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Abstract

Given an action of a countable group with a quasi-invariant measure, there exists a multiplicative group in
p0,8q, called the ratio set of the group action, which in a sense describes the values of the Radon-Nikodym
derivative. The main purpose of this thesis is to find the ratio set of the action of a finitely generated free
group F on its topological boundary BF (the set of infinite words) for a certain natural class of quasi-invariant
boundary measures.

In Section 1, we focus on the general ergodic theory of equivalence relations. We outline the set-up, borrow
from [1], [4] the definitions of the central notions of the theory, including counting measures (Proposition
1.8), quasi-invariance (Definition 1.6), Radon-Nikodym cocycle (Definition 1.15) and raio set (Definition
1.19), and illustrate them on the example of the orbit equivalence relation of a Markov shift (Definition 1.22).
We also introduce the principal object: the boundary action of a finitely generated free group (see Section 1.2).

In Section 2, we define the class of multiplicative Markov measures (Definition 2.1). These are the
measures on a topological Markov chain entirely determined just by an initial (base) distribution and the ad-
missibility matrix; the transition probabilities are then just the normalized restrictions of the base distribution
onto the set of admissible transitions (see [7]). In the case of the free group, its boundary has a natural structure
of a topological Markov chain (determined by the irreducibility condition from the definition of a free group:
consecutive letters should not cancel each other), and in this case, we show that the multiplicative Markov
measures are precisely the ones for which the Radon-Nikodym cocycle is a product cocycle (i.e. a cocycle whose
potential only depends on the first letter of the input; see Definition 2.8). The final result of this section
is an explicit description of the ratio set of the boundary action with respect to multiplicative Markov measures.

In Section 3, given a probability measure µ on the set of free generators and their inverses, the definition
of the associated nearest neighbor random walk is given. According to Furstenberg’s Theorem (proof
provided in Appendix), in this random walk, sample paths converge almost surely to a random boundary
point, and the resulting limit distribution on the boundary of the free group is called the harmonic measure
of the random walk (see Section 3.1). We show that the harmonic measure is a multiplicative measure
(Theorem 3.3), and therefore the results of Section 2 allow us to describe the ratio set of the harmonic
measure (Theorem 3.5). A significant role in these considerations is played by the passage probabilities of
the random walk (given a group element, the probability that it is ever visited by a random walk). Since the
harmonic measure is multiplicative, its potential only depends on the first letter, and this dependence actually
amounts to taking the inverse of the corresponding passage probability (Proposition 2.9, Remark 2.10).
Finally, we establish a one-to-one correspondence between three families of numbers indexed by the alphabet of
the free group and subject to natural conditions; these are the step distributions of the random walk, the base of
the harmonic measure (which is multiplicative Markov) and the family of passage probabilities (Theorem 3.6).

In Section 4, we discuss another method for finding the ratio set of the harmonic measure based on using
Martin theory (see [2]).

In the Appendix, we prove Furstenberg’s Theorem, a result used for defining the harmonic measure
in Section 3. Actually, it is applicable not only for the nearest neighbor random walk (i.e. not only when the
probability measure µ is supported on the alphabet set) but also the more general case where the support of
the step distribution generates the free group. Moreover, in addition to the existence it also characterizes the
harmonic measure as the unique µ-stationary measure on the boundary.
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1 Ratio set of a general Markov shift

1.1 Countable equivalence eelations

Definition 1.1. Let pX,Bq be a standard Borel space and suppose R is an equivalence relation defined on X
such that for each x P X, the equivalence class of x is countable and R as a subset of X ˆX belongs to B ˆB.
In this case, we call R a countable measurable equivalence relation with respect to B. For each x P X
we use rxs to denote the equivalence class of x, and for each B P B, we use RpBq “

Ť

bPBrbs to denote the
R-saturation of the set B.

In particular, if a group G is acting a space X, then the associated orbit equivalence relation is defined
as: given x, y P X, x „ y iff g ¨ x “ y for some g P G.

Proposition 1.2. Given a standard Borel space pX,Bq and a countable group G acting on X by measurable
transformations, the associated orbit equivalence (denoted by RG) is a measurable equivalence relation in the
sense of Definition 1.1.

Proof. In X ˆX, given h P G, since the mapping x ÞÑ h ¨ x is measurable, the graph of this mapping:

Γphq “ tpx, h ¨ xq |x P Xu

is then measurable with respect to B ˆ B. We then have:

RG “
ď

hPG

Γphq.

The right hand side is a countable union of B ˆ B-measurable sets, and hence is B ˆ B-measurable.

In a dynamical system pX,B, T q where X is a T1 and B is the Borel σ-algebra of X, if T is not necessarily
invertible, then the orbit equivalence relation will be defined as: x „ y iff there is k, l P N such that T kx “ T ly;
if T is invertible, then the k, l can be picked from Z. This equivalence relation will be denoted by RT . To make
RT a discrete measurable equivalence relation, we want T to be continuous with respect to the given topology
in X (therefore measurable with respect to B) and T´1ptxuq countable for each x P X.

Proposition 1.3. Given a Polish space X endowed with the Borel σ-algebra B, and a continuous map T :
X Ñ X such that T´1

`

txu
˘

is countable for each x P X, the orbit equivalence relation RT is a countable
measurable equivalence relation in the sense of Definition 1.1

Proof. Because X is a Polish space, the topology X is equipped with is equivalent to a complete separable
metric topology. Therefore every singleton will be closed. Because T is continuous and T´1ptxuq countable for
each x P X, we have that for each n P N Y t0u, Tn is continuous and pTnq´1ptxuq countable for each x P X.
Hence, for each x P X and n,m P N Y t0u, the equivalence class:

rxs “
ď

n,mPNYt0u

ty P X |Tnpxq “ Tmpyqu “
ď

n,mPNYt0u

pTmq´1tTnpxqu

is a countable union of countable closed sets and hence countable and measurable. Now fix n,m P N, we have
the following set:

!

px, yq P X ˆX |Tnpxq “ Tmpyq

)

as the pre-image of the diagonal in X ˆX under Tn ˆTm, is closed in the product topology (generated by the
given topology in X). Therefore:

R “
ď

n,mPNYt0u

!

px, yq |Tnpxq “ Tmpyq

)

is a countable union of closed sets and hence belongs to B ˆ B.
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1.2 The topological Markov chain associated to the boundary of a free group

In this subsection, we shall illustrate the notions introduced in Section 1.1 by looking at our principal object,
which is the action of the free group on its topological boundary. Given a finite set of free generators and their
inverses A, we will consider the dynamical system determined by the action of the free group F generated by
A on the (topological) boundary BF , then introduce the shift transformation on BF , and our first example of
orbit equivalence (see Definition 1.4).

Each v P F can be written as, for some m P N:

v “ v1v2v3 ¨ ¨ ¨ vm vi P A and vivi`1 ‰ e @ i P t1, 2, ¨ ¨ ¨ ,m´ 1u.

where e denotes the identity of F . Here m is the length of v, denoted by | v | and the above property:

vivi`1 ‰ e @ i P t1, 2, ¨ ¨ ¨ ,m´ 1u

is called irreducibility. Then we use BF to denote the set of infinite (to the right) words where each word
has the form v “ v1v2 ¨ ¨ ¨ subject to the same irreducibility condition. We call BF the boundary of F , and
define F “ F Y BF . Clearly with respect to the δ-metric, BF is the topological boundary of F . One can also
notice that the (directed) Cayley graph with A the generating set is a tree. Further, given v P F and k P N,
we define the k-truncation of an element v as:

rvsk “

#

v1v2 ¨ ¨ ¨ vk, k ă | v |

v, k ě | v |

Given u, v P F , let u ^ v denote the confluent (the common part of u and v starting from the left) of u
and v and |u^ v | the length of it. Then define:

δ : F ˆ F Ñ r0,8q, pu, vq ÞÑ

#

0, u “ v

expp´|u^ v |q, u ‰ v

Hence δ is a metric defined on F . We will then show the metric space pF , δq is compact by showing that it is
complete and totally bounded.

Given a Cauchy sequence tununPN, we have that lim supn,m δpun, umq “ 0. Hence, for each k P N, we can

find nk P N so that δpun, umq ď e´k for all n,m ě nk, which implies runsk “ rumsk for all n,m ě nk. If we
let vk “ runk

sk, then tvkukPN will converge to an element v where rvsk “ vk for each k P N. Hence, for each
k P N, δpv, unq ď e´k for each k ě nk and this proves that pF , δq is complete.

Then we will show that F is totally bounded (i.e. in a metric space, for each ϵ ą 0, the space can be covered
by finitely many open balls with radius ϵ). Then we will fix ϵ ą 0 and find k P N so that e´k ă ϵ. Let Bk be
the finite set of all k-length words. Hence, each element in F will be in Bpu, e´kq, the closed ball centred at u
with radius e´k for some u P Bk. For each r ą 0 and x P F , we will use Bpx, rq to denote the closed ball in F .
Hence pF , δq is compact and pBF , δq, as a closed subspace, is therefore compact.

In BF , given g “ g1 ¨ ¨ ¨ gn P F , we define an elementary cylinder set in BF as the following:

Cg “
␣

v P BF | v1 “ g1, ¨ ¨ ¨ , vn “ gn
(

Also notice that for each v P Cg, Bpv, e´nqXBF “ Cg. We use B to denote the σ-algebra generated by elemen-
tary cylinder sets in BF , which coincides with the Borel σ-algebra in BF . The group action of F acting on BF ,
namely the boundary action, is defined by the concatenation with subsequent cancellation (if necessary),
and is continuous.

Next, we define the shift transformation T on BF as the following:

T : BF Ñ BF , v ÞÑ rvs
´1
1 v

where rvs1 is the first letter of the input element. T is continuous.
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Definition 1.4. Given two measurable spaces, pX,BXq and pY,BY q, each of which endowed with respective
countable measurable equivalence relation RX and RY , an isomorphism between these two relations is an
invertible BX ´BY measurable bijection which maps equivalence classes to equivalence classes. If RX and RY

are isomorphic relations of respective dynamical systems on X and Y , these two systems are said to be orbit
equivalent.

Proposition 1.5. The boundary action of the free group is orbit equivalent to the shift T .

Proof. We denote by RF the orbit equivalence relation of the boundary action and RT the orbit equivalence
of the shift T on BF . We will first show that if x and y are RF -equivalent, then they are RT -equivalent. In
the sense of Definition 1.1, we want to show that, given an arbitrary x P BF and g P F , x and y “ g ¨ x are
RT -equivalent. Recall that given x,‰ y P BF , we denote x ^ y by the (finite) common part of x and y, and
|x ^ y | is the length of that. Set u “ x ^ y. Notice that g acting on x will remove the first |u´1 ^ x | letters
of x and then add the first |u | ´ |u´1 ^ x | of u letters to what remains in x. Therefore:

T | u´1
^x |x “ T | u |´| u´1

^x |y ùñ @x P BF @ g P F , x
RT
„ y.

Visually, we have:

Now given px, yq P RT , we can then find n1, n2 P N such that Tn1x “ Tn2y “ z. Then by taking
g “ x1x2 ¨ ¨ ¨xn1

P F , h “ y1y2 ¨ ¨ ¨ yn2
P F , we have:

g´1 ¨ x “ Tn1x “ Tn2y “ h´1 ¨ y ùñ y
RF
„ z.

1.3 Non-singularity and quasi-invariance

First we need the definitions of a non-singular (countable measurable) equivalence relation, the associated
flip transformation, and of the left and right coordinate projections. Throughout this section, only
finite measure states spaces are considered. Definition 1.6, 1.7 and Proposition 1.8 are from [4].

Definition 1.6. Given a Borel measure space pX,B, µq and a countable measurable equivalence relation R,
we call µ quasi-invariant for R if:

@B P B, µrRpBqs “ 0 ðñ µpBq “ 0.

In this case, we call R non-singular with respect to µ.
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Definition 1.7. Given a measurable space pX,Bq, the flip transformation θ is defined as:

θ : X ˆX Ñ X ˆX, px1, x2q ÞÑ px2, x1q.

Observe that B ˆ B “ tB1 ˆ B2 |B1, B2 P Bu is a σ-algebra in X ˆ X and is generated by product of sets in
B. Hence, θ is measurable with respect to B ˆ B. Similarly, the left projection:

πl : X ˆX Ñ X px1, x2q ÞÑ x1

and the right projection:

πr : X ˆX Ñ X px1, x2q ÞÑ x2

are both measurable with respect to BR “ tC XR |C P B ˆ Bu.

Proposition 1.8. Given a standard Borel space pX,Bq, a probability measure µ on it, and a countable mea-
surable equivalence relation R,

(i) for any C P BR, the function:

X Ñ r0,8s, x ÞÑ |π´1
l ptxuq X C | (the cardinality)

is measurable and:

νl : BR Ñ r0,8s, C ÞÑ

ż

X

|π´1
l ptxuq X C | dµpxq

is a σ-finite measure on BR. We call νl the left counting measure and in the same way we define the
right counting measure as:

νr : BR Ñ r0,8s, C ÞÑ

ż

X

|π´1
r ptxuq X C | dµpxq

(ii) For each C P BR, νlpCq “ 0 iff µ
“

πlpCq
‰

“ 0 and νrpCq “ 0 iff µ
“

πrpCq
‰

“ 0

For proving Proposition 1.8, we will use the following results from [5. §18]

Definition 1.9. Given two sets X,Y and P Ď X ˆ Y , a uniformization of P is a subset P˚ Ď P such that,
given πX the projection from X ˆ Y onto X, we have πXpP q “ πXpP˚q and πX restricted to P˚ is bijective.

Theorem 1.10. Let pX,BXq, pY,BY q be standard Borel spaces and let P Ď XˆY be BX ˆBY -measurable. If,
for each x P X, Px “ π´1

l ptxuq X P is countable, then P has a uniformation that is also BX ˆ BY -measurable.
Moreover, there exists a countable partition tEnu for P such that πl is injective on each En.

Proof of Proposition 1.8. According to Theorem 1.10, there exists a countable partition of R, denoted by
tEnu, such that πl is injective on each En. Therefore, we will have X “ πlpRq “

Ť

nPN πlpEnq. Hence we can
define fn : πlpEnq Ñ En such that for each x P En, fnpxq is the unique point in En such that πl

“

fnpxq
‰

“ x,
and each fn is then a B ´ pB ˆ Bq measurable bijection between πlpEnq and En. Therefore, we have that for
each n P N, f´1

n is equal to πl restricted to En. Hence, for each C P BR, we have:

πlpCq “
ď

nPN
πlpC X Enq “

ď

nPN
πl

ˇ

ˇ

ˇ

En

pC X Enq “
ď

nPN
f´1
n pC X Enq.

(i) Fix C P BR and notice that for each x P X:

π´1
l

`

txu
˘

X C ‰ H ðñ x P πlpCq. (1)

Because X “
Ť

nPN πlpEnq, with p1q, we then have:
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|π´1
l

`

txu
˘

X C | “
ÿ

nPN
χC

“

fnpxq
‰

and hence, according to Dominance Convergence Theorem:

ż

X

|π´1
l

`

txu
˘

X C | dµpxq “

ż

X

ÿ

nPN
χC

“

fnpxq
‰

dµpxq “
ÿ

nPN

ż

X

χC

“

fnpxq
‰

dµpxq.

Since each fn is bijective from πlpEnq to En, again with p1q, for each n P N, we then have:

ż

X

χC

“

fnpxq
‰

dµpxq “

ż

πlpEnXCq

1 dµpxq “ µ
“

πlpC X Enq
‰

which implies that:

ż

X

|π´1
l

`

txu
˘

X C | dµpxq “
ÿ

nPN
µ
“

πlpC X Enq
‰

. (2)

Since the cardinality function is sub-additive, we can now conclude that νl is a measure defined on BR,
and that for each n P N, νlpEnq “ µ

“

πlpEnq
‰

ă 8. Hence, νl is a σ-finite measure defined on BR.
Replacing πl by πr and adjusting the definition of each fn can also show that νr is a σ-finite measure
defined on BR.

(ii) Given C P BR, if µ
“

πlpCq
‰

“ 0, then for each n P N:

0 ď µ
“

πlpC X Enq
‰

“ µ
“

πlpCq X πlpEnq
‰

ď µ
“

πlpCq
‰

“ 0.

