for (X) and is dependent of the size of the stiffness matrix of the system.
Stresses and strains can be computed from (X). This method can be extended to

the solution of dynamic problems. For free vibration problems with no damping,

(M)(X) +(K)(X) = ¢

-

where (X) is the acceleration and (M) is the system mass matrix.

The above equations are dealt with in detail in Chapter 4.

1.2.2 Recent developments

Recent studies have been undertaken to further improve the conventional finite
element method. Gupta [74] in 1976, explored the concept of dynamic elements
involving higher order dynamic correction terms in the associated stiffness and
mass matrix. Such matrices were then developed for a 1:ctangular prestressed

membrane element. In 1978, he developed an efficient free vibration analysis



procedure for two dimensional structures [35]. This analysis proved to give a more

efficient and economical solution than the conventional finite element method.

In 1980, Soares et al [63] developed two mixed isoparametric elements for the

dynamic analysis of plate structures.

Stavrindis et al [68] in 1989, presented a improved finite element formulation
for dynamic analysis. Improvements are based on modifications of the finite cl-
ement mass matrix. Frequency errors and stress errors are at least three times

smaller than the corresponding consistent or lumped mass formulation error.

However, in the present work, the conventional finite element technique is

followed.

1.3 Scope of Present Work

Finite element analysis for rectangular sandwich plates has been presented in sev-
eral pullications namely [71],{41],[40]. Various displacement fields were assumed

by the authors for obtaining the center deflections and natural frequencies for flat

sandwich plates.

The present work uses a 8-node isoparametric element for the analysis. Isopara-
metric elements have a distinct advantage over the subparametric elements in rela-
tion with the number of elements used to represent a relatively complex system and
for modelling geometric boundary conditions. Isoparametric elements also facili-

tates the use of Gaussian numerical integration procedure which is the numerical



technique used in this work.

A versatile computer code is developed to include static and dynamic analysis
of homogeneous thin plates, thick plates and sandwich plates for clamped, simply
supported and free boundary conditions. Sandwich plates with orthotropic cores
can also be analyzed provided the contribution of the core in resisting bending and
torsional loads is negligible. The code developed is capable of handling conditions
of plane stress , plane strain, bending and even combined plane stress and bend-
ing for small deformation problems only. However, in this work, scope has been
limited to bending problems only. Further, only the values for the center deflec-
tion are generated, in the static analysis, even though the code has the capability
to generate the various stress components. Comparisons are made with available

analytical solutions.

The shear correction required for the non-uniform shear distribution in the
core of the sandwich plate has been considered in this present analysis. Most
of the previous work done for determining the static characteristics of sandwich
plates has been with an uniform shear distribution in the core. In this work,
a detailed analysis is presented regarding the difference in results obtained by
neglecting or including this factor for the static analysis of sandwich plates with
varying parameters. The shear correction has also been considered for the dynamic

analysis of sandwich plates in this work.

Most of the solutions generated for the dynamic analysis of sandwich plates
by previous researchers have been for clamped and simply supported boundary
conditions only. A detailed parametric study is done in this work for four different

boundary conditions including two with free edges.



Gaussian numerical integration has always been a very important aspect in
finite element analysis. There is an enormous literature available on this, with
regard to the most optimum and efficient order of Gaussian numerical integra-
tion required for various problems. A discussion and difference in convergence is

brought out in the present work between two different orders of Gaussian numerical

integration in Chapter 6.

In finite element analysis, depending upon the numnber of simultancous equa-
tions to be solved, the usage of computer time dramatically increases. It is of
utmost importance to predict the rapid convergence of the element and its related
shape functions so as to optimize the number of elements used in the finite element
analysis. In this work, convergence is shown for the static and dynamic cases with
various boundary conditions and loadings for homogeneous plates and sandwich
plates. This helps predict the mesh size required for satisfactory solution for any
related structural problem. The above has not been highlighted in any previous

paper.

The present study is motivated by the fact that sandwich plates have fairly
wide spread applications as discussed earlier in section 1.1.2, and yet therc are
some shortcomings. Hence, the basic aim is to provide an efficient and accurate
computer code to analyze the static and dynamic characteristics for various plates
and provide results which the design engineer can use within the scope of the
assumptions. made. It is not the intent of this work to give an exhaustive record of

resulte, but rather to present results which tend to instill confidence in the analysis

method presented.



1.4 Thesis organization

Chapter 2 reviews the past work done in the static and dynamic analysis of
sandwich plates. Some papers which are not entirely relevant to this work have
also been included so as to provide a broader perspective on the work done on

sandwich plates.

Chapter 3 contains the theoretical basis for the code developed for the analysis
of sandwich plates. The fundamental differential equations are detailed out and

boundary conditions considered are also discussed.

Chapter 4 discusses the isoparametric element used in the analysis and the de-

velopment of the displacement based formulations used in the code.
Chapter 5 discusses the basic features of the computer code developed.

Chapter 6 presents a detailed analysis of the results obtained for the static and

dynamic analysis of homogeneous plates and sandwich plates.
Conclusions and recommendations are presented in Chapter 7.

Three appendices are included at the end of this thesis. Appendix A contains
all the relevant figures based on the results obtained in this work. Appendix B
contains the general flow chart for the code developed and also a sample input
and output of the code. Appendix C gives the recommended order of Gauss

numerical integration for two dimensional isoparametric elements.



Chapter 2

Review of Literature

2.1 Review of previous work on static analysis

of sandwich plates

The theories of sandwich plates were investigated by several authors. Hopkins et al
[12] in 1944 described the experimental and theoretical work on the behavior of flat
sandwich panels under uniform transverse loading. The theory developed applied
to sandwiches composed of isotropic materials and was based on the assumptions
that the edges are simply supported and that the panel deflections are less than
the panel thickness. Further, the faces take bending only and, the core, only shear.

Fair agreement was found between the experimental and theoretical work.

The basic differential equations for the finite deflections of sandwich plates

were developed by Reissner [23] in 1948. In his work, the development of the
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bending theory for sandwich plates was based upon several fundamental assump-
tions 1'egardihg the behavior of the faces and the core. These assumptions are as

follows.

1. The thickness of the faces is very small compared to the thickness of the core
and hence the stresses in the faces parallel to their planes are distributed uniformly

over the thickness of the face layers.

2. The values of the elastic constants E¢, G for the face layers are large compared
with the values of the elastic constants E., G, for the core layer. Further, the
products tE;,tG; are large compared with the values of cE. and ¢G.. On the
basis of this assumption, the face parallel stresses in the core layer and their effect

on the deformation of the composite plate is neglected.

