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Abstract

Temporal networks have gained in popularity in the last decade
for their ability to model how connections vary over time. We are
interested in understanding their structure and analyzing real-world
data emerging from temporal networks. We approach those objectives
by looking at the Cops and Robber Game from graph theory that is
studied for its connection with the structure of graphs as well as by
devising algorithms to compute metrics on temporal networks.

Cops and Robber Games have been first extended to the context of
temporal networks by Erlebach and Spooner with algorithmic meth-
ods. The authors assumed a specific type of schedule that is periodic.
We further the study of said games in the context of periodic tempo-
ral networks with algorithmic and analytical tools. Thus, we present
characterizations of all periodic temporal networks on which a single
cop can win, also called copwin. We suggest a structural character-
ization of copwin periodic graphs. Then, we venture on to explore
periodic temporal networks that are not copwin. We also research
lower and upper bounds on the number of cops required to capture
the robber, i.e. the cop number. This then initiates a classification
of periodic temporal networks into classes defined by their properties
and their cop numbers.

Moreover, we present algorithms to study some connectivity prop-
erties of link streams, a model of temporal networks. These algorithms
compute different types of distances on link streams, defined as the
minimal number of hops between two temporal nodes, the minimal du-
ration of a temporal path and a combination of both. Those distance
functions are relevant for analyzing real-world data and, in particular,
to compute an extension of the betweenness centrality on link streams.

1



Acknowledgements

I would like to extend my most sincere thanks to everyone who helped me,
directly or indirectly, throughout this doctoral journey. Whether through
academic guidance, encouragement, or social support, many people have
contributed to this work. Words cannot perfectly describe how grateful I
am to everyone involved.

First, I want to thank my advisors Paola, Jean-Lou, and Nicola, for their
wonderful guidance. I am deeply thankful for the time they spent with
me and the valuable knowledge they passed on to me with patience and
kindness. Feeling that they believed in me for so long encouraged me to
persevere through all these years.

I am also thankful to the members of the jury for how generous they
were with their time as well as their important insights on this work. Their
participation has greatly enhanced the quality of my research.

On a more personal level, I want to thank my parents whose unwavering
support made it possible for me to dedicate so many years of my life to
theoretical research. Similarly, the warm social support provided by my
brother and my partner was invaluable in keeping me motivated through
difficult times. They, as well as my friends, have made this long journey
much brighter.

From the bottom of my heart, thank you everyone.

1ii



Contents

(1__Introductionl 1
(1.1  Temporal Networks| . . . . . . . ... ... ... ... .. ... 1
(1.1.1  Models, Discrete vs Continuous| . . . . . .. ... ... 2

[1.1.2  Connectivity and Periodicity|. . . . . . . . . . .. ... 3

(1.3 Distances . . . ... . ... .. 0. 3

[L.1.4  Static and Mobile agents in (Temporal) Graphs| . . . . 4

(1.2 Problems and Contributions| . . . . . . . ... ... ... ... 5
(1.2.1  Cops and Robber Games in Temporal Networks| . . . . 5

(.22 Dink Streams . . . . . ... o000 7

(.23 Contributions . . . . . . .. ... ... ... . ... 7

[1.2.3.1 Characterizations of copwin periodic graphs| . 7

(1.2.3.2  Cop numbers of periodic graphs/. . . . . . .. 8

(1.2.3.3  Bounds on the cop number of periodic graph [

[ tamilies] . . . . .. ..o 8
[1.2.3.4  Evaluating metrics in link streams| . . . . . . 9

(1.2.4 List of Publications| . . . . . . . . ... ... ... ... 10

2.5 Overviewl . . . . . . . . ... .. ... 10
[2__Related workl 12
2.1 Temporal Networks| . . . . . . . ... ... ... ... ... 12
[2.1.1 Applications and Motivations| . . . . . . .. ... ... 13

212 Models. . ... .. oo 15

2.1.3  Distances in Link Streams . . . . . . . .. ..o L. 16

[2.1.4  Tractability and Width Measures| . . . . . . . . . ... 19

[2.1.5  Mobile Agents|. . . . . . ... ... ... ..., 21

R2 Gamed . . . . ... 23
2.2.1 Games and Pursuit Fvasionl . . . . .. ... ... ... 23

[2.2.2  Cops and Robber Games| . . . . . . . ... ... .... 25

iv



[2.3  Cops and Robber Games on Temporal Networks| . . . . . . .. 29

3__General definitions and basic results| 31
[3.1 Graphs and Time| . . . . . . .. ... ... ... ... ... .. 31
[3.1.1 Static Graphs| . . . . . ... ... 31

[3.1.2  Temporal Graphs| . . . . . . . . ... ... ... .... 32

BI3 _Arenal . . . .. oo vt 33

3.2  DTink Streams . . . . . ..o 34
[3.3  Cops and Robber Game in Graphs| . . . ... ... ... ... 35
[3.4  Cops and Robber Game in Periodic Graphs . . . . .. . ... 37
BAT Basics . . . . . . .. 37

[3.4.2  Configurations and Strategies| . . . . . . . . ... ... 38

B.43 Stubbornwalkd . . ... ... oo 38

[3.4.4  Temporal Corners|. . . . . . ... .. ... .. ..... 38

[3.4.5  Preliminary results . . . . .. ... ... ... ..... 40

[4  Characterizations of copwin periodic graphs| 45
(4.1  Augmented Arenas and Characterization| . . . . . . . . . . .. 46
4.2 Shadow Corners and Augmentation| . . . . . . . . . . .. ... 48
4.3 Determining A% . . . . . . .. ... ... 49
4.4 Algorithmic Determination|. . . . . . . . . .. ... ... ... 52
[4.4.1  General strategy of the algorithm| . . . . . . . . .. .. 53

{4.4.2  Description of the algorithm| . . . . . . ... .. .. .. 54

[4.4.3  Correctness of the algorithm| . . . . . . ... ... ... 58

[4.4.4  Complexity of the algorithm| . . . . . .. .. ... ... 60

4.5 Extensions and Improvements| . . . . . . . ... ... ... .. 62
[4.5.1  Determining a Copwin Strategy| . . . . . . . . . . . .. 62

[4.5.2 Improvements| . . . . . .. ... oL 63

4.0,  Game Variations . . . . .. ... ... ... 65

[ Examples of cop numbers of periodic graphs: Reasonable |
[ bounds on the cop number do not hold 66
[>.1 Motivational examples| . . . . . ... ... ... 67
(5.2 About the maximum and minimum cop numbers of the snap- |

[ shotsl . . . . . . . 76
[5.3  Completing the table of copwin periodic graphs| . . . . . . .. 78
[>.3.1  Constructions based on the Petersen graphf. . . . . . . 81

[5.3.2  Arguments from the non-existence of temporal corners| 87




5.3.3 Completing the table) . . . . . . .. ... ... ... .. 92

b.4 General construction| . . . . . . ... ..o 98

[6 Bounds on the cop number of periodic graph families| 101
6.1 Retractsl . . . . . . . . . 101
[6.2  'Iree decompositions| . . . . .. ... 104
[6.3 Block decompositions|. . . . . . ... ... .00 108
6.4 Comments on planar graphs[ . . . . . .. ... ... ... ... 110
[6.5 Periodic graphs of temporal diameter twol. . . . . . . . . . .. 112
6.6 A family of periodic graphs with clique footprint|{. . . . . . . . 114
[6.7 A family of periodic graphs with maximal outerplanar footprint{l119

7 Evaluating metrics in link streams| 125
(.1 Background| . . . . . .. ... ... .. oo 125
[7.2  Multiple-targets shortest fastest journeys algorithms|. . . . . . 128
(7.2.1 Two simple lemmas| . . . . . .. .. ... ... ..... 128

[7.2.2 A single-source method|. . . . . . . ... ... ... .. 131

[7.2.3 A multiple-sources sf-metrics method| . . . . . . . . .. 136

[7.2.4  Shortest journeys with delays| . . . . . ... ... ... 138

(7.3 Experiments| . . . . . . ... ... ... ... 140
[7.3.1 Runtime comparison with the literaturel. . . . . . . .. 141

[7.3.2  Comparison between algorithms SSMD and MSMD| . . 142

[7.3.3  MSMD against MSMD,, on synthetic link streams with |

[ varying densities| . . . . . . . ... ... 143
[7.3.4 Comparing algorithms SSMD, and MSMD, on real |

| datasetsl . . . . . . .. 144
8 _Conclusion| 152
8.1 Cops and Robber Game on Periodic Graphs . . . . . ... .. 152
[8.1.1  Summary| . . . . ... ... 152

8.1.2 Future Workl. . . . . . ... .00 153

8.2 Tink Streaml| . . . . . . . . ... 156
[8.2.1 Summary| . . ... ... 156

8.2.2 Future Workl. . . . . ... ... ... ... ..., 157
Appendices| 159
(A Tables and Algorithms| . . . . . . . . .. ... ... ... ... 160

B Datasets . . . . . . .. 166

vi



List of Figures

13.1 A periodic graph G = (Gy, Gy, Gs)” with its footprint G and |
[ corresponding arena.| . . . . . . .. ... .o 34
13.2 A simple link stream with maximal edge ([1,2],cb). The low-
| est horizontal line represent the timeline 7" = |0, 4| and dotted
[ lines parallel to the timeline represent the temporal nodes. |
| Curved lines represent temporal edges, such as the the tem- [
| poral edge (1,cb) drawn in thick green w=. Finally, the full |
[ horizontal line that starts in the middle of the temporal edge |
| (1,cb) represents the maximal edge (|1, 2],cb). Two journeys |
[ are drawn in thick green === and thin red == between the |
[ same encircled temporal nodes. | . . . . . . ... ... 36
[3.3 If node y; 1s removed, the cop cannot use it to reach the tem- |
| poral cover (7,2) of (6,42) . . . . . . ... 42
[3.4 A labeled Petersen graph|. . . . . . . ... ... ... ..... 43
4.1 Node (t,u) is a shadow corner of (t4+1,v)[. . . . .. ... .. 49
4.2 'The directed acyclic graph C of configurations induced by o, |
| starting from C'(t,z,y)|. . . . . . . ... o o 50
4.3  The sets U (green) and W (purple).|. . . . . .. .. ... ... 51
4.4 (¢, 2, y') satisfies the Claim.| . . . . . ... .. ... ... ... 52
4.5 (t',y') is a shadow corner of (' +1,w)| . . . . . .. ... ... 53
4.6 Outline of general strategy where the iterative process termi- |
[ nates when A= A1 . . . ... ... ... ... 54
[>.1 Subraph H; C G and periodic graph G drawn as a link stream, |
[ used the proof of [Proposition 5.1] . . . . ... ... ... ... 68

vii



[>.2  The first 66 snapshots of G, drawn as a link stream. The
robber moves along a journey, in red ===, against cop C, in
green mm=, who moved from v; to vs in G3, and cop Ch N mm .
Timestep 27 is highlighted, when a robberwin configuration is |
created. The figure is rotated to it the page. | . . . . . . . .. 71

[>.3 The first 66 snapshots of G, drawn as a link stream. The |
robber moves along a journey, in orange , against cop (1,
in green =, and cop Oy, in blue =, who moved from u:
to u; in Gy. Timestep 63 is highlighted, when a robberwin
configuration is created. The figure is rotated to fit the page. | 72

[>.4  Periodic graph used in |Proposition 5.2/ . . . . . . . . ... .. 73

[5.5 The (1, 1,2)-copwin periodic graph presented in [Theorem 5.6, | 79

[>.6 The tootprint of the periodic graph from [I'heorem 5.6| and [
[Theorem 525l . . . . . . . . . . ... .. ... ... ..., 80

(5.7 A labelled Petersen graph| . . . . ... ... ... ... .... 82

[>.8  Spanning tree 1" used in the prootf of [Proposition 5.11) . . . . . 83

[5.9 Sequence of graphs used in |Lemma 5.13. . . . . . . . . . . .. 84

[5.10 The periodic graph of [Lemma 5.14f . . . . . . ... ... ... 86

H.11 Another representation of the Petersen graphl . . . . . .. .. 87

5.12 The footprint G is copwin, the periodic graph G = (G, G1, G5)" |
isnotl . ... 88

[5.13 The periodic graph used in [Proposition 5.18 Each snapshot
18 a cycle of length 11, the footprint is copwin and the periodic |
graph IS 3-COpwin.|. . . . . . . . . . . . . ... 90

[>.14 "T'he footprint G of the periodic graph shown in |[Figure 5.13]1s |
a complete graph K. . . . .. ..o 0oL 91

[5.15 The periodic graph used in [Lemma 5.19. Each snapshot is a |
cycle of length 11 and the periodic graph is 3-copwin.| . . . . . 93

[5.16 The tootprint of the periodic graph used in |[Lemma 5.19 is [
2-copwinl . . . .. 94

[5.17 "The periodic graph used in [Lemma 5.24] Each snapshot is a |
cycle of length 10 and the periodic graph is 2-copwin.| . . . . . 95

[5.18 A labelled Petersen graph used in [Proposition 5.26] . . . . . . 98

[5.19 General sketch of the construction used in [Proposition 5.2§| [
along with an example on the hypercube ()4 with &' =2 . . . 99

6.1 c(Gl{a,b,c,d}]) >c(G) . . . . . 102

6.2 Petersen tree-decomposition, from [117|[. . . . . . . . .. ... 107

viil



6.3

'The first three snapshots of a /i3 with 13 nodes and period

12. Every snapshot is undirected.| . . . . . . . ... ... ...

6.4

The periodic graph K4 is copwin.| . . . . . .. ... ... ...

6.5

oketch of the maximal outerplanar graph used in the proot of

[Proposition 6.23] . . . . . . .. ...

71

A simple link stream with two journeys P; and P, respectively,

drawn 1n thick green == and thin red = between the same

encircled temporalnodes. | . . . . . .. ... ...

7.2

The shortest journey from (1, g) to (9,a) (both encircled @),

of length 2, is drawn in green ws=. From (1,¢) to (9,a), the

two fastest journeys, with duration 3, are drawn in red s

and in blue ===. The sole shortest tastest journey, with length

3, is the red one. Observe that, mg ((1,9),(9,a)) = 3 >

mgr ((1,9), (9, f)) +mg ((9,f),(9,a) =2 . ... ... ... .

A v-journey (in green wes) with 7 = 2 from (0,d) to (2,a)/ . .

Visualization of the temporal evolution of the density on sub-

link streams of two datasets, Arxiv-Hepph and Wikiconflict.

Each sublink stream was constructed by sampling 0.1% of the

dataset. We evaluated the density of each snapshot on each

sublink stream. Values are normalized to [0,1}]. . . . . . . ..

146

Runtimes (in seconds) of algorithms SSMD and MSMD on

synthetic link streams. Link streams are generated randomly

with fixed seed. . . . . . . . ..

7.6

Runing time (in seconds) of MSMD., (in red we) and MSMD

(in blue w== ) on synthetic link streams generated with G(200, p)

with varying values of p. As p increases, so does the density

of every snapshots, favouring MSMD over MSMD.,,. Temporal

edges have positive integer duration] . . . . . . . .. ... ..

X



Chapter 1

Introduction

There is a saying attributed Heraclitus that is sometimes paraphrased as the
following;:

Nothing endures but change.

Thus, trees grow, ice melts, people move countries, species evolve, etc. The
real-world is never fully stable. Yet, mathematically, we tend to describe it
as if it were fixed. This is traditionally what we do with graphs: we assume
they are forever unchanging. However, a new framework has emerged in the
last few decades to adapt to our changing reality that we will simply refer to
as Temporal Networks.

1.1 Temporal Networks

The study of networks has emerged in the last few decades as a valuable
tool to analyze the world around us. For example, actions performed online
can influence one’s “social credit” in China, drones must perform complex
tasks with minimal communication and the Internet of Things creates cyber
vulnerabilities in masses of interconnected objects. As such, Graph Theory
and Network Science have provided important tools to analyze the issues
those phenomena produce. One critical aspect that has long been overlooked
is the varying nature of those networks. From a computer going offline to
a drone flying out of communication range, networks are not fixed in time.
Since the turn of the millenium and especially in the last decade, many
researchers have been at work trying to fix this gap and develop knowledge
about temporal networks.



A recent request on “Google Scholar” with the query “temporal network”,
limited to articles published since 2022 returned about 46 500 results. That
is to say, research on temporal networks is booming. Researchers have re-
cently used temporal networks to investigate sleep [128], the propagation of
opinion on online social networks [206], generate better synthetic models of
human movements [15§], increase the prediction accuracy of air temperature
[209], and even understand depressive symptoms of college students during
the coviD-19 pandemic |152]. Those are but a small sample of the litera-
ture on applications of temporal networks to show that temporal networks
have become ubiquitous in modern research. More examples of use cases are
presented in

In order to gain a broader understanding of temporal networks, their
uses and challenges, we want to look at two different problems on those
structures. One is closer to applications while the other is more theoretical.
This way we can learn about temporal networks from the two sides of the
theoretical /practical “divide”.

1.1.1 Models, Discrete vs Continuous

In order to simplify the investigations on temporal networks, one generally
imposes assumptions on time. One common assumption is to consider time
as discrete. This often comes with the assumption that the number of nodes
does not grow infinitely. In this case, a temporal gmphﬂ is often described as
an infinite sequence G = (G, Gy, . .. ) of subgraphs G; = (V, E;) of a common
graph G = (V,U;E;), a model that was originally described (independently)
in [84] and |111]. Here, G; is called the snapshot of G at time ¢ while G is
the footprint.

One way to work with continuous time is to assume the edges of a graph
G have durations. Thus, each edge uv € E(G) appears continuously in an
interval [a,b] C R (or set of intervals) that depends on uv. The Link Stream
framework of Latapy et al. [144] is specifically designed for the simple case
when all edges have real-time durations and where nodes are fixed.

Finally, although there are many models used for representing “temporal
networks” (see |55, (115} [207]), there are two main general-purpose models:
Stream Graphs [144] and Time-Varying Graphs [55].

'We will come back to the distinction between temporal networks and temporal graphs

in Chapter 2



We come back to the different models and assumptions in[Subsection 2.1.2]

1.1.2 Connectivity and Periodicity

In temporal networks, it is also customary to apply assumptions on the vari-
ability of the changes. Some assumptions relate to the connectivity of G and
each G;. The strongest condition, 1-interval connectivity (e.g., [119} (141,
168]), requires that each G; be connected. On the other hand, many weak
conditions exist (see, e.g., [55]), for example requiring only that the temporal
network be connected over time ([53, |104]). Casteigts et al. [55] initiated a
classification of temporal networks through their connectivity properties.

In discrete-time, one can also wish to control the frequency of appearance
of the edges in a temporal graph G. In mobile ad hoc networks (MANETS),
multiple mobility models exist to describe the movements of the wireless
nodes, see for example the survey of [16]. Without explicitly describing the
dynamics of those nodes, one could impose assumptions on their patterns
of contacts, quantifying when the nodes interact. The most relevant such
assumption for our study is periodicity: there exists a positive integer p such
that G; = G,4, for all positive integers i (e.g., [86, |121} 126]), so that G
can be written as a finite sequence G = (Gp,...,Gp-1)". We refer to such
temporal graphs as periodic graphs. Periodic graphs can model, for example:
how connections between transit systems vary or how the schedule of self-
employed workers assigned to ressources, e.g. medical doctors assigned to
hospitals or clinics, change on a weekly basis.

1.1.3 Distances

A first concern that appears when studying real-wold data coming from tem-
poral networks is that there is an inconsistent notion of distance. How do
we tell how far apart are two “temporal nodes”? By the number of hops
required to reach the latter from the former (i.e. the graph distance)? By

I The use of one model over another often depends on the community it emerged from.
Link streams and stream graphs were designed by researchers studying complex networks:
huge datasets of interconnected datapoints without any assumed structure. As such, their
problems are concerned with analyzing data. Time-varying graphs originate from research
in distributed computing. As such, they are well-suited to analyze failures or variations
in a network that influences independently acting entities. In our work, we focus on link
streams and periodic graphs.



how long it takes to walk from one to the other (i.e. the duration of a walk)?
Or a combination of both?

The notions of paths and distances are fundamental to the study of tem-
poral networks. Kempe et al. [133] mention the use of time-respecting paths
to study temporal networks. Because of the above-mentioned inconsistencies
in the notions of distances, multiple different types of “time-respecting paths”
(henceforth referred to as journeys) have been proposed over the years. In
particular, shortest journeys use the minimal number of edges, in fastest jour-
neys the difference in the times of the last and first used edges is minimal,
while foremost journeys arrive the earliest at their destination (see for exam-
ple [44]). Some researchers found an interest in combining different criterias.
In particular, Latapy et al. [144] proposed to use shortest fastest journeys
in their link stream model as a type of journeys that gather together the
temporal as well as the structural information of a link stream. A shortest
fastest journey is one that is shortest among the fastest journeys between two
endpoints. This type of journey is used to define, for example, a betweenness
centrality (see [164, 93]). A social network can thus be analyzed through
different perspectives: using the distance to measure how the connectivity of
a group varies over time, the latency to measure how quickly an information
can spread into a group of people and the length of a shortest fastest jour-
ney to measure how efficiently this information is relayed. Shortest fastest
journeys describe a natural notion of communication efficiency: when a viral
rumour (such as a piece of disinformation) spreads over a network it can
spread quickly and those actors on short fastest journeys from the source to
any receiver can be considered as efficient spreaders.

1.1.4 Static and Mobile agents in (Temporal) Graphs

There are multiple problems about mobile entities in which the agents op-
erate on graphs and temporal graphs under different conditions, such as
GRAPH EXPLORATION, DISPERSION and GATHERING (e.g., [5, 40, 68, 70, 81,
104} |105] and [67] for a recent survey).

One common problem is the pursuit-evasion game, in which one team of
agents tries to capture another team. A closely related variant is the search
problem in which a team of agent tries to search for an object. Another
closely related problem is the decontamination problem in which a team of
agents seeks to decontaminate a graph. Thus, from a base mobile agent
problem, by changing the objective slightly one can ask the agents to find

4



an object in a cave, to remove a leaky substance from it or to capture an
escaping fugitive whose position may or not be known to the agents. Thus,
search, exploration, decontamination and pursuit-evasion games are tightly
connected. Fomin and Thilikos [90] present a history of graph searching up to
around 2008, while Bonato [34] surveys pursuit-evasion games up to around
2022.

One of the simplest models of pursuit-evasion games on graphs is the
Cops and Robber game [167, 138] in which a team of cops try to capture
a visible fugitive, the robber, in discrete-time. Those games are frequently
studied for the structures they help extract from graphs: families of graphs
that are copwin, 2-copwin, etc. and the cop number is one among many
graph parameters that defines a graph. Connections abound between cops
and robber games and search problems and width parameters: treewidth,
pathwidth, etc. Some researchers attribute the recent surge in interest for
cops and robber games to their connections to a wide variety of applications
such as artificial intelligence and distributed computing, see for example the
recent paper of Gahlawat et al. [95].

Erlebach and Spooner [80] bridged the communities of cops and robber
games and temporal networks by studying a game of Cops and Robber on
periodic graphs. We come back to this game in [Subsection 1.2.1}

1.2 Problems and Contributions

1.2.1 Cops and Robber Games in Temporal Networks

The game of Cops and Robber is a pursuit-evasion game played in turns,
originally on a finite undirected graph G, between k > 1 cops and a single
robber. There is perfect information. Initially, first the cops, then the robber,
choose their positions on GG. Then, in every turn each cop first moves to a
neighbouring vertex or stays still, then the robber moves to a neighbouring
vertex or stays still. The game ends and the k cops win if they ever step
on the node occupied by the robber. The robber wins by forever evading
capture.

This game was first described by Nowakowski and Winkler [167], and
independently by Quilliot [172, |173] for £ = 1. Later, Aigner and Fromme
[6] extended the game to general values of k. The smallest integer k£ > 1 for
which k cops can always capture the robber on G is called the cop number of



G, denoted as ¢(G). We say a graph G is copwin if ¢(G) = 1. Determining
whether ¢(G) < k for an input of (G, k) is EXPTIME-COMPLETE in general
[136]. Nevertheless, computing ¢(G), finding good upper and lower bounds
on this number and finding classes of graphs for which ¢(G) is bounded (by
a constant) are some of the main research objectives in this field.

Bonato and Nowakowski [38] summarize many results on the Cops and
Robber game in their seminal book. See also the more recent work of Bonato
[34]. We give more details about this game in [Chapter 3]

Extending the game of Cops and Robber to periodic graphs is straight-
forward because it is generally played on a finite structure and a periodic
graph G = (Go, ... ,Gp_l)ﬂ can be thought of as a finite sequence of finite
graphs. The rules are easily extended. Initially, the cops first choose a set of
nodes in V' to occupy, then the robber chooses a vertex of V. Then, starting
in G, first the cops, then the robber move to a node that is adjacent to their
current positions. After both players (cops and robber) have moved in Gy,
they start their next turn occupying their nodes in G, where they will play
their next move. The game ends and the cops win if and only if one cop
can move on the node occupied by the robber in some snapshot. The robber
wins otherwise.

Erlebach and Spooner [80] first introduced the game of cops and robber on
periodic graphs by sending the input to an algorithm that solves Reachability
Games [30]. This is unsatisfying first because it does not give a characteriza-
tion of copwin periodic graphs in terms of the original input, thus it does not
help understanding why a periodic graph might be copwin or not. Moreover,
the temporal complexity of their algorithm is derived entirely from a call to
another generic algorithm, so it might not be optimal.

Furthermore, so far not much else has been written about cops and robber
games on periodic graphs. In particular, there are no general analytical
results, in the style that are presented in Bonato and Nowakowski [38]. Thus,
aside from executing an algorithm to determine if a specific periodic graph
is copwin or not, one could not say anything related to the cop number of
a periodic graph. This prevents one from computing or approximating the
cop number of a specific periodic graph from some of its properties without

2Some authors, such as Fluschnik et al. [88], have questionned the periodic assumption
of temporal graphs for cops and robber games and suggested that the game might be better
defined on a temporal graph that is a finite sequence. This would impose a constraint that
the robber should be captured in a certain amount of time, given by the length of the
sequence, which is not generally assumed in cops and robber games.



having to do extra work. For example, we know from Aigner and Fromme
[6] that ¢(G) < 3 if G is planar, which can be sufficient in some applications.
There are yet no published results of this type in the literature, which is a
problem that we seek to remedy in this work.

One motivation for studying cops and robber games on periodic graphs is
that they, along with search problems more generally, are known to provide
structural characterizations of graphs. This capacity to structurize graphs
can be valuable to researchers on temporal networks given the surge of inter-
est in those objects and that their classification is still in its infancy. Indeed,
Casteigts’ updated list of classes [52] still contains only 21 classes of temporal
networks. In contrast, the cops and robber game provides an infinite number
of temporal networks classes, one per cop number, and each with specific
structure. Therefore, we wish to extend this classification with the help of
the cops and robber game and, possibly, other properties of periodic graphs.

1.2.2 Link Streams

Link Streams offer an elegant framework to study how real-world networks
change over time. However, at the time of publication, there was still an
inconsistency in the way researchers computed “distances” on temporal net-
works. For example, Wu et al. [208] devised separate algorithms to compute
lengths of shortest journeys and durations of fastest journeys, but there was
no way of combining them. Furthermore, the latest algorithm that computed
metrics from all sources to all targets dated back to Bui-Xuan et al. [44] in
2003. There was an obvious need to update this work on link streams. More-
over, Latapy et al. [144] specifically designed their betweenness centrality (see
[164] for more explanations on network centralities), but this required a no-
tion of distances that was a combination of shortest and fastest journeys.
Thus, new algorithms were necessary to compute those values. Algorithms
to compute this betweenness centrality are presented by Simard et al. [192)].

1.2.3 Contributions
1.2.3.1 Characterizations of copwin periodic graphs

In we characterize periodic graphs that are copwin and use this
characterization to design an efficient algorithm to compute whether an input
periodic graph is copwin or not. Our characterization involves a new struc-



ture called augmented arena. Our techniques apply to more than the classic
game we have described. This characterization, presented in [Theorem 4.3|
is a process that involves adding edges to the “augmented arena” of an in-
put periodic graph G. We show that this process terminates with a specific
output if and only if G is copwin. We then build from this characterization
to describe precisely how this process works and when we can declare it has
terminated, culminating in [Algorithm 1] Notably, this algorithm is faster
than the method presented by Erlebach and Spooner [80].

This is significant since the only way so far to determine if a periodic
graph was copwin or not was to use Erlebach and Spooner’s transformation
into a reachability game, which is not expressive. This transformation works
from an algorithmic perspective, but it does not explain why a particular
periodic graph is copwin or not. We help remedy this with our results in

Chapter 4

1.2.3.2 Cop numbers of periodic graphs

In our main contributions are many examples of periodic graphs
with particular cop numbers that altogether highlight the elusive structure of
periodic graphs, especially compared to static graphs. For example, we show
in [Proposition 5.1| that there exists a periodic graph G with outerplanar
footprint G' that has cop number 3. This is despite the known fact that
outerplanar graphs have cop number at most 2 [60]. We similarly exhibit
in [Proposition 5.2 a periodic graph G with cube footprint G that also has
cop number 3, even though G has cop number 2 by [153]. In , we
present a table of periodic graphs and associated triples (a,b,c) such that
the cop number of GG, the highest cop number of all snapshots and the cop
number of the periodic graph are, respectively, a, b and ¢. This table is filled
with almost all possible sequences of integers between 1 and 3 (inclusive).

This chapter is a major contribution to the field for how it can help
researchers build intuition on what properties of periodic graphs to look for
in connection with the cops and robber game, and to determine what pitfalls
to avoid when studying this problem.

1.2.3.3 Bounds on the cop number of periodic graph families

Our main contributions in are general results on the cop numbers of
periodic graphs. Those mainly come in the form of upper and lower bounds.



The spirit of this chapter is embodied by our main result, [Theorem 6.4]
that relates the treewidth of a graph G to the maximum cop number of all

periodic graphs with a footprint GG. Such results are so far non-existant in
the literature and they provide a lot of information on how the footprint
affects the dynamics of a periodic graph. The upper bound presented in
can be compared with some upper bounds on cop numbers
of graphs or directed graphs that already in the literature such as those
presented by [50, (148} 129]. Most results in this chapter are upper bounds.

Such results can have a major impact in the nascent study of the structure
of temporal graphs as well as cops and robber games on periodic graphs, since
they provide explicit connections between the footprint of a temporal graph
and the temporal graph itself.

1.2.3.4 Evaluating metrics in link streams

Our main contributions in are two groups of algorithms that com-
pute metrics of shortest (fastest) journeys in a link stream. Two algorithms
in the first group work from a single source, while the two in the latter
work from multiple sources. The two sets of algorithms are split on whether
they assume journeys have strictly positive or null delays: the time it takes
to traverse an edge. All methods return the lengths of shortest journeys,
the lengths of shortest fastest journeys as well as pairs of starting and ar-
rival times of (fastest) journeys. Some of that information is summarized
as reachability triples (a,b,c) (see [Definition 7.1|) such that for every fixed
source node s and node v, there exists a time b such that a is a largest start-
ing time from s to (b,v) and c¢ is the distance from (a, s) to (b,v). There are
three major novel aspects in this work. First, we compute multiple metrics
at once, whereas many other authors devise separate algorithms for the same
tasks. Second, we compute lengths of shortest fastest journeys, which is a
novel metric in the literature. Finally, we present algorithms that work from
multiple sources. This had not been considered in the recent years before
publishing in the literature and one had to go back to the work of Bui-Xuan
et al. [44] to find similar algorithms that work with multiple sources. In
short, our major contributions are:

1. To provide four algorithms each of which compute multiple known met-
rics;



2. To design algorithms that compute the lengths of shortest fastest jour-
neys;

3. To design algorithms that compute metrics from multiple sources.

A major impact of this study is the ability to efficiently compute values
required to compute the betweenness centrality of a temporal node in a link
stream. It also makes it faster to compute shortest journeys between large
numbers of nodes in link streams. The novel ability to compute reachability
triples for all destinations (and sources) is relevant due to the importance
of shortest journeys in the analysis of temporal networks. We think our
algorithms are also simple yet powerful enough that they could be extended
to other metrics such as arrival times of foremost journeys and lengths of
shortest foremost journeys. This seems to hold in particular if the temporal
dimension is the first argument optimized over, such as in shortest fastest
journeys or shortest foremost journeys.

1.2.4 List of Publications

The work in was presented at the 30th International Colloguium
on Structural Information and Communication Complexity (SIROCCO) in
2023, [65].

Some results in [Chapter 5| and [Chapter 6] were presented at the 54th
Southeastern International Conference on Combinatorics, Graph Theory &
Computing in 2023 [2], before being submitted to their proceedingsﬂ Some
results were also presented at the 11th Workshop on GRAph Searching, The-
ory and Applications (GRASTA), in Bertinoro, Italy, in 2023 [1].

The work in[Chapter 7| was presented first at the International Conference
on Advances in Social Networks Analysis and Mining (ASONAM) conference
in Vancouver, Canada in 2019 [189], then published as a longer version in
the journal Social Networks Analysis and Mining (SNAM) [188].

1.2.5 Overview

We start by reviewing the literature in and giving general defini-
tions in [Chapter 3]

3The papers are evaluated after the end of the conference.

10



In [Chapter 4 we give our characterization of copwin periodic graphs in
terms of augmented arena.

In we initiate the construction of a list of examples of periodic
graphs with specific cop numbers.

We then move on to that presents more general results, mostly
in the form of upper and lower bounds on the cop numbers of periodic graphs.

We present our work on link streams in |[Chapter 7|
We conclude in [Chapter &|
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Chapter 2

Related work

2.1 Temporal Networks

The history of temporal networks, or temporal graphﬂ is recent. It has been
brewing in the last two decades in communities of, for example, Network
Science |21}, [164] and Distributed Computing |183] as researchers recognized
that empirical networks evolved over time and that tools to analyze them
had to be adapted. Casteigts et al. [55] (see also Casteigts [52]) provide a
survey on those developments, as do Holme and Saraméki [114] and Latapy
et al. [144]. The community on Complex Networks studies metrics [165],
centralities such as the betweenness and closeness [155, [10] and community
detection algorithms [91] in order to analyze real-world (temporal) networks.
On the other hand, the community of distributed algorithms use the temporal
dimension to model communication networks and failures that can occur on
them.

Temporal networks have been the focus of an increasing number of studies
in recent years, as one can see by the number of workshops and conferences
dedicated to the topic, such as SAND 2023 (“2nd Symposium on Algorith-
mic Foundations of Dynamic Networks”), the “Temporal Graph Learning
Workshop” at NeurlPS 2022 as well as the workshop “Algorithmic Aspects
of Temporal Graphs VI*” at ICALP 2023.

!Some authors like Holme and Saramiki [114] use the term Temporal Networks as a
general description of a graph that varies over time. The term Temporal Graphs sometimes
refers to a specific object in which time is discrete. We will define the term temporal graph

in [Chapter 3land use use temporal network as the generic expression.
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A different area of investigation concerns dynamic grahs in the context
of algorithms, graphs and data structures. For instance, people have studied
problems where we want to maintain a data structure which keeps track of
the connectivity of a graph as it changes over time. For example, edges can
be deleted and/or inserted over time and we do not know about the sequence
of delete/insert operations at the beginning. See for example the survey of
Eppstein et al. |78], as well as [127], [74], [150]. Let us stress that although
the expression dynamic graph is used in that field, this refers to an area of
investigation that is unrelated to our work.

2.1.1 Applications and Motivations

Temporal networks have been widely used in computer networking under
the name of Delay-Tolerant, Opportunistic and (Mobile) Ad-Hoc Networks.
In general, delay-tolerant networks (DTN, also known as disruptive-tolerant
networks) are considered as highly dynamic networks that might never be
connected at any point in time. Rodrigues and Soares [179] summarize the
topic as follows:

DTN is a network research topic focused on the design, construc-
tion, performance evaluation, and application of architectures,
services, and protocols that intend to enable data communication
among heterogeneous networks in extreme environments [...].

Delay-tolerant networks can suffer from poor connectivity, low reliability and
long transmission delays. Thus, routing information on those networks is
more challenging than on static networks. A delay-tolerant network can
arise as a network of devices carried by pedestrians that can forward mes-
sages. Sending a message from one device to another requires a protocol that
is robust to sudden changes in connectivity. Rodrigues and Soares |179] men-
tion that delay-tolerant networks were originally designed to communicate
with spacecraft. We refer to the book of Rodrigues [178] for more information
on the subject.

Another field of study in which temporal networks have become important
is the analysis of real-world (complex) networks. Information on how con-
nections are ordered over time is valuable in the study of dynamic processes
on networks such as the propagation of diseases, viruses and information.
For example, if a person is infected with a virus at some time ¢, then stays
hidden for the duration of its contagious phase before resuming contact with
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the world at a later time ¢’ > ¢, then they cannot infect anyone. This in-
formation is impossible to infer from a static network of contacts. Social
networks arise from the dynamics of social interactions in groups of people,
which according to Newman [164] was studied as early as the 1930s. Other
networks that arise from real data are technological networks such as the
above-mentinned delay-tolerant networks, the internet, the network of natu-
ral gas pipelines, networks that describe the chemical reactions that occur in
cells, networks of interactions between proteins or even network of connec-
tions between neurons in the brain. An interesting piece of knowledge one
can discover on real-world temporal networks is that networks of contacts
(e.g. of phone calls) have been found to be often bursty [20, 115]. Steven
Strogatz |196] summarized the subject in a Nature publication many years
ago. We refer to Barabasi [22] and Newman [164] and the references therein
for more information and examples on complex networks. The key takeaway
here is that most of those networks change over time, whether because the
segment of a pipeline fails at a particular time or a protein is simply not in-
teracting with any other protein. Thus, in the same way that one can follow
the evolution of a random variable, such as the price of an asset, over time in
the form of a time series, one can keep track of the evolution of a network as
a temporal network. A classic reference on the subject of temporal networks
is the text of Holme and Saraméki [114].