With p2q, we then can conclude νlpCq “ 0. Conversely, if νlpCq “ 0, by definition of νl, we have that for
µ-almost each x P X, |π´1

l

`

txu
˘

X C | “ 0, or π´1
l

`

txu
˘

X C “ H. By p1q, we then have πlpCq is µ-null

set, or µ
“

πlpCq
‰

“ 0. Replacing πl by πr can prove that, for each C P BR, νrpCq “ 0 iff µ
“

πrpCq
‰

“ 0.

Proposition 1.11. Given a non-singular equivalence relation pX,B, µ,Rq, the left and right counting measure
(defined in Proposition 1.8) are equivalent.

Proof. Assume that tEnunPN is a partition of R (given by Theorem 1.10) such that πl is injective on each
En, and that tFmumPN is a partition of R (also given by Theorem 1.10) such that πr is injective on each
Fm. Therefore, we have that tEn X Fmun,mPN is a partition of R where both πl and πr are injective on each
En XFm. Hence, without losing generality, we can assume that tEnu is a partition of R where both πl and πr
are injective on each En. As a result, we have that, for each C P BR:

νlpCq “
ÿ

nPN
µ
“

πlpC X Enq
‰

νrpCq “
ÿ

nPN
µ
“

πrpC X Enq
‰

.

Observe that for each C P BR, we have R
“

πlpCq
‰

“ R
“

πrpCq
‰

. Because R is non-singular, we then can conclude:

µ
“

πlpCq
‰

“ 0 ðñ µ
´

R
“

πlpCq
‰

¯

“ 0 ðñ µ
´

R
“

πrpCq
‰

¯

“ 0 ðñ µ
“

πrpCq
‰

“ 0.

Combining equations above gives us:

νlpCq “ 0 ðñ µ
“

πlpC X Enq
‰

@n P N ðñ µ
“

πrpC X En

‰

@n P N ðñ νrpCq “ 0.
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Definition 1.12. A partial isomorphism Φ of a measurable equivalence relation pX,B, Rq is a measurable
bijection between A,B P B such that the graph of Φ is contained in R.

Proposition 1.13. Given a non-singular equivalence relation pX,B, µ,Rq, if Φ : A Ñ B is a partial isomor-
phism with µpAq ą 0, then ΦµA and µA are equivalent, where µA denotes the restriction of the measure µ to
A.

Proof. By definition of a partial isomorphism, we have ΓpΦq Ď R. Then, for each measurable subset C Ď B,
we will have:

πlrΓpΦq X π´1
r pCqs Ď Φ´1pCq

Suppose x P Φ´1pCq. Then, Φpxq P C, and hence:

px,Φpxqq P ΓpΦq X π´1
r pCq ùñ x P πlrΓpϕq X π´1

r pCqs

which implies Φ´1pCq “ πlrΓpΦq X π´1
r pCqs. Similarly, we first have πrrΓpΦq X π´1

r pCqs Ď C. Then given
y P C, we will have:

pΦ´1pyq, yq P ΓpΦq X π´1
r pC XBq

which implies:

πrpΦ´1pyq, yq “ y P πrrΓpΦq X π´1
r pC XBqs

Therefore πrrΓpϕq X π´1
r pCqs “ C. From Proposition 1.8, we have that νl is equivalent to νr when R is

non-singular with respect to µ. Therefore:

µpCq “ µ
´

πr
“

ΓpΦq X π´1
r pCq

‰

¯

“ 0

ðñ νr
“

ΓpΦq X π´1
r pCq

‰

“ 0

ðñ νl
“

ΓpΦq X π´1
r pCq

‰

“ 0

ðñ µ
´

πl
“

ΓpΦq X π´1
r pCq

‰

¯

“ µ
“

Φ´1pCq
‰

“ 0

which implies that, for each measurable subset C Ď B, µpCq “ 0 iff µ
“

Φ´1pCq
‰

“ 0.

Theorem 1.14. Given a measurable equivalence relation pX,B, Rq and a measure µ defined on B, the following
properties are equivalent:

(1) R is non-singular with respect to µ.

(2) The left and right counting measure, νl and νr (defined in Proposition 1.8) are equivalent.

(3) For each partial isomorphism Φ : A Ñ B with µpAq ą 0, we have ΦµA is equivalent to µB.

Proof. Proposition 1.11 shows that p1q ùñ p2q and Proposition 1.13 shows that p1q ùñ p3q. We will
prove the theorem by showing that p2q ùñ p1q and p3q ùñ p2q.

p2q ùñ p1q: Let tEnu be a partition of R (given by Theorem 1.10) such that πl is injective on each En.
Hence, according to the proof of Proposition 1.8, we have that for each C P BR:

νlpCq “
ÿ

nPN
µ
“

πlpC X Enq
‰

.

To prove that R is non-singular with respect to µ, it suffices to show that µpBq “ 0 implies µ
“

RpBq
‰

“ 0.
Suppose B P B is a µ-null set. Hence, for each n P N, we have:

µ
´

πl
“

π´1
l pBq X En

‰

¯

ď µpBq “ 0 ùñ νl
“

π´1
l pBq

‰

“
ÿ

nPN
µ
´

πl
“

π´1
l pBq X En

‰

¯

“ 0.
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Because we assume that νl is equivalent to νr in BR, we then have νr
“

π´1
l pBq

‰

“ 0 and that:

νr
“

π´1
l pBq

‰

“
ÿ

nPN
µ
´

πr
“

π´1
l pBq X En

‰

¯

“ 0 ùñ @n P N, µ
´

πr
“

π´1
l pBq X En

‰

¯

“ 0.

Notice that πr
“

π´1
l pBq

‰

“ RpBq. Since tEnunPN is a partition of R, we have X “
Ť

nPN πrpEnq “ πrpRq.
Hence, for each n P N, we have:

µ
´

πr
“

π´1
l pBq X En

‰

¯

“ µ
´

πr
“

π´1
l pBq

‰

X πrpEnq

¯

“ µ
“

RpBq X πrpEnq
‰

“ 0.

which implies:

0 ď µ
“

RpBq
‰

“ µ
“

ď

nPN
RpBq X πrpEnq

‰

ď
ÿ

nPN
µ
“

RpBq X πrpEnq
‰

“ 0 ùñ µ
“

RpBq
‰

“ 0.

p3q ùñ p2q: To show that νl is equivalent to νr, it suffices to show that, for each C P BR, νlpCq “ 0 implies
that νrpCq “ 0 and then the other direction follows by replacing νl by νr. Again let tEnu be the partition of
R (provided by Theorem 1.10) such that πl is injective on each En. As in the proof of Proposition 1.8,
let fn : πlpEnq Ñ En be defined as the following: for each x P En, fnpxq is the unique point in En such that
πl
“

fnpxq
‰

“ x. Define gn : πrpEnq Ñ En similarly, and then define:

Φn : πlpEnq Ñ πrpEnq, x ÞÑ g´1
n ˝ fnpxq

Because both fn and gn are measurable and bijective, Φn is also measurable and bijective. Also, because
En “ πlpEnqˆπrpEnq and En Ď R, we then have the graph of Φn is in R, and hence ϕn is a partial isomorphism
between πlpEnq and πrpEnq. Now given C P BR, if νlpCq “ 0, according to the proof in Proposition 1.8:

νlpCq “
ÿ

nPN
µ
“

πlpC X Enq
‰

“ 0 ùñ @n P N, µ
“

πlpC X Enq
‰

“ 0.

By assumption, we then have, for each n P N:

µ
“

πlpC X Enq
‰

“ 0 ùñ µ
´

Φn

“

πlpC X Enq
‰

¯

“ µ
“

πrpC X Enq
‰

“ 0.

which implies that:

νrpCq “
ÿ

nPN
µ
“

πrpC X Enq
‰

“ 0.

1.4 Radon-Nikodym cocycle

Definition 1.15. Given a non-singular measurable equivalence relation pX,B, µ,Rq, a real-valued cocycle
of R pmod 0q is a measurable function cp¨, ¨q : R Ñ R such that there exists a measurable subset X0 Ď X where
µpX0q “ µpXq and:

• for every x P X0, cpx, xq “ 1,

• for every x, y P X0 with px, yq P R, cpx, yqcpy, xq “ 1,

• for every x, y, z P X0 with px, yq P R and py, zq P R, we have cpx, yqcpy, zq “ cpx, zq.

Proposition 1.16. If Φ : A Ñ B is a partial isomorphism of a non-singular equivalence relation pX,B, µ,Rq

with µpAq, µpBq ą 0, then

dΦµ

dµ
pyq “

d νl
d νr

pΦ´1pyq, yq

for almost each y P B.
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Proof. Again we use ΓpΦq to denote the graph of Φ. Fix a measurable subset C Ď B. In Proposition 1.13,
we observed that:

πl

”

ΓpΦq X π´1
l pCq

ı

“ Φ´1pCq

Therefore:

ΦµpCq “ µ
“

Φ´1pCq
‰

“ µ
´

πl
“

ΓpΦq X π´1
l pCq

‰

¯

(3)

Observe that:

ΓpΦq X π´1
l pCq “

!

pΦ´1pyq, yq | y P C
)

(4)

Because Φ is bijective, πl is then injective on ΓpΦq X π´1
l pCq and hence:

νl
“

Γpϕq X π´1
l pCq

‰

“

ż

X

ˇ

ˇπ´1
l txu X ΓpΦq X π´1

l pCq
ˇ

ˇ dµpxq “ µ
“

Φ´1pCq
‰

(5)

Combining p3q, p4q and p5q gives us:

νl
“

ΓpΦq X π´1
l pCq

‰

“

ż

ΓpΦqXπ´1
l pCq

d νl
d νr

px, yq dνrpx, yq

“

ż

C

d νl
d νr

“

Φ´1pyq, y
‰

dµpyq

“ µ
´

πl
“

ΓpΦq X π´1
l pCq

‰

¯

“ µ
“

Φ´1pCq
‰

“

ż

C

dΦµ

dµ
pyq dµpyq

which implies:

ż

C

d νl
d νr

“

Φ´1pyq, y
‰

dµpyq “

ż

C

dΦµ

dµ
pyq dµpyq.

Since C is arbitrarily picked, we then can conclude, for almost each y P B:

dΦµ

dµ
pyq “

d νl
d νr

“

Φ´1pyq, y
‰

.

Proposition 1.17. Given two measurable spaces pX,BXq, pY,BY q, two equivalent measures µ and σ defined on
BX , and a measurable bijection Φ : X Ñ Y , the image measures Φµ and Φσ are equivalent and, for Φµ-almost
every y P Y :

dΦµ

dΦσ
pyq “

dµ

d σ
˝ Φ´1pyq.

Proof. Since, for each B P BY , Φ
´1pBq P BX and µ „ σ on the entire BX , we then have:

ΦµpBq “ 0 ðñ µ
“

Φ´1pBq
‰

“ 0 ðñ σ
“

Φ´1pBq
‰

“ 0 ðñ ΦσpBq “ 0

To establish the equality, it suffices to show that, for each B P BY

ż

B

dΦµ

dΦσ
pyq dpΦσq “

ż

B

”dµ

d σ
˝ Φ´1pyq

ı

dpΦσq

Fix B P BY . Since Φ´1 is well-defined on in Y , we then have:
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ż

B

dΦµ

dΦσ
pyq dpΦσq “

ż

B

χBpyqdpΦµq

“

ż

Φ´1pBq

χB ˝ Φpxq dµ

“

ż

Φ´1pBq

”

χB ˝ Φpxq

ı

¨
dµ

d σ
pxq dσ

“

ż

Φ´1pBq

”

χB ˝ Φpxq

ı

¨
dµ

d σ
pxq d

“

Φ´1pΦσq
‰

“

ż

B

”

χB ˝ Φ ˝ Φ´1pyq

ı

¨

”dµ

d σ
˝ Φ´1pyq

ı

dpΦσq

“

ż

B

dµ

d σ
˝ Φ´1pyq dpΦσq

which implies:

ż

B

dΦµ

dΦσ
pyq dpΦσq “

ż

B

”dµ

d σ
˝ Φ´1pyq

ı

dpΦσq

Since B is an arbitrary measurable subset of Y , the desired equality holds for almost each y P Y .

Theorem 1.18. Given a non-singular equivalence relation pX,B, µ,Rq, the Radon-Nikodym derivative of the
left counting measure with respect to the right counting measure, d νl{d νr, is a real-valued cocycle of R pmod 0q.

Proof. Let tEnu be the partition of R (given by Theorem 1.10) where πl is injective in each En. As we have
seen from the proof of the implication p3q ùñ p2q from Theorem 1.14, if R is non-singular with respect to
µ, for each n P N, there exists a partial isomorphism Φn from πlpEnq to πrpEnq such that, for each pa, bq P En,
Φnpaq “ b. Therefore, we have X “

Ť

nPN πrpEnq. For each n P N, define:

Rn “ πrpEnqz
ď

iăn

πrpEiq.

Hence, X “
Ť

nPNRn and the family tRnu are pair-wise disjoint. Without losing generality, we can assume
each Rn has positive µ-measure (or exclude all those µ-null sets from tRnu). From Proposition 1.13, we
will have ΦnµπrpEnq is equivalent to µπlpEnq in the relative σ-algebra tC Ď πrpEnq |C P Bu. For each n P N,
without losing generality, suppose Dn is a representative that is equal to the Radon-Nikodym derivative of
Φnµ with respect to µ almost everywhere. Then, according to Proposition 1.16 and Proposition 1.17, for
each n,m P N, there exists Fn,m Ď Rn with µpFn,mq “ µpRnq such that for (exactly) each x P Fn,m, we have:

Dnpxq “
d νl
d νr

`

Φ´1
n pxq, x

˘

,
dΦmpΦnµq

dΦnµ
pxq “ Dn ˝ Φ´1

m pxq. (6)

For each n P N, set Gn “
Ş

mPN Fn,m. Then we will have µpGnq “ µpRnq and that, for all m P N and for
(exactly) each x in Gn, p6q holds. Hence, we will have that:

µpXq “
ÿ

nPN
µpRnq “

ÿ

nPN
µpGnq “ µ

”

ď

nPN
Gn

ı

.

Set X0 “
Ť

nPNGn. Suppose x, y, z P X0 and that px, yq, py, zq P R. Without losing generality, suppose
px, yq P En and py, zq P Em, which implies that y P πrpEnq and hence y P Gn, and that z P πrpEmq and hence
z P Gm. Since we have Φnpxq “ y, Φmpyq “ z and Φm ˝ Φnpxq “ z, according to p6q, we will have:

Dmpzq “
d νl
d νr

pΦ´1
m pzq, zq “

d νl
d νr

py, zq, Dnpyq “
d νl
d νr

pΦ´1
n pyq, yq “

d νl
d νr

px, yq, (7)

and:

d pΦm ˝ Φnqµ

dµ
pzq “

d νl
d νr

“

pΦm ˝ Φnq´1pzq, z
‰

“
d νl
d νr

px, zq. (8)
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Meanwhile, from Proposition 1.17, we have:

d νl
d νr

px, yq “
d νl
d νr

´

Φ´1
n

“

Φ´1
m pzq

‰

,Φ´1
m pzq

¯

“ Dn ˝ Φ´1
m pzq “

d pΦm ˝ Φnqµ

dΦmµ
pzq (9)

Combining p7q, p8q and p9q gives us:

d νl
d νr

px, yq
d νl
d νr

py, zq “
d νl
d νr

px, zq.

Because µpX0q “ µpXq, we can now conclude that d νl{d νr is a real-valued cocycle of R (mod 0).

1.5 Definition and properties of ratio set

Definition 1.19. Given a non-singular equivalence relation pX,B, µ,Rq, the ratio set rµpRq is the set of
all non-negative real numbers λ such that: for each ϵ ą 0 and for any B P B with µpBq ą 0, there exists
two measurable subsets of B, say B1, B2, such that µpB1q, µpB2q ą 0 and, there exists a partial isomorphism
Φ : B1 Ñ B2 such that for µ-almost each x P B2, |DµpΦ´1pxq, xq ´ λ | ă ϵ where Dµ is the Radon-Nikodym
cocycle given by Theorem 1.18. In particular, according to Theorem 1.14, by removing µ-null sets from
B1, B2 we can claim the following equality:

B2 “ ΦpB1q “
␣

x P B2 |DµpΦ´1pxq, xq P pλ´ ϵ, λ` ϵq
(

.

The following proof is inspired by [1].

Proposition 1.20. Given a non-singular countable equivalence relation pX,B, µ,Rq, its ratio set is a non-
empty closed subset of R in usual topology and rµpRqzt0u is a multiplicative subgroup of p0,8q.

