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Abstract

In this thesis, we investigate examples of random walks on free products of cyclic
groups. Free products are groups that contain words constructed by concatenation
with possible simplifications[20]. Mairesse in [17] proved that the harmonic measure
on the boundary of these random walks has a Markovian Multiplicative structure
(this is a class of Markov measures which requires fewer parameters than the usual
Markov measures for its description ), and also showed how in the case of the harmonic
measure these parameters can be found from Traffic Equations. Then Mairesse and
Mathéus in [20] continued investigation of these random walks and the associated
Traffic Equations. They introduced the Stationary Traffic Equations for the situation
when the measure is shift-invariant in addition to being p-invariant. In this thesis,
we review these developments as well as explicitly describe several concrete examples
of random walks on free products, some of which are new.
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Chapter 1

Introduction

In this thesis, we are dealing with free products of cyclic groups. Free products are
groups that contain words constructed by concatenation with possible simplifications
[20]. More precisely, these words take elements alternately from the original groups.
Changes may occur only at the contact points. If at a contact point we have elements
from different groups, then we just write them as they are. On the other hand, if at a
contact point we have elements from the same group then we have to multiply them.
They may cancel each other if they are inverses, or we may have a new element,
which is the product of these two elements. For these two later cases, we continue the
procedure for the new elements we got. In the same way, we proceed for all contact
points.

A Markov chain is a “memoryless” stochastic process with discrete time, meaning
that its behaviour in the future only depends on its position at present rather than
on the whole history of the process. If the state space of the Markov chain is a graph,
it is usually called a random walk.

One basic example of the random walk is the simple random walk on a graph.
The transition probabilities in the simple random walk are equidistributed on the
neighbours of each vertex, which means the random walker chooses the next step
from the neighbours with equal probability.

A Markovian Multiplicative measure is a special Markov chain meaning that,
unlike a regular Markov chain, it requires only one probability vector on the state
space S to describe its behaviour [20, 17]. We call this vector the base of the Marko-
vian Multiplicative measure. This base serves as an initial distribution as well as for
defining the transition probabilities by using another piece of data, which is the set of
admissible transitions 7' C S x S between the points of the state space (alternatively,
it can be done in terms of the set of forbidden transitions F' = S x S\ T) [20, 17].
Then the transition probability from a given point a is obtained by restricting the
base probability vector to the set of points accessible from a and then normalizing it.
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Example 1.0.1. Consider a Markovian Multiplicative measure given by the state
space S = {a,b,c}, a Markovian Multiplicative base 0 = (0(a),0(b),0(c)) and the set
of forbidden transitions

F ={(a,a),(b,b),(c,c)} .

Then, the initial distribution is
A= (0(a),0(b),0(c)) -
Also, the transition probabilities for each o, B € S can be found using

0(5)

p(Oé, B) = Zg';(a75')¢F 9(5,)
Thus we have ) o)
PR = 9my v o(c)
and 00

P =5+ 000

whereas p(a,a) = 0 as the transition (a,a) is forbidden.

In our setting, we consider random walks on free products of cyclic groups that
start at the identity element 1 and proceed according to a step distribution p con-
centrated on the generating set S. These random walks happen to be transient, and
therefore will eventually converge to the boundary [20, 11, 5].

Mairesse in [17] found that the harmonic measure of the random walk, which is
the hitting measure on the boundary of the free product, is a Markovian Multiplicative
measure. To find its base, Mairesse has used the Traffic Equations in [17], and
Mairesse and Mathéus have introduced Stationary Traffic Equations in [20] in the
case where the harmonic measure is shift-invariant in addition to being u-invariant.

The Traffic equations associated with nearest neighbour random walks on free
products (G, 1) were used by Mairesse in [17, Equation:17] Va € S,

= ula r(u ’1 (u) ————7"l(a
r(a) =pla) Y r(w)+ > u + > p(u Z%ML ) (a).

ueS\Sy uxv=a UuES\Sy

In [20, Equation:12], Mairesse and Mathéus defined the Stationary Traffic Equations
associated with (G, u) as Va € S,

If! —1 1| 1

ueS\Sy

u*v=a
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Our aim is to investigate some concrete examples of random walks on free prod-
ucts of cyclic groups. The examples of free products of two cyclic groups are based on
Mairess and Mathéus papers [20] and [19]. We discuss the example of the free product
727+ Z/3Z and two cases of symmetric measures on the free product Z/3Z x Z/3Z.

Our new examples are free products of three cyclic groups. The examples we
consider are Z/2Z x Z)27 x )27 and Z/3Z % Z/37 * 7/37Z. In each one of these
examples, we solve the Traffic Equations. We use the solutions we obtain in finding
the drift (the speed of the random walk), the asymptotic entropy of the random walk
and the Hausdorff dimension of the harmonic measure on the boundary.

The drift measures the speed of the random walk in which it escapes to infinity
and is defined as

. 1
v=lim —|z,|s,
n—,oo N,

where |.| denotes the word length associated with a finite symmetric set of generators
of G [17, Equation:5|[18, Equation:3].

In a nearest neighbour random walk, the drift is bounded between 0 < v < 1. In
our setting of Markovian Multiplicative measure, according to [20, Equation:19] the
drift can be calculated as follows:

y= ula) |=r(@ )+ Y ()

a€S beS\ S,

where p is the probability measure concentrated on the generating set and the vectors
r(a) are solutions to the Traffic Equations.

Another invariant we are interested in is the asymptotic entropy of the random
walk. The asymptotic entropy h is the limit of Shannon’s entropies for the n-fold
convolution measure H (p*") divided by time n. The Shannon entropy measures the
randomness of a random variable. It increases if the predictability of the outcomes
is low and decreases if we have a high predictability of the outcomes. The uniform
measure has the highest entropy.

The asymptotic entropy measures how much information about any single incre-
ment of the random walk is retained in their product. According to [18, Equation:16],
the asymptotic entropy can be found by using the harmonic measure:

Set ¢(s) = 5%

== o te) o | s s+ 30 1o | D8 rtg) loglate] 3 vt

SES
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After that, we want to calculate the Hausdorff dimension of the harmonic mea-
sure. The Hausdorff dimension, unlike the usual one, can take noninteger values and
”shows the degree of singularity” or “fractalness” [12]. To understand the Hausdorff
dimension let us consider a metric space and a probability measure defined on that
space. We take a point from the space and look at balls centered at this point,
see[23]. We take logarithms of the measures of these balls and divide them by the
radius of each ball. If the limit exists almost everywhere and it is the same, it is
called dimension of the measure.

To find Hausdorff dimension in our setting, we need to normalize the asymptotic
entropy h by the rate of escape v

which is first appeared in [12] with specific conditions. Then, it was generalized in
[15].

I want to acknowledge that, in the background section, the group theory part
is, mostly, based on [8] and the graph theory part is, mostly, based on [16, 1]. Also,
the Markov process part is, mostly, based on [22, 13, 25]. The entropy part in the
numerical asymptotic invariants part is, mostly, based on [10, 27, 3] and the Hausdorff
dimension part is, mostly, based on [12, 28, 15, 23] . Moreover, the drift part as well
as the random walk on free products of cyclic groups section is, mostly, based on
20, 17, 18]. The examples of free products of two cyclic groups in the last section is
based on [20, 19]. However, the examples of free products of three cyclic groups are
new.



Chapter 2

Background

2.1 Introduction

In this section, we will recall definitions and important notions from group theory,
graph theory, Markov chains and some numerical asymptotic invariants. In group
theory, a group is a nonempty set with a binary operation called multiplication. A
group should contain identity element and every element in the group should have an
inverse. A cyclic group is a special kind of group that can be generated by a single
element. In this thesis, we are dealing with free products of cyclic groups.

Groups are important easy structures which can be used as building blocks to
construct more general structures such as direct products and free products.

Below we shall be dealing with Cayley graphs for free products of cyclic groups.
Thus, we need to review some basic notions about graphs, digraphs and Cayley
diagrams. A graph is a pair of sets (V, E), where V is the set of vertices and E is the
set of edges, formed by pairs of vertices. A digraph I is a triple consisting of a vertex
set V(I'), and edge set E(I'), and a function assigning to each edge an orded pair of
vertices. These vertices are called endpoints. Let G be a group with generating set .S.
The Cayley graph of G with respect to S, denoted X = X (G;5), is the graph with
V(X) = G, and an edge between vertices g,h € G if g7'th € S x S71.

After that we discuss one kind of stochastic processes namely, random walks. A
random walk is a special case of Markov chains, which is a memoryless process, where
you only need to know the last position in order to know the next one. In other words
the whole history of the chain is irrelevant in predicting where is the next step.

We take some examples of random walks. We consider Polya’s walk on Z and
72 as well as random walks on Cayley graphs of groups which are related to the main
topic of this thesis ( The random walk on free products of cyclic groups ).

Finally, we review some numerical asymptotic invariants namely, the asymptotic
entropy, the drift and the Hausdorff dimension. Entropy is a term that used in
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different sciences to mean different quantities. It was initiated in physics as a measure
of randomness. Then, it was adopted in the communication theory as a measure
of missing information or unpredictability and is called Shannon entropy. Another
invariant is the drift, which measures the speed in which the random walk escapes to
infinity. Finally, we discuss Hausdorff dimension of random walk and express that it
is the infimum of the dimensions of the sets of full measures on the boundary. It can
also be found using

H(D):%.