Recent trends in the study of temporal networks include Deep Learning.
Many researchers have recognized the successes of Graph Neural Networks
in, for example, identifying molecules found in food that can help beat cancer
[203]. Graph Neural Networks are Neural Networks adapted to take graphs as
inputs, we refer to the book of Goodfellow et al. [103] for a general discussion
on Deep Learning and the book of Ma and Tang [151] for a more specific
exposition on deep learning on graphs. See also, for example, Rossi et al.
[181] for a description of Temporal Graph Networks, a model of deep learning
on temporal networks, as well as Kazemi et al. [130] that present a survey
on using temporal networks in deep learning.

Finally, a core concern about temporal networks is our lack of knowl-
edge about their structure, especially when compared to (static) graphs. For
example, whereas the treewidth is well-known (static) graph parameter (see
[71] for explanations), there is still no good notion of “treewidth” that applies
to temporal networks according to Fluschnik et al. [8§].
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2.1.2 Models

One difficulty in working with temporal networks is the lack of uniformity
in the teminology. Researchers employ a variety of models, from Temporal
Networks to Time-Varying Graphs [55] and it can be hard to keep track of
them. The term Temporal Network, as used by Holme and Saraméki [114]
seems to refer to any network that changes in time. Casteigts [52] (who
uses Dynamic Networks instead for generality) notes that the term Dynamic
Graphs describing a sequence of graphs has been around since the 1980s (see
for example Shiloach and Even [187]).

The model of Temporal Network as a graph G = (V, E/, \) with a function
A . F — R that indicates at what time each edge appears is originally due
to Kempe et al. [133]. In this model, a temporal network is represented as a
graph with labels on the edges and it is still being used, for example in the
work of Casteigts et al. [58]. This representation highlights the footprint (see
but makes the temporal dimension harder to visualize. Tempo-
ral networks as a sequence of graphs was also deemed FEvolving Graphs by
Ferreira and Viennot [85]. The first author and their coauthors would later
incorporate the duration of each graph in the sequence under the label of
evolving graphs, as well as the time it takes to cross an edge [44]. Kostakos
[140] is credited by Casteigts [52] for a particular usage of the term Temporal
Graph to describe a static representation of a discrete-time temporal net-
work. This provides a description of a discrete-time temporal network with
a single static directed graph, which is similar to what we will call arena
[section 3.1.3] The term temporal graph is sometimes used interchangeably
with temporal networks.

The Time-Varying Graph (TVG) framework of Casteigts et al. [55] pro-
vides a unifying model to describe many forms of temporal networks. Whether
edges have non-zero, integer or real duration and whether crossing an edge
takes a certain time is encompassed by this framework. Still more recently,
Latapy et al. [144] introduced the Link Stream model of temporal networks.
A link stream can be thought of as a set-theoretical version of a specific type
of TVG, in the sense that the dynamics of a TVG are described by functions
p: ExT —{0,1} and ¢ : E x T — T, where T is often taken to be either
N or R and 7 C T is the lifetime of the network, to describe the times of
appearances of an edge and the time it takes to cross it, respectively. In
comparison, a link stream L = (T,V, A) is a triple where T is a set of time
instants (often 7" C R), V' is a finite set of vertices and A is a set of temporal
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edges] of the form (¢,uv) € A, where uv denotes the unordered pair of ver-
tices u and v and ¢t € T'. This allows one to write (I, uv) with I C T for the
set of temporal edges {(t,uv) € A|t € I}. The time it takes to cross an edge,
i.e. the delay v € R, is often fixed in this model. Latapy et al. extended
those ideas to Stream Graphs in the same work to allow nodes themselves
to appear and disappear. We will have more to say about link streams in
Section 3.21

One common way to analyze temporal graphs that are not periodic is
through a time-window: a contiguous subsequence of snaphsots of fixed
length, introduced by Viard et al. [204]. We refer to the recent survey of
Klobas et al. [138] for more information about this way of dealing with tem-
poral graphs.

Other assumptions one can encounter about a temporal graph G = (Gy, G, . ..

include:

1. T-Interval connected: for every time ¢, the graph H = (V,"Z7 ! E(G,))
is connected;

2. Recurrent: for every edge e € E(G) and time ¢, there exists a time
t' > t such that e € E(Gy);

3. d-Recurrent: for every edge e € F(G) and time ¢, there exists a time
t' € [t,t + 0 — 1] such that e € E(Gy).

Those assumptions are described in detail in [55].

2.1.3 Distances in Link Streams

In we expose algorithms we developped to compute metrics in
link streams. This study is related to the study of Wu et al. [208] and

our algorithms can be applied in the same contexts as their shortest and
fastest journeys methods. The main contribution of the present work is to
compute sf-metrics, as well as distances and latencies, in a single pass over
a dataset. Separately, Wu et al’s fastest and shortest journeys methods are
insufficient to compute centralities such as the betweenness of a link stream,
while an algorithm combining them to produce sf-metrics is not efficient

2We write A instead of E to avoid ambiguity with models in which F is a set of edges
and there is a presence function that assigns time instants to them.
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because it requires iterating multiple times over the dataset. Meanwhile,
our methods iterate only once over the dataset to produce the three metrics
and are suitable for studying different aspects of a link stream. We also
output information on the starting and arrival times of shortest (fastest)
journeys. This study was instigated as a first step in computing Latapy et
al’s betweenness centrality defined in Latapy et al. [144] and computed in
Simard et al. [192].

Bentert et al. [26] devised a generic algorithm to compute optimal jour-
neys in temporal graphs from one source node to all other destinations. Their
algorithm is generic in the sense that it can compute different types of op-
timal journeys such as shortest, fastest and foremost. Their main algorithm
computes those journeys separately. They do consider a method to combine
some optimization criteria, such as fastest and shortest, however this is done
through a linear combination of optimization objectives. This is in contrast
to the present work, which is focused on a bilevel optimization approach (see
Colson et al. [62]): the criterion that a journey be fastest can never be vio-
lated, at the possible expense of journeys not being shortest. We also present
algorithms from multiple sources, which is not the case in their work. Brunelli
et al. [42] took a similar approach to Himmel et al. and devised a generic
algorithm to compute Pareto optimal journeys to generalize multiple criteria
(shortest journeys, foremost journeys, etc.). Again, their method only works
from a single source. Moreover, they present the temporal complexity of
their method but do not derive the explicit complexities when their method
is applied to specific problems. In particular, it is not clear what complex-
ity their method would achieve on the task of computing lengths of shortest
fastest journeys and how a concrete implementation would fare against our
programs. In 2019, Li et al. [145] improved on the work of Wu et al. by us-
ing dynamic programming approaches to compute shortest journeys, fastest
journeys and (restricted) earliest-arrival journeys. Although interesting, this
work comes with the same restrictions that we observed in the work of Wu
et al.

Furthermore, this work is also close to Tang et al. [199] since these au-
thors define a betweenness centrality on temporal networks in terms of fastest
shortest journeys. Whether to use fastest shortest or shortest fastest jour-
neys (or any other type of journey that combines temporal and structural
information) depends on what information one wants to emphasize and on
the context of the study. Shortest and fastest journeys were also studied by
Bui-Xuan et al. [44] and we were inspired by their all-pairs fastest journey
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method to develop [Algorithm 3| and [Algorithm 5. The latter are relevant to
compute some centralities because metrics between all pairs of (temporal)
nodes may be required. To our knowledge, Xuan et al’s method is the only
of its kind to return latencies between all pairs of nodes. The same problem
of computing shortest and fastest journeys has been solved, with different
strategies, in a distributed way by Casteigts et al. |54]

Casteigts et al. [55] also offer a survey of temporal networks that includes
many applications of shortest and fastest journeys. In particular, such jour-
neys can be used to study the reachability of a temporal node from another.
Although simple to formulate on graphs, in temporal graphs one can define
multiple notions of reachability and some are still being investigated, such
as reachability when there are constraints on the allowed waiting time at
each node [43|. It appears from the survey of Casteigts et al. [55] that either
the distance or the latency is often used as a temporal metric to evaluate
how well a temporal node can communicate with another. In this regard,
the sf-metric can be used as another temporal function since it combines the
temporal as well as the structural information into a single map. Note that
the notion of foremost journeys (or journeys) is also used by some authors
(such as Casteigts et al. [54]) to study temporal reachability. A foremost jour-
ney only has minimal arrival time, while its starting time is unconstrained.
This type of journey is also useful in many studies and we expect that our
algorithms can be extended to those cases to output lengths of shortest fore-
most journeys. Finally, Casteigts et al. [56] and Thejaswi et al. [200] studied
another type of temporal journeys called restless, such that one cannot wait
more that a prescribed amount of time on each node. This is an interest-
ing constraint that we have not considered. However, we expect that our
methods can also be extended to fit these constraints.

Finally, observe that the link stream framework is also close to the Time-
Varying Graphs framework of Casteigts et al. [55]. Thus, all results presented
in this paper carry to this other framework as well. We did not intend to
survey the different models of temporal graphs present in the literature, as
this is out of the scope of this work. To the best of our knowledge, there are
two major models that allow edges to have duration and allow time to flow
continuously: the Link Stream of Latapy et al. and the Time-Varying Graph
of Casteigts et al. Other models, such as temporal networks (see Holme and
Saramaki [115]), evolving graphs (Ferreira and Viennot [85]) and temporal-
event graphs (Mellor [160]) mostly focus either on discrete timesteps or on
zero transmission delay. Our algorithms also work on those models. The
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time-dependent network model mentioned by Brunelli et al. [42] is slightly
more general than the link stream we use since it allows the transmission
delay over the edges to follow a non-constant function.

2.1.4 Tractability and Width Measures

Orlin |169] showed that many temporal analogues of NP-COMPLETE problems
on graphs are PSPACE-COMPLETE, so many graph problems become harder
when extended to temporal graphs.

For example, Akrida et al. [8] studied extensions of the Vertex Cover prob-
lem, NP-COMPLETE on graphs, to temporal graphs where they show, among
other results, that it is NP-COMPLETE to solve on temporal graphs whose
footprints are stars. Baste et al. [24] define a notion of temporal match-
ing on link streams and show that computing a maximum matching in this
case is NP-HARD under some restrictions, even though finding a maximum
matching can be solved in polynomial-time on graphs. Casteigts et al. [57]
show that some types of journeys are W[1]-HARD (see for example Downey
and Fellows |73] for an overview of parameterized complexity) to find under
some restrictions, for some parameters. In the same vein, Kempe et al. [133]
showed that computing the number of node-disjoint s-¢ paths in temporal
graphs is NP-COMPLETE, yet it is known to be polynomial-time computable
on graphs via Menger’s Theorem (see, e.g., [71]). Earlier, Berman [29] noted
that Menger’s Theorem fails on temporal graphs. To help alleviate this issue,
Kempe et al. [133] define a graph G as Mengerian if Menger’s Theorem holds
for every temporal graph with footprint G. Trying to find a good adaptation
of Menger’s Theorem is still the subject of recent investigations [118].

Similarly, Marino and Silva |157] showed that a temporal analogue of
the problem of finding an Euler walk on a graph is NP-COMPLETE, yet it is
polynomial on graphs. Akrida et al. |[7] and Bumpus [45] showed that the
temporal analogue of exploring a star is NP-COMPLETE.

One modern idea when studying a NP-HARD problem P on a graph G is to
look for a fized-parameter tractable (FPT) algorithm for P parameterized by
a measure of width of G, such as the treewidth ([177], see also [71] for expla-
nations and for a brief introduction), of G. For example, Downey
and Fellows [73] present a linear-time algorithm for the INDEPENDENT-SET
problemﬁ on graphs of bounded treewidth.

3The INDEPENDENT-SET problem takes as input a graph G and a positive integer k
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With this in mind, Bumpus [45] defined a novel width measure, interval-
width, of temporal graphs that he used to show the existence of FPT algo-
rithms for the above problem of exploring the star when parameterized by
the interval-width of the temporal graph. In our notation (see
for full definitions, or for an overview), let G = (Go, Gy, ...,Gr)
be a temporal graph with footprint G that is either periodic or ends at
time 7" and for every edge e € E(G), let f(e) := ming<i<riccp(a,)(t) and
l(e) := maxo<i<riccr(G,)(t) be the first and last appearance times of e (re-
spectively). Then, the interval membership sequence of G is the sequence
(Fy)o<t<r of subsets F; := {e € E(G)| f(e) <t < l(e)} and the interval-
membership-width of G is the integer imw(G) := maxo<;<r|F;|. That is, each
F; contains all edges that have appeared sometime before ¢ and have not yet
disappeared forever, and imw(G) is the size of the smallest such set. This
functions thus quantifies how spread out in time are the edges of G.

Unfortunately, imw(G) is not suitable for our context because of its “coarse-
ness”. That is, if all edges appear in a snapshot Gy, then imw(G) = |E(G;)| =
|E(G)|, which does not help us analyze our game of Cops and Robber. Based
on this definition, many of our examples of periodic graphs G, with footprint
G, in will have interval-membership-width |E(G)|. Nevertheless,
the interval-membership-width is so far the first usable width measure of
temporal graphs.

More abstract width measures were presented very recently in [47, |11} 48],
however they use constructions from Category Theory. Category Theory, see
for example [176] [180], is a branch of mathematics whose purpose is to ab-
stract other fields of mathematics (such as topology, group theory, set theory,
graph theory, and so on) by studying objects and their relations. There is
thus, for example, a category of sets that contains sets and morphisms on
them and a category of graphs that contains graphs and homomorphisms.
Bumpus [45] generalized, via category theory, an algebraic definition of the
treewidth based on a graph function due to Halin [109]. See also the works of
[11}, 48] that follow from [45| 47]. This allows Bumpus et al. [48] to recover
graph width measures such as the usual treewidth, but also the complemented
treewidth |75], the graph G-decomposition width [51], the layered treewidth [76),
185] and the H-treewidth [125]. More recently, Bumpus et al. [46] pushed fur-
ther into category theory to model large swaths of time-varying data, which

and asks whether or not there is a subset of vertices of size k all of which are pairwise
non-adjacent.
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includes temporal graphs. This opens the door for a future notion of width
measure of temporal graphs from category theory.

On a similar note, Fluschnik et al. [88] studied temporal extensions of the
treewidth, noting that there is yet no perfect analogue of this parameter in the
temporal setting. This explains why, in we use the treewidth
of the footprint G as an upper bound on ¢(G) instead of any “temporal
treewidth”.

As we saw, the decision problem associated with computing the cop num-
ber of a static graph is EXPTIME-COMPLETE [136]. Based on the results we
saw on temporal graphs, we can expect this already difficult problem to be
no easier on temporal graphs.

2.1.5 Mobile Agents

Claude Shannon originated the study of moving entities on graphs with his
maze-solving machine [186], and since then researchers have wondered how
to add more agents to this setting, which requires assumptions on how the
agents are controlled. Assuming the agents are fully independent leads to the
field of distributed computing by mobile agents, and we refer to the survey of
Flocchini et al. [87] for an overview of this field. The motivations for studying
mobile agents come about organically, for example a group of independant
robots might have to coordinate together to capture an intruder [23] or to
form a geometric pattern [197].

The traditional problems to solve with mobile agents on graphs are EX-
PLORATION, GATHERING and DEPLOYMENT (see for example [149]). In
EXPLORATION, the agents are tasked with fully exploring the graph. GATH-
ERING asks for the agents to regroup, while in DEPLOYMENT the agents must
spread on the graph under some constraints. More modern problems include
the BLACK-HOLE SEARCH introduced by Dobrev et al. |[72]. In this problem,
agents scour a graph in search of a node that destroys all information, such as
a virus that is stationary on the graph. NETWORK DECONTAMINATION has
also been vastly studied and we will have more to say about it in [Section 2.2]

Temporal networks were used in distributed computing (see [183] for an
introduction) as early as in the work of Awerbuch and Even [15]. One com-
mon natural source of the dynamics of temporal networks comes from the
possibility of the network to be faulty. Faults are often studied as properties
of robots, as in a robot might crash (see, e.g., Défago et al. [66]). However,
the network itself can also be faulty, for example because of the presence of
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black holes. Moreover, in asynchronous settings, when an entity sends a mes-
sage along the network to other entities there is no guarantee that message
is ever received.

The temporal assumption of periodicity was already present in the works
of Flocchini et al. [86] and Ilcinkas and Wade [122] where periodic graphs
model the periodic movements of mobile carriers such as subways, satellite
systems or patrolling guards.

The 1-interval connected (always connected) assumption is used in some
studies, such as [69 119] and some also assume a specific footprint [120].
There are also two main contexts in which to study problems of mobile agents
in temporal networks, according to Luna [149]: the postmortem model and
the live model. In the postmortem model, the agents completely know the
temporal graph G. In the live model, some informations about G are unknown
to the agents, for example they might only know the footprint G. The live
setting was used in the cops and robber games by Balev et al. [18], where it
was called “online”.

The community on mobile agents has a longer tradition of studying dy-
namic topologies than the community on cops and robber games. Indeed,
temporal graphs were introduced to cops and robber games by Erlebach and
Spooner [80], while Luna [149] mention multiple studies on mobile agents
years before that [14, 3, [25, [32].

To see how the dynamics of a temporal graph affects the time complexity
of a distributed problem on a graph, consider the following results. We
focus on the problem of EXPLORATION in postmortem setting, for simplicity.
Michail and Spirakis [161] showed that given a l-interval connected temporal
graph G with finite lifetime and a single agent positionned on a node v,
deciding whether this agent can explore G in the smallest amount of time is
NP-COMPLETE. Erlebach et al. |[79] showed that for every integer n > 1, there
exists a l-interval connected temporal graph G with 2n nodes such that the
least amount of time it takes for a single agent to explore G is Q(n?). Ilcinkas
and Wade [120] showed that given a l-interval connected temporal graph G
whose footprint G is a cycle with n nodes, an agent starting anywhere on G
can explore the cycle in at most 2n — 2 timesteps. The same authors also
give explicit bounds on the number of rounds required to do this when G is
T-interval connected. Erlebach et al. |[79] showed that there exists a temporal
graph with footprint a planar graph with n nodes and maximum degree 4
that requires (nlogn) timesteps to explore. Aaron et al. [4, |3] show that
it is impossible to approximate the minimum number of timesteps required
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for a single agent to explore a recurrent temporal graph in general. Observe
that the main assumptions are very simple: assumptions on the schedule
(e.g. recurrent), the temporal connectivity (such as l-interval connected)
and assumptions on the footprint.

The live exploration setting is also difficult to solve. Luna [149] present
many result on this case. We only mention the following result of Ilcinkas
and Wade [120]. In the live exploration setting, a é-recurrent and T-interval
temporal graph whose footprint is a cycle with n nodes can be explored by
a single agent in at most n — 1 + [WLDW (0 — 1) timesteps by stubbornly
walking along the cycle. In this context, an agent is said to perform a stub-
born walk if it simply chooses a direction and crosses every edge as they
appear. We use the idea of stubborn walks in this thesis multiple times,
for example in [Proposition 5.1, A slightly more general definition is given
in [Subsection 3.4.3] Surprisingly, such a simple idea can be nearly optimal:
Ilcinkas and Wade [120] show that in their context, n—1+ {ﬁ%flﬂ (0—1)
timesteps are necessary to explore such a temporal graph.

2.2 Games

2.2.1 Games and Pursuit Evasion

Researchers in Game Theory, see for example [198] for a general overview
of this field, typically assume that all agents in the same team are centrally
controlled. Broadly speaking, Game Theory is the mathematical study of
settings in which agents, or players, must each reach a personal goal under
prespecified rules, and may either compete or cooperate to do so. Researchers
look for strategies, when they exist, to assign to each player for them to reach
their objective. Said strategies may be deterministic or not. One generally
looks for an “optimal strategy”. This is traditionally the point of view taken
by researchers in Cops and robber games. Some explicitly conceptualize
cops and robber games as games in which two opposing players each control
a set of tokens: one player controls a set of tokens representing the cops and
another controls tokens representing the robber. Then, each player moves its
tokens according the the rules of the game. Thus, cops and robber games are
often compared with more general games such as Reachability Games 131,
30] and Stochastic Games [100, [191]. Bonato and Nowakowski 38| also note
the connection between cops and robber games and Combinatorial Games
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[28].

Game theory in general has wide-ranging applications. For example, au-
tomatic auctions are conducted to determine the placement of publicities on
websites ([156, 182]), evolutionary game theory helps understand the com-
petition and cooperation in animals and plants [110], it can help understand
how to better allocate water resources [154] and how to better secure net-
works [146].

One of our main subjects in this thesis, the Game of Cops and Robber,
can be simultaneously conceptualized as a problem from game theory or
as a problem of mobile agents. The language of game theory has mostly
been left aside by those studying cops and robber games on graphs, a fact
noted by Kehagias and Konstantinidis [131] who showed that, fortunately,
the discussion of optimal deterministic strategies is mathematically grounded.

We refer to the bibliography of Fomin and Thilikos [90] for the early
history of pursuit-evasion games on graphs as well as the survey by Nisse
[166]. We note from this work the early connection with differential games
(a type of game in which the position of the players depend continuously
on time [174]) that are used to model, for example, missile guidance and
autonomous systems [83]. This connection with differential games was noted
early by Isaacs [124] in his study of the Homicidal Chauffeur problem: a slow
but agile runner must maneuver in order to prevent a fast, but less agile,
driver of a vehicle from running him over. Another instance of a pursuit
game whose study involves differential games is the Lion and the Man game
in which a man must escape a lion in the plane (see again [174]).

Researchers on pursuit-evasion games typically focus on contexts based
on specific assumptions, of which the main ones are:

1. Is the space discrete or continuous;

2. Is time discrete or continuous;

3. Is the evader visible to the pursuers;

4. Are the players moving randomly or deterministically.

We focus on discrete space (graphs), discrete time (turn-based) games in
which the players act deterministically. We will mention some variants for
completeness.

On graphs, one alternatively speaks of graph searching or pursuit-evasion
games depending on whether the target is invisible or visible (respectively).
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In many cases, the parameter of interest is called the search number: the
minimum number of searchers required to either search a graph or capture
an evader on a graphl'}

Graph searching originally dates back to Golovach [102, [101]. In this
game, the searchers are allowed to slide along edges. Kirousis and Papadim-
itriou [137] introduced a variant in which the searchers are moved along
nodes, without sliding on edges. Seymour and Thomas [184] extended this
game to the case of a visible fugitive. This paper is celebrated as present-
ing an alternative description of the treewidth of a graph in terms of a cop
number. Similar characterizations exist for different contexts, for example:
the pathwidth of a graph equals a search number (137, 135, |77]), the D-
width of a directed graph equals a cop number [82] and the DAG-width of a
directed graph equals a cop number |31]. We also mention the recent work
of Toruniczyk [201] that generalizes the treewidth with a connection to cops
and robber games. The survey of Ganian et al. [97] takes a critical view of
the applicability of width measures for directed graphs.

To the best of our knowledge, no work has been done on graph searching
(i.e. with an invisible fugitive) in temporal graphs. The closest problem
to graph searching that has been brought to the temporal setting would be
EXPLORATION, see |79, 49], which can be thought of as a highly unconstrained
form of graph searching.

2.2.2 Cops and Robber Games

The game of Cops and Robber was first studied by Nowakowski and Winkler
[167] and, independently, by Quilliot [172][173]. In the decades since its
formulation, many variants have been suggested on the original rules of the
game, starting with allowing more cops to play (see Aigner and Fromme [6]).
The game was studied on specific graph families, such as planar graphs [6]. A
good summary on the first 30 years of development on the subject is the book
by Bonato and Nowakowski [38], while the survey of Fomin and Thilikos [90]
gives a broader perspective about graph search problems.

4Formally, every variant of the problem has its own associated search number, such as
the edge search number, the node search number, the connected search number, the cop
number, the helicopter cop number, the lazy cop number etc. For simplicity, we refer to
search number here as a general term that encompasses all variants of graph searching
and to cop number as a general term for all variants of pursuit-evasion games. We will
specify later the variants used.
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The cop number ¢(G) of a graph G is the smallest number of cops required
to capture a robber on this graph. It was shown by Kinnersley [136] that
its decision variant is EXPTIME-COMPLETE to compute. Some researchers
provide exact algorithms to determine if a graph G has cop number less than
or equal to some integer k, which is solvable in time polynomial in n in k.
The fastest algorithm so far has temporal complexity O(l{:nk”) [170].

Many researchers focus on determining the exact cop number of specific
graph families, for example Clarke [60] showed that outerplanar graphs have
cop number two. This came after Aigner and Fromme [6] showed that planar
graphs have cop number 3. Similarly, Maamoun and Meyniel [153] show that
c(Qr) = [%W where ), is the hypercube of dimension k. Others devise
upper or lower bounds on the cop number, either for graph families or for
general graphs. Hill [113] uses a block decomposition of a graph to give upper
and lower bounds on ¢(G).

One important concept is that of the retract. A retraction h : G — H
is a homomorphism from G to one of its subgraph H such that h(H) = H.
The graph H itself is called a retract of G. Retracts are used for example
to show that graphs with cop number one (also called copwin) are exactly
the dismantlable graphs [167]. In particular, Berarducci and Intrigila [27]
showed that whenever H is a retract of G, ¢(H) < ¢(G) so the cop num-
ber is upper bounded under taking retracts (this is not the case for general
subgraphs). This last result was used by Baird et al. |17] and Turcotte and
Yvon [202] to prove the size of the smallest graphs with cop number 3 and 4
(respectively). Note that some researchers define retracts on oriented graphs
without mentioning homomorphisms, see Gahlawat et al. [95], although this
seems uncommon. Gahlawat and Zehavi |96 also use a function like a re-
traction to analyze the parameterized complexity of cops and robber games,
but without mentionning retractions.

Joret et al. [129] noticed an interesting connection between tree decom-
positions and Cops and Robber game and showed that ¢(G) < tw(G)/2 + 1.
They also show that every P-free graph has cop number at most [ — 2 for
every | > 3, and that every graph with no induced cycle of length at least [
has cop number at most [ — 2. Sivaraman [194] slightly improved the latter
result, replacing [ — 2 with [ —3 when [ > 4. On the other hand, Chudnovsky
et al. [59] focus on Ps-free graphs. The study of the cop number of graphs
without a specific induced subgraph was initiated by Andreae [12].

A famous open problem is Meyniel’s conjecture that the cop number of
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a graph with n nodes is O(y/n). This conjecture was first mentionned by
Frankl [92] and Bonato and Nowakowski [38] dedicate a full chapter to it.

The capture time of the robber is the smallest number of turns required
to catch the robber, when this is possible. It is a subject of study of its own,
akin to the cop number and researchers produce the same types of result:
exact results on graph families and lower/upper bounds. A notable result
states that the capture time of any copwin graph with n nodes is at most n,
due to Clarke and Nowakowski [61].

The cops and robber game on directed graphs was studied by Hahn and
MacGillivray [107] and the authors presented an algorithm to solve it. How-
ever, they could not provide any structural characterization of directed cop-
win graphs. In 2018, Khatri et al. [134] also studied the cops and robber
game on directed graphs. The authors provide bounds on oriented graphs
as functions of different parameters such as the number of sources, sinks or
even the size of some long cycles. Nevertheless, no structural characteriza-
tion is found in their work. More results were presented by Das et al. [63] in
a variant of the game on oriented graphs. The same setting was then further
investigated by Gahlawat et al. [95].

Loh and Oh [148] exhibited a planar directed graph with cop number
4, which shows that Aigner and Fromme’s upper bound on planar graphs
does not hold in the directed case. They go on to prove that planar directed
graphs have cop number at most in O(y/n). So far, the gap between cop
numbers 4 and O(y/n) has not been bridged. The directed/oriented graphs
setting was also studied recently by Hosseini and Mohar [116], Slivova |195],
and Frieze et al. [94] and Bradshaw et al. [41].

Another variant of the original game is the fully active game in which no
player is allowed to stay on their node at any turn. Gromovikov et al. [106]
presents some results on the cop numbers of graphs in this case and how they
compare with the cop numbers in the original game.

Some classes of graphs can be defined in terms of shortest paths and
distances, such as bridged graphs and graphs with diameter two. An impor-
tant result due to Anstee and Farber [13] states that bridged graphs, which
include chordal graphs, are copwin. Wagner [205] showed that if G has n
vertices and diameter two, then ¢(G) < v/2n, so diameter-two graphs satisfy
Meyniel’s conjecture.

Two teams of researchers have independently devised and solved general
formulations of cops and robber games. Bonato and MacGillivray [37] for-
mulated a fully deterministic game that includes the usual variants of cops
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and robber games. They present general methods to solve them, one of
which generalizes the elimination ordering and another the classic relational
characterization of Nowakowski and Winkler [167]. In comparison, Simard
et al. [191] devised another general framework that can incorporate random
events. This allows them to include the game of Cop and Drunk Robbeif)
[132, 193, [139] that does not fit into Bonato and MacGillivray’s description.
The novelty of this variant is that the robber moves according to a random
walk. Simard et al. provide a relational characterization in the form of a w,
recursion to solve those games. Both models describe plays in pursuit-evasion
games as sequences (Sg, ag, S1,a1,...) of states s; and actions a; such that
(s;,a;) determines (deterministically or with some probability) the state s;,;
for every index ¢ > 0. In both models, a state s; contains the positions X
and Y of the cops and the robbers. Since Bonato and MacGillivray’s model
is fully deterministic, they deduce a relation < on the positions of the game
such that, informally, X <Y if and only if when the robbers are on X and
the cops are on Y, the cops eventually win. In a similar way, the recursion
of Simard et al. [191] is a function of the form w,(C, R) € [0, 1] that means,
informally, that when the cops are on C' and the robbers on R, the cops win
in at most n steps with probability w,(C, R).

In the original game, one can also let the robber move faster. We say the
robber has speed s > 1 if on its turn it can move to any node of the graph
that is reachable by a path of length s, without stepping on a node occupied
by a cop. If the speed of the robber is not bounded, we write s = co. The cop
number of a graph in this game is written ¢s(G). Mehrabian [159] presents
many results when s = co. Simply increasing the speed of the robber by one
leads to fascinating results, such as Fomin et al’s [89] that the n x n grid
has cop number Q(y/logn) when the robber has speed two. This was later
generalized to large, but finite, speeds and grid sizes by Balister et al. [19].

Another new interesting setting is the recent extension of the game of
cops and robber to metric spaces ([162} 99} [123]), which recalls early pursuit-
evasion games such as the Homicidal Chauffeur and the Lion and the Man,
that we mentionned in [Section 2.2

Finally, Kehagias and Konstantinidis [131] observed that many variants of
Cops and Robber games fit into the larger framework of Reachability Games

5Nearly all of the variants of cops and robber games are deterministic. It would be in-
teresting to study the cop and drunk robber game on periodic temporal networks, however
we focus on the deterministic version since not much is known on this structure.
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[30]. Those games can also be solved recursively, with a method similar
to Hahn and MacGillivray’s algorithm |107] and the relational characteriza-
tion of Bonato and MacGillivray. Reachability Games are simple two-player
games with perfect information in which each player seeks to move the game
into a finite set of configurations.

2.3 Cops and Robber Games on Temporal
Networks

Erlebach and Spooner [80] first introduced the game of cops and robber on
periodic temporal networks. They devised algorithms to determine if any
periodic graph is copwin or not through a transformation into a reachability
game [30]. This gives an algorithm with temporal complexity of O(pn®)
(in our notation). They also mentioned a method to extend this to £ > 1
cops with a number of operations at most O(knk+2p), but did not write
it explicitly. Using this same connection to reachability games, Balev et
al. [18] also present algorithms to solve the game of cops and robber on
periodic temporal networks. However, they also present a novel variant,
called online, in which the players do not initially know the schedule of the
temporal network: when each edge is set to appear. One notable result in
their work is the following. Let G be a graph with m =n — 1+ A edges and
¢:(G) be the highest cop number of any temporal graph with footprint G,
when the game is played in the online case, then ¢,(G) < A+ 1. This is tight,
for example, when G is a tree or a cycle. We will present an upper bound
on a similar quantity, ce(G), in with tw(G) + 1, where tw(G)
is the treewidth of G. Although tw(G) + 1 = A + 2 on some graphs whose
number of edges is minimal for their treewidths, such as trees and cycles,
A is unbounded even on classes of graphs with bounded treewidths such as
outerplanar graphs. This makes more adequate for our context.

The online game can be thought of as a case in which the amount of
information available to the cops is restricted. Other authors had previously
studied restrictions on information available to the cops in the game played
on undirected graphs, such as Clarke [61]. Nevertheless, it is much more
common to assume perfect information. Finally, the last published work on
the subject comes from Morawietz et al. [163]. These authors study a question
left open by Erlebach and Spooner on the complexity of solving the cops and
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robber game on periodic temporal networks. Specifically, they employ the
framework of Parameterized Complexity (see Downey and Fellows [73]) in
order to devise hardness results for this game. Of particular interest are their
NP-HARD and W[1]-HARD results on the question of whether a single cop has
a winning strategy on a periodic graph. Unlike the rest of the literature (see
for example [52, 55]), they treat the number of time instants (the period,
see as a function of the number of nodes in order to derive their
complexity results. We follow the literature and consider the period and
the number of nodes as two independent parameters, treating the temporal
(via the period) and structural (via the number of nodes) dimensions as
orthogonal. In that case, Erlebach and Spooner and Balev et al. already
presented polynomial-time algorithms to answer this question as a function
of both parameters.

More specific references are given throughout this document as they be-
come relevant to the subject at hand.
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Chapter 3

General definitions and basic
results

3.1 Graphs and Time

In what follows, we write Z* for the set of positive integers including zero
and Zj, for the set of integers modulo k. Given any integer i, we let [i]; be
the integer in Zj, such that ¢ = [i]y (mod k). We also write R for the set of
real numbers. We use the notation [a, b] for the closed interval {z € R|a <
x < b}

3.1.1 Static Graphs

We denote by G = (V, E), or sometimes by G = (V(G), E(G)), the graph
(directed or undirected) with set of vertices V' and set of edges E. We write
(u,v) for a directed edge from u to v and uv for an undirected one. A self-
loop is an edge of the form (u,u) or uu. We say that G is reflexive if every
node has a self-loop. Unless stated otherwise, we consider all graphs to be
undirected and reflexive. We say a graph G’ is a subgraph of G, written
G' C G, it V(G') C V(G) and E(G') C E(G). For any subset V! C V|
we write G[V'] = (V', E’) for the subgraph of G such that E’ contains all
edges of E that have both endpoints in V' and say G[V'] is the subgraph
of G induced by V'. We also write G \ V' for the subgraph G[V \ V'] of G
and G \ H for G[V \ V(H)] when H C . When G is undirected, we write
Ng(u) :={v e V]vue E}\ {u} and Ng[u] := Ng(u) U {u} for any node u.
The degree of uw in G, degg(u), is given by |Ng(u)|. We write dg(x,y) for the
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distance from z to y in G given by the length of a shortest path of G from
x to y. We sometimes leave out the subscript when G is easily inferred from
the context. The diameter of G is given by d(G) = max,ey maxy ey da(z,y).
For reasons apparent later, we shall refer to a graph G so defined as a
static graph.
The distance in G from a node u to another node v, written dg(u,v) is
the length of a shortest path from u to v.

3.1.2 Temporal Graphs

A time-varying graph G is a graph whose set of edges changes in timeﬂ A
temporal graph is a time-varying graph where the set of time instants is Z*.

A temporal graph G is represented as an infinite sequence G = (G, G1, .. .)
of static graphs G; = (V, E;) on the same set of vertices V. Unless stated
otherwise, we generally assume each G; is reflexive and undirected. We shall
denote by n = |V| the number of vertices of G. The graph G; is called
the snapshot of G at time i € Z* and the aggregate (undirected) graph
G = (V,U; E;) is called the footprint of G.

Given two nodes x,y € V, a journey, from x to y starting at time ¢ is any
finite sequence m(x,y) = ((20,21), (21, 22),- -+, (2k—1, 2x)) Where zg = x, 2, =
y, and 2;z;41 € E(Gyyy) for 0 < i < k.

A temporal graph G is temporally connected if for any u,v € V and any
time t € Z* there is a journey from u to v that starts at time ¢. Observe
that if G is temporally connected, then its footprint is connected even when
all its snapshots are disconnected. A temporal graph G is said to be always
connected (or 1-interval connected) if all its snapshots are connected.

A temporal graph G is periodic if there exists a positive integer p such
that for all : € Z*, G; = G;1p. If p is the smallest such integer, then p is
called the period of G. We shall represent a periodic graph G with period p as
G = (Go,...,Gp_1)". An example of a periodic graph G with period p =4 is
shown in Observe that G is temporally connected, however most
of its snapshots are disconnected graphs. Note also that when G is periodic,
then it is temporally connected if and only if its footprint G is connected. In
this work we assume all periodic graphs are temporally connected and their
footprints are reflexive unless specified otherwise.

