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disspreading of the information sequence. 1In the most

- ABSTR&e[\ _ |

-

' Tradltlonaly, block codes have been used as an error

cdrrectlng tool to ensure reliable apd unambiguous exchange

of digital information between a transmitter and a receiver.
The emergence of spread spectrum systems has created a need.

for long codes, to pfovide'for'thé'spectral spreading and
- . ’ b

commonly used form of spread spectrum system; rnamely the

Direct Sequence Spread Spectrum System, the spreading code

is used to provide for the synchronization‘of the receiver
with the transmitted signal. A valuable sys{em performance

criterion is the "first attempt probability" of successful

—

~

-synchronization.
Among known various synchronization techniques in a
low signal to noise env1ronment "Majority LOglC Decoding

Synchronlzatlon" prov1des the highest probaballty of "flrst

attempt synchron;zatlon

~

K4useful class of codes in the context of spread spectrum
systems 1is the eiess of éompésitg,éodes. Each word is cons-

tructed according to the rule:
- . L. r’——//"
(W _ ¥ 1+x"
viSh o= TV, (x) = ¥ |
i=0 1+x"p ’
K

-
-

where VH(x) is a word of the composite code and V. (x),
i ='i, 2, ..., 4 is a word of the component code. The e;m

-
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of this work is to prove that this class of composite codes.
can_be majority logic decoded under certain conditions and

as a result "Majority Logic.Synchronizapion” can be used

as a synchronization technique. : o .
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CHAPTER I 2 )
R " INTRODUCTION .
/

1.1 General »

Cur uodern world has an. ever growing demand for infor%
ﬁéﬁ&on exchange at all levéls, rangiug from mass media .
éommunicationsq to highly encrypted military data communi-
catlons. 'The object of communications engineering is to
satisfy this demand by effecting rellable and unamblguous
transmission of information from one point to Fhe other by
means of electrical signale.

Information is subjected to various levels of pnOcessing
before belng rendered into a form suitable for transmission
through the communlcatlons channel whlch may be a pair of
wires, an optic fiber or the free space. Information can be

transmltted in an analogue form Such as voice, in a digital

form such as -digitized v01ce, or as data from a computer.
<

_Information transmitted through a channel in a digital form

can be received as reliably as desired, without reducing the

'rate of 1nformat10n, by utlllzlng the approprlate bandwxdth ——diS

~
~

and/or power.
‘Such a chahnel is chéracterized'by a éuantitxtca}led

he channel capacity (C}. s

The error probability at the receiver can be made arbi-

trarily small by proper encoding and decoding of the data,

-

'I



- when, and only when, the rate (R) ‘of information transmissioﬂ;

is less than C.

ﬁ -~ = . ) .

Communications engineers, continously strive to utilize

the available power and bandwidth in the most effective way,
in order to achieve reliable transfer of information from

the transmitter to the receiver.

As a result, a number of bandwidth and/or power efficient

" modulation and coding schemes have been developed.

The current trend is to minimize the bandwidth used to
provide 'the communication link either through;improved tech- .

-

niques, or through an administrative decision. .
Reducing éssigned bandwidth has its limitations. Over
reduction of utilized bandwidth can cause degradation of
system'performance,or.reéult in a.requirement for more costly
gquipment.
other approach which may lead to better frequency

spectrum dtilization is a new and evolving technique known
és‘"spréad spécﬁrum". It is based on a pginciple which is

in antithesis to reducing bandwidth. Instead it futilizes modulated
signal spectra that employ-lérge transmission bandwidths to

send information requiring a bandwidth‘muchlless than ié |
transmitted.

However, spread spéctrum technigues, through the properties

of coded modulation, can provide systems ‘which produce low

interference to other systems, have high interference rejection
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- 12 Spread Specrrum,SYStems (S.5.8.)

L4 ' -
capablllty, and provrde multlple access capablllty. Finally,f

spread spectrum technlques are probably the only solutlon to

. the deep space-communication-problem where long propagation .

~

‘paths are encountered and low power transmitters are utilized,

resﬁlting in a very low received signal to noise ratio (SNR).

Spread spectruﬁ systems [2] utilize a total bandwidth

much wlder than the required for transmission of the 1nformatlon.
bearing data bits, with no 1ncurred loss in commumication per—
formaaee due to the ‘increase.in bandw1dth.‘ A classical measure
of a digital communications system's perforﬁanee'is the ratio
Eb/No [Zél-where Eb correspoﬂds to the reéeived energy of

each data bit and NO/2 is the poﬁer spectral density of phe

receiver: band pass noise which is assumed £o be Gaussian with

" a flat spectral density. The fact that- makes the ratio Eb/No

an 1mportant measure of a communlcatlon system's performance
is that it is lndependent of the actual bandwidth ut;llzed
for the transmlsSLOn of the signal. :

SPread spectrum systeme {3] are baseé on rhree basie
appreaches. (1) Direct Seé;e:ee (pS), F2) Prequency Hopping
(FH) , and (3) Time Hopping (TH). There are other forms of
SSS which are derived from one of the basic approaches or

from their hybrid combinations.



.-

The DS signal dérives its name from the fact that each
data bit consists of a pseudo-random digital code sequence;
Each ‘digit of the code is referred to as a "chlp.

The,DS'signal s characterized by a continuous spectrum

‘over the ban@width but with spectral shaping controlled by

the. digital- code stream.

A data source p;3£;;;§ binary' data at a rate of R blts‘

___ __per second. Ajpseudorandom_gggggator produces a stream of’

binary chips at- a rate of N chips per bit. The data stream

. and the chip etream are modulo-2 added to result. in DSSS

I.

.modulation. The RF bandwidth of the resulting- waveform is

increased by a factor of N. The spread factor N provides a

"

processirng gain G equal to 10 loglON; that is an uncorrelated

jammer is forced to generate N times (G db higher)_aé much
power as the victim system transmitter power,‘assuming equal
propagation loss for both the jammer signal and the desired
signals.“ . -
The FE- and TH signals are characterized by the instan-
taneéus signal energy hopping around in frequency-time space.

For example, FH sighals consist'of carrier tones but the

instantanéous tone fregquency is shifted pseudo-randomly with

taneous bandwidth is roughly equal to the information band;

width 1/T. The processing gain of the FH system is equal to

the number of fregquencies among which the system hops. The

'a dwell time usually equal to the bit period T. The instan-



"
LA

(1]

TH signals dnvolve turning thé‘transnitter off and on in

a pseudo—random manner. The bit interval is divided into

N sub—lntervals, durlng one of whlch the 51gnal lS present.

»

The spec;flc segment in whlch the signal is present changes

from symbol to symbol. . -

1.3

e

g

. Spread Spectrum Sequences

As mentioned earlier, spread spectrum systems use long.-

+

sequences in order to achieve spectrum spreading. Some of

the important parameters for the selection of these sequences

are

a) code length,
b) ° code autocorrelation properties,
c). . code generator complekity;

-

The sequence length is'important in thé'sense that the

»

oA

longer ‘the sequence, the smaller its repetition frequency

-

is, and ‘thus less interference ‘on the lnformatlon bltS results.

" A digect sequence spread‘spectrum'receiver [5]'operates
in a sequence seléctive manner, e.q., it-correlates the'
received signal with.ioqaliy generated'seéuence which permits

> :

it to discriminate and select'the'desired eignal while rejecting
the undesired interferring signals. In this mode of operatlon
1t is desirable that the _Sequence employed have a two level

-

autocorrelatlcn,ln.order for the receiver to be able to
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1.4 Binary!/Random Seguences' [6, 7, 9]

discriminate bétween sigrals on a Yes-No basis.
. < \ I . .
In this context, note that autocorrelation refers to the’

-

degree of correspondence between a code word'agé‘a phase.

* shifted replica of itself. Some-df the sequences that meet

the above three requirements, and have proven to be the
best of the known codes for spread spectrum systéms, are

discussed onf the following pageé.

5

- _ - ¢ )

- In ap licaiibns, such as ppread spectrum ;>§tems for -

communicatibn and ranging,-there ista need for binary random
o .

'sequences. |In most-cases, it.is sufficient to devise a

simplp method of generating sequences which look random,

even if upon closer inspection they can be shown to have
¢

-

- certain regularities. 1In fact, no finite sequence is truly
- .

‘random. The best that can be achieved is to identify certain

"properties as being. associated with randomness, and to accept

-

any sequence which has these properties as‘a random sequence.
The-mdst familiar example of a-random binary sequence

arises from tsting an unbiased coin consecutively identifying -

-heads as + 1, and tails as - 1. The following properties are

LY

then associated with randomness.

1. : The number of heads 1is appréximately'equal to the
number of "tails. ; ) . /)



,than long ru s. More precisely, about one half : -
have length one, oneé’fourth have .
2, one=-eighth have length 3 and so forth:
3. ¢ Thé auto-correlation‘fﬁnctién,.geaks inlthe middle

.
-

and decreases rapidly at the ends.

l.4.1 Auto-correlation -, —

If {an ayr 3yr 2, ...} is anx sequgnce'of real terms,

~

its autocorrelation function C(T) is defined as:

c(1) = 1m 5 4)4 ) _ (1.1)

1f {an}uis_a periodic sequence” with period P equation (1.1)

r

- - reduces to the finite sum.
. *l'P ' .
C(t) = 5 I anan+T . ' (1.2)
n=1 . :

-
-

- "~ The variable T can be cpnsidered as a phase shift of the
sequence {a }. C(r) measures the-amount of similarity between
the sequence and its phase shift. The highest value of C(T)

occurs at T=0 and if {an} is random Ctt) is very small for

.most other values of T. ' : -

-
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1.5 Pseudo Random Sequences

Any binary sequence that has the properties described
f*l.in ihe three following postulates is called a Pseudo, Random

seguence.
~

Postulate 1 (R—l)£ in every periéd, the number of +1's

-

-

and -1's differ St most by 1.

Postulate 2 {R=2): in evé;y period, galf the runs have

length one, ‘one-fourth have length two, one-eighth have

length three, etc., as long as the number of runs so indicated

exceeds 1. . .

‘Postulate 3 (R-3): the auto-correlation function C(7)

is two wvalued.
P ki ift=0
C(t) =35 T a a = [
n=1 B BT K/P if 0 < 1 < P

: ’ + .
Pseudo random sequences can be generated by a. shift register

using the ﬂedessary external feedback logic.