Proof. Throughout this proof, we will use B` to denote the set of non-µ-null measurable sets.

(i). Firstly, we will show that 1 P rµpRq. By Definition 1.17, if we use idX to denote the identity mapping
in X, then pidXq˚µ “ µ and, for each x P X, Dµpx, id´1

X pxqq is constantly equal to 1. Hence, for each A P B`:

A “ idXpAq “ tx P A : |Dµpx, id´1
X pxqq ´ 1 | ă ϵu

hence condition p˚q is satisfied and hence 1 is in the ratio set.

(ii). After showing that the ratio set is always non-empty, we then will show it is a closed set (in the
usual topology) in the real line. Given a converging sequence tanunPN Ď rµpRq, assume an Ñ a P r0,8q. Fix
A P B`, ϵ ą 0 and suppose | an ´ a | ă ϵ for all n ě k. Then, we can find Φ a partial isomorphism with domain
A such that:

A “ ΦpAq “ tx P A : |Dµpx,Φ´1pxqq ´ ak | ď ϵu P B`

Then, since | ak ´ a | ď ϵ, we then have:

A “ tx P A : |Dµpx, ϕ´1pxqq ´ ak | ď ϵu Ď tx P A : |Dµpx,Φ´1pxqq ´ a | ď 2ϵu

and hence:

!

x P X : |Dµpx,Φ´1pxqq ´ a | ď 2ϵ
)

P B`

Thus a P rµpRq.

(iii). Next, we will show that the ratio set is a multiplicative subgroup of p0,8q. The following proof is
inspired by [1 Lemma 9.7]. Suppose p, q P rµpRq. We will first show that pq P rµpRq. Fix C P B`. Fix ϵ ą 0.
Because multiplication is jointly continuous in R, we can find δ ą 0 so that

txy : x P pp´ ϵ, p` ϵq, y P pq ´ ϵ, q ` ϵqu Ď ppq ´ δ, pq ` δq
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By definition, we can find C1, C2 Ď C, both of which have positive measure, and a partial isomorphism
Φp : C1 Ñ C2 for each x P C2, Dµpx,Φ´1

p pxqq P pp´ ϵ, p` ϵq. Therefore, we have the following equality:

C2 “ ΦppC1q “ tx P C2 : |Dµpx, ϕ´1
p pxqq ´ p | ď ϵu P B`

Given µpC1q ą 0, then we can find D1, D2 Ď C1, both of which have positive measure and Φq : D1 Ñ D2 such
that, similar to the equation above for C2, we have:

D2 “ ΦqpD1q “ tx P D2 : |Dµpx,Φ´1
q pxqq ´ q | ď ϵu P B`

By Proposition 1.16, we have that, for almost each b P C2, we have:

d pΦpq˚

“

pΦqq˚µ
‰

dµ
pbq “

d pΦpq˚

“

pΦqq˚µ
‰

d pϕpq˚µ
pbq ¨

d pΦpq˚ µ

dµ
pbq “

d pΦqq˚µ

dµ
˝ Φ´1

p pbq ¨
d pΦpq˚µ

dµ
pbq

In terms of the Radon-Nikodym Cocycle, we have the following equivalent equation:

Dµpb, pΦp ˝ Φqq´1pbqq “ DµrΦ´1
p pbq,Φ´1

q ˝ Φ´1
p pbqs ¨Dpb,Φ´1

p pbqq

Since Φpµ is equivalent to µ in C2, given D2 Ď C1 with µpD2q ą 0, we will have ΦppD2q also has positive
measure and ΦppD2q Ď ΦppC1q “ C2. Hence, for each b P ΦppD2q:

Dµpb, pΦp ˝ Φqq´1pbqq “ DµrΦ´1
p pbq,Φ´1

q ˝ Φ´1
p pbqs ¨Dpb,Φ´1

p pbqq

P tx1x2 : x1 P pq ´ ϵ, q ` ϵq, x2 P pp´ ϵ, p` ϵqu

Ď ppq ´ δ, pq ` δq

Therefore, for each b P ΦppD2q, we have:

b P C2 X Φp ˝ ΦqpD1q X tx P X : Dµpx, pΦp ˝ Φqq´1pxqq ´ pq | ď ϵu “ Φp ˝ ΦqpD1q

Ď C2 X Φp ˝ ΦqpC1q X tx P X : Dµpx, pΦp ˝ Φqq´1pxqq ´ pq | ď ϵu

Ď C X Φp ˝ ΦqpCq X tx P X : Dµpb, pΦp ˝ Φqq´1pbqq ´ pq | ď ϵu

The set in the last line has positive measure for containing Φp ˝ ΦqpD1q. Now we can conclude, given C P B`,
we can find a partial isomorphism Φp ˝Φq between D1.Φp ˝ΦqpD1q, both of which have positive measure, such
that:

C X Φp ˝ ΦqpCq X tx P X : Dµpx, pΦp ˝ Φqq´1pxqq P ppq ´ ϵ, pq ` ϵqu P B`

Hence pq P rµpRq.

(iv). At last we want to show, given d P rµpRq, we will have d´1 P rµpRq, by using continuity the map
x ÞÑ x´1 in p0,8q. Fix A P B`, ϵ ą 0, a partial isomorphism ψ from A1 to A2, both of which are contained in
A and have positive measure such that:

A2 “ ψpA1q “ tx P X |Dµpx, ψ´1pxqq P pd´ ϵ, d` ϵqu

Again by Proposition 1.17, we have, for almost each a P A2:

dµ

dψ ˚ µ
paq “

dψ ˚ ψ´1 ˚ µ

dψ ˚ µ
paq “

dψ´1 ˚ µ

dµ
˝ ψ´1paq

In terms of Radon-Nikodym Cocycle, we have the following equation equivalent to the one above:

Dµpa, ψ´1paqq´1 “ Dµpψ´1paq, ψ ˝ ψ´1paqq “ Dµpψ´1paq, aq

Since we can find δ ą 0 such that tx´1 |x P pd´ ϵ, d` ϵqu Ď pd´1 ´ δ, d´1 ` δq, then:

A2 “ tx P A2 |Dµpx, ψ´1pxqq P pd´ ϵ, d` ϵqu

“ tx P A2 |Dµpψ´1pxq, xq´1 P pd´ ϵ, d` ϵqu

Ď A2 X ψpA1q X tx P X |Dµpψ´1pxq, xq P pd´1 ´ δ, d´1 ` δqu
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Since ψ is a bijection from A1 to A2, we then have:

ψ´1pA2q “ A1 Ď tψ´1pxq, x P A2 |Dµpψ´1pxq, xq P pd´1 ´ δ, d´1 ` δqu

Therefore:

A1 “ ψ´1pA2q “ ty P A1 |Dµpy, ψpyqq P pd´1 ´ δ, d´1 ` δqu P B`

where ψ´1 is a partial isomorphism from A2 to A1 and ψpyq “ pψ´1q´1pyq. Since δ approaches to zero when
ϵ does, we then can conclude d´1 is also in rµpRq

Proposition 1.21. Given a non-singular equivalence relation pX,B, µ,Rq and another measure σ equivalent
to µ, the ratio set with respect to µ is the same as the ratio set with respect to σ.

Proof. It suffices to show that the ratio of one is included in the other. Fix r in the ratio set with respect to µ
and an arbitrary B P B with µpBq ą 0, ϵ ą 0. According to Definition 1.18, there will be B1, B2 Ď B, both
of which have positive µ-measure, and a partial isomorphism Φ from B1 to B2 such that the following set:

B2 X ΦpB1q X tx P X |Dµpx,Φ´1pxqq P pr ´ ϵ, r ` ϵqu

is equal to B2 by Definition 1.18 and hence has positive µ-measure by assumption. Meanwhile, by µ „ σ,
for each A P B, we have:

µrΦ´1pAqs “ 0 ðñ σrΦ´1pAqs “ 0.

Fix δ P p0, 1q and set U “ p1 ´ δ, 1 ` δq. If we use U2 to denote the set of products of elements from U , U´1

the set of reciprocals of elements from U , then, without losing generality, we can assume the following set:

pU2q ¨ r ¨ pU´1q2 “ tr1rr2 | r1 P U2, r2 P pU´1q2u

is contained in pr ´ δ, r ` δq. If, for each q P Q, we set Uq “ tr1q | r1 P Uu. Then tUquqPQ is an open cover of
R because Q is dense in R. Because µ is equivalent to σ, the derivative dµ{d σ is positive almost everywhere
in X. With µpBq ą 0, dµ{d σ is positive almost everywhere in B. Suppose tqnunPN is a enumeration of Q and
set Un “ Uqn for each n P N. Now define O1 “ U1 and for n ą 1, define:

On “ Unz
ď

1ďiăn

Ui.

Then we have:

B “ B X

”dµ

d σ
pxq

ı´1

pRq “ B X
ď

nPN

”dµ

d σ
pxq

ı´1

pOnq “
ď

nPN
B X

”dµ

d σ
pxq

ı´1

pOnq

The equation above can be visually displayed as the following:
Since the family tOnunPN is pair-wise disjoint, the set on the very right hand side is a disjoint countable

union. Since µpBq ą 0, we can find N P N such that the following set:

B X

”dµ

d σ
pxq

ı´1

pON q

has positive µ-measure. Since ON Ď UN “ UqN , the following set:

B
1

“

!

x P B |
dµ

d σ
pxq P UqN

)

has positive µ-measure. Since U ¨ r ¨ U´1 is an open neighborhood of r, we can find δ1 ą 0 such that
pr ´ δ1, r ` δ1q Ď U ¨ r ¨ U´1. Apply the definition of ratio set again with the previously fixed r, δ1, but with
B replaced by B

1

. Then we can find B
1

1, B
1

2 Ď B
1

, both of which have positive measure, and a Φ, a desired
partial isomorphism from B

1

1 to B
1

2 such that the following set:

B
1

1 “ ΦpB
1

2q “ tx P B
1

1 |Dµpx,Φ´1pxqq P pr ´ δ1, r ` δ1qu
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has positive measure. Meanwhile, because, for each b P B
1

, d µ
d σ pbq P UqN , and Φ´1pB

1

2q “ B
1

1 Ď B
1

, according
to Proposition 1.17, we will have:

@ b P B
1

2,
dΦσ

dΦµ
pbq “

d σ

dµ
˝ Φ´1pbq “

´dµ

d σ
˝ Φ´1pbq

¯´1

P pUqN q´1 “ q´1
N U´1.

Therefore, for each b P B
1

2, we have:

Dσpb,Φ´1pbqq “
dΦσ

dΦµ
pbq ¨Dµpb,Φ´1pbqq ¨

dµ

d σ
pbq

“
d σ

dµ
˝ Φ´1pbq ¨Dµpb,Φ´1pbqq ¨

dµ

d σ
pbq

P
`

q´1
N U´1

˘

¨ pr ´ δ1, r ` δ1q ¨ pUqN q

Ď
`

q´1
N U´1

˘

¨
`

U ¨ r ¨ U´1
˘

¨ pUqN q Ď pr ´ ϵ, r ` ϵq

Because B
1

2 “ ΦpB
1

1q P B`, we will have:

B
1

2 “ B
1

2 X ΦpB
1

1q X tx P B
1

2 |Dσpx,Φ´1pxqq P pr ´ ϵ, r ` ϵqu

Ď B
1

X ΦpB
1

q X tx P X |Dσpx,Φ´1pxqq P pr ´ ϵ, r ` ϵqu

Ď B X ΦpBq X tx P X |Dσpx,Φ´1pxqq P pr ´ ϵ, r ` ϵqu

which implies:

B X ΦpBq X tx P X |Dσpx,Φ´1pxqq P pr ´ ϵ, r ` ϵqu P B`

because it contains a B
1

2 with µpB
1

2q ą 0. Since ϵ, B are arbitrary, we can conclude r is in the ratio set with
respect to σ.

1.6 Ratio set of a Markov shift

Definition 1.22. Given a finite alphabet set A (considered as a discrete topological space), the product space
AZ` is called the full shift over A where Z` is the set of all non-negative integers. We use a “ panqnPZ`

to

denote elements of A
Z`

M . It is equipped with the product topology and endowed with the continuous shift T
defined by pTaqn “ an`1. Throughout this section, when a full shift over a alphabet set is given, we will use
B to denote the σ-algebra generated by finite cylinder sets (which is the same as the Borel σ-algebra).
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An admissibility matrix M over a finite alphabet set A is an A ˆ A matrix with entries 0 or 1. The
associated topological Markov chain is the following subset of the full shift

A
Z`

M “ ta P AZ` |Man,an`1 “ 1@n P Z`u.

A stochastic matrix over A is a AˆA matrix, say P “ rPijsi,jPA, that has entries from r0, 1s and entries in each
row sum up to 1. When a topological Markov chain AN

M is given, and Pij ą 0 implies that Mij “ 1, we say the
stochastic matrix P is subordinate to M . We call M irreducible if, for every two i, j P A, we can always
find N P N such that pMN qij ‰ 0. Similar, we call a stochastic matrix P irreducible iff for every i, j P A,
there exists N P N such that pPN qij ‰ 0. From now on both the admissibility matrix and the transition matrix
will be assumed irreducible.

When a topological Markov chain A
Z`

M is given, a Markov measure P defined on B is determined by a
stochastic matrix P subordinated to M , and an initial distribution λ “ pλiqiPA. Given an elementary
cylinder set (a cylinder set that has the following form)

Ci0,¨¨¨ ,in “ ta P A
Z`

M | a0 “ i0, ¨ ¨ ¨ , an “ inu

we have:

PpCi0,¨¨¨ ,inq “ λpi0q
ź

1ďiăn

Pin´1in . (10)

Whenever λP “ λ, we call the initial distribution stationary. In general, for an arbitrary (real-valued)
irreducible transition matrix P , according to Perron-Frobenius theorem, there exists a unique left eigen-
vector, which is the desired stationary initial distribution.

Below, we shall introduce the following result that will be used later in this chapter. For the set-up, for

each N P N, use BN
0 to denote the coordinate σ-algebra in A

Z`

M corresponding to the time interval r0, N s.
Hence, tBN

0 uNPN is an increasing sequence of σ-algebras that generate B. By the Martingale Convergence
Theorem (see [3]), for each B P B, we have that P-almost surely:

PpB |BN
0 q

NÑ8
ÝÑ χB .

In other words, for P-almost each a P B:

lim
N

PpB X Ca0,¨¨¨ ,aN
q

PpCa0,¨¨¨ ,aN
q

“ 1.

Lemma 1.23. Given a topological Markov chain A
Z`

M , a full-support initial distribution λ (i.e. λi ą 0@ i P A),
a subordinate transition matrix P “ rPijsi,jPA, and the associated measure P, if we put Bi,j “ B XCi,j for an
admissible pair pi, jq and a measurable set B with positive measure, then:

i) T
ˇ

ˇ

ˇ

Bi,j

: Bi,j Ñ T pBi,jq is a partial isomorphism.

ii) The restriction m
1

i,j of P to T pBi,jq is equivalent to the restriction mi,j of P to Bi,j.

iii) For almost all a P T pBi,jq, the corresponding Radon-Nikodym derivative dmi,j{dm
1

i,j defined on T pBi,jq

satisfies:

dmi,j

dm
1

i,j

paq “
λiPij

λj
.

Proof. First of all, in the case where B is an elementary cylinder set. we define:

F : T pBi,jq Ñ Bi,j , a ÞÑ pFaqn “

#

i, n “ 0

an´1, n ą 0
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Given x ‰ y P Ci,j , there must exist n ą 1 such that xn ‰ yn, and hence T pxq ‰ T pyq. By definition of Bi,j ,

we can see that the inverse of T
ˇ

ˇ

ˇ

Bi,j

is F , and that for each x P Bi,j , px, T pxqq P RT . Hence, T
ˇ

ˇ

ˇ

Bi,j

is a partial

isomorphism. When B is an elementary cylinder set, by p10q, we have that:

mi,jpBi,jq “
λiPij

λj
m

1

i,j

“

T pBi,jq
‰

, (11)

In general, fix j P A and the elementary cylinder set Cj . We can define:

Fi : Cj Ñ Ci,j , a ÞÑ pFiaqn “

#

i, n “ 0

an´1, n ą 0

From what we previously proved, Fi is a partial isomorphism and has inverse T
ˇ

ˇ

ˇ

Ci,j

. If D Ď Cj is a cylinder

set, we can write D “
Ů

nďM Cn, a finite union of pair-wise disjoint elementary cylinder sets. Then, by p11q,
we will have:

m
1

i,jpDq “ P
“

FipDq
‰

“
ÿ

nďM

P
“

FipC
nq
‰

“
ÿ

nďM

λiPij

λj
PpCnq “

λiPij

λj
PpDq (12)

Since, p12q holds for an arbitrary cylinder sets D, we then can conclude that the two measures m
1

i,j and
pλiPijPq{λj coincides in the relative σ-algebra of Cj and hence equivalent. This will imply, for almost each
a P Cj “ T pCi,jq:

dmi,j

dm
1

i,j

paq “
λiPij

λj

Because, for each B P B, and i, j P A, Bi,j Ď Ci,j , whenever P
“

T pBi,jq
‰

ą 0, the desired equality holds.