See [12] and [15] for more details.

2.2 Group theory

We need to recall some basic definitions from group theory regarding groups, cyclic
groups, free products and free groups. These definitions can be found in most abstract
algebra books, see for instance [8, 6].

Definition 2.2.1. Monoid
A nonempty set G equipped with a binary operation o : G x G — G s called a
monoid if the following conditions are satisfied:

e The operation o is associative (i.e. (aob)oc=ao(boc)).

e There is an identity e such that eoa =aoe = a for all a € G.

Definition 2.2.2. Group
A group is a monoid satisfying an extra condition:

e For every element a € G there is an inverse a=* € G, such that a * a=* =

a_l*a:e.

Definition 2.2.3. Cyclic group

A cyclic group is a group that can be generated by one single element called a
generator.

Denote by g the generator of the group. Recall that the order of a group element
18 the minimal n such that g" = e.

There are two cases: if g has an infinite order (i.e., no power of g is the group
identity), then the group G consists of all powers of g and is isomorphic to the group
of integers Z. If g has a finite order n, then the group G is isomorphic to the group
Zy of integers modulo n.
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Definition 2.2.4. Free monoid

The set S* that contains all finite strings of elements (including the empty string)
from a set S is called the free monoid on S. The multiplication in S* is defined as
the string concatenation and the unit element is the empty string.

The following definition and discussion about the free group are based on [8].

Definition 2.2.5. Let S be a set. The group F[S] is called the free group on the subset
of free generators S (not necessarily finite) if it satisfies the following two conditions:

o F[S] is generated by S, and

e For any mapping ¢ from S into a group G, we can uniquely extend ¢ to a group
homomorphism from F[S] to G.

Now, set
St={a"taeS}.

Following are some facts about the free group F'[S] which is based on [8].

e Elements from S and S™! are called the letters of the free group F[S]. Ele-
ments from F[S] are finite words respectively, infinite words which are finite
respectively, infinite strings of letters from S or S~! written in juxtaposition.

Example 2.2.6. Consider the generating set S = {a,b,c} Some words in the
free group F[S] are

1

abee, abbta, ¢ tebbe, ba ta  ca_1a

However, usually, a word is denoted by its reduced word which is the word that
does not have a letter and its inverse as consecutive letters and we replace them
(a letter followed by its inverse) by the unit element 1. In a reduced word, also,
consecutive copies of the same letter are replaced by a power to that letter. For
example, the previous words often denoted by the simpler forms:

abc?, a®, bc, ba ?c ,
respectively.

e For two words Ly and Ly in F[S], L;.L, is the word obtained by concatenation
L, L, of the two words L; and L.

Example 2.2.7. Let Ly = ab’c™'b and Ly, = b 'cbc. The concatenation
Li.Ly = ab*c 'bb~tcbe. After concatenation, the resulting word may be writ-

ten in a reduced form
Ll.LQ = ab3c .
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e The identity of F[S] is the empty word which is the word that has no letters.
The empty word is usually denoted by 1. If S = &, then F[S] = {1}.

e Consider a word L = ab™2cb?*c™! in F[S], the inverse word of L is
L™t =cb?cb*at.

Definition 2.2.8. Free product This definition is based on [20]. Let (G;)icr be
a finite family of finite groups, with |I| > 2. Let 1g, be the identity of G;. Set
Si =Gi~{lg,} and set S = 1;S;. Let v : S — I be defined by v(u) = j ifue S;. It
is also convenient to set S, = S,q) for all a € S. The free product G' = ;G is the
group with set of elements L, unit element 1, and group law * defined by

uy - () (ue) (vn) (v2) -0 if o(uk) # o(01)
Upug kv v = Uy () (ug 2 01) (v2) -y if o(ug) = o(vy), u £ o7t

Uy~ Up_q1 * Vg ifuk:vl_l

where in the second case, (up * v1) is the product in Gy, of uy and vi. Roughly,
the law of G is the concatenation with possible simplifications at the contact point to
reach a normal form word. See 3.2 for more details.

2.3 Metric spaces

We need to recall the following definition which is based on [21].

Definition 2.3.1. A metric space consists of a set X and a distance function d :
X x X — R such that, for any z,y, and z € X

d(z,y) =
d(z,y) = 0 if and only if z = y,
d(z,y) = d(y, z),

d(z,y) +d(y,z) > d(, 2).
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2.4 Graph theory

In this thesis, we deal with graphs and Cayley graphs. Therefore, we would like to
begin with a brief introduction about graphs, digraphs and Cayley graphs and give
some examples. For more details see [16], [1].

Definition 2.4.1. Graph

A graph T'(V, E) is a pair of sets (V,E), where V is the set of vertices and E
1s the set of edges, formed by pairs of vertices. The vertices u,v € V are said to be
joined or connected by the edge{u,v} if {u,v} € E .

Some terminologies

e For the edge (u,v) we call u and v end vertices, u and v are called adjacent or
netghbours.

A loop is an edge of the form (u,u).

A sequence of vertices ug ~ uy ~ ... ~ u,,n = 3 is a cycle if there is no
repetition except u, = Ug.

Edges are called parallel if they have the same end vertices.

A simple graph is a graph that has no parallel edges or loops.

Edges that share a common end vertex are adjacent.

A path is a sequence of vertices in which each consecutive pair of vertices is an
edge in the graph.

Definition 2.4.2. Directed graph

A directed graph or digraph T'(V, E) is a graph defined by three components: a
vertez set V(I'), an edge set E(I') that consists of ordered pairs of vertices and a
function that connects each edge to its corresponding ordered pair of vertices. The

first vertex of the ordered pair is called the tail of the edge and the second is called the
head.

Definition 2.4.3. Trees
A connected graph T that does not have any loops or cycles is a tree.

Example 2.4.4. The homogeneous tree Ty is the tree where all vertices have the
degree M [31], see figure 2.7 where we apply a general random walk on the homogeneous
tree Ts.

Example 2.4.5. See figure 2.1 for an example of a inhomogeneous tree.
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Figure 2.1: An example of an inhomogeneous tree

2.4.1 Cayley graphs

Definition 2.4.6. Cayley graph

Let G be a group with generating set S. The Cayley graph of G with respect to
S, denoted X = X (G;S), is the graph with V(X) = G, and an edge between vertices
g,h € G if and only if g"*h € S [20].

The edges are labelled with generators; in general, the Cayley graph is directed;
if the generating set is symmetric then it becomes a non-directed graph. For examples
of Cayley graphs see figures 2.2,2.3,2.4,2.5 and 2.6.

Example 2.4.7. Fxamples of Cayley graphs

Ty Y Y Y Y Y

Figure 2.2: Cayley graph on Z with one generator {1}

XX

Figure 2.3: Cayley graph on Z with two generators {2, 3}
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Figure 2.4: Cayley graphs on Z? with respect to the generating set
{(1,0)(red), (0, 1)(blue)}

= = - - - - - -

Figure 2.5: Cayley graphs on Zg with the generators set:
{2(the solid line), 3(the dashed line)}
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11+

Figure 2.6: Cayley graph of the free group F, with generators set
{a(red), b(blue)}
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2.5 Markov chains

The main topic of this thesis is random walks on free products of cyclic groups. A
random walk is a special case of Markov chains. A Markov chain is a stochastic
process where future depends only on the present while the rest of the history of
the process is irrelevant. Our examples are of homogeneous discrete Markov chains.
We give some examples of simple random walks on integer lattices in dimensions one
and two, random walks on Cayley graphs and random walks on groups. Let I be a
countable set. We shall call its elements ¢ € I states, and the whole set I will be called
the state space [22]. Below we shall be talking about measures on the state space 1.
However, since we are only considering the case when the state space is countable,
the “measure theory” on countable spaces becomes much easier. Namely, a measure
on [ is just a non-negative real function on I. The total mass of a measure m is

Jmll = 3 mi)

If ||m|| = 1, then m is called a probability measure or a distribution.

2.5.1 Transition probabilities

A Markov chain is determined by an initial distribution and a set of conditional
probabilities called transition probabilities [13], defined as:

P, ;,(n) = the probability that the process moves from state i; to state is

when the time changes fromnton+1,

We emphasize that in our setting, we only use time-homogeneous Markov chains.
Thus, we have

P, i,(n) = P, ;,(m)for all nonnegative integers n and m ,

and we will simply write F;, ;, . These transition probabilities define the stochastic
transition matrix

)

Py Piy
P = : :
Pn,l e Pn,n

We remind that a matrix is called stochastic if all its entries are non-negative, and
the sum of the entries in each row is equal to 1 [13]. For a square stochastic matrix
whose rows and columns are parameterized by a countable state space I (possibly
infinite) its rows can be considered as distributions on I. Therefore, in this situation

a stochastic matrix II is the same as a collection {m;};c; of probability measures on
I, parameterized by states i € I. The following definition is based on [22].
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Figure 2.7: A random walk on the homogeneous tree T3

Definition 2.5.1. Markov chain We say that (X,)n>0 is a Markov chain with
witial distribution N and transition matriz P if for alln > 0 and ig, ...,ine1 € 1

[ ] (’L) P(XO = 20) = )\io 5
[ ] (ZZ) P(Xn+1 = ’én+1|X0 = io, ,Xn = Zn) = P(Xn+1 = in+1|Xn = Zn) = pinin+1 .

For short, we say (X,)n>0 ts Markov(\, P).

2.5.2 Some definitions

These definitions are based on [25].