Thus, Reissner treated the sandwich plate as a combination of two plates
without bending stiffness (the face layers), and of a third plate (the core layer)

offering resistance only to transverse shear stresses.

With these assumptions, a system of equations has been derived to describe
the behaviour of sandwich plates under the bending loads. In this study, he found
that the transverse normal stress in the core is negligibly small compared with
the transverse shear stress and that the range of deflections for which the linear

theory is adequate decreases as the core is made softer relative to the faces.

In 1950, Hoff [11] derived a set of differential equations by means of the prin-
ciple of virtual displacements from the essential parts of the strain energy stored
in the sandwich plate. The essential parts were the strain energy of bending in

the faces and the strain energy of shear caused in the core. Boundary conditions
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corresponding to simply supported, clamped and free edges were considered.

Eringen [6] in 1951 obtained four partial differential equations for the hending
and buckling of rectangular, flat sandwich plates having homogeneous core and
identical faces subjected to various types of loading and boundary conditions by
use of the theorem of minimum total potential energy. Various effects previously
omitted were incorporated into the analysis. The three-dimensional stress dis-
tribution in the core is taken into account and thus the bending rigidity and the
flattening of the core are not neglected. Also, the face layers, which are customarily
assumed to be thin, have bending rigidity. The theory developed inherently unifies

overall bending and buckling and the bending and buckling with the flattening of

the core.

In 1951, Yen et al [15} used a Fourier series to solve the governing differential
equa_tions proposed by Hoff and get numerical results for the maximum deflection
of a simply supported rectangular sandwich plate for loading consisting of either a
uniformly distributed transverse load or a concentrated load applied at the center
of the plate. Both the upper bound and lower bound solutions were presented in
this work. The calculated values of the maximum deflection compared favorably
with the test results, although many of the results were of slightly smaller val-
ues than the test results. This behaviour is to be expected since the theoretical
boundary conditions correspond to a greater degree of constraint along the edges

than do the experimental boundary conditions.

Gerrard {22] in 1951, developed a system of equations describing the bending
of thick sandwich plates. The thick plate system is required when the thickness

relative to the characteristic length is not small, and hence includes deflections
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due to shear. The need arose in connection with an investigation of the instabil-
ity behaviour of thick sandwich plates for which wrinkling is the usual mode of

instability.

Kroll et al [14] in 1953, investigated the effects of lateral and axial loads on
sandwich construction. Experimental results were obtained for sandwich panels
with simply supported edges and free edges. The maximum load and the mode of
failure were observed and lateral deflection and the axial strains were also mea-
sured. Equilibrium equations for a sandwich column with simply supported ends
under combined axial load and lateral pressure were derived and from them, the

formulas for axial strain and lateral deflection.

Ikeda {7] in a paper published in 1955 developed a theory of bending of
isotropic flat sandwich plates in which the individual stiffness of the facing or
of the core 1s not neglected in comparison with the total bending stiffness of the

sandwich plate as a whole.

Thurston 4] in 1957 applied the Lagrangian multiplier method to Hoff’s energy
expressions for sandwich plates to derive equations for finding the deflections and

buckling loads of rectangular plates clamped on all four edges.

Harris et al [27] in 1960 presented buckling curves for the general instabil-
ity of flat, simply supported, corrugated core, rectangular sandwich plates under
longitudinal compression and bending, transverse compression and bending, and

shear. The stability criterion is formulated by means of the Rayleigh-Ritz energy

method.
Seide [28] in his comments on Harris et al’s paper in 1961 pointed out that
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their assumption that any line in the sandwich core that is initially straight and
normal to the middle surface will remain straight after deformation of the plate but
will deviate from the direction of the normal to the deformed middle surface by an
amount that is proportional to the slope of the plate surface, this proportionality

factor being constant, throughout the plate is misleading.

In 1962, Cheng [30] developed a system of differential equations for the small
deflection of a sandwich plate by means of the variational theorem of comnplimen-
tary energy in conjunction with Lagrangian multipliers. From these equations, a
governing linear differential equation of sixth order for the deflection is derived
and the solution of this resultant equation may be readily obtained thru the use

of the techniques that have been developed in the classical theory of plates.

In 1962, Okamoto [8] extended Hoff’s energy method to the case of the cylin-

drical coordinates with the view of applying to circular and sectorial plates.

Okamoto [33] in 1963, assumed the componer.is of displacements in the form
of double Fourier series and derived the equations of strain energies based on the
principle of virtual displacements. In this method, the differential equations were

not used and the problems are solved by the direct method for the caleulus of

variations.

Alwan [73] in 1964 derived the differential equations for large deflection of
sandwich plates taking the core to be an orthotropic honeycomb-type structure

instead of the isotropic core assumed by past researchers. He took the same

assumptions as Reissner.
Habip {66] in 1965 also reviewed the developments in the analysis of structures
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which covers the elastic behaviour of sandwich beams, plates and shells under
various loadings, and problems of elastic stability and dynamic response, including

geometrically non-linear effects.

In 1965, Lin et al [5] developed a method for calculating the deflections and
bending moments of rectangular sandwich panels with clamped edges under com-

bined biaxial compression and pressure.

Liaw et al [21] in a paper published in 1967, developed the governing equa-
tion for bending of multilayered sandwich plates by variational methods. The
plate is considered to be composed of n membranes, having different thicknesses
and possessing different isotropic elastic properties, and (n — 1) orthotropic cores.
Equations developed by Reissner and Cheng can also be extended to include mul-

tilayer sandwich plates by redefining the physical constants of the plate.

In 1967, Alwan [73] presented a solution of Reissner’s equation for the case
of a simply supported rectangular sandwich plates subjected to uniform normal

pressure.

2.2 Review of previous work on dynamic analy-

sis of sandwich plates

In 1959, Yu [1] extended the new flexural theory developed by Mindlin (32] to
include the effects of transverse shear deformation and rotatory inertia in both the
core and faces of the sandwich. No limitation was imposed upon the magnitudes

of the ratios between the thicknesses, material densities, and elastic constants of
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the core and faces of the sandwich.

In the same year, Yu [2] investigated the simple thickuess-shear modes of
infinite sandwich plates on the basis of both the elasticity theory and the new

sandwich plate thecry developed by him in the earlier paper.