Given a node u € V and a time t € Z,,, we write N, [u, G| := Ng,[u] for

!The terminology in this section is mainly from [55].
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the neighbourhood of u at time ¢ and deg,(u) := |Ng,(u)| for the degree of u
at time ¢t. Thus, |N, [u, G]| = deg,(u) + 1.

Let us point out the obvious but useful fact that static graphs are periodic
graphs with period p = 1.

For simplicity, we sometimes write d;(u,v) instead of dg,(u,v) for the
distance from u to v in G;. Note that this is the length of a shortest path
from u to v in GY, so it only depends on G;.

3.1.3 Arena

All graphs in this work are undirected, except for the following class of di-
rected graphs which we call arenas. This is similar to the temporal graph in
[140] and to the static ezpansion in [88].

Definition 3.1 (Arena). Let k > 1 be any integer and W be a non-empty
finite set. An arena of length k on W is any static directed graph D =
(Zix W, E(D)) where E(D) C {((i,w), ([i+1]e,w)) | i € Zy. and w,w’ € W},

A periodic graph G = (Gy, ...,Gp_1)" with period p and set of nodes V/
has a unique correspondence with the arena D = (Z, x V, E(D)) where, for
all i € Z,, ((1,u), (i + 1]p,v)) € E(D) <= wv € E(G;), called the arena of
G. Therefore, the arena D of G explicitly preserves the snapshot structure of
G. An example of a periodic graph G and its arena D is shown in [Figure 3.1]

The vertices of an arena D will be called temporal nodes. Given a temporal
node (i,u) € V(D) we shall denote by N; [u, D] the set of its outneighbours
(which includes ([i 4+ 1],,u)), and by I'; (u,D) = {v € V|([i + 1],,v) €
N; [u, D]} the corresponding set of nodes in G;. Given an arena D = (Z, X
V,E) and a node u € V, we write D \ {u} for the arena D’ = (Z, x V' \
{u}, {((t,2), (t+ Ly)) € Bz #u#y})

For every time ¢, the directed subgraph S; = ({(t,u) |t <t <t+ 1,u €
Vi A((t,u), (t + 1,v)) € Ep}) of D is called a slice, and it corresponds to
snapshot G; of G. We only use the symbol I' when we work with an arena
and N when we work with a periodic graph.

Let G = (Go,...,Gp-1)" and H = (Hy, ..., H,—1)" be two periodic graphs
with footprints G and H, respectively, and the same period. We say H is
a periodic subgraph of G, written H C G, if H; C G, for every time i. Ob-
serve that, since H is a periodic graph, we must have V(H;) = V(H;.1)
for every time i. Furthermore, the induced periodic subgraph G[V'] C G,
induced by a subset of nodes V' C V| is the periodic subgraph G[V'] =
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Figure 3.1: A periodic graph G = (G, G1,G2)" with its footprint G and
corresponding arena.

(Go[V'],...,Gpa[V'])". It H C G, wewrite G[H| := (Go[V(H)],...,G,1[V(H)])".
We sometimes leave out the subset V' when it is clear from the context and
simply say H is an induced periodic subgraph of G when there exists a subset
V" C V such that H = G[V']. Similarly, let D = (Z, x V, Ep) be an arena.
A subgraph D' C D with the same length as D is called a subarena of D.

In the rest of this work we consider mostly periodic graphs and their
arenas. We always write G for a periodic graph, G for its footprint and D
for the arena that corresponds to G. Similarly, we reserve the letters n and
p for the number of nodes of G and its period, respectively. The graph G; is
always meant as the snapshot at time t of a periodic graph §G.

3.2 Link Streams

A link StreamEI Lisatuple L = (T,V, A) where T' C R is a set of time instants,
V is a finite set of nodes (vertices) and A is a set of temporal edgeﬂ. For our
usage in [Chapter 7] we assume that 7" is a non-empty, continuous and closed
interval. However, the algorithms also work if 7" is a union of closed intervals
or if L is equivalent to a periodic graph. As in a temporal graph, every time

2Most definitions about link streams come from Latapy et al. [144].
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t € T induces an undirected graph (snapshot) G; = (V, A;) such that A,
contains every edge of L that appears at time ¢t € T'. Then, a temporal edge
is a tuple (¢, uv) such that v is an undirected edge of G;. We say an element
of T'x V is a temporal vertex, or temporal node. We do not assume G, is
reflexive.

Given an interval I C T', we write (/,uv) C A as a shorthand for the set
I x {uv} C A such that (t,uv) € A for every t € I. We also call (I,uv) a
temporal edge. Moreover, we say a temporal edge (I,uv) C A is mazimal
if there exists no other temporal edge (J,uv) C A such that I C J. We
say a maximal edge ([a,b], uv) starts at a, ends on b and has duration b — a.
Similarly, let (a,uv) be a temporal edge and [a,b] be the interval such that
there exists no other temporal edge ([a, ¢|,uv) C A with [a,b] C [a, c|. Then,
we write dur(a, uv) = b—a for the duration of the temporal edge (a, uv). Let
7 be the set of intervals [a, b] such that ([a, b], uv) is a maximal edge of A for
some u,v € V. The set of endpoints of intervals of Z, written €2, is called the
set of event times of T'. Elements of €2 x V" are called event nodes. We write
Ag = {(t,uv) € A|t € Q}.

A maximal edge, as well as Q and 2 x V' are illustrated on the link stream
of[Figure 3.2l On this link stream, ([1,2], cb) C A is a maximal edge, whereas
([1,1.5],¢b) C A is not. Thus, Q ={0,1,2,3}.

Remark 3.2. We represent a link stream similarly to an arena. The most
obvious differences are that we only draw one undirected edge between two
temporal nodes and that we do not explicitly draw all temporal nodes, since
there is an uncountable number of them.

Other definitions, specific to the context of are defined in this
chapter.

3.3 Cops and Robber Game in Graphs

Let us recall the original game of Nowakowski and Winkler, and Quilliot. A
Cops and Robber game is a two-player, perfect information and turn-based
game in which a team of cops try to capture a robber on an undirected and
reflexive graph. The cops always play first. A turn is defined as one move of
the cops, then one move of the robber. Initially, the cops position themselves

3We use the symbol A (as in arcs), to distinguish the set of temporal edges A of a link
stream from the set of edges F of the footprint of a periodic graph.
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Figure 3.2: A simple link stream with maximal edge ([1,2],¢b). The lowest
horizontal line represent the timeline 7' = [0, 4] and dotted lines parallel to
the timeline represent the temporal nodes. Curved lines represent temporal
edges, such as the the temporal edge (1, cb) drawn in thick green w==. Finally,
the full horizontal line that starts in the middle of the temporal edge (1, cb)
represents the maximal edge ([1,2],cb). Two journeys are drawn in thick
green === and thin red between the same encircled temporal nodes.

on a set of nodes, then the robber positions itself on a node. Afterwards, each
player (we use the term player to mean either the cops or the robber) stands
on a node and has to move along an edge to an adjacent vertex. Because the
graph is reflexive, both players are allowed to stay on their positions. When
multiple cops are playing, they can move simultaneously and more than one
cop can stand on the same vertex. The robber is captured if a cop ever stands
on the node where the robber is standing. In this case, the cops have won
while the robber wins if it can forever escape. That is, for the robber to win,
the game must never end.

A graph is copwin if a single cop can capture the robber, otherwise it is
robberwin. More generally, to every graph GG there corresponds a cop number
¢(@) that is the smallest number of cops required to catch the robber on G.
A copwin graph has cop number 1.

Let us focus on the case of a single cop. In order to win, the cop must
constrain the robber on a node. Therefore, when the undirected graph G is
copwin it must contain a node u that is a corner of another node v, that is:

Ng[u] g Ng[’l}].
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Then, if the robber is on u while the cop is on v and the robber is next to
play, no matter where it goes it gets captured.

It is known that a graph is copwin if and only if it is dismantlable. A
graph G is dismantlable if it contains a corner u; and for each 1 < i < n,
either there exists a corner w; in G\ {uy,...,u;_1} or the latter contains only
one node. When G is dismantlable, the sequence uq, ..., u,_1 is called either
a dismantling order or an elimination ordering of G.

Equivalently, if u is a corner of v in GG, then there is a graph homomor-
phismF_f] h, called a retraction, that maps u to v and is the identity everywhere
else. Then, G is dismantlable if recursively retracting corners results in a
graph with a single node. More generally, a retraction h of a graph G is a
homomorphism from G to one of its subgraphs H that is the identity on H.
In this case, H is called a retract of G.

3.4 Cops and Robber Game in Periodic Graphs

3.4.1 Basics

The extension of the game of Cops and Robber from static to temporal graphs
is quite natural. Initially, first the cops, then the robber, choose a starting
position on the vertices of Gy. Then, at each time ¢t € Z*, first the cops,
then the robber, move to vertices adjacent to their current positions in Gy, .
Thus, in round ¢, the players are in Gy, and, after making their moves, they
find themselves in G|y41), in the next round. The game ends and the cops
win if and only if at least one cop moves to the vertex currently occupied by
the robber. The robber wins by forever preventing the cops from winning.

A play on the arena D of G follows the play on G in a direct obvious
way: at each time ¢ € Z*, first the cop, then the robber, chooses a new node
in the out-neighbourhood of its current position and moves there. The cop
wins and the game ends if it manages to move to a temporal node ([t +1],, u)
while the robber is on ([t],,u). The robber wins by forever escaping capture
from the cop, in which case the game never ends.

4We refer to Hahn and Tardif [108] for a survey on graph homomorphisms.
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3.4.2 Configurations and Strategies

Let £ > 1 cops play on G. A configuration is a pair of possible posi-
tions for k& cops and the robber when the game is played on G, written as
C((tycry. . ycx), (t'yr)) where t' € {t — 1,t}. Welet ' € {t — 1,t} because
on every turn, the cops start in the same snapshot as the robber and end in
the next snapshot. Thus, the positions of the cops and the robber cannot
be further than one unit of time apart. A strategy for the cops is a function
o. that maps each configuration to a new position for the cops and robber
strategies are similarly defined. We say a cops strategy o, is feasible if when-
ever o.((t,c1,...,cr), (t,r) = (t+1,d,...,¢), then ¢ € Ny [¢;, G] for every
1 <i < k. The same holds for robber strategies. A cops strategy o, is said to
be k-copwin, or simply winning, from a configuration C'((,¢1, ..., cx), (t,7))
if, starting from this configuration and provided they follow o., the cops can
win the game regardless of the strategy used by the robber. In this case,

we also say C((t,cq,...,ck),(t, 7)) is k-copwin. Moreover, o. is said to be
k-copwin on G if there exists k nodes uq, ..., ux such that for any node v, o,
is winning from C((0,uy, ..., ux), (0,v)).

We say G and D are k-copwin if the cops have a k-copwin strategy on G.
When k£ = 1, we write copwin instead of 1-copwin. The smallest integer k
such that G is k-copwin is the cop number of G, written ¢(G).

3.4.3 Stubborn walks

We borrow from the field of mobile agents the simple notion of stubborn walk.
A player is said to perform a stubborn walk over a periodic graph G from
a temporal node (¢,u) to another node v simply if it greedily crosses every
edge on a path of G from u to v as they appear in G. If the next edge on the
path being followed is not available, then the player stubbornly waits until it
appears before crossing it (hence the name stubborn). If there are multiple
paths from u to v in G, we will specify which one the player chooses. This
results in a journey over G.

3.4.4 Temporal Corners

A temporal node (¢,u) in an arena D is a temporal corner of a temporal cover
(t+1,v) if u # v and
Ft (U, D) - 1—‘t-‘rl ('Uv D) :
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In D, every time it moves, a single cop ends its turn in the snapshot ahead of
the robber. Thus, this definition of temporal corner encapsulates the usual
meaning of corner that after the cop has moved, no matter where the robber
plays, the robber gets captured the next time the cop moves. We add the
restriction u # v since, if the robber stands at (¢,u), when the cop moves to
(t + 1,u), the game ends with the cop winning. This situation is different
from the situation when the cop moves to a temporal cover of the robber’s
position: then the robber is still not captured, but cannot escape from the
cop.

More generally, we say (¢, x) is a k-temporal corner of (t+1,y1),...,(t+
Lyg), if ¢ ¢ {yr,...,yx} and

k
.%’D gU t+1 yza

In this definition, the y;s are allowed the be equal.

Given a graph G = (V, E), we say a vertex u is universal in G if Ng[u] =
V. Similarly, given a periodic graph G, we say (¢, u) is a universal temporal
node if N; [u,G] =V

The following two results relate k-temporal corners to k-copwin periodic
graphs.

Lemma 3.3. Every copwin arena contains a temporal corner.

Proof. Let D be a copwin arena. Consider a configuration right before the
cops win the game. Observe that if the cop wins in a single move in G, then
Gy has a universal vertex u and every temporal node (p — 1, z) is a temporal
corner of (0,u). Otherwise, consider a configuration C'((t+ 1,v), (¢,u)) from
which no matter where the robber moves to the robber gets captured by the
cop. This configuration exists because D is copwin. Since it is the robber’s
turn to play, for every w € I'y (u, D), there exists a z € I'yy1 (v, D) such that
z = w. In other words, T'y (u, D) C T'yy1 (v, D) and (¢, u) is a temporal corner
of (t+1,v). O

Proposition 3.4. Every k-copwin arena contains a k-temporal corner.

Proof. Let D be a k-copwin arena. Consider a configuration right before the
cops win the game. If the cops win in a single move in Gj, then Gy has
a dominating set {vy,..., vz} of size k and every temporal node (p — 1,x)
is a k-temporal corner of (0,v1),...,(0,v). Suppose now the robber is on
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(t,x) while the k cops are on (t + 1,v1),...,(t + 1,yx) and the robber is
about to get captured, but is alive. Since it is the robber’s turn to play, for
every w € I'y (x, D), there exists a node y; and a neighbour z € I'y11 (y;, D)
such that z = w. In other words, T (z,D) C U*_, 141 (y;, D). Therefore, D
contains a k-temporal corner. O

[Proposition 3.4| implies that if G does not contain any k-temporal corner
then it cannot be k-copwin. This contrapositive will often come in handy in
the next sections. However, the converse is not true in general.

3.4.5 Preliminary results

Lemma 3.5. Let G be a periodic graph with set of nodes V and V' C V
be such that G[V'] is temporally connected. Suppose that for every time t,
ueV' andv eV, Ty (u,G[V']) L T'y1 (v,G). Then, G is not copwin.

Proof. Let V! C V be as in the statement. By assumption, G[V’] does not
contain any temporal corner. Thus, Go[V'] cannot contain a universal node
since otherwise every (p — 1, x) would be a temporal corner of that universal
node. The robber can thus safely start the game on Gy[V’] and survive at
least one turn. It is possible for the robber to always move on G[V’] since it
is temporally connected. Furthermore, the only way for the cop to catch the
robber is for the robber to first step on a temporal corner, by [Lemma 3.3
However, none of the elements of G[V'] are temporal corners in G. Therefore,
the robber survives in G by always playing in G[V']. H

Corollary 3.6. Let k > 1 be any integer. Let G be a periodic graph with set
of nodes V- and V' C 'V be such that G[V'] is temporally connected. Suppose
that for every (t,u) € {0,...,p — 1} x V' and (t + L,v1),...,(t + 1,vp) €
{0,...,p—1}xV, Ty (u,G[V']) € U, Tyy1 (v5,G). Then, G is not k-copwin.

Proof. This follows by the same reasoning as in along with
[Proposition 3.4} ]

When a static graph G is copwin, there exists a retract h : G — H that
maps a corner u to its cover v and is the identity everwhere else. Using this
retract, the cop can play as if the robber moves along the edge h(x)h(u) = zv
in H whenever it moves along the edge zu in G. We show in
that this does not hold in general on periodic graphs. We come back to
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the importance of retracts in Cops and Robber games in and
Mheorem 6.21

In[Lemma 3.7] we first exhibit a copwin arena with a temporal corner (¢, y)
of some (¢t + 1,z) and a temporal node (¢t — 1,x) such that y € I';_; (z, D)
but z ¢ T'y_1(x,D). Then, if the robber is on (¢ — 1,z) while the cop is
on an inneighbour of (¢ + 1, z), even though the robber can move to the
temporal corner (¢,y) the cop cannot act as if the robber is really on (¢, z),
contrary to the situation on static graphs. Second, we exhibit a copwin arena
with two temporal corners (t1,y1) and (t2,y2) of (t1 + 1,21) and (t2 + 1, 29),
respectively, and a node u such that from (0,u) the cop needs to move to
yo to reach (t; + 1,2z1) and y; to reach (ty + 1, 29). Then, if y; was removed
from the arena, the (¢ + 1, 2) is unreachable for the cop unless the cop goes
directly on y, and vice-versa. Thus, contrary to static graphs, removing a
node from an arena can destroy copwin strategies.

Lemma 3.7. There ezists a copwin arena D and three temporal nodes (t —
1,z),(t,y), (t + 1, 2) such that (t,y) is a temporal corner of (t+1,z), y €
[yq(x,D) but z ¢ T'y_q (x,D).

Furthermore, there exists a copwin arena with two temporal corners (t1,y;)
and (ta,y2) of (t1 +1,21) and (t2 + 1, 22) and a node u such that from (0, u)
the cop needs to move to ys to reach (t,+ 1, z1) without going through y, and
y1 to reach (to + 1, z5) without going through ys.

Proof. Consider the arena D in [Figure 3.3] This arena is copwin. Let the cop
start on (0,,). The robber cannot start on u, za, y, nor z; for fear of being
caught (possibly after some waiting). Thus, the robber starts on (0,y;). The
cop moves to (3, z1) when possible and corners the robber on (2, y;).

Thus, let us show the second claim. The arena D contains the two tem-
poral corners (2,;) of (3,21) and (6,y2) of (7, z2). From (0,u), the cop can
reach (3, z1) by going through y, and reach (7, z;) through y;,. In D\ {1},
the only journey from (0, u) to (7, z2) goes through ys, while in D\ {y2}, the
only journey from (0,u) to (3, 2;) goes through y;.

For the first claim, we can build a second arena D’ from D by adding
the edges ((1,y2), (2,11)) and ((1,41), (2,¥2)) and removing ((2,y2), (3, 21))
and ((2,21),(3,92)). This is still copwin, with the cop again starting the
game on (0,y,). However, in D’ we have that (2,y;) is a temporal corner
of (3,z1), y1 € I'1 (y2,D) and 2, ¢ I'y (y2, D). Thus, D’ statisfies the first
statement. [
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Figure 3.3: If node y; is removed, the cop cannot use it to reach the temporal
cover (7, zy) of (6,y2).

Lemma 3.8. If any snapshot of a periodic graph contains a universal tem-
poral node, then it is copwin.

Proof. 1t suffices for the cop to reach this temporal node in order to catch
the robber on her next turn. O]

Let v(G) be the domination number of a graph G: the size of a smallest
dominating set of the graph. The following result gives a simple upper bound
on the cop number of a periodic graph.

Lemma 3.9. Let G = (G, ...,Gp_1)" be a periodic graph. Then,

¢(G) < min (Gy)

~ 0<i<p—1
and this bound is tight on some periodic graphs.

Proof. Let G; be a snapshot of G that contains a dominating set U of size
k = ming<;<,—17(Gi). Let k cops position themselves on distinct nodes of
U in Gy. By definition, for every node v € V, there is an edge vu € E(Gy)
for some node u € U. Thus, no matter where the robber is in G, it gets
captured. Therefore, ¢(G) < k.

Let G = (Gy)" have a single node. Clearly, ¢(G) = 1 = v(Gy), so this
bound is tight. O

The domination number of G does not in general upper bound the cop
number of G. To help with the proof of [Proposition 3.10 first recall the
classic theorem of Berarducci and Intrigila [27]: if G is connected and H is
a retract of G, then ¢(H) < ¢(G).
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Figure 3.4: A labeled Petersen graph

Proposition 3.10. There exists a periodic graph G with footprint G such
that

c(G) > (@),

Proof. Let P, be the Petersen graph and x,y be two nodes that are not in
V(P.). Suppose P. is represented as in , with the cycles C, =
(a,b,c,d,e) and C; = (f,h,j,g,i). Connect x to every node of C, and y to
every node of C;. Let G be the resulting graph. Observe that v(G) = 2, with
{z,y} as the minimal dominating set.

Let G be a periodic graph such that every snapshot contains a full copy of
P.. Furthermore, let Fy be the sequence of edges (xa, y f, yi, xd, ze,yj, yh, xc, xb, yg,yi, y f).
For every integer ¢ > 1, place the i** edge of Ej in snapshot G such that
t=11s.

Let two cops play on G. Observe that for every time ¢, there is a retraction
he : Gy — P., s0 3 = ¢(P.) < ¢(G) by [27]. Suppose that hi(z) = h(y) = v
where v € V(P,) is the last node to be connected to {z,y} no later than
time ¢, since either x or y has degree zero in G;. The sequence of nodes
of P, connected to {x,y} in G forms a walk in P,. Thus, for every time ¢,
if ww € E(Gy) and vw € E(Gy41), then h(u)h(v) € E(G;) and h(v)h(w) €
E(Gi41). Hence, let the robber play against the cops’ images under h; in
every snapshot G¢. This is winning for the robber.

Therefore, ¢(G) > v(G). O

Nevertheless, if we replace the criteria of covering the nodes of G' by that
of covering the edges of GG, then we can use a cover number of G as an upper
bound on ¢(G). Thus, let 7(G) be the vertex cover number of a graph G.

Lemma 3.12| shows that, when it comes to the footprint of G, ¢(G) < 7(G).
Before presenting this result, we need the following definition.
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Definition 3.11. Given any graph G, let co(G) be the maximal cop number
c(G) of any periodic graph G with footprint G.

The value of cg(G) is always well defined since we trivially have cg(G) <
n. We will sometimes refer to co(G) as the periodic cop number of G. Observe
that we also have cp(G) > ¢(G) for every graph G.

Similarly, given a periodic graph G = (Gy, ..., Gp_1)", we define ¢(G ;) =
ming, ¢(G;) as well as ¢(Gh.y) = maxg, ¢(G;).

Lemma 3.12. For any connected graph G,
co(G) < 7(G).

Proof. Let k = 7(G) cops start the game on the k vertices uy,...,u; of
a minimal vertex cover of G. The robber starts on a node r. Since G is
connected and {uy,...,ux} is a vertex cover, the first edge rx that appears
in G has an endpoint = € {uy,...,ux}. Then, a cop makes the catch. O

Lemma 3.13. Let G be any graph.

1. If G is a tree, then co(G) = 1 and the capture time is at most p{ﬂ;

2. If G is a cycle, then co(G) < 2 and the capture time is at most p[ﬂ.
Proof. Let us consider each case separately.

1. It suffices for the cop to start on any node of the tree and perform a
stubborn walk to catch the robber. The size of the region controlled
by the cop never decreases since there are no cycles. Moreover, the
cop can start on a node of G at distance at most [%1 from the robber.
Since G is periodic, it can move across at least one edge per period,
hence the capture time.

2. Two cops can perform a stubborn walk to catch the robber. The capture
time follows from the same reasoning as in the previous case.

]

Therefore, we have ¢(G) = co(G) when G is a tree or a cycle. Observe
that G might be a cycle while G contains a single journey per period in which
case the periodic graph is copwin.
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Chapter 4

Characterizations of copwin
periodic graphs

This chapter was presented at the 30th International Colloguium on Struc-
tural Information and Communication Complexity (SIROCCO) in 2023, [65].

For the sake of generality, in this chapter we assume that every snapshot
G, of a periodic graph G is directed. We do not assume G; to be reflexive,
but will make an assumption on the temporal connectivity of G.

In any variant of the game of cops and robber, we say the players are
restless if they must move at every turn. Other researchers have labelled the
resulting game the fully active game (e.g. [106]).

We study here the game of cops and robber in which the players are
restless and the snapshots are directed. Let us point out that the standard
version, both in the original or restless variant, as well as the non-restless
directed version can actually be redefined as a restless game played on (ap-
propriately chosen) directed graphs: a pair of directed edges between a pair
of nodes corresponds to an unidirected link between them, and the presence
of a self-loop at a node allows the players currently there not to move to a
different node in the current round. In other words, the restless directed ver-
sion of the game includes all the different versions mentioned earlier. In this
unified version, for the C&R game to be defined, and thus playable, the only
requirement is that every node in the graph must have an outgoing edge. In
our investigation, we will use this simple unified version.

For the unified game, we provide a complete characterization of copwin
periodic graphs, establishing several basic properties on the nature of a cop-
win game in such graphs. We do so by using a compact representation of
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periodic temporal graphs as static directed graphs, we call arenas, intro-
ducing the novel notion of augmented arenas, and using these structures to
extend to the temporal domain classical concepts such as covers and corners.

These characterization results are general, in the sense that they do not
rely on any assumption on properties such as connectivity, symmetry, reflex-
ivity held (or not held) by the individual snapshot graphs in the sequence.

Based on these results, we design an algorithm for determining if a pe-
riodic temporal graph is copwin, prove its correctness and analyze its time
complexity.

The total cost of the algorithm is O(pn® + nm), where m = ;5 |Eil
is the number of edges in the first p snapshots. Thus, it improves on the
existing O(pn?®) bound established by [80]; in particular, in periodic graphs
with sparse snapshots the proposed algorithm terminates in O(pn?) time. Let
us stress that, in the static case, the complexity becomes O(nm), improving
the best existing O(n?) bound Petr et al. [170]; in particular our bound
becomes O(n?) for sparse graphs.

All our results are established for the unified version of the game. There-
fore, all the caracterization properties and algorithmic results hold for the
standard and for the directed games studied in the literature, both when the
players are restless and when they are not. They hold also for all those set-
tings, not considered in the literature, where there is a mix of nodes: those
where the players must leave and those where the players can wait; further-
more such a mix might be time-varying (i.e., different in every round).

4.1 Augmented Arenas and Characterization

In this chapter, we focus on the case £ = 1 and on configurations where
it is the cop’s turn to play. In that chapter, we write C(¢,c,r) instead of
C((t,c), (t,r)).

The crucial element in the characterization of copwin periodic graphs is
the notion of augmented arena.

Definition 4.1 (Augmented Arena). Let D be the arena of G. An augmented
arena A of D is an arena such that D C A and, for each edge ((t,z), (t +
1,y)) € E(A), the configuration C(t,z,y) is winning for the cop in D.

We shall refer to the edges of the augmented arena A of D as shadow
edges. Observe that, by definition, all edges of D are shadow edges of A.
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Let A(D) denote the set of augmented arenas of D. Observe that, by
definition, D € A(D). Further observe the following:

Property 4.2 (Closure Property). The partial order (A(D), C) induced by
edge-set inclusion on A(D) is a complete lattice. Hence (A(D),C) has a
maximum which we denote by A*.

Proof. 1t follows from the fact that, by definition of augmented arena, the
set A(D) is closed under union of the edge-sets. O

Recall from [Subsection 3.1.3|that S; is the slice of an arena D that corre-
sponds to the snapshot at time ¢. A temporal node (¢,u) € V(5;) is said to
be a star if I'y (u, D) = V. It is said to be anchored if there exists a journey
from some node (0,v) € V(Sp) to (¢, u).

We have now the elements for the characterization of copwin periodic
graphs.

Theorem 4.3 (Characterization). An arena D is copwin if and only if A*
contains an anchored star.

Proof. (if) Let A* contain an anchored star (¢,u), t € Z,. By definition of
star, I'; (u, A*) = V; thus, by definition of augmented arena, for every v € V
the configuration C(t,u,v) is copwin, i.e. there is a copwin strategy o, from
C(t,u,v).

Since (t,u) is anchored, there exists a journey 7 ((0, x), (f,u)), starting at
time 0 and ending at time ¢, to (¢,u) from some temporal node (0,z). Con-
sider now the cop strategy o/, of: (1) initially positioning itself on the tempo-
ral node (0, x), (2) then moving according to the journey = ((0, z), (t,u)) and,
once on (t,u), (3) following the copwin strategy o. from C(¢,u,w), where w
is the position of the robber at the beginning of round ¢. This strategy o/, is
winning for all C(0,z,v), v € V; hence D is copwin.

(only if) Let D be copwin. We then show that there must exist an
augmented arena A of D that contains an anchored star. Since D is copwin,
by definition, there must exist some starting position (0, c) for the cop such
that, for all positions (0, ) initially chosen by the robber, the cop eventually
captures the robber. In other words, all the configurations C(0,¢,v) with
v € V are copwin; thus the arena A obtained by adding to (D) the set
of edges {((0,¢), (1,v))|v € V} is an augmented arena of D and (0, ¢) is an

anchored star. By [Property 4.2) F(A) C E(A*) and the theorem follows. [
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The characterization of copwin periodic graphs provided by
indicates that, to determine whether or not an arena D is copwin, it suffices

to check whether A* contains a star. To be able to transform this fact into an
effective solution procedure, some additional concepts need to be introduced
and properties established.

4.2 Shadow Corners and Augmentation

Other crucial elements in the analysis of copwin periodic graphs are the
concepts of corner and cover, introduced in [Subsection 3.4.4] for arenas, now
in the context of augmented arenas.

Definition 4.4 (Shadow Corner and Shadow Cover). Let A be an augmented
arena of D. A temporal node (t,u) is a shadow corner of a temporal node
(t+ 1,v), with v # u, if

Ft (uv D) - Ft-l—l (Uv -’4) :
The temporal node (t + 1,v) is called the shadow cover of (t,u).

By definition, any temporal corner is a shadow corner, and its temporal
covers are shadow covers. An example is shown in [Figure 4.1} the red links
indicate the neighbours of node (¢, ) in D, while in green are indicated the
edges to the neighbours of (¢ + 1,v) that exists in A but not in D.

The role that shadow corners play with regards to the set A(D) of aug-
mented arena of D is expressed by the following.

Theorem 4.5 (Augmentation Property). Let A € A(D), (t,z), (t,y) € V(D)
and z € Iy (xz,D). If (t,y) is a shadow corner of (t + 1,z), then the arena
A= AU{((t,x), (t+1,v))} is an augmented arena of D.

Proof. Let A be an augmented arena of D and let (¢,x),(t,y),(t + 1,2) €
V(D) where z € T'y (x,D) and (t,y) is a shadow corner of (t + 1,z). The
theorem follows if ((¢, x), (41, y)) is already an edge of .A. Consider the case
where ((t,2),(t+ 1,y)) ¢ E(A). Since (t,y) is a shadow corner of (t + 1, z),
then for every w € T'y (y, D) we have that ((t+1, 2), (t +2,w)) € E(A), that
is C(t + 1, z,w) is winning for the cop. Since z € I'; (z, D), if the cop moves
from (t,z) to (t + 1, z) when the robber is on (t,y), then regardless of the
robber’s move, the resulting configuration would be winning for the cop. In
other words, C'(t,z,y) is a winning configuration for the cop. It follows that
A= AU{((t,z), (t+ 1,y))} is an augmented arena of D. O
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(t,u) is a shadow corner of (t + 1, v). /

(t 4+ 1,v) is a shadow cover of (¢, u). u u u
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Black and red edges are in D.

—_—

Green edges are in A\ D.

Figure 4.1: Node (¢,u) is a shadow corner of (¢ + 1,v).

In other words, given an augmented arena, by identifying a (still uncon-
sidered) shadow corner and its covers, new shadow edges may be determined
and added to form a denser augmented arena.

4.3 Determining A*

The properties expressed by in conjunction with that of
[rem 4.3] provide an algorithmic strategy to construct A*: start from an aug-
mented arena; determine new shadow edges; add them to the set of shadow
edges, creating a denser augmented arena; repeat this process until the cur-
rent augmented arena A either contains an anchored star or is A*.

To be able to employ the above strategy, a condition is needed to deter-
mine if the current augmented arena of D is indeed A*. This is provided by
the following.

Theorem 4.6 (Maximality Property). Let A € A(D). Then A= A* if and
only if, for every edge ((t,z), (t+1,y)) &€ E(A), there exists no z € I'y (z, D)
such that Ty (y, D) C Tyq (2, A).

Proof. (only if) By contradiction, let A = A* but there exists an edge
((t,x),(t+ 1,y)) ¢ E(A) and a temporal node z € I';(z,D) such that
[y (y,D) C T (2, A). This means that (¢,y) is a shadow corner of (t+1, 2).
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Figure 4.2: The directed acyclic graph C of configurations induced by o,
starting from C(t, z,y).

t t+1 t+2 t+3

By [Theorem 4.5, A" = AU {((t,z), (t + 1,y))} is an augmented arena of D;

however, E(A’) contains one more edge than F(A), contradicting the as-
sumption that A is maximum.

(if) Let A # A*; that is, there exists ((¢,2),(t + 1,y)) € E(A*)\ E(A).
By definition, the configuration C(¢,x,y) is copwin; let o, be a cop winning
strategy for the configuration C'(¢, x y) i.e., starting from C(t, z,y), the cop
wins the game regardless of the strategy o, of the robber.

Let CG = (V(CG), E(CG)) be the infinite directed graph that describes
all the possible configurations C(t, u,v) and their temporal connection in D:

V(€G) = {(t,u,v) [t € Z7, ([t]p, u), ([t]p, v) € V(D)}
ECG) ={((t,u,v), (t+ 1,u',0")) [t € ZT,u #v,u € 'y, (u,D),v € 'y, (v,D)}.

Observe that CG is acyclic. The source nodes (i.e., the nodes with no in-
edges) are those with ¢ = 0, while the sink nodes (i.e., the nodes with no
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out-edges) are those with u = v.

Moreover, let C = (V(C), E(C)) € CG be the directed acyclic graph of
configurations induced by o. starting from C(¢,x,y), and defined as follows:
(1) C(t,x,y) € V(C); (2) if C(t',u,v) € V(C) with ¢’ > ¢t and u # v, then, for
all w e I'y (v,D), C(t' + 1,0.(t' + 1,u,v),w) € V(C) and (C(¥',u,v),C(t' +
Lot + 1,u,v),w))) € E(C).

Observe that in C there is only one source (or root) node, C(t, z,y), and
every C(t',w,w) € V(C) is a sink (or terminal) node. Since o, is a winning
strategy for the root, every node in C is a copwin configuration, and every
path from the root terminates in a sink node. See [Figure 4.2

Partition V(C) into two sets, U and W where U = {C'(i,u,v)|((i,u), (i +
1,v)) € E(A)} and W = V/(C) \ U. Observe that every sink of V' (C) belongs
to U; on the other hand, since ((t,z), (t + 1,v)) ¢ E(A) by assumption, the

root belongs to W (see [Figure 4.3)).

S
\\

W: Shadow edges are missing.

Figure 4.3: The sets U (green) and W (purple).

Given a node k = C(i,u,v) € V(C), let C[k] denote the subgraph of C
rooted in k.

Claim. There exists k € V(C) such that all nodes of C[k] except the root
belong to U.
Proof of Claim. Let P, be the set of sinks of C. Starting from k£ = 0,
consider the set Py,q of all in-neighbours of any node of Py; if Pyy; does
not contains an element of W, then increase k£ and repeat the process. Since
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(t,z,y) € W, this process terminates for some j > 1, and the Claim holds
for every k € P;. O

Let (', 2/, y') be a node of V/(C) satisfying the above Claim(see[Figure 4.4)).
Thus ((¢,2), (t'+1,y')) ¢ E(A) but, since (t,2,y) is copwin, ((¢',z'), (¢ +
1,vy")) € A*. By the Claim, all other nodes of C[(t',2',y)] belong to U, in
particular the set of nodes {(t' + 1,w, 2)|w = o.(t',2",y'), 2z € T'v (y,D)}.
This means that, for every z € Ty(y/, D), (' + 1,w,2) € E(A). In other
words, I'y (v, D) C I'y4q (w, A); that is, (t',y') is a shadow corner of (#'+1, w)

(see [Figure 4.5)).

InC (w,zl)éz
\

/(w,@)i‘.

1)) ——— »

TN

\ (w, zk)4:
t/
No shadow edges missing

Figure 4.4: (t',2',y) satisfies the Claim.

Summarizing: by assumption A # A*; as shown, ((¢,2'),(t +1,v')) €
E(A*) \ E(A), and w € Ty (2/,D) is a shadow cover of (¢',y'); that is,
Ly (v, D) CTyyq (w, A), concluding the proof of the if part of the Theorem.

[

4.4 Algorithmic Determination

In this section we show that the results established in the previous sections
provide all the tools necessary to design an algorithm to determine whether or
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Figure 4.5: (t',y) is a shadow corner of (¢’ + 1, w).

not a periodic graph G is copwin. Furthermore, if G is copwin, the algorithm
can actually provide a winning cop strategy o..

4.4.1 General strategy of the algorithm

Given a periodic graph G, or equivalently its arena D, to determine whether
or not it is copwin, by [Theorem 4.3] it is sufficient to determine whether
or not its maximal augmented arena A* contains an anchored star. Hence,
informally, a basic solution approach is to start from A = D, repeatedly
determine a “new” shadow edge (i.e., in E(A*)\ E(A)), using [Theorem 4.5
and consider the new augmented arena obtained by adding such an edge.
This process is repeated until either the current augmented arena A contains
an anchored star, or no other “missing” shadow edge exists. In the former
case, by [Theorem 4.3] D is copwin; in the latter case, by [Theorem 4.6| the
current augmented arena is A* and, if it does not contain an anchored star,
D is robberwin.