Definition 2.5.2. The n-step transition probability The n-step transition prob-
ability 1s defined as
P (,y) = Po[ X, =y .

This gives the probability to get from x to y in n steps.

Definition 2.5.3. Irreducible Markov chain We say a Markov chain is irre-
ducible if for every iy,is € X there is some n € N such that

p(n)(ll,lg) <0.

2.5.3 Examples of random walks

If the state space of a Markov chain is a graph it is usually called random walk.
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Figure 2.8: The simple random walk on a inhomogeneous tree

Random walks on graphs

One basic example of the random walk is the simple random walk on a graph. The
transition probabilities in the simple random walk are equidistributed on the neigh-
bours of each vertex which mean the random walker chooses the next step from the
neighbours with equal probability. The following definition is based on [31].

Definition 2.5.4. The stmple random walk The simple random walk (SRW) on
a locally finite graph G is the Markov chain whose state space is G and the transition
probabilities are given by

1 .
_ ) deg(x)’ Zf y~x
l’, - .
p(z.y) {0, otherwise.

Note that a locally finite graph is a graph with a finite degree and a degree deg(x) of
a verter x 1s the number of its neighbours. The symbol y ~ x means there is an edge
between y and x. See an example in figure 2.8.

Definition 2.5.5. Polya’s walk Polya’s walk is the simple random walk on the d-
dimensional grid, denoted by 72, which is the graph whose vertices are integer points
i d dimensions, and where two points are linked by an edge if they are at a distance
1. For more details about Polia’s walk see [31].

The simple random walk is a generalization of Polya’s walk. The simple random
walk may have different degrees for different vertices while in Polya’s walk the number
of neighbours in all vertices is fixed and the graphs are Cayley graphs of Z¢.

Example 2.5.6. The simple random walk on Z is the Markov chain with state space
G = Z and transition probabilities

1
p(x,x+1):p(x,x—1):§, for all x € Z

See figure 2.9.
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Figure 2.9: Simple random walk on Z

The transition matrix for the simple random walk on Z

)
)
)
)
)
)

O OO OO O OO O
O OO OO O OO
OO OO OoON=OoONEO O
OO O OO O O O
O O O ONIFEFO O O O
O O ONIFDO O O O O
Ok OO O O O O O

Random walks on groups:

Figure 2.10: A random walk on Z2

Definition 2.5.7. Random walk on a group. The right random walk (G, ) on
a group G determined by a probability measure p is the time-homogeneous Markov
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chain with the state space G and with the transition probabilities (see [11])
pij = p(i'5),i,j € G,

which are invariant under the canonical left action of G on itself. See figure 2.10 for
an example of a random walk on Z2.
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2.6 Numerical asymptotic invariants

2.6.1 Introduction

This introduction is based on [4].

Information is mostly thought of as news, data or laws. However, in information
theory, this term is more general than these limited meanings. Information theory
is related to various sciences such as molecular biology, human communication and
evolution of language. Information could include texts, pictures, conversations, radio
signals and genes on a molecule of DNA.

In fact, chemical and physical laws alone are not sufficient to reveal and un-
derstand nature. “Nature must be interpreted as matter, energy and information”
[4].

Two of the first and most important papers in information theory were published
by Claude Shannon in the Bell System Technical Journal in 1948. The papers contain
theorems aimed to find a way to send messages efficiently with the least time and
cost. Fortunately, he was able to generalize information and establish laws that hold
for all kinds of information. The papers offer new ways to look at world processes
instead of classical ideas. Moreover, they “dwelt” with important aspects such as
“order and disorder, error and the control of error, possibilities and the actualizing
of possibilities, uncertainty and the limits to uncertainty” [4].

Most important applications for information theory were in the signals transmis-
sion in colour television, the ability to send and receive clear messages from spacecrafts
and the design of early-warning radar systems.

2.6.2 The idea of entropy

Entropy first appeared in thermodynamics by Clausius as a measure of disorder in
19th century [24]. The Second Law of thermodynamics states that the entropy of
an isolated physical system never decreases. For example, if you put a drop of ink
in water after a while you see that they are completely mixed and it is difficult to
reorder the water and the ink. In other words, systems without external influence
tend to reach the maximum entropy or disorder.

After that, Gibbs work on statistical mechanics connects the entropy with proba-
bility. Later, entropy gains more popularity and significance after Shannon published
his papers in 1948, to emphasize the importance of entropy as a measure of random-
ness (unpredictability) of the information content in a random variable. If you obtain
a lot of information in each time you do the trial; then the entropy is high. In the
reverse case, if after doing the trial a few times you have a high predictability about
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the next outcomes and you are not obtaining a lot of information; then the entropy
is low. This means the entropy is maximized by the uniform distribution.

Shanon, also, discuss the relative entropy to measure the redundancy in lan-
guages. He noticed that certain combinations of letters are more likely to occur and
that approach led to many important applications [24].

Shannon Entropy

We will start with Shannon entropy and the following exposition is based on [10].
Entropy means the amount of information we gain from a random variable. It also
measures the amount of uncertainty we have before we do the experiment. It is
obvious that if we have one probable outcome and the others are unlikely to happen,
there is no uncertainty in the trail. In the probabilistic language if p(z) = 1 , then
H(p) = 0. Also, we can see that the entropy H(u) is increased as the number of
the state space increased. For instance, if we have two probable outcomes, then the
entropy is less than if we have a hundred states. Thus, if the number of states in this
experiment equals & we know that the entropy must be a function f(k).

To discover other characteristics of this function let us consider two independent
experiments « and [ [10]. Assume that they are equidisributed on their state space
and denote their cardinalities by k and [, respectively. If we want to study their
joint experiment which equals to occuring of a and § simulantesly, it is clear that the
number of probable outcomes is equal to the multiplication of the two numbers kl.
It is natural to predict that the amount of uncertainty is increased and it is equal to
the sum of the two entropies. That means the entropy function should satisfy

flap) = fla)+ f(P) .

From this relation, we can see that the appropriate function for entropy is log(k)
which, also, satisfies the previous conditions that in the case of p(x) = 1 it gives
H(X) =0 and it is increased when k is increased . We conclude that H(u) = log(k)
in the case of equidistributed measure. Thus, we can see that for each outcome z;
with p(z1) = § we have H(z;) = tlogk = —+log1. Therefore, we can generalize
this to any measure.

Let us assume that we have k probable outcomes with different probabilities
given by p(z1) = p1,p(z2) = pa,- -+ ,p(z)) = pr. We find that H(u) = —pilog(p1) —
p2log(pz) — - -+ — pilog(p).

Shannon in his paper [27] explained how he constructed the entropy. He explained
that we need a measure of information or randomness. This measure intuitively should
satisfy some properties.

e H should be continuous for all p;.
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e H is maximized by the uniform measure and it should be an increasing function
of n.

e If we break an option to two successive choices, the original H sholud be the
weighted sum of the individual values of H, see figure 2.11. At the left, we have
three possibilities p; = % ,P2 = % D3 = %. On the right we first choose between
two probabilities each with probability 2 3. If the Second choice happened we
have to choose from the options with probabilities 2 3 3 The final results have
the same probabilities as before. In this case, it is required that

11 1.2 1

)= HG G g)

1 1 1
HG: == -
27376

We put % before the second summand in the right-hand side because the second
case happen in half the time.

Then Shannon expressed that the only such a function satisfying the above as-
sumptions is of the form

H=—kY pilogp;,

i=1

where k is a positive constant. The following definition is based on [20]

Definition 2.6.1. The entropy of a probability measure p with finite support S is

defined by
== p(z)loglp (2.6.1)

ges

Figure 2.11: Decomposition of choices
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Entropy properties
For more details about entropy properties see [10, 3.

H () < log |suppp] -

e The entropy is never negative. The probabilities are between 0 < p(z) < 1 and
the logarithms of these values are negative. After multiplying them by (-) we
get

H(p)>0.

e If you have a map that takes some atoms from the first distribution to atoms
from the second p — (u/), then the entropy does not increase.

H(pr) < H(p) -
This follows from convexity of the logarithmic function.

e [f you have two independent distributions then the entropy of product distribu-
tion is equal to the sum of the entropies.

H(px ) = H(p) + H(w) .

In this paper, we are interested in investigating random walks which are sequences of
random variables. As known, in a random walk each step X, is dependent on the
preceding one X,,_; which means we expect the unpredictibility H(X,,) to be increased
as n increases. Therefore, the entropy of a random walk measures how much faster
H(X,) is growing. The two last properties imply existence of this entropy which
called the asymptotic entropy.

Asymptotic entropy

Avez [2] was the first to discuss the asymptotic entropy (as cited in [17]), and the
following definition is based on [17].

Definition 2.6.2. Asymptotic entropy
Let G be a discrete countable group, p a probability measure on G with finite
entropy H ().

H(p™m 1
h = h(G,p) = lim (™) = lim ——log u™"(X,) , (2.6.2)
noon

n—oo n

a.s. and in LP, for all 1 < p < oo. This limit is called the asymptotic entropy of the
pair(G, p).
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The existence of the limits as well as their equality follow from Kingman’s Sub-
additive Ergodic Theorem ([2] and [7], as cited in [17]). The measure p*" is the time
n position of the random walk (n fold convolution of ). Thus, dividing the entropy
at time n by n gives the asymptotic entropy h.

