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Abstract

Empirical Bayes methods have been around for a long time and have a wide range of
applications. These methods provide a way in which historical data can be aggregated
to provide estimates of the posterior mean. This thesis revisits some of the empirical
Bayesian methods and develops new applications. We first look at a linear empiri-
cal Bayes estimator and apply it on ranking and symbolic data. Next, we consider
Tweedie’s formula and show how it can be applied to analyze a microarray dataset.
The application of the formula is simplified with the Pearson system of distributions.
Saddlepoint approximations enable us to generalize several results in this direction.
The results show that the proposed methods perform well in applications to real data
sets.

Key words: Empirical Bayes, Ranking data, Symbolic data, Tweedie’s
formula, Pearson system, Saddlepoint approximation
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Chapter 1

Introduction

In its most basic description, the study of statistical inference begins by specifying
the sampling distribution g(x|θ) of an observable random variable x which may be
a vector. Here θ is not observed. The goal then is to either estimate θ or to test
hypotheses about θ on the basis of a random sample drawn from g(x|θ). The Bayesian
approach supposes that θ, is not a fixed constant but rather a random variable as well
having a density π(θ). Inference in that case is based on the posterior distribution
of θ conditional on the observed value of x, and in our notation is written simply
as g(θ|x). In general, the joint probability density function can be expressed as a
product of two densities that are referred to as the sampling distribution (or data
distribution) g(x|θ) and the prior π(θ) respectively[27]

g(θ, x) = g(x|θ)π(θ)

Simply conditioning on the known value of the data x, using the basic property
of conditional probability known as Bayes Theorem, yields the posterior density:

g(θ|x) = g(θ, x)

g(x)
=
g(x|θ)π(θ)

g(x)
(1.0.1)

where g(x) =
∫︁
g(x|θ)π(θ)dθ , which is the integral over all possible values of θ.

In the pure Bayesian approach, we need to specify the prior distribution π(θ).
When the prior distribution is unspecified, empirical Bayes methods come into play.
The empirical Bayes (EB) approach can be thought a way of dealing with data arising
in a sequence of similar (or same type of) experiments[40]. Inference about the current
component (xn, θn) take into consideration all other components (x1, θ1) , ..., (xn−1, θn−1).
Therefore, empirical Bayes methods make the historical data also contribute to the
current data estimates.

Empirical Bayes approaches have been around for a long time and have been
shown to be powerful data analytic tools[13]. They have a wide range of applications
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1. INTRODUCTION 2

in real life, including estimating baseball batting averages, assessing performances of
competitors and comparing scores of different schools - to name a few. Our objectives
in this thesis are to revisit some of the empirical Bayes methods and to exploit certain
techniques to enhance their application.

In Chapter 2, we consider the linear empirical Bayes estimator proposed by
Robbins and generalize it to obtain a vector form. We will apply these results to
ranking data and to symbolic data in real life data sets.

In Chapter 3, we introduce Tweedie’s formula and its multivariate version. This
formula enables us to compute the posterior mean of θ given a current value of x. The
formula requires knowledge of the derivative of the logarithm of the marginal of x.
We outline a method based on the Pearson system of distributions to determine this
derivative in terms of the first four moments of the data. Then we will illustrate how
the estimation proceeds with a microarray example. We also consider a generalization
based on the saddlepoint approximation. These results are applied on ranking data
and we obtain promising results.

In Chapters 4, we conclude by summarizing the findings of this thesis and suggest
two directions for further research and investigation.



Chapter 2

Linear Empirical Bayes method

2.1 Linear Empirical Bayes Estimator
Consider the situation where we begin by observing x1 whose cumulative distri-

bution, indexed by a parameter θ1, is F (x1|θ1) . Our problem is to estimate θ1. At
some later time, we observe independently x2 whose cumulative distribution, indexed
by a parameter θ2, is F (x2|θ2) . Once again we wish to estimate θ2. We continue and
we observe n random variables x1, x2, ..., xn and at stage n we wish to estimate θn.
In the classical statistics framework, our best estimate for θn would be based entirely
on xn alone. Intuitively, this would not be a very good procedure because it would
be based on a sample of size one. On the other hand, a classical Bayesian approach
would at stage n begin by imposing a known prior distribution π (θ) on θ (which
would be the same for all stages) and set about to compute the posterior mean of θ
given x1, x2, ..., xn ∫︁

θπ(θ)dF (x1, x2, ..., xn|θ)∫︁
π(θ)dF (x1, x2, ..., xn|θ)

(2.1.1)

In the classical Bayes approach if we assume the θi’s are all different, the pos-
terior mean of θi take account only xi. Our example on gene expression levels in
the next section will make this clear. There θi is specific to ith individual. Empirical
Bayes methods were introduced to deal with the situation where the prior distribution
π(θ) in the Bayesian problem above was unspecified. The empirical Bayes methods
often provide superior estimates of parameters than either the classical model or the
ordinary Bayes model[13]. Their origins can be traced back to work by von Mises in
the 1940’s and Herbert Robbins in 1956[43]. In this section, we explore Robbins’s
formulation which sometimes referred to as "non-parametric empirical Bayes". We
emphasize here that there is no attempt to estimate the prior.

In 1984, H. Robbins proposed a linear empirical Bayes estimator to estimate the
posterior mean and variance[46]. His goal was to estimate the means and variances
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2. LINEAR EMPIRICAL BAYES METHOD 4

from populations whose structure is unknown or partly known. Our contribution here
is to generalize this method to its vector form and apply it to special types of data.

Let (φ, x) be a random vector where the vector x corresponds to observed data
and the vector φ is the unknown parameter. In our setting the parameter φ stands
for the conditional mean of x (This is why we use the notation φ instead of θ), so we
have the assumption:

φ = E[x|φ]. (2.1.2)

We wish to estimate φ by a function t of x for the purpose to minimize the mean
square error.

Since

E[(t− φ)(t− φ)T ] ⩾ E[V ar(φ|x)], (2.1.3)

with equality only if P (t = E[φ|x]) = 1. So E[φ|x] is the best estimator for φ.
While the joint distribution of (φ, x) is unknown, E[φ|x] cannot be obtained

explicitly. We consider the estimator t∗(x) by a linear vector of the form

t∗(x) = a+Bx, (2.1.4)

where a is a vector and B is a matrix.
The reason why we choose this linear function is that it is the easiest way to

work with in the problem of minimizing E[(t− φ)(t− φ)T ].
Let

ϕ(a,B) = E[(t∗(x)− φ)(t∗(x)− φ)T ] = E[(a+Bx− φ)(a+Bx− φ)T ]. (2.1.5)

Re-writing, we have upon subtracting and adding (BEx− Eφ),

a+Bx− φ = (a− Eφ+BEx) + (Eφ− φ−BEx+Bx) . (2.1.6)

Hence, equation (2.1.5) becomes

ϕ (a,B) =
[︂
(a− (Eφ−BEx)) (a− (Eφ−BEx))T

]︂
+ E

[︂
(B (x− Ex)) (B (x− Ex))T

]︂
+ E

[︂
(φ− Eφ) (φ− Eφ)T

]︂
− E

[︂
(B (x− Ex)) (φ− Eφ)T

]︂
− E

[︁
(φ− Eφ) (B (x− Ex)) T

]︁
=(a− (Eφ−BEx)) (a− (Eφ−BEx))T
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+BΣxB
T −BΣxφ −ΣxφB

T +Σφ. (2.1.7)

where Σx, Σxφ are the variance and covariance matrices of x and (x, φ) respectively.
Then, we may write

ϕ (a,B) = (a− (Eφ−BEx)) (a− (Eφ−BEx))T

+
(︁
BΣ1/2

x −ΣxφΣ
−1/2
x

)︁ (︁
BΣ1/2

x −ΣxφΣ
−1/2
x

)︁T
+Σφ −

(︁
Σ−1/2
x Σxφ

)︁ (︁
Σ−1/2
x Σxφ

)︁T
. (2.1.8)

It follows that ϕ(a,B) is minimized with respect to a and B whenever

a = (Eφ−BEx) ,
B = ΣxφΣ

−1
x . (2.1.9)

The minimum of equation (2.1.5) over (a,B) is then

min ϕ (a,B) = Σφ −
(︁
Σ−1/2
x Σxφ

)︁ (︁
Σ−1/2
x Σxφ

)︁T
. (2.1.10)

Applying the law of total expectation to φ = E[x|φ], we get:

Ex = Eφ; Σxφ = Σφ. (2.1.11)

Plug equation (2.1.9) in equation (2.1.4), the estimator t∗(x) for φ is given by

t∗(x) = Eφ+ΣxφΣ
−1
x (x− Ex)

= Eφ+ΣφΣ
−1
x (x− Ex) . (2.1.12)

Eφ and Ex can be estimated by the sample mean.

Next, we consider how to use the data to estimate Σφ and Σx which are the
variance-covariance matrices of x and φ respectively.

Let F1, ..., FN be i.i.d. random distribution functions and letXi
˜ = [Xi1, Xi2, ..., Xini

]
be a random sample with size ni from distribution Fi. Here, in our application the
Xij for i = 1, ..., N and j = 1, ..., ni are random vectors. For each distribution Fi,
define the random parameters:

φi = E[Xij|Fi],
σ2
i = V ar[Xij|Fi]. (2.1.13)

Then define the following statistics:

Xi
¯ =

1

ni

ni∑︂
j

Xij, X̄ =
1

N

N∑︂
i

Xi
¯ ,
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S2
i =

1

ni − 1

ni∑︂
j

(Xij −Xi
¯ )(Xij −Xi

¯ )T , S2 =
1

N

N∑︂
i

S2
i ,

U2 =
1

N − 1

N∑︂
i

(Xi
¯ − X̄)(Xi

¯ − X̄)T , v =
1

N

N∑︂
i

1

ni
. (2.1.14)

Note that

E[Xi
¯ ] = E[φi] = E[X̄], (2.1.15)

E[S2
i ] = E[σ2

i ] = E[S2], (2.1.16)

ΣXi
=
ES2

i

ni
+ Σφi

. (2.1.17)

Equations (2.1.15) and (2.1.16) come from properties of the parameters whereas
(2.1.17) is the result of the Law of total variance.

Further, we have:

(N − 1)U2 =
N∑︂
i=1

(Xi
¯ − X̄)(Xi

¯ − X̄)T

=
N∑︂
i=1

(Xi
¯ − X̄)(Xi

¯ T − X̄T
)

=
N∑︂
i=1

(Xi
¯ Xi

¯ T
)−

N∑︂
i=1

(Xi
¯ X̄

T
+ X̄Xi

¯ T
) +NX̄X̄

T

=
∑︂
i

(Xi
¯ Xi

¯ T
)−NX̄X̄T

.

Taking expectation:

(N − 1)EU2 =
∑︂
i

E(Xi
¯ Xi

¯ T
)− EN(X̄X̄

T
)

=
∑︂
i

((ΣXi
) + EXi

¯ (EXi
¯ )T )−N

{︂ 1

N2

∑︂
i

(ΣXi
) + EX̄(EX̄)T

}︂
=
N − 1

N

∑︂
i

(ΣXi
) +

∑︂
i

EXi
¯ (EXi

¯ )T −N
{︁
EX̄(EX̄)T

}︁
,

EU2 =
1

N

∑︂
i

(ΣXi
)

=vES2 + Σφi
.

Thus we obtain

Σφi
= E(U2 − vS2),
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ΣXi
= E(U2 − vS2) +

1

ni
ES2. (2.1.18)

Substitute equation (2.1.18) into equation (2.1.12), the linear empirical Bayes
estimator tî is then given by

tî = EXi + E(U2 − vS2)[E(U2 − vS2) +
1

ni
ES2

i ]
−1(Xi − EXi). (2.1.19)

Dropping all the expectations, we can approximate tî, for large N by

tî = X̄ + (U2 − vS2)+[(U2 − vS2)+ +
1

ni
S2]−1(Xi

¯ − X̄), (2.1.20)

where (U2 − vS2)+ means the diagonal values are max{0, diag(U2 − vS2)}. This is
used instead of U2−vS2 because the variance being estimated should be non-negative.
The tî represent our linear empirical Bayes estimates for the mean φi of the vectors
Xij in group i.

2.2 Linear EB Application on Ranking data
Ranking data often arise when it is desired to rank a set of individuals or objects

according to some criterion.[1] A ranking establishes a relationship among a set of
items such that, for any pairs of items, the first is either "ranked higher than", "ranked
lower than" or "ranked equal to" the second. If two items are the same in rank it is
called a tie. Ranking data are usually encountered in practice when individuals are
asked to rank a set of t items, which may be competitors in a game, types of food,
preferences of movies, etc. Such data may be observed directly or come from the
transformation of continuous or discrete data in a nonparametric analysis.[1]

In statistics, ranking is the data which replace their original numerical values
with their ranks after sorting. Rankings make it possible to evaluate complex infor-
mation using nonparametric statistical methods which reduces the detailed procedures
analysing the original values. This study aims to apply empirical Bayes methods to
ranking data, both parametric and nonparametric.

Application Canadian University Ranking data

As an example, we consider the data reported in McLean’s Magazine 2018-2020
on the Canadian Medical University rankings.