A general strategy based on this approach operates in a sequence of iter-
ations, each composed of two operations: the examination of a shadow edge,
and the examination of new shadow corners (if any) determined in the first
operation. More precisely, in each iteration:

1. A “new” (i.e., not yet examined) shadow edge e = ((¢,x), (t + 1,y)) is
examined to determine if its presence transforms some nodes into new
shadow corners of (t,x).
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GENERAL STRATEGY

1. While there is a still unexamined shadow edge
e=((t,x),(t+1,y)) in A do:
If there are still unexamined shadow corners covered by (¢, x) then:
For each such shadow corner (¢t — 1, z) do:
If there are new shadow edges due to (¢t — 1, z) then:
Add them to A to be examined.
Remove (t — 1, z) from consideration as a shadow corners of (¢, )
(i.e., mark it as examined).
7.  Remove e from consideration (i.e., mark it as examined).
8. If there is an anchored star in A, then D is copwin else it is robberwin.

SRRl

Figure 4.6: Outline of general strategy where the iterative process terminates

when A = A*.

2. Each of these new shadow corners is examined, determining if its pres-
ence generates new shadow edges.

By the end of the iteration, the shadow edge e and the new shadow corners
of (t,x) examined in this iteration are removed from consideration. This iter-
ative process continues until there are no new shadow edges to be examined
(i.e. A= A*) or there is an anchored star in A.

An outline of the strategy, where the iterative process is made to termi-

nate when A = A*, is shown in [Figure 4.6

4.4.2 Description of the algorithm

Let us present the proposed algorithm, CoOPROBBERPERIODIC, which fol-
lows directly the general strategy described above to determine whether or
not an arena D = ((Z, x V), E(D)) is copwin, where V' = {vy,...,v,}.

We denote by A the current augmented arena of D, by A its adjacency
matrix, and by A; the adjacency matrix of slice S; of A. Auxiliary structures
used by the algorithm include the queue SEDGES, of the known shadow
edges that have not been examined yet; a n x n Boolean matrix SE, for each
t, initialized to A;, used to indicate shadow edges already known; a n X n
Boolean matrix SC,; for each t, initialized to zero and used to indicate the
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detected shadow corners; more precisely, B[z, y| = 1 indicates that (¢, x) has
been determined to be a shadow corner of (¢ + 1,y) H
The algorithm is composed of two phases:

Initialization In which all the necessary structures are set up and preliminary com-
putations are performed;

Iteration A repetitive process where the two basic operations of the general strat-
egy (described in [Subsection 4.4.1)) are performed in each iteration: ex-
amination of a “new” shadow edge (to determine “new” shadow corners
generated by that edge) and examination of the “new” shadow corners
(to determine “new” shadow edges generated by that corner).

The structure used to determine new shadow corners is the set { DIF(¢, z, y)
t € Zy,x,y € V} of n?p Boolean arrays of dimension n. For all z,v € V and
t € Z,, the value of the cell DIF(¢, z, y)[i] indicates whether

vi € Iy (2, D)\ i1 (y, A)
(in which case DIF (¢, z,y)[i]] = 1), or

v; € I'y (33', D) N FtJrl (y7 A)

(in which case DIF(t,z,y)[¢{] = 0). Note that, if v; ¢ I'y(z,D), the value
of DIF(t, z,y)[i] is left undefined. Indeed, the algorithm only initializes and
uses the |I't(z, D)| cells corresponding to the elements of I'y(z, D). We will
call those cells the core of DIF(¢, x,y).

The algorithm also maintains a variable s (DIF (¢, z, y)) indicating the cur-
rent number of core cells with value “1” in array DIF(¢, z, y), which is initial-
ized to |I';(x, D)|. Observe that, by definition of DIF (¢, z,y), s (DIF (¢, z,y)) =
0 if and only if (¢,x) is a shadow corner of (¢t + 1,vy).

In each iteration of the Iteration phase, a new shadow edge is taken from
SEDGES, added to the augmented arena A, and examined. The examination
of a shadow edge ((t, ), (t+1,y)) involves (i) the update of DIF(t—1, z, z)[y]
for any in-neighbour (¢t — 1, z), in D, of (¢,y) and, for any such in-neighbour,
(ii) the test to see if the presence of the edge ((t,z),(t + 1,y)) in the aug-
mented arena has created new shadow corners among such in—neighbour&ﬂ If

!The algorithm was implemented in the Python programming language and it was used

determine if some of the arenas in [Chapter 5| were copwin or not.
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new shadow corners exist, they may in turn have created new shadow edges
originating from the in-neighbours, in D, of (¢, ). In fact, any in-neighbour
(t—1,w) of (¢,x) such that ((t—1,w), (¢, 2)) is not already in the augmented
arena is a new shadow edge: a move of the cop from (¢ — 1,w) to (¢,x) is
fatal for the robber wherever it goes. In such a case, the algorithm then adds
((t —1,w), (t,2)) to SEDGES.

The pseudo code of the algorithm is shown in[Algorithm 1 Not shown are
several very low level (rather trivial) implementation details. These include,
for example, the fact that the core cells of DIF(¢, x, y) are connected through
a doubly linked list, and that, for efficiency reasons, we also maintain two
additional doubly linked lists: one going through the core cells of the array
containing “17”, the other linking the core cells containing “0”.

In as well as in the following section, we write I',,; (v, D) :=
{zeV|((t 2),(t+1,v)) € E(D)} for any temporal node (¢ + 1,v) in D.

2Such would be any (t—1, z) for which the update has resulted in an array DIF(t—1, z, x)
that contains only zero entries.
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Algorithm 1: CoPROBBERPERIODIC

Input: Arena D = (Z, x V, E(D)), with V = {vy,...,v,}
1 Initialization
2 A:=D
3 SE:=A
4 SEDGES = ()
5 SC :=Zero /* atable of p zero matrices, each of size n x n
6 foreacht c Z,, u,v €V do
7 s (DIF(t,u,v)) := |I'y(u, D)|
8 foreach w € I'; (u, D) do

9 if Ayyq[v,w] =1 then

10 DIF (¢, u,v)[w] := 0

11 s (DIF(t,u,v)) := s (DIF(t,u,v)) — 1

12 if s (DIF(¢,u,v)) = 0 and SC}[u,v] = 0 then
13 SCiu,v] =1

14 foreach z € I' | (v, D) do

15 if SE;[z,u] =0 then

16 SEiz,u] =1

17 L SEDGES <« ((t,2), (t + 1,u))
18 else

19 L DIF(t,u,v)[w] :==1

20 [teration

21 while SEDGES # () do

22 ((t,x),(t+ 1,y)) « SEDGES
23 A(z,y) =1

24 foreach z € I'; (y,D) d

25 if DIF(t—1,z, x)[y] = 1 then

26 DIF(t — 1, z,2)[y] :=

27 s(DIF(t —1,z,2)) :==s (DIF( Lz,x)—1

28 if s(DIF(t—1,z,2)) =0 and SC;_4[z,z] = 0 then
29 SCi 1]z, x) =1

30 foreach w € I'; (z,D) do

31 if SE;_1[w, z] =0 then

32 SE; 4w, z] =1

33 L SEDGES « ((t — 1,w), (t,2))

34 if A contains an anchored star tién D is copwin
35 else D is robberwin.

*/




4.4.3 Correctness of the algorithm

Let us prove the correctness of [Algorithm 1l Let D = (Z, x V, E(D)) be the
arena of a periodic graph with n = |V| and m = |E(D)| and period p.

Lemma 4.7. |Algorithm 1| terminates after at most |E(A*)| — |E(D)| itera-

tions.

Proof. In the Initialization phase, all of the m = |E(D)| edges of D are
examined, and their entry in the shadow edge matrix SE is set to 1 (Line 3).
Any new shadow edge discovered in this phase is inserted in SEDGES (Line
17).

Observe that, when a shadow edge e is inserted in SEDGES, its entry in
the shadow edge matrix SE is set to 1 (this is done in Line 16 for the edges of
D, and in Line 32 for the others); this means that, once extracted and exam-
ined, e will fail the test of Line 15 (or the test of Line 31) in any subsequent
iteration and, therefore, it will never be inserted in SEDGES again. Since
only one shadow edge is extracted from SEDGES and examined in each iter-
ation, the number of iterations is at most the total number |E(A*)|—|E(D)|
of shadow edges not originally in D. O]

Given an augmented arena A and a shadow edge e = ((¢,2), (t +1,y)) €
E(A*)\ E(A), we shall say that e is an implicit shadow edge of A if there
exists z € I'y (z, D) such that (¢,y) is a shadow corner of (¢ + 1, 2) in A.

Lemma 4.8. At the end of the Initialization phase: (i) for all and only the
temporal corners (t,x) of (t+1,y) in D, SCix,y] =1 and s (DIF(t,z,y)) =
0; (i7) all implicit shadow edges of D are in SEDGES; furthermore, the entry
in SE of all edges of D and implicit shadow edges of D, is 1.

Proof. (i) Observe that, in the Initialization phase, by construction, Vt € Z,,,
V(t,u), (t+1,v) € V(D), and Yw € T'y(u, D), DIF(t, u, v) is initialized so that
DIF(t,u,v)[w] = 1 if and only if w € I'; (u, D) \ I't41 (v, D). Every time it is
determined that DIF (¢, u,v)[w] = 0, the counter s (DIF(t,u,v)), initialized
to |I't(u, D)|, is decreased by one; thus, by definition, s (DIF(¢,u,v)) = 0 if
and only if (¢,u) is a temporal corner of (t+1,v); in such a case SCy[u, v] = 1.
Recall that, by definition, all temporal corners are also shadow corners.

(ii) First observe that all edges of D are by definition shadow edges, and
that their corresponding entry in the shadow edges matrix SFE is set to 1
(Line 3); hence, for them, the lemma holds.
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Let us now consider the implicit shadow edges of D. Recall that, by
Theorem 4.5 given a shadow corner (¢,u) of (t + 1,v), any edge originating
from an in-neighbour (¢, z) of (¢ + 1,v) and terminating in (¢t + 1,u) is a
shadow edge (Lines 14-17); hence, it is immediate to identify the implicit
shadow edges corresponding to a given shadow corner. An implicit shadow
edge (i.e., one whose entry in SE is 0), once identified, is added to the queue
SEDGES, and the corresponding entry in the shadow edges matrix is set
to 1. Since, by part (i) of this Lemma, all the shadow corners present in
D are identified, it follows that all the implicit shadow edges are queued in
SEDGES and their entry in SFE is set to 1. O]

Let us consider the Initialization phase as iteration 0 of the Iteration
phase. Hence, the entire algorithm can be viewed as a sequence of iterations.
Denote by A; the augmented arena at the beginning of the j-th iteration,
with Ay = D. We now show that, at the beginning of iteration j, all shadow
corners of A,;_; have been examined and all implicit shadow edges of A;_;

are in SEDGES.
Lemma 4.9. At the beginning of iteration j > 0:

(a) s (DIF(t,z,y)) = 0 if and only if (t,x) is a shadow corner of (t + 1,y)
in A;_1; furthermore, in such a case, SCy[x,y] = 1.

(b) SEDGES contains all the implicit shadow edges of A;_1; furthermore,
in SE, the entry of the edges of A;j_1 and of the implicit shadow edges
Of .Ajfl s 1.

Proof. By induction on j. Observe that, when j = 1, both statements of the
lemma follow directly from [Lemma 4.8/ Let they hold for j > 1; we now
prove that they hold for j + 1.

Let e; = ((t,z),(t + 1,y)) be the shadow edge extracted from SEDGES
and examined in iteration j. This edge is added to A;_; (Line 23), which
is thus transformed into A;. This addition, which modifies only the out-
neighbourhood of (¢,z), might create new shadow corners of (¢, z) among
the in-neighbours of (¢,y). The algorithm therefore checks the set I'; (y, D)
to verify if this has happened (Lines 24-33). This is done by considering, for
each element (¢ — 1, z) of that set, the entry DIF(t — 1, z, x)[y].

If DIF(t—1, z, z)[y] = 1, then the shadow edge e; was one of those missing
edges; hence, in that case (Lines 25-27) the value of DIF(t—1, 2z, z)[y] is set to
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zero and s (DIF(t — 1, z,2)) is decreased by one. If now s (DIF(t — 1, 2z, x))
becomes 0, then (¢t —1, z) is a shadow corner of (¢, z) in A; and SC;_4[z, z] is
set to 1 (Line 29). This means that, at the end of this iteration, all shadow
corners of A; \ A;_; have their entry in SC set to 1 and the corresponding
entry in s(-) set to 0. Thus, by the induction hypothesis on the shadow
corners of A,_;, statement (a) of the lemma holds for iteration j.

Any new shadow corner (¢t — 1, z) of (¢,z), created by the addition of e;,
might in turn have created new implicit shadow edges in A;. By[Theorem 4.5|
any edge originating from an in-neighbour (¢t — 1, w) of (¢, z) and terminating
in the shadow corner (t, z) is a shadow edge (Lines 30-33). Let P denote the
set of these shadow edges; among them, the only implicit ones for A, are, by
inductive hypothesis, the ones whose entry in SE was 0 in A;_;. Any such
implicit shadow edge is thus identified, added to the queue SEDGES, and
the corresponding entry in SF is set to 1. Since, by part (a) of this Lemma,
all the shadow corners present in A; are identified, it follows that all the
new implicit shadow edges of A; are queued in SEDGES and their entry in
SE is set to 1.Thus, by inductive hypothesis on the shadow edges of A;_;,
statement (b) of the lemma holds for iteration j. O

Theorem 4.10. correctly determines whether or not an arena
D is copwin.

Proof. By the algorith terminates after a finite number ¢ > 1

of iterations, when SEDGES becomes empty and no other shadow edges are
added to it during the iteration. By [Lemma 4.9] the fact that SEDGES = (}
at the end of the iteration means that in A, there are no implicit shadow
corners identified in previous iterations. Furthermore, during this iteration,
regardless of the new shadow corners found and examined, no implicit shadow
corners were found. In other words, the set E(A*) \ E(A,) = 0, that is

A, = A*. Hence, by the test in the last operation of the

algorithm (Lines 34-35) determines correctly whether or not D is copwin. [J

4.4.4 Complexity of the algorithm
Let us analyze the cost of [Algorithm 1l Given D = (Z, x V, E(D)), let m;

denote the number of edges of slice S; of D, i € Z,, and m = |E(D)| =
S~ m; the total number of edges of D. As usual, n = |V|.

Theorem 4.11. |Algorithm 1| determines in time O(n?p + nm) whether or

not D is copwin.
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Proof. We first derive the cost of the Initialization phase. Observe that
the initialization of A, SE, SC (Lines 2-4) can be performed with O(n?p)
operations. Line 7 will be executed n?p times. The cost of the initialization
of DIF and of s (DIF) (Lines 6-13,18-19), which includes the update of some
entries of SC, plus the cost of the initialization of SEDGES (Lines 14-17),
which includes the update of some entries of SFE, require at most

o(wp)+ ¥ o(riwph+ ¥ o @)
= O(n2p> + 2 O(n(m; +m;—1))

operations, which sums up to O(n?p + nm) operations for the Initialization
phase.

Let us consider now the [teration phase. The while loop will be repeated
until in the current augmented arena A there are no more shadow edges to
be examined (i.e. A = A*). By [Lemma 4.7 the total number of iterations is
|E(A*)|—|E(D)| < n*p—m. Further observe that every operation performed
during an iteration requires constant time.

In each iteration, two processes are being carried out.

The first process (Lines 24-27) is the determination of all new shadow cor-
ners (if any) of (¢,z) created by (the addition of) the shadow edge ((¢,x), (t+
1,y)) being examined. The total cost of this process in this iteration is at
most two operations for each in-neighbour of (¢, y), i.e., at most 2¢;|T'; (y, D) |,
where ¢; € O(1) is the constant cost of performing a single operation in this
process.

This process is repeated in all iterations, each time with a different shadow
edge being examined. Thus, the cost of 2¢;|I'; (y,D)| will be incurred for
all ((t,x),(t+ 1,y)) € E(A*), so at most n times. Summarizing, for each
y € V,t € Z, this process costs 2¢;n|I'; (y, D) |. Hence the total cost of this
process over all iterations is

p—1
> 2canl|ly (y,D)|=4cn Y m=0(nm).
yeViicz, =0

The second process, to be performed only if new shadow corners of (¢, x)
have been found in the first process, is the determination (Lines 28-33) of
all the new shadow edges (if any) created by the found new shadow corners,
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and their addition to SEDGES. The cost of this process for a new shadow
corner in this iteration is co|I'y (z,D)|, where co € O(1) is the constant
cost of performing a single operation in this process. Observe that, if a new
shadow corner of (t,z) is found in this iteration, it will not be considered
in any subsequent iteration (Lines 28-29). Hence, the cost co|I'; (z, D) | will
be incurred at most once for each shadow corner of (¢, x); that is, at most
n times. Summarizing, for each x € V,t € Z, this process costs at most
2¢on|I'y (2, D) |. Hence the total cost of this process over all iterations is

p—1
> 2c¢nlly (,D)]|=4cn Y m=O0(nm).
zeVieZ, t=0

Consider now the last step of the algorithm, of determining if the con-
structed A contains an anchored star. To determine all the stars (if any) in
A* can be done by checking the degree of each temporal node in A*, i.e., in
O(np) time. To determine if at least one of them is anchored can be done
by a DFS traversal of A* starting from each root node (0, x), for a total of
at most O(n* + nm) operations.

It follows that the total cost of the algorithm is O(pn? 4+ nm) as claimed.

O

The bound established by [Theorem 4.11]improves on the existing O(pn?)

bound [80]; in particular, in periodic graphs with sparse snapshots the pro-
posed algorithm terminates in O(pn?) time. Furthermore, since in static
graphs p = 1, the bound of [Theorem 4.11| becomes O(nm), improving the
existing O(n?) bound [170]. Our bound becomes O(n?) for sparse graphs.

4.5 Extensions and Improvements

4.5.1 Determining a Copwin Strategy

, as described, determines whether or not an arena D (and, thus,
the corresponding temporal graph G) is copwin. Simple additions to the
algorithm would allow it to easily determine a copwin strategy o. if D is
copwin.

For any shadow edge e = ((t,x), (t + 1,y), let p(t,z,y) be defined as fol-
lows:
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L Ife=((t ), (t+1,y) € E(D), then p(t,z,y) =y.

2. Ife=((t,z), (t+1,y) € E(A*)\ E(D), when e is inserted in SEDGES,
either during the Initialization or the Iteration phase, then p(t, z,y) = z
where (t + 1, 2) is the shadow cover of (¢,y) determined in the corre-
sponding phase of the algorithm (Line 12 if Initialization, Line 28 if
Iteration).

Recall that, if D is copwin, A* must contain an anchored star, say (¢, x),
Since (t,x) is a star, if the cop is located on (¢, x) and the robber is located
on (t,y), by moving according to p (starting with p(¢,z,y)) the cop will
eventually capture the robber. Since (¢, ) is anchored, it is reachable from
some node in Gy, say (0,v); that is, there is a journey 7((0,v), (¢,x)) from
(0,v) to (T, z), where [T], = t.

Consider now the following strategy o. for the cop: (1) choose as initial
location (0,v); (2) follow 7((0,v), (¢,x)); (3) follow p. Using this strategy,
the cop will eventually capture the robber.

4.5.2 Improvements

The time costs of can be reduced by simple modifications and /or
by exploiting properties of the temporal graphs.

First of all observe that the algorithm can be made to stop as soon as a
temporal node becomes an anchored star (e.g., testing if (¢, z) is an anchored
star in Line 22) possibly reducing the overall cost with the early termination.

Observe next that some of the costs of the algorithm can be reduced and
some of its processes simplified if the periodic graph G has special properties.
Consider for example the properties of reflezivity and (temporal) connectivity
with respect to the last step of the algorithm, determining if A* contains an
anchored star.

We say a temporal node of G is a source if it is a source in D.

Lemma 4.12.
1. If G is reflexive, then every temporal node of D is anchored.

2. If G is temporally connected without sources, then every temporal node
of D is anchored.

3. If G is reflexive and temporally connected, then D is strongly connected.
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4. Let G be reflexive and temporally connected. If an augmented arena A
of G contains a star, then every temporal node of A* is an anchored
star.

Proof. Let us prove each statement separately.

1. If G is reflexive, for every node u and time ¢, (f,u) is reachable from
(0,u), so every temporal node of D is anchored.

2. Let (t,u) be any temporal node of D. If t = 0, then (¢,u) is already
anchored, so suppose t > 0. Then, since (¢,u) is not a source, there
exists an edge ((t — 1,u1),(¢t,u)) in D. If t — 1 = 0, then (¢, u) is
anchored, so suppose t — 1 > 0. Since (f — 1,uy) is not a source,
there exists another edge ((t — 2,us), (t — 1,u1)) in D. Recalling that
G is periodic, we can apply this argument successively to construct a
journey from (t,u) to some temporal node (¢t — k,uy) with t — k = 0.
This shows that (¢, u) is anchored.

3. Suppose G is reflexive and temporally connected. Since G is reflexive,
for every time t and node w, (¢,u) is reachable from (0,u). Because
G is temporally connected, for every two nodes u, v and time ¢, u is
reachable from v by a journey that starts at time t. Thus, let (¢, u)
be any temporal node. For every temporal node (¢',v) # (t,u), let ¢,
be the first time such that (¢,,u) is reachable from (#',v). Since D is
periodic and reflexive, (t,u) is reachable from (¢,,u). Thus, (t,u) is
reachable from (¢, v) by a journey that starts at (t',v), goes to (t,,u)
before ending on (t,u). Thus, D is strongly connected.

4. Suppose that G is reflexive and temporally connected and that some
augmented arena A of D has a star (t,u). By [[tem 3| D is strongly
connected, so for every temporal node (t',v) # (¢, u), there is a journey
from (¢',v) to (t,u) in D. For any such (t',v), the strategy that moves
the cop from (0, v) to (#,v), then to (¢,u) is copwin since (¢, u) is a star
in A. Therefore, (#',v) is also a star in some augmented arena A" O A
and every temporal node of A* is an anchored star.

]

The standard game in a static graph assumes the graph to be reflexive
and connected. Hence, if its extension to a periodic graph likewise assumes
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the graph to be reflexive and temporally connected, by [Lemma 4.12] the last
step of the algorithm would consist of just testing if the degree of an arbitrary

temporal node in A* is n. That is, instead of O(nm) operations, a single one
suffices.

4.5.3 Game Variations

All our results are established for the unified version of the game. Therefore.
all the caracterization properties and algorithmic results hold for the standard
and for the directed games studied in the literature, both when the players
are restless and when they are not. They hold also for all those settings (and,
thus, variants of the game) not considered in the literature, where there is a
mix of nodes: those where the players must leave and those where the players
can wait. Furthermore such a mix might be time-varying, so different in every
round.
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Chapter 5

Examples of cop numbers of
periodic graphs

Reasonable bounds on the cop number do
not hold

Some results in this chapter were presented at the 54th Southeastern In-
ternational Conference on Combinatorics, Graph Theory € Computing. A
preprint of this text can be found here: [64].

As we can see from the literature so far on cops and robber games on
periodic graphs, much of the work on this problem is focused on algorithmic
results. With the aim of understanding the relationship between the static
and temporal settings in terms of the cop number, we start by focusing on
the differences between the cop number of a periodic graph and the cop
numbers of its constituent static graphs. Our results show that the temporal
dimension introduces huge differences with the static setting, and we discover
some properties of graphs that help control those variations.

We investigate the maximum cop number cg(G) (recall [Definition 3.11)
of any periodic graph with footprint G. From this quantity we seek to un-
derstand how the footprint constrains the cop number of a periodic graph.
One takeaway from our investigation of cg(G) is that copwin strategies on
periodic graphs, when only G is known, need to be resilient to change. This
setting is akin to planning under uncertainty, when failures can occur on the
graph G, and this is easier when GG has good separation properties.
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First, we show that the result of Clarke [60] that outerplanar graphs have
cop number at most two does not extend to periodic graphs with outerpla-
nar footprints, by exhibiting a counterexample in [Proposition 5.1, Then,
we contrast Baird et al’s result [17] on the minimum order of a 3-copwin
graph by exhibiting a smaller (in the order of its footprint) periodic graph
with the same cop number in [Proposition 5.2l We show that no value of
c(G),c(Gy),...,c(Gpoq) can, in general, be used as either lower or upper
bound on ¢(G) by presenting two counterexamples (Theorem 5.6/ and [Theo-|
. We complete this presentation by filling [Table 5.1{that summarizes
many examples we present and their different cop numbers. This table serves
to highlight the counterintuitive nature of periodic graphs and the difficulty
of deriving ¢(G) from ¢(G), ¢(Gy), . .., ¢(Gp—1). Those examples are presented
in order to help researchers build intuition and avoid pitfalls when moving
from the context of graphs to the context of periodic graphs. One such pitfall
is that results on ¢(G) carry over to ¢(G) and we show this is not true even for
a simple extension of Berarducci and Intrigila’s result [27] in [Proposition 6.1]

We delay presenting more general results, such as lower and upper bounds
to the next chapter. Our goal here is, informally, to “break things”: to show
pitfalls that one must avoid when working with periodic graphs. The next
chapter is more constructive. From the mistakes we learn to avoid here, we
create general results there.

5.1 Motivational examples

A periodic graph G is defined as a sequence of (possibly disconnected) sub-
graphs of a graph GG on the same set of nodes V. Because those subgraphs
define the structure of G, it seems natural to wonder if co(G) < f(c(G))
for some function f. We start with the simplest function and inquire if
co(G) < ¢(G). If so, then we would have a “simple” upper bound on cg(G).
Computing ¢(G) is EXPTIME-COMPLETE in general (see [136]). Thus, not
only would this bound still be hard to compute if it held, but if it were not
true, then cg(G) might be much more difficult to compute in general.

Unfortunately, we answer this question in the negative.

Our first counterexample, presented in[Proposition 5.1 will be useful later
on. Recall from [60] that outerplanar graphs have cop number 2.

In |Proposition 5.1| we draw some periodic graphs as link streams instead
of arenas for simplicity. We introduced link streams in [Section 3.2 The

67



- 0-0 0 0-
2 o - }-.--.
[ Z - I.
o o 0- -0 0-9-0 9-0-
* - 0- -0 0-9-06 0-0-
o 0- I
- 0-0 00 -
:-.—.-.--.—3-.--.—.
> -0-0-0-0-0-00-0
> - 0-0 0-0-0 -0
> 0-0 0 0-0 -3
- 0-0 0 0- - @
- 0-0 - -:-.—
2 ® - -0 -0
@ - I.-.--.—.
* o 0- -0 oo
® - 0- -0 0-0
- 0- I.- -0
3-0—.-.--.—3- .-
o - 0-0 0 0-0 0-0-

S s 8e

S s s s s

S S 2SS S

3-.—.-.--.— =
[ 2

S

oo 0-
oo 0-

oo 0- I
> 0-0 o
- 0-0 o

- 0-0 0
o -o-0-0

<

PR IR I £ 2w =~ ISP~ < IS S S e £ S S S S S & & ¢
N G AT O B TR R G R R RO 1 = RN R W R R CTRO G R IR RO G RO PO CTRS | 00 H 0N Lot Lo 00 T Ee D380 M B0 RS L Lo oM Lo 0o i 1 G0 L0 L3 b M W T S o m &

u

ISR

el e e @

o-0 o-@-
- -o-o-o--o-}-
01234567891011 ¢

(a) H; (b) G
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used the proof of [Proposition 5.1
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representations are highly similar, the biggest difference being that each pair
of directed edges in an arena is replaced with a single undirected edge in a
link stream.

Proposition 5.1 (3-copwin outerplanar periodic graph). There exists an
outerplanar graph G such that 3 = co(G) > ¢(G) = 2.

Proof. Let us show that the robber, denoted by R, can win against two
cops, denoted by C; and Cy on some periodic graph G with an outerplanar
footprint G. Given a player X € {R, Cy, (s}, we write X = a to mean that
player X is on node a.

Consider the graph H; shown in [Figure 5.1(a), where i € N. Let G be the

outerplanar graph obtained from H, U Hy U --- U Hj by identifying 2% with

Zl

The periodic graph G is shown in , where it is drawn as a
link stream (recall . We say the robber escapes from H; if it can
move to G\ H;.

We show the following.

1. For every 1 < i <5, there is a configuration C; in G[H;| from which the
robber can either prevent its capture or escape to G[G \ H;].

2. For every 1 <1 <5, if the robber moves from G[H;] to G[H,| for some
i # j, it can move the game into configuration C; in G[H;].

3. No matter where the cops start the game, the robber can move the
game into configuration C; of G[H;] for some 1 <i < 5.

Let 1 <17 <5.

Part 1 Let us show first that if (Cy, Cy, R) = (v}, uk, v) in Gy, then either
the robber escapes from H; through 2% or 2™ (or z! when i = 5), or forever
moves back and forth between v and uj.

Since the cops play first, in G cop C either moves to v4, vi or stays still.
As we can see from , if C; moves to vi, the robber escapes to
G\ H; through 2" along the journey ((vi,vs), (vi, vi), (vi, %)) from time 3 to
time 6. Otherwise, let the robber move to u}, threatening the cop Cy, before
moving back to v4. In the meantime, cop C; either moves along the edge
vivh or stays still on 2’. In the second case, the robber moves back to v} and
repeats the same configuration as the original one. In the first case, the cop
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needs another period to move to v. Thus, when the robber arrives back on
vi in Gy, it notices this cop on v} and stays on v:. Cop C} cannot move until
G'3. In G3, this cop either moves to vi, to vl or stays on vi. If it moves to v,
the robber moves to v} along the edge vivi and escapes to G\ H;. Otherwise,
the cop moves to vi or stays on vi. Then, the robber moves back to u} to
threaten cop Cy. In this case, the robber moves back and forth between v}
and uj.

By inspecting [Figure 5.1(b)| we can see that the same situation happens
with cop Cy: either the robber can escape to G\ H; through 2™, move to
ub or cannot move further than u! to avoid capture. In the two latter cases
it can move back to threaten C.

This shows the first part of the proof.

Part 2 The link streams in [Figure 5.2 and |Figure 5.3 show the only situa-
tions in which a cop, C or Cy, moves out of its occupied node v} or ui. The
robber escapes from H; to some other H; in both cases and moves the game
either into the configuration C; or one in which there is a single cop in H;.
This is winning for the robber.

This shows the second part of the proof.

Part 3 Finally, notice that initially the cops might be positioned in some
H;, H; while the robber is in another Hj, with ¢ # j # k. Then, the robber
can apply its strategy that we described above in Hy as if the cops were on
v¥ and uf because eventually they must move to those positions if they hope
to capture the robber.

This shows the last part of the proof.

Therefore, the robber strategy we described above is always winning for
the robber no matter where the cops start the game. It follows that G cannot
have cop number 2 or less.

Finally, we show 3 cops are sufficient to capture the robber. If the two
cops above do not move from their configuration, the robber cannot escape
from H;. Thus, a third cop can stubborn walk toward the robber. Eventually,
both endpoints of a chord would be occupied by a cop and one of them could
safely move toward the robber without the robber being able to escape. The
robber thus eventually gets captured. O]
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The following construction is based on the hypercube @)3. Maamoun and
Meyniel [153] showed tha c(Qr) = [%W for every k > 0. Hence, Q3 = 2.
We use the usual construction for ()3 and write each node as a bit sequence
of length 3.

000 010
100 110
001 011
101 111
G=Qs
000 010 000 010 000 010
‘\\\\\\100 ‘\\\\\\110 100 110 100 110
001 011 001 011 001 011
‘\\\\\\101 .\\\\\\111 101 11 101 111
Go Gy G

Figure 5.4: Periodic graph used in |Proposition 5.2|

Proposition 5.2 (3-copwin cube periodic graph). There exists a periodic
graph G with footprint G = Q3 such that ¢(G) = 3.

Proof. Let us describe a periodic graph G = (Gg, G1,G)" with footprint
G = Q3 such that ¢(G) = 3. In Gy, only edges that change the first bit
appear. In (G1, only those that change the second bit appear and so on for
(5. This is shown in [Figure 5.4 We claim two cops cannot catch the robber.
Let us call a 4-cycle of Q3 a face. Any subgraph of any snapshot of G
that induces a face in )3 is also called a face.
We wish to preserve the following invariant for the robber:

'Maamoun and Meyniel [153] actually showed the more general result that the cartesian
product of k trees has cop number [%1 . The k-dimensional hypercube @, can be written

as the cartesian product of k paths of length two, hence the result.
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(I) Two cops are never in the same face as the robber at the beginning of
their turn.

Let us show that if invariant I holds in G; for all ¢ > 0, then no matter
where the cops move, the robber will not be on a 2-temporal corner of the
cops’ positions. Then, by [Proposition 3.4} ¢(G) > 2.

Suppose otherwise, that (¢, u) is a 2-temporal corner of (t+1,v), (t+1, w).
Observe that for any time ¢ and nodes r, ¢ € V with r # ¢, [Ny [, G] N Niyq [c, G| <
1. Moreover, let Ny [u, G] = {x,u}. Then, deg,(u) = deg,,,(v) = deg,,,(w) =
land E(G{)NE(Gy11) = 0. Thus, either Nyyq [v,G] = {v, 2} and Ny [w, G] =
{w,u}, or v = and N4 [w, G| = {w, u}, without loss of generality. In both
cases, (urvw) is (part of) a face of G. Indeed, only the edges that change
the same bit appear at time ¢ + 1, so either wv € FE(G) (when v # x) or
wy € E(G) where Nyyq [v,G] = {v,y} (when v = z). Then, we either have
zu, zv, vw, wu € E(G) or xu, vy, yw,wu € F(G) which are both faces of Q3.

Therefore, no matter where the robber moves to, the cops will start their
turn in Gy, in the same face as the robber. This contradicts our invariant

I.

Let us show now that the robber can play so that I is always true.

Since (Y3 has 6 faces, the robber can avoid choosing an initial position in
a face that contains both cops in Gj.

Let us show that if I is true before the cops have played, then it will
remain true after the robber has moved. Without loss of generality because
of the symmetries in the snapshots of G, suppose the robber is on (0, 000) and
the cops are on ¢; # 000 # ¢3 in G;. We moreover assume that {000, c1, 2}
is contained in a face of ()3 since otherwise the robber could easily move so
that [ is true.

The node 000 is contained in 3 faces of (J3, but no cop is on 000, so there
are 9 cases.

1. The cops are on (001)(011). In Gy, the robber moves to 100 and avoids
ending in the same face as the cops.

2. The cops are on (001)(101). The only way for the cops to occupy
this edge in G was for them to start on this edge in G, and stay
on their position. Therefore, in Gy the robber is in the same face
(000,100, 101,001) as the cops before the cops have played. This vio-
lates our assumption that I was true before the cops played.
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3. The cops are on (010)(011). In Gy, the robber moves to 100 and avoids
ending in the same face as the cops.

4. The cops are on (010)(110). The only way for the cops to occupy this
edge in G; was for them to start on this edge in GGy and stay on their po-
sition. Therefore, in G the robber is the same face (000,100, 110, 010)
as the cops. This violates our assumption that I was true before the
cops played.

5. The cops are on (100)(101). Before the cops moved in Gy, all players
were in the same face (000, 100, 101,001). This violates our assumption
that I was true before the cops played.

6. The cops are on (100)(110). Before the cops moved in Gy, all players
were in the same face (000, 100, 110,010). This violates our assumption
that I was true before the cops played.

7. The cops are on {010,100}. Before the cops moved in G, all players
were in the same face (000,010,110, 100). This violates our assumption
that I was true before the cops played.

8. The cops are on {010,001}. The robber moves to 100 and avoids ending
in the same face as the cops.

9. The cops are on {100,001}. Before the cops moved in G, all players
were in the same face (000, 100, 101,001). This violates our assumption
that I was true before the cops played.

Thus, from (0,000) the robber can move so that I will be true in G;. By
symmetry, this holds for every robber position under optimal play. Therefore,
the invariant I always holds and ¢(G) > 2.

We argue that ¢(G) < 3. Let three cops start on 000, 010 and 111 in Gy.
The robber starts either on 001 or 101 in order to avoid getting captured in
the first turn. The cops stay still in Gy. The robber must end its turn on
001, otherwise the cop on 111 would make the catch in G;. In Gy, no cops
move so that the robber end its turn either on 001 or 011. Since there are
cops on 000 and 010, the robber gets captured in Gs. O

Notice that in the previous result, ¢(G) = 3 > ¢(G) = 2 = v(G), where
(@) is the domination number of G. In the static case, the domination
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number is a trivial upper bound on ¢(G) and ¢,(G), where ¢s(G) is the cop
number when the robber has speed s > 1. So this also shows that there
exists periodic graphs G such that for every s > 1, ¢(G) > ¢s(G).
[Proposition 5.2|shows the existence of a periodic graph with eight vertices
and cop number 3. Yet, the smallest 3-copwin graph has 10 vertices [17].