1.6 Linear Seguences

-

The success}on of states in a r state shift .register is
periodic with period P.< 2F -1 and for every r there exist
feedback arrangements which lead to® sequences of length 2t-1.

"If the feedback logic consists of modulo-2 additions 6f the
contents vwf selected stages of the shift register then the
generated sequence is called linear.' Linear feedback logic

incorporated in a r stage shift register can generate sequences

.
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of period 2T-1 or shortex. In order to determine the

necessary feedback logic to generate linear recurring

- sequences which satisfy some or all of posﬁulates R.1, R.2

~

and R.3 the following definition is necessary.

Definition:

: i :
‘ | e aiens
A polynomial f£(x) is said to have expohnent P iff it divides

P

X"-1 but no polynomial of the form xn?l for n < P.

The associated with a particular periodic sequence of
pefiod P feedback logic is completely characterized by a

mod-2 polynohial £(x) of degree r > 1 witﬁ-f(O) = 1. The
polynomial f£(x} divides l-XP

£(x) is also a root of 1-X'. Thus every shift register poly~
.

and therefore every root of -
nomial is simply the eguation satisfied by certain Pt rdot
of unity. . '

The periods of irreducible polynomials are always odd
because they divide 25-1. ‘ C T

In the complex plane the Pth

=e2nwj/P

roots’of unity can be
wrigten 2 r wWithn=1, 2, ..., P if n/P is an irre-
ducible fraction, the corresponding Pth root is called
\ .
2nwj /P

primitive. The roots e are separated into sets of roots.

The polynomials f(x), that are irreducible factors of l-XP,
and all their roots are primitive, have the exponent P and

are called primitive polynomials.
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The number of piimitive polynomials is given by
r -
= ¢(3—%l) where ¢(2r-1) is the Euler-phi function.

Evaluation of ¢(27-1) is faciliated by the following:

a) If p = 2¥-1 is a prime, then ¢(P) = P - 1. For example

for r=5, P=31 is a prime and therefore, ¢(31) = 30.
Hence, the number of different primitive polynomials
is 30/5 = 6.

b) If P can be factored_into powers of distinct primes,‘

- po1%2 i n : :
that .is P PP, _Pn where{P. are primes raised

to powers ei then

' n
o(P) = P X T

2 1 1 1

For example, for r=12, 2T-1 3" x 5" x 77 x 13© then

H
=5
=
o
wn

i

_ 2 x 4x 6 x 12 _
$(4095) = 4095 x F— e —T% = 1728

Hence the number of different primitive polynomials of degree
12 is 1728/12 = 144. |

Peterson [8] has listed all irreducible polynominals
of degree 34 or less. These polynomials can be use? as thé
feedback logic to produce linear recurring sequences. The
exact periods of sequences generated by a r-stage llnear
shift register are- determlned by the nature of thelr associated
polynominal. This relationship is derived by the following

/’\\_,/’f\

rules.
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a) If f(x) is reducxble (factorable), then the sequences
generated by f(x) may or may not have identical

periods.

‘b) ‘1f f(x) is lrreduc1ble, then all &he sequences generated

by f(x) have identical periods (not necessarily maximum).
Foxr example, x3 + x + 1 and x4 + X + 1l are 1rreduc1ble.
c) If £{x) 1s prlmltlve, then allTsequences generated by

-

f(x) have maximum period.

1.7 Maximal Length Sequences

b

Maximal length sequences of period P = 2Y-1 are generated

'by shift registers. The feedback logic Is prescribed by a

prinitive polynomial of degree r which is the simplest to
generane. _ . -

Maxiﬁal length sequences observe postulapes R-1, R-2,
and R-3. Figure 1.1 gives an example of generating a®maximal

length sequence with a 5-stage shift register.

1.8 Legendre Sequences [8, 9] ’ ~

An integer i is a quadratic residue of a prime P provided

that there exists an integer x such that ’

x° 2 i mod P °

-~

For example, 1l is a quadratic residue of all primes. If r

is a quadratic residue of P, then

)
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and if

P = 4n-1 = 31, the guadratic residues are: —/

r(P*l)/Z =

L (B-1)/2 'Z 1-mod P
then the number is a nonrésidﬁe;

If P is an odd prime the Legendre symbol (%) is defined

by: . . ' R “

»

3 . 1"if i is a quadratic residue mod P
=T T

P 0 otherwise.

Thus, =z two—lz:gl squsnce can be defined by:
. / ‘

a, = (&) L

i P . v ' _ //

" This is the reason these sequences are referred to as Legendre

sequences, )

The sequences obtained by this method are nonmaximal

. except for P=3 and P=7 in which case the ob:Tined Legendre

sequences are identical to a ma¥imal sequen g\of the same
period P.
If P is a prime of the form 4n-1 then the corresponding

sequence has the property R-1 and R-3. For example, if

L

?

o, i, 2, #, 8, 16, 9, 18, 5, 10, 20, 19, 7, 14, 28, 25.
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\‘
.and the corresponding Legendre sequeénce is

11,101101111000101 Ql.lfLO 0001.00100
’ . ' [ '

»

In some cases, it is possible to mechanize the Legendre

1]

sequ%nces as modulo-2 sum.of m sequences. For example, -

- 10010 11001111100 d].l 011101010000
il ' ' 1 00 10011000010110101000 11.10 1111
) 1 11.01 0001001-0101100001110 01.10 11

- +il 1101101111000101 0],1 10000100100

0bv10usly, generatlng a‘Legendre sequence is a more-
complex process and requlres more hardware than a m seguence

with no advantage with respect to its properties.

1.9 Nonlinear Shift Register Sequences [7, 9]
i

. It is well known that sequences of length 2¥-1 can always ,”
be obtained from an r-stage shift reéister by means of feedback =~
‘logic consisting entirely of modulo-2 additions. The number
,QE modulo-2 logics {or linear logics) yielding the maximum
length of 2¥_1 is known to be exactly ¢ (2T-1)/r. Sometimes
a linear logic fdr ﬁaximum lengfh involves only 2 taps.

Removal of the restriction that the feedback logic be

LY

linear increases the number of maximum length shift register

2r=1 5T rthis formula discovered by

codes of degree n to 2
deBruijn suggests an astronomical increase in the number of

codes generated by an r-stage shift register.
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Sequences.of length_ér-l can be obtained with as few
S

as 2 taps, whé:eés lenéth'zn requireé all n taps. As a
résult{ughere seems little justification in trying to )
mechanize length 2°. Also C(t) # 0 for sequences of length
2", although the distance from zero %ill frequently be small,

there will be a drawback due to the fact that their auto-

. correlation is not a two level one.

1

The use of nonlinear shift register sequences, due to

the associated with the design of the feedback logic‘diffi—

culties are used only when protection of, information for

military applications is necessary.’ ' -

“

l.ld-Jengropuléion Laboratories (JPL) Composite Codes [21

The combination of linear maximal segquences produce.

composite code sequences [9]. Composité codes generated

)

in this way,,é}ve special properties that make their use very

attractive under certain circumstances. For example, the

JPL codes, gh constructed from maximal sequénces, are

not maximal and ‘xhibit special correlation properties that
permit répid hronization. More specifically, the JPL
cédes are éonstrﬁcted bygmodulo-2 éddition of two or more
maximal linegr sequences, whose lengths are relativély prime.

The advantages of this technique are as £f&tlows

‘a) very long codes useful for unambiguous ranging over

long ranges are available,

W



' . -

b) long'éodes ;re genefated by a small number of shift‘
:egispgrs,, |

.¢) receiver synchornization can be accoﬁplished by
separate operations on the cbmponent codés.u This
%?n greétly reduce the time reguired for synchro-

L4

nization.

1.11 Code Acquisition and Synchronization [9, 10, 11]

In most communication systems it is necessary for th%
receiver to be éynchronized (in time, fregquency, phase or
any c0mbipation of theses with the Egceived waveform. The
receiver must therefore conduct a search to achieve synchro-
nization before any communications can be established.

In spread spectrum systems [2] code synchronization
is necessary because the code is the key to despreading the,
dgsired information and. to spreadiﬁg any ﬁndegired signals.
- Several techniques have developed‘for code synchronization
for all spread spectrum systems. Attention will be focused
on the techniques used mainly in direct sequence spread
_spggtrum systems, éince those are the most commonly used.

'The initial synchronization or acquisition is théhmost
difficﬁlt to achieve. When synchronization has already
occurred it is often possible to base a subseguent synchro-

nization on the knowledge of timing gained.

— | L
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The proposed by Ward method of synchronization is most
widely used in D.S.S:S. |

In Ward's method, the transmitter and the receiver each”
contain identical shift registers so‘that igentftal sequences
are formed. )

The system make§ its best estimatg of the first n
received bits, loads the re;eﬁveq sequeﬁce generator with
that_estimaie and starts operation of the sequence generator
and the tracking circuits. If the cortect estimate is loadegd,
tfacking will occur. .At the same time, a corrglation is
performed between the input signal .and the signal from the

local sequence, generator. If the. correlation indicates the

receiver contains the correct sequence, no further action is

L

- taken. If the cross-correlation indicates that an incorrect

estimate was made, a2 new estimate of the input is made and
the same procedure is followed until a correct acéuisition
has occurred. ‘

In 1973 [11], C.C. Kilgus pro%osed to use Majority
‘Logic Decoding to correct the received sequence bits if any'
efrors have occurred, before loading it into the shift
register. Depending on the number of estimates on each
received bit, a significant'iﬁprovemént in the probability
of. correct acquisition in the first attempt was achieved as

shown in Figure 1.2.
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1.12 Problem Definition

)

In the context of the above discussions, the aim of

thfis work is to prove that a class of composite codes, proéen

4. us¢ful j h spr&id spectrim transmissioﬁ technique can be
wEst , ) B & : .
_\' majority logic coded.and as a result, Kilgus method can be
used-as an acquisition technique.
» l‘ .-1.13 Thesis OQutline B

L4

This thesis deals mainly with the ﬁajority logic decoding

problem of a-class of composite codes.and some useful pf07
i

perties of this class. | ‘ )

In Chapfer II, majority logic as a decoding technique

is reviewed.




'~ Chapter III describes how a“class of compositée codes,

parallel to the JPL-.codes, are derived certain known and

useful properties a% these codes are discus:éd.\
‘y’ .

Finally(y it %= proved that this class 6f codes can

be majority logic decoded.

v( Chapter IV contains the concluding remarks.
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.. | _CHAPTER II

~ .