1

1https://www.macleans.ca/hub/education-rankings/
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McGill Toronto UBC McMaster Alberta Queen Western Dalhousie
Overall 1 2 3 4 5 5 7 8

Student Awards 1 3 2 8 6 5 9 4
Student/Faculty Ratio 5 13 4 14 7 15 10 2

Faculty Awards 3 1 5 7 4 2 9 6
Humanities Grants 1 3 2 6 7 8 11 4

Medical/Science Grants 3 1 5 4 6 6 8 13
Citations 3 1 2 4 6 13 9 10

Total Research Dollars 3 1 7 2 4 10 11 14
Operating Budget 10 6 4 9 1 8 12 5
Library Expenses 2 4 14 13 5 5 8 10

Library Acquisitions 1 10 14 3 11 12 7 8
Scholarships 1 7 11 14 9 5 3 3

Student Services 11 3 12 1 15 8 6 9
Calgary Montreal Ottawa Laval Sherbrooke Manitoba Saskatchewan

Overall 9 10 11 12 13 14 15
Student Awards 9 11 7 12 13 14 15

Student/Faculty Ratio 3 11 12 9 1 8 6
Faculty Awards 12 10 8 11 15 12 14

Humanities Grants 13 5 10 9 14 12 15
Medical/Science Grants 11 9 2 10 15 14 12

Citations 8 5 7 12 15 11 14
Total Research Dollars 8 5 9 6 15 12 13

Operating Budget 3 13 11 15 14 7 2
Library Expenses 10 8 10 5 14 1 2

Library Acquisitions 6 15 4 5 2 13 9
Scholarships 6 10 2 11 15 8 13

Student Services 7 13 4 10 5 2 14

Table 2.1: Maclean’s 2020 Canadian Medical Universities Ranking

We analyze the ranking data for 12 different criteria of Canadian top 15 medical
universities from 2018 to 2020. As the ranking of one university in different years
should have similar pattern, we view different years as different distributions. And
the criteria are viewed as samples of a distribution, as they all contribute to the
university’s overall ranking. We estimate the underlying parameter φ the university
has over the years, and rank it to predict the overall ranking of Canadian Medical
Universities in 2020. The rankings are given in vector form, so we can directly apply
our estimator. The EB estimator gives us the estimated posterior means of φ2020,
which we then we rank. After the computation, the 2020 university’s ranking is given
by:

McGill Toronto UBC McMaster Alberta Queen Western Dalhousie Calgary Montreal Ottawa Laval Sherbrooke Manitoba Saskatchewan
Maclean’s 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Our EB estimates 1 2 6 3 5 7 10 8 9 11 4 12 15 13 14

Table 2.2: Comparison of Maclean’s 2020 university ranking with our empir-
ical bayes estimates

As can be seen from Table 2.2, our result appears very similar to the true
Maclean’s Magazine overall ranking. McGill University and the University of Toronto
are still ranked 1 and 2 respectively. Western University, Dalhousie University, the
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University of Calgary and the University of Montreal still occupy rank 7-10, while
Laval Univerisity, the University of Sherbrooke, the University of Manitoba and the
University of Saskatchewan still rank 12-15. In our formulation University of Ottawa
is ranked 4 as opposed to 11 in Maclean’s Magazine, which means it is underestimated
by the Maclean’s. If we consider all the criteria together equally and combine the
data over the years, we think the University of Ottawa will be given a more favorable
ranking.

2.3 Linear EB Application on Symbolic data
Data nowadays is available in businesses, the internet, government databases

and is quite voluminous, challenging the capacity of computers.[22] The information
age provides us more and more opportunities to deal with large data sets. It is
therefore important to summarize these data in ways that emphasize the underlying
relationships and extract new knowledge from them.[21] We aim to analyze, visualize,
classify and reduce the information from a more complicated type of data which we
label symbolic data as they are structured and contain internal variation.[21]

In the symbolic data paradigm, data is usually obtained from three different
sources: multi-valued variables, interval-valued variables and modal variables. It
may take the form of classes which can be described by intervals, histograms, sets
of categories etc.[9] For example, rather than specifying a single number for systolic
blood pressure, one may specify an interval which can incorporate the uncertainty
about the measurements. As well symbolic data for a group of objects are summarized
by an interval indicating the range of values.[8]

The methods used to analyze symbolic data are extensions of the classical statis-
tical methods which are adapted to deal with symbolic data sets with special types
of variables.[9] Hence, some common inferential methods such as regression analysis,
principal component analysis and clustering, can still be used on symbolic data.

We have previously discussed the application of linear EB to ranking data. In
this section, we investigate the application of this method on a particular type of
symbolic data, namely interval data.

2.3.1 Introduction of Interval data

The representation of data by means of intervals of values is becoming increas-
ingly more frequent in different fields of application. Intervals appear as a way to
describe the uncertainty affecting the observed values. The uncertainty can be con-
sidered as the inability to obtain true values due to our limited knowledge of the
model that fits the question.[33]

Interval data may occur in many different situations. We may have ’native’
interval data, describing ranges of variable values, for instance, income of individuals
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in a company, horses weight and size level in a competition; or imprecise data, coming
from repeated measures. Interval-valued data may also arise from aggregation of a
large dataset into one of more manageable size, here ordinary values are transformed
into intervals.[8] The nature of the aggregation would vary depending on the different
research objectives.[12]

Let’s take an example to see how the aggregation works. Consider measuring
blood pressure for a number of retired people. Aggregating these over age produced
intervals with each group containing differing data. Thus we can get the blood pres-
sure information for different age groups.

age systolic pressure age group systolic interval
70 130 55-59 (110,130)
67 115 60-64 (128.140)
57 124 65-69 (115,120)
64 128 70-74 (120,130)
74 120 ⇒
65 120
56 130
59 110
60 140

Before Aggregated

Table 2.3: Demonstration of aggregation into interval data

Descriptive Statistics

We generally describe the interval by its lower and upper bounds, denoted l and
u, or we can use the center and half-width, denoted c and r. This indicates the unique
property of interval data, which contains a kind of uncertainty.

In order to analyze interval data in our context, we need to define some descriptive
statistics. We give a recap of the approach proposed by Bertrand and Goupil (2000)[7].
Suppose X is an interval-valued variable, it is measured for each element of the basic
set E={1, ..., n}. For each k ∈ E, we denote the interval X(w) by [lw, uw].

The empirical density function of a univariate interval-valued variable X is defined
to be

f(ξ) =
1

n

∑︂
w∈E

1w(ξ)

∥X(w)∥
, ξ ∈ R, (2.3.1)

where 1w(·) is the indicator function and ∥X(w)∥ is the length of that interval.
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Thus we can compute the symbolic sample mean as:

X̄ =

∫︂ +∞

−∞
ξf(ξ)dξ

=
1

n

∑︂
w∈E

∫︂ +∞

−∞

1w(ξ)

||X(w)||
ξdξ

=
1

n

∑︂
w∈E

1

uw − lw

∫︂
ξ∈X(w)

ξdξ

=
1

2n

∑︂
w∈E

u2w − l2w
uw − lw

=
1

n

∑︂
w∈E

lw + uw
2

. (2.3.2)

Then the symbolic sample variance can be obtained in similar way:

S2 =

∫︂ +∞

−∞
(ξ − X̄)2f(ξ)dξ

=

∫︂ +∞

−∞
ξ2f(ξ)dξ − 2X̄

∫︂ +∞

−∞
ξf(ξ)dξ + X̄

2
∫︂ +∞

−∞
f(ξ)dξ

=
1

n

∑︂
w∈E

1

uw − lw
· u

3
w − l3w
3

− 2X̄
1

n

∑︂
w∈E

lw + uw
2

+ X̄
2

=
1

3n

∑︂
w∈E

(u2w + uwlw + l2w)−
1

4n2

∑︂
w∈E

(lw + uw)
2. (2.3.3)

We also need to define the symbolic sample covariance[10]:

Cov(Xi, Xj) =

∫︂ ∞

−∞
(ξi −Xi

¯ )(ξj −Xj
¯ )f(ξi, ξj)dξidξj

=
1

n

∑︂
w∈E

1

(uiw − liw)(ujw − ljw)

∫︂ ∫︂
(ξi,ξj)∈X(w)

ξiξjdξidξj −Xi
¯ Xj

¯

=
1

4n

∑︂
w∈E

(liw + uiw)(ljw + ujw)−
1

4n2

∑︂
w∈E

(liw + uiw)
∑︂
w∈E

(ljw + ujw).

(2.3.4)

With these computations in place, we continue with our contributions to proceed
the application of the linear EB method to interval data.
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2.3.2 Linear EB estimator of interval data

First we consider scalar form, which means our data are interval-valued variables,
here each sample is a pair of interval bounds.

Suppose φ now is the symbolic mean of an interval-valued variable, we want to
estimate φ by a linear function t∗(x) = a+ bx, where a and b are a real numbers. Let

ϕ(a, b) = E(a+ bx− φ)2

= (a− (Eφ− bEx))2 + V ar(x)(b− Cov(x, φ)

V ar(x)
)2

+ V ar(φ)− Cov(x, φ)2

V ar(x)
. (2.3.5)

Minimizing this function (2.3.5), we obtain

a = Eφ− bEx,

b =
Cov(x, φ)

V ar(x)
. (2.3.6)

Note thatE(x|φ) = φ, so Eφ = Ex and E(φx) = Eφ2 which leads to Cov(x, φ) =
V ar(φ), we have the estimator

t∗(x) = Ex+
V ar(φ)

V ar(x)
(x− Ex). (2.3.7)

Suppose we have N distributions F1, ..., FN , each population contains samples
Xij for j = 1, ..., ni with sample size ni.

Ex are estimated from the symbolic mean of the intervals. The estimation of
V ar x and V ar φ comes similar with equation (2.1.18) but with new definition of the
symbolic sample mean (2.3.2) and variance (2.3.3),

x̄i = symbolic sample mean of group i,
s2i = symbolic sample variance of group i,

x̄ =
1

N

N∑︂
i=1

x̄i, s2 =
1

N

N∑︂
i=1

s2i ,

u2 =
1

N − 1

N∑︂
i=1

(x̄i − x̄)2, v =
1

N

N∑︂
i=1

1

ni
. (2.3.8)

Observe that

E[x̄i] = E[φi] = E[x̄], (where φi is the population mean)
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E[s2i ] = E[σ2
i ] = E[s2], (where σi is the population variance)

V ar(x̄i) = E[V ar(x̄i|Fi)] + V ar[E(x̄i|Fi)] =
Eσ2

i

ni
+ V ar(φi),

(N − 1)u2 =
N∑︂
i=1

(x̄i − x̄)2,

with expectation:

(N − 1)Eu2 =
∑︂
i

Ex̄2i −NEx̄2

=
∑︂
i

[V ar(x̄i) + (Ex̄i)
2]−NE[V ar(

∑︁
i

x̄i

N
) + (Ex̄)2]

=
∑︂
i

(V ar(x̄i) + (Ex̄)2)−N(

∑︁
i

V ar(x̄i)

N2
+ (Ex̄)2)),

so Eu2 =
1

N

∑︂
V ar(x̄i) =

1

N

∑︂
(
Eσ2

i

ni
+ V ar(φi))

=
1

N

∑︂ 1

ni
(E

∑︂
s2i ) + V ar(φi) = vEs2 + V arφi.

We have

V ar φi =E(u
2 − vs2),

V ar x̄i =E(u
2 − vs2) + 1

ni
Es2. (2.3.9)

where the statistics u2, s2 are single values, we use (u2, vs2)+ = max {0, u2 − vs2} to
estimate V ar φi and (u2 − vs2) + 1

ni
s2 to estimate V ar x̄i.

Combining equation (2.3.9) with equation (2.3.6), a and b take the form (i=1,...,N)

bi =(u2 − vs2)/(u2 − vs2 + s2

ni
),

ai =x̄− bi ∗ x̄. (2.3.10)

The linear EB estimator of the symbolic means for the intervals is computed as

tî = a+ b ∗ x̄i. (2.3.11)

In the empirical Bayes paradigm, we can think of the data for each individual
as coming from different distributions, which means we have N groups with only one
observation (ni = 1) for each distribution. This can not be done if we are using other
type of data. Interval data contain not only the value of each individual but also have
a measure of variability of the value.
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To illustrate the methodology, we will use the horse data exhibited in Table 2.4
which is obtained from the SODAS website.

2

This data set is in interval form, gives the size of each horse. (We only show the
first 10 horses and the intervals to which they belong.)

Size(low) Size(high)
135 147
130 150
135 148
135 147
145 155
145 160
140 157
150 167
150 172
150 170

Table 2.4: Horse data

After computing the a and b, we then apply the linear EB formula (2.3.11) to
the symbolic means to get estimates:

Symbolic Mean (center) EB estimates
141 142.5985
140 141.7302

141.5 143.0326
141 142.5985
150 150.4128

152.5 152.5834
148.5 149.1104
158.5 157.793
161 159.9636
160 159.0954

Table 2.5: Symbolic means and EB Estimated means of horse data

The results obtained are shown in Table 2.5. As the overall symbolic mean is
153.1333 while the mean of our estimates is also 153.1333. We can observe that our

2https://www.ceremade.dauphine.fr/SODAS/exemples.htm which has been removed
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estimation will make the data move closer to the "mean".

Next we want to generalize the scalar form method to vector form. Each vector
X is now several interval-valued variables given form [l,u], where l and u are vectors
which represent the lower and upper bounds of these interval-valued variables.

Similarly, we wish to minimize

E[((a+BX)− φ)((a+BX)− φ)T ], (2.3.12)

where φ is the "mean" vector, a is a vector and B is a matrix.
Combining what we have done for the vector form (2.1.20) and interval-valued

variables (2.3.11), we end up with the estimator as follows:

tî = a+BXi
¯ ,

a = X̄ −BX̄,

B = (U2 − vS2)+[(U2 − vS2)+ +
1

ni
S2]−1. (2.3.13)

where the statistics are defined as

Xi
¯ =

1

ni

ni∑︂
j=1

lij + uij

2
, X̄ =

1

N

N∑︂
i

Xi
¯ ,

S2
i =

1

3ni

ni∑︂
j=1

(uij
2 + uijlij + lij

2)− 1

4m2

ni∑︂
j=1

(lij + uij)
2, S2 =

1

N

N∑︂
i

S2
i ,

U2 =
1

N − 1

N∑︂
i

(Xi
¯ − X̄)(Xi

¯ − X̄)T , v =
1

N

N∑︂
i

1

ni
.