5.2 About the maximum and minimum cop
numbers of the snapshots

In the previous section, we showed examples where ¢(G) > ¢(G). Here,
we take the opposite direction and show examples where ¢(G) < ¢(G), to
highlight that both cases are possible. The main question here is: How small
can ¢(G) be compared to ¢(G)?

The following result, along with its corollary, answers this.

Lemma 5.3. Forany k > 3 and 1 < k' < k such that there exists a k-copwin
graph with a spanning k'-copwin subgraph, there exists an at most k'-copwin
periodic graph whose footprint is k-copwin.

Proof. Let G be any graph with ¢(G) = k and H a spanning k’-copwin
subgraph of G. It suffices to let H appear long enough in a periodic graph
G so that ¢(G) < k’. Then, we can cover the remaining edges of G in the
remaining snapshots with spanning trees, so that ¢(G) = kand ¢(G) < k. O

Corollary 5.4. There exists a copwin periodic graph whose footprint is 3-
copwin.

Proof. Given any graph H, let 7(H) := mingey ) maxyey ) du(z,y) be
the radius of H. Let G be the Petersen graph, so ¢(G) = 3. Let G =
(Go,...,Gp_1)" be such that the first snapshots Gy, ..., G, contain a mini-
mum spanning tree 7' of G, with [ > r(T'). The remaining snapshots contain
different spanning trees to cover the edges of G. The cop starts on a node
x such that max,ecy dr(z,y) = r(7T'), so it can walk along 7" and reach every
node of G in the first [ snapshots. The robber cannot escape, so ¢(G) =1. O

Remark 5.5. We mostly focus on always connected periodic graphs here. Oc-
casionally, a construction will only be temporally connected. On one hand,
periodic graphs that are always connected are easier to construct systemati-
cally than their temporally connected counterpart since they often come from
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decomposing the footprint into a sequence of connected subgraphs. On the an-
other hand, our constructions of temporally connected periodic graphs tend
to be sparser. As such, always connected periodic graphs can also be easier to
analyse when the subgraphs are highly symmetric. We mostly use temporally
connected periodic graphs in order to construct nontrival schedules and help
one player or the other.

Given the two parameters ¢(G,.,) and ¢(G,.,), introduced in
tion 3.4.5, one might expect the following pair of inequalities to hold:

2

min(c(G), ¢(Gum)) ; c(G) < max(c(G), (G oax))-

Indeed, this forms the widest range of cop numbers that only uses parameters
from ¢(Gy), c(G1), ..., c(Gp-1) along with ¢(G). Nevertheless, we show both
are false. We introduce the following notation for convenience and say that

G is (a, b, c)-copwin if ¢(G) = a, ¢(G,..) = b and ¢(G) = c.

Theorem 5.6 ((1,1,2)-copwin). The inequality ¢(G) < max(c(G), c(Guay))
is false.

Proof. Consider the periodic graph G whose snapshots are shown in
ure 5.5 The footprint G is shown in [Figure 5.6 Each snapshot is a path on
9 vertices, so it is copwin. The footprint G has a universal vertex (node 8),
thus it is also copwin. The list of neighbourhoods of G is shown in
on and a careful inspection shows that G contains no temporal
corner. Therefore, it cannot be copwin by [Lemma 3.3]

We now show that G is 2-copwin by describing a winning strategy for two
cops. Let two cops start on nodes 2 and 4 in Gy. The robber must start on
either 3,5 or 7 to avoid capture in Gy.

1. If the robber starts on 3, the cop on 4 moves to 1 and the cop on 2
moves to 0. The robber cannot move to 1 nor to 5, since 15 € E(Gy),
so it stays on 3. In GG, 03 appears and one cop makes the catch.

2. If the robber starts on 5, the cop on 4 moves to 1 and the cop on 2
moves to 6. The robber cannot move to 6 nor to 3 because 63 € E(Gy).
Therefore, the robber stays on 5 and gets captured by the cop on 1 that
moves along the edge 15 in Gy.
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3. If the robber starts on 7, the cops move to 0 and 8 in GGy. The robber
cannot move to 0, so it stays on 7 and gets captured by the cop on 8
in Gl-

[]

Theorem 5.7 ((2,2,1)-copwin). The inequality min(c(G), c¢(Gm)) < ¢(G) is
false.

Proof. Let GG be a bow tie graph formed with two 4-cycles joined on a vertex
v. Let Gy = G1 = G5 be the subgraph of GG induced by removing one edge
of a cycle and G35 = G4 = (5 be the subgraph of G induced by removing one
edge of the other cycle. Thus, every snapshot consists in a 4-cycle joined to
a path of length at most 3 on vertex v. Moreover, v is a cutvertex of every
snapshot. Clearly, G, Gy, ...,G5 are all 2-copwin. Let G = (Go,...,G5)".
Place one cop on v in Gy. The robber initially starts on the cycle of Gy. The
cop waits until G5 for the path to appear underneath the robber. The robber
cannot have crossed onto the other cycle since the cop is on the cutvertex v.
The robber is now on a path of length at most 3, so the cop walks to capture
the robber. O

is a dual result of and together they serve to

highlight how loose the connection is between the cop numbers of a periodic
graph, its snapshots and footprint.

5.3 Completing the table of copwin periodic
graphs

In the previous sections, we showed that simple lower and upper bounds
on ¢(G) that depend on ¢(G), c(Gy), . ..,c(Gp—1) do not hold in general. In
this section, we want to further emphasize the disconnection between those
values by presenting that shows that nearly all combinations of
values (between 1 and 3) of ¢(G), ¢(G) and ¢(G,..,) are possible.

Out of the 27 possible combinations of those parameters, 3 remain to be
determined.

First, let us show that from any particular result, we can always increase
the number of nodes without changing the period.
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(i) Gs

Figure 5.5: The (1, 1, 2)-copwin periodic graph presented in [Theorem 5.6}
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Figure 5.6: The footprint of the periodic graph from [Theorem 5.6/ and [The-|

oremnl J.zo9|

Lemma 5.8. For any (a,b,c)-copwin periodic graph G, with n nodes and
period p > 2, and any integer N > n, there exists a periodic graph G' with
N nodes and period p that is (a, b, c)-copwin.

Proof. Let G = (G, ...,G,-1)" with footprint G be as in the statement and
P = (uy,...,un_ny1) be a path with N — n + 1 nodes, where N > n is
some integer. Let u € V(G). For every 1 < i < p— 1, let H; be obtained
by identifying u with u; and let G’ = (Ho, ..., H,—1)" with footprint H. By
construction, ¢(G'[G]) = ¢(G).

The robber on G’ can play on G'[G] and win against less than ¢(G'[G]) =
c(G) cops. Therefore, ¢(G") > ¢(G'|G]) = ¢(G).

Let us show that ¢(G') < ¢(G). By construction, the homomorphism
h : H — G that maps V(P) to u and is the identity on G is a retraction
of H and every snapshots. Thus, ¢(G) cops can play on G’ so that if at any
time the robber moves to P the cops act as if the robber moved to u. Since
u is a cutvertex between P and G, eventually the robber is either captured
on u, since ¢(G) = ¢(G'[G]), or it is somewhere on P while a cop is on u.
This latter cop eventually makes the catch. Therefore, ¢(G') < ¢(G) and the
equality holds. Similarly, ¢(H) = ¢(G) and ¢(Hmax) = (G max)- O
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c(G)e(Ghay)  c(G) Reference | ¢(G)(Grax)  ¢(G) Reference

1 1 1 [Lemma 5.20 2 2 3 |Lemma 5.19

1 1 2 [Theorem 5.6 2 3 1 [Proposition 5.11|
1 1 3 Undetermined |2 3 2 |Corollary 5.12|

1 2 1 |[Lemma 5.21 2 3 3 |Proposition 3.10|
1 2 2 |Lemma 5.16 3 1 1 |Corollary 5.4]

1 2 3 |Proposition 5.18| 3 1 2 |Theorem 5.25

1 3 1 |[Lemma 5.22 3 1 3 Undetermined

1 3 2 |[Lemma 5.10 3 2 1 |Lemma 5.13

1 3 3 [Proposition 5.28 | 3 2 2 [Corollary 5.15|

2 1 1 [Cemma 5.23 3 2 3 [Proposition 5.2
2 1 2 |Lemma 5.24 3 3 1 |[Lemma 5.27]

2 1 3 Undetermined 3 3 2 |Lemma 5.14

2 2 1 |Theorem 5.7] 3 3 3 |Lemma 5.20

2 2 2 [Lemma 5.20

Table 5.1: Summary of results on periodic graphs. These are existence results
of periodic graphs G with cop number ¢(G). The cop number of the footprint
is noted ¢(G) and the maximum cop number of the snapshots is ¢(G,.y)-

5.3.1 Constructions based on the Petersen graph

Some footprints are particularly useful. For instance, we derived a lot of
constructions from the Petersen graph.

The following result about the diameter d(G) of a graph G is useful for
some constructions. This is a simple and well-known result, so we leave out
the proof.

Lemma 5.9. Every graph G has a spanning tree T such that

d(T) < 2d(G).
Lemma 5.10 ((1,3,2)-copwin). There exists a periodic graph G with ¢(G) <
c(G) < ¢(Ghax)-

Proof. Let P, be the Petersen graph, labelled as in and z be a
node that is not in V(P.). Let C, be the cyle (a,b,c,d,e) and C; the cycle
(f,h,7,9,1). Let G be the graph that contains P, and x as a universal vertex.
Let H C G be the subgraph with E(H) = E(C,)U{af,bg,ch,di,ej,ax}. Let
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Figure 5.7: A labelled Petersen graph

G be the periodic graph such that for every ¢ = 0 (mod 5), G; contains P,
along with a single edge from x to P, until all such edges have been exhausted,
while for every ¢ # 0 (mod 5), G; = H. Observe that every snapshot is
connected.

Since x is a universal vertex in G, ¢(G) = 1. Moreover, ¢(G,,..) = ¢(Gy) =
3.

Let us show that ¢(G) = 2. In every snapshot x can be retracted either to
C, or C;, so a single cop gains nothing in starting on x. Moreover, ¢(C,) = 2
and C, C G, for every time t, so the robber can escape from a single cop by
forever moving on C,. Thus, ¢(G) > 1. But, ¢(H) = 2 and H appears for
4 consecutive snapshots. Let two cops start on a and d in Gy and stay on
their positions on their turn. The robber must be somewhere in {g, h,j} on
the cops’ turn in G if it wants to avoid direct capture in this snapshot. Any
cop closest to the robber will take two turns to move to the robber’s position
while the latter cannot escape. Thus, the robber gets captured in G5 at the
latest and ¢(G) = 2.

m

Proposition 5.11 ((2,3,1)-copwin). There exists a periodic graph G with
c(G) < c(G) < ¢(Grax)-

Proof. Let P, be the Petersen graph and x,y be two nodes that are not in
V(P.). Identify the outer and the inner cycle of P, as C, and C; as in the
proof of [Lemma 5.10 Then, connect z to every node of C, and y to every
node of C;. Let G be the resulting graph. Let us show that G does not
contain any corner. Let u be any node of GG. Clearly, neither x nor y can
be corners, so suppose u € V(FP,). Since P, has no corner and is induced
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in GG, u cannot be a corner of another vertex in P,. But, u also cannot be
a corner of x nor y, since u has neighbours in both C; and C,, while x is
only adjacent to vertices of C, and y to vertices of C;. Therefore, G is not
dismantlable, so ¢(G) > 1 by [167]. Moreover, observe that v(G) = 2, with
{z,y} as the minimal dominating set. Since ¢(G) < v(G) =2 and ¢(G) > 1,
we get ¢(G) = 2.

Let G be the following periodic graph. For every time ¢ = 0 (mod 11),
E(P.) C E(G) and G; contains one edge from x to Cyy and one edge from y
to C; until all edges from {x,y} to P, appear in G. Thus, every such G is
connected.

Let also T be the spanning tree of P. shown in [Figure 5.8 where d(T) =
3 = maxgev(p,) dr(c,z). Let T" = T U {ax, cy}, so that dp/(c,z) = 3 and
dr(j7,y) = 4. Let Gy =T’ for every t Z 0 (mod 11).

Then, G, is a spanning tree of G that appears for at least 10 > d(G;) =7
consecutive snapshots; so a single cop can win on G. That is, ¢(G) = 1.
Nevertheless, for every t = 0 (mod 11), P, is a retract of G, given by mapping
x to its unique neighbour and similarly for y. Then, by the classic result of
Berarducci and Intrigila [27] that ¢(H) < ¢(H') whenever H is a retract of
H', 3 = ¢(P.) < ¢(Gy). Finally, the smallest 4-copwin graph has 19 nodes
(see [202]) while G has 12 nodes, so ¢(G;) < 3 and ¢(Gy) = ¢(Gpax) = 3.
Therefore, G is (2, 3, 1)-copwin.

0

Figure 5.8: Spanning tree 7" used in the proof of |Proposition 5.11|

Corollary 5.12 ((2,3,2)-copwin). There ezists a periodic graph with 2 =
c(G) =c(G) < e(Gray) = 3.
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B Y

Hy H, (c) Ho

(d) Hs (e) Hy

Figure 5.9: Sequence of graphs used in [Lemma 5.13

Proof. This similar to [Proposition 5.11. However, we replace the spanning
tree of G by G itself. [

Lemma 5.13 ((3,2, 1)-copwin). There ezists a periodic graph G with ¢(G) <
(Grax) < ¢(G).

Proof. Let G be the Petersen graph labelled as in and Hy, ..., H,
be the graphs shown in [Figure 5.9l Then, let G = (G, ..., G,-1)" be the
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periodic graph where

Hy, if0<t<3
Hy, if4a<t<7
G,={H, ifs8<t<Ill
Hy, if12<t<15
H,, ifl6<t<19.

The footprint is the Petersen graph, so ¢(G) = 3. Every snapshot is
always connected and contains a cycle of length five, so ¢(G,..) > 2. More-
over, two cops can capture the robber on every snapshot, so ¢(G,,..) < 2 and
(G rax) = 2.

Finally, consider the first 8 snapshots Gy, ..., G7. Let a single cop start
on ¢. The robber cannot start in Ny, [c] = {b, ¢, h,d}. Neither can it start in
{a, f, g}, since it would be stuck on a tree rooted at c. Finally, if it starts on
1, it gets stuck on ¢ when the cop moves to d. Thus, the robber must start
on e or j. Let the cop wait until G4, when H; appears. The robber cannot
move out of the set of nodes {e, j, h,c,d,i}. In order for the robber to move
to i before G4, it must move to d, in which case the cop makes the catch on
the next snapshot. Similarly, h € Ny [c,G]. Thus, the robber cannot safely
end its turn on {d, i, h} in G3. Therefore, the robber must end its turn in G
somewhere in {e, j}. In this case, let the cop move to b in G4. The robber is

on a tree rooted at b until snapshot GG; and the cop makes the catch.
This shows that ¢(G) = 1. O

Lemma 5.14 ((3,3,2)-copwin). There exists an always connected periodic
graph G such that ¢(G ) < ¢(G) < ¢(Ghax)-

Proof. Consider the periodic graph G drawn in The footprint
is the Petersen graph that is 3-copwin. The first and third snapshot are

the Petersen graph, while the second one is a spanning tree of the Petersen
graph. Thus, the second snapshot is copwin and ¢(G,;,) =1 < ¢(Gay) = 3.

We call the cycle C; = (f,h,j,g,i) of G the inner cycle and the cycle
C, = (a,b,c,d, e) the outer cycle.

Let us show that ¢(G) < 2. If two cops are on nodes b and d in G, then
the robber gets caught at the latest in G5. Indeed, Ny [b,G] U Ny [d,G] =
{a,b,¢,d,e,g,i}, so the robber gets captured in G, if it stands on either of
those nodes. Otherwise, the robber is on a node x € {f,h,j} in G;. One
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(a) Snapshots Gy (b) Snapshot G (c) Snapshots G

Figure 5.10: The periodic graph of |[Lemma 5.14

cop can move to the node y of Gy such zy € E(G,) since y € {a,c,e} C
Ny [b,G]UN; [d,G]. Then, (1,z) is a temporal corner of (2,y) and the robber
gets captured in Gy. Therefore, ¢(G) < 2.

Let us show that ¢(G) > 1. A single cop can only capture the robber in
G on a leaf of the spanning tree T of G;. But, all the leaves of T belong to
C; and their neighbours to C,. Thus, the cop must visit the neighbour x of
a leaf y of T"in G; while the robber is on y in order to make the catch. But,
G has girth five and G = Gy. Thus, there is a 5-cycle C' = (uq, ug, us, uy, us)
in Gy such that us = y and uy = z. In Gy, the cop must be on either us or
Uy in order to end its turn on uy in ;. In any case, in GGy the robber can
either move to u; or to some other node of V(G) \ V(C') and avoid getting
captured.

Hence, ¢(G) = 2 and this concludes the proof. O

Given a periodic graph G with footprint G, we say that a subgraph H of
G is stable in G if it appears in all snapshots of G.

Corollary 5.15 ((3,2,2)-copwin). There exists an (a,b,c)-copwin periodic
graph with a = 3 and ¢ < a.

Proof. Let G again be the Petersen graph, so ¢(G) = 3, and let G be drawn
as in We know that G is the smallest 3-copwin graph, in number
of nodes, and is the unique 3-copwin graph with 10 nodes (see Baird et al.
[17]). Let = be the centre node in [Figure 5.11] From Baird et al’s result,
it follows that for every edge zu, ¢(G \ {zu}) = 2. Let Ng(z) = {a,b,c}
and G = (Gy,...,Gp_1)" be such that the first snapshots Gy, ...,G, 3 are
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Figure 5.11: Another representation of the Petersen graph

equal to G \ {za}. Then, we let G,_5 = G \ {zb} and G,_3 = G \ {zc}. For
our purposes, we choose p such that p — 3 is greater or equal to the capture
time of the robber on G \ {za} by two cops. Then, ¢(G) > 2 since there is a
stable 2-copwin subgraph in G, however ¢(G) < 2 since two cops can capture
the robber on the first p — 3 snapshots. Therefore, ¢(G) = 2. By the same
argument, ¢(G..) = 2. O

5.3.2 Arguments from the non-existence of temporal
corners

Lemma 5.16 ((1,2,2)-copwin). There ezists an always connected periodic
graph with copwin footprint and 2-copwin snapshots that is 2-copwin.

Proof. The periodic graph G in[Figure 5.12]is formed with 2-copwin snapshots
and copwin footprint. We can see every snapshot is 2-copwin since each of
them contains an induced 4-cycle.

At most two cops are necessary to capture the robber on G. Indeed, two
cops can start on d and f in Gy, which is a dominating set of GGy. Then,

¢(G) < +(Go) = 2 by [Lomma 3.9

Inspection shows that G has no temporal corner, so it cannot be copwin
by [Lemma 3.3] Therefore, 2 cops are necessary and sufficient to capture the
robber. O
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(c) Snapshot G

(d) Snapshot Go

Figure 5.12: The footprint G is copwin, the periodic graph G = (Gg, G1, G2)"
is not.

88



By the contrapositive of |[Proposition 3.4, if G does not have a k-temporal
corner, then it cannot be k-copwin. This leads to a generic method to produce

(k4 1)-copwin periodic graphs that we further expend on in [Section 5.4, We
present some examples that result from this method here.

Lemma 5.17. Let (t,u) be some temporal node in a periodic graph G. Sup-
pose that the sets Niiq[v;, G| and Niyq [v;,G] are pairwise disjoint for any
two distinct v;,v; € Ny[u,G|. Then, (t,u) is not a deg,(u)-temporal corner

ing.

Proof. Suppose otherwise, that (f,u) is a deg,(u)-temporal corner of (¢ +
Lwi), ..., (t + 1, Waeg,u))- By definition, |N;[u,G]| = deg,(u) + 1, since
deg,(u) = |Ng,(u)|. Therefore, at least two neighbours v;,v; of w in G, are
adjacent to the same node w; in Gyyq, for some 1 < [ < deg,(u). In turn,
w; € Nyg [vi, G] N Ny [v5,G] s0 Nega [03,G) N Nyya [v;,G] # 0, which is a
contradiction. ]

Proposition 5.18 ((1,2,3)-copwin). For every integers n > 11 and p > 5
odd, there exists an always connected periodic graph G with period p such that

c(G) < ¢(Ghax) < c(9).

Proof. Let G be the periodic graph shown in [Figure 5.13| where every snap-
shot is an 11-cycle. By construction, ¢(G,,..) = 2.

Let us show that G has no 2-temporal corner. By symmetry, it suffices to
show that (¢,0) is not a 2-temporal corner of any (¢ + 1,z), (t + 1,y) for any
time t. shows the set of neighbours N; [0, G| of (£,0) as well as the
set of neighbours at time ¢ + 1 of neighbours of (¢,0), written N4, [V [0, G]].
One can verify that the sets in N, [V, [0, G]] are pairwise disjoints for every
time ¢, so (¢,0) is not a 2-temporal corner by [Lemma 5.17

Thus, ¢(G) > 3 by |[Proposition 3.4 Moreover, the footprint is the com-
plete graph K7, see |[Figure 5.14} so ¢(G) = 1.

Let us show that ¢(G) < 3. Let us place one cop on node 0, one on node 3
and another on 8. Let the cops wait until G3. The robber must be on either
5 or 6 in order not to be captured in G5. Observe that N3 [5,G]U N3 [6,G] =
{4,5,6,7} C N4 [0,G]U N4 [2,G] U N, [9,G] = {0,2,4,5,6,7,9}, so when the
cops in G3 move to 0, 2 and 9, the robber gets stuck on a 3-temporal corner
of the cops’ positions. Then, the cops win in Gjy.

We can extend the period of G without creating 2-temporal corners by
adding pairs (G3,G4) at the end of G. Note that this only generates odd
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Figure 5.13: The periodic graph used in [Proposition 5.18, Each snapshot is a
cycle of length 11, the footprint is copwin and the periodic graph is 3-copwin.

periods. Similarly, we can always apply to increase the number
of nodes without changing the properties of G. m

The construction in [Proposition 5.18|is generic. Given an integer n, we
simply fix a sequence of integers (i, ...,%,-1) such that for every 0 < ¢ <

p—1,1<4 < {%J and Ny [u,G] = {u,u + i; (mod n),u —i; (mod n)} for
every node v € V. When 17, is prime, G; = Cnﬂ. One can then play with the

values of n and (i, . ..,4,-1) to generate more examples of periodic graphs.

Lemma 5.19 ((2,2,3)-copwin). There exists a periodic graph with 2 =
c(G) = ¢(Grax) < ¢(G) = 3.

Proof. Consider the periodic graph G shown in[Figure 5.15] Let us show that
G has no 2-temporal corner. By symmetry, it suffices to show that for every

time ¢, (£,0) is not a 2-temporal corner of any (¢t + 1, ), (t + 1, ).

2Indeed, let n be prime and consider a cycle C C C,, that starts and ends in 0. Then,
C = (0,44, 2iy,...,li;). Since n is prime, for each ki; € V(C) with k # 1, k { n. Thus,
l4+1=mnand C =C,. When n is not prime, G; might contain a collection of disjoint
cycles of length less than n.
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Figure 5.14: The footprint GG of the periodic graph shown in [Figure 5.13|is a
complete graph K.

N, [0,G] ‘ Nig1 [N [0, G]]

{0,5,6} | {{0,2,9},{3,5,7},{4,6,8}}
{0,2,9} | {{0,3,8},{2,5,10},{1,6,9}}
{0,3,8} | {{0,1,10}, {2,3,4},{7,8,9}}
{0,1,10} | {{0,4,7},{1,5,8},{3,6,10}}
{0,4,7} | {{0,5,6},{4,9,10},{1,2,7}}

=W N = O T

Table 5.2: Neighbours of (¢,0) for every t, as well as neighbours at time ¢+ 1
of neighbours of (¢,0)

shows, for every time t, the set of neigbhours N [0, G| of (¢,0)
as well as the set of neighbours at time ¢ + 1 of neighbours of (¢,0), denoted
by Nii1[V; [0, G]]. One can verify that the sets in Ny [IV; [0, G]] are pairwise
disjoints for every ¢, so (¢, 0) is not a 2-temporal corner of any pair of temporal
nodes for any time ¢, by [Lemma 5.17]

Therefore, ¢(G) > 3 by |Proposition 3.4, Let us show that ¢(G) < 3. Let
us put three cops on 0,3,6. The cops pass their turn in Gy, so the robber
must be on either 7 or 10 in G;.

1. Suppose the robber is on 7. Let the cops move to 9,5,4. The robber
must stay on 7, which is adjacent to 4 in GG3. The cop on 4 makes the
catch in Gs.

2. Suppose the robber is on 10. Let the cops move to 2,1,8. The robber
must stay on 10, which is adjacent to 2 in G5, so the cop on 2 makes
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the catch in this snapshot.

Thus, ¢(G) = 3.

The footprint G is shown in One can verify that G has no
corner, so ¢(G) > 1. This graph is symmetric, so it suffices to show that 0 is
not a corner of any other node. We can see that Ng[0] = {0,2,3,5,6,8,9}.
But, 23,56,89 ¢ E(G) so none of 2,3,5,6,8,9 can be covers of 0 in G.

Nevertheless, Ng[0] U Ng[4] ={0,1,2,3,4,5,6,7,8,9,10} =V, so G has
domination number v(G) = 2 and ¢(G) = 2. Finally, every snapshot is a

cycle of length 11, so ¢(G...) = 2. O
t Ni[0,G] | Nigpa [N[0,6]]
0 {0,5,6} | {{0,2,9},{3,5,7},{4,6,8}
1 {0,2,9} | {{0,3.8},{2,5,10},{1,6,9}}
2 {0,3,8} | {{0,2,9},{1,3,5},{6,8,10}}
3 {0,2,9} | {{0,5,6},{2,7,8},{3,4,9}}

Table 5.3: Neighbours of (¢,0) for every t, as well as neighbours at time ¢+ 1
of neighbours of (¢,0)

5.3.3 Completing the table

In some constructions, we use the following definition. Let G be a k-copwin
graph. We say a node u of G (or G) is critical if k cops have a k-copwin
strategy such that if the robber ever moves to u, it gets caught on the next
turn. Observe that if G is vertex-transitive and contains a critical node, then
every node of (G is critical because, by definition of vertex-transitive, for every
node v there exists an automorphism ¢, of G such that ¢,(u) = v.

The examples presented in this section are varied and do not use ideas
presented in the previous sections. Some, like |[Lemma 5.20 simply serve to
fill [Table 5.1} Others, like [Theorem 5.25] [Proposition 5.26] and [Lemma 5.27]
are interesting in their own rights for how they present more ways to produce
periodic graphs with nontrivial combinations of cop numbers, for example by
using retracts.

Lemma 5.20 ((a,a,a)-copwin periodic graphs). For every integer a > 1,
there exists an always connected (a, a, a)-copwin periodic graph.
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Figure 5.15: The periodic graph used in [Lemma 5.19| Each snapshot is a
cycle of length 11 and the periodic graph is 3-copwin.

Proof. Let G be a connected a-copwin graph. The periodic graph G = (G)”
is such an example. O

Lemma 5.21 ((1,2,1)-copwin). There exists an always connected periodic
graph that is (1,2, 1)-copwin.

Proof. The periodic graph G = (Kg,Cg)" is copwin since the cop wins in a
single move. The footprint is Kg, which is copwin, while G,,.. = Cy that is
2-copwin. ]

Lemma 5.22 ((1, 3, 1)-copwin). There exists an (a, b, c)-copwin periodic graph
with max(a, c) + 2 = b for some positive integers a, b, c.

Proof. Let P, be the Petersen graph. The periodic graph G = (Ko, P,)"
satisfies the statement. O

Lemma 5.23 ((2,1,1)-copwin). There ezists an always connected periodic
graph with 2-copwin footprint and copwin snapshots that is copwin.

Proof. Let G be a four-cycle (a,b,c,d), Go = G; = G3 be the path (a,b, ¢, d)
and G3 the path (d,a,b,c). The footprint of G = (Gy, G, G, G3)" is G, so it
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Figure 5.16: The footprint of the periodic graph used in [Lemma 5.19|is 2-

copwin

has cop number two, while every snapshot has cop number one. Furthermore,
G is copwin. The cop starts on b in G, forcing the robber to start on d. The
cop moves to ¢, while the robber stays on d. In G, the cop makes the
catch. O

Lemma 5.24 ((2,1,2)-copwin). There ezists an always connected periodic
graph, with 2-copwin footprint and all copwin snapshots, that is 2-copwin.

Proof. Let G = Cyp, and G be the periodic graph shown in [Figure 5.17| By

construction, G is 2-copwin and both snapshots are copwin. However, we
show that G cannot be copwin.

Suppose a player stubbornly walks along the cycle of G in G. We say that
player is blocked if it either tries to move along the edge 01 in Gy or 56 in
(1. One can show that under any of the following conditions that player is
never blocked:

1. If it starts in Gy on an odd-numbered node and walks along nodes with
increasing labels;

2. If it starts in Gy on an even-numbered node and walks along nodes
with decreasing labels;

3. If it starts in GG; on an even-numbered node and walks along nodes
with increasing labels;
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(a) Go

Figure 5.17: The periodic graph used in [Lemma 5.24] Each snapshot is a
cycle of length 10 and the periodic graph is 2-copwin.

4. If it starts in G; on an odd-numbered node and walks along nodes with
decreasing labels;

This follows from the facts that G has period 2, GG is an even cycle and that
x € V(@) has the same parity as both  + 2 (mod 10) and z — 2 (mod 10).
Furthermore, the player can be blocked at most once.

Therefore, here is a winning robber strategy against a single cop. Let the
cop start on some node x. The robber starts on some node y with the same
parity as x and such that dg(x,y) > 3. The robber always moves in the same
direction as the cop. The robber will be blocked at most once, so its distance
to the cop cannot go lower than two. Thus, the cop cannot catch the robber

and G cannot be copwin.
O

Theorem 5.25 ((3,1,2)-copwin). There exists a periodic graph G with 1 =
(Grax) < c(G) < ¢(G) = 3.

Proof. Let H be the graph in [Figure 5.6] on [Page 80, Let G be given by
identifying any node of the Petersen graph P. with node 2 of H. Let G be
as follows. The schedule is chosen so that G[H] = H where H is the periodic
graph of [I'heorem 5.6| and [Figure 5.5, Since this has period 9 and P, has
diameter two, we let a spanning tree of P, with diameter at most four (by

Lemma 5.9)) appear for the first four snapshots, then cover the remaining
edges with different spanning trees in the remaining fives snaphots.
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Since G[H] is 2-copwin and 2 is a cutvertex of G, ¢(G) > 2. Indeed, the
robber can survive against a single cop by forever playing on G[H|. Moreover,
every snapshot is a tree, so ¢(G,.,) = 1. Finally, every node of P, is critical,
so a robber on G[FP,] cannot escape from 3 cops by moving to G[H| and
c(G) = c(P.) = 3.

Let us show that ¢(G) < 2. Let one cop start on 2 and another on node
4 of H. The cop on 2 can capture the robber on G[P,] because the first four
snapshots of G[P.| contain a spanning tree of diameter at most four. The
robber cannot move to G[H| because the first cop moves along cutvertices
of G. Thus, the robber must start on G[H]. But, in [Theorem 5.6 we also
showed that if a cop starts on 2 and another starts on 4, the cops can capture
the robber. Furthermore, in the winning strategy we described, the robber
never gets to visit node 2. Thus, if the robber tries to move to G[P.], through
node 2, it gets captured by the cop on this node. Therefore, ¢(G) < 2 which
implies that ¢(G) = 2. O

The previous construction also leads to a (3,2, 3)-copwin periodic graph.

Proposition 5.26 ((3,2,3)-copwin). There exists a periodic graph G with
3=10c(G) =¢c(G) > c(Gru) = 2.

Proof. Let H be the graph in Let the Petersen graph P, be
labelled as in and let GG be obtained by identifying node a of P,

and node 0 of H. Let also ‘H be the periodic graph in with
footprint H and K be the periodic graph of [Corollary 5.15| with footprint P,.
Then, let G be such that G[H] = H and G[P.] = K. The period of K is left
undefined in [Corollary 5.15[ while the period of H can be any odd integer
greater than 4. Thus, we can match the periods of both periodic graphs by
adding snapshots to either or both of them.

By construction, ¢(G) = 3. Indeed, let three cops be on 0,4,6. If the
robber is on H, it gets captured by the cops on 0 and 4 because Ny[0] U
Ngl4] = V(H). Otherwise, the robber must be on P.. Then, let the cops on
4 and 6 walk to nodes ¢ and b of P, while the other cop waits on a = 0. The
robber cannot escape from P, because a is a cutvertex. When this is done, the
robber is only safe from immediate capture if it is on j or h. Let the cops on a
and b move to e and ¢ while the other cop waits on i. Then, Np_ [j]UNp,[h] =
{c.e,f,9,h,} C Np.[e]UNR,[c]UNp.[i] = {a,e,d, j}U{b,c,d, h}U{d, [, g,i}.
Therefore, no matter where the robber is, it gets captured on the next move
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of the cops. Observe that in this case, the robber can never move to a and b
once the cops there started moving.

Let us show that ¢(G,,..) = 2. Clearly, ¢(G,..) > 1, so let us show that
two cops can win. Let G; be any snapshot. By construction, Gy = P. \ {cz}
for some = € {b,d,h}. Without loss of generality, dc ¢ E(G;). Recall that
a joins P, and H. Here is a winning strategy for two cops on G;. The cops
start on b and h, so the robber must start on either e, d or .. Without loss of
generality, let the robber start on e as the other cases are similar. The cops
move to b and j, so the robber must move to d. The cops then move to g
and j, so the robber stays on d since dc ¢ E(G}). Finally, the cops move to e
and ¢ and the robber gets captured on the next turn. Notice that at no point
the robber had access to a. By symmetry, the same reasoning holds when
be ¢ E(Gy) and he ¢ E(Gy), which both eventually happen in G. The same
reasoning holds even if the robber decides to start on a, when for example
be ¢ E(G). In this case, the robber can escape to Gi[H|. But, G;[H] is an
11-cycle and the two cops will move to a without the robber being able to
move back to G¢[P.]. Thus, the cops make the catch on H in this case.

Finally, ¢(G) > max(c(G[H]),c(G[P.])) = 3 since the robber can forever
play in G[H| and ¢(G[H]) = ¢(H) = 3. Hence, let us show that ¢(G) < 3.

Let 3 cops start on 0, 3, 6. If the robber is in G[P,], the two cops on 3 and
6 move to make the catch in G[P.]. Otherwise, the robber is in G[H]. The
cops on 0,3,6 can apply their winning strategy described in [Lemma 5.19]
From the proof of Lemma 5.19] the robber cannot move to 0 without being
captured, so it cannot escape from G[H|. Thus, the three cops make the
catch on G[H| and ¢(G) < 3. Therefore, ¢(G) = 3. O

The periodic graph in [Proposition 5.26| shows an example where we can
divide the footprint into two “blocks”. We will see later, in [Chapter 6, what
we mean specifically by this.

Lemma 5.27 ((3,3,1)-copwin). There exists a periodic graph G with 1 =
c(G) < ¢(Grax) = ¢(G) = 3.

Proof. Let H and H' be two copies of the Petersen graph and G be obtained
by identifying any node u € V(H) with any node v € V(H’). Since the
Petersen graph has diameter two, H and H' contain spanning trees 7' and
T with diameter at most four each, by We let G be such that
the first four snaphots contain H U T", while the last four snapshots contain
T U H'. Since the Petersen graph is a retract of G and every snapshot,
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Figure 5.18: A labelled Petersen graph used in |Pr0position 5.26|

3 < ¢(G) and 3 < ¢(Goa) by [27]’s Theorem. Moreover, let 3 cops play on
HUT' such that if the robber moves to T”, the cops act as if the robber moves
to u instead: this is 3-copwin. The same holds for T'U H’, s0 ¢(G..) < 3.
On another hand, every vertex of the Petersen graph is critical, so 3 cops can
apply their 3-copwin strategy on either H or H' (whichever copy contains
the robber) and prevent the robber from escaping to the other copy. Then,
¢(G) = ¢(Ghax) = 3. Nevertheless, on G the robber is eventually stuck
on a tree that appears for long enough for a single cop to make the catch.
Therefore, ¢(G) = 1. O

5.4 General construction

It follows from that every example showed in can be

extended to any number of vertices.

shows one way to construct a copwin periodic graph whose
footprint is a 2-copwin graph. We can generalize this idea and construct an
at most k’-copwin periodic graph whose footprint is k-copwin for any integers
1 < k' < k with similar ideas, when the period is not bounded.

Let us focus on the opposite question: can we build a k-copwin periodic
graph whose footprint is k’-copwin for every integers 1 < k' < k7

We saw in that it is possible to generate a (1,1, 2)-copwin
periodic graph by considering a sequence of paths such that no snapshot
contains a temporal corner. This begs the question of whether this idea can
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(a) Sketch of the construction (b) Example of a footprint G
used in the proof of used in the proof of
tion 5.28] where H is a {f—copwin tion 5.28, where H is a hyper-
graph and {u1, ..., u } is a dom- cube @4, with cop number k = 3,
inating set in G and P = (u1,us)

Figure 5.19: General sketch of the construction used in [Proposition 5.28|
along with an example on the hypercube Q4 with &' = 2

be extended further, to construct, for any k > 1, a (k, k, k+1)-copwin periodic
graph from a sequence of k-copwin snapshots that contains no k-temporal
corners.