Proposition 1.24. In the set-up of the previous lemma, an initial distribution λ is stationary iff the associated
measure P is shift invariant, i.e. for each B P B:

PpBq “ P
“

T´1pBq
‰

.

Proof. Fix B P B, i, j P A. Define Bi,j as in Lemma 1.23 and Bj “ ta P B | a0 “ ju. According to Lemma
1.23, we will have:

PpBi,jq “
λiPij

λj
P
“

T pBi,jq
‰

.

Notice that B is a disjoint union of Bi,j where i, j range over all letters from A, and that T
“

T´1pBqi,j
‰

“ Bj .
We then have:

P
“

T´1pBq
‰

“
ÿ

i,j inA

P
“

T´1pBqi,j
‰

“
ÿ

i,jPA

λiPij

λj
PpBjq “

ÿ

jPA

PpBjq

λj

ÿ

iPA

λiPij .

Therefore, PpBq “ P
“

T´1pBq
‰

precisely when, for each j P A, λj “
ř

iPA λiPij , which is equvialent to that λ
being stationary.

Proposition 1.25. Given a topological Markov chain A
Z`

M , a subordinate transition matrix P “ rPi,jsi,jPA

and its stationary distribution λ, the associated measure P in the path space is quasi-invariant with respect to
the orbit equivalence relation of the shift T .

Proof. Since A
Z`

M is a Polish space, the shift T is continuous, and, for each a P A
Z`

M , T´1tau is finite, by
Proposition 2.3, its orbit equivalence relation RT is a countable measurable equivalence relation. To show
that RT is non-singular with respect to P, it suffices to show that, for each B P B, PpBq “ 0 implies
P
“

RT pBq
‰

“ 0. Fix B P B with PpBq “ 0. From Proposition 2.3, we have:
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RT pBq “
ď

n,mPZ`

pTmq´1
“

TnpBq
‰

. (13)

Let us prove that P
“

T pBq
‰

“ 0. Let Bi,j and Bj be defined as in the proof of Proposition 1.24. Since, for
each i, j P A, T pBi,jq “ T pBqj . By Lemma 1.23, for an arbitrarily fixed i P A, we have:

P
“

T pBq
‰

“
ÿ

jPA

P
“

T pBqj
‰

“
ÿ

jPA

P
“

T pBi,jq
‰

“
ÿ

jPA

λj
λiPij

PpBi,jq.

Because PpBq “ 0, PpBi,jq “ 0 for each i, j P A and hence P
“

T pBq
‰

“ 0. By replacing B by T pBq, we can

then conclude, for each n P N, P
“

TnpBq
‰

“ 0. Along with Proposition 1.24, we can then conclude for each

m P Z, P
“

pTmq´1pBq
‰

“ 0 whenever PpBq “ 0. Hence, in p13q, the right hand side is a countable union of
P-null sets, which implies RT pBq is also P-null.

Corollary 1.26. In the set-up of Proposition 1.25, the Radon-Nikodym cocycle of the equivalence relation

RT (which exists according to Theorem 1.18) has the property that, for almost each a P A
Z`

M

DpTa,aq “
λa0Pa0a1

λa1

.

Proof. Fix a P A
Z`

M such that pa0, a1q is admissible. Without losing generality, suppose a0 “ i, a1 “ j and take

Ci,j “ ta P A
Z`

M | a0 “ i, a1 “ ju. Then according to Lemma 1.23, T
ˇ

ˇ

ˇ

Ci,j

is a partial isomorhpism between

Ci,j and its image, and, according to Proposition 1.16 and Theorem 1.18, for almost each a P T pCi,jq “ Cj :

dP

d pTPq
paq “ D

”

a,
´

T
ˇ

ˇ

Ci,j

¯´1

paq

ı

“
λiPij

λj

Hence, we can conclude that, for almost each a P Ci,j :

DpTa,aq “
λiPij

λj
, (14)

Since A
Z`

M “
Ť

i,jPA Ci,j , the disjoint union of all Ci,j where pi, jq are admissible, we are done.

Theorem 1.27. Given an irreducible topological Markov chain pA
Z`

M ,B, T q, the measure P determined by
the stationary initial distribution λ and a subordinate stochastic matrix P “ rPijsi,jPA, the ratio set of the
orbit equivalence relation of the shift transformation is the closure of the multiplicative group generated by the
numbers of the form Pi1i2 ¨ ¨ ¨Pin´1inPini1 where Pi1i2 , ¨ ¨ ¨ , Pini1 ‰ 0.

Proof. We shall first show that Γ, the multiplicative group generated by tPi,jui,jPA is contained in the ratio
set. Fix α “ Pi1i2 ¨ ¨ ¨Pin´1inPini1 where all pi1, i2q, ¨ ¨ ¨ , pin´1, inq, pin, i1q are admissible pairs. We first start
from an elementary cylinder set, and then approximate an arbitrary measurable set using elementary cylinder
sets. Fix an elementary cylinder set C “ Cn0,¨¨¨ ,nN

. Because P is irreducible, there exists a smallest L P N
such that pPLqnN i1 ą 0 (i.e., the shortest possible path from nN to i1). If nN Ñ k1 Ñ ¨ ¨ ¨ Ñ kl Ñ i1 is a path
from nN to i1 and of length L (when L “ 1, we then have pnN , i1q is an admissible pair), then define:

Ca “ Cn0,¨¨¨ ,nN ,k1,¨¨¨ ,kl,i1

Cb “ Cn0,¨¨¨ ,nN ,k1,¨¨¨ ,kl,i1,¨¨¨ ,in,i1 .

We then have Ca ‰ H and, by the assumption that Pi1,i2 , ¨ ¨ ¨ , Pin´1,in , Pin,i1 ‰ 0, Cb ‰ H. Now define a
mapping Φ from Ca to Cb:

Φ : Ca Ñ Cb, a “ paiqiPZ`
ÞÑ

$

’

’

’

&

’

’

’

%

rΦpvqsk “ ak, 0 ď k ă N ` l ` 1

rΦpvqsk “ ik´N´l, N ` l ` 1 ď k ď N ` l ` n

rΦpvqsk “ i1, k “ N ` l ` n` 1

rΦpvqsk “ ak´n, k ą N ` l ` n` 1
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Given u, v P Ca, if u ‰ v. then they will differ at a coordinate after the pN ` l ` 1q-th one and hence
Φpuq ‰ Φpvq. Given b P Cb, we can find a P Ca such that:

@ k P N, aN`l`k “ bN`l`n`k

which implies Φpaq “ b. Hence, for each a P Ca, we will have:

TN`lpaq “ TN`l`n
“

Φpaq
‰

Hence, for each a P Ca, we have pa,Φpaqq P RT , and now we can conclude Φ is a measurable partial isomorphism
with respect to R, and so is Φ´1. Therefore, for each elementary cylinder set C Ď Ca, we will have:

PrΦpCqs

PpCq
“ α (15)

According to the proof of Lemma 1.23, the set C in p15q can be replaced by a cylinder set, and then by an
arbitrary measurable subset in Ca because P is equivalent to Φ´1P in the relative σ-algebra in Ca. Hence, the
following set will have the same measure as Ca:

Ca “

!

x P Ca |
d pΦ´1qP

dP
pxq “ α

)

.

For an arbitrary measurable set B with PpBq ą 0, according to the Martingale Convergence Theorem,
we have that for each u P B:

lim
M

P
`

B X Cu0,¨¨¨ ,uM

˘

P
`

Cu0,¨¨¨ ,uM

˘ “ 1 (16)

Fix u P B. Let U “ tununPZ`
, the set of all the letters that appear in u, which will be finite. Then,

for each letter a P U , there exists a shortest possible path la that starts from a and ends at i1. Suppose
la “ a Ñ a1 Ñ ¨ ¨ ¨ Ñ aM Ñ i1, and define:

λla “ Paa1

ź

1ďjăM

Pajaj`1
PaM i1

Further, define:

λ “ min
aPU

min
la

λla

which is the minimum among all λla where each la is a shortest possible path from a to i1 and among all a P U .
Since U is finite and, for each a P U , the set of shortest possible paths from a to i1 is also finite, λ will be
positive. Back to p16q. Suppose N P N is large enough such that αN ă λ and M is large enough such that

PpB X Cu0,¨¨¨ ,uM
q ą p1 ´ αN`1qPpCu0,¨¨¨ ,uM

q

Let CM “ Cu0,¨¨¨ ,uM
. According to the previous part, we then can find two elementary cylinder sets C1

M , C
2
M Ď

CM , C2
M Ď C1

M such that there exists a partial isomorphism ΦM : C1
M Ñ C2

M and that the following set:

C1
M “

!

x P C1
M |

dpΦ´1
M qP

dP
pxq “ α

)

has the same measure as C1
M . Meanwhile, according to how we find C1

M , C
2
M , we will have PpC1

M q ě λPpCM q

and PpC2
M q “ αPpC1

M q. Hence, we will have:

PpB X C1
M q “ PpB X CM q ´ P

“

B X pCMzC1
M q

‰

ą p1 ´ αN`1qPpCM q ´ PpCMzC1
M q

“ PpC1
M q ´ αN`1PpCM q ě pλ´ αN`1qPpCM q ą 0,

(17)

which implies that PpB X C1
M q ą 0. Similarly:
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PpB X C2
M q “ PpB X CM q ´ P

“

B X pCMzC2
M q

‰

ą p1 ´ αN`1qPpCM q ´ PpCMzC2
M q

“ PpC2
M q ´ αN`1PpCM q

“ αPpC1
M q ´ αN`1PpCM q “ αpλ´ αN qPpCM q ą 0

(18)

Therefore, with p17q, p20q, we have:

P
“

pB X C2
M qzΦM pB X C1

M q
‰

“ PpB X C2
M q ´ P

“

ΦM pB X C1
M q

‰

“ PpB X C2
M q ´ αPpB X C1

M q ă PpB X C2
M q ´ α

“

PpC2
M q ´ αN`1PpCM q

‰

and hence:

P
“

pB X C2
M q X ΦM pB X C1

M q
‰

“ PpB X C2
M q ´ P

“

pB X C2
M qzΦM pB X C1

M q
‰

ą α
“

PpC2
M q ´ αN`1PpCM q

‰

“ α2
“

PpC1
M q ´ αNPpCM qs

ě α2pλ´ αN qPpCM q ą 0.

Hence both B X C1
M and ΦM pB X C1

M q X pB X C2
M q are subsets of B, both have positive measure, and the

restricted ΦM is a partial isomorphism between them. Since B is an arbitrary measurable set, we then can
conclude that α is in the ratio set. In view of Proposition 1.20, we then can conclude that Γ is contained in
the ratio set.

Let us prove that the ratio set does not contain anything else. Assume by contradiction that, γ is a number
in the ratio set that is not in Γ, and then there exists δ ą 0 such that γ is δ-away (in the usual metric in R)
from Γ. Fix a P A such that PpCaq ą 0. Then, by definition of the ratio set Definition 1.22, for an ϵ P p0, δq,
there exists D1, D2 Ď Ca, both of which have positive P-measure, and a partial isomorphism Ψ : D1 Ñ D2

such that the following set:

D2 “

!

a P D2 |
dΨP

dP
paq P pγ ´ ϵ, γ ` ϵq

)

has the same measure as D2. Fix a P D2 and set b “ Ψ´1paq. Since a, b P Ca, we have that a0 “ b0. Since
pa, bq P RT , there exists n,m P Z` such that Tnpaq “ Tmpbq, which implies that an “ bm and, for each j P N,
Tn`jpaq “ Tm`jpbq. Since, according to Proposition 1.24, the shift T is measure-preserving, hence by the
Poincaré recurrence Theorem, the following set has the same measure as Ca:

Ca “ tc P Ca | @n P N DN P NpN ą nq such that TN pcq P Cau.

Without losing generality (or by replacing D2 by D2 X Ca), we can assume the letter a appears for infinitely
many times in a. Hence, we can then find N P N such that an`N “ a0 “ a “ b0 “ bm`N . By Definition
2.15, Proposition 1.16, Theorem 1.18, and Corollary 1.26, we will have:

dΨP

dP
paq “ Dpb,aq “ D

“

b, Tm`N pbq
‰

D
“

Tn`N paq,a
‰

“

´

ź

0ďiăm`N

D
“

T i`1pbq, T ipbq
‰

¯´1´ ź

0ďiăn`N

D
“

T i`1paq, T ipaq
‰

¯

“

´

ź

0ďiăm`N

λbiPbibi`1

λbi`1

¯´1´ ź

0ďiăn`N

λaiPaiai`1

λai`1

¯

“
λbm`N

λb0

´

ź

0ďiăm`N

Pbibi`1

¯´1 λa0

λan`N

´

ź

0ďiăn`N

Paiai`1

¯

“

´

ź

0ďiăm`N

Pbibi`1

¯´1 ´ ź

0ďiăn`N

Paiai`1

¯

P pγ ´ ϵ, γ ` ϵq

(19)

Since a “ a0, a1, ¨ ¨ ¨ , an`N´1, an`N “ a and a “ b0, b1, ¨ ¨ ¨ , bm`N´1, bm`N are the cycles described in the

formulation of Theorem 1.27, the number
´

ś

0ďiăm`N Pbibi`1

¯´1 ´
ś

0ďiăn`N Paiai`1

¯

is contained in Γ
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and hence should be at least δ away from γ, which contradicts p19q. Therefore, we then can conclude that Γ
is the entire ratio set.

Remark 1.28. In the set-up of Theorem 1.27, if we replace λ, the given stationary fully-supported initial
distribution, by another fully-supported initial distribution λ

1

, and keep the same transition matrix, then the

new measure P
1

associated to λ
1

and the same transition matrix will be equivalent to the original P according
to formula (10), which implies that these two Markov measures have the same ratio set by Proposition 1.21.
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2 Boundary measures

2.1 Multiplicative Markov chain associated to BF
Definition 2.1. A Markov measure ν on a topological Markov chain AN

M (with M the admissibility matrix)
is called multiplicative if its transition probabilities are determined by its initial distribution ν in such a way
that, for each admissible pair a, b P A:

Pa,b “
νpbq

ÿ

xPA
Max“1

νpxq

From now on, we only consider fully supported initial distributions.

In particular, when A is a finite set of free generators and their inverses of a free group F , the admissibility
matrix is M “ rMa,bsa,bPA where Ma,b “ 0 precisely when ab “ ba “ e, and Ma,b “ 1 otherwise. The matrix
M is irreducible, and the topological Markov chain AN

M can be identified with the boundary BF (which was
defined in Section 1 as the set of infinite irreducible words). In view of Definition 2.1, any distribution ν
defined on A determines the associated transition matrix:

Pab “
νpbq

1 ´ νpa´1q

for each admissible pair pa, bq. Then the associated Markov measure ν will be multiplicative. By the general
formula (10), the values of ν on elementary cylinder sets are:

νpCa1,¨¨¨ ,an
q “ νpa1q

ź

1ďjăn

Paj ,aj`1
“ νpa1q

ź

1ďjăn

νpaj`1q

1 ´ νpa´1
j q

. (20)

where a1, ¨ ¨ ¨ , an is an irreducible sequence, i.e., a1a2 ¨ ¨ ¨ an is an element of the free group. Further, for each
a P A, define:

πa “
νpaq

1 ´ νpa´1q
.

and hence formula (20) can be written as:

νpCa1,¨¨¨ ,an
q “ νpanq

ź

1ďjăn

πj . (21)

We will again use B to denote the σ-algebra generated by elementary cylinder sets.

