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Abstract

Given an action of a countable group with a quasi-invariant measure, there exists a multiplicative group in
(0, 00), called the ratio set of the group action, which in a sense describes the values of the Radon-Nikodym
derivative. The main purpose of this thesis is to find the ratio set of the action of a finitely generated free
group F on its topological boundary 0F (the set of infinite words) for a certain natural class of quasi-invariant
boundary measures.

In Section 1, we focus on the general ergodic theory of equivalence relations. We outline the set-up, borrow
from [1], [4] the definitions of the central notions of the theory, including counting measures (Proposition
1.8), quasi-invariance (Definition 1.6), Radon-Nikodym cocycle (Definition 1.15) and raio set (Definition
1.19), and illustrate them on the example of the orbit equivalence relation of a Markov shift (Definition 1.22).
We also introduce the principal object: the boundary action of a finitely generated free group (see Section 1.2).

In Section 2, we define the class of multiplicative Markov measures (Definition 2.1). These are the
measures on a topological Markov chain entirely determined just by an initial (base) distribution and the ad-
missibility matrix; the transition probabilities are then just the normalized restrictions of the base distribution
onto the set of admissible transitions (see [7]). In the case of the free group, its boundary has a natural structure
of a topological Markov chain (determined by the irreducibility condition from the definition of a free group:
consecutive letters should not cancel each other), and in this case, we show that the multiplicative Markov
measures are precisely the ones for which the Radon-Nikodym cocycle is a product cocycle (i.e. a cocycle whose
potential only depends on the first letter of the input; see Definition 2.8). The final result of this section
is an explicit description of the ratio set of the boundary action with respect to multiplicative Markov measures.

In Section 3, given a probability measure p on the set of free generators and their inverses, the definition
of the associated nearest neighbor random walk is given. According to Furstenberg’s Theorem (proof
provided in Appendix), in this random walk, sample paths converge almost surely to a random boundary
point, and the resulting limit distribution on the boundary of the free group is called the harmonic measure
of the random walk (see Section 3.1). We show that the harmonic measure is a multiplicative measure
(Theorem 3.3), and therefore the results of Section 2 allow us to describe the ratio set of the harmonic
measure (Theorem 3.5). A significant role in these considerations is played by the passage probabilities of
the random walk (given a group element, the probability that it is ever visited by a random walk). Since the
harmonic measure is multiplicative, its potential only depends on the first letter, and this dependence actually
amounts to taking the inverse of the corresponding passage probability (Proposition 2.9, Remark 2.10).
Finally, we establish a one-to-one correspondence between three families of numbers indexed by the alphabet of
the free group and subject to natural conditions; these are the step distributions of the random walk, the base of
the harmonic measure (which is multiplicative Markov) and the family of passage probabilities (Theorem 3.6).

In Section 4, we discuss another method for finding the ratio set of the harmonic measure based on using
Martin theory (see [2]).

In the Appendix, we prove Furstenberg’s Theorem, a result used for defining the harmonic measure
in Section 3. Actually, it is applicable not only for the nearest neighbor random walk (i.e. not only when the
probability measure p is supported on the alphabet set) but also the more general case where the support of
the step distribution generates the free group. Moreover, in addition to the existence it also characterizes the
harmonic measure as the unique p-stationary measure on the boundary.
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1 Ratio set of a general Markov shift

1.1 Countable equivalence eelations

Definition 1.1. Let (X, B) be a standard Borel space and suppose R is an equivalence relation defined on X
such that for each x € X, the equivalence class of x is countable and R as a subset of X x X belongs to B x B.
In this case, we call R a countable measurable equivalence relation with respect to B. For each z € X
we use [z] to denote the equivalence class of z, and for each B € B, we use R(B) = | J,.[b] to denote the
R-saturation of the set B.

In particular, if a group G is acting a space X, then the associated orbit equivalence relation is defined
as: given z,y € X, x ~ y iff g- x = y for some g € G.

Proposition 1.2. Given a standard Borel space (X,B) and a countable group G acting on X by measurable
transformations, the associated orbit equivalence (denoted by Rg) is a measurable equivalence relation in the
sense of Definition 1.1.

Proof. In X x X, given h € G, since the mapping x — h - x is measurable, the graph of this mapping;:

T'(h) ={(z,h-2)|xe X}

is then measurable with respect to B x B. We then have:

Rg = | JT(h).

heG

The right hand side is a countable union of B x B-measurable sets, and hence is B x B-measurable.
O

In a dynamical system (X, B,T) where X is a T} and B is the Borel o-algebra of X, if T is not necessarily
invertible, then the orbit equivalence relation will be defined as: x ~ y iff there is k,! € N such that 7%z = Tly;
if T is invertible, then the k, [ can be picked from Z. This equivalence relation will be denoted by Rp. To make
Ry a discrete measurable equivalence relation, we want 7" to be continuous with respect to the given topology
in X (therefore measurable with respect to B) and T~ ({x}) countable for each z € X.

Proposition 1.3. Given a Polish space X endowed with the Borel o-algebra B, and a continuous map T :
X — X such that T~1 ({x}) is countable for each x € X, the orbit equivalence relation Ry is a countable
measurable equivalence relation in the sense of Definition 1.1

Proof. Because X is a Polish space, the topology X is equipped with is equivalent to a complete separable
metric topology. Therefore every singleton will be closed. Because T is continuous and T~!({z}) countable for
each z € X, we have that for each n € N U {0}, T" is continuous and (7™)~*({x}) countable for each z € X.
Hence, for each z € X and n,m € N U {0}, the equivalence class:

pl= | wexIT@=T"mi= | @) HTE)
n,meNu{0} n,meNu{0}

is a countable union of countable closed sets and hence countable and measurable. Now fix n,m € N, we have
the following set:

{@9) e X x X|T"(2) = T"(y) |

as the pre-image of the diagonal in X x X under T™ x T™, is closed in the product topology (generated by the
given topology in X). Therefore:

= U {@pime-1"w}
n,meNu{0}

is a countable union of closed sets and hence belongs to B x B.



1.2 The topological Markov chain associated to the boundary of a free group

In this subsection, we shall illustrate the notions introduced in Section 1.1 by looking at our principal object,
which is the action of the free group on its topological boundary. Given a finite set of free generators and their
inverses A, we will consider the dynamical system determined by the action of the free group F generated by
A on the (topological) boundary 0.F, then introduce the shift transformation on 0F, and our first example of
orbit equivalence (see Definition 1.4).

Each v € F can be written as, for some m € N:

V= UV U2V3 " - Upp v, €A and v Fe Vie{l,2,---,m—1}

where e denotes the identity of F. Here m is the length of v, denoted by |v | and the above property:

vivip1 #e  Vie{l,2,--- ,m—1}

is called irreducibility. Then we use 0F to denote the set of infinite (to the right) words where each word
has the form v = vyvg - - subject to the same irreducibility condition. We call 0F the boundary of F, and
define F = F U 0F. Clearly with respect to the d-metric, 0F is the topological boundary of F. One can also
notice that the (directed) Cayley graph with A the generating set is a tree. Further, given v € F and k € N,
we define the k-truncation of an element v as:

vV Uk, k< |V
[v] =
v, k=|v]

Given u,v € F, let u A v denote the confluent (the common part of u and v starting from the left) of u
and v and |u A v | the length of it. Then define:

. 0 _
§:FxF—[0,0), (uv)—1" “=v
exp(—|u A v|),u#v
Hence § is a metric defined on F. We will then show the metric space (F, &) is compact by showing that it is
complete and totally bounded.

Given a Cauchy sequence {uy,}nen, We have that limsup,, ,, d(tn, urmm) = 0. Hence, for each k € N, we can
find ns, € N so that §(up,u,) < e7* for all n,m > ng, which implies [u,]x = [tm]x for all n,m > ny. If we
let v = [un, |k, then {vg}reny Will converge to an element v where [v], = vy for each k € N. Hence, for each
keN,§(v,u,) < e for each k > ny, and this proves that (F,§) is complete.

Then we will show that F is totally bounded (i.e. in a metric space, for each € > 0, the space can be covered
by finitely many open balls with radius €). Then we will fix ¢ > 0 and find k € N so that e " < €. Let By, be
the finite set of all k-length words. Hence, each element in F will be in B(u,e*), the closed ball centred at u
with radius e =" for some u € By. For each r > 0 and z € F, we will use B(z,7) to denote the closed ball in F.
Hence (F,6) is compact and (0F,d), as a closed subspace, is therefore compact.

In 0F, given g = g1 - - - gn, € F, we define an elementary cylinder set in 0F as the following:

Cy={vedF|vi=g1, ,Un = gn}

Also notice that for each v € Cy, B(v,e™")ndF = C4. We use B to denote the o-algebra generated by elemen-
tary cylinder sets in 0, which coincides with the Borel o-algebra in 0 F. The group action of F acting on 0.F,
namely the boundary action, is defined by the concatenation with subsequent cancellation (if necessary),
and is continuous.

Next, we define the shift transformation 7" on 0F as the following:

T:0F - 0F, v [v]{tv

where [v]; is the first letter of the input element. T is continuous.



Definition 1.4. Given two measurable spaces, (X, Bx) and (Y, By), each of which endowed with respective
countable measurable equivalence relation Rx and Ry, an isomorphism between these two relations is an
invertible Bx — By measurable bijection which maps equivalence classes to equivalence classes. If Ry and Ry
are isomorphic relations of respective dynamical systems on X and Y, these two systems are said to be orbit
equivalent.

Proposition 1.5. The boundary action of the free group is orbit equivalent to the shift T'.

Proof. We denote by Rx the orbit equivalence relation of the boundary action and Ry the orbit equivalence
of the shift T on 0F. We will first show that if x and y are Rz-equivalent, then they are Rp-equivalent. In
the sense of Definition 1.1, we want to show that, given an arbitrary x € 0F and g € F, x and y = g - x are
Rr-equivalent. Recall that given x,# y € 0F, we denote x A y by the (finite) common part of z and y, and
|z A y| is the length of that. Set u = x A y. Notice that g acting on z will remove the first |u=! A x| letters
of x and then add the first |u| — [u™! A 2| of u letters to what remains in z. Therefore:

T‘“71A$|$=T‘“|_‘“71Awly = VxedFVgelF, :UR~Ty.

Visually, we have:

oF

Now given (z,y) € Rr, we can then find ny,ny € N such that 7™z = T"2y = 2. Then by taking
g=1x1T2 Ty, € F,h=1y1Y2Yn, € F, we have:

gil.x:Tnlx:TTQy:h*l.y — Yy~ oz,

1.3 Non-singularity and quasi-invariance

First we need the definitions of a non-singular (countable measurable) equivalence relation, the associated
flip transformation, and of the left and right coordinate projections. Throughout this section, only
finite measure states spaces are considered. Definition 1.6, 1.7 and Proposition 1.8 are from [4].

Definition 1.6. Given a Borel measure space (X, B, ) and a countable measurable equivalence relation R,
we call 1 quasi-invariant for R if:

VYBeB, p[R(B)] =0 <« uB)=0.

In this case, we call R non-singular with respect to pu.



Definition 1.7. Given a measurable space (X, BB), the flip transformation 0 is defined as:

9:X><X—>X><X, (1‘1,$2)'—>(J}2,$1).

Observe that B x B = {B; x Bs| By, By € B} is a o-algebra in X x X and is generated by product of sets in
B. Hence, 6 is measurable with respect to B x B. Similarly, the left projection:

7Tl:X><X*>X ($1,l’2)*—>$1
and the right projection:

T X XX > X (21,22) — o
are both measurable with respect to Bg = {C n R|C € B x B}.

Proposition 1.8. Given a standard Borel space (X, B), a probability measure p on it, and a countable mea-
surable equivalence relation R,

(i) for any C € Bgr, the function:

X —[0,0], z~ |7 '({z})nC| (the cardinality)

is measurable and:

v Br o [0,0], C o L 177 () A C | ()

is a o-finite measure on Br. We call v the left counting measure and in the same way we define the
right counting measure as:

vy B — [0,00], C L 7 ({a}) A C | dpz)

(it) For each C € Bg, v(C) = 0 iff u|m(C)] =0 and v,(C) = 0 iff p|m-(C)] =0
For proving Proposition 1.8, we will use the following results from [5. §18]

Definition 1.9. Given two sets X, Y and P € X x Y, a uniformization of P is a subset P* < P such that,
given mx the projection from X x Y onto X, we have mx (P) = mx (P*) and mx restricted to P* is bijective.

Theorem 1.10. Let (X, Bx), (Y, By) be standard Borel spaces and let P < X xY be Bx x By -measurable. If,
for each x € X, P, = m; ' ({x}) n P is countable, then P has a uniformation that is also Bx x By -measurable.
Moreover, there exists a countable partition {E,} for P such that m is injective on each E,.

Proof of Proposition 1.8. According to Theorem 1.10, there exists a countable partition of R, denoted by
{E,}, such that 7 is injective on each E,. Therefore, we will have X = m(R) = |J,,cy m1(Er). Hence we can
define f,, : m(E,) — E, such that for each z € E,, f,(x) is the unique point in E,, such that m [fn (x)] =z,
and each f,, is then a B — (B x B) measurable bijection between m;(E,) and E,,. Therefore, we have that for
each n € N, f, 1 is equal to m; restricted to E,,. Hence, for each C € Bg, we have:

71'1(0) = U 7'('1(0 N En) = U s 5

neN neN

(CnE,) =] rN(CnE,)

" neN

(i) Fix C € By and notice that for each z € X:

' {#) nC#- Qg = zem(O). (1)

Because X = 1(Ey), with (1), we then have:

neNT



|m t({e}) n Ol = )] xelfule)

neN

and hence, according to Dominance Convergence Theorem:

[ mt e relan) = | S xelfu@]dute) = X [ vl dua).

neN neN
Since each f,, is bijective from m;(E,,) to E,, again with (1), for each n € N, we then have:
[ xeltu@lant = [ 1du() = (€ )
X T (EnnC)

which implies that:

J 17 ) o Cldut@) = 3 ulmic 0 B )

neN

Since the cardinality function is sub-additive, we can now conclude that v; is a measure defined on Bg,
and that for each n € N, y(E,) = u[m(En)] < . Hence, v is a o-finite measure defined on Bg.
Replacing 7; by 7, and adjusting the definition of each f, can also show that v, is a o-finite measure
defined on Bpg.