I MAJORITY LOGIC DECODING

- . .
s - -

;Amgng the various known decoding schemes MLD (majority

lqgic:éecoqing) is one of the simplest to implement.
ié’wgs ﬁentibﬁéq, MLD can-be used to obtain code
acquisition in low §§R Eircumgtances, and .provides a signi-
ficant imp;o?ement in,the‘%erforménce of a DSSS. Unfofﬁunately,
-very few codes are known:to be efficiently' majority logic
decodable [12], [131. .
-Ig this phaptef,-we will define what a linear block'gode.
- is; how it is geﬁerated,-ana mention some of its characteristics.
Subséquentlg{:the basic ééncepts of MLD will be introduced with
;eference‘to some known classes of majority logic decodable

codes. ‘ oL

2.1 Linear Block Codes [14]

-~

Let. us assume. that inférmatiou originating frbm a binary
information'sourcg is applied at the input of the encoder.
lg&he,function of the encoder is a two-step one. It ségments
the information into‘message blocks, each block
consisting of k successive information bits and trans-
forms the message blocks into longer blocks of n (n > k)
binary digits. These binary n-tuples are called code words,

and are formed according to specific rules predetermined by
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of the encoder. The set of 2

" right is also
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-

the'encoding procedure.  Since each message block consists

of k binary digité, there arelzk possible distinct message

k possible code words at the output

k

blocks, and therefore 2

code words is called a block

code. A code word.is frequently called a code vector because
it is an n-tuple. from the vector space V_ of all n-tuples =
A Jinear (n, k) block code whose generator polynomial

; " n : .
is'a factor of x +1 and has exponent n, i.e.,

P41 = g(x)h(x) . ' (2.1)

is called a cyclic code, a;d has the following prqperty:
“If an n=tuple ~ (v} is a code vector of C, then the.. ~
n~-tuple obtained by shifting v cyclically one place to the
| a- code vector of C.
The error—correcting_capability of a code is determined
by its minimum distance dmin' In order to define wﬁgf minimum

distance is, the following two definitions are necessary.

Definition. 2.1: The Hamminé weight of n-tuple v w(v)

is defined as the number of non zerc components of v, i.e.,

"ifv=1010110001, w{v) =5.

Let w and v be two n-tuples.

Definition 2.2: The Hamming distance between u and v,

d(u, v) is defined as the number of components in which they
/
3

differ; zne. if
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¢ : -

L=100101100001 ‘

v=110010.10101 - ' -

then d(u, v} 5. <

1

Since the Hamming distance is the only distance-o%

iﬁterest in the cqntext of this thesis, the words distance
and Hamming distance have identical meaning. .

Given a linear code, we can calculate the distances .
beﬁween all possible pairs of code words; the smallest

distance is called the minimum distance of the code (dmin)'

2.2 Majority Logic Decoding [12, 13, 17]

In general, a code word V({) transmitted throuqh a
communications channel is corrupted by noise. As a reéult
of this process, the received code word R(x) differs from
the transmitteéd code word V(x)}. A word V(x) belonging to

V and a received sequeﬁce R(x) are related by:

”
4

R(x) = V(x) + E(x) (2.2)

where E(x) is the error polynojminal.

In order .to decodelcor:ect}y, the received code word

R(x), E(x) has to be evaluated. 1In order to evaluate E(x)

from R(ﬁ), the decoder must finé the error syndrome.
The error syndrome can be expressed as a (modulo-2}
sum of certgin error digits (e.g., received bits). If we

consider a modulo-2 sum of syndrome bits of the following
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form:

A

)

S, + a.S, + w.. +

o ¥ 215 (2.3)

3 qn-k-1%n-k-1
where a; is either 0 or 1. - s
Since the syndrome bits are sums of error digits, it

follows that A of equation 2.3 is alsc a sum of error bits. =

A ﬁ\boeo + b + ... + b

161 n-1%n-1
where bi is either 1 or 0. This sum A of errcr digits is

called a parity check sum. The error digit e, is said to

1
be checked by A if the coefficient b1 of ey in A is 1.
If ey is checked by a set of parity check sums
Al, Az, .- AJ, and no other error digit is checked by more
than cone check sum, then one may say that.this set of parity
check sums is orthogonal on the error digit ey .
If there are d-1 parity check sums (egquations) orthogonal
on a single e, then the code is l-step majo;ity logic deco~
dable, e.g., the error digit can be evaluated in one step

and therefore only one majority element is used by the

decoder.

-

Example 2.1 ‘ .

Consider the (15, 7) cyclic code with generator poly-

nominal: g(x) = 1 + x4 + x6 + x7 + x8 and distance d4=5.

. The d~1 = 4 parity check sums orthogonal on e

.

14 are

as follows:
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= %3 = &7 ell‘f)elz

oAy * ey, (2.13)
: By = 85) * 55 = ey teg T eyt e,
h\\\ A, =5, %S, tsg= egte, Feg T ey
TRy T8 ! = e; teg tept ey

Therefore the (15, 7) code is completely orthogonalizable
in one ste;.

Since the'code is cyclicy a check of all the noise ‘
digits is made by cyclically shifting the receivéd code
word. Errors of weight t = Q%l = 2 are correctablé, as
well as spme,érroés'of weight t-> 2 if no more than two
equations are affected by these errors. 1In Figure 2.1, the
MLD circuit for decoding the (15, 7) cyclic code is shown.

The steps in the oéeration of the decoder of Figure 2.1
iollow: . “
Steé 1 - With Gate 1 on and.Gate 2 off, the received‘

LY

vector is read into the buffer register.
| Step 2 - The 4 parity-check sums orthogonal on €4

are formed by summing appropriate received @iéits as deter-

nined by the check equatioﬂs. This is done by 4 modulo-2

adders.

Step 3 - The 4 orthogonél check sums are fed into a
majority logic gate. The first received digit is read out
of the buffer and corrected by the output of the majority
gate. The correction is accomplished by modulo-2 adding

~

the output of the majority gate to the received digit.
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Stég 4 - Fbllowing Step 3, the buffer register has
been shifte@ one place to the right. Now the second received
digit is in the firét stage of.the buffer register, and will
be corrected in exactly the same manner as the first digit.
The decoder repeats Steps 2 and 3. _

Step 5 - The received vector is decoded digit by digit
.in the above manner, until a total of 15 digits have been
deboded; Correct decoding is guaranteed, provided that 2 or
fewer errors occurred in the received vector.

In several cases we can form d-1 equations orthogonal
on selected sums of information noise bits. In this case,
majority logic decoding can be used fo estimate these sums,
aﬁd subsequently to assume that they are known and treat them
as additiénal parity checks. Additional parity checké are
then combined with the original parity checﬁs'to produce a

new set o: parity checks until d-1 parity cheéﬁs
orthogonal on one noise digit, can be formed.

If this process can be carried out for all,éj j =
1, 2, 3 ... k then one assumes that the codé can be L-step
orthogonaljzed. Such a code will fequirg L-levels of
majority 1§gic gatiné and will be capable of correcting all
errors of weight Iless than or ggggﬂ to t. . An example'
of how this decoding algorithm can be applied to a 2-step
majority logic decodable code is given next.

+



Example 2.2

Consider the (7, 4) Hamming [28] code with d=3 which is
generated by g(x) =1 + x + x3.
The two sets of drthogonal check eguations on {es, es}

and {e4, es} are as follows:

‘l
5

a =e0+,e3+.¢5+e6=50
1 . -
S, = e, + e4 + e5 + e6 = S, ‘ |
and - : _ : ) (2.16)
A si = e‘0 + el + e, + e6 = s0 + sl
2 | | J— V —
S5 T e, + e4 + e5'+ e6 —.s2
A

l.and A2 are orthogonal on eé; therefore, e, can be

a single error Was occurred in

estimated from A, and A
the received veétor, then the imations of A, and A, are
correct as is the estimation of eg- . |
The circuit for the decoder is,giveﬂ in\Figure 2.2.
The circuit of Figure 2.2 performs the following“Qperating
steps.
"Step 1 - with Gate 1 opened and Gate 2 closed, the
received vector is read into the buffer register.
Step 2 - Périty-chéck sums orthogonal on the sets of
error digits eg + e and é4 ﬁrﬁg are formed. This set of

check sums is fed into the first level majority gates. The

outputs of the 2-first level of majority-logic gates are

\}
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then fed into thé‘secdnd level majority logic gate. The
2 inputs to this gate are parity check sums orthbgqnal,to
the received digit‘rs.'

Ste2.3: The first received digit is read out of the °
buffer and is corrected by the output of the last level

majority gate. Correction is done by a modulo-2 addition.

2.4 Majority Logic Decodable Codes

A code with minimum distance d is considered majority
1ogic decodable if d-1 orthogonal check sums on one error
digit can be formed.j If ‘the orthogonal estimates are obtained
in one step, the code is one step ML decodable. The'éode is
L-step‘majority logic decodable if'oﬁtained in L-steps.

Following some classes of codes that are known to be majority

logic decodable are presented.

2.4.1 Maximum Length'Codes

These codes derive their name from the fact that the
code word can be considered as the first 2M-1 output symbols
of a maximal length m-stage shift register having the m

information symbols as initial conditions. The parameters

of maximum length.éodes.

Block length n =201
Number of information digits k = m
Minimum distance d m-1



The generator polynomial of these codes is g(x) = xn+1/P(x)_

where the parity polynohinal P-(x)' is any primitive poly-

Y

nomial of degree m.
The maximum length codes are known to be l-step majority

~logic decodable and the parity check equatioﬁs obey the

following rules; - : ' ) X
If k i; odd, the number J of parity check egquation

orthogonal on any one digit is a multiple Sf 3. If k is even,

(J—l) is a multlple of 3 on the basis of the above, all the
7

parlty checks of a maxlmal length code can be wrltten in the

form

a; = ag.. + ai+y modulo-2 : (2.19)

where a codeword-bit

i=0,1l, 2, «as, (n-1) for n = Zk—l.
x, Yy nonzero integers x ¥ y and subscript additions are

performed modulo-n.

2.4.2 ‘pifference Set Codes (DS)

-

Given a set P = {0, kl' Lor +e- 225} which is a perfect

difference set it is possible to obtain a generator polynomial

g(x) which will generate a2 DS code with the following parameters.

n= 22s +2% + 1

L]

35 41 - (2.20) -

n-=%k

a="12%4+2

[ —— R
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v

The codes with the'parameters'desc:ibed by 2.20 are known

to be l-step MLD.,

2.4.3 Classes of L-step Majority Logic Decodable Codes

One df several classes of codes which are L-step MLD
is the Hamming codes; These are cfclic codes with minimum
distance d=3 having n=2"-1 and k=2m—m—l; The Hamming codes
can be completelf orthogonalized in L-steps with L < m-l.