Proposition 2.2. For any full support initial distribution ν on A the associated multiplicative Markov measure
ν is quasi-invariant with respect to the group action.

Proof. According to Proposition 1.5, it suffices to show that ν is quasi-invariant for the orbit equivalence
relation of the shift transformation T . The claim then immediately follows from Proposition 1.25.

2.2 Definition of an action cocycle

The framework of this and following subsections is inspired by [7].

Definition 2.3. Given a commutative group of values pV,`q and an action of a countable group G on a space
X, a function:

c : GˆX Ñ V

is called a (V -valued) cocycle if for each x P X and g1, g2 P V :

cpg1g2, xq “ cpg1, xq ` cpg2, g
´1
1 xq
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Therefore, if we use e to denote the identity of G, then for each x P X, we will have cpe, xq “ cpe, xq ` cpe, xq,
which implies that cpe, xq is the identity of V for every x P X.

Remark 2.4. If one has an action G ñ X of a group G on a set X, then there are two associated groupoids:

i) The action groupoid of G ñ X with the set of objects X, the set of morphisms:

␣

px, g, gxq |x P X, g P G
(

the source map px, g, gxq ÞÑ x, and the target map px, g, gxq ÞÑ gx. Two morphisms px, g, gxq, py, h, hyq

are composable if y “ gx and in this case the composition is:

px, g, gxqpy, h, hyq “ px, hg, hgxq

The set of units is
␣

px, e, xq |x P X
(

, and the inverse of a morphism px, g, gxq is pgx, g´1, xq

ii) In general, given R an equivalence relation defined on X, the associated groupoid has the set of objects
X and the set of morphisms R (viewed as a subset of X ˆX). Two morphisms px1, y1q and px2, y2q are
composable if y1 “ x2 and in this case the composition is:

px1, y1qpx2, y2q “ px1, y2q

The set of units is the diagonal
␣

px, xq |x P X
(

and px, yq´1 “ py, xq for each morphism px, yq. In
particular, a group action gives rise to the groupoid determined by its orbit equivalence relation.

Given two groupoids G1, G2, a groupoid homomorphism Φ : G1 Ñ G2 is a mapping that maps the objects
of G1 to the objects of G2, and the morphisms of G1 to the morphisms of G2 and respects the structure maps.
In other words, a groupoid homomorphism is a functor between two categories G1 and G2. In our situation
there is a homomorphism Φ from the action groupoid in piq to the orbit equivalence relation groupoid in piiq
determined:

Φ : px, g, gxq ÞÑ px, gxq

The groupoid homomorphism Φ is an isomorphism if and only if the group action is free (i.e. all point stabi-
lizers are trivial).

Given a commutative group of values pV,`q, a V -valued cocycle of a groupoid is a homomorphism to V . From
this point of view, cocycles of equivalence relations (see Definition 1.15) and cocycles of group actions are
precisely cocycles of the associated groupoids. Further, a cocycle of the orbit equivalence relation of an action
can be lifted to an action cocycle. If an action is free, then two groupoids coincide, and therefore in this case
there is no difference between the action cocycles and orbit equivalence relation cocycles.

Definition 2.5. Recall that a measure m defined on a measurable space pX,Bq is called quasi-invariant
with respect to a countable group G acting on X if, for each g P G, the image measure gm with respect to the
mapping x ÞÑ g ¨x, is equivalent to m. The Radon-Nikodym cocycle of a measure m that is quasi-invariant
with respect to a countable group G acting on pX,Bq is given by the family of Radon-Nikodym derivatives:

∆m : GˆX Ñ R˚
`, pg, xq ÞÑ

d gm

dm
pxq

By an argument analogous to Proposition 1.16 and Proposition 1.17, ∆m is a cocycle of the group action.

Definition 2.6. Given a commutative group V , the potential of a V -valued cocycle c of the boundary action
F ñ BF is defined as:

ξ : BF Ñ V, γ ÞÑ cpγ1, γq

where γ1 denotes the first letter of γ.
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Proposition 2.7. Any function ξ : BF Ñ V can be uniquely extended to a V -valued cocycle c of the boundary
action F ñ BF such that the potential of c is ξ.

Proof. Given a function ξ : BF Ñ V , for each a in A (the set of free generators and their inverses), first define
a function c : Aˆ BF Ñ V as the following:

cpa, γq “

#

ξpγq, γ P Ca

´ξpa´1γq, γ R Ca

. (22)

Then, for each a, b P A and γ P BF , define cpab, γq “ cpa, γq ` cpb, a´1γq, and, by induction, we then can have
cpg, γq defined for each g P F and γ P BF . For each a P A and g P F , according to the definition of c, we will
have cpag, γq “ cpa, γq ` cpg, a´1γq for each γ P BF . Again by induction, we then have for each h, g P F and
γ P BF , cphg, γq “ cph, γq ` cpg, h´1γq, and hence c is a cocycle.

Fix an arbitrary a P A, if γ P Ca, then cpa, γq “ ξpγq by definition; otherwise, we will have a´1γ P Ca´1

and hence cpa´1, a´1γq “ ´cpa, γq “ ξpa´1γq, or cpa, γq “ ´ξpa´1γq. Therefore, the potential of the c defined
according to ξ is indeed ξ.

Definition 2.8. Given an assignment π “ tπauaPA of positive weights to the set of generators and their
inverses, the associated R˚

`-valued product cocycle r “ rπ of the boundary action F ñ BF is the cocycle of
the boundary action determined by the potential:

ρ : BF Ñ R˚
`, γ ÞÑ

1

πγ1

where γ1 is the first letter of the input γ. Namely, by Proposition 2.7, for each a P A:

rpa, γq “

#

pπaq´1, γ P Ca

πa´1 , γ R Ca

Proposition 2.9. In the set-up of Proposition 2.2, the potential of the Radon-Nikodym cocycle of the measure
ν with respect to the boundary action of the free group is:

Dνpaq “
1 ´ νpa´1

1 q

νpa1q
(23)

Proof. For each a P A, we use aν to denote the associated translate of the measure ν. Fix an elementary
cylinder set Ci1,¨¨¨ ,in . According to (20), we will have:

pa´1νqpCi1,¨¨¨ ,inq “

#

νpaqPa,i1

ś

1ďjăn Pij ,ij`1 , i1 ‰ a´1

νpi2q
ś

2ďjăn Pij ,ij`1
, i1 “ a´1

which implies that:

pa´1νqpCi1,¨¨¨ ,inq

νpCi1¨¨¨ ,inq
“

$

’

’

’

’

&

’

’

’

’

%

νpaq

1 ´ νpa´1q
, i1 ‰ a´1

1 ´ νpaq

νpa´1q
, i1 “ a´1

(24)

Fix a cylinder set C. Since a cylinder set is a disjoint union of elementary cylinder sets, from (24), we then
have:

pa´1νqpCq

νpCq
“

$

’

’

’

’

&

’

’

’

’

%

νpaq

1 ´ νpa´1q
, C X Ca´1 “ H

1 ´ νpaq

νpa´1q
, C Ď Ca´1



23

and hence the equation above holds when C (in both the equation and conditions) is replaced by an arbitrary
measurable subset. Therefore, by Proposition 1.16, for each a P A there exists a full measure set Xa Ď AN

M

such that the following equation holds:

d pa´1νq

dν
paq “ Dνpaq “

1 ´ νpa´1
1 q

νpa1q
(25)

and hence for each element in
Ş

aPAXa, (23) holds.

Remark 2.10. By Proposition 2.9, the Radon-Nikodym cocycle of a multiplicative measure (with the ν the
initial distribution) ν is the product cocycle determined by the family of weights tπauaPA where for each a P A:

πa “
νpaq

1 ´ νpa´1q
. (26)

More specifically, the potential of such Radon-Nikodym cocycle, and hence the ratio set, is determined by the
weights.

2.3 Radon-Nikodym problem

The Radon-Nikodym problem consists of the following: given a R˚
`-valued cocycle c (with respect to a

countable group G acting on a measurable space), finding a measure m on X quasi-invariant with respect to
the group action such that the RN-cocycle ∆m coincides with c almost everywhere. If such a measure exists,
one can further ask about its uniqueness.

Proposition 2.9 shows that a multiplicative measure associated to BF determines a product cocycle. It turns
out that the converse is also true under certain circumstances.

Theorem 2.11. Given a collection of positive weights π “ tπauaPA on the alphabet A, the associated product
cocycle r “ rπ (by Definition 2.7) of the boundary action F ñ BF can be realized as the RN-cocycle ∆ν of
a quasi-invariant probability measure ν on BF iff tπauaPA Ď p0, 1q and:

ÿ

aPA

πap1 ´ πa´1q

1 ´ πaπa´1

“ 1 (27)

Under these conditions ν is unique and is the multiplicative Markov measure determined by the initial distri-
bution rνasaPA where:

νa “ νpCaq “
πap1 ´ πa´1q

1 ´ πaπa´1

(28)

Proof. Suppose first that ν is a quasi-invariant probability measure on BF with the RN-cocycle ∆ν “ rπ. Since
the boundary action is minimal, ν will be fully supported and hence νa “ νpCaq P p0, 1q for each a P A, and
obviously:

ÿ

aPA

νa “ 1

According to Definition 2.7 and the proof of Proposition 2.9, we will have:

paνqpCaq

νpCaq
“

1

πa
ùñ πaνpa´1Caq “ νpCaq

ùñ πaνpBFzCa´1q “ πa
“

1 ´ νpCa´1q
‰

“ νpCaq

ùñ πa “
νpaq

1 ´ νpa´1q

which implies that πa P p0, 1q for each a P A. Further, for each a P A, we have:
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#

πa
“

1 ´ νa´1

‰

“ νa

πa´1

“

1 ´ νa
‰

“ νa´1

ùñ νa “
πap1 ´ π´1

a q

1 ´ πaπa´1

and hence:

ÿ

aPA

νa “
ÿ

aPA

πap1 ´ π´1
a q

1 ´ πaπa´1

“ 1 (29)

Conversely, given the assignment of positive tπauaPA that satisfies conditions in the formulation, for each
a P A, define:

νa “
πap1 ´ πa´1q

1 ´ πaπa´1

and for each a, b P A, define:

Pa,b “

$

’

’

&

’

’

%

νb
1 ´ νa´1

, b ‰ a´1

0, b “ a´1

Then the multiplicative measure ν generated by the initial distribution rνasaPA and the transition matrix
P “ rPa,bsa,bPA will be quasi-invariant by Proposition 2.2 and its RN-cocycle ∆ν will coincide with the
product cocycle rπ by Proposition 2.9 andDefinition 2.7. Obviously such ν is unique to the fixed assignment
of weights π.

Corollary 2.12. The Radon-Nikodym problem for a product cocycle of the boundary action of a free group is
solvable if and only if condition (27) is satisfied, and in this situation the solution is unique.

Corollary 2.13. In the set-up of Proposition 2.11, the ratio set of ν is the closure of the multiplicative
group generated by the set tπauaPA.

Proof. According to Theorem 1.27 and Remark 1.28, since the initial distribution ν is fully supported, we
then can conclude that the ratio set of ν is the closure of the multiplicative group generated by numbers of
the following form:

Pi1,i2Pi2,i3 ¨ ¨ ¨Pin,i1 “

´

ź

1ďjăn

νpij`1q

1 ´ νpi´1
j q

¯ νpi1q

1 ´ νpi´1
n q

“
ź

1ďjďn

πij

which is the same as the closure of the multiplicative group generated by tπauaPA.

Remark 2.14. Formulas (26), (28) establish a one-to-one correspondence between two collections of numbers
in the interval p0, 1q indexed by A, the alphabet of the free group: the base distribution of a multiplicative
Markov measure tνauaPA, subject to the condition that tνauaPA sums up to 1, and the weights tπauaPA of the
potential of the associated product RN-cocycle, subject to (29).

2.4 Perron-Frobenius interpretation

There is yet another interpretation of condition (27). Let M be the admissibility matrix introduced in Defini-
tion 2.1 and Dπ “ diagpπaqaPA. SinceM is irreducible, so isMDπ or DπM , and hence by Perron-Frobenius
Theorem, there exists a unique largest eigenvalue for MDπ, which will be denoted by ρpMDπq (and similar
for ρpDπMq).

Theorem 2.15 (Perron-Frobenius interpretation). Let π “ tπauaPA be a collection of positive weights on
A and M , Dπ be defined as above. Then ρpDπMq “ 1 iff tπauaPA Ď p0, 1q and equation (27) holds.
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Proof. Assume first that tπauaPA Ď p0, 1q and that the equation (27) holds. Let νa be defined as in the
formulation of Theorem 2.11 and define:

Pa,b “

$

’

’

&

’

’

%

νb
1 ´ νa´1

, b ‰ a´1

0, b “ a´1

If define Dν “ diagpνaqaPA, then for the stochastic matrix P “ rPa,bsa,bPA, one can observe that P “

D´1
ν DπMDν and ρpP q “ 1. Since eigenvalues do not depend on the basis, as Dν is invertible, we then

have the spectrum of P is the same as DπM , which implies that ρpP q “ ρpDπMq “ 1.

Conversely, assume ρpDπMq “ 1 and by contradiction that πa ě 1 for some a P A. We first observe that:

„

πa πa
πb πb

ȷ „

πa
πb

ȷ

“ pπa ` πbq

„

πa
πb

ȷ

where

„

πa πa
πb πb

ȷ

is a submatrix of DπM and, by normalizing the given vector, we then have:

ρ
´

„

πa πa
πb πb

ȷ

¯

ě πa ` πb ą 1.

Since DπM is irreducible and positive, then for any principal submatrix B of DπM , we will have ρpBq ă

ρpDπMq. Then, by induction, we will have:

ρpDπMq ą ρ
´

„

πa πa
πb πb

ȷ

¯

ą 1

when πa ě 1, which contradicts our assumption. Hence, when ρpDπMq “ 1, we will have tπauaPA Ď p0, 1q.
Next, if we use σpDπMq to denote the spectrum of DπM , we then will have σpDπMqYt0u “ σpMDπqYt0u and
hence,by Perron-Frobenius Theorem, there exists a unique row vector ϕ “ rϕasaPA such that ϕDπM “ ϕ.
Namely, for each b P A:

ϕb “
ÿ

aPAztb´1u

πaϕa “ S ´ πb´1ϕb´1

where

S “
ÿ

aPA

πaϕa.

Hence, for each b P A, we will have:

$

’

’

’

’

’

&

’

’

’

’

’

%

ϕb “
ÿ

aPAztb´1u

πaϕa “ S ´ πb´1ϕb´1

ϕb´1 “
ÿ

aPAztbu

πaϕa “ S ´ πbϕb

ùñ ϕb “
1 ´ πb´1

1 ´ πbπb´1

S

and hence:

ÿ

aPA

πap1 ´ πa´1q

1 ´ πaπa´1

“
1

S

ÿ

aPA

πaϕa “ 1
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3 The harmonic measure on BF
3.1 Sample path space

Given A, a set of free generators and their inverses of the free group F , and a probability measure µ on F with
supppµq “ A, the product measure µ8 is defined on AN as follows: given an elementary cylinder set in AN:

Da1,¨¨¨ ,an “ tv P AN | v1 “ a1, v2 “ a2, ¨ ¨ ¨ , vn “ anu

where a1, ¨ ¨ ¨ , an P A. Let:

µ8pDa1,¨¨¨ ,anq “
ź

1ďjďn

µpaij q.

Consider the following mapping:

S : AN Ñ FZ` , v “ pviqiPN ÞÑ pe, v1, v1v2, ¨ ¨ ¨ , v1v2 ¨ ¨ ¨ vn, ¨ ¨ ¨ q,

and we use Pµ to denote the image of µ8 under the mapping S. Given h1, ¨ ¨ ¨ , hn P F , an elementary
cylinder set in FZ` is defined as:

Ch1,¨¨¨ ,hn
“ tg P FZ` | g0 “ e, g1 “ h1, ¨ ¨ ¨ , gn “ hnu

and the Pµ-value of Ch1,¨¨¨ ,hn
is:

PµpCh1,¨¨¨ ,hn
q “ µph1q

ź

1ďjăn

µph´1
j hj`1q.

For each n P N and h P F , we define:

Cpn, hq “ tg P FZ` | gn “ hu.

and the Pµ-value of Cpn, hq is:

Pµ

“

Cpn, hq
‰

“
ź

a1,¨¨¨ ,anPA
a1a2¨¨¨an“h

ź

1ďjďn

µpajq.