(ii) Given C € B, if p[m(C)] = 0, then for each n € N:

0 < pu[m(C " Ey)]| = p[m(C) nm(E,)] < p[m(C)] =o0.

With (2), we then can conclude v;(C) = 0. Conversely, if v;(C) = 0, by definition of v;, we have that for
p-almost each z € X, |m ' ({z}) nC| =0, or 7; ' ({z}) n C = &. By (1), we then have m(C) is p-null
set, or u[m(C’)] = 0. Replacing m; by 7, can prove that, for each C € Bg, v,.(C) = 0 iff u[m(C’)] = 0.

O

Proposition 1.11. Given a non-singular equivalence relation (X, B, u, R), the left and right counting measure
(defined in Proposition 1.8) are equivalent.

Proof. Assume that {F,,},en is a partition of R (given by Theorem 1.10) such that m; is injective on each
E,, and that {F,,}men is a partition of R (also given by Theorem 1.10) such that 7, is injective on each
F,,. Therefore, we have that {E,, n Fp,}n men is a partition of R where both m; and m, are injective on each
E, n F,,. Hence, without losing generality, we can assume that {E,} is a partition of R where both m; and 7,
are injective on each F,. As a result, we have that, for each C € Bpg:

n(C) = Y. p[m(C n Ey,)] v (C) = Y. p[m(C A Byl

neN neN

Observe that for each C' € Bg, we have R[m;(C)] = R[m,(C)]. Because R is non-singular, we then can conclude:

p[m(@)] =0 < ,u(R[m(C)]) =0 <= ,u(R[T('T(C)]) =0 <« pu[m(C)] =0

Combining equations above gives us:

n(C)=0 < pu[m(CnE,)]VneN <«— pu[m(CnE,|VneN <« 1. (C)=0.



Definition 1.12. A partial isomorphism ® of a measurable equivalence relation (X, B, R) is a measurable
bijection between A, B € B such that the graph of ® is contained in R.

Proposition 1.13. Given a non-singular equivalence relation (X, B, u, R), if ® : A — B is a partial isomor-
phism with p(A) > 0, then ®ua and pa are equivalent, where ua denotes the restriction of the measure p to

A.

Proof. By definition of a partial isomorphism, we have I'(®) € R. Then, for each measurable subset C < B,
we will have:

m[D(®) N H(C)] = @7H(C)
Suppose z € ®~1(C). Then, ®(z) € C, and hence:

(z,8(2) eT(@) N '(C) = zem[(¢)nm ()]

which implies ®~1(C) = m[[(®) n 7, 1(C)]. Similarly, we first have m,.[['(®) n 7, 1(C)] = C. Then given
y € C, we will have:

(@7 (y),y) e (@) N7, (C " B)
which implies:

(@ (y),y) =y € M [T(®) n 7, (C n B)]

Therefore m,.[['(¢) N m, 1(C)] = C. From Proposition 1.8, we have that v, is equivalent to v, when R is
non-singular with respect to pu. Therefore:

w(C) = u( [[(®) A7 1(0)]) -0
= 1, [I'(®) nm, 1 (C)] =
]

(:)Vl[ ) Raka 1C)=

~—
[E—
N— o o
Il
=
—
i
L
—
Q
~—
[—
Il
e

— u(m [T(®@) nm H(C

which implies that, for each measurable subset C' = B, u(C) = 0 iff u[@~1(C)] = 0.
O

Theorem 1.14. Given a measurable equivalence relation (X, B, R) and a measure p defined on B, the following
properties are equivalent:

(1) R is non-singular with respect to p.
(2) The left and right counting measure, v; and v, (defined in Proposition 1.8) are equivalent.
(8) For each partial isomorphism ® : A — B with u(A) > 0, we have Py is equivalent to up.

Proof. Proposition 1.11 shows that (1) = (2) and Proposition 1.13 shows that (1) = (3). We will
prove the theorem by showing that (2) = (1) and (3) = (2).

(2) = (1): Let {E,} be a partition of R (given by Theorem 1.10) such that m; is injective on each E,.
Hence, according to the proof of Proposition 1.8, we have that for each C € Bp:

n(C) = > pu[m(C n E,)].
neN

To prove that R is non-singular with respect to u, it suffices to show that u(B) = 0 implies N[R(B)] = 0.
Suppose B € B is a u-null set. Hence, for each n € N, we have:

u(m[ﬂfl(B) N En]) <u(B)=0 = y [wfl(B)] = Z /,L(m[ﬂfl(B) N En]) =0.

neN



Because we assume that v; is equivalent to v, in Bg, we then have v, [ﬂ'l_l(B)] = (0 and that:

VT'[Wfl(B)] = Z u(ﬂ,.[wfl(B) A En]) =0 =— VneN, M(W,.[wfl(B) A En]) —0.

neN

Notice that m[m,'(B)] = R(B). Since {E,}nen is a partition of R, we have X = (J, .y (En) = m(R).
Hence, for each n € N, we have:
—1 —1
u(mo 7 (B) 0 Eal) = u(m[7 (B)] o mo(Bn)) = n[R(B) o 7o(En)] = 0.
which implies:

0<u[RB)] = p[|J RB) 7 (Bn)] < Y, p[R(B) nmn(En)] =0 = u[R(B)] =0.

neN neN
(3) = (2): To show that v; is equivalent to v, it suffices to show that, for each C € Bg, v;(C) = 0 implies
that v,.(C') = 0 and then the other direction follows by replacing v; by v,.. Again let {E,} be the partition of
R (provided by Theorem 1.10) such that m; is injective on each E,. As in the proof of Proposition 1.8,
let f, : m(E,) — E, be defined as the following: for each x € E,,, f,(z) is the unique point in F,, such that
m [fn(z)] = z. Define g, : 7.(E,) — E, similarly, and then define:
i m(Ey) = mr(Ep), x> 951 o fu(z)

Because both f, and g, are measurable and bijective, ®,, is also measurable and bijective. Also, because
E, = m(E,)xn.(E,) and E,, € R, we then have the graph of ®,, is in R, and hence ¢,, is a partial isomorphism
between m;(E,) and 7,.(E,). Now given C € Bg, if v,(C) = 0, according to the proof in Proposition 1.8:

v (C) = 2 plm(CAE,)] =0 = VneN, u[m(CnE,)]|=0.

neN

By assumption, we then have, for each n € N:

plm(CnE)] =0 = u(@n[m(C o) En)]) = p|m (C n Ey)] =0.

which implies that:

1.4 Radon-Nikodym cocycle

Definition 1.15. Given a non-singular measurable equivalence relation (X, B, i, R), a real-valued cocycle
of R (mod 0) is a measurable function c(+,-) : R — R such that there exists a measurable subset Xy € X where
1(Xo) = p(X) and:

e for every x € Xy, ¢(z,z) =1,
e for every x,y € Xy with (z,y) € R, ¢(z,y)c(y, x) = 1,
e for every x,y,z € Xo with (z,y) € R and (y, z) € R, we have ¢(z,y)c(y, z) = ¢(z, 2).

Proposition 1.16. If & : A — B is a partial isomorphism of a non-singular equivalence relation (X, B, u, R)
with w(A), u(B) > 0, then

ddu
dp

(y) = ;l: (@ '(y),y)

for almost each y € B.



Proof. Again we use I'(®) to denote the graph of ®. Fix a measurable subset C' € B. In Proposition 1.13,
we observed that:

. [r(cp) A Trl_l(C)] — o 1(C)

Therefore:

Observe that:

r(@) nm (€)= {(@(v),w) Iy e C} (4)

Because ® is bijective, 7 is then injective on T'(®) n 7, *(C') and hence:

n[l(¢) nm 1(C)] = JX |7 H{a} A T(@) nm H(C) | dp(z) = u[@7(O)] ()
Combining (3), (4) and (5) gives us:
u[L(®) nm '(C)]

dVl
= (2,y) dvr(z,y)
Jr(@)m,l(C) dvy

dvy . _

=, du, [27"(y),y] du(y)

— u(m[r(@) A7 (C)]) = u[@1(©O)]

ddu
= Jc W(Z/) du(y)

which implies:

L ;ZZ [ (y),y] duly) = L %(y) du(y).

Since C' is arbitrarily picked, we then can conclude, for almost each y € B:
ddu
dp

dVl 1

(v) . [ (y),y].

O

Proposition 1.17. Given two measurable spaces (X, Bx), (Y, By), two equivalent measures u and o defined on
Bx, and a measurable bijection ® : X — Y, the image measures ®u and ®o are equivalent and, for ®u-almost
everyy €Y :

dopu

i) = S oe ()

do
Proof. Since, for each B € By, ® !(B) € Bx and u ~ o on the entire By, we then have:

Pu(B) =0 <= p[@'(B)]=0 < o[® ! (B)]=0 < &o(B)=0
To establish the equality, it suffices to show that, for each B € By

W) = | [FEeem)]awe)

Fix B € By . Since ®~! is well-defined on in Y, we then have:



Do) = JB x5 (9)d(Pp)

J, s
J x5 0 ®(z) dp
J

—X(B)
dp
do

——(z)do

: [z o0@)] -

®-1(B)

] leow] - oo
=J [XBO(I)O(I)_l(y)] : [;lioé‘l(y)] d(®o)

Jd“ o &1 (y) d(®o) )

which implies:

| Frwd@o) - | [5Eoa71m)]d@o)

Since B is an arbitrary measurable subset of Y, the desired equality holds for almost each y € Y.
O

Theorem 1.18. Given a non-singular equivalence relation (X, B, u, R), the Radon-Nikodym derivative of the
left counting measure with respect to the right counting measure, dv;/d vy, is a real-valued cocycle of R (mod 0).

Proof. Let {E,} be the partition of R (given by Theorem 1.10) where 7 is injective in each F,,. As we have
seen from the proof of the implication (3) = (2) from Theorem 1.14, if R is non-singular with respect to
u, for each n € N, there exists a partial isomorphism ®,, from m;(E,,) to m.(E,) such that, for each (a,b) € E,,,
®,,(a) = b. Therefore, we have X = [ J +(Er). For each n € N, define:

R, = m(E\ | 7 (B

i<n

neN T

Hence, X = J,,cy Bn and the family {R,} are pair-wise disjoint. Without losing generality, we can assume
each R, has positive y-measure (or exclude all those p-null sets from {R,}). From Proposition 1.13, we
will have ®,pir (g, is equivalent to pir, (g, ) in the relative o-algebra {C' < 7,.(E,)|C € B}. For each n € N,
without losing generality, suppose D,, is a representative that is equal to the Radon-Nikodym derivative of
®,, v with respect to p almost everywhere. Then, according to Proposition 1.16 and Proposition 1.17, for
each n,m € N, there exists F, ,,, € R, with p(F), ) = p(R,) such that for (exactly) each = € F,, ,,,, we have:

dZ/l d(I)m((I)n/,(,) 1
a0, (@ @), @) = Do e @), ()

For each n € N, set G, = [,y Fnym- Then we will have p(Gr) = p(R,) and that, for all m € N and for
(exactly) each = in Gy, (6) holds. Hence, we will have that:

u(X) = Y i(Ba) = Y p(Ga) = | | G-

neN neN neN

D, (x) =

Set Xo = U,en Gn- Suppose z,y,z € Xy and that (z,y),(y,2) € R. Without losing generality, suppose
(z,y) € By, and (y, ) € E,,, which implies that y € 7,.(E,) and hence y € G,,, and that z € m,.(E,,) and hence
z € Gp,. Since we have O, (z) =y, Ppn(y) = z and &, 0 D, (x) = 2z, according to (6), we will have:

dy dy dy dy

D) = ot (@1 (:2) = 02 Daly) = Gt(@: W) = ot ) G
and:
d (I)nb O q)n dV 1 dl/
W(Z) = T [(@n 0 @) () 2] = (a2, .
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Meanwhile, from Proposition 1.17, we have:

T ) = o (OB (L 51 2)) = Do @1 (z) = T o)

Combining (7), (8) and (9) gives us:

du
dv,

Because u(Xp) = pu(X), we can now conclude that dv;/d v, is a real-valued cocycle of R (mod 0).

dl/l . dVl
(mvy)dyr (y,Z) - dl/r (l‘,Z)

1.5 Definition and properties of ratio set

Definition 1.19. Given a non-singular equivalence relation (X, B, u, R), the ratio set r,(R) is the set of
all non-negative real numbers A such that: for each ¢ > 0 and for any B € B with u(B) > 0, there exists
two measurable subsets of B, say Bi, Ba, such that p(B1), u(B2) > 0 and, there exists a partial isomorphism
® : By — B, such that for y-almost each = € By, | D, (® *(z),2) — A\| < € where D,, is the Radon-Nikodym
cocycle given by Theorem 1.18. In particular, according to Theorem 1.14, by removing p-null sets from
Bi1, By we can claim the following equality:

By = ®(By) ={x€By|Dy(® (z),z) e A—e, A+ €)}.
The following proof is inspired by [1].