The first oxder Reéd Muller codes (RM) are of the form
(n=2m, k=m+l) and can be orthogonalized in 2 steps.

An extension of RM cpdes are the Finite Projective
Geometry codes, and the Euclidean Geometry codes.which can

be completely orthogonalized. As their structure is complex,

they lay ouéside the scope of this work [26].



CHAPTER IIT

COMPOSITE CODES

3.1 Introduction

This chapter- shall demonstrate how a class of composite
codes iélcohstructed. Certain uéefdl properties of this
class of codes will be reviewed and finally, proof provided
thaﬁ this class of codes is Majority Logic Decodable under
certain conditions. | _

3;2 Constructlon of a Class of Composite Codes and Some
of thelr Propert;es

Let vy be an‘(n., k.} binary linear code, {22] i =1,

2, 3, ... U where (n . n y = 1. Then v(u)

code of length n. nyRoN3 ... N, sﬁch’that every word

v(u)(x) of v(“) is given by [24]=:
u .n

V(U)(x) = .Z vi(x) x|

S n.
=1 i+x *

(3.1)

Theorem 3.1 : '

With vl' v2, .o vu and v(u) as previously defined
if vievl has weighi we i=1,2, 3, ... 1, then the cor-
(1) )

responding word v of v®) nas weight

) _ o (u-1) ‘nu\"'*u’ +w @ - heD (3.5)
. Y o

is the composite



where W(U) the weight of the u-component code and W(u—l)

the weight of the u-1 comgppent'composite'code.

. In genefal, the ef:or correcting capébility of a code . .

dependg on its minimpm distance, as a result of that the

minimum distance is an importaﬁt parameter. ‘ >
Finding an analytical expression for the minimum distance

of an u-component composite code is hex£ to impossible. For

this work it suffices to find an analytical expression for

the minimum_distance of a 2-component composite c¢ode, and’

to use this expression recursively to find the minimum distance

for the cases of interest in Ehe context of this thesis.

S

Theorem 3.2 [21]

Let d; and D; be the minimum and maximum weights.in V;
for i = 1, 2 then:
d = Min{n,d4,, n,d4,, n,0; + niD, - 2D,D,}

and

D 2

n

Max{nznl, n,d,, n,Dy +‘ n,D; - znlnz}

'Corollary'3.2;1

If V, is an m-sequence code then:

. ny (ay+l)
da = M:Ln{nzd]z, — - Dl}
and .
) . n,(n,+1)
D = Max{n 1 2

Py =}



,A-very important class of cpdes is the class of cyclic
codes especiglly when it-comes to,mdjorityilogic decoding.
:Ag stated eégliér, one can majority logic decodé all the
noise digits of sugl A*codeAby simply shifting a code word
in a shift.register. The following theorsm gives us the

“means to finding the generaﬁor polyncmial. of a composite

L

code if all the component codes are cyclic.

_Theorem 5.3 [21]

\

\‘ ' - 7 ) -
"Eet i be a cyclic code’with generator polynomial gi(x),

.i=1, 2, 3, ... u then y(u) is cyclic with,geherator poly-

" nomial.
v | ' n n
+ + +
g(x) = gedfg, (x) EE—, g (x) T2+ ...
I+x T 1+x 2
n
+

: +g () X

H 1+x

“
Figure 3.1 gives the circuit that implements the (21, 5)

composite code composed of the,(3(2). m sequence code anq

<

the (7,3) m sequence code.

”“‘I;s generator polynomial is g(x) = l+x+x2+x3+x4+x6+x8

+xll+x12+x16, and its Parity check polynomial is h(x) = 1+x+x$.

3.3 Majority Loéic Decoding ' of Composite Codes

As stated éarliér, MLD is a powerful decoding technigue,

“easily implemented and useful in the context of attaining

—-—

d
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code acéuisition in DSSS. . y
The following paragraphs will prove that under certain
conditions the class of composite codes discussed in-

Section 3.2 c¢an be majority logic decoded..

Theorem 3.4 [31]

Let V, be an (ny, k) binary cvclic code which has

minimum distance dl and is L-step majority logic decodable,
A m '
and let VE be an (n2 = 2 2-1, k2 = mz)m-sequence code where
(nl,.né) = 1. The compoéite code \#2) can’correct by L+l
| ‘ n.d,-1 i

step majority logic decoding 271 , or fewer errors if
2
4 < nl(nz—l) and nl(nz—l) - 2
1l - 2n2 o 2

or fewer errors if

4 > nl(nzvl)
1 = 2n2 ’

Proof: A word of V(2) V(z)(x) can be written as follows

N

_ : n n
ch)(x) = A(x) 1+xn + B(x) 1+xn (3.12).

l+x T 1+x 2

where '
5 nl—l )

Ax) = a, + al(x9 +axt + ... +Fa X eV, (3.13)
nyley (3.14)
B(x)=b0+blx+b2}(2+...+bnz-lx 2 -14).

2 i =1 .,
V( )(x) =Y, +lefv2}{2 + v3x3 . +vn-_1X7n leV (3.15)

o )
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. n,—-1l
Since V2 is an r-sequence code, there are —
v S
orthogonal check sums, on bO' of the form
b0 = ba + bb . : . {3.16)

Since (n,, nz)'s\l, with respect to (3.12), (3.13), (3.14)

o

there are n = n,n, equations of the form where

where for every pair of y and §, there is a different 1i.

This means that, by adding two appropriate equalities of

-

© (3.17), we can express b, of (3.16) as the sum of two vj‘s;

But then each aj occurs ny times in (3.17) and there are

n,-1/2 orthogonal check sums (3.16). Therefore, ny (ny-1)
. ‘ 12
check sums on bo, of the form
. L3
by = v, vy (3.18)

can be formed. -‘Thus, every bj can be determined by taking

.. : n, (n,-1) :
a majority note on —l—ig——— estimatés, since the codes are

all cyclic.

Using these estimates in (3.13)

where vi is- Xnown. Since-Vl is an L-step majority logic

decodable code, L sets of n, + n,(d,-1). = n,d, orthogonal

Y
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check equations are formed on selected sums of a; of the

. form

v+ v =a. +

q P a ab+ac'+ ces .3

g (3.1?)

Therefore every a; can be estimated in L-steps in the pre-

d_
.sence of N4 1 or fewer errors.

After éétimating alIEai's and bj's every v, can be
. reconstructed by taking appropriate linear combinations of
a's and b's.

Tab;es 1 and 2 give listings of L+l step majority

logic decodable composite codes composed of one L-step

majority logic decodable code and one m-sequence code.
Example RS .

As an example, consider the (Zf, 6) d=7 composite code
composed of Vl’ where Vl is the (?; 4) 2-step MLD Hamﬁing
code and Vé the (3, 2) l-step majoxrity logic deqodable m
sequence codé. '

The received noise digits of the composite code as

3 _ .
linear combinations of a's and b's are as follows:

v, = a, + b =a. + b =a. +b
v0 = a0 + b0 v7 = a0 + bl v14 =‘ao + b2
1 _ "1 1 g8 _ 1 2 15 _ 71 0
v, = a. + b v = a~. + b v =.a. + b
2._ "2 .32 g _ 2 0 le _ "2 1
v =a. +b v = al + b v = aZ- + b
3 _ .3 0 10 _ .73 1 i7 _ 3 2
v, =a, + b v ='a, + b v =a, +b
4 _ T4 1 11 _ T4 2 18 _ 4 0
v. = a-. + b v = a_ + b v = a. + b
vs = a5 +'b2 v12 = a5 + b0 v19 = a5 + bl
6 6 0 13 6 1 20 6 2



Table 1

3-STEP MAJORITY LOGIC DECQUDABLE CODES QOMPOSED

CF ONE 2-STEP MAJORITY ILOGIC DECODABLE

COCE AND (NE m—-SEQUENCE CODE

vy

n k -

31 6 15

63 48 5

15 5 7

15 10 -
7 31

63

]

vl |
B E 3
3 2 2
7 3 4
15 4 8
63 6 32
127 7 64
255 8 128
511 ‘9 256
2047 11 1024
4095 - 12 2048
8191 13 4096
31 5 16
127 © 7 64
2047 11 1024
8191 13- 4096
7 3 4
31 5 16
127 7 64
511 9 256
2047 11 1024
8191 13 4096
7 3 4
31 5 - 16
127 7 64
511 9 256
" 2047 1 1024
8191 13 4096
127 7 64
2047 11 1024
8191 13

4096

(2)

v
n 3 g
93 8 31
217 9 93
465 10 217
1953 12 945
3937 13 1905
7905 14 3825
15841 15 7665
63457 17 30705
126945 18 . 61425
253921 19 122865
1953 53 155
8001 55 635
128961 59 10235
516033 61 40955
105 8 - 45
465 10 217
1%05 12 889
7665 14 3577
30705 16 14329
122865 18 ‘57337
105 13 - . 28
465 15 124
1905 17 508
.7665 19 2044
30705 21 8188
122865 23 32764
8001 14 3937
128%61 18 63457
516033 20 253921
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Table 2

4-STEP MAJORTTY LOGIC DECODABLE CODES CQMPOSED

OF ONE 3-STEP MAJORITY LOGIC DECODABLE

CODE AND ONE m—-SEQUENCE CCDE

1
n k a
31 16 7
31 25 4
31 25 4
63 42 7
63 22 15

32

2
n k a
3 2 2
7 3 4
15 4 8
63 6
127 7 . 64
255 8 128
511 9 256
2047 1 1024
4095 12 2048
8191 13 4096
3 2 2
7 3 4
15 4 8
63 6 32
127 7 64
255 8 128
511 9 256
2047 1 1024
4095 12 2048
8191 13 4096
127 7 64
2047 11 1024
8191 13 4096
12 7 64
20?? 1 1024
8191 13 4096

(2)

. |
n 3 g
93 18 21
217 18 49
465 20 105
1953 22 441
3937 23 889
7905 © 24 1785
. 15841 25 3577
63457 27 14329
126943 28 2866
253921 28 5733
93 27 12
217 28 28
465 29 60
1953 31 252
3937 32 508
7905 33 1020
15841 34 2044
63457 36 8188
126945 37 16380
253921 38 32764
8001 49 889.
128961 53 14329
516033 55 57337
8001 2% 1805
128961 33 30705
316033 35 - 122865
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A