2.3.3 Further exploration

Cluster analysis is a statistical technique that aims at grouping together objects
in a number of clusters, based on the observed values for a set of variables. The
constructed clusters are organized according to their similarities or differences. In this
subsection we will discuss the dynamic clustering method based on several distance
measures and its application with the empirical Bayes estimator.

Algorithm

Here we use a dynamic clustering algorithm (DCA) first proposed by Diday in
1971 and reorganized by Diday & Simon in 1976[20]. We give a brief description of
the algorithm. The dynamic clustering algorithm represents an unsupervised non-
hierarchical clustering method which can be proven to generalize several clustering
partition methods such as k-means and k-median algorithm.[33]
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Let E = {1, ..., n} be a set of n symbolic objects with p-dimensions (X1, ..., Xp),
where Xj = [lj, uj] ∈ {[l, u] : l, u ∈ R, l ⩽ u} for j=1,...,p. This algorithm searches
a partition P = {C1, C2, ..., CK} of E in a fixed number K clusters by minimizing a
criterion W which evaluates the dissimilarity between the clusters and their represen-
tatives.

If each cluster is represented by a prototype, this algorithm also determines a
set of p-dimensional class representatives L = {l1, l2, ..., lK}. A good partition places
similar observation in a cluster which is close to the prototype, while dissimilar to the
prototype of any other clusters. Consequently, the clustering criterion minimizes the
following function

W (P,L) =
K∑︂
h=1

δ(Ch, lh), (2.3.14)

where δ(·, ·) is a dissimilarity measure between a class Ch and a class prototype lh.
The dissimilarity measure δ(·, ·) is usually expressed as

δ(Ch, lh) =
∑︂
xi∈Ch

p∑︂
j=1

d(xij, lhj), Ch ∈ E, lh ∈ L. (2.3.15)

where d(·, ·) represents a distance function between two interval-valued variables. We
consider several distances measures as follows:

L2 distance[17]:

dL2(xi, xj) = (|li − lj|2 + |ui − uj|2)1/2

= (2(ci − cj)2 + 2(ri − rj)2)1/2. (2.3.16)

Hausdorff distance[18]:

dHau(xi, xj) = max{|li − lj|, |ui − uj|}
= |ci − cj|+ |ri − rj|. (2.3.17)

Wasserstein distance[28]:

dWass(xi, xj) = (

∫︂ 1

0

|F−1(t)−G−1(t)|2dt)1/2

= ((ci − cj)2 +
1

3
(ri − rj)2)1/2. (2.3.18)

where ci = li+ui
2
, ri =

ui−li
2

, F−1 and G−1 are the inverse distribution functions of two
random variables which are uniformly distributed on the interval.
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The transformation of the distances from bounds to center and half-width in-
cluded in Appendix A.1.1. The Waseerstein distance is derived from Irpino and
Verde (2008)[33].

Then the algorithm 2.6 iteratively performs a two-stage procedure as follows[32]:
(a) Given L fixed, finding P that minimizes W(P,L) is obtained by finding the

class Ch, Ch = {i ∈ E|
p∑︁
j=1

d(xij, lhj) ⩽
p∑︁
j=1

d(xij, lkj),∀k = 1, 2, ..., K} for h = 1,..., K;

(b) Given P fixed, finding L that minimizes W(P,L) is obtained by finding the
prototypes lh, lh = argmin

l∈Ch

δ(Ch, l) for h = 1,..., K.

But this procedure often fall to the local optimum, so I used lh = Ave
l∈Ch

{l}.

1. Initialization
Randomly select a partition {C1, C2, · · · , CK} of E and K prototypes.

2. Allocation stage
test ← 0
for i=1 to n do

Find cluster Ch such that

h = argmin
k=1,...,K

p∑︁
j=1

d(xij, lkj)

if xi ∈ Ck and k ̸= h then
test ← 1
Ch ← Ch ∪ {i}
Ck ← Ck \ {i}

end if
end for

3. Representative stage
for h=1 to K do

compute the prototype lh
end for

4. Stopping criterion
if test=0 then STOP, otherwise return to Step 2.

Table 2.6: Algorithm: DCA

Before applying it to a real-life data set, we may preproccess the data by stan-
dardizing in the following ways of paper[17], to guarantee the variables are on the
same scale.

1. Standardization using the dispersion of the interval centers

l′ij =
lij −mj

sij
and u′ij =

uij −mj

sij
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where mj =
1
n

n∑︁
i=1

lij+uij
2

represents mean of centers and dispersion s2j =
1
n

n∑︁
i=1

(
lij+uij

2
−

mj)
2.
This method standardizes such that the transformed intervals have centers with

mean 0 and dispersion 1 in each dimension.
2. Standardization using the dispersion of the interval boundaries.

l′ij =
lij −mj

sj̃
and u′ij =

uij −mj

sj̃

where sj̃2 = 1
n

n∑︁
i=1

(lij−mj)
2+(uij−mj)

2

2
.

This method standardizes such that the mean and the joint dispersion of the
transformed interval boundaries are 0 and 1, respectively.

3. Standardization using the global range.

l′ij =
lij −Minj

Maxj −Minj
and u′ij =

uij −Minj
Maxj −Minj

where Minj = min{l1j, ..., lnj} and Maxj = max{u1j, ..., unj}.
The last method transforms the range of the re-scaled intervals to be [0, 1].
Having seen the algorithm and data-preparation for the clustering of interval

data, we continue our application.

Application Blood Pressure data

The data comes from a project with The Children’s Hospital of Eastern Ontario.
This dataset recorded three measurements of systolic blood pressure of each patient,
so we are able to summarize the data as interval data. We first apply the dynamic
clustering algorithm to the original data, to see which points are grouped together.
Then we will be able to use our estimator to compute the posterior mean of each
patients and use ordinary K-means approach to cluster them.

We will visualize the dynamic clustering results in two dimensions (axis x is the
lower bound and axis y is the upper bound).
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Figure 2.1: Scatter plots of interval clustering

Figures 2.1 shows that three clusters distinguished. Three different color denote
three clusters, green points represent the people whose blood pressure is normal, the
blue point represent the people who has predisposition to high blood pressure, red
points represent people with hypertension.

Then we plot the clustering result of our estimated symbolic means in Figure
2.2.

Figure 2.2: Scatter plots of estimated symbolic means

The colors represent the points belong to one cluster. The clustering result is
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consistent with Figure 2.1, which proves that the EB estimation has captured the
characteristics of individuals. By transforming the data into one dimension, it can be
more easily clustered and analysed.



Chapter 3

Tweedie’s formula

3.1 Introduction
In 1956, H. Robbins points out an extraordinary Bayesian estimation formula[43].

Suppose that x given parameter θ has density gθ(x) in what follows and θ has been
sampled from a prior density π(θ). Tweedie’s formula calculates the posterior expec-
tation of θ given x. This formula has wide application for exponential families. The
work of Efron (2011)[25] further illustrates the use of Tweedie’s formula, which pro-
vides an effective bias correction tool when estimating a great number of parameters
within the context of micro-arrays. In this study, we generalize it to multivariate
exponential families and combine it with some ancient theories.

3.2 Univariate Version
We begin with a recap of the univariate version of Tweedie’s formula. Suppose

we have a random variable x, and its density given θ is x|θ ∼ gθ(x) belonging to one
parameter exponential family where:

gθ(x) = eθx−K(θ)g0(x), θ ∈ Θ, x ∈ X (3.2.1)

with respect to some measure m(dx) such as the uniform on the real line or a discrete
measure on the integers. The sets Θ,X are both subsets of the real line, θ is the
natural or canonical parameter of the family.[2] K(θ) is the cumulant function or log
of the moment generating function of g0(x) (which makes gθ(x) integrate to 1), and
g0(x) labeled the carrying density.

The normalizing constant K(θ), computed under g0(x)

eK(θ) =

∫︂
x∈X

g0(x)e
θxm(dx).

21
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K(θ) is a strictly convex functions such that

EθX = K ′(θ), V arθX = K ′′(θ). (3.2.2)

where ′ indicates derivative. K ′(θ) is an increasing function of θ as K ′′(θ) is non-
negative.

The one parameter exponential family includes the Normal, Exponential, Gamma,
Binomial, Negative Binomial, Poisson distribution.

Suppose we take a Bayesian approach and assume prior θ ∼ π(θ) with respect to
Lebesgue measure on Θ. Bayes theorem provides the posterior density of θ given x:

g(θ|x) = gθ(x)π(θ)

gX(x)
, (3.2.3)

where gX(x) is the marginal distribution of x given by

gX(x) =

∫︂
gθ(x)π(θ)dθ (3.2.4)

Set

λ(x) = log(
gX(x)

g0(x)
),

π0(θ) = π(θ)e−K(θ).

The posterior density of θ given x is:

g(θ|x) = exθ−λ(x)π0(θ) (3.2.5)

represents once again a member of the exponential family with x as natural (canonical)
parameter and λ(x) as the new cumulant function.

Due to the property of exponential families, differentiating λ(x) yields the Tweedie’s
formula which computes posterior mean and variance of θ given x as

E(θ|x) = λ′(x) =
g′X(x)

gX(x)
− g′0(x)

g0(x)
, (3.2.6)

V ar(θ|x) = λ′′(x) = [
g′X(x)

gX(x)
]′ − [

g′0(x)

g0(x)
]′. (3.2.7)

and similarly Skewness[θ|x] = λ′′′(x)/λ′′(x)
3
2 . The literature has not shown much

interest in the higher moments of θ given x, but they can be derived naturally from
exponential family.[21]

Generally, the quantity gX(x) which depends on the marginal distribution, is
unknown if the prior π(θ) on θ is not specified. However, in the empirical Bayes
paradigm, the density gX(x) and its derivative g′X(x) can be estimated from the data.
In this study, we propose the use of the Pearson system of distributions to approximate
the marginal distribution which we will introduce in a later section. The quantity
g0(x) and its derivative are independent of the prior and can be calculated directly
from the distribution.
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3.2.1 Normal distribution

We demonstrate how to use the Tweedie’s formula to compute empirical Bayes
estimates in a normal distribution.

σ2 known

Let x1, ..., xN be a random sample from N(µ, σ2). In this case θ = µ
σ2 and

g0(x) =
1√
2πσ2

e−
x2

2σ2 .

When σ2 is known, we can directly plug in Tweedie’s formula, that the posterior
mean of µ conditional on x is given by

E [µ|x] = x+ σ2

(︃
g′X (x)

gX (x)

)︃
, (3.2.8)

where the marginal density of X is gX (x) .

The first term x comes from the derivative of g0(x). The term σ2 g
′
X(x)

gX(x)
for the

posterior mean is the Bayes bias correction to the maximum likelihood estimate x. σ2

is known and g′X(x)

gX(x)
are estimated immediately from {x1, · · · , xN} using the Pearson

system.

σ2 unknown

Now we wish to consider the case where σ2 is unknown. The discussion below is
original. We know that for the normal distribution, the sample mean is independent
of the sample variance. Consequently, we consider the variable

w =
νs2

σ2
∼ χ2

ν , (3.2.9)

where ν = n− 1 and

s2 =

∑︁
(xi − x̄)2

ν
.

The density of u ≡ s2 is therefore

f (u) = [Γ (ν/2)]−1
(︂ ν
σ2

)︂ν/2
u(ν/2)−1e−

νu
2σ2 , u > 0 (3.2.10)

where we now define

c = [Γ (ν/2)]−1 (ν)ν/2
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Place a prior π (σ2) and then the marginal density of u is

h(u) = c

∫︂
u(ν/2)−1e−

νu
2σ2 (

1

σ2
)ν/2π(σ2)dσ2 (3.2.11)

It follows

h′ (u) =
d

du
c

∫︂
u(ν/2)−1

(︁
σ2
)︁−ν/2

e−
νu
2σ2 π

(︁
σ2
)︁
dσ2

=
(︂ν
2
− 1

)︂ 1

u
h (u)− ν

2
h (u)E

[︃
1

σ2
|u
]︃

h′ (u)

h (u)
=

(︂ν
2
− 1

)︂ 1

u
− ν

2
E
[︁
σ−2|u

]︁
. (3.2.12)

We may now obtain the posterior mean of σ2 by means of a Taylor series around
u, namely

1

σ2
=

1

u
− 1

u2
(︁
σ2 − u

)︁
(3.2.13)

Taking conditional expectation we get

E
[︁
σ−2|u

]︁
=

1

u
− 1

u2
(︁
E
[︁
σ2|u

]︁
− u

)︁
=

2

u
− 1

u2
E
[︁
σ2|u

]︁
,

which leads to

E
[︁
σ2|u

]︁
= 2u− u2E

[︁
σ−2|u

]︁
= 2u− u2

{︃
2

ν

(︂ν
2
− 1

)︂ 1

u
− 2

ν

h′ (u)

h (u)

}︃
= 2u− u

(︃
1− 2

ν

)︃
+

2

ν
u2
h′ (u)

h (u)

= u

(︃
1 +

2

ν

)︃
+

2

ν
u2
h′ (u)

h (u)
. (3.2.14)

If ν is large, the middle term 2u
ν

is negligible and hence the quantity 2
ν
u2 h

′(u)
h(u)

is
the bias correction. This term can be approximated by the Pearson system. We do
not pursue that in this thesis.
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3.3 Multivariate Version
Our contribution in this section is to generalize Tweedie’s formula into multivari-

ate version and derived the formula for two specific multivariate distributions.
Suppose we have a random vector x = (x1, ..., xk)

T , and its distribution given
θ = (θ1, ..., θk)

T belongs to multi parameter exponential family having density:

gθ(x) = exp{θTx−K(θ)}g0(x), θ ∈ Θ, x ∈ X (3.3.1)

with θ,x are now vectors and θ ∼ π(θ) has an unknown prior density.
g0(x) is the carrying density, the function K(θ) is the cumulant function com-

puted under g0(x)

K(θ) = logE(exp(θTx)).