Proposition 1.20. Given a non-singular countable equivalence relation (X, B, u, R), its ratio set is a non-
empty closed subset of R in usual topology and r,(R)\{0} is a multiplicative subgroup of (0,0).

Proof. Throughout this proof, we will use B to denote the set of non-p-null measurable sets.

(i). Firstly, we will show that 1 € r,,(R). By Definition 1.17, if we use idx to denote the identity mapping
in X, then (idx)sp = p and, for each z € X, D, (z, id)_(1 (z)) is constantly equal to 1. Hence, for each A € B*:

A=idy(A) = {z e A:|Dy(z,id5 (x)) — 1] < €}

hence condition () is satisfied and hence 1 is in the ratio set.

(ii). After showing that the ratio set is always non-empty, we then will show it is a closed set (in the
usual topology) in the real line. Given a converging sequence {an}neny < 7, (R), assume a,, — a € [0,00). Fix
A e Bt e> 0 and suppose |a, —a| < ¢ for all n > k. Then, we can find ® a partial isomorphism with domain
A such that:

A=0(A)={reA:|D,(z,2 " (2)) —ar|<e}eB"
Then, since |a; — a| < €, we then have:
A={zeA:|Dy(z, ¢ (z) —ar| <e} S {veA:|D,(z, 2 (2)) —a| < 2¢}
and hence:
{;v €X:|Dy(z, @ (x)) —a| < 26} e Bt
Thus a € r,(R).

(iii). Next, we will show that the ratio set is a multiplicative subgroup of (0,0). The following proof is
inspired by [1 Lemma 9.7]. Suppose p, ¢ € r,(R). We will first show that pg € ,(R). Fix C € BT. Fix ¢ > 0.
Because multiplication is jointly continuous in R, we can find § > 0 so that

{ry:xe(p—ep+e), ye(g—eq+e)} < (pg—9d,pq+9)
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By definition, we can find Cy,Cy < C, both of which have positive measure, and a partial isomorphism
®, : €1 — C; for each z € Ca, D, (x, (I);l(a:)) € (p — €,p + €). Therefore, we have the following equality:

Cy = ®y(C1) = {z € Co: | Dy(z, 0, (x)) —p| < e} € B
Given p(Ch) > 0, then we can find Dy, Dy < C4, both of which have positive measure and ®, : Dy — D such
that, similar to the equation above for Cs, we have:

Dy = ®y(Dy) = {x €Dy :|Dy(x,®, " (x)) —q| < e} € B

By Proposition 1.16, we have that, for almost each b € C5, we have:

d(ép)*[(@q)*u] _d((bp)*[((bq)*/j,] .d(ép)*ﬂ _d(q)q)*ﬂo -1 .d(q)p)*ﬂ
) = T ) S ) = ST o 0 0) - SO )

In terms of the Radon-Nikodym Cocycle, we have the following equivalent equation:

Dyu(b, (@ 0 @) 71 (0)) = Du[@, 1 (b), @, 0 @1 (B)] - D(b, @, (b))
Since ®pu is equivalent to p in Cs, given Dy © C; with (D) > 0, we will have ®,(D3) also has positive
measure and ®,(D2) < ®,(Cy) = Cy. Hence, for each b € ®,(D2):

Dyu(b, (@ 0 @)1 (b)) = D[, (b), @5 0 1 (0)] - D(b, @, (b))
e{riza:z1€(q—€,q+¢€), ze(p—e€,p+e)}
< (pq — 0,pq +9)

Therefore, for each b e ®,(D5), we have:
beCon®,0®,(Dy)n{zeX:D,(z,(®,0®,) () —pg| <€} =P, 0d,(Dy)

S Cyn®,0®0,(Ch)n{zeX:Dylz,(po0d,) () —pg| <

CCn®,00,(0)n{reX:D,b (2,00,) (b)) —pg| <e}
The set in the last line has positive measure for containing ®, o ®,(D1). Now we can conclude, given C' € BT,
we can find a partial isomorphism ®, o ®, between D;.®, 0 &,(D1), both of which have positive measure, such
that:

Cnd,09,(C)n{zeX:D,(z,(®,0®,) " (2)) € (pg—e€,pg+e€)} e B

Hence pq € r,(R).

(iv). At last we want to show, given d € r,(R), we will have ! € r,(R), by using continuity the map
x— 2~ in (0,00). Fix A€ B*,e > 0, a partial isomorphism v from A; to As, both of which are contained in
A and have positive measure such that:

Ay =9Y(Ay) ={z e X |D,(z,9 *(x)) € (d—€,d +€)}
Again by Proposition 1.17, we have, for almost each a € As:
dp dy =y tsp dy=tspu
(a) = (a) = oy~ (a)
dip=p dip = p du
In terms of Radon-Nikodym Cocycle, we have the following equation equivalent to the one above:

Dy(a, ™ (a)) ™ = Du(~Ha), ¥ 09~ (@) = Du(¥r™ (), a)
Since we can find § > 0 such that {z7! |z € (d —e,d+€)} S (d7! —6,d~t + ), then:
Ay ={x € As|D,(z,9 ' (z)) € (d—¢e,d + €)}
={re A | D, (¥ (z), ) e (d—ed+e)}
€ Ay A p(A) A {o € X | Dy (@) o) € (d — 5,471 + 6))
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Since 1 is a bijection from A; to As, we then have:

v (A2) = Ay € (YT (@), 2 € A2 | D(y T (@), 2) € (A7 = 6,d 7 +4)}

Therefore:

A =v 7 (A) ={ye A1 | Dy, d(y) e (' —6,d +6)} e BT

where ¢! is a partial isomorphism from A, to A; and ¥(y) = (¢»~1)"*(y). Since & approaches to zero when
€ does, we then can conclude d~ is also in 7, (R)
O

Proposition 1.21. Given a non-singular equivalence relation (X, B, u, R) and another measure o equivalent
to p, the ratio set with respect to p is the same as the ratio set with respect to o.

Proof. 1t suffices to show that the ratio of one is included in the other. Fix r in the ratio set with respect to u
and an arbitrary B € B with u(B) > 0, € > 0. According to Definition 1.18, there will be By, By € B, both
of which have positive y-measure, and a partial isomorphism ® from B; to Bs such that the following set:

Bon®(By)n{re X|D, (2, (z)) e (r—er+e)}

is equal to Bs by Definition 1.18 and hence has positive p-measure by assumption. Meanwhile, by u ~ o,
for each A € B, we have:

@1 (A)] =0 = o[e}(4)] =0.

Fix § € (0,1) and set U = (1 — §,1 + §). If we use U? to denote the set of products of elements from U, U~}
the set of reciprocals of elements from U, then, without losing generality, we can assume the following set:

U2) - r - (U2 = {rirra |1 e U rp e (UTH?)

is contained in (r — 6,7 + §). If, for each g € Q, we set Ug = {ri1q|r1 € U}. Then {Ug}qeq is an open cover of
R because Q is dense in R. Because pu is equivalent to o, the derivative d u/d o is positive almost everywhere
in X. With p(B) > 0, d u/d o is positive almost everywhere in B. Suppose {gn }nen is a enumeration of Q and
set U,, = Ugq, for each n € N. Now define O; = U; and for n > 1, define:

On: n\ U Uz
1<i<n
Then we have:

B—Bn [37“(33)]71(11@) —Bn | [;%‘(x)]*l(on) _JBn [%(x)]i (On)
neN neN

g

The equation above can be visually displayed as the following:
Since the family {O, },en is pair-wise disjoint, the set on the very right hand side is a disjoint countable
union. Since u(B) > 0, we can find N € N such that the following set:

du -1
BnlSt@| ©

2@ om)

has positive p-measure. Since On € Uyxy = Uqy, the following set:
!’ d
B = {w €B |£(x) € UqN}

has positive p-measure. Since U -7 - U~! is an open neighborhood of r, we can find §; > 0 such that
(r — 61,7+ 0,) € U-r-U~L. Apply the definition of ratio set again with the previously fixed r,d;, but with

B replaced by B'. Then we can find B'17 B/Q < B', both of which have positive measure, and a ®, a desired
partial isomorphism from B; to B, such that the following set:

By = ®(By) = {w e By | Dy(x,® (x)) € (r — 61,7 + 81)}
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BN [$1740, 1)

BN [2£] '(0n)

do

rdp 1 dp E 3 i
Bn[Z£] (Onn) Ic : ; |
. On 1 | Oy X Ont1 -
has positive measure. Meanwhile, because, for each b € B’ %(b) e Uqn, and ®~(B,) = B, < B', according

to Proposition 1.17, we will have:

d@ab _dao

Vbe B, —d@lu( ) = an

o) = (% o <I>_1(b))71 € (Ugn) ' =qy'U "t

Therefore, for each b € By, we have:

D (b7 (1) = T2 () - D27 0) - T2
do

= == 0 ®(b) - D, (b, d1(D)) - %(b)

€ (gy'U™) (r=61,7+061) - (Ugw)
S(NU ) - (U-r-U")-(Ugn)<S(r—er+e)

Because B, = ®(B;) € B, we will have:
B, = By n®(B;) n {z € By| Dy(z,® ! (z

)
SB n®B)n{reX|D,(x,0 () e (r—er+e)}
CBn®B)n{reX|Dy(z,2 () € (r—er+e)}

Ye(r—er+e)}

which implies:

Bn®B)n{zeX|D,(x, 2 (z))e(r—er+e}eBT

because it contains a B; with ,u(BIQ) > 0. Since ¢, B are arbitrary, we can conclude r is in the ratio set with
respect to o.
O

1.6 Ratio set of a Markov shift

Definition 1.22. Given a finite alphabet set A (considered as a discrete topological space), the product space
A%+ is called the full shift over A where Z, is the set of all non-negative integers. We use a = (an)nez , to
denote elements of Ai}. It is equipped with the product topology and endowed with the continuous shift T’
defined by (Ta),, = an+1. Throughout this section, when a full shift over a alphabet set is given, we will use
B to denote the o-algebra generated by finite cylinder sets (which is the same as the Borel o-algebra).
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An admissibility matrix M over a finite alphabet set A is an A x A matrix with entries 0 or 1. The
associated topological Markov chain is the following subset of the full shift

A% = {ae A%+ | M, = 1VneZ*}.

n;0n+1

A stochastic matrix over A is a A x A matrix, say P = [P;;]; jea, that has entries from [0, 1] and entries in each
row sum up to 1. When a topological Markov chain AII\\’/[ is given, and P;; > 0 implies that M;; = 1, we say the
stochastic matrix P is subordinate to M. We call M irreducible if, for every two 7,j € A, we can always
find N € N such that (MY);; # 0. Similar, we call a stochastic matrix P irreducible iff for every i,j € A,
there exists N € N such that (PV);; # 0. From now on both the admissibility matrix and the transition matrix
will be assumed irreducible.

When a topological Markov chain AZZM+ is given, a Markov measure P defined on B is determined by a
stochastic matrix P subordinated to M, and an initial distribution A = (\;);ca. Given an elementary
cylinder set (a cylinder set that has the following form)

Cio,"',in = {(1 € A%} |a0 = i07 e, Qp = Zn}
we have:
P(Ciy i) = Alio) [ Piuisin- (10)
1<i<n

Whenever AP = A, we call the initial distribution stationary. In general, for an arbitrary (real-valued)
irreducible transition matrix P, according to Perron-Frobenius theorem, there exists a unique left eigen-
vector, which is the desired stationary initial distribution.

Below, we shall introduce the following result that will be used later in this chapter. For the set-up, for
each N € N, use BY to denote the coordinate o-algebra in AJZV;' corresponding to the time interval [0, N].
Hence, {B)'} ney is an increasing sequence of o-algebras that generate B. By the Martingale Convergence
Theorem (see [3]), for each B € B, we have that P-almost surely:

P(B|B)) =% xp.
In other words, for P-almost each a € B:

P(BnCyy,.an)

=1.
P(Coup, - an)

lim
N

Lemma 1.23. Given a topological Markov chain AJZM*, a full-support initial distribution X (i.e. A\; >0Vie A),

a subordinate transition matrizx P = [Pij]i,jeA, and the associated measure P, if we put B; j = B n C; ; for an
admissible pair (i,7) and a measurable set B with positive measure, then:

i) T :B;j — T(B; ;) is a partial isomorphism.
i
it) The restriction m;J of P to T(B, ;) is equivalent to the restriction m; ; of P to B; ;.
iii) For almost all a € T (B, ;), the corresponding Radon-Nikodym derivative dmm/dm;—’j defined on T'(B; ;)
satisfies:
dm;,; APy
m,,J (a) — J .
dmi’j /\j

Proof. First of all, in the case where B is an elementary cylinder set. we define:

. o
F:T(Bi;) = Bij, a— (Fa), = {Z’ "
ap—1,1 >0
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Given & # y € C; j, there must exist n > 1 such that z,, # y,, and hence T'(z) # T(y). By definition of B; ;,

we can see that the inverse of T . is F', and that for each « € B, j, (x,T(x)) € Rr. Hence, T is a partial
i i
isomorphism. When B is an elementary cylinder set, by (10), we have that:

NPy
mi g (Big) = =~ mi;[T(Bij)], (11)
J

In general, fix j € A and the elementary cylinder set C;. We can define:

i, n=>0

ap—1,1 >0

Fi . Cj g Ci’j, a — (Fia)n = {

From what we previously proved, F; is a partial isomorphism and has inverse T’ . If D € Cj is a cylinder

set, we can write D = | |, _,, C", a finite union of pair-wise disjoint elementary C};ijinder sets. Then, by (11),

we will have:
4 )\iPi 1 )\sz i
m, ;(D) = P[F(D)] = > P[F(C™)] = P = A{J
n<M n<M J J

P(D) (12)

Since, (12) holds for an arbitrary cylinder sets D, we then can conclude that the two measures m;j and
(AiP;jP)/); coincides in the relative o-algebra of C; and hence equivalent. This will imply, for almost each
ac Cj = T(Ci)j):
dmi,;
d m;7j

Because, for each B € B, and i,j € A, B; ; < C; j, whenever P[T(Bz-,j)] > 0, the desired equality holds.