The seven orthogonal check sum$ on b0 are
' b b b : b
v, +v, = Ve + v, = Vi + V.. = Vig = V= =
_ w0 7 14 _ 0 13 20 _,0 . 19 ) 0
VatViy =P Vig*tVip =By Vigt vy = b

~The two sets of 9 orthogonal equations on {as, asl and

- {a4, as} are:

' 1 = gyt (- v =
Vg TVg SV TVgIV, vV, =agta
' T = oyt | —
Vo T V3 S VgtV S Vg vV Tagtoag
1 L— - -
Via T V13 T V4 t V17 S Vi T Vig T 35 * 3

- L. | - ro= .
Vo TV SV tVg =Vy tvg =a,ta

| ] L —_ 1 ] — | Y 1 ] — '
v# + viB = vil + vi3 = vb + viZ = a4 + a

v, +vi.= =

| 1 — ¥
14 TVis T Vg T Vg S Vg T Vg T 3y T 3

Theorem-3.5

Let v, be an (ny, k;) binary cyclic code which has-

minimum distance‘dl and is l-step majority logic decodable

m
and let v2 be an (n2 =2 2—l, kz = mz) M-sequence code where
(nl, n2) = 1. Then the composite code V(2)can correct, by
2-step majority logic,.nédl”l or fewer errors if
/ 2 . "
n, (ny-1) 'nl(-nz-l) -2
d, < —————— and or fewer errors if
1l - 2n2 4
<
Qs nl(nz-l) .
1l - 2n *
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Proof: Let boblb2 P bnl—l be a word of V, and 22,2, .

an24l a word of Voo Let‘v0 1Vo .- vn_l‘be the resulting

“word of V(Z). Since (nl, nz) = 1, every VP can be expressed

L 3

in the form
v_=b +a | (3.20)

Where there is only one p for ény given pair of’q, r. This

means, since r occurs in {3.20) n, times and Vz is' an m-

sequence codé, that we can form ny (nz'l) orthogonal check
' 2
sums on a, of'the form . -~
2y = Vg + v, ' . (3.21)

implying, since_V2 is cyclic, that every a, can be estimated

by majority logic if the number of errors is 210270172 o,

4
smaller. -

After estimating each a_ we can rewrite (3:20) in the form

= + = ' .
. bq vP ar vp (3.22)

where vé is known. Since Vl is l-step majorlty logic deco~
dable, from (3. 22) we can form n2+n (d -1) = n2dl orthogonal
check sums on bO' of the form

b, = v;:'+ vy | (3.23)



-is 2-step majority logic decodable.

43 . >
. m@l . By (ny-1)
Therefore if — 2 n2dl orclf dl < ___355__' nzdl
ofthogonal,eﬁuations can be termed.and as a result we can
correct nzdl_l or fewer errors with two-step majority logic
decoding. 2Similarly, if d; > 1y (ny=1)  ny (ny-1) orthogonal
equations is formed and as a resuig, can coirect nln:";.—nl_-2

or fewer errors by two-step majority logic decoding, this

concludes the proof of theorem 3.5.

. - .--AS special case to the theorem we have the following

2 corollaries.

Corollary 3.5.1

L .
If, with reference to theorem 3.6, vy has the word of

"all one's so that Dy = n, and if d, 2 ny (By-1) , then V(2)

?.n2

Proof: Having established by means of corollary 3.2.1 that

. for V(z) its minimum distance is

| n, (nz-;-l)
d = mln{nzdl, —— - Dl}
since Dl = n, we have
n.n.n
o 1"2™
4d = m:r.n'[nzcirr —2-—}
nl(nz-l)

d = m:.n{n2 1’ ————5———}_

nl(nz-l)

and since ‘nzdl"i ——

4 = nzdl. Therefore: the number of



orthogonal estimates coincides with the minimum distance

of the code. - LK

Corollary 3.5.2 ) A\\“/t} :
b | . ’ ") -'

£, with reference to theorem 3.6, Vl is even weighte&}f>

with Dy = »n, - 4, + 1, and if 4, < ny (ny-1)-2 , -then vi2) ;g
“ETE;:IT'

| two-step’ﬁ%éority logic decodable.

Proof: For (2) we can write:

nl(n2+l)

> =

d =‘mlp{n2dl, 1 + dl—l}
nl(nz—l) + 2dl-2

since
2 }

or d = min?nzdl,

n. (n.=-1) - 2 ) . &
. 1 2 -
(ny-1)d, < Z(m,-1)

d = n2d1

and as a result of Theorem 3.5, the minimum distance of the code
‘coincides with the number of the orthogonal parity check
equations., Table 3 provides a list of 2-step majority

logic decodable codes composed of one l—step,m;jority logic
decodable and one m—segquence code. Subsequently, consider

v?) where v(?) is the (105, 10) d=35 composite code such,

, that each code word in V is of the form

| 105 . . 105 ‘ o~
. x105 4+ 3 x105 4 1
v(x) = B(x) + Aax) S+ 1
X 41 X' o+ 1
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Table 3

" 2-STEP MAJORITY LOGIC DECODABIE CODES COMPOSED

OF ONE 1-STEP MAJORITY LOGIC DECCDABLE

CODE AND ONE m-SEQUENCE CODE

-
| |_,4

[Fe? K

k
15 7 5
21 11 6
63 37 9
63 37 9
63 " 13 21
63 1 63
15 1 15
31 1 31
31 1 31
255 21 85

~

3

vy \\hﬁfﬁ

n X &-
7 3 4
31 5 16
127 7 64
511 9 256
2047 11 1024
8191 13 4096
31 5 16
127 7 64
. 2047(\ 1. _ 1024
8191 13 4096
127 7 64
2047 11 1024
8191 13 4096
31 5 16
31 5 16

127 7

2047 - . 11 1024
8191 13 40%6
31 5 16
. 127 7 64
2047 11 1024
8191 13 . 4096
7 3 4
31 5 16°
127 7 64
511 9 256
2047 11 1024
8191 13 4096
3 2 2
7 3 4
i5 4 8
63 6 32
127 7 64
255 8 128
511 9 256
2047 11 1024
4095 12 2048
8191 13 4096
7 3 4
31 5" 16
127 7 64
511 9 256

64

(2)

130305

v
) K d
105 10 35
465 12 155
1905 14 635
7665 16 2555
30705 18 10235
122865 20 40955
651 16 186
2667 18 762
42987 22 12282
172011 24 49146
. 8001 44 1143
128961 48 18423
516033 50 73719
1953 48 279
1953 18 651
8001 20 - 2667
128961 24 42987
516033 26 172011
1953 6 945
800L - 8 3969
128961 12 64449
516033 14 257985 .
105 4 45
465 6 225
1905 8 945
7665 10 3825
30705 12 15345
122865 14 61425
93 3 31
217 4 93
465 5 217
945 7 961
3937 8 1953
7905 9 3937
15841 10 5355
63457 12 31713
126945 13 63457
253921 14 126945
1785 24 595
.7905 26 2635
32385 28 10795
30 43435
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. sums on b0 are‘shgwﬁ in 3.25.

codé and A(x) ¥s a code word in A where A is the (7, 3)

d=4 mw-sequence code. The 45 orthdgonal parity check sums

on a, are as shown in 3.&4“and the 35 orthogonal check

”

linear qombination of a; and bj eve

nations.of a's and b's.

o Y30 .Y V450 T V0 T Vso T Vis
Vie T Vi1 T V46 t V3¢ T Vpo:
Vy hVy7 S V3 Vg = Vg,
Vo3 "t V3 T V1g T V4g T Vyp
Vg T Vg S Vg ot V3y = Vg
Ves * Vgo T Vgs * Vag = Vsg
Vs1 T Vg = Vg1 T Vg =V3g
Viz FVsp T Vg7 Vg =Yy
Va3 T V3g T V53 * Vg3 T Vg
Vg -+ Vyy = V3g * Vg = Vgg
Vioo ¥ Vio T V25 * Vs5 = Vgs
Vee T Vior T Vi1 t V4 T Vi3

V72 Vg7 T Vo2 * Va7 = Vs
Vsg T V73 T Vgg T Viz = Vy3
Vag T Vsg = Vyg * Vipg T Va9

N I

+ + + + + 4+

103

i

T

popopow oo o o oW
L0 O 0O 00 0O 00 0 0000 o O

fu

-

-

e every v, in V is a.

v, can be determined

- -

-

and B(x) is a code word in B wherg B is the_(;ﬁ,v7)'@=5 cyelic

LS

(3.24)
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+ + + 4+

++

+ + + +

o+

+ o+ o+

4

+ 4 +

+ + + +

+ o F

47

+ + 4 *

+ + + +

o+ o+ o+

+ 4+ + o+

ey

(3.25)

(k-_/r'}
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Theorém 3.7 [21]

. m .
If V. and Vé are respectively the (nl = 2 1—l, k, = m

)
l m, . (%) 1l
" and (nz = 2 - l,_k2 = mz) m-sequence codes, then V can
correct any error of weight NNy~ =2 or jess by 2-step
) 4
majority logic decoding, where ny < n,-
_Proof: A word of V(z) V(z)(x) can be written as follows:
n ‘n
vi2) (%) = a(x) 1+xn + B(X) 1+xn (3.27)
. 1+x L 1+x 2
where ’
: B nl—l v _
A(x) = a5 + a;(x} + a X" + ... anl-lx e Yy (3.28)
: . n.—1 v,
_ 2 2 g V (3.29)
fo) =by * blx + b2x + ...+ bnz_lx 2
(2) _ o 2 n-1 ' '
v (x) = vy + VX + VX + ... + Vo.1¥ e V (3.30) ]
. n.—1
Since Vé is an m—-sequence code, there are > o;tpogonal
check-sums, on bo, 0of the form
\ b = | N .
) bO P“ + bB" ) . (?731)

Since (n;, n,}=1, with respect to (3.28), (3.29), (3.30)

we have n = n,n, equations of the form

v =_aY + bé, {(3.32)

2

where for every pair of vy and §, there is a different i.
This means that, by adding two appropriate equalities of (3.32)

one can express bo of (3.31) as the sum of two v.'s. But
n.,-1

2

then each aj occurs n, +time in -(3.32) and there are



ofthogonal check-sums (3.32) ag. Therefore, is concluded -

. 0y (n,-1) .
that we can form — check-sums, on bO' of the form
b, =v_ +v.. - . | 3.33
. 0 vp vq | { }

Thus it is possible to determine every bj by taking a

nl (nz_l)
majority vote on — estimates, since the. codes are
all cyeclic. . .
Using these estimates in (3.32) then q
—_ | J— N \
, vy + bﬁ =vi = Ase . (3.34)

where Vi importantly, is known. Since vy is an m-sequence
n.-1

code, one can-form, on ags % — orthogonal check-sums of

the form

4

2y = g + a,, - ) ; (3.35)

where 670, A#0. This means, since each aj in (3.34) occurs
nz.times, that, by adding two appropriate equalitiés we can

form — orthogonal estimates of .the form

ag = Vi * vy, ' (3.36)

‘Emere, emphaticaily, x#0, y#0. Again, in (3.34) a, occurs

n, times. Thus, altogether, n, + Fnlrl)nz = nln2+n2 ortho-
2 2

gonal. estimates on ag-

i s n.n.-n ,

Recalling that —l—%——i orthogonal estimates on bO' one

1727 PaRothy
2 2

now concludes, since -

» that V(z) is 2-step
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méjority—logic-decodable up to, and inciuding,
errors.