2.6.3 Drift

One main question regarding a random walk is whether it is transient or recurrent. If
the answer is transient, the next natural question is how fast does the walk increase
its distance from the identity? [17]

Let G = U;esG; be finitely generated groups by symmetric generators sets S;,
respectively. This means if a € S; that implies ¢! € S;. Define the length of a
group element (number of letters in a word) (see [20, 18]) u in L with respect to the
generator set S by

]u\s:min{k\k:al*%*...*ak’aiES}.

We will replace |u|g by |u| for simplicity.

Guivarc’h [9] (as cited in [20]) noticed that because of |u x v| < |u| + |v|, he
can imply from Kingman’s subadditive ergodic theorem the existence of a constant
v € R, such that almost surely and in LY, for all 1 < p < o0,

Xy
lim —| s =

n—00 n

If p(P) < 1, that means for a typical random walk that it drifts to oo at linear
speed at least [31].

In a nearest neighbour random walk in each time unit we go for most 1 unit.
Therefore, the drift should be 0 < v < 1. To find the drift, we use the formula

.1 *n
y=lim %l (x)

zeG

where |.| denotes the word norm associated with a finite symmetric set of generators

of GG.

2.6.4 Hausdorff dimension

Hausdorff dimension and measure generalize Lebesgue measure and unlike the latter,
they can take non integer values. Hausdorff dimension ”shows the degree of singu-
larity” or “fractalness” [12]. To understand the Hausdorff dimension let us consider
a metric space and a probability measure defined on that space. We take a point
from the space and look at balls centered at this point. We take logarithms of the
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measures of these balls and divide them by the radius of each ball. If the limit exists
almost everywhere and it is the same, it is called dimension of the measure. For more
details about Hausdorff dimension see [23].

Let (X, d) be a metric space, and v be a Borel measure on X. The Hausdorff
dimension of the measure v is the smallest Hausdorff dimension of sets of full measure
v [28]. Hausdorff dimension is defined for a metric space HDX.

HD(p) =inf{HD(A) : u(A) =1}

It
e—0 log €

exixts and is the same almost every where
d=HD(u)

Let us consider the metric d defined on the free product G as the distance between
infinite words,

d(Y1,Y1) =0 and, d(Y1,Ys)=e " for Vi £V,

where (Y7 AY3) is the length of the common prefix of the normal reduced words of
Y; and Y3 [14]. The following exposition is based on [15], the metric d can be extended
to the completion F' = F U JF of F with respect to the metric d. The boundary OF
is a compact space and can be represented as the space of infinite reduced words L*>



Chapter 3

Random walks on free products of
cyclic groups

3.1 Introduction

This chapter is based on Mairesse and Mathéus (2008) [20] unless otherwise stated.
It has been proved that the random walk on an infinite graph is not only transient
but it is also, convergent to the boundary. The hitting distribution of the random
walk is called harmonic measure. An important result is that the harmonic measure
of a transient random walk on a finitely generated free group is Markovian (see[26,
Section:5] and [30, Section:6] as cited in [20]).

Let 1 be a probability measure over a generating set S and denote its support
by supp p that is,
suppp = {9 € G : u(g) > 0} .

Assume that |, oy Supp 4" = %Gy, where p*" is the n-fold convolution of p. Let
(Xn)n be a realization of the random walk (x;c;G;, 1) as defined above. The sequence
(X,)n can be viewed as a Markov chain on L. If the support of u is included in S
we say that this random walk is of the nearest neighbour random walk type (with
respect to the generators 5).

We want to consider nearest neighbour random walks on free products of cyclic
groups with finite sets of generators, the same setting discussed by Mairesse and
Mathéus (2008) in [20]. This means the harmonic measure has the Markovian prop-
erty. In [17] Mairesse proves that it has a special structure that he called Markovian
Multiplicative. He explains that this Markovian Multiplicative measure is entirely
determined by its base r, where r is the unique solution of a finite set of polynomial
equations that Mairesse called the Traffic Equations.

A Markovian Multiplicative measure is a special Markov chain meaning that it,
unlike regular Markov chain, needs one probability vector to describe its behaviour,

24
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(see also [17]). We call this vector the base of the Markovian Multiplicative measure.
This base serves as an initial distribution as well as transition probabilities after
normalizing. To get transition probabilities we need to divide each transition prob-
ability p(a,b) by the sum of the probabilities of the corresponding ¥, that contains
all admissible transitions from the element a.

Notations

Let N be the set of non-negative integers and N* the set of positive integers. Let S
be a symmetric generators set meaning that if a € S that implies e~ € S. If p is a
probability measure on a group (G, x) defined on the generating set S. Then, p*" is
the n-fold convolution product of u, that is the image of the product measure p®" by
the product map

Gx X G Gy (g1, P g% ok g

Denote the support of u by suppu and assume that it generates the whole group,
that is,

The symbol LI is used for the disjoint union of sets. Given a finite set 57, a vector

x € R% and S; C S, set
2(S1) = x(u).

u€EST

3.2 Random walk on free products

Let (G;)ier be a finite family of finite groups, with |I| > 2. Let 15, be the unit of
G;. Set S; = G; ~{lg,} and set S = UU;S;. Define the map ¢ : S — [ by ¢(u) = j if
u € 5. It is also convenient to set S, = Sy, for all a € S.

Let S* be the free monoid over the alphabet S and denote its unit, the empty
word, by 1. Define the set of normal form words L C S* by

L={uy-u, €S, Vie{l, - k—1},e(u;) # t(uis1)} - (3.2.1)

Hence, L consists of all words over the alphabet S whose consecutive letters come
from different subalphabets S;. Observe that 1 € L.
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The free product G = x;c;G; is the group with set of elements L, unit element 1,
and group law *x defined by:

uy - (up—1) (ug) (v1) (v2) - - -0 i e(ug) # (1)

Uy up kv v = Uy () (ug 2 vy) (v2) -y i e(ug) = o(vr), up A7t

Uy -+ U1 * Vg -+ ifukzvfl,

where in the second case, (uy * v1) is the product in G, of u, and v;. Roughly,
the law of G is the concatenation with possible simplifications at the contact point
to reach a normal form word.

3.3 Main theorem

This thesis is based on the following results:

e The random walk on a free product of cyclic groups converges to the boundary
(infinite words) [11, 5], so that the harmonic measure is well-defined:

Y, =Y, €0G, n—oo .

e The harmonic measure on the boundary of a nearest neighbour random walk on
a free product of cyclic groups is Markovian Multiplicative with the coefficients
determined by the solutions of the Traffic Equations [[20, 17, 18]].

3.4 Geometry of free product

A Cayley graph of an infinite group has a boundary which is the space of infinite
words. A sequence of words converges to an infinite word if their initial segments
converge. Set [g,], as the initial segments which consist of the first k letters.

(9], = (90, » B — 00

The random walks on graphs that we are considering in this thesis are convergent to
this boundary. See Figures 3.1 and 3.2.

Definition 3.4.1. The length of an element u of (x;c;G;) is the length (i.e. number
of letters) of the word w in L. We denote it by |u|. Observe that

|u| = min{k | uy * - xup = u, u; € S} = |uls .
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Figure 3.1: The boundary of a nearest neighbour random walk on Z/27 x
7137 .

The harmonic measure is the law of X, = lim,, X,, . In the case where X is the
Cayley graph of G, the support of the harmonic measure is the boundary 0G[14].

Definition 3.4.2. Let L(G,S) be defined as before (3.2.1). Consider the set S™
equipped with the product topology. Denote by (uy -+ u,SN) the order-n cylinder in
SN defined by u, - - - u,. Define the set of right infinite normal form words L> C SN

by
L% = uguy..uy... € SN Vi € N,u(u;) # t(uiyy) -

A word belongs to L* iff all its finite prefizes belong to L(G,S).

Consider the map
SxL>®— L*® (a,&) —~a-&
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Figure 3.2: The boundary of a nearest neighbour random walk on Z/37Z
737 .

defined by
a-§=a&oér-- ifi(a) # v(&o),
a-&=(ax&)& - ifi(a) = (&), a # &,
a-&=&6&- - ifazfo_l.

Equip SN with the Borel o-algebra associated with the product topology. This
induces a o-algebra on L>.

Definition 3.4.3. Given a measure v>° on L™ and a € S, define the measure av™ by:
[ F(&)d(av™>)(§) = [ fla-&)dv>=(§). A probability measure v>° on L™ is p-invariant
if

() =3 ul@)ar](-). (3.4.1)

a€eS
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Proposition 3.4.4. [20, Proposition 1] There ezists a r.v. X valued in L> such
that a.s.
lim X, = Xo |

n—o0

meaning that the length of the common prefix between X,, and X, goes to infinity
a.s.

Let 4> be the distribution of X*°. The probability ;> is p-invariant and is the
only p-invariant probability on L>°. We call it the harmonic measure of (G, ).

Mairesse and Mathéus in [20] discussed the cases where the harmonic measure
is shift-invariant (on top of being p-invariant). To that purpose, they associate two
sets of equations with the random walk: the Traffic Fquations as in [17] and the
Stationary Traffic Equations.

3.5 Markovian Multiplicative measure

A Markovian Multiplicative measure is a special Markov chain meaning that it, unlike
the regular Markov chain, needs one probability vector to describe its behaviour. We
call this vector the base of the Markovian Multiplicative measure. This base serves
as initial distribution as well as transition probabilities after normalizing. To get
transition probabilities we need to divide each transition probability p(a,b) by the
sum of the corresponding 3, that contains all admissible transitions probabilities
from the element a.