_ Aiby
=55

(a)

O

Proposition 1.24. In the set-up of the previous lemma, an initial distribution X is stationary iff the associated
measure P is shift invariant, i.e. for each B € B:

P(B) =P[T'(B)].

Proof. Fix B € B, i,j € A. Define B; ; as in Lemma 1.23 and B; = {a € B|ay = j}. According to Lemma
1.23, we will have:

Aj

P(B; ;) = P[T(B ;)]

Notice that B is a disjoint union of B; ; where i, j range over all letters from A, and that T'[T~*(B); ;| = B;.
We then have:

PIrB) = Y Pr),] = Y Mipp) - 7 PEI v, p

ij inA ijeA Aj jeA Aj €A

Therefore, P(B) = P[T*I(B)] precisely when, for each j € A, A\; = >, 4 AiP;;, which is equvialent to that A
being stationary.
O

Proposition 1.25. Given a topological Markov chain A?}, a subordinate transition matriz P = [Pi,j]i’jeA

and its stationary distribution X\, the associated measure P in the path space is quasi-invariant with respect to
the orbit equivalence relation of the shift T.

Proof. Since A%} is a Polish space, the shift T" is continuous, and, for each a € A%}, T~{a} is finite, by
Proposition 2.3, its orbit equivalence relation Ry is a countable measurable equivalence relation. To show
that Rp is non-singular with respect to P, it suffices to show that, for each B € B, P(B) = 0 implies
P[Rr(B)| = 0. Fix B € B with P(B) = 0. From Proposition 2.3, we have:
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Re(B)= | @™ [T(B)]. (13)

n,me”Z

Let us prove that P[T(B)] = 0. Let B;; and B; be defined as in the proof of Proposition 1.24. Since, for
each i,j€ A, T(B; ;) = T(B),;. By Lemma 1.23, for an arbitrarily fixed i € A, we have:

P[T(B)] = 3, P[T(B);] = }, P[T(Bi,)] = 3,

jeA jeA jeA

Because P(B) = 0, P(B;,;) = 0 for each i,j € A and hence P[T(B)] = 0. By replacing B by T(B), we can

then conclude, for each n € N, P[T” (B)] = 0. Along with Proposition 1.24, we can then conclude for each

m € Z, P[(T™)"Y(B)] = 0 whenever P(B) = 0. Hence, in (13), the right hand side is a countable union of
P-null sets, which implies Rp(B) is also P-null.

Aj
P(B; ;).
WS (Bij)

O

Corollary 1.26. In the set-up of Proposition 1.25, the Radon-Nikodym cocycle of the equivalence relation
Ry (which exists according to Theorem 1.18) has the property that, for almost each a € A%}

>\a0 Pag ay

D(Ta,a) = 5
a1

Proof. Fix a € AJZV;' such that (ag, a1) is admissible. Without losing generality, suppose ag = i, a; = j and take
Ci;j={ac A?j |ap = i,a1 = j}. Then according to Lemma 1.23, T’ is a partial isomorhpism between

i
C;,; and its image, and, according to Proposition 1.16 and Theorem 1.18, for almost each a € T(C; ;) = Cj:

2@ = Pl (Tle,) @] = 50

Hence, we can conclude that, for almost each a € C; ;:

D(Ta,a) = 224, (14)
Aj

Since A%} = UMEA C;,;, the disjoint union of all C; ; where (7, j) are admissible, we are done.

Theorem 1.27. Given an irreducible topological Markov chain (A@,B, T), the measure P determined by
the stationary initial distribution X and a subordinate stochastic matrix P = [Pij]i,jeA, the ratio set of the
orbit equivalence relation of the shift transformation is the closure of the multiplicative group generated by the
numbers of the form P; ;, - P, P; i, where Py ,, -+, FP; i # 0.

In—1tn ntl
Proof. We shall first show that I', the multiplicative group generated by {P; ;}i jea is contained in the ratio
set. Fix o = Py iy -+ Pi,_yi, P iy where all (i1,i2), -, (4n—1,n), (in, 1) are admissible pairs. We first start
from an elementary cylinder set, and then approximate an arbitrary measurable set using elementary cylinder
sets. Fix an elementary cylinder set C' = Cj, ... ny. Because P is irreducible, there exists a smallest L € N
such that (PL), i, > 0 (i.e., the shortest possible path from ny to i;). If ny — ky — -+ — k; — i; is a path

from ny to i1 and of length L (when L = 1, we then have (ny,¢1) is an admissible pair), then define:

Ca = Cn()"" Nk, ki
Co = O, nnJoaoe i, simsi -

We then have C, # & and, by the assumption that F;, ;,,---, P,

i 1vins Pinin 7 0, Cp # . Now define a
mapping ¢ from C, to Cy:

[(I)(?))]k=ak, 0<k<N+Il+1

b0, O a = (a:)icz, — [®(V)]k = tk—N—1, N+Il+1<EkE<N+Il+n
’ R [®(v)]x = i1, k=N+l+n+1
[®(v)]k = Gk—n, k>N+l+n+1
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Given u,v € Cy, if u # v. then they will differ at a coordinate after the (N + I + 1)-th one and hence
®(u) # ®(v). Given b € Cp, we can find a € C, such that:

VEkeN, antivk =bNiitntk

which implies ®(a) = b. Hence, for each a € C,, we will have:

TN-H(a) _ TN+l+n [@(a)]

Hence, for each a € C,, we have (a, ®(a)) € Ry, and now we can conclude ® is a measurable partial isomorphism
with respect to R, and so is ®~!. Therefore, for each elementary cylinder set C' < C,, we will have:

P[2(C)]
P(C)
According to the proof of Lemma 1.23, the set C in (15) can be replaced by a cylinder set, and then by an

arbitrary measurable subset in C, because P is equivalent to ®~'P in the relative o-algebra in C,. Hence, the
following set will have the same measure as Cj:

=« (15)

Co = {(EECQ‘%(I') =a}.

For an arbitrary measurable set B with P(B) > 0, according to the Martingale Convergence Theorem,
we have that for each u € B:

. P(BnCupunr)

lim :

M P(Cupyeee un)
Fix u € B. Let U = {un}nez,, the set of all the letters that appear in u, which will be finite. Then,

for each letter a € U, there exists a shortest possible path [, that starts from a and ends at i;. Suppose
lo=a—a; — -+ — ap — i1, and define:

-1 (16)

)\la = Paa1 H Pajaj+1PaMi1

1<j<M

Further, define:

A = minmin \;,
acU I,

which is the minimum among all \;, where each [, is a shortest possible path from a to i; and among all a € U.

Since U is finite and, for each a € U, the set of shortest possible paths from a to iy is also finite, A will be

positive. Back to (16). Suppose N € N is large enough such that a¥ < X and M is large enough such that
P(B N Cupouns) > (1= VP (Clg )

Let Car = Cuy... sy, - According to the previous part, we then can find two elementary cylinder sets C},, C%,
Cun, C3; < O}, such that there exists a partial isomorphism @, : Ci, — C2; and that the following set:

d(®; 1P
Ch = {xeC’iﬂ%(m) :a}

has the same measure as C1,;. Meanwhile, according to how we find C},, C%,, we will have P(C},) = AP(Cy)
and P(C%;) = aP(C1,). Hence, we will have:

P(BnCy) =P(BnCy)—P[Bn (Cy\Cly)]
> (1 —aV™HP(Cy) — P(Cy\Ci)) (17)
=P(C},) — NTIP(Cyr) = (A = N THP(Cuy) > 0,

which implies that P(B n C},) > 0. Similarly:
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P(BnC3) =P(BnCy)—P[Bn (Cy\C3))]
> (1= o™ P(Cyr) — P(Cu\Chy)
=P(C}y) — o™ 'P(Cu)
= aP(C}) — N TIP(Cyp) = a(A = aM)P(Cyy) > 0
Therefore, with (17), (20), we have:

P[(B n Ci)\eu(B n Chy)] =P(BnCfy) = P[oy(B 0 Cy)]
=P(BnC3)—aP(BnCyy) <P(BnCi)—a|P(Ch) — oV TP(Cur) ]

and hence:

P[ BmCM )N @p(BnChiy)| =P(BnC3)—P[(BnCyH)\@m(BNCY)]
> a[P(C};) — oV MP(Cu)] = @?[P(Chy) — VP (Cnr)]
> 2(>\ ) (Cn) > 0.

Hence both B n Ci; and @5, (B n C};) n (B n C3%;) are subsets of B, both have positive measure, and the
restricted ®;; is a partial isomorphism between them. Since B is an arbitrary measurable set, we then can
conclude that « is in the ratio set. In view of Proposition 1.20, we then can conclude that I is contained in
the ratio set.

Let us prove that the ratio set does not contain anything else. Assume by contradiction that, - is a number
in the ratio set that is not in T, and then there exists § > 0 such that v is é-away (in the usual metric in R)
from I'. Fix a € A such that P(C,) > 0. Then, by definition of the ratio set Definition 1.22, for an ¢ € (0, ¢),
there exists Dy, Dy < C,, both of which have positive P-measure, and a partial isomorphism ¥ : D; — D,
such that the following set:

dUP
Dy={acDy| (@) e (y -7 +0)}

has the same measure as Dy. Fix a € Dy and set b = ¥~!(a). Since a,b € C,, we have that ag = by. Since
(a,b) € Ry, there exists n,m € Z* such that T"(a) = T™(b), which implies that a,, = b,, and, for each j € N,
T+ (a) = T™* 9 (b). Since, according to Proposition 1.24, the shift 7" is measure-preserving, hence by the
Poincaré recurrence Theorem, the following set has the same measure as Cl:

Co={ceC,|¥neNIN e N(N > n) such that TV (c) € C,}.

Without losing generality (or by replacing Ds by Ds n C,), we can assume the letter a appears for infinitely
many times in a. Hence, we can then find N € N such that a,yny = ap = a = by = by,+n. By Definition
2.15, Proposition 1.16, Theorem 1.18, and Corollary 1.26, we will have:

dUP
d—P(a) = D(b,a) = D[b,7™*N(b)] D[T"""(a), a]
. . -1 . .
_ ( I1 D[T”l(b),TZ(b)]) ( I1 D[T”l(a),Tz(a)])
o<i<m+N 0<i<n+N
_ ( H )‘b Pb bit1 ) ( 1_[ Aa Pala1+1 )
0<i<m+N Abisa 0<i<nt+N Aaiia (19)
by -1 g
= /\bo(o<l_[ Pbibi+1) )\a, N < H Paiai+1)
<i<m+N n+ 0<i<n+N
-1
= ( H Pbibi+1) 1_[ Paiai+1) € (’Y — €77+ 6)
o<i<m+N o<i<n+N
Since a = ag,a1, " ,0n+N—1,an+N = @ and a = by, b1, -+ , by N—_1,bm+n are the cycles described in the

formulation of Theorem 1.27, the number <HOS1Z<m+N Pbinl) (H0<i<n+N Pa,;a,;H) is contained in I'
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and hence should be at least § away from -y, which contradicts (19). Therefore, we then can conclude that I"
is the entire ratio set.

O

Remark 1.28. In the set-up of Theorem 1.27, if we replace X\, the given stationary fully-supported initial
distribution, by another fully-supported initial distribution )\,, and keep the same transition matriz, then the
new measure P associated to X and the same transition matriz will be equivalent to the original P according
to formula (10), which implies that these two Markov measures have the same ratio set by Proposition 1.21.
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2 Boundary measures

2.1 Multiplicative Markov chain associated to 0F

Definition 2.1. A Markov measure v on a topological Markov chain AI]\\Z (with M the admissibility matrix)
is called multiplicative if its transition probabilities are determined by its initial distribution v in such a way
that, for each admissible pair a,b € A:

€A
Maz=1

From now on, we only consider fully supported initial distributions.

In particular, when A is a finite set of free generators and their inverses of a free group F, the admissibility
matrix is M = [Myp]a,pea where M, = 0 precisely when ab = ba = e, and M, ; = 1 otherwise. The matrix
M is irreducible, and the topological Markov chain AY, can be identified with the boundary 0F (which was
defined in Section 1 as the set of infinite irreducible words). In view of Definition 2.1, any distribution v
defined on A determines the associated transition matrix:

_ o v(b)
1— v(a1)

for each admissible pair (a,b). Then the associated Markov measure v will be multiplicative. By the general
formula (10), the values of v on elementary cylinder sets are:

PZb

V(Cayran) = (@) T[] Payayer = v(a1) [] % (20)

1
1<j<n 1<j<n 71/(0‘]‘ )

where a1,--- ,a, is an irreducible sequence, i.e., ajas - - - a, is an element of the free group. Further, for each
a € A, define:

and hence formula (20) can be written as:

V(Cay o) = v(an) [] 75 (21)

1<j<n

We will again use B to denote the o-algebra generated by elementary cylinder sets.

Proposition 2.2. For any full support initial distribution v on A the associated multiplicative Markov measure
vV s quasi-invariant with respect to the group action.