According to Bayes theorem, the posterior density of θ is given by:

g(θ|x) = gθ(x)π(θ)

gX(x)

= exθ−λ(x)π0(θ). (3.3.2)

where gX(x) is the marginal distribution of x

gX(x) =

∫︂
gθ(x)π(θ)dθ

This represents an exponential family with x is natural (canonical) parameter,
λ(x) = log(gX(x)

g0(x)
) is the cumulant function (normalizing constant) and π0(θ) =

π(θ)e−K(θ) is the carrying density.
Differentiating λ(x) yields the posterior cumulants of θ given x,

E(θ|x) = λ′(x) , V ar(θ|x) = λ′′(x). (3.3.3)

Letting

l(x) = log(gX(x)),

l0(x) = log(g0(x)). (3.3.4)

We can express the posterior mean and variance of θ|x as

E(θ|x) = l′(x)− l′0(x), (3.3.5)
V ar(θ|x) = l′′(x)− l′′0(x). (3.3.6)

Or we can write as

E(θj|x) =
1

gX(x)

∂gX(x)

∂xj
− 1

g0(x)

∂g0(x)

∂xj
, (3.3.7)

V ar(θj|x) =
∂

∂xj
[

1

gX(x)

∂gX(x)

∂xj
]− ∂

∂xj
[

1

g0(x)

∂g0(x)

∂xj
], (3.3.8)

where θj is a component of the vector.
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3.3.1 Multivariate Normal Distribution

Consider Gaussian distribution, x|µ ∼ Np(µ,Σ)

gµ(x) =
1√︁

(2π)p|Σ|
exp{−1

2
(x− µ)TΣ−1(x− µ)},

g0(x) =
1√︁

(2π)p|Σ|
exp{−1

2
xTΣ−1x}.

We have K(µ) = 1
2
µTΣ−1µ.

Posterior mean

We consider taking derivative with the integral, notice that

gX(x) =

∫︂
gµ(x)π(µ)dµ =

∫︂
eµ

TΣ−1x−K(µ)g0(x)π(µ)dµ

=

∫︂
eµ

TΣ−1x− 1
2
µTΣ−1µ 1√︁

(2π)p|Σ|
e−

1
2
xTΣ−1xπ(µ)dµ

=

∫︂
eµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

g′X(x) = Σ−1

∫︂
(µ− x)eµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

= Σ−1

∫︂
µeµ

TΣ−1x− 1
2
µTΣ−1µ 1√︁

(2π)p|Σ|
e−

1
2
xTΣ−1xπ(µ)dµ

− Σ−1

∫︂
xeµ

TΣ−1x− 1
2
µTΣ−1µ 1√︁

(2π)p|Σ|
e−

1
2
xTΣ−1xπ(µ)dµ

= Σ−1

∫︂
µ
gµ(x)π(µ)

gX(x)
dµ · gX(x)− Σ−1x

∫︂
gµ(x)π(µ)dµ

g′X(x)

gX(x)
= Σ−1E(µ|x)− Σ−1x

Hence,

E(µ|x) = x+ Σl′(x). (3.3.9)

Posterior variance

Continue to derivation leads to

g′′X(x) = [g′X(x)]
′ = Σ−1

∫︂
[(µ− x)eµ

TΣ−1x− 1
2
xTΣ−1x]′

1√︁
(2π)p|Σ|

e−
1
2
µTΣ−1µπ(µ)dµ
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= Σ−1

∫︂
[(µTΣ−1 − Σ−1x)µ]eµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

− Σ−1

∫︂
[(µTΣ−1 − Σ−1x)x+ 1]eµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

= Σ−1
[︁
Σ−1

∫︂
µTµeµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

− 2Σ−1x

∫︂
µeµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

]︁
+ Σ−1

∫︂
xTxeµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

−
∫︂
eµ

TΣ−1x− 1
2
xTΣ−1x 1√︁

(2π)p|Σ|
e−

1
2
µTΣ−1µπ(µ)dµ

]︁
= Σ−1[Σ−1E(µTµ|x)gX(x)− 2Σ−1xE(µ|x)gX(x) + Σ−1xTxgX(x)− gX(x)]

g′′X(x)

gX(x)
ΣT = Σ−1E(µTµ|x)− 2Σ−1xE(µ|x) + Σ−1xTx− 1

= Σ−1V ar[µ|x] + l′(x)(l′(x))TΣT − 1

As

l′′(x) = log(gX(x))
′′ = [

g′X(x)

gX(x)
]′ =

g′′X(y)gX(x)− g′X(x)(g′X(x))T

gX(y)gX(x)T

=
g′′X(x)

gX(x)
− l′(x)(l′(x))T

We get

V ar(µ|x) = Σ(1 + l′′(x)ΣT ) = Σ + Σl′′(x)Σ. (3.3.10)

3.3.2 Multinomial Distribution

Binomial Case

We begin with binomial distribution. Suppose that x ∼ Binomial(n, p). Noting
that

g(x) =

(︃
n

x

)︃
px(1− p)n−x.

Rewrite in the form of an exponential family

gθ(x) = 2nexp(θx− nK(θ))
[︁(︁n

x

)︁
2n

]︁
,
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We have the following:

g0 (x) =

(︁
n
x

)︁
2n
,

θ = log

(︃
p

1− p

)︃
,

K (θ) = log (1− p) = −log (1 + expθ) .

With the notation in Tweedie’s formula

l0 (x) = log g0 (x) ,

l′0 (x) =
g′0 (x)

g0 (x)
.

where

l0 (x) = log
n!

x!(n− x)!
+ log

1

2n

= −nlog2 + logn!− logx!− log (n− x)!. (3.3.11)

Compute the marginals

gX (x) =

∫︂
2nexp (xθ − nK (θ)) g0 (x)π (θ) dθ

g′X (x) =

∫︂
x2nexp (xθ − nK (θ)) g0 (x)π (θ) dθ

+

∫︂
2nexp (xθ − nK (θ)) g′0 (x) π (θ) dθ

= gX (x)E (θ|x) + l′o (x)

∫︂
2nexp (xθ − nK (θ)) g0 (x) π (θ) dθ

Now calculate l′o(x) using the approximation for factorials provided by Stirling’s
formula

x! ≈
√
2πx(

x

e
)x =

√
2πxx+

1
2 e−x. (3.3.12)

Taking derivative of the logarithm:

d

dx
log (x!) ≈ log

√
2π + logx+

1

2x
,

d

dx
log ((n− x)!) ≈ log

√
2π − log (n− x)− 1

2 (n− x)
. (3.3.13)



3. TWEEDIE’S FORMULA 29

Thus plug equation (3.3.13) into equation (3.3.11), we obtain an approximation
for the log-marginal distribution

l′o (x) ≈ −
(︃
logx+

1

2x

)︃
+ log (n− x) + 1

2 (n− x)

= log

(︃
n− x
x

)︃
+

n− 2x

2x (n− x)
. (3.3.14)

Substituting equation (3.3.14) into Tweedie’s formula and using (x1, ..., xN) to
obtain the marginal distribution gX(x) and its derivative, we are able to compute the
posterior mean:

E (θ|x) = g′X (x)

gX (x)
− l′o (x) . (3.3.15)

Similarly, we can compute the posterior variance

V ar (θ|x) = g′′X(x)

gX(x)
− [

g′X(x)

gX(x)
]2 − l′′o(x). (3.3.16)

with the approximated second derivative of log-marginal distribution

l′′0(x) = −
n

x(n− x)
− n2 − 2xn+ 2x2

2x2(n− x)2
. (3.3.17)

Multinomial Case

Suppose that x ∼ mulnomial(n, p).

gθ(x) =
n!

x1! · · ·xk!

k∏︂
j=1

p
xj
j

=
n!

x1!...xk!

k∏︂
j=1

exp(xjlog(pj))

= exp(
k−1∑︂
j=1

xj log (
pj

1−
∑︁k−1

j=1 pj
) + n log (1−

k−1∑︂
j=1

pj))
n!

x1!x2! · · · (n−
∑︁k−1

j=1 xj)!
.

Natural parameter is

θj = log (
pj

1−
∑︁k−1

j=1 pj
).
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The cumulant function is

−log(1−
k−1∑︂
j=1

pj) = log(
k∑︂
j=1

eθj).

Under the null hypothesis, H0: θj = 0, we have that pj = 0

l0(x) = log(
n!

x1!x2! · · · (n−
∑︁k−1

j=1 xj)!
)

= logn!− log(x1!)− log(x2!)− · · · − log((n−
k−1∑︂
j=1

xj)!).

Again, using Stirling’s approximation (3.3.12),

l0(x) ≈ logn!− klog(
√
2π)−

k−1∑︂
j=1

[(xj +
1

2
)log(xj)− xj]

− [(n−
k−1∑︂
j=1

xj +
1

2
)log((n−

k−1∑︂
j=1

xj))− (n−
k−1∑︂
j=1

xj)].

Hence, its partial derivative will be

∂l0(x)

∂xj
= −(logxj +

1

2xj
) + log(n−

k−1∑︂
j=1

xj) +
1

2(n−
∑︁k−1

j=1 xj)

= log(
n−

∑︁k−1
j=1 xj

xj
) +

n−
∑︁k−1

j=1 xj − xj
2xj(n−

∑︁k−1
j=1 xj)

. (3.3.18)

So we obtain the posterior mean for the multinomial distribution for each com-
ponent

E(θj|x) =
∂gX(x)
∂xj

gX(x)
− ∂l0(x)

∂xj
. (3.3.19)

3.4 Approximating the marginal distribution
In this section, we begin by describing the Pearson system of distributions. Karl

Pearson introduced a differential equation to describe a wide variety of distribution
functions. This system estimates a distribution from knowledge of the first four
moments, easily obtained from the observed data. We creatively make use of this
equation in the context of Tweedie’s formula to approximate the marginal distribution.
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On the other hand, Efron (2011)[25] used Tweedie’s formula in the context of micro-
arrays in order to flag interested genes in prostrate cancer patients. He made use of
Lindsey’s method which requires a large sample size. We will show how the use of
the Pearson system facilitates the implementation of the empirical Bayes approach.

3.4.1 The Pearson system of distributions

K. Pearson (1895)[41] devised a system to estimate many univariate distributions
in terms of four parameters namely

1

f(x)

df(x)

dx
=

x− a
c0 + c1x+ c2x2

. (3.4.1)

The derivation of the Pearson parameters a, c0, c1, c2 comes from Kendall (1948)[37].
Consider certain general results that hold for all members of the family:

(c0 + c1x+ c2x
2)df(x) = (x− a)f(x)dx

xn(c0 + c1x+ c2x
2)
df

dx
dx = xn(x− a)f(x)dx.

Integrating both sides over the range of the distribution (assuming that the
integrals exist), ∫︂ ∞

−∞
xn(c0 + c1x+ c2x

2)f ′dx =

∫︂ ∞

−∞
xn(x− a)fdx,

Use integration by parts on the left-hand side

[xn(c0 + c1x+ c2x
2)f ]∞−∞ −

∫︂ ∞

−∞
[nc0x

n−1 + (n+ 1)c1x
n + (n+ 2)c2x

n+1)]fdx

=

∫︂ ∞

−∞
xn+1fdx− a

∫︂ ∞

−∞
xnfdx,

Let us assume that the expression in square brackets vanishes at the extremities
of the distribution, i.e. lim

x→±∞
xn+2f → 0 if the range is infinite. We then substitute

moments for integrals:

−nc0µ′
n−1 − (n+ 1)c1µ

′
n − (n+ 2)c2µ

′
n+1 = µ′

n+1 − aµ′
n. (3.4.2)

Equation (3.4.2) gives recurrence relations of origin moments µ′
i+1. This permits

the determination of any moment from those of lower orders if the constants are
known. So conversely all moments can be expressed in terms of a, c0, c1, c2, µ0(=1)
and µ′

1. We have four unknown parameters a, c0, c1, c2, put µ′
1 = 0 and n=0, 1, 2, 3

successively in the formula to solve the equations. As central moments are easy to
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compute in practice and more meaningful in statistics, we express the solutions in
terms of the first four central moments:

c0 = −
µ3(µ4 + 3µ2

2)

A
,

c1 = a = −µ2(4µ2µ4 − 3µ2
3)

A
,

c2 = −
(2µ2µ4 − 3µ2

3 − 6µ2
2)

A
,

where A = 10µ2µ4 − 12µ2
3 − 18µ2

2. (3.4.3)

The four central moments can also be uniquely determined by mean (µ1), vari-
ance (µ2), skewness (β1), and kurtosis (β2), which are more commonly used param-
eters for a distribution and easily obtained from statistical tools. They give a good
representative of the distribution.