This -concludes the proof of Theorem 3.7. Table 4 gives
some 2-step majority-logic-decodable codes composed of two

m-sequence codes. ’ p

-Coreollary 3.7.1

With reference to Theorem 3.4, if n,=3, then V(z) is

7l
2-step majority-logic-decodable.

Proof: The minimum distance of (2) from Corrolary 3.2.1 is

l(n2+l)
-d = m:l.n{n2 15— - Dl}
or - h _ h
5 - min{nz(n%+l)'-nln§ l}
or | .
4= nln241 .
i 2

-1f nl-3 then in order for the code to be completely majorlty-
nyn,- 1 3n, -3
—_—s - 1= 5 orthogonal equations

logic—-decodable d-1 =

on a sum of two noise digits should be formed. Because we
n.n,-n

can form —l—g——i orthogonal equations, it follows that .for
" 3n.,-3
nl=3r it is possible to form % = d=-1 orthogonal equations.

Example 3.7.1

As an example of corollary 3.7.1 consider the case when

vy is the (n1=3, kl=2) m-sequence code with«gl(x).= l+x and

-
-r

f 4



< .
. - " Table 4
2-STEP MAJORTTY LOGIC DECODABLE OODES
COMPOSED OF TWO m-SEQUENCE

vy ' -V - 2

n k d n k-4 n K C

3 2 2 73 4 21 5 . 10
3 "2 2 3. 5 16 93 7 46
3 2 2 127 7 64 381 10 190
3 2 2 511 9 256 1533 1. - - 766
3 2 2 2047 11 1024 6141 13 3070
3 2 2 8191 13 4096 24573 15 12286
3 2 2 524287 19 262144 1572861 21 786430

¢
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(1+x+x3). With'reference to theorem 3.3, V(z) is the.

(n=n,n, = 21, k=k +k,=5) code with g(x) = (1+x) (L+x+x>)

(Lrxtx2ixdex®) (LePextin®ex®) = LaxrxZexdextinCanBent Laxl 2416,
If A(x) = a, + a,x + a x2 ev
0 1 2 1l
L ‘ ' 2 .. .3 4 5 6
and B(x) = bo + blx + b2x + b3x + b4x .+ bsx + bsx e?z

' v2 is the (n2=7, k2=3) m-sequence code with gz(x) = (1+x)

Then a word V(z)(x) of V(2) is a ;ombination of (ai, bj) as

follows: e
: V(z)(x} = a0+alx+a2x2) liﬁ;i
1+x
2., 3./ 4. 5. _6 lix’:
+ (b0+blx+b2x +b3x b, x +b5x +b6x ‘I:EE—
and ol

vZ(x) = (ag+by) + (a;+b))x + (a2+b2)x2‘+ {a0+b3)x3

- 5
+ (al+b4)x + (a2+b5)x + (ao-i-b6

9 ]

g )

+ Ia2+bl)# + (a0+b2)x

12 1

+ (a0+b5)x +}(al+b6)x'
) 5 o 116

+ (a1+b2)x + (a2+p3)x

1
+ (al+b3)x

3 4

vl
+ (a2+b0)x

: i 17
+ (a0+bl)x

+ (agtb)x® + (a b )x'® 4 (2,40 )20

6, 7
x') + (al+b0)x

+ (a2+b4)xl

Therefore all received vi's are linear combinations of a's

'and b's as follows:

I



Vo =@y t by Wy = ay tb Vig = a3y + By
vy =23 +b Vg =33 * Dy Vis = 3 * Py
vy, = 2, + b2 v = a + b2 Vig = ay + b2
vy = a, + b3 vig = al'+ b3 Viq T 2y + b3 (3.37)
Ve = 28y + b4 Vyy = a, + b4 Vig = as + b4
vy = a, + b5 Vip T 24 + bs‘_ Vig = 3 + bs-
Ve T 3, + b6 Vi3 T 3, + b6 ' Voo = 23 + b6

by

where all the vl's are the received digits. The parity check

r

2

equations for the (3, 2} m—seéuence code is ay = @y + a, and
for the (7} 3) m—-sequence code the barity check eguations are

b, =b, + by, b, =b, +Db

0 5 b, =b, +b

3 0 4 6’ "0 1 5

By éddiﬁg two appropriate equalities of 3.37 we obtain

¢ _ .

Yo *Vi7 =By Vg * Vg = Py

vy + Vi3 =Dby Vip F Vig =P

vl + vl9 = b0 vo + v7 + v14 = b0
v3 + v9 b0

Vi1 ¥ Vag T P

v5 + VS = b0

Vig ¥ Vig = Do

rd

Therefore all the bl”s can be correctly estimated in the
presence of 4 or fewer errors. Substituting those estimateé

in 3.37.
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= = <! ) = = 1t =yt
by=38y=V v, *thy=ap=vy vy, ttDby=a, =,

= = ! 3. = = y! : = = v!
by=a =vg vg *B=a,=vg S vg*b =3;=v,

— — -— — — [ ]
by =y =Vy Vg ¥Ry =apEwgT Vg tH; =3y = vig

— — T — — 1 — — [}
D3 =ay=Vvy Vip*tD3=3 =viy vyt Dby =Vy7 (3.38)

= = <t = R = =n'
by=ay =V,  Vyytbma, =V, Vgt Dby =35 =g

- -— ] — — 4 — — 1
bg=a,=vy Vv, +tDbg=a;=v), Vjg+Dbg=3 =V,

= = ! = xz! . = = !
by =ap=vg  V3+Dbg=3a) =viy  Vy+tDgF =V,
_—
it follows_
W v% + vé = a, vis = ad
T — ¥ - ¥ 1] = = -
V2 T 3 Y9 = 3 Vis T V17T %

' I v =
2 Vio Y V11 T 3 Vig = 3 (3.383)
| — ] — . —
Vs = 3 V12 = 3 Vig T V20 = 3
[ } — )

2 V13 F V1 T %

The 14 equations in 3.383 are orthogonal on a, therefore all

a's can be estimated in the presence of 6 or fewer errors.

By using linear combinations of a's and b's an estimate

of the received digits of V(Z)Ix) from equation 3.37 can be

" made.

Subsequenfly, consider the V

(3}

p=3 and Vi, i=1, 2, 3 are all m-sequence codes.

Theorem 3.8

Let V
my

lf

5 2

(n

codes. Then VCB) can correct any errors of weight [

or less by 3-step majority-logic-decoding where n, <n, <n

A

-1, k

Vy, V

2

= mz) and (n3 =2

m
3.1, k

3

3 be respectively the (nl =2

Ny

ml; _

1
) M-sequence
Rz R3

S

composite code for which

ml) ’

(n1-2)—2

4

3 and

]
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[nl, Ny n3] = 1.
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Proof: A word of V(3),'V(3)(x) can be written as follows:

. n
Vix) = A(x) =X __ + B
1+x 1
where ¥ ,
AlX) ==a0-+aix4-a2x +
B(x) = b, + b.x + bx* +
0] “1 2
Cix) =¢, + x+cx2+
0T < 2
V(B)(x)=v +vx+vx2+

0 1 2
Since Va is an' msequence

sums on c0 of the form

CO’—'Ca'i'CB

n n
+ +
(x) T+ o) B
1+x 2 14x >
-1
eea + ahl X £V
=1 1
n2—1
eee + b _.X EV.
S
_ ny-l -
.:.4-bn_d; eV,
3 »
n-1 (3)
...+-§wq_x 1AY
n3-l
code we have >

{3.39)

(3.46)

(3.41)

(3.42)

(3.43)

orthogonal check

(3.44)

Since [ny, n,, n3] = 1 with respect to (3.40), (3.41), (3.42)

one has n = nyn,n, equatio
r-_
v. =a_+ b, +c
1 Y § £

ns of the form

(3.45)

wh;}e for every different triplet of Yy, 8, and ¢, there is

a different 1.

This means that by adding two appropriate

. %qualities of (3.45) one can express c, of (3.44) as the sum

of two vajsbut since each bj occurs n, times in- (3.45), and

aj occurs n, times in (3.45), and there are n3—l]2 orthogonal

“ check sums (3.44) one therefore concludes that nlnz(ﬁ3-l)/2
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. check sums are formed on c0 of the form

Cy =V + v e ) {3.46)

Thus a determination can be made of every <y ky taking a
majority vote on nlnz(nB—l)/z estimates since the-codé‘is
cyclic.

-

Using these estimates in (3.45) it follows that

= = 1 :
vi + cE a,Y + b6 vi _ . (3.47?

where vi is known. Since n, is an m-sequence code on bo

n,~1/2 orthogonal check sums of the form

= b, +
b b bY

0 8

can be made, where 670, A#0. Since bj occurs n.ng times,

by adding £wo appropriate Q'Palities of (3.47) one can derive
nln3(n2—l) ' . .