Proof. According to Proposition 1.5, it suffices to show that v is quasi-invariant for the orbit equivalence
relation of the shift transformation 7. The claim then immediately follows from Proposition 1.25.

O
2.2 Definition of an action cocycle

The framework of this and following subsections is inspired by [7].

Definition 2.3. Given a commutative group of values (V, +) and an action of a countable group G on a space
X, a function:

c:GxX -V
is called a (V-valued) cocycle if for each x € X and g1,g2 € V:

c(g192, %) = c(g1,2) + c(g2, g7 ' @)
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Therefore, if we use e to denote the identity of G, then for each x € X, we will have c(e, z) = c(e, z) + c(e, z),
which implies that c(e, x) is the identity of V for every = € X.

Remark 2.4. If one has an action G —~ X of a group G on a set X, then there are two associated groupoids:

i) The action groupoid of G —~ X with the set of objects X, the set of morphisms:

{(z,9,97) |z e X, g€ G}

the source map (x,g,gx) — x, and the target map (z,g,9x) — gx. Two morphisms (x, g, gx), (y, h, hy)
are composable if y = gx and in this case the composition is:

(z,9,92)(y, h, hy) = (z, hg, hgz)

The set of units is {(a:7 e,x)|xe X}, and the inverse of a morphism (z, g, gz) is (gx,g~*

)

it) In general, given R an equivalence relation defined on X, the associated groupoid has the set of objects
X and the set of morphisms R (viewed as a subset of X x X ). Two morphisms (x1,y1) and (x2,y2) are
composable if y, = x2 and in this case the composition is:

(1, 91) (22, y2) = (21,92)

The set of units is the diagonal {(z,z)|x € X} and (x,y)~" = (y,z) for each morphism (x,y). In
particular, a group action gives rise to the groupoid determined by its orbit equivalence relation.

Given two groupoids G1,G2, a groupoid homomorphism ® : G — G4 is a mapping that maps the objects
of G1 to the objects of Ga, and the morphisms of Gy to the morphisms of G2 and respects the structure maps.
In other words, a groupoid homomorphism is a functor between two categories G1 and Ga. In our situation
there is a homomorphism ® from the action groupoid in (i) to the orbit equivalence relation groupoid in (ii)
determined:

The groupoid homomorphism ® is an isomorphism if and only if the group action is free (i.e. all point stabi-
lizers are trivial).

Given a commutative group of values (V,+), a V-valued cocycle of a groupoid is a homomorphism to V. From
this point of view, cocycles of equivalence relations (see Definition 1.15) and cocycles of group actions are
precisely cocycles of the associated groupoids. Further, a cocycle of the orbit equivalence relation of an action
can be lifted to an action cocycle. If an action is free, then two groupoids coincide, and therefore in this case
there is no difference between the action cocycles and orbit equivalence relation cocycles.

Definition 2.5. Recall that a measure m defined on a measurable space (X, B) is called quasi-invariant
with respect to a countable group G acting on X if, for each g € G, the image measure gm with respect to the
mapping r — ¢ -z, is equivalent to m. The Radon-Nikodym cocycle of a measure m that is quasi-invariant
with respect to a countable group G acting on (X, B) is given by the family of Radon-Nikodym derivatives:
A R* dgm
m:Gx X —>RY, (g,x)wm(:r)

By an argument analogous to Proposition 1.16 and Proposition 1.17, A,, is a cocycle of the group action.

Definition 2.6. Given a commutative group V', the potential of a V-valued cocycle ¢ of the boundary action
F — OF is defined as:

§:0F -V, vy c(n,7)
where 7; denotes the first letter of ~.
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Proposition 2.7. Any function £ : OF — V can be uniquely extended to a V -valued cocycle ¢ of the boundary
action F — OF such that the potential of ¢ is €.

Proof. Given a function £ : 0F — V, for each a in A (the set of free generators and their inverses), first define
a function ¢: A x 0F — V as the following;:

cla _ £(7), 7€ Cq
@) {—f(a—lw, 180, 2

Then, for each a,b € A and v € 0F, define c(ab,v) = c(a,v) + c¢(b,a~ 1), and, by induction, we then can have
¢(g,) defined for each g € F and v € dF. For each a € A and g € F, according to the definition of ¢, we will
have c(ag,v) = ¢(a,v) + c(g,a=17) for each v € 0F. Again by induction, we then have for each h,g € F and
v € 0F, c(hg,) = c(h,7) + c(g,h~1v), and hence ¢ is a cocycle.

Fix an arbitrary a € A, if v € C,, then c(a,7y) = £(v) by definition; otherwise, we will have a~ty € O,
and hence c(a™!,a"1y) = —c(a,v) = £(a"1y), or c(a,y) = —&(a1y). Therefore, the potential of the ¢ defined
according to £ is indeed £.

U

Definition 2.8. Given an assignment m = {m,}.ca of positive weights to the set of generators and their
inverses, the associated R* -valued product cocycle r = 7, of the boundary action F —~ 0F is the cocycle of
the boundary action determined by the potential:

p:0F >R, v~
Ty,

where 7, is the first letter of the input . Namely, by Proposition 2.7, for each a € A:
-1 eC,
’I“(CL, ’Y) _ (7Ta) ) Y a
Ta—1, 0 ¢ Ca

Proposition 2.9. In the set-up of Proposition 2.2, the potential of the Radon-Nikodym cocycle of the measure
v with respect to the boundary action of the free group is:

1-v(ay!)

DV(O’) - I/(al) (23)

Proof. For each a € A, we use av to denote the associated translate of the measure v. Fix an elementary
cylinder set Cj, ... ;.. According to (20), we will have:

(aily)(c, . ) _ V(a)PChil H1<j<n Pij,ij+17 il 7’5 CL_l
v 7”.7277 - . . _
' V('L2> H2<j<n Pz‘j,ijﬂy 11 =a 1

which implies that:

v(a)

R St/ i1 #a !
-1 . . 1- V(a’_l) ’
(a V)gczl,.w,zn) _ (24)
vCoiid 1w

Fix a cylinder set C. Since a cylinder set is a disjoint union of elementary cylinder sets, from (24), we then
have:

(a”'v)(C)
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and hence the equation above holds when C' (in both the equation and conditions) is replaced by an arbitrary
measurable subset. Therefore, by Proposition 1.16, for each a € A there exists a full measure set X, < AII\\I/[
such that the following equation holds:

1) @) = Dyfa) - L) (25)

v(a1)
and hence for each element in (), 4 X, (23) holds.
O

Remark 2.10. By Proposition 2.9, the Radon-Nikodym cocycle of a multiplicative measure (with the v the
initial distribution) v is the product cocycle determined by the family of weights {74 }aca where for each a € A:

__ v(a)
1—v(a"1t)’

More specifically, the potential of such Radon-Nikodym cocycle, and hence the ratio set, is determined by the
weights.

(26)

Ta

2.3 Radon-Nikodym problem

The Radon-Nikodym problem consists of the following: given a R*-valued cocycle ¢ (with respect to a
countable group G acting on a measurable space), finding a measure m on X quasi-invariant with respect to
the group action such that the RN-cocycle A, coincides with ¢ almost everywhere. If such a measure exists,
one can further ask about its uniqueness.

Proposition 2.9 shows that a multiplicative measure associated to 0F determines a product cocycle. It turns
out that the converse is also true under certain circumstances.

Theorem 2.11. Given a collection of positive weights m = {7a}aca on the alphabet A, the associated product
cocycle r = r (by Definition 2.7) of the boundary action F —~ 0F can be realized as the RN-cocycle A, of
a quasi-invariant probability measure v on OF iff {7a}aca S (0,1) and:

Z 7Ta(1 — ﬂ-a*l) -1 (27)

= 1 —mamg—1

Under these conditions v is unique and is the multiplicative Markov measure determined by the initial distri-
bution [Vg]eea where:

Ta(l — mg-1)

v, =v(C,) = (28)

1 —mame—1

Proof. Suppose first that v is a quasi-invariant probability measure on 0F with the RN-cocycle A, = r. Since
the boundary action is minimal, v will be fully supported and hence v, = v(C,) € (0,1) for each a € A, and
obviously:

Zyazl

acA

According to Definition 2.7 and the proof of Proposition 2.9, we will have:
(av)(C,) 1

S oA =  mw(a'C,) =v(C,)

= MW (0F\Cy-1) = ma[1 — v(Co1)] = v(Cy)
v(a)

1—v(a™t)

which implies that 7, € (0,1) for each a € A. Further, for each a € A, we have:

== T, =
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{ﬂ'a[lfyal] =, b ma(l =7, ")

Tg—1 [1 — I/a] = Vgy-1 1 —memg—1

and hence:

Sy el (29)

1-— _
acA acA TaTa~1

Conversely, given the assignment of positive {m,}.ca that satisfies conditions in the formulation, for each
a € A, define:

7Ta(1 — 7ra*1)
« = 7
1 —mame—1

and for each a,b € A, define:

Then the multiplicative measure v generated by the initial distribution [v4]sea and the transition matrix
P = [Pyblapea will be quasi-invariant by Proposition 2.2 and its RN-cocycle A, will coincide with the
product cocycle 7 by Proposition 2.9 and Definition 2.7. Obviously such v is unique to the fixed assignment
of weights .

O

Corollary 2.12. The Radon-Nikodym problem for a product cocycle of the boundary action of a free group is
solvable if and only if condition (27) is satisfied, and in this situation the solution is unique.

Corollary 2.13. In the set-up of Proposition 2.11, the ratio set of v is the closure of the multiplicative
group generated by the set {ma}aca-

Proof. According to Theorem 1.27 and Remark 1.28, since the initial distribution v is fully supported, we
then can conclude that the ratio set of v is the closure of the multiplicative group generated by numbers of
the following form:

P

v(ij+1) v(i1)
iPii"'Pii:( ! ) = T
1,824 12,03 nyi1 1—[ 171/(7;;1) 171/(7;7_11) H j

1<j<n 1<j<n

which is the same as the closure of the multiplicative group generated by {7, }aca-
O

Remark 2.14. Formulas (26), (28) establish a one-to-one correspondence between two collections of numbers
in the interval (0,1) indexzed by A, the alphabet of the free group: the base distribution of a multiplicative
Markov measure {v,}aca, subject to the condition that {v,}eea sums up to 1, and the weights {mq}aca of the
potential of the associated product RN-cocycle, subject to (29).

2.4 Perron-Frobenius interpretation

There is yet another interpretation of condition (27). Let M be the admissibility matrix introduced in Defini-
tion 2.1 and D, = diag(my)aeca. Since M is irreducible, so is M D, or DM, and hence by Perron-Frobenius
Theorem, there exists a unique largest eigenvalue for M D,, which will be denoted by p(M D, ) (and similar
for p(D.M)).

Theorem 2.15 (Perron-Frobenius interpretation). Let m = {m,}aca be a collection of positive weights on
A and M, D, be defined as above. Then p(D,M) =1 iff {my}eea S (0,1) and equation (27) holds.
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Proof. Assume first that {m;}sea S (0,1) and that the equation (27) holds. Let v, be defined as in the
formulation of Theorem 2.11 and define:

If define D, = diag(vy)eea, then for the stochastic matrix P = [P, p]apea, One can observe that P =
D;'D.MD, and p(P) = 1. Since eigenvalues do not depend on the basis, as D, is invertible, we then
have the spectrum of P is the same as D, M, which implies that p(P) = p(D.M) = 1.

Conversely, assume p(D,M) = 1 and by contradiction that m, > 1 for some a € A. We first observe that:

K| R

where [:_a :_a] is a submatrix of D, M and, by normalizing the given vector, we then have:
b T

Ta Ta
>
p([ﬂb 71_b]>/7ra—|—7rb>l.

Since DM is irreducible and positive, then for any principal submatrix B of D,M, we will have p(B) <
p(D;M). Then, by induction, we will have:

oan- o[z 7)o

when 7, > 1, which contradicts our assumption. Hence, when p(D,M) = 1, we will have {m,}sea < (0,1).
Next, if we use o(D, M) to denote the spectrum of D, M, we then will have o(D,M)u{0} = (M D,)u{0} and
hence,by Perron-Frobenius Theorem, there exists a unique row vector ¢ = [¢4]aca such that ¢D M = ¢.
Namely, for each b e A:

Gp= Y, Taba=S— M1y
acA\{b—1}
where

S = Z TaPa-

acA

Hence, for each b € A, we will have:

d)b = Z 7Ta¢a =5- 7Tb*1¢b*1

acA\{b—1}

¢b*1 = Z Wad)a =5- ’/de)b

acA\{b}

and hence:

a(l — g1 1
Z ﬂ-l(—ﬂ'a:a—l) B S Z Mafa = 1

acA acA
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3 The harmonic measure on 0F

3.1 Sample path space

Given A, a set of free generators and their inverses of the free group F, and a probability measure yu on F with
supp(i) = A, the product measure u® is defined on AN as follows: given an elementary cylinder set in Ay:

Dal,---,an = {DEAN‘,Ul =a1,V2 = G2, "+ ,VUn :an}

where a1, -+ ,a, € A. Let:

1” (Day,a,) = H p(ai, ).

1<j<n
Consider the following mapping:
S AN — Fhe v = (V3)ieN > (€,V1, V102, , V1V Uy, ),
and we use P, to denote the image of ;4* under the mapping S. Given hy,---,h, € F, an elementary

cylinder set in F%+ is defined as:

Chla“'1hn = {g € ‘FZJr ‘g() =640g1 = hlv" *yGn = hn}
and the P-value of Cy, ... p, is:

Pu(Chyoony) = () [T p(h; hysa).