Skewness and Kurtosis are defined as

β1 = E(
X − µ1√

µ2

)3 =
µ3

µ
3
2
2

(3.4.4)

β2 = E(
X − µ1√

µ2

)4 =
µ4

µ2
2

(3.4.5)

For a normal distribution N(µ1, µ2), β1=0 and β2=3.
Skewness measures the lack of symmetry in a distribution. A positive skewness

(between 0.5 and 1) means the tail on the right is longer or fatter whereas a negative
skewness (between -1 and -0.5) is when the tail of the left side is longer or fatter.
When the distribution is positively skewed, the mode and median are on the left of
the mean whereas when the distribution is negatively skewed, they are on the right.

Kurtosis is used to describe the extreme values in one versus the other tail of
the distribution. A high kurtosis means the data have heavy tails or outliers. A
low kurtosis means the data has light tails or lack of outliers. A distribution with a
kurtosis larger than 3 is called leptokurtic and if less than 3 it is called platykurtic.

Pearson parameters can thus be calculated with skewness (3.4.4) and kurtosis
(3.4.5) by

c0 = −
µ2(4β2 − 3β2

1)

A
,

c1 = a = −
√
µ2β1(β2 + 3)

A
,

c2 = −
2β2 − 3β2

1 − 6

A
,

where A = 10β2 − 12β2
1 − 18. (3.4.6)
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The families of Pearson distributions can be specified in terms of (β2
1 , β2). These

can be shown in a diagram 3.1 (screen capture of [4]).

Figure 3.1: Moment ratio diagram for the Pearson curves

Types of the Pearson distribution are not needed to be specified in this thesis, if
they are needed, they can be computed by a program of Qing Yang & Wei Pan[49].

The application of the Pearson system to the estimation of the marginal distri-
bution in Tweedie’s formula is now evident: given the first four moments we estimate
g′(x)
g(x)

. Table 3.1 shows how the estimation proceeds:

1. Estimate four moments µ1, µ2, µ3, µ4 from data then compute skewness β1 and kurtosis β2.
2. Calculate the Pearson parameters a, c0, c1 and c2.
3. Plug in the formula (3.4.1) g′(x)

g(x)
= x−a

c0+c1x+c2x2
.

4. Use Tweedie’s formula to obtain the estimation for the posterior mean or variance.

Table 3.1: Algorithm: Pearson system within Tweedie’s formula

In this way, the derivative of the logarithm of a density is given as a rational
function of the first four moments of the distribution. The use of the Pearson system
has three distinct advantages. First, it eliminates the need to actually determine
the distribution itself. Secondly, it makes use of the four moments so it will be more
accurate. It works very well in situations where the variance of a distribution depends
on the kurtosis. Finally, the sample size doesn’t need to be very large.
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As well, we can take a second derivative:

[
g′(x)

g(x)
]′ = −c2x

2 − 2ac2x− (ac1 + c0)

(c0 + c1x+ c2x2)2
, (3.4.7)

formula (3.4.7) is used when we want to compute the posterior variance.
Note that the formula for the derivatives of the log is valid for densities that obey

the Pearson system such as normal distribution and gamma distribution. Not every
density obeys that system. For example, the logistic distribution does not satisfy that
equation.

Another thing to note is that the Pearson system applies to the unimodal case.
So we need to verify from a histogram of the data to see if it is unimodal or bimodal.
If it is bimodal, we may apply the EM algorithm to compute the weighting coefficient
of two distributions obtained by the Pearson system. We do not pursue this subject
in this thesis.

Application Micro-array data

To illustrate the application, we recap the following example from Efron.
1

In a study of prostate cancer, n = 102 men each had his genetic expression level
xij measured on N = 6033 genes,

xij =

{︄
i = 1, 2, · · · , N genes

j = 1, 2, · · · , n men
(3.4.8)

There are n1 = 50 healthy individuals to serve as controls and n2 = 52 prostate
cancer patients. The aim is to measure whether case and control are the same for
different genes. So for genei let ti be the two-sample t statistic comparing patients
with controls and

zi = Φ−1[F100(ti)];

F100 is cdf of the Student t100 distribution with 100 degrees of freedom.
zi is a statistic having a standard normal distribution. zi = 0 indicates there is

no difference in the case and control groups for genei. (Note: in terms of our previous
notation, x = z .) We recall the Tweedie’s formula (3.2.8) in the case of a normal
distribution:

E[µi|zi] = zi + σ2(
g′Z(zi)

gZ(zi)
).

1https://web.stanford.edu/ hastie/CASI/data.html
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Here we assume the variance σ2 is known to be 1 just as Efron did. If the variance
is unknown, we can substitute with the estimator (3.2.14) we proposed earlier.

We make use of the Pearson system to estimate the function g′Z(z)

gZ(z)
.

Follow algorithm 3.1, we computes the moments to be:

µ1 = 0.0030, µ2 = 1.2885, skewness = 0.0017, kurtosis = 3.6445.

So the marginal distribution resembles a standard normal distribution but not
completely normal, because kurtosis doesn’t equal to 3.

Thus we obtain c0 = −1.019168, c1 = −0.017116, c2 = −0.069679, a = −0.017116
and A = 18.42417, then we can plug g′(x)

g(x)
= x+0.017116

−0.069679x2−0.017116x−1.019168
in Tweedie’s

formula.
After the empirical Bayes estimation, we have computed the posterior mean

E[µi|zi] which we plot against zi:

Figure 3.2: Posterior mean for microarray data

Figure 3.2 is flatter compared with Efron’s plot[26]. The black points are the
estimates which bring the posterior means closer to the overall mean 0. They are
near zero ("nullness") when |z| ⩽ 2. There are 17 genes flagged (# of gene: 332 364
579 610 914 1068 1077 1089 1113 1557 1720 3375 3647 3940 4331 4518 4546) that
have absolute values larger than 2. At z = 5.29, which is the largest observed zi value
(gene #610), Efron has E[µ|z] = 3.94, while we have its value is 3.56. So we get
smaller values for the outliers.
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Dashed curve is estimated local false discovery rate fdr(z)[24], which is the con-
ditional probability of a case being null given z, declines from one near z=0 to zero
at the extremes. There are 186 genes having fdr(z)⩽0.2 (a reasonable cutoff point),
which might be reported to the researches as candidates for further study.

Then we can plot the posterior variance in the same spirit:

Figure 3.3: Posterior variance for microarray data

The variance is a measure of uncertainty/error. From Figure 3.3 the variance is
smallest at 0 and grows on either end as z gets further away from 0. So that’s what
we expected.

3.5 Credible interval
We can use the posterior mean and variance to provide a credible interval in the

Bayesian sense.[23]
In the normal case,

E(µ|x) = x+ σ2 g
′(x)

g(x)
, V ar(µ|x) = σ2x+ σ4[

g′′(x)

g(x)
− (

g′′(x)

g(x)
)2]. (3.5.1)

So the 95% credible interval for µ is

P (a ⩽ µ ⩽ b|x) =
∫︂ b

a

g(µ|x) = 0.95
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If we use a conjugate prior, then we know the posterior distribution is also normal.
The credible interval is given by

(qnorm(0.025, E(µ|x), V ar(µ|x)), qnorm(0.975, E(µ|x), V ar(µ|x))) (3.5.2)

In the case of Poisson distribution, E[logθ|x] = g′(x)
g(x)

, so

E[θ|x] = e
g′(x)
g(x) . (3.5.3)

In the case of Binomial, we computed the posterior odds E[log θ
1−θ |x] =

g′(x)
g(x)

, so

E[p|x] = e
g′(x)
g(x)

1 + e
g′(x)
g(x)

. (3.5.4)

3.6 Saddlepoint generalization
H. Daniels (1954)[15] proposed the saddlepoint method in order to obtain a highly

accurate approximation formula for any probability density function or probability
mass function of a distribution, based on the moment generating function. Here, we
briefly describe the method and then apply it in our context.

3.6.1 Derivation

Suppose we have a density from the exponential family defined as:

fX(x; θ) = exp{θx−K(θ)− d(x)}. (3.6.1)

We shall sketch the derivation of the saddlepoint approximation from Glen_b[29].
The above density is given by

fX(x; θ) ≈ (
1

2πK ′′(θ̂)
)
1
2 exp

{︁
K(θ̂)− θ̂x

}︁
, (3.6.2)

where K(·) is the cumulant generating function of the given distribution and θ̂ is the
maximum likelihood estimate of θ.

We begin with the assumption that the moment generating function exists and
is twice differentiable. This implies in particular that all moments exist. Let X be
a random variable with moment generating function M(t) = eK(t). Consider the
Laplace approximation to the following integral.

eK(t) =

∫︂ ∞

−∞
etxf(x)dx =

∫︂ ∞

−∞
exp(tx+ log f(x))dx =

∫︂ ∞

−∞
exp(−h(t, x))dx, (3.6.3)
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where

h(t, x) = −tx− log f(x).

Expand h(t, x) in a Taylor series around x0 keeping t constant to obtain

h(t, x) = h(t, x0) + h′(t, x0)(x− x0) +
1

2
h′′(t, x0)(x− x0)2 + · · · , (3.6.4)

where ’ denotes differentiation with respect to x. Letting xt be the solution to
h′(t, xt) = 0 yields the minimum for h(t, x) as a function of x.

eK(t) ≈
∫︂ ∞

−∞
exp(−h(t, xt)−

1

2
h′′(t, xt)(x− xt)2)dx = e−h(t,xt)

∫︂ ∞

−∞
e−

1
2
h′′(t,xt)(x−xt)2dx,

which is a Gaussian integral, giving:

eK(t) ≈ e−h(t,xt)

√︄
2π

h′′(t, xt)
. (3.6.5)

This can then be transformed into the saddlepoint approximation:

eK(t) ≈ etxt+log f(xt)

√︄
2π

h′′(t, xt)
,

f(xt) ≈
√︃
h′′(t, xt)

2π
exp[K(t)− txt)]. (3.6.6)

From h′(t, xt) = −t− ∂ log f(xt)
∂xt

= 0 we get:

K ′(t) = xt (3.6.7)

Taking second derivative yields:

h′′(t, xt) = −
∂2 log f(xt)

∂2xt
= − ∂

∂xt
(−t) = ∂xt

∂t

=
1

K ′(t)
. (3.6.8)

Hence, to approximate the density at a specific point xt, we solve the saddlepoint
equation for that xt to find t. The final expression for the saddlepoint approximation
of the density f(x) is given by

f(xt) ≈

√︄
1

2πK ′′(t)
eK(t)−txt .
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3.6.2 Accuracy of saddlepoint approximation

It is of interest to check on the accuracy of the saddlepoint approximation in
various examples of distributions. (Details of derivations are included in Appendix
A.1.2).

Example 1 Normal distribution

The exponential form of the Normal density is given by

f(x|µ) = 1√︁
2πσ2

0

e
(x−µ)2

2σ2
0 ,

f(x|η) = exp{ηx− σ2
0η

2

2
} 1√︁

2πσ2
0

e
− x2

2σ2
0 .

The saddlepoint approximation gives

f(x = η̂; η) ≈ (2π)−
1
2 (σ2

0)
− 1

2 exp
{︁
(η − x

σ2
0

)x− (
σ2
0η

2

2
− x

2σ2
0

)
}︁

≈ (2πσ2
0)

− 1
2 exp

{︁
(ηx− σ2

0η
2

2
− x2

2σ2
0

)
}︁
. (3.6.9)

The result in this case is exact.

Example 2 Exponential distribution

The exponential form of the Exponential distribution is given by

f(x|θ) = θe−θx

= exp{θ(−x) + log(θ)}.

The saddlepoint approximation gives

f(x; θ) ≈ (2π)−
1
2 (x2)−

1
2 exp

{︁
(θ − 1

x
)(−x)− (−logθ + log

1

x
)
}︁

≈ (2π)−
1
2x−1exp

{︁
(−θx+ 1) + logθ − log 1

x
)
}︁

≈ e√
2π
exp

{︁
θ(−x) + logθ)

}︁
. (3.6.10)

We calculate the ratio
e√
2π

= 2.718/2.5066 = 1.08.

So this approximation is roughly exact.
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Example 3 Poisson distribution

The exponential form of Poisson distribution is given by

f(x|θ) = θx

x!
e−θ

= exp{logθx− θ − logx!},
f(x|θ) = exp{ηx− eη − logx!}.

The saddlepoint approximation gives

f(x; η) ≈ (2π)−
1
2 (x)−

1
2 exp

{︁
(η − logx)(x)− (eη − x)

}︁
≈ (2πx)−

1
2 exp

{︁
ηx− eη − logxx+ x)

}︁
≈ exp

{︁
ηx− eη

}︁√︃ 1

2πx
(
e

x
)x. (3.6.11)

Consequently,
√︂

1
2πx

( e
x
)x approximates 1

x!
. which is actually the Stirling formula

for factorials.

Example 4 Binomial distribution

The exponential form of Binomial distribution is given by

f(x|p) =
(︃
n

x

)︃
px(1− p)n−x

= exp{log p

1− p
x+ n log 1− p}

(︃
n

x

)︃
,

f(x|η) = exp{ηx+ n log
1

eη + 1
}
(︃
n

x

)︃
.

The saddlepoint approximation gives

f(x; η) ≈ (2π)−
1
2 (
(n− x)x

n
)−

1
2 exp

{︁
(η − log x

n− x
)x− (n log(eη + 1)− n log( n

n− x
)
}︁

≈ (2π
(n− x)x

n
)−

1
2 exp

{︁
(ηx− n log(eη + 1)

}︁
(

x

n− x
)−x(

n

n− x
)n

≈ exp
{︁
(ηx− n log(eη + 1)

}︁
(

x

n− x
)−x(

n

n− x
)n
√︃

n

2π(n− x)x
. (3.6.12)

Consequently, ( x
n−x)

−x( n
n−x)

n
√︂

n
2π(n−x)x is used to approximate n!

x!(n−x)! which
once again is Stirling’s formula.
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Example 5 Gamma distribution

Suppose the shape parameter α is known in the Gamma distribution, its density
is given by

f(x|β) = βα

Γ (α)
xα−1e−βx

= exp{β(−x) + α log β} x
α−1

Γ (α)
.