Example 3.5.1. Consider a Markovian Multiplicative measure defined on the gener-
ating set
S={a,a b0}

with a Markovian Multiplicative base
0 = (0(a),0(a™"),0(b),0(b7")) .
The admissable transitions are:
T ={(a,a),(a,b),(a,b7"), (b,0), (b,a), (b,a™"),
(™t a™), (@, 0), (@™, 070, (67,07, (b7 a), (071 a7}
Then, the initial distribution is:
A= (0(a),0(a™"),0(),0(b7"))
Also, the transition probabilities for each o, 5 € S can be found using:

)
2 papner 98

pla, B)
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Note that a = b is possible. Thus we have:

_ 0(a)
Pl.9) = Gy T 0) + 60 )
Also,
(@.5) = 5
P2 = 0@ + 0b) + 006 1)
In the same way, -
p(a7 b—l) _ ( )

O(a) 4+ 0(b) +60(b~1)

We can continue the procedure to get the remaining transition probabilities.

Example 3.5.2. Consider a Markovian Multiplicative measure defined on the gener-
ating set

S ={a,b,c}

with Markovian Multiplicative base
0 = (0(a),0(b),0(c))
The forbidden transitions are:
F ={(a,a),(b,), (c,c)}
Then, the initial distribution is:
A= (6(a),6(b),6(c))
Also, the transition probabilities for each o, B € S can be found using:

0(8)

Ma4%=:2%%mﬁﬁFwﬂq
Thus we have: o o(0)
PR = ) + 0(0)
Also,
pla,c) = o)
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Definition 3.5.3. Define B = {z € RS | Vu, z(u) > 0, Yo, x(u) = 1}, Consider
r € B. Define the matrix P of dimension S x S by

Puy— {r(v)/r(S NSy if u(v) # u(u)

' (3.5.1)
0 otherwise .

It is the transition matriz of an irreducible Markov Chain on the state space S. Set
p=(r(a)r(S~ S,),a €59) and m = p/p(S). Observe that 7P = . In words, 7 is the
stationary distribution of the Markov chain defined by P.

Let (Up)n be a realization of the Markov chain with transition matriz P and
starting from Uy such that P{U; = z} = r(z). Set U>® = lim, Uy ---U,, and let
v be the distribution of U™. Clearly, the support of v™° s included in L>*. For
uy - -up € L, we have

Voo(ul o ukSN) = T<U’1>PULUQ T Puk—lvuk
r(S~NSuy) TSN Su_,)
r(uq) o r(ug)

TS~ 5u) (S B )

We call v*>° the Markovian Multiplicative probability measure associated with r.

3.6 Traffic Equations

The harmonic measure of a nearest neighbour random walk is described by two sets
of equations of order two that have at most one solution in B. The first set are
called general Traffic Equations and they have unique solutions. The second set is
called Stationary Traffic Equations. These equations have solutions if and only if the
harmonic measure is shift-invariant.

Definition 3.6.1 (Traffic Equations). [17, Equation:17]
The Traffic Equations associated with (G, ) are defined by Va € S,

@ =nlw) ¥ e+ 3 )+ 3 ut ). (3.601)

r{v
UES\Sq urv=a UES~Sq vESNSy ( )

Lemma 3.6.2. [20, Lemma 3.6.1] If the harmonic measure p> is the Markovian
Multiplicative measure associated with v € B, then r is a solution to the Traffic
Equations 3.6.1. Conversely, if the Traffic FEquations admit a solution r € B, then
the harmonic measure pu> is the Markovian Multiplicative measure associated with r.
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Theorem 3.6.3. [20, Theorem: 3.5] Let G = x;c;G; be the free product of a finite
family of finite groups, with |I| > 2, and for all i,|G| > 1. Let u be a probability
measure on S = U;G; N {lg,y. Assume that |J, € N* = G and that the random
walk (G, p) is transient. Then, the Traffic Equations have a unique solution r € B.
The harmonic measure of the random walk is the Markovian Multiplicative measure
associated with r.

Definition 3.6.4 (Stationary Traffic Equations). [20, Equation:12]
The Traffic Equations associated with (G, ) are defined by Va € S,

i i
z(a) = pu(a) 7] + Z p(w)z(v) + z(a) 17— 1

U*V=a

Z )z (u) . (3.6.2)

ueS\Sy

Lemma 3.6.5. [20, Lemma: 3.4] The harmonic measure u™ is Markovian Multi-
plicative associated with r and ergodic if and only if the Stationary Traffic equations
admit a solution r in B.

It follows from Lemma 3.6.5 and Theorem 3.6.3 that the harmonic measure is a
shift-invariant if and only if the Stationary Traffic Equations have a solution.

3.7 Asymptotic invariants and harmonic measure

The solutions we obtain from solving the Traffic Equations can be used as a base
to find the asymptotic numerical invariants as described below. In particular, if the
probabilities pi(a) are algebraic numbers, then the drift and the entropy are algebraic
numbers (see also [18]).

3.7.1 The drift of the random walk on free products

The drift v gives the speed of the random walk. In the context of random walk on
free products of cyclic groups, it is the expected change of length of an infinite normal
form word distributed according to >, when we multiply it from left by an element
distributed according to u. According to ([20], Equation:19) it can be calculated as
follows:

v = Z,u(a) —r(a™) + Z r(b)| . (3.7.1)

where r(a) is the solution tho the Traffic Equations.
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3.7.2 The asymptotic entropy of the random walk on free
products

The asymptotic entropy h of a random walk measures the amount of information we
take from p*" divided by n and can be found using [18, Equation:16]

Set q(s) = (;(\Sg j , then

== >outs) flog [+ X 1o [ D)) +hoga(e) B o)

SES geSs~s—1 geSNSs

(3.7.2)

such that r(s) is the solution for the Traffic Equations.

3.7.3 The Hausdorff dimension of the harmonic measure

Hausdorff dimension of the harmonic measure “shows the degree of singularity or
fractalness” (Kaimanovich, 1997, p1)[12]. We can define a metric as a distance be-
tween infinite words see [20]. In mathematical language, for each two infinite words

w and w!
dw,wl) =e™ "

such that n is the“confluent” ( the length of the initial common part of w and w’. To
find the Hausdorff dimension of the harmonic measure in our setting we can apply

the formula h
HD, = —, (3.7.3)

which is first appeared in [12] with specific conditions. Then, it has been generalized

n [15].

Volum of a group and the fundamental inequality

The volume of the group G with respect to the finite set of generators S' is

U:U(S)—hm log #{g € G,|g| = n},

where |g| are words have at most n letters. The limit exists by subadditivity. The
following fundamental inequality was proved and highlighted in [29] (as cited in [20])

h/y<wv,

where we recall that v is the drift of the random walk. The interpretation is that the
proportion of a typical element visited by the walk is less than or equal to the total
number of elements.
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Note that, in our setting of free products of finite groups, h/v and v can be
interpreted respectively as the Hausdorff dimension of the harmonic measure ;> and
the Hausdorff dimension of its support [20].

The following exposition is based on [14]. In the case where X is the Cayley
graph of the hyperbolic group G equipped with the word metric (w.r.t. a certain
system of generators ), the dimension of the boundary 0G is equal to the growth
v(G,S) of G (w.r.t. the same S). Moreover, the Hausdorff measure is then finite and
nonzero.



Chapter 4

Examples of random walks on the
free product of cyclic groups

4.1 Introduction

As we have explained, Mairesse in [17] found that the harmonic measure on the
boundary of random walks on free products of cyclic groups is Markovian Multiplica-
tive measure. This means that this measure needs one probability vector to describe
its behaviour. This base of the Markovian Multiplicative measure serves as an initial
distribution as well as transition probabilities after normalizing.

Let (G;)ier be a finite family of finite groups, with [I| > 2. Set S; = G; \ {lg,}
the set of generators of the respective group. Set S = U,;crA; . Let 15, be the unit of
G;.

Mairesse uses the Traffic Equation 3.6.1 in [17] to find this vector.

=) T o0+ X o)+ Y et

r\v
UESNSq uxv=a UES~Sq vESNSy ( )

r(a) .

In [20], Mairesse and Mathéus have discovered a special case when the measure is
a shift-invariant on top of being p-invariant. In this case, the measure satisfies the
so-called Stationary Traffic Equations.

=1 1 "
o(0) = pla) S+ D plu)e(e) +ala) g S0 p ().

urv=aqa ueS\Sy

In this section, we investigate some examples of random walks on free products
of cyclic groups. The examples of free products of two cyclic groups are based on
Mairess and Mathéus papers[20] and [19] with some added explanations. We discuss
the example of the free product Z/2Z x Z/3Z and two cases of symmetric measures
on the free product Z/3Z x Z/3Z.

35
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Our new examples are free products of three cyclic groups. The examples we
consider are Z /27 x Z./27 x 7./27 and Z /37 x Z/3Z x Z | 3Z.

In each one of these examples, we consider a nearest neighbour random walk
on the free product of the cyclic groups. These random walks start at the identity
element 1 and proceeds according to the probability measure p. In each case, we show
the Cayley graph of the free product and solve either the set of the general Traffic
Equation or the special case, namely, which is the Stationary Traffic Equations. We
use the solutions we obtain which are probabilty vectors in finding the drift (or the
speed of the random walk) and draw a figure of the drift as a function of p. After that,
we compute the asymptotic entropy and the Haudsdorff dimension of the probability
measure.