In|Proposition 3.10|we used the Petersen graph that is 3-copwin and does
not contain any 2-corner. We use this in the next result to construct examples
with large gaps between the cop number of the footprint and the cop number
of the periodic graph. We begin the proof of [Proposition 5.28 by initializing
a k-copwin graph, given an integer k. This is always possible. One could take
for example the family of hypercubes, by a result of Maamoun and Meyniel
[153], however [Proposition 5.28|is not restricted to this family of graphs.

Proposition 5.28. For every integers 1 < k' < k, there exists a periodic
graph G such that k' = ¢(G) < ¢(Goax) = ¢(G) = k.

Proof. Let H be any k-copwin graph and Py = (uq,...,ux) be a path with
k' vertices. Let G be obtained by letting {uy, ..., ur} be a dominating set of
H such that the neighbourhoods of each u;s are pairwise disjoint.
shows a general sketch of G as well as an example.

Let @ = (vy,...,v,) be a walk of H that visits all vertices and starts
and ends on the same node. We assume that m = xzk’ for some x € N, which
we can achieve by using self-loops multiple times. Let Ey = (uvq, ugvs, . . .,
U Vgt y UL VR 41, U Uk 12, - - -, UprUggr ) DE & sequence of edges.
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Let G be the following periodic graph. The graph H along with the path
P, are stable in G. For every time ¢, G; contains the t"* edge of Ej, until all
edges have been used.

By construction, ¢(G) < v(G) = k’. Also, H is k-copwin and k > £/, so
less than &’ cops cannot capture the robber on G[H|. Thus, ¢(G) > k' and
c(G)=F.

Let us show that ¢(G,..) = k. In every snapshot G; there is a unique
node u; such that u; is connected to a node z of H in G;. Thus, the map
hy : Gy — H that sends {uy,...,ur} to z is a homomorphism, hence a
retraction. That is, H is a retract of every snapshot G;. It follows by [27]
that k = ¢(H) < ¢(Gy) for every time t. By the same argument, ¢(G;) < k:
the k cops in G, play on H so that if the robber moves to P, the cops act as
if the robber moved to the unique node wu; connected to H. Then, either the
robber is captured on H, or one cop is on u; when the robber is alive on P.
Since P is a path, this cop makes the catch. Therefore, ¢(G;) = k.

Finally, let us show that ¢(G) = k. Since @ is a walk of H, the retractions
in {hy : Gz - H|0 <t < p— 1} map journeys on G to journeys on H.
Therefore, the images of the cops under those retractions perform valid moves
in the cops and robber game on G[H|. But, H is k-copwin and stable in G,
so ¢(G) = c¢(H) = k.

m

Aside from the family of hypercubes, a classic family of graphs with un-
bounded cop number is the family G, of incidence graphs of the projective
plane PG(2, q) of order ¢, for any prime power ¢. For any G € G,, ¢(G) = ¢g+1
by Pralat [171] (see also [38]). Bonato and Burgess [35] present more families
of graphs with unbounded cop numbers. Thus, by choosing ¥’ = 1 and H
in a family of graphs with unbounded cop number that respects Meyniel’s
conjecture in [Proposition 5.28 we can produce an infinite class of periodic
graphs Gg such that for every G € Gg, ¢(G) =1 and ¢(G) € O(y/n).
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Chapter 6

Bounds on the cop number of
periodic graph families

Some results in this chapter were presented at the 54th Southeastern In-
ternational Conference on Combinatorics, Graph Theory & Computing. A
preprint of this text can be found here: [64].

This chapter is in direct continuation with [Chapter 5l In the previous
chapter, we stressed that the different cop numbers of the constituents of a
periodic graph G = (Gy, ..., Gp_1)" are unrelated in general. In this chapter,
we take a more constructive approach to find upper and lower bound on ¢(G)
that often use properties of G.

6.1 Retracts

An important tool in the study of Cops and Robbers games is the concept
of retract, that we explained in [Section 3.3] Retracts are used to show that
copwin graphs are dismantlable (see for example [38]), a tighter upper bound
on ¢(G) with block decompositions [113], even to help show that the Petersen
graph is the smallest 3-copwin graph [17]. One important result on retracts
is a theorem of Berarducci and Intrigila [27] stating that ¢(H) < ¢(G) when
H is a retract of G. In other words, upper bounds on ¢(G) are carried over
when taking retracts. Unfortunately, this is not true in general in periodic
graphs.

Proposition 6.1. There exists a periodic graph G with footprint G and a
retract H of G such that ¢(G[H]) > ¢(G).
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Figure 6.1: ¢(G[{a,b,c,d}]) > ¢(G)

Proof. Let G be the graph drawn in [Figure 6.1(b)l Then, H = Cy is a retract

of G obtained by mapping u to either b or c. Let us construct a periodic graph
G on G such that ¢(G) = 1 while ¢(G[H]) = 2.

Consider the periodic graph G shown in [Figure 6.1(a). Let the cop start

on a in Gy. The robber gets captured in one move if it starts on a, b or
d, so let it start on either u or c¢. Let the cop move along the journey
((a,b), (b,u), (u,c),(c,d)), crossing the first edge in Gy and the last one in
(G3. The cop captures the robber no matter where the latter goes. Thus, G is
copwin. However, G[H| contains two identical 4-cycles, so G[H] is 2-copwin.
Therefore, ¢(G) = 1 < ¢(G[H]) = 2. O

With one extra assumption, we can recover Berarducci and Intrigila’s
original result.

Theorem 6.2. Let G be a periodic graph and h : V — V' be a retraction of
every snapshot, where V' C V. Then

c(GIV]) < ().
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Proof. For every time t, we write H; = h(G;). For any edge zy € E(Gy),
h(z)h(y) € E(H;) because h is a retraction on the snapshots.

Let k = ¢(G) and o, be any cops strategy on G for k cops. Let C' be a
set of nodes occupied by the cops at any time ¢ and C; the position of the
it" cop. If o.((t,C), (t,r)) = (t + 1,C") in G, then C;C! € E(G;) for every
cop 1 < i < k. By the above argument, h(C;)h(C!) € E(H;). Thus, every
cops strategy o. on G has a corresponding strategy o on G[H] such that if
o.((t,C), (t,r)) = (t + 1,C"), then o moves the i" cop from h(C;) to h(C!)
for every 1 <i < k.

Thus, let the cops play a k-copwin strategy o. on G while the robber is
restricted to play on G[H|. Since G is k-copwin, the cops eventually move to
a position (t+1,C4),..., (t+1,Cy) while the robber is on (¢, r) such that no
matter where the robber moves to it gets captured on the next turn. That
is, for every x € N, [r, G[H]], there exists xC; € E(Gyy1). Then, by the above
argument, h(z)h(C;) € E(H;). Thus, C((t + 1,h(Ch),...,h(Ck)), (t,7)) is a
winning configuration for the cops in G[H|. As we argued, this configuration
can be reached when the cops follow the strategy that corresponds to o, in
G[H]. Therefore, the robber gets captured by the k cops in G[H].

Thus, ¢(G[H]) < ¢(G). O

We did not assume that A is a retraction of G in [Theorem 6.2 because we
can show this is implied from h being a retraction of all the snapshots.

Consider again the arena in [Figure 6.1 Let us explain why
does not apply in this case. Let h: {a,b,¢,d,u} — {a,b,c,d} be any retrac-
tion. The node u can only be mapped to either b or c. Suppose that h(u) = b.
Then, uc € E(G3) implies that h(u)h(c) = be € E(Hs), which is not the case.
Similarly, if h(u) = ¢, then ub € F(G;) implies that h(u)h(b) = cb € E(H,),
which is also not the case. Thus, h cannot be a retraction of every snapshot.

We explicit an important consequence of this theorem that we will use
later. Its proof is straightforward.

Corollary 6.3. Let G be a periodic graph and h : V — V' a retraction of all
the snapshots, where V! C V. Then, the cops on G[V'| can capture the image
by h of the robber on G[V'].
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6.2 Tree decompositions

Joret et al. [129] proved that ¢(G) < tw(G)/2+1 for every connected graphf]
G. We prove the following.

Theorem 6.4. For every connected graph G, co(G) < tw(G) + 1.

Proof. Let G have treewidth k and (7, B) be a minimal tree decomposition of
G that is smooth, where B = {X, ..., Xi}. Recall that for any XY € E(T),
X NY is a cutset of G. Also, we write Ty y for the subtree of 7 \ {X} that
contains Y.

Let G = (Go,...,G,_1)" be any periodic graph with footprint G. For any
bag X of T, k4 1 cops can guard X so that if the robber moves into X at
any time it gets captured immediately. Thus, let k41 cops start on the k41
nodes of any bag X, in GGy. Let the robber start on some node rq € V.

Let X; be the unique neighbour of X, in 7 such that rq is in a bag of
Txo.x,- Because T is smooth, | X, N X;| = k and there exists a unique node
x1 € X7\ Xo and a unique node zy € Xy \ X;. Recall that G is temporally
connected, so let the cop on xg walk to z1, crossing edges whenever possible.
Meanwhile, all other cops stay still. In order to escape from Tx, x,, the
robber has to move trough a node of Xy N X; because this is a cutset of G.
But, the nodes in this set will all be occupied while the travelling cop moves
to x1. Therefore, once this cop arrives on z, the robber is still in Tx, x,.
Furthermore, at that time all nodes of X; are occupied.

When this happens, the robber’s territory is reduced. It follows by suc-
cessively applying this reasoning that ¢(G) < k + 1. ]

We call the cop strategy outlined in a smooth strategy since
it moves the cops on a smooth tree decomposition.

Observe that provides a proof that every periodic graph with
outerplanar footprint has cop number at most three since outerplanar graphs

have treewidth at most two. Also, compare this with the bound shown in

1Specifically, Joret et al. [129] defined ¢(G) as the maximum cop number of the con-
nected components of G, so that ¢(G) < tw(G)/2+1 without requiring that G is connected.
In the present work, ¢(G) is the sum of the cop numbers of all connected components of
G, otherwise there are not enough cops to capture the robber.

2A tree decomposition (7, B) of G with width k is smooth if every bag X € B has size
k41 and for any two adjacent bags X;, X; € B, |X; N X;| = k. Any tree decomposition
of G can be transformed into a smooth tree decomposition with the same width. Smooth
tree decompositions are similar to normalized tree decompositions ([112]).
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[129] that was refined in [36]. Joret et al’s strategy of letting the cops guard
shortest paths, which gives the % factor to their bound, is not applicable here
because of the temporal nature of G. Since the graph varies, the only safe
way for a cop to guard a node seems to be to stand on it.

In Lemma 2.5 of [33], Bodlaender shows that if G' has treewidth k and
(T,B) is a smooth tree decomposition of G, then T has n — k nodes. In
[Theorem 6.4 a team of cops performs a stubborn walk over a smooth tree
decomposition of the footprint and must go through at most ["T’ﬂ nodes of
the decomposition. We deduce that uses the temporal diameter,
that we define here and reuse in [Section 6.5

Definition 6.5 (Foremost distance and temporal diameter). Let G be a peri-
odic graph with footprint G. A journey from (t,u) to (t',v) in G is foremost
if G contains no other journey from (t,u) to (t",v) such that t < t" < t'.
We also say this journey is foremost from (t,u) to v. We define the foremost
distance §;(u,v) from (t,u) to v as oo if u and v are in distinct connected
components of G, 0 if u =wv, and t' —t + 1 if u # v and there is a journey
from (t,u) to (t',v) that is foremost.

The temporal diameter dy of G is the largest foremost distance from any
temporal node to any node.

Observe that it is possible that &;(u,v) > p for some ¢,u,v in a periodic
graph G, for example if only one edge of every foremost journey from (¢, u)
to v can be crossed in p consecutive snapshots.

When 0 < d;(u,v) < oo, &(u,v) also corresponds to the length of a
foremost journey from u to v that starts at time ¢ in D.

Corollary 6.6. Let G be a periodic graph with footprint G. If G has temporal
diameter dy, then a team of tw(G)+1 cops can capture the robber in at most

dy [%W(Gq turns.

Proof. From [Theorem 6.4 ¢(G) < tw(G) + 1. Consider the smooth strategy
outlined [Theorem 6.4, Since G has temporal diameter dy, in every sequence
of dy snapshots of G the cop on xy can move to z;. Furthermore, we can
choose X, as the centre of the tree, so the cop team would have to move

along at most [%‘N(G)W bags. Thus, the capture time of the robber is at

most dy [%W(G)W ) O

In general, we do not have that ¢(G) < maxo<;<,—1 tw(G;), as one can

attest from our (1, 1,2)-copwin periodic graph presented in [Theorem 5.6

105



The next result shows that, in general, it is unlikely that less than tw(G)+
1 cops can capture the robber on every periodic graph G with footprint G,
even if we assume G to be always connected. Given a tree decomposition
(T,B) of a graph G, we say the cops guard a bag X € B if they occupy
some nodes of X in such a way that if the robber tries to move on X it gets
captured by the cops on the next turn.

Lemma 6.7. There exists an always connected periodic graph G with foot-
print G and an optimal tree decomposition (T,B) of G such that tw(G) cops
cannot always gquard every bag of B.

Proof. Let G = (Gy,G1)" be the periodic graph shown in with
footprint G = P. the Petersen graph. also shows an optimal tree
decomposition (7, B) of P.. Note that tw(P.) = 4. We can also show that
¢(G) < 3 by placing 3 cops on a, h,7 in Gy, so that in this snapshot the robber
must be on either b or ¢ to avoid direct capture. The cops make the catch in
Go.

Suppose the robber is on ¢ in Gy, while 4 cops are on a, ¢, h and j in
G1. The cops are in the bag X = {a,c,j,i,h} of B, while the robber can
be in either bag {a,c,d,i,j} or {a,c, g,i,j} of B. Without loss of generality,
suppose the robber is in Y := {a,¢,d,i,j}. Then, the robber can move to
g in Gy. No matter where the cops move, the robber cannot be captured in
G1. The bags that contain ¢ are in another branch of 7 \ {X} that the one
that contains Y. Therefore, the cops were not able to guard the bag X. [

Consider again [Figure 6.2 In the proof of [Theorem 6.4] there would be

a cop on node 7, so the robber could not move across the edge ig. From
, it follows that a cop strategy that would use less than tw(G) + 1
cops could not be stubborn.

We say a tree decomposition (7, 8B) of a graph G is temporally reqular
in a periodic graph G if for every bag X € B and time ¢, E(X) N E(G;) #
) = E(X)C E(Gy).

Lemma 6.8. If G admits an optimal tree decomposition (T,B) that is tem-

porally regular, then ¢(G) < {%W +1.

Furthermore, if G is also chordal, then ¢(G) = 1.

Proof. Let (T,B) be a temporally regular optimal tree decomposition of G.
Since the tree decomposition is temporally regular, for any bag X € B, either
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(c) A tree decomposition of the
Petersen graph

Figure 6.2: Petersen tree-decomposition, from [117]
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the cops can apply the strategy described by Joret et al. [129] in X or no
player can move in X. Thus, while the cops move in X to reach a neighbour
Y of X in T, the robber cannot move to another branch of 7\ {X} than the
one it is currently in. Thus, tw(G)/2 cops can guard a bag while one more
cop moves toward the robber.

Furthermore, recall that GG is chordal if and only if it admits a tree de-
composition where each bag induces a clique (see for example [71]). When
every bag of B induces a clique, a single cop can guard any bag by itself.
Furthermore, this same cop can progress toward the robber while guarding
its bag, since the bags are temporally regular. Thus, in this case one cop is
sufficient to capture the robber. O

6.3 Block decompositions

Block decompositions can be used to show that the cop number of outerpla-
nar graphs is at most two. They also seem to fit with the way we design
winning strategies for cg(G) so far, since they highlight the cutvertices of G,
so we present them here. A block B of a graph G is a connected maximal
induced subgraph of G without cutvertex. A block decomposition of G is a
set {Bi, ..., B} of blocks of G that contains all the nodes of the graph. The
following result is originally due to Hill [113] for static graphs. We adapted it
for periodic graphs. The original result uses retracts to guarantee a stronger
bound, which we cannot do here. We write A(G) for the maximum degree of
a graph G. The proof follows from similar arguments as those used by Hill.

Proposition 6.9. Suppose {By, ..., By} is a block decomposition of G that
forms a tree T'. Then,

ma co(By) < eo(G) < max co(By) +A(T).
Proof. The lower bound is clear: if the robber forever plays in the block B;
of highest cop number cg(B;), then less than cg(B;) cops cannot capture it.
Thus, let us show the upper bound.

Let the blocks be linearly ordered so that By is a centreE] of T and each
path from B; to a leaf B; is a sequence of blocks whose indices are strictly
increasing. We write ¢y, ..., ¢,_1 for the cutvertices of G. By construction,
if B; € Np(By), then V(BN B;) = {c¢;} for some ¢;. Thus, there are at most
A(T) cutvertices in By. Let A(T) cops start on those cutvertices. Then,
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the robber is in a unique branch P of T'\ By, from which it cannot escape
because of the A(T") cops covering the cutvertices. Let B; be the neighbour
of By on the branch P and ¢; the cutvertex of By N B;. With the cop on
c; staying still, let the A(T") — 1 cops stubbornly move from their cutvertices
to the cutvertices of B;. While this is happening, the robber cannot move
from P to another branch of 7'\ B;. Therefore, once the cops have finished
moving, the robber is either in B; or in the unique branch of P\ (B;UB;). We
can recursively apply the previous operation until the robber is surrounded
by cops in a bag B;. Then, the robber cannot escape from B; and another
team of co(B;) < max;<;<m co(B;) cops can make the catch on Bj. O

In the following corollaries, we add assumptions to lower the added term
A(T) to 1. We use again the notion of critical vertex that we defined in
Corollary 6.10. Suppose {Bi,..., By} is a block decomposition of G that

forms a tree T' such that for every two adjacent blocks B;, B; in'T’, the unique
node u € V(B; N By) is a critical vertex in G. Then,

max co(B;) < co(G) < max co(By) + 1.

Proof. This follows from [Proposition 6.9|and the definition of critical vertex.
Then, when the cop on a cutvertex ¢; at the intersection of two adjacent
blocks B, and B, moves toward the cutvertex c; at the intersection of B,
and B, € Nr(B,), the robber cannot move back to ¢;. Therefore, the robber
eventually gets trapped on a block B; that is a leaf of T" and gets captured
by co(B;) cops. O

Corollary 6.11. Suppose {B, ..., By} is a block decomposition of G that
forms a tree T'. Furthermore, suppose there is a set of retractions {h; : G —
Bi|1 < i < m} such that for every time t and block B;, h; : Gy — By is a
retraction. Then,

max co(Bi) < co(G) < max co(Bi) + 1.

Proof. This follows from [Proposition 6.9| and |Corollary 6.3l We apply the
same reasoning as Hill’s |[113] to the cops on each B; to capture the image of
the robber on the cutvertices between each block. O

3The centre(s) of a tree T are the one or two nodes whose distances to every other
nodes are minimal.
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6.4 Comments on planar graphs

We suspect that for planar graphs we cannot do better than the upper bound
of O(y/n). The gap between cop numbers of periodic graphs with planar
footprint we showed as examples and this bound is similar to the gap in the
cop number of planar oriented graphs. That is, Loh and Oh [148|] exposed a
planar oriented graph that is 4-copwin and gave an upper bound of O(y/n).
Similarly, Gao and Yang [98] showed a planar graph G with cop number at
least 4 in the lazy cops and robber game, but no upper bound. We show
that Theorem 1.1. of Loh and Oh [148] also works on periodic graphs in
|[Proposition 6.12] We expose the full argument here despite the fact that we
already know that co(G) € O(y/n) because co(G) < tw(G) + 1 € O(y/n) by
and the planarity of G. We think this argument is interesting
by itself and it might lead to other interesting results. A similar idea was
also used by Bose et al. [39].

Proposition 6.12. For any planar or toroidal graph G, co(G) € O(y/n).

Proof. Suppose G is planar and let G be any periodic graph with footprint
G. From Lipton and Tarjan [147], we know G has a separator S; of size
c1y/n between some sets of vertices A; and By such that |Ay|, |Bi| < 2n/3.
Let ¢1+/n cops stubborn walk to S in G. This prevents the robber from ever
moving from A; to By in G, or vice-versa. Without loss of generality, suppose
the robber is in A;. We apply this argument recursively, since planar graphs
are closed under taking subgraphs. That is, ¢31/2n/3 cops stubborn walk in
G to a separator Sy of G[A;] between sets of vertices Ay and By of size at
most 4n/9 each and so on. Let ¢ be the maximum of all constants. Then,
this requires at most

T (5) = (5) <o)

many cops, so ¢(G) € O(y/n).

Suppose now that G is toroidal. Then, by Theorem 3.1. of Aleksandrov
and Djidjev [9], G contains a separator S of size at most v/12n between any
two sets A and B of size of at most 2n/3. A subgraph of a toroidal graph is
either toroidal or planar and the size of A and B are at most 2n/3 in both
cases. Thus, the same reasoning applies. O
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The strategy highlighted in is not optimal in general on
planar graphs since tw(G) € O(y/n) when G is planar, yet ¢(G) < 3 in that
case. This holds because strategies on planar graphs rely on the result that
isometric paths are “guardable” [6], in the sense that a single cop can move
on this path so that if the robber hops on it, the robber gets captured on
the next cop move. We can show that isometric paths are not guardable in
general in periodic graphs, therefore preventing a wide array of known cop
strategies in the static case to be adapted to the periodic case.

Lemma 6.13. An isometric path in the footprint is not guardable in a peri-
odic graph in general.

Proof. Consider the grid G = P;ol1P;. Let G be as follows. The column
edges, those of P3, always appear. Similarly, rows 0 and 2 always appear.
Finally, the edges of row 1 appear one per snapshot, in order, starting with
the first edge. The path induced by this row is an isometric path of G.
However, one cop cannot prevent the robber from moving on it. O

One might object that the natural extension of isometric paths from static
graphs to periodic graphs should consider the temporal dimension as well.

Thus, let us consider foremost journeys (see [Definition 6.5). We say a fore-

most journey J from (¢,u) to (t',v) is guardable if a single cop can move on
J such that if the robber moves to V(J) between ¢t and ¢’ (included), the cop
captures the robber.

Proposition 6.14. A foremost journey is not guardable in periodic graphs
in general.

Proof. Let G be a 3 x 3 grid, with nodes labelled in the form (i, 5), 0 <i,7 <
2. Let G be the periodic graph with footprint G' such that:

((0,2),(1,2))}



Let J be the journey that crosses the edges ((0,1), (1,1)) in Go and ((1,1), (2,1))
in G4.

If the cop starts on (0, 1) while the robber starts on (0, 2), the robber can
move to (2,1) from (2,2) and back to (2,2) before the cop has been able to
move to (2,1). Thus, J is not guardable. Yet, J is the only foremost journey
from (0,1) to (2,1). O

Therefore, we suspect that [Proposition 6.12]is the best we can say about
planar graphs since we showed in and [Proposition 6.14] that
isometric paths and foremost journeys are not guardable in general in periodic
graphs.

6.5 Periodic graphs of temporal diameter two

So far, we have showed upper and lower bounds on the periodic cop number
of arbitrary graphs GG. In this section and the next ones, we want to design
specific families of graphs for which we can give stronger results on their
periodic cop numbers. We start with periodic graphs of temporal diameter
two.

In a periodic graph with temporal diameter dy, every node is reachable in
at most d; steps from every other temporal node. A known class of graphs
with bounded diameter that is studied in Cops and Robber games is the class
of graphs with diameter two. Wagner [205] showed that the cop number of
any graph with n nodes and diameter two is at most v/2n, so they respect
Meyniel’s conjecture. In this section, we show that Wagner’s bound also
holds on periodic graphs.

Given a periodic graph G, we write A(G), or simply A, its maximal degree.
Recall that degrees in G do not account for self-loops.

Lemma 6.15. If G has temporal diameter 2, then ¢(G) < A+ 1.

Proof. Let G have temporal diameter 2. Let A + 1 cops start the game on
the nodes wy, ..., wa4+1 in Gy and the robber on x. Since dy = 2, for every
vj € Ny [z, G|, vj is reachable in G, from every node u by a journey that starts
in Gy. Thus, there exists 21, ..., za11 such that Ny [z, G] € U2 N [z, G, so
let the cops move to z1,...,za+1. By definition, (0, ) is a (A + 1)-temporal
corner of ((1,21),...,(1,2za+1)) and the cops win on their next move.

It follows that A + 1 cops are sufficient to catch the robber. O
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[Corollary 6.16| follows from by constraining the robber’s
movements. We say the robber is forced to move on a periodic subgraph

‘H, with vertex set V3, of G if the rules of the game force the robber to
always choose its next position in Vy.

Corollary 6.16. Suppose G has temporal diameter two and let V! C V. If
the robber is forced to move on the periodic subgraph G[V'] while the cops
move on G, then A(G[V']) + 1 cops can catch the robber.

Proof. Let G = (Gy...Gp_1)" have temporal diameter two and let the robber
start on x in Go[V’]. By assumption, z has [ < A(G[V’]) neighbours, so let
{z,v1,...,0} = Ny [z,G[V']]. Let k = A(G[V']) + 1 cops be on wy,...,wy
in G. The cops move on G. Therefore, since G[V’'] C G and G has temporal
diameter two, the cops can follow their strategy from and move

to a set of nodes {z,...,2;} such that for each v; € {z,v1,..., v}, v; €
Ny [z, G] for at least one z; € {z1,...,2}. The cops capture the robber at
time 2. O

Let G be a periodic graph with n nodes. Clearly, we always have ¢(G) < n.
Given a periodic subgraph H C G, let c¢g(#H) be the cop number of H when
the robber is forced to move on H while the cops move on G. We write

== = ! < < .
|G| = n and define cg(m) pomax cg(G[V']) for every 1 < m < n

By definition, cg(m) is the maximal cop number of any induced periodic
subgraph H of G with m nodes when the robber only moves on H and the
cops on G. We always have c¢g(m) < cg(n) = ¢(G).

We write the proof of Wagner in the context of periodic graphs and show
that it still works. Recall that we assume that the footprints of our periodic
graphs are connected and reflexive.

Theorem 6.17. For every periodic graph with n nodes and temporal diam-

eter 2, ¢(G) < v2n + 1.

Proof. Let G be a periodic graph with temporal diameter two. Let us prove
by induction on 1 < m < n that the bound holds for every induced periodic
subgraph of G of m nodes when G has temporal diameter two. Since G has
temporal diameter two, it must be temporally connected. The results holds
for 1 < m < 3 because every periodic graph with 1 < m < 3 nodes and
temporal diameter 2 is either copwin or 2-copwin. This is clear for m = 1
and m = 2. For m = 3, one can verify this by observing that the footprint
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of G is either a path P; or a cycle C5. Suppose the result holds for every
periodic subgraph of G with at most £ > 3 nodes and let H be an induced
periodic subgraph of G that is temporally connected with m = k£ + 1 nodes.

If A(H) < |V2m|, then cg(H) < A(H) + 1 < |vV2m| + 1 by |Corol-
lary 6.16] The result holds in this case. Thus, let some temporal node (¢, v)
of H have degree d > [\/%J Put one cop on (0,v) that will move on
(0,v),(1,v),...,(p — 1,v),(0,v). This cop prevents the robber from mov-
ing on v at any time. Let us now remove v together with its neighbour-
hood from the footprint of H. This constructs an induced periodic sub-
graph ‘H' € H C G with m’ < m nodes and, by the induction hypothesis,
cg(H') < {WJ + 1. Observe that removing v from H removes at least

b/ QmJ + 2 nodes, since v itself counts for one and it has degree at least

b/ QmJ +1in H. Thus, m' < m — (b/2mJ + 2). Moreover, since one cop
guards v and H' C H, we must have cg(H) < 1+ cg(H'). It follows that:

cg(H) <1+ cg(H)
<1+ Q\/ 2m’J + 1) By the induction hypothesis

<2+ {\/2 (m — Q\/%J + 2))J By Wagner’s argument

<1+ {\/ QmJ By [Corollary 6.16 with #' an induced periodic subgraph of H

The proof follows from induction when m = n. n

6.6 A family of periodic graphs with clique
footprint

Let G be the complete graph K,, on n nodes. Suppose the nodes of GG are la-
belled from 0 to n—1 and let C' = (0,...,n—1) be a cycle. Imagine the nodes
of C' are drawn along a circle in increasing order, clockwise. Then, the clock-
wise distance from i to j is the length of the subpath (i,i+1,...,7 —1,7) of
C. Consider the chordal labelling of G such that for every node u, the undi-
rected edge uv is labelled with the clockwise distance from u to v. Observe
that every edge uv has two labels corresponding to the clockwise distance
from v to v and from v to u. The subgraph G, C G on the same set of
nodes of G is the reflexive, undirected graph containing all the edges at least
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(a) Go (b) G4 (c) G2

Figure 6.3: The first three snapshots of a ki3 with 13 nodes and period 12.
Every snapshot is undirected.

b C b c b c
l. é><l d
(a) Go (b) Gy (c) Go

Figure 6.4: The periodic graph K4 is copwin.

one of whose labels is 1 < k+ 1 < n — 1. We define the periodic graph
K. = (Gy,...,Gn_2)" with n nodes and period n — 1. Observe that there is

a unique periodic graph IC, per positive integer n. displays the
first snapshots of the periodic graph i3 with 13 nodes.

Lemma 6.18. Let ¢ be any node of IC,,. For every 0 <t <n — 2,
N i, Kp] ={i,i+ (t+1) modn,i— (t+1) mod n}.
Furthermore, when n > 3 is odd
Nan3 [i, IC,] = Nanl [0, IC,] -

Proof. For any time 0 <t <n — 2 and node i, 7 is connected in snapshot G
in a symmetric way to nodes j and k at distance (t+1) mod n and —(t+1)
mod n by construction.

3

Consider the second statement. The times “5= and ”T_l correspond to
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the middle of the period. By the previous argument, for any node 1,

NHSZ’C —{z,z—l—( 1) modn,i—(23+1) modn}
1
:{, modnz—i—n; modn}
. , n—1
an 1, IC :{z,z—l—< 1) modn,z—(2+1> modn}
1 -1
—{z,z—i—m modnz+L modn}
2 2
and the result follows. O

Theorem 6.19. For everyn > 1, ¢(K,,) < 2.

Proof. Let n > 1 be any integer and K, = (Gy,...,G,_2)" have nodes
V = {0,...,n — 1}. We show that two cops can capture the robber on
K. This is clear when n < 4, so suppose that n > 5. We write ¢}, with
i € {0,1}, for the position of cop i at time ¢, with operations on the indices
taken modulo 2, and r? for the position of the robber.

Forevery 0 <i<n-—1and 0 <t <n-—2,if the cops are on (t+1,7—1)
and (¢ + 1,7+ 1) while the robber is on (¢,%), then the cops are on a winning
configuration. If the robber moves from (¢,1%), it gets caught by either of the

two cops. Indeed, by [Lemma 6.18]

Ny [i,GI\{i} ={i—(t+1) (modn),i+ (t+1) (modn)}

C Nyy1[i = 1,G]U Ny [i + 1, G
14+ 1,1—1,

= i+1+({t+2) (modn)i+1—(t+2) (modn),
i—1+(t+2) (modn),i—1—(t+2) (modn)
i+1i—1,

=¢ i+t+3 (modn),i—t—1 (modn),
i+t+1 (modn),i—t—3 (modn)

Thus, the robber must stay on ¢ at time ¢ and the cops can catch it when
t =0ort=mn-—2 Letus write C = Gy and d¢(u,v) as the distance,
measured in C, between nodes u and v. We show the cops can play so as to
be in the configuration above.

Let the cops stay still on their first move in Gg, so they can react to the
robber’s actions. For any time t, if the robber does not move after the cops
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in Gy, then in G4 the cops can keep their distances to the robber, because it
is measured in C', and decrease it at least once per period. It follows that the
robber must move at every turn. Without loss of generality, let the robber
move to r'™ =7 + (1 4+ 1) (mod n) in G,.

Cop 7 has three choices in Gy, 1, either stay on ci™, move to cit! + (¢ +2)
(mod n) or move to ¢ — (t +2) (mod n).

Since we can relabel nodes, we can always write ¢! = 0. This gives an
orientation to Gy,; and we can write the robber’s position relative to cop ¢
as either —r* = n — r! (mod n) or . Conceptually, the robber is either to
the “left” of the cop or to the “right”.

Let the cops play so that one is on c;™' with the robber on r§, while the

other cop is on ¢! and the robber on —r%. Thus, from the cops’ perspectives,

1<rf< {%J andn—1>rt > {%J We show both cops can get closer to

the robber.

1. Let us start with cop 0. We have dc(cht, 78) = rf. Let the cop move
to t +2 (mod n), so that

de (e, r6™) = [t — ¥
= [rit! —(O—{—t+2)’
=|rb+ (t+1) = (¢ +2)|

= |rf — 1‘
= de(cg™ ) — L.
That is, cop 0 can get closer to the robber in C.

2. Consider now cop 1. The robber’s position relative to this cop is

—ritt = — 7% (mod n). Let the cop move to —t — 2 (mod n) =

n—t—2 (mod n). We have
do(cT2, i) = ‘n —t—2—(n— ri“)’
= ‘n—t—2—(n—(r§+t+1))‘
b1
=dc(dtrt) — 1.

That is, cop 1 moves strictly closer to the robber.
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It follows that two cops can move closer to the robber in C' to produce
the configuration presented above. Therefore, the cops are eventually on
(t+1,i+1),(t + 1,7 — 1) while the robber is on (t,7), which is a winning
position for the cops. Therefore, two cops can capture the robber on IC,,. [

Corollary 6.20. For every n > 5 prime, c¢(kK,,) = 2.

Proof. First, let us show that if G = (G, ...,Gp_1)" is a sequence of edge-
disjoint hamiltonian cycles with n > 4 nodes, then G is not copwin.

Let G be such a periodic graph, with n > 4 nodes and period p > 1. The
result already holds when p = 1, so suppose p > 1. For every time t and
node 7, 7 has degree exactly two (because the degree of i does not account
for self-loops) in Gy, by construction. Thus, for any two nodes ¢ and j and
time ¢, if (¢,7) is a temporal corner of (t+ 1, j), then j is adjacent in Gy to
the two neighbours u and v of i in Gy, and ij € E(Gy;1). Because G; and
Gy are edge-disjoint, j # w and j # v. That is, N1 [4,G] = {4, j,u, v}
and j has degree three in GGy, which is impossible. Therefore, G contains
no temporal corner and is not copwin by [Lemma 3.3]

Let now K, = (Go,...,Gn2)" with n > 5 prime. One can verify
that (Gp, . .. ,G%) and (GnT—l, ..., Gp_9) are two sequences of edge-disjoint
hamiltonian cycles, while G nos = Ganl and G,,_o = Gy by .

Therefore, the periodic subgraph Gy = (GO, G ns )* cannot be copwin

by the above reasoning, and similarly for ganl = (GnTA, e ,Gn_Q)* by the
same result. It follows that if the robber starts at distance at least two from a
single cop in Gy, it can play so as to end its turn at distance at least two from
the cop in G n_s. Since G no1 o= =G ns, when the robber starts at distance
two from the cop it can end its turn at distance two from it. If the robber
starts at distance two from the cop in G nt, then it can escape in gan by
the above argument. Finally, G,,_» = Go and by the same argument as above
the robber can survive from G,_s to Gq. It follows that IC, is not copwin
when n > 5 is prime.

Therefore, by [Theorem 6.19, ¢(kC,,) = 2. O

One interesting aspect of K, is its systemic construction and how we can
deduce its cop number from the shape of its neighbourhoods. When n > 5 is
prime the cop number of K, equals its minimum degree. Thus, we wonder if
we can generalize this construction to graphs with larger minimum degrees
such as cubic graphs.
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6.7 A family of periodic graphs with maximal
outerplanar footprint

Every maximal outerplanar graph is 2-connected’] and can be represented
with an outer cycle that bounds the outer face. The remaining edges are
called the chords.

Recall that a periodic graph can have a stable subgraph that is a subgraph
of the footprint and of every snapshot.

A maximal outerplanar graph is also chordal and we know that chordal
graphs are copwin [13]. We show a special case when a periodic graph with
maximal outerplanar footprint is also copwin. In general, if G has a maximal
outerplanar footprint it might not be copwin since we can construct each
snapshot so that they only contain large induced cycles.

We say a periodic graph G is 1-bounded if every snapshot is missing at
most one edge and every edge is missing in at most one snapshot per period.

Given a cycle C and three distinct nodes z, y, u, we write Cj,, for a shortest
path of C from z to y and Cf, for the subpath of C' from z to y that contains
u.

Lemma 6.21. Let G be a periodic graph with mazimal outerplanar footprint
G with n > 5 wvertices and period p > 2. Let G be 1-bounded and the outer
cycle C' of G be stable. Suppose u is a node of degree two of G with neighbours
v and w. We make two claims.

1. Suppose G has a node x that is incident to k > 2 chords (zvy, ..., xvg),
with vy closest to u on C'. Let the cop be on x at time t and suppose the
robber moves on (v, ..., v;). If the robber ever moves from v; to either
v; or vy, it gels captured by the cop. Furthermore, if u € Ng|x], the
cop catches the robber on u.