The saddlepoint approximation gives

f(x; θ) ≈ (2π)−
1
2 (
x2

α
)−

1
2 exp

{︁
(β − α

x
)(−x)− (−α log β + α log

α

x
)
}︁

≈ (
α

2πx2
)
1
2 exp

{︁
− βx+ α + α log β + α log

x

α

}︁
≈ exp

{︁
− βx+ α log β

}︁√︃ α

2πx2
eα(

x

α
)α. (3.6.13)

Consequently,
√︁

α
2π
( e
α
)α serves to approximate 1

Γ (α)
. If α=1, this is consistent

with exponential distribution.

From above examples it can be seen that the Saddlepoint approximation works
well on exponential families.

3.6.3 Combination with Tweedie’s formula

We now originally make use of the saddlepoint approximation to generalize
Tweedie’s formula as the result holds for arbitrary exponential families and can work
for sufficient statistics for θ.

Suppose X1, ..., Xn is a random sample with a density from an exponential family

g(x; θ) = exp{θTa(x)− ψ(θ)− d(x)}, (3.6.14)

where the vector a(x) is the minimal sufficient statistic which represents the data, ψ(·)
is the cumulant generating function and d(·) is carrier measure. We will be concerned
with the non-null situation where θ ̸= 0.

The density of a(x) at a(x) = a is given by

g(a; θ) = exp{θTa− nψ(θ)− d∗(a)}. (3.6.15)

We may approximate exp{−d∗(a)} using the saddlepoint approximation[30]. Specif-
ically, we have

exp{−d∗(a)} = g(a; θ)exp{θTa− nψ(θ)}
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∼ (2π)
1
2 (nψ′′(θ̂))−

1
2 exp[nψ(θ̂)− θ̂

T
a], (3.6.16)

where the saddlepoint equation is nψ′(θ) = a. The saddlepoint occurs at the maxi-
mum likelihood estimate θ̂.

Plug equation (3.6.16) into equation (3.6.15), we have the density of a(x) at value
a

g(a; θ) ∼ (2π)
1
2 (nψ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)Ta− n(ψ(θ)− ψ(θ̂))

}︁
. (3.6.17)

The marginal distribution is given by

gX(a) =

∫︂
g(a; θ)π(θ)dθ

∼
∫︂

(2π)
k
2 (nψ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)Ta− n(ψ(θ)− ψ(θ̂))

}︁
π(θ)dθ.

Suppose n = 1, a = x, then ψ′(θ̂) = x.
We can view θ̂ is a function of x, compute derivatives of the marginal:

g′X(x) =

∫︂
[(2π)

1
2 (ψ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)Ta− (ψ(θ)− ψ(θ̂))

}︁
]′π(θ)dθ

= [(ψ′′(θ̂))−
1
2 ]′

∫︂
(2π)

1
2 exp

{︁
(θ − θ̂)Ta− (ψ(θ)− ψ(θ̂))

}︁
π(θ)dθ

+

∫︂
[(θ − θ̂)Ta− (ψ(θ)− ψ(θ̂)]′(2π)

1
2 (ψ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)Ta− (ψ(θ)− ψ(θ̂))

}︁
π(θ)dθ

= −1

2

ψ′′′(θ̂)

[ψ′′(θ̂)]

d

dx
θ̂g(x) + E[θ − θ̂|x]g(x)− x d

dx
θ̂g(x) + ψ′(θ̂)

d

dx
θ̂g(x),

which would give us

g′X(x)

gX(x)
= E[θ − θ̂|x]− x d

dx
θ̂ + ψ′(θ̂)

d

dx
θ̂ − 1

2

ψ′′′(θ̂)

[ψ′′(θ̂)]

d

dx
θ̂

= E[θ − θ̂|x]− 1

2

ψ′′′(θ̂)

[ψ′′(θ̂)]

d

dx
θ̂. (3.6.18)

So we derived Tweedie’s formula in the general case of an exponential family:

E[θ|x] = h(x) +
1

2

ψ′′′(θ̂)

[ψ′′(θ̂)]

d

dx
θ̂ + θ̂, (3.6.19)

where h(x) = g′X(x)

gX(x)
.
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In general we have properties of g′X(x)

gX(x)
from the Pearson system of distributions,

but we do not have an explicit formula for

θ̂ +
1

2

ψ′′′(θ̂)

[ψ′′(θ̂)]

d

dx
θ̂

So if we have the form of the cumulant function, we can get the Tweedie’s esti-
mates for the posterior means for θ.

From the Table 3.2 below, θ̂+ 1
2
ψ′′′(θ̂)

[ψ′′(θ̂)]
d
dx
θ̂ has the form θ̂+ c

x
, where c is a constant,

and the second term has little influence compared with the first term. So we can
approximate the estimator with θ̂ which can be obtained from maximum likelihood
estimation.

Density f (x) ψ (t) ψ′ (t) ψ′′′(t)
ψ′′(t)

θ̂ + 1
2

ψ′′′(θ̂)
[ψ′′(θ̂)]

d
dx
θ̂

Normal N (0, σ2) σ2t2

2
σ2t 0 x

σ2

Laplace* 1
2b
exp

(︂
− |x−µ|

b

)︂
µt− log (1− b2t2) µ+ 2b2t

1−b2t2
2b2(3t+b2t3)

1−b4t4

Gamma βα

Γ (α)
xα−1e−βx −αlog

(︂
1− t

β

)︂
α
β−t

2
β−t β − α

x
+ 1

x

Chi square 1
2k/2Γ (k/2)

xk/2−1e−x/2 −k
2
log (1− 2t) k

1−2t
4

1−2t
1
2
− k

2x
+ 1

x

Exponential λe−λx log λ
λ−t

1
λ−t

2
λ−t λ− λ

ex
+ λ

x

Beta Γ (α)Γ (β)
Γ (α+β)

xα−1(1− x)β−1 log(1 +
∞∑︁
k=1

(
k−1∏︁
r=0

α+β
α+β+r

) t
k

k
)

Possion λxe−λ

k!
λ(et − 1) λet 1 log(x

λ
) + 1

2x

Binomial
(︁
n
x

)︁
px(1− p)n−x nlog(1− p+ pet)

Geometric (1− p)x−1p log( pet

1−(1−p)et )

* not a member of the exponential family of distributions

Table 3.2: Computations of some exponential family distributions

3.7 Application to ranking data
Our contribution in this section is to apply Tweedie’s formula in the context of

rankings and test its effects on real data sets.
Suppose that R represents a ranking of t objects, it is convenient to standardize

the rankings under the assumption of uniformity by subtracting the null mean t+1
2

and dividing by the standard deviation
√︂

t(t2−1)
12

:

x =
R− t+1

2√︂
t(t2−1)

12

. (3.7.1)

Then its density is given by

gθ(x) = exp{θTx−K(θ)}g0(x). (3.7.2)
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The density g0(x) can take different forms at our disposal and it represents the
null situation when θ = 0.

Let π(θ) be a prior density on θ. Then the marginal density of X is

gX(x) =

∫︂
g(x;θ)π(θ)dθ

=

∫︂
exp{θTx−K(ϕ)}g0(x)π(θ)dθ. (3.7.3)

Now taking derivative

∂

∂x
gX(x) =

∫︂
θexp{θTx−K(ϕ)}g0(x)π(θ)dθ +

∂

∂x
g0(x)

∫︂
exp{θTx−Kt(ϕ)}π(θ)dθ,

1

gX(x)

∂

∂x
gX(x) = E[θ|x] + 1

g0(x)

∂

∂x
g0(x),

It follows that (applying Tweedie’s formula component by component)

E[θ|x] = 1

gX(x)

∂

∂x
gX(x)−

1

g0(x)

∂

∂x
g0(x). (3.7.4)

The first term at the right hand side of equation (3.7.4) is a vector whose compo-
nents are ( ∂

∂xi
log gX(xi)). We will use the Pearson system on these components, one

at a time and estimate them using each column of the data {x}. We shall consider
the carrying density g0(x).

3.7.1 Three situations

In this section, we consider three examples of densities g0(x). We then apply the
result to detecting differences in Sushi food preference patterns.

Uniform case

Here, we assume that the rankings of t objects are equally likely so that

g0(x) =
1

t!
, for all x

It follows that
1

g0(x)

∂

∂x
g0(x) = 0,

and consequently

E[θ|x] = 1

gX(x)

∂

∂x
gX(x). (3.7.5)
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Von-Mises distribution

Consider the following angle-based model proposed by M. Alvo & Hang Xu[48],
where they assumed a consensus score vector m and the probability of observing a
ranking x is proportional to the cosine of the angle from m. Our carrying density
g0(x) will be written as

g0(x) = C(κ,m)exp{κmTx}, (3.7.6)

where the parameter ∥m∥ = 1 = ∥x∥, parameter κ ⩾ 0, and C(κ,m) is the normal-
izing constant.

To compute the normalizing constant C(κ,m), let Pt be the set of all possible
permutations of the integers 1,...,t. Then

(C(κ,m))−1 =
∑︂
x∈Pt

exp{κmTx}. (3.7.7)

When t is large (larger than 15), the exact calculation of the normalizing constant
is difficult to compute. This is where the von Mises distribution comes in. It can be
used to work out an exact expression for the constant. The von Mises distribution
is for continuous data on a sphere. The ranking data is discrete and it can also be
thought of as placed on a t!-dimensional sphere, so it resembles this distribution. Some
empirical evidence showed that for a number of different values of t the approximation
works fairly well.[48] The continuous von Mises-Fisher distribution, abbreviated as
vMF (x|m, κ), its density is defined as:

p(x|κ,m) = Vt(κ)exp(κm
Tx), (3.7.8)

where Vt(κ) = κ
t
2−1

(2π)
t
2 I t

2−1
(κ)

and I t
2
−1 is the modified Bessel function of the first kind

with order p
2
− 1.

Consequently, the sum (3.7.7) can be approximated by an integral over the sphere

C(κ,m) ≈ Ct(κ) =
κ

t−3
2

2
t−3
2 t!I t−3

2
(κ)Γ( t−1

2
)
.

Then

∂

∂x
g0(x) = κm · Ct(κ)exp{κmTx},

1

g0(x)

∂

∂x
g0(x) = κm. (3.7.9)
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By maximum likelihood estimation we get:

m̂ =

∑︁N
i=1 xi

∥
∑︁N

i=1 xi∥
,

κ̂ =
r(t− 1− r2)

1− r2
.

where r =
∥
∑︁N

i=1 xi∥
N

Plug equation (3.7.9) in equation (3.7.4), the posterior mean will then be in the
form

E(θ|x) = 1

gX(x)

∂

∂x
gX(x)−

r(t− 1− r2)
1− r2

∑︁N
i=1 xi

∥
∑︁N

i=1 xi∥
. (3.7.10)

Multivariate Normal distribution

The normal distribution is frequently used in practice to model different phenom-
ena. In the present context we use it to model ranking data. Assume the conditional
probability distribution of x, gθ(x), is the multivariate normal distribution N(µ, Σ).
This indicates the carrying density g0(x) is the multivariate standard normal distri-
bution.

Using the results (3.3.9) we obtained in Section 3.3.1, we see immediately that
the posterior mean is

E(µ|x) = Σ
1

g(x)

∂

∂x
g(x) + x. (3.7.11)

Application Sushi data

In this application, we make use of the sushi data described in Kamishima
(2003)[36]. Our interest is to uncover differences in food preference patterns between
the populations in eastern and western Japan. Historically, western Japan has been
mainly affected by the culture of the Mikado emperor and nobles, while eastern Japan
has been the home of the Shogun and Samurai warriors. Therefore, the preferences
in sushi food might be quite different between these two regions.[36]

Here we view eastern and western people are from different distributions. We
assume each individual has a ranking (preferences of t=10 different kinds of sushi)
and an underlying θi. We computed the posterior θ’s for all the individuals and then
calculated the mean for the eastern and western populations. We rank the posterior
mean for the preference and display in Table 3.3.
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shrimp sea eel tuna squid sea urchin salmon roe egg fatty tuna tuna roll cucumber
Easternvon-Mises: 5 6 2 8 4 3 9 1 7 10
Westernvon-Mises: 6 5 2 7 3 4 9 1 8 10
Easternnormal: 3 4 5 6 9 1 8 2 7 10
Westernnormal: 2 1 10 3 5 9 4 6 8 7

Table 3.3: Results of sushi preference rankings of Eastern and Western
Japanese

As you can see, von-Mises case have similar ranking of eastern and western people
so it did not detect the difference of preference. However, the normal case indicated
that people in eastern Japan have a greater preference for Salmon roe and fatty Tuna
than western people. On the other hand, the latter prefer Sea eel, Shrimp and Squid.
This result is in accord with the original research. This result is in accord with
conclusions reached in the original research.



Chapter 4

Disscusion

4.1 Conclusion
This study has revisited some empirical Bayes methods and explored their ap-

plications. We start with a simple linear empirical Bayes method where the linear
estimator is obtained by minimizing the mean square error. We directly applied it
to ranking data sets and obtained consistent predictions with the official sites. Then
results are also good on other data sets not displayed in this thesis, such as the UK
University Ranking data.

1

We find that several un-related groups can contribute to the estimation in each
group, more information always provides more accurate estimates. We also applied
it to Interval data while we made some changes to suit the data type. The estimates
can amplify internal characteristics and move towards the overall mean.