1<j<n

For each n € N and h € F, we define:

C(n,h) = {ge F'* | g, = h}.
and the P ,-value of C'(n, h) is:

P o] = ] T[] wlay.

ay, - ,an€A 1<j<n
ayag-anp=h

Therefore, the one-dimensional distribution of P, at time n, (i.e., the distribution of the n-th position of g in
FZ+), by the definition of P, is the n-fold convolution of the step distribution fu:

p*"(h) = P,[C(n,h)].
Equivalently, the measure P, is the measure on the space of sample paths of the Markov chain with the
transition probabilities:

Ph17h2 = N(hl_th)
issued from the group identity at time 0. We use (F,u) to denote this random walk. Next, we need the
following theorem (whose proof is in Appendix) for defining the harmonic measure v in 0.F.

Theorem 3.1 (Furstenberg). For P, -almost every g € FZ+ {gi}ien converges to a point in OF with respect
to §-metric. Hence the limit map:

L:F+ S 0F, g-= (9i)iez, — limg;
is well-defined P,,-almost everywhere.

For each n € N, define:

Py : FP = F, g g
Since L is the point-wise limit of {P,},en, & sequence of measurable maps from P, to F, then L is also
measurable. In the measurable space (0.F,B) where B is the o-algebra generated by elementary cylinder sets,
the harmonic measure v is defined as the image of P, on FZ+ under the map L (i.e., for each A € B,

v(A) = P,[L71(4)]).
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3.2 Properties of the harmonic measure

Recall that p is a probability measure defined on F with support on A, the finite set of free generators and
their inverses. Let L be the limit map given by Theorem 3.1. For simplicity, for each a € A, define u, = p(a).
Recall that for each he F and [ e N, C(I,h) = {g € F%+ | g; = h}. For each a € A, define:

o = PH[UC(Z,CL)].

leN

which is the probability of ever visiting a by the random walk. Therefore:

Tq = b + T Z L Tp—1 (30)
beA\{a}

Since p, € (0,1) for each a € A, we then have 7, € (0,1). If, for each a € A, we define:

yzl_ZHaﬂ'afl Tg=1- Z UpTp—1
acA beA\{a}
then (30) can be rewritten as:
TaTa = Pa = Ta(Y + faTa1) = TaY + flaTaTq—1 (31)

Now back to the random walk (F, u). For each a € A, define v, to be the probability of the following event
in FZ+:
ve=Pulge Fi+ . L(g), = a).

By definition of the harmonic measure v (given in Section 3.1), we then have:

Vg =V<{xe&7:|x1 =a})

and v has full support because the boundary action is minimal. By definition of 7., given a,b € A with ab # e,
we have:
v(Cop) = Pu[g e Fi+ . L(g), = a,L(g)2 = b] = WaPu[g e Fi+ : L(g), = b] (32)
= v(Cyp) =7 - (av) (C’,Lb) =m, - v(Cy) = Tl
Therefore, for each a € A:
va=Pulge F* i Ligh =a]l = >, Pulge F* : L(g) = a,L(g)2 = b]
beA\{a—1}

— 1, = 2 Talp = Ta(l — Vg-1)
beA\{a—1}

{ﬂ'a(l —Vg1) =V, Ta(l —mg-1)

== y, =
a1 (1 —vg) = Vg 1 — mgmg—1

Since each 7, € (0,1), we must have v, € (0,1) and the family {v,}sea sums up to 1 since P, is a probability
measure.

Theorem 3.2. The harmonic measure v s a multiplicative Markov measure.

Proof. By inductively iterating the formula (32), we obtain that for each g = g192-- - gn € F:

V(Cgh'":gn) = Vgn H 7791‘

1<i<n

which is precisely the formula (21).



28

Remark 3.3. In view of Remark 2.14, the passage probabilities w, can now be interpreted as the weights of
the potential of the product RN-cocycle of the harmonic measure.

Corollary 3.4. The Radon-Nikodym cocycle of the harmonic measure is the product cocycle determined by m,
(given in Remark 3.2).

Theorem 3.5. The ratio set of the harmonic measure defined on the boundary action is the multiplicative
group generated by {ma}aca (given in Remark 3.2)

Proof. Immediate according to Corollary 2.12.
O

We recall that, according to Remark 2.14, there is a one-to-one correspondence between the families of
weights {Va}aea and {m,}aea subject to the respective conditions. It turns out that one can extend it to a
bijection with yet another family of weights {1, }sea (the values of the step distribution) subject to the natural
condition that the family {{i4}aea sums up to 1.

Theorem 3.6. Equation (30) establishes a bijective correspondence between a fully supported probability mea-
sure pt = {lig}aca on A and the associated passage probabilities {m,}aca. Namely, given a probability measure
1= {lta}aca on A, the resulting passage probabilities all belong to the interval (0,1) and satisfy condition (27),
and, conversely, any collection of weights {my}aea with the above property uniquely determines a probability
measure (1 on A, such that {ma}aca are the passage probabilities of the random walk (F, ).

Proof. Given p a probability measure defined and fully supported on A, the new collection of weights {74 }aca
given by Remark 3.2 is unique to p and satisfies equation (27) and {m,}eca S (0,1). Conversely, suppose
{ma}aca S (0,1) and satisfies (27). Then we need to find the solution set {iq}qea to the linear system of
equations in (27) and establish its uniqueness. From now on, assume {fi,}qec4 is a set of variables. By (31), if
we set:

S = Z Mg Tg—1

acA

we then will have, for each a € A:

to(1 — mama—1) = me (1 —5).
Further, define:
TaqTg—1
7 — __Tala7t
Z 1 —mamg—1
acA

which will give us:

TaTg—1 4 1
SIZﬂa’ﬂ'a—lz(l—S)Zm—(l S)Z — S—]. 71+Z
acA acA

Therefore, for each a € A:

_ 1 Tq
1+ Z1 —mamg

[t

Since {7, }4ca satisfies equation (27), we then have:

1:Z7ru(1—7ra71):2$_z . 21_:#:14’2

1 —mym,— 1 —mym,—
acA alta=t alla=t acA

which implies that p = {4 }aca is a probability measure defined and fully supported on A.
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4

Finding the ratio set by Martin Kernel

The method to find the ratio set of a system generated by a random walk defined on a hyperbolic group I'
is originally from [2]. Here we show how it applies to our case of a nearest neighbor random walk on a free
group, which provides an alternative approach to finding the ratio set of the harmonic measure.

4.1
i)

ii)

Preliminary

The random walk (T',p) is assumed transient: i.e. the Green Function defined below converges for
each z,y e I':

Gla,y) = >, p™(z,y) where  P" = [p" (2, )]s yer

n=0

where p(™ is the n-fold convolution. For each s € S, set ¢, = Gle,s). Given x,y e I, if |27ty | = k, then,
for each n € N(n > k), we have:

P8 (z,y) = p® (e, 27 1y)

where [z71y]; denotes the i-th letter of z71y. Therefore, G(x,y) = G(e,z~1y). Recall the definition of
P,, the measure associated with ;v defined on the space of sample paths. By Theorem 3.1, we have
that P,-almost every sample path converges to an element in 0 and we continue to use L to denote the
limit map as in Section 3.1.

The Martin Kernel is defined by:
G(z,y)
G(e,y)

The Martin compacification F; is the smallest compact (topological) space that the metric space
(F,9) (see Section 1.2) as a discrete subspace, and where, for each x € F, K (z,) is continuous in F.
Below we will show that the topology in F; coincides with the d-metric topology in (F,¢) (i.e., F; = F).

K('v'):‘FX]:_)R7 (a:,y)'—>

Proposition 4.1. The Martin Compacification of the metric space (F,d) is the space (F,d). There-
fore, for each x € F,K(x,-) is also continuous on OF and, for each x = x1---x, € F and £ € OF, if we
have m = |x A &|, then:

K@= [ a2 ]l [T el

1<j<n—m 1<jsm

Proof. Fix x = x1 -+ xy € F. For each g = g192+--gn € F, if we set k = |2 A g|, we then have:

1

ke =S50 11 o, 11wl [ Tl =] T1 o[ 1T ]

1<j<m—k 1<j<n—k 1<j<n 1<j<m—k 1<j<k

-1

We proved that (F,6) is compact in Section 1. Given {g,}neny € F and g, — £ € OF in S-metric
topology, because x € F,|x A g, | will eventually be constant so that K (z, g,,) will eventually be constant.
Hence, for each € F, K(z,-) can be continuously extended to 0F, which implies that the §-metric
topology is stronger.

Meanwhile, given {2, }ney S F and z, — £ in Fj, we then have for each x € F, K(z,z,) — K(z,£),
which implies that |z A z,, | — |z A £ for each x € F. Hence, for each N € N (for definition of [{]x see
Section 1.2):
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|[€]n A 2| =5 | [En] A €|
= [E]y Az, = €N

which can then imply §(z,,£) — 0, or x,, — & in d-metric topology.

4.2 Finding the generators of the ratio set by Martin Kernel

Proposition 4.2. For each g € F, set g* = lim,,_,o, g". Then, for each g € F, g = K(g,g") is in the ratio
set.

Proof. Since the metric ¢ defined on F is given by 6(z,y) = exp(—|z A y|) is an ultrametric, each open
ball will be both closed and open. Since (F,§) is a compact metric space, it will be also separable and we can
assume the set F' = {f, }nen is dense in F. Because ¢ is an ultrametric, we can further assume that F < F.
For each n € N, we can find a finite set F;,, < F such that:

F=J B(fem

feFy

We can further assume F,, € F), 1 for each n € N (by replacing F,, by the union of the first n sets). Then,
for each n € N, we use B,, to denote the o-algebra generated by {B(f,e ")} ter,. For each n € N, once B, is
defined, we define B,, 1 to be the o-algebra generated by the following two sets:

Bna {B(f7 67n+1)}fEFn,+1

Now we have a increasing sequence of o-algebras {B,}n,en. Notice that the Borel o-algebra B in (F,d) is
generated by open balls. For each open ball B in F, we can find fy € F and N such that B(fy,e ") < B is
contained in the open ball we picked. Then, we can further find f € F},, for some m € N such that f is closed
enough to fx and B(f,e™™) < B. This shows that B is contained in the union of all B,, and hence {B;,}nen
is a filtration that generates B. Recall v is the harmonic measure defined in Section 3. By Martingale
Convergence Theorem for Conditional Probabilities, for each measurable subset A € 0F, we have that
for v-almost each x € 0.F:

v(A[Bn)(x) — xa(z)

Let B; denote the set of all Borel measurable sets in 0F that have positive v-measure. If we fix A € By, then
the convergence above implies that for v-almost each = € A:

—-n
lim V[An B(z,e™™)]
n v[B(z,e )]
Notice that B(x,e ") can be replaced by B([z],,e™™) (see Section 1.2). Fix x € A. Now back to the proof of

this proposition. Fix A € B; and g € F. Then we can find k € N such that k > | g| and A n B([z]x,e %) € By.
By the convergence above, we can further assume the integer k we picked satisfies:

=1

AnB —k
1l—e< v[An ([z]k’i )] <l+e
v[B([z]k, e7*)]
Without losing generality (or consider a proper subsequence), we can further assume the inequality above holds
for all large enough k such that:

v[A 0 B([z], e )] > v[B([z]ee ™)1 —¢) = v[B([z], e )\A] < e B([a]r,e") (33)

By Proposition 4.1, K(g,-) is continuous on 0F with respect to the é-metric topology. Hence, we can find
N € N such that:

B(ngaeiN) = K(ga ')71()‘9 - 67>‘g + 6)
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Since such N is independent to the choice of K that satisfies (33), we can then assume k£ > N from now on.
Fix M € N such that | g™ | > N. Then we will have ¢ € B(g",e™") and, since ¢ is an ultrametric, we then
have B(gM™,e™™) = B(g*,e™). Since, for each h e F:

lilgn[:v]k = liin[x]kh =z = li]£n S([x]kh, [z]k) =0
we can then assume k is large enough (and still greater than N) such that:

J([z]kg [x] )= 0([2]kg™ " [alk) =™ = [z]ug™ € B([a]r,e7")

[2]kg™, e™*) = B([alr,e ")

o] ' [B([x ]ky e )] =B(g" V) = B(g*,e™™).

(x,-) = d(zv)/dv, by Proposition 1.16 and Proposition 1.17, for each £ € 0F and

= B(
— [z]
Since, for each x € F, K
h € F, we have:

d(hgh ) hv .. d(hg)v
d (hgh—1)v (&) = d(hgh—l)u(g)

K (h, (hgh™")71¢) = ——= o (hgh™")71(¢) =

v

dg
—1g —lg
K(g.h™'6) = 22 o (1) = S0 (g)
Therefore, for each £ € 0F:

Kihgh™,6) =TT () [TV ()] [ e)] . [1 ).

Together with Proposition 1.16 and Proposition 1.17, we will have:
- K(h,§) K(h,§)
1 = ? = ? .
K(hgh™",&) = K(g,h §)K(h7 (hgh=1)"18) K(g,h §)K(h7hg,1h,1£)

According to the general formula of the Martin Kernel proved in Proposition 4.1. For an arbitrary h €
F,|h| =N and £ € 0F, if we let n = | h A €|, we then have:

Ko =| T oo ]| IT o]

1<i<N-—n 1<j<sn

(34)

-1

Hence, for each & € 0F with §(&,&y) = e~ ™, we have K(h, &) = K(h,§). Thus:

VEeB(he V)V e B e ™),  K(h,&) =K(h,§)

which implies that, for each h € F, K(h,-) is locally constant. According to our choice of k and N, since
§([x]rg™, [2]k) = 0([x]xg™ 1, [x]x) = e, we then have:

B([x]p, e*) = B([z]kg™. e7*) = B([a]rg™ ™t e7")
= VyeB([aly,e ™), K(llwy) = K[zl y) = K([z]eg" ", y).
From now on, set h = [z]; and fix an arbitrary y from the following set:
hg™h~ A~ B(h,e )] = hg L™ (A) n B(hg™,e™").
Therefore, hg~*h~ty € B(hgM~!, e~*). Combining results above with equations (33), (34) gives us:

dhgh™'v _ _
o ) = K(hgh™y) = K(g.h7y) € (A — €2 +€).