2. Let x # u be the other common neighbour of v and w. A cop on x can
prevent the robber on u from moving out of G[{u,v,w,xz}| and capture
the robber.

Proof. Let us prove the first claim. The only way the robber can safely
move on v while the cop is on z is by ending its turn on v, at time t such

4Indeed, suppose otherwise and let u be a cutvertex of a maximal outerplanar graph
G. Let v,w € Ng(u) be in different connected components of G\ {u}. Then, G U {vw} is
maximal outerplanar, which is a contradiction.
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that xv, ¢ E(Gir1). Let the robber do so. Because G is 1-bounded, we
have zv, € E(Gyy2), so the robber must move to vx_; in Gyyq. In turn,
we must have zvy_; ¢ F(Gyi2). More generally, there exists a sequence of
times (¢y, s, ..., 1) such that zv; ¢ E(Gy,) for every 1 < i < k. Let us show
that the only way for the robber to survive on the shortest path C,,,, is if
ti_1=t;+1 mod pforall 2 <j <k Weknowt,_1 =t;,+1 mod p by the
argument above. Thus, suppose otherwise and take the greatest index 7 < k
such that ¢;_; # t; + 1 mod p. Then, the robber on v; can neither move
to vj_1, stay on v;, nor move to vj;; since all three chords zv; 1, zv;, 2v;_;
appear in Gy,,,. The robber gets captured, which is a contradiction. Thus,
ti-1 =t; +1 mod p for all 2 < j < p. Therefore, the robber is forced to
move toward v; and the cop can force it to stay in C7, . It follows that if
u € Nglz], the cop captures the robber on u.

Let us show the second part of the statement. Suppose vw, zw € E(G\C),
zv € E(C) and vw ¢ E(Gy). Let the robber start on u and the cop on x.

Let t, > t be the next time zw disappears, which is unique because G is
1-bounded. As long as the cop is on z, the robber does not move to v, since
xv is stable. Similarly, while the cop is on x, the robber can safely move on
w only at time t, — 1. At time t, — 1, let the cop move to w. In G, , the
chord wv appears, because zw ¢ E(G,) and G is 1-bounded. Therefore, we
have N;, 1 [u,G] = {u,v,w} C N, [w,G] = {u,w,v}, so the robber is on a
temporal corner of the cop’s position and gets captured on the next turn. [J

Lemma 6.22. Let G be a periodic graph with mazimal outerplanar footprint
with n > 5 vertices and period p = 2. If G is 1-bounded and the outer cycle
of G is stable, then it is copwin.

Proof. Let G have outer cycle C. Because G has period 2 and is 1-bounded,
G has at most two chords that are not stable. If all chords of G are stable,
then G is copwin for it suffices for the cop to follow a copwin strategy from
G. Among the copwin strategies on G, at least one is monotone: such that
the cop can constrain the robber on a subset of nodes that always decreases
in size. Also, for every subset V' C V| G[V'] is maximal outerplanar. Thus,
if G[V'] is connected and every edge of G[V'] is stable in G, G[V] is copwin.

Suppose zy is the only chord of GG that is not stable and let the cop start
on the node of x or y with highest degree in G. Without loss of generality,
let this be z. The robber starts on r. The vertices on the path C7, induce a
connected subgraph H C G that is stable except for xy. Thus, once the cop
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has left z, it moves on a stable connected subgraph of G' and it follows that
G is copwin.

Suppose now that two chords xy and wv are not stable in G and let us
show that G is still copwin. Suppose zy € E(Gy), so uv € E(Gy), and that
x is closer to u than v on C. There are two cases to consider.

1. Suppose u = x. Let the cop start on y. If the robber is in Ny [y, G,
it gets captured in Gy. In general, the robber is either on the subpath
Cy, or the other path C7 := C'\ C},. If the robber starts on C_7,
the cop moves to z in GO, to a ne1ghbour z € Ne—o(x) with z # y,
then plays on a connected induced subgraph of GG that is stable in g.
This is copwin. Otherwise, the robber is in 7, . Because G is maximal
outerplanar, x has k > 1 neighbours (v; = y,..., v = v) in C},. Let
the cop walk along (vq,...,v;). When k > 2, for every 2 <i < k — 1,
the cop can wait on v; and prevent the robber from moving to x since
xv; is stable. When k& = 2, the cop moves directly to v. Thus, the cop
can move on vy = v in Gy and prevent the robber from moving to z
because zv € F(G1). When the cop is on v, the robber is somewhere
in Cy, \ {v,z}. The connected subgraph H of G induced by the nodes
of €7, \ {v,z} is stable. Therefore, the cop follows a copwin strategy
on H and captures the robber.

2. Suppose u # x. The footprint G must have at least three chords
because it is maximal outerplanar and {u,v} N {z,y} = 0, so at least
one is stable. Let ab be a chord of GG such that uv and zy are in different
connected components C,, and C,, of G\ {a,b}. Then, ab is stable in G.
Let the cop start on a. The robber must be in either C), or C,. But,
both contain only one chord, so the cop can apply its winning strategy
above on either G[C,] or G[C,] and make the catch.

In all cases, G is copwin. n

Proposition 6.23. Let G be a 1-bounded periodic graph with mazximal out-
erplanar footprint. If the outer cycle of G is stable, then it is copwin.

Proof. Let G have n nodes and outer cycle C. One can verify that when
n < 4, G has at most one chord and G is copwin. Therefore, suppose n > 5.

The case when G has period p = 2 was handled in [Lemma 6.22] so let us

assume p > 2.
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Observe that G is always connected since C' is stable. Since G is connected
and maximal outerplanar, it contains at least two nodes of degree two. If
ry € E(G) is a chord, then either degg pioy(7) > 2 or dege gy (y) > 2.
Moreover, for every node z such that dege p(c) (%) > 2, either z is universal
or there exists a node y such that dege p(c)(y) > 2, again because G is
maximal outerplanar.

Let u be a vertex of degree two of G and let the cop start on u. Let also
R. C V be the region protected by the cop. Initially, R. = Ng[u]. We show
by induction that while |R.| < n — 1 the cop can move on a node z € V'\ R,
such that:

o If the robber moves in R, then it eventually gets captured;

e The node x is adjacent to two nodes v and w such that v € R. and
w e V\ Ry

o The cop can augment R, with the nodes of V(C )\ R..

sketches some of the cases that follow to help visualize the
proof.

Let the robber start on some node y in Go. Let Ngl[u] = {u,v,w}, so
vw € E(G \ C) and suppose dege p(c)(w) > 2. Let the cop move to w,
which is possible because C' is stable. If w is universal in G[V \ R,], then G
is copwin by [ltem 1|in [Lemma 6.21} Otherwise, let ww’ € E(G \ C') be such
that w' € Cy, degg p(c)(w’) > 2 and w' is closest to y on C. This chord
exists because G is maximal outerplanar. The set of nodes R. = {u,v,w}
is protected by the cop, if the robber moves in R, it gets captured. Indeed,
let v, # u be the common neighbour of v and w on C and ¢, the next time
vw ¢ E(Gy,). If the robber is on v, and wants to move in R, while the cop
is on w, its only option is to move on v at time ¢, — 1. The cop can move to
v, along the chord wv, € E(G;,) because G is 1-bounded. The robber must
move to u in Gy,. By [Item 2|in [Lemma 6.21] this situation is winning for the
cop. By of the same result, if instead the robber is on w’ at time ¢,
such that ww' ¢ E(G, ,), it must move toward u on Cyy, and it eventually
gets captured. Therefore, the robber ends its turn, at any time, either on
w’ or on the subpath C'\ C% ,. Finally, v’ is incident to a chord w’z with
z ¢ R, because degg, oy (w') > 2. The cop can move to w’ and augment R,
with V(CL,) \ Re.

Suppose the result holds for the first £ > 1 nodes visited by the cop and
let the cop move from 2’ to z € V'\ R. in Gy such that degg, oy (z) > 2.
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Suppose the robber is on y in G;. If y € N, [z, G], the cop makes the catch.
Similarly, if  is universal in G[V \ R, then G is copwin. By construction,
if |R.| < n — 1, then there exists a chord zz such that z € V' \ R.. Because
G is maximal outerplanar, either Ng[y] C Ng[z] or z is incident to another
chord za with a € V'\ R, and degg\ p(c)(a) > 2. If Ng[y] C Ng[z], then
Ngly] = {y, z,y'} for some y'. We let the cop move to the common neighbour
2 #y of z and ¢y and play as in [[tem 2| of [Lemma 6.21]

Therefore, let the cop choose such a chord zz with z € C}, such that 2
is closest to y on C. By the induction hypothesis, R. = V(C%,) U N¢[u].
Suppose zz ¢ F(G;) and the robber ends its turn on z in G;_;. Let the cop
stay on x in G; and the robber move to the neighbour z. of z on C},. If
the robber does not keep moving toward wu, it gets captured by the cop by
[[tem 1| in [Lemma 6.21] Therefore, the robber must keep moving closer to w,
eventually reaching z’. But, by the induction hypothesis, 2’ € R, and the
robber eventually gets captured if it steps in G[R.]. Thus, the robber does
not move to z in Gy_; in order to avoid capture. The robber ends its turn
in Gy in C'\ (C¥, U N [x,G]). The cop crosses the chord zz in Gy, since
G is 1-bounded. The cop protects the new region R. = V(C¥ ). A similar
reasoning holds if xz € E(Gy).

By induction, we eventually have |R.| = n — 1 and the robber is stuck on
a node a of degree two of G, with neighbours b and c¢. The cop can move to
the common neighbour d # a of b and ¢. Both ab € E(C) and ac € E(C),
so the players are in similar positions as in [[tem 2| of [Lemma 6.21] The cop
can then capture the robber. It follows that G is copwin when p > 2. Hence,
G is copwin for every period. n

wo V\ R,

Figure 6.5: Sketch of the maximal outerplanar graph used in the proof of
[Proposition 6.23|

We expect a stronger version of this argument would also hold when the
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outer cycle in the footprint of G is not stable, but G is still 1-bounded.
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Chapter 7

Evaluating metrics in link
streams

This work was presented first at the International Conference on Advances
in Social Networks Analysis and Mining conference in Vancouver, Canada in
2019 [189], then published as a longer version in the journal Social Networks
Analysis and Mining |188]. The latter version is transcribed here.

In latter chapters we focus on the game of cops and robber. In this
chapter, we study a more applied problem of computing metrics efficiently
in a link stream.

Our algorithms are evaluated on datasets taken from the KONECT li-
brary of networks [143]. A description of the datasets used can be found
in [Appendix B| The datasets are temporal networks found online that were
obtained from real-world data and are often used in experiments. They are
varied as they comprise, for example, citation networks, social networks and
technological networks. We did not look for heterogeneity or homogeneity.

A state of the art was presented in [Subsection 2.1.3] Basic definitions

about link streams were presented in [Section 3.2, More specific definitions are

presented in [Section 7.1l Then, we present our main methods in
and experiments in [Section 7.3|

7.1 Background
Recall from that a link stream is a triple L = (T, V, A).

In a link stream L, a journey P from (a,u) € T xV to (w,v) € TxV isa
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sequence (tg, ugvo), (t1, u1v1), . . ., (tg, upvg) of temporal edges such that uy =
u, Vg = v, tg > a, tp < w and for all 7,¢; < t;11 and v; = Ui+l[|- We say that
such a journey starts at ¢y, arrives at t;, has length k41 and duration ¢ —t,.
We write (o, u) ~ (w,v) to mean that there exists a journey from («,u) to
(w,v) and say (w,v) is reachable from («a, u). We also call ¢y a starting time
and t; an arrival time from (a, u) to (w,v). Each journey between two fixed
temporal nodes («, u) and (w, v) defines a pair of starting time and associated
arrival time. On the link stream of [Figure 7.1 two journeys are illustrated:
P, = ((0,dc), (1,¢b), (3,ba)) and P, = ((0,dc), (2,cb), (3,ba)). Both have the
same starting and arrival times from (0, d) to (3,a), namely times 0 and 3.
We can also say t; is a starting time from a temporal node (o, u) € T X V to
a node v € V, in which case there exists some time ¢t € T such that ¢, is the
starting time of a journey from (a,u) to (t,v). The same goes for the arrival
times.

Figure 7.1: A simple link stream with two journeys P; and P;, respectively,
drawn in thick green === and thin red between the same encircled tem-
poral nodes.

We say a journey P from a temporal node («,u) to another temporal
node (w,v) is shortest if it has minimal length among all journeys from
(v, u) to (w,v) and call its length the distance from (o, u) to (w,v), written
d((a,u), (w,v)). Similarly, P is fastest if it has minimal duration, we call
this duration the latency from (o, u) to (w,v) and write it [ ((a, u), (w,v)).

'For our purposes here, we assume that each G is not reflexive. Unlike in our definition
of periodic graph (see [Chapter 3)), an agent can wait on a node without having to cross a
reflexive edge, so journeys such as ((0,abd), (2,bc)) are valid in a link stream.
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Note that if (o, u) ~» (w,v), there exists at least one pair of starting time
and arrival time (,,1,) such that [ ((a,u), (w,v)) =t, — ts. Then, we say t
is a latest starting time and ¢, an earliest arrival time from (o, u) to (w,v).
For example, on [Figure 7.1] the times 0 and 3 are latest starting times for
journeys from (0,d) to (t,c) for some times ¢, whereas only 0 is a latest
starting time between (0,d) and (0, ¢). Similarly, 0 and 3 are earliest arrival
times for journeys from (0,d) to (t,c) for some times ¢. Finally, P is called
shortest fastest if it has minimal length among the set of fastest journeys from
(a, u) to (w,v). We call its length the sf-metric from (o, u) to (w, v) and write
it mg ((ov, w), (w,v)). In general, this is not a distance as it does not respect
the triangle inequality and is only a premetric, a simple counterexample is
shown on [Figure 7.2 On the same figure are drawn a shortest journey, two
fastest journeys and a unique shortest fastest journey.

Figure 7.2: The shortest journey from (1,g) to (9,a) (both encircled @),
of length 2, is drawn in green ===. From (1,g) to (9,a), the two fastest
journeys, with duration 3, are drawn in red and in blue we=. The
sole shortest fastest journey, with length 3, is the red one. Observe that,

mgr ((1,9), (9, a)) = 3 > my (1, 9), (9, f)) + my (9, f), (9, 0)) = 2.
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7.2 Multiple-targets shortest fastest journeys
algorithms

The full implementations of the algorithms presented here, in C++4-, can be
found online [190].
We present here two main methods, and that

compute the distances, latencies and sf-metrics from one source event node
to all other event nodes. builds on the first method to compute
those values for all pairs of event nodes. [Subsection 7.2.4] also presents [Al
that was derived from This new method works with
positive delays, a case that is often considered in the literature.
also works with positive delays and is derived from [Algorithm 3] We focus
on the first two algorithms.

We present some small results that lead the way to those algorithms.
The strategy for all methods is the same: we compute the distances from
any temporal node (s,,u) to any other temporal node (t,,v) such that s,
is the largest (or maximal) starting time from any (t,,u), with ¢, < s, to
(ty,v). If it happens that t, — s, = [ ((sy,u), (t,,v)), then this distance is
the sf-metric from the former to the latter temporal node. Otherwise, since
we iterate chronologically over €2, this latency must have been computed at
a time earlier than ¢, and is saved in memory.

All algorithms described in this section are presented in in
order not to disrupt the reading.

7.2.1 Two simple lemmas

The algorithms we present compute what we call reachability triples that
contain information about the lengths of shortest journeys from one temporal
node to another as well as the starting and arrival times of those journeys.

Definition 7.1 (Reachability triples). Let (ts,s) be an event node. If there
exists a shortest journey of length | from (ts, s) to the event node (t,,y) that
starts on a largest starting time t € Q, then we say (t,t,,1) is a reachability
triple from (ts, s) to y.

In the following, for any node v, we write R, for the dictionary of reach-
ability triples from a fixed source event node to v. In order to reduce to
cost of operations in R,, we assume this dictionary is implemented in such
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a way that R, holds keys s, and that R,[s,] holds pairs (a,,d,) that form
reachability triples (s, a,,d,). This makes it easier to search for a starting
time s,,.

All algorithms compute distances from largest starting times only. One
could define reachability triples without the constraint that starting times
are largest, however the algorithms would not be as efficient because the
dictionaries would grow larger with |2|. Note that if 7" is a singleton, then
each R, will contain the graph distances from a fixed source to v. The
temporal nature of a link stream forces us to take starting and arrival times
into account when looking for shortest journeys.

[Lemma 7.2|below, due to Wu et al. [208], states that shortest journeys are
prefix-shortest. We say a journey Py, ), from a temporal node (%, s) to
another temporal node (t,,u) is a prefix of another journey P, 5, from
the same source to temporal node (t,,v) if Py, 5@, 15 & subsequence of

Pl s)(to,0)-

Lemma 7.2. Let Py, o, be a shortest journey from a temporal node (ts,$)
to another temporal node (t,,v). Then, every prefix P, s)tum) of Pley,s)(tow)
is a shortest journey from (ts, s) to (t,,u).

Let (t5,s) and (¢,v) be two temporal nodes. We define the outer distance
from (¢4, s) to (¢,v) as

d((tsjs),(f,v)) = . ‘
i d((t,,s), (fo,v)),  otherwise,

{d((ts,s), (t,v)), if t, =t,

For example, on the link stream of [Figure 7.2, d((0,9),(97,a)) = 3, while
d((0,9),(9,a)) = 2. In other words, d((ts,s),(t7,v)) is either equal to

d((ts,s), (t,v)), when ts = ¢, or it is the smallest length of all shortest paths
from (ts, s) to (tg,v) such that ty < t.
suggests it suffices to compute the graph distances in the snap-
shots to deduce the distances between two temporal nodes. Given a journey
P = (t1,uiug), ..., (ty, Untyy1), asubsequence P = (t;, witiy1), - - -y (Citks Wit gpWivks1)
of P for some 1 < i <mn and k > 0 is called a subjourney of P from (¢;, u;)
to (ti+k7ui+k+1)-

Lemma 7.3. Let (t5,s) be a source temporal node and (t,,y) be a temporal
node reachable from the source by a non-empty journey. For every time
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ts <t <t,, there exists a connected component C of Gy such that

d((ts, 5), (ty,y)) = min d((ts, 5), (t7,u)) + d((t, ), (0)) - (7.1)
+d((t,v), (ty, ))-

Proof. Let P = (t1,uqus), ..., (tn, uptyy1) be a non-empty shortest jour-
ney from (¢,,s) to (t,,y). By definition, ¢, > ¢, > --- > t; > ¢, and
U = S, Up+1 = Y. For every time ¢;, let Q; = (t;, ujujt1), - .., (tj, upugs1) be

the longest subjourney of P such that u;u;11 € E(Gy,) for every j <i < k.

Moreover, let @; end on node v;. By Q; is the prefix of P from
(ts,s) to (t1,v1), is shortest and has length d((ts,s), (t1,v1)). Similarly, for
every j > 1, by [Lemma 7.2| the prefix of P from (£, s) to (¢;_1,vj-1) is short-
est and its length is d((ts, s), (tj—1,vj-1)). Moreover, d((ts,s), (tj—1,v;-1)) =
d((ts,s), (t; ,v;-1)) by definition of outer distance.

We can apply the same exhange argument for prefixes from
to the subjourney of P from (¢;,v;) to (¢,,y), replacing prefix with suf-
fix. Indeed, if this subjourney was not shortest, we could replace it with a
shorter one and reduce the total length of P, contradicting P’s property of
being shortest. Thus, the subjourney of P from (¢;,v;) to (t,,y) has length
d((t;,v;), (ty,y)). Finally, since P is shortest and the two subjourneys formed
by P\ @Q); are shortest, (); must also be a shortest journey from (¢;,v,_1) to
(t;,v;). Otherwise, one could replace (); with a shorter journey from (¢;,v,_1)
to (t;,v;) and obtain a journey from (¢4, s) to (¢,,y) that is shorter than P,
which would be a contradiction. Then, @; has length d((¢;,v;_1), (t;,v;)).
Let C; be the connected component of Gy, that contains the nodes of @Q;.
Then, we have

d((ts, 8), (ty, y)) = d((Ls, 8), (7, v5-1)) + d((t5,v5-1), (5, 05))
+ d((t,v5), (ty, y))
= min d((t,, ), (t;,u)) + d((t;,u), (;,v))

u,veC;

+d((t5,0), (ty; y))-
[l

Let us revisit the link stream of [Figure 7.2l and compute d((0,¢), (9,a))
with Since this result applies to every time 0 < ¢ < 9, let us
choose t = 9. Then, there exists a connected component C' of GG; such that

d((0,9),(9,a)) = min d((0,9), (97, u)) + d((9, u), (9, v)) + d((9,v), (9, a)).
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We can choose C' = {f,a} and deduce that
d((0,9),(9,a)) = min d((0,9), (97, u)) + d((9,u),(9,v)) + d((9,v), (9, a))

u,ve{f,a}

= d((0,9),(97, f)) + d((9, 1), (9,a)) + d((9, a), (9, a))
—1+41+0
=2,

which is the correct length of the shortest path from (0, g) to (9, a).

7.2.2 A single-source method
In this section, we present [Algorithm 2| that computes the distances (from

largest starting times), latencies and sf-metrics from a source event node
(ts, s) to all other reachable event nodes. This algorithm mixes iterations on
the induced graphs G, for each time ¢ € ) with an all-pairs distances method
on their connected components. If ¢¥ is the largest starting time from the
source (g, ) to some temporal node (t,v), then either t —t = [ ((¢s, s), (t,v))
or not. If so, then d((tf,s), (t,v)) is the sf-metric mg ((¢s,s), (t,v)). This
length is computed with by using the outer distances saved in
memory as well as the all-pairs distance method on G;. Thus, when we
iterate over all pairs (s,,d,) of starting time and outer distance from the
source to (t,v), we can deduce the duration and the length of the shortest
fastest journeys from the source to (¢,v). This method uses a set D that is
assumed sorted in lexicographic order. Sorting D helps lower the temporal
complexity, but is not fundamental to understand the algorithm.

Remark 7.4. In all algorithms, we assume the dictionaries use self-balanced
binary trees in order to obtain logarithmic worst-case complexities with sim-
ple structures. In our implementations, we used hash tables and heaps (see

to lower the running times.

Furthermore, all operations on dictionaries such as min and max are
well-defined whenever the relevant keys are present in the dictionaries. We
assume the absence of a key is properly handled.

Before proving that is correct, let us go through a small
example in order to build intuition. Other algorithms are highly similar.

Example 7.5. Consider again the link stream of [Figure 7.3, Suppose the
source is again (1,g), t =7 and C = {a,b,c}. Thus, |Algorithm 2 will look
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for shortest (fastest) journeys that can reach temporal nodes (7,a),(7,b) and
(7,¢). The unique largest starting time from the source to C at time 7 is
Sy = 4. This time is given by the greatest key in R, such that uw € C. Then,
we iterate over the outer distances from (4, g) to (7,v) for each v € C'. Note
how the time of the source has changed from 1 to 4. The outer distances are
given as the distances from (4, g) to (6,v) for each v € C. Thus, we find
outer distances 2 from (4, q) to (7,¢) and 3 from (4,g) to (7,b). Node a is
discovered at time 7 and its outer distance does not exist before that. Finally,
combining the outer distances with the distances inside the graph induced by
C at time 7, we find that the distance from (4,g) to (7,c) is 2, 3 from (4, g)
to (7,b) and also 3 from (4,g) to (7,a). This last distance is given by the
combination between the outer distance from (4,g) to (7,¢) and the distance
in C from (7,¢) to (7,a). Since node a is discovered first at time 7, that is
its first arrival time from (1,g) is 7, then the latency from (1,g) to (7,a)
is 1((1,9),(7,a)) = 7—4 = 3 and the distance from (1,g) to (7,a) is the

sf-metric from the former to the latter.

In{Algorithm 2|, we use a set D that contains triples of the form (—s,,, d,, u).

The term s, is a starting time from the source to u at the time of the current
iteration. The negative sign in —s, is used to sort D, so that tuples with
higher starting times are iterated on first.

Proposition 7.6. correctly computes the latencies and sf-

metrics from a source temporal node to all reachable event nodes as
well as the set of dictionaries {R,|v € V}. It requires at most
O(|V|2|Q| log|2| + |V|3|Q|) operations in the worst case.

Proof of correctness. Let (t,,v) € 2xV be some reachable destination from a
fixed source (¢, ). Let us show by induction on A := [{ty € Q|t, > to > t,}]
that d[(tvvv)] = Mgy ((tsa 5)7 (tmv))’ f[(tvav)] = Z((tsy 5)7 (tmv)) and R, Is
correct up to time t, for every w € V.

o When A =1, we iterate only on event time t,, since ¢, € 2 by assump-
tion. Then, G,, is a graph and the method all pairs distances(H)
correctly returns the distances in every connected subgraphs H of Gy,
between every node. The result follows.

o Suppose the result holds for every 1 < A < k and let A =k + 1. Let
(t1,...,ta_1) be the sequence of times previously iterated over on
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and ta be the current event time. By the induction hypothesis, by time
ta_1, all values of R, for all w € V, are correctly updated. Let C,
be the connected component of G;, containing v. If s € C,, there is a
fastest journey from (s, s) to (t,,v) that starts at time to. Then, the
result follows as in the case with A = 1. Thus, suppose s ¢ C,,. Since
each R,, is correctly updated up to time tao_; for each reachable w € V,
D contains triples (—sy,, dy,, w) for each w € C, that have been visited
prior to tao_; from the source from a starting time s,,. In particular, D
contains the largest starting time s,, from the source to (ta,w). Then,
either ta + s, = [((ts,8),(ta,w)) or this latency is given by some
f[(to, w)] such that ty < ta. In the latter case, the desired distance is
already computed. Hence, let us iterate on (—sy, dy, w).

By [Lemma 7.3] for every node u € V and time —s,, < t; < ta, there
exists a connected component C; of Gy, such that d((—sy, s), (ta,u)) =

minx7yeci d((—Sw, 8)7 (tz_v ZL’)) + d((tu QZ’), (tm y)) + d((th y)v (tAa U)) The
sequence of distances

d((—=Sw, 8), (—Sw,w))y ..y A((—5w, $), (ta_1,u))

is non-increasing because each element is minimal. Thus, let v be any
node of C',. We can choose t; = ta and C; = C,, so that:

d((_SUM 5)? (tﬁvu)) = mglel& d((—Sw, 3)7 (ng,l'))
+d((ta, ), (ta,y))
+ d((tAay)’( AU )

= min d((—Sy,s), (ta_1,))
).

zeCly

_'_d((tA’ )(tﬁu )

By the induction hypothesis, the outer distance d, = d((—$y, s), (ta_1, 7))
can be recovered from (—sy,ta_1,d,) € R, for each x € C,. Then,
using d, and the dictionary d’ returned by the all-pairs distances algo-
rithm on [line @], the expression above reduces to

d((=8uw, 8), (ta,u)) = nglcn d, + d'[(z,u)].

In the last equation, the intermediary node x € C), over which the
minimum is taken is irrelevant. Observe that if (¢;, z), with z € C,, and
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ti € (t1,...,ta-1), is reachable from (—s.,s), then (¢;,dy) € R.[—s.]
for some dy and s,. Thus, for any node z € C, such that (tA — 1,d,) €
R.[—s.| with d, = d((—s.,5s), (ta-1,2)) and t; < s, < tar_q, let U, =
{y € Cy|(ta-1,d.) € Ry[—s.]}, which is computed on [line 15 In par-
ticular, the set U, contains the nodes of C, that are reachable from
(—Sw, s) at time to_; with a shortest journey of length d,,. By the in-
duction hypothesis, d,, = d((—Suw, $), (ta—1,w)) is minimal. Therefore,

d(<_$w7 3)7 (tA> u)) = gIﬁrellcrll} dr + d/[(ajv U’)]

— . . d d/
min min d,, + d'[(y, u)]

. .

= mindy, + min &'[(y, u)).
Thus, the distance d((—sy,s), (ta,u)) is correctly computed when we
iterate over all elements of D that have starting time s,,. It follows that
Ry[—sw] is correctly updated with (ta, d((—Sw,s), (ta,u))) for every
u € C,. In particular, R,[—s,] is also updated correctly. Finally,
observe that once f[(ta,v)] is updated with its final value, then by
definition the update of d[(ta,v)] on yields the sf-metric from
(ts,8) to (ta,v).

]

Proof of complexity. Let us write n := |V|,m; := |A;| and w := |Q| for any
time ¢. On each time t € {ty € Q |ty > ts}, we first look up the connected
components of Gy, which requires at most O(n + m;) operations. On each
component C' of Gy, we run an all-pairs distances method, which makes at
most O(n? + |C|m;) operations. Observe that the O(n?) factor is for the
initialization of a V' x V array, which can be done once for the whole link
stream. In order to see if a node has been reached at time t, it suffices at all
previous times i to write distance dy, in d[u,v] as (i, dy,).

For each node v € V and starting time s,, the list in R,[—s,] contains
at most w elements since there can be at most as many pairs in R,[—s,] as
there are arrival times on v. The same goes for the number of keys in R,.

We only need one distance in R,[—s,], thus one distance per node, and
D can be constructed with at most O(|C|) operations for all v € C' and con-
nected component C' of GG¢, at any time t. Inserting and removing an element
from R,[—s,] takes at most O(logw) operations. The costliest operation is
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finding the value of dy;,, which involves searching in the set U of size |C/|.
This value is recomputed for every source u € C', destination w € C and the
set U C C changes with every iteration. The for loop on will make
at most O(\C!2(|C’| + log\w\)).

The for loop over G; will make at most
O(n*) + Y O(|Clm: + |CP(C] + logw))
ccv
< O(nmt +n? logw + n3).

Recall that > ,cqm: = |Aq|. Summing over all times in 2, we deduce a
complexity of O(nmgq + n?wlogw + nw). The final complexity follows from
the fact that Ao C QA x V x V. O

The temporal complexity of computing the distances between every node
in every snapshot Gy, at every time ¢ € Q is O(]V]Q + |VHAQD C O(]V|3|Q])
Thus, it is not asymptotically more efficient to compute all graph distances
on all snapshots once before starting the for loop of to return the same
output as[Algorithm 2]

Computing the minimum distance between all pairs of nodes in a con-
nected component C, while accounting for the outer distances leads to the
factor of \V\g. We do not expect this can be much reduced. Indeed, in the
worst case, every snapshot G, is connected and all nodes of V' are reachable
from the source from different starting times. Thus, |V link stream distances
would have to be updated. Following [Equation (7.1)| in order to update the
distance from the source to any node w, we need to look at the distances from
the source to any reachable node of G; as well as the distance from those
nodes to w. Because G; is undirected, in the worst case this amounts to
running a single-source shortest journey method on G} from w, which would
require at least € (]A;|) operations. Doing this |V| times on each induced
graphs leads to a lower bound of €2 (|V||Aq|) on the temporal complexity of
computing all sf-metrics in a link stream from a single source.

Remark 7.7. The dictionary R, might hold multiple triples (s,a,d) with
the same starting time s, that is R,[s] can grow linearly with |Q|. This is
the simplest implementation of this dictionary that contains exactly all in-
formation. Since we only query for the largest starting time and the smallest

distance (given that starting time) in|Algorithm 4, a more convenient way to

implement R, is with max and min heaps. Thus, R, can be a max-heap while
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Ro[s,], for any key s,, would be a min-heap of elements (d,, [al, a?]), sorted
on the distance d,. Here, al is the first known arrival time on v from (s,, s)
with distance d,, while a® is the last one. This defines the interval [a),a?]
during which shortest journeys of length d, are known which summarizes
with one pair |Q| amount of information. This would remove the logarithmic
factor from the complexity of [Algorithm 3, which in our experiments leads
to significant improvement. However, since the data structure is different,
accessors to R, would have to be modified. Thus, if one specifically needs to
know exactly when a journey of length d, arrives on v from (s,,s), then this

structure would be inadequate.

Corollary 7.8. can be implemented with heaps to make at most
O(|V|3|Q|) operations.

Proof. This follows from |[Proposition 7.6| and [Remark 7.7] O

We use the sets V, Ag and ) as parameters to evaluate the temporal
complexities of our algorithms. These appear as natural choices since (2
indicates how the temporal dimension affects the number of operations while
Agq is a surrogate for A, which is in general uncountable.

7.2.3 A multiple-sources sf-metrics method

Let L be a link stream and a be the first event time of L. [Algorithm 3|returns
a set of dictionaries of sf-metrics D,, for each pair of nodes (u,v) € V? of
dictionary D, [Suy] = (Guw, duw) such that 1 ((Syp, 1), (Guy, V) = Guy — Sy and
d((Suv, 1), (Qyup, V) = dyp. That is, dyy = Mg ((Suw, ©), (@yy,v)). During its
execution, it updates a dictionary D° such that D,[t] = (auw, duw), t € Ry
and (ayy, dyy) € Ry[t] where R, is computed from the source temporal node
(a,w). This dictionary helps in computing D and in constructing R, from
any source. It also returns a set of dictionaries F},, of latencies.

Proposition 7.9. returns the latencies, sf-metrics and dictio-

naries Ry, from every source, between all pairs of nodes in at most O(|V|3|Q| log |Q|)
operations.

Proof of correctness. Let us show that D? [t,] holds correct reachability triples
from (a,u) to every reachable temporal node (t,,v) for any two nodes u, v
and a fixed time ¢,. We also show that SA,, contains pairs (s,?) such that
(s,t,d) is a reachability triples from (a,u) to v for some d. We show this by
induction on A :=[{t € Q] a <t <t,}|
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o Suppose A = 1 and let u,v be two nodes. Then either v and v are
in the same connected component C' of GGy, or not. In both cases, the
result follows.

o Suppose the result holds for every A < k and let A = k+ 1. Let
(t1,...,ta—1) be the sequence of times previously iterated over and u, v
be two nodes. Let C, be the connected component containing v at time
ta. If u € C,, then we argue as in the first case and the result follows.
Otherwise, since (fa,v) is reachable from (a,u), then by the induction
hypothesis there must exist a largest starting time s, from u to (ta_1,v)
that can be found in SA,,, for some w € C, since each node w € C,
is connected to v. Also by the induction hypothesis, DY, [ta_;] holds
reachability triples for every w € C,. There remains to compute the
distance from (s,,u) to (ta,v) to obtain a reachability triple (s, ta, d,)
from (a,u) to v. We argue as in the proof of |Algorithm 2| that |Algo-|
returns this distance d,. The update D,,[ta][s*] + d* and
S A,, follows the same reasoning.

[]

Proof of complexity. Again, let n := |V|,m; := |E;| and w := |Q] for every
time ¢. The costliest operations occur in the for loop that starts on [line 11]
For any node uw and v, the dictionary SA,, can be implemented such that
for any pair of elements (s,a) € SAu, a € SAu[s]. Then, there are at
most w keys in SA,, and w keys in SA,,[s]. It follows that at most O(logw)
operations are required to insert and search in this dictionary. Finding the
largest starting time s, on requires in the worst case O(|C,|logw)
operations. Similarly, dictionary D? [t], for any ¢ € Q, has a size at most w?
and the loop over C, (on to find dp, requires at most O(|C,|logw)
operations. The for loop on thus makes at most:

S Y oG ogw) £ ¥ 3 0(1C logw)

ucCveV\C ueCveV

< Z O(n2 log w)

ueC

operations. This loop is itself repeated for all connected components C' C V|
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which in turn yields:

Z Z O(nQIng) = Z O(nzlogw)

CCV ueC ueV

operations. Thus, this method should make at most O(n? + nm;)+0(n?logw)
operations in the worst case on each time ¢, with the first term accounting
for the all-pairs distances method on G;. This number of operations is re-
peated at most w times. Observe again that O(nmgq) C O(n’w) and the
result follows. O

Observe that needs to be called |V| times in order to output
the lengths of all shortest fastest journeys from any source to any destination,
since it discovers all starting times from each source. The multiple-sources
algorithm is empirically faster when the desired output is the set of sf-metrics
from all sources to all destinations (see . The temporal complexity
of both methods are affected mostly by the computations on the snapshots.
In [Subsection 7.2.4] we will see how to drastically speed up those algorithms
when using 7-journeys with v > 0 since in that case we can remove the
dependency on the all-pairs distances methods on the snapshots. The tem-

poral complexity of could also be reduced sligthly with the use
of heaps, however this would make accessing information more difficult.

7.2.4 Shortest journeys with delays

In the literature on temporal walks, it is commonly assumed that a journey
has a (transmission) delay ~ that is the time it takes to cross a temporal
edge. When every temporal edge of a journey has the same delay v, we call
the journey a ~y-journey. This is the case with Wu et al. whose algorithm we
wish to compare against since their shortest journey procedure
is the most efficient known in temporal networks. Transmission delays are
natural when modeling the spread of information and the time required for
spreading is commensurable with the time interval during which the network
is observed.

A ~-journey in a link stream is a journey (t1,ujus), ..., (tn, Upty1) such
that t;, > t;_1 +v for all 1 <7 < n and some v € Rﬂ We call v the delay
and note that a journey corresponds to a 0-journey. A simple v-journey is

shown on [Figure 7.3| from (0,d) to (2,a) with v = .. Note that with this

2
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Figure 7.3: A y-journey (in green we) with v = 3 from (0, d) to (2, a).

choice of v, the subjourney from (1,¢) to (2,a) is the unique journey from
the former to the latter temporal node.