Therefore, the one-dimensional distribution of Pµ at time n, (i.e., the distribution of the n-th position of g in
FZ`), by the definition of Pµ is the n-fold convolution of the step distribution µ:

µ˚ nphq “ Pµ

“

Cpn, hq
‰

.

Equivalently, the measure Pµ is the measure on the space of sample paths of the Markov chain with the
transition probabilities:

Ph1,h2
“ µph´1

1 h2q

issued from the group identity at time 0. We use pF , µq to denote this random walk. Next, we need the
following theorem (whose proof is in Appendix) for defining the harmonic measure ν in BF .

Theorem 3.1 (Furstenberg). For Pµ-almost every g P FZ` , tgiuiPN converges to a point in BF with respect
to δ-metric. Hence the limit map:

L : FZ` Ñ BF , g “ pgiqiPZ`
ÞÑ lim

i
gi

is well-defined Pµ-almost everywhere.

For each n P N, define:

Pn : FZ` Ñ F , g ÞÑ gn.

Since L is the point-wise limit of tPnunPN, a sequence of measurable maps from Pµ to F , then L is also
measurable. In the measurable space pBF ,Bq where B is the σ-algebra generated by elementary cylinder sets,
the harmonic measure ν is defined as the image of Pµ on FZ` under the map L (i.e., for each A P B,
νpAq “ Pµ

“

L´1pAq
‰

).
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3.2 Properties of the harmonic measure

Recall that µ is a probability measure defined on F with support on A, the finite set of free generators and
their inverses. Let L be the limit map given by Theorem 3.1. For simplicity, for each a P A, define µa “ µpaq.
Recall that for each h P F and l P N, Cpl, hq “ tg P FZ` | gl “ hu. For each a P A, define:

πa “ Pµ

”

ď

lPN
Cpl, aq

ı

.

which is the probability of ever visiting a by the random walk. Therefore:

πa “ µa ` πa
ÿ

bPAztau

µbπb´1 (30)

Since µa P p0, 1q for each a P A, we then have πa P p0, 1q. If, for each a P A, we define:

y “ 1 ´
ÿ

aPA

µaπa´1 xa “ 1 ´
ÿ

bPAztau

µbπb´1

then (30) can be rewritten as:

πaxa “ µa “ πapy ` µaπa´1q “ πay ` µaπaπa´1 (31)

Now back to the random walk pF , µq. For each a P A, define νa to be the probability of the following event
in FZ` :

νa “ Pµrg P FZ` : Lpgq1 “ as.

By definition of the harmonic measure ν (given in Section 3.1), we then have:

νa “ ν
´

tx P BF |x1 “ au

¯

and ν has full support because the boundary action is minimal. By definition of πa, given a, b P A with ab ‰ e,
we have:

νpCa,bq “ Pµ

“

g P FZ` : Lpgq1 “ a, Lpgq2 “ b
‰

“ πaPµ

“

g P FZ` : Lpgq1 “ b
‰

ùñ νpCa,bq “ πa ¨ paνq
`

Ca,b

˘

“ πa ¨ νpCbq “ πaνb
(32)

Therefore, for each a P A:

νa “ Pµ

“

g P FZ` : Lpgq1 “ a
‰

“
ÿ

bPAzta´1u

Pµ

“

g P FZ` : Lpgq1 “ a, Lpgq2 “ b
‰

ùñ νa “
ÿ

bPAzta´1u

πaνb “ πap1 ´ νa´1q

ùñ

#

πap1 ´ νa´1q “ νa

πa´1p1 ´ νaq “ νa´1

ùñ νa “
πap1 ´ πa´1q

1 ´ πaπa´1

Since each πa P p0, 1q, we must have νa P p0, 1q and the family tνauaPA sums up to 1 since Pµ is a probability
measure.

Theorem 3.2. The harmonic measure ν is a multiplicative Markov measure.

Proof. By inductively iterating the formula (32), we obtain that for each g “ g1g2 ¨ ¨ ¨ gn P F :

νpCg1,¨¨¨ ,gnq “ νgn
ź

1ďiăn

πgi

which is precisely the formula (21).



28

Remark 3.3. In view of Remark 2.14, the passage probabilities πa can now be interpreted as the weights of
the potential of the product RN-cocycle of the harmonic measure.

Corollary 3.4. The Radon-Nikodym cocycle of the harmonic measure is the product cocycle determined by πa
(given in Remark 3.2).

Theorem 3.5. The ratio set of the harmonic measure defined on the boundary action is the multiplicative
group generated by tπauaPA (given in Remark 3.2)

Proof. Immediate according to Corollary 2.12.

We recall that, according to Remark 2.14, there is a one-to-one correspondence between the families of
weights tνauaPA and tπauaPA subject to the respective conditions. It turns out that one can extend it to a
bijection with yet another family of weights tµauaPA (the values of the step distribution) subject to the natural
condition that the family tµauaPA sums up to 1.

Theorem 3.6. Equation (30) establishes a bijective correspondence between a fully supported probability mea-
sure µ “ tµauaPA on A and the associated passage probabilities tπauaPA. Namely, given a probability measure
µ “ tµauaPA on A, the resulting passage probabilities all belong to the interval p0, 1q and satisfy condition (27),
and, conversely, any collection of weights tπauaPA with the above property uniquely determines a probability
measure µ on A, such that tπauaPA are the passage probabilities of the random walk pF , µq.

Proof. Given µ a probability measure defined and fully supported on A, the new collection of weights tπauaPA

given by Remark 3.2 is unique to µ and satisfies equation (27) and tπauaPA Ď p0, 1q. Conversely, suppose
tπauaPA Ď p0, 1q and satisfies (27). Then we need to find the solution set tµauaPA to the linear system of
equations in (27) and establish its uniqueness. From now on, assume tµauaPA is a set of variables. By (31), if
we set:

S “
ÿ

aPA

µaπa´1

we then will have, for each a P A:

µap1 ´ πaπa´1q “ πap1 ´ Sq.

Further, define:

Z “
ÿ

aPA

πaπa´1

1 ´ πaπa´1

which will give us:

S “
ÿ

aPA

µaπa´1 “ p1 ´ Sq
ÿ

aPA

πaπa´1

1 ´ πaπa´1

“ p1 ´ SqZ ùñ S “ 1 ´
1

1 ` Z

Therefore, for each a P A:

µa “
1

1 ` Z

πa
1 ´ πaπa´1

.

Since tπauaPA satisfies equation (27), we then have:

1 “
ÿ

aPA

πap1 ´ πa´1q

1 ´ πaπa´1

“
ÿ

aPA

πa
1 ´ πaπa´1

´ Z ùñ
ÿ

aPA

πa
1 ´ πaπa´1

“ 1 ` Z

which implies that p “ tµauaPA is a probability measure defined and fully supported on A.
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4 Finding the ratio set by Martin Kernel

The method to find the ratio set of a system generated by a random walk defined on a hyperbolic group Γ
is originally from [2]. Here we show how it applies to our case of a nearest neighbor random walk on a free
group, which provides an alternative approach to finding the ratio set of the harmonic measure.

4.1 Preliminary

i) The random walk pΓ, pq is assumed transient: i.e. the Green Function defined below converges for
each x, y P Γ:

Gpx, yq “
ÿ

ně0

ppnqpx, yq where Pn “ rppnqpx, yqsx,yPΓ

where ppnq is the n-fold convolution. For each s P S, set qs “ Gpe, sq. Given x, y P Γ, if |x´1y | “ k, then,
for each n P Npn ě kq, we have:

ppkqpx, yq “ ppkqpe, x´1yq

where rx´1ysi denotes the i-th letter of x´1y. Therefore, Gpx, yq “ Gpe, x´1yq. Recall the definition of
Pµ, the measure associated with µ defined on the space of sample paths. By Theorem 3.1, we have
that Pµ-almost every sample path converges to an element in BF and we continue to use L to denote the
limit map as in Section 3.1.

ii) The Martin Kernel is defined by:

Kp¨, ¨q : F ˆ F Ñ R, px, yq ÞÑ
Gpx, yq

Gpe, yq
.

The Martin compacification F1 is the smallest compact (topological) space that the metric space
pF , δq (see Section 1.2) as a discrete subspace, and where, for each x P F , Kpx, ¨q is continuous in F1.
Below we will show that the topology in F1 coincides with the δ-metric topology in pF , δq (i.e., F1 “ F).

Proposition 4.1. The Martin Compacification of the metric space pF , δq is the space pF , δq. There-
fore, for each x P F ,Kpx, ¨q is also continuous on BF and, for each x “ x1 ¨ ¨ ¨xn P F and ξ P BF , if we
have m “ |x^ ξ |, then:

Kpx, ξq “
“

ź

1ďjďn´m

qx´1
m`j

‰“

ź

1ďjďm

qξj
‰´1

Proof. Fix x “ x1 ¨ ¨ ¨xm P F . For each g “ g1g2 ¨ ¨ ¨ gn P F , if we set k “ |x^ g |, we then have:

Kpx, gq “
Gpe, x´1gq

Gpe, gq
“

”

ź

1ďjďm´k

qx´1
k`j

ź

1ďjďn´k

qgk`j

ı”

ź

1ďjďn

qgj

ı´1

“

”

ź

1ďjďm´k

qx´1
k`j

ı”

ź

1ďjďk

qgj

ı´1

We proved that pF , δq is compact in Section 1. Given tgnunPN Ď F and gn Ñ ξ P BF in δ-metric
topology, because x P F ,|x^gn | will eventually be constant so that Kpx, gnq will eventually be constant.
Hence, for each x P F , Kpx, ¨q can be continuously extended to BF , which implies that the δ-metric
topology is stronger.

Meanwhile, given txnunPN Ď F and xn Ñ ξ in F1, we then have for each x P F , Kpx, xnq Ñ Kpx, ξq,
which implies that |x^ xn | Ñ |x^ ξ | for each x P F . Hence, for each N P N (for definition of rξsN see
Section 1.2):
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ˇ

ˇ rξsN ^ xn
ˇ

ˇ

nÑ8
ÝÑ

ˇ

ˇ rξN s ^ ξ
ˇ

ˇ

ùñ rξsN ^ xn
nÑ8
ÝÑ rξsN

which can then imply δpxn, ξq Ñ 0, or xn Ñ ξ in δ-metric topology.

4.2 Finding the generators of the ratio set by Martin Kernel

Proposition 4.2. For each g P F , set g` “ limnÑ8 gn. Then, for each g P F , λg “ Kpg, g`q is in the ratio
set.

Proof. Since the metric δ defined on F is given by δpx, yq “ expp´|x ^ y |q is an ultrametric, each open
ball will be both closed and open. Since pF , δq is a compact metric space, it will be also separable and we can
assume the set F “ tfnunPN is dense in F . Because δ is an ultrametric, we can further assume that F Ď F .
For each n P N, we can find a finite set Fn Ď F such that:

F “
ď

fPFn

Bpf, e´nq

We can further assume Fn Ď Fn`1 for each n P N (by replacing Fn by the union of the first n sets). Then,
for each n P N, we use Bn to denote the σ-algebra generated by tBpf, e´nqufPFn . For each n P N, once Bn is
defined, we define Bn`1 to be the σ-algebra generated by the following two sets:

Bn, tBpf, e´n`1qufPFn`1

Now we have a increasing sequence of σ-algebras tBnunPN. Notice that the Borel σ-algebra B in pF , δq is
generated by open balls. For each open ball B in F , we can find fN P F and N such that BpfN , e

´N q Ď B is
contained in the open ball we picked. Then, we can further find f P Fm for some m P N such that f is closed
enough to fN and Bpf, e´mq Ď B. This shows that B is contained in the union of all Bn and hence tBnunPN
is a filtration that generates B. Recall ν is the harmonic measure defined in Section 3. By Martingale
Convergence Theorem for Conditional Probabilities, for each measurable subset A Ď BF , we have that
for ν-almost each x P BF :

νpA |Bnqpxq Ñ χApxq

Let B1 denote the set of all Borel measurable sets in BF that have positive ν-measure. If we fix A P B1, then
the convergence above implies that for ν-almost each x P A:

lim
n

νrAXBpx, e´nqs

νrBpx, e´nqs
“ 1

Notice that Bpx, e´nq can be replaced by Bprxsn, e
´nq (see Section 1.2). Fix x P A. Now back to the proof of

this proposition. Fix A P B1 and g P F . Then we can find k P N such that k ą | g | and AXBprxsk, e
´kq P B1.

By the convergence above, we can further assume the integer k we picked satisfies:

1 ´ ϵ ă
νrAXBprxsk, e

´kqs

νrBprxsk, e´kqs
ă 1 ` ϵ

Without losing generality (or consider a proper subsequence), we can further assume the inequality above holds
for all large enough k such that:

νrAXBprxsk, e
´kqs ą νrBprxsk, e

´kqsp1 ´ ϵq ùñ νrBprxsk, e
´kqzAs ă ϵBprxsk, e

´kq (33)

By Proposition 4.1, Kpg, ¨q is continuous on BF with respect to the δ-metric topology. Hence, we can find
N P N such that:

Bpg`, e´N q Ď Kpg, ¨q´1pλg ´ ϵ, λg ` ϵq
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Since such N is independent to the choice of K that satisfies (33), we can then assume k ą N from now on.
Fix M P N such that | gM | ą N . Then we will have gM P Bpg`, e´N q and, since δ is an ultrametric, we then
have BpgM , e´N q “ Bpg`, e´N q. Since, for each h P F :

lim
k

rxsk “ lim
k

rxskh “ x ùñ lim
k
δprxskh, rxskq “ 0

we can then assume k is large enough (and still greater than N) such that:

δprxskg
M , rxskq “ δprxskg

M´1, rxskq “ e´k ùñ rxskg
M P Bprxsk, e

´kq

ùñ Bprxskg
M , e´kq “ Bprxsk, e

´kq

ùñ rxs
´1
k rBprxskg

M , e´kqs “ BpgM , e´N q Ď Bpg`, e´N q.

Since, for each x P F ,Kpx, ¨q “ dpxνq{dν, by Proposition 1.16 and Proposition 1.17, for each ξ P BF and
h P F , we have:

Kph, phgh´1q´1ξq “
d hν

dν
˝ phgh´1q´1pξq “

d phgh´1qhν

d phgh´1qν
pξq “

d phgqν

d phgh´1qν
pξq

Kpg, h´1ξq “
d gν

dν
˝ ph´1ξq “

d hgν

d hν
pξq

Therefore, for each ξ P BF :

Kphgh´1, ξq “
d hgh´1ν

dν
pξq “

”d hgh´1ν

d hgν
pξq

ı

¨

”d hgν

d hν
pξq

ı

¨

”d hν

dν
pξq

ı

.

Together with Proposition 1.16 and Proposition 1.17, we will have:

Kphgh´1, ξq “ Kpg, h´1ξq
Kph, ξq

Kph, phgh´1q´1ξq
“ Kpg, h´1ξq

Kph, ξq

Kph, hg´1h´1ξq
. (34)

According to the general formula of the Martin Kernel proved in Proposition 4.1. For an arbitrary h P

F , |h | “ N and ξ P BF , if we let n “ |h^ ξ |, we then have:

Kph, ξq “

”

ź

1ďiďN´n

qh´1
n`i

ı”

ź

1ďjďn

qξj

ı´1

.

Hence, for each ξ0 P BF with δpξ, ξ0q “ e´n, we have Kph, ξ0q “ Kph, ξq. Thus:

@ ξ P Bph, e´N q @ ξ0 P Bpξ, e´N q, Kph, ξ0q “ Kph, ξq

which implies that, for each h P F , Kph, ¨q is locally constant. According to our choice of k and N , since
δprxskg

M , rxskq “ δprxskg
M´1, rxskq “ e´k, we then have:

Bprxsk, e
´kq “ Bprxskg

M , e´kq “ Bprxskg
M´1, e´kq

ùñ @ y P Bprxsk, e
´kq, Kprxsk, yq “ Kprxskg

M , yq “ Kprxskg
M´1, yq.

From now on, set h “ rxsk and fix an arbitrary y from the following set:

hgMh´1
“

AXBph, e´kq
‰

“ hgMh´1pAq XBphgM , e´kq.

Therefore, hg´1h´1y P BphgM´1, e´kq. Combining results above with equations (33), (34) gives us:

d hgh´1ν

dν
pyq “ Kphgh´1, yq “ Kpg, h´1yq P pλg ´ ϵ, λg ` ϵq.