5 equations of the form'by = vi + v§ where x#0,
v#0, again in (3.47) b0 occurs nyn, times. By Eaking n, sums
of ny terms each of the form v' + v' + v' + ... + v! and since
4 Yy - z t

the number of v's is n,, where nllis odd, there are all

together. s .

n.n.,(n,-1) ,
17372
n3 + 5 ' (3.48)

-

orthogonal estimates on b,. Using b, estimates in (3.47)
v + bé =v"' = a (3.49)

i i Y-

-—"‘“



" develops. Since vy is an m-sequence code we can form

— orthogonal estimates on ¢4 and

nl—l/z orthogonal'check sums of the form

- ag = ag +ta, . " : L (3.50)

where 830, A#0. This means that since each aj in- (3.37)

n,=1
OCCUrS, N, N4 times, (—%——)n2n3 orthogonal estimates -can be

derived of the form

ag = ve vy (375I)

Again in (3.49) a, occurs n,n, times thus all together:

J

n,-1 nln2n3+n2n3

1 _
7 )nghy = )

npmy +

orthogonal estimates on éo are apparent. Recalling that

nlnz—nln2 2n3+nln2n3-nln3

> on

b0 and-since

nln2n3—n3(nl—2) . nln2n3—nln2 g n1n293+n2n3
2 2 2

concludes that v(3) can correct by 3;step majority~logic—,
nin,n,-n (n .

-2)=-2
decoding 2 3 2 L or fewer errors.

Table 5 gives a listing of 3-step majority-logic-decodable

codes composed of 3 m-sequence codes. : -

Corollafy 3.8.1

With reference to Theorem 3.5 if n1=3 then v(3) is -

3-step majority-logic-decodable.

)
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Table 5

3-STEP MAJORITY LOGIC DECODAELE CODES
COMPOSED OF THREE M-SEQUENCE CODES

i Y V3 .
- n k d n k d n k- d
3 2 2 31 5 16 127 .7'. 64
. 3 2y2 3 5 16 511 9 256
3 2 2 31 5 16 2047. 11 1024
3 2.2 31-°5- 16 8191 13 4096
392 2 773 4 31 5 ° 16
32 2 7 3' 4 127 7 | 64
3 2 2 7 3 4 2047 11 1024
3 2 2 7 3 4 8191 13 409
3 2 2 7 3 4 131071 17 65536
3 2 2 7 3 4 524287 19; 262144
"3 2 2 127 7 64 511 9 - “256
3 2 2 127 7 64 2047 11 1024
3 2 2 127 7 64 g191 13 409
3 2 2 511 -9 256 11 1024

2047

a

O

n k d
11811-14 5842
47523 16 23506
190371 18 94162
7 20 376786
65110 310
2667 12 1270
42987 16 20470
172011 18 81910
2752491 22 131Q710,
11010027 24 5242870
194691 18 97090
779907 20 388930
3120771 22 1556290
3138051 22 1568002

-y



'distancekbf‘v(3) is . -

composite code with 4 .

(3

60 .

-

n.n.n.-n

Proof: If nl=3_one can form at least 3 122 3 orthbgonél
(3n.,-1) : -
estimates or ———%——— nyson the other hand, the minimum

< (non.=1)  3n.-1
_ Wiy 90y
émin - 2 - 2 N3

-

Therefore the number of orthogonal eguations equals to dmin‘

Example‘3.8.2s

As an example of corollary 3.8.1, consider the (651, 10)

= 310 and composed of the following
4
v?.: /

Ve

n

m—sequence codes: Vl is the (nl=3, kl=2) m-sequence code,

is phe7(n2=7, k,=3) m-sequence code and V. is the (ny,=31,

3

ké=5) m-sequence code.

The orthogonal check eéuations oh:ao,'bo and c, are

~ given in Appendix A. -~

Theorem 3.9

Let Yl be an (n;, k;) binary cyclic code which has .

minimum distance dl’ and is l-step majority-logic-decodable.

_ m . .
Let v2~be an (n2=2 2—1, k2=m2) m-sequence code, and let V(B)
m.,-1 '
C o a3 _
be an’ (ny=2 ' k3=m3) m-sequence code, where n,, n, and n,,
are pairwise prime and n, >'n,. Then, the composite code
. n,n. 4. -
can correct,by 3-step majority-logic-decoding [—2—%—£7w]
nlné-n +2 n.+2n_ -2

. n,n,n,-n
or fewer errors if 4, f_'———g-l——._and [ 17273 2 1 ™3 1

nlnz—nl+2

T,

or fewer errors if

+ N



Proof: Let ajaja, ... anl:1 be a word-of v,, b b1 2 *" bnz-l
be a word of v,, and ¢4cyC, ... °n3-l a word of v,; thiﬂ»

every word vov,v, ... v, 4 of v(3)

T‘
is constructed according
to the rule:

- .

n n
14x T 14x 2

1+x" {3)

Vix) = A{x) vi{x)ev

n3

~

1+x

and since Ry, Ny, Dy are pairwise prime every vP of v(x) can

‘be expressed in the form

-

vP = aq + br + cS (3.52)

and there is only one p for every given triplet g, r, S.
Every q occurs in (3.52) ny times, every r occurs in (3.52)

n, times. Therefore, for each one of n, ci‘s where, 1 = 0,

1, 2, 3, ... n, one can form"nln2 sunms of the form

I e N SN T | BN

Where k = 0' l'vz,' 3' ¢'¢¢' nlnz ‘ ."‘

i= 0, l; 2' 3' weey n

3
and su?scripts of vkn3+irare mod (1+x2) p
"subscripts oﬁ a£+i are mod (1+x l) | L
subscripts of bnlk+l are;mod (l%xn2).
Sihce V3 is an m-sequence code we can form on each c¢. n.-1/2

i73
orthogéonal check sums of the form '

o; = o + ¢y - -f) (3.54)

i



Therefore by addlng two appropriate eqpalltles of (3. 53)

n, 2(n3 i
one may derive —_— orthogonal check sums on each ¢
of the form L
¢y =, vy _ . . (3.55)

and as a result every cl caﬂ:be estimated by majorltyL 1f

-n.n,—-2 -
the number of er:g\s ‘is e 34 12 or less. ‘ &ﬁ§
™~

1\\A After estimating éach c . (3.53) can be rewrltten in “2

’

-the form v

Vkagtt T 1T Fers Y P YT Vig o
_ar . ST - (se)
Tw! 4+i=a + b i

kn3 k+;

-Every bk +i occurs in (3.56) n,n, times. Since V., is
|

.ty

n1k+:.

1°3 2
an m-seguence co@e,_nz-L/Z orthogqnal Check sums on each

bn i ©an be made of the form

1
— bnl+l_ = be- + by -
Therefore "1%3(%;~1) orthogonal check sums on each b i
Lt Z - L MR
can be'formed. Subsequently, by taklng n, sums of n, terms
) -1)
each all together n, + —lf—i—z——— orthogonal check sums -
. . Jf
on each b . can be formed. Aas a r'sult each b . can
nl%i} . . 2n3+nl 3 n -1)-2 _—~=91k+l
be majority-logic-deccded if 7 — or fewer

errors have occurred. Using these estimates (eqg. 3.56)} can

be written as - .
kn3+1 = %es - : - - (3.58)

Vl 1s‘one step majorlty—loglc decodable, ther@fore

=

\.



% :

dl-l orthogonal check sums on each a,,; can be formed as

v A ey

‘\: - Qpy = ac +.aj +oeee o2y (3.59)

Since every a, . . occurs 1in 3.58, n,Ng times, (dl-l)n2n3 .

orthogonal check sums on each a4y Can be .developed of the

form .
i ‘§k+i = Yx + Yy Foeee ¥V, (3.60)
‘- . \ .
Again every Ay ri occurs nzns times in (3.58), therefore,

nong + (d,-1)n,n, = n,n.d, orthogonal estimates on every

' . s L
3.5 can be formed, and every a, .. can be majority-logic

decoded in the presence of nandl_l or fewer errors.
2
- Two corollaries are developed from the tieorem.

Corollary 3.9.1

1f with reference to the theorem, V, has the word of all
: nyR™ (3)
ones, so that D, = n. and if 4, < ———, then V is
1 1 1= "2, _
3-step majority-logic-decodable. )

Proof: In order to find ;ﬁe minimum distance of V(B)} we

proceed as follows: the minimum distance d' of V', where '

. is the composite code of Vé and V3, and since both Vé and V3
‘  n,n.-1 -
are m-sequence codes is given by d' = _351__ and its maximum
. i i n,+1 .
distance D' is given by D' = 5 njy.

From Theorem 3.2 it is known that for a two component

.. composite code in general, d is given by

’\ - . ' s

o N s
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B
.
S

i.=min{n2dl. nle' nzdl f nlD2 - 2D1D2}

Therefore the composite code V" of V' and vl, which is the

~ code v(3) will have minimum distance.

‘ n h n.-n n.n.n.-n.{2D.-n.)
C e 17273 1 17273 '3 171 .
d = m1n{n2n3d1, 5 . 5 } (3.60)

$ince D =n, substituting D, in 3.60 we obtain

n.n.n.-n n,n.n.=-n_n
s - 17273 "1 17273 7371
From 3.61 it is obvious that
n.n. n.-n.n
— 17373 "371
Since ' ’
n.n.-n
dl < 122 1 .
Iy
n.n.-n,
: 172 Ll
ox ,nzdl 2T
n.n.n.-n.n
or n.n.d. < 123 1 3', it follows that

d = n2n3dl which coincides with the smallest number of
orthogonal check sums that can possiblg be formed. ,Therefore,

' the code is 3—step majority—logic-decodéble.

Corollary 3.9.2

[

Tf with reference to the theorem V. is even weighted
. . _ nl(nz-l)-z (3) .-
with Dy=n,-d,+1, apd if 4; < Ztn,-1) then V is 3-step

majority-logic-decodable.
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Prbof: From eqﬁation 3.60

f
_ n.n.n.~n n.n,n.-n,n,.-24,+2)
= a = min{n2?3d1’ 1l 223. 1r 17273 g 1 1l 3
. \\
. _ . n.n.n_-n.” n.n.n.-n [n,—-2(d,-1]
or 4d.= min{n2n3dl, 1 223 l, 123 g 1 L 1
from which | N
' n.n,n.-n,[n,-2(a,-1)1 “
d = min{n‘,'_n3dl: 12 3 32 L 1 }
since
4 < nl(nz-l)—2
1= 2(n2—l)
thus . -
- n, (n,~1)-2 . :
_ 12 -
dy (npm1) = 2
e 1)-2n.+2d
a ﬁ\h ﬁ n3nl(n2 n3 ln3
1273 - .- 2 .
n.n.n.-n_[n -Z(d ;l)]
. 17273 73471 1
dln2n3 < 5 - (3.62)

Equation 3.62 suggests that the-ﬁinimum number of ortho-

gonal check equations coincides with the minimum distance of

the code. Therefore v(3)

is 3-step majority-logic decodable.
- '



CHAPTER 4 g

CONCLUDING REMARKS
é - .
This thesis introduced a class of composite codes.
These codes are parallel to the codes devised by Jet Pro-
pulsion Laboratories, and were used during the Marriner

experiment for picture transmission from deep space. ;The

guestion of the composite code dimensions was discussed, -

bR —

-

and a recursive éxpreésioﬂxfor calculating the weight dié—
tﬁibutibn_of in p-component composite code was stated. An
analﬁticalpexpressiOn for the minimum diétance_of a 2-
'componeht composite code was also discussed.