- In 1960, Chang [13] investigated the flexural motion of a rectangular sandwich
panel with an orthotropic viscoelastic core. Differential equations and boundary
conditions were derived by taking into account the rotational inertia of the whole
panel and the shearing deformation and viscoelastic damping of the core. The
dynamic response of a simply supported rectangular panel to a unit step function
is first obtained and the general transient and steady state response of the panel
to an arbitrary input function is then expressed in terms of the unit response by

means of the convolution integral.

Yu [3] in 1960, investigated the flexural vibrations of sandwich plates hased
on the new sandwich theory developed by him in a earlier paper [1] and the exact
elasticity theory. Numerical results yielded by both the theories showed excellent
agreement with each other, and the new sandwich plate theory is seen to be good
for a very wide frequency range which is of practical interest. In a subsequent paper
in the same year, Yu [9] simplified the vibration analysis for ordinary sandwich

plates which have thin face layers and low frequency ranges.

Ueng [19] in 1966 used the Lagrangian multiplier method to develop a solution
for calculation of the natural frequencies of free vibration of a rectangular sandwich
panel clamped on ali edges. Both the lower bounds and the upper bounds of the

natural frequencies were obtained.
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In 1967, Raville et al [20] presented the natural frequencies for free vibrations of
a simply supported sandwich plates. Experimental results were in close agreement

with the theoretical results obtained.

In 1972, Shahin [37] obtained the natural frequencies of a simply supported
plate with isotropic facings and orthotropic cores in a closed form as a function of
parameters depicting in-plane load, aspect ratio, and orthotropicity of the cores.
Influence of these parameters on the natural frequencies were presented. For a
double sandwich plate, the influence of the face thickness and Young’s modulus

on the fundamental frequency are studied and illustrated.

Bert [29] in 1979, surveyed the literature concerning dynamics of plate-type
structural elements of either composite material or sandwich construction. Papers
from 1976-1979 were reviewed and special attention is given to rectangularly or-
thotropic, eylindrically orthotropic, and anisotropic plates; laminated plates;thick

and sandwich plates; and nonlinearities.

Ozguven [65] in 1982 did mathematical modelling for dynamic response anal-

ysis of partially coated or laminated plates by an energy approach.

Balendra [70] analyzed the free vibration of plated structures by the gril-
lage method in 1985. Accuracy of the method was assessed by comparing with
- published results and the finite element method. Reasonably good results were

obtained by the grillage method.

In 1988, Kanematsu [36] presented a linear analysis for bending and vibration
of sandwich plates consisting of an orthotropic core and unbalanced laminated

face plates. A solution method was proposed through the principle of minimum
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total potential energy, and a double Fourier series approach was used for the

displacement functions.

2.3 VFinite Element Analysis of Sandwich Con-

structions

In the last 25 years, this method has been used widely to solve various structural
problems. However, this method is not intended to replace the other numerical
methods developed and used by other researchers but rather to supplement them.
Finite element method has been used for complex structural problems such as

stiffened plates, cellular structures and sandwich plates with great success.

One of the first finite element analysis of sandwich structures was done by
Abel et al [24] in 1968. The finite element method was extended to the refined
elastic analvsis of sandwich beams and shells with no restriction placed upon the
ratios of the layer thicknesses and properties. Element stiffnesses were developed
based on polynomial displacement models. The theory adopted was based on the
Yu’s new sandwich theory. The element utilized was the doubly curved element

which duplicates the position, slope, and curvature of the original structure at

each nodal circle.

Monforton et al [71], also used the finite element method to predict displace-
ments, stresses, and natural frequencies of sandwich plates and shells with unbal-
anced laminated faces. The assumed displacement field was represented by the

sum of products of one dimensional Hermite Interpolation polynomials. Stiffness
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and consistent mass matrices for small displacements were presented in terms of
the element geometry, the stiffness of the faces and the transverse shear stiffness
of the orthotropic core. As a result, eighty degrees of freedom per element was

used in the analysis.

Ahmed [41] in 1971, analysed the static and dynamic characteristics of doubly
curved sandwich plates, with or without the application of initial membrane static
stresses. The element used was the rectangular element having five and seven
degrees of freedom per node. Both constant and parabolic variation of strain in the
honeycomb core were used. He also presented the comparison between the static
and dynamic analysis of a clamped flat sandwich plate with the results obtained by
well established methods. The rectangular element with seven degrees of freedom
per node was found to give a better representation of shears in the core, and
hence yielded reasonable estimates of natural frequency, mode shapes and static

displacement.

In 1972, Chan et al [34] solved the problems of bending and vibration of
multilayered sandwich plates by the finite strip method. This approach greatly
reduces the number of variables as compared with the finite element analysis. The
assumption of common shear angle for the cores is excluded from the analysis. He
detailed out the values for the center deflection for a three-layer sandwich plate
under uniform load with various boundary conditions. Natural frequencies for
the three-layer simply supported sandwich plate were also obtained and compared

favorably with the results obtained by other researchers.

Khatua et al [40] in 1973 presented a finite element analysis of multilayer

sandwich beam and plates, each with n stiff layers and n — 1 weak cores. BEach
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layer of the sandwich structure may have individual orthotropic properties of its
own and the bending rigidities of the stiff layers are taken into account while direct
stresses in cores are neglected in the analysis. The condition of common shear angle
for all cores is not implied in the formulation. Bending and vibration problems for
sandwich plates have been solved using lower order elements and examples shown

amply demonstrate the accuracy and versatility of the finite element method.

Kasemset et al [64] in 1976, presented the study of axisymmetric vibration of
multilayer sandwich plates and shells with 7 stiff layers and n — 1 weak cores. A

curved multilayer element is used in the analysis.

Ng et al [43] in 1985, presented a finite element displacement model for the

dynamic and static analysis of clamped and simply supported skew sandwich plate.

Owen et al [67] presented a refined analysis of laminated plates by the finite

element displacement methods for problems of vibration and stability.

Mallikarjuna et al [38)] in 1988, presented a simple isoparametric finite clement.
formulation based on higher-order displacement model for dynamic analysis of
multilayer symmetric composite plates with an explicit time marching scheme. In
1989, the same authors [42] used a finite element formulation of the higher order
theory to determine the natural frequency of isotropic, orthotropic and layered

anisotropic composite and sandwich plates.

In 1989, Chan et al [34] described a correlation study to evaluate finite element

models for vibration of composite material and structures.
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Chapter 3

Theory of Plates

3.1 General

Various theories for flat sandwich plates were propounded by many authors as
given in the previous chapter. Depending upon the various assumptions considered
by different authors, the derived formulas differ greatly in complexity. In this
research work, the differential equations for the sandwich plate are developed from
the differential equations of a homogeneous plate. The equations account for the
effects of transverse shear and the rotatory inertia. Assumptions considered are

detailed out and the final equations developed are based on them.