4.2 Examples of random walks on the free product
of two cyclic groups

4.2.1 Random walks on Z /27 x 7 /37
We want to study a nearest neighbour random walk on
Z)27 % 7.)3Z = {a,bla*> = 1,b° = 1) .

This example is based on [20] and [19] with some added explanations.

Note that the group Z/2Zx7Z/3Z is isomorphic to the modular group PSL(2,7Z),
i.e. the group of 2 X 2 matrices with integer entries and determinant 1, quotiented by
+7d. Let a and b be the respective generators of Z/2Z and Z/3Z.

A possible faithful representation of the group is (see [19])

) )
1 0)° 1 0 )
Let (G;)ier be a finite family of finite groups, with |I| > 2. Set S; = G; \ {1¢,} the
set of generators of the respective group. Let 1, be the unit of G;.

Consider a nearest neighbour random walk on the free product of the cyclic
groups Z /27 x7/3Z. This random walk starts at the identity element 1 and proceeds

according to the probability measure i depending on one parameter p only, see figure
4.1. The probability distribution is given by:

p(a) =1 —2p, p(b) = u(b*) = p,p € (0,1/2) .
Solving the Traffic Equations (3.6.1) for this example:

@) =) 3 )+ 3w+ Y e r(a).

u€ES\Sq uxv=a uES~S, ZUES\Su 7“(1))
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Figure 4.1: A nearest neighbour random walk on Z/27 x Z /37
r(a) = (1 =p)(r(d) +r(t*)) . (4.2.1)
b) = )+ (1—2p) (=YY 4.2.2
r(0) = pr(a) (8 + 1 20) (L ) 70 (422)
1) = pr(a) + o) + (L—20) () ) (1:23)
r(b) + r(b? ' o
Because of the symmetry in the probabilities, we have
r(b) = r(b?)

which simplifies the Traffic equations to:

r(a) = (1 —p)(2r(D)) . (4.2.4)
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From the definition of the Markovian Multiplicative Measure, we have
Zr(Aj) =1,
Jel
see([20],3.9). This gives us
r(a)+2r(b)=1.
After plugging the formula of r(a) from 4.2.4, we have

(1—p)(2r(b) +2r(b) =1. (4.2.5)

This means: .

)= ——— .

) =55,
After simplifying, we obtain
r(b) = r(B?) = 5ot
2(2-p)
And from 4.2.4, we have
()= 52
r(a) =3 -

Here, in this free product, we can go from a to either b or b with the same probability%
because they are from a group different than the group of a. However, from b and b
we just have one accepted next step which is to a. Thus, the transition matrix defining
the Markovian Multiplicative harmonic measure with respect to the order{a, b, b*} is:

O Ol
O Ol

0
p=[1
1

As we can see, this harmonic measure is not stationary. Now we want to compute

the drift.

We used the harmonic measure to compute the drift and came to the same
conclusion as in ([19],2).

Following([20],19), the drift can be computed as follows

v =Y wa) [—T(a_l) + oy T’(b)] :

beS\Sa

Plugging the formulas for r(a) ,7(b) and r(b?) , we obtain

=t (55) )| o () < (555))
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0.14

0.12

0.1+

0.08

0.06

0.04

0.02

Figure 4.2: The drift of the free product of the cyclic groups Z/2Z xZ/3Z
the X axis represents p and the Y axis represents the entropy.

-o-wlt ] () (452)]

Upon opening brackets, we have

p—2p*+2p—2p*—p
’y: 2 *
—p

Grouping similar terms together, we get

_ 2p(1—2p)
2—p

Y

see figure 4.2.

Now, we want to derive the asymptotic entropy. According to 3.7.2 the asymp-
totic entropy can be calculated as follows

Ch=(1-2) [log [1 ip} (; :i) +log[1 — p) (ﬁ)}
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+2p {log[2 — 2p) (ﬁ) + log [2 _12p1 (; :iﬂ

Collecting similar terms together, we get

Ch = (1-2p) [zog[l — ) (2%]9 - ;%ﬁ)] +2p [log[? -2 <2<2 - p) 22(2_—2;)}

Simplifying, we obtain

—h =log[1 — p|(1 — 2p) (2(22—6230 + log[2 — 2p|(2p) (;g — ]1)))

Collecting similar terms together gives us

log[1 — pl] (2p — 4p*) + [log[2 — 2p]] (4p® — 2p)

o
h= 22— p)

Taking the common factor

. 2152—__4;’; llog[1 — p] — log[2 — 2]

= (52 oo [5=5]
= (522 [ 301

At this point, we can calculate the Hausdorff dimension. According to 3.7.3, it can

Using logarithm rules:

be calculated as follows: 3

g
Plugging the formulas that we have, we obtain

[p = 2p° [log [5(p — 1)]]]
[2p(1 — 2p)]

HD, =

HD =

4.2.2 Random walks on Z/37Z x 7 /37

This example is based on [20] with some added details and explanations. Consider a
nearest neighbor random walk on the free product of the cyclic groups Z/37Z * Z/37Z.
This random walk starts at the identity element 1 and proceeds according to the
probability measure p, see figure 4.3.
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Figure 4.3: A nearest neighbour random walk on Z/37Z x Z/3Z

First case

First, consider a probability measure p given by

Ly

pla) = p(b) = p, p(a®) = p(b*) = ¢ = 1/2 = p where p € (0,3

In this example, we have two groups which means | I |= 2
We plug the values from this example in the Stationary Traffic Equations(3.6.2)

=1 1 "
(0) = () S+ D ragy > n ().

urv=aqa uGS\ Sa

Because of symmetry in the probabilities we obtain the following;:

+ (% —p) r(a®) + 2r(a){r(a) (— —p) +r(a®)p} . (4.26)
B = r(a?) = r(1?) = (5 _ p) % + pr(a) + 2r(a®) {r(a) (1 _ p) Fr(a)p} . (42.7)

As r(a) for all a € S are probability vectors, this means

Zr(a) =1.

aesS

A=r(a)=r() =

INECIES
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Thus we can use A = 1528 and moving everything to the right-hand side:

2

0= (232_ 1) +(5)+ (% —p) B+ (1-2B) {pB+ (% —p) (1_22B>} (4.2.8)

Simplifying the fourth summand in the right-hand side:

(1-2B) [pB + (% _p) (1 —223)}

1 p B
= (1-2B) |pB+-—-% - = +pB
( >{p +1735 2+p]

1 1—2p
=(1-2B)|B|(2p— =
-2 |5 (20 5) + 57|
Opening brackets:

e o ()

1-2 1
== P BE3p—1) - 28 (2p—§>

Plug into (4.2.8)

2B —1 1 1-2 1
0= +Z—)+(——p>B 4p (3p—1)—232(2p—§>

2 2 2

Collecting similar terms together, we have

—1 1 1
= — +B(2p+=)—-2B*(2p— =
= n(eg) o (03)

It is a second order equation, which can be solved using the quadratic formula, here

we have: ) . .
a=—2 (2p—§> b= (2p+§> and c=—r

“p - a2+ 1) —2(2p— )
~4(2p - 3)

—2p— L& /4p?—2p+3
B =

—4(2p—3)

B =
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Multiplying the numerator and denominator by —2:

B At 1% 162 —8p +5

4(4p — 1)

We should choose the solution with(-) to get a positive answer.

Using A = =28 we find

2
g 1 dp+1—+/16p> —8p+5

2 A(4p — 1)
A 8p—2)—4p—1++/16p*> —8p+5
B 4(4p — 1)

Upon Simplifying, we obtain

A =3+ V16 —8p £ 5

4(4p — 1)

Hence, according to Lemma 3.6.5 and the following note that this measure is a
shift-invariant on top of being u-invariant.

Now we want to derive the drift. According to ([20],19) it can be calculated as

follows:
y=Y ula) |-r(@)+ > 7’(b)]

a€esS beS\Sq

Y = p|-B+A+ B+ (% —p) [~ A+ A+ B|+p[~B+A+ B+ (% —p) —A+A+B

Collecting similar terms together:

v =p(24) + (% —p) (2B)

5 dp — 3+ \/16p%> —8p+5 (1 —2p) dp+1— +/16p?2 —8p+5
T 1(p—1) ! i(4p—1)
Multiplying:
| 8p* —6p+2p\/16p? —8p+5 N dp+1—+/16p2 —8p+5
7= A(4p— 1) 4(4p—1)

Sp? + 2p — 2p+/16p% — 8p + 5

4(4p — 1)
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0.305 1

0.3 1

0.295 +

0.29 -

0.285

0.28

0.275
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0.265

0.26

0.255 1

e

Figure 4.4: The drift of the free product of the cyclic groups Z/3Z * 7./37
(the first case)

Collecting similar terms together:

_ —Ap+ 1+ (4p—1)\/16p* —8p+5

B 4(4p — 1)

Simplifying we obtain:
-1 1
=—+—-/16p>2—8p+5,
7= V16 —8p+

see figure 4.4.