We then looked at Tweedie’s formula. We proposed the Pearson system to com-
pute the derivative of the log marginal distribution, to obviate the need to specify
the entire marginal distribution. And it still works well when the sample size is
small (say 15). Next we generalized the Tweedie’s formula using Saddlepoint ap-
proximation. The applied results on ranking data are pretty good showing that the
methodology can accurately identify the preferences of different groups.

Although this thesis mainly applies empirical Bayes methods on ranking and
interval data, I believe they have great application prospects to other types of data.

4.2 Future research
We can further our exploration on empirical Bayesian analysis. I propose two

directions so far.
1https://www.thecompleteuniversityguide.co.uk/league-tables/rankings

48
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4.2.1 Dynamic approach

In our above setting, the θi are assumed to have unknown prior distributions. Let
dG(x) denote the Bayes decision rule when Xi = x is observed. The basic principle un-
derlying empirical Bayes is that dG can often be consistently estimated from the data
{X1, ..., Xn}, leading to the empirical Bayes rule dĜ. Thus, the n structurally similar
problems can be pooled to provide information about unspecified prior distribution,
thereby yielding Ĝ and the decision rules dĜ(Xi)) for the independent problems.[38]

Our next interest is to look at longitudinal data, we need to exploit information
from different individuals or objects over different time periods. Consider the general
linear model described by Lai & Su (2014)[38], in a general framework, Xi,t belongs
to an exponential family of distributions, when the ith subject is observed for time t,
the conditional density of Xt given Xt−1 is given by

g(x; θi,t, ϕ) = exp{xθi,t − f(θi.t)
ϕ

+ c(x, ϕ)}, (4.2.1)

which with the canonical link yields, (if ϕ = 1)

E [Xi,t|Xi,t−1] = θi,t

= β + ρXi,t−1. (4.2.2)

Thus we need to think about how to estimate the parameters (β, ρ, ϕ). They
also propose a model with covariates which includes data for several years. This will
further complicate the problem of estimation.

4.2.2 Parallel Randomized Experiments

Nowadays many studies comparing new treatments to standard treatments is
composed of parallel randomized experiments. It would be of interest to use empirical
Bayes methods to summarize the evidence in data about differences among parallel
experiments, thereby obtaining improved estimates for the treatment effect in each
experiment from all data combined.[47]



Appendix A

Supplementary materials

A.1 Derivations

A.1.1 Transformation from interval bounds to center and half-
width

Sample mean

X̄ =
1

n

∑︂
w∈E

lw + uw
2

=
1

n

∑︂
w∈E

cw.

Sample variance

S2 =
1

3n

∑︂
w∈E

(u2w + uwlw + l2w)−
1

4n2

∑︂
w∈E

(lw + uw)
2

=
1

3n

∑︂
w∈E

(3c2w + r2w)−
1

n2

∑︂
w∈E

c2w.

Sample covariance

Cov(Xi, Xj) =
1

4n

∑︂
w∈E

(liw + uiw)(ljw + ujw)−
1

4n2

∑︂
w∈E

(liw + uiw)
∑︂
w∈E

(ljw + ujw)

=
1

n

∑︂
w∈E

ciwcjw −
1

n2

∑︂
w∈E

ciw
∑︂
w∈E

cjw
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L2 distance

d2L2
(xi, xj) = |li − lj|2 + |ui − uj|2

= [|(ci − ri)− (cj − rj)|]2 + [|(ci + ri)− (cj + rj)|]2

= [(ci − cj)− (ri − rj)]2 + [(ci − cj) + (ri − rj)]2

= (ci − cj)2 − 2(ci − cj)(ri − rj) + (ri − rj)2 + (ci − cj)2 + 2(ci − cj)(ri − rj) + (ri − rj)2

= 2(ci − cj)2 + 2(ri − rj)2.

Hausdorff distance

dHau(xi, xj) = max{|li − lj|, |ui − uj|}
= max{|(ci − cj)− (rij − rj)|, |(ci − cj) + (ri − rj)|}
= |ci − cj|+ |ri − rj|.

A.1.2 Accuracy of Saddlepoint approximation

Normal distribution The density is

f(x|µ) = 1√︁
2πσ2

0

e
(x−µ)2

2σ2
0

= exp{ µ
σ2
0

x− µ2

2σ2
0

} 1√︁
2πσ2

0

e
− x2

2σ2
0

= exp{ηx− σ2
0η

2

2
} 1√︁

2πσ2
0

e
− x2

2σ2
0

Then

K(η) =
σ2
0η

2

2
K ′(η) = σ2

0η

K ′′(η) = σ2
0

Hence,

K ′(η̂) = x

η̂ =
x

σ2
0

K ′′(η̂) = σ2
0

So the saddlepoint approximation gives

fT (a; θ) ∼ (2π)−
1
2 (K ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)a− (K(θ)−K(θ̂))

}︁
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fT (x; θ) ≈ (2π)−
1
2 (σ2

0)
− 1

2 exp
{︁
(η − x

σ2
0

)x− (
σ2
0η

2

2
− x

2σ2
0

)
}︁

≈ (2πσ2
0)

− 1
2 exp

{︁
(ηx− σ2

0η
2

2
− x2

2σ2
0

)
}︁
.

Exponential distribution The density is

f(x|θ) = θe−θx

= exp{θ(−x) + log(θ)}

Then

K(θ) = −log(θ)

K ′(θ) = −1

θ

K ′′(θ) =
1

(θ)2

Hence,

K ′(θ̂) = −x

θ̂ =
1

x

K ′′(θ̂) = x2

So the saddlepoint approximation gives

fT (a; θ) ∼ (2π)−
1
2 (K ′′(θ̂))−

1
2 exp

{︁
(θ − θ̂)a− (K(θ)−K(θ̂))

}︁
fT (x; θ) ≈ (2π)−

1
2 (x2)−

1
2 exp

{︁
(θ − 1

x
)(−x)− (−logθ + log

1

x
)
}︁

≈ (2π)−
1
2x−1exp

{︁
(−θx+ 1) + logθ − log 1

x
)
}︁

≈ e√
2π
exp

{︁
θ(−x) + logθ)

}︁
.

Poisson distribution The density is

f(x|θ) = θx

x!
e−θ

= exp{logθx− θ − logx!}
= exp{ηx− eη − logx!}
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Then

K(η) = K ′(η) = K ′′(η) = eη

Hence,

K ′(η̂) = x

η̂ = logx

K ′′(η̂) = x

So the saddlepoint approximation gives

fT (x; η) ≈ (2π)−
1
2 (x)−

1
2 exp

{︁
(η − logx)(x)− (eη − x)

}︁
≈ (2πx)−

1
2 exp

{︁
ηx− eη − logxx+ x)

}︁
≈ exp

{︁
ηx− eη

}︁√︃ 1

2πx
(
e

x
)x.

Binomial distribution The density is

f(x|p) =
(︃
n

x

)︃
px(1− p)n−x

= exp{log p

1− p
x+ n log 1− p}

(︃
n

x

)︃
= exp{ηx+ n log

1

eη + 1
}
(︃
n

x

)︃
We have

K(η) = n log(eη + 1)

K ′(η) =
neη

eη + 1

K ′′(η̂) =
neη

(eη + 1)2

Hence,

K ′(η̂) = x

η̂ = log
x

n− x

K ′′(η̂) =
(n− x)x

n



A. SUPPLEMENTARY MATERIALS 54

So the saddlepoint approximation gives

fT (x; η) ≈ (2π)−
1
2 (
(n− x)x

n
)−

1
2 exp

{︁
(η − log x

n− x
)x− (n log(eη + 1)− n log( n

n− x
)
}︁

≈ (2π
(n− x)x

n
)−

1
2 exp

{︁
(ηx− n log(eη + 1)

}︁
(

x

n− x
)−x(

n

n− x
)n

≈ exp
{︁
(ηx− n log(eη + 1)

}︁
(

x

n− x
)−x(

n

n− x
)n
√︃

n

2π(n− x)x
.

Gamma distribution Suppose the shape parameter α is known in the Gamma
density,

f(x|β) = βα

Γ (α)
xα−1e−βx

= exp{β(−x) + α log β} x
α−1

Γ (α)

Then

K(β) = −αlog(β)

K ′(β) = −α
β

K ′′(β) =
α

(β)2

Hence,

K ′(β̂) = −x

β̂ =
α

x

K ′′(β̂) =
x2

α

So the saddlepoint approximation gives

fT (x; θ) ≈ (2π)−
1
2 (
x2

α
)−

1
2 exp

{︁
(β − α

x
)(−x)− (−α log β + α log

α

x
)
}︁

≈ (
α

2πx2
)
1
2 exp

{︁
− βx+ α + α log β + α log

x

α

}︁
≈ exp

{︁
− βx+ α log β

}︁√︃ α

2πx2
eα(

x

α
)α.



Appendix B

Code

B.1 University ranking data application

m2020 <-read.csv("Medical2020.csv",header=TRUE)
m2019 <-read.csv("Medical2019.csv",header=TRUE)
m2018 <-read.csv("Medical2018.csv",header=TRUE)

r<-ncol(m2020) -1
n<-nrow(m2020) -1
X1<-matrix(0,n,r)
for (i in 1:n)

for (j in 1:r)
{X1[i,j]<-m2020[i+1,j+1]}

X2<-matrix(0,n,r)
for (i in 1:n)

for (j in 1:r)
{X2[i,j]<-m2019[i+1,j+1]}

X3<-matrix(0,n,r)
for (i in 1:n)

for (j in 1:r)
{X3[i,j]<-m2018[i+1,j+1]}

X1.m<-colSums(X1)/n
X2.m<-colSums(X2)/n
X3.m<-colSums(X3)/n
X1.S<-matrix(0,r,r)
X2.S<-matrix(0,r,r)
X3.S<-matrix(0,r,r)
for (j in 1:n)

X1.S<-X1.S+(X1[j,]-X1.m)%*%t(X1[j,]-X1.m)
for (j in 1:n)

X2.S<-X2.S+(X2[j,]-X2.m)%*%t(X2[j,]-X2.m)
for (j in 1:n)
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X3.S<-X3.S+(X3[j,]-X3.m)%*%t(X3[j,]-X3.m)
X1.S<-X1.S/(n-1)
X2.S<-X2.S/(n-1)
X3.S<-X3.S/(n-1)
X.m<-(X1.m+X2.m+X3.m)/3
S<-(X1.S+X2.S+X3.S)/3
U<-((X1.m-X.m)%*%t(X1.m-X.m)+(X2.m-X.m)%*%t(X2.m-X.m)+(X3.m-X.

m)%*%t(X3.m-X.m))/2
v<-(1/n+1/n+1/n)/3
E<- U-v*S
for(i in 1:nrow(E)){

E[i,i]<-ifelse(E[i,i]>0,E[i,i],0)
}
library(MASS)
t1<-X.m+(E)%*%ginv(E+S/n)%*%(X1.m-X.m)
rank(t1)

B.2 Blood pressure data application

bp<-read.csv("bp.csv",header=TRUE)
n<-nrow(bp)
X<-matrix(0,n,4)
for (i in 1:n){

X[i,1] <-bp[i,5]
X[i,2] <-bp[i,6]
X[i,3] <-bp[i,7]
X[i,4] <-bp[i,8]

}
c<-numeric(n)
for (i in 1:n){

c[i]<-(X[i,1]+X[i,2])/2
}
r<-numeric(n)
for (i in 1:n){

r[i]<-(X[i,2]-X[i,1])/2
}

interval.mean <-function(au,bu){
m<-length(au)
return (1/m *sum((au+bu)/2))

}
interval.variance <-function(au ,bu){

m<-length(au)
return (1/(3*m)*sum(au^2+au*bu+bu^2) - 1/(4*m^2)*sum(au+bu)

^2)
}
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X.m<-numeric(n)
for(i in 1:n){

X.m[i]<-interval.mean(X[i,1],X[i,2])
}
X.s<-numeric(n)
for(i in 1:n){

X.s[i]<-interval.variance(X[i,1],X[i,2])
}
S<-mean(X.s)
X.om<-interval.mean(X[,1],X[,2])
X.i<-apply(X,2,mean)
U.i<-interval.variance(X[,1],X[,2])
U.i<-var(X.m)
v<- 1
E<- U.i-v*S
E<-ifelse(E>0,E,0)
b<- E/(E+S)
a<- X.om -b*X.om

X.sm<- a+b*X.m
X.t<- a+b*X[,1:2]

apply(X,2,mean)
apply(X.t,2,mean)
X[11:20 ,]
X.t[11:20 ,]

T<-round(cbind(X[,1:2],c,r,X.sm ,X.t) ,4)
write.csv(T,"bp-symbolic.csv")

bp_new <-read.csv("bp -symbolic.csv",header=TRUE)
n<-nrow(bp)
X<-matrix(0,n,4)
for (i in 1:n){

X[i,1] <-bp[i,5]
X[i,2] <-bp[i,6]
X[i,3] <-bp[i,7]
X[i,4] <-bp[i,8]

}
c<-numeric(n)
for (i in 1:n){

c[i]<-(X[i,1]+X[i,2])/2
}
r<-numeric(n)
for (i in 1:n){

r[i]<-(X[i,2]-X[i,1])/2
}

L2<-function(vec1 ,vec2){
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a = vec1 [1]
b = vec1 [2]
l = vec2 [1]
u = vec2 [2]
return (2*(a-l)^2+2*(b-u)^2)

}

Hausdorff <-function(vec1 ,vec2){
a = vec1 [1]
b = vec1 [2]
l = vec2 [1]
u = vec2 [2]
return(max(abs(a-l),abs(b-u)))