Proof was provided that a two component compas}té codé
can be majority—logic—decoded in P+l steps, given that V:L
is an L-step majordty-logic—décodable code, a&é Vs is an

m-sequence code.

Subsequently, proof was given that a two component
composite code, where one 6f the codes is an m-segquence
code and the other is any one-step majority-logic decodable
code, thﬁt majoéity-logic-decodipg of the composite code,
can be accomplished in two gteps.

The above result was extended for the case of a2 3 com-

ponent composite code.



Proof was also prov;ded that in the case of a 2 component

comp031te code where the two codes are m-sequence codes;, the

nln2 nl -2

3
two-step majority-logic-decoding, where n, and n, are the .

composite code can correct or fewer errors with
lengths of the two component c¢odes. It was also proven that
for the case nl=3 the composite code is 2-step majority—logic-
decodable. For the case of the 3 m-sequence composite code

- - n N, n.=n (nl 2)
.it was proven that we can correct

7 - or fewer
errors with 3-step majority-logic-decoding, and if nL%3 it
" was proven that the'composite code is 3-step majority;logic-
decodable. | |
The author'submits that the stated composite codes "can

be used in the context of spread spectrum systems for code

synchronization and acquisition.

4



APPENDIX A

DECODING OF THE (651, 10) d=310
' COMPOSITE CYCLIC CODE
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] ] |
Vgg tVoy T Vgg

1] ' )
Vips T V112 ¥ V119

- xp? ] 1
V126 ¥ V133 T Vigo
v! + v

147 ¥ Visa T W1

-vl +vl

16s ¥ V175 ¥ Vig2
Vige * Vigs * V203
Vo10 * V217 * Va2a
Va1t Vazg T Vass
Vasz2 * Vasg t Va6
V373 * Vagg ¥ Vas7.
Va9 * V301 * V308

1 1
Viis T V3z2 ¥ V39

I‘"

— 3 |

= Vaze * Vaaa

= ! 1
V3s7 T V3g4

= V378 * V3gs
= Vige ¥ V4os
= Vaz0 * V427
= Vag1 * Vass
= Vag2 * Vaeo
= Vag3 ¥ V490
=Vso4 * V511
= Vg5 * Vo32
= Via6 * Vss3
= V3e7 * Vo74
= Vggg * V595
= Vgos + Veis
= Vg0 * V637

[ ]
+ V350
] —
Vi <

: 4 —
t V3gp T

+ Vi3 =T

t =
* V434

1 -—
+ V455 T

+ Vp96 T
|

+ Va97
1- —

+ V518 T

] —_—
+ V539 T

+ V%O =
* V5
* Veo2 =
* V23
* Veas =

v U .0 oo b o vy oo o bl

o ob oooo oo o oo oo

o

(a3)



. Vo

v!l

. v“

vll

vll

. "

v"
v"
Vso
Vg5

Vsg
V61

Vea

Vg7
70
VI3

76

.v‘79

vll.

82

Va5

88

N

T A T
»)
=

Bquation A4 shows.all 434 orthogonal check sums on &

AL
i
v

‘vll

V14

v“
v"
V62
v“

65

+

Vés

+ V"ll

+ V"
4
+ v

80
Vi3
+ V86

+ v§9

* Vg

11

. vgo

74
77

V84

vll -

=y" =

5" =

v =

=y =

51
Vg =

Vs7. =

V63 =

v =

66
Véo
V72 T

VIT =

.75

=y =

f— vﬂ -

81
v, =

vll -

87

’ v'n =

.90

R

L

= v“

— v“

- vll

80

0 .

V127 * Vizg = V126 = V253 * Vasg = Vasa T
V1o * V131 = V129 = Vasg * Vas7 = Vass =
133 ¥ V134 = V132 = Vasg ¥ V260 = Vasg
136 T V137 = Viss T Vaea * Vg3 T Vg1 T
V39 * V140 = Vi3s T V2es T V266 = V264
142 ¥ V143 T V141 T V2eg T V2o = V2g7
Vias ¥ Vide = Viasa T Vo1 T V272 = Va0 T
Viag F V149 T Via7 T Vo4 Y V275 = Va73 T
Visy * Vis2 = Visg = V277 * V278 = V276 =
Vis4 * Viss = Vis3 = Vago * Vg1 = V279 =
V157 * Visg = Vise = V2g3 T Voss ~ Vas2 =
Vigo * Vie1l = Viso = Vags T V2g7 = V2ss T
V163 * Vies = Vie2 = V2gg * V290 = V2gs =
Vige ¥ Vie7 = Vies = Vag2 * Voo T Vo1 T
V169 * V170 = Vies = V295 T V29s ~ V294 =
Viz2 ¥ V173 = Vi7y T Vagg T Va9 = Vag7 =
Vi75 ¥ V176 = Vi7a = Vo1 ¥ V302 = V300 T
Vi7g V179 = V177 = V304 T V305 = V303.%
Vg1 ¥ Vig2 = Vigo = V307 * Vaos = Vaos
Vigs * Vigs = Vigz = Vaio * V31l = V309 =
Vig7 ¥ Vigs = Vige = Vaiz t Vaua T Va2 T
Y190/ V1ol = Vigs = V3ie * V317 ¥ Vamis =
V193 T V194 = Vigz = V319 * V320 = V31 =
Vg6 * Vig7 = Vies = V3zo * V3p3 = V3p;1 T
Vigg T Voe0="19s = V25 * V326 = V24 "
V202 T Y203 = Y201 = V328 *: V329 = V3p7 =
V305 * V206 V204 = V331t V332 T Vizo T
V208 * V209, V207 =334 T V335 ~ V333
= Viiy F VByp = V3o = Vigr ¥ Vi = Vige =
V214 * V213 = V213 = Vago * V341 T V339 =
V217 V218 = V216 T V343 * V34a'T V342 T

C)m Om (DnIl C)m Ow Om C)m (Dm Om

&

o (D‘m Om Om C)m Om Om C)m Om Om- Om Om Om O‘u Om _Om

fu

(74)



e ——

N

. vll + vll

-

g

" + V"

Vo4 95

"
+ V98

+ v

Vg7
Y100

V103 * Vios

V106 * V107
109 T V110

i1z * V113

115 ¥ V116
Vi1gs" V119
Vizl * iz
Vi24 * Va5
Va9 * V3go
V3g2
V3gs * V3ge
Vigs * V3sg
Va1 t V3g2
Va4 * V3gs
V397 * V398
Va0 * Vg

Vaoe * Va07
Va09 * V10
Va12 V413
Vais * Vaie

. vll + ‘rﬂ

418
Vaz1 ¥ V2
Vazg t Va5
* Vaog

419

427
Vazo * V431
Va3t Va3
V436 ¥ Va37

Vise a0

102 =

+ V3g3 =

401
Vs03 * Vao4

rme T b et e e S

= Va3 = V0 * Va2 = V219 T
= Vog = Vao3 t Vaou TV T

Vag = Ve T Vaa7 ¥ Vou5 =
= Vip2 = V229 * V230 = Vazg =
= Vios = Va32 * V233 = Va3 =
= Vios =235 * V236 = V234 =
= Vi1 = V238 * V239 = V237 =
= V114 = V241 ¥ V242 = V240 T
= V117 T Voaq T Vys T Vog3 T
= Vi = Vag7 * Vg = Vo4e =
= V123 = V250 * V251 = V2g9 =
= V378 = V505 T V506 = V504 ~
= V3gy = Vs08 * V509 = V507 =
= V3g4 = V511 * V513 = V510 T
= V3g7 = V514 ¥ V515 = V513 =
= V390 = V517 * V518 = V516 ~
= V393 = V520 ¥ Vs21 T V519 =
= V396 = V523 #"Ez:; = Vg3 =
= V399 = V526 ¥ V527 T Va25 =
= V402 = Vsz9 * V530 = V528 =
=Va05 = V532 T V533 = V531 =
= V408 = V535 * V536 = V534 T
= Va11 = Vs3g * V539 = V537 =
= Vi1s T Vs41 * V542 T V40 T
= Va17 = Vsaa * Vsg5 = V543 T
= Va2 = V547 + V5ag = Vige =
= V423 = ¥s50 * Ves1 = Vsa9 =
= Vazs = Vs53 * Vi54 = V52 =
= V429 = V556 * V557 = Vs55 =
= V4357 Vi59 * V5gp = V5sg =
= V4357 Vsg2 * V563 = Ve =
= V"438™ V565 * V566 = V564 =
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V347 = Vags T
¥ V350 = Vagg =
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* V362 = V3g0 "
s ¥ Vg5 = V3g3 T
+ Vg = Vigs
* V371 = Vigg =
* V374 = V372 =
* V377 = V35 =
*Vg32 = Vg30 T
* Vg3s = V633 =
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* Vea1 = Ve39 =
* Veag = Veaz =
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Vas1

Vasg

V457

V460

V63
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V469
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V478
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484

Vig7

vIl‘
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n
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Vi49
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n
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Va6l
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o
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= Vi47
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Va79
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Viss
Vil
Va94
V497
V500
V503

V450

V453
456
Vas9
vﬂ
462
V465
vﬂ
468
Va71
"
V474
Va77

= Vigo

= vll

Vig3

V4ss
Vig9
492
Vi9s

V498
Vso1
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V568
V571
V574
V577
V580

583
V586
Vsg9
V592
MTE
598
V601
V604
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V613 -
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V519
Vg22
V625
V28
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= Vsgg
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Vig3 = Vsg1
V596 T Vs94 T
n — n
V599 .~ V597
11} 114
Veo2 ~ V600
Veos = Veo03
Veos ~ V606
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Veil T Veo09
Vela ~ Ve1i2
V617 = Ve1s
Ve20 T Veis
Ve23 T Ve21
V626 ~ V624
Ve29 = Vg27
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