The fundamental differential equations for the homogeneous plate have been
derived by other researchers {10], [25], [53], [54], {55], [56]. Based on these, the
equations which form the theoretical basis for the code developed for the analysis

of sandwich plates are discussed in Section 3.3.
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A typical sandwich plate may be shown as given in the Fig. 3.1. The middle

plane of the plate of dimensions *a’ and 'b’, lies in the x-y plane.

a

: :
3 } '
; i

Figure 3.1: Dimensions of a sandwich plate

The faces are each of thickness 't’ and the core is of thickness 'c’.

3.2 Assumptions

1. The displacement and strains are small and hence the equations of lincar

elasticity theory are valid.
2. A perfect bonding occurs between adjacent layers of the sandwich plate.
3. The faces and core are assumed to be homogeneous and isotropic. !

4. Faces are thin compared with the thickness of the core. Consequently local

1The computer code developed is capable of incorporating orthotropic core too provided that

the contribution of the core in resisting bending and torsional loads is negligible
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bending stiffness of the faces is neglected.

5. Transverse normal strains in the faces and the core is assumed to be negligible.
This assumption implies that core must be rigid in a direction perpendicular to

the faces to prevent crushing.
6. Direct stresses in the core in the plane of the plate are neglected.

7. Lines which are straight and normal to the middle surface before deformation
remain straight during deformation, but do not necessarily remain normal to the

micdle surface.

3.3 Differential Equations

3.3.1 Plate-Stress Components

The bending and twisting moments and the transverse shearing forces, all per
unit length, for a homogeneous plate of thickness ¢, are defined in the customary

manner as given by Equations (3.1) and (3.2).

t/2

(M, M, M,,) = /_ tﬂ(amoy, Ty )22 (3.1)
t/2

(@ @)= [ (reemye)iz (3.2)



The in-plane stress resultants are defined as given in Equations (3.3).

t/2 )
(Ngy Ny, Npy) = f_m(am,ay, Tyy )z (3.3)

3.3.2 Stress-Strain Relations

In case of an isotropic homogeneous plate, the plate stress components are ex-

pressed as,

M, = D(T; +oT,) (3.4)
M, =D(T, +vT,) (3.5)
Mgy = (1 — »)DT,, /2 (3.6)
Q. = G'tT.. (3.7)

Qy = G'tTy. | (3.8)

The I's in the Equations (3.4) to (3.8) are the plate-strain components defined
by



. 12
(r;,r,,Lpy) = 12¢7° '/:m(ex, €y Yoy )2d2 (3.9)

/2
(F:nzvr\yz) = ‘t—l /;t/z('}’g:z, Tyz)dz (310)

As the non-uniform shear strain displacement due to the transverse shear, of

the plate cross-section is also accounted for,

G =G/a (3.11)

The coeflicient o has been given various values by different authors. Accord-
ing to Timoshenko[60], & = 3/2 while Reissner[25] assumes a value of a = 6/5.
Mindlin [10] has also suggested a formula for this constant, involving the Poisson’s

ratio and uses a value of a = 12/#? which is close to that used by Reissner. In

this work, Reissner’s value of @ = 6/5 is taken.

Equations (3.1) to (3.10) are valid in the sandwich plate theory except for
the plate rigidity D used for the homogeneous plate, which has to be modified
to incorporate the properties of the sandwich plate. The plate rigidity D, for a

sandwich plate has contributions from bending as well as shear.

Consider an element of the sandwich plate as shown in Figure 3.2.
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Figure 3.2: Sandwich Plate - Forces and Moments indicated are positive

The bending rigidity integrated over the thickness of the sandwich plate is

written as,

Ll

f¢f2 E.z%dz /C/”‘ Eyz%dz

—cf2 (1 — Ug) /2 (1 - V?)
—c/2 2d
B Bz de (3.12)
—ef2-t (1 - Uf

and the shear rigidity integrated over the thickness of the sandwich plate is

written as,

e/

2 cf 2+t —ef2
D, = Gudct / G,dz + G dz (3.13)
—c/? c/2 —cf2-1t

— E _ E , .
where G, = T and Gy = —2(—11[;77 are the shear modulus for the core and

the faces respectively.
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Based on the assuinptions detailed out, we can define plate rigidities for the

sandwich plate as,

_ Eft(C + t)2

Da, = 2(1 - v})

(3.14)

Dy, = Glc (3.15)

Equation (3.15) is modified to account for the non-uniform shear strain dis-

placement.

p,, = & (3.16)

o

By incorporating the plate rigidities of the sandwich plate, as given in the
Equations (3.14) and (3.16), the plate stress components for an isotropic sandwich

plate are

M, =D, (T, +vT",) (3.17)
M, =D, (T, + v,I;) (3.18)
My = (1 —vs)Dy,T1, /2 (3.19)

V]
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Qm -_ a' (3.20)
G.cT,, .
Q= —EL (3.21;

3.3.3 Plate-Displacement Components

For small displacements, the strain displacement relations for homogeneous plates

can be written as,

t/2 Y Gu v v Bu
oy €y Yoy )2dz = =55+ 7 )edz 22
./—t/Z(E s e )¢ [-:/2(33: Oy’ Oz + ay) d (8.22)
t/2 W2 Ju  Ow dv  Ow, .
s Yys )dE = —+ —, = + —dz 2
./_:/2(%“‘%") /-:/2 GE * Oz’ Oz + 3y) (3:23)

The displacement of any point in the plate may be defined by the rotations
6,6, made by the normal to midsurface of the plate about the y and z axes

respectively, and the lateral displacement w of the midsurface of the plate.

It is now assumed that « and v are proportional to z and w is independent of

z [10].

u=—z8;, v=—20, w=w (3.24)



From Equations (3.9),(3.10),(3.22),(3.23) and (3.24), we have the relations be-

tween the plate-strain components and the plate-displacement components 8., 8, w.