}

Wasserstein <-function(vec1 ,vec2){
a = vec1 [1]
b = vec1 [2]
l = vec2 [1]
u = vec2 [2]
m = (a+b)/2
r = (b-a)/2
n = (l+u)/2
q = (u-l)/2
return( (m-n)^2+(r-q)^2/3 )

}

Initialization <-function(data , K){
iniprototypes <-data[sample(nrow(data),K) ,]
iniprototypes [,3]<-seq(0,K-1)
return(iniprototypes)

}

Mindistance <-function(data ,prototype ,l,FUN=L2){
K<-nrow(prototype)
test <-0
for (i in 1:nrow(data)){

Min <-Inf
for (k in 1:K){

distance <-FUN(data[i,1:2] , prototype[k ,1:2])
if (distance <Min){

h=prototype[k,3]
Min=distance

}
}
if(l[i]!=h){

test <-1
l[i]<<- h

}
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}
return(test)

}

K=3
Bestprototype <-function(data ,FUN=L2){

l0<-which(data [ ,3]==0)
l1<-which(data [ ,3]==1)
l2<-which(data [ ,3]==2)
prototype <-vector ()
d<-Inf
for (i in l0){

distance <-0
for (j in l0){

distance <-distance+FUN(data[i,],data[j,])
}
if(distance <d){

d=distance
b<-i

}
}
prototype <-rbind(prototype ,data[i,])
d<-Inf
for (i in l1){

distance <-0
for (j in l1){

distance <-distance+FUN(data[i,],data[j,])
}
if(distance <d){

d=distance
b<-i

}
}
prototype <-rbind(prototype ,data[i,])
d<-Inf
for (i in l2){

distance <-0
for (j in l2){

distance <-distance+FUN(data[i,],data[j,])
}
if(distance <d){

d=distance
b<-i

}
}
prototype <-rbind(prototype ,data[i,])
return(prototype)

}
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Meanprototype <-function(data ,FUN=L2){
l0<-which(data [ ,3]==0)
l1<-which(data [ ,3]==1)
l2<-which(data [ ,3]==2)
prototype <-rbind(ifelse(c(length(l0),length(l0))==1,data[l0

,1:2], apply(data[l0 ,1:2],2, mean)),
ifelse(c(length(l1),length(l1))==1,data[l1

,1:2], apply(data[l1 ,1:2],2, mean)),
ifelse(c(length(l2),length(l2))==1,data[l2

,1:2], apply(data[l2 ,1:2],2, mean)))
prototype <-cbind(prototype ,c(0,1,2))
return(prototype)

}

X1<-cbind(X[ ,1:2],3)
init <-Initialization(X1 ,3)
l<-rep(3,nrow(X1))
test <-Mindistance(X1 ,init ,l,L2)
X1[,3]<-l
while(test!=0){

#prototypes <-Bestprototype(X1 ,L2)
prototypes <-Meanprototype(X1 ,L2)
test <-Mindistance(X1 ,prototypes ,l,L2)
X1[,3]<-l

}
X1<-as.data.frame(X1 ,col.names=c('lower','upper','predicted '))
write.csv(prototypes ,"Centroid.csv")
write.csv(X1,"ClusterResult.csv")

# Comparison with R package K-means algorithm
library(factoextra)
result <-kmeans(X[,1:2] ,3)
label <-result$cluster
#label[which(label ==2) ]=0
#label[which(label ==1) ]=2
#label[which(label ==3) ]=1
#sum(label!=X1$predicted)

bp_new <-read.csv("bp -symbolic.csv",header=TRUE)
X_new <-numeric(nrow(bp_new))
for (i in 1:nrow(bp_new)){

X_new[i]<-bp_new[i,6]
}
result_new <-kmeans(X_new ,3)
label_new <-result_new$cluster

# Visualization
import numpy as np
import pandas as pd
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import matplotlib.pyplot as plt
from sklearn import metrics
from sklearn.cluster import KMeans

def showCluster(centroidList , clusterDict):
colorMark = ['og', 'ob', 'or', 'ok', 'oy']
centroidMark = ['dg', 'db', 'dr', 'dk', 'dy']
for key in clusterDict.keys():

plt.plot(centroidList[key][0], centroidList[key][1],
centroidMark[key],
markersize=12)

for item in clusterDict[key]:
plt.plot(item[0], item[1], colorMark[key])

plt.show()

Centroid = pd.read_csv("Centroid.csv")
centroid = np.array(Centroid.iloc[:,[1,2]])
clustered = pd.read_csv("ClusterResult.csv")
clustered = np.array(clustered.iloc[:,[1,2,3]])
cluster1['values '])])
clusterdict=dict()
for item in clustered:

flag = item[2]
if flag not in clusterdict.keys():

clusterdict.setdefault(flag , [])
clusterdict[flag].append(item)

showCluster(centroid ,clusterdict)

dataset_new = pd.read_csv("bp -symbolic.csv")
data_new = dataset_new.drop([len(dataset_new)-1])
data_new = np.array(data_new.iloc[:,[5]])
#data_new = np.array(data_new.iloc[:,[3]])
kmeans_model = KMeans(n_clusters=3, random_state=1)
kmm = kmeans_model.fit(data_new)
labels = kmm.labels_
centroids = kmm.cluster_centers_

colors = ['r', 'g', 'b', 'k', 'y']
n_cluster = 3
for i in range(n_cluster):

index = np.nonzero(labels==i)[0]
x = np.arange(0,90,1)[index]
y = data_new[index]
plt.scatter(x, y, color=colors[i])

plt.show()
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B.3 Microarray data application

#prostmat <- read.csv("http://web.stanford.edu/~hastie/CASI_
files/DATA/prostmat.csv")

prostmat <-read.csv("prostmat.csv",header = T)
prostz <-as.matrix(read.table("prostz.txt",header = F,col.names

= "z.values"))
n<-nrow(prostz)

#Computing z-values
#method1
n1<-50
n2<-52
x1<-prostmat [,1:n1]
x2<-prostmat[,(n1+1):(n1+n2)]
mean1 <-apply(x1 ,1,mean)
mean2 <-apply(x2 ,1,mean)
S1<-apply(x1 ,1,var)
S2<-apply(x2 ,1,var)
Sc<-((n1 -1)*S1+(n2 -1)*S2)/(n1+n2 -2)
S<-sqrt(Sc*(1/n1+1/n2))
t<-(mean1 -mean2)/S
z<-qnorm(pt(t,100))
#method 2
zi<-numeric(nrow(prostmat))
for(i in 1:nrow(prostmat)){

zi[i]<-t.test(prostmat[i,1:50] , prostmat[i,51:102] , paired = F
)$statistic

}

#normal
#pearson system
#posterior mean
x<-prostz
mu1 <-mean(x)
mu2 <-var(x)
b1<-abs((sum((x-mu1)^3)/n)/(mu2)^(3/2))
ske <-(sum((x-mu1)^3)/n)^2/(mu2)^(3)
kur <-(sum((x-mu1)^4)/n)/(mu2)^2
A<-10*kur -18 -12*ske
c0<- -mu2*(4*kur -3*ske)/A
c1<- -sqrt(mu2)*sqrt(ske)*(kur+3)/A
c2<- -(2*kur -3*ske -6)/A
a<- c1
log.diff <-function(y,a,c0 ,c1,c2){

f<- (y-a)/(c0+c1*y+c2*y^2)
return(f)
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}
l.diff <-numeric(n)
for(i in 1:n){

l.diff[i]<-log.diff(prostz[i],a,c0,c1,c2)
}
#use sample variance to approximate distribution variance
e<-numeric(n)
for(i in 1:n){

e[i]<-prostz[i]+var(prostz)*l.diff[i]
}
#assume the variance is known to be 1
e<-numeric(n)
for(i in 1:n){

e[i]<-prostz[i]+l.diff[i]
}

#plots
hist(prostz ,breaks = seq(-6,6,0.2),main="Histogram␣of␣z-values

",xlab="z-values",xlim=c(-4,4))
hist(e,breaks = seq(-4,4,0.2),main="Histogram␣of␣posterior␣

mean",xlab="E[mu|z]",xlim=c(-2,2))
plot(prostz ,e,ylab="E[mu|z]",xlab="z␣value",xlim=c(-6,6))

#posterior variance
log .2. diff <-function(y,a,c0 ,c1,c2){

f<- (c0+a*c1+2*a*c2*y-c2*y^2)/(c0+c1*y+c2*y^2)^2
return(f)

}
l.2. diff <-numeric(n)
for(i in 1:n){

l.2. diff[i]<-log .2. diff(prostz[i],a,c0,c1,c2)
}
#use sample variance to approximate distribution variance
v<-numeric(n)
for(i in 1:n){

v[i]<-var(prostz)*(1+var(prostz)*l.2. diff[i])
}
#assume the variance is known to be 1
v<-numeric(n)
for(i in 1:n){

v[i]<- 1+l.2. diff[i]
}
plot(prostz ,v,ylab="Var[mu|z]",xlab="z␣value")

#false discovery rate and ggplot
library(locfdr)
f<-locfdr(prostz)$fdr
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library(ggplot2)
dat <-data.frame(cbind(prostz ,e,v,f))
p1<-ggplot(data=dat ,aes(x=prostz ,y=e))+theme_bw()+labs(x="z␣

value",y="E[mu|z]",
title="Posterior␣mean")+xlim ( -5.5 ,5.5)+ylim(-4,4)+geom_

point()
p1+geom_line(aes(x=prostz ,y=f),linetype=2,colour='red')
p2<-ggplot(data=dat ,aes(x=prostz ,y=v))+labs(x="z␣value",y="Var

[mu|z]",
title="Posterior␣variance")+xlim ( -5.5 ,5.5)+theme_bw()+

geom_line()

B.4 Sushi ranking data application

data.e<-as.matrix(read.csv("sushi_small_eastern_data.csv",
header=FALSE))

data.w<-as.matrix(read.csv("sushi_small_western_data.csv",
header=FALSE))

n1<-nrow(data.e)
n2<-nrow(data.w)
t<-ncol(data.e)
X1<-matrix(0,t,n1)
for (i in 1:n1)
{X1[,i]<-data.e[i,]}
X2<-matrix(0,t,n2)
for (i in 1:n2)
{X2[,i]<-data.w[i,]}

Y1<- (X1-t/2)/sqrt(t*(t^2-1)/12)
Y2<- (X2-t/2)/sqrt(t*(t^2-1)/12)

Y1.m<-rowSums(Y1)/n1
Y2.m<-rowSums(Y2)/n2
Y1.S<-cov(t(Y1))
Y2.S<-cov(t(Y2))

#null

#von -Mises
r<-sqrt(sum((apply(Y1 ,1,sum)^2)))/n1
mu.hat <-apply(Y1 ,1,sum)/sqrt(sum(( apply(Y1 ,1,sum)^2)))
k.hat <-r*(t-1-r^2)/(1-r^2)
l.diff <-k.hat%*%t(mu.hat)
e1<-Y1.m+Y1.S%*%t(l.diff)
r<-sqrt(sum((apply(Y2 ,1,sum)^2)))/n2
mu.hat <-apply(Y2 ,1,sum)/sqrt(sum(( apply(Y2 ,1,sum)^2)))
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k.hat <-r*(t-1-r^2)/(1-r^2)
l.diff <-k.hat%*%t(mu.hat)
e2<-Y2.m+Y2.S%*%t(l.diff)
rank(e1)
rank(e2)

#Normal
theta.1<-matrix(0,n1,t)
for (j in 1:n1){

l.diff <-numeric(t)
for (i in 1:t){

x<-Y1[i,]
n<-length(x)
mu1 <-mean(x)
mu2 <-var(x)
b1<-abs((sum((x-mu1)^3)/n)/(mu2)^(3/2))
ske <-(sum((x-mu1)^3)/n)^2/(mu2)^(3)
kur <-(sum((x-mu1)^4)/n)/(mu2)^2
A<-10*kur -18 -12*ske
c0<- -mu2*(4*kur -3*ske)/A
c1<- -sqrt(mu2)*sqrt(ske)*(kur+3)/A
c2<- -(2*kur -3*ske -6)/A
a<- c1
log.diff <-function(y,a,c0 ,c1,c2){

f<- (y-a)/(c0+c1*y+c2*y^2)
return(f)

}
l.diff[i]<-log.diff(Y1[i,j],a,c0 ,c1,c2)

}
theta .1[j,]<-Y1[,j]+Y1.S%*%l.diff

}
E.1<-apply(theta.1,2,mean)
theta.2<-matrix(0,n2,t)
for (j in 1:n2){

l.diff <-numeric(t)
for (i in 1:t){

x<-Y2[i,]
n<-length(x)
mu1 <-mean(x)
mu2 <-var(x)
b1<-abs((sum((x-mu1)^3)/n)/(mu2)^(3/2))
ske <-(sum((x-mu1)^3)/n)^2/(mu2)^(3)
kur <-(sum((x-mu1)^4)/n)/(mu2)^2
A<-10*kur -18 -12*ske
c0<- -mu2*(4*kur -3*ske)/A
c1<- -sqrt(mu2)*sqrt(ske)*(kur+3)/A
c2<- -(2*kur -3*ske -6)/A
a<- c1
log.diff <-function(y,a,c0 ,c1,c2){
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f<- (y-a)/(c0+c1*y+c2*y^2)
return(f)

}
l.diff[i]<-log.diff(Y2[i,j],a,c0 ,c1,c2)

}
theta .2[j,]<-Y2[,j]+Y2.S%*%l.diff

}
E.2<-apply(theta.2,2,mean)
rank(E.1)
rank(E.2)
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