Since y is arbitrarily picked, we then can conclude:
hg™h A~ B(h,e )] € K(hgh™, )7 (A\g — €, Ay + €). (35)
Set 7 = v[A N B(h,e )] and Xy = hg™h™'[A n B(h,e7*)]. By (33), 7 > 0 and by (35):
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v[hgh™ (Xm)] = . K (hgh™,&) dv(€) = v(Xar)(Ag — e).

According to Proposition 2.2, the boundary action is non-singular with respect to v and T}, is a partial
isomorphism for each h € F. Since r > 0, there exists ¢(M) such that e(M) approaches to zero as M
approaches to infinity and the following implication holds:
0< V[B(h,e*k)\A] < eV[B(h, e*k)]
My 1 k (36)
— 0< u(hg h=Y[B(h,e )\A]) < e(M).

As k — o0, we will have the difference between V[A n B(h, e_k)] and I/[B(h7 e_k)] is approaching zero. Since
k is assumed to be always greater than M, we can further assume that k is large enough such that:

v(Xa)(Ag —€) > e(M). (37)
Notice that:
hgM+ =1 (A) A B(hgM*L, e F) = ([thhfl(A) A B(hg*, e*)] n hgh’l(XM)>
U ([ng"n"(A) n B(hg™ ™) [\hgh™ (Xur))
= [hg™h 1 (A) A hgh™ (X )]
U ([19"h7(4) 0 Blag™+, e™)]\hgh™ (Xar) ).
Indeed Xy < B(hg™,e™*) implies that hgh™(Xys) € B(hg™*!, e~*). Hence, we have:

v[hg™h 1 (A) A hgh™ (X )]

= v[hg™h (A) A B(hg™ ! e k)] - u([thh_l(A) N B(hg™ ™!, e_k)]\hgh_l(XM)). (38)
Also, we have:
hglwh—l(A) A B(th+1,€_k) c B(th+1,€_k)
— ([ ) A Bl e Nigh () < o (Bl e g (Ka)).
Notice that:
B(hgM*1, e )\ hgh~ (X as) = hgM*+1p" (B(h, e M\[A n B(h, e*k)]) — hg™ L R [B(h, e F)\A].
Similarly, we have:
Xy = hg™h™'(A) A B(hgV,e™")
= (thh_l(A) N B(th’Ll,e_k)) v ([thh_l(A) N B(th,e_k)]\B(thH,e_k'))
(40)

c (thhfl(A) mB(th“,e*k)) U (B(th,e’k)\B(th“,e’k)
- V(thhil(A) o) B(thH,e*k)) >v(Xy) - V[B(th,eik)\B(thH,e*k)]
and:
B(hg™, e *)\hgh™ (X )
[Blhg™, e \hgh™ (Xa)] 0 Blhg™ 1, e7")) U ([Blhg™, e \hgh™ (Xa)\B(hg™ 1 e 7)) (41

-
- (B(th“,e’k)\hgh’l(XM)) U (B(th,e’k)\B(th“,e’k))
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>

g"hH(A) A hghTH (X))

hg™ b (4) 0 Blhg ! e )] = v (B(hg" ! e~)\hgh ™! (Xar))

Xar) = v[B(hg™ e N\ B(hg" 1, )] — v (B(hg™*, e )\ hgh™! (Xar) )
=v(Xy) - V(B(th»e_k)\hgh_l(Xﬂﬁ)

v(Xy) + v[hgh ™ (Xum)] — v[B(hg™, e ")]

v[hgh™ (Xan)] = v (kg™ B [Blh, e NA]) = v(Xar) (A = ) = e(M) > 0

and hence:

hg™h™ (A) A hgh™ (X ar) = hg™ b7 (A) A hg™ T AT [A A B(h, e ¥
= hg™h 1 (A) A hg™ T R A A B(hye )] n {hg™ T R (E) | € € OF, K(hgh ' hg™ T hTE) € (\g — €, A\ +€)}
— hgMp! (A A hgh ™ [A~ B(h,e %] n {€€ 0F | K(hgh™,€) € (A\g — €, Ay + €)} )
Ao

Again by Theorem 1.14, since hg™h=1(Ag) has positive v-measure, Ay also has positive v-measure. Then
we can conclude the following set, which contains Ag, has positive v-measure:

Anhgh ' (A) n{€edF | K(hgh™,§) e (\g—e,\g +€)}

Since hgh~! € F and ¢, A are arbitrarily picked, we then can conclude Ag is in the ratio set.
O

Lemma 4.3. Apply the terminology from Proposition 3.2. We will have that for each g € F and m € Z,
K(g™.g%) = g = K(g,97)™.

Proof. Recall that for each & € 0.F, we have that for v-almost every & € 0.F:

K(g.6) = 292 e)

Then, by Proposition 1.16 and Proposition 1.17, we have that for almost each & € 0F

K69 =120 = (“20) - (1L2) = (L) (YL oy©) = Kl0.OK (.00

Since g7 = lim,,_,o, ¢", we then have:
K(¢%.g%) = K(9,9")K(g,9'g") = K(9,97)* = X}

By induction, we then have for each m € N, K(g™,g%) = Aj". Since K(e,-) is constantly equal to 1 on 0F,
again by Proposition 1.16 and Proposition 1.17, we will have:

K(e,g") = K(g,9")K(g 979" ) =1 = K(g 'g")=X"
and then:
K(g%g") = K(g 9" )K(g " 99") = K(97",g%)" = A%

Our desired conclusion follows by induction.
O

Theorem 4.4. Recall that we use r,(F) to denote the ratio set of the system (0F,Q,v,F). Then r,(F)\{0}
is a multiplicative subgroup of (0,00) and is generated by the set {Ag}ger.
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Proof. Recall that, for each g € F, the constant A, is defined by:
Ag = lim K(g, ¢")

From Proposition 1.20, we have that r,(F)\{0} contains the multiplicative group generated by the set
{Agtger. If {Ag}ger contains more than one element, then {A;}ser generates the entire (0,00). Therefore,
because r,(F)\{0} is contained in (0,00), r,(F) = (0,0), namely the multiplicative group genernated by
{Agtger. If {Ag}ger only contains one element, suppose for each g € F, A, = A for some A € (0,1). What
remains unproved is that there are no other elements in r,, (F). Suppose r € r,,(F). Recall that, in Proposition
4.2, for each g € F, we define:
g" =limg".
Fix g € F and € € (0,r). For each m € N, we can find N(m) € N such that N(m) > | ¢" | and N(m) mod | g™ | <
|g|. Since r is in the ratio set, we then can find h(m) € F such that:
Ar = B(gt,e ™) A h(m) " [B(g", e NM) | A {E € oF | K (h(m),€) € (r — ;7 + )}
has positive v-measure. Now fix an arbitrary & € A,.. From N(m) > | g™ |, we then can find z,y € 0F such
that:
=g r=h(m)"lg"y = h(m)g"z=g"y.

In general, there will be only two possibilities for h(m): either h(m) = ¢* for some k € Z, or h(m) = ¢*l,,
for some k € Z and l,,, € F such that [, does not contain any power of g in the front (which is equivalent to
[ lm Agl<|g|and |l Ag~t| <|g]). If the second case is true, we then have:

h(m)g™ e = ¢ lng™z = g™ (42)
Below we discuss possibly values for the integer k:

(i) When k = 0, we must have k = m because |, A g| <|g| by assumption. We then have:

m (m—k)

g"x =h(m) g™y =1t g gy =109 y.

Because we already assumed that |, A g7'| < |g~!|, which implies |I;} A g| < |g]|, we then obtain a
contradiction.

(ii) When k < 0, according to (37), l,, must contain at least one g in the front, which again contradicts our
assumption.

Therefore, now we can conclude that h(m) is a power of g and we assume h(m) = g™ for some K(m) € Z.
According to Lemma 4.3, we have:

K(h(m),g") = NK(™ e (r —e,r + ¢)

(because multiplying g™ by any power of g still returns g*). Again, we discuss possibilities for the sequence
{K(m)}men:

(1) If there exists a subsequence, say {k(m)}men, of {K(m)}men such that lim,, k(m) = oo, then we will have
that for each arbitrarily small e:

r< lim)\]g(m) +e=c¢

because A\g € (0, 1), which implies that » = 0, contradicting our assumption that r € r,, (F)\{0}.
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(2) If there exists a subsequence, say {k(m)}men, of {K(m)}men such that lim,, k(m) = —oo, then we will
have that for each arbitrarily small e:

1
r > lim )\’g“(m) —e= lim()\—)*k(m) —e=o®
m m g

which is absurd because A4 € (0,1).

Therefore, we can now conclude that the sequence {K(m)}men is bounded both above and below. Suppose
{K(m)}men = {—K,—K +1,--- ,K —1,K} for some K € N. We then have r € {\;% A5+ ... AK} This
shows that  is in the cyclic group generated by A4, and this proves that r,(F) is the cyclic group generated

by Ay whenever {)\;}4e7 has only one element.
O
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A Proof of Furstenberg’s Theorem

Definition A.1. A discrete time martingale is a discrete time real-valued stochastic process such that:

VneN, E[X,]<w® and E[Xpi1 | X1, X0, -+, Xn] = X,

Remark A.2. Recall that in Section 3.1, F%+ denotes the sample path space. We use A to denote the o-
algebra generated by elementary cylinder sets in F>+, A,(n € N) to denote the o-algebra generated by cylinder
set in the first n coordinates, and P, the probability measure in P, which arises from the step distribution in
the random walk (F, ) (where the support of p is only in the alphabet set). Now suppose f is a p-harmonic
function defined on F. Then for an arbitrary m € N, define:

D, Fi >R, g f(gpn)-

By definition of the conditional expectation with respect to a o-algebra, we have that, for an arbitrary
A, e Ay, given me N with m = n:

E[(I)m | An]Pu (An) = J

B[ AP, = | ©,dP, = | Flg,)dPu(o)
An A, An

Since f is p-harmonic, with the fived n € N and a fized g € F%+, we have:

|, e = | (X s@umm) apus) = [ sig.) Puto)

heF

Indeed, since A, € A,, for each g € A,, there will be no restrictions on g,.+1. Hence, for each m € N with
m = n, we have:

E[®, | A, |P(Ay) = L £(g) dPu(g) = L £(9,) dP,,()

= L P, dP,(g9) = 2,P,(A,)

— E[® | A |P,(A,) = ©,P,(A,)

Since A,, is arbitrarily picked from A,,, we have that E[®,, | A,] = ®,. Now we can conclude {®,,}men s a
discrete time martingale.

Proposition A.3. The boundary action of F has no finite invariant sets.

Proof. Since the boundary action is minimal (i.e. any orbit is dense), there are no closed invariant sets, and,
in particular, no finite invariant sets.
O

Definition A.4. In a finite measure space (X,,m), given A € Q with m(A) > 0, a e-partition of A is a
(at most countable) partition {A;};<ny of A such that m(A4;) € [0,¢€) for each ¢ € N. In this case, whenever an
e-partition of A exists, we say m admits an e-partition of A.

Lemma A.5. In a finite measure space (X,Q,0), if 0 is purely non-atomic, then for each € € (0,1), 6 admits
an e-partition of X.

Proof. Without losing generality, assume 6(X) = 1. Define:

l; = inf {e € (0,1) | # admits an e-partition of X}

Equivalently, we need to prove that I; = 0. Assume by contradiction that l; > 0. Therefore, for each € € (I3, 1),
if # admits an e-partition of X, then there is a set in that e-partition with #-measure greater than or equal to
l;. Since 6 is purely non-atomic, we have l; < 6(X) = 1. Next, set:

1 1
ny = min {n eN ’ 0 admits an (I; + —)-partition of X and 1 + — < 1}.
n n
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Without losing generality (or restrict to a subsequence of N), assume for each n = ny, 6 admits an (I; + %)—

partition. For each m > ny, by taking intersection between sets from a (I + %)—partition and a (I + %H)—
partition, we can further assume that the fixed (I; + — )-partition is a refinement of the fixed (I + £ )-partition.

For each n > ny, fix a (l; + 1)-partition of X and let C, 1 be the set in the fixed (I + 1)-partition such that
0(Cr.1) = I. Then by assumption we have:

1
Vn > ni, ll < Q(CnJ) < ll + —
n

Again by assumption, we have the sequence {6(C}, 1)}n>n, is non-increasing. Hence:

Vi >, z<9(ﬂcn,1)<zl+% — () Cua) =1

n=ni nz=ni

Set A1 =(),5,, Cn and then we have (A1) = [;. Next, we turn to X\A; and define:

nz=n

I, = inf {e € (0,1) | admits an e-partition of X\A;}
If [ = 0, then there exists « € (0,11) such that § admits an a-partition of X\ A;. Since 6 is purely non-atomic,
we can find By € A; such that 6(B) € (O, G(Al)). If we define:
6 = Imax {Oé, G(Bl), G(Al\Bl)}
then the a-partition of X\ A4; along with B; and A;\Bj consist of an S-partition of X and 8 < [1, contradicting
the definition of ;. Therefore, I5 > 0.