06, o8, _ % 08, )
Fe= - oz’ Ty = Ay’ Ty = = Oz + Oy ) (8.25)
Ow dw
= — = — — 2
T.- % Oy Tys 3y By, (3.26)

The analogous equations for classical thin plate theory are obtained by setting
I'y: = T'y; = 0. In the case of the sandwich plate, bending is taken by the faces

and shear by the core.
3.3.4 Energy Functions

The strain-energy-function U in the three dimensional theory is given by

1
U = (0vec + 04y + 006+ ToyVay + TyaVys + ToaVas)
du 0 Jw dv  Ou

= 202 40,2 40 2 (D By
= 5\% Jyay 72 g: T T\ Oy
Ju Ow v Ow
ol = 4+ ) (24 22 27
+ 172(8: + am)+Ty~(az + ay )) (3 ‘I)

The analogous plate-strain-energy-function I/ is now obtained by substituting
Equations (3.24), (3.25) and (3.26) into Equations (3.27) and integrating over the

sandwich plate thickness, with the result
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= 1
U= 3(1’\/12!,I‘I + M,y + My Uy + Q.12 + QT ) (3.28}

Substituting from Equations (3.17) to (3.21) into Equation (3.28) we get,

7 1 2G.
U = 3IPu(+v)(Te+ T, + = =(T% +T5.)

+ Dy = v)(Ts = T +T2,)] (3.20)

Castigliano’s theorem of least work is applied which states that, among all
statically correct states of stresses, the state of stress which also satisfies the stress-
strain relation and the displacement boundary conditions is characterized by the
condition that the variation of U vanishes. Then, if U = 0, all the plate strain

compor"lents vanish and, through Equations (3.17) to (3.21), so do the plate-stress

components.

From Equations (3.29) and Equations (3.17) to (3.21). we find

au oU au
= My — = M,; =M, 30
5. = M gp =M g = Mo (3.30)
ou aU
= : = 31
a]-\:rz QT. ary: Qy (3 ‘3 )

The kinetic energy per unit volume, according to the general linear theory, 1s

p _ai 2 a_” 2 Q_‘E 2
2lGr) +(r) + (5p)) (5:32)
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Substituting for Equation (3.24) in Equation (3.32) and integrating over the

sandwich plate thickness, we get

88, ., 08 pec, Ow
o ar) + )1+ ( 7
ps(2t +c)® — psc? 2 (99, ps(2t) Ow., -
+ 54 )[( ) (F7 )1+ (37) (3.33)

3.3.5 Total Energy and External Work

The kinetic energy in the plate is given by,

vr = [ Pep s & )]+”“‘: =%

ar BT
Ps ~t+0)3—pfc Or 2, 08y Pf(~t) 3L
: = — —_ |d4 (3.34
and the potential energy in the plate is given by
Up = /A TdA (3.35)

where the integrations are extended over the surface of the plate.

The potential of the external loads does not depend on the construction of
the plate and is therefore given by the same expression as for ordinary plates.

Referring for instance to Ref.[61], this is expressed as
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/[N (510 dw ., Ow Bw ~ 2qujdA (3.36)

2
it N,(=—
) + ( ) + 11,' a% a
when the boundary reactions do no work.

‘The total energy is the sum of the kinetic energy and the total potential energy,

7 = 7 pL, 2 pec, Ow
Ur +Up+ U7y, >a 8T) +( )] 5 (37)
24+ ¢ 3 69 2) 9
+ (2L ,i PN (G + L2 Py
+ / UdA + = f N, (6“ (a‘”
dw dw
v T - —
+ 2N, 5z By 2qw]dA (3.37)

Based on the above, variational formulation of the structural mechanics prob-

lem will be done in the next chapter.

3.4 Boundary Conditicns

Appropriate boundary conditions for a system of differential equations are those
which are sufficient to assure a unique solution. There are basically two classes
of boundary conditions, which are referred to as geometric and force boundary
conditions. The geometric boundary functions are of the translation or rotational
displacement type and the force conditions correspond to the prescribed boundary

forces. In the finite element analysis, the geometric boundary conditions are also
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the interelement continuity conditions to be satisfied. On the other hand, the
force boundary conditions correspond to actual boundary and surface forces. It
is important to note that the finite element functions need only satisfy geometric
functions, since the simpler the finite element functions we use in the analysis, the

casier is the implementation [48].

As the geometric boundary conditions considered are the free, simply sup-

ported and the clamped conditions, we have
(a) Free edge.
At » = 0, there are no restraints.
At y = 0, there are no restraints.
(b) Simply supported edge.
At 2 =0, w and 8, are restrained i.e. w=0;6,=0
At y =0, w and 6, are restrained i.e. w=10;8, =0
(¢) Clamped edge
At x =0, w,0,; and 8, are all restrained. ie. w=0;6,=0;6, =0

At y =0, w,6; and 6, are all restrained. i.e. w=10;6,=0; é,=0
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Chapter 4

Solution Technique

4.1 (General

4.1.1 Isoparametric Element

In the modern finite element methods, the use of numerically integrated isopara-
metric elements is becoming increasingly common. Use of isoparametric elements
progressively decreases the number of elements representing a relatively complex
form of the type which is liable to occur in real, rather than academic problems.
These elements are more suitable than subparametric elements for modeling geo-

metric boundary conditions as they are usually curved.

A finite element is said to be isoparametric if the same interpolation formulas

define both the geometric and the displacement shape functions. In other words,
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\
PARABOLIC SHAPE AND

DISPLACEMENT VARIATION

Figure 4.1: 8-Node Isoparametric Quadrilateral

the same (iso) local coordinate parametric equations (interpolation functions) used
to define any quantity of interest within the elements are also utilized to define the
global coordinates of any point within the clement, in terms of the global spatial

coordinates of the nodal points.

4.2 Formulation

4.2.1 8-Node Parabolic Isoparametric Quadrilateral

The finite element employed for the development of the computer code is a version

of the two dimensional §-node parabolic isoparametric quadrilateral (Fig.4.1).

The element is similar to the thick shell element first introduced by Ahmad
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et.al[17] and later modified by Zienkiewicz et.al [18]. It is a highly versatile element
and its application to problems involving thin, thick, cellular and sandwich plates

and bridge decks have been discussed in Ref.[31].

4.2.2 Displacement Method

The problem is formulated here using the displacement method in which case the
displacements are taken to be the prime unknowns. The natural (or dimensionless)
coordinate system is used in place of the cartesian coordinates as the former allows
to use elements with curvilinear shapes. This also helps to simplify the derivatives
and integrals required in the development of stiffness and consistent mass matrices
as the coordinates are consistent with the local geometry. The natural coordinates
{ and n are dimensionless and range from -1 to 1. This is directly compatible with
the definition of abscissa utilized in numerical integration by Gaussian Quadratitre

which is the numerical technique used in the code.

As the displacement method is used, in cases of Planc stress and strain, the
nodal displacement flelds u(£,n) and v(£,7n) throughout the element are defined
using two displacement degrees of freedom u; and v; at each of the cight nodes

and a quadratic interpolation scheme.