When v > 0, it is not necessary to iterate over the connected components
of the snapshots of a link stream, since all nodes of a component are not

connected to each other via a 7-journey, and we can simplify
and in order to reduce the number of operations they perform.
Thus, we present and that are deduced from

rithm 2 and [Algorithm 3| and assume v > 0. Their correctness and temporal
complexities follow from the same arguments used in |Proposition 7.6| and
[Proposition 7.9,

When journeys have delays, we must ensure a temporal edge appears long
enough to be crossed given that delay.

Proposition 7.10. When v > 0, computes the latencies and

sf-metrics from a source event node to all reachable event nodes as well as
the set of dictionaries R,, for all v € V, in at most O(]V|+ |Aq|log|Q2|)
operations.

Proof. Correctness follows from the same reasoning as in [Proposition 7.6|
For the complexity, we first initialize a dictionary of |V| elements, then we
iterate over all temporal edges of Ag and perform logarithmic searches on
lists that grow with |Q]. O

2More generally, we could let v : A — R, be a function of the temporal edge to
traverse. This was not considered here, but our methods could be extended for this case.
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Note that, by the same argument as for [Algorithm 2] the complexity can
be lowered to O(|V| + |Ag|) by using a combination of max and min heaps.

Finally, in the dictionaries d and f are implemented such
that the keys are nodes and values are pairs (¢, k) such that ¢ is the time
value k is computed at that node. For example, if (¢, f,) € f[v], then the
latency from the source to (¢,v) is f,. This enables us to sort dictionaries by
time.

We also extended to the case of v > 0 and devised
[rithm 5] This method is also guaranteed by the proof of [Algorithm 3]

Proposition 7.11. When v > 0, returns the latencies, sf-
metrics and dictionaries R, between all pairs of nodes in at most O(|V|2 + V|| Aq| log|Q|)

operations.

Proof. Correctness follows from [Proposition 7.9 For complexity, initializa-
tion alone of the dictionaries requires O(|V|2) operations. Let (¢,uv) be a
temporal edge of Ag. Then, searching in the dictionaries for each values takes
at most O(log|€?|) operations when they are implemented as balanced binary
trees. This is repeated for all nodes w € V' \ {v} and all temporal edges
(t,uv) € Ag. Thus, this algorithm makes at most O<|V|2 + V] Aql 10g|Q|)
operations. 0

7.3 Experiments

We present some experiments to highlight the running times of our algo-

rithms. In the first one, we compare with the single-source

shortest journey method from Wu et al. [Algorithm 4] (SSMD.,) acts as a
surrogate for [Algorithm 2| (SSMD) since Wu et al. designed their method

to work on journeys with strictly positive delays. Moreover, these authors
evaluated their method from a small set of source nodes on large datasets
and we follow the same procedure. In a second experiment, we compared the
running times of our two methods for null delays (0-journeys) on synthetic
link streams. We also compared [Algorithm 3| (MSMD) and [Algorithm 5|
(MSMD,,) on synthetic link streams. Finally, we compared |[Algorithm 4] and
on the same task on some datasets.

was inspired by the fastest journeys method of Bui-Xuan et

al. [44] that returns durations of fastest and foremost journeys. Comparing
the two methods would be unfair against ours.
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Remark 7.12 (Experimental setup). All experiments were run on a single
machine with 2.6 GHz Intel Core i7 processor and 16 Gb of RAM. All meth-
ods were implemented in C++ with standard libraries, including Wu et al.’s
method. We implemented standard approaches to compute connected compo-
nents and all pairs distances in graphs. The full code can be found online
1190.

7.3.1 Runtime comparison with the literature

Let us compare how [Algorithm 4] (SSMD, ) fares against Wu et al’s shortest
journey algorithm. This is our comparison with the literature.

Wu et al. analyzed their method with the framework of temporal graphs.
We translate their temporal complexity with link stream parameters, upper
bounding M with |Ag| and dp.x with || Thus, the shortest journey al-
gorithm of Wu et al. makes at most O(|V| + |Aq|log|€?|) operations in the
worst case, which is the same temporal complexity as SSMD.,,.

We ran experiments on link streams of various sizes, as measured with
V], |€2] and |Ag|. We used the same datasets as Wu et al. and added some,
randomly chose 200 different source nodes from each and ran both methods
one after the other. The full results (in seconds) can be found in on
[Page 147 We extracted some parameters from the datasets used, they are
shown in [Table 7.2l The running times of Wu et al’s method are comparable
to those of SSMD,,. Our method does more operations, since it must compute
latencies as well and ensure the distances correspond to the sf-metrics, so
this is encouraging and unexpected. All datasets are heterogenous, which
explains the variability in running times and we have not yet pinpointed any
hidden link stream parameterﬂ that would precisely explain this variability,
including the measure used for the visualizations of [Figure 7.4]

Remark 7.13 (Notes on the datasets used). The datasets are only used as
benchmarks. They all describe discrete temporal networks and can be found
as part of the KONECT library of networks [142]. Only the values of the
parameters |V|,|Q] and |Aq| were extracted in since only these
were required for our experiments.

A short description of the datasets used follows in [Appendiz B, [Fig]
shows the temporal evolution of some network measures on two of
the datasets used: Arxiv-Hepph and Wikiconflict. On each, we sampled 0.1%

3Such as |V, |9, |Aq| and the density of each snapshots.
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of the dataset to build a sublink stream. On each sublink stream and on each
snapshot Gy we evaluated the density of G; and normalized the values to
[0,1]. The density of an undirected graph G = (V, E) is given by the ratio

AEL - We chose this measure as an indicator of the temporal evolution of each

vy -
((i;tZLset and it shows how varied the datasets are. Fven though in both cases
we observe strong fluctuations in the density, in the Wikiconflict dataset the
density appears stratified. Meanwhile, in the Arziv-Hepph dataset this den-
sity is mostly low and takes more distinct values in the interval [0,0.4], which
hints that its connectivity varies more than in Wikiconflict. The Wikiconflict
dataset therefore seems to have groups of temporal edges of similar sizes ap-
pear at reqular times, while in Arxiv-Hepph there is a less obvious pattern in

the appearance times of temporal edges.

Remark 7.14 (Further implementation details). Previous results [189] showed
SSMD,, to be unstable on some datasets compared with Wu et al. This can
be explained by the data structure used to implement each R,. Note that
Ry [8u], for any node v and starting time s, can grow as O(|SY|) which can be
large. Thus, even logarithmic search in this structure can be costly. Notice
also that we only ever need the largest key of R, and the smallest distance of
Ry, [8y]. Thus, we reimplemented each dictionary R, with (maz/min)-heaps as
explained in . This provides constant time access to the largest/s-
mallest element. This is a choice of implementation to increase the per-
formance of this method and all results presented here that specifically test
the performance of SSMD., used that implementation. The new method is
considerably faster and is comparable with Wu et al.’s method. We did not
reimplement the latter’s method using heaps because at each step they remove
dominated elements which naturally tends to make their structures smaller.

shows statistics on the running times and ratios between

rithm 4)and Wu et al. Observe that even with large running times, the ratios

tgl.) are still decent.

7.3.2 Comparison between algorithms SSMD and MSMD

Algorithms SSMD and MSMD were run on a set of randomly generated link
streams of size |V| ranging from 100 to 170, with increments of 10. Although
the link streams are small, the running times are significant since we compute
the distances from every source to every destination. The link streams were
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constructed by generating Erdés-Renyi graphs G(n,p), with n = |V] and
p = 0.7. For each edge uv drawn from G(n,p), we drew a time instant
t € {0,1,...,7} uniformly at random and added the temporal edge (¢, uv) to
A. In this case, temporal edges have no duration and the time instants are
integers: this helps ensure the size of € is fixed and small, so the running
times scale only with |V| and |Ag|.

Figure 7.5(a)[shows the running times of each algorithms on a link stream
with a fixed number of nodes. We observe that, as the number of nodes
increases, the amount of time taken by SSMD grows faster than that of
MSMD. This gives clear indication that this latter method is faster than
the former. In terms of scale, the MSMD method manages a link stream
of 170 nodes and about 20000 temporal edges in less than 3 seconds. Its
counterpart takes more than 25 minutes for the same calculations.

Since MSMD is more scalable than SSMD, we generated a new set of link
streams, again with the same process as before, with time instants drawn
uniformly at random in the set {0,...,10} while the duration of a temporal
edge (t,uv) is drawn uniformly at random in the subset {0, ..., 10—¢}. In that
case, the size of {2 does not vary much. We let |V| € {10,20,...,190,200}.
The results are summarized in . We fitted, with the statistical
software R [175], a linear model on the runtime of MSMD as function of
|Ag| in order to extrapolate the runtime of this method for larger values of
link stream parameters. Since the number of nodes and event times are low
compared to the number of temporal edges, the trend is linear in the number
of temporal edges. The fit is reasonable and this is sufficient to illustrate the
scaling trend. Extrapolating, we obtain the values shown with the blue line.
The trend does not suggest the method is at this point scalable to big link
streams as in general the sizes of V' and €2 would also grow to be much larger
than in this experiment.

7.3.3 MSMD against MSMD, on synthetic link streams
with varying densities

We ran algorithms MSMD and MSMD,, side-by-side on synthetic link streams

to see how well the latter performs against the former. It is expected that

MSMD,, would be faster. However, instead of looking at the trend on link

streams with varying number of nodes, we investigated this trend against
the density of the stream. Thus, we constructed link streams as before from
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graphs G(n, p), while varying the parameter p instead of n. The density of
the resulting link stream varies with p. The number of nodes is fixed to 200
and temporal edges have positive integer durations, to allow for durations
while keeping the cost of computation low.

Experimentally, the density of each snapshot of the link stream affects
the performance of MSMD,, against MSMD. This can be seen in [Figure 7.6}
as the value of p increases, after a threshold around p ~ 0.63, MSMD,, takes
longer to complete its task than MSMD. This suggests that when many
temporal edges appear at the same time, it becomes advantageous to com-
pute all-pairs distances in the snapshots and reuse them on each connected
components. Note, that these do not solve exactly the same problem since
one works with v > 0 while the other does not. However, if the choice of
7 is a modeling parameterfl] this can be interesting to take into account. It
is not clear why the running time of MSMD is decreasing for low probabili-
ties, p € (0,0.25). Recall that the connectivity threshold of G(n,p) is 1"%.

Evaluating this adjusted threshold in the form of 1°|gvl?|/§|2‘|g| ~ 0.035 does not
explain why the two lines intersect.

Remark 7.15. In link streams, whether temporal edges have durations or
not and whether those durations are integers or real numbers can slow down
our methods as durations influence the sizes of Q and Aq. Running times
with real temporal edge durations can sometimes be prohibitive, so we focused
our experiments on integer durations.

7.3.4 Comparing algorithms SSMD,, and MSMD,, on real
datasets

Algorithm MSMD,, can terminate in reasonable time on some datasets, as
opposed to MSMD. In order to probe this method further, we tested how
long it would take for this method to terminate on some datasets against
SSMD,,.

We compared both methods on selected datasets on which SSMD., took
less than 10 seconds to finish (as observed in [Table 7.1]). This way, we could
expect it to finish in a decent amount of time from all sources. We ran SSMD,
from all sources alongside MSMD,,. For the same task, it is faster to run the

4The choice of whether v should be positive or null depends on the application. For
example, if one models the verbal interactions in minutes between individuals that meet
face-to-face, then the transmission delay v between any two individuals is negligeable.
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specialized method MSMD,,. However, note that both methods could finish
in a short amount of time on real-world datasets, which is positive. Statistics
on the running times of both methods are summarized in [Table 7.4]
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104 ° ° @ Density
[ ]
0.8 1 e o
[ ]
0.6 °
[ ]
[} [ ] [ ] [ ]
[ee]
0.4 ® ) [ ]
[} ® ® ®e
[ ] [ ] [ ] @ o [ J
e e [ ] oo o®» o ©0eeo0 [ ]
[} aw O [ ] @000 0 ® OCEd 00O
0.2 [ ] [ O® WOOO 000 ® ® WOIWO WO
00 O WMed®OowW- WEEwe® @@ SELO®ID S0WM® @O
® O @O O@Ed GEEES0 O@> O CDGEND CONNDERO WD
SO RO IR (AT SRS AMERS ¥/ 80 @B
. N & (]
001 : : : :

(a) Scatterplot of values from the Arxiv-Hepph dataset

Wikiconflict Dataset
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Figure 7.4: Visualization of the temporal evolution of the density on sublink
streams of two datasets, Arxiv-Hepph and Wikiconflict. Each sublink stream
was constructed by sampling 0.1% of the dataset. We evaluated the density
of each snapshot on each sublink stream. Values are normalized to [0, 1].
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Dataset ‘ Wu et al. SSMD,, Runtime ratio

facebook-wosn 16.40 12.90 0.8
contact 1.00 1.16 1.2
lkml person 54.20 18.80 0.3
delicious ut 5190.00 8740.00 1.7
movielens 2.49 1.20 0.5
dnc 1.12 1.35 1.2
enron 23.10 22.40 1.0
munmun twitter 174.00 196.00 1.1
lastfm band 103.00 124.00 1.2
elec 3.77 3.43 0.9
epinions-rating 137.00 75.60 0.6
flickr-growth 1400.00 2180.00 1.6
dblp 1.18 0.36 0.3
sociopatterns 0.28 0.25 0.9
hyper

digg 3.67 1.62 0.4
prosper loans 33.10 27.30 0.8
sociopatterns 0.47 0.37 0.8
infect

delicious ui 6950.00 2200.00 0.3
mit 14.30 13.20 0.9
wikiconflict 37.70 40.80 1.1
slashdot- 9.16 6.18 0.7
threads

lastfm song 197.00 91.20 0.5
arxiv-hepph 56.70 57.90 1.0
youtube-growth 518.00 299.00 0.6

Table 7.1: Runtime comparisons (in seconds) between SSMD., and Wu et
al’s method. Datasets with runtime less than 10 seconds are in bold.
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Dataset V] 1] |Ag|
facebook-wosn 63731 204914 817035
contact 274 15662 28244
lkml person 337509 624757 1565683
delicious ut 4512099 1583 301186579
movielens 16528 34535 95580
dnc 1891 10176 39264
enron 87273 178721 1148072
munmun twitter 530418 175218 4664605
lastfm band 174077 1058994 19150868
elec 7118 90741 103675
epinions-rating 755760 501 13668320
flickr-growth 2302925 134 33140017
dblp 12590 30 49759
sociopatterns hyper 113 973 20818
digg 30398 9125 87627
prosper loans 89269 1259 3394979
sociopatterns infect 410 223 17298
delicious ui 25221771 1583 301186579
mit 96 33452 1086404
wikiconflict 116836 215982 2917785
slashdot-threads 51083 67327 140778
lastfm song 1084620 1058994 19150868
arxiv-hepph 28093 2337 4596803
youtube-growth 3223585 203 9375374

Table 7.2: Values of the parameters extracted from the datsets used in the
comparison between SSMD,, and Wu et al’s method. Datasets with runtime

less than 10 seconds in are in bold.
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Method Min 1st Q. Median Mean  3rd Q. Max
SSMD, (s) 0.25 1.55 20.6 588.0 99.4 8740
Wu et al. (s) 0.28 3.38 28.1 622.0 146.0 6950
Ratios 0.31 0.53 0.85 0.84 1.09 1.68

Table 7.3: Summary statistics of running times (in seconds) between algo-
rithms SSMD,, and [208], with Q. standing for quartile. The ratio goes above
1 only at about the 3rd quartile. Outliers still exist.

Method Min Ist Q. Median Mean  3rd Q. Max
SSMD,, (s) 1.10 2.89 3.77 48.80 71.0 216.0
MSMD, (s) 0.30 2.16 3.97 12.90 24.6 27.6

Table 7.4: Summary statistics of the running times (in seconds) between al-
gorithms SSMD,, and MSMD.,,. In practice, SSMD, is faster on some datasets
than its counterpart. However, statistically MSMD,, is better suited to com-
pute all metrics.
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V] | Aq| MSMD (s) SSMD (s)

100 6814 0.77 209.97
110 8284 0.98 341.77
120 9908 1.15 444.65
130 11654 1.30 555.58
140 13554 1.58 785.46
150 15564 1.77 952.33
160 17744 2.09 1371.26
170 20060 2.43 1586.48

(a) Comparisons between algorithms SSMD and MSMD. Temporal edges have
zero duration. Number of event times || is 11, p = 0.7 and times are in seconds.

10.0-

Runtime in seconds

0 20000 40000 60000
Number of edges

(b) Runtimes of MSMD in seconds as a function of Ag. Temporal edges have pos-
itive integer durations. The black dots and line are results, red line is statistically
fitted and blue line is the prediction. Since |V| and || are kept relatively low, the
running times increase linearly with |Agq|.

Figure 7.5: Runtimes (in seconds) of algorithms SSMD and MSMD on syn-
thetic link streams. Link streams are generated randomly with fixed seed.
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Method used

- g>0

Time (seconds)

- g=0

Figure 7.6: Runing time (in seconds) of MSMD,, (in red =) and MSMD (in
blue we=) on synthetic link streams generated with G(200,p) with varying
values of p. As p increases, so does the density of every snapshots, favouring
MSMD over MSMD,,. Temporal edges have positive integer duration.
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Chapter 8

Conclusion

This work is about properties of temporal networks, with a focus on the
game of Cops and Robber that takes place over periodic graphs. As such, we
think this work is interesting given the young literature on temporal networks
and the few studies that use classical graph theoretical approaches on those
structures.

8.1 Cops and Robber Game on Periodic Graphs

8.1.1 Summary

We showed that allowing a graph to change over time generates new chal-
lenges when studying the game of Cops and Robber. We presented many
results to inform researchers of those challenges. We also exhibited results
on periodic graphs that generalize their counterparts on static graphs, which
shows what type of extra assumptions can be used to extend them.

In [Chapter 4] we presented a novel characterization of copwin periodic
graphs that works on the original structure, when represented as an arena.
This provides a faster algorithm to determine if a periodic graph is copwin, as
well as a more explanable output. Researchers are often interested in why a
graph might not be copwin. [['heorem 4.3 and [I'heorem 4.6| provide a similar
justification for periodic graphs: if an augmented arena A of an arena D has
no shadow corner, yet has no anchored star, then D cannot be copwin.

In [Chapter 5| and |[Chapter 6] we provided both examples and general
results on the cop numbers of periodic graphs. Both chapters go in tandem
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and results in helped guide our results in [Chapter 6| In[Chapter 5|
one major result is of (a,b,c)-copwin existence results and one
might naturally want to extend this to larger values. We mentioned in the
introduction that is a major result of [Chapter 6l We also showed
some lower bounds on ¢g(G), notably [Proposition 6.9 and [Theorem 6.2, We
think these results might become valuable when studying larger periodic
graphs by building larger periodic graphs from smaller ones.

8.1.2 Future Work

This work is a first foray into the analysis of the game of Cops and Robber
on Periodic Graphs. One major avenue of research this opens up is the
determination of cop numbers of specific classes of periodic graphs. This is
common on undirected graphs. Recall for example that we know the cop
numbers of planar graphs [6], outerplanar graphs [60] and hypercubes [153].
We gave partial answers to this question by focusing on c¢g(G): then, for
example, every periodic graph with footprint G has cop number at most
tw(G) + 1 (Theorem 6.).

In order to extend results such as[Theorem 6.4]to classes of periodic graphs
that are not purely defined by their footprints, one would have to come up

with interesting classes of periodic graphs. This is a major hurdle we faced,
the literature so far is sparse on classes of periodic graphs. Moreover, those
classes that have been defined, such as those presented by Casteigts et al.
[52], are often not well suited to the game of Cops and Robber so it is difficult
to compute their cop numbers.

The class of periodic graphs with footprint G, which we investigated
when computing cg(G), is nevertheless vast and interesting. One confounding
aspect of this class of periodic graphs is that, although a priori it looks like
computing cg(G) is akin to playing the game with imperfect information,
whenever an element of this family is chosen the cops will be fully aware of
it. This is similar to computing the maximum cop number of a family of
random graphs: the structure is only known a posteriori. Furthermore, the
value of cg(G) says something about the nature of G. The fact that when
G is outerplanar we have ¢p(G) — ¢(G) < 1 means that outerplanar graphs
have particularly strong separation properties. To emphasize: when G is
outerplanar, no matter what periodic sequence of subgraphs of GG one takes, 3
cops can always capture the robber. This is in line with the type of strategies
we used to prove that co(G) < 3. One might think of those strategies as
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stubborn: they tell the cops where to go on G and the cops make their moves
as their incident edges become available. The 3-copwin strategy on planar
graphs, recall [6], are dynamic because they involve moving the cops, possibly
at every turn, to guard isometric paths. We suspect that those strategies do
not resist to the changing nature of periodic graphs. That is, it is likely that
co(G) — ¢(G) grows larger with n when G is planar, although we still have
no proof of this. This suggests the following line of reasoning. So far, when
computing c¢o(G) we have been looking at properties of G to understand
properties of the class of periodic graphs with footprint G. However, one
could also seek to understand properties of G' from properties of the periodic
graphs with footprint G. For example, if it turns out that cg(G) is not
bounded by a constant when G is planar, then one might conclude that the
only winning strategies for the cops on GG are dynamic. One could wonder
what extra temporal assumptions on a class of periodic graph Gg with planar
footprints would be necessary so that ¢(G) is bounded by a constant for every
G € Gg. In the static case, placing a cop on a cutvertex always prevents the
robber from moving from one connected component to another. We suggest
extending this idea via “temporal cuts”, which would require assumptions on
how they are connected to each other over time.

Following [Theorem 6.4] we can naturally wonder if it also holds that
co(G) > tw(G) + 1. Since this looks difficult to prove, we conjecture that
a weaker version of this statement holds. Let G be an infinite class of fi-
nite, connected graphs and Gg be the infinite class of periodic graphs whose
footprints belong to G.

Conjecture 8.1. Gg has bounded cop number if and only if G has bounded
treewidth.

The connection between the cop number and the treewidth is also ob-
served in some other cops and robber games such as the cops and fast robber
[159] where, for example, zv((g))ill < (@) < tw(G) + 1 for every graph
G. We discussed the lack of adequate definition of “temporal treewidth” on
temporal graphs in [Subsection 2.1.4] Fluschnik et al. [88] surveyed possi-
ble candidates for such a definition and concluded that it might be more
adequate to study “temporal treewidths” via cops and robber games, since
some known width measures correspond to cop numbers, such as the origi-
nal treewidth [184] and the DAG-width [31]. Thus, one might want to take
inspiration from our work to carefully design a game of cops and robber that

would highlight the “tree-like” structure of a temporal graph.

154



The discussion around [Proposition 5.2| also leads one to wonder what
would be the size of the smallest 3-copwin periodic graph and, possibly, the
smallest 4-copwin one. Both Baird et al. [17] and Turcotte and Yvon [202]
supplemented their theoretical results with algorithms to prove the order of
the smallest 3-copwin and 4-copwin graphs, respectively. Thus, in order to
determine if [Proposition 5.2 presents the smallest 3-copwin periodic graph,
one might want to use a computer search. This poses the problem of how to
enumerate all periodic graphs with a specific footprint, if possible. Empty
snapshots do not affect the cop number of a periodic graph, nor does, in some
cases, changing the order of some snapshots. Thus it might be possible to
extract a “compact” list of periodic graphs on a fixed footprint. This could
also help with extending [Table 5.1}

In [Section 5.4 we explained that we can construct an at most k’-copwin
periodic graph whose footprint is k-copwin for any integers 1 < k&’ < k when
the period is not bounded. We did not explain how and it is not clear how
to get an exact cop number k. More interestingly is whether this can be
achieved if one restricts the period to be depend at most logarithmically on
the size of the footprint. We say logarithmically, because we suspect this
is impossible if one wants to keep the period constant, the same way that
k-copwin graphs with n vertices do not exist for every integers k£ and n. As
a stepping stone in this direction, we suspect that it is impossible to create
a copwin periodic graph G with period 2 whose footprint is the Robertson
graph, which is the smallest 4-copwin graph [202]. On the same topic, we
have not made use of the fact that our temporal graphs are periodic in all
our results. Thus, the door is open to studying how the period affects some
of our results. For example, if we focus on the class of periodic graphs Gg
with period 2, can we give a tighter upper bound on cg(G) than tw(G) + 1
when G € G3? What about the generic construction in [Proposition 5.28[
We did not find ways to use the period in general, so this is an interesting
and nontrivial path for further research.

On another note, we showed that co(G) € 7(G) in general (recall
. From [Proposition 5.28 we suspect that it is impossible to upper
bound cg(G), in general, by any polynomial function of v(G) even though
v(G) is a trivial upper bound on the cop number of many cops and robber
games on G.

In light of our results, one notices that the absence of a good notion of
retractions of periodic graphs has been making it difficult for us to derive
stronger results. We used the theorem of Berarducci and Intrigila [27] to
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the effect that ¢(H) < ¢(G) whenever H is a retract of G a few times, for
example in [Proposition 5.28 in order to bound the cop numbers of G and
GL.x in a periodic graph G. However, when it came to G itself, we had to
come up with other arguments. We often relied on the contrapositive of
IProposition 3.4|to show that ¢(G) > k for some k. Yet, in some results like in
[Proposition 5.2| we had to devise an ad-hoc argument to show that ¢(G) > 3.
Although one might naturally want to generalize the construction in this
proof to hypercubes of higher dimensions, it is not clear how to generalize
the argument we used. Thus, a result of the form: ¢(f(G)) < ¢(G) for some
function f such that f(G) C G would be greatly valuable.

On the algorithmic side we are finalizing the work on an extension of
for k > 1 cops.

A common way to study algorithmic problems on temporal networks is
through time-windows, often of some fixed length A (see [138]). For example,
for any integer A > 1, we can define a A—cliqudﬂ in a periodic graph G as a
pair (X, [b, e]) such that A = e — b and the subgraph U;_, G:[X] is a clique.
When A =1, A-cliques are clearly copwin in G. However, we can construct
a clique with a large value of A whose cop number scales with the number of
nodes. Thus, we can wonder about the values of A for which the cop number
of a A-clique attains certain values. We could also study the family G of
periodic graphs G for which (0,...,p — 1) can be written as a disjoint union
of intervals [b, e] of length A and such that every subsequence (Gy,...,G.)
either contains a A-clique or is an independent set. One might be able to
get accurate estimates on the cop numbers of G(%.

Finally, recall from [Subsection 2.1.5|and [Subsection 2.2.1|that there exists
multiple other problems of mobile agents and pursuit-evasion games. We
extended one specific game to the temporal setting, which opens the door to
studying many of the other problems on temporal graphs.

8.2 Link Stream

8.2.1 Summary

In [Chapter 7], we presented different algorithms to compute metrics between
pairs of event nodes. As opposed to similar known algorithms, those methods

!The term comes from Viard et al. [204] who defined this in link streams. Our definition
is slightly different for simplicity.
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return all metrics at once in a single pass over the dataset. Moreover, the
starting and arrival times of shortest journeys are returned, which is valuable
information to compute, for example, the betweenness centrality of temporal
nodes.

Algorithm SSMD works from a fixed source and is suitable when not all
pairwise metrics are required. Our experiments show that SSMD, is compa-
rable to the state of the art method to compute distances from a source node
to all other nodes. These results improve on previous ones [189] and make
use of a more efficient data structure. Even though some experiments are
advantageous to our methods, we do not claim they are in general faster than
the state of the art. However for the task at hand of computing all metrics at
once on a link stream, we think we can fairly conclude that our methods are
usable in practice. The experiment in was designed to illustrate
if SSMD,, could be used in real-world setting. Thus, comparing it to another
shortest journey method is relevant since it does not do significantly more
operations that this type of algorithms.

In practice, MSMD has finished its task faster than its counterpart on syn-
thetic link streams. Since the link streams used were smaller than what we
would expect from real-world instances, we extrapolated the running times
produced by MSMD. At this point, scalability is an issue, when v = 0, and
we could not expect to run this method on realistic link streams and obtain
results in a reasonable amount the time. Thus, in order to speed up the com-
putation time, we suggest studying how to lessen the amount of operations
in either methods by skipping some temporal nodes and extrapolating the
distances. Also, finding ways not to have to recompute the connected com-
ponents and the all-pairs distances methods at every time would be helpful
in improving the efficiency of both methods.

Both algorithms SSMD, and MSMD,,, when v > 0, could finish their
tasks on some datasets in a decent amount of time. Algorithm MSMD,, took
less than 30 seconds to finish all tasks, even on datasets of almost 100 000
temporal edges. Thus, in that case, realistic datasets of decent size could be
handled by our methods.

8.2.2 Future Work

In light of our experiments as well as the recent literature (see for exam-
ple Bentert et al. [26]), it would be interesting to have a lower bound on
the complexity of computing our metrics. Since shortest journey methods
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in temporal networks seem to be based on the same type of arguments as
shortest path algorithms in graphs, it might also be relevant to deduce a
lower bound in term of the latter. That is, how much slower is it to compute
distances in a link stream as opposed to computing distances in a graph?
Can this complexity be expressed in terms of natural parameters of the link
stream such as V, Q) and Aqp?

Aside from scalability, another limitation of this study lies in the ordering
of the objective functions we chose to optimize. Namely, we compute lengths
of shortest fastest journeys. If one were to require lengths of fastest shortest
journeys, our methods would need to be redesigned. Moreover, the multitude
of possible combinations of optimal journeys to compute (foremost journeys,
shortest foremost journeys, etc.) is not all considered in this work. Brunelli
et al. [42] tackled this limitation by building a more general framework for
optimal journeys. We believe our methods can be modified to compute some
other types of journeys combining temporal and structural information hi-
erarchically, such as shortest foremost journeys. In turn, those journeys can
be used to compute other centralities than the betweenness centrality or to
investigate different topics such as reachability. In[Algorithm 4] for instance,
whenever we consider a temporal edge (¢, uv) with u # s, we have access to
the last arrival time a, from the source at time s,. If we instead considered
the first such arrival time, then we could decide if the journey from (s,, s) to
(t,v) that involves the temporal edge (t,uv) is restless (see Casteigts et al.
[56]) or not and update the relevant dictionaries accordingly, say of restless
reachability triples.

This work serves, in part, as a preprocessing to compute the betweenness
centrality on link streams of Latapy et al. [144], which is done in [192].
Other centrality measures exist on graphs that use shortest paths, such as
the closeness (see [164]). Thus, other centrality measures can be defined on
link streams, via fastest journeys, shortest journeys, shortest fastest journeys,
and other notions of optimal journeys. It follows that our work could be
extended to compute other centralities measures as well.
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Table A.1: List of neighbourhoods of the periodic graph shown in [Figure 5.5
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Algorithm 2: SSMD sf-metric

Input: L = (T,V, A) a link stream, 2 the set of event times, (¢, s) a
source event node
Output: Dictionaries d, f of sf-metrics and latencies from (s, s) to
all other event nodes, set of dictionaries R, for each v € V

1 f,d < create dictionaries

2 for v € V do R, ¢ create dictionary

3 for t € Sorted({tg € 2|ty > ts}) do

4 for C' € connected__components(G,) do

5 H «+ Gy.induced_subgraph(C)

6 d' <+ all_pairs_distances(H)

7 D+ {}

8 if s € C then D.insert(—t,0,s)

9 else

10 Sy < max,eo Ry last()

11 for v € C do

12 D.insert all (—s,, d,,v) such that

13 L (ay,dy) € Ry[s,] for the largest a,
14 for (s,,d,,u) € Sorted(D) do

15 U<+ {veC|3ay: (a,,d,) € Ry[—s4)}

16 if u=sthen U <« {s}

17 for w € C do

18 (_,dy) < Ry[sy).last()

19 dmin < min(d, + min,ep d'[(u, w)], ds)
20 Ri[—su).remove all (¢,dy) s.t. do > dpin
21 Ry [—su].insert(t, dumin)

22 Jop = Ming, ey fl(to, w)]

23 fI(t, w)] < min(t + sy, )

24 d[(t,w)] <= min dgy s.t. sg € Ry, (ao,do) € Ry[so] and

ap — so = f[(t,w)]

25 return d, f,{R,|v eV}
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Algorithm 3: MSMD sf-metric

Input: L = (T,V, A) a link stream, ) the set of event times

Output: F a dictionary of latencies, DY a dictionary of reachability
triples, D a dictionary of sf-metrics

1 for u,v € V.do SA., Fuyv, Dy, ng < create sorted dictionaries

2 for t € Q) do

3 t~ < last time of Q) before ¢

4 for C € connected_components(G;) do

5 H + G.induced_subgraph(C)

6 de < all_pairs_ distances(H)

7 for u,v € C' do

8 S Ayy-insert(t, t)

9 DY [t].insert(t, t, dc[u, v])

10 F,[t].insert(0)

11 forue C,veV\C do

12 C, < conn. component of G; containing v
13 Sy manGCv,(s,a)ESAuw<S)

14 S Ayy.insert(s,, t)

15 Appin — 00

16 for w € C,, do

17 (., ,dy) « D° [t7]last()

18 Anin < Min(dpin, dy + dofw, v])

19 DO [t].insert(s,, t, dmin)

20 lyw <= Mming gyesa,, (@ — s)

21 [ = min(ly,, Fu[t7])

22 Fult] + 1

23 (s*,a*) < pair (s,a) € SAy,, s.t. a—s=1
24 Dyo[t][s*] < d* s.t. (s*,a*,d*) € DY [t]

25 return F, D’ D
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Algorithm 4: SSMD sf-metric with v > 0 (SSMD.,,)

Input: L = (T,V, A) a link stream, 2 the set of event times, (ts, s) a
source event node
Output: Dictionaries d, f of sf-metrics and latencies from (s, s) to
all other event nodes, set of dictionaries {R, |v € V'}

1 d, f, <« create dictionaries

2 for v € V do R, < create dictionary

3 for (t,uv) € Sorted(Aq) s.t. t > t, do

4 | if u=sthen R,[t].insert(¢,0)

5 | if R, # 0 and dur(t,u,v) > v then

6 sy < Ry last()

7 (ay, dy) < Ry[sy]).last()

8 if s, exists then

9 dy < d, +1

10 if Ry [su] does not contain (t',d') s.t. ' <t+~ and

d < d, then R,[s,].insert(t + ~,d,)

11 fo st — 54

12 if f[v] # 0 then

13 (., f2) < flv]last()

14 L if f/ < f, then f, < f!
15 flv].add(t, f.)
16 dfas < min dy s.t. (ag,dy) € Ry[s.] and ag — sy, = f,
17 if dp.s exists then d[v].add(t, dp.s)

18 return d, f,{R,|v € V}
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Algorithm 5: MSMD sf-metric with v > 0 (MSMD,)

Input: L = (T,V, A) a link stream, ) the set of event times
Output: F a dictionary of latencies, D a dictionary of reachability
triples, D a dictionary of sf-metrics

1 for u,v € V.do SAy,, Fuy, Dyy, D, < create sorted dictionaries
2 for (t,u,v) € Sorted(Aq) s.t. dur(t,u,v) >~ do
3 | SAy[t].insert(t, ¢ + )
4 | DO [t].insert(t,t +,1)
5 F,,[t].insert(0)
6 for w e V' \ {v} do
7 Sw maX(s,a)GSAwu[t*}(s)
8 if s,, exrists then
> There is a path from w to v that starts on
Sy < 1
9 S Ay [t].insert (s, t + )
10 d, < D? [t7].last()
11 d, + DP [t7].last()
12 if d, > d, + 1 then DO [t].insert(s,,t+7y,d, + 1)
13 else DO [t].insert(s,,t+,d,)
14 Ly <= Min(s g)esa,.1(@ — )
15 [+ min(lyy, Fuolt™])
16 Fuolt] <1
17 (s*,a*) < pair (s,a) € SA,[t] st. a—s=1
18 Dyo[t][s*] <= d* s.t. (s*,a*,d*) € D [t]

19 return F,D° D
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Datasets

The following datasets were used in the experiments. More documentation
can be found online [143]. Datasets are part of the KONECT project [142].
Descriptions below are found in the directories of the datasets.

1.

10.

arxiv-hepph A co-citation network from the website arXiv arxiv.
org of scientific papers. Papers are taken from the high enery physics
phenomenology (hep-ph) section. Two papers are linked if they are
both cited by another paper, with the timestamp indicating the date
of the latter’s publication.

contact A network of human contacts. It describes the Haggle net-
work, a project funded by the European Union. Each edge describes a
contact between two persons measured by carried wireless devices.

dblp A citation network. Extracted from the website dblp.uni-trier.
de/ of scientific publications. Nodes are publications and two publica-
tions are linked if one cites the other.

delicious ui A user-url network from the website https://del.icio.
us (now deprecated). Edges connect users to the urls they tagged.

delicious ut An interaction network from the same website. Edges
connected users to the tags they used.

digg A communication network. Extracted from the website digg. com.
Edges connect two users when one replied to the other.

dnc A communication network. Extracted from the 2016 Democratic
National Committee email leak of the american Democratic Party.
Edges connect two people if one sent an email to the other.

elec An online contact network. Represents admin elections in the
English Wikipedia. Edges connect two users if one voted for or against
the other.

enron A communication network. Describes email exchanges in the