By the same approach, we then can find As € X\ A; such that 8(As) = l. Since, for each € € (I1,1) and each
measurable subset A € X, an e-partition of X induces an e-partition of A, we then necessarily have Iy < [y,
or 6(As) < 6(Ay). By induction, for each n € N, we have that {A,},cy is a partition of X and {6(A,)}nen is
a non-increasing sequence. Since §(X) = 1, there exists N € N such that §(Axy1) < 0(An) < l;. Since 0 is
purely non-atomic, for each i € N and ¢ < N, there exists B; & A; such that 0 < 0(B;) < 0(A;) = l3. Set:

lo = max {0(31)7 T 79(BN)7 G(A\Bl)a T 70(A\BN)3 G(AN+1)}
Therefore, the following partition:
{A"}n>N v {Bi}igN v {Ai\Bi}igN

is an [p-partition with [y < I1, which contradicts the definition of [. Hence, we have [; =0
O

Proposition A.6. If 0 is a purely non-atomic (reqular) probability measure defined on the metric space (0F,0),
then for each € > 0, there exists Ne € N such that for each g € F with |g| = N., 6(Cy) < €.

Proof. Since (0F,d) is compact (hence totally bounded) and ¢ is an ultra-metric, each open set can be written
as a finite disjoint union of elementary cylinder sets. In particular, given an open subset O < 0F and € € (0, 1),
we can find {g;}i<p S F such that:

0= UisMCgi

and exp ( — | gi |) < e Fixee (0,1). By Lemma A.5, compactness of the space and (outer) regularity of 6,
there exists a finite e-partition of 0.F, say {O;};<k, where each O;. Then by our previous observation, we can
find {g;};<n S F such that the open cover {Cy, };<n is a refinement of the open cover {O;};<x. Next, set:

Ne:g.ngalfﬂgﬂ

Notice that, for each & € 0F, if £ € Cy, for some j < N, we then have B(€, exp(—N)) < Cy, for all N > N,.
Therefore, for each g € F with |g| > N,, there exists g; for some j < N such that:
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CocCy, = 0(Cy) <0(Cy,) < 123%9(01‘) <e

O

Theorem A.7. In the set-up of Section 3.1, let F%+ denote the space of all sample paths of the random walk
(F, ), and P, denote the measure in FZ+ arising from p. If the group generated by the support of p is the
whole group, then:

i) For P ,-almost each sample path g of the random walk in F2+  { g, }men converges to an element in OF
(in 6-metric topology) and hence the following mapping:

L:Fl - 0F, g limg,

is well-defined P -almost everywhere. The hitting distribution on OF is defined as the image of P,
on F%+ under L.

it) The following limit of convolution powers of u:

lim p*"

n—aoo
exists and defines a Borel probability measure v on 0F. This limit coincides with the hitting distribution
above, is purely non-atomic, and the unique p-stationary probability measure on OF, i.e., the unique
probability measure on 0F such that p+v = v.

Proof.

i) Suppose € is a purely non-atomic (regular) probability measure on 0F. Thus any singelton will be §-null
and hence so is any countable set. Suppose {g, }nen 18 a sequence in F such that lim,, g, = go for some
9o € OF. Then we will show that the sequence of measures {g,0}nen converges weakly to 64, (the Dirac
measure defined on g4 ) in the following sense:

vPeCER), tim [ FEOd@.0© tm [ Fe.0®© - | PQ .0 =Pl @
oF oF

By Portemanteau Theorem (Theorem 13.16 in [6]), since for each n € N, g,0(0F) = 0(0F) =1, it
suffices to show that for all closed subsets F' < 0.F, limsup,, gn0(F) < 0,4, (F). As we showed in the proof
of Proposition A.6, for each open subset O € 0F and €(0, 1), we have find {g;},<x S F such that:

0= 1<K091

where exp (— | g;|) <€ for all i < K. Hence:

o-Ner-nN| U e

ISK iSK | geF\{gi}
i |

and we can now conclude that every closed set can be written as a finite disjoint union of elementary
cylinder sets. Hence, it suffices to show that for each h € F, limsup,, g,0(Cr) < 94, (Ch). If gon € Ch,
then d,, (Cy) = 1 and the inequality immediately holds since 6 is a probability measure. Otherwise,
without losing generality (or start from a large enough n), suppose | g, | > | h| for all n € N. Therefore,
g tCp =C o1, and | g7'h| "=5" 0. By Proposition A.6, we then have:

limsup(g,0)(Cp) = limsup 0(C-1,) = 0 = &y, (C)

Now we can conclude that g,8 converges to d4, weakly and hence (43) holds.
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ii)

iii)

Let 6 be an arbitrary probability measure and hence the following set:

2.3l

0<k<n

is a sequence of probability measures defined on 0F. According to the weak compactness of the closed unit
ball of [C'(0F)]*, this sequence has a sub-sequence converging to some 6y in weak-* topology. Suppose:

LS @)+ 0 60

.
v osk<n;

Then

1
e | 3 )+ 0]
i o <h<n;

1
— (u**) = 0
i <<

= [i Z (,u*k) * 9:| — 794_ 1 ('u*ni " 0) n—o .

n; n; n;
v ogk<n; ¢ v

Indeed, for each n € N, u*™ % 6 is a probability measure on dF and hence % w*™ % 0, as a bounded linear

functional, will converge to zero in norm as n becomes arbitrarily large. We can then conclude 6 is
p-stationary (namely p % 6y = 6p) and hence there always exists a p-stationary probability measure in

OF.

Given 6y a p-stationary probability measure, suppose it has atoms and we use A to denote the set of
fp-atoms. Set:

A = supbo({z}).
zeA

Since 6y is a probability measure, we will have A € [0,1]. If §) can not attain A for some x € A, then for
a fixed € € (0, \), we can find an infinite set {z,}neny S A such that ({z,}) = X — € for all large n. As a
result, 6y(0F) = oo, which is absurd. Hence, we can find zo € A such that 6y({zo}) = A\. Because 6y is
p-stationary, we then have:

Oo({zo}) = (1 * 00)({zo}) = 290 {h~'zo})u(h) (44)

heF

Because u(h) € [0,1] for each h € F, for the equality above to hold, we must have 0y ({h~'z0}) = 0o ({x0})
precisely when p(h) > 0. Set S to be the support of y and £ = {s~'zg|s € S}. Since y is a probability
measure, £ must be finite and has the same size of S. Hence, according to (44), for each s € S, we have:

Oo({xo}) = Z Oo[{(h™"s) (s~ o) Ju(h) = . Oo[{g™" (s wo)}|pu(sg)

heF geF

= Oo({wo}) = Z D 0o[{gt (s o)} m Z D 0o[{g " (s wo)} ulsg)

SGS geF ge]—' seS

which implies:

Vge FVseS, bo[g ' (s zo)] = Oo({z0}) = n(sg) > 0.

Suppose there exists g € F and [ € £ such that g~ 'l ¢ £. This implies S N (S-g) # S where S - g =
{sg|s e S}. Therefore:
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fo({zo})
= Z 90 {h xo} Z 00 {h xO}) ( )
heS heF
= > Oo[{(gh™ ) xo}]u(hg™") = > bo({f " wo}lf)
heF feS-g
= Z Oo({f L)) 290 ({p~ o} u(h) = Oo({o})
feSnS-g heS

which is absurd. Hence we have g~! - £ € L for each g € F, or L is a F-invariant finite subset in 0.F,
contradicting Proposition A.3. Hence, a u-stationary probability measure is purely non-atomic.

iv) Fix a p-stationary probability measure A. Then, for each f € C[0F], define a function on F by:

flo) =1 F&dlgre)]

oF

By definition the F-action on the space of probability measures, we have have:

flo) =] fg&)dIN©)]. (45)

oF

For each f € C[0F], we claim that the function f defined above is p-harmonic: namely, for each g € F,
f(9) = 2ner f(gh)p(h). Then, by definition of p * A:

flgh)p hA(E h) = F(g&) d[hN(E h
2, (ah) hezjf(af alghA)])n(h) her(af (98) d[IAE)] ) (h)
-| gy (’;f[m(s)u(hﬂ) = | Jwod (};fw &u(h)))
= | _feeya(usn©) = | g€ dn©)
oOF oOF
= f(9)

which proves that each f defined in this way is pg-harmonic function on F.

v) In the set-up of Remark A.2 and the previous section, let F%+ be the space of sample paths and
A be a p-stationary probability measure on 0F. Recall that for each h € F, x5, denotes the indicator
function of Cj. Since the family of continuous function {x }rer separates points, by Stone-Weierstrass
Theorem, the unital algebra generated by {x}rer is dense in C'(0F) with respect to the sup-norm. In
this case, the unital algebra generaed by {x}nrer is equal to the span of {xp}rer. For each h € F, as in
(45), define:

£u(9) = | n(ae) dx©
oOF
For each h € F and i € N, define:

NTI:I:]_-Z+ - R, g — [n(gm)-

where fj, is y-harmonic by (iv). By Remark A.2, for each h € N, {N" }, cx is a discrete time martingale.
Hence, for a fixed h € F, and for P ,-almost each g € FZ+, according to the Doob’s First Martingale
Convergence Theorem (see [3]), the following limit exists for P,-almost each g € FZ+:

Tim Nii(g) = lim fulgm) = Im | xu(&)d[gmA©)] = lm gnA(Ch). (46)
OF
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Since F is countable, we then can conclude that for P,-almost each g € FZ+, lim,, N/ (g) exists. By
approximating coefficients of elements in C — Span(x, }rer using complex numbers with rational parts,
we then can conclude that for P,,-almost each g € F%+, for each F € C(0F), the following limit exists:

im [P dlguN©O] - m [ Flgn ane. (47)
m=% JoF m=%0 JoF

Now fix an g € F%+ so that the limit in (47) exists for each F € C(0F). Since {g,,} is in (F,d), by
(sequentially-)compactness, we can assume {gm, }ien S {gm }men is a convergent subsequence (and there
could be more) which converges to gy € 0F. Fix h € F. By (46), we have:

lim j X (GmE) AN(E) = lim grA(Ch) = liminf gmA(Ch)

< lim inf g, AM(Ch) < limsup i, A(Ch,) < limsup g, A(Cr) = lim g, A(Ch,)
i . m

K3 m

= lim gy, A(Ch) = lim g, \(Ch)

In the same way we deduce (47), we then have for each F' € C(0F):

lim | F(&)d[gmA©)] =lim | F(&)d[gmA(©)]
i oF m Jor

By i), iii), we then can conclude for each F' € C(0F):

F(go) =lim | F(§)d[gmA¢)] =lim | F(&)d[gmA)] (48)

v JorF m JoF
By Portemanteau Theorem, we then can conclude that g,, A\ converges weakly to dq . Further, for
the g we fix, the set {gm}men can be replaced by {gm, }ien without ambiguity. Therefore, since g is

arbitrarily picked, the following map can be defined P ,-almost everywhere (if necessary, also by Axiom
of Choice):

¢: F = 0F, g~ g

where for each g in the domain, g4 € dF is picked from the set of clustered points of {g,,}. For each
m € N, define:

¢m:]:Z+_’]:a g —3gm

and each ¢,, is measurable. Hence ¢ as a pointwise limit of {¢,,} is also measurable. Since, for each
Borel subset B < F, we have:

Then, given a Borel subset C' € 0F, we then can define the hitting distribution based on ¢:

( lim u*m) (C) = PM[¢_1(C)]

m—0o0

By definition, lim,, o p*™ is p-stationary. For now we will use pg to denote limy, o0 #*™ and in the

next section, based on what we previously showed, prove that the existence of lim,, o u*™ does not
depend on the definition of ¢ (or the choice of clustered points). Then we will show u® is the unique
p-stationary probability measure defined on 0F, and hence purely non-atomic by iii).
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vi) Let A be a p-stationary probability measure. Then for each F' € C[0F], we have:

= (u* A)(F)
- j F(&) d(u+ N)(E)
:f F(e (h*é)u(h)] =J [ PR ]
he]-' heF
:ﬁ ( (h)) dA(€) = J F(h€) dA(€)
OF “pheF he]-'

fﬂ+ ( Lf F(gi€)a\©)) L y f d(91\(&)) P, (g)

- [ anr)ap.)
Fl+

Hence, for each n € N and for each F' € C[0F]:

N(E) = (") s A(F) = (s s -5 1) % A(F) = L 9A(F) dP,(g).

Xn

Hence, for each n € N and F € C(0F), the mapping g — g, A(F) is a measurable and P ,-integrable
function defined on F%+. Since, from v), for P,-almost each g € FZ+ | lim,, gmA(F) exists for each
F € C(0F), according to (48) and Dominance Convergence Theorem, we have:

A(F) = tim [ (g.\)(F)dP,(g) = L (1mg.A(F)) dP,(g). (49)

n ]_—/74+ n

Since, in v), we showed lim,, g A(F) = F[¢(g)], (48) can be written as:

AF) = | (lmg. ) dPuo) = [ Fosl@)iPula) = [ Fe)d(Pule©]) = | F©duz ).

n oF

Since in v), we showed that lim,, g, A(F) is independent to the choice of the clustered point go, of {gn }n,
therefore, the existence of u® = lim,, p*™ (as a bounded linear functional in C(0F)) is independent to
the definition of ¢ and hence the hitting distribution is well-defined. Moreover, for each F € C(0F):

M) = | PN - | P duee)

which implies ;4 coincides with A as a probability measure. Since A is an arbitrary u-stationary proba-
bility measure, u® is the unique p-stationary probability measure.

O
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