§ = (4.1)

In case of plate flexure, the displacement field can be uniquely specified by an

independent variation of the lateral displacement w and the rotations 6, and 8,
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which are chosen independently of w and are not related to it by differentiation.

The variables 8, and 8, are the rotations and a correction factor is also included to

allow for non-uniform shear distribution. The angles ¢, and ¢, denote the shear

deformations.
W
o= 6,
by
and

-

_¢z
_¢y

2 4 ¢,

2_1;‘4'%

(4.2)

) 43)

In the case of the combined stress and bending, we add the displacement felds

of both plane stress and bending,

(4.4)




4.2.3 Shape Functions

To derive the shape functions, the following second degree displacement functions

are assumed [45],[47],[49)].

w(€on) = a0l + ean + duf® + esbn + fon® + g:£% + hetr)? (4.5)
v(6n) = as+ biof + e + diof” + esén + fran’® + g1l + hisfn® (4.6)
w(é,n) = a7+ bis + cron + daof® + €€ + foa® + g3l + hoabn® (4.7)
0:(6:n) = ags + basf + comn + dast® + e20n + faoh® + gar 2 ++ haypfr? (4.8)

0,(€:m) = az3+ bsal + casn + dael? + earln + fasn? + 30l + hyobn? (4.9)

Based on the assumed displacement functions, the two dimensional quadratic

shape functions are

M(&n) = —30 -0 -1 +E+n) (4.10)
NA&m) = 51 -)1-n) (4.11)
Ns(€,m) = Z(1+)(1 -1+ ~n) (412)
Ni&m) = 31+60 ) (4.13)
Ni(&m) = 0O +n)-1+E+n) (414)
No(&,m) = 3(1-€(1+) (415)
Nif&n) = (-0 +7)(-1-€+m) (4.16)
Ne(&n) = 31—~ (417)
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Each of these shape functions have a value of unity at the node to which they
are related and zero at all other nodes . For example, N; is the shape function
at node 1 and has the value of unity at node 1 and zero elsewhere. Further,
they also have the property that their sum at any point within an element results
in no element straining. The efficiency of any particular element type used will
depend upon how well the shape functions are capable of representing the true
displacement field. Shape functions must guarantee continuity between elements
also known as the continuity condition. In the limit as the element size is reduced to
infinitesimal dimensions, the shape function must be able to reproduce a constant
strain condition through the element. The unknown function must be able to take
up in the limit, any linear form throughout the element (known as the constant

strain condition).

The displacement at a point within the element can be expressed as

§ =S Ni5; (4.18)

where

N = [Ny, Nz, ......., Ng] (4.19)

and N; = NI where Iis a r X r matrix with r being the degree of freedom

per node.

The diplacement fields for various cases can thus be written as,
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a) Plane stress and strain

( h ) = ij,-a,- (4.20)

where &; = (u;,v;)7 is the vector of displacement at node i.

b) Plate flexure

w
8

8, | =D N (4.21)
=1

By

where §; = (w;, 05, 6,:)7 is the vector of displacements at node i.

c) Combined stress and bending

(o)
v 8
gx i=1
\ &

where §; = (u;, v, w;, Oz, 6,:)7 is the vector of displacements at node 1.
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4.2.4 Element Topology

The orientation of the local coordinate directions ¢ and 7 is important as the
shape function defined earlier are dependent on the orientation of £ and 5. The
variable £ and 7 are curvilinear coordinates and as such their direction will vary
with position. However, their general direction are always known relative to the
element sides. The shape functions described earlier are based upon the following
dependence between the ordering of the element nodal connection numbers and

the local coordinate axes ¢,7.

In this research work, as static and dynamic analysis of rectangular plates is
envisaged, the 8-node rectangular isoparametric element is used. Depending upon
the generation of the finite element mesh , either curvilinear or colinear coordinates

can be chosen.

The nodes of an element are read in an anticlockwise sequence starting from

any corner node,

"The positive £ axis is then in the direction defined by moving along an element

edge from the 1st element nodal connection, through the 2nd to the 3rd.

The positive n axis is in the direction of the element edge from the 3rd nodal

connection nuniber, through the 4th to the 5th number.

The element topology is defined in the sequence indicated by nodal numbers

1 to 8, the direction of ¢ and 7 are as shown in Figure 4.2.

As the isoparametric family is a group of elements in which the shape functions
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Figure 4.2: Element Topology

are used to define the geometry as well as the displacement field, we can define

the geometry as

8
i=1
8
y=12 N (4.24)

i=1

where (z;,y:) are coordinates of node i.



4.3 FElement Strain Matrix

After estublishing the displacements at all points within the element, the strain-

displacement relationship can be expressed as

e=Lé (4.25)
where € is the strain vector, § is the displacement vector and L is the matrix of

displacement differential operators. The displacement vector at any point within

the element can be written as,

§ = N&° (4.26)

where N is the matrix of the shape functions as given in Equation (4.19) and

8¢ represents a listing of nodal displacements for a particular element.

8
¢ =LN¢é* = Bé* = ZB;&; (4.27)
f=1

where B = (B1, Bz, ....Bg) and is known as the element strain matrix, gener-

ally composed of derivatives of the shape functions.

In case of plane stress/strain situations, the strain/displacement relationship

may be written as,
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Using finite element idealisation, we can wriie,

. 8
Y=y
'Ui =1

In case of plate flexure, the generalized strain/displacement relationship may

8
€=
i=1

be written as

where (€)7 = ((x)7,(¢)T)

and

8N;
% 0
aN;
0 -55‘
8Ny 8N
By 9z

8
€= ZB;&-

=1

(4.28)

(4.29)

(4.30)

(4.31)



where By; is the strain matrix associated with bending deformation y and B,;

is the strain matrix associated with shear deformation ¢.

Xz '“%
— — 2]
x=| xy |= — 5 (4.32)
98,
Xzy _(%8; + F;-L)

and the measures of shear deformation are as given in Equation (4.3).

In the combined stress and bending case, the strain/displacement relationships

for the plane stress/strain and plate flexure are simply added together.

E o

o)
<
o O ©

o
H N

us)
I
@
H .

(4.33)
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As the shape functions are expressed in terms of the (¢,7) coordinate system,

the chain rule must be used to calculate the components of the strain matrix.