The entropy can be found using (3.7.2): Set ¢(s) =

b= =30 | | 2 10 |28 ) togla(e)] Y o)

sES gESs~s—1

Recall that

() = ub) = p pla®) = (1) = g = 1/2 — p where pe (0,3)
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We find (@) N
a@) =) = T gy T AT B
Also, 5
o) = ale) = 1) =

In case s =a =0 We find g € S, \ s~ = {a} This leads to

(g95)

q
log = log
q(s)
In case s = a®> = b®> We find g € S, \ s7! = {a?} This leads to

qla) _ { A A+B] A

1 =log = —
By " ®|ArB" B ©=7p

{ B A+B} B
= log

ArB < a4 |~y

Plugging these formulas into the equation (3.7.2)

“h=2p {log [A+B]B+1og E]Aﬂog lAfB]fHB]
+(1—2p) {log {A+B]A+1og {%}B%—log {AfB} (A+B)}

Opening brackets

A+ B B
—h = {QpB log { i } + 2pAlog {Z} + (2pA + 2pB) log [

)]
A+ B

[(A— 2pA) log [ ] + (B —2pB)log [%] +(A+ B —2pA—2pB)log [AfB”

Collecting similar logarithms
—h =log[A + B][2pB — 2pA —2pB + A — 2pA — A — B+ 2pA + 2pB]
+log[A][—2pA + 2pA + 2pB — A+ 2pA+ B — 2pB]|

+ log[B][—2pB + 2pA — B+ 2pB+ A+ B — 2pA — 2pB]

Adding similar terms

—h = log[A + B][—2pA — B + 2pB| + log[A|[—A + 2pA + B] + log|B|[A — 2pB]
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Recall that A+ B = % and taking common factors

h = (0.693147...)[—2pA + B(—1+ 2p)] — log[A][A(—1+ 2p) + B] — log|B][A — 2pB]

To find the Hausdorfl measure we use the formula

h
HD = —.
v

Plug the formulas that we have

iy (0:693147 .. )[=2pA + B(~1 + 2p)] — log[A][A(—1 + 2p) + B] — log[B][A — 2pB]

—1 1
L4 L /16p2 —8p +5

Second case

Now we want to consider this neighbour random walk with another symmetry. Namely,
we have the probability measure u defined by

1

pla) = p(a?) = p  u(b) = (i) =  —pwhere p e (0,3).

Solving the Stationary Traffic Equations 3.6.2

> wwe) +ata) iy 3 e,

uxv=a uES\Sq
Because of symmetry we have:
9 1 B
A=r(a) =r(a”) =p(2B) + (pA) +2(5 = ») | 57 4| (4.2.9)
B=r(t) = 1) = (2 —p) @A)+ —p) B+2psB
A R 2 P PoB
From 4.2.9 and knowing that:

(4.2.10)

we obtain:

1—2A 1 1—-2A
0:2p( 5 >+pA—|—(§—p)( 5 )—A
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Opening brackets:

1 1 P
0=p—2pA+pA+ [1—514—5%—]914} —A

Collecting similar terms together:

Thus:

From 4.2.10 we find:

— 9 6 3

Hence, according to Lemma 3.6.5 and the following note that this measure is a shift-

invariant on top of being p-invariant. Now, we want to calculate the drift:

v =2p[—A+2B]+ [1 — 2p|[—B + 24]
Opening brackets:

v = —2pA+4pB — B+ 2A + 2pB — 4pA

Collecting similar terms together:
v=A[-2p+2—4p| + B[dp — 1 + 2p]
Simplifying
v = A[—6p + 2] + B[6p — 1]

Putting the values of A and B, we got:
2p+1 1—p
v=< 5 )(—6p+2)+<T)(6p—1)

—12p* +4p—6p+2 6p—1—6p*+p
T 6 * 3

Opening brackets:
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Figure 4.5: The drift of the free product of the cyclic groups Z/3Z * 7./37
(the second case)

, the X axis represents p and the Y axis represents the entropy.

Simplifying:
—24p? + 12p
T
Thus we have:
v=—4p* +2p,
see figure 4.5.
In the subcase:p = %
1
A = B = — —
77y

The entropy can be found using (3.7.2): Set ¢(s) =

h=—> uls) |log [q(81_1>1r(51)+ S log {q“g

seS geSs~s1

S~—
_
=3
—~
<
SN—
+
—_
(=}
03
2
—
»
=
3
—~
<
N~—
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Recall that

pla) = p(a?) = p  pu(t) = (i) = 5 — pwhere p € (0,3).
We can find
i) = a(a?) = 3
Also,
o) = al¥?) = o

The second summent in the right-hand side equals 0 for all alphabets in this
example because:

gES;,Ns =5

This leads to

g 293) _ 10, 1657
q(9) q(s)
For example:
In case s = a this gives us
o lA " 23] B
®12B" 4|~

The entropy then can be found by plugging the previous findings:

—h=2p [log [%1 A+ log[A]2B]

it -0 o[ 2] e [ 2] ]

Opening brackets

= log {%} 2pA] + log[A][4pB] + log [%ﬂ (B — 2pB] + log [%} 24 — 4pA]

Collecting similar logarithms together
—h = log[A][-2pA + 4pB] + log[2A|[B — 2pB — 2A + 4pA]

+log[B|[2A — 4pA — B + 2pB] + log[2B][2pA]
Simplifying

—h = log[A][4pB — 2pA] + log[2A] [A(—2 + 4p) + B(1 — 2p)]
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+1log[B] [A(2 — 4p) + B(2p — 1)] + log[2B][2pA]

Collecting similar terms together

—h = A[—-2plog[A] + (=2 + 4p) log[2A] + (2 — 4p) log[B] + 2plog[2B]]

+B [4plog[A] 4+ (1 — 2p) log[2A] 4+ (—1 + 2p) log| B]]

Taking common factors
—h = 24 [p(—log[A] + log[2] + (1 + 2p) (log[2A] — log[B])

+B [dplog[A] + (1 — 2p)((log[24] — log|B])]

To find the Hausdorfl measure we use the formula
h

HD = —.
g

Plug the formulas that we have
A [p(—1log[A] + log[2B] + (=1 + 2p) (log[2A] — log[B])]
2p* —p

LB [4plog[A] + (1 — 2p)((log[2A] — log[B])]
4p? — 2p

HD =
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4.3 Examples of random walks on the free product
of three cyclic groups

4.3.1 Random walks on 7 /27 x 7,/27 x 7./ 27,
Consider a nearest neighbour random walk on the free product of three cyclic groups
G=7/22*Z1]27 x7]27 .

Let us denote these groups by G, Ga, G3, respectively, and let a, b, ¢ be the generators
of the respective groups Gy, Gs, G3, see figure 4.6. We shall consider a probability
distribution g on this generating set defined by

Ly

p(a) =u(b) =p and pu(c) =1—2p where p € (0, 5

Recall the Stationary Traffic Equations (3.6.2)

LS U A
(@) = pl@) 7=+ 32 W) +r(@m— > ().

urv=aqa ueS\Sy

Set A=r(a) =r(b) and B =r(c).

Solving the stationary equation give us:

A:p<§>+A(g) A+ (1—2p)B)].

B={1-2) (;) +B (g) 2pA] (4.3.1)

r(a) =1 , this means

Recall that )

a€sS

A=__" (4.3.2)

Figure 4.6: Random walk on Z/2Z x Z /27 x 7./ 27
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Using (4.3.2) in (4.3.1) we find

0= (1—2p) (%) +3Bp {%} B

0=(1-2p) (g) - (ng> — (gBQp) - B

Collecting similar terms together

0=(1-2p) @) + B Ep—q —;BQp

Opening brackets

It is a second-order equation

-3 3 2
a=—p ,b—ép—l andc—§(1—2p) .

The solutions are

(Z)p+1) £4/(Ep—1)" +26p)2(1 — 2p)

B =
—3p
5 ((?)p—i—l)i\/%p2+1—3p+4p(1—2p)
= 5
Collecting similar terms together
, (G)ptl) -y Tty
= 3

Note that, we choose the solution with (-) sign because the solution with (+) sign
gives us a negative value. To find A we use the formula A = =2

2
L1 (G Ty

~+
2 6p

Adding the two fractions

P LA e I A

= 6
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Collecting similar terms

() p+1) =/ +1+p

- i

Hence, according to Lemma 3.6.5 and the following note that this measure is a shift-
invariant on top of being u-invariant.

To find the drift, we use the formula 3.7.1
v=2p[—A+ B]+ (1 —2p)[—B + 24]
Opening brackets
v=—2pA+2pB — B+2A+2pB — 4pA
Collecting similar terms together
v = A[2—6p| + B[4p — 1

Plug the formulas for A and B

(GQ)p+1) =/ +1+p (F)p+1) -/ +1+p
6p +(4p—1) "3

7 = (2—6p)

Opening brackets and multiplying the first summand in the right-hand side by 2 to
equalize the denominators

(6p+4 — 18p? — 12p) — (4 — 12p),/=Ep> + 1+ p

3p

’}/:

(6p> —4p— (3p) + 1) + (4p— 1)/ +1+p

+ 3

Collecting similar terms together

(—12p* — (Zp) +5) + (16p — 5)\/ Zp> + 1 +p

/y:

Simplifying, we obtain
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Figure 4.7: The drift of the free product of the cyclic groups Z/27Z x 7Z./27Z
7.)27 , the X axis represents p and the Y axis represents the entropy.
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see figure 4.7.

To calculate the asymptotic entropy for the probability measure u, we use the
formula (3.7.2) Recall that

1
p(a) = u(b) =p and pu(c)=1-—2p , where p € (0, 5) .