Since y is arbitrarily picked, we then can conclude:

hgMh´1
“

AXBph, e´kq
‰

Ď Kphgh´1, ¨q´1pλg ´ ϵ, λg ` ϵq. (35)

Set r “ νrAXBph, e´kqs and XM “ hgMh´1
“

AXBph, e´kq
‰

. By (33), r ą 0 and by (35):
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ν
“

hgh´1pXM q
‰

“

ż

XM

Kphgh´1, ξq dνpξq ě νpXM qpλg ´ ϵq.

According to Proposition 2.2, the boundary action is non-singular with respect to ν and Th is a partial
isomorphism for each h P F . Since r ą 0, there exists ϵpMq such that ϵpMq approaches to zero as M
approaches to infinity and the following implication holds:

0 ă ν
“

Bph, e´kqzA
‰

ă ϵν
“

Bph, e´kq
‰

ùñ 0 ă ν
´

hgMh´1
“

Bph, e´kqzA
‰

¯

ă ϵpMq.
(36)

As k Ñ 8, we will have the difference between ν
“

AXBph, e´kq
‰

and ν
“

Bph, e´kq
‰

is approaching zero. Since
k is assumed to be always greater than M , we can further assume that k is large enough such that:

νpXM qpλg ´ ϵq ą ϵpMq. (37)

Notice that:

hgM`1h´1pAq XBphgM`1, e´kq “

´

“

hgMh´1pAq XBphgM`1, e´kq
‰

X hgh´1pXM q

¯

ď

´

“

hgMh´1pAq XBphgM`1, e´kq
‰

zhgh´1pXM q

¯

“
“

hgMh´1pAq X hgh´1pXM q
‰

ď

´

“

hgMh´1pAq XBphgM`1, e´kq
‰

zhgh´1pXM q

¯

.

Indeed XM Ď BphgM , e´kq implies that hgh´1pXM q Ď BphgM`1, e´kq. Hence, we have:

ν
“

hgMh´1pAq X hgh´1pXM q
‰

“ ν
“

hgMh´1pAq XBphgM`1, e´kq
‰

´ ν
´

“

hgMh´1pAq XBphgM`1, e´kq
‰

zhgh´1pXM q

¯

.
(38)

Also, we have:

hgMh´1pAq XBphgM`1, e´kq Ď BphgM`1, e´kq

ùñ ν
´

“

hgMh´1pAq XBphgM`1, e´kq
‰

zhgh´1pXM q

¯

ď ν
´

BphgM`1, e´kqzhgh´1pXM q

¯

.
(39)

Notice that:

BphgM`1, e´kqzhgh´1pXM q “ hgM`1h´1
´

Bph, e´kqz
“

AXBph, e´kq
‰

¯

“ hgM`1h´1
“

Bph, e´kqzA
‰

.

Similarly, we have:

XM “ hgMh´1pAq X BphgM , e´kq

“

´

hgMh´1pAq XBphgM`1, e´kq

¯

Y

´

“

hgMh´1pAq XBphgM , e´kq
‰

zBphgM`1, e´kq

¯

Ď

´

hgMh´1pAq XBphgM`1, e´kq

¯

Y

´

BphgM , e´kqzBphgM`1, e´k
¯

ùñ ν
´

hgMh´1pAq XBphgM`1, e´kq

¯

ě νpXM q ´ ν
“

BphgM , e´kqzBphgM`1, e´kq
‰

(40)

and:

BphgM , e´kqzhgh´1pXM q

“

´

“

BphgM , e´kzhgh´1pXM q
‰

XBphgM`1, e´kq

¯

Y

´

“

BphgM , e´kzhgh´1pXM q
‰

zBphgM`1, e´kq

¯

“

´

BphgM`1, e´kqzhgh´1pXM q

¯

Y

´

BphgM , e´kqzBphgM`1, e´kq

¯

(41)
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because hgh´1pXM q Ď BphgM`1, e´kq. Combining p31q „ p36q gives us:

ν
“

hgMh´1pAq X hgh´1pXM q
‰

ě ν
“

hgMh´1pAq XBphgM`1, e´kq
‰

´ ν
´

BphgM`1, e´kqzhgh´1pXM q

¯

ě νpXM q ´ νrBphgM , e´kqzBphgM`1, e´kqs ´ ν
´

BphgM`1, e´kqzhgh´1pXM q

¯

“ νpXM q ´ ν
´

BphgM , e´kqzhgh´1pXM q

¯

“ νpXM q ` ν
“

hgh´1pXM q
‰

´ ν
“

BphgM , e´kq
‰

“ ν
“

hgh´1pXM q
‰

´ ν
´

hgMh´1
“

Bph, e´kqzA
‰

¯

ě νpXM qpλg ´ ϵq ´ ϵpMq ą 0

and hence:

hgMh´1pAq X hgh´1pXM q “ hgMh´1pAq X hgM`1h´1
“

AXBph, e´k
‰

“ hgMh´1pAq X hgM`1h´1
“

AXBph, e´kq
‰

X
␣

hgM`1h´1pξq | ξ P BF , Kphgh´1, hgM`1h´1ξq P pλg ´ ϵ, λg ` ϵq
(

“ hgMh´1
´

AX hgh´1
“

AXBph, e´k
‰

X
␣

ξ P BF |Kphgh´1, ξq P pλg ´ ϵ, λg ` ϵq
(

A0

¯

.

Again by Theorem 1.14, since hgMh´1pA0q has positive ν-measure, A0 also has positive ν-measure. Then
we can conclude the following set, which contains A0, has positive ν-measure:

AX hgh´1pAq X
␣

ξ P BF |Kphgh´1, ξq P pλg ´ ϵ, λg ` ϵq
(

Since hgh´1 P F and ϵ, A are arbitrarily picked, we then can conclude λg is in the ratio set.

Lemma 4.3. Apply the terminology from Proposition 3.2. We will have that for each g P F and m P Z,
Kpgm, g`q “ λmg “ Kpg, g`qm.

Proof. Recall that for each ξ P BF , we have that for ν-almost every ξ P BF :

Kpg, ξq “
d gν

dν
pξq.

Then, by Proposition 1.16 and Proposition 1.17, we have that for almost each ξ P BF

Kpg2, ξq “
d g2 ν

dν
pξq “

´d g ν

dν
pξq

¯

¨

´d g2 ν

d gν

¯

“

´d g ν

dν
pξq

¯

¨

´d g ν

dν
˝ g´1pξq

¯

“ Kpg, ξqKpg, g´1ξq.

Since g` “ limnÑ8 gn, we then have:

Kpg2, g`q “ Kpg, g`qKpg, g´1g`q “ Kpg, g`q2 “ λ2g

By induction, we then have for each m P N, Kpgm, g`q “ λmg . Since Kpe, ¨q is constantly equal to 1 on BF ,
again by Proposition 1.16 and Proposition 1.17, we will have:

Kpe, g`q “ Kpg, g`qKpg´1, g´1g`q “ 1 ùñ Kpg´1, g`q “ λ´1
g

and then:

Kpg´2, g`q “ Kpg´1, g`qKpg´1, gg`q “ Kpg´1, g`q2 “ λ´2
g .

Our desired conclusion follows by induction.

Theorem 4.4. Recall that we use rνpFq to denote the ratio set of the system pBF ,Ω,ν,Fq. Then rνpFqzt0u

is a multiplicative subgroup of p0,8q and is generated by the set tλgugPF .
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Proof. Recall that, for each g P F , the constant λg is defined by:

λg “ lim
n
Kpg, gnq

From Proposition 1.20, we have that rνpFqzt0u contains the multiplicative group generated by the set
tλgugPF . If tλgugPF contains more than one element, then tλgugPF generates the entire p0,8q. Therefore,
because rνpFqzt0u is contained in p0,8q, rνpFq “ p0,8q, namely the multiplicative group genernated by
tλgugPF . If tλgugPF only contains one element, suppose for each g P F , λg “ λ for some λ P p0, 1q. What
remains unproved is that there are no other elements in rνpFq. Suppose r P rνpFq. Recall that, in Proposition
4.2, for each g P F , we define:

g` “ lim
n
gn.

Fix g P F and ϵ P p0, rq. For eachm P N, we can find Npmq P N such that Npmq ą | gm | and Npmq mod | gm | ă

| g |. Since r is in the ratio set, we then can find hpmq P F such that:

Ar “ Bpg`, e´Npmqq X hpmq´1
“

Bpg`, e´Npmqq
‰

X
␣

ξ P BF |Kphpmq, ξq P pr ´ ϵ, r ` ϵq
(

has positive ν-measure. Now fix an arbitrary ξ P Ar. From Npmq ą | gm |, we then can find x, y P BF such
that:

ξ “ gmx “ hpmq´1gmy ùñ hpmqgmx “ gmy.

In general, there will be only two possibilities for hpmq: either hpmq “ gk for some k P Z, or hpmq “ gklm
for some k P Z and lm P F such that lm does not contain any power of g in the front (which is equivalent to
| lm ^ g | ă | g | and | lm ^ g´1 | ă | g |). If the second case is true, we then have:

hpmqgmx “ gklmg
mx “ gm (42)

Below we discuss possibly values for the integer k:

(i) When k ě 0, we must have k ě m because | lm ^ g | ă | g | by assumption. We then have:

gmx “ hpmq´1gmy “ l´1
m g´kgmy “ l´1

m g´pm´kqy.

Because we already assumed that | lm ^ g´1 | ă | g´1 |, which implies | l´1
m ^ g | ă | g |, we then obtain a

contradiction.

(ii) When k ă 0, according to p37q, lm must contain at least one g in the front, which again contradicts our
assumption.

Therefore, now we can conclude that hpmq is a power of g and we assume hpmq “ gKpmq for some Kpmq P Z.
According to Lemma 4.3, we have:

Kphpmq, g`q “ λKpmq
g P pr ´ ϵ, r ` ϵq

(because multiplying g` by any power of g still returns g`). Again, we discuss possibilities for the sequence
tKpmqumPN:

(1) If there exists a subsequence, say tkpmqumPN, of tKpmqumPN such that limm kpmq “ 8, then we will have
that for each arbitrarily small ϵ:

r ă lim
m
λkpmq
g ` ϵ “ ϵ

because λg P p0, 1q, which implies that r “ 0, contradicting our assumption that r P rνpFqzt0u.
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(2) If there exists a subsequence, say tkpmqumPN, of tKpmqumPN such that limm kpmq “ ´8, then we will
have that for each arbitrarily small ϵ:

r ą lim
m
λkpmq
g ´ ϵ “ lim

m
p
1

λg
q´kpmq ´ ϵ “ 8

which is absurd because λg P p0, 1q.

Therefore, we can now conclude that the sequence tKpmqumPN is bounded both above and below. Suppose
tKpmqumPN Ď t´K,´K ` 1, ¨ ¨ ¨ ,K ´ 1,Ku for some K P N. We then have r P tλ´K

g , λ´K`1
g , ¨ ¨ ¨ , λKg u. This

shows that r is in the cyclic group generated by λg, and this proves that rνpFq is the cyclic group generated
by λg whenever tλgugPF has only one element.
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A Proof of Furstenberg’s Theorem

Definition A.1. A discrete time martingale is a discrete time real-valued stochastic process such that:

@n P N, ErXns ă 8 and ErXn`1 |X1, X2, ¨ ¨ ¨ , Xns “ Xn.

Remark A.2. Recall that in Section 3.1, FZ` denotes the sample path space. We use A to denote the σ-
algebra generated by elementary cylinder sets in FZ` , Anpn P Nq to denote the σ-algebra generated by cylinder
set in the first n coordinates, and Pµ the probability measure in P, which arises from the step distribution in
the random walk pF , µq (where the support of µ is only in the alphabet set). Now suppose f is a µ-harmonic
function defined on F . Then for an arbitrary m P N, define:

Φm : FZ` Ñ R, g ÞÑ fpgmq.

By definition of the conditional expectation with respect to a σ-algebra, we have that, for an arbitrary
An P An, given m P N with m ě n:

ErΦm |AnsPµpAnq “

ż

An

ErΦm |Ans dPµ “

ż

An

Φm dPµ “

ż

An

fpgmq dPµpgq.

Since f is µ-harmonic, with the fixed n P N and a fixed g P FZ` , we have:

ż

An

fpgn`1q dPµpgq “

ż

An

´

ÿ

hPF
fpgnhqµphq

¯

dPµpgq “

ż

An

fpgnq dPµpgq

Indeed, since An P An, for each g P An, there will be no restrictions on gn`1. Hence, for each m P N with
m ě n, we have:

E
“

Φm |An

‰

PµpAnq “

ż

An

fpgmq dPµpgq “

ż

An

fpgnq dPµpgq

“

ż

An

Φn dPµpgq “ ΦnPµpAnq

ùñ E
“

Φm |An

‰

PµpAnq “ ΦnPµpAnq

Since An is arbitrarily picked from An, we have that ErΦm |Ans “ Φn. Now we can conclude tΦmumPN is a
discrete time martingale.

Proposition A.3. The boundary action of F has no finite invariant sets.

Proof. Since the boundary action is minimal (i.e. any orbit is dense), there are no closed invariant sets, and,
in particular, no finite invariant sets.

Definition A.4. In a finite measure space pX,Ω,mq, given A P Ω with mpAq ą 0, a ϵ-partition of A is a
(at most countable) partition tAiuiďN of A such that mpAiq P r0, ϵq for each i P N. In this case, whenever an
ϵ-partition of A exists, we say m admits an ϵ-partition of A.

Lemma A.5. In a finite measure space pX,Ω, θq, if θ is purely non-atomic, then for each ϵ P p0, 1q, θ admits
an ϵ-partition of X.

Proof. Without losing generality, assume θpXq “ 1. Define:

l1 “ inf
␣

ϵ P p0, 1q | θ admits an ϵ-partition of X
(

Equivalently, we need to prove that l1 “ 0. Assume by contradiction that l1 ą 0. Therefore, for each ϵ P pl1, 1q,
if θ admits an ϵ-partition of X, then there is a set in that ϵ-partition with θ-measure greater than or equal to
l1. Since θ is purely non-atomic, we have l1 ă θpXq “ 1. Next, set:

n1 “ min
!

n P N
ˇ

ˇ θ admits an pl1 `
1

n
q-partition of X and l1 `

1

n
ă 1

)

.
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Without losing generality (or restrict to a subsequence of N), assume for each n ě n1, θ admits an pl1 ` 1
n q-

partition. For each n ě n1, by taking intersection between sets from a pl1 ` 1
n q-partition and a pl1 ` 1

n`1 q-

partition, we can further assume that the fixed pl1` 1
n`1 q-partition is a refinement of the fixed pl1` 1

n q-partition.

For each n ě n1, fix a pl1 ` 1
n q-partition of X and let Cn,1 be the set in the fixed pl ` 1

n q-partition such that
θpCn,1q ě l. Then by assumption we have:

@n ě n1, l1 ď θpCn,1q ă l1 `
1

n

Again by assumption, we have the sequence tθpCn,1quněn1
is non-increasing. Hence:

@n ě n1, l ď θ
´

č

něn1

Cn,1

¯

ă l1 `
1

n
ùñ θ

´

č

něn1

Cn,1

¯

“ l1

Set A1 “
Ş

něn1
Cn and then we have θpA1q “ l1. Next, we turn to XzA1 and define:

l2 “ inf
␣

ϵ P p0, 1q | θ admits an ϵ-partition of XzA1

(

If l2 “ 0, then there exists α P p0, l1q such that θ admits an α-partition of XzA1. Since θ is purely non-atomic,
we can find B1 Ĺ A1 such that θpB1q P

`

0, θpA1q
˘

. If we define:

β “ max
␣

α, θpB1q, θpA1zB1q
(

then the α-partition of XzA1 along with B1 and A1zB1 consist of an β-partition of X and β ă l1, contradicting
the definition of l1. Therefore, l2 ą 0.