N _ N0 ONOy

dxz 0t 8z ' on Oz
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o _ ovoc  oNon
dy ~ 03y On oy

The derivation of the shape functions %‘% and %f- are directly obtained, however
%f;, g‘::, g—g and g—z must be evaluated from the inverse of the jacobian matrix. As
an isoparametric formulation has been adopted in which the element geometry
and displacement field are both defined by the same shape function, the jacobian

matrix J(€,n) may be calculated from,

oz by s fam avi\ [, ¢

J=| % % | %~ % & ‘ (4.34)

8z By 7\ AN AN 0 , ’
8n  on = an  om Yi

in which z; and y; are the 2 and y coordinates of the node i.

Thus the inverse of the jacobian can be readily obtained.

2 8n
Jl= z g_jz (4.35)
Jy 8y

It is also useful to note here that an element of area dedy may be calculated

by the expression

dzdy = |J|dEdn (4.36)

where |J| is the determinant of J.

46



4.4 Development of the Elasticity Matrix

The stress/strain relationships for an elastic material in the absence of initial

stresses and strains, may be written in the form,

g = De (4.37)
where D is the matrix of elastic constarnts,

For plane stress case and for isotropic materials,

1

(4.38)

Lon) = <
L

wII [ S |
w

v
0

whereas for plane strain case (isotropic case), the D matrix is of the form,

1 & 0
E(1 - ) .
TOtw-2y| = 10 (439)
0 0 1-2vy

2(1-v)

In the case of plate flexure, the stress-strain relationships may be written in

the following form

M =D,x; @ =D,¢, (4.40)
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where M and @ are the bending moments and shear forces respectively and

x and ¢, are the measures of bending deformation and shear deformation.

For an isotropic homogeneous material,

1 v 0
___EP 10 4.41
f_12(1—v2) v (4.41)

0 0 3

and
Et 10

D, = —— 4.42
2(1+v)a(0 1) (4.42)

The D-matrix in case of plate bending for isotropic materials is

v 0 0 0
v 1 0 0 0

D=H(??3'sz 00 2 g 0 (443)
00 0 Zm g
\0 0 0 0 LM

For combined stress and bending (Isotropic case), the D-matrix is the addition

of the D-matrices for plane stress and bending cases.
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(2 2 o o090 0 0 o0 )
w 1z g 00 0 O 0
0 0 2(Z)ygo0 0 0 0

p._Bf |0 0 0 1w o0 0 0 (0.48)

20-+%1 0 0 0 wv1 0 0 0
0 0 0 00 3 o0 0
0 0 0 00 o0 B g

\ 0 0 0 00 0 0 )

4.5 Modification of Elastic Rigidities

For sandwich plate analysis, the terms developed earlier hold good except the

elastic rigidities.

As mentioned earlier, the thickness and the elastic properties of the two face

plates in this development has been taken to be the same.

The elastic rigidities for sandwich plates of isotropic material in flexure in both

faces and cores may be calculated as follows.
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The rigidities for a sandwich plate can be expressed as,

Du Di; Diz Dy Dys )
D Dy Dy Dy Dy
D=| Dy D;y; Da Dy Dy (4.45)
Dy Dy Dy Dy Dys
\ Dsi Ds; Dsz Dsy Dss )

Each rigidity has a contribution from the faces of the sandwich plate and also

from the core.
a) Flexural rigidity : Dy; = Dgy = (D11)e + D)y
b) Coupling rigidity : D1z = Da; = ve(D11)e + v4(Di1);
¢) Torsional rigidity : Das = (1 — v }(Dy)e/2 4+ (1 — vi)(Dyi)s/2
d) Shear rigidity : Dy, = Dss = (Dag)c + (Daa)s
All the other terms of Equation (4.45) are equal to zero.

The expressions for the plate rigidities for sandwich plates have been given in

Equations (3.14) and (3.16). Based on the assumptions made earlier, we can write

Est(c+1)?
= == 4.46
Dll D22 2(1 _ I/}) ( )
Dlg = D21 - UfDu (447)
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1l—vy
2

D33 = ( )Dn

E. < G,

21+v)l2 1.2

o

D44 = Dss =

where 1.2 is the shear correction factor.

For an orthotropic core,

G..c
D = 1?2
G.,.c
Dss = 13.’2

4.6 Static Equilibrium Equations

for the solution of the nodal point displacements.

(4.48)

(4.49)

(4.50)

(4.51)

Using the principle of virtual work we generate the equilibrium equations needed

If the plate is subjected to body forces fZ, surface forces f°, concentrated

placing a bar over the quantity, we have

o1

forces F¢, the equilibrium of the body requires that for any compatible, small
virtual displacements imposed onto the plate, the total internal virtual work done

is equal to the total external virtual work [48]. Identifying virtual quantities by



T _ [ zreB z5T o5 ZiT i 4 B
fve odv = [ 57 dv+]85 £ ds+z|;5 F (4.52)

where the integrations are performed over the volume V and surface S of the
plate, respectively and the summation sign 3 ; includes all points where concen-
trated forces F' are applied. The above is a statement of the equilibrium of the
plate. The plate is approximated as an assemblage of discrete finite elements in
this analysis with the elements being interconnected at nodal points on the ele-
ment boundaries. We also assume that the plate hias been idealized in such a way
that all concentrated forces are applied at the nodal points. The displacements
and hence the strain measured within each element are assumed to be a function

of the displacements at the all the finite element nodal points.

We can now derive equilibrium equations that correspond to the nodal point

displacements of the assemblage of finite elements.

The above equation can be written as a sum of integrations over the volume

and areas of all finite elements i.e.

emT o) ) f 5T pB(r) gy () f §SIT £5(n) g i)
;/V(n)e o™ ay 3 30V 15 [ 8 S

w 5(">

+ > 8TF (4.53)

where n varies from 1 to the total number of elements.



Substituting in the Equation (4.53) for element displacements, strains and
stresses expressed in Equations (4.26),(4.27) and (4.37), we have for the element

assemblage,

(3)7‘[2 B prRH dV(”)](cﬁ) —

n

G fv . NOTEB Gy 4

vin)

QN /S , NS £Sag] 4 (B)7F (4.54)
where F is the vector of all the externally applied forces to the nodes of the

element assemblage and (4) is the vector of the global nodal displacements.

To obtain the equilibrium equations that we want to use for the solution of
the nodal point displacements, we invoke the virtual displacement theorem, by
imposing unit virtual displacements in turn at all displacement components. Thus
the equilibnum equation of the element assemblage corresponding to the nodal

point displacements are,

(K)(§) =R (4.55)

where R=Rpg 4+ Rs + Re¢.
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ARG T

The matrix (K) is the stiffness matrix of the element assemblage .