We can find that

a(a) = q(b) = and g(c) = o

Then, the entropy is calculated as follows

—h:2p[1og{A;B]A+1og[ }[AJFB]}

A+ B

2A

Using logarithms ruls and collecting similar terms together, we have

+(1 - 2p) {log [%1 B+ log [E] [QA]]

—h = 2p[log[A+B][A— A— B]+log[A][A+B—A]]+(1—2p)[log[2A][B—2A]+1og| B][— B+2A]]
Opening brackets
—h = [log[A+B][—2pB]+log[A][2pB|]+[log[2A] [B—2A—2pB+4p Al +log| B][- B+2A+2pB—4p A
Collecting similar terms together, we obtain

—h = A[log[2A4)(~2 + 4p) + log[B] (2 — 4p)

+B [log[A + B](—2p) + log[A](2p) + log[2A](1 — 2p) + log[B](—1 + 2p)]

Simplifying, we get
h = A(2 — 4p) [log[24] — log{B]]

+B[(2p) [log[A + B] — log[A]] + (—1 + 2p) [log[2A] — log[B]]]

To find the Hausdorfl measure we use the formula 3.7.3

HD:E.

v

Plug the formulas that we have

A(2 — 4p) [log[2A] — log[B]] + B[(2p) [log[A + B] — log[A]] + (~1 + 2p) [log[2A] — log[B]]

—ap-B 2]+ -2 B i

HD =
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4.3.2 Random walks on Z/3Z x 7 /37 * 7./ 37

Consider a nearest neighbour random walk on the free product of three cyclic groups
G=7/37%7/3Lx7/37 .

Let us denote these groups by G1, Gs, G5, respectively, and let a, b, ¢ be the generators
of the respective groups Gi, Gs, G3, see figure 4.8. We shall consider a probability
distribution g on this generating set defined by

1—-3p

pla) = p0) =ple) = p and p(a?) = p(?) = p(c?) =+ where pe (0,3)

Figure 4.8: A nearest neighbour random walk on Z/37Z % Z /37 x 7./ 37

Recall the Stationary Traffic Equations (3.6.2)

o) = @) Y pgelo) + 20

UXV=a

1
[l —1

Sl e(u).

ueES\Sy

Solving this equation give us:

A=r(a) = r(b) = r(c) = 2p+ {1_31’3] +2(§)A{A1_3p+p3] .

3 3 2 3

1—-3p
3

2
A= 3P + { B] + A%(1 — 3p) + 3pAB . (4.3.3)
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o= | () () e (0o (7))

3A+3B =1,

Since:

This means:
B 1—-3A4

3

B (4.3.4)

Using(4.3.4) in (4.3.3) we get:

A= §p+ {(1—33;9) (1 _33’4)1 4 A2(1 - 3p) + 3pA {1_143141 .

Opening brackets and multiplying we obtain:
2 1 A
A= §p+ |:§ — g — §—|-ij| +A2(1 —3p) —I—pA—3pA2 .

Moving everything to the right-hand side and grouping similar terms together:

11 4
=|zp+=|+A|2p— | +A%(1—6p).
0 [3p+9}+ [p 3} + A*(1 — 6p)

It is a second order equation which can be solved using the quadratic formula. Here

we have:

4 1
a=1—6p b= [Qp—g]andc: [§+§] )

The solutions are:

topty/[2p— 417 4 [ —6p) (5 + )]
2 —12p '

Opening brackets:

F-x P Y ] S8 -+ 3]
2—12p '

Grouping similar terms together:

4 4
3~ 2p £ /12p* + 5 —4p
2 _12p
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Dividing both the numerator and denominator by 2 we obtain:

2—pE\/3p2+35—p
A= . (4.3.5)

1—6p

We should choose the solution with the (-) sign, because the solution with (+) gives
A>0for0<p< g andgives A<O0for § <p< 3. Using(4.3.4) in (4.3.5) we get:

PO U R At

3 1—6p

1—6p—2+3p+3y/3p>—p+1
B= :

3— 18p

Grouping similar terms together:

—1=3p+3,/3p* —p+3
B= :

N 3—18p

Hence, according to Lemma 3.6.5 and its following note, this measure is a shift-
invariant on top of being p-invariant. The drift can be found using (3.7.1):

v =Y ula) [—T(a_l) + Y T’(b)]

beS\Sa

After plugging the formulas, we obtain
v =3p[—B+2A+2B]+ (1 —3p)[-A+2A+2B]
Simplifying, we have
v =3p[2A+ B+ (1 —3p)[2B + A]
Upon grouping similar terms together, we get
v = Al6p+ 1 —3p| + B[3p + 2 — 6p]

vy=ABp+1)+ B(—3p+2)

ZopE/3p2+i-p —1-3p+3y/3p*—p+1

1—6p 3—18p

7= (3p+1) +(=3p +2)
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After opening brackets, we obtain

Z_p+2p—3p*—(Bp+1)\/3p2+1—p 3p+9p* —2—6p+(6—9p)y\/3p>—p+1
+

1—06p 3—18p

")/:

Equalizing denominators:

—9p* +2+3p— (9p+3)4/3p*+ 5 —p 9p* —2—3p+ (6 —9p),/3p> —p+ 3
_l’_

1—6p 3—18p

f)/:

Collecting similar terms together:

(—18p+3)4/3p>+35 —p

3 18p

_ /32_}_1_
- p 3 p7

see figure 4.9. The entropy can be found using (3.7.2): Set ¢(a) = T(;(f;a)

")/:

1 —1 q(ab)
=—> ula) [1og[< Jr(a B loglq(b)]r(b)+log[q(a)] > r(b)

a€es beS\a—1

Recall that

a(a”) = 2£(i gB 2A f 2B ab™) = a(c™)

(@) = al0) = 7 s = a ()7 =0 ())

Note that in our example:

be(S,~a')=a, forall ac S,

because we just have the letter and its inverse in each generating set S,,.
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Figure 4.9: The drift of the free product of the cyclic groups Z/3Z x Z./37Z
7./37 , the X axis represents p and the Y axis represents the entropy.
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For a, b, c
q(ab) q(a®*) B y 2A+2B _ B
qib)  qla) 2A+2B A AT
In the same way, for a2, b?, c?
qla®) A y 2A4+2B A
qlb)  2A+2B B B

We plug these formulas into the equation (3.7.2):

2A+2B B A
2A+ 2B A B

Collecting similar logarithms:
—h = 3pllog[2A + 2B](B —2A — 2B) + log[A](2A + 2B — A) + log[B](A — B)]
+(1 — 3p) [log[2A + 2B](A — 2A — 2B) + log[A](B — A) + log|B|(2A + 2B — B)]
Opening brackets:

—h = log[2A + 2B](—6pA — 3pB) + log[A](3pA + 6pB) + log[B](3pA — 3pB)
+log[2A+2B](—A+3pA—2B+6pB)+log[A|(B—3pB—A+3pA]+log[B]|(2A—6pA+B—3pB)
Collecting similar logarithms:

—h =log[2A + 2B](—A + 3pA — 2B + 6pB — 6pA — 3pB)
+log[A|(3pA + 6pB + B — 3pB — A+ 3pA)
+ log[B](3pA — 3pB + 2A — 6pA + B — 3pB)
After simplification:
—h = log[2A+2B](—A—3pA—2B+3pB)+log[A](6pA+3pB— A+ B)+log| B (—3pA—6pB+B+2A)

Recall that:24 + 2B = 2;

Taking common factors, we obtain
—h = [—.41](A(—1-3p)+B(3p—2))+log[A] (A(6p—1)+B(3p+1))+log[ B] (A(2—3p)+B(1—6p))

h = [41](A(=1-3p)+B(3p—2))—log[A] (A(6p—1)+B(3p+1))—log[ B] (A(2—3p)+B(1—-6p))
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Collecting similar terms together
h = A[[A1](=1 = 3p) — (6p — 1) log[A] — log[B](2 — 3p)]

+B [[.41](3p — 2) — log[A](3p + 1) — log[B](1 — 6p)]
To find the Hausdorfl measure we use the formula
h

HD = —.
fY

A[[41](=1 —3p) — (6p — 1) log[A] — log[B](2 — 3p)]

\/3P?+ 5 —p

L B41)(3p — 2) — log[A](3p + 1) — log[ B](1 — 6p)]

\/3P2+ 5 —p

HD =




Appendix A

List of symbols

The set of non-negative
integers.

The set of positive integers.
A group.

*

A graph.

A set of vertices.

A set of edges (u,v).

A diagraph.

A Cayley graph.

S* A free monoid.

The group multiplication.
A free group.

A function.

A map from a letter to a
group number.

A word.

A binary operation.

<P m=Te Qz =
=

A group law (concatenation).

L

@)

*

d A distance function.

T A homogeneus tree of
order M.

A total mass function.

p™ n-step transition probbility.

A generator of a cyclic group.

63

deg

Yy~
supp

|| m ||

The degree of a vertex

means the number of its neighbours.
There is an edge between x and y.
The support of the measure.

A probability measure.

A generators set.

The transition probability from a to b
The n-step transition probability.
The identity element of a group G.
A random walk.

A total mass function.

T C S %S The admissible transitions.
F c S %S The forbidden transitions.

A Markovian Multiplicative base.

A solution to a Traffic Equation.

An initial distribution of a Markov chain.
The number of groups.

The drift.

The asymptotic entropy.

Shannon entropy.

The Hausdorff dimension of the
probability measure p.

The word length.
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