By the same approach, we then can find A2 Ď XzA1 such that θpA2q “ l2. Since, for each ϵ P pl1, 1q and each
measurable subset A Ď X, an ϵ-partition of X induces an ϵ-partition of A, we then necessarily have l2 ď l1,
or θpA2q ď θpA1q. By induction, for each n P N, we have that tAnunPN is a partition of X and tθpAnqunPN is
a non-increasing sequence. Since θpXq “ 1, there exists N P N such that θpAN`1q ă θpAN q ď l1. Since θ is
purely non-atomic, for each i P N and i ď N , there exists Bi Ĺ Ai such that 0 ă θpBiq ă θpAiq “ l1. Set:

l0 “ max
␣

θpB1q, ¨ ¨ ¨ , θpBN q, θpAzB1q, ¨ ¨ ¨ , θpAzBN q, θpAN`1q
(

Therefore, the following partition:

␣

An

(

nąN
Y
␣

Bi

(

iďN
Y
␣

AizBi

(

iďN

is an l0-partition with l0 ă l1, which contradicts the definition of l. Hence, we have l1 “ 0

Proposition A.6. If θ is a purely non-atomic (regular) probability measure defined on the metric space pBF , δq,
then for each ϵ ą 0, there exists Nϵ P N such that for each g P F with | g | ě Nϵ, θpCgq ă ϵ.

Proof. Since pBF , δq is compact (hence totally bounded) and δ is an ultra-metric, each open set can be written
as a finite disjoint union of elementary cylinder sets. In particular, given an open subset O Ď BF and ϵ P p0, 1q,
we can find tgiuiďM Ď F such that:

O “

‚
ď

iďM
Cgi

and exp
`

´ | gi |
˘

ă ϵ. Fix ϵ P p0, 1q. By Lemma A.5, compactness of the space and (outer) regularity of θ,
there exists a finite ϵ-partition of BF , say tOiuiďK , where each Oi. Then by our previous observation, we can
find tgjujďN Ď F such that the open cover tCgj ujďN is a refinement of the open cover tOiuiďK . Next, set:

Nϵ “ max
jďN

| gj |

Notice that, for each ξ P BF , if ξ P Cgj for some j ď N , we then have B
`

ξ, expp´Nq
˘

Ď Cgj for all N ě Nϵ.
Therefore, for each g P F with | g | ě Nϵ, there exists gj for some j ď N such that:
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Cg Ď Cgj ùñ θpCgq ď θpCgj q ď max
iďK

θpOiq ă ϵ

Theorem A.7. In the set-up of Section 3.1, let FZ` denote the space of all sample paths of the random walk
pF , µq, and Pµ denote the measure in FZ` arising from µ. If the group generated by the support of µ is the
whole group, then:

i) For Pµ-almost each sample path g of the random walk in FZ` , tgmumPN converges to an element in BF
(in δ-metric topology) and hence the following mapping:

L : FZ` Ñ BF , g ÞÑ lim
m

gm

is well-defined Pµ-almost everywhere. The hitting distribution on BF is defined as the image of Pµ

on FZ` under L.

ii) The following limit of convolution powers of µ:

lim
nÑ8

µ˚n

exists and defines a Borel probability measure ν on BF . This limit coincides with the hitting distribution
above, is purely non-atomic, and the unique µ-stationary probability measure on BF , i.e., the unique
probability measure on BF such that µ ˚ ν “ ν.

Proof.

i) Suppose θ is a purely non-atomic (regular) probability measure on BF . Thus any singelton will be θ-null
and hence so is any countable set. Suppose tgnunPN is a sequence in F such that limn gn “ g8 for some
g8 P BF . Then we will show that the sequence of measures tgnθunPN converges weakly to δg8

(the Dirac
measure defined on g8) in the following sense:

@F P CpBFq, lim
n

ż

BF
F pξq dpgnθqpξq “ lim

n

ż

BF
F pgnξq dθpξq “

ż

BF
F pξq dδg8

pξq “ F pg8q (43)

By Portemanteau Theorem (Theorem 13.16 in [6]), since for each n P N, gnθpBFq “ θpBFq “ 1, it
suffices to show that for all closed subsets F Ď BF , lim supn gnθpF q ď δg8

pF q. As we showed in the proof
of Proposition A.6, for each open subset O Ď BF and ϵp0, 1q, we have find tgiuiďK Ď F such that:

O “

‚
ď

iďK
Cgi

where exp
`

´ | gi |
˘

ă ϵ for all i ď K. Hence:

Oc “
č

iďK

pCgj qc “
č

iďK

¨

˚

˚

˝

‚
ď

gPFztgiu

| g |“| gi |

Cg

˛

‹

‹

‚

and we can now conclude that every closed set can be written as a finite disjoint union of elementary
cylinder sets. Hence, it suffices to show that for each h P F , lim supn gnθpChq ď δg8

pChq. If g8 P Ch,
then δg8

pChq “ 1 and the inequality immediately holds since θ is a probability measure. Otherwise,
without losing generality (or start from a large enough n), suppose | gn | ą |h | for all n P N. Therefore,

g´1
n Ch “ Cg´1

n h and | g´1
n h |

nÑ8
ÝÑ 8. By Proposition A.6, we then have:

lim sup
n

pgnθqpChq “ lim sup
n

θpCg´1
n hq “ 0 “ δg8

pChq

Now we can conclude that gnθ converges to δg8
weakly and hence (43) holds.
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ii) Let θ be an arbitrary probability measure and hence the following set:

! 1

n

ÿ

0ďkăn

pµ˚ kq ˚ θ
)

nPN

is a sequence of probability measures defined on BF . According to the weak compactness of the closed unit
ball of rCpBFqs˚, this sequence has a sub-sequence converging to some θ0 in weak-˚ topology. Suppose:

1

ni

ÿ

0ďkăni

pµ˚kq ˚ θ Ñ θ0.

Then

µ ˚

” 1

ni

ÿ

0ďkăni

pµ˚kq ˚ θ
ı

“
1

ni

ÿ

1ďkďni

pµ˚kq ˚ θ

“

” 1

ni

ÿ

0ďkăni

pµ˚kq ˚ θ
ı

´
1

ni
θ `

1

ni
pµ˚ni ˚ θq

nÑ8
Ñ θ0.

Indeed, for each n P N, µ˚n ˚ θ is a probability measure on BF and hence 1
nµ

˚n ˚ θ, as a bounded linear
functional, will converge to zero in norm as n becomes arbitrarily large. We can then conclude θ0 is
µ-stationary (namely µ ˚ θ0 “ θ0) and hence there always exists a µ-stationary probability measure in
BF .

iii) Given θ0 a µ-stationary probability measure, suppose it has atoms and we use A to denote the set of
θ0-atoms. Set:

λ “ sup
xPA

θ0ptxuq.

Since θ0 is a probability measure, we will have λ P r0, 1s. If θ0 can not attain λ for some x P A, then for
a fixed ϵ P p0, λq, we can find an infinite set txnunPN Ď A such that θptxnuq ě λ´ ϵ for all large n. As a
result, θ0pBFq “ 8, which is absurd. Hence, we can find x0 P A such that θ0ptx0uq “ λ. Because θ0 is
µ-stationary, we then have:

θ0ptx0uq “ pµ ˚ θ0qptx0uq “
ÿ

hPF
θ0pth´1x0uqµphq (44)

Because µphq P r0, 1s for each h P F , for the equality above to hold, we must have θ0pth´1x0uq “ θ0ptx0uq

precisely when µphq ą 0. Set S to be the support of µ and L “ ts´1x0 | s P Su. Since θ0 is a probability
measure, L must be finite and has the same size of S. Hence, according to (44), for each s P S, we have:

θ0ptx0uq “
ÿ

hPF
θ0
“

tph´1sq ps´1x0q
‰

µphq “
ÿ

gPF
θ0
“

tg´1 ps´1x0qu
‰

µpsgq

ùñ θ0ptx0uq “
1

|S |

ÿ

sPS

ÿ

gPF
θ0
“

tg´1 ps´1x0qu
‰

µpsgq “
1

|S |

ÿ

gPF

ÿ

sPS
θ0
“

tg´1 ps´1x0qu
‰

µpsgq

which implies:

@ g P F @ s P S, θ0
“

g´1 ps´1x0q
‰

“ θ0ptx0uq ðñ µpsgq ą 0.

Suppose there exists g P F and l P L such that g´1l R L. This implies S X pS ¨ gq ‰ S where S ¨ g “

tsg | s P Su. Therefore:
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θ0ptx0uq

“
ÿ

hPS
θ0pth´1x0uqµphq “

ÿ

hPF
θ0pth´1x0uqµphq

“
ÿ

hPF
θ0
“

tpgh´1qx0u
‰

µphg´1q “
ÿ

fPS¨g

θ0ptf´1x0uqµpfq

“
ÿ

fPSXS¨g

θ0ptf´1xuqµpfq ă
ÿ

hPS
θ0pth´1x0uqµphq “ θ0ptx0uq

which is absurd. Hence we have g´1 ¨ L Ď L for each g P F , or L is a F-invariant finite subset in BF ,
contradicting Proposition A.3. Hence, a µ-stationary probability measure is purely non-atomic.

iv) Fix a µ-stationary probability measure λ. Then, for each f̂ P CrBFs, define a function on F by:

fpgq “

ż

BF
f̂pξq d rgλpξqs

By definition the F-action on the space of probability measures, we have have:

fpgq “

ż

BF
f̂pgξq drλpξqs. (45)

For each f̂ P CrBFs, we claim that the function f defined above is µ-harmonic: namely, for each g P F ,
fpgq “

ř

hPF fpghqµphq. Then, by definition of µ ˚ λ:

ÿ

hPF
fpghqµphq “

ÿ

hPF

´

ż

BF
f̂pξq d rghλpξqs

¯

µphq “
ÿ

hPF

´

ż

BF
f̂pgξq d rhλpξqs

¯

µphq

“

ż

BF
f̂pgξq d

´

ÿ

hPF
rhλpξqµphqs

¯

“

ż

BF
f̂pgξq d

´

ÿ

hPF
rλph´1ξqµphqs

¯

“

ż

BF
f̂pgξq d

´

µ ˚ λpξq

¯

“

ż

BF
f̂pgξq dλpξq

“ fpgq

which proves that each f defined in this way is µ-harmonic function on F .

v) In the set-up of Remark A.2 and the previous section, let FZ` be the space of sample paths and
λ be a µ-stationary probability measure on BF . Recall that for each h P F , χh denotes the indicator
function of Ch. Since the family of continuous function tχhuhPF separates points, by Stone-Weierstrass
Theorem, the unital algebra generated by tχhuhPF is dense in CpBFq with respect to the sup-norm. In
this case, the unital algebra generaed by tχhuhPF is equal to the span of tχhuhPF . For each h P F , as in
(45), define:

fhpgq “

ż

BF
χhpgξq dλpξq

For each h P F and i P N, define:

Nh
m : FZ` Ñ R, g ÞÑ fhpgmq.

where fh is µ-harmonic by (iv). By Remark A.2, for each h P N, tNh
mumPN is a discrete time martingale.

Hence, for a fixed h P F , and for Pµ-almost each g P FZ` , according to the Doob’s First Martingale
Convergence Theorem (see [3]), the following limit exists for Pµ-almost each g P FZ` :

lim
mÑ8

Nh
mpgq “ lim

mÑ8
fhpgmq “ lim

mÑ8

ż

BF
χhpξq d

”

gmλpξq

ı

“ lim
mÑ8

gmλpChq. (46)
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Since F is countable, we then can conclude that for Pµ-almost each g P FZ` , limmNh
mpgq exists. By

approximating coefficients of elements in C ´ SpanpχhuhPF using complex numbers with rational parts,
we then can conclude that for Pµ-almost each g P FZ` , for each F P CpBFq, the following limit exists:

lim
mÑ8

ż

BF
F pξq d

“

gmλpξq
‰

“ lim
mÑ8

ż

BF
F pgmξq dλpξq. (47)

Now fix an g P FZ` so that the limit in (47) exists for each F P CpBFq. Since tgmu is in pF , δq, by
(sequentially-)compactness, we can assume tgmi

uiPN Ď tgmumPN is a convergent subsequence (and there
could be more) which converges to g8 P BF . Fix h P F . By (46), we have:

lim
m

ż

BF
χhpgmξq dλpξq “ lim

m
gmλpChq “ lim inf

m
gmλpChq

ď lim inf
i

gmiλpChq ď lim sup
i

gmiλpChq ď lim sup
m

gmλpChq “ lim
m

gmλpChq

ùñ lim
i

gmi
λpChq “ lim

m
gmλpChq

In the same way we deduce (47), we then have for each F P CpBFq:

lim
i

ż

BF
F pξq d

“

gmi
λpξq

‰

“ lim
m

ż

BF
F pξq d

“

gmλpξq
‰

By i), iii), we then can conclude for each F P CpBFq:

F pg8q “ lim
i

ż

BF
F pξq d

“

gmi
λpξq

‰

“ lim
m

ż

BF
F pξq d

“

gmλpξq
‰

(48)

By Portemanteau Theorem, we then can conclude that gmλ converges weakly to δg8
. Further, for

the g we fix, the set tgmumPN can be replaced by tgmiuiPN without ambiguity. Therefore, since g is
arbitrarily picked, the following map can be defined Pµ-almost everywhere (if necessary, also by Axiom
of Choice):

ϕ : FZ` Ñ BF , g ÞÑ g8

where for each g in the domain, g8 P BF is picked from the set of clustered points of tgmu. For each
m P N, define:

ϕm : FZ` Ñ F , g ÞÑ gm

and each ϕm is measurable. Hence ϕ as a pointwise limit of tϕmu is also measurable. Since, for each
Borel subset B Ď F , we have:

µ˚mpBq “ Pµ

“

ϕ´1
m pBq

‰

Then, given a Borel subset C Ď BF , we then can define the hitting distribution based on ϕ:

´

lim
mÑ8

µ˚m
¯

pCq “ Pµ

“

ϕ´1pCq
‰

By definition, limmÑ8 µ˚m is µ-stationary. For now we will use µ8
ϕ to denote limmÑ8 µ˚m and in the

next section, based on what we previously showed, prove that the existence of limmÑ8 µ˚m does not
depend on the definition of ϕ (or the choice of clustered points). Then we will show µ8 is the unique
µ-stationary probability measure defined on BF , and hence purely non-atomic by iii).
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vi) Let λ be a µ-stationary probability measure. Then for each F P CrBFs, we have:

λpF q “ pµ ˚ λqpF q

“

ż

BF
F pξq dpµ ˚ λqpξq

“

ż

BF
F pξq d

”

ÿ

hPF
λph´1ξqµphq

ı

“

ż

BF
F pξq d

”

ÿ

hPF
λph´1ξqµphq

ı

“

ż

BF

´

ÿ

hPF
F phξqµphq

¯

dλpξq “
ÿ

hPF
µphq

ż

BF
F phξq dλpξq

“

ż

FZ`

´

ż

BF
F pg1ξq dλpξq

¯

dPµpgq “

ż

FZ`

ż

BF
F pξq d

´

g1λpξq

¯

dPµpgq

“

ż

FZ`

g1λpF q dPµpgq.

Hence, for each n P N and for each F P CrBFs:

λpF q “ pµ˚ nq ˚ λpF q “ pµ ˚ µ ˚ ¨ ¨ ¨ ˚ µq

ˆ n

˚λpF q “

ż

FZ`

gnλpF q dPµpgq.

Hence, for each n P N and F P CpBFq, the mapping g ÞÑ gnλpF q is a measurable and Pµ-integrable
function defined on FZ` . Since, from v), for Pµ-almost each g P FZ` , limm gmλpF q exists for each
F P CpBFq, according to (48) and Dominance Convergence Theorem, we have:

λpF q “ lim
n

ż

FZ`

pgnλqpF q dPµpgq “

ż

FZ`

´

lim
n

gnλpF q

¯

dPµpgq. (49)

Since, in v), we showed limm gmλpF q “ F
“

ϕpgq
‰

, (48) can be written as:

λpF q “

ż

FZ`

´

lim
n

gnλpF q

¯

dPµpgq “

ż

FZ`

F ˝ϕpgqdPµpgq “

ż

BF
F pξqd

´

Pµ

“

ϕ´1pξq
‰

¯

“

ż

BF
F pξqdµ8

ϕ pξq.

Since in v), we showed that limn gnλpF q is independent to the choice of the clustered point g8 of tgnun,
therefore, the existence of µ8 “ limm µ˚m (as a bounded linear functional in CpBFq) is independent to
the definition of ϕ and hence the hitting distribution is well-defined. Moreover, for each F P CpBFq:

λpF q “

ż

BF
F pξq dλpξq “

ż

BF
F pξq dµ8pξq.

which implies µ8 coincides with λ as a probability measure. Since λ is an arbitrary µ-stationary proba-
bility measure, µ8 is the unique µ-stationary probability measure.
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