(K)=3" L ( )B(“)TD(")B(")dV(“)

and the element stiffness matrix K is

K = / BTDBdIV
v

The load vector R includes the effect of the element body forces

Rp=Y [ N®Tg8egye

?1. V(n)

the effect of the element surface forces

)T o8(n n
Rs=Y fs , NS gl gt

and the concentrated loads
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4.7 Dynamic Equilibrium Equations

Equation (4.55) is a statement of the static equilibrium of the element assemblage.
It should be realized , though, the applied forces may vary with time, m which
case the displacements also vary with time and (4.55) is a statement of equilibrium
for any specific point in time. However, in most cases when the loads are time
dependent, inertia forces need to be considered; i.e., a truly dynamic problem

needs to be solved.

Using d’Alemberts principle, we can simply include the element inertia forces
as part of the body forces. If the superscript dot denotes the differentiation with

respect to time , then the nodal acceleration for node 7 may be written in the form

(16]

(67 = (i, 0, s, O2:,6y:) (4.61)

In the case of plate flexure, the transverse and rotatory accelerations produce

o] et . 2 . .3 : —pt? 228 _pi? 328
lateral mertia forces ——p(m%) and rotatory inertia couples =&~ and 557

The nodal forces due to these inertia forces may be expressed using the prin-

ciple of virtual work as,

puw
7T 2 . n :
R;= —-Z o N ";‘—29,, dv (4.62)
n Pt_zau
12 7y
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where Ry is the vector of element nodal inertia forces, p is the mass density

per unit area of the plate, ¢ is the plate thickness and N is the element shape

function matrix.

Since the shape function used to describe the variation of acceleration over

the element are identical to those used to describe the displacement field over the

element, we can therefore write,

p 0 O

Z V()N(“)T 0 £ o | NMayig) (4.63)
2
0 0 £

Hence we can, now, say that the contribution from the total body forces to

the load vector R is,

Ry=3 [ NP (360 — pINIG)gy o)) (4.64)

where £3(") no longer include inertia forces, é lists the nodal point accelerations
(i.e. the second time derivative of §) and p( is the matrix of density coefficients

for the translatory and rotatory inertia terms.

The equilibrium equation for the dynamic case is,

(M) + (K)§ =R (4.65)
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The matrix (M) is the mass matrix of the structure and can be written as

M) =3 [ | pNINC gy (4.66)

and the mass matrix for an element is

M = f pmNTNAV (4.67)
v
The mass matrix is also known as the consistent mass matrix as the same

interpolation functions are employed in its evaluation as that in the calculation of

the load vector and stiffness matrix.

4.8 Free Vibration Governing Equation

The matrix equation governing free vibrations may be expressed as

(K)(8) — w*(M)(6) = 0 (4.68)

where (K) and (M) are global stiffness and mass matrix respectively obtained
by the assembly of the corresponding element matrices. (§) is the vector of global
nodal displacements and w is the natural frequency of the free vibration of the

system.



Chapter 5

Discussion on the Computer Code

A computer code capable of handling static and dynamic analysis of homogeneous
plates and sandwich plates with any uniform boundary conditions, with any aspect

ratio, material properties and dimensions is developed.

The general ficww chart for the program is given in Appendix B which shiows a
graphical representation of a specific sequence of steps performed by the program
to produce the solutions of a given problem. A sample input and output is also

appended in Appendix B.

Effort has been put to make the program highly versatile. Problems of planc
stress, plane strain, bending and combined stress and bending can be handlec. As
discussed earlier in Chapter 4, the isoparametric eivinent chosen 1s quite capable of
handling multilayered plates and thick plates albeit with slightly different numeri-

cal integration procedures [18]. Static and Dynamic analysis can be performed for

all of the above cases.
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In the finite element method, we must evaluate certain integrals such as the
stiffness integrals, consistent mass integrals and consistent load integrals. In this
program, the Gauss-Legendre quadrature numerical integration procedure is used
for its high accuracy (46],[39],[45] and the ease with which it can be implemented.
It should be noted that an n-point rule integrates any polynomial of degree "1 or
less. In this procedure, both the positions of the sampling points and the weights
have been optimized. For example, consider the following integral which is to be

evaluated using a 3-point rule in both the £ and n directions.

ha = [0 [7 semdsan=[T1[7 stemdelan

= [ @ f € + € m) + (G m)an
= afa f(&,m) + an f(§, ) + @ f(&mn))
+ anfa f(&,m) + e (& m) + anf(&mn)l
+ arnfarf(&sm) + an f(&n ) + @ f (G )

where §; is the ¢ coordinate of the i** Gauss point, 7; is the 5 coordinate of

the i** Gauss point and a; is the weighting factor.

Subroutine GAUSSQ sets up the sampling point positions and weighting fac-
tors for numerical integration where 2-point,3-point and 4-point rules can be in-

corporated.

The choice of the order of nurnerical integration is important in practice, be-
cause, firstly, the cost of analysis increases when a higher-order integration is

employed, and secondly, by using a different integration order, the results can be
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affected by a very large amount. In general, the appropriate integration order
depends on the matrix that is evaluated and the specific finite element considered.
The stiffness of displacement elements is reduced as the order of numerical integra-
tion decreases and the convergence of a numerically integrated element is always
guaranteed providing the integration order allows sufficient accuracy for an exact
evaluation of the element volume in isoparametric formulation (18]. The recom-
mended order of Gaussian numerical integration for two dimensional isoparametric

elements is given in Appendix C [48].

In the analysis of structural engineering problems by the method of finite
elements, solution of the large number of simultaneous equations is of prime im-
portance. The size often exceeds the storage capacity of an average size computer,
The number of equations depend upon the total number of degrees of freedomn. As
the accuracy of the solution generally increases with an increase of the number of
elements taken into consideration i.e. increasing the grid fineness, the number of
equations also increase. All this necessitates the economic use of the available com-
puter memory. Fortunately, the structural engineering problems have some special
characteristics like bandedness and symmetry which allows programming to effect
an efficient and economic usage of the available storage space. Banded matrices,
when handled properly, not only lead to saving of memory space in the computer,
but also to a reduction in the time required for solving the many multiplications,
additions and subtractions of zero quantities. In this work, semi-bandwidth of the
upper portion of the assembled matrices are stored in a rectangular matrix. There
18 a further reduction possible by using the skyline technique’ wherein the zeroes
within the semi-bandwidth are avoided. This leads to further reduction of storage

space. However, this has not been incorporated in this program.

60



Preparing input data is not a very cumbersome procedure for this program .
The program is capable o